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a b s t r a c t 

Recent experiments have shown that the elastic compliance of a porous metal can be substantially en- 

hanced when mobile solute is alloyed into interstitial sites of the crystal lattice. The observations agree 

with predictions – due to Gorsky and to Larché and Cahn – for the elasticity of open systems in which 

the elastic responses is probed at constant chemical potential. The underlying mechanism involves an 

exchange of solute between tensile and compressive fibers in beam-like elements of the microstructure. 

Here, we analyze the elastic deformation of such elements in a continuum approach, accounting explicitly 

for the coupling between chemistry and mechanics. We consider a regular solution with linear elasticity 

in the limit of constant composition and with a linear composition-strain coupling. Materials parameters 

are matched to experiments on Pd-H, so as to realistically account for the balance between chemical and 

mechanical energies. At constant chemical potential, the elastic response can be strongly nonlinear. With 

decreasing temperature, the bending goes from a monotonic moment-curvature relation to one including 

a horizontal tangent and, hence, a state of giant bending compliance. Reducing the temperature further 

brings first a temperature interval with a simple bistability and finally one with degeneracy including –

depending on the chemical potential or on the mean solute fraction – the possibility of finite curvature 

at zero moment. Quenching the uniform solution into a two-phase region of the alloy phase diagram can 

lead to spontaneous buckling at no load. Furthermore, degenerate moment-curvature relations allow for 

bending states in which the radius is not a constant along the beam axis. Intervals of lar ge strain at con- 

stant load are similar to superelasticity, but the underlying phase transformation is here not martensitic. 

© 2022 The Authors. Published by Elsevier Ltd on behalf of Acta Materialia Inc. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

When a solid body containing mobile solute atoms is exposed 

o external load, then changes in the chemical potential that re- 

ult from the stress prompt the internal redistribution of the solute 

nd/or the exchange of solute with an external reservoir. This was 

rst considered by Gorsky [1] in his analysis of the elastic after- 

ffect in a beam-bending scenario, where the overall composition 

s constant but larger atoms diffuse from the compressed toward 

he expanded fibre of the beam. Gorsky’s considerations underly 

Gorsky-effect” experiments investigating the kinetics of hydrogen 

iffusion in metals [2,3] . The more general case of a continuum 

ith arbitrary geometry and load distribution has been treated in 
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 seminal paper by Larché and Cahn [4] . These authors investi- 

ated a nonuniformly stressed solid that can exchange solute at 

quilibrium with a reservoir at constant chemical potential. They 

howed that the chemical potential in the solid remains uniform 

t the value of the reservoir. Focusing on the linear elastic re- 

ponse at small strain, they further showed that the stress- and 

train fields obey the classic laws of mechanics, yet with the con- 

entional elastic parameters – applicable at constant composition –

eplaced by open-system elastic parameters. On top of the sponta- 

eous elastic response of Hooke’s law, those parameters account 

or the extra strain that comes with the change in composition 

n reaction to the stress. Consistent with the Le Chatelier–Brown 

rinciple [5] , the extra configurational degree of freedom that is 

he displacement of solute will invariably act to enhance the elas- 

ic compliance. While the underlying concepts are well acknowl- 

dged and are explicitly or implicitly considered in many modeling 
. This is an open access article under the CC BY-NC-ND license 
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pproaches [6–13] , it is only quite recently that experiments have 

tarted exploring the open-system elastic parameters [14] . 

Experimental investigations of the Gorsky effect observe the 

lastic response on two separate timescales: jumps in the external 

oad on a macroscopic body entail the immediate elastic response 

t constant composition, followed by the much slower (time con- 

tants ∼ 1 h for mm-size bodies [15,16] ) strain of the “elastic after- 

ffect”. Diffusion constants of the mobile solute species may be in- 

erred from the time-dependence of the slower process. Yet, when 

he redistribution of solute is confined to the scale of nanometers, 

he time constant for that process comes down to < 1 ms [14] .

hat situation prevails in nanoporous metals, which take the form 

f networks of nanometer-scale struts that deform locally in bend- 

ng when the macroscopic sample is exposed to an external uni- 

xial compression or tension [17–20] . Indeed such materials, when 

lloyed with hydrogen as a mobile solute, exhibit enhanced elastic 

ompliance in quantitative agreement with the predictions of the 

arché–Cahn theory [14] . The elastic response of the open system 

hen appears spontaneous in experimental studies at frequencies 

p to 100 Hz. Rather than exploring diffusivity, such experiments 

trive for tuning of the elastic response of the material through the 

ncorporation of mobile solute. 

As a remarkable property of the elastic response of open sys- 

ems, theory predicts a strongly nonlinear stress-strain response 

21] . This prediction reflects the inherent nonlinearity of equa- 

ions of state for the chemical potential of solutions as the func- 

ion of their composition, as it originates from the composition- 

ependence of the entropy of solution. Solute-solute interaction 

erms also contribute. As it is related to the entropy, the open- 

ystem elastic response also varies strongly with the temperature. 

o far, dedicated experiments on the elastic response of open sys- 

ems have been limited to small strain and discussed in terms of 

he leading, linear term in the stress-strain response [14] . Yet, the 

igher-order behavior should be relevant to experiments and open 

o investigation. 

Of particular interest are solid solutions with a miscibility gap 

hat closes at a critical point. Near that point, changes in the com- 

osition leave the energy invariant to first order, while the strain 

emains a linear function of the composition. There may then be 

eformation that costs no energy, resulting in particularly inter- 

sting phenomena for the simultaneous mechanical and chemical 

quilibrium [14] . 

The prerequisite for the phenomenon of open-system elastic 

oftening is that a material can take up mobile solute molecules 

hat give rise to strain (or swelling). This process is found in 

uch diverse materials as polymers [22] , gels [23] , or plant tis- 

ue [24] that equilibrate with water vapor at different relative hu- 

idity, and in lithium ion battery cathodes that incorporate Li by 

ntercalation [25] . Yet, the most extensive empirical data in the 

ontext involves metal hydrides [26,27] . Their hydrogen content is 

eadily controlled by equilibration with H 2 gas at controlled par- 

ial pressure or with a protic electrolyte at controlled electrode 

otential. Hydrides of palladium, its alloys, or niobium have well- 

ocumented equations of state for their alloy chemistry, and val- 

es of the H partial molar volume - which governs the chemo- 

echanical coupling strength - are precisely known for those sys- 

ems [28–31] . Furthermore, their solid solutions with H typically 

o exhibit miscibility gaps with experimentally accessible critical 

oints [29,31,32] . 

With an eye on experiments exploring beam-bending scenar- 

os at the nanoscale, this study analyzes the open-system elasticity 

f beams, allowing specifically for nonlinear elastic behavior. Fo- 

ussing on the simplest relevant model scenario, we consider an 

sotropic and linear elastic crystal containing mobile solute atoms. 

he chemistry is that of a regular solution. Chemistry and mechan- 

cs are coupled, and the question to be answered is: when the 
2 
hemical potential is held constant, what are the stress-strain re- 

ations at equilibrium and what are the associated elastic param- 

ters? Specifically, we shall work this out first for uniaxial ten- 

ion/compression of a prismatic bar, looking at the open-system 

oung’s modulus, and second for the bending of a beam of con- 

tant cross-section, looking at the open-system bending stiffness. 

ttention is restricted to equilibrium states, and time-dependent 

henomena are ignored. Materials parameters matched to Pd–H 

re used in numerical evaluation; in this way the observations are 

xpected to reflect realistic effects, by magnitude. The analysis con- 

ludes with a brief and, again, qualitative discussion of how the re- 

ults for beam bending can be transferred to experiments – such 

s Ref [14] – that use nanoporous metals for implementing and 

tudying open-system elasticity. 

. Constitutive assumptions 

We consider an elastic solid solution and assume that a local 

elmholtz free energy density, � (free energy per volume), de- 

ends on temperature, T , solute density, ρ , and strain as the state 

ariables. For simplicity, we limit attention to uniaxial stress states, 

hich we describe by the stress magnitude, σ . The strain magni- 

ude (strain projected on the stress axis) is designated by ε. Fur- 

hermore, we introduce the solute fraction, x , as the composition 

ariable, and take ρ = xρ0 with ρ0 a density of sites available for 

olute. 

The assumptions so far let us identify T , ε, and x as the state

ariables for � . Since all variations and processes of interest to this 

tudy are at constant temperature, we can effectively treat T as a 

abel; for conciseness its display is suppressed whenever appropri- 

te. The fundamental equation is then 

� = σd ε + μρ0 d x , (1) 

ith μ the solute chemical potential. Here, we have assumed 

hat ρ0 is a constant. The underlying concept is that of the net- 

ork solid of Larché and Cahn [4] , in which the network (for in- 

tance, the host atom crystal lattice) provides an invariable refer- 

nce frame in which interstitial solute can diffuse. Consistent with 

his assumption, we use Lagrangian variables throughout, measur- 

ng all densities in coordinates of the undeformed state. Then, σ is 

 2nd Piola-Kirchhoff stress [33] . 

We note that there is, in principle, nothing wrong with apply- 

ng the approach of this work also to substitutional solutions, now 

eplacing μ with the diffusion potential (the difference between 

he chemical potentials of the two substitutional components [34] ). 

et, the kinematics then require that both constituents, solute as 

ell as solvent, can diffuse. In a practical experimental scenario it 

s then nonobvious how the network constraint – namely an in- 

ariable reference frame for diffusion and strain – can be main- 

ained. It is for that reason that the discussion is here restricted to 

nterstitial solutions. 

. Young’s modulus - open versus closed system 

For elastic deformation at constant composition, the rele- 

ant elastic parameter is the conventional, constant-composition 

oung’s modulus, 

 = d σ/ d ε| x . (2) 

et, when the solute can be redistributed and exchanged at equi- 

ibrium with an external reservoir of solute at chemical potential 

, then the elastic parameter is the open-system Young’s modulus, 

ˆ 
 = d σ/ d ε| μ . (3) 
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ere we briefly derive the relation between Y and 

ˆ Y based on our 

onstitutive assumptions; that relation is one of the central results 

f the Larché–Cahn theory [4] . 

In view of Eq. (3) , the quantity to be evaluated can be taken as

he increment in strain, d ε, in response to an increment in stress, 

 σ , at constant chemical potential μ. We can start out by decom- 

osing the strain into a response to stress at constant composition 

lus a response to composition change at constant stress: 

 ε = 

d ε 

d σ
| x d σ + 

d ε 

d x 
| σ d x . (4) 

ext, we evaluate d x , which is the change in solute fraction while

he stress is varied at constant chemical potential, 

 x = 

d x 

d σ
| μd σ . (5) 

e then realize that Eq. (1) implies the Maxwell relation 

d x 

d σ
| μ = 

1 

ρ0 

d ε 

d μ
| σ , (6) 

nd we apply the chain rule to a term on the right-hand side of 

hat equation, in the form 

d ε 

d μ
| σ = 

d ε 

d x 
| σ d x 

d μ
| σ . (7) 

ombining the above results, we obtain a result for the quantity of 

nterest, in the form 

d ε 

d σ
| μ = 

d ε 

d σ
| x + 

(
d ε 

d x 
| σ

)2 
1 

ρ0 

d x 

d μ
| σ . (8) 

We can now combine Eq. (8) with the definitions of Y and 

ˆ 
 . Furthemore, we can define the concentration-strain coeffi- 

ient as η = d ε/ d x | σ and a solute susceptibility parameter as χ =
−1 
0 

d x/ d μ| σ [4] . In terms of those quantities, we finally obtain 

1 

ˆ Y 
= 

1 

Y 
+ χη2 , (9) 

r, equivalently, 

ˆ 
 = 

Y 

1 + χη2 Y 
. (10) 

his is one of the results of Ref. [4] , here derived along a different

simpler) route. 

In experiment, Y and η may often be approximated as constants 

ithin the interesting domain in the parameter space (T , ε, x ) , and

e shall use that approximation consistently throughout this work. 

et, as will be apparent below, one must generally allow for χ to 

ndergo large variation as the function of T , σ , and μ. It then fol-

ows that ˆ Y will also vary strongly with T , with ε or σ , and with x

r μ. The key issue in this work is to discuss these variations and

heir ramifications for stress/strain or bending-moment/curvature 

elations, which will generally be nonlinear. We shall base the dis- 

ussion on the simplest equations of state that yield the central 

aterials phenomena. 

. Equations of state 

.1. Mechano-chemical coupling 

We consider all relevant interstitial sites as identical. We take 

he solute to cause an isotropic dilatation of the crystal lattice, so 

hat the macroscopic strain tensor E in the stress-free state relates 

o the solute fraction x by 

 = ηU x , (11) 

ith U the unit tensor in 3D. Recall that we take η as constant, 

ndependent of x or σ . 
3 
As a consequence of the above assumption, changes in compo- 

ition cannot result in shear. Conversely, the chemical potential is 

ndependent of shear components of the stress state and only de- 

endent on the stress through the trace of the stress tensor – in 

ther words, through the pressure [4] . 

In an elastically isotropic and infinitely extended solid body, an 

sotropic center of dilatation (here: a misfitting solute atom) in- 

uces a strain field that is pure shear outside of the inclusion [35] .

ence, the long-range strain field makes no contribution to η in 

he infinitely extended isotropic solid. Yet, the misfit strain tensor 

eld of a solute atom in a solid of finite extension – irrespective of 

ts size – may contain non-vanishing diagonal entries, which con- 

ribute to η and to the solute-solute interaction. Obviously, each 

nd every experimental situation will involve such bodies of finite 

xtension. The solute-induced lattice strain at η � = 0 will forcefully 

nduce a solute-solute interaction energy with a convex composi- 

ion dependence [8,36–39] . This favors unmixing. In other words, 

he presence of a miscibility gap in the alloy phase diagram is 

ystematically correlated with the atomic size misfit and, thereby, 

ith the interaction between chemistry and mechanics. 

On top of the elastic solute-solute interaction, there are also 

lectronic contributions. These may favor either, mixing or unmix- 

ng. Yet, the elastic contribution is often strong, and it dominates 

he phase behavior in many important alloy systems [38] . 

.2. Stress-strain relation and reference state 

As stated above, we assume – for constant composition – linear 

nd isotropic elasticity and we focus specifically on uniaxial stress. 

epresenting the stress-strain behavior in terms of ε(σ, x ) we then 

ave the equation of state 

 = 

σ

Y 
+ ηx , (12) 

ith Y Young’s modulus at constant composition. 

Here, as consistently throughout the following, we have explic- 

tly assumed Y to be independent of the composition. Furthermore, 

e have taken the stress-free crystal at zero solute content as the 

eference state for strain. That reference state will also be used 

onsistently throughout this work. 

.3. Chemical potential 

The simplest scenario that is consistent with the universal be- 

avior of solutions in their limits of high dilution and of the ap- 

roach to saturation while also featuring a miscibility gap that 

loses in a critical point is that of a regular solution [40] with, at

niform pressure P , an attractive solute-solute interaction. In other 

ords, the solute-solute interaction energy parameter, ω P , at con- 

tant P needs to be positive-valued. The equation of state for the 

hemical potential, μ, is here (Porter et al. [40] and see Wagner 

41] for the pressure-dependence) 

= ω P (1 − 2 x ) + RT ln 

x 

1 − x 
+ 3 η	P . (13) 

ere, R denotes the molar gas constant and 	 = 1 /ρ0 the matrix 

olume per interstitial site. 

For the example of interstitial solute on the octahedral sites of a 

ace-centered cubic crystal, such as H in Pd, the number of matrix 

toms and interstitial sites agree. 	 is then the atomic volume of 

he matrix crystal. Note that this scenario is also consistent with 

sotropic dilatation, as assumed above. 

The regular solution has a miscibility gap that closes at the crit- 

cal temperature, T C , which satisfies 

 C = 

ω P 

2 R 

. (14) 

ig. 1 displays the miscibility gap in the alloy phase diagram (see 

elow for reduced units). Below T , the solvus line (solid line in the 
C 
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Fig. 1. Alloy phase diagrams of the regular solution in the domain of solute frac- 

tion, x , versus reduced temperature (temperature relative to the critical temperature 

of the miscibility gap at constant-stress), τ . Boundary conditions: constant stress 

(gray, solid line) and constant strain (red, dashed line). Below the respective crit- 

ical temperature – i.e., at reduced temperatures τ < 1 for constant stress and at 

τ < 1 − η2 y/ 2 ≈ 0 . 80 for constant strain – a dilute phase is separated from a con- 

centrated one by a miscibility gap (shaded regions). Materials parameters η and y 

motivated by Pd–H, see main text. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 

fi

w

a

w

s

a

μ  

E

f

χ

N

d

e

x  

o

s

a

f

μ  

T

a

ω

i

μ  

p

S

c

c

p

c

T

d

u

t

f

e

f

w

o

s

t

o

n

r

5

d

o

o

t

g

c

d

l

m

o

t

T

t

p

i

e

u

a

n

c

m

u

[  

u

θ

T

c

m

y

a

r

s

T

gure) separates the domain in { composition , temperature } space 

here the uniform solid solution is stable from a domain in which, 

t thermodynamic equilibrium, a dilute (in solute) phase coexists 

ith a concentrated one. 

Applying the above statements to the scenario with uniaxial 

tress, we obtain an equation of state for the chemical potential 

s the function of T , x, σ in the form 

1 

˜ σ (T , x, σ ) = ω P (1 − 2 x ) + RT ln 

x 

1 − x 
− η	σ . (15)

qs. (13) and 15 imply that the solute susceptibility parameter χ
or use with Eqs. (9) and 10 obeys 

= 

x (1 − x )	

RT − 2 x (1 − x ) ω P 

. (16) 

ote that χ is here completely determined by x , with no explicit 

ependency on the acting stress or strain. 

In the stress-free limit, the open-system Young’s modulus ˆ Y at 

quilibrium is expected to vanish at the critical point, T = T C and 

 = 1 / 2 [14] . For T < T C , ˆ Y is also expected to vanish at the spin-

dals [14] . 

We are also interested in situations with controlled strain not 

tress (Helmholtz-type versus Gibbs-type). Solving Eq. (12) for σ
nd inserting into Eq. (15) yields an equation of state for μ as the 

unction of T , x, ε: 

˜ ε (T , x, ε) = ω P (1 − 2 x ) + RT ln 

x 

1 − x 
− η	Y (ε − ηx ) . (17)

his can be brought into the analogous form as Eq. (15) by defining 

n effective interaction energy, ω ε , for constant strain, 

 ε = ω P − 1 

2 

η2 	Y , (18) 

n terms of which 

˜ ε (T , x, ε) = ω ε (1 − 2 x ) + RT ln 

x 

1 − x 
− η	Y (ε − η

2 

) . (19)
1 We denote equations of state by a tilde, so as to distinguish functions from 

arameter values. 

(

ε

4 
ince η2 	Y is positive definite, Eq. (18) implies that going from 

onstant stress to constant strain makes ω less positive. In the 

onsequence, the upper convolute temperature, T ε , of the alloy 

hase diagram at uniform strain is reduced as compared to the 

ritical temperature of the conventional, uniform stress scenario. 

he solvus line of the modified phase diagram is displayed by the 

ashed line in Fig. 1 . 

Why emphasize the distinction between uniform-stress and 

niform-strain scenarios? We are interested in discussing both, the 

ensile (or compressive) deformation of a bar and the bending de- 

ormation of a beam. For the bar in tension or compression, the 

quilibrium equations of mechanics require that the stress is uni- 

orm. In other words, stress is our control variable here and we 

ant to know the resulting strain. By contrast, the simplest ge- 

metry for the beam is bending into a segment of circle of con- 

tant curvature. That geometry fixes the strain field, and we need 

o evaluate the stress that results from that strain. Here, strain is 

ur control variable and we want to know the stress. The two sce- 

arios above address these two distinct tasks and each plays a vital 

ole in the analysis below. 

. Materials parameters and reduced variables 

We aim to inspect the phenomenology of open-system elastic 

eformation qualitatively, yet with an eye on a rough assessment 

f realistic magnitudes of effects. To this end, we select the values 

f the two relevant materials parameters (to be introduced below) 

o roughly match the Pd–H system [29,42] . In that system, hydro- 

en atoms occupy octahedral interstitial sites in the face-centered 

ubic lattice of the host, palladium. Consistent with the alloy phase 

iagram of Fig. 1 , Pd–H exhibits a continuous series of solid so- 

utions at high temperature and, below a critical temperature, a 

iscibility gap that separates a dilute phase from a concentrated 

ne. Hydrogen uptake expands the crystal lattice, with an essen- 

ially linear relation between composition and lattice parameter. 

he alloy chemistry and the mechanics of Pd–H are not in all de- 

ails caught by the idealized equations of state introduced in the 

revious Section. For instance, Pd is elastically anisotropic [43] , and 

ts solution thermodynamics is affected by the limited number of 

mpty d-band states, restricting the hydrogen content to x � 0 . 6 

nder practical conditions [29,32,44] . Yet, the numbers provide an 

ppropriate basis for realistically assessing the approximate mag- 

itude of effects. 

The values adopted here are: lattice parameter of the face- 

entered cubic lattice 389.0 pm [45] , critical temperature of the 

iscibility gap T C = 566 K [44,46] , (polycrystalline) Young’s mod- 

lus Y = 120 GPa [43] , concentration-strain coefficient η = 0 . 060 

30,47] . Then, based on T C and Eq. (14) , ω P ≈ 10 kJ / mole ≈ 0 . 10 eV .

As a preliminary for introducing reduced variables, we find it 

seful to define a chemical energy density variable, θ as 

= ω P / 	. (20) 

he relative magnitude of characteristic chemical and mechani- 

al energy densities is then parameterized by the reduced Young’s 

odulus parameter, 

 = Y/θ , (21) 

nd the coupling strength between chemistry and mechanics is pa- 

ameterized by η. These dimensionless parameters form the ba- 

is for a more general reduced notation, which is summarized in 

able 1 . 

In terms of that notation, the equations of state take the form 

see footnote 1 ) 

˜  (x, s ) = 

s 

y 
+ ηx , (22) 
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Table 1 

Reduced quantities: definitions and values or ranges. Symbols for original quantities used in the 

definitions: state variables μ - chemical potential, P - pressure, σ - stress, T - temperature, ε - strain; 

materials parameters ω P - solute-solute interaction energy parameter, 	 - solvent atomic volume, Y 

- Youngs modulus; beam-related parameters d - beam thickness, I - cross-sectional area moment of 

inertia, κ - curvature, M - bending moment. R is the molar gas constant. 

Quantity Symbol/defining equation Value/range 

solute fraction x 0 . . . 1 

chemical potential m = μ/ω P −∞ . . . + ∞ 

state temperature τ = T /T C > 0 

variable (uniaxial) stress s = σ/θ <> 0 

pressure p = P/θ <> 0 

strain ε <> 0 

critical temperature T C = 2 R/ω P irrelevant ( > 0 ) 

materials chemical energy density θ = ω P / 	 irrelevant ( > 0 ) 

parameter concentration-strain coefficient η 0.060 

Young’s modulus y = Y/θ 110 

radial position ζ = z/d −1 / 2 . . . 1 / 2 

beam- neutral fibre position ζ0 <> 0 

related curvature k = κd > 0 

parameters bending moment m = Md/ (Iθ ) <> 0 

mean solute fraction x̄ > 0 
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c

˜ 
 (x, ε) = (ε − ηx ) y , (23) 

˜ 
 s (τ, x, s ) = (1 − 2 x ) + 

τ

2 

ln 

x 

1 − x 
− ηs , (24) 

nd 

˜ 
 ε (τ, x, ε) = 

(
1 − yη2 

2 

)
(1 − 2 x ) + 

τ

2 

ln 

x 

1 − x 
− ηy 

(
ε − η

2 

)
. 

(25) 

t is seen that only two materials parameters are of relevance, 

amely η, which measures the strength of coupling between strain 

nd composition, and y , which compares the characteristic magni- 

udes of the mechanical and the chemical energy densities. Fur- 

hermore, the temperature parameter τ weights the importance 

f the entropy, which favors mixing, and the interaction energy, 

hich favors unmixing. 

As stated above, Fig. 1 shows alloy phase diagrams for the reg- 

lar solution, as it is described by Eqs. (24) and (25) . The phase di-

grams illustrate specifically that the upper convolute temperature 

f the two-phase coexistence regime in the constant-strain case, 

ε , is substantially below that of the uniform-stress case, τC = 1 . 

ith the materials parameters of our study, τε = 1 − yη2 / 2 ≈ 0 . 80 .

The presence of two-phase regions in the equilibrium alloy 

hase diagram reflects the observation that the isotherms of com- 

osition versus chemical potential can be multivalued. At constant 

tress, there can be multiple solutions (in x ) of m = ˜ m s (τ, x, s ) at

emperatures below T C , as exemplified in Fig. 2 (a). When going 

rom constant stress to constant strain, one finds the isotherms 

now ˜ m ε (τ, x, ε) ) modified. Here, multiple solutions are observed 

nly at temperatures below the lower critical value, T ε , as exempli- 

ed in Fig. 2 (b). In each case, only regions of positive slope in x (m )

orrespond to stable or metastable states of the alloy. In regions of 

egative slope (dashed lines in the figure), the open system is spin- 

dally unstable. When there are multiple solutions, the alloy can 

e in a two-phase state. The coexisting phases have different com- 

osition but identical stress ( Fig. 2 (a)) or identical strain ( Fig. 2 (b)).

s the function of the phase fraction, one can then find the mean 

omposition anywhere between the compositions of the coexist- 

ng phases. That range of compositions is marked by the shaded 

egions in the figure. 
5 
The considerations, in our analysis, of local chemical and me- 

hanical equilibrium are sufficient to establish states of the sys- 

em as metastable. Deciding upon the nature of the stable state 

nder the acting set of boundary conditions requires an inspec- 

ion of the minimum in the appropriate total free energy function. 

his is not part of the scope of our analysis. In experiments, phase 

ransformations typically involve hysteresis, for instance due to nu- 

leation barriers or to the limited mobility of internal interfaces. 

hese phenomena then govern the selection of the state within 

he two-phase region. Again, the relevant phenomenology is out- 

ide the scope of our present discussion. 

The different phase behavior under uniform strain as compared 

o uniform stress has many well-established analogies in materials 

cience. They comprise the distinction between the chemical and 

he coherent spinodal [48] , situations of coherent phase equilib- 

ium [8,49–51] and speficially the depression of the critical tem- 

erature in thin metal hydride films clamped to a rigid substrate 

52–54] and the suppression of the critical temperature of hydride 

anoparticles [55,56] . 

. Phase transformations and lattice coherency 

At two-phase coexistence, the distinct phases of a crystalline 

olid – such as Pd–H – are often separated by an incoherent inter- 

ace. Generating the interface entails finite jumps in the displace- 

ent field and discrete changes in the materials points’ nearest 

eighbor relations. That is not compatible with the network con- 

traint of Ref. [4] or with the use of reference coordinates in our 

nalysis. 

Here, we restrict attention to scenarios where any phase trans- 

ormation is coherent. Such scenarios are encountered, for in- 

tance, during precipitation in single-crystalline superalloys [8,57] , 

n coherent spinodal decomposition [48] and, significantly, in 

anoscale metal hydrides [51,53,54] . For our benchmark system 

d–H, coherent phase transformations have been documented in 

anoparticles [56] and in nm-thin films [53,58] , and the obser- 

ation of > 10 0 0 cycles through the phase transformation with- 

ut apparent microstructural changes also points towards coherent 

wo-phase coexistence in the nanoporous material [47] . 

. Tensile stress-strain relation 

Here, we wish to display the graph of strain versus stress at 

onstant chemical potential. In terms of Eq. (22) , this requires eval- 
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Fig. 2. Exemplary plots of solute fraction x in the regular solution versus reduced chemical potential m at (a) constant stress, here s = 0 , and (b) constant strain, here 

ε = η/ 2 . Reduced temperatures τ = 0 . 7 (yellow), τ = 0 . 8 (red), 0.9 (green), 1.0 (blue) and 1.1 (orange). Shaded regions mark metastable states of two-phase coexistence at 

intermediate values of m for τ < 1 in (a) and for τ < 0 . 8 in (b). Dashed: unstable branches of m (x ) at the lower τ . (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 

Fig. 3. Stress normalized to Young’s modulus, s/y , versus strain, ε, at constant chemical potential, μ, and at uniform stress (blue, dashed, largely covered by red line) or 

at uniform strain (red, solid). Exemplary plot, here for μ = −0 . 1 and for reduced temperatures τ = 1.1 (a), 1.0 (b), 0.9 (c), 0.8 (d) and 0.7 (e). Shaded regions mark two- 

phase states at uniform stress (blue) or uniform strain (red). Under constant-stress conditions, two-phase states exist for all temperatures below T C (below τ = 1 , here for 

figure parts (c)–(e)). By contrast, uniform-strain conditions allow for two-phase coexistence only at temperatures that are below T ε by a finite interval (here below τ = 0 . 8 , 

figure part (e) only). Dash-dotted red: unstable solution of Eq. (27) at uniform strain. (For interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 
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ating the functions 

˜  (τ, m, s ) = 

s 

y 
+ η ˜ x s (τ, m, s ) . (26) 

or uniform stress conditions or 

˜ 
 (τ, m, ε) = y (ε − η ˜ x ε (τ, m, ε)) (27) 

or uniform strain. As the inverse functions of Eqs. (24) and (25) for 

˜  s (τ, x, s ) or ˜ m (τ, x, ε) , respectively, the functions ˜ x s (τ, m, s ) and

˜  ε (τ, m, ε) in the above equations are not available in closed form 

nd so require numerical evaluation. We used an algebra program 

Mathematica v12.1) for this as for all other numerical evaluations 

f this work. The numerical analysis was set up to track multiple 

olutions for x whenever present. 
6 
Fig. 3 compares constant-chemical-potential stress-strain rela- 

ions at uniform stress to those at uniform strain. The example is 

or m = −0 . 1 which, at low τ , puts the stress-free system in the

ilute phase and close to the two-phase coexistence region in the 

lloy phase diagram. Recall that, depending on the boundary con- 

itions, two-phase coexistence states can take different forms, two 

egions of identical stress but different strain or to two regions 

f identical strain but different stress. The figure shows that the 

tress-strain curves for these scenarios can be quite different, the 

onstant strain condition is more restrictive and results in a sub- 

tantially narrower two-phase region. This reflects the difference in 

he phase diagrams, see Fig. 1 above, and in the isotherms of the 

hemical potential, see Fig. 2 (a) versus 2 (b). 

Fig. 3 illustrates that three regimes may be distinguished: 
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Fig. 4. Axial deformation of a prismatic bar at uniform axial stress and constant chemical potential. Stress (normalized to Young’s modulus), s/y , versus strain, ε (a–c) and 

open-system Young’s modulus (normalized to the constant-composition one), ˆ y /y , versus strain (d–f). Reduced temperatures τ = 1 . 2 (a,d), 1.0 (b,e) and 0.8 (c,f). Reduced 

chemical potentials m = −0 . 1 (yellow), −0 . 03 (green) and 0 (red). Dashed gray line: stress-strain relation at constant composition. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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• In the regime τ > 1 (here τ = 1 . 1 in Fig. 3 a) the stress-strain

graph increases monotonously. 

• At τ = 1 ( Fig. 3 b) the stress-strain graph for the first time ex-

hibits a horizontal tangent. This corresponds to a point around 

which the leading term in the stress-strain relation is a third- 

order polynomial. In other words, Young’s modulus vanishes 

and the compliance diverges. 

• In the regime τ < 1 (exemplified here by τ = 0 . 9 in Fig. 3 c)

the stress-strain graphs are degenerate. The graph at uniform 

stress reflects two-phase coexistence (blue shaded region). By 

contrast, the graph at uniform strain here reflects single-phase 

behavior at any strain, yet with a point of inflection. 

• At τ = τε (here τ ≈ 0 . 8 , Fig. 3 d) the stress-strain graph for the

first time exhibits a vertical tangent. 

• In the regime τ < τε (here τ = 0 . 7 in Fig. 3 e) the stress-strain

graph for any boundary condition, uniform stress as well as 

uniform strain, exhibit the multiple branches that represent 

two-phase states. Regions with identical stress but different 

strain or with identical strain but different stress (blue and red 

shaded areas in the graph, respectively) can then coexist. 

Next, we inspect exemplary stress-strain and Young’s-modulus- 

train relations at different combinations of τ and m . Here we have 

n mind a prismatic bar with axial loads applied to its ends, in 

ther words, a situation of uniform stress. Figs. 4 (a)–(c) exemplify 

tress-strain relations obtained by evaluating Eq. (26) . Note that all 

tress-strain graphs exhibit a finite strain at zero stress; this is a 

onsequence of our choice of the reference state (see Section 4.2). 

he graphs confirm that the open system (solid lines) is more com- 

liant than the closed one (dashed lines). Furthermore, the graphs 

rovide further illustrations of the behavior discussed above. 

Fig. 4 (d)–(f) display the prediction of Eq. (10) for the open- 

ystem Young’s moduli (here shown normalized to the constant- 

omposition one) at the stress states of Fig. 4 (a)–(c). Minima, 

oints of vanishing stiffness, and regions of elastic instability ( Y < 

 , outside the range of the figure) may be discerned. These features 

eflect the variation of the solute susceptibility parameter χ in 
7 
q. (10) with the solute fraction x , as it is implied by Eq. (16) along

ith the function ˜ x ε (τ, ε, m ) and the imposed values of τ , ε and

 . 

. Beam bending 

.1. Geometry and stress field 

Here we consider bending of a long beam of constant and 

specifically, for simplicity) rectangular cross-section of height d

nd width w within the Euler–Bernoulli approach. The beam is 

ent along a radius aligned with the height coordinate, z. We take 

he beam to be slender, i.e. the ratio w/d is sufficiently small so 

hat tensile stress components can be approximated as uniaxial, 

xclusively in the axial direction [59] . Consistent with the notation 

o far, we designate that stress component by σ . We maintain the 

se of Lagrangian coordinates, in other words, all position coordi- 

ates are measured in the reference configuration defined by the 

tress-free state with no solute. 

The bending geometry is such that the strain in the axial 

irection–we designate that strain component by ε–satisfies 

 = (z − z 0 ) κ , (28) 

ith κ the bending curvature (the inverse of the bending radius) 

nd z 0 the position of the neutral (no strain) fibre. Note that com- 

osition change at no bending results in uniform strain; a neutral 

bre can then not be defined. Note also that finite solute fraction 

nd small curvature will typically result in a neutral fibre position 

utside the beam. 

We define the coordinates so that z = 0 at the centroid of the 

eam cross-section; the beam extends by ±d/ 2 above and below 

hat fibre. Two important moments of the stress distribution are 

he mean stress, σ , and the bending moment, M. They are defined 

s 

= 

1 

d 

∫ + d/ 2 

−d/ 2 

σd z (29) 
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Fig. 5. Schematic representation of solute displacement during beam bending. For 

constant chemical potential (a), arrows indicate how tensile regions uptake solute 

from the environment, whereas compressive regions release solute. In general, up- 

take and release do not cancel and the net composition varies. For constant net 

composition (b), arrows indicate internal redistribution of solute, here from the 

compressive towards the tensile fiber. Here, in general, the chemical potential will 

vary. 
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 = w 

∫ + d/ 2 

−d/ 2 

zσd z . (30) 

We are interested in how κ varies at equilibrium when the 

eam is loaded exclusively by the moment M. As an important 

oundary condition, there is no axial load. This implies at σ = 0 . 

olving the stress-strain relation, Eq. (12) , for σ , using Eq. (28) for 

and substituting the result for σ in Eq. (29) then yields 

 = 

1 

d 

∫ + d/ 2 

−d/ 2 

Y ( (z − z 0 ) κ − ηx ) d z . (31) 

he kernel of the integral contains only constants, except for x and 

he integration variable z. We can therefore evaluate the integral, 

btaining 

 = ( ηx + κz 0 ) Y (32) 

ith x the mean solute fraction in the beam. Eq. (32) can be solved 

or the neutral fibre position, which emerges as 

 0 = −x η

κ
. (33) 

esides shifting the position of the neutral fiber, changes in the 

ean solute fraction x also entail an expansion or contraction of 

he beam along its axis. 

.2. Bending-moment curvature relation for linear elasticity 

Here we inspect the moment-curvature relation for the “clas- 

ic” case of linear elasticity and constant composition [59] . With 

ttention to the pure matrix ( x = 0 ), we have σ = Y ε, z 0 = 0 , and

qs. (28) and (30) imply for the moment, M x , at constant compo- 

ition the well-known result 

 x = IY κ (34) 

ith 

 = 

d 3 w 

12 

. (35) 

is the expression for the area moment of inertia in the present 

eometry. In the reduced variables of Table 1 (specifically k = κd, 

 = Y/θ ), Eq. (34) reads 

 x = 

Iyθk 

d 
. (36) 

otivated by that expression, a reduced bending moment, m , can 

e defined as 

 = 

Md 

Iθ
. (37) 

or the constant-composition case, the moment-curvature relation 

hen takes the simple form 

 x = yk , (38) 

ndependent of the beam dimensions. 

.3. Bending at uniform chemical potential 

Two variants, illustrated in Fig. 5 , of beam bending scenarios at 

niform chemical potential are of interest. 

• The first is the case of constant and uniform chemical potential, 

as considered by Larché and Cahn in Ref. [4] . Here, the beam is 

deformed sufficiently slowly so that the solute can equilibrate 

with an external reservoir at controlled at constant chemical 

potential. In other words, solute may be transferred through the 

external surface of the beam, and the net solute content of the 

beam may change depending on the curvature. 
8 
• The second variant is the one considered by Gorsky in Ref. [1] . 

Here, the equilibrium condition is still that of uniform chemical 

potential throughout the beam. Yet, the net solute content in 

the beam is considered fixed, in other words, there is no solute 

transfer through the outer surface of the beam. The chemical 

potential will then vary as a function of the curvature. 

Since the former case has more freedom for redistributing the 

olute in response to the local loading states, we may expect that 

ase to give the somewhat higher compliance. 

.3.1. Bending at constant chemical potential 

We now inspect beam bending for the first of the above two 

cenarios, namely constant and uniform chemical potential. As the 

unction of the bending curvature, k , we look at the profiles of 

tress and solute fraction through the beam, and we look at bend- 

ng moment and mean solute fraction. The underlying numerical 

rocedure is as follows: 

• For a given scenario with fixed values of temperature and 

chemical potential, numerical solutions are successively com- 

puted for k starting at 0 and first increasing stepwise to a max- 

imum value, then decreasing stepwise back to 0. The maximum 

(minimum) solution for x is used in the increasing (decreasing) 

branch. 

• At each k , starting out with an initial guess for the position, ζ0 ,

of the neutral fibre, the strain at a fixed number (here 200) of 

sampling points for ζ is computed. This is followed by the de- 

termination of x and s at those points, as in Eq. (26) . The mean

values of x and s are then evaluated as discrete sums approxi- 

mating the integral in Eq. (29) . 

• Next, ζ0 is refined using the result for x along with Eq. (33) . 

• The computation of x and s is then repeated with the updated 

neutral fibre position. 

• This iterative procedure is repeated until the mean stress ap- 

proximates zero, as decided according to the convergence cri- 

terion | σ | < 10 −4 〈 σ 2 〉 1 / 2 . The stress profile then affords com- 

puting m as the discrete sum approximating the integral in 

Eq. (30) . 

Fig. 6 exemplifies results of the above procedure. The tempera- 

ures, τ = 1.1, 0.9 and 0.7 are selected to probe the three tempera- 

ure regimes for strain-controlled (as opposed to stress-controlled) 

eformation, as introduced above. The value of m , namely +0 . 01 , 

ositions the stress-free system (at τ < 1 ) right next to the solvus 

ine of the equilibrium alloy phase diagram, on the side of the con- 

entrated solution. 

The following observations are noteworthy: 

• At the highest temperature, composition and stress both in- 

crease monotonously along the beam thickness (with increasing 

ζ ). Yet, the bending moment for any given curvature is sub- 

stantially less than at constant composition. Note also that the 

differential bending stiffness, d m / d k , is initially low and then 
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Fig. 6. Variation of stress, bending moment and composition with curvature during beam bending at constant chemical potential (here m = +0.01). Reduced temperatures 

τ = 1.1, 0.9, and 0.7 in left, centre, and right column, respectively and as indicated by labels. (a-c) distribution of stress (normalized to Young’s modulus), s/y , over the beam 

radial coordinate ζ , versus the reduced curvature k . Each line represents the profile at any one of the curvature states investigated. (d–f) distribution of solute fraction, x , 

in the representation analogous to (a). (g–i) reduced bending moment (normalized to Young’s modulus), m /y , versus k . Dashed line: bending at constant composition. (j–l) 

mean solute fraction versus k . Data in (a–f) refers to sequence of bending starting out with minimum k and (whenever there are two solutions) maximum x , and evolving 

towards maximum curvature. Data in (g–l) shows also the backwards evolutions, k starting at 0, first increasing and then evolving backwards to 0. Here, where there are 

two solutions, the one with maximum x is shown in the k -ascending branch and the one with minimum x in the k -descending one. 

 

increases as the curvature increases. Furthermore, whereas the 

strain is by geometry a linear function of the position, the stress 

variation with ζ is nonlinear. 

• At the intermediate temperature, there are points of inflection 

in the stress-versus-position profile at the higher curvatures. 

Furthermore, the moment-curvature relation becomes degen- 

erate, with a point of inflection in the graph of moment- 

versus-curvature. This reflects a similar feature in the graph 

of s (τ, m, ε) for τ < 1 , see Fig. 3 . The consequence is that the

bending scenario with a constant beam curvature along the 

beam axis will become unstable. Under conditions of prescribed 
9 
displacement of the end of the beam, the bending could then 

disproportionate with the beam, along its axis, exhibiting sepa- 

rate regions of low and of high curvature. 

• At the lowest temperature, there are jumps in the stress as 

one moves along ζ . These jumps decorate boundaries between 

the dilute and concentrated phases. Furthermore, the moment- 

versus-curvature relation has now developed multiple branches. 

In Fig. 6 (i), this degeneracy includes states with finite bending 

at zero stress. In other words, there may be states of elastic 

equilibrium in which the beam remains in a persistent bent 

configuration even when no moment is applied. Such phenom- 
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ena would otherwise be considered as reserved for plastic de- 

formation. Yet, all bending is elastic here. Note that the balance 

of stress that underlies the elastic equilibrium does not auto- 

matically imply that the beam is in the lowest energy state. In 

other words, the state may be metastable but it is not neces- 

sarily stable. 

Note that the temperature regimes explored in Fig. 6 match 

hose of the alloy phase diagram under conditions of constant 

tress or constant strain, Fig. 1 . In other words, the figure supports 

he notion that distinct regimes in the alloy phase diagram link to 

istinctly different elastic behavior of the beam. 

.3.2. Bending at constant mean solute fraction 

Here, we inspect beam bending for the second scenario, namely 

onstant mean solute fraction x and uniform chemical potential. 

he neutral fibre position and, thereby, the strain profile are here 

nown a priori ( Eq. (33) ). However, the value of the chemical po-

ential varies as the function of the curvature. The numerical eval- 

ation is as follows. We assume that the beam has initially been 

quilibrated at the chemical potential m 0 while the curvature and, 

onsistently, the stress were held at zero. The mean solute fraction, 

 0 , is then readily computed by solving Eq. (24) for x at s = 0 . 

• For a given scenario with fixed τ and x 0 , solutions are again 

successively computed for k starting at 0, with k first increas- 

ing stepwise to a maximum value and then decreasing stepwise 

back to 0. Here again, the maximum (minimum) solution for x 

is used in the increasing (decreasing) branch. 

• Initially, the chemical potential is set to m 0 . 

• At each k , the composition profile x (ζ ) is computed by solving 

Eq. (25) for x with the current value of m and at the local value

of the strain. The stress profile s (ζ ) is then readily computed 

based on Eq. (23) . 

• Next, m is updated by adding �m = ηs . This is motivated by 

the stress-dependence of the chemical potential, Eq. (24) , along 

with the condition that s = 0 at equilibrium. 

• The computation of x and s is then repeated with the new value 

of m . 

• This iterative procedure is repeated until the mean composition 

agrees with x 0 , as decided according to the convergence crite- 

rion that | x − x 0 | be within specified bounds (here: | x − x 0 | < 

0 . 003 x 0 ). 

We found that this procedure provides for efficient conver- 

ence, particularly at the higher temperatures. 

Fig. 7 exemplifies results for constant x . The temperatures, τ = 

 . 1 , 0.9 and 0.7 are again selected to probe the 3 temperature

egimes for strain-controlled (as opposed to stress-controlled) de- 

ormation, as introduced above. Results here show substantially 

tiffer behavior than for the constant m case. 

Two-phase coexistence is here only observed at the lowest tem- 

erature, τ = 0 . 7 , at the large-curvature end of the interval under 

tudy, and in a very small region of the beam near the most com- 

ressed fibre. Its signature on the bending moment m is barely 

erceptible. It is noteworthy that the signature on the chemical 

otential m is more pronounced. A closer inspection of that phe- 

omenon has revealed that it reflects the very small sensitivity 

f the stress to variations in chemical potential of the (prevailing) 

ingle-phase states at low temperature. Small variations in m are 

hen compatible with larger variations in m . That same observation 

lso explains the deviation between the m -values of Fig. 7 (l) in the

wo branches representing single-phase states (at low curvature). 

e have verified that this is numerical error; basing the numerical 

nalysis on the condition of mechanical equilibrium provides more 

recise solutions for the stress and less precise solutions for the 

hemical potential. 
10 
Fig. 8 explores the composition profiles and the moment-versus 

urvature relations at different temperature, with a somewhat 

arger set of τ than above. Part (a) of the figure shows the compo- 

ition profiles at k = 0.10, confirming that the composition profiles 

re continuous at temperature T ε ( τ ≈ 0 . 8 ) and above. There is a

ertical tangent to x (ζ ) at T = T ε , and a discontinuity in x (ζ ) – in-

icating a two-phase state – is only apparent at T < T ε . The graphs

f the bending stiffness in part (b) of the figure shows the softest 

ehavior at T = T C . In fact, vanishing bending stiffness is observed 

t that temperature and in the limit of small deformation. 

.4. Effective elastic coefficients 

We now explore effective elastic coefficients, as they may be 

btained by analyzing bending moment-curvature relations such as 

ig. 8 (b). To this end, m (k ) may be approximated by a Taylor series

ear k = 0 . The symmetry of the moment-curvature graph requires 

hat only odd exponents in k contribute. Thus, the expansion takes 

he form 

 = 

d m 

d k 
k + 

1 

6 

d 

3 m 

d k 3 
k 3 + O[ k 5 ] . (39) 

n view of Eqs. (34) and (38) , the linear coefficient may be iden-

ified with an effective (averaged over the beam) Young’s modu- 

us. Fig. 9 (a) shows that coefficient, as obtained by fitting the data 

f Fig. 8 (b) with Eq. (39) , versus the temperature. The compari- 

on, in the figure, with the Larché-Cahn result Eq. (10) shows that 

he linear coefficients agree closely with the prediction. This is re- 

arkable, since the theory requires constant chemical potential, 

hereas the numerical data were computed for constant average 

omposition. The agreement suggests that the changes in chemical 

otential with curvature in that situation do not significantly affect 

he elastic response in the limit of small curvature. 

Specifically, the apparent Young’s modulus at the critical tem- 

erature is close to zero, as predicted by the theory. At that tem- 

erature, the leading behavior in the moment-curvature graph is a 

hird-order polynomial in the curvature. 

Fig. 9 (b) displays the third derivatives in Eq. (39) versus the 

emperature. This data relates to the nonlinearity of the elastic 

esponse of the beam, and specifically the third derivatives scale 

ith fourth-order (that is, of the form d 

4 �/ d ε 4 ; for terminology 

ee [60,61] ) elastic coefficients, here for the open system. It is seen 

hat the fourth-order coefficient can take either sign, depending on 

he temperature. Most importantly, the coefficient and, thereby, the 

onlinearity of the elastic response of the beam, is largest at the 

ritical temperature. 

Larché and Cahn have derived thermodynamic relations for the 

pen system’s third-order elastic coefficients [21] . By contrast, the- 

ry for the fourth-order coefficients, that could be compared to the 

ata of Fig. 9 (b), is not available. 

.5. Spontaneous buckling upon cooling 

Mobile solute, such as hydrogen in metals, can encounter barri- 

rs for passing the external surface of a sample. The equilibration 

ith an external reservoir of solute may then be slow and equilib- 

ia at constant net solute fraction and uniform chemical potential 

ithin the solid – as considered in section 8.3.2 above – relevant. 

Consider a body that is alloyed at equilibrium in a single-phase 

egion of the alloy phase diagram and that is then cooled into a 

egime of two-phase coexistence, sufficiently rapid for the net so- 

ute fraction to be retained. While the high-temperature state has 

niform composition, upon entering the miscibility gap the strife 

f the chemistry to disproportionate the composition-field into 

olute-rich and solute-poor regions will compete with the strife of 

he mechanics to minimize the elastic strain energy with a uni- 

orm composition-field. The result can be a spontaneous buckling, 
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Fig. 7. Variation of stress, composition and chemical potential during beam bending at constant net solute fraction (here for reduced chemical potential m = +0.01 at 

no stress). Temperatures τ = 1 . 1 , 0.9, and 0.7 in left, centre, and right column, respectively and as indicated by labels. (a–c) distribution of stress (normalized to Young’s 

modulus), s/y , over the beam radial coordinate ζ , versus the reduced curvature k . Each line represents the profile at any one of the curvature states investigated. (d–

f) distribution of solute fraction, x , in the representation analogous to (a). (g–i) reduced bending moment (normalized to Young’s modulus), m /y , versus k . Dashed line: 

bending at constant composition. (j–l) mean solute fraction versus k . Data in (a–f) refers to sequence of bending starting out with minimum k and (whenever there are 

two solutions) maximum x , and evolving towards maximum curvature. Data in (g–l) shows also the backwards evolutions, k starting at 0, first increasing and then evolving 

backwards to 0. Here, where there are two solutions, the one with maximum x is shown in the k -ascending branch and the one with minimum x in the k -descending one. 
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b

ith a strain field that will generally depend on the geometry of 

he body. 

Fig. 10 exemplifies the above scenario for a beam that is equi- 

ibrated, at τ > 1 , with a reservoir at m = 0 , so that x = 1 / 2 . The

eam is then cooled into the miscibility gap at τ < 1 , in the ab-

ence of an applied bending moment and keeping the net solute 

raction constant. Next, the beam is bent at uniform m and the mo- 

ent recorded. In part (a) of the figure, it is seen that the moment- 

urvature relations at τ < 1 have segments in the unstable regions 

f the diagram. Here, the zero crossings at k � = 0 correspond to sta-

le states of finite curvature at no external load. In other words, 

s

11 
he beam will spontaneously buckle upon cooling. Fig. 10 (b) exem- 

lifies associated composition profiles. 

. Relation between global uniaxial deformation of networks 

nd local bending of struts 

Several studies have reported an enhanced elastic compliance 

f bulk metal hydrides when alloyed with hydrogen [62–66] , and 

bservations of the elastic aftereffect in cantilevers or foils have 

een discussed as the consequence of hydrogen relocation in 

tress gradients [2,15,67] . Yet, the only quantitative verification of 
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Fig. 8. Variation of moment and composition during beam bending at constant net 

solute fraction (here in each case for reduced chemical potential m = 0 at no stress), 

for various temperatures. (a) solute fraction versus position at reduced curvature 

k = 0 . 10 . (b) moment versus curvature. Full circles in (a): net solute fraction (blue 

hidden underneath yellow). Color code: reduced temperature τ = 1 . 1 - blue; 1.0 - 

yellow; 0.9 - green; 0.8 - red; 0.7 - violet. Note softest behaviour at critical temper- 

ature, τ = 1 . 0 . Dashed line in (b): bending at constant composition. (For interpre- 

tation of the references to color in this figure legend, the reader is referred to the 

web version of this article.) 
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Fig. 9. Series expansion coefficients (see Eq. (39) ) versus reduced temperature τ

for the bending moment–curvature relations of Fig. 8 . (a), linear coefficient, d m / d k , 

(symbols) and the prediction by Larché and Cahn for the reduced open-system 

Young’s modulus (normalized to the closed system one), ˆ y /y . Note the excellent 

agreement. (b), third-order coefficient, d 3 m / d k 3 . 
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he Larché-Cahn theory of open system elasticity has been based 

n experiments with nanoporous metal made by dealloying [14] . 

hat study also advertised the opportunities of using hydrogen in 

anoporous metals for generating materials with switchable effec- 

ive elasticity, including states with near zero Young’s modulus. 

In this Section, we explore the question: how do the consider- 

tions on the bending of individual beams relate to experiments–

uch as Ref [14] –on dealloyed nanoporous metal? Specifically, for 

ny given value of the macroscopic uniaxial deformation of a 

anoporous metal sample, how much bending magnitude should 

e expect locally, in the struts that form the nanoporous metal? 

Dealloyed nanoporous metals may be considered as networks 

f struts [18] . At sufficiently low solid fraction, the macroscopic ef- 

ective elastic response to uniaxial load is carried, locally, by bend- 

ng of the network struts [17] . We derive a relation between the 

acroscopic strain, ε, and a mean magnitude of the local curvature 

y analysis of the strain energy density. We shall restrict the analy- 

is to the limit of small strain and, hence, linear elasticity. In other 

ords, we shall ignore higher order elastic coefficients. The local 

lastic response is then governed by the value of Young’s modu- 

us. That quantity may represent the closed or the open system, 

ithout consequences for the analysis here. 
12 
In terms of the effective macroscopic Young’s modulus, Y eff , the 

acroscopic strain energy density, per volume of the solid phase 

n the porous solid, is 

macro = 

1 

2 ϕ 

Y eff ε2 , (40) 

ith ϕ the solid volume fraction of the porous material. For deal- 

oyed nanoporous metal with ϕ < 0 . 5 , the modulus Y eff can be ap-

roximated as (Shi et al. [20] , Soyarslan et al. [68] ) 

 

eff = 2 Y 

(
ϕ − ϕ perc 

1 − ϕ perc 

)5 / 2 

, (41) 

ith ϕ perc the solid fraction at the percolation limit, here 0.159 

68] . Locally, in the curved beams, the strain energy density (en- 

rgy per volume of the beam, averaged over the cross-section) is 

bending = 

1 

wd 

∫ + d/ 2 

−d/ 2 

1 

2 

Y κ2 z 2 w d z = 

1 

24 

d 2 κ2 Y. (42) 

Since both deformations are elastic and, hence, conservative 

nd reversible, the strain energy densities must (on average) be 

qual. This suggests equating �macro ( Eq. (40) ) and the mean of 
bending ( Eq. (42) ) and solving for the curvature. In this way, and 



J. Weissmüller and S. Shi Acta Materialia 227 (2022) 117696 

Fig. 10. Spontaneous buckling of a beam upon cooling into a two-phase regime 

of the phase diagram. Graphs consider a beam that was alloyed to equilibrium at 

reduced chemical potential m = 0 and reduced temperature τ > 1 , that is to net 

solute fraction x = 1 / 2 . The beam was then cooled at constant overall solute frac- 

tion. (a), reduced moment (normalized to Young’s modulus) m /y versus reduced 

curvature k at various temperatures. Note that graphs for τ < 1 have segments in 

the upper left and lower right quadrants, which correspond to unstable states. For 

τ < 1 , the zero crossings at m � = 0 here correspond to stable states of nonzero cur- 

vature at no applied load, in other words to spontaneous buckling. Dashed: linear 

stress-strain relation at constant composition. (b) composition profiles for the stable 

states. 

Fig. 11. Ratio, k/ε, between the root-mean-square of the reduced curvature, k = κd, 

and the macroscopic strain, ε, of a porous solid, plotted versus the solid fraction, ϕ. 
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13 
ccounting for k = κd, one readily finds that √ 〈 k 2 〉 
ε

= 2 

√ 

6 

ϕ 

(
ϕ − ϕ perc 

1 − ϕ perc 

)5 / 4 

, (43) 

here 〈〉 denotes an average over all struts. 

Fig. 11 shows the prediction of Eq. (43) for how the ratio (left- 

and side of the equation) between the root-mean-square (RMS) 

f the local reduced curvatures k of the struts and the macroscopic 

train, ε of a porous solid, varies with the solid fraction, ϕ. Deal- 

oyed nanoporous metals typically have ϕ = 0.2–0.3. The ratio is 

hen k/ε ∼ 0.25–1. In other words, the macroscopic strain ε and 

he RMS reduced curvature k are of comparable magnitude. In that 

ense, the results of our analysis of the bending of isolated beams 

ay be transferred to the macroscopic deformation behavior of 

anoporous metal. 

0. Discussion and summary 

We have analyzed the elastic response of bars of a solid solu- 

ion under axial loading and in bending. The composition was al- 

owed to change so as to keep the chemical potential, μ, constant 

nd/or uniform at equilibrium. As compared to linear elastic beams 

t constant composition, the elastic response at uniform μ exhibits 

 surprisingly rich phenomenology. 

Beams at axial load have a monotonously increasing but non- 

inear stress-strain graph at high temperature. At the critical tem- 

erature, the stress-strain graph develops a horizontal tangent that 

orresponds to a state of vanishing rigidity. This state can be en- 

ountered even when the value of μ differs from that of the crit- 

cal point. At even lower temperature, the deformation may trig- 

er a phase transformation. There is then an extended region in 

he stress-strain domain where the solid solution is in a two-phase 

tate. The material can here go through extended intervals of strain 

hile the stress remains constant. 

Finite intervals of strain at constant stress are also encountered 

n “superelastic” materials including shape memory alloys and gum 

etal, where the stress triggers a martensitic and diffusionless 

hase transformation while the composition remains constant [69–

1] . The present phenomenology is similar, yet the phase transfor- 

ation is here not martensitic. Instead, it is accompanied by a fi- 

ite change in composition that requires diffusion. 

Whereas axial loading is characterized by uniform stress along 

he beam, bending at prescribed curvature implies prescribed val- 

es of the strain (gradient) in the cross-section of the beam. The 

ifferent mechanical boundary conditions, prescribed stress versus 

rescribed strain, have ramifications for the chemistry, and specif- 

cally they are reflected in the alloy phase diagram. Depending on 

he control variable, stress or strain, one encounters two separate 

and in each case well-defined and predictable – upper convolute 

emperatures of the miscibility gap. That distinction is reflected in 

he elastic response of the open system. 

We have considered two variants of the bending of beams un- 

er conditions of uniform chemical potential: the first condition 

olds the chemical potential constant, irrespective of the bending 

urvature. Bending will then be accompanied by a change in the 

et solute content of the beam, in other words, exchange of so- 

ute with an external reservoir through the surface of the beam. 

he second condition holds the net solute content constant (no ex- 

hange through the surface), but allows for solute relocation be- 

ween the tensile and compressive fiber of the beam. Here, the 

hemical potential varies along with the bending radius. 

When bent at constant μ and intermediate temperature, the 

eam can experience regimes of the curvature were the bending- 

oment curvature relation has an instability. Deformation with, 

or instance, the displacement of the free end of a cantilever pre- 

cribed will then lead to states in which the curvature is not a 
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onstant along the beam axis. At low temperature, there can be 

wo-phase states, including the possibility that the beam remains 

ocked-in to a state of finite curvature even when the acting bend- 

ng moment is entirely removed. Furthermore, alloy beams at con- 

tant net solute fraction and no load may spontaneously buckle 

hen quenched into the two-phase regime of the alloy phase dia- 

ram. The buckling reflects regions of elastic instability in parame- 

er space, where ˆ Y < 0 . 

Bending at constant overall solute content provides for a stiffer 

oment-curvature relation than at constant μ. Yet, in each case 

he bending stiffness will still approximate zero at the critical tem- 

erature. At that temperature, the nonlinearity of the elastic re- 

ponse (which is governed by a fourth order, open-system elastic 

oefficient) is at maximum, and the bending moment depends on 

he curvature to third order as the leading term. There is then a fi- 

ite interval in curvature with extremely small bending stiffness or, 

n other words, giant bending compliance. The stiffness will then 

apidly increase at higher curvatures. 

With an eye on experiments using dealloyed nanoporous or 

etwork materials for probing the open-system elastic response, 

e have investigated in how far the mean local bending of the 

truts in the network reflects the macroscopic axial elastic de- 

ormation. The two measures for the deformation are found of 

omparable magnitude. This suggests that the observations of the 

resent work can be reflected in the macroscopic elastic response 

f a network material and under experimental conditions that can 

e realized by proper choice of chemical potential, temperature, 

nd load. That finding is significant, as the open-system elastic 

esponse has been poorly explored in experiment so far, and as 

ts phenomenology includes such potentially interesting properties 

s an elastic response that can be switched under control of the 

hemical potential, specifically in such a way that states of ex- 

remely low rigidity or bistable elastic behavior can be selected on 

emand by the experimentalist. 
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