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Abstract

In the present paper, we study the role of gradient in the material properties of contacting bodies in the difference between
static and kinetic friction for a Hertzian geometry, according to the theory of "Griffith friction", for which the transition
from stick to slip occurs as an elastic instability. We use the term "Griffith friction" to suggest an energy balance approach
in mode II to derive stable and unstable equilibrium configurations, where in particular macroscopic sliding can occur by a
global elastic instability, analogous to a Griffith crack which doesn’t arrest after reaching a critical size. The most important
conclusion are that static friction coefficient: (i) is increased with harder surface; (ii) is increased for small normal loads and
tends to infinity in the limit of zero load. These conclusions hold both in the case of a constant frictional fracture energy or a

pressure-dependent frictional fracture energy at the interface.

Keywords Graded material - Griffith friction - Cattaneo-Mindlin problem - Friction

1 Introduction

Friction is always present at interacting interfaces in relative
motion, with applications spanning from science to engineer-
ing to geophysics, namely from the atomic (nano) scale to
earthquake faults in the range of thousands of kilometers.
In the classical view of friction, as proposed by Amontons
and Coulomb the friction force is proportional to the normal
load, and there is no significant distinction between static and
dynamic (or kinetic) friction coefficient, as was instead pro-
posed by Euler through experiments using inclined planes.
Rabinowicz [1, 2] was the first to associate and demonstrate
via careful experiments that the reduction of friction in the
transition from stick to sliding is due to the interfacial energy
of metals. In the mechanics of earthquake faults the differ-
ence between static and kinetic coefficient has been reported
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to be as high as 10, which is why Rice calls such interfaces
”strong but brittle”[3, 4]. After concepts of fracture mechan-
ics were introduced into contact mechanics for adhesion and
friction in the 1970’s [5-9], it became obvious that both
the detachment in the normal direction ("pull-off"), and the
detachment in the tangential direction (transition to slip) can
be mechanisms associated to elastic instabilities. Addition-
ally, the JKR-type peeling and sliding models, developed in
recent years to describe the interplay between adhesion and
friction, have also been applied to analyze experimental data
[10].

Recently, Ciavarella [11] has introduced the solution to
the Cattaneo-Mindlin problem [12, 13] with Griffith friction,
where a constant normal load is considered at the interface,
and tangential load is progressively increased until a peak
tangential force is reached leading to an unstable transition
to slip at lower friction. This was proved to be a reasonable
model also to fit experiments of Peng et al. [14], see Ref. [15].

In the present paper, we aim at elucidating the role of
gradient in the material properties of contacting bodies in
the difference between static and kinetic friction. Gradient in
material properties exists both in Nature or are intentionally
introduced by technological processes because they lead to
for example some improvements of thermomechanical prop-
erties of components. Indeed, Functionally Graded Materials
(FGM) can be seen as a generalization of using layered
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structures as coatings, plating techniques or layer lamination
process [16—18]. FGM became increasingly popular since
1990s. The idea is to gradually vary the composition and
structure of the material so that this results in a continuous
variation of properties of materials, particularly the elastic
properties, removing some of typical problems of layered
materials as poor interface strength and residual stresses. But
returning to Nature, living species and evolution has “invent-
ed” FGM millions of years ago, and indeed graded media are
found in many biological structures as bones, skin or bam-
boo trees [19]. Significant work has been produced both for
the development of the manufacturing techniques of FGM
and on the other hand for studying their behavior and struc-
tural integrity [20-22]. Another important area where FGM
are studied is soil mechanics and geomechanics where the
graduality of properties occurs naturally as a consequence
of the change of rocks content. This has an effect in engi-
neering too, as the variation of elastic properties of soils and
rocks may affect the settlement and stability of foundations
[23-25].

In many cases the spatial variation of elastic modulus with
depth is assumed to follow either an exponential or a power
law, although the latter leads to rather extreme assumption of
either zero or infinite modulus at the surface [22]. Analytical
solutions for some types of surface loading can be obtained
within this class of FGM, see Booker et al. [26, 27], and
Giannakopoulos and Suresh [28, 29].

It is interesting to notice also that Giannakopoulos and
Suresh [30, 31] also demonstrated with theory and exper-
iments that grading material properties under both normal
and frictional indentation is beneficial against various types
of brittle failures due to contact.

2 Methodology

In this study, we consider two elastic spheres brought into
contact under a fixed normal load P and subsequently sub-
jected to a tangential load Q, as illustrated in Fig. 1. Since
the radii of the spheres are much larger than the contact
radius, both elastic spheres can be approximated as elastic
half-spaces. The materials of the two deformable bodies are
functionally graded, and their elastic modulus varies with
depth according to

k
E: (z) = Eo; <i> Swith—1<k<1,i=12 (1)
20

We assume that the two materials have the same grading
exponent k and characteristic length zo. The Poisson’s ratios
are denoted by v and v;, respectively. Similar to the original
Cattaneo-Mindlin model, the normal and tangential contact

@ Springer

Fig.1 Schematic illustration of the contact between two spheres under
anormal load P and a tangential load Q

problems are assumed to be decoupled. This decoupling
requires either that [32]:

1. Equal elastic materials: vi = vy = v and Eg; = Ep;

2. One body is rigid and the other elastic with a Poisson’s
ratio equal to the Holl ratio: Ep; — ooandv; = 1/(2+k)
withi # j;

3. The Poisson’s ratios of both materials are given by the
Holl ratio: vi = vy = 1/(2 + k).

Moreover, it is noteworthy that due to thermodynamic sta-
bility, the Holl ratio can only be fulfilled for positive k.

On the other hand, in the classical homogeneous Cattaneo-
Mindlin model, the tangential-tangential coupling is often
regarded as a minor error issue and is therefore commonly
neglected. However, for functionally graded materials, the
influence of tangential-tangential coupling may become
much more significant. As discussed by Hess and Li [37],
even in the case of equal elastic materials, tangential-
tangential decoupling can only be achieved for specific
combinations of the material parameters (k, v). In the follow-
ing analysis, in order to present the main idea of the proposed
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model more clearly, we do not strictly enforce these specific
(k,v) conditions. The effect of tangential-tangential cou-
pling, particularly under general parameter combinations,
may therefore deserve a more rigorous and systematic inves-
tigation in future work.

It is worth noting that, under small deformation condi-
tions, the contact and friction problem between two spheres
can be equivalently reduced to the contact between a sphere
of radius R and an elastic half-space, where the effective
radius satisfies

1 1 1

oL 2
R R1+R2 (2)

2.1 Uniform normal and tangential displacement
solutions

The solutions for contact problems with axisymmetric con-
tact areas can be obtained by superposing elementary solu-
tions corresponding to a constant surface displacement over
a circular region [33-35]. In the normal direction, if the dis-
placement within a circular region of radius a is uniform and
equal to d;, the total normal force Py and the corresponding
pressure distribution po(r, a) are given by Booker et al. as
[27]

2Efal™*
e L 3
RTINS ©)
(14k)P P2\ 7
PO(V,G)Zw(l—a—z ) @

where Ej (k, v;, E¢;) is determined by
1-— v%
hy (k,v2) Egp’

2
1 1 —vi

J— 5
E5  hy (k,v) Eo ©)

and the function &y (k, v) is originally defined in Ref.[36]
as

2(1+k)ycos (B)T (1 + %)

hy (k,v) = J7C (k) B (k. v)sul(ﬁ(ku)n)l_,(%)a
(6)
with
Ik ( 3+k+BK,v) 3+k—p(k.v)
C(k’”):2+r( ;I‘(ZZ—II;)( : ) @
and

kv
B (k, V)=\/(1+k) (1——)- 3
1—v

Here, I'(-) denotes the Gamma function, defined by

T(z) = / *~Lexp (—1)dr. )
0

The solution for a uniform tangential displacement d
imposed over a circular region of radius a has also been
developed in previous work by Hess et al. [36, 37]. The total
tangential force Q¢ and the corresponding distribution of the
unidirectional tangential traction go(r, @) are given by

0 _Md (10)
0_(1+k)zl(§ X
1 +k 2\ T
%(h@=%(l—‘%) , (an

where G (k, v;, Eo;) is determined by

1 1 1

— = + , (12)
Gy hr(k,vi) Eor  hr (k,v2) Ep

and the function hr (k,v) is also originally defined in
Ref.[36] as

ht (k,v)
28 (k, v) cos (T” ( )

(1=02) e e wysin (BT 1 (344) 1 k) A T (145)
(13)

By comparing the solutions in the normal direction,
Egs. (3) and (4), with those in the tangential direction,
Egs. (10) and (11), and noting that the uniform-displacement
solutions serve as the basis for any axisymmetric contact
solution, one finds that for the same axisymmetric dis-
placement distribution or the same force distribution, the
corresponding tangential solution can be obtained from the
normal one by replacing Ejj (k, v;, Eo;) with G (k, v, Eg;).

2.2 Cattaneo-Mindlin problem

In the Cattaneo-Mindlin (CM) problem [12, 13], itis assumed
that the contact area consists of a central stick zone, where the
relative surface displacement is zero, and an outer slip zone,
where the tangential traction and the normal pressure satisfy
Coulomb’s friction law. Over the past century, the Cattaneo-
Mindlin friction model has been generalized to a wide range
of cases, including elastically similar, transversely isotropic
solids of arbitrary geometry [38]. Under the assumption of
normal-tangential decoupling, and neglecting the displace-
ment components in the slip zone that are not aligned with
the direction of the tangential force Q, as is customary in the
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Cattaneo-Mindlin solution and in the Ciavarella-Jager the-
orem, the distribution of the tangential traction within the
contact area can be written as

Q(r):fp(rva)_q*(rvc)vr<c1 (14)
q(r)y=fp@r,a), c<r<a. (15)

where ¢ denotes the radius of the stick zone, f denotes the
kinetic friction coefficient, and ¢* (r, ¢) is a corrective term
that ensures the relative displacement within the stick zone
remains constant, representing a rigid-body displacement.
Here, p (r, a) denotes the normal pressure in the spherical
normal contact problem. For a graded material characterized
by Eq. (1), it is given by [32]

1+k
(3 +k) Py (a) r?\
P(",a)=7<1—;> ) (16)
where
AE*q3tk
Py (a) = X (17)

U +k2G+OR

and the corresponding normal relative rigid-body displace-
ment §; is given by

a

§, = ——— 18
©(+RR (e
In the classical CM model, the corrective term is taken as
fp (r, ¢), which produces the same profile of tangential dis-
placement as fp (r, a) and therefore ensures that the relative
displacement vanishes within the region of radius c.

2.3 Griffith friction

In the classical CM model, slip is assumed to occur immedi-
ately once the tangential traction reaches the kinetic friction
level. Experiments, however, have shown that the onset of
slip requires overcoming an energy barrier [39]. To cap-
ture a more realistic transition from static to kinetic friction,
a Griffith/JKR-type slip-initiation criterion can be incorpo-
rated into the CM framework, leading to the development of
the Griffith friction model [11].

The Griffith friction framework is analogous to the classi-
cal CM model, but the corrective term is derived from fracture
mechanics. This term reflects interfacial fracture processes,
primarily mode II, along with contributions from mode III
[40]. In general, we would need averaging the stress inten-
sity factor K77 and Kj7; around the periphery of the contact.
However, by neglecting Poisson effects, the energy release
rate can be approximated as purely mode II. The formulation
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of the corrective term is analogous to that of the Johnson-
Kendall-Roberts (JKR) adhesion model [5], ensuring that the
relative displacement remains zero within the stick zone. The
key distinction is that the corrective term of Griffith friction
involves shear tractions rather than normal pressures.

The corrective term for Griffith friction, denoted as qj“KR,
can be decomposed into two parts: one that generates a
spherical tangential displacement profile, and another that
produces a constant displacement. It can be written as

kel
2\ 7

qikR (. €) = CEDG@

2mc? 2
k—
I+Kk) Q) (27

- |1 - , 19
2mc? c? (19)
where Q1(c) is equal to f Pi(c). If the frictional fracture
energy is denoted by y, which is defined in analogy to the
work of adhesion but accounting for the contributions of
mode IT and mode III interfacial cracks, then from an energy-
minimization perspective, the expression for Q;(c) can be

written as [41]

001 A1 020,
— /2 , 20
0 A, Van/ IA2 (20)

where A| = mc? is the area of the stick zone, and A, is the
tangential displacement associated with Q1, given by

6‘2

- «c 2
(k+1) Ry’ 1)

X

with Ry determined, based on the conclusion of Sec. 2.1, as

G 1
= R=—R,
fES fa

Rt (22)

where « represents the ratio of the normal stiffness to the
tangential stiffness, and is derived in the same form as that
provided in Ref. [32], namely

1 1

k. v Eoi _ EE)k _ hr(k,v)Eo + h (k,v2) E2 23

¢ Vi E o E o 1—? 1—v2 ’ (23)
02 0 1 + 2

hn (k,v1) Eoi hn (k,v2) Eg2

By combining Egs. (17), (20), (21), (22), and the relation-
ship Q1(c) = f P1(c), we obtain

S 25 (1+k)?

and therefore the final distribution of the tangential trac-
tion inside the stick zone can be determined using g (r) =
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fp (r,a) — gjxg (r, c). Furthermore, since the normal and
tangential problems are decoupled, the normal load is simply
given by P = Pj(a), while the tangential load, based on the
tangential traction distribution, can be determined as

Q= fI[Pi(a)— P (O)]+ Q2(c), (25)

and in dimensionless form as

G-

Y

where the dimensionless parameter 7 is defined as

__ [7myR
1=\37p" 27)

In addition, based on the tangential traction distribution,
the relative tangential rigid-body displacement between the
two spheres, denoted by §7, can also be obtained from
Egs. (10), (21), and (22), and is given in dimensionless form
by

5—T=a[1—(5)2}+4n - (5)% (28)
18, a 34k \a ’

where §, denotes the normal relative rigid-body displace-
ment, as given in Eq. (18).

It is worth noting that when c/a = 1, corresponding to
full stick within the entire contact region, both the tangential
force Q and the tangential displacement 7 are non-zero. For
any tangential load Q below its value at c/a = 1, the contact
remains in full stick, and the relation between Q and &7 is

linear. In this full-stick regime, the relationship between Q
and d7 can be expressed as

Q 3+4kdr 0 3+k
— = ————, for — < 2p .
fP 200 fé; fP o

(29)

Once Q exceeds the threshold given in Eq. (29), the stick
zone shrinks and the contact enters the partial-slip regime, as
described in Egs. (26) and (28).

3 Constant frictional fracture energy

It is worth emphasizing that all the formulas in this paper
are universal under the assumption of decoupled tangential
and normal responses. However, in generating the results we
assumed Eg; = Egp; = Ep and v; = v, = v. Figure 2 shows
the relationship between the dimensionless tangential force
and the dimensionless tangential displacement for different
values of n when k = 0.5 and v = 0.5. At the beginning of

the tangential loading, the interface is in a state of full stick,
as described by Eq. (29), which is represented by the black
dash-dot line in the figure. When the critical condition given
by Eq. (29) is reached, partial slip initiates, and the tangential
force and displacement are then governed by Egs. (26) and
(28).

For n = 0, the response corresponds to the classical CM
model, where the full-stick region vanishes and partial slip
occurs immediately upon the onset of tangential loading. The
tangential force increase monotonically with the tangential
displacements, until the tangential force reaches the kinetic
friction level.

For n = 0.5 and 0.8, after the onset of partial slip, the
tangential force continues to increase with displacement and
reaches a maximum value. In these cases, the maximum tan-
gential force, denoted by Qmax, and the corresponding the
stick zone size, denoted by cp, can be written as

34k
%“EX=1+—+ 2, (30)
2
C 34k |
;0=[n a] . (31)

These points are indicated by asterisks in Fig. 2. Beyond this
point, the tangential force decreases with further displace-
ment and is shown with dashed lines. Under force-controlled
loading, this decreasing branch is unstable, and the interface
will suddenly jump into the gross-slip regime, where the tan-
gential force equals the kinetic friction.

For n = 1.1, once partial slip begins, Eqgs. (26) and
(28) predict that both the tangential force and displacement
decrease. In this case, the response is unstable under either
force-controlled or displacement-controlled loading, and the
interface instantaneously transitions from full stick to gross
slip. Therefore, no partial-slip regime exists for this value of
n.

It can be shown that, in the tangential loading process
illustrated in Fig. 2, Eq. (30) yields the maximum tangen-
tial force when the condition /(3 + k) /a < 1 is satisfied.
When 14/(3 + k)/a > 1, the maximum tangential force is
instead achieved exactly at the transition from full stick to
gross slip (where no partial-slip regime exists). Therefore, the
maximum static friction force can be written in a complete
form as:

T ofP 34k 3+k ’
A 2y g > 1

where fi = QOmax/P is the static friction coefficient. It
should be noted that the denominator of n contains P, and
therefore the ratio f;/ f is pressure-dependent.
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Fig.2 Relatior}ship petween the k = 05, v=20.5
tangential relative rigid-body 25 r g T
displacement and the tangential
force for different values of n ——— e i
with k =0.5and v = 0.5, and Full Sthk
constant frictional fracture n= 0 S~
energy | _ / NN i
2 n 0.5 . /o SN
n=20.8 K4 S
-11 / N
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-1 -0.5 0.5 1

Fig.3 Dependence of the static friction coefficient on the grading expo-
nent k for different values of 7, and constant frictional fracture energy

Figure 3 plots the ratio of the static to kinetic friction
coefficients as a function of the material grading exponent k.
It can be seen that the more common grading of softer surface
and rigid substrates leads to a reduction of the difference
between static and kinetic friction coefficient with respect
to the homogeneous case. It is remarkable instead that the
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limit case of an infinitely rigid surface leads to infinite static
friction.

Equation (32) indicates that, due to the dependence of
the parameter n on the normal load, the ratio of static to
kinetic friction coefficients is load-dependent. However, this
formula does not explicitly include a direct dependence on
the normal load. Therefore, in order to better describe this
load dependence, we can rewrite the parameter 1 as

P R2
n =1, ret, where = L
P 2f2E()Z0

with Peef = Eozg /R. Figure 4 plots the relation between the
static friction coefficient and the normal load. It is shown that
static friction strongly decreases with normal load, while in
the limit of zero load we would have in principle an infinite
static friction.

(33)

4 Pressure-dependent frictional fracture
energy

Since solid surfaces are generally rough, the actual contact
between two solids occurs at fragmented patches, and the real
contact area constitutes only a small fraction of the apparent
contact area. Numerous previous studies have shown that,
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5 , k=05v=05 , and Pyt = Eozj/R is a reference force.
By substituting Eq. (36) into Egs. (26) and (28), the effect
of the pressure-dependent frictional fracture energy is incor-
4r porated into the formulation. Eq. (26) can be rewritten as
1
34k 34k [ Pop 3+
3t gzl_(g) +2hpdwpd L( ret)
S fP a o P
~
2 2 L o 3t
of (1—-3) (%) (39)
a a
| and Eq. (28) can be rewritten as
1
or [ :| o Pret \ 3%
. . . = 1= (S) |+ dhpava
?0‘2 10" 10° 10' 10° 13 A ERT AN
P/Pu Lk

Fig.4 Dependence of the static friction coefficient on the normal load
for different values of i and k = 0.5, and constant frictional fracture
energy

under relatively small loads, the real contact area is propor-
tional to the applied normal load. Therefore, as suggested by
Ciavarella in Ref. [11], it’s more realistic to assume that the
frictional fracture energy y is proportional to the real contact
area and, consequently, to the pressure due to the existence of
surface roughness. We denote the frictional fracture energy
at a reference pressure prer by ref. The pressure-dependent
frictional fracture energy ypq can then be expressed as

2N\ 7
£ c
Yod = 2 pg (1 = —2) , (34)
ref a
with
B+kP
== 35
Po mal (35)
Therefore, we can also rewrite 7 in a reduced form as
[ Vpa R Peet'\ 7 2\
| TYpdle ref '\ 3K c
Npd = 2f—2p—hpd1/fpd< P ) (l_a_2> .
(36)
with
1
3+k 4E* 3k
hpa (k, v) = [ : } : 37)
4 LEy(14+k)-”(3+k)

Yref R
g = | YR (38)
" fZZ%Pref

(-9 "

Afterincorporating the pressure-dependent frictional frac-
ture energy, the expressions for the tangential force and
tangential displacement become considerably more complex,
making it difficult to obtain a simple closed-form expression
for the static friction coefficient. However, by applying stan-
dard mathematical procedures, namely, by differentiating
Eq. (39) withrespect to c/a, the stick zone radius correspond-
ing to the maximum static friction, cg, can be determined as
the solution of the following equation:

()" =omn S (51)
k=3
- @7

(41)

By substituting ¢ into Egs. (39) and (40), the maximum
friction and the corresponding tangential displacement can
be determined.

Fig. 5, 6 and 7 show the corresponding results of Fig. 2,
3 and 4, but with pressure-dependent friction energy. The
trends are very similar, except that full stick is now removed
as possibility.

To compare the pressure-dependent fracture energy (PDFE)
scenario with the constant fracture energy (CFE) one, Fig. 8
shows the static friction coefficient as a function of normal
load for the CFE case and for the PDFE case with various
grading exponents k. The values of ¥ and vr,q are both taken
as 0.3; these parameters only produce a horizontal shift in the
log-log plots of Fig. 8. The figure indicates that the difference
between the two theories is negligible for loads larger than
the reference load, and becomes significant only at low loads,
where the static friction coefficient diverges more slowly
under the PDFE assumption. In the low-load regime, Eq. (32)

@ Springer



49  Page8of10

Tribology Letters (2026) 74:49

P[Pt =02,k = 05,0 =05

2
"ppd =0 - o
— g = 0.3 S
1.6F wpd =0.6 \ q
— Y =09 \
Gross slip, ‘I
. 1.2+ _ /l 1
S > -
S
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0.4 1
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0 2 4 6 8
or/(f6-)

Fig.5 Tangential force Q/(f P) as afunction of 87 /( f ;) for different
Ypa and P/ Prer = 0.2 and k = 0.5, and pressure-dependent frictional
fracture energy

0.5 . . . .

P / R‘cf

Fig.6 Dependence of the static friction coefficient on the normal load
for different values of ¥pq and k = 0.5, and pressure-dependent fric-
tional fracture energy

shows that in the CFE case f; ~ P~!/? for any k, whereas
under the PDFE assumption the rate of increase of f; with
decreasing P is evidently diminished.

Figure 9 plots instead the radius of the stick zone at the
maximum tangential force as a function of normal load for
the CFE case and the PDFE case with various grading expo-
nents k. Notice that the instability at very low normal load
occurs already with the entire area in stick for the case of
constant friction energy, while this never occurs for pressure-
dependent friction energy.

@ Springer

P/Pe=1,v=05

10 T T
9 4
8 —_—Ypa =0 |
7 —_— /l:bpd =03 |
Al Ypa = 0.6
Ypa = 0.9
5 . .
4t i
(g
~
2 3r T
2 . -
1 . . ;
-1 -0.5 0 0.5 1

Fig. 7 Dependence of the static friction coefficient on the grading
exponent k for different values of g and P/Per = 1, and pressure-
dependent frictional fracture energy
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l010'3 102 107! 10° 10 102
P/Prcf

Fig. 8 Static friction coefficient as a function of normal load for the
constant fracture energy (CFE) case and the pressure-dependent fracture
energy (PDFE) case with various grading exponents k and ¥ = ¥pq =
0.3

5 Conclusions

In view of the fundamental question of how coefficient of fric-
tion results from the fracture mechanics of "Griffith friction"
for a basic sphere-sphere geometry, we have studied the role
of gradient in the material properties of contacting bodies.
The difference between static and kinetic friction depends
on where the transition from stick to slip occurs as an elastic
instability. The theory is fully analytical and shows that static
friction coefficient: (i) is increased with harder surface; (ii)
is increased for small normal loads and tends to infinity in
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¢ =0.3,4p = 03,0 =05

T
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k = —0.5,PDFE
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Fig. 9 Radius of the stick zone at the maximum tangential force as
a function of normal load for the constant fracture energy (CFE) case
and the pressure-dependent fracture energy (PDFE) case with various
grading exponents k and ¥ = g = 0.3

the limit of zero load, whereas it tends to the kinetic friction
coefficient at large normal loads. There are quantitative dif-
ferences in the conclusions if we assume a constant frictional
fracture energy or a pressure-dependent frictional fracture
energy at the interface.

Finally, we emphasize that throughout the present study,
the contacting solids are assumed to possess the same grad-
ing exponent. In fact, contact problems involving different
grading exponents have already been investigated in the lit-
erature [42]. Extending the present framework to account for
dissimilar grading exponents would represent a natural and
meaningful direction for further refinement and generaliza-
tion of the model.
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