
 
 

 
 
 
 

  
 
 
 
 

Research Paper 

 
 
 

Recommended Citation  
 
 
T. Fuhrmann, & C. Kautz (2024). Development Of The Differential Equations 
Concept Inventory To Assess Conceptual Understanding. Proceedings of the 52nd 
Annual Conference of SEFI, Lausanne, Switzerland. DOI: 
10.5281/zenodo.14254864 
 
 
 
 
 
 
 
 
 
This Conference Paper is brought to you for open access by the 52st Annual Conference of 
the European Society for Engineering Education (SEFI) at EPFL in Lausanne, Switzerland. 
This work is licensed under a Creative Commons Attribution-NonCommercial-Share Alike 
4.0 International License. 

 



 
 
 
 
 

Development of the Differential Equations Concept Inventory to 
Assess Conceptual Understanding 

 
 

TA Fuhrmann 1 
Merseburg University of Applied Sciences 

Merseburg, Germany 
0000-0002-3906-1631 

 
C Kautz 

Hamburg University of Technology 
Hamburg, Germany 

0000-0001-9665-8162 
 
 

Conference Key Areas: Teaching foundational disciplines of Mathematics and 
Physics in engineering education 
Keywords: Concept Inventory, Differential Equations, Undergraduate Mathematics, 
Formative Assessment, Validity 

ABSTRACT 

Differential equations (DEs) are an important mathematical concept for a wide variety of 
disciplines in engineering. Hence, students need to develop a good understanding of the 

basic concepts of DEs. To assess student conceptual understanding, Concept 
Inventories (CIs) are commonly used in engineering disciplines. They also serve to 
evaluate instruction especially when new teaching methods are tried out.  
The Differential Equations Concept Inventory (DECI) was developed to be used to 
evaluate the average basic understanding. In a first stage it shall be used to 
compare the impact of different teaching methods. Existing frameworks were used to 
develop the DECI and statistical methods to assess its validity and reliability for the 
given purpose. 

The DECI shows a good level of support to measure students’ overall understanding 
of the concepts addressed by the DECI. It is not yet recommended to determine 
individual students’ understanding of specific concepts, their difficulties or common 
errors. For this purpose, higher statistical standards would need to be met and 
individual influencing factors like gender or ethnicity would have to be investigated.  
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Hence, the DECI can be used by instructors to examine the impact of their teaching 
and new teaching methods on the conceptual understanding of students in the field 
of differential equations. 

 

1 INTRODUCTION   

Differential equations (DEs) are an important mathematical concept for a wide 
variety of disciplines in engineering. Students must not only acquire (some) 
procedural skills but also a deep understanding of the basic concepts of DEs and 
their solutions. They need to be able to assign meaning to DEs, use them in the 
correct way and utilize their knowledge for complex problem solving. However, there 
is substantial research showing that many students have conceptual difficulties and 
do not achieve these goals (Zandieh and McDonald 1999; Habre 2000; Rasmussen 
2001; Rowland and Jovanoski 2004; Trigueros 2004; Rasmussen and Kwon 2007; 
Raychaudhuri 2008; Mallet and McCue 2009; Arslan 2010; Camacho-Machín, 
Perdomo-Díaz, and Santos-Trigo 2012a; 2012b; Czocher, Tague, and Baker 2013; 
Camacho-Machín and Guerrero-Ortiz 2015; Hyland, Van Kampen, and Nolan 2018; 
2021; Sijmkens et al. 2022; Habre 2023).  

The term difficulties and not misconceptions is deliberately used, as students might 
not have conceptions about some of the addressed concepts at all. The difficulties 
are subdivided in those connected to (i) a severe lack of prior knowledge from 
algebra and calculus, (ii) the DE itself and (iii) the solution to the DE (Fuhrmann and 
Kautz 2022). For lecturers it can be challenging to successfully address students’ 
difficulties in their teaching and provide for a good basic conceptual understanding. 

To evaluate both, instruction and individual students’ performance, Concept 
Inventories (CIs) are becoming increasingly popular in different fields of STEM 
education (e.g., Force Concept Inventory (Hestenes, Wells, and Swackhamer 
1992)). CIs make one or more of the following claims about students’ conceptual 
understanding and common student difficulties (Jorion et al. 2015): Students’ CI 
scores can be used to indicate their overall understanding of all concepts identified in 
the CI, to indicate their understanding of specific concepts, and / or to indicate their 
propensity for difficulties or student errors. In this paper we discuss the design, 
reliability and validity of the Differential Equations Concept Inventory (DECI). 

 

2 METHODOLOGY  

2.1 Design of the DECI 

The DECI was designed along the ten-step process laid out by Crocker and Algina 
(1986) which are in agreement in the essential aspects with Adams and Wieman 
(2011) and the AERA-Standards (2014). 

Table 1. Ten-Step process for the design of the DECI (Crocker and Algina 1986). The steps 
are discussed in detail in the results section. 

Step 1 Define the purpose of the test 

Step 2 Identify the concepts to be tested 

Step 3 Define the test specifications 



Step 4 Create an initial pool of items 

Step 5 Have items reviewed by experts 

Step 6 Hold preliminary item try-outs 

Step 7 Field-test the items on a large representative student sample 

Step 8 Conduct item analysis 

Step 9 Design and conduct reliability and validity studies for the final test 

Step 10 Develop guidelines for administration, scoring, and interpretation of the test scores 

2.2 Statistical considerations 

The most fundamental considerations for developing and evaluating a CI are its 
validity and reliability. The Standards for Educational and Psychological Testing 
(2014) define validity as the degree to which evidence and theory support the 
interpretations of test scores for the proposed uses of the inventory. They use the 
term reliability (precision) in the more general notion to denote consistency of the 
scores across instances of the testing procedure. Validity and reliability of the 
inventory can be tested through quantitative statistical and qualitative methods, e.g., 
external measures like interviews, measures from classical test theory (CTT), and 
item response theory (IRT).  

Validity can only be assessed for the specific proposed interpretations of test scores 
and therefore for the given purpose, target population, and setting. Qualitative 
measures were used to examine the four types of validity (face, content, criterion, 
and construct validity). 

To asses reliability the following measures (table 2) were used (Direnga 2021): 

The average of score 𝒙̅ is calculated using equation (1) and the standard error of 

the average 𝛔mean is given for experimental data with unknown mean and standard 
deviation by (2). Cronbach’s-𝛂 is a measure of internal consistency of the inventory 
and calculated using (3). Only given answers were included in the calculation of the 
variance, i.e., if an item was not answered by a student, it was not included rather 
than classified as being wrong. The difficulty index diff𝒋 is a measure of “easiness” 

and ranges between 0 (always answered wrong; “difficult” item) and 1 (always 
answered correctly, “easy” item). The discrimination index disc𝑗 compares the 

subgroup difficulty indices diffj,H of the 27 % high scorers (H) of that item to the one 

diff𝑗,𝐿  of the 27 % low scorers (L) and is defined by (5). Here, again, only students 

that answered the item of interest, are included in the calculation. 

The ability of a student is defined as a (normalized) measure that predicts (or 
explains) the students’ performance on the inventory (Hambleton, Swaminathan, and 
Rogers 1991). It also depends on parameters of the items, e.g., their difficulties and 
abilities to discriminate between students. Since the item parameters are not known 
and since not all items are in their final form yet, it was decided to calculate the 
normalized score 𝛝 as a simplified method to estimate a students’ ability (6). ϑ does 
not take into account characteristics of the items. It therefore has a midpoint of 0 and 
a standard deviation of 1. The probability of answering an item correctly increases 

 



Table 2. Equations used to calculate statistical measures.  
𝑛 - number of test takers, 𝑥𝑖 - score of each test taker, 𝑘 - number of items on the test, 

𝑉𝑎𝑟(𝜒𝑗) - variance of item 𝑗, 𝑉𝑎𝑟(𝜒) - variance of the entire test, 𝑛𝑗,correct - fraction of test 

takers who responded to item 𝑗 correctly, 𝑛𝑗,correct + 𝑛𝑗,incorrect - pool of students that 

answered item 𝑗, 𝑥𝑛 - score of individual 𝑛, 𝜎𝑥 - standard deviation of scores.  

𝑥̅ =
1

𝑛
∑ 𝑥𝑖

𝑛

𝑖=1

 (1) diffj =
𝑛𝑗,correct

𝑛𝑗,correct + 𝑛𝑗,incorrect
 (4) 

𝜎mean = √
1

𝑛
⋅

1

𝑛 − 1
⋅ ∑(𝑥𝑖 − 𝑥̅)2

𝑛

𝑖=1

 (2) disc𝑗 = diff𝑗,𝐻 − diff𝑗,𝐿   (5) 

α =
𝑘

𝑘 − 1
⋅ (1 −

∑ Var(χj)
𝑘
𝑗=1

Var(χ)
) (3) ϑ =  

𝑥𝑛 − 𝑥̅

σ𝑥
 (6) 

monotonically as the level of ability increases. This relationship can be shown in the 
item characteristic curve. 

 

3 RESULTS 

In the following, the relevant data for the DECI is presented along the steps of the 
design process as stipulated by Crocker and Algina (1986) and shown in table 1.  

3.1 Definition of the purpose of the test 

The Differential Equations Concept Inventory (DECI) was designed to measure 
students’ basic conceptual understanding of DEs and their solutions. In a first stage 
it is intended to assess the success of instruction and instructional methods, 
meaning that the test scores indicate an overall understanding of all concepts 
identified in the DECI. Test score interpretation for individual students’ learning is 
limited, since construct-irrelevant components (e.g., gender, ethnicities, or age) 
could influence the total score and were not investigated up to now. Also, higher 
levels of validity and reliability would have to be met. The DECI shall not be used as 
a placement tool, formative assessment tool, or to discover unknown difficulties. 
However, it can inform about the frequency of certain false ways of reasoning. 

3.2 Identification of the concepts to be tested 

Student difficulties and key concepts with DEs were identified through literature, and 
complemented and partially confirmed by semi-structured interviews with 9 students 
(Fuhrmann and Kautz 2022). They were grouped, when necessary, and six concepts 
were chosen for the inventory based on the following criteria: 

- Completeness: If all of the concepts covered by the inventory are understood by 
a student, the student may be considered as having gained a basic conceptual 
understanding of DEs. The inventory encompasses all essential concepts of DEs. 

- Parsimony: If even one of the concepts covered in the inventory is not 
understood, one may not conclude, that this student gained a basic conceptual 
understanding of DEs. The inventory contains only essential concepts of DEs. 



- Testability: It must be possible to test for the concepts with a multiple-choice 
questionnaire. E.g., it is hard to test for difficulties concerning the differences and 
similarities between functions, DEs and solutions of DEs with multiple choice 
questions since there has to be one definitely correct answer and four definitely 
incorrect ones with no room for interpretation.  

The concepts included in the DECI are: 

1) Recognition of DEs from a text-based problem 

Students decide whether a text-based problem can be described by a DE and 
base their decision on correct arguments. 

2) Formulation of a DE from a text-based problem 

Students can formulate a DE from a text-based problem or associate the problem 
with an appropriate DE. 

3) Understanding the meaning of variables and terms involved in the DE 

Students are able to interpret the variables and terms involved in a DE, such as y, 

𝑦̇, x, and constants. 

4) DEs and graphical representations (diagrams) 

Students relate DEs and graphical representations of functions in diagrams. They 
interpret and draw conclusions from the graphical representation of a DE or its 
solution. 

5) Application of solution methods and verification of solutions of DEs 

Students decide for and use a correct solution method to solve basic-level DEs. 
They provide proper justification, using mathematically correct arguments, for 
determining whether a given solution can correspond to a given DE. 

6) Prior knowledge 

Students understand basic mathematical concepts that are considered to be 
important for the topic of DEs. Our choice was the understanding of functions, 
derivatives, infinitesimal quantities and graphical representations / diagrams.  

Concepts regarding the topics of equilibrium solutions or homogeneous and 
inhomogeneous DEs were not considered by the test designers to be very basic 
concepts but themselves require a basic conceptual understanding of DEs. 
Therefore, they were not included in the DECI. 

3.3 Definition of the test specifications 

The DECI is designed to be administered as a post-test and should be paired with an 
appropriate pre-test as a reference for students’ prior knowledge. It cannot be used 
as a pre-test, as the concepts are unlikely to be familiar to students from prior 
mathematical courses or everyday life experiences. When administering the DECI, 
students are expected to have covered the relevant materials on DEs in their study 
programs, but it can be implemented at any subsequent point in time.  

Any CI that covers basic mathematical skills, including the understanding of 
functions, limits, derivatives, infinitesimal quantities, and integrals can be used as a 
pre-test (e.g., the Calculus Concept Inventory (Epstein 2013; Gleason et al. 2019) 



when ensured that the relevant concepts have been covered in the university 
courses beforehand).  

The implementation is similar to other CIs (Madsen, McKagan, and Sayre 2017). The 
DECI has to be performed during class time (!) and lasts 30 min. An online form is 
possible, e.g., to ensure easy handling, comparability and data transfer between 
institutions. No tools are allowed except the test environment in the electronic device 
if administered online. 

The DECI is a multiple-choice questionnaire for various reasons. In this way it is 
highly objective, allows for automated and fast scoring, enables assessing large 
student groups, and is feasible for the application of test-theoretical methods for 
validation and reliability checks. The concepts 1) to 5) relating to DEs are assessed 
with three items each, prior knowledge with four items, resulting in 19 items. The 
number of items per objective was guided by the principle of providing at least three 
items per concept (Engelhardt 2009) for a reliable and valid inventory while ensuring 
that the DECI remains within reasonable length constraints. 

3.4 Creation of an initial pool of items 

The questions were inspired by existing multiple-choice and open-ended questions 
from literature and online resources (e.g., http://mathquest.carroll.edu/de.html). For 
each of the concepts 1) to 5), three items were developed. The creation of 
distractors was based on known difficulties and students’ typical thought patterns 
from literature and semi-structured interviews. The distractors may be more strongly 
linked with one of other concepts tested for in the DECI rather than the specific 
concept intended in the question. Prior knowledge was assessed with four items 
taken from the Calculus Concept Inventory. 

3.5 Item review by experts and item revision 

Four experts (i.e., professors and lecturers of mathematics) reviewed the items with 
a focus on ensuring mathematically correct wording and completeness of the items. 
They assured that the items encompassed all relevant concepts and were solvable 
with a basic conceptual understanding of DEs. Additionally, the authors strove to 
minimize complexity and facilitate understandability of the items for students. 

3.6 Preliminary item try-outs and item revision  

This step was omitted because we found it to be of limited value in this development 
process due to the greatly diverse target group at Universities of Applied Sciences. 
Therefore, a first field test followed the item review with more field tests to come. 

3.7 Field-test of the items on a large representative student sample 

The DECI was used at different Universities of Applied Sciences in Germany. In 
contrast to traditional Universities or Technical Universities, the students’ 
background is often more heterogeneous concerning their educational background 
and mathematical knowledge. We strongly believe, that the DECI is also valid in 
other types of universities, but did not yet test for it. 

The DECI was carried out in six mathematics courses at five Universities of Applied 
Sciences with second semester students (Darmstadt, Landshut, Merseburg, 
Rosenheim, Regensburg). 121 students participated. No bonus points or rewards 
were given to students for participation. 



3.8 Item analysis and item removal or revision 

Based on the statistical analysis in section 3.9, test items will be rephrased and 
slightly rearranged before unrolling the 2nd version of DECI.  

3.9 Design and conduct of reliability and validity studies 

Reliability and validity of the DECI are assessed as far as possible in section 4. 

3.10 Develop guidelines for administration, scoring, and interpretation of the 
test scores 

Administration is equivalent to other CIs, as shown in section 3.3. Comparative 
scoring values need to be assessed for the final version. 

 

4 RESULTS OF RELIABILITY AND VALIDITY STUDIES 

General Statistical Considerations 

The distributions of the total scores and of the number of answers are shown in 
Fig. 1 and Fig. 2. On average, 18.65 ± 0.12 items (out of 19) were answered and 
7.30 ± 0.33 correct answers given (with standard errors of the mean as indicated). 
Fig. 3 and Fig. 4 show the percentage of test takers that did not answer each item 
and the percentage that answered an item correctly, respectively. 

Reliability Considerations 

Cronbach’s-α is 0.728 and therefore larger than 0.7 which indicates that the DECI is 
sufficient for group measurements (Engelhardt 2009; Jorion et al. 2015). For each 
item of the DECI, α was also computed for the entire test without the given item. 
α should then be lower compared to the entire test. For items 1, 6, 10, 15 and 18 
it was greater (0.73 < α < 0.74), indicating the need for revision of these items.  

In Fig. 5 the scatterplot of item difficulty and item discrimination is shown. Most of the 
items meet the recommended criteria for CIs intended for instructional (as opposed 
to individual) use, with the difficulty ranging between 0.2 and 0.8 and the item 

  
Fig. 1. Distribution of students based on 

the total scores, which is equal to the 
number of correct answers. 

Fig. 2. Distribution of students based on 
the number of answers given in the DECI. 

         

      

           

 

 

  

  

  

 
 
 
 
 
  
 
  
 
  
 
 
 
  

         

                       

                        

 

  

  

  

  

   

 
 
 
 
 
  
 
  
 
  
 
 
 
  



  
Fig. 3. Percentage of students that did not 

give an answer for each item. 
Fig. 4. Percentage of students that gave 
correct answers in relation to the number 

of students answering each item. 

discrimination being larger than 0.8 (Jorion et al. 2015). The diagram indicates the 
need for revision for items 1, 8, 14 and 18. A rarely chosen option in item 6 will be 
removed leaving 5 answering options and leading to a better alignment with the 
other items with mostly five options. 

For each item, the item characteristic curve (ICC, e.g., Fig. 6) and the distribution of 
chosen answer options was assessed. ICCs were constructed by grouping students 
in 10th percentiles (i.e., aggregating 12 to 13 students per data point on the ICC). 
This methodology facilitated the collection of 10 data points for each ICC and 
allowed for a comprehensive examination of item quality. The observed slopes for 
the correct answers across all items were positive, showing that students with a 
higher total test score were more likely to answer each item correctly. Despite 
attempts at curve fitting and model validation, such as utilizing a 3-parameter logistic 
model, these efforts were impeded by the limited amount of data available as well as  

the necessity for slight adaptions in certain items. 

The process of assessing the ICC and the given answers is illustrated using item 3. 
The question and answer options are shown in Fig. 6. Even though the correct 
option a) is the first response option and the only one with a derivative of y, only 
52 % of students chose this answer. Option b) was chosen by 26 % of students and 
may result from two possible ways of thinking. First, for some students, DEs are 
inextricably linked to exponential functions. Second, some students do not or not 



 
Fig. 5 Scatterplot of item difficulty and item discrimination. Recommended minimum and 
maximum values are denoted by the dotted lines. Three items (1,8,14) did not meet the 

recommended minimum item difficulty of which two had a good discrimination index. 

sufficiently distinguish between a DE and its solution. Option b) is a very well-known 
solution for students to the stated problem. Option c) (7.4 %) might be selected by 
students who do not have a deep understanding of the meaning of the variables and 
terms involved in a DE. They may see that the rate of change, which they think of as 
the dependent variable, is proportional to the number of rabbits, which they consider 
to be the independent variable. Therefore, a linear function results. Option d) (6.6 %) 
was included as an option for students who reason similarly but might additionally 
think that the answer must be more “complicated” than a linear function. Option e) 
was designed to attract students who build an isolated, completely decoupled 
knowledge about DEs and think of them as something “totally different” to what they 
have learned before. For those students it can be nonsensical to write down a DE 
(part of the new knowledge) for an everyday, well-known phenomenon (part of the 
previous knowledge). 

 

                             

               

 

   

   

   

   

   

   

   

   

   

 

  
 
 
  
  
 
  
 
  
 
  
 
 

         

 

 

 

 

 

 

 

 
 

  

  

  

  

    

  

  

  

  



Fig. 6: Item 3 with the correct answer being a). 

In Fig. 7 it can be seen, that the probability for answering item 3 correctly increases 
for students with a higher normalized score. This is the preferred characteristic for an 
item in a Concept Inventory. Fig. 8 shows, that the correct option is the preferred 
one, but also, that all options were chosen by students. Therefore, all options appeal 
to students and no option has to be exchanged.  

Validity Considerations 

Face Validity: Mathematicians (experts) verified that the DECI appears to measure 
the intended constructs.  

Content Validity: During steps 2 and 5 of the design process, attention was devoted 
to ensuring that the concepts and items of the DECI fully represent the overall 
construct, namely, the basic conceptual understanding of DEs. However, for a final 
version of the DECI, interviews with experts should be conducted. 

Criterion Validity: The results of the DECI cannot be compared to other quantities 
since there is no "gold standard" inventory available (concurrent validity). Due to 
strong data protection regulations in Germany, the DECI was performed 
anonymously, asking students only for self-generated identity codes (SGICs, 
(Timmermann et al. 2016)). Therefore, it cannot be correlated to e.g., exam results 
(predictive validity) or other measures.  

Construct validity: Construct validity assesses whether the DECI and its individual 
items measure the intended overall construct. Some questions were given to 
students in semi-structured interviews in a modified form. The students' reasoning 
was then observed and analyzed, suggesting that the questions were correctly 
interpreted by the students. However, the exact questions of the DECI were not 
given to students in interview settings. 

 

  
Fig. 7. Item Characteristic Curve of 

item 3. The probability of giving a specific 
answer is shown for all answer options. 

The correct answer is a. 

Fig. 8. Distribution of student responses: 
index 0 indicates the count of students 

who did not respond to the item, indices 
1 to 5 correspond to options a to d. 



5 CONCLUSIONS 

The Differential Equations Concept Inventory (DECI) is not in its final form yet, but 
our data indicate that it is a valid and reliable instrument to assess students’ basic 
conceptual understanding of DEs and their solutions. Accordingly, it can be utilized 
to compare the effectiveness of different teaching methods. 
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