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This work presents a new approach for deterministic and robust thickness sizing optimization
of a stiffened panel subject to geometric imperfections. Fully nonlinear pre- and postbuckling
analyses determine time-dependent reaction forces using the backward Euler integration
method. The global buckling resistance is optimized by maximizing the sum of reaction forces
in the pre- and postbuckling regions without the necessity to directly evaluate the buckling
point. The robust design optimizations consider geometric imperfections as parametrized
random fields using an approach based on Fourier series. The first-order second-moment
method (FOSM) determines the mean and the variance of the objective function in each
optimization iteration. Monte Carlo simulations validate the FOSM approach for the present
optimization formulation. The robust optimized designs show significantly increased buckling
loads and robustness compared to the initial design and deterministically optimized designs
even for the deterministic use case.
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1 Introduction

Since Koiter’s pioneering work [1], the buckling load of axially compressed cylindrical shells is
known to be dependent on geometric deviations, frequently referred to as (geometric) imperfections,
from the ideal shell geometry. This holds for unstiffened cylindrical shells as well as for unstiffened
and stiffened curved panels [2]. Since these imperfections are unknown during the design phase, their
influence is often accounted for by knockdown factors (e.g. [3]) having turned out to be overly
conservative for modern shell manufacturing [4]. Hence, various researchers suggested to use
probabilistic methods for the design of shell structures to consider geometric imperfections as random
parameters or random fields, respectively (see, e.g. [5]-[7]). The buckling optimum is heavily
dependent on the design approach considered [8] when searching for the optimal design of cylindrical
shells. Considering a probabilistic design approach in the optimization is equivalent to performing
robust design optimization (RDO) or reliability-based design optimization (RBDO), which are broad
research fields (see, e.g. [9, 10]).

Stiffened shells tend to be less sensitive to geometric variations. Moreover, the first bifurcation point
along the equilibrium paths is typically associated with buckling of the skin between the stiffeners and
reduces only slightly the overall buckling resistance [11], and it is not considered the driver for the
global buckling designing. Therefore, this so-called skin-buckling is partially allowed in the design of
airframe structures. The stiffeners start to buckle at a higher load level accompanied by a significant
loss of stiffness, and for certain designs a significant drop of the load carrying capacity, i.e. a snap
through point, is present. Hence, the design of curved stiffened panels requires nonlinear analyses far



into the postbuckling range. Thereby, the analysis is computationally expensive and numerically
challenging, especially for the design optimization of such panels for buckling resistance. This
observation is even more pronounced for RDO or RBDO approaches requiring supplementary
computational resources compared to a conventional deterministic optimization. Therefore, previous
work addressing robust buckling design optimization of stiffened panels applies simplified buckling
analyses or surrogate models, considering a very limited set of design variables and/or random
variables.

Deterministic optimization of stiffened panels was, for instance, conducted by Lamberti et al. [12],
who used a semi-analytical approach for the buckling analyses. Optimization based on finite element
models was, for instance, carried out by Fleury et al. [13], who determined buckling loads from
eigenvalue analyses but did not consider the robustness with respect to geometric imperfections.

Qu and Haftka [14] performed RBDO of stiffened panels using Monte Carlo simulations of a
surrogate model, considering four design variables. Bacarreza et al. [15] employed an evolutionary
algorithm to solve a multi-objective optimization, using an artificial neural network as a surrogate
model. Meng et al. [16] considered a simplified smeared stiffener model for the buckling analyses,
using particle swarm for RBDO. The simplified model was later augmented by employing a surrogate
model [17]. Lopez et al. [18] employed a genetic algorithm for RBDO for which the embedded most
probable point search is conducted on a surrogate model. Kriegesmann et al. [19] used a genetic
algorithm for RBDO of stiffened panels.

Multiple of the aforementioned work considered composite shells that have a very low number of
design variables, enabling the use of non-gradient-based optimization approaches. However,
nonparametric design optimization approaches such as free sizing, shape or topology optimization
consider a much larger number of design variables. The amount of design variables renders the use of
the non-gradient-based optimization approaches infeasible [20]. Hence, efficient RDO requires the
computation of the gradients of the objective function including the gradients of the probabilistic
measures.

A general approach for determining the gradients of the mean and the variance of structural
responses was proposed by Doltsinis et al. [21, 22]. Here, the nonlinear equilibrium equations are
perturbed with respect to the random parameters. Solving the resulting set of equations allows
computing the desired gradients. The computational effort of this method is high, as it scales with the
number of random parameters and is highly intrusive with respect to the numerical implementation. A
numerically more efficient approach for RDO was presented by Kriegesmann and Liideker [23] for the
case of topology optimization. Here, the adjoint method is applied for calculating the gradients of the
stochastic moments, requiring one additional equation system to be solved per optimization iteration.
This approach is even more intrusive with respect to the numerical implementation since the gradients
have to be derived and implemented for each combination of structural responses (stress, compliance,
...), design variables (shape, topology, ...) and random parameters (geometry, material, ...). Instead,
we suggest an approach where mixed derivatives are determined using gradients by the adjoint method
for the design variables and gradient approximations by finite differences for the random variables as
explained in the following.

For deterministic optimization, general formulations for determining the gradients of linear and
nonlinear problems using the adjoint method are found in [24, 25]. Thereby, the gradients for various
combinations of the optimization objectives and the design variables are known and available in
commercial software. The current work combines the approach presented in [23] with the adjoint
gradients available for deterministic optimization.

The current work presents a new approach for RDO of stiffened panels, applying a numerical
implementation for the robust design optimization analogous to [26]. The approach in [26] examines
static topology optimization considering stiffness and strength whereas the present work considers
sizing buckling optimization of stiffened panels and manufacturing imperfections as random variables.



Furthermore, the present work applies quasi-static modeling using a backward Euler method for the
time integration when determining the deformation in the pre- and postbuckling range. The approach
incorporates a geometrically nonlinear analysis for the global buckling point and for the postbuckling
behavior of stiffened panels. An efficient gradient based optimization algorithm is employed for
increasing the buckling resistance. The gradients of the objective function are determined using the
adjoint method, and hence the computational cost is independent of the number of design variables.
Thereby, the approach can address applications where the number of design variables is equal to the
number of elements of the finite element model. Additionally, the efficient first-order second-moment
method is employed for robust design optimization. The method uses a semi-analytical approach for
the uncertainty quantification of the manufacturing imperfections. Three problem formulations of
deterministic sizing optimization are discussed and considered for robust design optimization
afterwards.

The paper is organized as follows. Section 2 summarizes the theory and methodology for the present
work. The problem formulation for the deterministic sizing optimization is defined prior to the approach
for the robust design optimization and the corresponding numerical implementation. The section also
defines the parametrization of the geometric imperfections as well as the backward Euler integration
solving the structural equilibrium. Section 3 describes the geometry, material properties and the finite
element model considered for the present work. The following section 4 discusses the results of the
deterministic and the robust sizing optimization. General conclusions and numerical observations with
respect to the industrial applications are summarized in section 5.

2 Methodology

Initially, we describe the deterministic optimization formulation for maximizing buckling resistance
using thickness sizing optimization. The backward Euler integration scheme and the adjoint sensitivities
are discussed. Secondly, we extend the optimization formulation to a robust optimization formulation
using a nonintrusive approach for considering manufacturing imperfection uncertainties. Finally, the
parametrization of the geometric imperfections for the finite element model is defined.

2.1 Deterministic sizing optimization

The optimization target for the sizing optimization of stiffened panels is to increase the buckling
carrying capacity for a given mass. A characteristic deformation curve for a panel structure is presented
in Figure 1a, showing the reaction force as a function of a prescribed displacement and a significant
buckling point. Maximizing the buckling point Fgycpiing can be formulated in various ways.
Previously, the reaction force characteristic for buckling structures is optimized for obtaining a desired
reaction force history for crashworthiness applications, see [27]. Here, we decide as objective to
maximize the sum of the reaction forces F; given at specified discrete prescribed displacement points
Uy ; as shown in Figure 1a subject to a mass constraint. The mass of the initial design mp;¢;4; is applied
as a mass constraint. Hence, we obtain the following optimization problem for the deterministic
optimization:

1
max F,,. = ;Fi(up’i,t)
st. m<m,,.., @)
R(y,,t)=0
t<t<t

where R is the residual of the quasi-static state equation defined in Eq. (2), andt, t are the lower
and upper bounds of the thickness design variables defined by the vector t. Physical and numerical
observations verified that the optimization formulation in Eq. (1) is sound for sizing optimization,



implicitly maximizing the buckling point Fyckiing for stiffened panel applications. The strains both in
the pre- and the postbuckling range are modeled using an elastic constitutive material and small strain
&(u) assumption, as the representative strains for the present applications are well below € = 0.01. The
bending deformation in the prebuckling range in Figure 1a is negligible and only normal stresses are
present. Thus, the reaction forces and deformation in the compressive pre-buckling range is
approximated by F = EAe(u,) where E is the Young’s modulus and A4 is the representative cross-
section area. The mass is constrained to be less-equal to the initial mass in Eq. (1). Numerical studies
show that the mass constraint is active for all optimizations. Furthermore, the sum of the representative
cross-section areas in the compression direction is almost constant and independent of the thicknesses
defined as the design variables. Thereby, the reaction force in the prebuckling range is a constant linear
function of the prescribed displacement F~u,, and practically independent of the design variables as
well. The value of the buckling point Fgycpiing i determined by the bending moment of inertia.
Therefore, the values of the reaction forces for specified prescribed displacement points in the
postbuckling range in Figure la depend profoundly on the thickness design variables. Consequently,
the optimization formulation in Eq. (1) will primarily increase the reaction forces at the buckling point
and the reaction forces in the postbuckling range. Thereby, the prescribed displacement point for which
the critical buckling appears is also increased. The numerical observations for all the present examples
confirm this theoretical deduction. Note, this optimization formulation per default also has the
advantage incorporated that it will avoid including any local buckling modes which are not important
for the global buckling of the structure and therefore, these local buckling modes are of no practical
interest for the optimization when maximizing the global buckling resistance.
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Figure 1: Qualitative plots for (a) reaction force of curved shell structure highlighting buckling point
and (b) stochastic variation with respect to geometric manufacturing imperfections.

2.1.1 Quasi-static equilibrium modeling using backward Euler integration

The present work applies quasi-static finite element modeling using backward Euler integration [28,
29] for the equilibrium analysis as implemented in the finite element solver Abaqus [30]:

R, =0=I(u,,u, ,t) —F(up’l.,t)n +Mii,
.. un _unfl L'lnfl
" AE? A&
. un _unfl
u, ZA—f where Aé=¢6 -6, for n=12,...,N-1,N

and the time ¢ should be seen as a pseudo-time where the total time is always set to £y = 1. The
discretized deformations, velocities and acceleration are defined by u, u and ii, respectively. The



residual vector R of the quasi-static state equation is determined by the vector of internal forces I, the
reaction forces F and inertia forces calculated by the mass matrix M and the accelerations il. The S4
element is applied, being a 4-node general-purpose shell-element for large displacement and finite
membrane strains [30]. Note that for Eq. (2) we can include nonlinearities in the finite element model,
such as large deformations, nonlinear constitutive materials and general contact, being integrated in the
finite element solver Abaqus [30]. We only need to consider large displacement modeling for the
present work. The finite element system in Eq. (2) is solved using a Newton-Raphson iteration scheme
and a direct solver. When the time increment size A decreases for the backward Euler scheme in Eq.
(2), the numerical damping increases and adds stabilization when solving for equilibrium at the
buckling point and in the postbuckling range, which stabilizes the numerical solving of the quasi-static
equilibrium for the buckling. An extensive study of the increment size A§ was carried out to verify that
the numerical damping does not physically change the determined structural response and buckling
behavior for the present work by comparing the external work, internal energy and kinetic energy of
the structure presented in section 3.

2.1.2  Adjoint discrete quasi-static sensitivities

We apply discrete adjoint sensitivities [24, 25, 30, 31] for deriving the reaction force sensitivities
with respect to the thickness design variables, as we have few reaction force responses compared with
the number of thickness design variables. It is also important to notice that a continuous adjoint
sensitivity approach typically fails due to the few time increments for the equilibrium integration [24,
32]. The purpose of the present work is not to give a detailed theoretical review on discrete adjoint
sensitivities, and theoretical details can be found in [24, 25, 31, 32]. Instead, an overview of the present
applied numerical implementation [30] is shortly outlined. One of the main challenges and barriers for
a numerical implementation of transient nonlinear discrete adjoint sensitivities is the efficient
calculation and storage of all state variables and operators from the primal solution of the backward
Euler integration in Eq. (2). These state variables and operators from the primal solution are stored in a
database provided by Abaqus [30]. Subsequently, the global operators of the forward pass for the primal
solution are reused for the discrete adjoint backward integration and thereby, the adjoint sensitivities
are calculated. The present implemented industrial framework in Abaqus supports both shared (SMP)
and distributed (DMP) memory parallelization.

2.2 Nonintrusive robust sizing optimization

The current section describes the optimization setup for robust design optimization in the context of
a sizing optimization. The probabilistic approach and the corresponding gradients for mathematical
programming optimization are presented.

2.2.1 Robust design optimization approach

The objective function Fs,,, (t, @) is considered as a function of the design vector t and the random
vector A. The optimization is constrained by a global mass constraint as denoted in Eq. (1). The
parametrization of the random field of geometric imperfections using a Fourier series is given in section
2.3. The Fourier coefficients Ay are assembled in the random vector A. The sum of transient reaction
forces Fg,p, is randomly distributed due to the variability of A. The characteristic stochastic moments
are the mean value x and the standard deviation o as shown in Figure 1b. The robust design optimization
aims at simultaneously minimizing the mean value u and the standard deviation ¢ of the sum of reaction
forces Fgym = Zglei (up,i,t). This yields the following optimization problem formulation for the
objective function Fgy,,y, :



max Fsun =p+x0
t

st. m<m,,.,
mitia (3)

R(u,t)=0
t<t<t

The constant « is the weight factor for the standard deviation. The present formulation in Eq. (3) is
a multi-objective optimization problem where varying x provides the Pareto front.

The derivative of the probabilistic objective Fg,,,, is determined by

dFsm _dp 1 do’
dt, dt, 20 dt,

“

The probabilistic methods used in the following determine the mean value x, the variance o2 and their
gradients.

In general, the mean value and the variance of the function Fs,,,, subject to random variables Z are
defined by

I Fy(@) fy(2)dz  and &%= [(Fy,(2)-u) 1,(z) dz 5)

where the functlon fz(z) defines the probability density function of the random vector Z. In this work,
the vector Z originates from a transformation of the correlated vector X to the uncorrelated vector Z,
see section 2.3.2.

The Monte Carlo method is the simplest but numerically most expensive approach to determine u
and ¢. For that, m realizations z* of Z are generated based on its distribution, and F,,,,, is numerically
evaluated for each realization. Then the mean and variance using the Monte Carlo method are estimated
using

z%ZIFS(ZM) and azsz[F;m(z(”,t)—uT (©)

m—143

The number of realization m must be very large for an accurate estimation. The computational cost of
the Monte Carlo simulation scales with the number of realizations m. Especially when each realization
is the solution of a full finite element analysis, the Monte Carlo approach is numerically very expensive.
The Monte Carlo method is only applied for verification and validation of the optimization results in
the present work. The efficiency of the Monte Carlo simulation is increased by reducing the number of
realizations considered for the estimation Eq. (6) as importance sampling (see, e.g. [33]), use of
surrogate models [34] and multilevel approaches [35], respectively. However, all the present Monte
Carlo simulation approaches are considered computationally too expensive for the present non-
parametric optimization including uncertainties.

Consequently, a different approach is applied for estimating the stochastic moments. The approach
is based on a Taylor series expansion of the function Fg,,,, at the mean vector pz of the random input
vector Z. The approach is referred to as first-order second-moment (FOSM) method [23] or method of
moments [36]. It is similar to the perturbation approach used by [21, 37]. The Taylor expansion of Fg,,,,
at pz reads

& OF (l‘z) 1 & & O°F; (uz)
F _oum AT A, g — — oum AT LA — g = (7
Sum (Z) Sum ("Z ) + ZZ:I: aZi (Zz qu ) + 2 P aZi aZj (Zz Iul )(Zj /UJ ) + ( )



where 7 is the number of entries z; of Z (i.e. the number of random parameters) and y; are the entries of
pz. Inserting Eq. (7) into Eq. (5) and utilizing that the entries of Z are uncorrelated yields

T 1< azFum
/u = j FSum (Z) fZ (Z) dZ = FSum (”Z)—'_EZ%GZQJ +... (8)
—o i=1 i
and
o= I(FSW (z)—,u)2 1 (z)dz=zn:aFS"g—Z(uZ)0ii+... )
—o0 i=1 i

Considering only linear terms is referred to as first-order second-moment method for Egs. (8) and
(9). The FOSM approximation of the stochastic moments for the specific use case is validated using
Monte Carlo simulations.

2.2.2 Nonintrusive determination of gradients

The derivatives with respect to the design variables 0Fs,,,/0t, are determined using the adjoint
sensitivity approach as outlined in section 2.1.2. When using the Monte Carlo method, the gradients of
the mean value and the variance are implemented as

w OF, (2.t 2 m . OFy,, (2t
%z%;% and %zﬁ;[ﬂum(z(’)’t)—uJ# (10)

The value Foym(z®,t) and the gradient dFg,,,,/dt, are obtained from the same solutions of the
residual R evaluated for Eq. (6).

The derivative of the mean value using the FOSM approach is given by
d_/,l — a}TSMm (uZ’t)

(11
dt, ot,
and the derivative of the variance is given by
2 & OF, t) OF, t
dO' — 22 Sum ("IZ’ ) Sum (uZ’ ) O-ZZJ (12)

dt, = 0z,0t, 0z,

1

The computation of the variance Eq. (9) and its derivative Eq. (12) requires the derivatives of Fg,,,
with respect to the random parameters z; and the mixed derivatives 0% Fg,,,,, /02;0t,. Kriegesmann [23]
determined the mixed derivatives analytically using the adjoint method for a topology optimization
minimizing the mean and variance of the compliance subject to a random Young’s modulus or random
geometrical properties. The implementation requires only one adjoint system to be solved in addition
to the structural residual R for the equilibrium. However, the numerical implementation in [23] is highly
intrusive, as it requires the analytical implementation of the sensitivities for each combination of
objective function and constraints, design variable types (e.g., relative densities, nodal coordinates,
thicknesses, ...) and random parameter types (e.g., Young’s modulus, load direction, geometry ...).

In consequence, we propose using nonintrusive finite differences with the step size Az; for
approximating the gradients with respect to random parameters as

aF:S'um (HZ ’t)N FSum (ﬂl""’ﬂi +AZI'""’ n’t)_FSum (pZ ’t)
~ (13)
oz, Az

i i
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(14)

Equations (13) and (14) are determined using the same simulation, i.e. n + 1 simulations have to be
carried out in total, where n equals the number of random parameters (i.e. the length of Z). 2n + 1
simulations have to be computed if central differences are applied for Egs. (13) and (14). Note that the
derivatives 0Fg,,/0t, with respect to the design variables t, are determined from the same
simulations using the adjoint sensitivity approach. Therefore, robust design optimization using FOSM
and the present finite difference approach in Egs. (13) and (14) is computationally favorable compared
to the numerically costly Monte Carlo method when the number of random parameters z; is small (e.g.,
n <50).

The linearization of the gradients in Egs. (13) and (14) with respect to design variables ¢, and the
random parameters z; are only quantitatively valid in a given interval of # and z;. However, numerical
experiments show that the gradient approximation in Eqs. (13) and (14) can still qualitatively capture
the overall behavior of the function Fs,,,,, optimized in Eq. (3) when used for a larger interval of z; [7].

2.3 Parametrization of manufacturing imperfections

Geometric imperfections w(x,y) of a curved panel are considered as a two-dimensional random
field where x is the axial direction of the panel, y describes the circumferential axis and W points inward
to the center of the panel curvature. The field is parameterized using Fourier series approximations. The
Fourier coefficients are transformed and reduced to a set of uncorrelated parameters. Both applied
methods are described in the following section.

2.3.1 Fourier-Series

Geometric imperfections of (mostly cylindrical) shells are traditionally often described in terms of
Fourier series (see, e.g., [38, 39]). In difference to cylindrical shells, the imperfection pattern w of a
panel is not a periodic function. Therefore, the best approximation is provided by the half-wave cosine
approach given by

_ ne My k /
w(x,y)=4t,..., Z Z A, cos X ost Y

k=0 =0 L

(15)

a

Here, L and L, are axial length and the width of the panel. The Fourier coefficient Ay is the amplitude
of an imperfection mode with k axial and / circumferential half waves. The thickness #iiar 1S considered
only for normalizing the Fourier coefficients.

The imperfection data used in this study are published in [11] and decomposed into Fourier series
for the work in [40]. These panels are constructed of composite materials where the present work
considers constitutive isotropic material modeling. However, it is still assumed that these imperfections
are representative for industrial metallic panels and plates.

2.3.2  Reduction of parameters

The parametrization of manufacturing imperfections described in the previous section uses a large
amount of Fourier coefficients for accurate representation. A reduction of parameters is performed to
increase the computational efficiency when considering the imperfections for robust design
optimization. A variant of Mahalanobis transformation [41], similar to principal component analysis,
is applied for parameter reduction. The transformation relates the random vector A to the random vector
Z as follows:



A:Z%z+u and z=}2%(A—u) (16)

The random vector A contains # Fourier coefficients 4y, and Z is a random vector of uncorrelated
zero-mean random parameters having a standard deviation of one. The mean vector p and the
covariance matrix X are determined from m measurements. If the number of measurements m is smaller
than the number of random parameters n, the covariance matrix is singular and has many eigenvalues
equal to zero. Then, the root of X is determined by spectral decomposition and yields the matrix B €
RnXT as

Z%:B:QD%:(ql,...,qr)diag(ol,...,O'r) (17)

The eigenvectors of X form the matrix Q and the eigenvalues o/ are the diagonal elements of the
matrix D. Then, the matrix B is used for the Mahalanobis transformation (16) yielding the random
vector z of length » < m, where r is the rank of the covariance matrix X, as given by

A=Bz+p and z=B'(A-p) (18)

When choosing 7, and #n, equal to 20, A has the length n =21 - 21 = 441. The length of Z equals
r="T7 when m = 8 sets of measurement data are available.

2.4 Numerical implementation

Figure 2 shows the numerical implementation of the robust design optimization. The workflow is
implemented using Abaqus [30], Tosca [42], Isight [43] and additional scripting in Python. Tosca
provides the optimization framework for defining the thickness design variables, the optimization
objective and constraints. Isight and additional Python scripts are applied for calculating the mixed
derivatives with respect to the random parameters and the thickness design variables using finite
difference calculations. The finite difference calculations are implemented using parallel execution in
Isight on an high performance computing (HPC) cluster to reduce the overall runtime. The nonlinear
buckling analyses are solved using the backward Euler integration presented in section 2.1.1 using
Abaqus. The adjoint derivatives with respect to the thickness design variables for the optimization are
also implemented in Abaqus. A python script computes the objective for the robust sizing optimization.
The design variables are updated in each optimization iteration using mathematical programming based
upon the Method of Moving Asymptotes (MMA) approach as implemented in Tosca. The optimization
is considered as converged when the relative change of the objective or the thickness design variables
is less or equal to 0.1%.
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Figure 2: Optimization workflow of the numerically implemented nonintrusive approach for robust
sizing optimization.

3  Finite element model of stiffened panel

The following section presents the numerical model of the stiffened panel studied in the present
work. The structure was part of a previous study by Zimmermann et al. [11] and was used for
probabilistic analysis by Kriegesmann [40]. The finite element model shown in Figure 3 is based upon
geometrical nonlinear modeling. The geometric dimensions are listed in Table 1. The finite element
mesh consists of 10°593 quadratic shell elements (S4). The mesh size is sufficiently refined for
capturing the local buckling modes. Three shell sections are defined for the skin, stringer foot and
stringer blade, having the initial thicknesses as listed in Table 1. The panel is fully clamped at one short
edge and a prescribed displacement of u is applied at the other edge having the other five degrees of
freedom constrained. Additional boundary conditions are applied to support the free edges. The
corresponding edges are highlighted in red in Figure 3 and the restricted degrees of freedom are given
with respect to the cylindrical coordinate system. The reaction forces resulting from the axial prescribed
displacement compression are given as F.

The model consists of a linear elastic isotropic constitutive material having a Young’s modulus of
E =70 GPa and a Poisson’s ratio of v = 0.34. Numerical experiments applying an elastoplastic
constitutive material model showed that the initial local buckling and the initiation point of the global
buckling are identical for both material models. Additionally, the postbuckling deformations showed
only insignificant divergences between the elastic and elastoplastic analysis subject to large
displacements. These studies were performed considering both initial and optimized thickness
distributions of the panel structure.
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Figure 3: Discretized model of panel showing the applied boundary conditions.

Table 1: Deterministic geometric properties of panel modelled after [11]

Panel length [ =780 mm
Free length (maximum buckling length) lr = 660 mm
Internal radius r = 1000 mm
Internal arc length a =419 mm
Deterministic skin thickness t; =1 mm
Deterministic stringer foot thickness tr = 1.5 mm
Deterministic stringer blade thickness t, = 3 mm
Stringer height h =14 mm
Stringer width f =379 mm
Distance stringer to stringer d=a/4
Distance stringer to longitudinal edge e=a/8

Furthermore, a number of subsets or clustering groups of shell elements are defined. The panel is
divided into 10 sets with respect to the axial direction and 5 sets with respect to the circumferential
direction, yielding a total of 50 groups for the skin as shown in Figure 4a. Each stringer is divided with
respect to the axial direction as shown in Figure 4b, yielding a total of 10 groups for each stringer
footing and stringer blade. A total of 80 clustering groups are defined for all four stringers. The total
number of thickness design variables is 130 when considering the clustered groups. When symmetry
along the middle axis with respect to the axial direction is considered, the number of clustered groups
is reduced to 70, yielding 70 thickness design variables.
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Figure 4: Visualization of the clustered groups for the thickness design variables
of (a) the skin and (b) a stringer.

3.1 Geometric imperfections and buckling modes

Zimmermann [11] studied geometric imperfections of the panel skin resulting from the
manufacturing of eight stiffened panels. Kriegesmann [44] parametrized these imperfections using a
half-wave cosine function as shown in Eq. (15) for a probabilistic analysis of the panel structure. A
total of 300 Fourier coefficients are transformed using the transformation approach presented in section
2.3.2 to 7 uncorrelated random parameters z; having y; = 0 and o; = 1. Then, a sample of Fourier
coefficients A is derived using a random realization z and Eq. (18) for describing a realization of the
geometric imperfections. Figure 5 shows three realizations for the geometric imperfections. The colored
plots show the imperfection pattern w with respect to the perfect geometry following Eq. (15). The
characteristic geometric imperfection mode subject to the mean Fourier coefficients p (z; = 0) is
referred to as mean imperfections for the following analyses.

0.5

-0.5

Figure 5: Random realizations of imperfection pattern w for skin geometry.

The sensitivity of the panel performance with respect to geometric imperfections is demonstrated
using the force-displacement curves of two finite element analyses considering perfect and perturbed
skin geometry shown in Figure 6a. At first, the structural responses of both structures under axial
compression are linear and have almost indentical stiffness as dicussed in section 2.1. The reaction
force drops suddenly when reaching the critical load level for global buckling Faucuine before the
reaction force increases again as decribed in Figure 1. As expected, the global buckling load Fauctiing 1S
lower for the panel having a perturbed geometry.

12



a) Force-displacement curves b) Deformation of geometrically  ¢) Deformation of panel subject to
perfect panel mean imperfections

4
12,><1O

-
o

Reaciton force F' [N]
()

—perfect geometry
—mean imperfections

0
0 0.5 1 15
Prescribed displacement u, [mm)]

S

COMNWOB S wiom

OrwaaND,

Figure 6: (a) Force-displacement curves for buckling analysis of stiffened panel considering perfect
geometry and mean-perturbed geometry including visualizations of initial buckling mode up to final
postbuckling mode.

Both the reduced initial buckling load and the deformation modes of the panel are sensitive to
geometric imperfections. Deformation patterns for the panel designs having perfect and perturbed
geometry corresponding to the load-deflection curves in Figure 6a are shown in Figure 6b and Figure
6¢, respectively. The different deformations shown at the top plots of Figure 6b and Figure 6¢ for a
prescribed displacement of approximately u, ~ 1mm illustrate the imperfection sensitivity of the
deformation mode for the local skin buckling. The geometrically perfect panel continues to deform
locally between the stringers as shown in the middle plot of Figure 6b until the onset of global buckling
at a compression of u, ~ 1.5mm. Then, the buckling mode transforms into the global postbuckling mode
shown at the bottom of Figure 6b. In contrast, the imperfect panel reaches the global buckling point at
approximately u, ~ 1.1mm, shown as the middle plot in Figure 6¢c. The second decrease in reaction
force at approximately u, ~ 1.3mm corresponds to the forming of the postbuckling mode shown in the
bottom of Figure 6¢. This deformation is found to be the common global postbuckling mode for all of
the following designs.

The panel design perturbed by the mean imperfections is selected as the reference geometry for the
remaining sections of this paper due the significant impact of the geometric imperfections on the
buckling load and total load-carrying capacity.

4 Results

The present section addresses the sizing optimization of a curved and stiffened panel maximizing
the sum of the reaction forces over time subject to a mass constraint. Numerical experiments addressing
deterministic and robust sizing optimization for buckling show the significant potential of the present
quasi-static design approach. Table 2 lists all optimization formulations discussed in the following.
Three setups of design variables are considered for both the deterministic and the robust design
optimization: Free sizing where all element thicknesses are considered as individual design variables;
clustered design variables as presented in Figure 4; and symmetrically clustered design variables
considering symmetry along the center axis with respect to the axial direction. Six different
optimizations are carried out in total. Firstly, section 4.1 discusses the results of the deterministic
optimization. Secondly, the results of the robust design optimization are presented in section 4.2. Lastly,
the designs are compared in section 4.3 with respect to the global buckling load and the stochastic
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moments of the reaction forces. The FOSM approximation of the stochastic moments is validated using
the Monte Carlo method.

Table 2: Overview of optimizations conducted and presented in the following sections

Optimization approach Design variables

Free Clustered Symmetrically clustered
Deterministic Section 4.1.1 Section 4.1.2 Section 4.1.2
Robust Section 4.2.1 Section 4.2.2 Section 4.2.2

4.1 Deterministic optimization

The following section shows deterministically optimized designs of the stiffened and curved panel
using the optimization formulation presented in section 2.1. The gradient-based sizing optimization is
carried out using Tosca and Abaqus. The element thicknesses are considered as design variables having
the lower and upper bound values of 0.2 X t;,;1i01 < t < 2 X tiriq0:- The design response for the
optimization objective is the sum of / = 15 time dependent reaction forces under axial compression for
the optimization formulation in Eq. (1). Preliminary numerical experiments show that the buckling and
postbuckling loads of the panel are increased significantly through the optimization. Thus, the
prescribed displacement is increased to u, = 3.2 mm for the following experiments.

4.1.1 Free sizing optimization

The first example presents the results of a free sizing optimization. The so-called free sizing
optimization is referring to an optimization where the thickness of each element is considered as a
design variable. Figure 7 shows the optimization iteration history where the optimization yields a
converged design after 50 optimization iterations. The mass is redistributed, fulfilling the mass
constraint m < Myyiriar, and the initial stiffness under axial compression is essentially retained. The
optimized thickness distribution is shown in Figure 8b compared to the initial thickness distribution in
Figure 8a. The force-displacement curves for the optimized design and the initial design are shown in
Figure 8c. The time points considered for the transient reaction forces are transformed to corresponding
displacements and indicated as dashed vertical lines. The reader is reminded that all designs are subject
to mean imperfections as introduced in section 3.1, and the only difference between the initial design
and the optimized design is the thickness distribution.

Figure 8c shows that the free sizing optimization yields a design having significantly increased
buckling load by approximately 120%. Even though the buckling load is not considered directly for the
specific model and optimization formulation, the approach discussed in section 2.1 is demonstrated to
be numerical valid for the specific model.
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Figure 7: Optimization iteration history showing the normalized objective, which are the summarized
reaction forces, and mass constraint for the deterministic sizing optimization as shown in Figure 8b.
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Figure 8: Thickness distributions and (c) force-displacement curves for (a) initial design
and (b) deterministically optimized design for maximizing the sum of reaction forces over time.

4.1.2 Clustered design variables

Frequently, it is required to reduce the number of design variables for industrial manufactured
applications by grouping or also called clustering the thickness design variables. Sizing optimization
considering clustering of thickness design variables is discussed in e.g. [45]. Two optimization setups
having clustered design variables are presented in the following section. The groups applied for the
clustering of the design variables are defined and visualized in section 3. The first optimization setup
considers 130 clustering groups as design variables. Symmetry of the clustering groups with respect to

the center in axial direction is considered for the second optimization setup, yielding 70 design
variables.

Figure 9c shows that the structural performance of the optimized designs is very similarly with
respect to the global buckling load and the postbuckling behavior. The thickness distributions shown in
Figure 9a and b are rather different from a symmetrical point of view but more less have the same total
thickness distribution in the axial direction. The optimization for the clustered thickness design
variables converges after 50 optimization iterations whereas the optimization considering the
symmetrically clustered design variables converges after only 43 optimization iterations. Again, both
designs show a significant increase in global buckling load by approximately 90% when compared to
the reference design.
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Figure 9: Optimized thickness distributions and (c) force-displacement curves for the optimized
designs considering (a) clustered design variables and (b) symmetrical clustered design variables.

4.1.3 Comparison of deterministically optimized designs

Figure 10 compares the three deterministically optimized designs discussed in section 4.1.1 and
4.1.2, respectively. The three designs will be referred to as a, b and ¢ corresponding to the labels in
Figure 10.
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Figure 10: Shell-element thickness distribution for deterministically optimized designs considering (a)
free, (b) clustered and (¢) symmetrically clustered design variables.

Figure 11 shows the force-displacement curves for the three designs in Figure 10, and the numerical
results are listed in Table 3. As discussed in section 4.1.2, the designs b and ¢ considering clustered
design variables have almost identical performance. Designs b and ¢ show an increase of 35% of the
objective while it is increased by 41% for design a compared to the initial design. This difference is
expected, as the free sizing optimization has the highest degree of design freedom for the thickness
design variables. Consequently, considering clustered thickness design variables constrain the design
freedom and limit the potential increase in the buckling. However, for all three cases we see a significant
increase in the buckling and postbuckling load carrying capacity.

At the same time the run-time for the optimization is reduced by approximately 1/3 for designs b
and c. Table 3 also shows the computational runtimes for the three designs. The difference in the
computational runtimes is mainly given by the number of Newton-Raphson factorizations for the direct
solver when solving the structural equilibrium in Eq. (2) for each optimization iteration. Hence, if a
buckling mode and postbuckling modes change from one optimization iteration to the next optimization
iteration, then these two optimization iterations can have very difference computational costs. Thereby,
estimating the computational costs and runtime prior to an optimization is very difficult, whereas
optimization using a linear modeling for Eq. (2) having no buckling would always have the same
runtime per optimization iteration.

We see that the approach for the optimization formulation outlined in section 2.1 is valid for the
specific model and optimization formulation. The stiffness of the panel under axial compression before
reaching global buckling is mainly determined by the total mass of the panel, that is the mass constraint
value for this case. Thus, the objective function for the reaction forces can only be maximized by

16



increasing the reaction forces in the buckling and postbuckling range, and thereby increasing the
buckling load resistance implicitly. Overall, the quasi-static sizing optimization produces great results
by explicitly increasing the sum of reaction forces (defined as the optimization objective) by at least
35% and implicitly increasing the global buckling load by at least 90% for the optimization setups. In
the following sections the same optimization setups are examined in the context of robust design
optimization considering manufacturing uncertainties.
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Figure 11: Force-displacement curves of panels optimized for maximal sum of reaction forces
and initial design considering mean imperfections.

Table 3: Numerical results for optimization objective of deterministically optimized designs
including global buckling load, number of iterations and run-time

Optimization approach Objective Buckling load  Iterations Run-time
[1x10°N] [1x103N]

Free sizing 1.81 170 50 3d

Clustered design variables 1.73 145 50 2d 2h

Symmetrically clustered 1.73 146 43 2d 1h

design variables

Initial design 1.28 78 - -

4.2  Robust sizing optimization for manufacturing imperfections

The optimization setup from section 4.1 is considered for robust design optimization. The
nonintrusive Taylor-based approach presented in section 2.2 is applied. The objective for deterministic
optimization is the sum of transient reaction forces. Thus, the mean and standard deviation of the sum
of reaction forces is considered for the robust optimization objective given in Eq. (3). The constant k
is set to k = —1. The random parameters z; are the seven uncorrelated parameters resulting from the
transformation of the Fourier coefficients presented in section 2.3.2 and introduced for the panel
structure in section 3.1. The stochastic moments of the random parameters are y,, = 0 and 0, = 1.
The step size for the finite differences in Egs. (13) and (14) is Az; = 1.5.

4.2.1 Free sizing optimization

The first optimization setup for a robust free sizing optimization corresponds to the deterministic
optimization setup discussed in section 4.1.1 except from including the uncertainties given in section
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2.3 and using the optimization formulation in Eq. (3). The optimization yields a converged design after
57 optimization iterations. Figure 12 shows the iteration history and indicates a smooth optimization
convergence even when the quasi-static optimization is combined with the nonintrusive approach for
robust design optimization.

When comparing Figure 7 for the convergence of the deterministic optimization to Figure 12
showing the convergence of the robust optimization then surprisingly, the robust optimization is
smoother in convergence than the deterministic optimization. Thus, the assumption for the present
example and other numerical experiments is that the buckling optimization is highly nonconvex with
many local minima. The uncertainties for the robust optimization formulation eliminate many of these
local minima present in the deterministic optimization as well as leading to a flat minimum being more
robust than the sharp minimum obtained in the deterministic optimization.
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Figure 12: Optimization iteration history showing the normalized objective, which are the summarized
reaction forces, and mass constraint of the free robust sizing optimization shown in Figure 13b.

The robust optimized shell thickness distribution shown in Figure 13b differs from the
deterministically optimized design shown in Figure 13a. The thickness increase in the middle of the
two inner stringers is more pronounced for the robust design. Furthermore, the robust optimization
shifts material to the ends of one of the outer stringers and thereby, effectively reducing the critical
length of the stringer. Having more material at the stringers instead of at the skin leads to an early onset
of local skin buckling which is not of concern for the present studies as the global buckling load is
maximized. However, as also discussed when comparing the convergence of the deterministic
optimization (Figure 7) and the robust optimization (Figure 12), the comparison of the force-
displacement curves in Figure 13c of the optimized designs shows that the global buckling load of the
robust optimized design is even higher than for the deterministically optimized design when considering
the mean perturbation modes for the geometric imperfections. Simultaneously, the axial stiffness for
the robust design decreases only slightly compared to the deterministically optimized design due to the
early onset of local buckling in the skin and the bending moments that are thereby introduced.

The comparison of the robust optimized design with the initial design shows a significant increase
of the global buckling load by approximately 150% for the same mass. Accordingly, the conclusion is
again that many of the local minima present in the deterministic optimization are eliminated in the
robust formulation yielding a higher buckling load than the deterministic optimization when analyzed
for the mean perturbation modes for the geometric imperfections.
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Figure 13: Thickness distributions for (a) the deterministically optimized design and (b) the robust
optimized design for maximizing the sum of reaction forces over time and (c¢) corresponding force-
displacement curves.

4.2.2 Clustered design variables

Following the methodology of section 4.1, the same clustering setups for the design variables are
applied to robust design optimization.

The robust optimized designs shown in Figure 14a and Figure 14b have significantly different
optimized thickness distributions compared to the deterministically optimized designs shown in Figure
9. The optimization considering clustered design variables without symmetry-constraints yields a
design that does not reach buckling when subject to the mean geometric imperfections and a maximum
prescribed axial displacement of u,, = 3.2mm. Hence, the maximum prescribed axial displacement for
the finite element analysis is increased to u, = 6.4mm for the following discussions. The stiffness of
the design starts to decrease in the prebuckling deformation range due to increasing bending moments
for a prescribed axial displacement of approximately u,, ~ 1.5mm. Figure 15a shows the deformation
mode at u,, = 3.2mm where the panel deforms outwards in the radial direction. Nonetheless, the global
buckling after a snap-through from prebuckling to postbuckling has the same deformation mode shown
in Figure 15b as the postbuckling mode for previous designs shown in Figure 6b-c. Additionally, the
buckling load value is approximately 250% higher than the buckling load for the initial design and 40%
higher than for the optimized design resulting from robust free sizing optimization. Again, this can only

be explained with the optimized design resulting from robust free sizing optimization being a local
minimum.
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Figure 14: Optimized thickness distributions for the robust optimized designs considering (a) clustered
design variables and (b) symmetrically clustered design variables and (c) corresponding force-
displacement curves.
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Figure 15: Deformation modes subject to a prescribed displacement of (a) up = 3.2mm and (b) u, =
6.4mm of the robust optimized design considering clustered design variables as shown in Figure 14a.

The optimized panel design shown in Figure 14b is the result of the robust sizing optimization
considering symmetrically clustered design variables with respect to the center axis in the axial
direction. In contrast to all previously optimized designs, the force-displacement curve for this design
displayed in Figure 14c lacks the characteristic drop in reaction force caused by global buckling.
Instead, the stiffness of the optimized design decreases continuously for a prescribed displacement
U, = 1.5mm. From this point onwards, the deformation mode resembles qualitatively the deformation
pattern shown in Figure 16a except for the differences in the actual magnitudes of the displacements.
The panel deforms in the radially outward direction until the maximum prescribed displacement is
reached without transforming to the postbuckling mode as observed for the previous designs.
Frequently, in industrial applications such a continuous deformation behavior for the structural response
is anticipated as the deformation is controlled, having no sudden buckling for all given manufacturing
imperfections. However, as previously stressed such an overall structural deformation behavior in
compression reaches a lower stiffness compared the other designs for their prebuckling deformation
range.

All of the robust optimized designs emphasize that the optimization problem is highly nonlinear and
generally sensitive to geometric perfections. The optimization system has a likelihood of converging to
a different local minimum based on the gradients of the panel designs subject to arbitrary geometrical
manufacturing imperfections. Nevertheless, the numerical experiments for the present application show
that the robust designs have a much better performance in contrast to the deterministically optimized
design just being subject to the mean imperfections during the optimization. The actual stochastic
performance is analyzed in the next section for all optimized designs.

a) b)

Figure 16: Deformation modes subject to a prescribed displacement of (a) up = 3.2mm and (b) u, =

6.4mm of robust optimized design considering symmetrically clustered design variables as shown in
Figure 14b.
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4.3  Probabilistic validation and comparison of optimized designs

Six different optimized designs are presented in the previous sections 4.1 and 4.2. The three
optimization setups for the design variables (free sizing, clustering, symmetric clustering) are optimized
using deterministic and robust design approaches. The optimized designs have been discussed
separately with respect to the thickness distribution and their characteristic force-displacement curves.
The force-displacement curves are summarized in Figure 17. The present section compares the designs
resulting from deterministic and robust optimization and elaborates on the probabilistic performance of
optimized designs for the stiffened panel subject to scattered geometric imperfections.
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Figure 17: Force-displacement curves for (a) all deterministically and (b) robust optimized designs
subject to the mean geometrical imperfections and a maximum prescribed axial compression of
u, = 6.4mm.

(

Generally, each design resulting from robust design optimization has a higher load carrying capacity
than the deterministically optimized designs as shown in Figure 17. The global buckling point is higher
than for all of the deterministically optimized designs. Only the robust optimized design considering
symmetrically clustered design variables lacks the characteristic buckling point in the reaction force
loading curve.

The robust design optimization applies the first-order second-moment method (FOSM) for an
estimation of the mean value p and standard deviation o of Fgy,, . A Monte Carlo simulation
considering 250 realizations of the geometrical imperfections is performed for each design for
validating the probabilistic results used in the robust optimization. The numerical results for the
probabilistic analyses using FOSM and the Monte Carlo validation are presented in Table 4. The FOSM
approximation of the mean value is accurate for most of the estimations. Deviations from the Monte
Carlo validation are of practically acceptable scale. The standard deviation is overestimated by
approximately a factor of two. However, the Monte Carlo simulations confirm that the variability of
the objective function is significantly reduced by the RDO approach except for symmetric clustering.

Hence, the FOSM approximation guides the optimization to a more robust design despite the deviation
of o.

Overall, the combination of robust design optimization with quasi-static sizing optimization
considering free and clustered design variables yields designs having a significantly increased
robustness subject to the geometrical imperfections. Also, the mean performance is increased, as the
only improvement with respect to the initial design can occur in the postbuckling range and thereby,
effectively increasing the buckling load by increasing the point of the prescribed axial displacement for
which buckling appears. The global buckling loads of all designs are determined during postprocessing
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of the optimization results and are shown in Table 5. For that, the first limit point (or snap-through
point) is considered as the global buckling load. Overall, the numerical experiments validate the
assumption outlined in section 2.1 that by maximizing the sum of reaction forces, the buckling load is
increased even though the buckling point is not directly included in the optimization problem
formulation.

Table 4: Probabilistic analysis of the objective function Fyg,,, using FOSM and the validation of the
values approximated FOSM using Monte Carlo simulation

Optimization FOSM [1 X 106 N] Monte Carlo [1 X 10° N]

Y7 o U—c U o U—c

Deterministic free sizing 1.81 0.11 1.70 1.76 0.07 1.68
Robust free sizing 1.81 0.02 1.79 1.80 0.01 1.79
Deterministic clustering 1.73 0.13 1.60 1.74 0.07 1.67
Robust clustering 1.80 0.01 1.79 1.80 0.01 1.79
Det. clustering (sym.) 1.73 0.13 1.60 1.74 0.07 1.67
Robust clustering (sym.) 1.75 0.11 1.64 1.69 0.07 1.62

Table 5: Deterministic buckling loads as well as mean values and standard deviations of buckling load for
the optimized panel designs

Optimization BU—Ckling load 'uFBuckling JFBuckling
[1x103N]  [1x103N]  [1x 103 N]

Deterministic free sizing 170 143 29
Robust free sizing 198 168 13
Deterministic clustering 145 135 24
Robust clustering 274 158 6
Det. clustering (sym.) 146 128 20
Robust clustering (sym.) 188 119 14

The results of the probabilistic analyses of the deterministically and robust free sizing optimized
designs are shown in Figure 18a and Figure 18b, respectively. Each red colored curve shows a single
analyzed sample in the Monte Carlo simulation. Additionally, the black curve shows the analysis of the
optimized design subject to the deterministic geometric imperfections. The grey curves are composed
from the mean values and standard deviations determined by either Monte Carlo or FOSM to show the
estimated mean and “mean + standard deviation” performance. For FOSM, the mean curve coincides
with the deterministic analysis according to Eq. (8).

First of all, the set of red curves resulting from the Monte Carlo simulations show that there are
primarily two equilibrium paths for the optimized designs. The geometric imperfections influence the
onset of global buckling, i.e. the prescribed displacement for which the load drops from the prebuckling
path to a postbuckling path having a lower reaction force level. In comparison to Figure 18a, the plots
for the robust optimized design in Figure 18b demonstrate that the robust optimization approach from
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section 2.2 increases the buckling point by pushing the point upwards on the prebuckling path.
Furthermore, the two equilibrium paths move closer to each other since robustness optimization
rewards a reduction of the standard deviation, which corresponds to reduced imperfection sensitivity.
The force-displacement curves for the designs considering clustered design variables are included in
Appendix A and support the previous conclusions.

The robust optimized design considering symmetrically clustered design variables represents a
similar local minimum as the deterministic optimization, as the numerical results in Table 4 indicate.
Hence, the force-displacement curves given in Appendix A for this case do not show the same
improvement in performance as the other two parameterization approaches. Nevertheless, they are
shown for the sake of completeness and transparency.
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Figure 18: Force-displacement curves for the probabilistic analysis using FOSM and validation using
Monte Carlo simulation (red lines) of the free-sizing optimized designs for (a) deterministic
optimization and (b) robust optimization.

The load-displacement curves in Figure 18 show that the Monte Carlo simulation estimates a mean
path which is not followed by any realization. In fact, each realization has a reaction force higher than
the mean value until global buckling and afterwards a lower reaction force. When considering the

23



reaction force at one certain displacement, for example u, = 3mm, the distribution of this reaction force
is a bimodal distribution. This observation does not allow to directly deduce that the distribution of the
objective function Fs,» and the buckling load Fauckingis also bimodal. However, the histograms shown
in Figure 19 reveal that Fs.u» and Fucuing 0f the deterministically optimized panel indeed have distinct
bimodal distributions. The realizations not showing a distinct limit point are not part of the histograms.
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Figure 19: Histograms for (a) the global buckling load and (b) the objective function obtained using
Monte Carlo simulation for deterministic optimized design.

The FOSM method does not require assumptions about the type of distribution of the objective
value. However, the fact that the unimodal input distributions yield bimodal output distributions shows
the nonlinearity of the function with respect to the random parameters. For the robust design the
distribution of both buckling load and sum of reaction forces becomes unimodal as shown in Figure 20.
The scatter of the reaction forces decreases as already seen from the standard deviations in Table 4 and
Table 5, and the results of FOSM and Monte Carlo compare significantly better. The same behavior is
observed for the optimized design using clustering as shown in Figure 23 in Appendix A. Again, the
difference between the deterministic and the robust optimized designs considering symmetric clustering
of thickness design variables is negligible.
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Figure 20: Histograms for (a) the global buckling load and (b) the optimization objective derived from
Monte Carlo simulation for robust optimized design.
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5 Conclusions

A new numerical approach for deterministic and robust thickness sizing optimization of global
buckling resistance is presented. The numerical experiments are performed for an axially compressed
curved and stiffened panel. The panel is a use case of a design being sensitive to manufacturing
uncertainties in the form of geometrical imperfections. Nonlinear quasi-static finite element analyses
in time using backward Euler integration determine the reaction forces in the pre- and postbuckling
range for prescribed displacements.

The deterministic optimization formulation primarily maximizes the reaction forces at predefined
prescribed displacements in the pre- and postbuckling range. Implicitly, this leads to a maximization of
the global buckling load while neglecting local buckling. The robust sizing optimization approach
maximizes the mean and minimizes the standard deviation of reaction forces with respect to the
manufacturing imperfections using the first-order second-moment (FOSM) method. The numerical
implementation combines existing derivatives with respect to the design variables and the derivatives
with respect to the manufacturing imperfections using finite differences. The resulting nonintrusive
approach can be implemented with any existing software for deterministic structural optimization.

The results for the thickness optimized panels show that the manufacturing uncertainties are of
practical concern when maximizing the buckling resistance. The optimized panels have the same mass
as the initial design while having a buckling load almost twice the reference values or even more when
compared to the buckling load of the initial design subject to mean imperfections. Simultaneously, these
designs also have a significantly improved robustness against geometric imperfections.

The results obtained using the FOSM method are validated using Monte Carlo simulations showing
an appropriate agreement. More essentially, the Monte Carlo results confirm that the use of FOSM in
the robust sizing optimization indeed drives the optimizer to a considerably more robust design.

Additionally, we observe that sizing buckling optimization has many local minima. Interestingly,
the consideration of uncertainties for robust optimization compared to the deterministic optimization
often eliminates many of these local minima. Thereby, the robust buckling optimized designs frequently
have a higher buckling load than deterministically optimized designs when subject to the mean
geometric imperfections.
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Appendix A

This section presents the probabilistic force-displacement curves as introduced in section 4.3 for the

deterministic and robust optimization considering the clustered design variables.
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Figure 21: Force-displacement curves for (a) deterministically and (b) robust optimized design
considering clustered design variables analyzed using FOSM and validated using a Monte Carlo

simulation.
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Figure 22: Force-displacement curves for (a) deterministically and (b) robust optimized design
considering symmetrically clustered design variables analyzed using FOSM and validated using a

Monte Carlo simulation.
The following figures show the histograms for the sum of reactions forces for the optimized design

using clustering and symmetric clustering.
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