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ABSTRACT

HICHELL's theory of ship wave resistance was founded on
two simplifying assumptions: neglect of viscosity and the
linearisation of boundary conditions. Even at the present
state of the theory the only general way to appreciate the
full import of these assumptions is the comparison with
experiment. However, a recently developed theory and tech-
nique of wave analysis permit a detailed examination of wave
spectrum in contrast with past experimental investigations
which were restricted mostly to a measurement of resistance,
end in a few cases of wave profiles. It is, therefore, now
possible to check the validity of wvaricus proposals for
semi-empirical corrections due to viscosity and nonlinearity,
originally resulting from attempts to reconcile the measured
and calculated resistance. Ve need refer only to INUI's cor-
rections as they include essentially most former proposals
due to W1GLIDY, HAVELOCK and others.

The wmresent paper begins with a discussion of the perti-
nence of the proposed method of wave analysis to check the
validity of the linearised free-wave and ship-wave theories,
and to solve the so-called separation (of viscous and wave
drag) problem in ship-model correlation. The basic theory is
then outlined, leading to formulas for the determination of
wave spectrum and resistance from measured wave profiles
either perpendicular or parallel to the direction of motion,
Results of experiments with a mathematical model (called Tnuid)
follow. After establishing the validity of the linearised
free~wave theory and the consistency of the results of wave
analysis, ship-wave theory and experiment are compared in the
light of INUI's corrections. VWhereas the comparison of wave
resistance appears to vindicate I1MMUI's proposals, the detailed
comparison of free-wave spectrum, however, reveals their
inadequacy. Further research is necessary, before any final

conclusions can be made.
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NOMENCLATURE

(Only the more important symbols are listed here, others

are explained in the text where they are introduced.)

A Control surface ahead of the ship

Av Amplitude of an elementary wave

a, Fourier coefficient of transverse wave section
B Transverse control surface behind the ship

B Breadth of the Michell ship corresponding to a

given source distribution (it is used as a measure
of source sZrength rather than as ship dimension)

N

b Tankwwidth

C Tourier cosine transform
CF,FO Coefficients of frictional resistance
CﬂﬁV,W Coefficients of total, viscous and wave resistance
c,D Lateral control surfaces
E,F Undisturbed and deformed free surface
Fr Froude number (V/)/gL)
f(),g(&) Spectrum of the free-wave system
oy Acceleration due to gravity
k, Velocity parameter (g/VZ)
k’kv Circular wave number of elementary wave (27/72)
L Length of source distribution
= length of corresponding Michell ship
- length of corresponding IHUI&
D Fluid pressure
R Resistance (or wave resistance in ideal fluigd)
Re Reynolds number (VI/v)
RT,V,W Total, viscous and wave resistance
S Fourier sine transform
S Wetted surface area
T Draft of source distribution
= draft of corresponding Michell ship
- draft of corresponding Inuid at the ends
u,u,, Transverse circular wave number of elementary wave
v Ship speed (or uniform stream velocity if ship at rest’
v Perturbation velocity due to ship
Vx,y,z Components of v
w,W, Longitudinal circular wave number of elementary wave
X,Y,Z Abbreviations for wx, uy, kz

X4V 42 Co-ordinates moving with the ship
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NOMENCLATURE (contd.)

Semi-empirical viscosity and nonlinearity
corrections proposed by INUI

Attenuation factor for the bow wave due to
self interference of the hull

Total final attenuation factor for bow wave
Attenuation factor for stern wave due to viscosity
Total attenuation factor for stern wave
Finite-wave-height correction factor
Correction factor for additional phase shift
between bow and stern wave due to viscosity
Velocity parameter (gL/2V2)

Cemi-empirical viscosity and nonlinearity cor-
rection factors to free-wave spectrum interpreted
in terms of virtual form parameters

Correction factor to B/L in forebody
Correction factor to B/L in afterbody
Correction factor to L: corrected L = (1+8)L
Correction factor for separation of stern wave
VVave height

Direction of propagation of elementary wave
Induced wave length in x-direction

Wave length in direction of propagation

Wave number based on tank width

FPhase of elementary wave

Fluid density

Usual symbol for a sum

Special symbol for a sum to denote that only a
half of the zeroth term is included in the sum
Source intensity

Perturbation potential

Derivatives of ¢ = veloecity components due to o



I. INTRODUCTION

Background: This paper is an offshoot of a rather compre~

“Wensive investigation of the mutual interaction of viscous

and wave resistance using subnerged models, geosim tests,
viscous wake survey and wave analysis as principal experi-
riental tools. This work was assigned to the author by
I'rofessor Weinblum as a part of his extensive and persistent
efforts to make the mathewatical wave resistance theory
applicable to practical problens of ship design. 1t was
expected to wmahke a nodest contribution to our understanding
of the nature and causes of the frequently observed discrep-
ancy hetween experimentally weasured and theoreticaily cal~
cutated resistance, specially wave resistance, which has
probably been the main hurdle in way of an application of

the theory. Lmphasis was laid on the exploitation of known
proposals and the development of new methods for direct
deterwination of the viscous and wave resistance components
by am analysis of the wake and wave pattern actually measur-
able in wnodel experiment., For it was felt that possibilities
of the simple resistance test, and its analysis on the basis
of FROULE's hypothesis, for the verification of wave resistance
theory had been almost exhausted. After about tiiree years of
largely experimental and partly theoretical work this study
hhas now reached a preliminary conclusion and a detailed general
report will be published shortly. In this paper I shall be
concerned only with wave analysis, in fact only with the type
of wave analysis we have carried out in Hawbure in the frawne—
wori. ol the aforesaid project. 1 shall begin with a brief
discussion of the objiectives of this analysis, then proceed

to outline the basic theory in some detalil and {inaily present

a fTew experiment results closing with a couwparison of the

calculated and measured free—wave spectrui.

pbefinitions: It is not intended to hegin the paper with a

definition of the various concepts to he introduced later in
the analysis. But 1 do heiieve that the formulation of the

title of this paper demands some further elucidation at the



very outset. The word "Inuid" is used to denote the uncon-
ventional model forms introduced by INUI 1 in an attempt
to re—exanminé the validity of the existing wave resistance
theory due to MICHELI, and UAVELOCK on the basis of his new
interpretation of the relation between hull form and the
singularity deéstribution to be associated with it. INUI's
concept is too well~known to be in need of a restatement
here. Although from a strictly mathematical point of view

it may still be controversial, yet I think it has been
justified as a heurisitc step by INUI's successful experi-
ments with a series of simple Inuids 2 . le contrived to
reconcile the wave resistance predicted by a linearised
theory in an ideal fluid with that derived from measurements
in a real fluid by postulating a plausible set of semii—enpi~
rical corrections many of which were reinterpretations of
former suggestions of WIGLEY '3 , HAVELOCK "4 , EMERSON 5

and others. As the present study was chiefly prompted by

INUI's impressive but challenging work and aimed at a veri-
fTication of his intuitive correction factors it was natural
to execute new experiments with a form already tested by him.
The one designated by INUI as S201 was chosen for it coues
closest to a realistic hull form. Instead of using offsets
published by INUI the forwm was recalculated from the exactly
known liprear source distribution. A 4 m long model of the
Inuid 5201 was uscd for all experiments. Only steady notion
in smoothwater was investigated. All numerical results pre-
sented later in the paper refer, unless otherwise stated, to
this wodel. (Needless to say that the theory of wave analysis
as presented in Chhpter II has nothing to do with INUI's
hypothesis and its application is in no way restricted to
Inuids.) The terms calculated and neasured are to be under—
stood in the fébdlowing sense. The word calculated applied to
the free-wave spectrum or resistance of an Inuid implies
calculation for the generating source distribution by
HAVELOCK's theory O . The calculated corrections are essen-—
tially those proposed by ANUI 2 . The term "measured" free-
wave spectrum actually means 'derived! from the nieasured wave
profiles by spectral analysis bhased on the theory to be out-

lined here.
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Purpose: The general purpose of wave analysis in clarification
of the discrepancy between calculated and observed resistance
should be evident from the foregoing. ilowever, there are soue
aspects of the problem which deserve closer inspection. In
view of the current interest in the direct determination of
wave resistance by an analysis of thre measured wave pattern

it may appear superfluous to dilate upon the purpose of wave
analysis. Yet 1 fear Jjust because of this passionate interest
it wiay be prudent to take a sober view of the prospects even
at the risk of damping the enthusiasm of optimists who may
expect too much of wave aunalysis. In attempting that 1 shall
conline myself to the present method of analysis. fortunately,
tire only assuwsption involved in it can be stated in rather
simple terms. The actual, measurable deformation of the free
surface at a sufficient distance from the ship is interpreted
as a general linearised free-wave system of the type con-
sidered by UAVELOCK in {67. The inherent mathematical simpli-
city is an attractive feature of this concept. ilowever, it 1is
rot only tantamount to the linearisation of iree-~waves as
suci, but also postulates that at least in the region of
interest all other disturbances, e.g. tlie local wave assoclat-
ed with the ship and tne viscous decay and boundary—liaver
interaction are negligibly small. It should be noted that the
hasic assumption is not automatically invalidated by t:ie
certain occurrence oi tiese distrubances in the vicinity of
the sihip. Another important feature is that the analysis is
not bound to any speclal features of the wave svsten ol a
particular hull form, e.gz. tihie EDLVIN pattern due to a pressure
roint. Thus free-wave theory and ship-wave theory can be veri-
fied protfitably in spparate steps. 1n fact the results alrcady
ohtained by the present wmethod of analysis will be secen to

serve a three-~fold purpose.

Firstly, the concept oif a linearised free-~wave system provides
a siumuple but semnsitive criterion for sell-consistence, naunely
the 1aw of dispersion connecting tie wave lengthis of the con-
ponent plane waves to tiie coumnion speed of the steady systen.

Unly a restricted class of functions can satisiy tuis criterion.
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The spectrum of the system (i.e. amplitudes and phases of
conponent waves) constitutes the degree of freedom which

can be exhausted by comparatively little constraint. llence
by measuring redundant information on any actual free sur-
face we can check to what degree of approximation the
aypothetical model of a linearised free—wave system can be
fitted to it. One of the basic experiment results to be pre-
sented later 1is evidence for the applicability of the
linecarised free-wave concept to wave system of the Inuid

tested 1n a reasonable range.

Tiie second step 1s the verification of the actual ship-wave
theory by comparing the calculated free-wave spectrum and
resistance with the measured values. .iny conclusicns drawh
frorm such comparison will be subject to the assumptions in
e theory, e.g. the use of an Inuid to represent a source
distribution or vice versa. As the discrepancy in any case
is considerable the real interest lies not in the verification
of theory but of semi-~empirical corrections propdsed to re-
concile it with experiment. INUI's corrections are particu-
larly amenable to such study since they can be directly in-
terpreted as modifications to the spectBum, Detailed results

of such comparison will be given.

Finally there is another aspect of wave analysis capable of
immediate practical use, viz its application for the senaration
of viscous and wave resistance frowm the point of view of geosim
or ship nodel correlation. To avoid confusion let Us define
FROUDE resistance as that part of total resistance which seems
to obey KFROUDL's law when actual geosim results are analysed.
The guestion is whether the wave resistance obtained from an
analysis of tie waves behind the shiilp should be identical with
FROUDE resistance. The idea of attenuation of the bhow wave
implicit in wmany former proposals for the empirical correction

of theorctical wave resistance would seem to deny this- and

e

tiie present investigation does indeed reveal a discrepancy o
thie exvected order, thus apparently shattering a cherished
hope. 1 shall revert to a detailed examination of this guestion

while dealing with the analysis of experiment results.
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II. BASIC TIEORY

The basic theory dibvolved in the present analysis consists
of three simple steps:

a) Application of the momentum theorem to express ship
resistance in terms of pressure and velocity distributions
along suitable control surfaces in the fluid. Rearrangement
of the expression by virtue of Bernoulli's equation and the
condition of continuity.

b) Introduction of a linearised potential to describe
the free-wave system to be expected at a control surface
away from the ship by virtue of the radiation condition.
Characterisation of the linearised free-wave system by means
of a spectrum and cxposition of the relation between ship
resistance and free-wave spectrum by a).

c) Application of the inversion theorem for Fourier
transforms to express free-wave spectBum and sonsequently
wave resistance in terms of surface profiles.

In the actual application of the theory, of course, the

sequence of these steps is reversed, i.e. we start by measur-
ing surface profiles, derive the spectrum by Fourier analysis
and finally calculate thé wave resistance by using the known

formula based on momentum considerations.

Momentum theorem and wave resistance: Consider a ship at rest

in a uniform stream of velocity V in the positive x-direction
with the co-ordinate system as shown in Fig.1. Let the fluid
region around the ship be enclosed by a control surface with
the boundaries A - H as shown. If p be the fluid pressure,?
the density and Ve s
velocity v due to the presence of the ship, then the appli-

vy , vz'the components of perturbation

cation of the momentum theorem under assumption of an ideal
fluid obviously yields the following expression for the wave

resistance:

,,» , - ) . \‘e , e e 5 \2
(2.1) R = A - P F Uy e = 2+ E ,%}Qz
1 - < ~ ! '
For 7, 1 ’ - /l o ! .
-/- . 4 p At —- \./ 7 v - - g,lél e A
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Fig.1 Co—-ordimate system amd control surdace

This expressien can be rearranged by virtue of Bernoulli's
equation:

(2.2) @;z + o~ —_[V+D /2_/ 2/22,}: EQ.’V&

and the condition of continuity:

(2.3) %(/Vﬂrx/a’jdz # 8[[?} dad V- = ngz/v"z{/zz’/a@ %3;//;5

A further simplification is possible by taking the boundary A
so far ahead that the perturbance v can be neglected. Let us
consider two special cases. First suppose that the transverse
sections A and B extend in both directions to infinity (or
eventually to the vertical side walls of a rectangular channel).
Then the contribution of the lateral boundaries C and D will
vanish and in the limit one obtains from the above equations
the following formula for a pair of transverse sections:
(2.4) A= ;/ 2;/ Az +9// &_7/557%//4 A2

J/g 4
or introducing a wave height C in the form:

) 2 1% 2 2 21
(2.5) A?::'f;%égéf‘%% 7P':§;ZZ; /9a7 ~ VL ——zgﬁ Ay -



Following HAVELOCK _6 _ this relation is usually derived by

energy considerations. To understand HAVELOCK's interprehation

rewrite (2.5) as:

_ |y & 2 -~ »Z 2 — V'/}*zdﬂ /2
(2.6) /ﬂ/._l/z-géya/; l/—- »x-fz 7“‘@ ;.:ZL € . )"?{L

4.1' ‘LB
If Fig.1 is now understood as showing the shlp to be moving
at a speed V through otherwise undistuwrbed fluid and B be a
fixed geometrical surface, then the above equation represents
the energy balance for the fluid to be left of B. The LIS
is the rate of work done by the ship on the fluid. The first
two terms on the RHS give the rate of increase of potential
and kinetic energy due to the propagation of the wave system
associated with the ship and the last term can be interpreted
as the rate of work done by the pressure on the fluid to the
left of B or as the transport of energy across the plane B

due to wave motion.

Here 1 have deliberately chosen to derive the result by the
momentum theorem for the following reasons: i) the analysis
is easier to follow, ii) lateral sections can be handled with
equal ease and iii) the importance of the condition of con-

tinuity is revealed (cf. Appendix).

Let us now consider the complementary case of the lateral
sections C and D extending to infinity in both directions.
Neglecting the contribution of A and B we now obtain from
equations (2.1) to £.3) the follow1ng formula for a pair of

lateral sertions: 4 ;
— ’/ i& __' ‘

0f course, in case of a symmetrical dlstnnbance it can be

further simplified to

(2.8)  R=2ze T e o2

It is worth noting that this strikingly simple formula is
applicable only in unrestricted water. In a channel of finite
width it would not be permissible to neglect the con$ribution

of B even in the limit.



The linearised free-wave potential: I1f the control furface

ig talen suffioiently far from the ship the flow thqrq “ﬂﬂ

hg 1nt§?hfe£ed in termg of a free-wave potential which has
the advantage of mathematical simplicity because it is only
required to satisfy the boundary condition at the free surface
but not atthe ship surface. The flow repfesented by a free
wave potential, if extrapolated into the vicinity of the ship,
would of necessity differ from the real flow there. But it

.is no handicap since we can caluulate resistance in terms df
flow at the control surface. In fact that is the whole pur-
pose of the introduction of the control surface. However, . .
one concession must be made.AFor the present even the free
waves can be studied only in terms of a linearised theory. .
In our co-ordinate system the most general linearised free-
wave system in unrestricted deep water is represented by the

perturbation potential:
7r

(.) ¥ V7 ep Elene peafle)] rg sin (1))l

with the notation

-

5

r
(2.10) = 2k = 2K, Sec¥ v

RN !
~ /) /2

/\‘ e X~ Ko sec® 1% cod ?/c 54/0 =f/V

\ f

sEyH = jka xeczvang/
Here d2and k can be interpreted as the direction of propa-
gation and the circular wave number of a component plane
wave respectively; u and w are the induced transverse and

longitudinal wave numbers. Arbitrary functions £ (&) and g%
constitute the spectrum of the system.

The linearised potential is an exact solution of the Laplace

equation:
N

(2.11) Ve K +4"/ "L:@z = ’/0/'2«/&

but satisfied the exact boundary conditions on the free

~

surface:
- g _ 5 f

o ~
(2.12) /V’/ 7""/;*‘;7‘ s iy 2 247

-



T A g .
(2.14) + “x — T2 =
-4 ’, ~
A —a TN - -
or comb8ned
(2.16) = —Ko %>

The surface elevation of the general linearised freewwave

system is given by
(2.17) 7 = =¢ G /,g 2 /‘/f'h(/"\// j(m[}—/ 2o

The choice of the free~-wave system for representation of flow
at a contPHol surface around the ship is governed by the
radiation condition which states that free waves can trail

only aft of the ship. The result is:
(2.18) X » — o= 7 ﬁ:o (no waves)

EJJ /]}{mﬂ—f///"ffﬂﬂ /*—/)// AP
/"—[/ (K ) — gl (X#Y) A v
/ //e/ﬂ//f)// /:AJ//+)/ XS

These are the appropriate models of free-wave systems for

(2.19) X'—> #f co ;
(2.20) j > — & ;

(2'21)Z' -+ oC

\[‘5 m\s

use at the control surfaces A, B, C and D respectively.
Corresponding expressions for the potential can be derived
from (2.9) by using the appropriate limits of integration.

At first sight it may seem strange that different expressions
are needed for B, C and D, although they all have the same
spectrum. The different limits of integration are not only
suggested by the radiation condition. As a typical example it
has been shown in,ﬁﬂg for an isolated source that these limits
are obtained by starting with the known full solution (includ-
ing the potential due to the local wave) and taking asymptotic
expansions for x—= % Lo and y-é‘i(“p using a method indicated
by WEHAUSEN! 9, p.477[. In fact the limits depend on the
angle which—fhe contrdi surface makes with the x-axis in
exactly the way prescribed by the radiation condition. More-
over, it will be seen that these expressions lead to consistent
calculations of wave resistance. Again it must be emphasized

that this differentiation holds only for horizontally unbounded
fluid.
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Free-wave spectrum and resistance: By using the relations

already derived the wave resistance can now bBa ekpressed in
terms of spectrum. Consider first the transverse section
formula (2.5). Using (2.17) it can be written in the linearised
form:

© =N/ 2
(2.22) —7 xm%ezjg%@@@ ~ P72y alz

where the suffix E denotes that the surface BE extends only up

to z =0 and g, , , 9, are to be derived from (2.9).

QY

The well known result originally due to HAVELOCK [6] is:
) wyers , 2 2 £ 2 -

(2.23) L=V 71+ 55 #1o + 50 ) cos S LA

VQVJ/VZ?‘ ¢»Z)£ob~’ﬁ» ¥29
w7z

where fe’ 8o and fo’ g, are tMe even and odd parts of f and g.
This is the famous relation between spectrum and resistance.
It will be seen that the same relation cam be obtained in a
simpler way by using the lateral section formula (2.7) in the

linearised form;

(2.24) A= & _f49d&ﬂ% 8 jfjuxaﬁw

/wE f
where different expressions are to be used for ¢ on C and D

according to (2.20) and (2.21). Consider first the contri-

bution from C.

- /2

(2.25) P="""Temw J/’<[‘¢0")/’LﬁS’”)//éo‘sw“rﬁb_jway-fsfw)/ 2 w’f7w®“ﬂ/

(2'26) = - 4’5[/ 2 QX/O ‘__/A//:’a"‘)/vcj&n/ ]J/n 1A }44;1 —,b[/h/ //,o lJrj f{ C

(2 27) q’ = ’fdl///j/zb//alg){‘_}‘my—fyﬂy C&":SV/X'—",j 5”’)/'/'/*"&’/7)//5/;4 Wf;?éu’.t?/‘-
e 2L

(2.28)/_00 J;ﬂ/,,-mé p/ faygéf/// 72/7 / /O/C'

by use of the Fourler integral theorem. Further

(2.29) e/ = e /gyjﬂ¢¢z¢4/0%sgyw

+29) K- L fﬁ AP A

Similarly from D
r0 v e

e e T g T v gl
(2.30) K&, 'C,-.ac f_w }"“//7/* b - a’e
Finally
e
(2.51) R=Re+2,=208rs é/f‘-/ 2) o 10 ol O

‘//

which is exactly the same as HAVELOCK'S result (2.23).
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Derivation of free-wave spectrum and resistance from measure-

. ments along transverse sections: The melthodsof Fourier trans-

forms. can be used to‘express the spectrum in terms of surface
profiles of wave height or its derivatives along transverse
sections. For the sake of illustration let us consider two

examples: i) a strip, i.e. £ and S ii) a pair of sections.
Using (2.19) we have

(2.32) §:Z/w/[e &}//V—~jew5/lycosa;+ focﬂ/\/+/ag?v}//&»i«w%}dba e
(2.33) Gu= 2 [ /e cosk # g sin ] cosuy + [, co5X - fo st X i “éfjdff/‘ﬁ

Define Fourier transforms:
(2.34) S= [0 Esinfuy)dy = 27 /fo
(2.35) C = [ Ler (y)dy =25/ prinkemge cos ) | G2
(2.36) Sp= /" Gutin () 2y = zfx‘kgf;am/{/ b sin M) sac B 25
(2.37) [x’:‘-/_w ;}C”/“j/”{/ - L2 mL/ecd‘s/f/-/-feM/}{/&”ecgp%‘

After some simplification the following formulas are obtained

for the spectrum:

(2.38) /e=2—r/: Z—Q/CMX-ﬁ 2 o ceoX /
(2.39) fe = = [ECMX+C_£CXVM/\/7
(2.40) fo = 202 2% [Scoo ) — 22§ i) [
(2.41) go = F5r Sig [Seikl 7 228y o X ]

For the calculation of wave resistance we need only

(2. 41)7[& je 7‘/9 7“} 4(\,1 j/{f%f fm%@é- *Cr);

and by  (2.23) and (2.10)

(2.42) K= $2 [ " fls%vc) o (87 +CF) [ (o — L) Aoc

which is the desired result, It is of course understood that

measurements are made so far behind the ship that the free-
wave model (2.19) can be used. No further assumptions are
necessary. The weighting factor (2 - %Q) allows a simple
physical interpretation. The number 2 corresponds to the
average distribution of energy in the feee waves and ko/k
accounts for the rate of work done by pressure or the flow

of energy due to wave motion.
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To determine the spectrum from a pair of wave height records

;ﬂﬁ;/éz) and ;7*2(;7 we again use (2.34) and (2.35) with

suffixes and introducing the following abbreviations

(ccu5) M= Z(0,# M) = 22 (s 203 ; I = 2K, )= L)

obtain analogous formulas for the spectrum

~ A
(2.44)/43-;/97_‘%{ mgx/[f C)’L;f»o/\;r (C’ /52)]

(245) e = i G4 1~ ST (000) +5 CoC )
(2.46) fo =gl £ (0K (5, 25,)— 5 (0,-5)7
(2.47) % = = '%\&‘ra’? *32) (fx‘ < l)f

and for the wave resistance from

(2.u8)/%" SR 9:)=2 -, /_7%//67%2/%/51 #5)°, & 1’#& —g)‘

7 L 2o

-

the final formula using again (2.23) and (2.10)

2,1 - _[(1"( _,A[g, u.&)z ("”—‘%27/‘5‘ _7/.2 ko 1P
(2.49) R é”/ m,jlw,[x =) ’L.;w%f/f-r)] 75 P

All experiment results described in this paper were analysed
on the basis of this formula. Hence the following remarks may
be pertinent. As u varies from O tooo , w varies from k6 to .
Hence for any given value of (x1 - x2) an infinite number of
singularities of the weighting function will have to be dealt
with. However, this difficulty is less serious than it seems
to be. The actual spectrum of a normal ship form is such

that the integrai can be safely truncated at a finite value

of u, and by choosing a sufficiently small value of (x1 - x2)
the first singularity can be pushed beyond the region of in~
terest. In the limit, @f course, this procedure leads to the
strip described earlier which is however difficult to measure.
In actual analysis, therefore, the difficulty was obviated

by measuring more than two sections and calculating the spec-

trum by a least squares fit to exploit redundant information.
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Derivation of free—wave spectrum and resistance from mea
ments along lateral sections: At least in the case of un-
restricted water a Fourier transform approach similar to the
preceding can be used to express the spectrum in terms of
surface profiles of wave height or its derivatives along
lateral sections sufficiently far from the ship. Let us

consider a few examples involving ;: < ;;; and ;' » Using
(2.20) we have along a lateral section such as C in Fig.1:

(2.50) £ r/.-ﬂ'rwl{?éc;.,,k’nm Yrcrakein) ) — 2 (¢t X ct9 Y~ 25se N 5oen V) fd &
(2-51) -—Jf C/fd"f}/'f‘j’e‘:n }/jav-f.-o-—‘ %/‘CQFMY‘C,QM//Q’S-&U“X:/&{&¢W
Define Fourier transforms

(2.52) S f.,cm/wr)dr— F?”ﬂfrw}’v‘gﬁwy)gg;

(2.53) € = [ = eos (ix)dia = T i Y~ o0 ) ) ZE

Then the spectrum can be apparently derived from a single
profile'

(2.54) 7 (SC%‘)’-/—C’JM Y)
45 :—_----— M"-’ 7 i

(2.55) 9 =Z W(s&y Ceor V)
The same applies to wave resistance

(2.56) Fore® =&z (C4rc¥) (58"

and using (2.29)

(2.57) ’?f=,2¢,-,/4’/5 P i @mdw—

In a similar way the following formulas can be obtained from
Fourier transforms of X~ and f’ ’

L iy

(2.58) Re = (9/47)) (557624 /4—“;;2; ! e
(890 =/€/{/‘?yr)/ ﬂfé} C?) 203 - ol
(2:60) R = (ol f (% + ) M L

}’/W?k,&_.//‘

An obvious difficulty arises if one tries to apply these
formally derived formulas in practice. If the integrand is
not to vanish at the point w = ko the formal Fourier trans-
forms can not converge since the weighting factor becomes
zero at that point in (2.57), (2.58) and (2.59). Only the
formula (2.60) is immune.
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On the other hand the weighting factor in formula (2.60) has
a singularity at w = ko. This is indeed quite welcome. For
it is known from MICHELL's theory that for a normal hull
form the integrand of the wave resistance integral in w has
an integrable singularity at ko’ which disappears on trans-
formation to u. Hence we rewrite (2.60) in u.

(2.81) —Rz= zfz-j/ (6.5 g ) /2 k"yaw-*’)
Now we have a reasonable weighting function beginning with 1/k

2

at u = o and dying out strongly as u =2 , Since the inte~-
grand is known to be finite everywhere we may expect the
Fourier transforms Sy and CY to converge, thus providing a
method of wave analysis which may have a certain technical
advantage over the transverse section method because lateral
profiles are easier to measure. However, this result should
be evaluated with caution as until now no practical experience
has been gained with this formula. For the sake of complete~
ness it should be noted that in case of unsymmetrical dis-
turbance at least one lateral section on each side must be
analysed to obtain the full speetrum and wave resistance.

‘Discussion: It may be of interest to compare the preceding

theory with the various recent proposals of wave analysis

such as those made by INUI [10] , KORVIN-KROUKOVSKY [11],
TAKAHEI [12], EGGERS [13], WARD [14] and GADD and HOGBEN f15],
all based more or less on a similar free-wave concept.
However, 1 am refraining from doing so because most of these
authors will themselves present their viewpoint at the seminar
and the discussions there should provide ample opportunity for
comparison. But the analogy with the treatment of EGGERS will
be obvious. Whereas the theory presented here applies to un-
restricted fluid, EGGERS' analysis is based on the concept

of a channel of rectangular cross—section. As far as the
transverse sections are concerned the two analyses are equi-
valent since a gradual passage from one to the other is
possible._But the treatment of ggg_laj %% %ﬁ&ﬁ on§€$gkaqm—

41."1

plementary rather than equivalent in so far as EGGERS'
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formula applies only to a tank of finite width and the
present approach is valid exclusively in unrestricted

water. No practical experience has been gained with either
formula but I feel the following argument may serve to
elucidate the common and opposing features of the two formu-
las. Both formulas have in common the fact that integrals
must be taken strictly over an infinite length, and the hope
thathinxpractice a finite length would suffice to obtain
fairly steady values. But the convergence criteria are quite
different. EGGERS' formula takes advantage of the almost
periodic character of the free-wave system in a tank and it
is the quotient of the integral and the length of the profile
which is supposed to converge in the limit. Hence it would
probably work best in a long and narrow tank by making use
of the repeated reflections at the tank walls. On the other
hand the integral itself must vonverge in the fomula derived
here and this is possible only in unrestricted water or in a
sufficiently broad tank if steady values can be obtained A
before the first reflection., Finally it may be noted that
EGGERS' formula postulates ideal reflection at the tank
walls whereas the present formula requires ideal absorption.

I1I. EXPERIMENTS

It is considered beyond the scope of this paper to describe

the details of experiment procedure or to reproduce the data
obtained directly by experiment, But a few general remarks may
be called fow to facilitate understanding of the following
analysis of results. Fig.2 shows the salient features of the
wave measurement actually carried out. The same model was towed
in two different tanks and surface elevation was recorded by
different means. Fig.2 shows the range of speeds investigated
and the region of measurement in each case. By the stereographic
method as many as 31 transverse sections were evaluated from

a single stereogram but in the large tank only about 5 trans~
verse sections were recorded for each speed using a sonic wave

transducer mounted on a cross—carriage on the towing carriage.
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IV, ANALYSIS

We shall now deal with the analysis and evaluation of the
results of experiments actually carried out with the Inuid

S201 in the Hamburg Towing Tank. The basic theory needed for

this purpose was outlined in a preceding chapter in terms of
unbounded fluid because it enabled a symmetric treatment of
trans%erse and lateral sections. Further it was mentioned

that for transverse sections a passage to the case of a tank

of rectangular cross-section is possible and would lead to
results equivalent to those communicated earlier by EGGERS [13].°

Introduction of tank formulas: Let us convert our formulas to

the case of restricted water of infinite depth and obtain
expressions essentially identical to those of EGGERS. The
procedure is quite simple., The well~known effect of the intro-
duction of tank walls is that the continuous spectrum degene-
rates into a discrete one uniformly spaced in transverse wave
number u. The formal procedure consists of a variable trans-
formation from - to u and substitution of a sum instead of.
the integral with Au =77/b. Thus we obtain from (2.9) the
general linearised free-wave potential for a tank of width b
Kv2 o1&

< Bap-1 d :
sty 1 S et ff € T

y _?::’.ﬂu @ ol
(4.1) @r-f,échtbcﬁfmyﬁ*"édé

V. yap 1

from (2.17) the corresponding surface elevation
= o
5. = 4 i o ’ £ d #
(Rt} o f‘fo/zy Jw%ﬂ‘ fy/ﬁx“}’! 'fzé)fagy._, " w‘z*"’"’é& ng—'f' i ‘_‘20”’6?

and from (2.23) the wave resistance

o2 .
& 2 2
(3) R- £56 S gl s o) 1 $P0 = B2 (2 do
V-0 v E 2v=7 352 29—
while the relations (2.10) yield the connections between the

wave numbers

ZTY. = sy <ho st Bysinty | T2EL = sty ) = fio 0628 GB
(4.4) £ ; e S

try— =y =4, sec By ’ Lav-n = ko sectDyy_ s
| |
|

b 2Ky = kysec? S, K= Ko Sec %, 5 _
llere the stylised symhol =) is used to denote that only half

the zeroth term enters the sum.
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The above‘expressipqs;ggg#hggt he interpreted in terms of
elementary waves in a tank (Fig.3). Each elementary wave

is composed of a pair of conjugate plane waves moving with
velocities Vcos {) in the directions + .. The resulting

pattern moves with a speed V along the x-direction and
satisfies the tank wall condition along the longitudinal

anti-nodal planes, Different configurations are shown in
Fig.3 which also illustrates the different wave numbers.

It is noted that each term in (4.2) represents an elementary
wave, the integral values of tank wave number y leading to

. symmetrical cross—sections and semi-integral values to anti-
metric cross—sections. A general free-wave system in a tank
can be considered as a linear combination of an infinite
number of discrete elementary waves, each of which is charac-
terised by a wave number-d«* amp11tude Ay or B2U:1 , and
phase E, or 52?—1 . The last two quantities together consti-
tute the spectrum., The concept of an elementary wave is
fundamental to the subsequent analysis.

The equations (%4.1) #hrough (4.4) reveal the immense advan~—
tage of the tank formulas over the unbounded fluid as far as
numerical treatment is considered. Integrals are reduced to
sums and Fourier transforms of [, x can be calculated by
Fourier analysis as pointed out by EGGERS. As far as practical
application is concerned there may be two interpretations to
the use of tank formulas. If the wave sections to be analysed
are perceptibly affected by tank walls as in the case of the
small tank in Fig.2 the use of tank formulas with the cor-
rect tank width is imperative and exact. However, if the
region in question is apparantly unaffected by real tank walls
as in the case of the large tank in Fig.2 a tank formula with
a sufficiently large hypothetical width can still be employed
by way of numerical approximation. For example, a given set

of measured sections was analysed using three different hypo~-
thetical tank widths inecluding the asymmetrical case shown

in Fig.2 and completely consistent results were obtained,.

This result was discovered rather accidentally, but now with

the advantage of hindsight it appears to be perfectly natural.
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Verification of linearised free-wave theory: A criterion for

checking the applicability of the linearised free-wave theory
to actually measured wave sections mentioned in the Introduct-
ion will now be derived. Rewrite (4.2) using (4.4) as

oo o] o
=3 ayemilVy g = b, 0 T2V=1) ¥
(4.5) %o 4 R Z 2=t P2

It is evident that the Fourier cosine and sine coefficients

a b must be prescribed functions of x

y ¢ Poyy
(4.6) ‘Qy' = Ayf”"’ WV(XV“EP) /. é_gp-4 =‘6..?P—-f J‘mﬁ’”— 5.21/-9')

that is sine waves of predetermined periods 2ﬂ7wy 2 2ﬁ/w2v_1 .
Two measured sections will in general suffice to determine the
unknowns A ,.fy etc., and fix the whole spectrum. If more than
two sections are measured the consequent redundant information
can be exploited to verify the applicability of the asaumption
(4.2)., For one particular case ( Yo = 10 ) as many as 31
stereophotographically measured sections were analysed in this
way and the dispersion criterion applied to the first 30
Fourier cosine and sine coefficients. In all cases where any
significant amplitude was measurable the correct wave length
was observed although for higher coefficients the test wasJof
necessity inconclusive. Fig.4 shows a typical result. The
importance of this result for the present analysis can hardly
be overestimated. Firstly it can be interpreted as a pustifi-
cation of the basic assumption although it must be pointed out
that nonfulfilment of the above criterion would not have dis-
credited the linearised free-wave theory as such, in view of
other possible distmmbing factors like i) local wave of the
Shippdii) viscous effects and iii) experimental errors.
Secondly it points a way to eliminating just such errors by
.analysing more than two sections and calculating the spectrum
by at least squares fit. An examination along these lines
brought out the important result that with our data at least
five sections were necessary to get steady values for the
spectrun, :

Fig.5 shows a comparison of the spectrum obtained by testing
the same model at about the same speed but in two different

tanks and measuring the wave sections by different techniques.
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The small tank results shown by open dots were averaged from
the 31 stereophotogrammetrical sections just mentioned, The
large tank results were derived from six sections recorded by

a sonic wave transducer by using the real and a hypothetical
tank width. In order to correlate the different tank wave
numbers the spectrum is plotted on the transverse wave number
u. However, the actual V-scales as well as scales for w and 8
are added for the sake of comparison. Correlation of amplitudes
was achieved by plotting kObAv instead of Ay, . It will be noticed
from (4.6) that the phase i)cannot be determined uniquely. By
convention the value closest to the point of reference (in this
case the stern) is plotMg.S thus explaining the steps.
Following conclusion is made. Provided a sufficient number of
sections (five or more) is available to eliminate statistical
errors the present analysis yields a fairly consistent spec-
trum which is reproducible, insensitive to the measuring tech-
nique and invariant with respect to change of actual or
hypothetical tank width,

The next logical step wohld be the verifacation of ship-wave
theory by comparing the calculated and measured spectrum, But
let e first pause to compare the integral effect of the

spectrum, namely the wave resistance.

Comparison of wave resistance: The comparison of wave resistance

is a ticklish affair because apparently there is no rigid de-
finition of wave resistance in a real fluid (cf. BIRKHOFF et
al.[7)). Nevertheless an attempt has been made to evaluate the
significance of the resistance calculated from the measured
free—~wave spectrum by comparing it with what are conventionally
called calculated and measured wave resistance. Curve 1 in
Fig.6 represents the wave resistance of the generating source
distribution of the Inuid S201 calculated by HAVELOCK's theory.
Curve 2 has been derived from the total measured resistance
by use of the HUGHES [8 | (1954) friction fermulation for I
estimating the viscous component., The assumed form factor of

1.18 is essentially confirmed by resistance measurements at low

Froude numbers, tests with submerged models, geosim analysis
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Y el o
and wake analysia. SemiEaMpirieal corrections have been

devised by INUI [2]7 to reconcile calculated and measured

curve by taking account of viscosity and nonlinearity in terms
of modifications to the free-wave system. They can also be
used to predict the resistance of the free-waves behind the
model., The curve 3 has been obtained in this way by using
the values published by INUI [2} for the model S201. The reason
for the discrepancy between 2 and 3 is the attenuation of
the bow wave during the propagation along the ship. According
to INUI if GB be the theoretical bow wave then the actual bow
wave is YCB at the bow and aly at the stern. Consequently if
R be the resistance of the bow wave alone, the discrepance
betwwen 2 and 3 will by (y - a )R . Although this idea
is implicit in the proposals of INUI and his predecessors, who
have almost all used a bow-wave attenuation factor, it has
rarely, if ever, been stated. This is rather surprising in view
of its implications to the prospects of a suc#essful waved
analysis behind the ship.

Finally Fig.6 shows the points 4 ©being the result of the
wave analysis actually carried out for 15 speeds over the
entire interesting range of Froude number, It is seen that

the resistance obtained from wave analysis is generally lower
than the conventional measured wave resistance, the percentage
discrepance being gtreater for lower Froude numbers. On the
other hand the agreement between the predicted and actual
result of wave analysis is remarkable thus supporting the
above argument and apparently vindicating INUI's proposals.
However, it should be pointed out that the above argument is
only one way of explaining the difference between 2 and 4 .
The influence of other assumptions involved in 2 and 4
should not be disregarded. The agreement between 3 and 4
should be checked not only in resistance but over the whole
spectrum before drawing final conclusions. This will be done
presently but it is first necessary to study the theoretical I
free-wave spectrum of the Inuid and how it is affected by

the various correction factors proposed by INUI.
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Theoretical free—-wave spectrum: The source distribution
associated with the S - series Inuids is given by (cf.[2}p.193)

(4.7) 6 = (8BY/L2)x
over the surface —//z=X"=//2 ; -7’&2:’-0/‘ i:c?
and zero elsewhere. lere B is the breadth of the corresponding

Michell ship and not:- the Inuid. We shall however retain this

symbol as a convenient measure of source strength, especially

in the form B/L, The free-wave system of this distributdon in

a symmetric tank of width b is easily calculated (cf. EGGERS

13?2 pI 105]) N o £

ey =_§ﬁ‘§_/@“_”ﬁ$i;éﬁe 2 éod %Z))ﬁ-e""rﬁ_féy/%:j(m‘?@‘
: V=0 Ay + _

A’ab[.‘z \
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In analogy with (4.2) the amplitude spectrum is given by

‘é)‘—mﬂ&ﬁ—)/f—e”k";’)'

e
a0y Sp= 0 ) el Hin e fse(y L) > 0

i:%cﬂwy. ; = O
It is thés spectrum which we are going to compare with the

4B [ shnfis
b, =
( 9)/%# f:«”aé[_z .
and the phase by

measured spectrum of the Inuid S201 at all speeds tested. In
order to show the general features the amplitude spectrum for
five selected values of the velocity parameter fo has been:
plotted in Fig.7. For this purpose a nondimensional form has
been chosen but dimensional scales applying to our model are
added., This diagram shows the advantage of multiplying the
amplitude by ko. The function plotted has the same order of
magnitude in the entire range of interest. Nondimensional longi-
tudinal wave number has been chosen as the base because the zeros
are then independent of Yo' But separate scales of transverse

wave number have also been shown for each Yo'

Corrections to free-wave spectrum: It was stated at the outset

of the paper that the ultimate aim would be to scrutinize the
validity of INUI's elaborate system of corrections by comparing
the theoretical and measured spectra. Before beginning with

such comparison let us first enumerate them and then illustrate

their effect by taking one at a time. The corrections are
[2, p. 205-- 215]:
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Finite wave height correction to bow and stern wave Y i
Hull's self interference correction to bow wave ol

Total correction to bow wave on reaching the stern a =y «o!

Viscosity correction to stern wave B
Total correction to stern wave B = yp*
Phase shift correction due to viscosity etc. 8

It is obvious that as far as our analysis of the waves behind
the ship is concerned we need consider only three factors,
namely o, 5 und &' To illustrate their effect formally let the
theoretical free-wave system be composed of bow and stern waves
as follows

(4.11) gf*?g) :%(X}-;)*“%/A’T%)

then the corrected free-wave system would be
(v.12) Lery) =aLgy)+BLs (r-dL, y)

or rewriting (4.8) as

szg > —Ay7 4 ) P L <V
(4.12) "gﬂ;g*g;s:’%/{abzf Ve - },-E—)Smé"’-l-z—/h);) f{ﬂﬂkﬁz—)hfy oo 6;‘

7‘““’# 7

Lk : s .
+2 523 'f hds, o ”7/&, 5wﬂ“—§+dé)“’}f"fdﬂﬂﬂ"é:%dz)”y;

the oorrected system would be p 2Ty
(%. 13)§ 0(2‘ ‘c‘? 4’/ / L/J;«ﬁxf‘/,vy-f{n/rw’* (,,:’_iﬁ.)’ !
"05*’—# Ky Fu } —

5 BT st st 1]

[N ] nf
It will be seen from the above that the corgections o and p &

applied alone can also be interpreted as corrections to virtual
breadth B or better to source strength parameietruBfLleButh *
cannot be regarded strictly as a virtual length correction
because it is not applied consistently to L in (4.13). The
following alternative corrections are proposed:

Correction factor to B/L of forebody

Correction factor to B/L of afterbody

Percentage correction to L

i !

To illustrate the subtle difference consider the corrected system
- system- '
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with L!? (1+d)L. It is clear that for & = 0 the new factors
& and Z?are equivalent tocx and,@ But even for small values
of J the difference in Z and g would be small except when
(wpL/2) is small i.e. at high speeds. Although the alternative
proposal may be practically no better than the original the
following argument is suggested. When applying empirical cor-
rections to a chain of causes and effects the more genefal and
persp1cuous would be a correctlon the earlger it is applied.
If wave resistance is the effect of the form then HAVELOCK's
[6] cor¥ections are more general than WIGLEY's [3] because
they are applied to the form rather than directly to resistance.
INUI’s corrections are intermediate in character for they are
applied to the waves and the above approach may push them back
one step along the causal chain by interpreting them as con-
sistent corrections to virtual form parameters.

Further a new separation correction £ to the stern wave was con-
sidered propted partly by the observed wave pattern and partly

by the measured spectrum. }/ ///
As can be readily seen it ' )} //
tends to cause a phase ,4#41—_5 AL

shift of the stern wave by <§;ﬁr&_;;;;i?pmh\ 1£L/2 B
(4.15) (5&/2);}( oL = /5.&/2/&{,,/&)’ e % N S\ X

It thus tends to compete with
the correction @ for higher values ofV .

The effect of all these corrections on amplitude and phase

spectrum has been illustrated by concrete examples in self~
explanatory Figs. 8 to 10, As is usual in nature the effect
of o’andfé is to round off the corners and the steps of the
theoretical amplitude and phase spectra. The quite different
effects of ¢f and £ in Fig.9 as well as Fig,10 should be noted.
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Comparison of calculated and measured free—-wave spectrum:

The calculated and measured spectrum of the Inuid S201 has
been e¢ompared for 18 épeeds in the light of the foregoing
corrections. Four typical results are reproduced in Figs. 11
to 14. (These cases are marked by crosses in Fig.6 to show
that INUI's corrections appear completely justified if only
resistance is compared.) Each Fig. shows besides the measured
amplitude spectrum (two sets in Figs. 11 and 12) three¢ cal-
culated curves. Firstly the uncorrected theoretical curve
lying as expected wide of the mark specially at lower speeds.
Secondly a corrected curve calculated strictly according to
the values of the correction factors given by INUI for his
model S201 [2, p. 342-4].disregarding any scale effect between
his model (L = 1,75 m) and ours (L = 4 m). And lastly a second
corrected curve found by adjusting the values of the factors
jest defined to fit the measured spectPum. This is not a sys-
tematic least squares fit but found rather by inspeectiom and - o
trial and error. However, it is unlikely that a substantially

.

better fit can be obtained by using these factors alone,

On the whole INUI's correction factors lead to a f@ir quali-
tative agreement with the result of our wave analyéis, which
is quite remarkable in view of the fact that his analysis was
based almost only on a study of the resistance curve. The

weak points of his set of corrections seem to be the contro-
versial factors & and a} and it is doubtful whether his inter-
pretations in terms of the transverse wave (= 0) is compatible
with the fesults of our analysis. However, it should be ad-
mitted that his transverse wave may mean something different
from the elementary wave considered here. His locally deter-
mined transverse wave would be more subject to the influence
of viscous wake than ours which has been averaged from the

entire wave system.

Good quantitative agreement can be obtained by adjusting the
values of the correction factors to the measured data. However
it becomes increasingly difficult for higher values of Froude
number and for higher 4 at any given Froude number.
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V. CONCLUSIONS

In view of the fluid state of the question of wave analysis
it would be premature to draw final conclusions without
hearing the other evidence to be presented at the seminar.
Nevertheless it may be expedient to underline the main
results of this paper.

Theoretically the possibility of determining the wave
resistance of a ship in horizontally unbounded fluid from
surface profile measurements along sections transverse or
lateral to the direction of motion has been shown using a
uniform approach based on the concept of the linearised
free-wave potential.

Experimental evidence has been brought from numerous stereo~
photogrammetric and sonic wave measurements that the actual
surface elevation behind a model in a towing tank can be
represBnted by a general linearised free-wave system with
good approximation. s

Comparison of the calculated and measured free-wave spectrum
of an Inuid in steady motion in the light of INUI's elaborate
semi-empirical corrections for viscosity and nonlinearity
vl have revealed features which could kardly have been detected
. by a comparison of resistance alone.
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APPENDIX

The variable resistance paradox: While deriving the relation

(2.23) between the spectrum of the linearised free-~wave system
(2.9) and the associated wave resistance with the help of the
rearranged momentum equations (2.6) and (2.7) it was t#citly
assumed that the condition of continuity (2.3) is exactly ful-
filled. Paradoxical mesults may be obtained if the following

complete momentum relations are used to calculate the wave
resistance of the linearised potential.,
From (2.1) and (2.2) we get for transverse sections

(A1) R = —«—Zf;a’ +—~,-,.»;f2 fz-—j”)a;ydz eV/,z.' Qf///j"agr@’a

/-._.

and for lateral sections

(a-2)R = &/ 0% dedr—&] £ dzm“—féw‘;a’&dx“- e!//sﬂmafr

The reason is that the last two terms in each equation, usually
neglected on grounds of continuity, may actually yield contri-
butions of the same order as the remaining terms if the linear-
ised potential is used. I fear, this paradox can be geniiinely
resolved only in terms of a higher order theory (ef, WHITHAM,
Journ,Fl.Mech,, Jan.1962) but the following modus vivendi with
the linearised potential is suggested. Consistent results can
be obtained if the linearised potential is regarded as the _
exact solution of the linearisdd problem, in which the upper
boundary is not the physical free surface F, but the geometrical
surface E (z = o) with the hypothetical property (2.16); there
is no wave height and no variation of potential energy but there

is a diffusion of fluid and momentum through the boundary E,
and ” can be retained as a symhol for --(V‘/g)"fx on E to show the
analogy with the real physical problem.

To illustrate the above argument let us consider the simple

case of a transverse plane wave in a tank of unit width. The
linearised potential is

(a.3) P = Al exp (ke 2) coskox)
and the linearised surface elevation

The usual procedure would be to start with the "linearised"




momentum or energy relation
g‘? - o 0/ 2 @.2)
(A.-5)- /\D:—"Zu = ‘?‘-‘_—z—"lm;‘g‘".fr/ 'z

intsoduce L, ¥ ,?92 according to (A.4) and (A.3) and obtain
the standard result

e 2
(A.6) R= :f A,
waéver, if we start from the exact momentum equation

(a.7) R=02/2d2 + ‘9//502 L)t 2~ QV//cz.a—QV/sP Az
Jg_.g
use (A.3) for ¢7 and calculate consistently to second order

in amplitude Ao we get the variable resistance paradox
= £ 3 S
(A.8) A= -%—?Q—,Z}Vz_/_ E’ﬁf‘r‘%: Lerz &0/’(}

The error resulting from the vielation of the condition of
continuity does not vanish even when averaged over x. A
higher order theory like that of STOKES would resolve the
paradox by demonstrating a small difference in mean level
and/or velocity between the control surfaces A and B. But the
alternative problem approach suggested above will also yield
consistent results. It can be verified using (A.3) that the
following equation of continuity is exactly satisfied,
(A.9) &’fpﬂﬁe —-&?/'g’aﬂr' é’f </¥-¥qt)6755 = -0

BE

B
Further the apprOprlate momentum equatlon

(A.10) R =/5 ,,,2 ﬂﬁﬂzjda — ‘?/ Bp. A

using (A.3) and the boundary condition @ _ = _ko§; on E again
leads to the standard result (A.6). It is interesting that
the contribution to R from diffusion through E in the arti-
ficial problem corresponds to the potential energy term in
the natural problem.

It may be noted that for all oblique elementary waves in a

tank the paradox does not arise. The unbounded fluid problem
is more complicated.
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PREDICTED BY LINEARISED WAVE THEORY

Qum\/. AL

SECTION N2

o (-

FI6. 4 TYPICAL PLOT OF FOURIER COEFFICIENT FOR CHECKING
"RPPLICABILITY OF LINEARISED FREE ~WAVE THEORY
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EFFECT OF & AND S8
EXAMPLE ,, = 10
o« = 99 -
oty

UNCORR.

UNCORRECTED (x=8=7)

------ CORRECTED (=q9 ; S=05)

CORR.

DETAILS

(@D Bow WAVE SPECTRUM : A®

@ UPPER ENVELOPE : A®+AS= 241
@ LOWER «  :A®-As 0

. ® RESULTANT SPECTRUM : A% + A%
(G Bow WAVE SPECTRUM : o A®
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EFFECT OF &

EXAMPLE : j,
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757 EXAMPLE : 4y = 13,62
Fr = 07976

DERIVED BY WAVE ANALXSIS :
Kobs =123,2 (SCALE y,.) o
Kobs = 3462(SCALE v, ) +

4 ' CALCULATED UNCORRECTED
CALCULATED CORRECTED :
I) INUI'S PREDICTION — —-———-—
| IZL) AUTHOR'S Fi7 TO
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CORRECT/ION FACTORS
T T T
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FIG. 11 COMPARISON OF AMPLITUDE SPECTRUM
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DERIVED BY WAVE ANALYSIS :
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CALCULATED UNCORRECTED
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I /4
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FIG. 13 COMPARISON OF AMPLITUDE SPECTRUM

-




10

4 EXAMPLE : f

A
Kob

|

MEASURED DATA

4923
0,378%
26, 72

DERIVED BY WAVE ANALYS/S  ©

CALCULATED UNCORRECTED

CALCULATED CORRECTED :
I) INUI'S PREDICTION
II) AUTHOR'S FIT TO

CORRECT/ION FACTORS

L I
X =0670 | & = 71,00
B =06%% | B = 0,58
d =0099 | & =—go5
| E = 0,74

”————’

FIG.74 COMPARISON OF AMPLITUDE SPECTRUM
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