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 A B S T R A C T

Floating offshore renewable energy systems rely on secure anchoring, e.g. drag embedment anchors (DEAs). 
DEA design involves balancing multiple objectives and considering various geometric parameters. Although 
multi-objective optimisation packages are widely available, DEA optimisation is still frequently handled 
heuristically. This study introduces a workflow that couples established semi-analytical DEA kinematics in 
MATLAB with multi-objective evolutionary optimisation (gamultiobj, based on NSGA-II) to identify anchor 
geometries that minimise anchor volume while maximising bearing capacity and penetration depth. Radar 
charts and the visualisation of the Pareto front across the design space provide interpretable structures that are 
not directly apparent from the governing equations alone. Three case studies are presented. The first identifies 
Pareto-optimal fluke and shank lengths and examines the influence of the boundary on the solutions. The 
second expands the design space to include fluke thickness, junction length, and fluke–shank angle. Clustering 
of Pareto solutions reveals three consistent geometric groups: (i) generally large anchors with small junctions, 
(ii) anchors with larger junctions and variable proportions, and (iii) anchors with broad flukes. A high fluke-
shank angle is consistently present across all groups and appears beneficial for all objectives. The third case 
applies a weighted-sum formulation to produce a single design. Overall, this study provides a workflow for 
optimisation-driven exploration of DEA design, including a classification of Pareto-optimal geometries that 
offers a compact way to assess trade-offs from concept to sizing.
1. Introduction

1.1. Drag embedment anchors

Drag embedment anchors (DEAs) are widely used for station-keeping 
of temporary and permanent floating structures, including ships, oil 
and gas platforms, and floating offshore wind turbines (FOWTs) (Cer-
fontaine et al., 2023), as presented in Fig.  1. In particular, FOWTs 
represent a key technology in the transition to renewable energy, which 
increases the demand for reliable and efficient anchor design under 
both installation loads and new loading conditions induced by turbine 
operation (Putuhena et al., 2023; Gourvenec, 2024).

Anchor optimisation has traditionally relied on heuristic approaches 
and remains an active field of research. In addition to ongoing empirical 
and analytical developments, numerical and experimental methods 
are increasingly used to quantify the behaviour of DEAs with greater 
precision, as shown in Fig.  2 (Delmar, 2018; Shin et al., 2011; Sharif 
et al., 2025; Dao et al., 2025a; Lai et al., 2025a; Fan et al., 2026; Wu 
et al., 2026).
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Semi-analytical models presented by Neubecker and Randolph 
(1996), Thorne (1998), and Dahlberg (1998) predict the anchor 
trajectory and bearing capacity of DEAs in clay using limit equilibrium 
analysis. International standards, including the ABS (2018), have 
incorporated subsequent enhancements by Aubeny and Chi (2010), 
Aubeny et al. (2011) which form the basis for this study. Numerical 
investigations of the anchor installation process using large deforma-
tion finite element simulations have extended the DEA analysis into 
three dimensions (Dou and Yu, 2018; Dao et al., 2023; Dao and Dicke, 
2024).

Both numerical and semi-analytical solutions highlight dependen-
cies on various parameters related to anchor geometry and seabed 
conditions, which complicates the derivation of a single optimal design. 
An effective DEA configuration must balance multiple performance 
criteria rather than optimising a single objective, emphasising the need 
for multi-objective optimisation. In the following, a possible multi-
objective optimisation approach for DEA geometry is presented, pro-
viding a workflow for exploration and classification of Pareto-optimal 
designs.
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Fig. 1. DEA-secured floating structures.

Fig. 2. Left: Centrifuge setup for DEA behaviour testing. Right: Contour plot 
of vertical stress distribution obtained from numerical simulations with CEL.

1.2. Multi-objective evolutionary optimisation in geotechnical engineering

Multi-objective evolutionary algorithms are suitable for DEA op-
timisation as they efficiently handle conflicting design objectives. As 
Pareto-based approaches, multi-objective evolutionary algorithms iden-
tify a diverse set of Pareto-optimal solutions, enabling a comprehen-
sive trade-off between various objectives. The trade-off ensures robust 
design selection based on project-specific constraints such as cost, 
material availability, or seabed conditions. Additionally, these algo-
rithms are able to handle nonlinearities and constraints inherent in DEA 
behaviour.

With adequate convergence and comparable parameter settings, 
similar Pareto fronts across established multi-objective evolutionary 
algorithms (e.g., non-dominated sorting genetic algorithm NSGA-II, 
gamultiobj, or SPEA) and many-objective evolutionary algorithms (e.g.,
NSGA-III) are to be expected. In this study, therefore, the gamultiobj 
(based on NSGA-II) in MATLAB is used and briefly summarised in the 
following.

NSGA-II has been widely applied in material parameter calibration, 
structure-soil interaction (SSI), topology optimisation, and foundation 
design. In material parameter calibration, NSGA-II has been employed 
to optimise constitutive model parameters and discrete element method 
(DEM) models, improving soil behaviour predictions (Gras et al., 2017; 
An et al., 2025; He et al., 2024; Zhong et al., 2019). In SSI problems, 
NSGA-II has enhanced the design of tuned mass dampers, bridge-
embankment transitions, soil reinforcements, and pile foundations, 
considering soil stiffness and dynamic response (Khoshnoudian et al., 
2016; Shan et al., 2022; Gong et al., 2013; Li et al., 2022; Deb and 
2 
Fig. 3. DEA model applied in this study.

Dhar, 2010; Zhou et al., 2023; Amanat et al., 2023). Cerek and Grabe 
(2022), Cerek et al. (2024) applied NSGA-II to optimise dike geometry 
for stability, including sustainability objectives such as CO2 emissions 
and material efficiency.

The gamultiobj function in MATLAB is a variant of the conventional 
NSGA-II algorithm by Deb et al. (2002a) regarding selection, diversity 
preservation, and genetic operators (MathWorks, 2025b). The gamulti-
obj algorithm is well-suited for DEA design because it can handle the 
multiple interdependent parameters and objective functions required 
by the process. The selection mechanism of the algorithm ensures a re-
liable search for global minima, making the algorithm an effective tool 
for geotechnical design applications that require balancing multiple 
performance criteria (MathWorks, 2025a,c).

1.3. Objectives and structure

This study aims to present a workflow for optimisation-driven ex-
ploration of DEA design and to identify patterns in Pareto-optimal 
geometries under the governing DEA equations. To this end, this work 
determines, which geometrical configurations of 𝐿f , 𝐿s, 𝜃fs, 𝑡s and 
𝐿j (Fig.  3) offer the most practical and efficient solutions based on 
existing semi-analytical approaches for DEA performance. Finding these 
solutions is essential for designing sustainable and safe offshore infras-
tructure. Therefore, this study employs a multi-objective framework 
to evaluate DEA designs, focusing on trade-offs between the following 
three objectives, including:

• Minimising volume of the anchor to reduce its mass, which eases 
the handling during installation and retrieval. A smaller volume 
also contributes to lower material costs, making the anchor more 
economically feasible.

• Maximising resistance of the anchor ensures greater holding 
power for the stability and safety of the anchored structure.

• Maximising embedment depth provides additional security
against pull-out due to external factors such as ship anchors and 
fishing equipment.

The three objectives represent efficiency, safety and
cost-effectiveness of the anchors.

Following the introduction, the model for DEA analysis is described 
in Section 2. Section 3 outlines the optimisation algorithm applied in 
this study. Section 4 presents three case studies in which the opti-
misation is used to identify Pareto-optimal anchor geometries. In the 
first case study, the optimisation is performed with two geometric 
parameters, i.e. fluke length 𝐿f  and shaft length 𝐿s. The second case 
study extends the parameter set by including three additional decision 
variables. Both studies yield a set of Pareto-optimal solutions repre-
sented by a Pareto front. In the third case study, a weighted sum of 



D.A. Dao et al. International Journal of Naval Architecture and Ocean Engineering 18 (2026) 100766 
Fig. 4. Process for the DEA analysis conducted by the MATLAB code: Computation of the anchor volume 𝑉 , the bearing capacity factor 𝑁e and the embedment 
depth 𝑧 throughout the drag distance while varying the fluke 𝐿f and shank 𝐿s lengths with the remaining input parameters staying constant.
Table 1
Input parameters for DEA analysis based on ADelmar (2018), BAubeny and Chi 
(2010) and CMurff et al. (2005).
 Parameter Value Unit Definition Source 
 𝐿f 2.9 to 4.0 m Fluke length A,B  
 𝐿s 4 to 8 m Shank length A,B  
 𝑡f 0.14𝐿f m Fluke thickness A,B  
 𝑡s 𝑡f m Shank thickness A,B  
 𝑤f 𝐿f m Fluke width A,B  
 𝑤s 𝑤f m Shank width A,B  
 𝐿j 0.25𝐿f m Junction length A,B  
 𝜃fs 50 ◦ Fluke–shank angle A,B  
 𝑆t 3 – Sensitivity B  
 𝛼 1∕𝑆t – Adhesion coefficient B,C  
 𝑚int 1.56 – Interaction coefficient B,C  
 𝑛int 4.19 – Interaction coefficient B,C  
 𝑝int 1.57 – Interaction coefficient B,C  
 𝑞int 4.43 – Interaction coefficient B,C  
 𝑏chain 0.1 m Line diameter A,B  
 𝑁chain 12 – Bearing factor B  
 𝐸n 1 – Multiplier B  
 𝑠𝑢0 2 kPa Mudline strength B  
 𝑘 1.60 kPa/m Strength gradient B  
 𝑑𝑡 1 – Distance step –  
 𝜃a,0 1 ◦ Anchor line angle –  
 𝜃f ,0 𝜃af0 − 𝜃a,0 ◦ Fluke angle –  

the objectives is applied to identify a single preferred solution from the 
Pareto front. Finally, Section 5 provides conclusions and an outlook on 
future work.

2. Governing equations for DEA analysis

This section presents the governing equations that describe the 
anchor volume, bearing capacity, and embedment depth. The equations 
are based on a DEA which is subjected to a combination of normal and 
tangential loading (𝐹n and 𝐹t), and a moment (𝑀), according to Fig. 
3. The presented analysis is based on relationships originally proposed 
by Murff (1994) for shallow foundations, which was later adopted 
and further developed by O’Neill et al. (2003) and Aubeny and Chi 
(2010). The latter approach serves as the basis for the MATLAB code 
used in the DEA analysis, as detailed by Dao et al. (2024b), with its 
general computational process presented in Fig.  4. The code is available 
at Chmelnizkij and Dao (2025). Table 1 lists all input values which 
include anchor geometries, soil conditions and interaction properties.

Anchor volume 𝑉

The volume 𝑉  directly correlates with the amount of material 
needed to manufacture a particular anchor design. The volume for the 
simplified DEA is calculated using Eq.  (1): 
𝑉 = (𝐿f + sin (𝜃fs)𝐿s)𝑡f𝑤f . (1)

Fig.  5 shows the optimum for the volume S1 for 𝐿f = 2.9m and 
𝐿 = 4m for the given input values.
s

3 
Fig. 5. Volume 𝑉  as a function of fluke length 𝐿f  and shank length 𝐿s, 
including the single-objective volume-optimal solution (S1).

Bearing capacity factor 𝑁e

To obtain 𝑁e, the combination of normal and tangential forces 𝐹n
and 𝐹t , and the moment 𝑀 acting at the centre of the fluke at 𝐿c =
𝐿f − (𝐿j + 𝑡s)∕2, as shown in Fig.  3, must be evaluated. The interaction 
of these loads is described through the function 𝑓 in Eq.  (2), as initially 
introduced by Murff (1994) for strip and rectangular plates and later 
applied to drag anchors by O’Neill et al. (2003), as well as Aubeny and 
Chi (2010). To find the bearing capacity factor 𝑁e, Eq.  (2) needs to 
equal 0: 

𝑓 =
(

|

|

𝑐1|| ⋅𝑁e
𝑁n,max

)𝑞int

+

(

(

|

|

𝑐3|| ⋅𝑁e
𝑁m,max

)𝑚int

+
(

|

|

𝑐2|| ⋅𝑁e
𝑁t,max

)𝑛int
)

1
𝑝int

− 1.

(2)

A detailed description of the parameters used in Eq.  (2) is provided 
by Dao et al. (2024b,a) and Cerek et al. (2025). Fig.  6 shows the bearing 
factor 𝑁e under varying loading angles 𝜃af , across a spectrum of fluke 
and shank lengths 𝐿f  and 𝐿s. A critical loading scenario arises when 
the moment is cancelled, occurring when the line of action intersects 
the central point of the anchor. Under these conditions, the bearing 
factor 𝑁e aligns with the rotational-neutral bearing factor 𝑁e0, which 
corresponds to the bearing factor 𝑁et (red curve) observed during pure 
tangential loading. In instances where these factors do not intersect, 
the code adopts the adjacent point, defined as the value of 𝜃af  that 
minimises the difference between 𝑁et and 𝑁e. In cases where these 
points intersect multiple times, the algorithm uses the initial intersec-
tion point to determine 𝑁e0 and ultimately obtains 𝑁e0. Fig.  7 shows 
the maximum bearing factor 𝑁e,max varying with the fluke and shank 
lengths, with its optimum S2 for 𝐿 = 𝐿 = 4m.
f s
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Fig. 6. Bearing factor 𝑁e(𝐿f , 𝐿s) over 𝜃af  and the bearing capacity factor with 
only tangential loading 𝑁et .

Fig. 7. Maximum bearing factor 𝑁e,max as a function of fluke length 𝐿f  and 
shank length 𝐿s, including the single-objective bearing factor-optimal solution 
(S2).

Embedment depth 𝑧

Fig.  8 presents the MATLAB code flow for the embedment analysis. 
The ratio of normal to tangential translation 𝑅nt0 is given by Eq.  (3): 

𝑅nt0 =

𝑁t,max
𝑁n,max

𝑝int𝑞int
𝑛int

(
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|

|

|
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|

|

|
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|

|

|

|
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𝑁t,max

|

|

|

|

𝑛int
)

1
𝑝int

−1

|

|

|

|

𝑁e0𝑐1
𝑁n,max

|

|

|

|

𝑞int−1

|

|

|

|

𝑁e0𝑐2
𝑁t,max

|

|

|

|

𝑛int−1
. (3)

The incremental changes in position and angle (𝑑𝑥𝑖, 𝑑𝑧𝑖, and 𝑑𝜃a,𝑖) 
are calculated according to: 

𝑑𝑥 = 𝑑𝑠 cos(𝜃f ) + 𝑑𝑠𝑅nt0 sin(𝜃f )

𝑑𝑧 = 𝑑𝑠 sin(𝜃f ) − 𝑑𝑠𝑅nt0 cos(𝜃f )

𝑑𝜃𝑎 = 𝑑𝜃𝑎𝑑𝑧𝑑𝑧.

(4)

A detailed description of the parameters used in Eqs. (3) and (4) is 
given by Dao et al. (2024b,a).

The results obtained by the embedment calculations are shown in 
Fig.  9. Fig.  10 shows the maximum embedment depths for the varied 
fluke and shank lengths, with the optimum result being S3 with 𝐿f =
𝐿s = 4m corresponding to the same geometry of S2. The resulting 
single-objective DEAs S1, S2, and S3 are presented in Fig.  11.
4 
Comparison to field data

Fig.  12 presents a comparison conducted by Aubeny (2017) between 
back-analyses using the described model and field data from five instru-
mented anchor installations. Measurements include both continuous 
tracking of horizontal and vertical anchor positions and discrete obser-
vations, such as the final anchor position after installation. The anchors 
examined are Vryhof and Bruce anchors. To ensure consistent compari-
son between calculated and measured trajectories, offsets were applied 
in both horizontal and vertical directions. Information regarding anchor 
geometry, mooring line properties, estimated soil strength profiles, and 
other relevant test details is provided by Yoon (2002) and Kim (2007), 
while the model parameters used in the back-analyses are summarised 
by Aubeny (2017). The comparison demonstrates that the model yields 
realistic predictions of anchor behaviour during installation.

With the governing equations established, the problem can now be 
formulated as a multi-objective optimisation task aiming to minimise 
the anchor volume 𝑉  while maximising both the bearing factor 𝑁e,max
and the embedment depth 𝑧max. The following section outlines the 
optimisation algorithm used to solve this problem.

3. Genetic optimisation algorithm and multi-objective approach 
for DEA optimisation

This section describes the gamultiobj algorithm in MATLAB applied 
in this study, which has been developed based on the NSGA-II by Deb 
et al. (2002a) for solving multi-objective optimisation problems. Crucial 
features of gamultiobj based on MathWorks (2025b) and Deb et al. 
(2002a), such as population management, selection mechanisms, and 
diversity control metrics like crowding distance and spread, are dis-
cussed in the following to provide insight into the methodology and 
the choice of optimisation parameters.

Population and evaluation

A population-based approach was followed in this study. A random 
initial population of candidate solutions was generated within the de-
fined decision variable bounds. Each individual represented a solution 
vector 𝐱 = (𝑥1, 𝑥2,… , 𝑥𝑛) ∈ R𝑛, where 𝑛 denotes the number of decision 
variables. The evaluation process maps each individual to a vector of 
objective values that defines the following minimisation problem: 

min
𝐱∈R𝑛

{

𝑓1(𝐱), 𝑓2(𝐱),… , 𝑓𝑚(𝐱)
}

. (5)

Initial population

A starting population of size 𝑁 is generated randomly within the 
decision variable bounds: 
𝑥𝑖,𝑘 ∼ 𝑈

(

𝑥min
𝑘 , 𝑥max

𝑘
)

, 𝑖 = 1,… , 𝑁, 𝑘 = 1,… , 𝑛. (6)

Here, 𝑥𝑖,𝑘 denotes the 𝑘th decision variable of individual 𝑖 , 𝑥min
𝑘 and

𝑥max
𝑘  denote the corresponding bounds and 𝑈(

𝑥min
𝑘 , 𝑥max

𝑘
) denotes the 

uniform distribution between the bounds. Fig.  13 shows a randomly 
selected population of individuals in the decision variable space for 
𝑛 = 2, within the bounding box [𝑥min

1 , 𝑥max
1 ] × [𝑥min

2 , 𝑥max
2 ]. The figure 

also shows the evaluation for two objective functions, 𝑓1(𝑥1, 𝑥2) and 
𝑓2(𝑥1, 𝑥2) in the objective space.

After the initial population of size 𝑁 is generated and all objective 
values are evaluated, a non-dominated sorting is performed on these 𝑁
individuals, and the crowding distance 𝑑𝑖 for each individual is com-
puted. The algorithm then assigns front ranks and crowding distances, 
followed by the selection of parents for crossover and mutation via 
binary tournaments.
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Fig. 8. Flowchart for computing embedment depth 𝑧: initialise iteration 𝑖, coordinates 𝑑d,𝑖, 𝑧𝑖, and angles 𝜃a,0, 𝜃f ,0; compute d𝜃𝑎,𝑖∕d𝑧 and increments 𝑑𝑑d,𝑖, 𝑑𝑧𝑖, 
𝑑𝜃a,𝑖; update 𝑑d,𝑖+1, 𝑧𝑖+1, 𝜃a,𝑖+1, 𝜃f ,𝑖+1; repeat until 𝑖 + 1 = 𝑖max.
Fig. 9. Embedment depth 𝑧(𝐿f , 𝐿s) over dragging distance 𝑑d.

Fig. 10. Maximum embedment depth 𝑧max as a function of fluke length 𝐿f
and shank length 𝐿s, including the single-objective embedment depth-optimal 
solution (S3).

Non-dominated sorting

Once all objective values are evaluated as shown in Fig.  13, individ-
uals are ranked using non-dominated sorting. A solution 𝐱 dominates 
another solution 𝐲 if it satisfies: 

∀𝑖 ∈ {1,… , 𝑚} ∶ 𝑓𝑖(𝐱) ≤ 𝑓𝑖(𝐲)
 and 

∃𝑗 ∈ {1,… , 𝑚} ∶ 𝑓𝑗 (𝐱) < 𝑓𝑗 (𝐲).
(7)

The first front consists of non-dominated individuals, while subse-
quent fronts contain individuals with increasing levels of domination. 
Fig.  14 illustrates the non-dominant sorting and the corresponding 
assignment of ranks to individuals, indicated by the colours of the fronts 
in the objective space.
5 
Fig. 11. Single-objective optimal anchor forms regarding 𝑉 , 𝑧max and 𝑁e,max.

Fig. 12. Comparison of semi-analytical solution with field data, showing the 
variation of penetration depth 𝑧 with respect to drag distance 𝑑d. All data are 
obtained from Aubeny (2017).

Crowding distance computation

To promote sufficient diversity, a crowding distance metric is used 
for each individual, which is defined as: 

𝑑𝑖 =
𝑚
∑

𝑗=1

𝑓 (𝑖+1)
𝑗 − 𝑓 (𝑖−1)

𝑗

𝑓max𝑗 − 𝑓min𝑗

. (8)

Here, 𝑓 (𝑖+1)
𝑗  and 𝑓 (𝑖−1)

𝑗  are neighbouring objective values in front 𝑗, and 
𝑓max𝑗 , 𝑓min𝑗  are the extremas in that front. Based on the front belong-
ing or rank and the corresponding crowding distance, the individuals 
or parents for the crossover and mutation are selected. Individuals 
with larger crowding distances are preferred, as they contribute to 
maintaining diversity along the Pareto front.
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Fig. 13. Evaluation of a randomly initialised population of individuals.

Fig. 14. Non-dominated and the ranking in different fronts.

Parent selection

Parents are chosen using binary tournament selection with rank, 
where Pareto front numbers are used, with lower numbers being pre-
ferred. The crowding distance 𝑑𝑖 is used as a tie-breaker. If two candi-
dates have equal rank, the one with larger 𝑑𝑖 is selected. The parents 
are then used to create additional individuals, referred to as children. 
The total number of 𝑁 children is generated by crossover and mutation.

Crossover

One fraction of the children is created by crossover and the other 
by mutation. The sizes of the fractions are controlled by the crossover 
fraction parameter 𝜌c: 
𝑁offspring = ⌊𝜌c ⋅𝑁⌋,

𝑁mutation = 𝑁 −𝑁offspring.
(9)

Arithmetic crossover of two parents 𝐱(1) and 𝐱(2) produces the children: 

𝐱′(1) = 𝛼𝐱(1) + (1 − 𝛼)𝐱(2),
𝐱′(2) = 𝛼𝐱(2) + (1 − 𝛼)𝐱(1),
for an 𝛼 ∼ 𝑈 (0, 1)

(10)

where 𝑈 (0, 1) denotes the uniform distribution on [0, 1].

Feasible mutation

For the remaining 𝑁mutation children, the mutation perturbs every 
decision variable by a small random amount while ensuring that the 
6 
Table 2
Input parameters for the optimisation algorithm.
 Parameter Value  
 Initial population size 800  
 Maximal number of generations 2000  
 Pareto fraction 0.7  
 Crossover fraction 0.95  
 Mutation adaptive feasibility 0.1  
 Function tolerance 1 × 10−6 
 Maximal stall generations 100  

resulting solution remains within its bounds. The perturbation 𝛥𝑖,𝑘 is 
randomly chosen for each component 𝑘 of an individual 𝑖 and added 
additively. 

𝛥𝑖,𝑘 ∼ 𝑈 (−𝜀𝑖,𝑘, 𝜀𝑖,𝑘) ⟹ 𝑦𝑖,𝑘 = 𝑥𝑖,𝑘 + 𝛥𝑖,𝑘 , (11)

where 𝑈 (−𝜀, 𝜀) denotes the uniform distribution on [−𝜀, 𝜀]. To enforce 
feasibility, 𝑥min

𝑖,𝑘 ≤ 𝑥𝑖,𝑘 ≤ 𝑥max
𝑖,𝑘 , with respect to lower and upper bounds 

the clip function is used: 
𝑥′𝑖,𝑘 = clip(𝑦𝑖,𝑘; 𝑥min

𝑖 , 𝑥max
𝑖,𝑘 )

= min
(

max(𝑦𝑖,𝑘, 𝑥min
𝑖,𝑘 , 𝑥max

𝑖,𝑘
)

.
(12)

The enforcement guarantees that each mutated variable 𝑥′𝑖,𝑘 stays 
within the allowed interval [𝑥min

𝑖,𝑘 , 𝑥max
𝑖,𝑘 ].

The crossover and mutation processes generate 𝑁 new individuals, 
in addition to the 𝑁 individuals in the initial population. All the 
individuals are sorted using the non-dominant sorting algorithm in Eq. 
(7), after which the crowding distance as shown in Eq.  (8) is computed. 
As in the parent selection process, the best 𝑁 individuals are chosen 
for the next iteration. The process is achieved by filling the slots with 
individuals of the fronts 𝐹1, 𝐹2,…  until the size reaches 𝑁 . If the last 
front 𝐹𝐿 only partially fits, the top individuals with the largest 𝑑𝑖 are 
selected.

Pareto fraction

The Pareto fraction parameter implements elitism with respect to 
Pareto dominance by reserving a proportion of the next generation 
directly from the best non-dominated solutions. After non-dominated 
sorting is applied, the number of elite individuals preserved without 
modification is defined as: 

𝑁elite = ⌊Pareto fraction ⋅𝑁⌋ , (13)

where 𝑁 is the target population size for the next generation. These 
𝑁elite individuals are selected by taking whole fronts in increasing rank 
order (starting from 𝐹1). The remainder of the population, 𝑁 −𝑁elite, 
is filled by selecting from the remaining individuals in 𝑅 according to 
their front rank and crowding distance, possibly involving recombined 
or mutated solutions.

Monitoring convergence and spread

After each generation, the algorithm computes two metrics on the 
current best front 𝐹1 of size |𝐹1|. Each solution 𝐱𝑖 has the objective 
vector 

𝑓 (𝐱𝑖) =
(

𝑓1(𝐱𝑖), 𝑓2(𝐱𝑖), … , 𝑓𝑚(𝐱𝑖)
)⊤. (14)

The centroid of 𝐹1 in objective space is defined as: 

𝑓 = 1
|𝐹1|

∑

𝑖∈𝐹1

𝑓 (𝐱𝑖). (15)



D.A. Dao et al. International Journal of Naval Architecture and Ocean Engineering 18 (2026) 100766 
The convergence is measured by the value 𝐶, the average Euclidean 
distance of front points to the centroid: 

𝐶 = 1
|𝐹1|

∑

𝑖∈𝐹1

‖

‖

‖

𝑓 (𝐱𝑖) − 𝑓‖‖
‖2

= 1
|𝐹1|

∑

𝑖∈𝐹1

√

√

√

√

𝑚
∑

𝑗=1

(

𝑓𝑗 (𝐱𝑖) − 𝑓
)2 .

(16)

The spread 𝑆 quantifies additionally the extent of the front 𝑖 by its 
maximum pairwise distance: 
𝑆 = max

𝑖,𝑗∈𝐹𝑖

‖

‖

‖

𝑓 (𝐱𝑖) − 𝑓 (𝐱𝑗 )
‖

‖

‖2

= max
𝑖,𝑗

√

√

√

√

𝑚
∑

𝑘=1

(

𝑓𝑘(𝐱𝑖) − 𝑓𝑘(𝐱𝑗 )
)2 .

(17)

The per-individual distance 𝑑𝑖 is a further metric to characterise 
the isolation or clustering of different solutions and is defined as the 
minimum Euclidean distance (nearest neighbour) of each solution as: 
𝑑𝑖 = min

𝑗≠𝑖
‖

‖

‖

𝑓 (𝐱𝑖) − 𝑓 (𝐱𝑗 )
‖

‖

‖2
. (18)

The metrics are displayed at each iteration and used as stopping 
criteria (e.g., function tolerance) for the optimisation process in the 
following section.

4. Case studies

To demonstrate the functionality of the optimisation framework, 
this section presents three case studies. Case study 1 analyses the 
boundaries of the variable space. Case Study 2 investigates how the 
Pareto front changes when different parameters are selected as decision 
variables. Case study 3 introduces a new objective function, which is 
formed as a weighted sum of the initial objective functions to identify 
a case-specific solution. For the case studies presented in the following 
paragraphs, the set of optimisation parameters is summarised in Table 
2.

The population size and the number of generations were set to 
relatively high values to improve robustness against premature con-
vergence and to ensure adequate exploration of the design space. 
This choice is motivated by the problem-specific characteristics of 
the optimisation, as the objective functions involve both analytical 
and numerical components, resulting in a highly nonlinear, poten-
tially non-smooth search space. Parallelisation was enabled to maintain 
computational efficiency.

4.1. Case study 1

For case study 1, the optimisation algorithm is applied for the 
parameters given in Table 1. The obtained 𝑉 ,𝑁e and 𝑧max objective 
space, is presented in Fig.  15.

Since the optimisation procedure is stochastic, multiple independent 
runs are typically performed to obtain statistically robust results. How-
ever, the computational cost of the current optimisation is substantial. 
Each run requires approximately one day for three decision variables 
and 2000 generations with up to 24 CPU cores on a local machine. Due 
to this high computational demand, a full statistical evaluation with 
a larger number of runs, such as 30, was not performed. Instead, 15 
independent runs with different initialisations were conducted. These 
runs consistently produced highly similar Pareto fronts and geometries, 
demonstrating stable convergence behaviour. Furthermore, a relatively 
large population size was selected to ensure broad coverage of the 
design space in the initial generation, thereby reducing sensitivity to 
random initialisation.

Figs.  16 and 17 show the convergence behaviour and diversity of the 
optimisation results. An average spread 𝑆̄ of 0.44 indicates a relatively 
wide distribution of solutions along the Pareto front. Most distances 
7 
Fig. 15. Solution set of the conducted DEA analysis Pareto front.

Fig. 16. Spread over each generation.

Fig. 17. Distance of Individuals.

between neighbouring individuals are below 0.01, suggesting a high 
level of clustering and reliable convergence in large parts of the front, 
also covering a broader range of alternatives. Only a few gaps up to 
0.12 were observed, indicating that the chosen sample was sufficiently 
large.

All Pareto optima are positioned at the boundary of the solution 
space (Fig.  15), suggesting that the lower and upper constraints of 
𝐿f  and 𝐿s may play a decisive role in defining the Pareto-optimal 
solutions. The fluke and shank length relationship is shown in the 
𝐿f ,opt -𝐿s,opt diagram in Fig.  18, where the fluke and the shaft length 
of the Pareto-optimal solutions corresponding to different boundary 
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Fig. 18. Solution set of the conducted DEA analysis Pareto front.

Table 3
Input parameters for volume and bearing capacity factor analysis.
 Parameter Value Unit Definition  
 𝐿f 2.9 to 4.0 m Fluke length  
 𝐿s 4 to 8 m Shank length  
 𝑡f 𝜆𝑡𝐿f m Fluke thickness  
 𝜆𝑡 0.1 to 0.2 – Thickness factor  
 𝐿j 𝜆𝐿𝐿f m Junction length  
 𝜆𝐿 0.2 to 0.3 – Junction length factor 
 𝜃fs 30 to 60 ◦ Fluke-shank angle  

conditions are plotted. To analyse the influence of the constraints, the 
upper and lower boundaries of 𝐿f  and 𝐿s were systematically varied. 
The results show that increasing the upper boundaries does not affect 
the location of the Pareto-optimal solutions. Likewise, modifying the 
lower boundary of 𝐿f  does not alter the Pareto-optimal region either. 
Only an increase in the lower boundary of 𝐿s leads to a shift in the 
location of the Pareto-optimal solutions. Overall, the boundary analysis 
shows that some Pareto-optimal solutions may fall outside the current 
variable space and that by excluding certain boundaries that do not 
influence the results, the solution space can be reduced for an efficient 
optimisation.

4.2. Case study 2: Parameterisation of additional anchor geometries

In this case, further anchor geometries are parametrised to identify 
Pareto-optimal anchor shapes. The additionally considered parameters 
include the fluke-shank angle 𝜃fs, the joint length 𝐿j controlled by the 
factor 𝜆𝐿, and the fluke thickness 𝑡f  controlled by the factor 𝜆𝑡. The 
parameter ranges used for this case are provided in Table  3. All other 
geometric properties remain unchanged, as defined in 1.

Fig.  19 illustrates that the algorithm successfully identified Pareto-
optimal solutions along the Pareto front within the defined solution 
space. The Pareto-optimal points of the extended DEA analysis, which 
incorporates additional decision variables, also consistently occur at 
the boundary of the solution space. Although the Pareto front covers a 
large portion of the possible solutions for 𝑧max and 𝑁e,max, a dominance 
of solutions with a volume below 10m3 is observed. A more detailed 
representation of the parameter behaviour is shown in the radar chart 
in Fig.  20.

To compare each decision variable directly, the axes were nor-
malised using a min–max normalisation applied globally across the 
full dataset of 560 Pareto-optimal individuals. Normalisation was done 
individually for each of the five decision variables (𝐿f , 𝐿s, 𝜃fs, 𝜆t , 𝜆L). 
The minimum values were subtracted from the observed values, and the 
result was divided by the range of that decision variable. The procedure 
mapped all values to the interval [0, 1].
8 
Fig. 19. Pareto front of DEA analysis parametrised for 𝐿f , 𝐿s, 𝜆𝑡, 𝜆𝐿 and 𝜃fs.

To identify distinct groups, hierarchical clustering with Ward’s 
minimum-variance linkage was applied to all Pareto-optimal geome-
tries. By finding the smallest increase in overall within-cluster variance, 
the method produces clusters that are as homogeneous as possible 
(i.e., points within each cluster are similar to each other) (Ward Jr., 
1963). The resulting dendrogram was cut to yield three distinguishable 
clusters, with a low Davies–Bouldin index of 0.73, indicating well-
separated, compact clusters (Davies and Bouldin, 2009). The final 
cluster sizes are 𝑛C1 = 242, 𝑛C2 = 232, and 𝑛C3 = 86.

• Cluster 1 (𝑛C1 = 242) has large values in 𝐿s, 𝐿f , 𝜆t and 𝜃fs, but a 
comparatively small 𝜆L. In terms of anchor geometry, the Cluster 
1 solutions correspond to a wide fluke–shank section and thick 
flukes combined with a high fluke–shaft angle and a relatively 
small junction area.

• Cluster 2 (𝑛C3 = 232) is defined by strong peaks in 𝐿f , 𝜆t and 
𝜃fs, while 𝐿s and 𝜆L remain moderate. The Cluster 2 solutions 
combine large flukes and thickness with a high fluke–shaft angle.

• Cluster 3 (𝑛C2 = 86) shows pronounced peaks either only in 𝜆L
or in both 𝜆L and 𝜃fs.

Fig.  21 illustrates three anchor geometries representative of each 
cluster. A high fluke–shank angle 𝜃fs observed across all clusters is 
consistent with practical experience of greater embedment and higher 
load efficiency at larger angles in clay (Delmar, 2018). The cluster pat-
terns align with established mechanics of drag and plate type anchors: 
resistance scales with the soil reaction mobilised normal to the load 
and the projected fluke area, moderated by bearing factors (O’Neill 
et al., 2003; Aubeny and Chi, 2010; Zhou et al., 2020; Roy et al., 2022; 
Gaudin et al., 2006). Thus, geometries with broader and thicker flukes 
are expected to deliver higher capacity, at the cost of increased volume. 
Clusters 2 and 3 follow this area-driven trend, whereas Cluster 1 reflects 
a capacity–volume trade-off by limiting junction length while retaining 
favourable fluke dimensions and angle.

Interpretation of the identified clusters must account for the under-
lying modelling assumptions. The semi-analytical framework is valid 
primarily within the geometric ranges examined in physical and numer-
ical studies. Therefore, extreme geometries should be considered with 
caution. Furthermore, practical constraints such as installation stability, 
including fluke-shank angle, and the assumed soil strength profile may 
affect the applicability of the identified optimal configurations. Further 
discussion of these aspects is provided in Section 4.4.

Figs.  22 and 23 indicate good convergence and acceptable diversity. 
An average spread 𝑆̄ of 0.20 reflects a moderately uniform distribution 
of solutions along the Pareto front. Most distances between neighbour-
ing individuals were below 0.01, suggesting a high degree of clustering 
and reliable convergence. The convergence metrics further indicate 
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Fig. 20. Pareto-optimal parameters in 𝐿f -𝐿s-𝜆𝑡-𝜆𝐿-𝜃fs space.
Fig. 21. Examples of the optimised anchor forms in the scope of this study.

Fig. 22. Average spread 𝑆̄ = 0.203283.

that the optimisation process stabilised after approximately 500 gen-
erations, as no significant changes in the Pareto front or its spacing 
were observed beyond this point. The optimisation was still continued 
up to 2000 generations to verify the robustness of the results and 
to confirm that no further improvements or transitions to alternative 
solution regions occurred.

4.3. Case study 3: Finding a single optimal solution from the multi-objective 
optimisation

In the previous two case studies, multiple possible optima were 
identified. A scalar objective function containing all relevant objectives 
9 
Fig. 23. Distance of individuals.

maps each design to a single scalar value by combining its individual 
performance metrics through user-defined weights. The scalarisation 
enables the selection of a specific solution by tuning the relative 
importance of competing criteria.

To select a single compromise design, an objective function 𝐾(𝐱), 
that combines anchor volume 𝑉 , bearing factor 𝑁e,max and embedment 
depth 𝑧max, is introduced. Each design 𝐱 is evaluated by 
𝐾(𝐱) = 𝑤𝑉 𝑉n(𝐱) + 𝑤𝑧

[

1 − 𝑧max,n(𝐱)
]

+ 𝑤𝑁
[

1 −𝑁𝑒,max,n(𝐱)
]

,
(19)

where 𝑤𝑉 , 𝑤𝑧, and 𝑤𝑁  are user-defined weights that adjust the em-
phasis on material usage, embedment depth, and bearing factor, re-
spectively, and the subscript 𝑛 indicates normalised values. The weights 
could be coupled with actual costs. By construction, larger embedment 
depth and bearing factor reduce the corresponding terms in 𝐾, whereas 
larger volume increases the first term. In this study 𝑤𝑉 = 𝑤𝑧 = 𝑤𝑁  are 
set to 1, yielding 
𝐾(𝐱) = 𝑉n(𝐱) +

[

1 − 𝑧max,n(𝐱)
]

+
[

1 −𝑁𝑒,max,n(𝐱)
]

. (20)

The new optimisation problem is to minimise 𝐾(𝐱). This single-
objective problem can be solved using various methods, including 
genetic algorithms. The corresponding single optimal solution identi-
fied by the objective function (white triangle) is presented in Fig.  24. 
The solution lies within the Pareto front of the multi-objective problem. 
This is the case when the weights are positive numbers. Conversely, 
not every Pareto-optimal solution can always be represented as the 
minimum of a weighted sum.
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Fig. 24. Solution set of the conducted DEA analysis with Pareto front and 
weighted single optimum.

4.4. Limitations

As with any evolutionary optimisation, the outcome depends on 
parameter selection and algorithm configuration, such as crossover 
and mutation rates, population size, and termination criteria. Although 
these settings can be managed with sufficient attention, the results are 
predominantly determined by the underlying equations that describe 
DEA behaviour, rather than by the optimisation algorithm itself.

The study applies a frequently used simplified geometric model of a 
DEA in combination with a single set of soil parameters, which reduces 
the number of variables and the complexity of the objective functions.

The semi-analytical framework adopted in this study is primarily 
valid within geometric ranges that have been investigated in physical 
model and field tests. Extreme geometries, such as exceptionally long 
or thick flukes, fall outside this validated range and should therefore be 
interpreted with caution. For example, previous numerical studies have 
demonstrated that variations in fluke width can influence embedment 
behaviour, with larger fluke widths increasing anchor rotation and 
leading to less stable embedment paths (Zhang et al., 2023).

In addition, the fluke-shank angle has been identified as a critical 
design parameter. While optimisation suggests that larger angles may 
enhance performance, excessively large angles can cause instability 
during embedment or reduce penetration efficiency, as demonstrated 
in physical model tests by Liu et al. (2010). Therefore, geometric 
feasibility and installation stability impose practical constraints that are 
not fully addressed in the current formulation.

Soil conditions are represented by a simplified undrained shear 
strength profile with a constant gradient. Due to geometric nonlin-
earities associated with large rotations and the coupling between em-
bedment depth and projected area, the system response does not vary 
linearly with the strength gradient. Variations in the gradient may 
influence both the absolute capacity and the relative performance of 
different geometries. A comprehensive parametric study is required to 
evaluate the robustness of the identified optimal configurations with 
respect to changes in shear strength gradient.

More complex soil conditions, such as layered or spatially variable 
profiles (Peng et al., 2021; Lai et al., 2025b), were not considered and 
may further influence anchor behaviour. The presented workflow al-
lows for the integration of such complexities, including more advanced 
modelling approaches for soil–anchor interaction (e.g., numerical meth-
ods, contact formulations, or advanced constitutive models Ma et al., 
2022; Singh et al., 2021, 2023; Liu et al., 2021; Dao et al., 2025b), as 
well as extended design spaces that incorporate additional geometric 
parameters.
10 
5. Conclusions and outlook

This study presents a framework for optimising the geometry of 
DEAs for floating offshore structures, considering various objectives 
simultaneously, by using a multi-objective evolutionary algorithm. The 
presented approach enables the identification of anchor designs that 
minimise volume while maximising bearing capacity and penetration 
depth. The results show that suboptimal designs can be excluded and 
improved boundaries for the design parameters can be established. The 
generated Pareto front enables users to identify case-specific solutions, 
either by directly selecting from the Pareto front or by applying a 
single-objective optimisation with a weighted objective function. For 
the parameters considered in this study, three distinct design clusters 
were identified, which can be interpreted as three types of anchor 
designs. These findings indicate that additional decision variables and 
objective functions can be incorporated into the optimisation process 
in future work. The proposed framework also allows the parameter 
ranges to be further refined as new variables are introduced. Scaled 
prototype tests can be conducted based on these results, and the process 
may be extended through numerical simulations to validate and refine 
the findings. Finally, the simple anchor model applied in the frame-
work can be further developed, made more complex, or replaced with 
other approaches, as the framework is applicable to any anchor design 
formulation.
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 Nomenclature
 Symbol/abbreviation Description  
 𝐴f Fluke area  
 𝑏chain Line diameter  
 𝐶 Convergence  
 𝑐𝑖 Coefficient  
 DEA Drag embedment anchor  
 𝑑d Horizontal position  
 𝑑𝑑d Incremental change in horizontal position  
 𝑑𝑧 Incremental change in depth  
 𝑑𝜃𝑎 Incremental change in anchor line angle  
 𝐸n Multiplier  
 𝑓 Function for interaction of forces and  
 moment at centre of fluke  
 𝑓𝑖 Objective function  
 𝐹n Normal loading  
 FOWT Floating offshore wind turbine  
 𝐹t Tangential loading  
 𝑖 Iteration count  
 𝑘 Strength gradient  
 𝐾(𝐱) Objective function  
 𝐿c Centre length  
 𝐿ca Geometric auxiliary parameter  
 LDFE Large-deformation finite element (analysis)  
 𝐿f Fluke length  
 𝐿j Junction length  
 𝐿s Shank length  
 𝑀 Moment  
 𝑚int Interaction coefficient  
 𝑁 Population size  
 𝑛 Number of decision variables  
 𝑛int Interaction coefficient  
 𝑛C𝑖 Cluster size  
 𝑁chain Chain bearing capacity factor  
 𝑁e Bearing capacity factor  
 𝑁e0 Rotational-neutral bearing capacity factor  
 𝑁e,max Maximum bearing capacity factor  
 𝑁et Bearing capacity factor with only tangential 

loading
 

 𝑁m,max Normalised maximum bearing  
 capacity factor (moment)  
 𝑁n,max Normalised maximum bearing  
 capacity factor (normal loading)  
 𝑁t,max Normalised maximum bearing  
 capacity factor (tangential loading)  
 NSGA-II Non-dominated sorting genetic algorithm II  
 𝑝int Interaction coefficient  
 𝑞int Interaction coefficient  
 𝑅nt0 Ratio of normal to tangential translation  
 𝑠u0 Mudline shear strength  
 SSI Structure-soil interaction  
 𝑆t Sensitivity  
 𝑡f Fluke thickness  
 𝑡f Shank thickness  
 𝑉 Anchor volume  
 𝑤 User-defined weight  
 𝑤f Fluke width  
 𝑤s Shank width  
 𝐱 Solution vector  
 𝑥′(𝑖) Child  
 𝑥(𝑖) Parent  
 𝑥𝑖,𝑘 𝑘th decision variable of individual 𝑖  
 𝐲 Solution vector  
 𝑦𝑖 Individual solution  
 𝑧 Embedment depth  

 𝛼 Adhesion coefficient  
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 𝛥𝑖 Perturbation  
 𝜃a,0 Initial anchor line angle  
 𝜃af Loading angle  
 𝜃ca Geometric auxiliary parameter  
 𝜃f ,0 Initial fluke angle  
 𝜃fs Fluke-shank angle  
 𝜆𝐿 Junction length factor  
 𝜆𝑡 Thickness factor  
 𝜌c Crossover fraction parameter  
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