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The pressure-driven growth model is used to
investigate the propagation of a foam front in a porous
medium. Initially, the foam front moves forward due
to an imposed gas injection pressure. Later, however,
the injection pressure is reduced so that part of the
front, deeper down in the medium, switches to reverse
flow. The foam front is not, however, predicted to
retrace its original path. Along most of its length
moreover, the reverse flow front is predicted to move
surprisingly quickly, which also affects the total area
swept out. On the other hand, some parts of the
front very close to the bottom move only slowly
in reverse flow, such that the front is predicted to
develop a kinked shape. Perturbations superposed on
the front shape can also cause it to develop sharp
concave corners. Overall, the findings enhance the
understanding of foam behaviour in porous media,
when sudden changes in flow direction occur during
the course of the flow.
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1. Introduction

There are numerous scenarios which involve foamed gas displacing liquids in porous media.
These include, e.g. foam improved oil recovery [1-4], soil remediation [5-9] and aquifer
remediation [9-12]. These applications rely on the surprisingly low mobility of foamed gas in
porous media, or equivalently the surprisingly high resistance to flow of foamed gas. Indeed,
foamed gas is not only orders of magnitude more resistant to flow than unfoamed gas, it can also
be more resistant to flow than the original liquids present in a medium [13-17]. Foam can thereby
act as an effective blocking agent preventing or at least significantly reducing flow from one part
of a medium to another, especially in the presence of heterogeneities [18]. This can for instance
prevent the spread of contaminants in a medium [19,20]. Conversely, controlling the flow [21-23]
of the least mobile fluid (i.e. foamed gas) present in a medium also controls the flow of all other
fluids present.

In the context of mitigating climate change, there is much interest in capturing carbon dioxide
and injecting it into porous media for storage [24,25]. It has been proposed [24-26] that foaming
CO; could be part of the strategy for directing it into media in a controlled fashion, and also
for maintaining it in situ. However, questions then arise [27,28] as to what might happen if one
begins to inject at a reduced rate (e.g. by reducing an injection pressure). This may need to be done
deliberately (e.g. to manage changes in throughput in response to downhole pressure build up
and to prevent fracturing rock [29] which could otherwise lead to CO, escape). It may also happen
unplanned (e.g. due to pump failure or a reduction in the performance of a pumping system). In
an extreme case, further injection might be stopped altogether and thereafter the system is shut in
[27]. It is then relevant to ask how foamed CO; already in a medium would continue to flow and
redistribute in situations like this. Similar questions could arise for temporary seasonal storage of
other gases, e.g. green hydrogen [30,31]. Foamed gas could be stored in a porous medium (e.g. a
geological formation). For the gas to be used, however, eventually injection would need to stop
and extraction would begin. It is interesting then to ask from which parts of the medium gas
would be extracted, and in which parts of the medium it would remain. These then are the sorts
of questions that will be addressed here.

Tackling questions like these, so as to understand how a reduction of injection pressure affects
flow behaviour of foamed gas and liquid in a large-scale porous medium, typically requires a
Darcy-type model for the fluid flow fields throughout the entire medium [32-36]. This needs to
be coupled to a foam model, describing how much less mobile (sometimes orders of magnitude
less mobile) foamed gas is compared to unfoamed gas [13-17]. A phase transport equation (i.e.
a conservation equation for foamed gas and for liquid) is also required, again throughout the
entire medium [32-36]. Models containing all these various ingredients can be quite involved to
implement numerically [32-36]. There is, however, a simpler alternative, namely, the pressure-
driven growth model [29,37,38]. This is a special case of Darcy’s Law which, under certain
conditions and limitations to be described later, approximates how a foam front might propagate
inside a medium [29,37-46]. Pressure-driven growth is quick and simple to implement, because
it aims to describe just the foam front, not the entire medium. It can also be implemented easily
in cases with heterogeneous and/or anisotropic media [41,42,44], although attention often has
focused on homogeneous and isotropic systems [38,43,45]. Prior work on pressure-driven growth
has, however, been restricted to fronts that propagate forward without suffering any reduction
in driving injection pressure [29,37,38]. This is despite the fact that the physical ingredients
necessary to extend pressure-driven growth to a case involving a reduction in driving pressure
have already been determined [27,28]. The ingredients are available, but the extension to the
model has not been implemented. Hence, if a reduction in injection pressure were to occur,
the interesting questions of what might be predicted to happen to a foam front have not been
addressed. Implementing the model for this case and tackling these questions is therefore the
novel contribution of the present work.

In §2, we review the pressure-driven growth model and review also how to extend it to the
case of a reduction in imposed pressure. The discussion in §2 focuses on the physics of the model.
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Mathematical details are deferred until §3. After that, in §4, we analyse the model and discuss
what it predicts in general terms. Then, in §5, we present simulation results for the model. Finally,
in §6, we provide the conclusion.

2. Review of pressure-driven growth

In what follows, we first review the pressure-driven growth model, in the first instance without
contemplating any reduction in driving pressure (§2a). Readers already familiar with relevant
literature [29,37-46] may prefer to skip this material. Then, in §2b, we review literature on the
extension of pressure-driven growth accounting for a reduction in injection pressure [27,28]. Not
only is reduction in driving pressure interesting in the context of applications (e.g. gas storage
in porous media as already mentioned above), it also turns out to be of inherent interest in the
context of the physics of the pressure-driven model itself. This aspect is also discussed in §2b
helping also to motivate the study.

(a) Pressure-driven growth considering only forward flow

The situation modelled by pressure-driven growth [29,37—46] is as follows (see figure 1a which
considers a two-dimensional system for simplicity, although generalization to an axisymmetric
case is possible [29]). Gas is injected into a medium already filled with liquid containing
surfactant. In other words, a slug of gas is injected after injection of a large slug of surfactant
liquid. Foam forms in situ. Specifically, there is a foam front which propagates forward with
finely textured foam immediately upstream, and coarsely textured foam located farther back.
Downstream of the foam front there is liquid (i.e. surfactant solution) that was present initially
throughout, but which has now been partially displaced by the foam.

Based on established foam mobility models [13-17], the mobility of the finely textured foam is
expected be significantly lower than that of either the coarsely textured foam or the initial liquid.
Since Darcy’s Law [32-36] predicts that pressure gradients scale inversely with mobility, it follows
that dissipative pressure drops occur predominantly in the finely textured, low mobility region.
Thus, once the foam front is quite some distance away from the point of injection, significant
dissipative pressure drops occur away from the injection region. This is noteworthy, since in
the case of axisymmetric injection, on geometric grounds, the highest velocities necessarily occur
close to the point of injection. The presence of foam means that the largest pressure gradients no
longer need to coincide with the highest velocities. Here, however, we elect to solve a Cartesian
system rather than an axisymmetric one, so it is definitely near the foam front where the largest
pressure gradients are anticipated. It is also assumed that (as drawn in figure 1la) the finely
textured foam occupies a region much thinner than the overall displacement distance that the
front has advanced. Thus, any dissipative pressure drop is assumed to be confined now near the
low-mobility foam front, although it is possible to query this assumption [28,47] as we discuss
later: see §2b and also electronic supplementary material fig. S2 in the appendix.

Darcy’s Law also predicts [32-36] that front speed is proportional to the magnitude of pressure
gradient at the front. Provided an estimate is available of the assumed small but finite thickness
of the low-mobility foam at the front (discussed further in electronic supplementary material,
section A in the appendix), it is possible to relate pressure gradient to pressure drop. Hence, front
speed is proportional to the pressure drop across the low-mobility foam front. The pressure drop
is then estimated as the difference between the driving injection pressure of the gas upstream and
the hydrostatic pressure in the liquid downstream (with hydrostatic pressure in the gas upstream
being neglected compared to that in the downstream liquid). This estimate of pressure drop is
consistent with ignoring any dissipative pressures away from the front. It is this proportionality
between front speed and the estimated pressure drop which defines the pressure-driven growth
model [29,38].

Since the hydrostatic pressure in the liquid grows with depth, there is a well-defined depth
at which injection pressure and hydrostatic pressure balance. This is then the maximum depth
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Figure 1. Situation modelled by pressure-driven growth (a) forward flow (b) forward and reverse flow. A Cartesian system is
assumed in which the coordinate X is horizontal and Y is vertical.

to which gas can penetrate. Moving upwards from this maximum depth, the speed of the foam
front grows. Those parts of the foam front that are higher up thereby displace farther [29,38]. As
a result the front normal, which is also the direction of front propagation, points both to the right
and downwards, as indicated by the direction of arrows drawn on figure 1a. In other words, a
front moving to the right and downwards is considered to be undergoing forward flow.

To summarize, pressure-driven growth represents a simple, special case of Darcy flow for foam
in porous media [29,38]. It is, however, subject to a limitation that dissipation is assumed to arise
entirely from a thin region of finely textured foam at the foam front.

(b) Pressure-driven growth in forward and reverse flow

Thus far we have only described pressure-driven growth for injection into a system with no
reduction in pressure, which has been considered in numerous prior studies [29,37-46]. However,
we have not yet considered the effect of reducing the driving injection pressure, which is the
specific question to be addressed here, as discussed in what follows.

After a sudden reduction in driving pressure, there will be an upwards shift in the location at
which driving pressure and hydrostatic pressure balance. This will be called the neutral location.
Itis indicated by a dashed line in figure 1b. Above the neutral location, gas continues to be injected
and the foam front still propagates forward, albeit less quickly than before. Below the neutral
location, however, the foam front moves in the opposite direction, i.e. upwards and to the left as
figure 1b shows. Hence, this part of the foam front at least undergoes reverse flow [27,28]. Since
some parts of the front are still moving forwards, and other parts are moving in reverse, it unclear
a priori whether there is net injection or net extraction of gas.

The front speed depends now on the height difference between any selected location and the
neutral location. However, it also depends on whether the mobility of foamed gas in reverse flow
is the same as or different from that in forward flow. In fact, prior work [27,28] has found that
the forward and reverse mobilities turn out to be rather different, as §3 goes on to explain. What
that prior work achieved [27,28] was to formulate a two-dimensional pressure-driven growth
model for foamed gas in forward and reverse flow. It also determined (based on one-dimensional
fractional flow theory [47-50] along flow paths) the parameter values for front mobilities to be
inserted into that model, still subject to the limitation that dissipation is assumed to arise entirely
from finely textured foam neighbouring the foam front. However, as already alluded to, the model
itself was never actually solved. The novel contribution of the present work is to obtain solutions
of the model, analyse them, and thereby gain insight into how foam fronts reconfigure when
driving injection pressures are reduced.

One particularly interesting aspect of figure 1b is that, below the neutral location, the front
shape (as viewed from the region into which the front is propagating) is concave, whereas
elsewhere in figure 1b (and in figure la), it is convex. Concave regions in particular warrant
special attention, as they can be challenging to handle in the context of pressure-driven growth.
This is because concavities have the potential to focus into sharp concave corners [38,43,45].
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Physically, a sharp corner implies that the front reorients not over a length scale comparable
to the total propagation distance, but rather over an assumed somewhat smaller distance,
corresponding to the thickness of the low-mobility foam region at the front. However, the
presence of a concavity does not necessarily guarantee the formation of a sharp corner, as focusing
only occurs if the front travels a sufficient distance within the concave region [42,44]. Later on in
this work, we explore, under various conditions, whether or not sharp corners develop.

One caveat here is that, even after the onset of reverse flow, we continue to assume that low
mobilities are confined to a small region of space. Actually, this assumption has been queried
in the literature [28,47]. The issue is that, even when low mobilities are confined to a small
domain of liquid saturations near the saturation at a foam front [27], this need not correspond
to a small domain in space (see electronic supplementary material, fig. S2 in the appendix). The
issue arises both in forward flow and in reverse flow [28]. However, reverse flow exacerbates it:
when surfactant liquid is driven towards (or equivalently re-invades) a region of foamed gas, low
mobilities can occupy a really quite significant region of space [28,47], a fact that can be exploited
in well-stimulation treatments in a petroleum engineering context [51,52]. This, however, also
calls into question the validity of the model used here. That said, the model can tolerate moderate
increases in the thickness of the region over which low mobilities occur. All this does is to
slow down the speed at which the foam front moves [38], and hence extend the time scales for
foam front evolution (see electronic supplementary material, section A(c) in the appendix for
explanation). We work in terms of dimensionless variables, which results in these effects being
scaled out.

Understanding the mobilities that arise in a geological formation when liquid surfactant
solution re-invades a region filled with foamed gas [47] remains a challenging topic. It is possible
for instance that, during such a process, some of the gas from within the foam might dissolve into
the surfactant solution [53]. Furthermore, gas might also migrate vertically out of the foam swept
region. This gas might then be replaced by liquid (e.g. brine) from regions which the surfactant
has yet to reach, affecting in turn foam stability and foam mobility [53]. Effects like these are,
however, excluded from the simplified model for foam front mobility that will be used here.

3. Mathematical model and governing equations

The previous section focused on pressure-driven growth from a physical point of view. The
present section provides a more mathematical point of view, including governing equations.

As already explained, pressure-driven growth aims to model not the entire medium as a Darcy
model would [32-36], but instead just the foam front. Mathematically, the front is represented by
a curve across which the liquid fraction (also called liquid saturation) exhibits a discontinuity.
This can be a discontinuous jump between finely textured foam and pure liquid (in the case of
forward flow) [29,38], but a more general discontinuity in the case of reverse flow (as will be
explained shortly) [27]. Either way, it is the propagation of this discontinuity that we are aiming
to track. Pressure-driven growth is therefore expressed as a Lagrangian model for front ‘material
points’, i.e. points that are advancing at the same velocity as the discontinuity. The evolution of
the front shape is then deduced by discretizing the front into a collection of such material points,
and following the trajectories of all those points [38].

(a) Dimensionless equations: forward flow

In this section and the next one, we present the equations that govern how the shape of the foam
front evolves with time. We work in dimensionless form. The original dimensional equations
[29,38] are presented in electronic supplementary material, section A in the appendix. One unit of
dimensionless distance represents the vertical extent over which the foam front can penetrate.
In addition, as we will see, half a unit of dimensionless time corresponds to the time after
which the foam front has propagated horizontally farther than it can propagate vertically [38]. In
applications involving gas storage in geological porous media, buoyancy sets a limit on vertical
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penetration of foam. Hence, foam is expected to propagate farther horizontally than vertically (as
e.g. figure 1 shows). Typically, therefore, we are interested in an evolution of up to several units
of dimensionless time.

To provide a sense of scale [29,38], in a typical field application, one unit of dimensionless
distance might correspond to approximately 100 m whereas a unit of dimensionless time might
be up to the order of months, which seems compatible with seasonal storage of an energy carrying
gas. These estimates (see electronic supplementary material, section A(c) in the appendix for
details) are based on gas injection at a pressure of approximately 10 atm above the pressure of
a geological porous medium, although the medium itself might already be at a significantly
elevated pressure relative to atmospheric conditions. Injecting at a lower pressure difference
between the gas and the medium would reduce proportionally both the unit of distance and the
unit of time (see electronic supplementary material, section A9c). Consequently, the front would
need less dimensional time to sweep a unit of dimensionless area. However, this would now
correspond to a much smaller dimensional area being swept, as the unit of distance is reduced
both vertically and horizontally. Thus, much less gas would be stored.

The dimensionless equations for pressure-driven growth in forward flow become

dx Y

E = S n (3.1)
and
ds dx
a =n. E. (3.2)

Here, X = (X, Y) is the dimensionless position of a Lagrangian material point on the foam front, s
is the dimensionless distance which it has displaced during injection and 7 is dimensionless time.
Also, n is the front normal, which is obtained by considering adjacent points that are also on the
foam front. For the solution domain, we are interested in values of Y satisfying 0 <Y <1, and
values of X, s and t, satisfying, respectively, X > 0,5 > 0 and 7 > 0.

The factor Y in the numerator on the right-hand side of equation (3.1) is a measure of how
much an imposed injection pressure in the gas is able to overcome a hydrostatic pressure in the
liquid which the gas is attempting to displace. At the bottom Y =0, for instance, the imposed
injection pressure is completely counterbalanced by hydrostatic pressure, and the front cannot
move. The factor s in the denominator of the right-hand side of equation (3.1) is a manifestation
of the thickness of a low-mobility foam front growing proportionally with the distance through
which the foam front as a whole has moved. This in turn increases the resistance to flow,
and so causes the front to slow down over time. Note that the low-mobility foam front is
considered thin, so its thickness is certainly not equal to the displaced distance, but instead is
proportional to it (see electronic supplementary material, section A(a) in the appendix for more
explanation). However, the proportionality coefficient has been hidden by the scaling used in
the dimensionless formulation (see electronic supplementary material, section A(c)). As written,
equation (3.1) assumes a homogeneous and isotropic medium, although extending to a medium
that is heterogeneous and/or anisotropic is possible [41,42,44] (see electronic supplementary
material, section A(a)).

Equations (3.1)-(3.2) need to be solved with a boundary condition, namely, that at Y = 1; flow
is along the top boundary, and hence the front normal satisfies # = (1, 0) there. The equations also
need to be solved with an initial condition at r =0, which is that the front is initially vertical,
ie. X=0 for all Y at time r =0. An initial condition for s is also needed. One option is to select
s = 0 initially for all points on the front, but that is awkward numerically [38], as s appears in the
denominator of the above mentioned equations. We therefore select instead s = s initially, where
so > 0 here is an arbitrarily chosen small but finite value. We choose sp = 0.001, but the exact choice
is relatively unimportant [38]: once s has grown to become rather larger than sy, solutions cease
to be sensitive to sg.

Via the boundary condition, it is possible to predict using equation (3.2) that at the top of
the front (i.e. at Y =1), ds/dv =dX/dr. Thus at the top boundary, s = X + s9. Once s and X have
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grown significantly larger than sy, we have to a good approximation s ~ X at the top boundary.
It then follows via equation (3.1) that X ~ s ~ (27)Y/2 at Y =1. This then explains why, as already
mentioned, half a unit of dimensionless time corresponds to displacing horizontally one unit of
dimensionless distance [37,38].

The dimensionless mathematical model for forward flow is now specified. Dimensionless
equations incorporating reverse flow are described next.

(b) Dimensionless equations forward and reverse flow

If after a certain time, an imposed driving pressure is reduced, we have already mentioned that
some parts of the front continue moving forward (points above the dashed line in figure 1b),
whereas other parts of the front undergo reverse flow (points below the dashed line in figure 1b).
The equation for forward flow involves only a minor modification relative to equation (3.1),
namely,

dX (Y - Yneut)

dr = s "
where Yneut, satisfying 0 < Yneut <1, denotes the neutral location, in other words it represents
the location of the dashed line in figure 1b. Physically, Yneut represents the relative amount by
which pressure has been reduced. For example, selecting Ypneut =0.5 corresponds to halving

, (3.3)

the amount that the driving pressure for the flow exceeds the pressure within the geological
porous medium. Equation (3.3) applies for Y > Yneut. Here, the factor (Y — Yneut) represents a
dimensionless difference between an imposed driving pressure in the gas and a hydrostatic
pressure in the liquid, but accounting for the fact that the gas pressure is no longer as large
as before. Thus, the velocity predicted by equation (3.3) is clearly less than that predicted by
equation (3.1), and indeed a point at the neutral location Y = Ypeut ceases to move altogether.

In the case of reverse flow, we have instead

d7X_ |Y_Yneut| (ifl)
dr (max(Sswitch — Ssince, 0) + Mfwd/rev Ssince) \ AS] rev/fwd

which applies for Y < Ypeut, such that again a point at Y = Yneut ceases to move altogether. Here,
Sswitch 15 the value of displaced distance s which a material point had accumulated while originally
moving forwards, up to the instant at which pressure was reduced so that the point switched
direction and began flow reversal. Also, Mfyq,rev is a ratio of mobilities (to be explained shortly;
see also electronic supplementary material, fig. Slc-d in the appendix), and (Af;/AS))rev/fwd
(again to be explained shortly) is a ratio involving a jump in a quantity known as fractional flow
fi and a jump in liquid saturation S; (further details can be found in electronic supplementary
material, fig. Sla-b in the appendix). In addition, Ssince is the distance that a point has displaced
since flow reversal began, which satisfies (analogously to equation (3.2))

dssince —n dix
dr “dr’
This equation requires an initial condition at the time denoted 7gyjtn, at which flow reverses. This
time 7gyitch Will be referred to as the switching time. Compatible with the initial condition used in
equation (3.2), we set Sgince = So When 7 = Tqyitch. As mentioned earlier, sy is an arbitrarily chosen
small but finite value (with the value sy = 0.001 selected here). Once sgince has grown rather larger
than s, solutions cease to be sensitive to sy. A boundary condition is also imposed that the front
is mirror symmetric about the Y-axis, i.e. figure 1b shows just half of the mirror symmetric shape.
Note that during reverse flow, it is considered that the front normal # has switched direction, i.e.
below the dashed line in figure 1b, the front normal # tends to point upwards and also to the left.
On the Y-axis, however, mirror symmetry requires that n = (0,1). The aforementioned switch in
direction of n explains why an absolute value is used in the term |Y — Ypeut| in equation (3.4):
as discussed already, this term represents a difference between liquid hydrostatic pressure and
imposed driving pressure in the gas. Other terms appearing within equation (3.4) are described
in the following sections.

n, (3.4)

(3.5)
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Table 1. For the foam model employed here, ratios of parameters during forward flow and during reverse flow as used in
equation (3.4) or analogously in equations (3.6)—(3.7).

Mfwd/rev (AfI/ASI)rev,O/fwd (Af//AS/)rev,oo/fwd

(c) Resistance to flow

Equations (3.1) and (3.3) have just a single term s in the denominator (representing resistance to
flow presented by the foam front). By contrast, the denominator of equation (3.4) contains (at least
in the case for which Ssince < Sswitch) @ sum of two terms Sqwitch — Ssince and Ssince Mwd/rev- This
sum in the denominator follows from the nature of the front in reverse flow [27]. As mentioned
already, the front is a discontinuity in liquid saturation which we try to track. However, there is
no longer a jump from a saturation corresponding to finely textured, low-mobility foam on one
side to pure liquid on the other. Instead, as will be explained below, there is a jump in saturation
from a finely textured low-mobility foam on one side to another finely textured, low-mobility
foam (but with slightly higher saturation and even lower mobility) on the other [27]. The terms in
the denominator of equation (3.4) represent the sum in series of the resistance to flow offered by
each of these regions.

Specifically, the term sqyitch — Ssince epresents the resistance to flow from the region above and
to the left of the foam front in figure 1b, i.e. in what is now the downstream direction [27]. It turns
out to be at the same liquid saturation as is found immediately above and to the left of a front
undergoing forward motion. In reverse motion, however, this region starts to be consumed as the
front moves. It thereby becomes thinner over time (as can be seen in electronic supplementary
material, fig. S2 in the appendix), and so presents less resistance to the flow [27]. This explains
the rationale for having a term involving Sgwitch — Ssince Which decreases as sgince increases. We
emphasize that finely textured foam is found in what is, at least by assumption, a thin region
close to the front. We are not claiming that it extends over an entire region of size Sqyitch — Ssince,
but instead could correspond to a thinner region of size proportional to that. However, as also
happened in the equations within §3a, the proportionality coefficient has been hidden in the
scalings used in the dimensionless equations (see electronic supplementary material, section A(c)
in the appendix for details).

The term Mfydrev Ssince Within equation (3.4) also represents resistance associated with a
region of finely textured, low-mobility foam which is below and to the right of the front in
figure 1b, i.e. it is upstream of the front. This is newly formed when the front begins reverse
flow [27], and it grows in size as the front moves and hence as ssjnce increases. Using fractional
flow theory, it is possible to predict (as already alluded to) that this upstream region is at slightly
higher liquid saturation and also has significantly lower mobility than the downstream region
[27] (see electronic supplementary material, table S1 in the appendix for details, with a summary
in table 1). The value Mgydrev is the ratio of the downstream mobility (i.e. the one that appears
also in forward flow) to the upstream mobility (i.e. the one that appears only in reverse flow). This
then is a quantity rather greater than unity (see table 1, and in addition electronic supplementary
material, fig. Slc-d in the appendix). Given the low mobility on the upstream side, the front
does not need to propagate far at all before the resistance associated with the foam upstream
Miwd/rev Ssince begins to dominate that from the foam downstream sgyitch — Ssince-

A caveat here is that reverse flow involves driving liquid towards much less mobile foam,
which physically could lead to viscous fingering instabilities [13,54-57] that can arise as follows.
Suppose that a high-mobility region displaces a low mobility one, and that at a certain point, the
high-mobility region runs slightly ahead of the remainder of the front separating the two regions.
By having a flow path that now involves slightly more high-mobility fluid and slightly less low-
mobility fluid, viscous resistance is reduced, and so locally, points continue running ahead. Thus,
a finger can grow. This mechanism assumes, however, that resistance is distributed over the full
length of the domains extending either side of the front.
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This effect is not captured by the pressure-driven growth model, which makes a different
assumption regarding how resistances are distributed [29]. Resistances are taken to arise solely
from low-mobility foam in what are assumed to be thin regions neighbouring the foam front.
However, the front position alone is assumed to fix the extent of these thin regions. If liquid now
drives a low-mobility foam front ahead of it, a region of very low-mobility foam is assumed to
develop immediately behind the front. According to pressure-driven growth, displacing the front
causes the extent of this region to grow, which means that resistance increases overall, tending to
suppress fingering [58-60]. In effect, a limitation of the pressure-driven growth model is that
it makes an implicit assumption that viscous fingering is absent [29]. That said, even for the
pressure-driven growth model, there are still circumstances in which fingers can develop and
subsequently grow (e.g. due to channelling owing to spatially varying permeability [42,44], see
also §5g). It is purely viscous fingering [54] that is not captured.

(d) Propagation of a discontinuity

There is yet another complication which equation (3.4) considers. The effects already described,
namely, dimensionless driving pressures and dimensionless resistances to flow, strictly speaking
only give the velocity of the overall fluid (liquid plus foamed gas taken together). The propagation
velocity of the discontinuity (i.e. of the foam front) is proportional to fluid velocity but not equal
to it. It is, however, the discontinuity, rather than the overall fluid, which we aim to track.

To find how a discontinuity propagates, conservation equations are used: it is necessary to
know the ratio between the jump in liquid flux and jump in liquid saturation across it [61]. Liquid
flux, however, can be expressed as the product of overall fluid flux and a so-called liquid fractional
flow f; [48], with f; being a known function of liquid saturation S;. Thus, in the dimensionless
system studied here, what is relevant for determining the velocity of a discontinuity is the ratio
between the jump in fractional flow Af; and the jump in liquid saturation AS;.

What typically happens in systems with foamed gas (both in forward flow and in reverse flow,
see electronic supplementary material, fig. Sla-b in the appendix), is that jumps in fractional flow
Af exceed jumps in liquid saturation AS; [29,38], implying then a discontinuity that propagates
rather faster than an overall fluid velocity. However, if reverse flow is compared with forward
flow, typically the jump in saturation AS; is smaller in reverse flow. Thus, Af;/AS; tends to be
larger in reverse flow than in forward flow. The term (Af;/AS))rey/fwd appearing in equation (3.4)
is the ratio between Af;/AS; values in reverse and forward flow. The reason that forward flow
parameters affect equation (3.4) (even though it is nominally a reverse flow equation) is due to
the way that the equation has been made dimensionless, based on the set of scalings that were
already established for forward flow (see electronic supplementary material, section A(c) in the
appendix).

In forward flow, the value of Af;/AS; turns out to be fixed, regardless of how far the front
displaces. In reverse flow, however, the value of Afj/AS; can vary depending upon how far
the front displaces [27]. This, in turn, means that (Af;/AS)reyv/fwd can vary. To a reasonable
approximation, however, (see electronic supplementary material, section F in the appendix for
details) (Afj/AS))rev/twd takes a constant value (which is denoted (Af/AS))rev,0/fwd) provided
Ssince < Sswitch- 1t then takes another constant value (which is denoted (Afj;/AS))rey,00/fwd)
provided sgince > Sswitch [27]. As table 1 shows (see electronic supplementary material, table S1
in the appendix for details), (Af;/ AS))rev,00/fwd is rather smaller than (Afj/ AS;)rey,0/fwd. Note that
the case Sgince > Sswitch corresponds to a front which has propagated farther in reverse flow than
in forward flow. As will be seen, this situation can actually happen. However, it only happens to
some points on the front undergoing reverse flow; not all points undergoing reverse flow.

Once Sgince > Sswitch, as well as there being changes in the value of Afj/AS; or analogously
(Afi/AS))rev/fwd, yet another change also occurs here. Specifically within the denominator of
equation (3.4), one of the terms now vanishes. The low mobility region downstream of the front
has now been entirely consumed, so the only resistance is from the region upstream. Physically,
this implies that finely textured, low-mobility foam upstream of the front is being driven into an
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almost entirely gas filled region [27,28], rather than driven into finely textured, low-mobility foam
with just slightly different saturation downstream and upstream.
To summarize, the equations that must be solved are for sgince < Sswitch:

din 1Y — Yneut! (iﬁ) " (3.6)
dr ((8switch — Ssince) + Mfwd/rev Ssince) \ AS) rev,0/fwd ’
and for Sgince > Sswitchs
dx Y-V, A
dX _ 1Y~ VYneul (l) n (3.7)
dr Ssincerwd/rev AS) rev,00/fwd

4. Analysing the pressure-driven growth model

We have solved equations (3.1)—(3.7) numerically, using a numerical scheme described in
electronic supplementary material, section B (in the appendix). Before presenting numerical
results (in §5), it is interesting to analyse predictions from these equations more general terms.
This is done in §§ 4a—c to follow. Specifically, §4a argues that in two-dimensional systems, fronts
will not simply retrace paths taken during forward flow. Then §4b considers how front speeds
evolve at various stages during reverse flow. Finally, §4c discusses a point which instantaneously
has moved during reverse flow the same distance as it moved during forward flow.

(a) Failure to retrace paths

In a one-dimensional system [27], a reverse flow must always retrace the same positions as it
took during an original forward flow, albeit not necessarily at the same speed. In view of that,
an interesting question in two-dimensional systems (as sketched in figure 1) is whether the front
in reverse flow might again simply retrace the path that it took during the original forward flow.
However, this is not the case, as can be deduced from equations (3.1) to (3.4). For any individual
point that is on the front, the driving pressure difference in equation (3.4) for reverse flow (i.e. |Y —
Yneut| in the dimensionless system) is not the same as the pressure difference Y for forward flow
in equation (3.1). The resistance to flow that is presented in reverse flow, namely, (max(sswitch —
Ssinces 0) + Ssince Mfwd,rev) is also not the same as in forward flow, namely, s. Furthermore, the
factor (Afj/ AS))rev/twd (measuring the front speed relative to fluid speed) need not be the same at
all points along a reverse flow front (see equations (3.6)-(3.7)).

As a consequence, it is not only the case that reverse flow causes any individual point on the
front to move at different speed from what it had during an original forward flow. Instead, reverse
flow also implies a quite different ratio between the speed of a given point on the front and the
speed of neighbouring points on the front that are adjacent to it. This causes the front normal n
to reorient during reverse flow, precluding the possibility of retracing a path that was followed
during forward flow.

Indeed, it is for the very reason that points on the front do not retrace their steps, that there is a
possibility as per equation (3.7) that some points might travel backwards farther than they moved
forward originally. For example, if a point in forward flow starts off quite close to Y =0 and then
moves to the right and downwards as figure 1a shows, clearly it cannot move very far at all before
motion must then cease according to equation (3.1). Once reverse flow begins, however, equations
(3.6)=(3.7) could predict the point migrating all the way up to Y = Yneutr, which is farther than it
moved forward originally.

A rather different case would be a point which starts off close to Y =1, say, and then based on
equation (3.1) moves quite some distance to the right and downwards. If it happened to reach a
location just very slightly below Yneut followed by the onset of reverse flow, according to equation
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(3.6) it would thereafter barely move. There would now be no possibility of the distance travelled
in reverse flow attaining the same value as the distance travelled in forward flow.

(b) Comparing front speeds

The analysis just presented concerned specific cases in which the value of Y (in the numerator of
equation (3.1) for forward flow) is very different in magnitude from the value of |Y — Ypeut| (in
the numerator of equations (3.6)-(3.7) for reverse flow). Under these circumstances, it is obvious
that these equations predict very different speeds and also very different distances displaced. A
more subtle case to analyse is the one in which Y is neither very close to zero, nor very close
to Yneut, meaning that values of Y and |Yneut — Y| are comparable. In that particular situation,
equation (3.1) or indeed equation (3.3) can still predict very different speeds from those predicted
by equations (3.6) to (3.7). However, the differences arise now from other terms in the equations
(not from those terms in Y or |Y — Ypeut| in the respective numerators).

For instance, at the switching time zgyiich, When reverse flow begins, the denominator in
equation (3.6) is essentially sqywitch (because ssince is still negligible). Moreover, sqyitch inherits
the value s which the denominator of equation (3.1) had immediately before time zgyitn. The
implication is then that the front begins flowing faster in reverse than it had been moving in
forward flow, which follows because (Af}/AS))rev,0/twd in equation (3.6) is a value significantly
larger than unity (see table 1). This does not, however, necessarily mean that foamed gas itself
is moving faster than before, and indeed conservation laws for amounts of gas and liquid are
still respected by the computations used to obtain the value of (Afj/AS))reyv,0/fwd OF indeed
(Af1/AS))rev/fwa more generally [27]. In forward flow, the front separates a region containing a
mixture of liquid and foamed gas from a region containing only pure liquid. As §3d explains,
however, the reverse flow front can separate instead regions containing only slightly different
liquid saturations. What is tracked is just the location of the discontinuity. Thus the reverse flow
front does not sweep all available gas before it. Instead, there is a mixture of liquid and foamed
gas on both sides of the front, but with a higher proportion of foamed gas on the downstream side.
Sweep in reverse is not therefore as efficient as sweep during forward flow. This then indicates
another limitation of the pressure-driven growth model: the model makes it possible to compute
area swept by the foam front, but that is only a surrogate measurement of how much gas is
present. To determine the total amount of gas definitively, extra information would be needed
regarding how liquid and gas saturations are distributed throughout the medium.

Despite the reverse flow front starting with a high speed, this high speed is not sustained.
Given that Mgy g rev is rather larger than unity (see table 1), the front does not need to move far at
all before the term Mgy g rev Ssince in the denominator of equation (3.6) starts to become significant,
and this slows the front. If a point on the reverse flow front manages to travel a distance sgince that
approaches sgyitch, then the front speed reaches a level that is a comparable order of magnitude
to how fast the front was moving immediately before t4yitch. This follows because the front speed
obtained from equation (3.6) now involves a ratio between two large factors (Af;/AS)rev,0/fwd and
Mfwd/rev-

If sgince €ver exceeds sgyitch, however, then equation (3.7) starts to apply. A substantial fall
is then seen in how fast the front is moving since, according to table 1, (Afj/AS))rev,00/fwd iS
much smaller than (Af;/AS))rev,0/twd- The implication is that a point on the front is now moving
much slower than it was moving immediately before zgyitch- The large parameter Mgy qrev in the
denominator of equation (3.7) also indicates that motion must be slow.

(c) Backtrack point

At any particular instant, it might be possible to identify a specific location on a reverse flow
front which satisfies sgince = Sswitch, i-€. a location corresponding to a material point which has
backtracked the same distance during reverse flow as it moved originally during forward flow.
This will be called the ‘backtrack point’. It will be denoted Xpack = (Xpack, Yback)- The reverse flow
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front here is considered to be made up of a collection of material points (see §3), with each material
point satisfying an equation of motion, either equation (3.6) or (3.7). However, the trajectory of
the backtrack point does not itself satisfy those equations. This is because the backtrack point
migrates along the front from material point to material point.

This is explained as follows. Shortly after flow reversal begins, the value of ssjnce tends to be
low all the way along the reverse flow front. In this case to satisfy ssince = Sswitch, the backtrack
point needs to select a material point with a low value of ssyijtch, i.e. a material point that
moved comparatively little during forward flow. As already mentioned, this would correspond
to selecting a material point which at the start of the forward flow was just slightly above Y =0.
As flow reversal proceeds, however, the value of sgnce Will grow via equation (3.5). To satisfy
Ssince = Sswitch, it should now be possible for the backtrack point to select a different material point
with a somewhat larger value of sgyih, corresponding to being somewhat higher up at the start
of the forward flow. There is no requirement though for the backtrack point to travel the entire
length of the reverse flow front. Indeed, as will be seen later on, there might be material points on
the reverse flow front for which sgjnce Nnever attains the same value sgyitch, and thus the backtrack
point can never reach such points.

The existence of a backtrack point implies that it is possible to have two material points which
at one instant are very closely spaced, but then separate over time. This follows because on one
side of the backtrack point, equation (3.6) is satisfied whereas on the other side, equation (3.7)
applies. As §4b explains, these predict very different velocities. This turns out to be problematic
for a numerical scheme which discretizes the front into a collection of material points. Hence,
rather than having a discontinuous transition between equations (3.6) and (3.7), instead, we allow
(Afi/ ASp)rev/fwd to change continuously between (Af;/AS))rey,0/6wd and (Afj/AS))rey,00/fwd OVer a
small interval of sgince values close to Sqwitch- We choose the interval to be 0.001 units (the same
value as selected for sy mentioned in §§ 3a—b). Further discussion of this particular issue can be
found in electronic supplementary material, section F in the appendix.

5. Results

Having explained in general terms how pressure-driven growth is expected to behave in forward
and reverse flow, we now consider numerical results (obtained via the numerical scheme in
electronic supplementary material, section B in the appendix). In what follows, §5a examines
foam front profiles, whereas §5b considers trajectories of material points on the front. After that
§5c looks at both the bottommost point on the front and the so-called backtrack point (defined
as per §4c). Then, §5d explores areas swept by the foam front. Model parameters (the neutral
location and also the switching time at which flow reversal onsets) are varied in §§ 5e—f. Finally,
§5¢g looks at the effect of perturbing front shapes.

(a) Foam front profiles in forward and reverse flow

In figure 2, the foam front in forward flow is shown computed at dimensionless time 7 =8 and
also at  =2. In the case 7 = 8, the front shape already agrees well with an approximate long-time
asymptotic front shape [38] (see also electronic supplementary material, section C in the appendix
for details of how this asymptotic shape can be determined). It is only close to the bottom of the
front that a deviation from the long-time asymptotic shape is seen. In the case r = 2, however, the
front shape has not yet converged to the long-time asymptotic shape.

Forward flow calculations like these are of course already known from literature [38]. In
what follows, cases are considered in which the injection pressure is suddenly reduced (i.e. flow
reversal is initiated on at least part of the front) at a time tqyitch, With either tgyitch =8 or (in
subsequent sections) Tsyitch = 2 to be selected here. Thus, the front shapes shown here in figure 2
correspond to shapes at the initiation of flow reversal. What the front shapes look like after time
Tswitch 1S considered in §§ 5a(i)-a(ii) below.
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Figure 2. Foam front shapes in forward flow at dimensionless time ¢ = 8 and also earlier on at T = 2. An asymptotic
approximation to the front shape, valid at long times, is also shown.

Figure 3. Foam front shapes for various times T at or after pressure reduction in the case Ty, = 8 and Yyt = 0.5 (a) up to
T =12 (b) at even longer times up to T = 32. In the case of (a), positions of the backtrack point are indicated by circles.

(i) Foam front profiles including forward and reverse flow

In figure 3a, the foam front is shown at various times 7 (up to v =12) in the case with switching
time Tgwitch = 8 and neutral location Ypeyt = 0.5. Remember from §3b that this specific Ypeut value
corresponds to halving the driving pressure (i.e. halving the difference between injection pressure
and the pressure within a geological porous medium). The first observation made is that (as §4b
predicts), immediately after tgyitch, points below the neutral location move much faster than
points above it. Indeed at times t =8.25,8.5 and 9, points above the neutral location have only
moved by small amounts relative to their position at 7 = tgysitch. Points below the neutral location
have moved substantially by those same times. That said (again in line with what §4b predicts),
there is also a noticeable slow down for points below the neutral location even within this time
domain, e.g. the distance displaced between times 8 and 8.25 is far greater than the distance
displaced between times 8.5 and 9.

It is only at approximately time 7 =12 that, in the interval following the switching time
Tewitch = 8, points above the neutral location have displaced by comparable distances as those
below the neutral location. Admittedly, the aspect ratio of the figure makes this slightly difficult
to see, but it is easy to verify that the very top of the front has displaced approximately half a
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distance unit sideways between 7gyjtch =8 and v = 12, whereas points below the neutral location
have displaced approximately half a distance unit upwards. Indeed by time ¢ =12 much of the
reverse flow front has already converged towards Y = Ypeut = 0.5 after which it can displace no
farther.

Note also that starting from time tgyitch, @ point located exactly at Y = Ypeut ceases to move
at all, as §3b mentions. Consequently, there is a point (Xneut, Yneut), which for these data at least
satisfies Yneut = 0.5 and Xneut &~ 3.57, that ceases to move. This will be called the neutral point.1
Thus, the front profiles at all subsequent times pass through this particular point.

In addition, points that are near the bottom of the front and close to the Y axis move much
more slowly than other points, even to the extent of the reverse flow front appearing to develop a
kink between slower moving points and faster moving ones. The slower moving points are those
that barely moved forward at all during the initial forward flow, meaning they have small values
of Sqwitch- It is then quite easy for sgince to exceed sgyitch. The implication, as discussed in §4b, is
that equation (3.7) is used, with the value (Af}/AS))rev,00/fwd being comparatively modest. This
equation applies instead of equation (3.6) with a substantially larger value (Af;/AS))rev,0/fwd (se€
table 1).

Note that even though the reverse flow front is concave (as seen from downstream), and even
though pressure-driven growth can potentially lead to such a front focusing into sharp concave
corners [38] (see §2b), such corners tend not to develop here.2 Evidently, the radius of curvature of
the concave front at time t = tgyjtcp is sufficiently large, and the distance that the front displaces
to reach Ypeyt is sufficiently modest, to prevent concave corners from forming. Moreover, the kink
referred to above is a convex kink, not a concave one.

One interesting feature of figure 3a is that between the convex kink and the point through
which all curves pass (Xneut, Yneut), the various curves at times v =8.25,8.5 and 9 have local
minima in Y, albeit quite shallow local minima. Points close to the local minima have larger values
of Sswitch than points farther to the left (i.e. than points closer to the kink), which is why they
move a bit more slowly according to equation (3.6). On the other hand, points close to the local
minima start off at time 7gyjich at Y values much smaller than points farther to the right. Moving
sufficiently far to the right for example, the point X = Xpeyt is reached, which by definition for
all times 7 > tqyitch is located at Y = Yneut, so it must be higher up. Having a local minimum
appearing in figure 3a relies thereby on finding points with large enough sgyitch (to avoid having
quite such a rapid motion) but simultaneously starting off with quite small Y.

(ii) Parts of the front still moving forwards

Now we return to consider parts of the front with Y > Yneyt instead of Y < Ypeyt. Data are shown
in figure 3b for various t values from 7 = Tgyitch =8 to T =32. At =32, the top of the front has
not even doubled the distance that it displaced by v = 8. Partly, this is due to the front presenting
more resistance at later times, as represented by the s value in the denominator of equation (3.3).
In addition, it is due also to the net driving pressure (the difference between injection pressure and
hydrostatic pressure) being lower after time tqyitch. This is represented by the Y — Yneyt factor in
the numerator of equation (3.3).

In figure 4, some of the front shapes are replotted at various times included in figure 3b,
but now comparing the shapes with long-time asymptotic formulae applicable for the region
above Ypeut. These long-time asymptotic formulae are described within electronic supplementary
material, section C in the appendix. In the region of interest (above and to the right of the neutral
point) agreement at time r =12 with the long-time asymptotic formula is not so good. At time
7 =16, agreement is rather better. Cases with T =24 and 7 = 32 are not plotted here as they cannot
be distinguished from the long-time formula on the scale of the plot.

1By contrast, the term neutral location is intended to refer just to the vertical coordinate Yneyt.

2 An exception occurs exactly on the Y-axis where a corner does in fact develop. This comes about, however, owing to a mirror
symmetry condition, as mentioned in §3b.
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Figure 4. Foam front shapes at T =12 and t =16 (for Tyyitcy, = 8 and Yeir = 0.5) compared with long-time asymptotic
formulae in the region above the neutral location Yy, The neutral point (Xpeut, Yreut) is marked as a circle.
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Figure 5. Trajectories followed by material points originally at various locations Yq,iq on the ¥-axis, specifically for the values
Yoig = 0.0625,0.125,0.25 and 0.5. These data have switching time 7, = 8 and neutral location ¥yeye = 0.5, and points are
followed up to a final time of 16. Starting from the Y-axis, material points first move to the right and downward. After that, they
move almost vertically upwards. In some cases, they then move leftwards as well as upwards.

Considering the 7 =16 case again, it is remarkable that agreement is so good given that
the top of the front has advanced horizontally only approximately one distance unit from the
neutral point (Xneut, Yneut). In figure 2 by contrast, which compared the front shape with an
asymptotic formula from the literature [38] applicable prior to reduction in injection pressure,
it was necessary to advance as many as four distance units to obtain reasonable agreement.
The analysis in section C, however, makes it clear that after a reduction in injection pressure,
convergence to the long-time formulae should occur over smaller distances, and figure 4 verifies
this.

Once the front shape in what is now called the upper region (above the neutral location)
has converged to a long-time formula, it is very straightforward to predict subsequent system
behaviour. In what follows, therefore, we return to focus on what is now called the lower region
(below the neutral location) which is more challenging to understand.

(b) Trajectories of selected material points

Further insights can be obtained by plotting in figure 5, the (X,Y) trajectories over time of
selected material points on the front (as opposed to the (X, Y) shape of the whole front at selected
times). All points start at X =0 but at different Y. We start by considering the point originally at
Yorig = 0.125. This starts off moving primarily horizontally early on, but the direction of motion
also gradually develops a downwards vertical component. The point approaches the bottom
boundary Y =0 after which it effectively stops moving, at least up until the switching time
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Tgwitch = 8. The location at which it stops moving turns out to be at X 2 0.186. To reach the bottom
boundary, the point has displaced farther in the horizontal than in the vertical, by a factor of
approximately 1.5.

Immediately after time tqyitch, it is clear from figure 5 that motion of the material point (still
for the case Yorig = 0.125) is primarily vertical. However, after moving upwards a certain height,
which is approximately twice the value of Yorig, it develops a velocity component to the left as
well as upwards. This corresponds to the kink in figure 3a reaching and then passing through the
material point in question. As long as a material point is still to the right of the kink in figure 3a
but below the neutral location, the point normal is directed primarily upward. However, if the
kink in figure 3a displaces over time such that the material point is to the left of the kink, the
point normal is directed both upward and leftward. Moreover, once the point is to the left of the
kink, the motion is also quite slow. As a result, by the final time considered in figure 5 (which is
T =16), the point that is currently being discussed (with Yoig = 0.125) is still some distance away
from the neutral location Ypeut = 0.5.

A similar pattern is seen for a material point that starts lower down at Y g = 0.0625 although
Y now approaches zero at a proportionally smaller X value (X 22 0.092). The X displacement still,
however, exceeds the Y displacement, again approximately by a factor 1.5. After time zgyjth, near
vertical motion proceeds again up to approximately twice Yorig (albeit Yorig is now smaller than
before). After that motion is both upward and leftward.

Considering now a material point with Yoig = 0.25, behaviour is yet again similar. During
the initial forward flow, the value of Y approaches zero for X ~0.372, and stays at that location
until time Tgyitch. After time tqyiich there is near vertical motion, albeit with a slight rightward
drift. This rightward drift is associated with the curves in figure 3a having local minima in Y for
intermediate X values, such that some of the normals point slightly to the right. The near vertical
motion now proceeds almost all the way up to Yneut = 0.5. The curve then deviates towards the
left, though this is difficult to see in figure 5, as the deviation occurs only when the curve is
already very close to Yneut = 0.5. This is again consistent with deviating to the left only when Y
is approximately twice Yorig, but with twice Yorig now equalling Yneut = 0.5. The kink in figure 3a
evidently does manage to catch up with this material particular point, but only barely manages
to do so.

Finally, a material point is considered with Yjg = 0.5. During forward flow, Y only approaches
zero only around location X ~0.746, and stays there until time tgyijtch. After time Tgyitch, the
material point moves upwards (again with a very slight rightward drift). In this case, however,
there is no sudden deviation towards the left. This now implies an X value sufficiently large that
the kink in figure 3a never manages to catch it.

(c) Bottom of the front and backtrack point

In what follows, we consider the evolution of the bottommost point of the front (§5c(i)) and then
the backtrack point is considered (§5c(ii)—c(iii)).

(i) Bottom of the front

In figure 6, the bottommost point of the front Yy, is plotted as a function of time . This point is
always at Y =0 up until tyitch = 8. After that it moves upward, approaching Yneyt = 0.5 at very
long times. However, the rate of approach of Yyt to Yneut is very slow. Even after 30 time units, it
is still possible to see a difference between Y},ot and Yneyt in figure 6.

Starting from equation (3.7), it is possible to derive an analytical formula for Y}, (see electronic
supplementary material, section D in the appendix). This formula, is however, in implicit form
(i.e. time 7 as a function Yyt), so is a little awkward to use. It is not plotted in figure 6 because
it would be indistinguishable from the numerical data already shown. Rather more useful,
however, is a long-time asymptotic approximation to Y (see electronic supplementary material,
equation (D.4), which is in explicit form); this is plotted on figure 6. The explicit formula (see
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Figure 6. Position of the bottom of the front Yy versus time  for Tqyircy = 8 and Vpeyr = 0.5.

electronic supplementary material, equation (D.4)) makes it clear that the typical time scale for
Ypot to approach Yneut is Yneut Miwd,rev (Afi/ ASl)r_eil oo/ fwd” where Yneut = 0.5 here, while values
of Miwd/rev and (Afj/AS))rey,00/twd are listed in table 1. This turns out to imply quite a long-time
scale because Mgy g /rev in particular is significantly larger than unity.

(ii) Locus of backtrack point

The next quantity to be examined is the so-called backtrack point Xp,ck = (Xpack, Yback)- This
is calculated (see §4c) as the point at which instantaneously Sgince = Sswitch, i-e. the point has
backtracked by the same distance that it moved forward initially. This means that the speed
suddenly falls, by changing from equations (3.6) to (3.7), remembering here that (Af;/ AS))rev,0/fwd
in equation (3.6) is significantly larger than (Afj/AS)rey,00/fwd iN equation (3.7). It follows that the
kink in figure 3a should correspond to the backtrack point. We have verified that this is the case
within figure 3a, by the simple procedure of superposing backtrack point positions on top of front
shapes.

Figure 7a plots the locus of the backtrack point. The main observation from figure 7a is that
this is very close to a straight line. The next observation is that Yy, is just a little larger than
Xpack- That this should be the case makes geometric sense. Initially, at time v =0, the foam front
lies along the Y-axis. This means that, during forward flow, points forming the front initially
move horizontally, but eventually (as the front reorients) they must also acquire a vertical velocity
component downwards. However, the horizontal displacement during forward flow remains
greater than the vertical displacement, as figure 5 clearly indicates. By time tsyitch, the displaced
distance sgyitch must exceed, even if only slightly, the X value reached.

At time 7 = Tgyijtch, it is clear (from figure 3a) that there is a significant region along the bottom
of the front which is nearly horizontal. This extends at least as far as X =1. As §5b discusses in
detail, after the front reverses, points on this nearly horizontal part of the front must displace
almost vertically. As figure 5 shows, their Y value changes, but their X value does not. To a good
approximation, therefore, the displaced distance since flow reversal then satisfies sgince = Y. By
definition, however, the backtrack point is the point at which Sgince = Sswitch- It follows therefore
that Ypack & Sgwitch- However, it has already been commented that sgyih slightly exceeds the X
value that a given point reaches. Thus, Ypack slightly exceeds Xpack just as figure 7a finds. Note,
however, that when the backtrack point (Xpack, Ypack) catches up with a material point at given
location (X, Y), the material point in question no longer continues moving almost vertically. This
has already been seen in the context of figure 5.

It is also of interest to relate the original Y location of a material point (denoted Yorig) with the
position that it has (Xpack, Yback) at the instant when the backtrack point catches it. In §5b, it was
found that the horizontal displacement during forward flow is up to X~ 1.5 Ysig. Then during
reverse flow, points move mostly vertically (i.e. their X value does not change) until the backtrack
point catches them, implying that to a reasonable approximation Xpack &~ 1.5 Yorig. Section 5(b)
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Figure 7. (a) Locus of the backtrack point (Xpack, Yhack) O Tawitch = 8 and Yyeye = 0.5. The backtrack point is at the origin at
time Tqyiten. The circles correspond to the times 8.25, 8.5, 9,10 and 12. (b) Backtrack point vertical position Yy, versus time T
for Tgyiten = 8 and Vet = 0.5.

also found, however, that Ypack & 2 Yorig. It then follows that Xpack & 0.75 Ypack which is broadly
consistent with figure 7a, albeit Xpack & 0.8 Ypack turns out to be a slightly better fit to figure 7a.

Another observation from figure 7a is that Xp,cx never exceeds 0.4 whereas the value of Xneut
(identified in §5a(i)) is more than three distance units above that. Hence in much of the domain
that is below the neutral location Ypeut, points are already so far to the right that they can never
move backwards farther than they moved forward, i.e. they never turn out to have a sgince value
exceeding sqyitch. Hence, over much of the reverse flow front, there is never a need to switch from
equation (3.6) which evolves rather quickly to equation (3.7) which evolves slowly.

If much of the foam front is moving backwards quickly, that might seem at first sight like
an indication that gas can be extracted quickly. Remember, however, (§3d and §4b) that what
the front is now modelling is merely a discontinuity separating drier foam on one side from
somewhat wetter foam on the other. Moving the front rapidly therefore does not imply that all
available gas is swept equally rapidly ahead of it.

(iii) Time evolution of backtrack point

In figure 7b, we plot how Yp,ck evolves with time t starting from tgyitch, = 8. Given that the locus
of (Xpack, Yback) is so close to a straight line, knowing how Y,k evolves with time automatically
implies how Xp,ck evolves also. The first observation made is that the shape of Y,k as a function
of 7 is qualitatively similar to that of Y},o; a function of t in figure 6. What is different, however, is
the rate of evolution which is much faster in the case of Yp,. Already by approximately 12 time
units, Ypack is close to Yneut. The second observation, looking closely, is that the data for Yp,ck
are slightly noisy. There is a numerical reason for this and also a way to remove the noise (see
electronic supplementary material, section F(b) in the appendix). Here, however, in figure 7b, we
decided that the noise, although present, was at a sufficiently low level that it was not essential to
remove it.

It is possible also to predict (see electronic supplementary material, equation (E.3) in the
appendix) how Yp,ck should evolve with time t under the approximation (already described)
that points start close to Y =0 at time © = tgyjtch, and then move primarily vertically upwards.
This produces an implicit relation (i.e. r as a function of Yp,c). This has not been plotted here, as
it turns out to be such a good approximation that it is difficult to distinguish from the numerical
predictions (aside from a small amount of noise in the numerics as already mentioned). Of
interest, however, is a long-time asymptotic prediction for the evolution of Ypack (see electronic
supplementary material, equation (E.5)). This is now an explicit equation and it is plotted on
figure 7b. Electronic supplementary material, equation (E.5) makes it clear that the typical time
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Figure 8. Swept areas Ao, Aupper and Ajower Versus time 7 for Tyyizch = 8and Ve = 0.5.

scale for Ypack to approach Yneut is Yneut Mewd/rev (Afi/AS l);ei 0/fwd Even though Mg rev is itself
quite large, the comparatively large value of (Af;/AS)rev,0/fwd (see table 1) is what keeps this time
scale much smaller than the analogous time scale for Y}, (see §5¢(i)).

(d) Sweptareas

Areas that have been swept by the front as a function of time are plotted in figure 8. Swept areas
(computed at any instant as [ XdY via quadrature) give some indication of the amount of gas
that is present in the system, although not full information about this. As already alluded to (see
§3d and §4b), the foam front merely indicates positions in which there is a discontinuous jump in
liquid saturation. The swept area would only match the amount of gas present in a hypothetical
case in which the discontinuous jump in saturation was from zero to unity, which is certainly not
the case (see electronic supplementary material, table S1 in the appendix for details). To determine
the actual amount of gas present, it would be necessary to know (again see §4b) gas saturation at
all positions in the system, including positions away from the front which pressure-driven growth
does not interrogate.

In figure 8, three types of swept area have been identified: a total swept area Ao, an upper
swept area Aupper (pertaining to the part of the front that is moving forwards) and a lower swept
area Ajower (pertaining to the part of the front that is in reverse flow). Prior to the switching
time Tgyitch = 8, all points on the front are moving forwards, so by definition Aupper equals Atot,
whereas Ajgyer Vanishes. At time tgyjtch, however, there is a non-zero Ajgyer (corresponding now
to swept area below the neutral location), and so Aypper (swept area above the neutral location)
must also change to compensate. Moving just beyond time gy itch though, Ajgwer decays rapidly,
and as a result Aot also exhibits rapid decay. In addition, Aypper grows but more slowly. By
approximately time t =12 most of the lower area has disappeared, so Ao is now very close
to Aypper, and is growing with time. Growth is sufficiently slow, however, that by time t = 32, the
swept area Aot has still not recovered the same value as it had at time 7 = 7gyjsch.

Earlier it was found (see figure 4) that reasonably soon after time tgyjitch, the foam front shape
in the upper region (above the neutral location) tends to approach a long-time asymptotic form
(see also electronic supplementary material, section C in the appendix). Once this long-time
asymptotic shape is known, the area swept by it is easy to compute. Given moreover that the
area in the lower region decays comparatively quickly, it follows that the total area Aot should
also approach this same asymptotic formula for area just for the upper region. Figure 9 verifies
that this is the case.

(e) Effect of changing neutral location

Now we explore distinct values of neutral location Yneut, not just Yneut = 0.5 considered to date.
Specifically, Yneut = 0.25 and Yneut = 1 are considered, still with switching time zgyitcn = 8. Effects
upon foam front profiles (§5e(i)) and swept areas (§5e(ii)) are examined.
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Figure 10. (a) Foam front shapes at various times 7 for (a) Tqyitch = 8 and Vpeur = 1and (b) Towitey = 2and Vpeyr = 0.5.

(i) Effect of neutral location upon foam front profiles

For different values of neutral location Yneut, profiles of front shape (Y as a function of X) can
be obtained at various times. However, in the case of Yneut = 0.25, the profiles are qualitatively
the same as that seen in figure 3, so we choose not to present them here. In short, immediately
after the switching time zqyitch, rapid evolution is seen in most of the lower region, i.e. below
the neutral location. Evolution in the upper region (i.e. above the neutral location) is slower.
Moreover, a kink develops in the lower region, and to the left of that kink, evolution is
very slow.

Of more interest are plots of (X, Y) profiles in the case Yneut = 1. This corresponds to complete
removal of the injection pressure. Data are plotted in figure 10a. Now there is no upper region at
all, only a lower region. The evolution is still quite rapid, e.g. a kink again develops and it takes
only approximately half a time unit for this kink to travel vertically half way up the domain.
In relative terms, however, the evolution is slower than before (contrast with e.g. figure 3). For
instance, in figure 3 at time t =12, much of the front is already very close to Y = Ypeut =0.5.
However, in figure 10a at time 7 =12, the front is still some way from Y = Ypeut = 1. Indeed, it
takes until time 7 = 16 before much of the front is close to Y =1.

Although not shown here, data for Yyt and Yp,ck as functions of time 7 for Ypeut =1 also
support this notion of slower evolution in relative terms. In fact (as the formulae given in
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electronic supplementary material, sections D-E in the appendix suggest, see e.g. electronic
supplementary material, equations (D.2) and (E.3)), data can be collapsed together with different
Yneut by plotting Ypot/Yneut as a function of (t — tawitch)/Yneut, and analogously by plotting
Ypack/ Yneut as a function of (t — Tewitch)/ Yneut- Indeed, the reason these data are not shown here is
because the curves with different Yneut collapse together so well that they cannot be distinguished
from one another on the scale of the plot. Hence, the shapes of the curves for different Yneut can
already be deduced from the curves shown in figure 6 and figure 7b. Swept areas, however, are
slightly different from what has been seen before as is discussed next.

(ii) Effect of neutral location upon swept areas

If instead of selecting a neutral location Yneut = 0.5, we now consider Yneut = 0.25, say, swept area
Aot (as plotted in figure 9a) is seen to fall only by a modest amount after time tqyitch. After that
Aot starts growing again, and grows more rapidly than in the case Ypeut = 0.5. Indeed, already by
T =32, the area Aot for Yneut = 0.25 is larger than it was at time zgyitch = 8.

Comparing the two different cases with different Ypeyt values shown on figure 9a, it is
interesting to speculate whether it might be possible to vary Yneut with time to keep Aot
essentially fixed after time tgyitch. In other words, decay in Ajgwer would compensate growth
in Aupper. That could be considered to approximate a situation in which a system is shut in [27],
with no more net gas entering after time 7gyijtch: this could be relevant to sequestering a gas such
as COy [25]. Note that, fixing swept area is only an approximation to sequestration, as fixing
area is not the same as fixing the amount of gas in a system (see §5d). Nonetheless, swept area
should at least give an indication of the amount of gas. Evidently for Ao to remain fixed, it
would be necessary to have a very small value of Yneyt initially (to prevent any rapid initial fall
in Aot immediately after tgyitch). Then, it would be necessary to increase the values of Yneut over
time (thereby to prevent A from rising later on). Given how Ypeyt is defined (see §3b), this is
equivalent to reducing injection pressure gradually over time.

That said, we have not carried out any time-varying Yneut calculations here owing to a slight
complication in implementing them. Provided the value of Ypeyt is fixed with time, it is clear
from equations (3.3) to (3.4) that a material point at the neutral location at time Tgyijtch Will
always remain at the neutral location thereafter, i.e. it ceases to move as §3b already mentions.
Equivalently, the neutral point (Xneut, Yneut) (see §5a(i)) is fixed. Moreover, after time Tgyitch, any
other material point away from the neutral location, will always remain either in the upper region
(if above the neutral location) or in the lower region (if below it), without ever crossing the neutral
location. Our current computer implementation of pressure-driven growth makes use of these
features to simplify computations: in effect after time tqyitch, the front shapes in the upper region
and the lower region can be computed independently of each other. Some reworking would be
needed to generalize to a system with time-varying Yneut in which these simplifying features are
lost.

Figure 9a focused on total swept area Ayt which tends at long times to coincide with upper
swept area Aypper, at least after the lower swept area Ajgyer has decayed. However, it is also
interesting to consider the decay of Ajyyer itself and how the decay is affected by the value of
Yneut- This is considered in figure 11a. Obviously changing the neutral location Ypeut changes
the relative amounts of swept area assigned as lower and upper area. However, it is possible to
compensate for this by considering Ajower Normalized say by its initial value at time tgyitch. In
figure 11a, this normalized area is plotted (on a logarithmic scale) against (7 — tgwitch)/ Yneut- The
rescaling of time here is suggested by e.g. electronic supplementary material, equations (D.2) and
(E.3) in the appendix.

Considering the different Yreut values, good agreement is seen in figure 11a for the early time
decay. However, at longer times, the Yneut = 0.25 case decays faster than the Yheyt = 0.5 case, and
the Yneut = 1 case decays more slowly. To understand this effect at longer times, it is first recalled
that there is a kink in the foam front shape (as in figure 3a), with areas to the left of the kink
decaying much slower than areas to the right. Equivalently points to the left of the kink, including
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Figure 11. (a) Normalized Ajyer Versus (t — Tspitch) / Vneut fOr various Ypeye. Here, Toyitch = 8. (b) Normalized Ajgyer versus
(T — Towiten) for various Toyiech. Here, Yyeut = 0.5.

the bottommost point Yy, (figure 6), reach a final state more slowly than the kink itself located at
Ypack (figure 7b). It is by estimating these various contributions to area and how they decay, that
the findings in figure 11a can be explained, as discussed below.

For a given Ypeut, and at a time 7 = Tgyjtcn, Which is not too large, the lower region (below
the neutral location) in figure 3a is approximately on the order of unity in horizontal extent,
while the vertical extent is Ypeut by definition. The area scales therefore proportionally to Yneut.
Later on though, it is the above mentioned slowly decaying area to the left of the kink which
accounts for most of what remains of the swept area Ajoyer. It is possible to argue that this
slowly decaying region has an area that scales proportionally to Y2, (see details in electronic
supplementary material, section E(b) in the appendix). In relative terms then, the ratio between
the area of the slowly decaying region (order Y2,,,,) and the lower swept area prior to any decay
(order Yneut) itself scales proportionally to Yneut. Thus, the slowly decaying region accounts for a
higher proportion as Yneut grows.

Another check which can be done (not presented here) is to normalize the areas by Yﬁeut
(instead of by the initial area Ajgyer at time Tqyitch)- Retaining a logarithmic scale as per figure 11a,
the data can be shown to collapse at large values of (t — Tsyitch)/Yneut- As mentioned, all that
survives at long times is the area to the left of the kink, which does indeed scale like erleut (again
see electronic supplementary material, section E(b) for the explanation of the order Yﬁeut scaling).

(f) Effect of varying switching time

Now, instead of varying the neutral location Ypeyt, the effect of varying the switching time tqitch
is explored. Specifically, we consider a value Tgyitch =2 (instead of tqyitch =8 previously) with
Yneut =0.5. Foam front shapes are shown in figure 10b. As the upper region will eventually
approach a well characterized long-time asymptotic shape (see e.g. electronic supplementary
material, section C in the appendix), the focus here is upon the lower region (below the neutral
location).

Again over much of the lower region, rapid evolution is seen shortly after time 7gyitcn, albeit
with convex kinks developing, and there is slow evolution to the left of a kink. Even as early
as time 7 =6, the front to the right of the kink has converged to the location Ypeyt =0.5. One
contrast between figures 3a and 10b is that in the latter, local minima in Y are no longer seen.
Owing to the smaller Tgyitch, in figure 10b, there is a much smaller horizontal spatial separation
between the kink and the neutral point. The value of Y therefore rises more sharply with X to
reach (Xneut, Yneut) Now with Xpeut & 1.60, which prevents local minima from forming.

As well as considering foam front shapes, it is also possible to look at Yot and Ypack as
functions of time. Upon changing from tgyitch = 8 t0 Tswitch = 2, it turns out though that Yy, and

2005702 18 ¥ 205 2014 edsi/feuinofBioBuiysiignd/iaposiefos



Downloaded from https://royal societypublishing.org/ on 23 June 2025

Ypack (provided they are plotted as functions of t — Tsyitch) are indistinguishable from figures 6
and 7b so are not presented here. There is a slight difference in the value of Xp,q, however, as
explained in electronic supplementary material, section F(c) in the appendix.

Now we turn to analysing swept areas (see figure 9b). Obviously, when gyt = 2 instead of
Tswitch = 8 is selected, a decay in the total swept area Aoy is seen beginning earlier in . However,
the amount that Ay decays is less. This follows because the decay is associated with loss of swept
area below the neutral location starting from time tgyitch. In figure 10a (with tgyitch = 2), there is
less area to be lost than in figure 3a (with tgwitch = 8). At later times in figure 9b, Aot begins to
increase again.

It is again of interest to analyse evolution of the lower swept area Ajoyer. Specifically, in
figure 11b, we plot a normalized value of Ajgyer (i.e. normalized by the value of Ajgyer at time
Tgwitch) and shown on a logarithmic scale. This is plotted against t — Tsyitch. Initially, the cases
Tgwitch = 2 and Tsyitch = 8 are in agreement. Later on though, the normalized Ajgyer is larger when
Tewitch is smaller. This is because, with smaller tgyith, the slowly decaying area to the left of
the kink (in figure 10b) represents at any given v — tgwitch, a larger fraction of the initial area
Alower that is swept at time tgyiteh. Although data are not presented here, it is also possible to
remove the normalization by this initial Ajqwer but still plot on a logarithmic scale. This reveals
that unnormalized Ajyyer Values agree at long times despite having different tqyitch-

(g) Effect of perturbing front shape

Yet another case to be considered is one in which a perturbation has developed on the foam
front shape by time zgyiich. This could model a heterogeneous situation in which permeability
varies spatially in the medium, so that by time gt certain parts of the front have run ahead
and other parts lag behind. Thus, an oscillatory perturbation in space is superposed on the front
shape. Perturbed front shapes arising from varying permeability have been studied previously in
forward flow [42,44], but never in reverse flow.

Parts of the front that run ahead during forward flow, start from behind when flow reverses
after time Tgyitch. Remember though that (see §4a), during reverse flow, points do not retrace
the same paths as they took during forward flow. Thus, there is no guarantee that points
on the front experience, during reverse flow, the same set of varying permeabilities as may
have caused a perturbation to develop during forward flow. Hence, there is no guarantee that
imposing reverse flow will undo any perturbation to the front shape. Here, for simplicity, changes
in permeability are not considered explicitly. Instead, we merely study the effect of adding
oscillatory perturbations to the front shape at time tqyitch, consistent with the sort of perturbation
which spatially varying permeability might produce [42,44]. In other words, what is studied
here formally is a homogeneous medium, but with a spatial perturbation superposed on the
front shape. The exact form of the perturbations assumed to develop by time zgyith is given in
electronic supplementary material, section G in the appendix. Perturbations are introduced only
below the neutral location, because their effect on forward flows (above the neutral location) is
already well known [42,44].

What is observed in figure 12 is that at time tsyijtch instead of having a concave front (seen
from the downstream direction) there is, owing to the perturbation, a sequence of concavities and
convexities. These are in different positions in figure 12a,b, because the perturbations imposed
in one figure are selected to be opposite in sign to the perturbations in the other. In both cases
though at time tgyitch, the curvature of the concavities in particular is much sharper than in
figure 3a.

As the front undergoes reverse flow and time proceeds, it is this increased curvature which
allows the concavities to focus down into sharp concave corners (see e.g. §2b). Already by
approximately time r = 8.5 or =9 some concave corners have formed, albeit again in different
positions in figure 12a,b. The other observation here, in both cases figure 12a-b, is that the
amplitude of the perturbation decays over time. This follows because the speed of any point
on the front must fall towards zero as Y approaches the neutral location Yneyt. Clearly, the convex
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Figure 12. Evolution of front shape when a front is perturbed at time Ty, = 8. Here, Yyeut = 0.5. The perturbation is (a)
upwards close to the neutral location and downwards close to the bottom, and (b) downwards close to the neutral location and
upwards close to the bottom.

parts of the front approach Yneut sooner, but then their speed falls, and the concave parts of the
front catch them up. By time 7 = 12 much of the front has already reached Yneut, apart from a slow
moving region near the Y axis (to the left of a convex kink).

As well as examining front shapes, it is also possible to examine the time evolution of quantities
such as Ypor and Ypack. These turn out, however, to be indistinguishable from the unperturbed
case (figures 6 and 7b), so are not plotted there. There is a slight difference in the case of Xy, (see
electronic supplementary material, section F(c) in the appendix). It is also possible to examine
the time evolution of swept area Ajyyer, but again this can barely be distinguished from the
unperturbed case. This, however, is unsurprising given that area is an integral quantity which
averages over the upwards and downwards perturbations that are imposed here.

6. Conclusion

In conclusion, the pressure-driven growth model offers a quick and simple way to explore foam
flow in porous media. Past work with the model has focused on forward-flowing foam fronts. In
the present work, however, the model has been used to study propagating foam fronts for which
a driving injection pressure is reduced at a certain switching time. Part of the foam front (below
a so-called neutral location) is then set into reverse flow. This then could be a model for seasonal
storage and subsequent extraction of an energy carrying gas. For simplicity, a homogeneous,
isotropic medium has been considered, although it is also possible to extend the approach to
heterogeneous, anisotropic cases.

The model indicates that the reverse flow front does not simply retrace its original path, but
instead travels at different speed and also in a different direction. Some points on the reverse
flow front (those near the bottom and near the vertical axis) move farther in reverse flow than in
forward flow, although most points on the foam front do not achieve that. Indeed, the front stops
once it reaches the neutral location.

It has also been predicted that foam fronts, upon the onset of reverse flow, move surprisingly
fast, albeit they then slow down with time. This can be seen in foam front profiles themselves
(barring a very small slow moving portion of the front near the bottom and the vertical axis). It is
also seen in plots of the evolution of the so-called backtrack point, and in plots of the evolution of
areas swept by the front.

On the other hand, points higher up on the foam front (those above the neutral location) which
continue in forward flow move less quickly. Even so, they do not need to move very far at all
before they attain a long-time asymptotic front shape.
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A consequence of the above is that the total swept area decreases quite rapidly immediately
after onset of an imposed pressure reduction, but can start to recover later on. To the extent that
the area swept by the foam front gives an indication of the amount of gas currently in the system,
this might show how net gas is injected into or extracted from a porous medium. It is also of
interest to speculate whether total swept area might be held fixed were the injection pressure to
be reduced gradually, rather than making a step change as was done here. Calculations like this
have not been carried out here though: they require changes to the numerical implementation
which currently treats regions above and below the neutral location independently.

It is necessary, however, to be cautious about associating swept area with the amount of gas
present in the system. Pressure-driven growth even in its original forward-flow form does not
describe a front separating pure gas from pure liquid. Instead it describes foamed gas (with a
specified liquid saturation) on one side, and pure liquid on the other. In the case of reverse flow,
there is instead foamed gas on both sides of the front, albeit with one side having slightly wetter
foam than the other. The reverse foam front is not then very efficient at sweeping gas before it.

Only by solving a phase transport equation over the entire domain, and integrating the gas
saturation, would the actual total amount of gas present at any instant be known. The fact that
pressure-driven growth provides the front location but not the gas saturation field is certainly a
limitation: swept area can only ever be a surrogate measure for the amount of gas present.

Another important point is that pressure-driven growth considers resistance to motion to be
located at or near the foam front. This is again a recognized limitation of the model. Using the
model to predict front velocity may be less reliable when resistance is spread out over a significant
portion of the medium upstream or downstream of the front. This situation indeed can occur.
In such cases, a Darcy-type model is needed. Furthermore, Darcy-type models might also be
required (e.g. in cases involving driving liquid towards low-mobility foam) to predict whether or
not viscous fingering instabilities are encountered. If fingering occurs, the front itself effectively
becomes yet more spread out. In summary, pressure-driven growth is a simple way to explore
interesting phenomena that could occur when foamed gas changes direction in a porous medium
due to changes in injection pressure. However, for future work, it is relevant to ask whether those
same phenomena would also be predicted by coupled Darcy-type and phase transport models,
or whether instead different phenomena would be predicted.
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