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Abstract
Novel parameterizations are presented formonopole solutions to the static, spherically-symmetric
vacuum field equations offive-dimensional general relativity. First proposed byKaluza, 5D general
relativity unites gravity and classical electromagnetismwith a scalarfield. Thesemonopoles
correspond to bodies carryingmass, electric charge, and scalar charge. The newparameterizations
provide physical insight into the nature of electric charge and scalarfield energy. TheReissner-
Nordström limit is comparedwith alternate physical interpretations of the solution parameters. The
newparameterizations explore the role of scalarfield energy and the relation of electric charge to scalar
charge. TheKaluza vacuum equations imply the scalarfield energy density is the negative of the
electricfield energy density for all known solutions, so the total electric and scalarfield energy of the
monopole is zero. The vanishing of the total electric and scalarfield energy density for vacuum
solutions seems to imply the scalarfield can be understood as a negative-energy foundation onwhich
the electric field is built.

1. Introduction

December 22 of 2021marks the centenary of Kaluza’s classical unification of gravity and electromagnetism [1].
Einstein received it fromKaluza in 1919, but delayed forwarding it for publication until 1921 as he explored its
implications in a series of letters withKaluza [2]. Kaluza found that general relativity written infive dimensions
provides a perfect unification of gravity and classical electromagnetism. The 15 components of a 5Dmetric gab
can be identifiedwith the 10 components of the 4Dmetric mng , the 4 components of the electromagnetic vector

potential mA , and a scalarfield f.
An assumption ismade to connect to 4Dphysics: that nofields depend on the fifth coordinate. Then, under

this condition, called the cylinder condition, the 5DEinstein equations provide the 4DEinstein equations, the
Maxwell equations, and an equation for the scalarfield. These equations are coupled so that the scalarfield enters
both the 4D gravitational field equations and the electromagnetic field equations.

In the limit that the scalarfield goes to unity, the gravitational field equations reduce to the 4DEinstein
equations in the presence of an electromagnetic field, and the electromagnetic field equations reduce to the
Maxwell equations in curved space.

The 5D geodesic equation provides the equation ofmotion for a bodymoving under gravitational,
electromagnetic, and scalar fields. There is the further intriguing identification of electric chargewithmotion
along thefifth coordinate. In the limit that the scalar field goes to unity, the equation ofmotion is exactly the 4D
geodesic equationmodifiedwith the Lorentz force.
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Yet the original Kaluza hypothesis is purely classical, and Planck’s constant does not enter. Klein [3] tried to
make the theory correspond to quantummechanics by equating electric chargeQ, and its associatedmotion
along thefifth coordinate, with aCompton-like relationQ∝ ÿ/R. The lengthscaleR is then interpreted to be the
‘radius’ of the compactfifth coordinate. Klein had hoped tofind the quantization of electric charge in the
quantization of standingwaves on the compact fifth coordinate, but themagnitudes do not correspond to the
quantumof charge.

We consider here solutions to the purely classical vacuum solutions of Kaluza under the cylinder condition.
Wemake no assumption about the nature of thefifth coordinate, and allow it to be open andmacroscopic in
principle.

We use tensor algebra software to evaluate solutions gab to the 5D vacuumEinstein equations

 =R 0 1ab ( )

where Rab is the 5DRicci tensor.
We consider in particular time-independent vacuum solutions in spherical symmetry. The radial coordinate

r is the only variable for the gravitational, electromagnetic, and scalar fields.
The central object is presumed to carrymass, electric charge, and scalar charge. Each of these 3 charges

corresponds to the integration constant for each of the 3field equations: gravitational, electromagnetic, and
scalar.

There is awide body of literature regarding static, spherically-symmetric solutions to the classical vacuum
Kaluzafield equations (1). These solutions are variously known as ‘1-bodies’, ‘monopoles’ or ‘solitons’. They fall
into the two classes of neutral or electrically-charged.Mass (gravitational charge) and scalar charge are expected
in both cases.

These solutions invite comparisonwith the standard Reissner-Nordström (R-N) solution of general
relativity, which gives the gravitational field of an electrically-charged object. For a neutral object, the point of
comparison is the Schwarzschild solution.

Generally speaking the time-time component gtt of the 5Dmetric will depend on themassM, the
component gt5 will depend on the electric chargeQ, and the component g55 will depend on the scalar charge S.
The other diagonal components of gab corresponding to angular variables are non-zero, and all other off-
diagonal components are zero.

Chodos andDetweiler [4] investigated the 5D vacuumequations (1), but they also obtained a general class of
exact solutions to the 5Dfield equations with sources, and investigated their weak-field limit. They noted that for
a particular value of the scalar charge S, the scalar field effects would vanish and the Reissner-Nordström limit is
recovered. Yet the R-N limit is difficult to discern in their solutions, and the separate contributions of
gravitational and electromagnetic energy cannot be distinguished in their general solution.

Sorkin [5] obtained a solution to (1) he called the ‘Kaluza-Kleinmonopole’. It was assumed that the fifth
dimension is spacelike,microscopic, and compact, with a new ad hoc lengthscale representing the size of this
dimension as proposed byKlein [3]. A 5D vacuum solutionwas identified by applying a procedure to a known
4Dmetric. It had electromagnetic behavior, but no electric field. The Sorkin solution allowed a 4D radial
coordinate, instead of the usual 3D Schwarzschild-type radial coordinate, and the near-field behavior of the
solution does not correspond to the R-N limit. Sorkin called his solution a ‘soliton’. Themass and charge of the
solitonwere proposed, but it had some curious properties. One conclusionwas that some theorems developed
for 4D solutions to the Einstein equationsmay not apply to 5D solutions to (1), and therefore to the 4D
projections of those solutions.

Gross and Perry [6] obtained a neutral particle solution, so  =g 0t5 . Yet they kept an off-diagonal spatial
term,  fg5 , which corresponds to the azimuthal component of themagnetic vector potential, fA . This provided a
radial component to themagnetic field, andwas identified as amagneticmonopole solution. Since nomagnetic
monopoles are found in nature, we consider such solutions unphysical, and therefore expect the static Kaluza
monopoles to involve electric charge and to create an electricfield.

Davidson andOwen [7] obtained a neutral-body solution to (1), with a diagonal and isotropic gab. Their
solution had a Schwarzschild near-field limit for the gtt component of the 4Dmetric, but the spatial isotropic
components did not abide the usual Schwarzschild form in isotropic coordinates. Thefifth coordinate was stated
to be compact andmicroscopic, with a characteristic radius, but in effect the classical equations under the
cylinder conditionwere solved.

Reference [7] obtained an expression for themass from an effective energymomentum tensor implied by the
solution, under the assumption that the effectivemetric =mn mng g geff

55 , otherwise known as a conformal

transformation of themetric. The resultant effectivemass density was given as a powerlaw in the radial

coordinate r, whose leading term isµ -a p r2 1 2 4( ) , where a and p are free constants. The effectivemass is
seen to be a difference of terms, and the two terms are identified as two types ofmass. Both fall off like /r1 2. It
was speculated that the secondmass was associatedwith electric charge, but a neutral solutionwas under
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consideration. Themost natural explanation seems to us, rather, to be that there are two contributions to the
gravitatingmass-energy: the centralmass and its associated scalar field. That is the interpretation pursued in this
article.

In a follow-upwork, Davison andOwen [8] repeated their previous calculation [7], but now considered a
rotation of the diagonal solution between the time coordinate and thex5 coordinate. This introduces an off-
diagonal term in the 5Dmetric which they identifiedwith electric charge.However, they introduced a new free
parameter into their interpretation of electric charge, so their identification is in some sense a tautology, and
includesmore information than just the vacuum5D field equations.

Ferrari [9] obtained an approximate solution to (1) by postulating two lengthscales andmatching terms in a
power series. His solution did not provide a proper R-N limit. Aswewill see below, his approachmissed a key
lengthscale in the problem.

Liu andWesson [10, 11] obtained a broader class of solutions that extended the earlier solutions of [6] and
[8]. They consider it a 3-parameter solution because in addition to themass and electric charge, the potentials
can be raised to a variable power. However, only the exponents a= 1 and b= 0 yield a solutionwith a reasonable
R-N limit, and the authors note they could not get a good near-field R-N limit.

In this work, we present newparameterizations of the vacuum solutions that provide insight into the nature
of scalarfield energy and electric charge.We also discuss the negative energy of the scalar field.

2.General analysis

2.1. Reissner-Nordström-coulomb limit
Asmentioned, the entire class of 5D solutions to (1) should be comparedwith the R-N solution, which is an
exact solution to the vacuumEinstein equations:

p
=mn mnG

G

c
T

8
2EM

4
( )

where mnG is the 4DEinstein tensor, and mnTEM is the electromagnetic energy-momentum tensor. This
corresponds to the 5D vacuumequations (1) because the electromagnetic field emerges in theKaluza theory
from curvature in 5D. In 4D, the electromagnetic field is a source of spacetime curvature, but in 5D, both
spacetime curvature and the electromagnetic field aremanifestations of vacuum curvature in 5D.

For a body of electric chargeQ, the electric field is obtained simultaneously with (2) from the vacuum
Maxwell equations:

 = ¶ =  = ¶ ºm
mn

m
mn-F g g F g F g g A Q0 3rt rr

r
t1 2 1 2 1 2 1 2( ) ( )

where mnF is the electromagnetic field strength tensor, defined in terms of the electromagnetic vector potential
mA as = ¶ - ¶mn m n n mF A A , g is the determinant of themetric mng , and the electric chargeQ is identifiedwith the

integration constant. Thefinal step follows because the only non-zero component of mA is At , which depends
only on the r coordinate.

For a body ofmassM, withmass lengthscale ºM GM c2 and electric charge lengthscale
pº Q G c Q4 0

4 1 2( ) , the solution to (2)modified by the electric field (3) is the Reissner-Nordströmmetric:

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

- = - - + + - + + W
-

ds
M

r

Q

r
c dt

M

r

Q

r
dr r d1

2
1

2
42

2

2
2 2

2

2

1
2 2 2 ( )

wherewe areworking in standard Schwarzschild coordinates, so that the angular components of themetric have
no gravitational effects.

Themass lengthscale emergesmathematically from the field equations as an integration constant, and its
identificationwith /GM c2 arises from identificationwithNewtonian gravity at large r . In the limit that Q 0 ,
(4) goes over to the Schwarzschildmetric, and themass parameter corresponds to the Schwarzschildmass. The
electrostatic energymakes a contribution to the total energy in thefield.

The solution (3) can be expanded in a Taylor series about the origin to yield:

¶ = = = + -
-

+ -A
Q

r g

Q

r
g

Q

r

M Q

r

Q Q M

r
O r

2 4
5r

t
rr rr2 2 2 3

2 2

4
5( ) ( ) ( )

where grr is the R-N component given in (4). This is the electric field in curved space. In the limit offlat
space, g 1rr , andwe recover the usual /r1 2 law.

2.2.Mapping between 5D and 4Dfields
TheKaluza hypothesis under the cylinder condition provides amapping of the 4D gravitational and
electromagnetic fields to components of the 5Dmetric tensor gab. There is a unique set of components of gab
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that transform as a 4D tensor, and can therefore be identifiedwith the 4Dmetric mng ; there is likewise a unique
set of components of gab that transform as a 4-vector, and can therefore be identifiedwith the electromagnetic
vector potential. The cylinder condition imposes a restricted class of 5D coordinate transformations that
determine these identifications.

The cylinder condition implies the theory is not generally covariant in allfive dimensions. The restricted
class of coordinate transformations is such that the 4 spacetime coordinates are covariant, ¢ = ¢m m nx x x( ). The
transformation on thefifth coordinate is ¢ = + mx x f x5 5 ( ). The arbitrary function of spacetime coordinates
that is added to the fifth coordinate can be interpreted as the electromagnetic gauge choice. This restricted class
of 5D coordinate transformations is analogous to the restricted class of coordinate transformations that hold
when 4Dgeneral relativity is approximated as a small perturbation around theMinkowskimetric. Just as the
weakfield theory loses its general covariancewhen themetric is restricted to be a perturbation of theMinkowski
metric, the 5D theory loses its 5D covariancewhen the cylinder condition is imposed.

Our analysis of the solutions to (1) is based on a suite of expressions standard in theKaluza literature that
relate the 4D fields to the 5Dmetric. For the formulae below, we provide citations for them to expressions in
[9, 11, 12].

For a 5Dmetric gab that obeys the cylinder condition, the 4D spacetimemetric components mng are given by5


 


= -mn mn

m n
g g

g g

g
6

5 5

55

( )

where greek indices indicate the 4 spacetime coordinates, and the fifth coordinate index is 5 .
For our particular case, time-independent vacuum solutions in spherical symmetry, mA has only a time

component, At , the Coulombpotential. The time-time component and the spatialmetric components of (6) are
therefore given by:

   = - =g g g g g g, 7tt tt t ij ij5
2

55( ) ( )

where small roman indices denote the 3 spatial components.
TheCoulomb potential is given in terms of the 5D inversemetric (See footnote 5):

= -A g 8t t5 ( )

The scalar potential is simply the 5-5 component of the 5Dmetric (See footnote 5):

f º g 92
55 ( )

The nature of the scalar-modifiedCoulomb field (8) and the nature of the scalar field (9) emerging from the
5D vacuum equations (1) can be broadly deduced from their 4Dfield equations. The vacuumMaxwell equations
for a radial electricfieldmodified by the scalar field are6:

f f =  =m
mn - -F F Q g0 10rt3 1 2 3( ) ( )

where Q is the integration constant and the indices r and t refer to the radial coordinate and the time
coordinate.

Equation (10)means that the Coulomb fieldwill bemodified by the scalar field as well as by themetric, so the
effects of f and grr could be difficult to distinguish inCoulomb experiments. Therefore in our results we also
provide the Taylor series expansions of gtt and At , to compare with the Reissner-Nordström andCoulomb
limits (4) and (5).

2.3. Zerofield energy in 5Dvacuum
It has not been previously recognized that the solutions to (1) imply the combined energy density of the scalar
and electromagnetic field vanishes. To see how that is so, let us introduce the scalar field and electromagnetic
field energy-momentum tensors, mn

fT and mnTEM . They enter theKaluza-modified vacuumEinstein equations as
follows7:

f
f= +mn mn

f
mnG T T

1
11EM2 ( )

whereGμν is the Einstein tensor, andwhere the gravitational and electrical constantsmultiplying the
electromagnetic energy-momentum in (2) are absorbed into the units of electric charge Q . The scalarfield
energy-momentum, on the other hand, has no coupling constant in theKaluza theory; it is a pure curvature term
likeGμν, and can be considered gravitational in nature, and emerging from5Dcurvature like the other fields.

5
See e.g., (2) in [9], (A2) in [11], (2) in [12].

6
See e.g., (13) in [4], (6c) in [9], (A12b) in [11], (25) in [12].

7
See e.g., (6a) in [9], (A11) in [11], (21) in [12].
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The electromagnetic energy-momentum tensor is given by the usual formula:

= -mn
ab

ma nb mn ab
abT g F F g F F

1

4
12EM ( )

The scalar field energy-momentum tensor is given by:

f f=   -mn
f

m n mn T g 13( )

where   ºab
a b g .

The only non-zero components of the electromagnetic field tensor are = -F Ftr rt , so =ab
abF F g g F2 tt rr

rt
2 .

There is a factor of f2 multiplying the electromagnetic energy-momentum in (11), so the total, scalar-modified
electromagnetic energy densityTtt

EM of theCoulombfield is

f f=T g F
1

2
14tt

EM rr
rt

2 2 2 ( )

where the last step uses (10) and that q=g g g r sintt rr
4 2∣ ∣.

The vacuum field equation for the scalarfield is given by8:

f
f
f

= =ab
ab


F F R

3

4
3 152 ( )

where the last step follows from taking the trace of (11).
The only non-zero gradient of the scalar field is f¶r ∂rf. Therefore the scalar field energy density fTtt is given

by

f f
f f f f= - = - = - = -f ab

abT g g F F g F T
1 1 1

4

1

2
16tt tt tt

rr
rt tt

EM2 2 2 2 ( )

where the successive equalities follow from (13), (15), and (14). The scalar and electromagnetic energy densities
in (11) are equal and opposite, and therefore these are zero-mass solutions.

The nature of electrically-charged singularities has been investigated bymany authors. The R-N solution (4)
allows a solutionwith =M 0, corresponding to amassless electric charge. However, the energy in the electric
fieldwill look like an effectivemass at infinity [13–17]. Indeed, the electric field acts to stabilize the energy of a
point particle [15]. Yet the Kaluza vacuumequations for zeromass have also zero total scalar plus electric field
energy, and therefore zero effectivemass at infinity.

Therefore we can conclude that the vacuum5D field equations (1) are all zero-mass solutions. This is a result
new to the literature. For the 5D vacuum solutions, it appears the electric field energy stands on a foundation of
negative scalarfield energy.

It is well-known that scalar fields are associatedwith negative energy [18–20]. The form (13) of the scalar
field energy-momentumdoes not produce positive-definite energy, because of the second derivative [20]. For
example, if we consider scalar waves f wt( ) of angular frequencyω, massless andmoving at the velocity of light,
then the second term in (13) is zero. Inflat space, then, f w f= ¶ ¶ = -fTtt t t

2 , which is not positive definite iff
is oscillatory.

We shall comment on the negative-energy aspect of the vacuum solution scalarfield further whenwe
consider the individual solutions.

Whenmatter sources are introduced, the scalar field energy need not be negative. In a subsequent paper we
will investigate solutionswithmatter sources, such as considered by [4] in their original paper.

3. Results

3.1.Methodology
Weconsider newphysical parameterizations of known solutions to (1) that allowus to identify energy in the
scalarfield, and to relate electric charge to scalar charge andmass.We start by establishing existing baseline
solutions known in the literature, and enumerating their characteristics. Thenwe introduce our new
parameterizations, and discuss their physical implications.

3.2. Baseline electrically-neutral solution (Davidson&Owen)
Let us establish a baseline solution for an electrically-neutral body against which to compare our
parameterizations. Our neutral-body baseline is theDavidson&Owen solution [7], but written in standard,
Schwarzschild-like coordinates

8
See e.g., (6b) in [9], (A12a) in [11], (26) in [12].
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⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

  = - = - - = - -
a b a b- -

g
M

r
g

M

r
g

M

r
1

2
, 1

2
, 1

2
17

tt
do do

rr
do

55
( )

whereα2+ β2+ αβ= 1
Since themetric is diagonal,  =mn mng g , we can read off the 4Dmetric components directly, andwrite the

leading terms of their Taylor expansions:

a b
= - + = - + +- -g

M

r
O r g

M

r
O r1

2
, 1

2
18

tt
do do2

55
2( ) ( ) ( )

The baseline neutral solution (17) has a Schwarzschild limit whenα= 1 andβ= 0. But in this limit, the
scalarfield vanishes.

Ifα andβ are allowed to vary from the Schwarzschild limit, then at large distances r, there is a gravitational
charge ∝ αM and a scalar charge∝ βM. Thereforewe expect there to be a scalarmass or scalar chargewhich is
proportional to the energy in the scalar field. Yet for the Schwarzschild limit of our baseline neutral solution (17),
the scalarfield energy vanishes.

We can conclude that this solution apportions afixed fraction of the totalmass-energyM into the scalar and
gravitational fields. To recover the pure Schwarzschild solution requires putting all the energy into the
gravitational field, and setting scalar field energy to zero.

We can also conclude that this neutral-body solution does not suffer from the zero-energyfield condition
mentioned above. In this solution, there is always energy in the field. The reason this energy is captured in the
neutral-body scalarfield equation is that the solution to (15) is a particular solution, and the homogeneous
solution is implicitly excluded. The neutral-body solutions are implicitly including a delta-functionmass source,
as in the Schwarzschild solution.

Let us summarize the key properties of theDavidson&Owen neutral-body baseline solution for comparison
with the newparameterizations.

• thefifth coordinate is spacelike

• the sign of the scalar potential is positive for positiveβ

• the scalar field vanishes in the Schwarzschild limit

• at large r, separate scalar and gravitational charges can be identified, but both are proportional toM

• the totalmass-energy isfixed atM, and the solutions vary the fraction allocated to the gravitational and scalar
fields

3.3. Baseline electrically-charged solution (Liu&Wesson)
Let us establish a baseline solution for an electrically-charged body against which to compare our alternative
parameterizations. Our electrically-charged baseline solution is fromLiu&Wesson [10]. This solution has
viable R-N andCoulomb limits at large distances.

⎜ ⎟⎛
⎝

⎞
⎠

   = - = = - - = - - +
-

g
M

r
g

Q

r
g

Q

M r
g

M

r

Q

M r
1

2
, , 1

2
, 1

2

2
19

tt
lw

t
lw lw

rr
lw

5 55

2 2 1

( )

TheTaylor series for the 4D components are given by

= - + - + -g
M

r

Q

r

Q

M r
O r1

2

2
20

tt
lw

2

2

4

3
4( ) ( )

⎜ ⎟⎛
⎝

⎞
⎠

= + - + -A
Q

r

Q

r
M

Q

M
O r2

2
21lw

t
2

2
3( ) ( )

This solution has the correct Reissner-Nordström andCoulomb behavior at leading order. However, we
know its totalfield energy is zero, so that explains the higher order terms in gtt that are not in the R-N limit.We
see explicitly that if the electric charge Q 0, then the scalar charge goes to zero alongwith it. However, this
solution does not have awell-behaved zero-mass solution like the R-Ndoes. In the limit that M 0, the scalar
field and theCoulomb field diverge.

The scalar field in this solution goes to zerowhen the electric charge goes to zero. Yet the neutral baseline (17)
has a non-zero scalar field. So in spite of the provision of a goodR-N lmit by this solution, it does not seem to
provide a good neutral body limit as in the baseline neutral solution.

This solution has a spacelike fifth dimension, and the scalar potential is negative, like the gravitational
potential. There is no contribution by the scalar field to g

tt
lw .

Let us summarize the key properties of the Liu&Wesson electrically-charged baseline solution.
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• thefifth coordinate is spacelike

• the sign of the scalar potential is negative, like gravity

• the scalar charge is proportional to Q M ;2 it vanishes when Q 0, but diverges when M 0. There is no
=Q 0 scalar field limit for this solution.

• there is no contribution of scalar field energy to gtt at leading order

• the total scalar and electromagnetic field energy is zero per (16), so the emergence of R-N-like terms quadratic
in Q 2 at leading order is at the ‘expense’ of the scalar field

3.4. New solution parameterization class A
Weconsider a reparameterization of the baseline 2-parameter solution g

ab
A with viable R-N andCoulomb limits

for large r , whichwe call here ‘Class A’. Liu&Wesson considered their solution a ‘3-parameter’ solution
compared to the ‘2-parameter’ solutions ofGross&Perry, where their third parameter was an exponent.
However, only the exponent equal to one yields viable R-N andCoulomb limits. Yet afinite exponent can yield
approximate R-Nbehavior so long as r is sufficiently large and the potentials sufficiently small.We constrain
ourselves to exponents of one to pursue the possibility of an exact R-N limit.

Consider a reparameterization of the baseline solution for amonopolewithmass, electric charge, and scalar
charge.
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where a and b are constants corresponding to gravitational charge and scalar charge. Electric charge emerges
from their product. Under this parameterization, electric charge is seen as an auxiliary quantity to the scalar
charge and themass. Under the standard identification of the baseline solution, electric charge is fixed, and
scalar charge is determined from electric charge andmass, leading to the divergences discussed previously.

The Taylor series for the 4D components are given by
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r
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tt
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Since theClass A solution form is a reparameterization of the baseline solution, we also refer to the baseline
as solutionA0. TheClass A parameterizations allow us to isolate the gravitational charge a and the scalar
charge b.

The R-N limit provides a direct constraint on the signature of the fifth dimension.When  =g Q rt5 , as is the
case in the baseline electrically-charged solution (19) and inmany other solutions, then g55 must be spacelike in
order to reproduce the Q 2 termof (4). If weflip the sign on b in (22), then the electric charge becomes imaginary.
Therefore, the R-N limit appears to argue for a spacelike fifth coordinate. Otherwise, it would imply thefifth
dimension is imaginary, and thismay be allowable as well but has not been investigated.

The total scalar and electric field energies are constrained to zero by (16), but in such away that electric
charge ismultiplicative in gravitational charge (mass) and scalar charge. If either themass or scalar charge goes to
zero, then the electric charge goes to zero. Yet a Schwarzshild-like limit emerges if the scalar charge is set to zero.

TheClass A solution forms reported here allow for either sign for a and b, and either sign for gtt and g55.
However, the g55 must be spacelike to yield the correct R-N andCoulomb limits.

Let us summarize the key properties of the Class A solution forms.

• thefifth coordinate is spacelike

• the sign of the scalar potential is negative or positive

• the electric charge is the product of scalar charge and gravitational charge (mass)

• the electric charge goes to zerowhen the scalar charge b goes to zero, and in that case, the totalmass is just the
gravitational charge a

3.4.1. A particular Class A solution formwith a neutral scalar field
Wecan use the freedomof this solution to posit a scalar charge that depends both onmass and electric charge by
setting a= +b Q M M22 , whereα is a constant, and setting gravitational charge =a M2 . Let us call this
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solution formA1. Then the 4D component expansions become:
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TheA1 solution formprovides a scalar field in the limit that Q 0. It also provides viable R-N andCoulomb
limits to leading order. The R-N limit ismodified now to include the energy from the scalar field.However, the
total scalar and electromagnetic energies are zero, and the netmass is just the gravitational charge =a M2 . Yet
this solution suggests the intriguing possibility that the electric field exists on a foundation of negative scalar field
energy that goes otherwise unseen. And although the electric field is technically not contributing to themass seen
at infinity, it is so small in practice that the difference would be undetectable.

The solution formA1 suggests a new effect, thatmass alone can give rise to electric charge. This suggests
testing forweak electric fields fromneutral bodies. But such tests are very difficult to perform. Aweak electric
field frommass alone could feasibly go undetected.

3.5. New solution parameterization class B
Herewe introduce another two-parameter solution class parameterization that can also be obtained from the
baseline solution, whichwe call ‘Class B’. It provides a viable R-N limit, and treats the scalar field in a novel way
not described before.
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The 4D components are given by
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TheClass B solution forms (28) improve onClass A (22) by providing two independent pieces to the gtt ,
allowing separate contributions to gravitational charge formass and for scalar field energy. It also allows for a
positive scalar field, if a> b. That constraint is also necessary for grr to be spacelike.

TheClass B solution forms do not necessarily have a coordinate singularity at values of r> 0, like the
Schwarzschild andReissner-Nordströmmetrics. The condition for the singularity to exist is a2+ b2= 3ab.

Let us summarize the key properties of the Class B solution forms.

• a> b for grr to be spacelike

• thefifth coordinate is spacelike

• the sign of the scalar potential is positive

• there are two independent gravitational charges, and the electric and scalar charges are obtained from their
product

• there is a contribution of scalarfield energy to gtt at leading order, in such away that the scalar field energy
enters like themass. This only includes the scalar field accruing from electric charge.

• there is no coordinate singularity at r> 0 unless a2+ b2= 3ab.

3.5.1. A particular Class B solution formwith scalar field energy
Wecan consider a specificClass B solution formwith =a Q M22 and =b M2 . Let us call this solution B0.
The 4D component expansions are:

= - + + + -g
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Table 1.Comparison of select 5D solutions gab in standard Schwarzschild coordinates. The corresponding 4Dmetric components gμν are given, alongwith theCoulomb potentialAt. The angularmetric components are gθθ = r2 and

q=jjg r sin2 2 for all solutions except the baseline neutral. For economy of notation, the overbars on themass and charge lengthscales are dropped. ‘NA’means not applicable, º -g M r1 2tt
S , º +g g Q rtt

RN
tt
S 2 2, and er

2,3( ) indicates
additional small terms of order r−2,−3. Unique features of the new solution forms are highlighted. Solution formA1 provides a non-zero scalarfield asQ→ 0. Solution formB0 provides a positive sign of the scalarfield, and accounts for
scalarfield energy in gtt. Expansions ofA

t for A0, A1, and B0 are shown only to order er
2 to fit in the table; see the relevant sections for higher order expressions. In general theA t solutions vary at order er

2, even as they agree at leading order.
Electrically-charged solutions A0, A1, B0 tie together the scalar and electric field so their total energy is zero.
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The B0 solution form allows for a contribution from scalarfield energy to gtt, but otherwise preserves the
R-N limit at leading order in themass and electricfield terms

As in the previous solutions, the apparent scalar field energy sums to zerowith the electric field energy, so
that the totalmass is just the gravitational charge.

Like the baseline solution, the B0 solution scalar field vanishes when =Q 0. Also, the scalar field energy
termdoes not include a contribution for neutral bodies. And it shares the same singularity at zeromass as the
baseline solutionA0.

This solution allows the scalar potential to be positive, while thefifth coordinate remains spacelike.

4. Conclusions

Twonew classes of physical solution forms, A andB, have been investigated.We provided specific parameter
choices A1 andB0 for class A andB solutions, geared toward a reasonable R-N-Coulomb limit and a non-zero
scalarfield.

We showed that the vacuumKaluza equations have zero totalfield energy. The energy apparent in the
electric field comes at the expense of negative energy in the scalar field. In this way, the scalar field acts as a sort of
‘foundation’ for the electric field. Therefore the total energy at infinity is just the neutralmass, not the neutral
mass plus electrostatic energy that is implied by theR-N solution.

We selected from among the families of new solution forms 2withmeaningful physical interpretations. The
new solution forms presented here have several attractive features:

• separate scalar charge andmass contributions to the gravitational charge

• positive or negative scalar potential, but always a spacelike fifth coordinate in order tomatch the R-N limit

• electric charge as the product of gravitational charge (mass) and scalar charge

• scalar and electric charge as the product of 2 gravitational charges

• a charged solutionwith a scalar field in the neutral limit, implyingweak electric fields fromneutralmasses

• viable Reissner-Nordstrom, Schwarzschild, andCoulomb limits for large r, with the understanding that the
net scalar and electromagnetic energy densities sum to zero, so that they do not contribute to themass seen at
infinity

Our new solution forms are compared to the baseline solutions and 4D limits in table 1.
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