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a b s t r a c t 

Mechanical modelling using the level-cut Gaussian random field approach has been employed to simulate 

the effect of radiation induced amorphization on the Young ́s modulus, Poisson ́s ratio and hardness of 

zircon (ZrSiO 4 ). A good agreement with previous nanoindentation experiments has been achieved. Two 

percolation transitions occur at ~16% and ~84% amorphous volume fraction, leading to deviations from 

linearity in the evolution of the Young ́s modulus. Interface regions between crystalline and amorphous 

areas stabilise the hardness for a considerable amount of amorphous fraction. The modelling approach is 

promising for predicting the intrinsic radiation damage related evolution of the mechanical properties of 

various materials. 

© 2021 Acta Materialia Inc. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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The mineral zircon (end-member composition ZrSi O 4 , tetrag- 

nal structure, space group I 4 1 / amd ) is in nature often exposed

o nuclear radiation for millions of years, due to incorporated U 

nd Th. Therefore, it has been found to be a suitable natural ana- 

ogue for the study of the long-term behaviour of possible crys- 

alline phases for nuclear waste disposal [ 1 , 2 ]. As the Zr -site can

e completely replaced by actinides, e.g., Th , U , Np , Pu and Am [3–

4] , zircon itself has been proposed as a candidate crystalline host 

hase for the immobilization of actinides [ 10 , 15–17 ]. Recently, the 

sostructural end-member composition USi O 4 (coffinite) has been 

eported to be an important alteration product of U O 2 in spent nu- 

lear fuel [18] . 

Intrinsic structural radiation damage is mainly caused by the 

-decay of the incorporated actinides, see e.g. [19–22] . Most of 

he atomic displacements (several thousand per α-decay event) 

re induced by the heavy recoil nucleus, dissipating its energy by 

lastic collisions with surrounding atoms in its path through the 

tructure. This generates recoil cascades in the ordered lattice that 

verlap and finally establish an amorphous (metamict) state. The 

maller α-particle (helium nucleus) displaces only several hundred 

toms near the end of its trajectory (major energy loss before by 

lectronic excitations). The amorphization in, e.g., zircon goes along 
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ith significant swelling [ 9 , 23 ], a reduction of the density [ 19 , 24 ]

nd a measurable loss in modulus and hardness [25–27] . 

An elegant way for generating bi-continuous microstructures 

hat have a percolation point at a defined phase volume fraction 

s established for foams [28] and nanoporous metals [29] . In these 

orks, the method of levelled-cut random Gaussian fields [ 30 , 31 ] 

as used that allows for producing fully random as well as peri- 

dic structures. For such open pore materials, the considered range 

f the solid volume fraction φB is commonly limited to values be- 

ow 50% and the percolation threshold φP 
B 

above which a contin- 

ous 3D network is formed is around 10% [31] . Soyarslan et al. 

sed FE-voxel models for the prediction of the macroscopic elas- 

ic properties and analysed the topology formed by the random 

aussian fields [29] . They determined the percolation threshold at 
P 
B = 15 . 9% . Symmetry implies that the second percolation thresh- 

ld is 1 − φP 
B 

= 84 . 1% . In what follows, we apply the same method

or generating a two-phase microstructure, where one phase is 

rystalline ( φc ) and the second phase is amorphous ( φa ) zircon. 

he latter undergoes swelling while being mechanically confined 

y the surrounding crystalline phase. 

In this work we investigate whether mechanical modelling can 

onfirm the results from earlier experiments and simulations of 

adiation-damaged zircon: (i) the radiation induced crystalline-to- 

morphous transition can be properly described as a percolation 

roblem with two percolation points [ 23 , 32 , 33 ], (ii) the Young ́s

odulus is threshold sensitive, and (iii) interfaces and underlying 
rticle under the CC BY-NC-ND license 
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Fig. 1. Model for prediction of the mechanical properties for given phase composition and properties. RVE of the micromechanical model with optional interface of thickness 

t (left) used for homogenization of the mechanical properties after swelling; nanoindentation model (right) used for hardness prediction. 
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ard shells, enclosing the depleted amorphized cores, are able to 

tabilise the hardness [ 27 , 34 ]. 

The level-cut Gaussian random field modelling approach 

29] defines the volumetric percolation points φP1 
a and φP2 

a at fixed 

alues of 15 . 9% and 84 . 1% , respectively. φP1 
a is very close to the

redicted critical percolation density for a simple cubic lattice of 

6 . 2% [35] . It should be noted that the associated critical perco-

ation probability p c is 0 . 31 [35] , which has been reported to be

n good agreement with p c1 of zircon [ 23 , 33 ]. The first percolation

ransition at φP1 
a characterises the structural transition from islands 

f amorphous zircon within a matrix of crystalline zircon to a bi- 

ontinuous network of both phases at lower doses, whereas the 

econd percolation transition φP2 
a denotes the transition from the 

i-continuous network to isolated islands of the remaining crys- 

alline phase at higher doses. Beirau et al. found indications for 

he percolation transitions in the nanoindentation hardness and 

oung’s modulus data as a function of density of natural zircon in 

greement with the literature values [ 27 , 34 ]. 

Finite element simulations will be used to investigate the effect 

f the percolation points on the corresponding features arising in 

he mechanical properties. To this end, a two-scale simulation is 

stablished shown in Fig. 1 that allows for the simultaneous cal- 

bration of the material parameters of an elastic-plastic material 

aw for crystalline and amorphous zircon, including the amount of 

welling of the amorphous phase. The generation of the microme- 

hanical model follows the approach of random Gaussian fields; 

ee [29] for details. We use H = 

√ 

146 , which creates 96 indepen- 

ent directions for standing waves. A level cut of the superimposed 

aves with random phase shift decides to which phase the voxel 

s assigned at a given position. Mechanical properties are denoted 

ith index a for the amorphous phase and c for the crystalline 

hase. The resulting FE model consists of 64 × 64 × 64 voxels 

nd contains ∼ 10 microstructural elements per edge length of the 

nit cell. At an amorphous fraction φa = 0 . 5 this leads to a charac-

eristic phase size that is 5% of the edge length of the model. 

As an extension to [29] , interface elements in form of 2D shell 

lements of thickness t are added to the surface of the amorphous 

hase, where t is defined as fraction of the voxel size. For a reso- 

ution of 64 voxels, an interface thickness of t = 0 . 1 corresponds to

3% of the characteristic size of the crystalline phase ( φa = 0 . 5) .

ue to the volumetric overlap with the 3D HEX elements ( Fig. 1 ,

eft), the added strength of the interface results from the prod- 

ct of the yield stress and the shell element thickness. The inter- 

ace properties are chosen as the crystalline phase, e.g. σy,i = σy,c , 

hile the shell element thickness is used as free parameter for cal- 
2 
brating the effective interface strength in the model. A compres- 

ive strain of 5% is applied in z-direction with periodic boundary 

onditions. For any phase volume fraction, the Representative Vol- 

me Element (RVE) allows to compute the macroscopic mechanical 

roperties Young’s modulus E, Poisson’s ratio ν , yield stress σy , and 

ork hardening rate E T as function of the mechanical properties of 

he two phases. 

The dependence of density, Young’s modulus and hardness 

loading along [100]) as function of dose is known for zircon from 

ri Lanka (Ratnapura district) [ 19 , 26 , 27 ]. To determine the corre-

ponding amorphous phase volume fraction φa an approximation 

s made, using the calibration scheme of [ 36 , 37 ]. These provide a

eached maximum φa value of around 85% for the experiments of 

 26 , 27 ]. Rıós et al. [38] also propose a similar φa value for a sam-

le with a comparable suffered radiation dose range. As long as 

he amorphous phase volume fraction is small, the swelling is con- 

trained by the surrounding crystalline phase of high modulus and 

trength. Therefore, simulation step 1 applies swelling of the amor- 

hous phase by the swelling strain ε sw 

, which induces a volumetric 

welling V sw 

= 3 ε sw 

in the unconfined condition. As initial value we 

se a swelling strain of ε sw 

= 6 . 7% that corresponds to 18% volu- 

etric swelling at 100% amorphization [39] . While ∼ 13% swelling 

as found to be related to the recoil damage, the remaining ∼ 5% 

re restricted to unit-cell swelling at low doses [32] . The latter is 

nisotropic, mainly affecting the c axis [ 19 , 40 ], hence the mechani-

al properties for uniaxial loading along [001]. For simplicity of our 

odel, we assume that all swelling is isotropic and limited to the 

morphized fraction. 

For predicting the hardness, the Young’s modulus and yield 

tress as determined from compression of the micromechanical 

odel up to 5% strain ( Fig. 1 , left) are fed into the indentation sim-

lation ( Fig. 1 , right). A linear work hardening with a work hard- 

ning rate of E T = 1 GPa is applied, which does not affect the com- 

uted hardness. The rigid indenter is displaced by an indentation 

epth h at which the hardness H = P/A is computed from the true 

ontact area A by Abaqus, provided as field output variable con- 

act area (CAREA) [41] . For details on the nanoindentation Finite 

lement model, we refer to [42] . 

The amorphous phase fraction before swelling 0 ≤ φa ≤ 1 is 

sed for defining the structure of the micromechanical model. Ex- 

mples displaying the evolution of the amorphous phase at charac- 

eristic stages are presented in Fig. 2 . The elastic constants of both 

hases are tuned along the blue path in Fig. 1 by fitting the pre-

icted macroscopic response of the RVE to the measured behaviour 

f Young’s modulus versus density provided in [ 26 , 27 ]. With the
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Fig. 2. Amorphous phase modelled with level-cut Gaussian random fields for increasing amorphous fraction φa . The crystalline phase is not shown. Images are visualised 

with OVITO [47] . 

Table 1 

Calibrated material parameters of the phase constituents (assuming isotropic 

material behaviour) of the micromechanical model and resulting hardness val- 

ues predicted by the indentation model. 

Phase E (GPa) ν σy (MPa) E T (MPa) H (GPa) 

Crystalline (c) 344.0 0.173 9131 1000 19.8 

Amorphous (a ) 129.9 0.281 4870 1000 10.4 

c

a

T  

s

V

t

[

t

z

s

m

o

t

s

n

f

s

T

t

p

b

N

s

o

i

t

v

i

e

a

c

m

t

o

i

g

t

f

c

[  

p  

w

g

g

d

v

s

t

s

φ
e

h

w

e

a

c

∼
s

t

a

p

d

m

t

g

alibration of the material parameters of the phase constituents 

ssuming isotropic elastoplastic material behaviour as listed in 

able 1 , the dependency of ρ( φa ) is finally achieved for a swelling

train of ε sw 

= 3 . 78% . The corresponding volumetric swelling is 

 sw 

= 11 . 5% and thus ∼ 36% less the experimentally observed to- 

al value [39] , but very close to the ∼ 13% swelling related to φa 

32] . Further, our swelling value is in excellent agreement with 

hat obtained by [43] , using molecular dynamics simulations of 

ircon amorphized by melt-quenching ( 11% ), while [44] report a 

omehow higher volume expansion ( 16% ). It should be noted that 

elt-quenching may not truly represent the final amorphized state 

f a system. Irradiated systems may have a larger swelling than 

hat of melt quenching [ 45 , 46 ]. 

Fig. 3 presents the results for the density and volumetric 

welling as function of φa , where the open and solid symbols de- 

ote the data before and after swelling, respectively. Error bars 

rom 10 realizations for amorphous fractions of 30, 50, and 70% 

how that the effect of the stochastic microstructure is negligible. 

he dependencies are only slightly changed by the swelling. Al- 

hough the curves show some nonlinearity, which is a bit more 

ronounced for low amorphous fractions, no distinct features can 

e recognised that could be assigned to the percolation transitions. 

evertheless, it should be noted that [23] report a kink in the 

welling rate to occur close to the percolation point. This is lesser 

bvious, but still visible in our modelled data as a slight increase 

n the slope around 16% φa . 

Fig. 4 compares the predicted macroscopic mechanical proper- 

ies versus the density of the composite material. The standard de- 

iation of the macroscopic properties from 10 microstructure real- 

zations of the RVE is ∼ 10 −3 of the average value, which is why no 
3 
rror bars are shown for the simulation results. The overall good 

greement of the predicted macroscopic Young’s modulus E (green 

olor) with the literature data (open symbols) indicates that the 

icromechanical model sufficiently approximates the microstruc- 

ure and relevant phenomena of swelling and elastic deformation 

ver the whole range of amorphous fractions. Although the result- 

ng amorphous fraction of around 100% at densities just below 4 . 2 

/cm 

3 seems at first glance somehow overestimated by the model, 

his is nevertheless in agreement with experimental data obtained 

or zircon [ 36 , 37 ] for doses > 7 × 10 18 α-events/g (dose-density 

orrelation after [19] ). Comparing the experimental density values 

 36 , 37 ] with that deduced from our model for the zircon sam-

les from Beirau et al. [ 26 , 27 ] reveals a generally good agreement

ithin the scatter and errors (only the sample with density ∼ 4 . 54 

/cm 

3 lies slightly below the corresponding region). 

The predicted stiffness-density curve in Fig. 4 indicates the be- 

inning deviation from a linear behaviour (tangents are added as 

ashed green curves) at both sides around φP1 
a and φP2 

a , pro- 

iding evidence for the sensitivity of the Young ́s modulus to the 

tart of the percolation of the amorphous fraction and the end of 

he percolation of the crystalline fraction, respectively. Our model 

hows stronger deviation from linearity between ∼ 30% and ∼ 70% 

a that seems to be pronounced enough to be also visible in the 

xperimental data [ 27 , 34 ], despite the lower resolution and the 

igher uncertainty. This nonlinearity is in very good agreement 

ith previous interpretation of the experimental data by Beirau 

t al. [ 27 , 34 ]. 

Compared to the Young’s modulus, the Poisson’s ratio shows 

 different behaviour with a maximum deviation from the se- 

ant drawn between the two end points (blue dashed line) at 

70% φa . While the predicted curve seems to deviate from the 

ecant at the percolation transition φP1 
a at low amorphous frac- 

ions, it shows an inflection at the percolation transition φP2 
a . The 

greement with the experimental data is very good for low amor- 

hous fractions φa < 40% , whereas the experimental data are un- 

erpredicted between 40% < φa < 90% . Furthermore, the experi- 

ental curve exhibits an S shape, which saturates earlier than 

he simulation. This could be an indication that the microstructure 

enerated with the level-cut Gaussian random field approach may 
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Fig. 3. Dependency of macroscopic volumetric swelling V sw (red circles) and density ρ (blue squares) of the amorphous fraction φa (open symbols: initial values; solid 

symbols: after swelling of the amorphous phase). The swelling changes the macroscopic amorphous fraction only slightly. Data are available at [48] . (For interpretation of 

the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. Predicted mechanical properties (curves with solid symbols) in comparison with experimental data (open symbols) published in [ 26 , 27 ] as function of density. 

Hardness values H are obtained from the nanoindentation model fed with properties obtained from the micromechanical model without interface ( t = 0 . 0 ) and with an 

interface of increasing thickness t = 0 . 2 and 0 . 4 . Data are available at [48] . 

4 
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ot represent the microstructure of partially amorphized zircon in 

ll aspects. A comparison of both microstructures would require 

EM tomography, which would be an interesting direction of future 

ork. 

The predicted hardness is plotted in Fig. 4 together with the 

anoindentation results from Beirau et al. [ 26 , 27 ] as red curve

nd open triangles, respectively. The model without an inter- 

ace between the two phases ( t = 0 ) is in good agreement with

he nanoindentation data for φa > 60% . For the remaining data, 

he hardness is considerably increased, particularly for amorphous 

ractions from 10% to 30%. Beirau et al. [27] discussed this char- 

cteristic feature in the hardness in connection with results from 

MR measurements [49] and molecular dynamics simulations 

50] that show that each recoil cascade in zircon consists of a low 

ensity core surrounded by a densified outer layer, populated by 

i O n polymers. As a possible explanation for the observed higher 

ardness, combined effects of interfaces between crystalline and 

morphized regions and underlying hard shells of each recoil cas- 

ade were identified. 

To investigate the effect of such a hard interface in depen- 

ence of the amorphous fraction in the spirit of [27] , the moduli 

f zircon are less affected by soft interfaces and hard shells and, 

herefore, we assume that the macroscopic Young’s modulus for 

 > 0 is the same as for t = 0 . The results with a reinforced inter-

ace between the amorphous and crystalline phase are shown in 

ig. 4 as red curves, labelled with t = 0 . 2 and 0 . 4 . The curves indi-

ate that the interfacial strengthening in the material is most effec- 

ive within the two percolation transitions, i.e. when both phases 

orm a bi-continuous microstructure. This leads to a characteristic 

hange in the slope exceeding φP1 
a , where the amorphous islands 

tart to connect and form a continuous network. The formed cusp 

ith increasing interface thickness confirms the assumed relation 

y [27] . 

In summary, the simulation results show a good agreement 

ith previous experimental data [ 26 , 27 ]. This confirms that the 

ssumptions introduced in the model setup and for natural 

adiation-damaged zircon are reasonable. Two percolation transi- 

ions can be found in the system, occurring with ongoing radi- 

tion damage. According to the literature and the model estab- 

ished in this work, microstructures with volumetric percolation 

oints at ∼ 16 and ∼ 84% φa provide a good approximation of the 

acroscopic behaviour. The Young ́s modulus indicates a sensitiv- 

ty with respect to the corresponding thresholds, while interface 

ffects (including the hard shells) are able to stabilise the hard- 

ess relative to the decay without such interfaces, forming a cusp 

ith a maximum around φP1 
a . As we have a composite material 

f two solid phases, one serves as matrix material for the other, 

s soon as the phase with the lower volume fraction forms dis- 

onnected islands. Therefore, the load path still exists while the 

onnectivity within one of the phases is broken. This explains why 

he mechanical properties change smoothly around the percolation 

ransitions. Consequently, it is almost impossible to determine the 

xact location of the percolation transitions without a combined 

xperimental-modelling approach, as presented in this work. Fur- 

her, the good agreement between the numerical results from our 

odel and the experimental results from literature implies that the 

evel-cut Gaussian random field modelling approach is suitable for 

tudying the mechanical effect of nanoporosity, as well as of radi- 

tion damage related amorphization. The modelling approach has 

he potential for predicting the intrinsic radiation damage related 

volution of the mechanical properties also for other materials that 

how similar percolation transitions. Modelling of materials that 

re exposed to radiation is also possible by extending the model 

ith a density gradient over the depth. This would require addi- 

ional data, such as the fluence-density relationship and knowledge 

f the decay of the fluence over the depth. 
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