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A B S T R A C T

A novel nonlinear 1-D gradient model has been previously proposed by the authors, combining (i) the higher-
order gradient terms that capture the influence of material micro-structure and (ii) a nonlinear softening
material behavior through the use of a hyperbolic constitutive model. While the previous study focused on
the existence and properties of solitary-type waves, the current study focuses on the characteristics of the
transient wave propagation in the proposed model. Findings show that as nonlinearity increases, the bulk
of the wave slows down, and its shape becomes more distorted in comparison to the response of the linear
system. The energy analysis reveals that, unlike the linear system, the nonlinear one continuously exchanges
energy, in which the kinetic energy decreases over time while the potential one increases. Furthermore, the
spectral (wavenumber) energy density of the nonlinear-elastic system presents peaks at large wavenumbers.
However, these are eliminated when a small amount of linear viscous damping is added indicating that they
are not physically relevant. A notable feature that persists despite the presence of damping is the formation of
small-amplitude waves traveling in the opposite direction to the main wave. Generalized continua, like gradient
elasticity models, miss the small energy scatter by the micro-structure. This study shows that adding material
nonlinearity to a homogeneous generalized continuum can capture reverse energy propagation, though at much
smaller magnitudes than the main wave. These findings shed light on the characteristics of the transient wave
propagation predicted by the proposed nonlinear 1-D gradient model and its applicability in, for example,
predicting the seismic site response.
1. Introduction

Researchers have developed gradient elasticity models, also known
as higher-order gradient continua or micro-structured solids, to ef-
fectively capture small (sub-wavelength) scale material heterogeneity
without modeling it explicitly. Unlike classical continua, these models
incorporate higher-order gradient terms (and even higher-order frac-
tional derivatives Tarasov and Aifantis, 2015; Patnaik et al., 2021) in
the stress–strain relation to account for micro-structural effects (Gusev
and Lurie, 2017; Zhou et al., 2016; Abali et al., 2017; Polizzotto,
2017; Lurie et al., 2021; Dell’isola and Steigmann, 2020), maintaining
a homogeneous material description. This approach introduces disper-
sive effects, especially for shorter waves (Mindlin, 1964; Vardoulakis
and Aifantis, 1994; Rubin et al., 1995; Mühlhaus and Oka, 1996;
Geers et al., 2001; Andrianov et al., 2011; Metrikine, 2006; Askes
et al., 2008; Askes and Aifantis, 2011; Papargyri-Beskou et al., 2011),
preventing the formation of jumps and yielding physically realizable
solutions. These higher-order gradient terms are derived naturally using
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asymptotic homogenization techniques for periodically inhomogeneous
media (Metrikine, 2006; Kouznetsova et al., 2002; Fish et al., 2002;
Andrianov et al., 2008; Craster et al., 2010; Capdeville et al., 2010;
Gómez-Silva and Zaera, 2023; Pirmoradi et al., 2024). For a compre-
hensive overview of the development of gradient elasticity models, we
refer to Askes and Aifantis (2011).

Gradient elasticity models can be generally employed when micro-
structural (i.e., sub-wavelength) effects considerably influence the me-
chanical behavior of materials (Metrikine and Askes, 2002), and when
modeling the sub-wavelength heterogeneity (e.g., de Oliveira Barbosa
et al. (2021, 2022) and Fărăgău et al. (2022)) is undesirable. Examples
include capturing wave dispersion in granular materials (Altan and
Aifantis, 1997; Chang and Gao, 1995; Suiker et al., 2001; Mühlhaus and
Oka, 1996), capturing micro-structural effects near crack tips (Huang
et al., 1997; Gourgiotis and Georgiadis, 2009; Castelluccio et al., 2021),
modeling the behavior of woven fabrics (Dell’Isola and Steigmann,
2015), and in describing softening phenomena (Triantafyllidis and
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Aifantis, 1986; Aifantis, 1987; Peerlings et al., 1996; Schreyer and
hen, 1986; Lasry and Belytschko, 1988; Sluys and de Borst, 1992).

More recently, gradient elasticity models have been used in the realm
of micro- and nano-technology (Behnam-Rasouli et al., 2024; Anicode
t al., 2024; Podulka and Macek, 2024; Liebold and Müller, 2016;

Nguyen et al., 2019; Gómez-Silva and Askes, 2024).
An area of research where both small-scale heterogeneity and ma-

erial softening play a significant role is soil dynamics, particularly
n earthquake engineering and seismic site response forecasting. Soil

exhibits clear heterogeneity at different scales and, thus, the definition
f small-scale heterogeneity varies with the wavelength of interest. For
ong seismic waves, it may refer to different sediment layers, while for
horter waves, it can indicate particle contacts and pores in the soil.
his study focuses on seismic waves, where small-scale heterogeneity
ertains to sediment layers with varying properties. It is also well
nown that soil stiffness decreases with increased strain, a behavior
xtensively described in the geotechnical community using the hyper-
olic soil model (Hardin and Drnevich, 1972; Kramer, 1996), which

represents a non-polynomial type of nonlinearity. Although these char-
acteristics have been studied separately—using linear gradient elasticity
models to capture soil micro-structure and classical continua with the
hyperbolic material model to investigate softening behavior and super-
armonic resonances (Zhang et al., 2021)—studies that consider them

simultaneously are scarce. Some studies did consider geometrically
onlinear gradient elasticity models (e.g., Torabi et al. (2021), Tran
nd Niiranen (2020), Ma et al. (2022) and Wazne et al. (2024)), but not

material nonlinearity. Gholami et al. (2020) considered material non-
inearity in the context of gradient elasticity, but the models considered
ere of finite extent and wave propagation was not investigated.

To address the knowledge gap in the fundamental nonlinear dynam-
ics of seismic site response, the authors previously introduced a novel
-D gradient model for nonlinear seismic wave predictions (Dostal

et al., 2022). This model integrates (i) higher-order gradient terms that
account for small-scale soil heterogeneity and (ii) nonlinear softening
soil behavior using the hyperbolic soil model. The model was designed
to represent bulk shear waves propagating in soil; however, its general
formulation is applicable to other scenarios where micro-structure and
material softening nonlinearity play a significant role. While the re-
search in Ref. Dostal et al. (2022) focused on the existence of localized
stationary-type waves, the current study focuses on the transient wave
propagation. Specifically, this study examines changes in response with
varying levels of nonlinearity (Section 5), energy redistribution over
wavenumbers and its temporal evolution (Section 6), the evolution of
inetic and potential energy over time (Section 6), and the formation of

small-amplitude waves traveling in the direction opposite to the main
wave (Section 7).

Regarding the last aspect, generalized continua (such as gradient
lasticity models) can accurately predict the effects of heterogeneity

only for spatial scales that are several times larger than the character-
stic scale of heterogeneity. Consequently, the small amount of energy

caused by scattering from small-scale heterogeneity, which propagates
in the opposite direction of the main wave, cannot be captured in
linear generalized continua. This article demonstrates that introducing
material nonlinearity in such a homogeneous generalized continuum
can capture energy propagation in the opposite direction (though it is
orders of magnitude smaller than the main wave). To the best of the
authors’ knowledge, this is the first time this has been reported.

2. Model, solution method, and response example

2.1. Model

As mentioned in the introduction, the nonlinear gradient model first
proposed by Dostal et al. (2022) comprises two well-established mod-
els: (i) a 1-D gradient model that captures the effects of micro-structure,
and (ii) a nonlinear constitutive model that describes material softening
2 
Table 1
Medium parameter values.
𝐺0

[

Pa
]

𝜌
[

kg m−3] 𝛽 [–] 𝛾r ef [–] 𝐵1 [–] 𝐵2 [–] 𝐿 [m] 𝜂 [s]

111.86 ⋅ 106 2009.8 0.91 10−3 1 1.78 0.2 5 × 10−5

with increased strain. Specifically, the latter uses the hyperbolic soil
model (Hardin and Drnevich, 1972; Kramer, 1996), where the (secant)
hear modulus 𝐺 depends on the representative shear strain 𝛾 through
 non-polynomial relation, as follows:

𝐺(𝛾) = 𝐺0

1 + (

𝛾∕𝛾r ef
)𝛽 , (1)

where 𝐺0 is the small-strain shear modulus while 𝛾r ef and 𝛽 are material
constants (Hardin and Drnevich, 1972; Kramer, 1996). It must be
emphasized that although this hyperbolic softening material behavior
was introduced in Ref. Dostal et al. (2022) to characterize soil, it can be
epresentative of a more general class of materials that exhibit a soften-

ing behavior. The nonlinear material model used in this study does not
nclude plasticity and is therefore suitable for small to medium–large
train levels, but unsuitable for extremely large ones.

The equation of motion of the nonlinear 1-D gradient model em-
loyed in this study reads (Dostal et al., 2022)

𝜌 𝜕
2𝑢
𝜕 𝑡2 = 𝜕

𝜕 𝑧
(

𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧 − 𝐵1𝐿

2 𝜕2

𝜕 𝑧2
(

𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧

)

+ 𝐵2
𝜌𝐿2

𝐺0

𝜕2

𝜕 𝑡2
(

𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧

)

)

+ 𝐺0𝜂
𝜕3𝑢
𝜕 𝑡𝜕 𝑧2 , (2)

where 𝜌 is the mass density of soil, 𝐵1, 𝐵2 are dimensionless constants,
𝐿 is the characteristic length of the soil micro-structure, 𝑧 and 𝑡 denote
pace and time, respectively, and 𝑢 is the soil displacement. For some
oil displacement 𝑢(𝑧, 𝑡), the corresponding strain 𝛾(𝑧, 𝑡) is given by
(𝑧, 𝑡) =

√

3
2

|

|

|

𝜕 𝑢
𝜕 𝑧
|

|

|

, see Refs. Zhang et al. (2021) and Dostal et al. (2022).
he model was developed to represent bulk shear wave propagation

n soil, but its general formulation is also suitable for other cases
here micro-structural effects and material softening nonlinearity are

ignificant.
The gradient model obtained in the linear-elastic limit case (i.e., re-

placing 𝐺(𝛾) by 𝐺0 and neglecting damping in Eq. (2)) was derived
efore by Metrikine and Askes (2002) from a discrete model using a

continualization procedure, and a similar equation was also employed
y Georgiadis et al. (2000) to examine the existence of horizontally

polarized surface waves.
Compared to the model presented in Dostal et al. (2022), Eq. (2)

includes an additional linear viscous damping term with damping factor
𝜂 incorporated to remove numerical noise and to verify if features
observed in the system without damping persist when adding a very
small amount of damping. It must be emphasized that throughout the
work, a very small damping factor is used (see Table 1) such that it
does not affect the results considerably. If not noted otherwise, the
numerical values of 𝐺0, 𝜌, 𝛽, 𝛾ref, 𝐵1, 𝐵3, 𝐿, and 𝜂 given in Table 1 are
used throughout this work. The values of 𝐺0, 𝜌, 𝛽 and 𝛾ref have been
hosen to represent soil, and the values of the parameters related to the
igher-order gradient terms are similar to the ones used in Metrikine

(2006).
The system under consideration should ideally have an infinite

patial extent, but this is not feasible due to the discretization applied
in the numerical solution method (see Section 2.2). Therefore, fixed
boundary conditions are imposed at a sufficiently large distance to
avoid introducing artifacts in the response. Furthermore, the system
is subject to initial conditions, which are prescribed in this study as
trivial initial displacement and non-zero initial velocity representing a
spatial-derivative of the Gaussian pulse. The initial conditions read

𝑢(𝑧, 𝑡 = 0) = 0, 𝜕 𝑢 (𝑧, 𝑡 = 0) = 2𝐴 𝑧
√

𝐺0 e−
𝑧2

2𝜎2 , (3)

𝜕 𝑡 𝜎2 𝜌
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Fig. 1. Representation of the initial conditions used throughout the remainder of the study.
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where 𝐴 and 𝜎 are the amplitude and standard deviation of the Gaus-
sian pulse, respectively. To aid the reader, Fig. 1 presents a visual
representations of the initial conditions used throughout the remain-
der of the study. It must be emphasized that the solution method
(Section 2.2) and the model characteristics described in this work
Sections 5–7) are not limited to this specific set of initial conditions.

2.2. Solution method

The response of the system is determined by solving Eq. (2) using a
ovel finite difference scheme, which has first been presented in Dostal

et al. (2022) for the undamped case, i.e. 𝜂 = 0 s. In this section, we
extend the scheme by including the damping term 𝐺0𝜂

𝜕3𝑢
𝜕 𝑡𝜕 𝑧2 .

It the following, it is assumed that the solution 𝑢(𝑧, 𝑡) of Eq. (2) exists
in time 𝑡 ∈ [0,T]. Furthermore, the numerical solution is computed in
space 𝑧 ∈ [𝑍𝓁 , 𝑍ℎ]. Although a bounded spatial domain is considered,
the infinite extent of the system will be ensured by choosing the values
of 𝑍𝓁 and 𝑍ℎ such that the initial pulse cannot reach the boundaries
in the finite simulation time of length T.

To compute the solution 𝑢(𝑧, 𝑡) of Eq. (2) for (𝑡, 𝑧) ∈ [0,T] × [𝑍𝓁 , 𝑍ℎ],
 grid in time

0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑁 = T, 𝑡𝑛 = 𝑛𝛥𝑡 for 𝑛 = 0,… , 𝑁 , 𝛥𝑡 = T
𝑁

, (4)

and a grid in space

𝑍𝓁 = 𝑧0 < 𝑧1 < ⋯ < 𝑧𝑀 = 𝑍ℎ, 𝑧𝑖 = 𝑖𝛥𝑧 for 𝑖 = 0,… , 𝑀 ,
𝛥𝑧 =

𝑍𝓁 −𝑍ℎ
𝑀

(5)

are introduced. Furthermore, in order to shorten the notation, (...),𝑧 and
...),𝑡 will denote the partial differentiation with respect to 𝑧 and 𝑡 in
he following, respectively. The same notation is used to denote partial

derivatives of higher order.
Using

ℎ(𝑢,𝑧) ∶= 𝐺(𝑢,𝑧) 𝑢,𝑧, (6)

Eq. (2) can be written as

𝜌 𝑢,𝑡𝑡 = ℎ,𝑧 − 𝐵1𝐿
2ℎ,𝑧𝑧𝑧 + 𝐵2

𝜌𝐿2

𝐺0
ℎ,𝑡𝑡𝑧 + 𝐺0𝜂 𝑢,𝑡𝑧𝑧. (7)

Assuming that the solution is known at the timepoints 𝑡𝑛−1 and 𝑡𝑛
nd replacing the time derivative by a finite-difference approximation,
q. (7) results in the nonlinear equation

𝐟 (𝐮𝑛+1) = 𝟎, (8)

with
[ ]T
𝐮𝑛+1 ∶= 𝑢𝑛+10 , 𝑢𝑛+11 ,… , 𝑢𝑛+1𝑀 , (9)

3 
and

𝑓𝑖(𝐮𝑛+1) ∶=𝜌
𝑢𝑛+1𝑖 − 2𝑢𝑛𝑖 + 𝑢𝑛−1𝑖

𝛥𝑡2
−

ℎ,𝑧(𝑢𝑛+1𝑖,𝑧 ) + 2ℎ,𝑧(𝑢𝑛𝑖,𝑧) + ℎ,𝑧(𝑢𝑛−1𝑖,𝑧 )

4

+ 𝐵1𝐿
2
ℎ,𝑧𝑧𝑧(𝑢𝑛+1𝑖,𝑧 ) + 2ℎ,𝑧𝑧𝑧(𝑢𝑛𝑖,𝑧) + ℎ,𝑧𝑧𝑧(𝑢𝑛−1𝑖,𝑧 )

4

− 𝐵2
𝜌𝐿2

𝐺0

ℎ,𝑧(𝑢𝑛+1𝑖,𝑧 ) − 2ℎ,𝑧(𝑢𝑛𝑖,𝑧) + ℎ,𝑧(𝑢𝑛−1𝑖,𝑧 )

𝛥𝑡2
− 𝐺0𝜂

𝑢𝑛+1𝑖,𝑧𝑧 − 𝑢𝑛−1𝑖,𝑧𝑧

2𝛥𝑡
.

(10)

Here, 𝑓𝑖 denotes the 𝑖th component of 𝐟 and 𝑢𝑛𝑖 is a grid function
approximating the solution at time 𝑡𝑛 and space 𝑧𝑖, i.e. 𝑢𝑛𝑖 ≈ 𝑢(𝑧𝑖, 𝑡𝑛).
In the same way, 𝑢𝑛𝑖,𝑧 and 𝑢𝑛𝑖,𝑧𝑧 approximate 𝑢,𝑧(𝑧𝑖, 𝑡𝑛) and 𝑢,𝑧𝑧(𝑧𝑖, 𝑡𝑛),
respectively. Eqs. (8) and (10) approximate Eq. (7) (evaluated at 𝑡 = 𝑡𝑛)
p to an accuracy of (𝛥𝑡2), whereby (⋅) represents the big O notation.

Next, the space derivatives appearing in Eq. (10) have to be dis-
retized. For this, standard finite-difference approximations in space

are used, which have an accuracy of (𝛥𝑧2). The corresponding finite-
difference approximations of 𝑢𝑖,𝑧, 𝑢𝑖,𝑧𝑧, ℎ,𝑧, and ℎ,𝑧𝑧𝑧 can be found
in Appendix, Eqs. (A.1)–(A.4).

Since Eq. (8) is nonlinear, a numerical scheme has to be used
o calculate 𝑢𝑛+1𝑖 iteratively. For this, Newton’s method is used, for

which the computation of the Jacobian matrix is necessary. The entries
f the Jacobian matrix can be computed analytically and are given

in Appendix, Eq. (A.6). This concludes the numerical scheme for the
computation of solutions to Eq. (2).

2.3. Response example

Fig. 2 illustrates a typical displacement response both in space
and time. The system is subject to clamped boundary conditions at
= ±1500 m. However, the domain length is selected to ensure that
aves do not interact with the boundaries during the entire simu-

ation period, thus preventing unwanted boundary artifacts. The re-
ponse exhibits two primary pulses propagating outward with opposite
mplitudes, consistent with the applied initial conditions. As the re-
ponse evolves, the shape of these main traveling pulses undergoes
hanges due to (i) material nonlinearity introduced by the strain-
ependent shear modulus, and (ii) dispersion effects introduced by the
igher-order terms.

3. Energy analysis

To offer a comprehensive picture of the solution behavior, we
nalyze the evolution of the kinetic, potential, and total energy of
he system with time. These quantities as well as their wavenumber
pectra are derived herein. Neglecting the dissipative term in Eq. (2),
he energy balance reads
𝜕 𝐸k 𝜕 𝐸p
𝜕 𝑡 +
𝜕 𝑡 = 0, (11)
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Fig. 2. The response (displacement) of the nonlinear system (𝛾r ef = 0.001) versus time and space.
where 𝐸k and 𝐸p represent the kinetic and potential energies, respec-
tively. The first term in Eq. (11) reads

𝜕 𝐸k
𝜕 𝑡 = 𝜕

𝜕 𝑡 ∫
∞

−∞
𝜌

(

𝜕 𝑢
𝜕 𝑡

)2

d𝑧. (12)

The second term in Eq. (11) has a slightly more complex expression
and reads
𝜕 𝐸p

𝜕 𝑡 = ∫

∞

−∞

𝜕2𝑢
𝜕 𝑧𝜕 𝑡 𝜎𝑧𝑥d𝑧 = 𝜕

𝜕 𝑡 ∫
∞

−∞

(

∫

𝑡

0

𝜕2𝑢(𝑧, 𝜏)
𝜕 𝑧𝜕 𝜏 𝜎𝑧𝑥(𝑧, 𝜏)d𝜏 + 𝑒p(𝑧, 0)

)

d𝑧,

(13)

𝜎𝑧𝑥 = 𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧 − 𝐵1𝐿

2 𝜕2

𝜕 𝑧2

(

𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧

)

+ 𝐵2
𝜌𝐿2

𝐺0

𝜕2

𝜕 𝑡2

(

𝐺(𝛾) 𝜕 𝑢
𝜕 𝑧

)

, (14)

where 𝜎𝑧𝑥 is the shear stress and 𝑒p(𝑧, 0) is the initial potential energy
density. For the initial conditions given in Eq. (3), it holds that 𝑒p(𝑧, 0) =
0.

The spectral energy densities can be derived by expressing the
space-domain quantities appearing in Eqs. (12) and (13) as inverse-
Fourier transforms of their Fourier-domain counterparts and manipulat-
ing the expressions as done in e.g. Refs. Vesnitskii and Metrikin (1996),
van Dalen et al. (2015), Fărăgău et al. (2019) and Fărăgău (2023). The
spectral density expressions for kinetic 𝑠k , potential 𝑠p, and total 𝑠t ot al
energies are given by

𝑠k (𝑘𝑧, 𝑡) = 1
2𝜋

𝜌 ̇̃𝑢(𝑘𝑧, 𝑡) ̇̃𝑢∗(𝑘𝑧, 𝑡) = 1
2𝜋

𝜌| ̇̃𝑢(𝑘𝑧, 𝑡)|2, (15)

𝑠p(𝑘𝑧, 𝑡) = 1
𝜋 ∫

𝑡

0
−i𝑘𝑧 ̇̃𝑢(𝑘𝑧, 𝜏)𝜎̃∗𝑧𝑥(𝑘𝑧, 𝜏)d𝜏 , (16)

𝑠t ot al(𝑘𝑧, 𝑡) = 𝑠k (𝑘𝑧, 𝑡) + 𝑠p(𝑘𝑧, 𝑡), (17)

where the tilde represents the quantity in the Fourier-domain, 𝑘𝑧 repre-
sents the wavenumber, and the asterisk indicates the complex conjugate
of the corresponding quantity.

The kinetic 𝐸k (𝑡), potential 𝐸p(𝑡) energy versus time can be ob-
tained by integrating the corresponding spectral quantities over the
wavenumber, as follows:

𝐸k (𝑡) = ∫

∞

0
Re

(

𝑠k (𝑘𝑧, 𝑡)
)

d𝑘𝑧, 𝐸p(𝑡) = ∫

∞

0
Re

(

𝑠p(𝑘𝑧, 𝑡)
)

d𝑘𝑧. (18)

The total energy 𝐸t ot al(𝑡) is obtained by summing the kinetic and
potential energies.

The numerical results of the energy quantities derived in this section
are presented in the following sections.
4 
4. Solution method verification and convergence

The solution method described in Section 2.2 introduces two main
sources of potential inaccuracies, namely (i) the temporal and spa-
tial discretization, and (ii) the artificial boundaries. These aspects are
investigated in this section. The effect of the artificial boundaries is
studied in Fig. 3 by comparing the solution 𝑢L,1500 for a standard (used
throughout this work) domain 𝑧 ∈ [−1.5, 1.5] km to the solution 𝑢L,6000
for a larger domain (i.e., 𝑧 ∈ [−6, 6] km). It is important to note
that the solution is investigated only for time moments before the
wave front interacts with the artificial boundary since the solution
should approximate the solution of an infinite system. Consequently,
the artificial boundaries in the system with larger spatial domain should
have a smaller influence on the response compared to the smaller
domain. Thus, the solution computed on the larger spatial domain is
considered here as benchmark solution. The relative error 𝑒 is also
presented in Fig. 3, and it reads

𝑒 =
𝑢L,1500 − 𝑢L,6000
max(𝑢L,6000)

. (19)

Fig. 3 shows that the two displacement fields are indistinguishable
and the relative error, which increases with time, reaches a maximum
that is 11 orders of magnitude smaller than the response. This is
considered sufficiently accurate for the results presented in this work.
Consequently, all results in the remainder of the article are computed
for 𝑧 ∈ [−1.5, 1.5] km and 𝑡 ∈ [0, 5] s.

The convergence of the solution method described in Section 2.2 is
presented in Fig. 4 by investigating the behavior of the velocity 𝑢̇ for
different discretizations. The velocity field is chosen to be investigated
since the time derivative highlights the small numerical errors and,
thus, represents a more strict criterion than the displacement field.
The velocity fields are presented at 𝑡 = 5 s (the end of the simulation
time) since Fig. 3 showed the largest relative error at 𝑡 = 5 s. The
solution clearly converges by decreasing both the temporal and spatial
discretization step size. More specifically, decreasing the time step
below 𝛥𝑡 = 0.5 ms does not lead to any significant changes, and the
same is observed by decreasing the spatial step from 𝛥𝑧 = 0.046 m to
𝛥𝑧 = 0.011 m. Consequently, we can conclude that the solution has
converged for 𝛥𝑡 = 0.5 ms and 𝛥𝑧 = 0.046 m.

An additional verification criterion is the energy balance of the
equation of motion (Eq. (2)), which is presented in Fig. 5 for decreasing
time and spatial steps. An exact solution should lead to a constant total
energy 𝐸t ot al versus time equal to the initial energy imparted to the
system through the initial conditions from Eq. (3). Strictly speaking,
only the undamped system should lead to a constant 𝐸 , but for
t ot al
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Fig. 3. Response comparison of the systems with domain 𝑧 ∈ [−1.5, 1.5] km and 𝑧 ∈ [−6.0, 6.0] km for three different time moments (top panels) and the relative error (see
Eq. (19)) between the two responses at the same time moments (bottom panels); 𝜂 = 5 × 10−5 s. This figure investigates the effect of the artificial boundaries on the response. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Response convergence for decreasing the time step (left panel; 𝛥𝑧 = 0.046 m) and for decreasing the spatial step (right panel; 𝛥𝑡 = 0.25 ms). For both panels, the velocity
s presented at 𝑡 = 5 s which is the end of the simulation time; 𝜂 = 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web
ersion of this article.)
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extremely low damping, as is the case here, an almost constant 𝐸t ot al is
xpected. It can be seen that, except for the solution with 𝛥𝑧 = 0.73 m
hich presents a variation of around 10%, the numerical solution

eads to a satisfactory energy balance. When decreasing 𝛥𝑧, the energy
onverges to a quasi-constant value, as expected for a system with
xtremely low damping. Surprisingly, decreasing 𝛥𝑡 leads to a larger
ariation 𝐸t ot al over time, but the variation for all values of 𝛥𝑡 is
egligible (less than 1% at its maximum).

To conclude this section, the response obtained using the solution
method presented in Section 2.2 with 𝛥𝑧 = 0.046 m and 𝛥𝑡 = 0.25 ms is
considered accurate and this spatial and temporal discretization is used
for the remainder of the study.

5. The effect of nonlinearity on the response

Different soils exhibit different levels of stiffness reduction for the
same level of induced strain. The hyperbolic soil model accounts for this
through 𝛾r ef and 𝛽 (see Eq. (1)). The former represents the strain value
t which a 50% reduction in shear modulus is observed while the latter
ontrols the variation of degradation with strain level. To investigate
5 
the influence of the nonlinearity level on the system response, 𝛾r ef is
varied. For the same initial conditions, a sufficiently large 𝛾r ef leads to
a quasi-linear system response, while a small value of 𝛾r ef corresponds
to a strongly nonlinear system.

Fig. 6 presents the displacement field and corresponding strain-
ependent shear modulus for the linear and nonlinear (𝛾r ef = 0.001)
ystems for different time moments to highlight the evolution of the
esponse with time. The initial conditions chosen (see Eq. (3)) imply

that the system does not have any initial nonlinearity (zero initial shear
train). Shortly after initiation, a significant amount of nonlinearity
evelops (the minimum for the chosen 𝛾r ef = 0.001 is 𝐺(𝛾)

𝐺0
≈ 35%).

To prohibit the formation of singularities (infinitely large shear strain
𝛾 leading to 𝐺(𝛾) = 0), the dispersion introduced by the higher-
order terms generates short wavelength waves in the vicinity of high
spatial gradients. This can be seen in the second column of Fig. 6,
where 𝐺(𝛾)

𝐺0
shows short wavelength fluctuations at the locations of

maximum modulus reduction. The dispersion also leads to a reduction
over time of the nonlinearity level experienced by the system (i.e., the
modulus reduction decreases over time). In other words, initially the
nonlinearity is governing the response while after sufficient time, the
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Fig. 5. Convergence of the total energy 𝐸t ot al = 𝐸k + 𝐸p for decreasing the time step (left panel; 𝛥𝑧 = 0.046 m) and for decreasing the spatial step (right panel; 𝛥𝑡 = 0.25 ms);
= 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 6. The displacement fields (top panel) and corresponding shear modulus 𝐺(𝛾(𝑧)) normalized by the small-strain shear modulus 𝐺0 (bottom panel) for the linear and nonlinear
(𝛾r ef = 0.001) systems for different time moments; 𝜂 = 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
U
e
k

dispersion causes a reduction in the nonlinearity experienced by the
system.

Fig. 7 shows the same quantities as Fig. 6 for different levels of
onlinearity (i.e., varying 𝛾r ef ). This shows that increasing nonlinearity

(decreasing 𝛾r ef ) leads to a decrease in wave propagation velocity
accompanied by a slight increase in wave amplitude, which is intuitive
for a softening material. When it comes to the shear modulus reduction,
as expected, the shear modulus shows the largest reduction for the
smallest 𝛾r ef . The largest reduction (i.e., the minimum 𝐺(𝛾)

𝐺0
) for all

levels of nonlinearity is experienced at the tail (the wave in Fig. 7 is
traveling rightwards) of the main wave (see leftmost vertical dashed
line in Fig. 7). The localized point of almost zero modulus reduction
see rightmost vertical dashed line in Fig. 7) is caused by the small
train corresponding to the wave peak. The 𝐺(𝛾)

𝐺0
fluctuations observed

n the wave tail are caused by the short waves introduced by dispersion.
t is known from Dostal et al. (2022) that there is a competition between

the two mechanisms (i.e., nonlinearity and dispersion).
For even larger nonlinearity levels, for example if 𝐺(𝛾)

𝐺0
< 10%

(obtained if 𝛾r ef < 0.0004), the numerical scheme described in Sec-
tion 2.2 does not converge. Nonetheless, the hyperbolic soil model is
inaccurate at these large levels of nonlinearity at which plasticity most
 t

6 
likely develops. The nonlinear gradient model presented in this study
is suitable from small to medium–large strain levels, but unsuitable for
extremely large ones.

6. The effect of nonlinearity on the system energy

To investigate the effect of nonlinearity on the system energy, we
analyze the evolution of the kinetic and potential energy of the system
with time. Fig. 8 presents the aforementioned quantities for different
levels of nonlinearity. Note that for ease of results interpretation, the
damping term is set to zero in Fig. 8. The total energy, not presented
here for brevity, for all nonlinearity levels is quasi-constant since the
considered system is conservative (no damping); the strongly nonlinear
scenarios present a very small variation of the total energy with time
due to small numerical errors (see Section 4), but this is negligible.

The linear system shows that after an initial exchange between
kinetic and potential energy, they become constant for the rest of time.

nlike the linear system, the nonlinear scenarios show a continuous
xchange between kinetic and potential energy. More specifically, the
inetic energy decreases while the potential one increases, confirming
he observation that the bulk of the wave slows down with increasing
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Fig. 7. The displacement fields (top panel) and corresponding shear modulus 𝐺(𝛾(𝑧)) normalized by the small-strain shear modulus 𝐺0 (bottom panel) for different levels of
nonlinearity by varying 𝛾r ef . The results are presented at 𝑡 = 5 s; 𝜂 = 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the

eb version of this article.)
Fig. 8. The temporal evolution of the kinetic (left panel) and potential (right panel) energy for different level of nonlinearity. For ease and clarity of results interpretation, damping
has been neglected in these results (i.e., 𝜂 = 0 s). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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nonlinearity level. Nonetheless, the exchange between the two seems
to decrease with time, indicating that a constant value can be reached
at sufficiently large time moments.

Fig. 9 presents the spectral total energy density versus time and
avenumber for the linear and nonlinear (undamped and damped)

ystems. On the one hand, the linear system shows that the energy
emains constant versus time for all wavenumbers. It is well known that
nergy cannot be transferred among wavenumbers (or frequencies) in
inear systems, and this is correctly demonstrated by the results of the
inear system. On the other hand, the nonlinear system can and does
xhibit energy transfer between wavenumbers with time; it can be seen
learly in the nonlinear undamped scenario (middle panel of Fig. 9)
hat some content is transferred to higher wavenumbers for increasing
ime, forming large peaks at high wavenumbers. However, these peaks

disappear almost completely in the lightly damped system, suggesting
that they are not of physical relevance.

To further investigate the high-wavenumber peaks, Fig. 10 presents
he total spectral energy density at 𝑡 = 3 s for varying levels of

nonlinearity in the undamped system. The large peaks appear in the
spectral energy at all levels of nonlinearity. However, these peaks do
7 
not contain significant amount of energy, as the cumulative integral
hows in the bottom panel of Fig. 10. This fact together with their
isappearing almost completely in the presence of damping implies that
hey are not of physical relevance.

7. The formation of small-amplitude waves traveling in the direc-
tion opposite to the main wave

In all results computed one interesting feature is persistent. Al-
though the system is homogeneous, some time after initiation, a small-
amplitude wave is generated that propagates in the direction opposite
to the main pulse. Fig. 11 presents snapshots of the stress profile at
different time moments to highlight the emergence of the backward
propagating wave. Note that, unlike previous sections, also the negative
patial axis is presented here to emphasize that the generated wave

propagates in direction opposite to the main wave. It can be seen that
rior to 𝑡 = 2 s the whole response is propagating outwards. At 𝑡 = 3 s
wo wave-fronts are observed that propagate inward (see panels at
= 3.5 s and 𝑡 = 4.5 s) at the linear-wave speed due to the associated

small strains. The two wave fronts intersect at 𝑧 = 0 m and continue
their propagation.
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Fig. 9. The total spectral energy density versus time and wavenumber 𝑘𝑧 for the linear (left panel), nonlinear undamped (middle panel; 𝛾r ef = 0.001, 𝜂 = 0 s), and nonlinear damped
(right panel; 𝛾r ef = 0.001, 𝜂 = 5 × 10−5 s) scenarios.
Fig. 10. The total spectral energy density (top panel) and the cumulative energy versus wavenumber (bottom panel) of the nonlinear and undamped system at 𝑡 = 3 s for varying
nonlinearity levels; 𝜂 = 0 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
To demonstrate the energy is indeed propagating in direction op-
posite to the main waves, Fig. 12 presents the power flux 𝑃f = 𝜎𝑧𝑥𝑢̇
at cross-section 𝑥 = 200 m. Looking at the left panel, it appears that
all energy is crossing this section in positive 𝑥-direction (i.e., positive
power flux 𝑃f ), as one would expect. Nonetheless, a very small amount
of energy is propagating in negative 𝑧-direction as indicated by the
sharp drop observed at 𝑡 ≈ 4 s leading to a negative power flux
thereafter. This sharp drop occurs when the wave front of the backward
propagating wave crosses the section 𝑥 = 200 m confirming that it
carries energy in the direction opposite to the main wave.

To eliminate the possibility of this being a numerical artifact, Fig. 13
shows the convergence study presented in Section 4 with a focus on
the backward propagating wave. Fig. 13 shows that this feature is not
a numerical artifact and that the solution previously investigated is
converged.

To explain the mechanisms causing this feature, the response evo-
lution discussed in previous section is repeated here. The system does
initially not present any nonlinearity due to the initial conditions
chosen. The nonlinearity evolves with time leading to a sharpening
peak that eventually would cause a singularity in the strain/stress
response. The singularity is not allowed to develop due to the dispersion
introduced by the higher-order terms. Consequently, the dispersion is
8 
only significantly activated right before the singularity develops. The
backward-propagating wave appears to be a product of this interaction
of nonlinearity with dispersion. To demonstrate this, Fig. 14 presents
the backward propagating waves for different levels of nonlinearity.
The singularity would, in the absence of dispersion, develop quicker in
the highly nonlinear system (𝛾r ed = 0.001) while it would take longer
for a more moderate nonlinearity level (𝛾r ed = 0.002). This leads to the
backward propagating wave to emerge later in the moderately nonlin-
ear system compared to the highly nonlinear one, which is confirmed
in Fig. 14. Moreover, it can be seen that the higher the nonlinearity,
the more pronounced this feature, albeit a very small feature in both
cases.

It must be emphasized that the small amplitude associated to the
backward propagating wave could diminish its practical relevance.
Nonetheless, its small amplitude observed for this type of initial con-
ditions does not eliminate the possibility of this feature being more
pronounced in other scenarios. Moreover, the emergence of a wave
carrying energy in opposite direction is not intuitive in a homoge-
neous system. It is known that nonlinearity can transfer energy over
wavenumbers, but the fact that it transfers energy (albeit a very low
amount) to negative wavenumbers comes as a surprise, at least to the
authors.
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Fig. 11. The spatial profile of the shear stress 𝜎𝑧𝑥 of the linear (black lines) and nonlinear (blue lines; 𝛾r ef = 0.001) systems for different time moments. The top right panel is a
zoom-in of top left panel as indicated by the dashed-line rectangle. The arrows indicate the propagation direction of the waves; 𝜂 = 5 × 10−5 s. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. The power flux 𝑃f through a cross-section at 𝑥 = 200 m for the linear and nonlinear (𝛾r ef = 0.001) systems. The right panel is a zoom-in of the left one to focus on the
power flux associated to the backward propagating wave; 𝜂 = 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 13. Response convergence for decreasing the time step (left panel; 𝛥𝑧 = 0.046 m) and for decreasing the spatial step (right panel; 𝛥𝑡 = 0.25 ms) with focus on the backward
propagating waves; 𝜂 = 5 × 10−5 s, 𝑡 = 3.5 s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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9 



A.B. Fărăgău et al.

p
r

m
s
s
p
w
t

m
t

e
a

w
M

European Journal of Mechanics / A Solids 111 (2025) 105543 
Fig. 14. The spatial profile of the shear stress 𝜎𝑧𝑥 for different levels of nonlinearity (i.e., varying 𝛾r ef ) at different time moments focusing on the small-amplitude backward
ropagating wave. The arrows indicate the propagation direction of the waves; 𝜂 = 5 × 10−5 s. (For interpretation of the references to color in this figure legend, the reader is
eferred to the web version of this article.)
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8. Conclusions

The authors previously presented a novel nonlinear 1-D gradient
odel that integrates (i) higher-order gradient terms to account for

mall-scale material heterogeneity, and (ii) a hyperbolic model to de-
cribe nonlinear softening material behavior. While the earlier work
rimarily investigated the existence and properties of solitary-type
aves, the current study focused on the transient wave propagation in

he aforementioned nonlinear gradient model.
The findings suggest that with increasing nonlinearity, the main

wave decelerates and its shape becomes significantly distorted com-
pared to the linear system’s response. This demonstrates that using
a linear material model for predicting the seismic site response at
moderate to large strains can lead to significant errors. The energy
analysis shows that, unlike the linear system, the nonlinear system
exhibits a continuous energy exchange where the kinetic energy de-
creases while the potential energy increases over time. Additionally, the
wavenumber spectrum of the nonlinear-elastic response shows peaks
at high wavenumbers. However, these peaks are eliminated with the
introduction of a small amount of linear viscous damping, indicating
their lack of physical relevance.

A notable feature that persists despite the presence of damping is the
formation of small-amplitude waves traveling in the direction opposite
to the main wave. Generalized continua, such as gradient elasticity

odels, can only predict heterogeneity effects at much larger spa-
ial scales, missing the small energy scatter from minor heterogeneity

traveling opposite to the main wave. This study demonstrates that in-
corporating material nonlinearity into such a homogeneous generalized
continuum can capture this reverse energy propagation, albeit at mag-
nitudes much smaller than the main wave. To the best of the authors’
knowledge, this phenomenon has not been previously reported.

These insights highlight the characteristics of the proposed nonlin-
ar 1-D gradient model and its potential applicability in scenarios such
s predicting seismic site responses.
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Appendix. Remarks about the numerical scheme

The space derivatives appearing in Eq. (10) are discretized. In order
to simplify the notation, the time index 𝑛 is omitted in the following,
uch that 𝐮𝑛 and 𝑢𝑛𝑖 are written as 𝐮 and 𝑢𝑖, respectively. Using standard

finite-difference approximations in space, which have an accuracy of
(𝛥𝑧2), it holds

𝑢𝑖,𝑧 =
𝑢𝑖+1 − 𝑢𝑖−1

2𝛥𝑧
+ (𝛥𝑧2), (A.1)

𝑢𝑖,𝑧𝑧 =
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

𝛥𝑧2
+ (𝛥𝑧2), (A.2)

ℎ,𝑧(𝑢𝑖,𝑧) =
ℎ(𝑢𝑖+1,𝑧) − ℎ(𝑢𝑖−1,𝑧)

2𝛥𝑧
+ (𝛥𝑧2)

= 1
2𝛥𝑧

{

𝐺0

1 +
(

√

3
2

|𝑢𝑖+2−𝑢𝑖|
2𝛥𝑧𝛾r ef

)𝛽

𝑢𝑖+2 − 𝑢𝑖
2𝛥𝑧

−
𝐺0

(

√

3 |𝑢𝑖−𝑢𝑖−2|
)𝛽

𝑢𝑖 − 𝑢𝑖−2
2𝛥𝑧

}

+(𝛥𝑧2),

(A.3)
1 + 2 2𝛥𝑧𝛾r ef
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ℎ,𝑧𝑧𝑧(𝑢𝑖,𝑧) =
ℎ(𝑢𝑖+2,𝑧) − 2ℎ(𝑢𝑖+1,𝑧) + 2ℎ(𝑢𝑖−1,𝑧) − ℎ(𝑢𝑖−2,𝑧)

2𝛥𝑧3
+ (𝛥𝑧2)

= 1
2𝛥𝑧3

{

𝐺0

1 +
(√

3
2

|𝑢𝑖+3−𝑢𝑖+1|
2𝛥𝑧𝛾r ef

)𝛽

𝑢𝑖+3 − 𝑢𝑖+1
2𝛥𝑧

− 2 𝐺0

1 +
(√

3
2

|𝑢𝑖+2−𝑢𝑖|
2𝛥𝑧𝛾r ef

)𝛽

𝑢𝑖+2 − 𝑢𝑖
2𝛥𝑧

+ 2 𝐺0

1 +
(√

3
2

|𝑢𝑖−𝑢𝑖−2|
2𝛥𝑧𝛾r ef

)𝛽

𝑢𝑖 − 𝑢𝑖−2
2𝛥𝑧

−
𝐺0

1 +
(√

3
2

|𝑢𝑖−1−𝑢𝑖−3|
2𝛥𝑧𝛾r ef

)𝛽

𝑢𝑖−1 − 𝑢𝑖−3
2𝛥𝑧

}

+(𝛥𝑧2).

(A.4)

Since Eq. (8) is nonlinear, a numerical scheme has to be used to
alculate 𝑢𝑛+1𝑖 iteratively. For this, Newton’s method is used, for which

the computation of the Jacobian matrix is necessary. Using |𝑥|,𝑥 =
gn(𝑥), sgn(𝑥)𝑥 = |𝑥|, and defining

𝑞(𝑥, 𝑦) ∶=
1 + (1 − 𝛽)

(
√

3
2

|𝑥 − 𝑦|
2𝛥𝑧𝛾r ef

)𝛽

16𝛥𝑧4
⎛

⎜

⎜

⎝

1 +
(
√

3
2

|𝑥 − 𝑦|
2𝛥𝑧𝛾r ef

)𝛽
⎞

⎟

⎟

⎠

2
, (A.5)

it follows that the entries of the Jacobian are given by
𝜕 𝑓𝑖
𝜕 𝑢𝑖+3

(𝐮) =𝐵1𝐿
2𝐺0 𝑞(𝑢𝑖+3, 𝑢𝑖+1),

𝜕 𝑓𝑖
𝜕 𝑢𝑖−3

(𝐮) =𝐵1𝐿
2𝐺0 𝑞(𝑢𝑖−1, 𝑢𝑖−3),

𝜕 𝑓𝑖
𝜕 𝑢𝑖+2

(𝐮) = − 𝐺0

(

𝛥𝑧2 + 4𝐵2
𝜌𝐿2𝛥𝑧2

𝐺0𝛥𝑡2
+ 2𝐵1𝐿

2
)

𝑞(𝑢𝑖+2, 𝑢𝑖),

𝜕 𝑓𝑖
𝜕 𝑢𝑖−2

(𝐮) = − 𝐺0

(

𝛥𝑧2 + 4𝐵2
𝜌𝐿2𝛥𝑧2

𝐺0𝛥𝑡2
+ 2𝐵1𝐿

2
)

𝑞(𝑢𝑖, 𝑢𝑖−2),
𝜕 𝑓𝑖
𝜕 𝑢𝑖

(𝐮) = 𝜌
𝛥𝑡2

+
𝐺0𝜂
𝛥𝑡𝛥𝑧2

−
𝜕 𝑓𝑖
𝜕 𝑢𝑖+2

(𝐮) − 𝜕 𝑓𝑖
𝜕 𝑢𝑖−2

(𝐮),

𝜕 𝑓𝑖
𝜕 𝑢𝑖+1

(𝐮) = − 𝐺0𝜂
2𝛥𝑡𝛥𝑧2

−
𝜕 𝑓𝑖
𝜕 𝑢𝑖+3

(𝐮),

𝜕 𝑓𝑖
𝜕 𝑢𝑖−1

(𝐮) = − 𝐺0𝜂
2𝛥𝑡𝛥𝑧2

−
𝜕 𝑓𝑖
𝜕 𝑢𝑖−3

(𝐮),

𝜕 𝑓𝑖
𝜕 𝑢𝑗

(𝐮) = 0, for |𝑖 − 𝑗| > 3.

(A.6)
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