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Efficiently estimating energy expectation values of quantum lattice systems on quantum computers is a
crucial subroutine for various quantum algorithms, which can lead to significant overhead due to the high
measurement shot numbers required. We introduce a measurement strategy tailored to quantum lattice sys-
tems and (noisy) energy eigenstates. It is based on a geometric partitioning of the Hamiltonian into local
patches and performing the measurements in the eigenbases of those patches. The resulting energy estima-
tor has a smaller variance than the ones of Pauli grouping schemes, which leads to a reduction of the total
number of shots. We provide rigorous guarantees for this variance improvement for energy eigenstates,
also in the presence of depolarizing noise. As one can choose the subsystem size, one can ensure that
measurement circuits remain within implementable depths. In numerical experiments, we demonstrate the
shot count reduction for various 2D lattice models, including the transverse field XY and Ising models, as
well as the Fermi-Hubbard model. We find sampling improvements of several orders of magnitude already
for plaquettes of two by two qubits, where the required readout circuits remain very moderate in depth.
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I. INTRODUCTION

Extracting information from a quantum computer means
sampling from a probability distribution defined by the pre-
pared quantum state and the observable to be measured.
Since the speed of individual gate and readout operations
for quantum computers is much slower than for their clas-
sical counterparts, the efficiency of a quantum algorithm
or quantum simulation is often limited by the number of
measurements and hence executions that need to be made
to obtain sufficient samples. Therefore, reducing the sam-
pling complexity in obtaining the output of a quantum
computer is a goal of utmost importance.

Since quantum computers typically can only perform
measurements in the computational basis, the observable
of interest needs to be split into parts that can be mea-
sured individually after rotating their eigenbases into the
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computational basis. Thereby, the individual parts typi-
cally only comprise single- or two-qubit strings of Pauli
operators, where the required basis rotations can be done
via single-qubit gates.

The efficiency of measurement strategies in quantum
computation is a very active field of research [1–3],
where the challenge of reducing shot counts has received
significant attention, for example, in the context of appli-
cations in quantum chemistry. For corresponding measure-
ment strategies, Pauli grouping methods [4–9], on the one
hand, aim to reduce the number of parts that the observ-
able is split into, which corresponds to minimizing the
state-independent worst-case measurement error. Classi-
cal shadows [10–14], on the other hand, aim at estimating
expectation values in an observable-independent fashion,
meaning one is not restricted to knowing a priori a spe-
cific observable of interest, but also does not adapt the
sampling strategy to it. Instead, one aims to use the local-
ity of the to-be-estimated observables so that local random
measurements suffice to reduce the measurement effort
[8,15]. Here, in contrast, we use the structure of both the
quantum state and the observable to reduce measurement
uncertainty.

Besides quantum chemistry applications, the investiga-
tion of condensed matter quantum many-body systems is
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also considered a very important and promising applica-
tion for quantum computers. Moreover, the Hamiltonians
of such systems can often be natively explored on solid-
state quantum computing platforms [16–19] with a fixed
connectivity graph. While the Hamiltonians from quantum
chemistry applications have a complex nonlocal interac-
tion structure, condensed matter systems often have the
form of quantum lattice models, where grouping methods
only have little effect on the measurement count. Hence,
different strategies are required for obtaining significant
improvements in the required number of measurements
for lattice systems, a challenge that has received relatively
little attention so far.

In this work, we tailor measurement schemes for this
broad class of quantum lattice models by splitting the
observable of interest, for example, a Hamiltonian, into
parts that have support on multiple adjacent lattice sites
and measure these parts in their eigenbasis. We call this
geometric partitioning. When applying it to a system that
is prepared in an eigenstate of the total Hamiltonian one
may expect that it leads to reduced sampling requirements.

The intuition behind this expectation is the follow-
ing. For a Hamiltonian with short-range interactions, the
expansion of the global energy eigenstate in a basis formed
by products of eigenstates of contiguous multi-qubit parts
of the same Hamiltonian (geometric partitioning) should
contain fewer terms than an expansion in terms of prod-
ucts of eigenstates of individual qubits, which one may
call Pauli partitioning. The reason is that in geometric par-
titioning, all the Hamiltonian terms except for the interac-
tions between patches are diagonal, whereas all qubit-qubit
interactions (which are many more) are not diagonalized
in Pauli partitioning. In this work, we quantify this sam-
pling advantage in terms of the variances of the employed
estimators, which allows us to derive lower bounds on the
sampling improvement. We also show in numerical simu-
lations that the improvement can often be several orders of
magnitude already for measurements in the eigenbases of
plaquettes of two by two qubits, where the required readout
circuits remain very moderate in depth.

Our work has the following main results. In Theorem 1,
we show that, for systems in an energy eigenstate, geomet-
ric partitions always outperform Pauli partitions in terms
of the required sample number for eigenenergy estimation
and obtain lower bounds for the improvement factors. We
then numerically show reductions of sampling complexity
of several orders of magnitude for a number of quantum
lattice models as examples. Importantly, these reductions
are already seen for partitionings into very moderate-sized
parts, where the measurement circuits can feasibly be
implemented.

In Theorem 2, we then show that sampling improve-
ments carry over to imperfect eigenstates, which one
expects from preparation circuits on real devices. As corol-
laries, we also obtain upper bounds on the extra noise

that the measurement circuits are allowed to generate, see
Corollary 2, and the number of gates they may be com-
posed of, see Corollary 3, while still leading to a sampling
improvement. These findings are again corroborated by
numerical studies for several models.

The remainder of the paper is organized as fol-
lows. In Sec. II we explain the general concept of our
approach, before deriving analytical bounds on the sam-
pling improvement for exact eigenstates and comparing
these to numerical tests in Sec. III. Section IV general-
izes the analytical results to eigenstates perturbed by global
depolarizing noise, including numerical examples. Finally,
Sec. V provides a summary and conclusions.

II. CONCEPT

We first present the concept behind our approach. In
our discussion, we consider the energy of a Hamilto-
nian H and its exact or approximate eigenstates as the
objects of interest. Our results, however, equally apply to
other observables with a lattice structure and their exact or
approximate eigenstates.

Measuring the energy H for a quantum state |ψ〉 means
randomly drawing the eigenvalues Em of H with prob-
abilities defined by the amplitudes’ squares |ci|2 of the
expansion |ψ〉 =∑

i ci |Ei〉 in the eigenbasis {|Ei〉} of H .
The empirical mean estimator H M := M−1 ∑M

m=1 Em from
M i.i.d. repetitions (or samples) then yields an approx-
imation to the expectation value 〈H 〉 = 〈ψ |H |ψ〉 with a
standard error σH given by

σ 2
H = Var

(
H M

) = 1
M

Var|ψ〉(H). (1)

This variance allows one to quantify finite sampling noise
since Chebyshev’s inequality upper bounds the probabil-
ity to be more than a threshold ε away from the true
expectation value,

P
(∣∣H M − 〈H 〉

∣∣ ≥ ε) ≤ Var
(
H M

)
/ε2. (2)

Since measurements in quantum computation can typi-
cally only be done in the Pauli Z (or computational) basis,
measuring an observable that is not diagonal in this basis
would generally require a diagonalization UH HU†

H , which
is equivalent to implementing a rotation UH that trans-
forms the eigenbasis of H into the computational basis
at the end of the quantum circuit. In general, however,
this is a nontrivial task, as finding and implementing the
basis transformation UH is typically harder than solving
the quantum computational problem in the first place.

If the eigenbasis of H cannot be obtained efficiently, it is
possible to measure parts Hb, whose eigenbases are known,
and that constitute the observable H =∑

b Hb. The linear-
ity of the expectation value then allows one to estimate
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FIG. 1. Concept of geometric partitioning. For lattice Hamiltonians as in Eq. (5), one can measure the energy in the eigenbasis (first
column), which requires implementing a measurement unitary corresponding to a full diagonalization of the Hamiltonian, or in Pauli
bases (third column), which only requires single-qubit unitaries, as extreme cases. Here, we explore the regime between these extremes,
namely measurement in the eigenbases of disjoint subsystems of H , which each comprise multiple lattice sites (second column). We
call this a geometric partitioning. In the lattice sketch of the second column, this strategy is indicated by coloring complementary parts
of the lattice in different colors (green and black). The idea is to measure all green parts in one shot and all black parts in another
shot. In doing so, the single-site terms of the Hamiltonian are split into two identical parts to make the splitting symmetric, which is
indicated by coloring the corresponding dots half in one and half in the other color. Geometric partitionings naturally take the local
structure of the observable H into account while keeping the basis transformations UHb = Ub ⊗ · · · ⊗ Ub scalably implementable due
to their product structure. As our main analytical results, we show in Theorem 1 that these geometric partitionings of H always lead
to fewer required measurements for estimating Ei from |Ei〉 compared to the Pauli partitioning baseline for the same measurement
uncertainty. Furthermore, these sampling improvements also apply to imperfect eigenstates.

〈H 〉 =∑
b 〈Hb〉. The empirical mean estimator of such a

partition B = {H1, H2, . . .} of H is given by

H
B
M :=

∑

b

(
1

Mb

Mb∑

m=1

Eb,m

)

, (3)

where Eb,m labels the sampled eigenvalues of the observ-
able Hb, and Mb is the number of measurements for each
Hb so that the overall number of measurements is M =∑

b Mb. Since the individual samples Eb,m are obtained in
mutually independent repetitions of the experiment, the
variance of the estimate H

B
M , is the sum of the variances

of the empirical mean estimators for the individual Hb,

σ̃ 2
B := Var

(
H

B
M

)
=
∑

b

Var|ψ〉(Hb)

Mb
. (4)

While the standard way of decomposing H into measur-
able parts Hb is to partition the Pauli strings in H into
mutually commuting groups of Pauli sums, we show here
that much more sampling-efficient measurement strategies
can be obtained by making use of the structure of lattice
Hamiltonians and their eigenstates.

While keeping much of our analysis general, we focus
on translation-invariant Hamiltonians H with nearest-
neighbor interactions on a rectangular lattice, as can be

found in numerous quantum many-body systems, with the
Ising or the Hubbard models as special cases,

H =
∑

i

Hi +
∑

〈i,j 〉
Hi, j , (5)

where Hi =
∑

α h(α)i o(α)i and Hi, j =
∑

α,β J (α,β)
i, j o(α)i o(β)j

for the one-local and two-local terms. The Latin site
indices i and j have two components for two-dimensional
lattices, i = (ix, iy) and j = (jx, jy), whereas Greek indices
label single operators o(α)i on individual lattice sites. These
can be Pauli operators o(α)i ∈ {1, X , Y, Z} for spin mod-
els, or creation, annihilation and number operators in Fock
space representation o(α)i ∈ {c†

i,α , ci,α , ni,α} for fermionic
lattice models. The coefficients, h(α)i and J (α,β)

i, j are real-
valued coupling constants.

The main idea we pursue for realizing sampling
improvement is to partition the geometrically local Hamil-
tonian H into terms Hb, which further decompose into
subsystems Hb,k of disjoint support,

H =
∑

b

Hb with Hb =
K∑

k=1

Hb,k, (6)
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where the Hb,k act on multiple adjacent lattice sites. The
transformations of the measurement bases, from the eigen-
bases of the Hb into the computational basis, thus become
direct products

UHb = Ub,1 ⊗ · · · ⊗ Ub,K ; (7)

see also Fig. 1. We call this a geometric partitioning and
compare sample numbers M for different geometric par-
titions with the standard partition into fewest groups of
mutually commuting local operators, o(α)i and o(α)i o(β)j in
Eq. (5), under the condition of admitting the same standard
error according to Eq. (4).

Geometric partitioning becomes particularly useful if
the support of the individual Hb,k grows beyond the inter-
action range, such that correlations of longer and longer
range can be captured well. Nonetheless, the implemen-
tation of the transformations Ub,k, which is required in
this strategy, can be done efficiently in many cases for the
following reasons.

As one can choose the patch size for the Hb,k, it can be
chosen constant in terms of system size n. For this choice,
implementing UHb uses only O(n) gates, as implementing
Ub,k has constant gate complexity, and the number of Ub,ks
to implement UHb scales only linearly in system size n.
Moreover, the prepared state |ψ〉 = |Ei〉 and local unitary
Ub correspond to the same lattice Hamiltonian, but only
differ in size. Thus, if there is an algorithm simplifying the
state preparation, as, e.g., in Ref. [20], it could be used on
a smaller scale, entry by entry, to simplify the implementa-
tion of Ub as well. In addition, for translationally invariant
systems, all Ub,k = Ub will be the same so that one needs
to find only one such subsystem diagonalization circuit.

Furthermore, for specific diagonalizable 1D lattice mod-
els, like the transverse field Ising model, exact linear depth
circuits to implement Ub are known [20] and can thus be
used for partitionings that consider patch sizes 1×√n. In
addition, since the state |ψ〉 will typically not be prepared
exactly, an approximation of Ub with a similar precision
will be sufficient for our aims. Allowing an error ε in
the implementation of Ub, one may thus make use of the
Solovay-Kitaev algorithm [21,22], which has complexity
O((log(1/ε))c), c ≈ 1.44 [23], and approximate it with a
sequence of easier-to-implement unitaries.

To show the advantages of geometric partitioning, we
first seek a quantitative measure to compare a measure-
ment strategy B1 that splits H =∑

Hb∈B1
Hb with another

one B2 that splits H =∑
Hb∈B2

Hb by determining which
one requires less measurements for achieving the same
standard error according to Eq. (4). To achieve this, we
first need to resolve the issue that the standard error of
a partitioned observable in Eq. (4) not only depends on
the different partitionings but also on the specific mea-
surement budget allocation Mb. It turns out that comparing
partitioning strategies for the optimal measurement budget

allocation, which minimizes the sampling error, makes the
comparison independent of the distribution of the Mb [15],

σ 2
B = min

MB=
∑

Mb
σ̃ 2
B =

1
MB

⎡

⎣
∑

Hb∈B

√
Var|ψ〉 (Hb)

⎤

⎦

2

. (8)

One can prove Eq. (8) using the positivity of the variance
and minimizing σ 2

B using Lagrange multipliers to find that
all

√
Var|ψ〉 (Hb)/Mb are equal [15], see also Appendix A,

where we give the proof for completeness.
As a direct consequence of Eq. (8), partitioning H

always increases the sampling error independently of the
state |ψ〉 and partitioning B (see also Appendix A),

1
M

Var|ψ〉(H) ≤
∑

Hb∈B

Var|ψ〉(Hb)

Mb
. (9)

Further, Eq. (8) motivates the definition of the following
cost function to compare measurement strategies, being
different splittings of H , that is not only independent of
the specific measurement budget allocation Mb but also
independent of the specific number of measurements M .

Definition 1 (Relative sampling complexity (pure state
version)). Let B1 and B2 be partitionings of H . We call
the ratio of the number of samples MB1/MB2 to obtain the
same standard error σ 2

B1
= σ 2

B2
[see Eq. (8)], the relative

sampling complexity,

G|ψ〉 (B1,B2) := MB1

MB2

=
⎡

⎣
∑

Hb∈B1

√
Var|ψ〉 (Hb)

∑
H ′b∈B2

√
Var|ψ〉

(
H ′b
)

⎤

⎦

2

.

(10)

Note that the second equality holds thanks to Eq. (8).
For G|ψ〉 (B1,B2) > 1, we thus get a sampling improve-
ment for partitioning B2 compared to partitioning B1, and
the value of G|ψ〉 (B1,B2) tells us how much less often we
have to measure within partitioning B2 compared to B1 for
the same standard error, see Eq. (4), under optimal sam-
pling budget allocation. Our results can also be interpreted
as quantifying which strategy leads to a smaller standard
error for the same number of measurements M . Equally,
one can view G|ψ〉 (B1,B2) as the relative efficiency of
unbiased estimators H

B1
M and H

B2
M , as it is also equal to

σ 2
B1
/σ 2

B2
for MB1 = MB2 = M .

III. SAMPLING IMPROVEMENTS FOR EXACT
EIGENSTATES

Many quantum algorithms aim to prepare eigenstates
of Hamiltonians, including ground states. In this section,
we thus consider the task of estimating energies Ei
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of eigenstates, where H |Ei〉 = Ei |Ei〉. Our aim is to
make statements about the sampling improvement factor
G|Ei〉

(
BPauli,BLx ,Ly

)
, where BPauli labels the partitioning of

H into fewest groups of mutually commuting local oper-
ators, which often coincide for lattice Hamiltonians with
partitioning into different Pauli operators. BLx ,Ly labels
geometric partitioning, where each partition is obtained by
splitting of H into disjoint patches of size Lx × Ly , com-
pare Fig. 1. For explicit definitions see Appendix B 1. For
all considered partitionings of H , we have the following
lemma.

Lemma 1 (Variance (in-)equalities). For a state vector
|ψ〉 and Hamiltonian partitioning H =∑

Hb∈B Hb we have

|B|
∑

Hb∈B
Var|ψ〉(Hb) ≥

⎛

⎝
∑

Hb∈B

√
Var|ψ〉(Hb)

⎞

⎠

2

(11)

≥
∑

Hb∈B
(2b− 1)Var|ψ〉(Hb), (12)

where b ∈ {1, 2, . . . , |B|}. The variance terms are, without
loss of generality, taken to be ordered nonincreasingly as
Var|ψ〉(H1) ≥ Var|ψ〉(H2) ≥ . . . .

Proof. Equation (12) is a purely algebraic observa-
tion. Let us denote Var|ψ〉(Hb) := ab ≥ ab+1 ≥ 0 and
|B| = B. From 0 ≤ (ab − ak)

2 = (ab + ak)
2 − 4abak fol-

lows
√

abak ≤ 1
2 (ab + ak) and hence

(
B∑

b=1

√
ab

)2

≤
B∑

b=1

ab +
B∑

b>k=1

(ab + ak) = B
B∑

b=1

ab.

Similarly, from
√

abak ≥ min(ab, ak) follows

(
B∑

b=1

√
ab

)2

≥
B∑

b=1

ab+
B∑

b=2

2(b− 1)ab=
B∑

b=1

(2b− 1)ab.

�

As an intermediate consequence for any partitioning
scheme into two parts, and energy estimation of an eigen-
state, we know that we optimally have to measure both
parts equally often, as both variances are the same.

Corollary 1 (Variance equality for eigenstates and two
partitionings). Let H be partitioned into two parts H1 and
H2 and |ψ〉 = |Ei〉 be an eigenstate of H , then

Var|Ei〉(H1) = Var|Ei〉(H2). (13)

Proof. For bipartitions of eigenstates we obtain from
Var|Ei〉(H) = 0,

Var|Ei〉(H1)+ Var|Ei〉(H2) = 2|CoV|Ei〉(H1, H2)|
≤ 2

√
Var|Ei〉(H1)Var|Ei〉(H2), (14)

where we used that the covariance is an inner product
and applied the Cauchy-Schwarz inequality. From

√
ab ≤

1
2 (a+ b), Eq. (11), we obtain that Eq. (14) needs to be an
equality, and hence Eq. (13). �

We note that Corollary 1 also implies that the
commutator-based lower bound (commonly named uncer-
tainty principle [24]) vanishes since CoV|Ei〉(H1, H2) =
CoV|Ei〉(H2, H1), and thus |〈Ei| [H1, H2] |Ei〉| = 0.

Furthermore, we emphasize that even if a Pauli parti-
tioning BPauli requires more than two noncommuting Pauli
groupings, we can still restrict our considerations to the
case H = H1 + H2. To see this, let us assume we need to
partition the mutually commuting grouping measurements
into three parts. As Eq. (9) is independent of the state, we
know that measuring finer partitions always increases the
combined variance (e.g., insert H2 instead of H on the
l.h.s.). Hence, for finding the lower bound, it suffices to
consider a two-partition, where we can measure H1 and
put all other terms into H2.

We consider geometric partitionings that split H into
two equal parts, H = H1 + H2 with |B| = 2,

H1 := 1
2
(
H − Hcut + H ′cut

)
, (15)

H2 := 1
2
(
H + Hcut − H ′cut

)
, (16)

where Hcut and H ′cut are sums of the 2-local terms in H ,
which are cut into their local parts in H1 and H2, respec-
tively. In particular, we consider cutting the lattice into
one-dimensional slices of thickness L, two-dimensional
patches of size Lx × Ly and 2-local dimers of lattice sites.
As an example, a partitioning into slices of thickness L ≥ 2
is explicitly given by

Hcut =
�nx/L�∑

m=1

ny∑

�=1

H(mL,�),(mL+1,�), (17)

H ′cut =
�nx/L�∑

m=1

ny∑

�=1

H(mL−1,�),(mL,�), (18)

with the H(ix ,iy ),(jx ,jy ) as introduced in Eq. (5). We pro-
vide detailed descriptions of all considered partitionings
in Appendix B 1 and Appendix D 3. Furthermore, the
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correlation

CoR|Ei〉(Hcut, H ′cut) =
CoV|Ei〉(Hcut, H ′cut)√

Var|Ei〉(Hcut)Var|Ei〉(H
′
cut)

(19)

will play a significant role in the bounds we derive below.
With these definitions, we can now quantify the ratios of

required measurement numbers, G|ψ〉 (B1,B2), for the mea-
surement strategies discussed in Fig. 1. We prove the fol-
lowing lower bounds on the relative sampling complexity
(Definition 1) improvement.

Theorem 1 (Relative sampling complexity improvement
lower bound). Let H be a translation-invariant 2-local
Hamiltonian on an nx × ny rectangular lattice as specified
by Eq. (5). Let BPauli be a Pauli partitioning and BLx ,Ly
be a geometric partitioning. Then, for any nondegenerate
eigenstate |Ei〉 of H ,

G|Ei〉
(
BPauli,BLx ,Ly

)

≥

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

4L
1

1− CoR|Ei〉(Hcut, H ′cut)
, (20a)

4
LxLy

Lx + Ly

1
1− CoR|Ei〉(Hcut, H ′cut)

, (20b)

4
3

, (20c)

where the cases denote different types of geometric par-
titionings. (a) corresponds to cutting H in one direction
so that (Lx, Ly) = (nx, L) or equivalently (Lx, Ly) = (L, ny)

with L being the thickness of the 1D cuts. (b) corresponds
to cutting H into rectangular patches of size Lx × Ly with
nx/2 ≥ Lx ≥ 2 and ny/2 ≥ Ly ≥ 2. (c) corresponds to the
equal splitting of H into four 2-local partitions, (Lx, Ly) =
2-local. Further, the correlation is always non-negative,
CoR|Ei〉(Hcut, H ′cut) ≥ 0, and thus 1

1−CoR|Ei〉(Hcut,H ′cut)
≥ 1.

Proof (sketch). In all three cases, the proof is a com-
position of the variance of the Hamiltonians in BPauli and
BLx ,Ly into the ones of the unit cell interaction V. The
multilinearity of the covariance and the invariance of the
ground state enable an identification of terms yielding the
respective factor for each case. See Appendix B 1 for tech-
nical details. For explicit examples of Pauli and geometric
partitionings see Appendix D 3. �

We have formulated Theorem 1 as a sample improve-
ment when measuring the Hamiltonian on nondegenerate
eigenstates. Note that case (a) is not a special case of (b),
as the latter cuts in both directions, s.t. for example, setting
Lx = nx will yield a weaker bound. It readily generalizes
to other measurement schemes B. A generalization from
2-local to k-local interactions is straightforward, albeit it

comes with a weakening factor on the sample improve-
ment, or respectively a scaling factor of necessary cluster
thicknesses.

The lower bounds (20a) and (20b) in Theorem 1 become
arbitrarily large for CoR(Hcut, H ′cut)→ 1, or equivalently
Var|Ei〉(H

(1)
Lx ,Ly

) = Var|Ei〉(H
(2)
Lx ,Ly

)→ 0. This behavior is
expected for our strategy of comparing the required mea-
surements to achieve the same precision. For σBLx ,Ly

→ 0
one would need a diverging number of measurements via
Pauli partitioning with σBPauli �= 0 to achieve the same
standard error, cf. Eq. (8).

We conclude that for pure eigenstates, geometric parti-
tioning will always yield a sampling advantage compared
to standard Pauli partitioning, provided it can be efficiently
implemented. The implementability of the measurement
circuits UHb is mainly determined by the extra noise they
generate due to imperfect implementations of the involved
gates. To answer this question and analyze the impact of
errors in the preparation of the measured state, we will
cover in the following how the above results generalize to
imperfect state preparation and imperfect implementation
of UHb .

Next, we provide numerical examples illustrating our
analytical results. Readers who are primarily interested
in the generalization of our analytical results to scenarios
that take imperfections in the state preparation and readout
circuits into account may directly continue with Sec. IV.
All examples considered in this section are on a two-
dimensional (nx, ny) = (4, 6) rectangular lattice with peri-
odic boundaries, apart from the (spinful) Fermi-Hubbard
model, which also uses 24 qubits on a 3× 4 lattice.
The considered examples are the 2D transverse field XY
model (Sec. III A), the 2D transverse field Ising model
(Sec. III B), and the 2D transverse field biaxial next-nearest
neighbor Ising model (Sec. III C), which are illustrated in
Fig. 2. In Fig. 4, we show the hard-core Bose-Hubbard
model (Sec. III D), the spinless (Sec. III E) and the spinful
Fermi-Hubbard model (Sec. III F).

A. Two-dimensional transverse field XY model

Theorem 1 indicates that measuring via geometric
partitionings can become (almost) as good as measur-
ing in the eigenbasis. The relative sampling complexity
improvement lower bound comparing geometric partition-
ing with mutually commuting local operator grouping,
which mostly coincides with Pauli partitioning for simple
lattice models, can even diverge for CoR(Hcut, H ′cut)→ 1.
This means that a specific eigenstate correlates parts of the
Hamiltonian Hcut and H

′
cut very efficiently. Plausible can-

didates are highly entangled states, for instance, around
zero-temperature (= ground state) phase transitions, where
band gaps typically close. If Hcut and H

′
cut have at least

one lattice site in common, then their graph distance is 0.
This applies, for example, for L = 1 or (Lx, Ly) = (2, 2).
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(a) (b) (c)

Half-coupling

FIG. 2. Numerical examples: transverse field XY model, transverse field Ising model, and transverse field biaxial next-nearest-
neighbor Ising. These are examples for the application of Theorem 1. All examples are on a 4× 6 rectangular lattice with periodic
boundary conditions. Critical points of phase transitions are indicated with dashed vertical lines and the different geometric splittings
are color coded (compare graphical legend as well as Tables I–III in Appendix D 3). In the legend, the dotted boxes show the size of
the unit cell, for which one needs to find a Um in a geometric partitioning, compare also Fig. 1. Lattice vertices that are colored with
two colors indicate that the geometric partitioning splits the single-site terms symmetrically into two parts. For 2-local partitionings,
the single-site terms are symmetrically split into four parts. (a) 2D transverse field XY model: For η→ ηc (here: ηc =

√
3/2) the

improvement increases and diverges around the phase transition, where correlation lengths increase (see Theorem 1). (b) 2D transverse
field Ising model. For J/h� 1 this is an example where lower bounds are approximately realized. In contrast, for J/h� 1, we see
improvements noticeably surpassing the lower bounds, with scalings of 16L up to O((J/h)2). For details see Lemma 2. Here, the
Pauli cost is multiplied by 100 to fit the common scale. (c) 2D transverse field biaxial next-nearest-neighbor Ising model. κ is the
next-nearest-neighbor coupling, where κ = 0 corresponds to the transverse field Ising model. As the interaction range for this model
is that of a 3-local Hamiltonian, fewer geometric partitionings are available for the considered lattice sizes.

Then, e.g., the Hastings-Koma Lemma [25] does not yield
an upper bound on the covariance making these specific
geometric partitionings particularly well-suited candidates
for divergent relative sampling complexity improvements.

Indeed, the 2D transverse field XY model [26], pro-
vides such an example, which is described by the following
Hamiltonian:

HTFXYM = −1
2

∑

〈i, j 〉

(
(1+ η)XiXj + (1− η)YiYj

)

− h
∑

i

Zi, (21)

with anisotropy parameter η. Note that for η = 1, we
would obtain a transverse field Ising model with J = h =
1, which we show as a second example (see Sec. III B).
HTFXYM has three phases: a paramagnetic, a ferromag-
netic, and an oscillatory one. This “oscillatory” phase is a
type of ferromagnetic phase with oscillating band gap [27].
The phase boundary between ferromagnetic and oscillatory
phase is at η2 + (h/2)2 = 1 [26].

Hence, we fix η or h to scan the other parameter over
the phase transition. In Fig. 2(a) we set h = 1 and scan
η. Indeed, we find around the phase transition, η ≈ √3/2,
as predicted by Theorem 1 for L = 1 (light green), L = 2
(cyan) as well as (Lx, Ly) = (2, 2) (dashed light green,
nearly not distinguishable from L = 1) a divergence of the
relative sampling improvement compared to Pauli parti-
tioning. In addition, this divergence is also realized for
the geometric 2-local partitioning (dashed yellow), provid-
ing an example that also the easier-to-implement (c)-type
measurement strategies in Theorem 1 can exhibit diverging
relative sampling complexity improvements, even though
we were not able to show this analytically. Further, the
transverse field XY model (TFXYM) is an example for
the extension of Theorem 1, which is proven for Pauli-2-
partitions, onto ≥ 2-Pauli-partitions due to Eq. (9).

B. Two-dimensional transverse field Ising model

Another class of cases with large sampling improve-
ment are examples where Var|Ei〉(H1) = Var|Ei〉(H2) scale
more beneficial than Pauli partitioning. One such instance
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is a standard test bed of quantum spin models, the 2D
transverse field Ising model [28–30],

HTFIM = −J
∑

〈i, j 〉
ZiZj − h

∑

i

Xi, (22)

which has a phase transition at hc ≈ 3.044J [31], where it
exhibits a ferromagnetic phase for h < hc and a paramag-
netic phase for h > hc. We show the following Lemma:

Lemma 2 (Perturbative improvement estimations). The
sampling complexity improvement of estimating the
ground state energy E0 of the 2D transverse field Ising
model (TFIM) on a rectangular lattice of geometric par-
titioning compared to Pauli sampling is given by

G|E0〉
(
BPauli,BLx ,Ly

)

=

⎧
⎪⎨

⎪⎩

4L+O(J/h) J/h� 1, (23a)
O((J/h)2) h/J � 1, L ≤ 2, (23b)
32L+O((h/J )2) h/J � 1, L > 2. (23c)

Proof (sketch). The Lemma follows from tedious, but
straightforward second perturbation theory calculations of
the respective variances. See Appendix D. �

This means that for J/h� 1 the lower bounds (a) in
Theorem 1 are saturated, and hence tight. As shown in
Fig. 2(b), in all three cases: 1D cuts, 2D cuts and 2-local
partitions, the numerical results saturate the lower bounds,
indicating that we cannot hope for larger lower bounds
within the given setting.

Furthermore, for J/h� 1 we find within the numerical
example for L ≤ 2, (Lx, Ly) = (2, 2) as well as 2-local geo-
metric partitioning a model parameter dependent improve-
ment of order O((J/h)2), which matches Lemma 2 for
L ≤ 2. Even though our Theorem 1 gives a stronger lower
bound for larger geometric partitions, this is an example
of the possibility that smaller and thus easier to implement
geometric partitions can yield a higher relative sampling
complexity advantage. The respective decompositions of
the local measurement unitaries Ub are given in Fig. 3.
The 2-local measurement can be decomposed into just
2 CZ-gates and some 1-qubit gates. The 2× 2 partition,
where Theorem 1 guarantees at least a 4-fold reduction
of the measurement effort, is equal to a 4 qubit chain
with periodic boundary conditions. For this case, a partic-
ular efficient decomposition requiring only seven 2-qubit
unitaries is known [20].

C. Two-dimensional transverse field biaxial
next-nearest-neighbor Ising model

To arrive at a model, which we need to partition simi-
larly to an (axial) 3-local one, we can add an axial next-
nearest-neighbor ZiZj interaction to the TFIM. Then, we

FIG. 3. Circuit decomposition example for the transverse
field Ising model. Here, we give decompositions of the to-be-
implemented local measurement unitaries Ub. For Pauli measure-
ments, we can either just measure (Z) or need to apply Hadamard
gates on each qubit (X). For 2-local geometric partitioning, we
can decompose Ub into 1-qubit gates and 2 CZ-gates. For 4-qubit
2× 2 unitaries, we would in general need to use exact [32,33]
or approximate [22,34,35] compiling techniques. For the 2× 2
transverse field Ising model, which is the same as a 4-qubit 1D
transverse field Ising model with periodic boundaries, an efficient
circuit using only seven 2-qubit unitaries is known [20].

obtain the transverse field biaxial next-nearest-neighbor
Ising (TF-BNNNI) model on a two-dimensional rectangu-
lar lattice [36,37],

HTF-BNNNI = J

⎛

⎝−
∑

〈i,j 〉
ZiZj + κ

∑

〈〈i,j 〉〉
ZiZj

⎞

⎠

− h
∑

i

Xi. (24)

The TF-BNNNI model exhibits three distinct phases, com-
pare, e.g., Fig. 2 of Ref. [37]. For J = 1 (to fix the energy
scale), h = 0, and κ < κc = 1

2 , the nearest-neighbor cou-
pling dominates and the ground state is ferromagnetically
ordered. If κ becomes larger than 0.5, it becomes ener-
getically favorable that 2× 2 plaquettes are aligned and
neighboring plaquettes are flipped with respect to each
other. Thus, the BNNNI model can be viewed as a basic
spin model for magnetic frustration.

Still, without a transverse field, the model remains diag-
onal or classical, and the eigenstate sampling task trivial as
all eigenstates are computational basis states. In the limit
h→∞ the ground state becomes a disordered X eigen-
state. For our demonstration of how geometric partitioning
works for a (quasi-)3-local model, we chose h = 1, and
then κc ≈ 0.435, compare Fig. 2(c). Compared to the 2-
local next-nearest-neighbor models, we need to pick larger
geometric partitions. The L = 1-partitioning (light green)
still works as the NNN coupling is axial and both parti-
tions are rotated with respect to each other. In contrast, the
L = 2-cutting would not allow to include the NNN-terms,
which is why the only other one-dimensional cut we con-
sider is L = 3 (dark blue, leading to 3 parts). Similarly, the
four 2-local partitions become six axial 3-local partitions
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(dotted yellow) or for larger systems four axial 5-local par-
titions. For similar reasons, we do not show partitionings
into two-dimensional patches, which would only be useful
for larger lattices of 5× 10 or 10× 10 sites.

D. Two-dimensional hard-core Bose-Hubbard model

If we parameterize the TFXYM, see Eq. (21), with a
symmetric interaction strength J ,

HHCBH = −J
2

∑

〈i, j 〉

(
XiXj + YiYj

)+ h
2

∑

i

Zi, (25)

we obtain a Hamiltonian equivalent to the hard-core limit
of the Bose-Hubbard model [38,39],

HHCBH = −J
∑

〈i, j 〉

(
a†

i aj + aia
†
j

)
+ h

∑

i

ni, (26)

with ai, a†
i and ni = a†

i ai being bosonic annihilation, cre-
ation and number operators at lattice side i, respectively.
〈i, j 〉 indicates nearest neighbors on a rectangular lat-
tice. Compared to Bose-Hubbard model [40], in the hard-
core limit the on-site repulsion term U/2

∑
i ni(ni − 1) is

“frozen” out as U→∞. Hence, the system is described
by Eq. (26) with the constraint that a lattice site can max-
imally be occupied by up to one boson due to the infinite
on-site repulsion. This means that each lattice site is only
a two-level system, and the Hilbert space of the model is
only 2n-dimensional. Further, the number operator

∑
i ni

(or respectively
∑

i Zi) commutes with the Hamiltonian,
and thus gives an excitation number conservation symme-
try, separating the Hilbert space into

(n+1 n
m

)
-large sectors

(m ∈ {0, .., n}) [41]. Hence, for J � h/4, we are in the one-
dimensional all (non)occupied sector, where the ground
state is simply a Z eigenstate.

The numerical results for this model are shown in
Fig. 4(a), where for J � h/4 the ground state is a Z
eigenstate. In turn, the configuration space becomes the
largest, and hence the model most complex, if about
half the sites are occupied (m = n/2), which is the case
for the 4× 6 hard-core Bose-Hubbard model for 0.4h �
J � 0.47h. Still, we find also in this most challenging
regime sampling improvements of geometric partitioning
G|Ei〉

(
BPauli,BLx ,Ly

)
ranging from ca. 5 to 40.

E. Two-dimensional spinless Hubbard model

Next, we demonstrate that our geometric partitioning
improves sampling efficiency for fermionic lattice models
as well. For these models, we geometrically partition the
Hamiltonian in the fermionic Fock basis and then perform
a local fermion-to-qubit mapping for each patch separately
(together with the transformations Ub). We start with the
Hubbard model for spinless interacting fermions, that is

similar to the hard-core Bose-Hubbard model from a lattice
perspective, just that fermions live on the lattice sites,

HSpinless Hubbard = −t
∑

〈i, j 〉

(
c†

i cj + c†
j ci

)

+ U
∑

〈i, j 〉
ninj − μ

∑

i

ni. (27)

Here ci, c†
i and ni = c†

i ci label annihilation, creation and
number operators for fermions. The t-term implements
fermionic hopping between neighboring sites on the rect-
angular lattice, where we set t = 1 to fix the energy scale.
The U-term (for U > 0) penalizes the nearest-neighbor
occupation [42]. Thus, for zero on-site energy μ = 0, the
model remains below half-filling (〈∑i ni〉 < n/2). Simi-
larly to the hard-core Boson Hubbard model, the number
operator N̂ =∑

i ni commutes with the Hamiltonian, is
hence a symmetry, and as a consequence subdivides the
Hilbert space into

(n
m

)
, m ∈ {0, .., n} large subspaces.

From this one would conclude that the largest sub-
Hilbert space occurs for m = n/2, at half filling, but at this
point the system has a further conserved quantity due to
a particle-hole symmetry. Thus, we identify as a challeng-
ing scenario systems close to half-filling, but not exactly
half-filled n/2 ≈ m �= n/2. For the 4× 6 lattice model we
consider here, this is realized for μ = 0 and U � 0.6,
where we have 〈N̂ 〉 = 11 [compare Fig. 4(b)]. For this
reason, we set in the following μ = 0. Further, note that
this does not make the (nongeometric) sampling problem
easier as the number operators can be measured together
anyway, and hence the number of standard partitions is
unaffected, compare Appendix D 3. Similarly to the spirit
of the baseline within the bosonic basis, we group here as
a comparison the operators in HSpinless Hubbard in groups of
mutually commuting operators. For U �= 0 there are five
groups, four groups being from the hopping part of the
Hamiltonian with disjoint support, and one group measur-
ing the number operators. Under Jordan-Wigner mapping,
this corresponds to the Pauli grouping, which is why we
still call it Pauli partitioning in Fig. 2.

Further, we find for U ≈ 1 (〈N̂ 〉 = 8), that the ground
state of the model is degenerate or respectively gapless.
Even though our Theorem 1 does then not strictly apply
any longer, we find in this numerical test that the sampling
improvement for geometric partitioning persists.

F. Two-dimensional spinful Hubbard model

As a final example for geometric partitioning to reduce
the measurement effort when estimating energies of
eigenstates, we show the Hubbard model. This model,
which was originally proposed as an effective model to
study electron correlations, for example how transitions
from conductors to insulators occur [43], is of central
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(a) (b) (c)

Half-coupling

FIG. 4. Numerical examples: Hubbard-typed models. The spinless examples [(a) and (b)] are on a 4× 6 rectangular lattice with
periodic boundary conditions. Their partitionings and colors, including solid and dashed lines, correspond to the ones in Fig. 2. Dashed
vertical lines indicate transitions between symmetry sectors of different particle number, and the different geometric splitting are
color coded. (a) Hard-core Bose-Hubbard model. This model is similar to the transverse field XY model where the XY couplings
are tuned symmetrically. The numbers show the amount of bosons in the system 〈E0|N̂ |E0〉. (b) Spinless Fermi-Hubbard model. This
model resembles the hard-core Bose-Hubbard model, but with fermions instead of bosons on the lattice sides. Here, as a baseline
the partitioning separating the Hamiltonian into mutually commuting groups of 2-local fermionic Hermitian operators is used. (c)
(Spinful) Fermi-Hubbard model. In comparison with its spinless version, here the repulsive nearest-neighbor coupling is replaced
with a repulsive on-site spin-spin coupling. Thus, it can be viewed as two spinless Hubbard models, coupled by their spin degree of
freedom. Thus, it also consists of 24 lattice sides, but on a 4× 3× 2 graph (compare graphical legend as well as Tables I, IV and V in
Appendix D 3).

importance in condensed matter physics. It resembles the
previously shown spinless fermion model, but features an
on-site spin-spin (repulsive) interaction, instead of neigh-
bor repulsion,

HHubbard = −t
∑

〈i, j 〉,σ

(
c†

i,σ cj ,σ + c†
j ,σ ci,σ

)

+ U
∑

i

ni,↑ni,↓ − μ
∑

i,σ

ni,σ . (28)

One can view this (spinful) Hubbard model as two spin-
less ones (w.o. neighbor repulsion), that are repulsively
coupled only at the same lattice sites i, forming a bipla-
nar graph with the two two-dimensional planes being the
up and down spin sectors. Thus, one can consider the Hub-
bard model as an example of geometric partitioning on a
three-dimensional lattice. Testing a real three-dimensional
example, including cubic patches, remains challenging as
one would need four lattice sites in each dimensional
direction or 64 overall.

We keep t = 1 and μ = 0, and expect again to remain
close to but below half-filling for all U. Indeed, for U � 2

we have 〈N̂ 〉 = 10, which is still a larger Hilbert space than
half-filling due to the particle-hole symmetry at half-filling
that halves the dimension of the Hilbert subspace [44]. The
baseline we compare geometric partitioning with works
analogously to the spinless case, with four partitions to
measure the hopping terms and one to measure the on-site
repulsion.

For the spinful Hubbard model, all three particle sec-
tors in the middle in Fig. 4(c), 8 ≤ 〈N̂ 〉 ≤ 10, and 2.5 �
U � 7.5, are gapless. We see that the improvement notice-
ably leaves the smooth trajectory it has before and after,
but nonetheless and despite these cases not being captured
within Theorem 1, we find the sampling improvement by
geometric partitioning persists.

IV. SAMPLING IMPROVEMENTS UNDER
GLOBAL DEPOLARIZATION NOISE

In real-world sampling situations, where we aim to
prepare eigenstates, we can typically not avoid small
perturbations. These can originate from approximation
errors in the state preparation U|Ei〉 and measurement
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circuits UHb as well as imperfect operations on the
quantum hardware. While a detailed study of noise effects
would require a hardware-specific noise model, the noise
in local gates can often be well approximated by local
depolarization noise [45,46]. Further, local depolarization
converges already for 
(

√
n) deep 2D brick wall circuits

to a global depolarization noise [46]. We thus consider a
noise channel for global depolarization, which also pro-
vides an instance and hardware agnostic conservative esti-
mate for approximation errors in the unitaries U|Ei〉 and
UHb ,

�ε(|ψ〉 〈ψ |) = (1− ε) |ψ〉 〈ψ | + ε1d

d
. (29)

�ε conserves the initial state with probability (1− ε), and
maps to the maximally mixed state 1d/d with probability
ε, which can be thought of as one of the 4n − 1 possible
Pauli errors occurring with the same probability.

As it is a unital noise channel (�1−ε(1d/d) = 1d/d), we
can model the results for the noisy states �ε(|ψ〉 〈ψ |) as
averages over pure states,

|ψ̃(ε)〉 := √1− ε |ψ〉 + √ε |ξ〉 , (30)

where the error states |ξ〉 are effectively Haar-random
states. As we consider expectation values only up to sec-
ond moments here, it suffices to demand that averages
over the |ξ〉 equal averaging over the full Hilbert space
up to second moments. More technically, this means that
|ξ〉 is distributed according to a spherical 2-design in Cd,
compare also Appendix C 1.

If the main error contribution to the entire quantum cir-
cuit is due to the state preparation circuit U|Ei〉, we have
the same noise strength ε for both Pauli and geometric
partitioning. We can however account for noise due to
the additional gates, that geometric partitioning will use to
rotate into the local eigenbases via ULx ,Ly , by considering
different noise levels for Pauli and geometric partitioning.
We thus introduce the ratio γ ∈ [0, 1] of both noise levels,

γ := εPauli

εLx ,Ly

. (31)

Assuming that the noise is dominated by gate errors due
to imperfect implementation of the gates, we can, for each
case, estimate the global depolarization noise strength ε via
the average gate error εgate as well as the number of gates
of the entire circuit. Since 1-qubit gate errors are typically
one to two orders of magnitude smaller than 2-qubit gate
errors in state-of-the-art hardware platforms [47], we only
count 2-qubit gates and denote their number as N2q. We
can thus estimate [46], (1− ε) ≈ (1− εgate)

N2q . Further,
circuit approximation errors can be factored in by increas-
ing the effective gate count. For instance, if we have a state

preparation approximation error εU|Ei〉 = 2% and a 2-qubit
gate error εgate = 0.1%, we can take this into account by
increasing N2q(U|Ei〉) by 20. We can thus approximate γ
by

γ ≈ 1− (1− εgate)
N2q

(
U|Ei〉

)

1− (1− εgate)
N2q

(
ULx ,Ly

)
+N2q

(
U|Ei〉

) , (32)

where N2q(U) is the number of 2-qubit gates in the cir-
cuit U with U|Ei〉 |0〉⊗n = |Ei〉 being the preparation cir-
cuit preparing |Ei〉 from |0〉⊗n and ULx ,Ly the readout
circuit for the geometric partitioning. As the rotation in
local Pauli bases can be done with 1-qubit gates, we
use N2q (UPauli) = 0. For N2qεgate � 1 one can further
approximate

γ ≈ N2q(U|Ei〉)
N2q(U|Ei〉)+N2q

(
ULx ,Ly

) � 1− N2q
(
ULx ,Ly

)

N2q(U|Ei〉)
.

(33)

γ = 1/2 would mean that readout via geometric partition-
ing uses as many 2-qubit gates as the state preparation
circuit. Hence for small enough patches one typically has
γ > 1/2. Our numerical results show that such patch sizes
nonetheless lead to very significant sampling improve-
ments.

To take depolarizing noise into account, we need to con-
sider the statistical error average E over the corresponding
ensemble of states. Nevertheless, a similar upper bound to
Eq. (9) holds true:

1
M

E

[
Var|ψ̃〉 (H)

]
≤ 1

M
E

⎡

⎢
⎣

⎛

⎝
∑

Hb∈B

√
Var|ψ̃〉 (Hb)

⎞

⎠

2
⎤

⎥
⎦

≤ 1
M

⎡

⎣
∑

Hb∈B

√

E

[
Var|ψ̃〉 (Hb)

]
⎤

⎦

2

=: σ 2
B, (34)

where we applied a second time the Cauchy-Schwarz
inequality onto the expectation value over |ψ̃〉 to obtain the
second inequality, which would be an equality if the dif-
ferent random variables

√
Var|ψ̃〉 (Hb) were stochastically

independent. See Appendix A for the explicit calculation.
The above inequality allows us to expand the previously
defined relative sampling complexity (Definition 1) from
pure to mixed states:

Definition 2. [Relative sampling complexity (mixed
state version)]. Let ε1 and ε2 be the global depolariza-
tion noise strength for measuring the quantum state |ψ̃(ε)〉
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[Eq. (30)] in the partitionings B1 and B2 of H . Then we
define the ratio of the number of samples MB1/MB2 to
obtain σ 2

B1
= σ 2

B2
, c.f. Eq. (34), as the relative sampling

complexity,

G |ψ〉
(
Bε11 ,Bε22

)

:= MB1

MB2

=

⎡

⎢⎢
⎣

∑
Hb∈B1

√
E

[
Var|ψ̃(ε1)〉 (Hb)

]

∑
H ′b∈B2

√
E

[
Var|ψ̃(ε2)〉

(
H ′b
)]

⎤

⎥⎥
⎦

2

, (35)

where the second equality holds because of Eq. (34).

One might wonder whether Eq. (35) is a reliable mea-
sure because σB is only an upper bound to the average of
variances, see Eq. (34). To confirm that σB provides an
accurate estimate for the error in an energy measurement
by sampling from a quantum state, we compare it to the
error of a simulated sampling process in Sec. IV B.

Note that G |ψ〉
(
Bε11 ,Bε22

)→ G|ψ〉 (B1,B2) for ε → 0.
Moreover, even though we here focus on global depolar-
ization noise, one could similarly study a relative sampling
complexity with respect to two quantum channels �1 and
�2 instead of the same channel �ε with different noise
strengths ε1 and ε2. The following Lemma allows us to
resolve E

[
Var|ψ̃〉 (Hb)

]
:

Lemma 3 (Variance of isotropically perturbed states).
Let |ψ〉 ∈ Cd be some fixed reference state vector, |ξ〉
a random vector distributed according to a spherical 2-
design in Cd, O an observable, and ε ∈ [0, 1]. Then, for
|ψ̃〉 := √1− ε |ψ〉 + √ε |ξ〉,

E

[
Var|ψ̃〉(O)

]
= (1− ε)Var|ψ〉(O) (36a)

+ ε(1− ε)〈ψ |O|ψ〉2 (36b)

+ ε‖O‖2
F/d +O(1/d), (36c)

where ‖·‖F/d denotes the Frobenius norm renormalized by
a dimension factor d = 2n for system size n.

Proof (sketch). We use known results from representa-
tion theory, more concretely the Schur-Weyl duality, and
the so-called swap-trick to compute the Hilbert space aver-
ages. For the explicit calculation see Appendix C 1. �

Note that the setting in Lemma 3 is equivalent to
the pure state |ψ〉 undergoing global depolarization noise
of strength ε. Further, E

[
Var|ψ̃〉(O)

]
≥ Var|ψ〉(O), if

Var|ψ〉(O) ≤ ‖O‖2
F/d +O(1/d). This means that white

noise increases the variance unless the noise-free state-
specific sampling error is worse than state-independent
average case sampling.

Unlike for perfect eigenstates, we have for ε �=
0 a nonzero shot-noise E

[
Var|Ẽi〉 (H)

] = ε(1− ε)E2
i +

ε‖H‖2
F/d +O(2−n) �= 0, even for measurements in the

eigenbasis of H . We can thus interpret Eq. (36a) as a
contribution to E

[
Var|ψ̃〉(O)

]
coming from the quantum

fluctuations of O in the state |ψ〉, whereas the contribu-
tions in Eqs. (36b) and (36c) are due to the noise. Indeed,
in our further results, the following ratios between these
contributions:

εI↔II :=
4 Var|Ei〉

(
H (1)

Lx ,Ly

)

E2
i + ‖H‖2

F/d
, (37)

εII↔III :=
4 Var|Ei〉

(
H (1)

Pauli

)

E2
i + ‖H‖2

F/d
, (38)

play a central role.
Thus, B1 = BH provides a nontrivial finite upper bound

for the sampling improvement [see also Fig. 5(c)]. This
means that, in the case of ε �= 0, there will be both an upper
and lower bound, compare also Appendix C.

Theorem 2 (Relative sampling complexity improvement
under global depolarization noise). Let G |Ei〉

(
Bε11 ,Bε22

)
be

the relative sampling complexity with noise strength ε1
for partition B1, and ε2 for B2 (Definition 2). Let the
noisy state under global depolarization noise be given by
|Ẽi(ε)〉 =

√
1− ε |Ei〉 + √ε |ξ〉, with |Ei〉 an eigenstate of

H . Then we have the following regimes:

(I.) For low randomness, ε ≤ εI↔II the sampling
improvement is at worst a factor 2 less than for
ε = 0,

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ 1

2
G|Ei〉

(
BPauli,BLx ,Ly

)
(39)

independently of γ , see Eq. (31).
(II.) For intermediate randomness, we have

G |Ei〉
(
BεLx ,Ly

,BεH
)
≤ 2⇒ ε ≥ εI↔II , (40)

G |Ei〉
(
Bγ εPauli,BεH

) ≥ 2⇒ ε ≤ 1
2− γ εII↔III . (41)

(III.) For a randomness-dominated regime with ε ≥
εII↔III/(C− 2γ ), where C > 2 is a constant, the
sampling efforts become dominated by noise, and

G |Ei〉
(
Bγ εPauli,BεH

) ≤ C, (42)

for any bi-partition of H (H = H1 + H2), in partic-
ular also for BεLx ,Ly

.
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(a)

(b)

(c)

(c)

FIG. 5. Sampling improvement: from perfect eigenstates to
Haar-random states: Here, we consider states of the form
|Ẽi〉 =

√
1− ε |Ei〉 + √ε |ξ 〉 with |ξ 〉 Haar random up to second

moments for a 2D transverse field Ising model. Yet all graphs
will qualitatively look similar for different models. All three
subplots share the same color coding: red for Pauli, green for
geometric, and black for eigenbasis partitioning. Subplots (b)
and (c) share the same x-axis (ε). In (a) we show the probabil-
ity density corresponding to the empirical mean estimator OM
for different measurement strategies (color coded). The different
snapshots depict (from left to right) ε = 0, ε ≈ εI↔II , ε ≈ εII↔III
and ε ≈ 1. In (b) we provide a qualitative graph of the relative
sampling complexity as defined in Definition 2. In agreement
with Corollary 4, regime (II.) exists and has at least the size
G|Ei〉

(
BPauli,BLx ,Ly

) ≈ εII↔III/εI↔II , if the noise mainly origi-
nates from imperfect state preparation, γ ≈ 1, compare Eq. (32).
In (c) we plot the relative weight of the terms in Eqs. (36a),
(36b), and (36c) of Lemma 3, which are encoded by line type
(solid, dashed-dotted and dotted), see legend. This shows that the
transition from low to intermediate random regime (I.) → (II.)
happens when the measurement uncertainty of geometric parti-
tioning (green lines of the three types) becomes dominated by
the noise-induced terms (36b) and (36c). Similarly, the transi-
tion from (II.)→ (III.) corresponds to the same phenomena for
Pauli partitioning (red lines). For reference, the noise-induced
uncertainty of sampling in the eigenbasis is shown in black,
which almost coincides with geometric partitioning in the mid-
dle of regime (II.) as well as regime (III.), as we expect from
Theorem 2.

Proof (sketch). The proof in full detail is given in
Appendix C 2. The basic idea is to use Lemma 3 to resolve
E
[
Var|Ẽi(ε)〉 (Hb)

]
on the r.h.s. of Eq. (35). Then one uses

Lemma 1 and Corollary 1 to linearize (
∑√.)2 both in the

numerator and denominator, as well as

[
∑

k

√
Ak + Bk

]2

≥
[
∑

k

√
Ak

]2

+
[
∑

k

√
Bk

]2

. (43)

To handle, the resulting fraction, we use iteratively the
following algebraic inequality:

A
A′
≥ B

B′
⇒ A

A′
≥ A+ B

A′ + B′
≥ B

B′
, (44)

for A, A′, B, B′ ≥ 0. To see that Eq. (44) holds add AA′ or
BB′ to AB′ ≥ BA′ and resolve for A/A′ or B/B′. Eventually,
to bound the resulting fractions, we use insights from our
noise-free analysis, e.g., Theorem 1. �

Note that regime (I.) does not depend on the noise
level of Pauli partitioning γ ε. Similarly, the high-noise
threshold of regime (II.), ∝ 1/(2− γ ), for γ = 0 is only
decreased by a factor of 2 compared to γ = 1; if we were
interested only in geometric partitioning performing bet-
ter than Pauli partitioning even only a factor of 4/3. We
have the following Corollary to determine whether geo-
metric partitioning yields lower sampling noise than Pauli
partitioning for any noise strength ε:

Corollary 2 (Criteria for sampling advantage of geo-
metric partitioning under global depolarization). Let all
objects be defined as in Theorem 2. Then we have

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ 1, (45)

if

γ

(∑
Hb∈BPauli

‖Hb‖F
∑

H ′b∈BLx ,Ly
‖H ′b‖F

)2

≥ 1, (46)

and γ (1+ α2
Pauli) ≥ 1, (47)

with αPauli :=
∣∣∣〈H (1)

Pauli〉 /Ei − 1/2
∣∣∣ ≥ 0;

or if

ε ≤ cεεII↔III , (48)

with cε = max( 1
2−γ ,

[
1− 1/G|Ei〉

(
BPauli,BLx ,Ly

)]
).

Proof (sketch). Similarly to the methods for Theorem 2,
we use Eq. (43) to linearized the noisy sampling error of
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Pauli partition [Eq. (34)], and then Eq. (44) iteratively to
obtain

G |Ẽi〉
(
BPauli,BLx ,Ly

) ≥ min
(

A′

A
,

B′

B
,

C′

C

)
, (49)

with A, B, C according to the three lines in Lemma 3.
A′/A ≥ G|Ei〉

(
BPauli,BLx ,Ly

)
is larger than 1 due to

Theorem 1, B′/B ≥ γ (1+ α2
Pauli) as geometric parti-

tioning equally distributes the energy (α2
Lx ,Ly
= 0) and

C′/C ≥ γ
(∑

Hb∈BPauli
‖Hb‖F

/∑
H ′b∈BLx ,Ly

‖H ′b‖F

)2
. The

first part of, Eq. (48) corresponds to Eq. (41) and the
second part one obtains in a similar calculation using
G |Ei〉

(
Bγ εPauli,BεLx ,Ly

)
≥ G |Ei〉

(
B0ε

Pauli,BεLx ,Ly

)
. The proof in

full detail is given in Appendix C 3. �

For γ ≈ 1, Eq. (47) is typically fulfilled as Pauli parti-
tioning in general does not distribute the energy equally.
Then, it is sufficient to compute Eq. (46), which can be
calculated classically at scale for sparse observables such
as lattice Hamiltonians. As we know the Pauli sum rep-
resentation of our sparse observables Hb, and we have
for Paulistring Pi and Kronecker delta δi, j : Tr(PiPj )/d =
δi, j , calculating the Frobenius norm boils down to sum-
ming the squared Pauli sum coefficients ‖Hb‖2

F/d =∑
cj Pj ∈Hb

c2
j . Indeed,

∑
Hb∈B‖Hb‖F/d gives precisely the

state-independent average sampling error for partitioning
H according to splitting B, which we would have obtained
if we had averaged over the Hilbert space, instead of
deriving state-tailored sampling bounds [15]. Therefore,
Eq. (46) tells us, for γ ≈ 1 on average what improvement
we can expect by geometric partitioning compared to Pauli
partitioning for an arbitrary state. Thus, even if we cannot
take advantage of any specific state structure, we can still
improve our measurement scheme on the observable parti-
tioning level by optimizing the partitioning with respect to
Eq. (46).

Complementary to Corollary 2, one can require a tar-
geted relative sampling improvement and ask how large
the gate error εgate and the number of gates N2q(U|Ei〉) and
N2q

(
ULx ,Ly

)
can be to guarantee such an improvement.

This is answered by the following corollary:

Corollary 3 (Gate budget for noisy geometric partition-
ing). Let all objects be defined as in Theorem 2 and prior.
Let G be a desired relative sampling improvement. Then

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ G, (50)

provided that

N2q
(
ULx ,Ly

)
� log

(
1− c(G)ε εII↔III

)

log(1− εgate)
−N2q(U|Ei〉), (51)

with c(G)ε = max
(
1/(2G− γ ), [1− G/G|Ei〉

(
BPauli,

BLx ,Ly

)])
.

Proof (sketch). The first cε follows by replacing “2”
in Eq. (41) with “2G” and plugging in Eq. (32). G ≤
G|Ei〉

(
BPauli,BLx ,Ly

)
/2 ensures that we are still in regime

(II.). The second cε similarly takes Eq. (48) and replaces
“≥ 1” with “≥ G.” For more details see Appendix C 4. �

One can see that for very good gate fidelities, εgate → 0,
the upper bound in Eq. (51) diverges. This is consistent
with the intuition of having an arbitrary gate budget for
measurement in this case. In turn, for very noisy circuits,
εgate → 1, the bound would become negative, excluding,
as expected, any further gates for the measurement circuit.
One can see from Eq. (51) that, in order to have a positive
bound for N2q

(
ULx ,Ly

)
, one must have

N2q(U|Ei〉) � log
(
1− c(G)ε εII↔III

)

log(1− εgate)
. (52)

State preparation circuits of larger size will not allow for a
subsequent measurement circuit. For G = 1, we thus reob-
tain the intuitive expectation that the gate error εgate needs
to be smaller than the threshold εII↔III for N2q(U|Ei〉) � 1.

In Theorem 2, one can think of regime (I.) as effectively
noise-free. In regime (II.), measuring in geometric parti-
tioning is effectively as good (up to a factor 2) as the opti-
mal strategy, measuring in the eigenbasis. Finally, regime
(III.) is too noisy for state-tailored shot noise improve-
ments since the main sampling error will be ∝ ε(1−
ε)E2

i + ε‖H‖2
F/d, and hence independent of the chosen

measurement strategy.
The regimes of randomness predicted by Theorem 2 are

illustrated in Fig. 5 for the example of a 2D transverse
field Ising model. The data clearly show the transitions
between the regimes as predicted by Theorem 2. To see
that indeed all three regimes are realized, note that for
ε → 0 all but the variance-type terms vanish, and respec-
tively for ε → 1, all but the norm-type terms vanish. The
following Corollary, lower bounds the size of regime (II.),
and hence guarantees its existence:

Corollary 4 (Existence and intermediate noise regime).
Let all objects be defined as in Theorem 2. Then there exist
noise thresholds εth

Lx ,Ly
, εth

Pauli > 0 s.t.:

∀ε ≥ εth
Lx ,Ly

: G |Ei〉
(
BεLx ,Ly

,BH

)
≤ 2, (53)

∀ε ≤ εth
Pauli : G |Ei〉

(
Bγ εPauli,BH

) ≥ 2, (54)

and the ratio of those noise thresholds is given by

εth
Pauli

εth
Lx ,Ly

≥
(

1
2− γ

)
G|Ei〉

(
BPauli,BLx ,Ly

)
. (55)
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For all but 2-local partitioning, the r.h.s. of Eq. (55) ≥ 2
due to Theorem 1.

Proof. This is a direct consequence of Theorem 2,
as have found there explicit approximate thresholds of
the form εI↔II ≥ εth

Lx ,Ly
and εth

Pauli ≥ 1/(2− γ )εII↔III , from
which the statement follows. �

In the limit of large depolarization noise (ε → 1), one
thus recovers the same estimates as via averaging over
Hilbert space, compare Appendix A. Our results show that
sampling improvements can be more significant for small
noise regimes, as the structure of the observable and its
eigenstate can be exploited.

A. Sampling improvements under noise: Numerical
analysis

Here, we give numerical examples of energy estima-
tions of eigenstates under global depolarization noise. Our
main objective is to explore the tightness of the analyti-
cal bounds, mostly Theorem 2. Compared to the noiseless
examples in Secs. III A–III F, we thus have two more vari-
able parameters in our numerical study, the noise strength ε
and relative noise strength γ , see Eq. (31). Even though, in
real-world scenarios, measuring in geometric partitioning
will have lower noise than measuring in the eigenba-
sis due to shallower measurement circuits, we use here
the same noise strength for both as a very conservative
approximation to illustrate when geometric partitioning

(a) (b) (c)

(d) (e) (f)

G
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FIG. 6. Shot-noise reduction for the transverse field XY model under noise. Here we present numerical results that confirm Theorem
2 for the 2D XY model with Z field on a 4× 6 rectangular lattice with periodic boundary conditions (see also Sec. III A and Fig. 2(a)
for the ε = 0 case). The vertical dashed lines mark, as in Fig. 2(a), the critical point at ηc =

√
3/2. We pick a geometric partitioning

with (Lx, Ly) = (2, 2), and plot relative sampling complexities G |E0〉
(
Bγ εPauli,BεLx ,Ly

)
and G |E0〉

(
Bγ εPauli,BεH

)
, which are both color coded,

for varying depolarization noise ε and system parameter η. The orange line marks ε = εI↔II and the red line ε = 1
2−γ εII↔III , see

legend. We cut the improvement scale at 104 and a white area indicates that Pauli partitioning is better. The upper row shows the
sampling improvement of geometric partitioning compared to Pauli partitioning, and the lower row compares hypothetical sampling in
the eigenbasis with Pauli partitioning. The columns show different relative noise strength γ to take into account potentially additional
gates when using geometric partitioning, or the eigenbasis. One can see that regime (I.) is effectively noiseless as there is no noticeable
ε-dependence. Similarly, geometric partitioning (top row) is essentially as good as sampling in the true eigenbasis (bottom row) in
regimes (II.) and (III.), as predicted by Theorem 2. In agreement with Corollary 2, we find that geometric partitioning is always
better than geometric partitioning in the high-sampling advantage regimes (I.) and (II.). Moreover, the size of regime (II.) is given by

1
2−γ G|E0〉

(
BPauli,BLx ,Ly

)
, as stated in Corollary 4. Therefore, a large noiseless sampling complexity improvement will lead to a large

noise range where geometric partitioning performs effectively as well as measuring in the true eigenbasis and is guaranteed to be better
than Pauli partitioning.
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FIG. 7. Shot-noise reduction for the Fermi-Hubbard under noise. Here we show numerical results for the spinful Fermi-Hubbard
model on a 3× 4 lattice under noise, which corresponds to 24 qubits on a biplanar graph [The corresponding noise-free results are
shown in Fig. 4(c)]. This figure is similarly structured as Fig. 6. Vertical dashed lines show, as in Fig. 4(c), the critical points, which
are given by transitions of the average occupation number from 〈N̂ 〉 = 10 to 〈N̂ 〉 = 6 in integer steps. As the geometric partition we
choose 1D cuts with L = 1 (which was seen to perform as well as (Lx, Ly) = (2, 2) in all other examples) and plot relative sampling

complexities G |E0〉
(
Bγ εPauli,BεLx ,Ly

)
and G |E0〉

(
Bγ εPauli,BεH

)
for varying depolarization noise ε and system parameter U. Similarly to the

noisy transverse field XY model, we find that geometric partitioning yields lower shot noise for any ε for γ = 1, while γ �= 1 only
affects the high-noise regime (III.), where geometric partitioning already performs comparably to measuring in the eigenbasis. White
areas correspond to regions where Pauli partitioning is better than geometric partitioning or eigenbasis measurements.

effectively works as well as the noisy eigenbasis. We focus
our analysis here on one bosonic model, the TFXYM,
see Fig. 6, and one fermionic model, the Fermi-Hubbard
model, see Fig. 7.

In Figs. 6 and 7, all subfigures are structured in the same
way. Along the horizontal axis, we vary a model param-
eter, the anisotropy η for the TFXYM and the interaction
strength U for the Fermi-Hubbard model. Along the verti-
cal axis, we vary the noise level in logarithmic scale. The
color coding shows, in steps of half an order of magnitude,
the relative sampling complexity G |E0〉 for the compared
measurement strategies.

For exploring the transition between regimes (I.) and
(II.) we compare three noise thresholds. The first is our
approximation to the transition noise strength, εI↔II as
defined in Eq. (37), the second is the noise level for which
the sampling improvement is reduced by a factor two
compared to the noiseless case and the third is the thresh-
old above which geometric partitioning needs twice as
many measurements as measuring in the eigenbasis. All

three match very closely throughout most of the param-
eter ranges in Figs. 6 and 7, which is one of our main
numerical findings, confirming that our analytical approx-
imations are indeed tight. Thus, we draw in Figs. 6
and 7 only the line ε = εI↔II in orange. The ε-values,
where G |E0〉

(
BLx ,Lεy ,BεH

)
= 2 and G |E0〉

(
BLx ,Lεy ,BεH

)
=

G|E0〉
(
BPauli,BLx ,Ly

)
/2, have relative deviations from the

ε = εI↔II values of at most 17% for the TFXYM, see
Fig. 6, and at most 9.4% for U � 4.7 for the Fermi-
Hubbard model, see Fig. 7. For large U-values of the
Fermi-Hubbard model (see Fig. 7) the ε-value for the
threshold G |E0〉

(
Bγ εPauli,BεLx ,Ly

)
= G|E0〉

(
BPauli,BLx ,Ly

)
/2 is

shifted toward larger ε by at most a factor 2.4 for γ = 1
and by a factor 1.5 for γ = 1/2, which is consistent with
Theorem 2.

In regime (I.) we further expect the shot-noise reduc-
tions to differ at most by a factor two from the improve-
ments in the noiseless case. Consequently, we expect
G |E0〉

(
Bγ εPauli,BεLx ,Ly

)
to barely change with ε and to
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be independent of the relative noise strength of Pauli
partitioning γ in this regime. This is confirmed by
Figs. 6(a)–6(c) and Figs. 7(a)–7(c). For regimes (II.) and
(III.), we expect that geometric partition performs up to a
factor of two as good as measuring in the eigenbasis of H .
Indeed, when we compare plots (a)–(d), (b)–(e), and (c)–(f)
of Figs. 6 and 7, these regions appear very comparable.
In agreement with Theorem 2, we only find for the high-
noise regime (III.) and lower relative noise (γ = 1/2 and
γ = 0), that Pauli partitioning becomes better than geo-
metric partitioning (white areas). Yet here, measuring via
Pauli splitting is typically also better than measuring in the
eigenbasis.

In real-world settings and for small enough patch sizes,
we expect the majority of the gates to be used for state
preparation, and hence γ ≈ 1. In such cases, we expect
geometric partitioning to perform better than Pauli parti-
tioning for any noise level ε due to Corollary 2. This can
nicely be observed in Figs. 6(a) and 7(a). These results are
in agreement with the observation that Eqs. (46) and (47)
are fulfilled, as geometric splitting distributes the energy
equally among the parts and also spreads the Pauli weights
equally, so that typically also

∑‖Hb‖F is smaller for
geometric than Pauli partitioning.

The case with γ = 1/2 corresponds to the same effec-
tive number of 2-qubit gates for both state preparation and
geometric partitioning as shown in Eq. (32). We also show
γ = 0, which compares noise-free perfect state preparation
and Pauli measurement against noisy geometric partition-
ing not as a realistic application scenario, but to empha-
size the validity of our analysis. Another observation in
both noisy numerical examples is, that for U/t, η = O(1),
the transition (II.) ↔ (III.) typically lies at (large) noise
strength of ε ≈ 2%–10%. At the same time, the strongly
correlated and thus particularly interesting regimes are
typically also located in these parameter regimes.

When comparing the noisy sampling improvements here
with their noiseless counterparts in Figs. 2(a) and 2(c),
one can see, particularly for the TFXYM, a close relation
between noisy and noiseless results as the large improve-
ments carry over to the imperfect setting. Moreover, the
size of regime (II.) is approximately equal to the value of
G|E0〉

(
BPauli,BLx ,Ly

)
, as stated in Corollary 4. This means

that for higher improvement of geometric partitioning
in the noiseless case, is, the smaller the noise level ε
needs to be for geometric partitioning performing recog-
nizable worse than measuring in the eigenbasis. Note that
this is independent of the relative noise strength of Pauli
partitioning γ .

B. Simulated sampling

In this section, we give further evidence that the mea-
sures for the accuracy of sampling strategies that we use,
see Eqs. (8) and (34), are good approximations to the actual

(a)

(b)

FIG. 8. Numerical example: Sampled energy estimations. The
transverse field Ising model with J/h = 1 is the same system
as the transverse field XY model in Fig. 6 with η = 1, where
we simulate sampling from a perfect |ψ〉 = |E0〉 (a), and a noisy
one with global depolarization noise ε = 1% (b). On real hard-
ware, the noise could have originated from noisy hardware gates,
imperfect implementation of the state preparation or of the mea-
surement unitaries Ub. In light red, yellow, and green, we show
the relative error of the sampled energy H

B
M for Pauli, 2-local,

and 2× 2 geometric partitioning. To make a fair comparison, we
report the mean energy error over a random ordering of the sim-
ulated samples. In darker shades of the same colors, we give the
corresponding relative standard errors σB/Eexact [compare also
Eq. (34)], which match well with the sampled energy estimates.
For few samples, Pauli partitioning suffers from its integer spec-
trum, while the sampled energies with geometric partitioning are
more fine-grained and closer to the exact energy. Consistently
with Fig. 6(c), we find that even the noisy geometric partition-
ings in (b) yield lower shot-noise than the noise-free Pauli bases
measurements in (a).

error occurring in the sampling process. These results thus
support that the starting point for our comparison of sam-
pling efficiency is well-founded. To provide this evidence,
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we show simulations of actual sampling. This means we do
not compute the considered variances from the full wave-
function but instead simulate actual measurements by
applying the measurement unitaries UHb and sampling bit-
strings from which we compute the corresponding energy
values. For the analysis of noisy situations, we add random
contributions to the state according to Eq. (30) before sam-
pling the bit-strings. For these simulations, we compute the
relative energy error from the sampling process

∣∣∣∣∣
H

B
M − Eexact

Eexact

∣∣∣∣∣
(56)

and compare it to σB/|Eexact| for the noiseless and
σB/|Eexact| for the noisy case.

We do this comparison for the TFXYM and TFIM
ground state |E0〉 at J = η = h = 1 on a 4× 6 rectangular
lattice as examples. Figures 8(a) and 8(b) show the rela-
tive energy error under simulated samples in light red for
Pauli sampling, light yellow for 2-local sampling, and light
green for a (2, 2) geometric partition as well as the cor-
responding values of σB/|Eexact| for the noiseless case in
panel (a) and σB/|Eexact| for the noisy case in panel (b).

A first observation is that the light and darker lines of
the same color are indeed very close to each other. As
expected, σB/|Eexact| and σB/|Eexact| are slightly above the
corresponding observed mean sampling error (light col-
ors), see Eqs. (8) and (9). For few samples, M � 100,
there are discrete jumps, also above the standard error
for Pauli partitioning. This reflects the coarse discretiza-
tion of the Pauli spectrum, where obtainable one-shot
expectation values are integers. On the other hand, for
few samples, geometric partitioning performs even better
than its standard error. This is consistent with a further
observation, namely that only rather few eigenstates of
each patch of a geometric partitioning have nonvanish-
ing occupation, leading to a better discrete representation
of Eexact with very few samples. We conjecture this ben-
eficial few-sample effect also to occur at other examples,
making geometric partitioning even more beneficial than
quantified by G |Ẽ0〉

(
BPauli,BLx ,Ly

)
.

Besides showing the appropriateness of the quantities
σB and σB for quantifying sampling errors, Fig. 8 again
confirms the reduction of sampling complexity via geo-
metric partitioning as discussed in Secs. III B and IV A.
In particular, Fig. 8(b), where we take errors in the state
preparation and measurement circuit implementation into
account, confirms that there is no fundamental change
in the accuracy of our analysis, while the improvement
G (Definition 1) is reduced to G (Definition 2), as pre-
dicted in Theorem 2 and shown in Figs. 6 and 7. In good
agreement with Theorem 2, even for a noise level of 1%
geometric partitioning, green and yellow in Fig. 8(b), still
yield a lower shot-noise than perfect state preparation and
noiseless sampling in the Pauli bases, red in Fig. 8(a).

V. DISCUSSION

The main idea we pursued in this work was to make use
of the geometric locality of quantum systems to improve
measurement strategies compared to sampling in Pauli
bases. Conceptually, we think of these geometrically local
subsystems to be diagonalizable on the quantum hardware,
meaning that the transformations mapping the eigenstates
of the subsystems to the computational basis can be found.

In our first main result (Sec. III), we have proven that
indeed geometric partitioning always yields an advan-
tage over Pauli partitioning for energy estimates of a
system in an energy eigenstate, where we identified three
cases. These are geometric partitions coming from a one-
dimensional cuts, two-dimensional patches or even 2-local
partitions. Typically, smaller guaranteed improvements
coincide with easier-to-implement measurement circuits,
as these act on less qubits/lattice sites. There is thus
something for (almost) any available measurement gate
budget, starting from as little as one additional 2-qubit
gate per patch when using the 2-local geometric parti-
tioning strategy. Twice as large partitioning patches with,
e.g., (Lx, Ly) = (2, 2) then require to implement a 4-qubit
measurement unitary, which appears still feasible also in
near-term applications. Throughout our numerical exam-
ples, including different Ising and Hubbard models, we find
that typically already 4-qubit (Lx, Ly) = (2, 2) partitioning
suffices to obtain orders of magnitude relative sampling
complexity improvements. In such case, the gate complex-
ity to implement measurement circuit UHb scales with the
number of blocks Ub, and hence only linear in the number
of qubits n

With our second main result (Sec. IV), we cover the
more general case of imperfect eigenstates, perturbed by
global depolarization noise, which can be viewed as a
proxy for both imperfect state preparation and quantum
hardware noise. A future extension of our work may
include tailoring readout circuits not only based on state
symmetries as we did here, but also based on a quantum
hardware-specific noise model. We identified three noise
regimes. In the low noise one (I .), the noiseless sampling
improvement is maintained up to at worst a factor 2. In the
intermediate (II .) and high-noise (III .) regime, measuring
in the geometric basis effectively becomes as good as mea-
suring in the eigenbasis, again up to a factor 2. Importantly,
we provide upper bounds on the number of additional
gates that can be used for the measurement circuits and the
amount of additional noise they may introduce while lead-
ing to a sampling advantage for geometric partitioning, see
Corollaries 2 and 3.

Typically, more correlated states require larger measure-
ment efforts [48]. Hence, our approach, which measures
geometrically extended operators, yields very significant
improvements for highly correlated states, which are typ-
ically of interest. We observed this behavior featuring
improvements � 107 for TFXYM around its oscillatory
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to ferromagnetic phase transition [Fig. 2(a)]. We focused
on proving sampling improvements for geometric local
models, both in bosonic and fermionic bases. We have
shown in total six examples, where the geometric parti-
tioning strategy led to a sampling improvement compared
to the (Pauli) baseline, as our analysis suggested. Fur-
ther, we demonstrated with the transverse field biaxial
next-nearest-neighbor Ising model, how this idea extends
beyond 2-local models to a quasi-3-local one.

To go forward an interesting future direction might be
potentially lifting the requirement of geometric locality,
and extending the idea to further types of symme-
tries beyond translational invariance. Similarly, we found
examples of improvements beyond our lower bound, e.g.,
within the ferromagnetic phase J/h� 1 of the TFIM.
This motivates to investigate further more model-specific
sampling improvement estimations or to exploit perturba-
tion theory results to construct better-performing sampling
basis as we provided with our Lemma 2.

We took the stand here that we are given a state and aim
to estimate the energy expectation value. In future work,
one could flip this view around and rather use geometri-
cally local bases to compress Ansätze for approximated
state preparation. For instance, for ground state prepara-
tion, one could expect the low-energy subspace of the
geometrically local bases to be mostly relevant for the
ground state of the entire system. Provided the inverses
of our measurement unitaries not only lead to vanishing
local energy variances but also low local energy expec-
tation values, this strategy would support approximations
with reduced effective Hilbert spaces.
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APPENDIX A: HOW TO COMPARE
MEASUREMENT STRATEGIES [PROOF OF

EQ. (8)]

A measurement strategy in quantum mechanics has
the aim of determining an estimator for the true observ-
able expectation value 〈ψ |H |ψ〉 as accurate as possible
with a given number of measurements M . Then standard
deviation of an unbiased estimator is given by

σ 2
min. =

1
M
�H 2 = 1

M
Var|ψ〉 (H). (A1)

Realizing this sampling error requires the ability to mea-
sure observable H at once. However, finding the eigenba-
sis, in which one would need to measure, generally cannot
be done in polynomial time, as we need to diagonalize the
entire exponentially large Hilbert space to map |ψ〉 into the
eigenbasis of H , in the worst case. Thus, in typical non-
trivial sampling tasks, one needs to split H into parts Hb
of which the transformations into their respective eigenba-
sis are known, such that H =∑

Hb∈B Hb with partitioning
B. Then the measurement error can be upper bounded by
[step by step calculation of Eq. (10)],

1
M
�H 2 = 1

M

⎡

⎢⎢
⎢
⎣

∑

Hb∈B
Var|ψ〉 (Hb)+

∑

Hb,H ′b∈B
Hb �=H ′b

CoV|ψ〉
(
Hb, H ′b

)

⎤

⎥⎥⎥
⎦
≤ 1

M

⎡

⎢⎢
⎢
⎣

∑

Hb∈B
Var|ψ〉 (Hb)+

∑

Hb,H ′b∈B
Hb �=H ′b

∣∣CoV|ψ〉
(
Hb, H ′b

)∣∣

⎤

⎥⎥
⎥
⎦

≤ 1
M

⎡

⎢⎢⎢
⎣

∑

Hb∈B
Var|ψ〉 (Hb)+

∑

Hb,H ′b∈B
Hb �=H ′b

√
Var|ψ〉 (Hb)Var|ψ〉

(
H ′b
)

⎤

⎥⎥⎥
⎦
= 1

M

⎡

⎣
∑

Hb∈B

√
Var|ψ〉 (Hb)

⎤

⎦

2

≤
∑

Hb∈B

Var|ψ〉 (Hb)

Mb
, (A2)
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where M =∑|B|
b=1 Mb. The first inequality adds absolute

values to the covariances and the second inequality is the
Cauchy-Schwarz inequality. Using Lagrangian multipliers,
one finds that the last inequality becomes an equality
precisely for the optimal distribution of sampling budget
M . Let us write this down explicitly. The Lagrangian is
given by

L( �M , λ) :=
|B|∑

b=1

Var|ψ〉 (Hb)

Mb
− λ

(

M −
|B|∑

b=1

Mb

)

, (A3)

where we named �M being a vector of all Mb. Then the
stationary conditions yields

0 != L( �M , λ)
∂Mb

= −Var|ψ〉 (Hb)

M 2
b

+ λ ∀b ∈ {1, 2, . . . , B},

(A4)

0 != L( �M , λ)
∂λ

= M −
B∑

b=1

Mb, (A5)

where != means that we demand this equality to be ful-
filled for the stationary conditions. As Var|ψ〉 (Hb) ≥ 0, we
know that λ = Var|ψ〉 (Hb) /M 2

b ≥ 0, and in order to mini-
mize the standard error, Mb needs to be chosen such that all√

Var|ψ〉 (Hb)/Mb become equal. This allows us to express
λ in terms of M and Var|ψ〉 (Hb),

M =
|B|∑

b=1

Mb =
|B|∑

b=1

√
Var|ψ〉 (Hb)

λ

⇒
√
λ = 1

M

|B|∑

b=1

√
Var|ψ〉 (Hb). (A6)

Then Eqs. (A6) and (A4) solve the constraint minimization
problem,

min
M=∑Mb

⎛

⎝
∑

Hb∈B

Var|ψ〉 (Hb)

Mb

⎞

⎠ =
∑

Hb∈B

√
Var|ψ〉 (Hb)

√
λ

= 1
M

⎡

⎣
∑

Hb∈B

√
Var|ψ〉 (Hb)

⎤

⎦

2

.

(A7)

Var|ψ〉 (Hb) are the sampling errors we will experience
when measuring H in the partitioning B. The partition-
ing B is by no means unique. Rather it gives us a way
to compare sampling budget allocation agnostic sampling

strategies by comparing
[∑

Hb∈B
√

Var|ψ〉 (Hb)
]2

, motiva-
tion our relative sampling complexity cost function in
Definition 1.

In a more general setting, where we are interested to
upper bound the (average) measurement error, not only
with respect to a single state |ψ〉, but with respect to an
assemble of states |ψ̃〉, we need to consider the expectation
value over |ψ̃〉,

1
M
�H

2 = 1
M

E

[
Var|ψ̃〉 (H)

]
. (A8)

Applying once more the Cauchy-Schwarz inequality, this time on the expectation value over |ψ̃〉, as well as using linearity
of the expectation value, we can obtain a similar upper bound to Eq. (A2),

1
M
�H

2 = 1
M

E

[
Var|ψ̃〉 (H)

]
≤ 1

M
E

⎡

⎢
⎣

⎡

⎣
∑

Hb∈B

√
Var|ψ〉 (Hb)

⎤

⎦

2
⎤

⎥
⎦

= 1
M

E

⎡

⎣
∑

Hb∈B
Var|ψ〉 (Hb)

⎤

⎦+ 1
M

E

⎡

⎣
∑

H ′b �=Hb∈B

√
Var|ψ〉 (Hb)

√
Var|ψ〉

(
H ′b
)
⎤

⎦

≤ 1
M

∑

Hb∈B
E
[
Var|ψ〉 (Hb)

]+ 1
M

∑

H ′b �=Hb∈B

√
E
[
Var|ψ〉 (Hb)

]√
E
[
Var|ψ〉

(
H ′b
)]

= 1
M

⎡

⎣
∑

Hb∈B

√

E

[
Var|ψ̃〉 (Hb)

]
⎤

⎦

2

= σ 2
B. (A9)

To obtain the state-independent average sampling error, one can average Eq. (A9) over all states |ψ̃〉. Lemma 3 covers
this case for ε = 1, |ψ̃〉 = |ξ〉, and |ξ〉 Haar-random up to second moment,
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1
M
�H

2 ≤ 1
M

⎡

⎣
∑

Hb∈B

√
E
[
Var|ξ 〉 (Hb)

]
⎤

⎦

2

= 1
M

⎡

⎣
∑

Hb∈B

√
‖Hb‖2

F/d

⎤

⎦

2

+O
(

1
d

)
:= σ 2

av. . (A10)

Note that shadow norms are closely related to the Frobenius norm, also called Hilbert-Schmidt norm [10]. Similarly,
one can derive a worst-case sampling error from Eq. (A2), by partitioning H =∑

b ωbPb into Pauli weights ωb and Pauli
strings Pb. Then the each variance Var(Pb) = 〈P2

b〉 − 〈Pb〉2 = 1− 〈Pb〉2 is upper bound by 1, and we get

1
M
�H 2 ≤ 1

M

⎡

⎣
∑

Hb∈B

√
Var|ψ〉 (Hb)

⎤

⎦

2

= 1
M

⎡

⎣
∑

H=∑b ωbPb

√
ω2

b Var|ψ〉 (Pb)

⎤

⎦

2

≤ 1
M

⎡

⎣
∑

H=∑b ωbPb

|ωb|
⎤

⎦

2

:= σ 2
max. . (A11)

APPENDIX B: NOISELESS SAMPLING
IMPROVEMENTS: ADDITIONAL MATERIAL

FOR SEC. III

1. Definitions of employed partitionings

Here, we write out explicitly all used partitionings. To
recall Eq. (5), the considered Hamiltonians have following
form:

H =
∑

i,α

h(α)i o(α)i +
∑

〈i,j 〉,α,β

J (α,β)
i, j o(α)i o(β)j , (B1)

with o(α)i Pauli or annihilation/creation operators.

Definition B1 (Mutually commuting operator/Pauli par-
titioning). Let H be a lattice Hamiltonian as defined in
Eq. (5), which we denote for simplicity by

H =
I∑

ι=1

Oι, (B2)

with finite multi-index ι mapped to the natural numbers,
and Oι ∈ {h(α)i o(α)i , J (α,β)

i, j o(α)i o(β)j }. As H is a 2-local Hamil-
tonian, I = O(n). We define the mutually commuting
operator partitioning by the following algorithm:

ALGORITHM 1. For construction of a mutually commuting
operator partitioning.

where b← b+ 1 means that variable b is assigned value
b+ 1. We call the resulting partitioning BPauli = {Hb}
interchangeably Pauli partitioning, as it coincides for most
local lattice models with naively separating H by local
Pauli operator type.

This way, each Hb can be measured at once. The max-
imal number of Pauli partitions |BPauli| is given by the
number of mutually unbiased bases of a k-local observable
2k + 1, with locality k = 2, |BPauli| ≤ 5 [49].

Similarly, we define geometric partitioning explicitly as
follows:

Definition B2 (Explicit geometric partitionings). Let H
be a lattice Hamiltonian as defined in Eq. (5). We define its
geometric partitioning, BLx ,Ly , H1 + H2 = H by

H1 := 1
2
(
H − Hcut + H ′cut

)
, (B3)

H2 := 1
2
(
H + Hcut − H ′cut

)
, (B4)

with Hcut being the 2-local terms of H cut in H1 and added
to H2, and vice versa H ′cut to obtain subsystem patches Hb,k
with disjoint support. We use the notation

Hi =
∑

α

h(α)i o(α)i and Hi, j =
∑

α,β

J (α,β)
i, j o(α)i o(β)j ,

(B5)

for the one-local and two-local terms in Eq. (5), where
the site indices i and j have two components for two-
dimensional lattices, i = (ix, iy) and j = (jx, jy), and con-
sider the following three specific partitionings.
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a. 1D partitioning. with 1D strip thickness L:

L = 1 : H1 =
�nx/2�∑

m=1

ny∑

�=1

H(2m,�),(2m+1,�) + 1
2

∑

i

Hi, H2 =
nx∑

m=1

�ny/2�∑

�=1

H(m,2�),(m,2�+1) + 1
2

∑

i

Hi, (B6)

L ≥ 2 : Hcut =
�nx/L�∑

m=1

ny∑

�=1

H(mL,�),(mL+1,�), H ′cut =
�nx/L�∑

m=1

ny∑

�=1

H(mL−1,�),(mL,�), (B7)

where L = 1 is a special case with Hcut consisting of all 2-local terms in x-direction and respectively H ′cut containing all
2-local terms in y-direction.

b. 2D partitioning. with patch size Lx × Ly :

Hcut = H x
cut + H y

cut, H x
cut =

�nx/Lx�∑

m=1

ny∑

�=1

H(mLx ,�),(mLx+1,�), H y
cut =

nx∑

m=1

�ny/Ly�∑

�=1

H(m,�Ly ),(m,�Ly+1), (B8)

H ′cut = H x′
cut + H y ′

cut, H x′
cut =

�nx/Lx�∑

m=1

ny∑

�=1

H(mLx−1,�),(mLx ,�), H y ′
cut =

nx∑

m=1

�ny/Ly�∑

�=1

H(m,�Ly−1),(m,�Ly ). (B9)

c. 2-local partitioning. Further, we can partition H into
Hb’s with disjoint blocks of size 2, which requires four
parts H = H1 + H2 + H3 + H4,

H1 =
�nx/2�∑

m=1

ny∑

�=1

H(2m,�),(2m+1,�) + 1
4

∑

i

Hi, (B10)

H2 =
�nx/2�∑

m=1

ny∑

�=1

H(2m−1,�),(2m,�) + 1
4

∑

i

Hi, (B11)

H3 =
nx∑

m=1

�ny/2�∑

�=1

H(m,2�),(m,2�+1) + 1
4

∑

i

Hi, (B12)

H4 =
nx∑

m=1

�ny/2�∑

�=1

H(m,2�−1),(m,2�) + 1
4

∑

i

Hi. (B13)

On the following pages, we provide explicitly all parti-
tions of the six numerical examples of the main text.

2. Relative sampling complexity improvement lower
bound (Proof of Theorem 1)

To prove a sampling improvement for measuring in
the eigenbases of decoupled subsystems, we express the
decoupled Hamiltonians as an orbit of a subgroup of
the translations along the x- and y-directions of a two-
dimensional lattice. The operators Tx

� and Ty
� denote a

translation by � sites into the respective direction. Both
directions are connected via a local rotation operation S

that maps Ty
� = STx

�S. Altogether, we consider subgroups
of the symmetry group

T = {Tx
�T

y
m|� = 1, . . . , nx, m = 1, . . . , ny}. (B14)

With this, every k-local, translation-invariant Hamiltonian
can be written as an orbit of T acting on a unit cell
interaction V, i.e.,

H =
∑

T∈T
TVT† + H1-local. (B15)

Here, we focus on geometrically local lattice Hamiltoni-
ans as given in Eq. (5) so that H1-local =

∑
i,α h(α)i o(α)i and

V =∑
α,β J (α,β)

i0,j0 o(α)i0 o(β)j0 with arbitrary neighboring lattice
vertices i0 and j0. We will use in the following that any
Pauli partitioning B Pauli consists of at least two partitions.
Further, at least one of them needs to have translationally
invariant 2-local terms. Therefore, assuming all 2-local
terms by themselves and respectively all 1-local terms by
themselves can be measured simultaneously, and yields a
lower bound on the Pauli sampling error,

σ 2
Pauli =

1
M

⎡

⎣
∑

Hb∈BPauli

√
Var|Ei〉 (Hb)

⎤

⎦

2

≥ 2
M
[
Var|Ei〉 (H2-local)+ Var|Ei〉 (H1-local)

]
. (B16)

Further, as we focus on eigenstates here, we have
Var|Ei〉(H2-local) = Var|Ei〉(H1-local) due to Corollary 1. We
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can write the horizontal interactions as an orbit of the
translation group acting on a unit cell Hamiltonian V,

H h
2-local =

nx∑

�=1

ny∑

m=1

Ty
mT x

� VT x
−�T

y
−m, (B17)

and the vertical interactions accordingly

H v
2-local = SH h

2-localS. (B18)

We begin with a proof for 2D partitioning (compare
Definition B2 b.). The sample improvement reads

G|Ei〉
(
BPauli,BLx ,Ly

)

≥ Var|Ei〉(H2-local)

Var|Ei〉
(

1
2 (H − H x

cut − H y
cut + H x′

cut + H y ′
cut)

) .

(B19)

Let us consider the numerator and denominator separately.
The denominator can be simplified further via

Var|Ei〉

(
1
2
(H − H x

cut − H y
cut + H x′

cut + H y ′
cut)

)

= Var|Ei〉

(
1
2
(H + H x

cut + H y
cut − H x′

cut − H y ′
cut)

)

= 1
4

Var|Ei〉
(

H x
cut + H y

cut − H x′
cut − H y ′

cut

)
. (B20)

First, observe that Var|Ei〉(H2-local) = 2 Var|Ei〉(H
h
2-local)+

2 Var|Ei〉(SH h
2-local) from invariance of the ground state.

Further, we can express both terms as covariances. We
have

Var|Ei〉(H
h
2-local)

= Var|Ei〉

(
nx∑

�=1

ny∑

m=1

Ty
mT x

� VT x
−�T

y
−m

)

= nxny

nx∑

�=1

ny∑

m=1

Var|Ei〉(T
y
mT x

� V), (B21)

where we used the multilinearity of the covariance, the
fact that translation operators commute,

[
Tx
�, Ty

m
] = 0, and

again symmetry of the ground state to identify nxny identi-
cal terms. Similarly, we can calculate

Var|Ei〉(SH h
2-local) = nxny

nx∑

�=1

ny∑

m=1

Var|Ei〉(STy
mT x

� V). (B22)

Let us separate the qubit number n = nxny from the corre-
lators and write Var|Ei〉(H2-local) =: 2nC1. The denominator

can be treated similarly

Var|Ei〉(H
x
cut + H y

cut − H x′
cut − H y ′

cut)

= 2 Var|Ei〉(H
x
cut)+ 2 Var|Ei〉(H

y
cut)− Var|Ei〉(T

x
1 H x

cut)

− Var|Ei〉(T
x
−1H x

cut)− Var|Ei〉(T
y
1H y

cut)

− Var|Ei〉(T
y
−1H y

cut). (B23)

Expressing H x
cut in terms of V, we calculate

Var|Ei〉(H
x
cut) = Var|Ei〉

(nx/Lx∑

�=1

ny∑

m=1

Tx
�Lx

Ty
mVTy

−mTx
−�Lx

)

= ny
nx

Lx

nx/Lx∑

�=1

ny∑

m=1

Var|Ei〉
(
Tx
�Lx

Ty
mV
)

, (B24)

and similarly,

Var|Ei〉(H
y
cut) = nx

ny

Ly

ny/Ly∑

m=1

nx∑

�=1

Var|Ei〉
(

Ty
mLy

T x
� SV

)
,

(B25)

Var|Ei〉(T
x
1 H x

cut) = ny
nx

Lx

nx/Lx∑

�=1

ny∑

m=1

Var|Ei〉
(
T x
�Lx+1Ty

mV
)

,

(B26)

Var|Ei〉(T
x
−1H x

cut) = ny
nx

Lx

nx/Lx∑

�=1

ny∑

m=1

Var|Ei〉
(
T x
�Lx−1Ty

mV
)

,

(B27)

Var|Ei〉(T
y
1H y

cut) = nx
ny

Ly

ny/Ly∑

m=1

nx∑

�=1

Var|Ei〉
(

Ty
mLy+1T x

� SV
)

.

(B28)

Separating qubit number and cluster thickness, we write
Var|Ei〉

(
H x

cut+H y
cut−H x′

cut−H y ′
cut

)
= 2

(
n

Lx
Cx

2+ n
Ly

Cy
2

)
and

altogether

G|Ei〉
(
BPauli,BLx ,Ly

) = 4LxLy
C1

LyCx
2 + LxCy

2
, (B29)

with the system-dependent constants

C1 =
nx∑

�=1

ny∑

m=1

Var|Ei〉(T
y
mT x

� V)+
nx∑

�=1

ny∑

m=1

Var|Ei〉(STy
mT x

� V),

(B30)
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Cx
2 =

nx/Lx∑

�=1

ny∑

m=1

(
Var|Ei〉

(
T x
�Lx

Ty
mV
)− 1

2
Var|Ei〉

(
T x
�Lx+1Ty

mV
)− 1

2
Var|Ei〉

(
T x
�Lx−1Ty

mV
))

, (B31)

Cy
2 =

ny/Ly∑

m=1

nx∑

�=1

(
Var|Ei〉

(
Ty

mLy
T x
� SV

)
− 1

2
Var|Ei〉

(
Ty

mLy+1T x
� SV

)
− 1

2
Var|Ei〉

(
Ty

mLy−1T x
� SV

))
. (B32)

From Cx
2 ≤ C1 and Cy

2 ≤ C1, we already have G|Ei〉
(
BPauli,BLx ,Ly

) ≥ (4LxLy)/(Lx + Ly) as a lower bound which can be
further improved. We have, similarly to before:

Hcut = Ty
−1T x
−1H

′
cutT

y
1T x

1 ⇒ Var|Ei〉 (Hcut) = Var|Ei〉
(

H
′
cut

)
(B33)

due to the translational invariance of the eigenstate. Thus, we can write the denominator as

Var|Ei〉
(

H x
cut + H y

cut − H x′
cut − H y ′

cut

)
= Var|Ei〉

(
Hcut − H

′
cut

)
(B34)

= Var|Ei〉 (Hcut)+ Var|Ei〉
(

H
′
cut

)
− 2CoV|Ei〉

(
Hcut, H

′
cut

)
(B35)

= 2 Var|Ei〉 (Hcut)

⎡

⎣1−
CoV|Ei〉

(
Hcut, H

′
cut

)

√
Var|Ei〉 (Hcut)

√
Var|Ei〉

(
H ′cut

)

⎤

⎦ (B36)

= 2 Var|Ei〉 (Hcut)
[
1− CoR|Ei〉

(
Hcut, H

′
cut

)]
, (B37)

which we simplified by using the correlation CoR|Ei〉(Hcut, H ′cut) = CoV|Ei〉(Hcut, H ′cut)/
√

Var|Ei〉(Hcut)Var|Ei〉(H
′
cut). Again

due to the translational symmetry of |Ei〉 we have

CoV|Ei〉
(

Hcut, H
′
cut

)
= CoV|Ei〉

(
Hcut, Ty

−1T x
−1HcutT

y
1T x

1

) = CoV|Ei〉
(
T x
−1Ty
−1Hcut, Ty

−1T x
−1Hcut

)
(B38)

= Var|Ei〉
(
T x
−1Ty
−1Hcut

) ≥ 0. (B39)

From a similar calculation we have Var|Ei〉 (Hcut) = Var|Ei〉
(
H x

cut + H y
cut
) = Var|Ei〉

(
H x

cut

)+ Var|Ei〉
(
H y

cut
)+ 2CoV|Ei〉(

H x
cut, H y

cut
) ≤ Var|Ei〉

(
H x

cut

)+ Var|Ei〉
(
H y

cut
)
,

G|Ei〉
(
BPauli,BLx ,Ly

) ≥ 4
Var|Ei〉(H2-local)

2 Var|Ei〉 (Hcut)

1
1− CoR|Ei〉

(
Hcut, H ′cut

) (B40)

≥ 4
2nC1

2 Var|Ei〉
(
H x

cut
)+ 2 Var|Ei〉

(
H y

cut
)

1
1− CoR|Ei〉

(
Hcut, H ′cut

) (B41)

= 4
2nC1

2
(

n
Lx

Cx
2 + n

Ly
Cy

2

)
1

1− CoR|Ei〉
(
Hcut, H ′cut

) (B42)

≥ 4
LxLy

Lx + Ly

1
1− CoR|Ei〉

(
Hcut, H ′cut

) . (B43)

For 1D partitioning (compare Definition B2 a), we set Lx = nx and call Ly =: L. The sample improvement reads

G|Ei〉
(
BPauli,BLx ,Ly

) ≥ 4
Var|Ei〉(H2-local)

Var|Ei〉
(
Hcut − H ′cut

) . (B44)

While the numerator is the same as before, the denominator becomes Var|Ei〉
(
Hcut − H ′cut

) = 2
(
Var|Ei〉 (Hcut)− Var|Ei〉(

Ty
1Hcut

))
, cf. Eq. (B23). We can further simplify Eq. (B21) for 1D cuts to

Var|Ei〉(H
h
2-local) = L

L∑

m=1

Var|Ei〉(T
y
mHcut). (B45)
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Altogether we have

G|Ei〉
(
BPauli,BLx ,Ly

) ≥ 4L
∑L

m=1 Var|Ei〉(T
y
mHcut)

Var|Ei〉 (Hcut)− Var|Ei〉
(
Ty

1Hcut
) ≥ 4L

1

1− Var|Ei〉
(

Ty
1Hcut

)

Var|Ei〉(Hcut)

= 4L
1

1− CoR|Ei〉
(
Hcut, H ′cut

) , (B46)

where we dropped the positive term Var|Ei〉(SH h
2-local) in the first step. For L ≥ 2 we even have

G|Ei〉
(
BPauli,BLx ,Ly

) ≥ 4L
1+ Var|Ei〉

(
Ty

1Hcut
)

Var|Ei〉(Hcut)

1− Var|Ei〉
(

Ty
1Hcut

)

Var|Ei〉(Hcut)

= 4L
1+ CoR|Ei〉

(
Hcut, H

′
cut

)

1− CoR|Ei〉
(
Hcut, H ′cut

) . (B47)

At last, 2-local partitioning (compare Definition B2 c.) assumes minimal clusters of Lx = 1 and Ly = 2 and vice versa.
A 2-local Hamiltonian has to be split into four parts, which do not commute in general, H = H1 + H2 + H3 + H4 (as
defined in Definition B2 c.). For higher localities, the following discussion can be straightforwardly generalized. Since
the four terms are connected by symmetry under translations and local rotations exchanging x and y, H1 = Tx

1H2Tx
−1 =

SH3S = Tx
1SH4STx

−1, their variances coincide. As a result, the sample improvement again becomes very simple,

G|Ei〉
(
BPauli,BLx ,Ly

) ≥
[ √

Var|Ei〉 (H1-local)+
√

Var|Ei〉 (H2-local)
√

Var|Ei〉 (H1)+
√

Var|Ei〉 (H2)+
√

Var|Ei〉 (H3)+
√

Var|Ei〉 (H4)

]2

= 1
4

Var|Ei〉(H2-local)

Var|Ei〉(H1)
. (B48)

We can use Var(H2-local) from before and calculate the remaining variance of H1 = HI + 1
4 H1-local = HI + 1

4 (H −
H2-local), with the interactions HI =

∑nx/2
�=1

∑ny
m=1 Tx

2�T
y
mVTy

−mTx
−2�. The variance of H1 can be calculated via Var|Ei〉(H1) =

Var|Ei〉(O)+ 1
16 Var|Ei〉(H2-local)− 1

4 (CoV|Ei〉(O, H2-local)+ CoV|Ei〉(H2-local, O)). Using the same methods as before, we
calculate

Var|Ei〉(HI ) = ny
nx

2

nx/2∑

�=1

ny∑

m=1

Var|Ei〉
(
Tx

2�T
y
mV
)

, (B49)

which is only the first term of Cx
2 from Eq. (B31). We separate the factor n/2 and define the remainder of Eq. (B49) a new

constant C3. Similarly, the covariance reads

CoV|Ei〉(O, H2-local) = ny
nx

2

nx∑

�=1

ny∑

m=1

CoV|Ei〉
(
V, Tx

�T
y
mV+ Tx

�T
y
mSV

) = n
2

C1 = CoV|Ei〉(H2-local, O). (B50)

Altogether we obtain

G|Ei〉
(
BPauli,BLx ,Ly

) = 1
4

2nC1
n
2 C3 + n

8 C1 − n
4 C1
= C1

C3 − 1
4 C1
≥ 4

3
, (B51)

since C1 ≥ C3.

APPENDIX C: SAMPLING IMPROVEMENTS UNDER NOISE (PROOFS OF SEC. IV)

1. Variance of isotropically perturbed states (Proof of Lemma 3)

We will use the flip operator defined by

F |ψ1〉 |ψ2〉 := |ψ2〉 |ψ1〉 , (C1)

the so-called swap-trick [e.g., see Eq. (7) of Ref. [50]],

Tr[AB] = Tr[(A⊗ B)F], (C2)
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and that [e.g., see Eq. (163) of Ref. [50]],

E [|ξ〉] = 0, E [|ξ〉 |ξ 〉〈ξ |] = 0,

E [|ξ 〉〈ξ |] = 1/d, E
[|ξ 〉〈ξ |⊗2] = 1

d(d + 1)
(1+ F).

(C3)

Note that the last equality implies

E
[〈ξ |O|ξ〉2] = E

[
Tr[|ξ 〉〈ξ |⊗2O⊗2

F]
] = 1

d(d + 1)
(
Tr[O⊗2

F
2]+ Tr[O⊗2

F]
) = Tr[O]2 + ‖O‖2

F

d(d + 1)
. (C4)

Since Var(O) = Var(O+ λ1) we assume w.l.o.g. that Tr[O] = 0. With these preliminaries, we then verify the claimed
identity by a straightforward calculation,

E

[
Var|ψ̃〉(O)

]
= E

[
〈ψ̃ |O2 |ψ̃〉 − 〈ψ̃ |O|ψ̃〉2

]
= (1− ε)〈ψ |O2 |ψ〉 + εE [〈ξ |O2 |ξ〉]− (1− ε)2〈ψ |O|ψ〉2

− ε2
E
[〈ξ |O|ξ〉2]− 4ε(1− ε)E [〈ψ |O|ξ〉〈ξ |O|ψ〉]− 2ε(1− ε)〈ψ |O|ψ〉E[〈ξ |O|ξ〉] (C5)

= (1− ε)〈ψ |O2 |ψ〉 + ε Tr
[
O2

E|ξ 〉〈ξ |]− (1− ε)2〈ψ |O|ψ〉2 − ε2
E
[〈ξ |O|ξ〉2]

− 4ε(1− ε) 〈ψ |OE[|ξ 〉〈ξ |]O |ψ〉 − 2ε(1− ε)〈ψ |O|ψ〉Tr [OE|ξ 〉〈ξ |] (C6)

= (1− ε)〈ψ |O2 |ψ〉 − (1− ε)2〈ψ |O|ψ〉2 + ε‖O‖2
F/d −

4ε(1− ε)
d

〈ψ |O2 |ψ〉

− ε2 Tr[O]2 + ‖O‖2
F

d(d + 1)
− 2ε(1− ε)

d
〈ψ |O|ψ〉Tr [O] (C7)

= (1− ε)〈ψ |O2 |ψ〉 − (1− ε)2〈ψ |O|ψ〉2 + ε‖O‖2
F/d −

4ε(1− ε)
d

〈ψ |O2 |ψ〉 − ε2

d(d + 1)
‖O‖2

F (C8)

= (1− ε)Var|ψ〉(O)+ ε(1− ε)〈ψ |O|ψ〉2 + ε‖O‖2
F/d −

1
d

(
4ε(1− ε)〈ψ |O|ψ〉2 + ε2‖O‖2

F
d+1

)
.

(C9)

In Eq. (C9) the second and fourth, as well as the third and fifth term have the same structure apart from leading factors
4/d and ε/d. Thus, the last two terms are suppressed with the Hilbert space dimension d = 2n, and we can simplify it to

E

[
Var|ψ̃〉(O)

]
= (1− ε)Var|ψ〉(O)+ ε(1− ε)〈ψ |O|ψ〉2 + ε‖O‖2

F/d +O (1/d) . (C10)

Further note that for O being a Hamiltonian H , a similar but simpler calculation tells us how the expectation value is
gradually shifted from Ei to average energy Ē, |ψ̃〉 = √1− ε |Ei〉 + √ε |ξ〉,

E

[
〈ψ̃ |H |ψ̃〉

]
= (1− ε)Ei + εE [〈ξ |H |ξ〉] = (1− ε)Ei + ε 1

d
Tr(H) = (1− ε)Ei + εE. (C11)

2. Relative sampling complexity improvement under global depolarization noise (Proof of Theorem 2)

As in the main text, we will concentrate here on bi-partitions H = H1 + H2, which apply for 1D and 2D geometric
partitioning. At the same time, partitioning H into more parts, e.g., H2 = H2a + H2b, will always only increase the over-
all sampling error due to Eq. (12), compare also Appendix A. Consequently, we will at worst underestimate the Pauli
partitioning error.
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As geometric partitioning distributes the couplings equally between H1 and H2, we have

〈Ei|H (1)
Lx ,Ly
|Ei〉 = 〈Ei|H (2)

Lx ,Ly
|Ei〉 = Ei

2
‖H (1)

Lx ,Ly
‖2

F/d = ‖H (2)
Lx ,Ly
‖2

F/d, (C12)

and hence

E

[
Var|Ẽi〉

(
H (1)

Lx ,Ly

)]
= E

[
Var|Ẽi〉

(
H (2)

Lx ,Ly

)]
. (C13)

I. Low randomness: The first statement to show is [Eq. (39)]

ε ≤
4 Var|Ei〉

(
H (1)

Lx ,Ly

)

E2
i + ‖H‖2

F/d
⇒ G |Ei〉

(
Bγ εPauli,BεLx ,Ly

)
≥ 1

2
G|Ei〉

(
BPauli,BLx ,Ly

)
. (C14)

From the requirement that the noise-free state-specific measurement should have lower than average case shot noise
(‖O‖2

F/d ≥ Var|ψ〉(O)), if follows that:

E

[
Var|ψ̃(ε)〉(O)

]
= (1− ε)Var|ψ〉(O)+ ε(1− ε) 〈ψ |O|ψ〉2 + ε‖O‖2

F/d ≥ Var|ψ〉(O)+ ε
[‖O‖2

F/d − Var|ψ〉(O)
]

(C15)

≥ Var|ψ〉(O) = E

[
Var|ψ̃(ε=0)〉(O)

]
. (C16)

Next, we need to linearize Eq. (34) when plugging in Eq. (C15) from Lemma 3. The variance standard error of a partitioned
observable H =∑

Hb is given by

⎡

⎣
∑

Hb∈B

√
E
[
Var|Ei(ε)〉 (Hb)

]
⎤

⎦

2

=
⎡

⎣
∑

Hb∈B

√
(1− ε)Var|Ei〉(Hb)+ ε(1− ε)〈Ei |Hb |Ei〉2 + ε‖Hb‖2

F/d

⎤

⎦

2

+O(1/d). (C17)

By labeling Ab := (1− ε)Var|Ei〉(Hb), Bb := ε(1− ε)〈Ei |Hb |Ei〉2 and Cb := ε‖Hb‖2
F/d, we simplify the notation. We

will show
[
∑

b

√
Ab + Bb

]2

≥
[
∑

b

√
Ab

]2

+
[
∑

b

√
Bb

]2

, (C18)

and thus by a nested argument
[
∑

b

√
Ab + Bb + Cb

]2

≥
[
∑

b

√
Ab

]2

+
[
∑

b

√
Bb + Cb

]2

≥
[
∑

b

√
Ab

]2

+
[
∑

b

√
Bb

]2

+
[
∑

b

√
Cb

]2

. (C19)

Note that one is free to relabel Ab, Bb, and Cb to maximize the lower bound. We have
[
∑

b

√
Ab + Bb

]2

−
[
∑

b

√
Ab

]2

−
[
∑

b

√
Bb

]2

=
∑

b�=b′

[√
Ab + Bb

√
Ab′ + Bb′ −

√
AbAb′ −

√
Bb′Bb′

]
. (C20)

Next, we will show that each term of the sum on the r.h.s. is larger or equal 0,
[√

AbBb′ −
√

BbAb′
]2
≥ 0, (C21)

⇔ AbBb′ + BbAb′ − 2
√

AbBb′BbAb′ ≥ 0, (C22)

⇔ AbBb′ + BbAb′ + AbBb + Ab′Bb′ ≥ 2
√

AbBb′BbAb′ + AbBb + Ab′Bb′ , (C23)

⇔ (Ab + Bb)(Ab′ + Bb′) ≥ (
√

AbAb′ +
√

BbBb′)
2. (C24)
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Thus Eq. (C17) can be lower bounded by

⎡

⎣
∑

Hb∈B

√
E
[
Var|Ei(ε)〉 (Hb)

]
⎤

⎦

2

≥ (1− ε)
⎡

⎣
∑

Hb∈B

√
Var|Ei〉(Hb)

⎤

⎦

2

+ ε(1− ε)
⎡

⎣
∑

Hb∈B

√
〈Ei |Hb |Ei〉2

⎤

⎦

2

+ ε
⎡

⎣
∑

Hb∈B

√
‖Hb‖2

F/d

⎤

⎦

2

+O(1/d). (C25)

For the proofs of the shot-noise improvements under global depolarization noise, we will use Eq. (C25) extensively. Using
further Eq. (C13) for the denominator, we get

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ G |Ei〉

(
B0ε

Pauli,BεLx ,Ly

)
=

4 Var|Ei〉
(

H (1)
Pauli

)

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + ε(1+ β)‖H‖2
F/d

≥
4 Var|Ei〉

(
H (1)

Pauli

)

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + ε‖H‖2
F/d

, (C26)

where βLx ,Ly :=
∣∣∣‖H (1)

Lx ,Ly
‖2

F/‖H‖2
F − 1/2

∣∣∣ ≤ 1 gives the average asymmetry of squared Pauli weights across the partitions.

We want to show that the r.h.s. of (C26) is bounded from below by (1/2)G|Ei〉
(
BPauli,BLx ,Ly

)
. Hence it is sufficient to show

that

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + ε‖H‖2
F/d ≤ 2 · 4 Var|Ei〉

(
H (1)

Lx ,Ly

)
. (C27)

When plugging in ε ≤ (4 Var|Ei〉
(

H (1)
Lx ,Ly

)
)/(E2

i + ‖H‖2
F/d), we obtain

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + ε‖H‖2
F/d ≤ 4 Var|Ei〉

(
H (1)

Lx ,Ly

) [
2− ε 2E2

i + ‖H‖2
F/d

E2
i + ‖H‖2

F/d

]
(C28)

≤ 2 · 4 Var|Ei〉
(

H (1)
Lx ,Ly

)
. (C29)

II. Intermediate randomness: Eq. (40) follows from

G |Ei〉
(
BεLx ,Ly

,BεH
)
=

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + 4ε‖H (1)
Lx ,Ly
‖2

F/d

ε(1− ε)E2
i + ε‖H‖2

F/d
(C30)

≤
4 Var|Ei〉

(
H (1)

Lx ,Ly

)
+ ε(1− ε)E2

i

ε(1− ε)E2
i + ε‖H‖2

F/d
≤ 1+

4 Var|Ei〉
(

H (1)
Lx ,Ly

)

ε(1− ε)E2
i + ε‖H‖2

F/d

!≤ 2. (C31)

This is true for

ε ≥
4 Var|Ei〉

(
H (1)

Lx ,Ly

)

(1− ε)E2
i + ‖H‖2

F/d
≥

4 Var|Ei〉
(

H (1)
Lx ,Ly

)

E2
i + ‖H‖2

F/d
. (C32)
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By a similar calculation one shows Eq. (41),

G |Ei〉
(
Bγ εPauli,BεH

) ≥
4(1− γ ε)Var|Ei〉

(
H (1)

Pauli

)
+ γ ε(1− γ ε)(1+ α2

Pauli)E
2
i + γ ε(1+ βPauli)‖H‖2

F/d

ε(1− ε)E2
i + ε‖H‖2

F/d
(C33)

≥
4(1− ε)Var|Ei〉

(
H (1)

Pauli

)

ε(1− ε)E2
i + ε‖H‖2

F/d
+ γ (1− ε)E

2
i + ‖H‖2

F/d
(1− ε)E2

i + ‖H‖2
F/d

!≥ 2, (C34)

where we used γ ≤ 1, αPauli :=
∣∣∣〈H (1)

Pauli〉 /Ei − 1/2
∣∣∣ ≥ 0 and βPauli :=

∣∣∣‖H (1)
Pauli‖2

F/‖H‖2
F − 1/2

∣∣∣ ≥ 0. Equation (C34) is
true for

ε ≤ 1
2− γ

4 Var|Ei〉
(

H (1)
Pauli

)

E2
i + 1

1−ε ‖H‖2
F/d
≤ 1

2− γ
4 Var|Ei〉

(
H (1)

Pauli

)

E2
i + ‖H‖2

F/d
. (C35)

III. Random dominated. Let Bγ εbi–part. be a bi-partition of H (H = H1 + H2) and G |Ẽi〉
(
Bγ εbi–part.,BεH

)
≤ C,

G |Ẽi〉
(
Bγ εbi–part.,BεH

)
≤

4(1− γ ε)Var|Ei〉
(

H (1)
bi–part.

)
+ γ ε(1− γ ε)2E2

i + γ ε2‖H‖2
F/d

ε(1− ε)E2
i + ε‖H‖2

F/d

!≤ C, (C36)

where we used Var|Ei〉
(

H (1)
bi–part.

)
= Var|Ei〉

(
H (2)

bi–part.

)
, αbi–part. ≤ 1 and βbi–part. ≤ 1. Equation (C36) holds for

C− 2γ ≥
4 Var|Ei〉

(
H (1)

bi–part.

)

ε(1− ε)E2
i + ε‖H‖2

F/d
≥

4 Var|Ei〉
(

H (1)
bi–part.

)

εE2
i + ε‖H‖2

F/d
⇒ ε ≥ 1

C− 2γ

4 Var|Ei〉
(

H (1)
bi–part.

)

E2
i + ‖H‖2

F/d
. (C37)

3. Criteria for sampling advantage of geometric partitioning under global depolarization (Proof of Corollary 2)

We have

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
=
[∑

Hb∈BPauli

√
E
[
Var|Ei(γ ε)〉 (Hb)

]]2

4E

[
Var|Ei(ε)〉

(
H (1)

Lx ,Ly

)] (C38)

≥ min

⎡

⎣ (1− γ ε)
(1− ε) G|Ei〉

(
BPauli,BLx ,Ly

)
,
γ ε(1− γ ε)
ε(1− ε)

(1+ α2
Pauli)E

2
i

E2
i

,
γ ε

ε

(∑
Hb∈BPauli

‖Hb‖F
∑

H ′b∈BLx ,Ly
‖H ′b‖F

)2
⎤

⎦ , (C39)

where we first used Eq. (C25) on the numerator and then iteratively Eq. (44) ((A+ A′)/(B+ B′) ≥ min(A/B, A′/B′))
to separate into variance-, E2

i - and norm-type fractions. As G|Ei〉
(
BPauli,BLx ,Ly

)
> 1 (Theorem 1), we get

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ 1 for

γ (1+ α2
Pauli) ≥ 1 and γ

(∑
Hb∈BPauli

‖Hb‖F
∑

H ′b∈BLx ,Ly
‖H ′b‖F

)2

≥ 1. (C40)

Alternatively, we can also find a criterion for ε so that G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ 1, similarly to Eq. (C26) we have

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥

4 Var|Ei〉
(

H (1)
Pauli

)
(1+ δ − δ)

4(1− ε)Var|Ei〉
(

H (1)
Lx ,Ly

)
+ ε(1− ε)E2

i + ε‖H‖2
F/d

. (C41)

020303-29



TIMO ECKSTEIN et al. PRX QUANTUM 7, 020303 (2026)

Next, we will use Eq. (44) again

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ min

⎛

⎝δG|Ei〉
(
BPauli,BLx ,Ly

)

1− ε ,
4 Var|Ei〉

(
H (1)

Pauli

)
(1− δ)

ε(1− ε)E2
i + ε‖H‖2

F/d

⎞

⎠ !≥ 1, (C42)

if we set δ = 1/G|Ei〉
(
BPauli,BLx ,Ly

)
then the first term will always be larger than 1 as 1

1−ε ≥ 1, while the second term will
be larger 1 for

1
ε

4 Var|Ei〉
(

H (1)
Pauli

)
(1− δ)

(1− ε)E2
i + ‖H‖2

F/d
≥ 1− δ

ε

4 Var|Ei〉
(

H (1)
Pauli

)

E2
i + ‖H‖2

F/d

!≥ 1 ⇒ ε ≤
(

1− 1
G|Ei〉

(
BPauli,BLx ,Ly

)

)
4 Var|Ei〉

(
H (1)

Pauli

)

E2
i + ‖H‖2

F/d
.

(C43)

4. Gate budget for noisy geometric partitioning (Proof of Corollary 3)

Here, we use Theorem 2 to derive a criterion that allows a sample improvement of at least a factor G,

G |Ei〉
(
Bγ εPauli,BεLx ,Ly

)
≥ G. (C44)

For this, we replace the bound in Theorem 2 in Eq. (C42) [main text Eq. (48)] “≥ 1” with “≥ G”. This gives

ε ≤
(

1− G
G|Ei〉

(
BPauli,BLx ,Ly

)

)

εII↔III . (C45)

Further, we keep Eq. (C31) [main text Eq. (40)] and replace the “2” at the r.h.s. with 2G. This gives the alternative
inequality

ε ≤ 1
2G− γ εII↔III . (C46)

By choosing the maximum of both, cε = max(1/(2G− γ ), [1− G/G|Ei〉
(
BPauli,BLx ,Ly

)]
), we get

1− (1− εgate)
N2q(U|Ei〉)+N2q

(
ULx ,Ly

)

≈ ε ≤ cεεII↔III ⇔ N2q(U|Ei〉)+N2q
(
ULx ,Ly

)
� log (1− cεεII↔III )

log(1− εgate)
. (C47)

APPENDIX D: ADDITIONAL MATERIAL FOR NUMERICAL TESTS

1. Proof of Lemma 2 “Disordered phase” h � J

We normalize the Hamiltonian to obtain (this does not change the variance ratio)

H = −
∑

i

Xi −
(

J
h

)∑

〈i,j 〉
ZiZj = −

∑

i

Xi − λ
∑

〈i,j 〉
ZiZj = H0 + λV. (D1)

The ground state |E0〉 is given up to second order in λ by

|E(0)0 〉 = |+〉⊗n , (D2)

|E(1)0 〉 =
∑

|b〉�=|+〉⊗n

〈b|∑〈i,j 〉 ZiZj |+⊗n〉
−n− (n− 2 · 2) |b〉 =

1
4

∑

〈i,j 〉
ZiZj |+〉⊗n , (D3)
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|E(2)0 〉 =
∑

|b1〉�=|+〉⊗n

∑

|b2〉�=|+〉⊗n

|b1〉
〈b1|

∑
〈i,j 〉 ZiZj |b2〉 〈b2|

∑
〈i,j 〉 ZiZj |+⊗n〉

(
E(0)|+〉⊗n − E(0)|b1〉

) (
E(0)|+〉⊗n − E(0)|b2〉

) − 1
2
|+〉⊗n (2n)

42 (D4)

=

⎡

⎢⎢
⎣

2
4 · 8

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
16

∑

〈〈i,j 〉〉diagonal

ZiZj + 2
16

∑

〈〈i,j 〉〉axial

ZiZj − n
16

1

⎤

⎥⎥
⎦ |+〉⊗n , (D5)

|E0〉 =

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉diagonal

ZiZj + 2
∑

〈〈i,j 〉〉axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ |+〉⊗n +O(λ3)

(D6)

= P(2)X |+〉⊗n +O(λ3). (D7)

Note that
∑
〈〈i,j 〉〉axial

obtains a factor 2 if nx, ny = 4 and does not exist for nx, ny = 3. Let us start with calculating the
variance of H0 up to second order,

Var(H0) = 〈(H0)
2〉 − 〈H0〉2 , (D8)

〈H0〉 = 〈+|⊗n

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ (D9)

·
∑

i

Xi

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ |+〉⊗n +O(λ3)

(D10)

= n+ λ2
(

1
42 (2n(n− 2− 2))− 2

n2

16

)
+O(λ3) = n− λ

2

2
n+O(λ3), (D11)

〈(H0)
2〉 = 〈+|⊗n

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦

⎡

⎣n1+
∑

i�=j

XiXj

⎤

⎦

(D12)

·

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ |+〉⊗n +O(λ3) (D13)

= n2 + λ2
(

2n[n+ (n− 2)(n− 3)+ 2− 4(n− 2)]
16

− 2n3

16

)
+O(λ3) = n2 + λ

2

16
(−16n2 + 32n

)+O(λ3),

(D14)

Var(H0) = 〈(H0)
2〉 − 〈H0〉2 = n2 + λ2 (2n− n2)− [n2 − n2λ2]+O(λ3) = 2nλ2 +O(λ3). (D15)

Next let us calculate (for L > 1)

Var(Hl − Hr) = 〈(Hl − Hr)
2〉 − 〈Hl − Hr〉2 = 2 〈(Hl)

2〉 − 2 〈HlHr〉 (D16)
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Hl = λ
nx/L∑

i=1

ny∑

j=1

ZLi, j ZLi+1, j Hr = λ
nx/L∑

i=1

ny∑

j=1

ZLi+1, j ZLi+2, j . (D17)

This calculation is also true for L = 3 as there the axial next-nearest neighbors would be neighbors, but the term in the
expansion does not exist then,

(〈E0|Hl) (Hl |E0〉) (D18)

= 〈+|⊗n

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ (D19)

· λ2

⎡

⎣n
L
1+

nx/L∑

i=1

ny∑

j=1

nx/L∑

k=1

ny∑

�=1,(i,j ) �=(k,�)

ZLi, j ZLi+1, j ZLk,�ZLk+1,�

⎤

⎦ (D20)

·

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ |+〉⊗n +O(λ3) (D21)

= n
L
λ2 + λ

4

16

(
n
L

2 · 2n+ 2 · n
L
· n− 1

L
− 2 · n2

L
+ 2 · 2 · n

L
· n− 1

L

)
+O(λ5) (D22)

= n
L
λ2 + λ

4

16
n2

L

(
4+ 2

L
− 2

nL
− 2+ 4

L
− 4

nL

)
+O(λ5) = n

L
λ2 + λ

4

16
n2

L

(
2+ 6

L

(
1− 1

n

))
+O(λ5), (D23)

(〈E0|Hl) (Hr |E0〉) (D24)

= 〈+|⊗n

⎡

⎢⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ (D25)

·
⎡

⎣λ
nx/L∑

i=1

ny∑

j=1

ZLi, j ZLi+1, j

⎤

⎦

⎡

⎣λ
nx/L∑

i=1

ny∑

j=1

ZLi+1, j ZLi+2, j

⎤

⎦ (D26)

·

⎡

⎢
⎢
⎣1+

λ

4

∑

〈i,j 〉
ZiZj + λ

2

16

⎛

⎜
⎜
⎝

∑

〈i,j 〉,〈k,�〉
i,j �=k,�

(ZiZj )(ZkZ�)+ 4
∑

〈〈i,j 〉〉
diagonal

ZiZj + 2
∑

〈〈i,j 〉〉
axial

ZiZj − n1

⎞

⎟⎟
⎠

⎤

⎥⎥
⎦ |+〉⊗n +O(λ3λ2) (D27)

= O(λ4). (D28)

Thus we have

Var(H0) = 2nλ2 +O(λ3), (D29)

Var(Hl − Hr) = 2 · n
L
λ2 +O(λ4), (D30)

Var(H0)

Var( 1
2 (H − Hl + Hr))

= 4
Var(H1)

Var(Hl − Hr)
= 4

2nλ2

2 · n
Lλ

2 +O(λ) = 4L+O(λ). (D31)
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2. “Ordereds phase” h � J

We normalize the Hamiltonian to obtain (this does not change the variance ratio)

H = −
∑

〈i,j 〉
ZiZj −

(
h
J

)∑

i

Xi = −
∑

〈i,j 〉
ZiZj − λ

∑

i

Xi = H0 + λV. (D32)

Then we can calculate the perturbed state order by order

Var(H2)

Var( 1
2 (H − Hl + Hr))

= 4
Var(H1)

Var(Hl − Hr)
. (D33)

We now want to calculate

|E(0)0 〉 = |0〉⊗n , (D34)

|E(1)0 〉 =
∑

|b〉�=|0〉⊗n

〈b|∑i Xi|0⊗n〉
−2n− E(0)k

|b〉 = 1
8

∑

i

Xi |0〉⊗n , (D35)

|E(2)0 〉 =
∑

|b1〉�=|0〉⊗n

∑

|b2〉�=|0〉⊗n

|b1〉 〈b1|
∑

i Xi|b2〉 〈b2|
∑

i Xi|0⊗n〉
(

E(0)n − E(0)k

) (
E(0)n − E(0)�

) (D36)

−
∑

k �=n

∣∣k(0)
〉
〈
k(0)

∣∣V
∣∣n(0)

〉 〈
0⊗n|∑i Xi|0⊗n

〉

(
E(0)n − E(0)k

)2 − 1
2
|0〉⊗n n

82 (D37)

=
⎛

⎝ 2
8 · 2 · 6

∑

〈i, j 〉
XiXj + 1

8 · 2 · 8
∑

i�=j \〈i, j 〉
XiXj − 1

128
n1

⎞

⎠ |0〉⊗n , (D38)

|E0〉 =
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3). (D39)

Note here that the
∑
〈i, j 〉 receives a factor 2 as then there is no double counting of lattice sides any more, while

∑
i�=j \〈i, j 〉

still has every term twice.
Further note that we defined Hr = T−1HlT1. In the L = 1 case we use instead Hr = SHlS. Further, we could have

taken Hr = T−�L/2�HlT�L/2�. Indeed, it turns out that the last definition performs a factor 2 worse than the first one in the
perturbative limit.

Let us start with calculating the variance of H1 = λ
∑

i Xi up to second order,

Var(H1) = 〈(H1)
2〉 − 〈H1〉2 , (D40)

〈(H1)
2〉 = λ2n+ λ2 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦

⎡

⎣
∑

i�=j

XiXj

⎤

⎦ (D41)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3λ2) (D42)

= λ2n+ λ4
(

n · 2(n− 1)
82 + 2

2n · 2
3 · 16

+ 2
[n(n− 1)− 2n] · 2

8 · 16

)
+O(λ3λ2) (D43)

= λ2n+ λ4
(

n2
(

1
32
+ 1

32

)
+ n

(
− 1

32
+ 1

6
− 3

32

))
+O(λ5) = λ2n+ λ

4

16

(
n2 − 4

3
n
)
+O(λ5), (D44)
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〈H1〉 = λ 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦
[
∑

i

Xi

]

(D45)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3λ1) (D46)

= λ2
(

2
8

n
)
+O(λ4), (D47)

Var(H1) = nλ2 − 1
12

nλ4 +O(λ5). (D48)

Let us calculate the variance of Hl − Hr up to second order. Let us consider a general Hr which is translated with respect
to Hl by ir ≤ L/2,

Var
(

1
2
(H − Hl + Hr)

)
= 1

4
Var(Hl − Hr) = 1

2
(〈(Hl)

2〉 − 〈HlHr〉
)

, (D49)

Hl =
nx/L∑

i=1

ny∑

j=1

ZLi, j ZLi+1, j Hr =
nx/L∑

i=1

ny∑

j=1

ZLi+ir,j ZLi+ir+1, j , (D50)

〈(Hl)
2〉 = n

L
+ 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D51)

·

⎡

⎢⎢
⎣

nx/L∑

i,k=1

ny∑

j ,�=1
(i,j ) �=(k,�)

(ZLi, j ZLi+1, j )(ZLk,�ZLk+1,�)

⎤

⎥⎥
⎦ (D52)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ4) (D53)

=
(n

L

)2
+ λ

2

64

(n
L

(n
L
− 1

)
(n− 2 · 4)− 2

n
2

n
L

(n
L
− 1

))
+O(λ4) =

(n
L

)2
− λ

2

8
n
L

(n
L
− 1

)

+O(λ4), (D54)

〈HlHr〉 = 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D55)

·
⎡

⎣δL,2δir,1

nx/L∑

i=1

ny∑

j=1

ZLi−1, j ZLi+1, j + δir,1

nx/L∑

i=1

ny∑

j=1

ZLi, j ZLi+2, j (D56)

+
nx/L∑

i,k=1

ny∑

j ,�=1
(Li,j ) �=(Lk+ir+{0±1},�)

(ZLi, j ZLi+1, j )(ZLk+ir,�ZLk+ir+1,�)

⎤

⎥
⎥
⎦ (D57)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3) (D58)
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=
(n

L

)2
+ λ

2

64

(
(δL,2 + δir,1)n · n− 2 · 2

L
+ (n− 2 · 4)n

L

(n
L
− δL,2 − δir,1

)
− 2

n3

2L2

)
+ O(λ4)

(D59)

=
(n

L

)2
+ λ

2

16
n2

L

((
n− 8

L
+ (δL,2 + δir,1)

4
n

)
− n

4L

)
+ O(λ4). (D60)

Note that L = 2 implies ir = 1. We have O(λ4), not only O(λ3) as the third perturbation order contains single and triple
excitations and thus the product of zeroth and third order terms vanish as well. The third sum has n2/L2 − (δL,2 + δir,1)n/L
elements. Whenever XZX act on the same qubits, we obtain−Z and we obtain+Z if they act on different qubits. For L = 2,
we have

Hl =
nx/L∑

i=1

ny∑

j=1

Z2i, j Z2i+1, j Hr =
nx/L∑

i=1

ny∑

j=1

Z2i+1, j Z2i+2, j , (D61)

HlHr =
nx/L∑

i=1

ny∑

j=1

nx/L∑

k=1

ny∑

l=1

Z2i, j Z2i+1, j Z2k+1,lZ2k+2,l. (D62)

So

〈HlHr〉 = 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D63)

·
nx/L∑

i=1

ny∑

j=1

nx/L∑

k=1

ny∑

l=1

Z2i, j Z2i+1, j Z2k+1,lZ2k+2,l (D64)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3) (D65)

=
(n

L

)2
+ λ

2

64

(
2

n
L
(n− 4)+

((n
L

)2
− 2

n
L

)
(n− 8)− n3

L2

)
+ O(λ4) (D66)

=
(n

L

)2
+ λ

2

8
n
L

(
1− n

L

)
+ O(λ4). (D67)

Together, this gives

(〈(Hl)
2〉 − 〈HlHr〉

) = λ2
(
−1

8
n
L

(n
L
− 1

)
+ 1

8
n
L

(n
L
− 1

))
+ O(λ4) = O(λ4). (D68)

For L > 2 we have

〈HlHr〉 = 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D69)

·
nx/L∑

i=1

ny∑

j=1

nx/L∑

k=1

ny∑

l=1

ZLi, j ZLi+1, j ZLk+1,lZLk+2,l (D70)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3) (D71)
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=
(n

L

)2
+ λ

2

64

((n
L

)
(n− 4)+

((n
L

)2
− n

L

)
(n− 8)− n3

L2

)
+ O(λ4) (D72)

=
(n

L

)2
− λ

2

8

((n
L

)2
− 1

2
n
L

)
+ O(λ4). (D73)

Together, this gives

(〈(Hl)
2〉 − 〈HlHr〉

) = λ2

8

(
−n

L

(n
L
− 1

)
+
(n

L

)2
− 1

2
n
L

)
+ O(λ4) = λ2

16
n
L
+ O(λ4). (D74)

Finally

Var(H2)

Var( 1
2 (H − Hl + Hr))

= 32L+ O(λ2). (D75)

For L > 2 und 1 < ir ≤ L/2,

〈HlHr〉 = 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D76)

·
nx/L∑

i=1

ny∑

j=1

nx/L∑

k=1

ny∑

l=1

ZLi, j ZLi+1, j ZLk+ir,lZLk+ir+1,l (D77)

·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3) (D78)

=
(n

L

)2
+ λ

2

64

((n
L

)2
(n− 8)− n3

L2

)
+ O(λ4) =

(n
L

)2
− λ

2

8

(n
L

)2
+ O(λ4). (D79)

Together, this gives

(〈(Hl)
2〉 − 〈HlHr〉

) = λ2

8

(
−n

L

(n
L
− 1

)
+
(n

L

)2
)
+ O(λ4) = λ2

8
n
L
+ O(λ4). (D80)

Finally

Var(H2)

Var( 1
2 (H − Hl + Hr))

= 16L+ O(λ2). (D81)

This means that it is beneficial to choose Hcut and H ′cut neighboring each other (ir = 1). As this is possible in general, we
only report the ir = 1 results in Lemma 2 in the main text. For L = 1 we need to define

Hl =
nx∑

i=1

ny∑

j=1

Zi, j Zi+1, j Hr = SHlS =
nx∑

i=1

ny∑

j=1

Zi, j Zi, j+1, (D82)

HlHr =
nx∑

i=1

ny∑

j=1

nx∑

k=1

ny∑

l=1

Zi, j Zi+1, j Zk,lZk+1,l, (D83)

〈HlHr〉 = 〈0|⊗n

⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ (D84)

·
nx∑

i=1

ny∑

j=1

nx∑

k=1

ny∑

l=1

Zi, j Zi+1, j Zk,lZk+1,l (D85)
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·
⎡

⎣1+ λ
8

∑

i

Xi + λ
2

16

⎛

⎝1
3

∑

〈i, j 〉
XiXj + 1

8

∑

i�=j \〈i, j 〉
XiXj − 1

8
n1

⎞

⎠

⎤

⎦ |0〉⊗n +O(λ3) (D86)

= n2 + λ
2

64
(
2n(n− 4)+ ((n2 − 2n)(n− 8)− n3)+ O(λ4) (D87)

= n2 + λ
2

8
n (1− n)+ O(λ4). (D88)

Thus

(〈(Hl)
2〉 − 〈HlHr〉

) = λ2
(
−n

8
(n− 1)+ n

8
(n− 1)

)
+ O(λ4) = O(λ4) (D89)

3. List of all used partitions

Here we list the exact partitions of our numerical results in Figs. 2, 4, 6, 7 and 8.

TABLE I. Explicit partitions of the transverse field XY model example, Fig. 2(a), and hard-core Bose-Hubbard model example,
Fig. 4(a). To recall, all examples apart from the spinful Hubbard model are on a (nx, ny) = (4, 6) rectangular lattice with periodic
boundary conditions; thus all indices are modulo nx and respectively ny . For the geometric partitionings we show in Fig. 2(a) the
sampling improvements G|E0〉(BPauli,BLx ,Ly ), and for Pauli partitioning the combined variance of the partition for Pauli measurements
[
∑

Hb∈BPauli

√
Var|ψ〉(Hb)]2 is given. For the transverse field XY model, Eq. (21), JX = 1

2 (1+ η), JY = 1
2 (1− η), and hZ = h. Similarly,

for the Bose-Hubbard model, when allowing maximally one boson per lattice side, Eq. (26), one can map it to a spin basis Eq. (25),
where it has transverse field XY model form with JX = JY = 1

2 J , and hZ = − 1
2 h.

Label Color Partitioning

Pauli
H1 = −

nx=4∑

i=1

nx=6∑

j=1

JX
(
Xi, j Xi+1, j + Xi, j Xi,j+1

)
H3 = −

nx=4∑

i=1

nx=6∑

j=1

hZZi, j

H2 = −
nx=4∑

i=1

nx=6∑

j=1

JY
(
Yi, j Yi+1, j + Yi, j Yi,j+1

)
(D90)

L = 1,
(Lx , Ly) = (nx , 1) H1 = −

nx=4∑

i=1

nx=6∑

j=1

(
JX Xi, j Xi+1, j + JYYi, j Yi+1, j

)−
nx=4∑

i=1

nx=6∑

j=1

hZ

2
Zi, j

H2 = −
nx=4∑

i=1

nx=6∑

j=1

(
JX Xi, j Xi,j+1 + JYYi, j Yi,j+1

)−
nx=4∑

i=1

nx=6∑

j=1

hZ

2
Zi, j

(D91)

L = 2,
(Lx , Ly) = (nx , 2) H1 =−

nx=4∑

i=1

ny /L=3∑

j=1

(
JX Xi,2j Xi,2j+1 + JYYi,2j Yi,2j+1

)

−
nx=4∑

i=1

ny=6∑

j=1

(
JX

2
Xi, j Xi+1, j + JY

2
Yi, j Yi+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

H2 =−
nx=4∑

i=1

ny /L=3∑

j=1

(
JX Xi,2j−1Xi,2j − JYYi,2j−1Yi,2j

)

−
nx=4∑

i=1

ny=6∑

j=1

(
JX

2
Xi, j Xi+1, j + JY

2
Yi, j Yi+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

(D92)
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TABLE I. (Continued.)

Label Color Partitioning

L = 3,
(Lx , Ly) = (nx , 3)

H1 =−
nx=4∑

i=1

ny /L=2∑

j=1

[
JX

(
Xi,3j Xi,3j+1 + 1

2
Xi,3j+1Xi,3j+2

)
+ JY

(
Yi,3j Yi,3j+1 + 1

2
Yi,3j+1Yi,3j+2

)]

−
nx=4∑

i=1

ny=6∑

j=1

(
JX

2
Xi, j Xi+1, j

JY

2
Yi, j Yi+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

H2 =−
nx=4∑

i=1

ny /L=2∑

j=1

[
JX

(
Xi,3j−1Xi,3j + 1

2
Xi,3j+1Xi,3j+2

)
+ JY

(
Yi,3j−1Yi,3j + 1

2
Yi,3j+1Yi,3j+2

)]

−
nx=4∑

i=1

ny=6∑

j=1

(
JX

2
Xi, j Xi+1, j

JY

2
Yi, j Yi+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

(D93)

(Lx , Ly) = 2-local
H1 = −

nx/2=2∑

i=1

ny=6∑

j=1

(
JX X2i,j X2i+1, j + JYY2i,j Y2i+1, j

)−
nx=4∑

i=1

ny=6∑

j=1

hZ

4
Zi, j

H2 = −
nx/2=2∑

i=1

ny=6∑

j=1

(
JX X2i−1, j X2i,j + JYY2i−1, j Y2i,j

)−
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j

H3 = −
nx/2=2∑

i=1

ny=6∑

j=1

(
JX Xi,2j Xi,2j+1 + JYYi,2j Yi,2j+1

)−
nx=4∑

i=1

ny=6∑

j=1

hZ

4
Zi, j

H4 = −
nx/2=2∑

i=1

ny=6∑

j=1

(
JX X,2j−1Xi,2j + JYYi,2j−1Yi,2j

)−
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j (D94)

(Lx , Ly) = (2, 2)
H1 =−

nx=4∑

i=1

ny /Ly=3∑

j=1

(
JX Xi,2j Xi,2j+1 + (JYYi,2j Yi,2j+1

)

−
nx/Lx=2∑

i=1

ny=6∑

j=1

(
JX X2i,j X2i+1, j + JYY2i,j Y2i+1, j

)−
nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

H2 = −
nx=4∑

i=1

ny /Ly=3∑

j=1

(
JX Xi,2j−1Xi,2j + (JYYi,2j−1Yi,2j

)

−
nx/Lx=2∑

i=1

ny=6∑

j=1

(
JX X2i−1, j X2i,j + JYY2i−1, j Y2i,j

)−
nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j (D95)

(Lx , Ly) = (2, 3)
H1 =−

nx=4∑

i=1

ny /L=2∑

j=1

[
JX

(
Xi,3j Xi,3j+1 + 1

2
Xi,3j+1Xi,3j+2

)
+ JY

(
Yi,3j Yi,3j+1 + 1

2
Yi,3j+1Yi,3j+2

)]

−
nx/Lx=2∑

i=1

ny=6∑

j=1

(
JX

2
X2i,j X2i+1, j

JY

2
Y2i,j Y2i+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j

H2 =−
nx=4∑

i=1

ny /L=2∑

j=1

[
JX

(
Xi,3j−1Xi,3j + 1

2
Xi,3j+1Xi,3j+2

)
+ JY

(
Yi,3j−1Yi,3j + 1

2
Yi,3j+1Yi,3j+2

)]

−
nx/Lx=2∑

i=1

ny=6∑

j=1

(
JX

2
X2i−1, j X2i,j

JY

2
Y2i−1, j Y2i,j

)
−

nx=4∑

i=1

ny=6∑

j=1

hZ

2
Zi, j (D96)
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TABLE II. Explicit partitions of the transverse field Ising model example, Fig. 2(b). To recall, all examples apart from the spinful
Hubbard model are on a (nx, ny) = (4, 6) rectangular lattice with periodic boundary conditions; thus all indices are modulo nx and
respectively ny . For the geometric partitionings we show in Fig. 2(b) the sampling improvements G|E0〉(BPauli,BLx ,Ly ), and for Pauli
partitioning the combined variance of the partition for Pauli measurements [

∑
Hb∈BPauli

√
Var|ψ〉(Hb)]2 is given.

Label Color Partitioning

Pauli
H1 = −

nx=4∑

i=1

nx=6∑

j=1

J
(
Zi, j Zi+1, j + Zi, j Zi,j+1

)
H2 = −

nx=4∑

i=1

nx=6∑

j=1

hXi, j (D97)

L = 1,
(Lx , Ly) = (nx , 1) H1 = −

nx=4∑

i=1

nx=6∑

j=1

JZi, j Zi+1, j −
nx=4∑

i=1

nx=6∑

j=1

h
2

Xi, j H2 = −
nx=4∑

i=1

nx=6∑

j=1

JZi, j Zi,j+1 −
nx=4∑

i=1

nx=6∑

j=1

h
2

Xi, j (D98)

L = 2,
(Lx , Ly) = (nx , 2) H1 = −

nx=4∑

i=1

ny=6∑

j=1

J
2

Zi, j Zi+1, j −
nx=4∑

i=1

ny /L=3∑

j=1

JZi,2j Zi,2j+1 −
nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j

H2 = −
nx=4∑

i=1

ny=6∑

j=1

J
2

Zi, j Zi+1, j −
nx=4∑

i=1

ny /L=3∑

j=1

JZi,2j−1Zi,2j −
nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j (D99)

L = 3,
(Lx , Ly) = (nx , 3) H1 = −

nx=4∑

i=1

ny=6∑

j=1

J
2

Zi, j Zi+1, j −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

Zi,3j Zi,3j+1 + 1
2

Zi,3j+1Zi,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j

H2 = −
nx=4∑

i=1

ny=6∑

j=1

J
2

Zi, j Zi+1, j −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

Zi,3j−1Zi,3j + 1
2

Zi,3j+1Zi,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j (D100)

(Lx , Ly) = 2-local
H1 = −

nx/2=2∑

i=1

ny=6∑

j=1

JZ2i,j Z2i+1, j −
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j H2 = −
nx/2=2∑

i=1

ny=6∑

j=1

JZ2i−1, j Z2i,j −
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j

H3 = −
nx/2=2∑

i=1

ny=6∑

j=1

JZi,2j Zi,2j+1 −
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j H4 = −
nx/2=2∑

i=1

ny=6∑

j=1

JZi,2j−1Zi,2j −
nx=4∑

i=1

ny=6∑

j=1

h
4

Xi, j

(D101)

(Lx , Ly) = (2, 2)
H1 = −

nx=4∑

i=1

ny /Ly=3∑

j=1

JZi,2j Zi,2j+1 −
nx/Lx=2∑

i=1

ny=6∑

j=1

JZ2i,j Z2i+1, j −
nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j

H2 = −
nx=4∑

i=1

ny /Ly=3∑

j=1

JZi,2j−1Zi,2j −
nx/Lx=2∑

i=1

ny=6∑

j=1

JZ2i−1, j Z2i,j −
nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j (D102)

(Lx , Ly) = (2, 3)
H1 = −

nx/Lx=2∑

i=1

ny=6∑

j=1

JZ2i,j Z2i+1, j −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

Zi,3j Zi,3j+1 + 1
2

Zi,3j+1Zi,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j

H2 = −
nx/Lx=2∑

i=1

ny=6∑

j=1

JZ2i−1, j Z2i,j −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

Zi,3j−1Zi,3j + 1
2

Zi,3j+1Zi,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

h
2

Xi, j (D103)
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TABLE III. Explicit partitions of the transverse field biaxial next-nearest-neighbor Ising example, Fig. 2(c). To recall, all examples
apart from the spinful Hubbard model are on a (nx, ny) = (4, 6) rectangular lattice with periodic boundary conditions; thus all indices
are modulo nx and respectively ny . For the geometric partitionings we show in Fig. 2(c) the sampling improvements G|E0〉(BPauli,BLx ,Ly ),
and for Pauli partitioning the combined variance of the partition for Pauli measurements [

∑
Hb∈BPauli

√
Var|ψ〉(Hb)]2 is given. Fur-

ther, for the transverse field biaxial next-nearest-neighbor Ising model the unit cell will be axial 3-local, and hence partitions L = 2,
(Lx, Ly) = (2, 2), and (Lx, Ly) = (2, 3) are not applicable. Similarly, a bipartition in H = H1 + H2 will again be possible for Lx, Ly ≥ 5,
where then the unit cell is shifted by 2 due to the next-nearest-neighbor coupling.

Label Color Partitioning

Pauli
H1 = −

nx=4∑

i=1

nx=6∑

j=1

J
[(

Zi, j Zi+1, j + Zi, j Zi,j+1
)− κJ

(
Zi, j Zi+2,j + Zi, j Zi,j+2

)]

H2 = −
nx=4∑

i=1

nx=6∑

j=1

hXi, j (D104)

L = 1, (Lx , Ly) = (nx , 1)
H1 = −

nx=4∑

i=1

nx=6∑

j=1

J
(
Zi, j Zi+1, j − κZi, j Zi+2,j

)−
nx=4∑

i=1

nx=6∑

j=1

h
2

Xi, j

H2 = −
nx=4∑

i=1

nx=6∑

j=1

J
(
Zi, j Zi,j+1 − κZi, j Zi,j+2

)−
nx=4∑

i=1

nx=6∑

j=1

h
2

Xi, j (D105)

L = 3, (Lx , Ly) = (nx , 3)
H1 =−

nx=4∑

i=1

ny /L=2∑

j=1

J
(

1
2

Zi,3j Zi,3j+1 + 1
2

Zi,3j+1Zi,3j+2 − κZi,3j Zi,3j+2

)

−
nx=4∑

i=1

ny=6∑

j=1

J
3
(
Zi, j Zi+1, j − κZi, j Zi+2,j

)−
nx=4∑

i=1

ny=6∑

j=1

h
3

Xi, j

H2 −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

1
2

Zi,3j+1Zi,3j+2 + 1
2

Zi,3j+2Zi,3j+3 − κZi,3j+1Zi,3j+3

)

−
nx=4∑

i=1

ny=6∑

j=1

J
3
(
Zi, j Zi+1, j − κZi, j Zi+2,j

)−
nx=4∑

i=1

ny=6∑

j=1

h
3

Xi, j

H3 −
nx=4∑

i=1

ny /L=2∑

j=1

J
(

1
2

Zi,3j−1Zi,3j + 1
2

Zi,3j Zi,3j+1 − κZi,3j−1Zi,3j+1

)

−
nx=4∑

i=1

ny=6∑

j=1

J
3
(
Zi, j Zi+1, j − κZi, j Zi+2,j

)−
nx=4∑

i=1

ny=6∑

j=1

h
3

Xi, j (D106)

(Lx , Ly) = 3-local
H1 = −

nx=4∑

i=1

ny /3=2∑

j=1

J
(

1
2

Zi,3j Zi,3j+1 + 1
2

Zi,3j+1Zi,3j+2 − κZi,3j Zi,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

h
6

Xi, j

H2 = −
nx=4∑

i=1

ny /3=2∑

j=1

J
(

1
2

Zi,3j+1Zi,3j+2 + 1
2

Zi,3j+2Zi,3j+3 − κZi,3j+1Zi,3j+3

)
−

nx=4∑

i=1

ny=6∑

j=1

h
6

Xi, j

H2+k = −
ny /3=2∑

j=1

J
(

1
2

Zk,3j−1Z1,3j + 1
2

Zk,3j Zk,3j+1 − κZk,3j−1Zk,3j+1

)

−
ny=6∑

j=1

J
(

1
2

Zk+1, j Zk+2,j + 1
2

Zk+2,j Zk+3,j − κZk+1, j Zk+3,j

)
−

nx=4∑

i=1

ny=6∑

j=1

h
6

Xi, j

H3 = H2+k=1 H4 = H2+k=2 H5 = H2+k=3 H6 = H2+k=4 (D107)
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TABLE IV. Explicit partitions of the spinless Hubbard example, Fig. 4(b). To recall, all examples apart from the spinful Hubbard
model are on a (nx, ny) = (4, 6) rectangular lattice with periodic boundary conditions; thus all indices are modulo nx and respectively
ny . For the geometric partitionings we show in Fig. 4(b) the sampling improvements G|E0〉(BPauli,BLx ,Ly ), and for Pauli partitioning the
combined variance of the partition for Pauli measurements [

∑
Hb∈BPauli

√
Var|ψ〉(Hb)]2 is given.

Label Color Partitioning

Pauli
H1 = −

nx/2=2∑

i=1

ny /2=3∑

j=1

t
(

c†
i, j ci+1, j + c†

i+1, j ci, j

)
H2 = −

nx/2=2∑

i=1

ny /2=3∑

j=1

t
(

c†
i, j ci+1, j + c†

i+1, j ci, j

)

H3 = −
nx/2=2∑

i=1

ny /2=3∑

j=1

t
(

c†
i, j ci+1, j + c†

i+1, j ci, j

)
H4 = −

nx/2=2∑

i=1

ny /2=3∑

j=1

t
(

c†
i, j ci+1, j + c†

i+1, j ci, j

)

H5 = +
nx=4∑

i=1

nx=6∑

j=1

U(ni, j ni,j+1 + ni, j ni+1, j )−
nx=4∑

i=1

ny=6∑

j=1

μni, j (D108)

L = 1, (Lx , Ly) = (nx , 1)
H1 = −

nx=4∑

i=1

nx=6∑

j=1

(
tc†

i, j ci+1, j + tc†
i+1, j ci, j − Uni, j ni+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

H2 = −
nx=4∑

i=1

nx=6∑

j=1

(
tc†

i, j ci,j+1 + tc†
i,j+1ci, j − Uni, j ni,j+1

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j (D109)

L = 2, (Lx , Ly) = (nx , 2)
H1 =−

nx=4∑

i=1

nx=6∑

j=1

(
t
2

c†
i, j ci+1, j + t

2
c†

i+1, j ci, j − U
2

ni, j ni+1, j

)

−
nx=4∑

i=1

ny /L=3∑

j=1

(
tc†

i,2j ci,2j+1 + tc†
i,2j+1ci,2j − Uni,2j ni,2j+1

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

H2 =−
nx=4∑

i=1

nx=6∑

j=1

(
t
2

c†
i, j ci+1, j + t

2
c†

i+1, j ci, j − U
2

ni, j ni+1, j

)

−
nx=4∑

i=1

ny /L=3∑

j=1

(
tc†

i,2j−1ci,2j + tc†
i,2j ci,2j−1 − Uni,2j−1ni,2j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j (D110)

L = 3, (Lx , Ly) = (nx , 3) H1 =−
nx=4∑

i=1

nx=6∑

j=1

(
t
2

c†
i, j ci+1, j + t

2
c†

i+1, j ci, j − U
2

ni, j ni+1, j

)

−
nx=4∑

i=1

ny /L=2∑

j=1

(
tc†

i,3j ci,3j+1 + tc†
i,3j+1ci,3j − Uni,3j ni,3j+1

)

−
nx=4∑

i=1

ny /L=2∑

j=1

1
2

(
tc†

i,3j+1ci,3j+2 + tc†
i,3j+2ci,3j+1 − Uni,3j+1ni,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

H2 −
nx=4∑

i=1

nx=6∑

j=1

(
t
2

c†
i, j ci+1, j + t

2
c†

i+1, j ci, j − U
2

ni, j ni+1, j

)

−
nx=4∑

i=1

ny /L=2∑

j=1

(
tc†

i,3j−1ci,3j + tc†
i,3j ci,3j−1 − Uni,3j−1ni,3j

)

−
nx=4∑

i=1

ny /L=2∑

j=1

1
2

(
tc†

i,3j−1ci,3j−2 + tc†
i,3j−2ci,3j−1 − Uni,3j−1ni,3j−2

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j (D111)
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TABLE IV. Continued.

Label Color Partitioning

(Lx , Ly) = 2-local
H1 =−

nx/2=2∑

i=1

ny=6∑

j=1

(
tc†

2i,j c2i+1, j + tc†
2i+1, j c2i,j − Un2i,j n2i+1, j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

4
ni, j

H2 =−
nx/2=2∑

i=1

ny=6∑

j=1

(
tc†

2i−1, j c2i,j + tc†
2i,j c2i−1, j − Un2i−1, j n2i,j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

4
ni, j

H3 =−
nx=4∑

i=1

ny /2=3∑

j=1

(
tc†

i,2j ci,2j+1 + tc†
i,2j+1ci,2j − Uni,2j ni,2j+1

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

4
ni, j

H4 =−
nx=4∑

i=1

ny /2=3∑

j=1

(
tc†

i,2j−1ci,2j + tc†
i,2j ci,2j−1 − Uni,2j−1ni,2j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

4
ni, j

(D112)

(Lx , Ly) = (2, 2)
H1 =−

nx/Lx=2∑

i=1

nx=6∑

j=1

(
tc†

2i,j c2i+1, j + tc†
2i+1, j c2i,j − Un2i,j n2i+1, j

)

−
nx=4∑

i=1

ny /Ly=3∑

j=1

(
tc†

i,2j ci,2j+1 + tc†
i,2j+1ci,2j − Uni,2j ni,2j+1

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

H2 =−
nx/Lx=2∑

i=1

nx=6∑

j=1

(
tc†

2i−1, j c2i,j + tc†
2i,j c2i−1, j − Un2i−1, j n2i,j

)

−
nx=4∑

i=1

ny /L=3∑

j=1

(
tc†

i,2j−1ci,2j + tc†
i,2j ci,2j−1 − Uni,2j−1ni,2j

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

(D113)

(Lx , Ly) = (2, 3)
H1 =−

nx/Lx=2∑

i=1

nx=6∑

j=1

(
tc†

2i,j c2i+1, j + tc†
2i+1, j c2i,j − Un2i,j n2i+1, j

)

−
nx=4∑

i=1

ny /Ly=2∑

j=1

(
tc†

i,3j ci,3j+1 + tc†
i,3j+1ci,3j − Uni,3j ni,3j+1

)

−
nx=4∑

i=1

ny /Ly=2∑

j=1

1
2

(
tc†

i,3j+1ci,3j+2 + tc†
i,3j+2ci,3j+1 − Uni,3j+1ni,3j+2

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

H2 =−
nx/Lx=2∑

i=1

nx=6∑

j=1

(
tc†

2i−1, j c2i,j + tc†
2i,j c2i−1, j − Un2i−1, j n2i,j

)

−
nx=4∑

i=1

ny /L=2∑

j=1

(
tc†

i,3j−1ci,3j + tc†
i,3j ci,3j−1 − Uni,3j−1ni,3j

)

−
nx=4∑

i=1

ny /L=2∑

j=1

1
2

(
tc†

i,3j−1ci,3j−2 + tc†
i,3j−2ci,3j−1 − Uni,3j−1ni,3j−2

)
−

nx=4∑

i=1

ny=6∑

j=1

μ

2
ni, j

(D114)
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TABLE V. Explicit partitions of the spinful Hubbard example, Figs. 4(c) and 7. The spinful Hubbard model example uses a bi-layer
(nx, ny) = (4, 3, 2) rectangular lattice with periodic boundary conditions in nx and ny direction; thus all indices in the first two indices
are modulo nx and respectively ny . For the geometric partitionings we show in Fig. 4(c) the sampling improvements G|E0〉(BPauli,BLx ,Ly ),
and for Pauli partitioning the combined variance of the partition for Pauli measurements [

∑
Hb∈BPauli

√
Var|ψ〉(Hb)]2 is given.

Label Color Partitioning

Pauli
H1 = −

nx/2=2∑

i=1

∑

σ∈{↑,↓}
t
(

c†
2i,1,σ c2i+1,1,σ + c†

2i+1,1c2i,1

)
−

nx=4∑

i=1

∑

σ∈{↑,↓}
t
(

c†
i,2,σ ci,3,σ + c†

i,3ci,2

)

H2 = −
nx/2=2∑

i=1

∑

σ∈{↑,↓}
t
(

c†
2i,2,σ c2i+1,2,σ + c†

2i+1,2c2i,2

)
−

nx=4∑

i=1

∑

σ∈{↑,↓}
t
(

c†
i,3,σ ci,1,σ + c†

i,1ci,3

)

H3 = −
nx/2=2∑

i=1

∑

σ∈{↑,↓}
t
(

c†
2i,3,σ c2i+1,3,σ + c†

2i+1,3c2i,3

)
−

nx=4∑

i=1

∑

σ∈{↑,↓}
t
(

c†
i,1,σ ci,2,σ + c†

i,2ci,1

)

H4 = −
nx/2=2∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}
t
(

c†
2i−1, j c2i,j + c†

2i,j c2i−1, j

)

H5 = +
nx=4∑

i=1

nx=3∑

j=1

Uni,j ,↑ni,j ,↓ − μ(ni,j ,↑ + ni,j ,↓) (D115)

(Lx , Ly , L↑,↓) =
(nx , ny , 1), &
(1, 1, n↑,↓)

H1 = −
∑

σ∈{↑,↓}

⎡

⎣
nx=4∑

i=1

ny=3∑

j=1

(
tc†

i, j ci+1, j + tc†
i+1, j ci, j + tc†

i, j ci,j+1 + tc†
i,j+1ci, j

)
+ μ

2
ni,j ,σ

⎤

⎦

H2 = +
nx=4∑

i=1

nx=3∑

j=1

Uni,j ,↑ni,j ,↓ − μ2 (ni,j ,↑ + ni,j ,↓) (D116)

(Lx , Ly , L↑,↓) =
(2, ny , n↑,↓) H1 =

nx=4∑

i=1

ny=3∑

j=1

⎡

⎣
∑

σ∈{↑,↓}
−
(

t
2

c†
i,j ,σ ci,j+1,σ + t

2
c†

i,j+1,σ ci,j ,σ

)
− μ

2
ni,j ,σ

⎤

⎦+ U
2

ni,j ,↑ni,j ,↓

−
nx/Lx=2∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}
tc†

2i,j ,σ c2i+1, j ,σ + tc†
2i+1, j ,σ c2i,j ,σ

H2 =
nx=4∑

i=1

ny=3∑

j=1

⎡

⎣
∑

σ∈{↑,↓}
−
(

t
2

c†
i,j ,σ ci,j+1,σ + t

2
c†

i,j+1,σ ci,j ,σ

)
− μ

2
ni,j ,σ

⎤

⎦+ U
2

ni,j ,↑ni,j ,↓

−
nx/Lx=2∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}
tc†

2i−1, j ,σ c2i,j ,σ + tc†
2i,j ,σ c2i−1, j ,σ (D117)

(Lx , Ly , L↑,↓) =
(nx , 1, 1), (1, ny , 1),
& (1, 1, n↑,↓)

H1 =−
nx=4∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}

(
tc†

i,j ,σ ci+1, j ,σ + tc†
i+1, j ,σ ci,j ,σ

)
− μ

3
ni,j ,σ

H2 =−
nx=4∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}

(
tc†

i,j ,σ ci,j+1,σ + tc†
i,j+1,σ ci,j ,σ

)
− μ

3
ni,j ,σ

H3 =+
nx=4∑

i=1

ny=3∑

j=1

Uni,j ,↑ni,j ,↓ − μ3
(
ni,j ,↑ + ni,j ,↓

)
(D118)
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TABLE V. Continued.

Label Color Partitioning

(Lx , Ly , L↑,↓) =
(1, ny , n↑,↓), &
(nx , 1, 1)

H1 =
nx=4∑

i=1

ny=3∑

j=1

⎡

⎣
∑

σ∈{↑,↓}
−
(

tc†
i,j ,σ ci,j+1,σ + tc†

i,j+1,σ ci,j ,σ

)
− μ

2
ni,j ,σ

⎤

⎦+ Uni,j ,↑ni,j ,↓

H2 =
nx=4∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}
−
(

tc†
i,j ,σ ci+1, j ,σ + tc†

i+1, j ,σ ci,j ,σ

)
− μ

2
ni,j ,σ (D119)

(Lx , Ly , L↑,↓) =
(nx , 1, n↑,↓), &
(1, ny , 1)

H1 =
nx=4∑

i=1

ny=3∑

j=1

⎡

⎣
∑

σ∈{↑,↓}
−
(

tc†
i,j ,σ ci+1, j ,σ + tc†

i+1, j ,σ ci,j ,σ

)
− μ

2
ni,j ,σ

⎤

⎦+ Uni,j ,↑ni,j ,↓

H2 =
nx=4∑

i=1

ny=3∑

j=1

∑

σ∈{↑,↓}
−
(

tc†
i,j ,σ ci,j+1,σ + tc†

i,j+1,σ ci,j ,σ

)
− μ

2
ni,j ,σ (D120)

(Lx , Ly , L↑,↓) =
(1, ny , n↑,↓), &
(nx , 1, n↑,↓)

H1 =
nx=4∑

i=1

ny=3∑

j=1

⎡

⎣
∑

σ∈{↑,↓}
−
(

tc†
i,j ,σ ci,j+1,σ + tc†

i,j+1,σ ci,j ,σ

)
− μ

2
ni,j ,σ

⎤

⎦+ U
2

ni,j ,↑ni,j ,↓

H2 =
nx=4∑

i=1

ny=3∑

j=1
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