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ABSTRACT PERTURBED KRYLOV METHODS*

JENS-PETER M. ZEMKET

Abstract. We introduce the framework of “abstract perturbed KRYLOV methods”. This is a
new and unifying point of view on KRYLOV subspace methods based solely on the matrix equation
AQr + I = Qr1C), = QiCh +qk+1ck+1,kez and the assumption that the matrix C} is unreduced
HESSENBERG. We give polynomial expressions relating the RI1TZ vectors, (Q)OR iterates and (Q)MR
iterates to the starting vector ¢; and the perturbation terms {fl}le. The properties of these
polynomials and similarities between them are analyzed in some detail. The results suggest the
interpretation of abstract perturbed KRYLOV methods as additive overlay of several abstract ezact
KRYLOV methods.
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1. Introduction. We consider the matrix equation

AQr + Fy = Qr41Cy, = QrCr + My, = Q1.Ck + Qr1Ck+1,164 » (1.1)

and thus implicitly every perturbed KRYLOV subspace method that can be written
in this form. We refer to equation (1.1) as a perturbed KRYLOV decomposition and
to any instance of such an equation as an abstract perturbed KRYLOV method. In
the remainder of the introduction we clarify the réle the particular ingredients take
in this perturbed KRYLOV decomposition, motivate the present note and introduce
notations.

The matrix A € C**" is either the system matrix of a linear system of equa-
tions, or we are interested in some of its eigenvalues and maybe the corresponding
eigenvectors,

Az =b— Az =19 or Av = v (1.2)

The matrix Q; € C*** and its expanded counterpart Qjy; € C™***1 collect
as column vectors the vectors ¢i,qa,...,qr € C" (and gx+1 € C™). In some of the
methods under consideration, these vectors form at least in some circumstances a basis
of the underlying unperturbed KRYLOV subspace. To smoothen the understanding
process we will laxly speak in all cases of them as the basis vectors of the possibly
perturbed KRYLOV subspace method. The gain lies in the simplicity of this notion;
the justification is that we are seldom interested in the true basis of the unperturbed
KRYLOV subspace and that in most cases there does not exist a nearby KrRyLOV
subspace at all, the reasons becoming obvious in Theorem 2.3 and Theorem 2.4.

The matrix F, € C*** is to be considered as a perturbation term. This per-
turbation term may be zero; in this case all results we derive in this note remain
valid and make statements about the unperturbed KrRYLOV subspace methods. The
perturbation term may be due to a balancing of the equation necessary because of
execution in finite precision; in this case, the term will frequently in some sense be
small and we usually have bounds or estimates on the norms of the column vectors.
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The term may arise from a so-called inezact KRYLOV subspace method [1,7,10]; in
this case the columns of Fj, are due to inexact matrix-vector multiplies, we have con-
trol on the norms of the perturbation terms and are interested in the upper bounds
on the magnitudes that do not spoil the convergence of the method. Of course the
perturbation terms in the latter two settings have to be combined when one wishes
to understand the properties of inexact KRYLOV subspace methods executed in finite
precision.

The matrix Cy € C¥** is an unreduced upper HESSENBERG matrix, frequently
an approximation to a projection of A onto the space spanned by Q. The capital
letter C' should remind of condensed and, especially in the perturbed variants, com-
puted. The square matrix C}, is used to construct approximations to eigenvalues and
eigenvectors and, in context of (Q)OR KRYLOV subspace methods, to construct ap-
proximations to the solution of a linear system. It is essential for our investigations
that Cy is an unreduced upper HESSENBERG matrix. The properties of unreduced
upper HESSENBERG matrices have recently been investigated by ZEMKE [12] and al-
low the subsequent results for KRYLOV subspace methods, which are a refinement of
the results proven in ZEMKE’s Dissertation [11].

The matrix C;, € CF*1** is an ertended unreduced upper HESSENBERG matrix.
The rectangular matrix C), is used in context of (Q)MR KRYLOV subspace methods
to construct approximations to the solution of a linear system. The notation C,
should remind of an additional row which is appended to the bottom of the HES-
SENBERG matrix Cj and seems to have been coined independently by SLEIJPEN [§]
and GUTKNECHT [4]. We feel that this notation should be preferred against other
attempts of notation like Cj,, Cj or even Cr.

1.1. Motivation. In this note we consider some of the interesting properties
of quantities related to equation (1.1). The only and crucial assumption is that the
matrix Cj is unreduced HESSENBERG. The good news is that most simple KRYLOV
subspace methods are captured by equation (1.1). The startling news is that addi-
tionally some methods with a rather strange behavior are also covered. For a brief
account of some of the methods covered we refer to [11].

Most numerical analysts will agree that there is a interest in the proper under-
standing of KRYLOV subspace methods, especially of the finite precision and inexact
variants. The “usual” branch of investigation picks one variant of one method for
one task in one “flavor”, say the finite precision variant of the symmetric method of
LANCZOS for the solution of the partial eigenvalue problem, implemented in the “sta-
blest” variant (A1) as categorized by PAIGE. The beautiful analysis relies heavily on
the properties of this particular method, in the case mentioned the so-called local or-
thogonality of the computed basis vectors, the symmetry of the computed unreduced
tridiagonal matrices Tj, = C), € RF*F and the underlying short-term recurrence.

The subsumption of several methods that are quite distinct in nature under one
common abstract framework undertaken in this paper will most probably be consid-
ered to be rather strange, if not useless, or even harmful. Quoting the Merriam-
Webster Online Dictionary, the verb “abstract” means “to consider apart from ap-
plication to or association with a particular instance” and the adjective “abstract”
means “disassociated from any specific instance”. The framework developed in this
paper tries to strike a balance between the benefits of such an abstraction, e.g. uni-
fication and derivation of qualitative results, and the loss of knowledge necessary to
give any quantitative results, e.g. the convergence of a method in finite precision.

Below we prove that the quantities associated to KRYLOV subspace methods, i.e.,
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the RiTz vectors, the (Q)OR and (Q)MR iterates, and their corresponding residu-
als and errors, of any KRYLOV subspace method covered by equation (1.1) can be
described in terms of polynomials related solely to the computed Cj or C}. These
results could have been achieved without the setting of abstract perturbed KrRyLOV
methods, but focusing from the beginning on a particular instance, e.g. the inexact
variant of the method of ARNOLDI or unperturbed BiCGSTAB clouds the view for
such intrinsic properties and would presumably result in yet another large amount of
articles proving essentially the same result for every particular method.

The qualitative results achieved in this paper might be considered as companion
to the “classical” results; focusing on a particular instance, e.g. the aforementioned
variant (A1) of the method of LANCZOS executed in finite precision, we can utilize
results about the convergence of RITZ values to make predictions on the expected

behavior of the other quantities, e.g. the RITZ vectors and their relation to eigenvectors
of A.

1.2. Notation. Asusual, I = I denotes the identity of appropriate dimensions.
The columns are the standard unit vectors e;, the elements are KRONECKER delta
0ij. The letter O = Oy, denotes a zero matrix of appropriate dimensions. Zero vectors
of length j are denoted by o0;. Standard unit vectors padded with one additional zero
element at the bottom are denoted by

e = <%j> e Ck1, e; € Ck. (1.3)

The identity matrix of size k x k padded with an additional zero row at the bottom
is denoted by I,.

The characteristic matrices zI — A and zI — C}, are denoted by A and *Cj. The
characteristic polynomials x(z) of A and xx(z) of C}, are defined by x(z) = det(*4) and
Xk (z) = det(*Cy), respectively. Let 6 be an eigenvalue of Cy, of algebraic multiplicity
a = af). The reduced characteristic polynomial wy(z) of Cj corresponding to 6 is
defined by

Xk(z) = (2 — 6)%wi(2). (1.4)

We remark that wy () # 0. We make extensive use of other characteristic polynomials
denoted by x;:; and defined by

Xi:j(Z) = det(zCl-;j) = det(z[ — Ci:j); (15)

where Cj.; denotes the principal submatrix of C}, consisting of the columns and rows
i to j, for all admissible indices 1 < ¢ < j < k. We extend the notation to the case
i = j+ 1 by setting x;+1:;(2) = 1 for all j. Additionally we define the shorthand
notation x; = x1.;.

We denote products of subdiagonal elements of the unreduced HESSENBERG ma-
trices Cy, by ¢;;; = [[]_; ci41,. Polynomial vectors v and i are defined by

i+1k(2)\" xi-1(2) )"

v(z) = (J) and v(z) = (J> . (1.6)
Cjik—1 j=1 Cl:j—1 j=1

The elements are denoted by v;(z) and ;(z), where j runs from 1 to k. The notation

is extended to include the polynomial 7y 1(z), defined by

Upt1(z) = chff) (L.7)
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We extend the polynomial vector © by padding it in the last position with the poly-
nomial 741, denoted by o,

5(x) = ()T () = () o m(z) ). (18)

We denote the complex conjugates of , v;, v by U, ;, D, respectively. The operation
“complex conjugate” can be memorized as a reflection on the real axis turning hat to
vee and vice versa.

The JORDAN normal forms of A and C} are denoted by J and Jj, respectively.
Similarity transformations V and Sj are chosen to satisfy

VAV =0, S 'CiSk = Ji. (1.9)

We call any matrices V and Sy that satisfy equation (1.9) (right) eigenmatrices and
define corresponding (special) left eigenmatrices by

VvE=yT =y, S’fESTESk_l. (1.10)

This definition ensures the biorthogonality of left and right eigenmatrices, which is a
partial normalization of the eigen- and principal vectors. When A is normal, we set
V= V', when C}, is normal, we set Sk = Sk. In any of these cases the eigenvectors are
normalized to have unit length, since the biorthogonality simplifies to orthogonality.

The eigenvalues of A and C} are distinguished by the Greek letters A and 6,
respectively. For reasons of simplicity, we refer to the eigenvalues 6 of C} as RITZ
values. These values are only RITZ values of A when an underlying projection exists,
but they are always RiTZ values of Cjy, for any ¢ € N.

The JORDAN matrix J of A is the direct sum of JORDAN blocks. The direct sum
of the v JORDAN blocks to an eigenvalue A, where v = v(\) denotes the geometric
multiplicity of A, is called a JORDAN box and denoted by Jy. The JORDAN blocks
are denoted by Jy,, where ¢ = 1,2,...,v. A single JORDAN block J,, has dimension
o =o(A,¢) and is upper triangular,

Al
TV B | =2 N e (1.11)

A

Since C}, is unreduced HESSENBERG, Jj is the direct sum of JORDAN boxes Jy that
collapse to JORDAN blocks. These notations are summarized by

J:?JA, Jy = 1J>\L, Jp =@ Jy. (1.12)

We split the eigenmatrices according to the splitting of the JORDAN matrices into
rectangular matrices,

5
V = E/]\BV)\, \ = E_Bl Ve, S = %S@. (1.13)

These matrices are named partial eigenmatrices. Similarly, left partial eigenmatrices
are defined.

The adjugate of *C}, i.e., the transposed matrix of cofactors of *CY, is sometimes
denoted by Pj(z) = adj(*C)) to emphasize that this matrix is polynomial in z. The
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MOORE-PENROSE inverse of a (possibly rectangular) matrix A is denoted by AT, the
DRAZIN inverse of a square matrix A is denoted by AP. The matrix PP = AAP
satisfies

PP =3 "wnvf (1.14)
A#£0

and is known as the eigenprojection. When A is singular, I — PP = VOVOH. Some of the
results are based on representing linear equations using the KRONECKER product of
matrices, denoted by A ® B, and the vec-operator, denoted by vec(A), cf. [5, Chapter
4, Definition 4.2.1 and Definition 4.2.9]. The EucLIDian norm is denoted by || - ||.

2. Basis transformations. In the fifties KRYLOV subspace methods like the
methods of ARNOLDI and LANCZOS were considered as a means to compute the
leading part Qj of a basis transformation @ that brings A to HESSENBERG and tridi-
agonal form C' = Q1 AQ, respectively, with C}, as its leading part. Even though this
property is frequently lost in finite precision and is not present in the general case,
consider the power method applied to an eigenvector, this point of view is helpful
in the construction of more elaborate KRYLOV subspace methods, e.g. (Q)OR and
(Q)MR methods for the solution of linear systems.

2.1. Basis vectors. In this section we give an expression of the “basis” vectors
of abstract perturbed KRYLOV methods that reveals the dependency on the starting
vector and the perturbation terms. This result is used in succeeding sections to give
similar expressions for the other quantities of interest.

For consistency with later sections we define the basis polynomials of an abstract
perturbed KRYLOV method by

gLl 2 k2 C
By(z) x14(2) = Up+1(2), Biy1:k(2) Xiviklz) _ G v (2). (2.1)
Cl:k Cl+1:k Ck+1,k

THEOREM 2.1 (the basis vectors). The basis vectors of an abstract perturbed
KRYLOV method (1.1) can be expressed in terms of the starting vector ¢1 and all
perturbation terms {fi}F_, as follows:

k .
Gesr = Be( A + > Biyaue(A) L
=1

Cl41,1

(2.2)

Proof. We start with the abstract perturbed KRYLOV method (1.1). First we
insert A = zI,, — A and *Cy = zI; — Ck, since Qrzly = 2I,Q and thus scalar
multiples of ) are in the null space, to introduce a dependency on variable z,

My = Qk(zl - Ck) - (ZI - A)Qk + F}. (23)

We use the definition of the adjugate and the LAPLACE expansion of the determinant
to obtain

Mkadj(ZC’k) = Qka(z) — (Z[ — A)QkadJ(ZC’k) + Fkadj(zCk,). (24)

We know from [12, Lemma 5.1, equation (5.5)] that the adjugate of unreduced HEs-
SENBERG matrices satisfies

adj(*Cr)e1 = c1.—1 - v(2). (2.5)
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Together with equation (2.4) this gives the simplified equation

q1xk(2)

Clh_1 (21 = A)Qrv(2) + Frv(2). (2.6)

Ch+1,kGQr+1 = Myv(z) =

We reorder equation (2.6) slightly to obtain an equation where only scalar polynomials
are involved:

Ck+1,kGk+1 =
Cl:k—1

k k k
LA Z v (2)Aq — Z v (2)zq + Z vi(z)fi. (2.7)
1=1 =1 =1

Substituting A for z gives

k
XCT + > (A fi = k1 kG, (2.8)
Lh=1 o

which is upon division by nonzero c1 %, a corresponding cosmetic division by nonzero
ci410, L =1,...,k and by definition of v(z) the result to be proved. O

2.2. A closer look. We need some additional knowledge from the report [12]
on HESSENBERG eigenvalue-eigenmatrix relations (HEER) in the sequel. We state a
relation in the form of the next lemma that is of imminent importance in the proof
of the following theorems. We remark that this lemma can not be found ‘as is’ in the
aforementioned report.

LEMMA 2.2 (HEER). Let Cy be unreduced upper HESSENBERG. Then we can
choose the eigenmatrices Sy, and Sy, such that the partial eigenmatrices satisfy

S@ =e (wk(Jg)) and Sgel = Cl:l—le-',—l:k(J@)Tel- (2.9)

The HESSENBERG eigenvalue-eigenmatrix relations tailored to diagonalizable Cy, state
that

X1:—1(05)cre—1xe+1:x(0;)
X/lk(e.])

Vige. (2.10)

515505 =

Proof. The choice mentioned above corresponds to [12, eqn. (5.35)] with 1.1
brought from the right to the left and is given by

S0 = Cl:k—lvoz—l(e)v SG = T)(34—1(0)@‘)]6(<]9)7Tv (211)
where the unknown quantities are defined in [12, eqns. (5 28) (5.3)] and are given by

2 )
. pla=1)(p ﬁ”
]/ozfl(e)E < (06—1()')7,

By definition of v and ¥ it is easy to see that

e1 Sp = e Va1(0)(wi(Jo) ™" = eq (wi(Jo) ™", (2.14)

" pla—1)
Cl:k—lezT <V(9)v v'(0), 2(0) T (e — l(f'))

5.
Va_1(0) = (y(e)y(e), V0 ) (2.12)
) (2.13)

elTSg

2.15
Cl:k—1 ( )

(a—1)
Cl:k—1 X;/ :k(e) Xi41:k (9)
= <Xl+15k(9)7 X;+1:k(9)’ +12 R (;1_ 1)|
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The row vector elTSQ /c1.—1 consists of TAYLOR expansion terms that can also be
written as

(a—1)
Xl'y1:1(0) Xiy1:x (0)
(Xz+1;k(9)axf+1:k(9)a l+12k Yoy (l;rl_kl)! :eisz+1;k(J9)a

i.e., interpreted as the first row of the polynomial x;y1.; evaluated at the JORDAN
block Jp. The statement in equation (2.10) is just a rewritten version of [12, Theorem
5.6, eqn. (5.29)]. O

We remark that most of the results proven in this note do not depend on the
actual choice of the corresponding right and left partial eigenmatrices. This is due
to the fact that upper triangular TOEPLITZ matrices commute and that we mostly
derive expressions involving inner products of both right and left partial eigenmatrices
in the appropriate order.

In most cases we will compute diagonalizable matrices and are interested in eigen-
vectors solely. In the following, we refer to the coefficients of a vector in the eigenbasis,
i.e., in the basis spanned by the columns of V', as its eigenparts.

THEOREM 2.3 (the eigenparts of the basis vectors). Let 9 be a left eigenvector
of A to eigenvalue \ and let s be a right eigenvector of Cy to eigenvalue 6.

Then the eigenpart 9 qu 1 of the basis vector qny1 of an abstract perturbed
KRYLOV subspace method (1.1) can be expressed in terms of the RITZ value 6 and the
RITZ vector y = Qis as follows:

T A=)y o7 Fs
) = + . 2.16
st Ch1,k€ES  Chp1pels (2.16)

Let furthermore Cy, be diagonalizable and suppose that A # 0; for all j =1,... k.

Then we can express the dependency of the eigenpart 92 qii1 of quy1 on the
starting vector q1 and the perturbation terms { fl}le in three equivalent forms. In
terms of the distances of the RITZ values 0; to A and the left and right eigenvectors
of the matrix Cy,:

k . k k . ~H

Cht1,k5155k5 | ~mr H cie1,05155 | 07 S
_ - - = . 2.17
Z )\_0] V7 qk+1 v CI1+Z Z A*QJ ( )

c
j=1 =1 \j=1 I+1,1

In terms of the distances of the RITZ wvalues to X, the trailing characteristic polyno-
mials of Cy, and the derivative of the characteristic polynomial of Cy, all evaluated at
the RITZ values:

k
Cl:k

Z k
~H . H
j=1 m V7 Q1 =07 q1 + Z

k .

Z (’UXI-HA ) 7/'Hfl

= X1 k(0N =05) | crp1a
(2.18)

Without the restriction on A, in terms of trailing characteristic polynomials of Cy

evaluated at the eigenvalue A of A:

0 gy = (X ) ¢+ Z (XIH - ) " (2.19)

Cl4+1:k Cl+1,l
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Proof. We multiply equation (1.1) from the left by 9 and from the right by s
and obtain

f)Hq;chkH,kefs =(\— G)ﬁHy + 0" Fys. (2.20)

The constant ci1, is non-zero because C}, is unreduced HESSENBERG. The last com-
ponent of s is non-zero because s is a right eigenvector of an unreduced HESSENBERG
matrix [12, Corollary 5.2]. Equation (2.16) follows upon division by cx11 ket s.

When Cj is diagonalizable, the columns of the eigenmatrix Sy form a complete
set of eigenvectors s;, j = 1,...,k. We use this basis to express the standard unit
vectors ey by use of the following (trivial) identity:

k
ep=1ley, = Ss_leg = SS’Teg = Zé@jsj' (2.21)
j=1

Equation (2.20) holds true for all pairs (6, s;). We assume that A # 6; for all RiTz
values 0; and divide by A — 0, to obtain the following set of equations:

k ~H
Cht1,k5kj \ ~H “H C1+1,0515 \ 07 fi )
=) o gy = 07 Qusy + () =1,k (222
( )\—Oj > + J ; )\—97' Cl+1,’1 J ( )

Here we have chosen for cosmetic reasons to divide by ¢;11; in the perturbation terms.
All ¢;41, are nonzero since the HESSENBERG matrix Cj is unreduced. We sum up
the equations (2.22) using the identity (2.21) for the case £ =1 to obtain (2.17). We
insert the HESSENBERG eigenvalue-eigenmatrix relations tailored to diagonalizable C
given by Lemma 2.2, equation (2.10) into the first term of (2.17) and obtain

k k

k « - H

CL:k N ~H Ci+1,0515815 | 07 fi
- o |V k1 =07 q1 + . 2.23
=) ) YAXT e @®

Jj=1 Jj=1

When we insert equation (2.10) in repeated manner into the second term of equation
(2.17) we obtain (2.18). Now it is time to recognize that an expression like

Fe) 1 N IL,G-6
Z X/lk(ej)()\ - 9]) B Xl:k:()\) =1 Hs;éj(ej - es)f(oj)

Jj=1

k

(2.24)

is just the LAGRANGE form of the interpolation of a function f at nodes {‘93'}?:1
divided by constant x1.;(A). Recognizing that the first term is the interpolation of
the constant function f =1 at the RITZ values, we obtain

CL S crasan(8) ) 87
1: ~H ~H ‘1A X1+1:k\Vj5 v l
07 q =0"q1 + . 2.25
(Xl:ko\)> o ' ; ;Xﬁzk(%)()\*@j) Cle1 (229)

The repeated use of this argument for the second term shows that this is the LA-
GRANGE interpolation of the polynomials x;41.5 of degrees less than k,

( CLk ) oM gryr = 0" + Xk: (Cljlxwk)w) . (2.26)

X1:k(A) pt X1k (A Cli1,
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Division by the first factor results in (2.19). It follows from Theorem 2.1 by multipli-
cation of equation (2.2) from the left by 97 that equation (2.19) remains valid without
any artificial restrictions on the eigenvalue A and without the need for a diagonalizable
HESSENBERG matrix Cj. O

The validity of Theorem 2.1 for general matrices A and general unreduced HES-
SENBERG matrices C}, suggests that we can also derive expressions for the eigenparts
in the general (i.e., not necessarily diagonalizable) case. To proceed we introduce
some additional abbreviating notations. We define

dist(Jy,, Jo) = (I ® Jr, — Jg @) (2.27)

as shorthand notation for the KRONECKER sum of Jy, and —Jy. This may be inter-
preted as a measure of the “distance” between the two JORDAN blocks. Here and in
the following, J,, is an arbitrary JORDAN block of A and Jy is what we will call a
RITZ JORDAN block of C},.

The eigenvector components 5;; and s;;, [ =1,...,k, have to be replaced in the
general case by block column vectors. The column vectors arise naturally when Cj
has principal vectors, the blocks arise naturally when A has principal vectors. Let
o = o(A, ) be the length of the ¢«th JORDAN chain to eigenvalue A of A. To stress the
similarity we will denote the block column vectors in the sequel by

Sig=elSy®I,, Sie=Sge®l,, l=1,... k (2.28)

The next theorem is the generalization of Theorem 2.3 to the case of not neces-
sarily diagonalizable Cj.

THEOREM 2.4. Let V)f be a left partial eigenmatriz of A to eigenvalue A and let
Sy be a right partial eigenmatriz of Cy, to eigenvalue 6.

Then the eigenpart VAHQk+1 of the basis vector qr+1 of an abstract perturbed
KRYLOV subspace method (1.1) can be expressed in terms of the R1TzZ JORDAN block
Jy and the partial RITZ matriz Yy = QrSy as follows:

V)\qu+1ck+1’k6£SG = (J)\‘A/)\HYQ - V)\H%JQ) + V)\HF]CSQ. (229)

Suppose furthermore that X # 0; for all j =1,... k.

Then we can express the dependency of the eigenpart V)\HQk-f—l of qx+1 on the
starting vector q; and the perturbation terms {fl}le in three equivalent forms. In
terms of the distances of the RITZ JORDAN blocks Jy to the JORDAN block Jy, and
the left and right partial eigenmatrices of the matriz Cy:

Z chrte (STodist(Ia, Jo) ™" Skyo) Vi gpin =
0

k o

; s - Vil

V)\Iféh + Z Z Cl41,1 (51T9 dlst(e])\,/, Jg) 15179) )‘7](]
=1 o ’ Cl+1,1

In terms of the distances of the RITZ JORDAN blocks to the JORDAN block Jy, and

the trailing characteristic polynomials of Cy and the reduced polynomials wy of Cl,

all evaluated at the R1TZ JORDAN blocks:

(2.30)

Z clzk(egwk(J(g)_T & I)diSt(J)\L7 Jg)_l(el X I)V)\I;qu+1 = ‘A/)\ILJQ1 +
0

k

S cralelwi(Je) ™" @ Ddist(Jxi, Jo) ™ (is1:x( o) er @ T)
=1 0

Vi

(2.31)
Cl41,1
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Without the restriction on A in terms of the trailing characteristic polynomials of C
evaluated at the JORDAN block Jy, of A:

Vil grsr = (Xl k(&)) Vilgy + Z (X’“ "(]*’)) Vi, (2.32)

Cl:k Cl4+1:k (l+1l

Proof. We multiply equation (1.1) from the left by V)\IL{ and from the right by S
to obtain
Vi qesrceel So = IV QuSo — Vi QuSoJo + Vi FSp. (2.33)
This is rewritten to exhibit its linear form utilizing the KRONECKER product and the
vec operator. This results in
VGC(V)\?qk+1ck+17k6£S’9) = diSt(J)\L, Jg)vec(V,\IkaSg) + VCC(V)\?F]‘;SQ). (2.34)

Suppose that A is not in the spectrum of Cj. Inversion of the KRONECKER sum
establishes

dist(Jx, Jo) " (Crr1 kSk0) Vil qry1 =
(ST @ I, )vec(ViQy) + dist(Jy,, Jo) " H(ST @ I )vec(VIE Fp).  (2.35)

Splitting the summation due to the matrix multiplication in the last term gives

dist(Jx,, Jo) " (Chr1.6Sk0) Vil gria =

(ST @ I)vec(ViE Q) + dist(Jy,, Jy) ™ (Z Sy Vi fl> (2.36)
1=1
At this point we need again the representation of the first standard unit vector ey,
the representation of the standard unit vectors e, this time given by

€y = Ieg = SSTBg = Z Sgggeg. (237)

Thus, in KRONECKER product form:

> VIQrSeSHer = ZS (ST @ I,)vec(VQr) = Vil q1. (2.38)
6

A summation over all distinct R1Tz values proves (2.30). To proceed, we consider the
terms

iy Y (STpdist(Jx, Jo) ™" Sie) . Le{l,... Kk} (2.39)
0

separately. These correspond to the terms

k , k

Z Cip1181581) _ C1 IXI41: k(9')
in the diagonalizable case. We transform the terms by insertion of the by virtue
of Lemma 2.2 chosen partial eigenmatrices. Inserting the relations (2.9) results in
equation (2.31). We could rewrite equation (2.31) using the generalization of LA-
GRANGE interpolation to multiple nodes, namely HERMITE interpolation, more pre-
cisely SCHWERDTFEGER's formula, to obtain equation (2.32). But (2.32) follows more
easily and also for the general case that we allow A = 0 from Theorem 2.1 by multi-
plication of equation (2.2) from the left by V){f .0
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3. Eigenvalue problems. In the last section we have shown how the conver-
gence of the RITZ values to an eigenvalue results in the amplification of the error terms.
The resulting nonlinearity of the convergence behavior of RITZ values to eigenvalues
of A reveals that it is hopeless to ask for results on the convergence of the RITZ
values, at least in this abstract setting. One branch of investigation uses the prop-
erties of the constructed basis vectors, e.g. (local) orthogonality, to make statements
about the convergence of RiTZ values. We simply drop the convergence analysis for
the RITZ values and ask for expressions revealing conditions for a convergence of the
Ri1Z vectors and RiITZ residuals.

Residuals directly give information on the backward errors of the corresponding
quantities. The removal of the dependency on the condition that is related to the
forward error makes the RITZ residuals slightly more appealing as a point to start the
examination.

3.1. Ritz residuals. The analysis of the R1TZ residuals is simplified since we can
easily compute an a posteriori bound involving the next basis vector ¢x41. Adding the
expression for the basis vectors of the last section we can prove the following theorem.

THEOREM 3.1 (the RITZ residuals). Let 0 be an eigenvalue of Cj with JORDAN
block Jy and Sy any corresponding partial eigenmatriz. Define the partial RITZ matriz

by Yo = QrSe-
Then

Cl:k—1 Cl:k—1

X1k (4) ~ (Xira(4)
AYy — Yoy = (1]6> Q1€£SQ + Z <M> flerSG — f[(ilTSH. (31)
=1

Let Sy be the (unique) partial eigenmatriz given in Lemma 2.2.
Then

k
AYy — Yy Jy = x1e(A)qre] + 2(11:1—1 (Xt+1k(A) frel = fre] xiz1n(Jo)).  (3.2)
=1

Proof. We start with the backward expression for the RITZ residual

k

AYy = YoJo = qeircriipel So — »_ fiel So. (3.3)
=1

obtained from (1.1) by multiplication by Sp. A scaled variant of the result in equation
(2.2) of Theorem 2.1 is used to replace the next basis vector, namely,

Tor1Chitp = (Xl’f(A)> @ +§ <X’+”‘(A)) fi. (3.4)

Cl:k—1 Cl:k—1

Inserting equation (3.4) into equation (3.3) gives equation (3.1). Lemma 2.2 states
that with our (special) choice of the biorthogonal partial eigenmatrices

er Sp = (cr.p—1)ef, el So = (c1.-1) €1 Xi+1:%(Jo). (3.5)

Inserting the expressions stated in equation (3.5) into equation (3.1) we obtain equa-
tion (3.2). O
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3.2. Ritz vectors. We observe that the adjugate of the family *Cy = 21 — C}, is
given by the matrix Py (z) of cofactors, which is polynomial in z and simultaneously
a polynomial in C}, for every fixed z. This is used in the following lemma to define a
bivariate polynomial denoted by Ay (z, Cj), such that

Pk(z) == Ak(z, Ck) = adJ(ZCk) (36)

It is well-known that whenever we insert a simple eigenvalue 0 of Cj into Py(z) we
obtain a multiple of the spectral projector. More generally, when the eigenvalue has
multiplicity « we might consider the evaluation of the matrix Px(z) along with the
derivatives up to order o — 1 at 6 to gain information about the eigen- and principal
vectors of Cj, compare with [12, Corollary 3.1].

LEMMA 3.2 (the adjugate polynomial). Let the bivariate polynomial Ay (6, z) be
given by

A(0,2) = { (xi(0) — X;’:g,(e -2, “70, (3.7)

Then Ag(0,Cy) is the adjugate of the matriz 01 — Cy,.

Proof. Inserting the TAYLOR expansion of the polynomial xi at 6 (at z) shows
that the function given by the right-hand side is a polynomial of degree k —1 in 2z (in
). For 6 not in the spectrum of Cj we have

A0, Cr) = (xr(0) I — x&(Cr)) (0Ix — Cr) ™! (3.8)
= det(0I}, — Cy) (01 — Ci) " = adj(0I; — Cy). (3.9)

The result for 8 in the spectrum follows by continuity. O

REMARK 3.1. What we call adjugate polynomial appears (without a name) in
GANTMACHERs treatise [3, Kapitel 4.3, Seite 111, Formel (28)] published 1954 (in
Russian). TAUSSKY [9] published a similar result 14 years later.

We extend the notation to all trailing characteristic polynomials.

DEFINITION 3.3 (trailing adjugate polynomials). We define the bivariate polyno-
mials Aj+1.:(0,2), L =1,...,k, that give the adjugate of a shifted matriz at the RITZ
values of the trailing submatrices Ciy1.5 by

Ars1n(0,2) = { (Xt+1:1(0) X)g(:ﬁ:éj?) 0—2)", i i z, (3.10)

In the sequel we need an alternative expression for the adjugate polynomials which
clearly reveals their polynomial structure. To proceed we first prove what we call the
first adjugate identity (because of its close relation to the first resolvent identity) and
specialize it to HESSENBERG structure.

PROPOSITION 3.4. The adjugates of any matriz family “A satisfy the first adjugate
identity given by

(z — )adj(A)adj(PA) = det(*A)adj(A) — det(4)adj(A). (3.11)

For unreduced HESSENBERG matrices Cy, this implies the following important relation

k
(2= 0) > x1:j-1(2)X5414(0) = xn(2) — x(0). (3.12)
j=1
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Proof. We start with the obvious relation
(z—=0) = (21 — A) — (I — A) = A —A. (3.13)

The multiplication by the adjugates of A and %A results in equation (3.11). Now
consider the case of an unreduced HESSENBERG matrix Ck. By [12, Lemma 5.1,
equation (5.4)] we can rewrite the component (k,1) of the equation (3.11) in the
lower left corner to obtain

(z = ) erp_19(2)Tv(0) = det(*Cr)(0) T er — det(“C)ef v(z). (3.14)

By definition of xx, # and v we have proven equation (3.12). O
Dividing equation (3.12) by the scalar factor (z — #) (and taking limits) proves
the following lemma for the adjugate polynomials A (0, z). Since trailing submatri-
ces Cpy1. of unreduced HESSENBERG matrices Cj, are also unreduced HESSENBERG
matrices, the previous arguments also apply to the trailing adjugate polynomials.
LEMMA 3.5. The adjugate polynomial Ag (6, z) and the trailing adjugate polyno-
mials Ajy1.5(0, z) can be expressed in polynomial terms as follows:

Al+1 -k 9 Z le+1 j— 1 XJ+1 k(@) [ = 0, ey k. (3.15)
j=l+1

Their (th derivatives for all £ > 0 with respect to 6 are given by

A0 ZXlJrlgl (X 0), 1=0,... L. (3.16)
Jj=Il+1

The relations (3.15) and (3.16) hold also true when z is replaced by a square matric
A, in which case we obtain a parameter dependent family of matrices along with their
derivatives with respect to the parameter 6.

We remark that the relations stated in Lemma 3.5 rely strongly on the unreduced
HESSENBERG structure of the matrix Cj,.

THEOREM 3.6 (the RITZ vectors). Let 6 be an eigenvalue of Cj, with JORDAN
block Jy and let Sy be the corresponding unique right eigenmatriz from Lemma 2.2.
Let the corresponding partial R1TZ matriz be given by Yy = QrSe. Let Ar(0,2) and
Ai11.1(0, 2) denote the bivariate adjugate polynomials defined above.

Then

Ai(0, A) A0, A)
A, (0, A) k ;+1:k(97 A)

vec(Yy) = : @+ Z C1-1 : fis (3.17)
A1, 4) =1 AT 1,3 (0, A)

(a—1)! (@ — 1)

where the derivation of the bivariate adjugate polynomials is to be understood with
respect to the shift 0.

Proof. We know by Theorem 2.1 that the basis vectors {g; };?:1 are given due to
equation (2.2) by

q; = (Xl] : )q +Z(X'+“ - )fz- (3.18)

Cl:j—1 Cl:j—1
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Using the representation
k
Yo = QiSo = _qje] Sp (3.19)
j=1

of the partial R1Tz matrix and the representation
GJTSe = crj-1€1 Xj+1:k(Jo) (3.20)
of the by virtue of Lemma 2.2 chosen partial eigenmatrix Sy we obtain
k
Yo=Y ajcr 6] Xjran(Jo). (3:21)
j=1

We insert the expression (3.18) for the basis vectors into equation (3.21) to obtain

k
Yo=Y xij-1(A)are] xj11:4(Jo)
! 3.22
ko1 (3.22)
+ ZZ(71;171X1+1:j71(A)fz@lTXjH:k(Je)
j=11=1

and make use of the alternative expression of the (trailing) shifted adjugate polynomi-
als {AlH;k};:Ol and their derivatives with respect to € stated in Lemma 3.5 to obtain
equation (3.17). O

3.3. Angles. In this section we use the last result to express the matrix of angles
V)\H Yy between a right partial R1TZ matrix Yy and a left partial eigenmatrix VA of A.

THEOREM 3.7. Let all notations be given as in Theorem 3.6 and let Yy = QpSo,
where Sy is the unique Tight eigenmatriz from Lemma 2.2.

Then the angles between this right partial RITZ matriz Yy and any left partial
ergenmatrix Vi of A are given by

-Ak(ey JA) Al+1:kr(95 Jk)
A;c(e’ JA) k ;+1:k(0? JA)
Vec(V/\HY})) = : VAqu + Zcu,l : V/\Il f1- (3.23)
AV (0,00) AT 0, )
(o —1)! (v —1)!

Proof. The result follows by multiplication of the result (3.17) of Theorem 3.6
with any left partial eigenmatrix V)\H .0

4. Linear systems: (Q)OR. The (Q)OR approach is used to approximately
solve a linear system Ax = rg when a square matrix C} approximating A in some
sense is at hand. The (Q)OR approach in context of KRYLOV subspace methods is
based on the choice ¢1 = 7¢/||ro]| and the prolongation xy = Qpzx of the solution z
of the linear system of equations

Ckzk = HTOH61. (41)
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A solution does only exist when C} is regular, the solution in this case given by
2z = C} Y|roller. We call 2 the (Q)OR solution and xy the (Q)OR iterate. We need
another formulation for z; based on polynomials. We denote the LAGRANGE (the
HERMITE) interpolation polynomial that interpolates z~! (and its derivatives) at the
RITZ values by Lx[z71](2).

LEMMA 4.1 (the LAGRANGE interpolation of the inverse). The interpolation
polynomial Ly[27Y](2) of the function 2~ at the RITZ values is defined for nonsingular
unreduced HESSENBERG C, can be expressed in terms of the characteristic polynomial
xk(z), and is given explicitely by

AN BT
X% 2=0 (4.2)
Xk (0)’ ,
_Ak(O, 2)
B xk(0)

Proof. 1t is easy to see that the right-hand side is a polynomial of degree k — 1,
since we explicitely remove the constant term and divide by z. Let us denote the
right-hand side for the moment by pir_;. By CAYLEY-HAMILTON the polynomial
evaluated at the nonsingular matrix Cj, gives

Xe(0) — xk(Ck) -1 x&(0) 4 —1
Thus we have found a polynomial of degree k — 1 taking the right values at k points
(counting multiplicity). The result is proven since the interpolation polynomial is
unique. 0O

We extend the definition and notation to trailing submatrices.

DEFINITION 4.2 (trailing interpolations of the inverse). The trailing interpola-
tions of the function z~' are defined for nonsingular Ciy1.; to be the interpolation
polynomials Ly, 1.x[27](2) of the function 2% at the RITZ values of the trailing sub-
matrices Ciy1., and are given explicitely due to the preceeding Lemma 4.1 by

Xi+1:%(0) = Xi41:%(2) -1

y O’
» Xi+1:x(0) 7
Liviklz™7(2) = X741:5(0)
a0 _o 44
Xi+1:x(0) ’ Y
_ _Ar(0,2)
Xi+1:6(0)

We are also confronted with interpolations of the singularly perturbed identity
function 1 — §,9, where 6.9(z) is defined by

&ddz{é:z;% (4.5)

DEFINITION 4.3 (interpolations of a perturbed identity). For nonsingular Cjy1.x
we define the interpolation polynomials L7y, [1 — 6.0](2) that interpolate the identity
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at the RITZ values of the trailing submatrices Ci41.x and have an additional zero at
the node 0 by

Xi+1:£(0) — Xi4+1:£(2 _
L[l = 0z0] = - k;lil-k(é;rl = = Lip1xlz7 ]2 (4.6)

The last equality in equation (4.6) better reveals the characteristics to be expected
from such a singular interpolation. We observe that the resulting polynomials are of
degree k — [ and behave like zk_l/det(ClH;k) for z outside the field of values of
Ciy1:x and like X7, 1.,(0)z/ det(Ci41.1) for 2 close to zero. These observations help to
understand how (Q)OR KRYLOV subspace methods choose RITZ values.

4.1. Residuals. It is well known that in unperturbed KRYLOV subspace meth-
ods the (Q)OR residual vector 7 is related to the starting residual vector by the
so-called residual polynomial Ry (2), 1, = Ri(A)re, which is given by

- —1y _ Xxk(2)
Ri(z) = det(l, — 2C, ") = <+ (0)

This result is a byproduct of the following result that applies to all abstract perturbed
KRYLOV subspace methods (1.1).

THEOREM 4.4 (the (Q)OR residual vectors). Suppose an abstract perturbed
KRYLOV method (1.1) is given with g1 = 7o/||rol|. Suppose that Cy is invertible
such that the (Q)OR approach can be applied. Let xj denote the (Q)OR iterate and
r, =19 — Axp the corresponding residual.

Then

(A) = x141:£(0)
Xlk(o)

k )
ri = Ri(A)ro + [frol Y ey XA fi. (4.8)

=1

Suppose further that all Ciy1. are reqular. Define Riy1.x(2) = Xi+1:£(2)/X1+1:£(0).
Then

]‘,3
re = Re(A)ro + Y 2k L7141 = 020](A) fi
=1
k
=Ri(A)ro — Zzlk Riy1:x(A) fi + Frz.
=1

REMARK 4.1. The last line of equation (4.9) is a key result to understand inezact
KRYLOV subspace methods using the (Q)OR approach. As long as the residual polyno-
mials Ry, and Rit1., are such that the corresponding terms decay to zero, or at least
until reaching some threshold below the desired accuracy, the term Fyz; dominates
the size of the reachable exact residual.

Proof. Again, our starting point is the KRYLOV decomposition

chk — AQk = —qk+1ck+1’ke£ + Fk (410)
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We compute the residual by applying zx/||7o|| = C} ‘e from the right,

k

Tk —Ck+1,kRkk 2k,
= k1 + ) i (4.11)
[roll I7oll 2 Iroll

We represent the inverse of —C}, in terms of the adjugate and the determinant,

T .
ik T 1 e; adj(—Chr)er c1:—1X1+1:(0)
—_— = —e —C e = — = — . 4.12
roll ~ 1 O = e 1 (0) (12
Thus,
T Cl:k ~ cr—1Xi41:6(0)
_ - Xir1:1(0) 413
ll7oll X1:k(0)%+1 Z x1:x(0) 0 (4.13)

=1

When we insert the representation of the next basis vector from equation (2.2) we
obtain equation (4.8). When Cj 1. is regular and thus x;41.%(0) # 0, the first line of
equation (4.9) follows with equation (4.12),

Xi+1:k(A) = Xi41:6(0) (_ C1;11Xl+1:k(0)) . (Xl+1:k(0) - Xl+1:k(A)>
X1:1(0) x1:1(0) Xi+1:k(0)

= k20l = 8.0)(A), (4.14)
||7“0||

where we have used the definition of the interpolation of the perturbed identity from
equation (4.6). The last line follows, since

C1:1—1

Risr(2) = 1= 2Lz )(2) = 1 = L0 14ll - 820)(2) (4.15)

and thus £ ., =1—Ryy1. O

4.2. Iterates. In this section we shift our focus to the iterates zp = Qrzr. We
prove that the iterates are connected to a simple polynomial interpolation problem.

THEOREM 4.5. Suppose that Cy, is reqular. Define z, = C} 'eq||ro|| and denote
the kth (Q)OR iterate by x = Q2.

Then
k
— Al+l:k:(07A)
o = L[z (A)ro — || Cliy_1—————> 1. 4.16
k klz7 7 1(A)ro — || 0\\; 1:—1 e (0) fi (4.16)
Suppose further that all Ciy1.;; are reqular.
Then
k
o = Lilz (Ao — >z Logrk[z'(A) fi. (4.17)
=1

REMARK 4.2. This proves that the kth iterate is a linear combination of k + 1
approzimations to the inverse of A obtained from distinct KRYLOV subspaces spanned
by the same matriz A and different starting vectors, namely roy and {lekfl}f:l, the
latter changing in every step.
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Proof. We know that xp = Qrzr = Z?:l gjZjkx- Inserting the expression for the
basis vectors given in equation (3.18) and the expression for the elements z;; of 2
given in equation (4.12),

Z Xj—1( Xg+1 1(0)

qn
|7"0H
o (4.18)
B Z(u 1X14+1:5—1(A)xj41:£(0) f
j=11=1 (0)
We switch the order of summation according to Zle Zfz_ Zz 1 S j=i+1- By
Lemma 3.5,
k
> Xirrj-1(A)x+1k(0) = Aiprk(0,4)  VI=0,1,... k. (4.19)
j=l+1
Thus, equation (4.18) simplifies further to
k
x Ar(0, A Aj1.6(0, A
bo— it ) q — Zﬁ;zaLH fi (4.20)

ol xx(0) —

Now, equation (4.16) follows from equation (4.2). Similarly to the transformation
used in the case of the residuals, when Cj41.; is regular and thus x;41.4(0) # 0, by
equations (4.12) and (4.4),

Ai1:e(0,4) (1 cramaxivie(0) (1 Aigas(0, 4)
v () ()
= o LA,

Cl:i—1

(4.21)

we obtain equation (4.17). O

4.3. Errors. We derive two theorems that give an explicit expression for the
error vectors x — xp. In Theorem 4.6, A is supposed to be regular and we set z =
A~ 'ry. In Theorem 4.7, A is allowed to be singular and the inverse is replaced by a
generalized inverse. Due to the polynomial structure we use the DRAZIN inverse and
we set = APry. For the use of the DRAZIN inverse in the unperturbed case we refer
the reader to [6].

THEOREM 4.6 (the (Q)OR error vectors in case of regular A). Suppose an abstract
perturbed KRYLOV method (1.1) is given with g1 = ro/||rol|. Suppose that Cy is
invertible such that the (Q)OR approach can be applied. Let xy, denote the (Q)OR
solution and r, = rqg — Axy the corresponding residual. Suppose further that A is
invertible and let x = A~ 'ry denote the unique solution of the linear system Ax = rg.

Then

k
(x — zr) = Ri(A)(z — 0) + ||ro]| Z C]:lilAlJrl:k(O, A)

L I fi. (4.22)

Suppose further that all trailing submatrices Ciy1.5, L = 1,...,k — 1 are nonsingular.
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Then

k
(@ — 2x) = Ri(A) (@ — 0) + >z Loganlz (A fi
=1
k
=Ri(A) (@ —0) = > zix Ruganlz J(A) A fi + A Frzye,
=1

(4.23)

Proof. The results (4.22) and (4.23) follow by subtracting both sides of equation
(4.16) and the first line of equation (4.17) from the trivial equation z = x and the
observation that Lx(z) = (1 — Ri[271](2))z~1. The last line uses the similar trans-
formations £;41.£(2) = (1 — Ri+1.6[z271](2))2 7! to express the error terms in residual
form, which results in the additional term +A~'F}z;,. O

When A is singular, we can not use the equation L£;(z) = (1 — Ri[27(2))z
to simplify the expression for the iterates. Instead, we split the relations into a part
where A is regular and another where A is nilpotent. Afterwards, both parts are
added to obtain an overall expression.

THEOREM 4.7 (the (Q)OR error vectors in case of singular A). Suppose an
abstract perturbed KRYLOV method (1.1) is given with g1 = ro/||ro||. Suppose that Cy,
is invertible such that the (Q)OR approach can be applied. Let xy, denote the (Q)OR
solution and r, = ro — Axy, the corresponding residual. Set x = APry where AP
denotes the DRAZIN inverse.

Then

-1

(JJ - $k) = Rk(A)(LL' — 0) — £k[2_1](A)V0VOHT0

k
Ai1:1(0, A) (4.24)
+ |7 11— J1-
7ol ; ) fi
Suppose that all Cyy1. are regular.
Then
) k
(x — 2k) = Ri(A)(z — 0) — L[z (A)VoViTro + Z zik Lisrk[z 7] (A) fi
=1
=Rp(A)(z—0)— Ek[z_l](A)VOVOHTO
(4.25)

k
- Z 2k Rusri[2 7] (A) AP fy
=1 k

+ Z 21k Li41:k [271}(14) VQ‘A/OHf[ + ADFk.Zk.
=1

REMARK 4.3. The term Ly[z=|(A)VoVif ro in equation (4.24) is small as long
as the starting residual has small components in direction of the partial eigenmatriz
to the eigenvalue zero of A and as long as no RITZ wvalue comes close to zero. This
is the reason why, at least under favorable circumstances, KRYLOV subspace methods
can be interpreted as regularization methods.

Proof. We multiply the expression (4.8) for the residuals by the DRAZIN inverse
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to obtain

k
%(A) = Xi41:1(0
APy = Ri(A)APro + [[ro]l > ey X’“"‘(Xz k (83’“*( Lar, (4.262)
I=1 o

k
A/+1;k»(U,A)
=Ri(A)(z—0) + E ] ——————
k( )(x ) HTOH =1 i Xlk(o)

Now, APr, = APry — AAPz, = x — PPx;,, AAP = PP and thus we have proven

AAP . (4.26b)

k
Ar1.:(0, A
z— PPy, = Ry(A)(z —0) + [[ro] > :clzllli(ll'i((()))PDfl. (4.27)
=1 S

We use the expression (4.16) for the iterates times the projection I — PP,

(I — PPYay = L[z (A)(I — PP)rg
k

||70|\; e 1) (I—=P7)fi (4.28)

Equation (4.24) follows by subtracting equation (4.28) from equation (4.27) and
rewriting (I — PP)ro = VoV ro. The first line of equation (4.25) follows from equa-
tion (4.21). The remaining part of equation (4.25) follows from a similar splitting, we
reformulate equation (4.26a) using the identity

X+t (A) = xi41:6(0) — xige(A) = xig1:6(0)
[rollcri— = —ZIk
X1:%(0) Xi+1:k(0) (4.29)

= —Zlk (Rl+1:k(A) - I)

and equation (4.28) using equation (4.21). Subtracting the reformulated equations
and rewriting the terms (I — PP)f; = VoV f; gives the remaining part of equation
(4.25). 0O

The terms preventing a convergence of the (Q)OR iterates to the vector x = AP
can only become large when some RITZ values come close to zero. In that case the
vector zj should be modified to have no components in the directions to very small
R1TZ values to regularize the iterates. For further investigation we remark that only
the smallest oyax = max,{o(0, )} monomials of the interpolation polynomials of the
inverse are active, since the JORDAN box Jy of A to the eigenvalue zero is nilpotent
with ascent opmax and for all £ > amax, Jg =0.

5. Linear systems: (Q)MR. The (Q)MR approach is used to approximately
solve a linear system Az = r, when a rectangular approximation to A is at hand.
To better distinguish the (Q)MR approach from the (Q)OR approach we denote the
starting residual by r, instead of rg. Mostly, ry = ro. The (Q)MR approach in
context of KRYLOV subspace methods is based on the choice g1 = ry/||ry|| and the
prolongation z;, = Qyz; of the solution z; of the least-squares problem

ICrzi = llrolle; || = min. (5.1)

We call z;, the (Q)MR solution and z; the (Q)MR iterate. Since C}, is extended
unreduced HESSENBERG, obviously C), has full rank k. By definition of 7 and [12,
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Lemma 5.1, equation (5.5)], compare with [2, equations (3.4) and (3.8)], the extended
nonzero vector 7(0)7 spans the left null space of C},

(0 )Tck =2(0 )Hok = OZ (5.2)

The unique solution gz, of the least-squares problem (5.1) and its residual tj are given
by

2, = lrollCher,  w =eyllroll = Cuzi = llroll(Tes — CrClhler.  (5.3)

We call the residual tvj of the HESSENBERG least-squares problem (5.1) the quasi-
residual of the linear system Az = r;. The residual r; of the (Q)MR approximation
2, = Qrzy, is related to the quasi-residual as follows,

ry =1 — Azp = Qrireq |10l — AQrzy, %

= Qk+1(§1||£0“ - Qkék) + Fkék = Qk+1tk + Z flélk- (5'4)
=1

To proceed, we construct another expression for the least-squares solution z;, and the
quasi-residual vg.

LEMMA 5.1 (the vectors z;, and tk) Let C), € C*+DXE be an unreduced extended
upper HESSENBERG matriz. Let C’ 1 E Ck*k denote the regular upper triangular
matriz C,, without its first row, and let Mk+1(0) denote the inverse of —C} 7, |, compare
with [12, Lemma 5.4 and Theorem 5.5].

Then
x50
(Mk:A-I-l (O))l] = Cl:j ’ = (55)
0’ I > ja
Ee _{(, A 2(0) n u . 2(0)
= MLO)EoE ™ it pop ®9

Proof. The expression for the matrix Mkﬁl is given in [12, Lemma 5.4] and is
included here merely for the sake of completeness. We first prove the expression for
the quasi-residual. The nonzero vector 2(0)H spans the left null space and C), has
full rank k. Thus, the matrix C' kC’ & is given by

2(0)2(0)*
lz©)I

By definition of v, equation (5.3), and since 71(0) = 1, the quasi-residual is given by
the expression in equation (5.6). The relation t;, = e;]|ryl| — Cr2; can be embedded
into

C.Cl =T — (5.7)

0
@ -C) (L) =n-cll

0 1~ M, (0)
= = ’ e —e1lroll)-
() <% Pt @) e eyl
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We remove the first column and use the fact that e; is in the null space of the matrix
with MkA_H(O) in its lower block to obtain the expression for z; in equation (5.6). O

When all leading submatrices C; are regular, which is the case, e.g. in the unper-
turbed CG method applied to a symmetric positive definite matrix A € R"*™ we can
rewrite part of the results of Lemma 5.1 in terms of the (Q)OR quantities as follows.

LEMMA 5.2 (the relation between z;, and z;, j < k). Suppose that all leading C},
j=1,...,k are reqgular and that ro = ;.

Then

k
_
>l (7)) .
=0 Ok=j 2 j=0 |2j11(0)]* 2
2k = Ly =

o EOE % moE (5.9)

where for convenience we interpret zg as the empty matriz with dimensions 0 x 1.

REMARK 5.1. The preceeding lemma states that the (Q)MR solution (iterate) is
a convex combination of all prior (Q)OR solutions (iterates). The representation of
(Q)OR solutions and (Q)OR iterates with interpolation polynomials suggests a repre-
sentation of the polynomials associated with the (Q)MR approach as convex combina-
tions of all corresponding prior (Q)OR polynomials. Because of the close relations,
the same holds true for the associated residual and perturbed identity polynomials.

Proof. The jth (Q)OR solution z; can be embedded into

0
(e =Cy) | = | =—cirsziein — el
Ok—j
C1:j (5.10)
= —— veit1 — allrol
le(()) J 11120
= ej+1 — e llroll-
17j+1(0) Jj+1 71”70"
Multiplication by |7j11(0)|?, summation over j and division by [|7(0)||* results in
k 0
Do OF | 2
=0 Ok—j 2(0)
—-C = - . 5.11
R O [ZOTER

The matrix (gl —Qk) is regular, which proves the first part of equation (5.9) by
comparison of equation (5.11) with equation (5.8). The second part of equation (5.9)
follows upon multiplication by Qj from the left. O

This indicates how the residual and other polynomials associated with the (Q)MR
approach might be constructed. The expressions given in the following apply also to
cases where the submatrices C; are not necessarily regular.

DEFINITION 5.3 (the polynomials R,, £, and L)). We define the polynomials
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Ry (2), Li[e7](2) and L1 = 8:0](2) by

Ry(2) = W (5.12)
kjll ﬁj 0 Cl:j— -1 —_Aj, 0,z
Lz "(z) = 25=1 %00 |D(10))|2< 1 )), (5.13)
]?i_lﬁjo f/jO—ﬁjz
LY[1 = 8.0)(2) = 2= (|1))((O)(|2) ( >). (5.14)

With these definitions,
Ri(2) =1 L3[1 = b.0)(2) = 1 = 2L, [z 1] (2),

o . (5.15)
deg(Ry.(2)) = deg(Li [l — d0](2)) = deg(Ly[z77](2)) + 1.
When all C; are regular, by inspection
Yo 71 (0)P Ry (2)

Ry(z) = EOIE , (5.16)

o o [ (0] £5[27Y(2)
fle e = ROF >4

y U 1 2L01 - 20]\%

L1 —b.0(2) = 2= i+ |((1)'/)(|0)|£;[1 0l(z) (5.18)

To better understand the interpolation properties of the polynomials defined in
Definition 5.3 we need another expression for the residual polynomial that gives more
insight. To obtain this expression, we need the following auxiliary simple lemma.

LEMMA 5.4. Suppose that A € C"*" is given. Let A,_1 denote its leading
principal submatriz consisting of the columns and rows indexed from 1 to n — 1.

Then

det(A + zeyel) = det(A) + zdet(A,_1). (5.19)

Proof. Equation (5.19) follows from the multilinearity of the determinant. O

We define the characteristic matrix of C} by *C, = zI, — C,. In the sequel
we need some knowledge about matrices of the form —CF*C, expressed in terms of
rank-one modified square matrices. It is easy to see that

H
—-cic, = —Cr T “Cr 7| = —CHC) + |cpr1kPerer.  (5.20)
T —Ck+1,k€}, —Ck+1,k€}, ’

We need the leading principal submatrix of size k — 1 x k — 1 of C{#C},, denoted by
(CH=Cy)g—1. Obviously,

(lezck)k—l :QquZQkfl- (5.21)

Now we can characterize the so-called quasi-kernel polynomials R, (z) further in
the following lemma and corollary, compare with [2, Theorem 3.2, Corollary 5.3].

LEMMA 5.5 (the quasi-kernel polynomials). Let *C) = zI, — C, denote the
characteristic matriz of C,. and define °C), = —C,.. Let letter u denote the eigenvalues
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of the generalized eigenvalue problem
Cﬁu:quHQku (5.22)
and let letter 9 = 1/p denote the eigenvalues of the generalized eigenvalue problem
CHe u=29CHq, (5.23)

where the algebraic multiplicity of p and ¥ is denoted by a(u) and a(1¥), respectively.
Then

Ro(e) = 2 HOBE)  H0)75() _ 60)75(e) _ de(CHC,)
ST S 00 ZOF(0)  (IZO0)[2 T det(CfOC),) (5.2
_ det(CiC), — 2Cf ot 2\ () '
de"Z(CZ :1;[1_2” "= 1;[(1_19)'

REMARK 5.2. It is an interesting observation that the matriz (Cy Cy)~*CH
occurs naturally as the “best” lower-dimensional approxrimation to the pseudoinverse
in the sense that

ClL, = (Ccy)'ciL, = (i c) 'l (5.25)
Especially,
R =det(l — 2C, 1 5.26
k( ) det(Qka) ( k —kfk) ( )
and
zp=Cle, = (CHC) O e, (5.27)

Thus, the ezgenvalues u of (C’kHC’k) YCH are related in this sense to the behavwr

of the matrix C The singular values of (Q,c C)~ 1019 interlace those of Ck, the

closeness of the two sets of singular values is related to the magnitude of cpy1 k.
Proof. We only need to prove the equation

S (0)7(2)  det(CHeC,)  det(-CHC,)

ZEH 2;(0)2;(0) B det(QkHOQk) - det(_QkHoQk)’ (5.28)

since the remaining parts of equation (5.24) consist of trivial rewritings. By iterated
application of Lemma 5.4 and equations (5.20) and (5.21),
det(—=C*C},) = det(=C*Cy) + [exr1,1]* det(—Ci17C,_y)
s (5.29)

k
= lejraalx (0)x;(2) = levw* Y 25(0)75(2)
=0 i=1

Similarly,

k+1
det(=C{°Cy) = ler* Y 25(0)74/(0). (5.30)
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Thus we have proven equation (5.28). O

In the following, we focus on the similarities and differences of the residual poly-
nomials Ry and R;,. To reveal the similarity, we state once again the following two
akin expressions for the residual polynomials,

Ry (2) = det(I, — 2Ci 1) and Ry(z) = det(I), — 2C; ). (5.31)

The residual polynomials Ry cease to exist when CY is singular, the residual polyno-
mials R, do always exist since by assumption (', always has full rank k. When the
polynomials Ry, exist they are of exact degree k. The degree of R, might be k —r for
any r in {0,...,k}. We show that the non-existence of certain residual polynomials
R; is related to a drop in the degree of R,. The precise conditions for a drop of the
degree by r are summarized in the next corollary.

COROLLARY 5.6 (the degree of R, (2)). The polynomial R, (z) has degree k —r
precisely when the matrices Cy,...,Cr_ry1 are singular and Cy_, is regqular, the
generalized eigenvalue problem (5.22) has zero as eigenvalue with multiplicity r =
a(0) and the generalized eigenvalue problem (5.23) has infinity as eigenvalue with
multiplicity r = a(00).

Proof. By definition the polynomials 7;;1(z) have exact degree j. A drop in
the degree of the polynomial R, (z) by r can occur only when the r trailing factors
Upta—r(0), ..., 0x4+1(0) are zero and the factor Dgy1-,(0) is nonzero. Thus, by def-
inition of #;(0), the matrices C,...,Cy_r41 are singular and the matrix Cy_, is
regular. Since Qf (), is regular, exactly k finite eigenvalues p counting multiplicity of
the generalized eigenvalue problem (5.22) exist. The zero eigenvalues obviously cause
the drop in the degree, thus » = «(0). The infinite eigenvalues of the generalized
eigenvalue problem (5.23) are the inverses of the zero eigenvalues of the generalized
eigenvalue problem (5.22). O

The inverses ¥ = 1/u of the eigenvalues p (counting multiplicity) are the so-
called harmonic RITZ values. The harmonic RITZ values are the eigenvalues of the
generalized eigenvalue problem 190,? U = Q,Ij Cu. There are precisely k — a(oo) finite
eigenvalues, the infinite eigenvalues case the rank-drop. The name follows from their
interpretation as harmonic mean to eigenvalues of A. In the general case these values
are not harmonic RITZ values of A, but of all Cj4p, £ € N.

5.1. Residuals. It is known that in unperturbed (Q)MR KRYLOV subspace
methods the residual vector r;, is related to the starting residual vector by r, =
R (A)ry. This result for the unperturbed methods is a byproduct of the following
result that applies to all abstract perturbed KRYLOV subspace methods (1.1). We use
the expression for the residuals r,,, the representation of the basis vectors {g; fill and
the representation of the quasi-residual t; and the vector z; to prove the following
theorem.

THEOREM 5.7 (the (Q)MR residual vectors). Suppose an abstract KRYLOV
method (1.1) is given with q1 = ro/||ryll. Let x;, = Qrz, denote the (Q)MR iter-
ate and r;, = ry — Ax,, the corresponding residual.

Then

. k k . i . .
r= Re(rg + L Y Y ppa( MmO )
=1 l

[0 = cis
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Proof. We use the expression for the residual given in equation (5.4),

k+1

T = Qry1t, + Z fizge = Z q;tik + Z fizie- (5.33)

and insert the expression (5.6) for the quasi-residual v; and the solution z, of the least-
squares problem obtained in Lemma 5.1. We already have noted that by Theorem 2.1
the basis vectors {g;}_, are given by equation (3.18),

j—1
q; = (Xl] ! >Q1+Z(Xl+lj ! )fz (5.34)

Cl:j—1 Cl:j—1

Putting pieces together results in

~ R, (A)r, + Lol ’fﬂ”ﬁ.m)wf
e AR TGO & &
[zl .
ot (0 M) 20 (5.35)

— Ryl + s D0 ppaa(0) M e Bl

Cl:j

Switching the order of summation according to 2% =0 S = Zl 1 Sk 4= Tesults in
equation (5.32). O

5.2. Iterates. By a direct multiplication of the by virtue of Theorem 2.1 known
basis vectors {g;}5_, and the explicit expression for the (Q)MR solutions z; we can
prove the following theorem.

THEOREM 5.8 (the (Q)MR iterates). Suppose an abstract KRYLOV method (1.1)
is given with 1 = ry/|lroll. Let z), = Qrz;, denote the kth (Q)MR iterate.

Then

k

z, = Ly, (A)rg |TOHQZ Z 7i+1(0 M Ji- (5.36)

N Cl.j
Jj=l J

Proof. We use equation (5.34) to obtain

Ly Z g 20k

lIroll HroH [I7oll

k
X1:-1( Xit1:0-1( N 2
-y ((R g 3 () )
= C1:0—1 Cle—1 lIoll
By application of Lemma 5.1, equations (5.5) and (5.6), we can write the elements
2y, of the vector z; in the form

(5.37)

—Xe41:5(0) 2;41(0)
B Z s O (5.38)
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Thus, by switching the order of summation and the alternate description of the ad-
jugate polynomials given in Lemma 3.5, equation (3.15),

k k
||2(0)||2 Xl@ 1 Xi+1:0— 1 _Xf-‘rl](o) )
vi11(0
lzoll z::z:: Clie—1 Z Clo—1 f ce.j +1(0)
ko k
— Z X1;z71(A) —Xe+1:5(0) . 0
a c1: c 7j+1(0) 1
/=1 ]:é 1:4—1 0:7
k k (-1 Yi . (A) w (0)
I+1:4—1 - 1:
RPN 250, 0
=1 j=¢ =1 1:0—1 025
k [/ § (5.39)
_ Xl:Efl(A) —X£+1;j(0) R
=22 X 5 (0)
=1 \imp et Ce:j
o (e Xrnei(4) —xe(0)
-1 —Xt+1: X A
2.2 < ) H(], | ' j 8 )V,i+1(0)fz
=1 j=I \f=I+1 “lil—1 0:5
k k=1 [ &
) — Al —Aps15(0,4) )
:ZVJ'H(O) Z ZZ’JH M £

We multiply by ||rol|/||Z(0)||* and insert £, [271](z) from its definition in equation
(5.13). Equation (5.36) follows since by definition Ay 1.5 =0. O

5.3. Errors. When the system matrix A € C"*" underlying an abstract per-
turbed KRYLOV method is regular, we define z = A~1r,. We can use both the theorem
on the residuals and the theorem on the iterates to obtain the following expression
for the errors z — x.

THEOREM 5.9 (the (Q)MR error vectors in case of regular A). Suppose an
abstract KRYLOV method (1.1) is given with g1 = ro/||roll. Let z,, = Qrz,, denote the
kth (Q)MR iterate and define x = A= 'r,.

Then

k

z -z, = Ry (A)(z - 0) HTOH Z Z 25 41(0 M Ji- (5.40)

Cl.4
v 1 l:j

Proof. We start with z = z and subtract equation (5.36). We group the leading
terms and use the identity

Ri(A)(z = 0) = (I = L[z |(A)A)z = z — Li.[27'](A)r,. (5.41)

This results in equation (5.40). O
When A is singular we use again the DRAZIN inverse. A splitting into the regular
and the nilpotent part like in the (Q)OR case proves the following theorem.
THEOREM 5.10 (the (Q)MR error vectors in case of singular A). Suppose an
abstract KRYLOV method (1.1) is given with g1 = ry/||rgll. Let ), = Qrzy;, denote the
kth (Q)MR iterate and define x = APr,.
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Then

z—x), = Ry(A)(z —0) — L, (A)VoViFr,

k k

.A (0, A
ZJT()” Z Z D:41(0 l+1:7(., ) fi.

Cl-;
v 1 =1 l:j

(5.42)

Proof. We start with 2 = 2 and subtract equation (5.36). The multiplication of
the DRAZIN “solution” z = ADzO by A results in

Ag = AADﬁo =70 — V()V()To. (543)

Thus a slightly modified variant of equation (5.41) holds for the DRAZIN “solution”
x, namely

Ri(A)(z = 0) = (I - L[z [(A)A)z

) B . (5.44)

=z — L[z [(A)rg + Li[z7 [(A)VoVoro.
Replacing the occurrence of x — £, [271](A)r, in the equation resulting from subtract-
ing equation (5.36) from z = z proves equation (5.42). O

6. Conclusion and Outlook. We have successfully applied the HESSENBERG
eigenvalue-eigenmatrix relations derived in [12] to abstract perturbed KRYLOV sub-
space methods. The investigation carried out in this paper sheds some light on the
methods and introduces a new point of view. This new abstract point of view on
perturbed KRYLOV subspace methods enables no detailed convergence analysis but
unifies important parts of the analysis considerably. In this abstract setting, without
any additional knowledge on the properties of the computed matrices Cy (C},), we
cannot make any statements on the convergence of, say, the R1TZ values, but the con-
vergence of the RITZ vectors and the (Q)OR iterates can be described independently
of the particular method under investigation in terms of the unknown RITZ values.
Even though we cannot compute bounds on the distance of the eigenvalues and the
computed RITZ values, Theorem 2.3, and its refinement Theorem 2.4, clearly reveal
that in case of random errors the RITZ values can only accidentally come arbitrarily
close to the eigenvalues of and that the occurrence of multiple R1TZ values is extremely
unlikely.

At least in the humble opinion of the author, the main achievement of the paper
lies not in working out the polynomial structure presented in the results, but in the
deeper understanding of most of the polynomials involved and their close connection
to approximation problems. In this sense the author has failed with respect to the
polynomials amplifying the perturbation terms in the theorems on the (Q)MR case.
Here is room for improvements.

Missing, mainly for reasons of space is the application of the results to a single
instance of a KRYLOV subspace method, which may be in the form of the derivation
of bounds, backward errors, convergence theorems or the stabilization of existing
algorithms or even the development of entirely new methods based on the abstract
insights given here. A detailed application of the results to the symmetric finite
precision algorithm of LANCzOS will follow.

The generalization of the approach of abstraction to KRYLOV subspace methods
not covered by equation (1.1) must be based on a corresponding generalization of
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the underlying results on HESSENBERG matrices. A typical candidate for such a
generalization are block HESSENBERG matrices which would allow for a treatment of
many block KRYLOV subspace methods.
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