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ABSTRACT This paper addresses the optimization of distributed compression in a sensor network. A
direct communication among the sensors is not possible so that noisy measurements of a single relevant
signal have to be locally compressed in order to meet the rate constraints of the communication links
to a common receiver. This scenario is widely known as the Chief Executive Officer (CEO) problem
and represents a long-standing problem in information theory. In recent years significant progress has
been achieved and the rate region has been completely characterized for specific distributions of involved
processes and distortion measures. While algorithmic solutions of the CEO problem are principally
known, their practical implementation quickly becomes challenging due to complexity reasons. In this
contribution, an efficient greedy algorithm to determine feasible solutions of the CEO problem is derived
using the information bottleneck (IB) approach. Following the Wyner-Ziv coding principle, the quantizers
are successively designed using already optimized quantizer mappings as side-information. However,
processing this side-information in the optimization algorithm becomes a major bottleneck because the
memory complexity grows exponentially with number of sensors. Therefore, a sequential compression
scheme leading to a compact representation of the side-information and ensuring moderate memory
requirements even for larger networks is introduced. This internal compression is optimized again by
means of the IB method. Numerical results demonstrate that the overall loss in terms of relevant mutual
information can be made sufficiently small even with a significant compression of the side-information.
The performance is compared to separately optimized quantizers and a centralized quantization. Moreover,
the influence of the optimization order for asymmetric scenarios is discussed.

INDEX TERMS Chief executive officer, distributed compression, distributed source coding, information
bottleneck.

I. INTRODUCTION

DISTRIBUTED sensing plays an important role in
many areas. Smart environments, cities or homes

shall improve safety and comfort. Environmental monitor-
ing systems employ many sensors and fuse measurements
to infer relevant information. Narrow-band signaling and
low transmit powers often limit the available data rates and
require the distributed sensors to compress their data before
forwarding it to a common receiver. This leads to the well
known distributed source coding scenario.

Distributed Compression and the CEO Problem: In
information theory, distributed source coding has been
of interest for decades and significant progress has been
achieved in the past. The problem has been formulated in
various facets and different assumptions on the distribution
of variables and the distortion measure have been made. A
survey on distributed source coding can be found in [1]. It
discusses exemplary sensor networks and the separation of
source and channel coding as well as digital versus analog
sensing and transmission. The authors conclude that digital
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processing works fine for rich communication between sen-
sors while it requires exponentially more sensors in order to
achieve the same distortion as analog processing for limited
communication between sensors.
This contribution considers a generic distributed sensing

system whose optimization is known as the Chief Executive
Officer (CEO) problem. More precisely, a single source is
remotely sensed by multiple sensors. A direct communica-
tion among these sensors is not possible. Therefore, they
compress their noisy observations locally before forwarding
them to a common receiver over capacity limited links.
Many results exist for the quadratic Gaussian CEO

problem considering jointly Gaussian signals and the
mean squared error (MSE) distortion measure [2]–[5]. In [2],
an asymptotic version of the sum-rate distortion function is
analytically derived when the number of encoders goes to
infinity. Moreover, the MSE distortion was shown to decrease
asymptotically with the reciprocal sum-rate R for non-
cooperating encoders while it decays exponentially (2−2R)
for cooperating sensors [4]. The non-asymptotic case was
first investigated in [6] and the complete rate region of
the quadratic Gaussian CEO problem is characterized inde-
pendently by Prabhakaran et al. [3] and Oohama [7]. The
CEO problem for a multivariate Gaussian relevant process
under logarithmic loss distortion measure has been studied
in [8], [9]. For more details about outer bounds and rate
regions for this scenario the reader may refer to [10]–[12].
For arbitrary discrete source distributions and the log-

arithmic loss distortion measure, Courtade and Weissman
completely characterized the CEO rate region in [13].
Moreover, asymptotic analyses for an infinite number of
sensors have been performed in [14], [15]. Berger et al.
investigated the error rate performance for a discrete source
with the Hamming distance as a distortion measure and
exhibited an inevitable loss due to non-cooperating sen-
sors [14]. A scaling law on the sum-rate distortion function
for arbitrary distortion measures has been derived in [15].
Despite of the large recent progress, rate regions have been
characterized only for particular distributions of the relevant
signal and specific distortion measures and are generally still
unknown.
Information Bottleneck: Independently of the distributed

source coding problem, Tishby et al. introduced the
information bottleneck (IB) framework as an information
theoretic approach to optimize clustering or quantiza-
tion [16], [17]. In principle, a compromise between the
preservation of relevant information and the compression
is targeted. This trade-off can be controlled by a Lagrangian
optimization approach leading to a non-convex optimization
problem for which several IB algorithms exist [16]–[19].
Although initiated in different areas, a tight connection
between the CEO problem and the IB framework exists.
For the logarithmic loss function as a distortion measure,
the CEO problem can be formulated as a distributed IB
problem [20]. Meanwhile, a rich set of IB applications can
be found in communications [21]–[26].

Algorithmic Solutions: Algorithmic approaches to solve
the CEO problem have been introduced in [9], [27], [28].
Greedy algorithms are known to determine extreme points
of the solution space and their convex hull include also
intermediate rate tuples. Most solutions incorporate a mod-
ified Blahut-Arimoto algorithm which can be efficiently
implemented and exhibits a good convergence behavior,
but other solvers can be applied as well. As the algo-
rithmic complexity grows exponentially with the number
of sensors, solving the CEO problem for large networks
becomes challenging. First, the greedy algorithm needs
to consider all optimization orders to obtain the extreme
points of the solution space.1 Second, the dimensionality
of the involved probability mass functions (pmfs) depends
on the number of sensors and the required memory for
storing them grows exponentially. Therefore, this paper pro-
poses a novel approach to significantly reduce the memory
requirements during the optimization. The improvement is
achieved by compressing the side-information by means of
the information bottleneck approach. Particularly, a direct
and a sequential compression strategy are derived and eval-
uated. In this way the optimization can be performed even
for larger networks.
Structure and Notation: Section II provides a brief

overview on rate distortion theory and the IB method and
defines the basic notation. Afterwards, Section III intro-
duces the setup for distributed compression including the
definitions of outer and inner bounds on the CEO rate
region. The main contribution of this paper is presented in
Section IV. First an algorithm to solve the CEO optimization
problem allowing individual rate adjustments is introduced in
Section IV-A. This approach is further optimized to reduce its
memory requirements in Sections IV-B and IV-C. Section V
presents numerical results and Section VI concludes this
paper.
The following notation is used. Random variables are

denoted by calligraphic letters X ,Y,Z , their realizations
x, y, z are elements of the sets X, Y, Z with cardinali-
ties |X|, |Y| and |Z|, respectively. Vectors are denoted
in bold letters y = [y1 . . . yM]T and multivariate ran-
dom variables in boldface calligraphic letters Y,Z , with
Z<m covering only the processes Z1 to Zm−1. The terms
p(y|x), p(x, y) and I(X ;Y) represent conditional and joint
probability density functions (pdfs) (or pmfs for discrete
random variables) and the mutual information between
X and Y , respectively. Finally, EX

[
f (X )

]
represents the

expectation of a function f (x) with respect to the random
variable X .

II. RATE DISTORTION THEORY AND IB PRINCIPLE
A. RATE DISTORTION THEORY
Rate distortion theory goes back to the seminal work of
Shannon [29], [30]. While the entropy H(Y) of a discrete

1. For symmetric scenarios with identical signal-to-noise-ratios (SNRs),
link capacities and cluster cardinalities, the optimization order is not
important and complexity can be significantly reduced.
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FIGURE 1. Illustration of noisy source coding (remote sensing) for a single sensor.

random process Y represents the ultimate lower bound for
lossless compression, a lossy compression of Y to Z leads
inevitably to a distortion of Y . As opposed to clean sources,
the measurements are often noisy which is widely known
as remote sensing or noisy source coding [31]–[34]. The
system model for this scenario is depicted in Fig. 1. Here,
the quantizer input y is a noisy observation of a relevant
signal x and the distortion is measured between x and z. The
best trade-off between compression rate I(Y;Z) and the
average distortion EX ,Z [d̃(x, z)] is defined by the distortion
rate function

D(R) = min
p(z|y): I(Y;Z)≤R

EX ,Z
[
d̃(x, z)

]
. (1)

In (1), R is an upper bound on the compression rate.
Generally, the mapping of y onto z denoted by the pmf
p(z|y) is stochastic, i.e., p(z|y) ∈ [0, 1] holds. Using the
method of Lagrangian multipliers, the optimization problem
can be rewritten to

p(z|y) = argmin
p̃(z|y)

EX ,Z
[
d̃(x, z)

]
+ βI(Y;Z), (2)

leading to the implicit solution2 [33]

p(z|y) = e−dβ(y,z)

∑
z e
−dβ(y,z)

(3)

with

dβ(y, z) = 1

β

∑

x

p(x|y) · d̃(x, z)− log p(z)

= 1

β
EX |y

[
d̃(x, z)

]
− log p(z). (4)

The implicit equation in (3) can be efficiently solved by
an iterative Blahut-Arimoto algorithm [35]–[37]. In (2),
the Lagrange multiplier β serves as a trade-off parameter
between distortion and compression.3 The distortion d̃(x, z)
can be measured by different means. Its choice influences
the mathematical nature of the optimization problem, i.e.,
whether it is convex or not. Hamming distance, squared
Euclidean distance or the logarithmic loss function d̃(x, z) =
− log p(x|z) are just some examples.

2. The distribution p(z) also depends on the mapping p(z|y).
3. In contrast to the most publications, the Lagrange multiplier β is

placed in (2) in front of the compression rate I(Y;Z) instead of the dis-
tortion measure EX ,Z [d̃(x, z)] leading to the factor 1

β
in the exponent

defined in (4). This ensures a consistent notation when targeting distributed
scenarios.

FIGURE 2. (a) Illustration of the IB setup, (b) Exemplary IB graph.

B. INFORMATION BOTTLENECK METHOD
The information bottleneck method is a clustering framework
pairing concepts from machine learning and information the-
ory [17]. For the general setup depicted in Fig. 1, the IB
approach aims to optimize the mapping p(z|y) such that a
maximal relevant mutual information I(X ;Z) is preserved
while the rate constraint I(Y;Z) ≤ C is fulfilled, see also
Fig. 2(a). According to [16], this problem can be formulated
as a Lagrangian maximization problem

p(z|y) = argmax
p̃(z|y)

I(X ;Z)− βI(Y;Z) (5)

= argmin
p̃(z|y)

H(X |Z)+ βI(Y;Z). (6)

The equality in (6) holds due to I(X ;Z) = H(X )−H(X |Z)

and the fact that H(X ) can be skipped because it does not
depend on the mapping p(z|y). The comparison of (5) and (6)
with (2) reveals that the IB approach is a special formulation
of the remote sensing problem using the logarithmic loss
function d̃(x, z) = − log p(x|z) as a distortion measure whose
expectation is H(X |Z) = EX ,Z

[− log p(x|z)] [13], [20]. In
this case, distortion minimization means maximization of the
relevant mutual information I(X ;Z) for given H(X ). Since
I(X ;Z) and I(Y;Z) are convex functions of the mapping
p(z|y), (5) is a non-convex optimization problem having the
implicit solution in (3), now with the exponent

dβ(y, z) = 1

β
DKL

[
p(x|y)‖p(x|z)]− log p(z)

= 1

β
EX |y

[
log

p(x|y)
p(x|z)

]
− log p(z). (7)

In (7), DKL
[
p(x|y)‖p(x|z)] denotes the Kullback-Leibler

divergence. Again, the implicit solution can be efficiently
solved by an iterative Blahut-Arimoto like algorithm. It has
to be mentioned that the implementation of the algorithm
generally requires a discretization of y with an appropriate
fine resolution.
Equivalent to the remote sensing problem, the Lagrange

multiplier β in (5) serves as a trade-off parameter between
preservation of relevant mutual information and compression.
For β = 0, the optimization solely focuses on the preserva-
tion of relevant mutual information and yields a deterministic
clustering p(z|y) ∈ {0, 1}. This is very attractive from a
practical perspective because it allows an implementation
by static lookup tables [17]. In this case, the compression is
obtained by choosing |Z| < |Y|. For β > 0, the clustering
p(z|y) ∈ [0, 1] is generally stochastic. For β →∞, no rele-
vant mutual information is preserved and all values of y are
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FIGURE 3. Distributed sensor system with M sensors, a common receiver and
individual link capacities Cm .

mapped onto a single cluster index z. As the compression-rate
curve is a monotonic increasing function, a simple bi-section
search allows to adjust β such that a desired rate constraint
I(Y;Z) ≤ C is fulfilled. This technique will be applied in
Section IV to obtain feasible solutions of the CEO problem.
For a detailed review of IB algorithms the reader is referred
to [17].
When discretizing signal processing algorithms, IB opti-

mized lookup tables can be used to replace arithmetic
operations [21]. IB graphs [38] are a graphical tool to visu-
alize the decomposition of the algorithm and are exemplarily
illustrated in Fig. 2(b). The relevant random variable is
written inside the trapezoid which represents the IB com-
pression. Closely related to factor graphs, IB graphs denote
the involved random variables, i.e., the observations y1, y2
and cluster index z as variable nodes expressed by circles.
This paper will make use of IB graphs in Section IV-B
to derive a simplified architecture to efficiently compress
the side-information used in the Greedy Distributed IB
algorithm.

III. DISTRIBUTED SENSING SYSTEM
A. SYSTEM MODEL
Fig. 3 illustrates the considered system model. It consists of
M sensors each observing a noisy version ym = x + wm of
the relevant signal x. The noise processes Wm at the sensors
are assumed to be statistically independent yielding

p(y|x) =
M∏

m=1

p(ym|x). (8)

As all processes have a zero mean, the measurement

signal-to-noise-ratio (SNR) is given by γm = σ 2
x

σ 2
wm

, with σ 2
x ,

σ 2
wm denoting signal and noise variances, respectively. The

noisy observation ym of sensor m is quantized using the map-
ping p(zm|ym). The sensors transmit compressed versions of
the cluster indexes z1, . . . , zM to a common receiver over
capacity limited links with capacities C1, . . . ,CM .
In this distributed setup, sensors are not allowed to

exchange information. Instead, each sensor performs the

compression locally without having observed the other sen-
sor signals. However, the quantizers can be jointly designed
in order to optimize an overall fidelity criterion.

B. THE CHIEF EXECUTIVE OFFICER PROBLEM
Optimizing the distributed compression for a scenario
depicted in Fig. 3 is termed the CEO problem [14]. In the
literature, the two most popular distortion measures are the
mean squared error and the logarithmic loss function. For
the logarithmic loss function, the inner bound of the CEO
rate region with M sensors is defined in [13] as

I
(YS;ZS|ZS

,Q) ≤
∑

m∈S
Cm ∀ S ⊆ {1, 2, . . . ,M}

(9)

H(X |Z,Q) ≤ D. (10)

The corresponding outer bound is given by
[
∑

m∈S
I(Ym;Zm|X ,Q)+ H(X |Z

S
,Q)− D

]+

≤
∑

m∈S
Cm ∀ S ⊆ {1, 2, . . . ,M} (11)

H(X |Z,Q) ≤ D (12)

with [ · ]+ = max(0, ·). Both bounds are defined for any
distribution

p(x, y, z, q) = p(q)p(x) ·
M∏

m=1

p(zm|ym, q) · p(ym|x)

and it was shown in [13] that they match for this particu-
lar distortion measure. The rate constraints in (9) and (11)
must hold for any subset S ⊆ {1, 2, . . . ,M}. The maxi-
mum permitted distortion is defined by the parameter D.
Constructing the convex hull over all particular solutions by
means of time-sharing via parameter Q reveals the complete
CEO rate region for the log-loss distortion measure.

IV. ALGORITHMIC SOLUTIONS
A. GREEDY DISTRIBUTED INFORMATION BOTTLENECK
APPROACH
This section presents the Greedy Distributed Information
Bottleneck (GDIB) algorithm to determine feasible solutions
of the CEO problem [39]. As it is based on the inner bound
defined in (9) and (10), an obtained region does not rep-
resent the complete rate region but may be strictly smaller.
Moreover, time sharing is generally required to determine
the best Wyner-Ziv coding strategy [40], [41]. For notational
simplicity, Q is omitted in subsequent equations.

As mentioned above, the expectation of the logarithmic
loss function H(X |Z) can be replaced by the relevant mutual
information I(X ;Z). Hence, the optimization goal is to
maximize the relevant mutual information I(X ;Z) subject
to the rate constraints defined in (9). Having this in mind,
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the optimization problem based on the inner bound can be
reformulated to

max
P

I(X ;Z) s.t. I(YS;ZS|ZS
) ≤

∑

m∈S
Cm

∀ S ⊆ {1, 2, . . . ,M} (13)

with P = [p(z1|y1) · · · p(zM|yM)] being the set of
all mappings. According to [13], the compression rates
I(YS;ZS|ZS

) are supermodular set functions w.r.t. the sets
S [42], while the relevant information I(X ;Z) does not
depend on S. Therefore, the extreme points of the solution
space of (13) can be determined by a greedy approach and
the optimization problem becomes

max
P,π

I(X ;Z) s.t. I
(Yπ(m);Zπ(m)|Z<π(m)

) ≤ Cπ(m)

∀m ∈ {1, 2, . . . ,M} (14)

where π(·) denotes the optimization order. For each permu-
tation, the obtained solution represents a specific vertex of
the supermodular polyhedron and corresponds to a certain
Wyner-Ziv coding strategy. As the best optimization order
π∗(·) is not known in advance, (14) has to be solved for
all permutations π(·) of the set {1, . . . ,M}. This increases
the computational complexity exponentially with M. For the
sake of notational simplicity, the permutations are skipped
in subsequent equations. Using the method of Lagrangian
multipliers and applying the chain rule to I(X ;Z), the
optimization problem in (14) can be expressed by the target
function

LGDIB = I(X ;Z)−
M∑

m=1

βm · I(Ym;Zm|Z<m)

=
M∑

m=1

I(X ;Zm|Z<m)− βm · I(Ym;Zm|Z<m) (15)

which has to be maximized. Pursuing the greedy
optimization approach, the objective in (15) can be
decomposed into M target functions being successively
maximized.

L(1)
GDIB = I(X ;Z1)− β1I(Y1;Z1) (16a)

...

L(M)
GDIB = I(X ;ZM|Z<M)− βMI(YM;ZM|Z<M) (16b)

The first sensor is optimized by maximizing (16a) without
side-information of other sensors. Afterwards, its mapping
p(z1|y1) serves as side-information for the optimization of
the second sensor following the Wyner-Ziv coding strategy.
The last sensor M exploits full side-information of all other
sensors as indicated in (16b). The Lagrange multipliers βm
have to be chosen such that the individual rate constraints
in (14) are fulfilled. The objectives in (16a)–(16b) can be
solved by equating the derivative w.r.t. the mapping p(zm|ym)

to zero. The complete derivation for a particular sensor m

is given in the Appendix and delivers the update rule

p(zm|ym) = e−dβm (ym,zm)

∑
zm e
−dβm (ym,zm)

(17)

with the exponent

dβm(ym, zm) := EZ<m|ym
[

1

βm
· DKL

[
p(x|ym, z<m)‖p(x|z≤m

)]

− log p(zm|z<m)

]
. (18)

As described in Section II, this implicit4 equation can be
solved using an extension of the Blahut-Arimoto algorithm.

B. ONE-STEP COMPRESSION OF SIDE-INFORMATION
The derivations of the GDIB algorithm in Section IV-A hold
for any network size. However, a closer look at the definition
of dβm(ym, zm) in (18) reveals that the dimensionality of the
involved pmfs depends on the number of sensors in the
network. Since a linear increase in the number of sensors,
i.e., the dimensions of Z<m, leads to an exponential increase
in the number of elements in the representing data structure,
large networks may cause memory problems especially when
optimizing the last sensors. For a network with M = 10
sensors and cardinalities |X| = 4, |Ym| = 64 and |Zm| =
8 ∀m, the tuple (yM, z<M) for the last sensor has 64 · 89 =
8.59 ·109 elements. Thus, using 8 byte for double precision,
it needs 256 GiB to store p(x|yM, z<M).

To overcome this limitation for large networks, the strategy
is to compress the high dimensional Z<m onto a single
dimensional Z∗<m of appropriate cardinality |Z∗<m| using the
IB method. Since Z∗<m shall be nearly as informative about
the relevant signal X as Z<m, it can replace Z<m in the
definition of dβm(ym, zm). In turn, (18) can be rewritten as

dcβm(ym, zm) := EZ∗<m|ym
[

1

βm
· DKL

[
p
(
x|ym, z∗<m

)‖p(x|zm, z∗<m
)]

− log p
(
zm|z∗<m

)]
. (19)

The pmfs in (19) require much less memory than those
in (18) as will be demonstrated in Section V-F.
The extended Blahut-Arimoto algorithm optimizing the

quantizer of a particular sensor m with compressed side-
information is given in Algorithm 1. The input pmf p(z∗<m, x)
is determined in advance by one of the proposed compression
schemes discussed in the next paragraphs. The KL diver-
gence in (19) is determined in lines 6 to 10 by means of
the joint pmf p(z∗<m, zm, ym, x) calculated in lines 3 to 5.
The statistical distance dcβm(zm, ym) computed in lines 11 to
17 is used to update the quantizer mapping p(zm|ym). The
algorithm stops when a stopping criterion like the Jensen–
Shannon divergence [43] between the quantizer mappings of
successive iterations falls below a predefined threshold ε.
The compression of side-information z<m to z∗<m is

performed using the IB method with β = 0 to obtain

4. p(zm|z<m) and p(x|z≤m) depend on the mapping p(zm|ym).
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Algorithm 1: Blahut-Arimoto-Like Algorithm With
Compressed Side-Information

input : m, p(ym, x), pinit(zm|ym), βm, ε, p(z∗<m, x)
output : p(zm|ym)

1 begin
initialization:

p(zm|ym)(0)← pinit(zm|ym),

l← 1
2 do

3 // calculate p(z∗<m, zm, ym, x)
4 p(z∗<m, zm, ym, x) = p(z∗<m|x)p(zm|ym)p(ym, x)
5 p(z∗<m, ym, x) =∑

zm p(z
∗
<m, zm, ym, x)

6 // KL-Divergence DKL of (19)
7 p(x|z∗<m, ym) = p(z∗<m, ym, x)/p(z∗<m, ym)

8 p(z∗<m, zm, x) =∑
ym p(z

∗
<m, zm, ym, x)

9 p(z∗<m, zm) =∑
x p(z

∗
<m, zm, x)

10 p(x|z∗<m, zm) = p(z∗<m, zm, x)/p(z∗<m, zm)

11 DKL =∑
x p(x|z∗<m, ym) · log p(x|z∗<m,ym)

p(x|z∗<m,zm)

12 // distance dcβm(zm, ym) (19)
13 p(z∗<m, ym) =∑

x p(z
∗
<m, ym, x)

14 p(z∗<m|ym) = p(z∗<m, ym)/p(ym)

15 p(zm|z∗<m) = p(z∗<m, zm)/p(z∗<m)

16 dcβm(zm, ym) =
∑

z∗<m p(z
∗
<m|ym) ·

[
1

βm
DKL − log p(zm|z∗<m)

]

17 // update quantizer p(zm|ym)

18 p(zm|ym)(l) = 1
∑

z e
−dc

βm
(zm,ym)

e−d
c
βm

(zm,ym)

19 l++
20 while DJS[ p(l)(zm|ym) || p(l−1)(zm|ym) ] < ε

deterministic mappings. We have investigated two different
implementations, the one-step compression scheme and the
sequential compression scheme.
The one-step compression scheme performs the compres-

sion in just a single step by mapping z<m directly onto z∗<m.
It is depicted in Figure 4(a) for a network of M = 6 sensors.
In this case, the side-information z<6 for sensor 6 consists of
5 variables which have to be compressed to z∗<6. The corre-
sponding algorithm is given in Algorithm 2. Note that the IB
algorithm in line 3 requires the joint pmf p(z<m, x), which
is determined in line 2. However, this joint pmf still depends
on the number of sensors in the network, and the one-step
compression scheme quickly becomes itself infeasible for
larger networks.

C. SEQUENTIAL COMPRESSION SCHEME
A solution to the curse of dimensionality provides a sequen-
tial compression strategy using a tree based structure. Here,
the IB compression is always performed for two variables
at a time starting with z1 and z2. The corresponding result
z∗<3 is obtained by Algorithm 3 and serves as an input for a

FIGURE 4. (a) one-step compression, (b) sequential compression of
side-information z<6 for sensor 6.

Algorithm 2: One-Step Compression of
Side-Information
input : m, p(zν |x) ∀ν < m, p(x)
output : p(z∗<m, x)

1 begin
2 p(z<m, x) = p(z1|x) · . . . · p(zm−1|x)p(x)
3 p(z∗<m, x)← IB(p(z<m, x), β = 0)

Algorithm 3: Sequential Compression of
Side-Information z<3 for Sensor m = 3
input : m, p(z1|x), p(z2|x), p(x)
output : p(z∗<3, x)

1 begin
2 p(z<3, x) = p(z1|x)p(z2|x)p(x)
3 p(z∗<3, x)← IB(p(z<3, x), β = 0)

Algorithm 4: Sequential Compression of
Side-Information z<m for Sensor m > 3
input : m, p(z∗<m−1|x), p(zm−1|x), p(x)
output : p(z∗<m, x)

1 begin
2 p(z∗<m−1, zm−1, x) = p(z∗<m−1|x)p(zm−1|x)p(x)
3 p(z∗<m, x)← IB(p(z∗<m−1, zm−1, x), β = 0)

subsequent joint IB compression step with z3. Algorithm 4
represents the compression of side-information for all sensors
3 ≤ m ≤ M. Repeating this procedure for the remaining vari-
ables leads to the tree based structure depicted in Fig. 4(b)
for the example of M = 6 sensors.

V. NUMERICAL RESULTS
A. REFERENCE SYSTEMS
In this section, numerical results for the proposed algo-
rithms solving the CEO problem will be discussed. Their
performance will be compared to a hypothetical centralized
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FIGURE 5. Setup of central IB optimized quantization.

quantization depicted in Figure 5. Here, a single quantizer
having access to all measurements y = [y1 . . . yM]T per-
forms the quantization of y to a scalar index z described by
the mapping p(z|y). Technically, the compression is done
by assuming maximum ratio combining all samples ym,
which delivers a scalar sufficient statistics ỹ of y with an
SNR γ = ∑

m γm. The joint pmf p(x, ỹ) is then used to
optimize a scalar quantizer by applying the IB principle
described in Section II-B. The rate constraint to be met
is the sum of all individual link capacities

∑
m∈M Cm. We

denote this approach centralized IB (CIB). Since the com-
munication among sensors is not possible in the original
system model, the CIB approach provides a hypothetical
upper bound.
Moreover, the independent scalar optimization of the quan-

tizers applying the IB principle is abbreviated by IB and
serves as a lower bound. The major difference to distributed
compression according to Section IV is that no Wyner-Ziv
coding is applied, i.e., no side-information z<m is exploited
in the optimization.

B. INFLUENCE OF NUMBER OF SENSORS
First, a varying number of sensors is considered in a sym-
metric scenario, i.e., the measurement SNRs γm, the link
capacities Cm and the quantizer cardinalities |Zm| are iden-
tical for all sensors 1 ≤ m ≤ M. The measurement noise is
Gaussian distributed and the relevant signal is taken from
a uniformly distributed 4-ASK (Amplitude Shift Keying)
alphabet. The sum-rate Csum = ∑M

m=1 Cm was fixed to a
value independent of M. Consequently, the more sensors
contribute to the distributed sensing, the smaller is the indi-
vidually available capacity Cm = Csum

M of each forward link.
This represents a scenario where all M sensors equally share
a common medium in an orthogonal way and a round robin
fashion.
Figs. 6 and 7 illustrate the influence of the number of

sensors onto the relevant mutual information I(X ;Z) for
sum-rates Csum = 2.5 bit/s/Hz and Csum = 4.0 bit/s/Hz,
respectively. The gray colored area represents the non-
achievable region, since I(X ;Z) cannot exceed I(X ;Y) due
to the data-processing inequality. For γm = 8 dB, it can be
observed that independent scalar optimization of the quantiz-
ers (IB) looses relevant information with increasing number
of sensors. As the compression at each sensor has to become
stronger with growing M, the overall relevant information
decreases and it is beneficial to use less sensors with higher
compression rates. For low SNRs like γm = 3 dB, M = 3

FIGURE 6. Relevant mutual information vs. number of sensors for fixed sum-rate
Csum =2.5 bit/s/Hz, |X| = 4, |Zm | = 4 ∀m.

FIGURE 7. Relevant mutual information vs. number of sensors for fixed sum-rate
Csum =4.0 bit/s/Hz, |X| = 4, |Zm | = 4 ∀m.

and M = 4 sensors are slightly superior to only M = 2
sensors. However, a larger M leads again to a degradation.

Contrarily, the GDIB approach does not suffer from this
effect and I(X ;Z) increases with growing M. This result
demonstrates that joint optimization of distributed quantizers
leads to a significant gain compared to separately opti-
mized quantization. The CIB approach clearly outperforms
both other approaches as expected. It benefits most from an
increasing number of sensors while the GDIB approach gains
only moderately with growing M. This illustrates the limita-
tion of non-cooperative distributed quantization not allowing
an exchange of information between different sensors. A
comparison of Figs. 6 and 7 reveals that the described effects
are qualitatively similar for different sum-rates.

C. INFLUENCE OF SUM-RATE
Fig. 8 illustrates the relevant information versus the sum-rate
for a symmetric scenario. Please note that due to |Zm| = 4
and M = 5, a sum-rate Csum ≥ 10 does not require
lossy compressions with stochastic mappings p(zm|ym) at
the sensors. Only in this region the independent scalar IB
optimization achieves the same relevant information as the
GDIB approach. For smaller sum-rates, it performs worse.

VOLUME 2, 2021 1273



STEINER et al.: REDUCED-COMPLEXITY OPTIMIZATION OF DISTRIBUTED QUANTIZATION

FIGURE 8. Relevant mutual information vs. sum capacity for a symmetric scenario
with M = 5 sensors, |X| = 4, SNRs γm ∈ {3, 8} dB and |Zm | = 4.

Furthermore, the comparison with the centralized quantiza-
tion shows again the loss of distributed compression which
is largest for moderate sum-rates between 2 ≤ Csum ≤
4 bit/s/Hz. For large sum-rates, the gap between CIB and
GDIB illustrates the asymptotic loss of non-cooperative
versus fully-cooperative distributed compression.

D. OPTIMIZATION ORDER FOR ASYMMETRIC
SCENARIOS
Next, the influence of the optimization order, i.e., the Wyner-
Ziv coding strategy is investigated. As no variations in the
results for different permutations can be observed in sym-
metric setups, two asymmetric scenarios for M = 4 sensors
are analyzed. In the first scenario, sensors with bad SNRs
γm also have low link capacities Cm, whereas in the second
scenario sensors with bad SNRs have high link capacities
and vice versa.
Fig. 9 illustrates the relevant information for M = 4 sen-

sors and all permutations π(·) of the set {1, . . . , 4} using the
GDIB algorithm. In the blue case, bad SNRs coincide with
low link capacities and only minor differences regarding the
achieved relevant mutual information can be observed. It
seems that the Wyner-Ziv coding strategy does not have a
big impact onto the result for this scenario. For the oppo-
site red case, the overall performance is worse than for the
blue case. This observation can be expected because accurate
measurements have to be strongly compressed while unreli-
able measurements can contribute little to the overall result
even if the corresponding link capacities are high. Moreover,
significant differences occur between different permutations.
Even though no clear conclusion about the optimal coding
strategy can be drawn from Fig. 9, it seems that starting with
the best measurement SNRs but strongest compression leads
to worse performances. Contrarily, best results are achieved
when sensors with high SNRs are optimized after those with
small SNRs.

E. COMPRESSION OF SIDE-INFORMATION
In this subsection, the compression of side-information (SI)
during the quantizer optimization is analyzed. Fig. 10 illus-
trates the uncompressed side-information I(X ;Z1:n) (NC,

FIGURE 9. Relevant mutual information for non symmetric scenario with M = 4
sensors, SNRs γm = [2, 4, 6, 8] dB and |X| = 4 using GDIB optimization.

dotted lines) as well as one-step compressed (OC, solid
lines) and sequentially compressed (SC, dashed lines) side-
information I(X ;Z∗1:n) versus the sequential compression
steps n when optimizing the last sensor M = 10. Note that
I(X ;Z∗1:n) just represents the side-information available for
the optimization of sensor M, not the overall relevant mutual
information I(X ;Z) after optimizing all sensors. Naturally,
the side-information is independent of n for NC and OC.
Moreover, the loss between compressed and uncompressed
side-information becomes smaller for growing cardinality
|Z∗|. For the sequential compression scheme, the amount of
side-information principally increases with each additional
sensor. However, for low cardinalities |Z∗|, the compressed
side-information saturates early and a significant gap remains
to the one-step compression performance, which serves as an
upper bound. This can be explained by an accumulation of
compression losses. Increasing the SI’s cardinality to only
|Z∗| = 12 makes this loss very small for the considered
scenario.

F. GDIB PERFORMANCE WITH COMPRESSED
SIDE-INFORMATION
Fig. 11 illustrates the influence of compressed side-
information on the overall performance. It depicts the
relevant mutual information I(X ;Z) versus the number of
sensors in the network. The black dashed-dotted curve rep-
resents the result for an individual scalar IB optimization
of each quantizer without considering the mappings of other
sensors, whereas the black dotted curve represents the GDIB
approach without compressing the side-information. They
serve as lower and upper bounds, respectively. As already
discussed in Section V-B, the GDIB approach preserves more
relevant mutual information than the scalar IB case. In fact,
the GDIB gains with increasing number of sensors and out-
performs the scalar IB case for all M even with compressed
side-information.
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FIGURE 10. Compressed side-information versus sequential compression steps
considering the last sensor; symmetric scenario: M = 10 sensors, sum-rate
Csum =2.5 bit/s/Hz, SNRs γm = 8 dB, |X| = 4, |Ym | = 64 and |Zm | = 4; No
Compression (NC), One-Step Compression (OC), Sequential Compression (SC).

The solid curves represent the Greedy Distributed
Information Bottleneck (GDIB) approach with one-step
compressed side-information (OC). The comparison to the
uncompressed GDIB curve illustrates the general loss due to
compression of side-information. Due to stronger compres-
sion for growing M with fixed Csum, more side-information
for the quantizer optimization is required to preserve the
relevant mutual information. If this side-information is not
available due to low |Z∗|, the overall performance degrades
with growing M. With increasing |Z∗|, the loss compared
to the uncompressed case decreases. The required cardi-
nality of Z

∗ depends on the number of sensors in the
network. For the considered network with up to M = 12
sensors, a relatively small number |Z∗| = 12 seems to be
sufficient.
The dashed lines depict the Greedy Distributed

Information Bottleneck approach with sequentially com-
pressed side-information (SC). As already shown in Fig. 10,
this approach generally performs worse than the GDIB with
OC because the successive compression scheme leads to an
accumulation of individual compression losses. Increasing
the cardinality |Z∗| reduces these losses in relevant mutual
information and allows to approach the performance of the
uncompressed case. Compressing the side-information to
only |Z∗| = 12 clusters results in a negligible loss in relevant
mutual information. In the scenario with M = 12 sensors,
|Z1:11| = 411 = 4194304 holds when optimizing the last
sensor. Using 8 byte for double precision and |Y| = 64, it
needs 8 GiB to store p(x|yM, z<M). Note that increasing the
cardinality |Zm| would lead to an exponential increase of the
memory requirements. In contrast, it only needs 24 KiB for
storing p(x|yM, z∗<M) with |Z∗| = 12.
Finally, Fig. 12 depicts the relevant mutual information

I(X ;Z) versus the measurement SNRs γm in dB for differ-
ent cardinalities |Z∗| and a network size of M = 7. Again,

FIGURE 11. Relevant mutual information versus number of sensors; symmetric
scenario, sum-rate Csum =2.5 bit/s/Hz, SNRs γm = 8 dB, |X| = 4, |Ym | = 64 and
|Zm | = 4; One-Step Compression (OC), Sequential Compression (SC).

FIGURE 12. Relevant mutual information versus SNR γm in dB for symmetric
scenario and sum-rate Csum =2.5 bit/s/Hz, M=7, |Ym | = 64 and |Zm | = 4; One-Step
Compression (OC), Sequential Compression (SC).

the cardinality of the relevant signal and the number of
output clusters are |X| = |Z| = 4. All sensors share a sin-
gle channel with a sum-rate of Csum = 2.5 bit/s/Hz. The
black dotted curve depicts the upper bound, i.e., it represents
the uncompressed GDIB approach. Naturally, increasing
SNRs lead to growing relevant information. Moreover, the
accumulated loss due to the sequential compression of
side-information increases for larger SNRs. To overcome
these losses, higher measurement SNRs require a larger
cardinality |Z∗|.

G. INFLUENCE OF RELEVANT SIGNAL
Figure 13 illustrates the loss in relevant mutual information
�I(X ;Z) = I(X ;Z) − Ic(X ;Z) due to one-step com-
pression (OC) or sequential compression (SC) of side-
information versus the cardinality |Z∗| for different alphabets
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FIGURE 13. Compression loss �I(X ; Z ) vs |Z∗|; Symmetric scenario with M = 12,
sum-rate Csum =2.5 bit/s/Hz, SNRs γm = 8 dB, |X| =2, 4, 8, |Ym | = 64 and |Zm | = 4;
One-Step Compression (OC), Sequential Compression (SC).

of the relevant signal X . It can be observed, that the
compression does not introduce any error for a 2-ASK,
independent of the cardinality |Z∗| and the compression
scheme. This is different for the 4-ASK and the 8-ASK.
The solid lines represent the loss introduced by one-step
compression. As expected, it is smaller than for sequential
compression depicted by dashed lines. With increasing cardi-
nality |Z∗| the difference between the compression schemes
becomes smaller and the general loss introduced by com-
pression gets very small. In this simulation, no significant
difference between the mappings 4-ASK and 8-ASK can be
observed. However, for higher sum-rates Csum the achiev-
able relevant mutual information increases, which might also
affect the compression loss in relevant mutual information
using larger cardinalities |X|.

VI. CONCLUSION
This paper derives an algorithmic solution for solving
the CEO problem based on the well known IB princi-
ple. The GDIB algorithm optimizes the quantizer mappings
successively and exploits already optimized mappings as
side-information. The proposed algorithm substantially out-
performs independently IB-optimized quantizers and benefits
from a growing number of sensors which is not the case for
the latter for fixed sum-rates. Moreover, the loss of dis-
tributed compression compared to centralized quantization
is discussed. Since the complexity of the GDIB algorithm
becomes infeasible for larger networks, side-information is
sequentially compressed during the optimization process
ensuring the feasibility even for larger network sizes. The
loss in terms of relevant mutual information compared to the
uncompressed case can be made arbitrary small for moderate
cardinalities of the compressed side-information. Naturally,
the optimal cardinality depends on the network size, on the
measurement SNRs of the individual sensors and on the
relevant random variable X .

APPENDIX
DERIVATION OF GDIB SOLUTION
The solution for sensor m that maximizes the optimization
problem in (16a)-(16b) can be found by equating the
derivative of

L(m)
GDIB = I(X ;Zm|Z<m)− βmI(Ym;Zm|Z<m) (20)

w.r.t. p(zm|ym) to zero. Note that the mapping p(zm|ym)

obviously influences both terms, I(X ;Zm|Z<m) and
I(Ym;Zm|Z<m). We will now derive the derivatives for all
mutual information terms.
1) Derivative of I(X ;Zm|Z<m): The relevant mutual

information in (20) can be rewritten such that the desired
mapping occurs explicitly.

I(X ;Zm|Z<m) = EX ,Z
[

log
p(zm|x, z<m)

p(zm|z<m)

]

=
∑

zm

∑

ym

p(zm|ym)
∑

x

p(x, ym)

× log
∑

a∈Ym

p(zm|a)p(a|x)

−
∑

zm

∑

ym

p(zm|ym)
∑

z<m

p(ym, z<m)

× log
∑

a∈Ym

p(zm|a)p(a|z<m) (21)

The derivative of (21) delivers

∂I(X ;Zm|Z<m)

∂p(zm|ym)

=
∑

x

p(x, ym) log p(zm|x)

+
∑

x

⎡

⎣
∑

ym

p(zm|ym)p(x, ym)

⎤

⎦

︸ ︷︷ ︸
=p(x,zm)

p(ym|x)
p(zm|x)

−
∑

z<m

p(ym, z<m) log p(zm|z<m)

−
∑

z<m

⎡

⎣
∑

ym

p(zm|ym)p(ym, z<m)

⎤

⎦

︸ ︷︷ ︸
=p(z)

p(ym|z<m)

p(zm|z<m)

=
∑

x

p(x, ym) log p(zm|x)

−
∑

z<m

p(ym, z<m) log p(zm|z<m)

=
∑

z<m

p(ym, z<m)
∑

x

p(x|ym, z<m) log
p(zm|x)
p(zm|z<m)

. (22)

Exploiting the Markov property X → Ym → Zm and the
independence of Zm given x, the argument of the logarithmic
function can be extended to

p(zm|x)
p(zm|z<m)

= p(zm|x, z<m)

p(zm|z<m)
= p

(
x|z≤m

)

p(x|z<m)
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= p
(
x|z≤m

)

p(x|ym, z<m)

p(x|ym, z<m)

p(x|z<m)
. (23)

The second ratio in (23) can be dropped because it does not
depend on p(zm|ym) and its contribution can be incorporated
into the Lagrange multiplier βm. The insertion of the first
ratio into (22) yields the contribution of the derivative of the
relevant mutual information
∂I(X ;Zm|Z<m)

∂p(zm|ym)

→−
∑

z<m

p(ym, z<m)
∑

x

p(x|ym, z<m) log
p(x|ym, z<m)

p
(
x|z≤m

)

= −
∑

z<m

p(ym, z<m)DKL
[
p(x|ym, z<m)‖p(x|z≤m

)]
. (24)

2) Derivative of I(Ym;Zm|Z<m): With the definition of
the conditional compression rate

I(Ym;Zm|Z<m) = EYm,Z
[

log
p(zm|ym)

p(zm|z<m)

]

=
∑

zm

∑

ym

p(zm|ym)p(ym) log p(zm|ym)

−
∑

zm

∑

ym

p(zm|ym)
∑

z<m

p(ym, z<m)

× log
∑

a∈Ym

p(zm|a)p(a|z<m), (25)

its derivative becomes
∂I(Ym;Zm|Z<m)

∂p(zm|ym)

= p(ym) log p(zm|ym)+ p(ym)
p(zm|ym)

p(zm|ym)

−
∑

z<m

p(ym, z<m) log p(zm|z<m)

−
∑

z<m

⎡

⎣
∑

ym

p(zm|ym)p(ym, z<m)

⎤

⎦

︸ ︷︷ ︸
=p(z≤m)

p(ym|z<m)

p(zm|z<m)

= p(ym) log p(zm|ym)−
∑

z<m

p(ym, z<m) log p(zm|z<m). (26)

3) Fusion of Derived Parts: Combining the result in (24)
and (26) delivers the complete derivative

−
∑

z<m

p(ym, z<m) · DKL
[
p(x|ym, z<m)‖p(x|z≤m

)]

− βmp(ym) log p(zm|ym)

+ βm
∑

z<m

p(ym, z<m) · log p(zm|z<m) = 0. (27)

Following the idea of Blahut and Arimoto [35]–[37], i.e.,
p(x|z≤m) and p(zm|z<m) are assumed to be independent of
p(zm|ym), (27) can be resolved w.r.t. the desired mapping of
sensor m leading to the self-consistent solution

p(zm|ym) = e−dβm (ym,zm)

∑
zm e
−dβm (ym,zm)

(28)

with

dβm(ym, zm) :=
∑

z<m

p(z<m|ym)

×
[

1

βm
DKL

[
p(x|ym, z<m)‖p(x|z≤m

)]− log p(zm|z<m)

]

(29)

= EZ<m|ym
[

1

βm
DKL

[
p(x|ym, z<m)‖p(x|z≤m

)]

− log p(zm|z<m)

]
. (30)
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