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Abstract

This thesis revolves around three key elements. The first one is the Finite Element Method. The
second is field coupling and consequently Coupled Problems. The third is Adaptivity. The Finite
Element Package PolyDE serves as the basis of conducting the necessary work, in order to implement
coupled physics modes and test adaptive algorithms on them.

Coupling effects are a central characteristic in the simulation of Microsystems. A general Partial
Differential Equation framework which has been applied to the PolyDE code, allows for the
simultaneous field-solution of multiple-field problems, once the respective physics mode has been
implemented. The effort towards the implementation shall be minimal. As an example, the same
framework is able to host piezoelectricity and incompressible fluid flow. The derivation of various
physics modes and the realization through the mapping of the material parameters to the PDE
coefficients of the general PDE, are presented as a major component of this report. In this thesis-
approach, only one global equation system of the type "Ax = b" is numerically solved for, in order to
simultaneously obtain field solutions for all the involved problem fields. There is no sequential
approach such as solve for one field first and then use the solution as the input to the second field
problem.

Based on the existing implementation of adaptive codes for single-field problems, this work goes in
the direction of extending their usability, by programming them to treat multi-field problems based
around the PolyDE general PDE structure. The complexities that immediately arise, such as the
common mesh and the non-common element orders for the different fields in multi-field problems,
indicate that this is an area that can offer a wide range of possibilities for further research. The
functionality of the developed h-adaptive multi-field algorithm, has been proven on all problem test
cases. The developed p-adaptive multi-field algorithm has behaved as expected. For the hp-adaptive
algorithms, the experimentation has provided initial results which are presented, and can be utilized
as a basis for future research in the quest for more sophisticated hp- generally applied algorithms,
that could ideally treat a wide range of problems, from wave to fluidic and others.
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1. Introduction

1.1. The Finite Element Method

The Finite Element Method (or FEM for short) is technically employed in order to
numerically analyze physical structures and phenomena and simulate their behavior. It can
find approximate solutions of Partial Differential Equations (or PDEs) and consequently field
plots can be obtained. In numerical effort terms, a field-level simulation (Figure 1-2) roughly
stands between a component simulation (Figure 1-1), and an atomic-level simulation [65].

C1

10 10e-12
v

Figure 1-1 SPICE representation of a 10pF capacitor with a plate potential difference of 10V
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Figure 1-2 Field solution obtained for a parallel plate capacitor of approximately 10pF under an applied voltage of 10V.
The two scales to the right of the plot denote the electric potential in Volts




Figure 1-1 and Figure 1-2 are meant to represent the same capacitor in the condition of a
plate potential difference of 10 Volts, but whereas in the component representation [71] there
is 1 Degree of Freedom (DOF), in the field representation [25] there are 1257 DOFs and this
means the system should be solved for 1257 unknown potential values.

The origin of the FEM can be traced back in the 1940s and some of the pioneers are
Alexander Hrennikoff [56], Richard Courant [27], Olgierd Zienkiewicz [133] and Boris
Galerkin [48]. The first technical application of the FEM was for structural analysis in the
1950s. Since that decade, the application range has been widened to a larger number of
phenomena. Some of these phenomena are: heat transfer, electromagnetism, gravity and fluid
flow.

In the present days, a wide range of FEM simulation programs is available for use. Some
of these programs are mainly commercial and some of them primarily serve research purposes
and their internal functionality can be freely investigated [84, 4, 29, 25].

1.2. Coupled Problems and their importance

In the finite element method, the term "coupled" can be employed among other usages, in
order to describe a type of multiple-field problems. A multiple-field problem is one where a
numerical solution to more than one field has to be obtained. At a first stage the solution to
these fields can be obtained independently for everyone, by neglecting any possible physical
interaction between them. At a second stage there may be a numerical setup where one field
influences a second one but the opposite influence is missing. This is then described as a
unidirectional coupled problem. The third stage is the situation where a field influences and is
also influenced by the other field in a bidirectional manner. In the last case the problem is
fully coupled. Table 1-1 makes use of two fields, the temperature (T') and the electric potential
field (@), in order to demonstrate the three points that were just mentioned.

Table 1-1 Multiple-field problems categorized in three types, based on the existence of coupling effects

Uncoupled T -
- P

Unidirectional Coupling T T <O
- P

Bidirectional Coupling T T«
DT P

For multiple-field problems where the number of fields is larger than 2, defining the type
of coupling is trickier. If there is at least one field that influences and is simultaneously
influenced by another one, then this type can be classified as a bidirectional but not fully




coupled problem. If all fields influence and are also influenced by every other field, then this
is a fully coupled problem. Table 1-2 demonstrates these points by taking into account the x-
displacement field (uy), the y-displacement field (u,,) and the temperature field (T).

Table 1-2 Three-field problem with bidirectional and full coupling

Bidirectional Coupling Uy Uy < Uy u, «<T
Uy & Uy Uy u, «T
- - T
Full Coupling Uy Uy < Uy u, «<T
Uy & Uy Uy u, «T
T « u, T <u, T

The importance of coupled field problems, lies in the fact that today many miniaturized
devices, such as fuses, diodes and transistors, need to be comprehensively studied and
modeled before they reach the market. For example the reliability of a transistor can be
predicted more accurately if the thermal strain and stress fields are simultaneously modeled
with the temperature field. The manufacturer can more accurately indicate that if transistor
"X" ran at a constant 70°C, then it would have a lifetime of three years. If it ran at a constant
40°C, then it would have a longer lifetime. Although the reliability of such a transistor can
also be tested physically in the laboratory, modeling considerably reduces the development
and physical testing costs.

Additionally, the simulation of coupled problems plays a very important role in the
microsystem industry. Microsystem devices heavily take into account the interaction between
fields. For example the mixing ability of a microfluidic mixer can be controlled by electrodes
that produce an electric field in the region of fluid flow. Another example is a thermal
actuator, where the mechanical displacement is influenced by the temperature field.

1.3. Adaptive methods for finite elements

As mentioned in Section 1.1, the finite element method can obtain approximate solutions to
partial differential equations. Approximate means, that the solution cannot numerically
reproduce the physical field with 100% accuracy. The question that arises then is how
accurate the solution is and furthermore, what can be done to improve it and hence improve
the reliability of the numerical simulation.

For the accuracy judgment, mathematical constructs have already been produced which are
called "error indicators". Additionally, for the improvement of the solution at the critical areas
of the field, techniques have already been implemented which are described as "adaptation
techniques". The purpose that an adaptation technique serves is to balance between solution
accuracy improvement and computational resources.




1.4. Motivation

Having the possibility to simultaneously solve for many fields is advantageous in the
modeling of devices, however it greatly increases the number of DOFs and hence the
computational complexity and effort. The scope of this thesis is to not only implement and
experiment with multi-field physics modes on a general framework, but also to produce
adaptive algorithms, apply them on this general multi-field framework and test their
functionality.

1.5. Chapters overview

The following chapter (Chapter 2), first presents a partially philosophical discussion on field
definition and then on multi-field problems and microsystems. It then proceeds by presenting
a literature review on comparable simulation techniques. The reason behind this first review
part, is to single out the finite element method from the rest of the techniques, in terms of its
direct multiple-field solvability. Once this is done, it presents a review on milestones of the
finite element method development, and intends to portray these milestones as motivation for
the work in the actual thesis. After that, the fundamental formulae behind the finite eclement
method are demonstrated in detail, and also how these formulae can be used in a coupled field
framework. The chapter closes by presenting the derivation of several multi-field physics
modes, and also their respective mapping to the general partial differential equation.

Chapter 3 first presents a review on error estimation and FEM adaptation methods and
their application on coupled problems by means of algorithm presentation. It then presents
aspects of the software package which is being developed internally at the institute [66]. It
displays some of its organizational features and it also discusses the necessity of the
integration of a more recent linear-equations-system solver package [35].

Chapters 4 and 5 present the results obtained after testing all of the newly implemented
multi-field adaptive algorithms on three coupled problems. The choice of the physics modes
for testing, was made in terms of their relation to microsystems and in terms of their
complexity. Each of the problems has at least three fields to be solved for and two of the
problems are nonlinear. The testing of complicated physics modes produced a large number
of result-figures. In order not to exhaust the chapters with these figures, many of them have
been placed in Appendix Al and Appendix A2, should the reader wish to investigate them.

Chapter 6 is a review of the achievements of the thesis work and makes suggestions for
further improvements and possible future additions to the internally developed software
package [66].




2. The Finite Element Method in Coupled Problems

2.1. Fields, coupled problems and wusage of comparable simulation
techniques in coupled problems

2.1.1. Field in physics

As already stated in Section 1.2, in the finite element method, the term "coupled problem" can
be used to describe a multiple-field problem. Before analyzing the importance of coupled
problems further, the definition of a field is first given. From the Encyclopaedia Britannica
[44]:

"field, in physics, a region in which each point is affected by a force"

Some types of fields are: the electric field, the magnetic field and the gravitational field.
When a charged particle is placed in the region of an electric field, it experiences an electric
force. When a particle with mass is placed in the region of a gravitational field, it experiences
a gravitational force.

Before proceeding to the presentation of various fundamental finite element formulations
later on in the chapter, a discussion that is to some extent philosophical, concentrates on the
distinction between two fields. These two fields are both related to motion but yet they are
considered separate. The first is the thermal field [70]. The scalar field quantity that is used to
describe it is the temperature. For a particle or a group of particles, the temperature is an
indication of the mean kinetic energy of the particle or particles, moving relative to the centre
of mass of the particle or the body which the particles are part of. A particle can be an atom,
whereas a group of particles can be a group of similar atoms or a molecule. The thermal field
indicates the thermal energy that is stored in the volume in which these particles exist.

The question that arises is what happens to a particle if it is introduced in the region of the
thermal field. If the temperature of the particle is the same as the temperature at the field point
of introduction, then nothing happens in the thermal sense. For a particle of different
temperature, the answer is that it will be forced to a change of its thermal energy. However,
unlike the electric force that will tend to accelerate or decelerate a charged particle in the
direction of the electric field, the tendency towards a new thermal equilibrium will alter the
temperature of the individual particle. If the temperature of the particle is higher than the
temperature at the field point of introduction, then energy will flow outwards from the particle
to the surrounding field. In the opposite case, the energy flow will be inwards.

The second field to look at is the velocity field. Unlike the thermal field which is scalar,
the velocity field is a vector field. In two spatial dimensions it has two scalar components,
whereas in three spatial dimensions it has three scalar components. This is because the




velocity field has magnitude like the thermal field, but it additionally has direction. The
laminar flow of water particles in a water channel can be described by the velocity field [106].
The velocity field is an indication of the kinetic energy of the flowing particles. If a zero-
velocity particle is placed in the region of the velocity field, it will experience a force that will
increase the speed of the particle and it will give a direction to its speed, hence velocity.

As stated earlier, the temperature is an indication of kinetic energy, and the velocity is as
well an indication of kinetic energy. Both quantities are concerned with kinetic energy but
they are different. The difference is the following: the temperature is concerned with
disordered motion or oscillation, whereas the velocity is concerned with ordered motion.
From this it is deduced that when a particle is placed in the region of a simultaneously thermal
and velocity field, it will experience both a thermal (disordered vibration) force and a velocity
(ordered kinetic) force.

From a simulation point of view, the simultaneous treatment of thermal and velocity field,
allows for the attainment of a higher degree of problem information and accuracy compared
to the treatment of only one field. Figure 2-1 demonstrates this point with a channel that has
two inlets and one outlet.

Inlet 1
Ty
V1 \A TO
Vo
Direction of flow
> Outlet
T,
L) /
Inlet 2

Figure 2-1 Double inflow, single outflow channel

Suppose that the total energy that is entering the channel from inlets 1 and 2 is already known.
From the simulation, the total energy that leaves the channel through the outlet is expected to
be obtained. Assuming that there are no friction losses between the fluid and the channel
walls, the energy entering the channel should equal the energy that is leaving the channel.
Therefore:




Exing + Etn1 + Exinz + Eta2 = Exino + Etno (2.1)

If the thermal field is neglected, then the only calculation that can be made is:

Exini + Exinz = Exino (2.2)

This automatically assumes that:

Eth1 + Etnz = Etno (2.3)

This assumption means that the problem is decoupled. It means that temperature does not
affect velocity. However, it is known from physics that temperature affects pressure and that
in a flow problem, a pressure gradient can affect the velocity of the fluid. Hence temperature
and velocity should be coupled. Therefore the assumption in (2.4), is more accurate than the
ones in (2.2) and (2.3).

ETotal,l + ETotal,Z = ETotal,O (2.4)

(2.4) allows for the conversion of thermal energy to ordered kinetic energy and vice versa.

Exin
Erh1
Exino
Erho
Exin 2
Ern2

Alternatively the problem of Figure 2-1 could be simulated on the atomic level. A model
for every atom in the flow channel, where each model would include information for the
overall motion of the atom, without distinguishing into vibration or flow motion could be
created. The difficulty with that approach is that it requires a huge amount of computational
resources, and that with modern day computers is an impossible task. The field simulation
aims to categorize the different types of atomic behavior and simulate these behaviors on a
large number of atoms collectively.




2.1.2. Multi-field problems

One term that is widely employed in the area of FEM simulation is "multi-physics". In [26] it
is stated that "it is a multi-physics world". Although there may be some argument that there is
only one physics governing our world, in the simulation sense, this term partially intends to
point to solution obtaining numerical procedures of higher complexity. The position of this
thesis is that the world is governed by a single physics but with multiple fields. For example
gravity and electromagnetism both belong to the wider physics context but they are separate
fields. They can both exist in the same space but each point in the simultaneous presence of
the two fields is affected by two forces, namely the electromagnetic and the gravitational. Any
usage of the term multi-physics in this thesis is considered purely in an engineering and
numerical analysis sense, since quite a number of simulation software companies and
engineers employ this term today. Table 2-1 mentions a few of these uses by picking out
"multi-physics" phrases from a few software packages.

Table 2-1 The usage of the term "multi-physics" in a few software packages

Software

Statement of interest Reference
Package

Multiphysics problems are encountered when the

ADINA response of a system is affected by the interaction [1]

between several distinct physical fields.
Multiphysics Solutions

ANSYS Simulation for the Real World. [5]
COMSOL With a mult1phys1cs'capable simulation tool, you can 126]
correctly capture the important aspects of your design.

Elmer Elmer is an open source multiphysical simulation [29]
software.

Through the years additional multiphysics capabilities
SIMULIA | have been added, such as fluid, thermal, and electrical [33]

couplings, to name a few.

According to a survey in [81], modeling and simulation of multi-physics problems can be
categorized into multi-field, multi-domain and multi-scale procedures. Multi-field denotes the
excitation of a system by more than one physical fields. The thermal expansion of a heated
metal block is an example of a multi-field problem that involves the temperature and the
mechanical displacement fields. Multi-domain denotes the interaction among continuum
representations of systems with significantly different properties through sharable boundaries.
One example of a multi-domain problem is the propagation of gas bubbles inside a liquid.
Multi-scale is used in order to denote different modeling length scales such as the meter and
the micrometer scale and the bridging (information passing) between these scales. One point
to note about [81] is that there is little emphasis on FEM.




To put the work of this thesis into the wider multi-physics context, one of the intentions is
to present a general mathematical formulation that allows for the solution of multi-field
problems with an arbitrary number of fields. There is reasonable suspicion that this is the
direction that a software package like [25] and others follow. However the internal workings
of many packages are not openly accessible. The formulation can be applied to different
length scales, however there is no focus on coupling and passing information between the
different length scales. The programming aspects and the algorithmic development that
accompany the mathematical formulation, focus solely on the finite element method. The
literature review in Section 2.1.4, aims to provide conclusive evidence deduced from the
research of various authors, as to why the alternatives to the finite element method are
considered to be weaker choices.

A chronological investigation into multi-field effects, reveals the discovery of the
thermoelectric effect in 1821, by Thomas Johann Seebeck [104]. Historically, this effect can
be described as one of the first, if not the first coupled-field phenomenon to be observed.
Seebeck discovered that a temperature difference induces an electric potential difference and
hence a flow of electric current in a closed circuit configuration. In 1834, Jean Charles
Athanase Peltier [96] discovered the reverse effect, namely the Peltier effect. An electric
potential difference generating a current flow, can cause a temperature gradient.

Although Seebeck and Peltier discovered coupled field phenomena, they did not provide
any field formulations. The first scientist to do so was Claude-Louis Navier by presenting the
Navier-Stokes equations [22] for incompressible fluids in 1822. Further works on multi-field
formulations include electrodynamics by James Clerk Maxwell [76] and coupled
thermoelasticity by Maurice Anthony Biot [17]. Piezoelectricity was discovered in 1880 by
Jacques Curie and Pierre Curie [30]. It is a coupled field phenomenon involving the electric
field (electrostatics) and the mechanical displacement field. Magnetothermoelasticity [108]
invloves the magnetic, the thermal and the mechanical displacement fields.

The number of fields in present day multi-field problems can range from two up to
approximately five but it can vary according to the definition. Assuming the magnetic
potential to be a scalar quantity in a given problem, magnetothermoelasticity can be
considered to be a three-field problem in two dimensions and in three dimensions as well.
This consideration is done on the basis that the mechanical displacement (elasticity) field is a
single vector field. Alternatively it can be considered to be a four-field problem in two
dimensions and a five-field problem in three dimensions. This alternative consideration is
done on the basis that the 2D mechanical displacement in essence comprises of two fields
whereas the 3D mechanical displacement of three fields. The difference is that in the former
case, scalar and vector fields are mixed in the problem formulation, whereas in the latter case,
all fields are scalar, because vector fields are split into scalar field components in the problem
setup. In this thesis the second approach is used. The reason for doing so is adherence to an
approach that is as general as possible and consequently simplicity in the programming
implementation of new physics modes.




The paper [54] presents a classification scheme for coupled-field problems. It distinguishes
between geometrical, physical property, numerical method and time constant coupling. The
physical property coupling is done in terms of the material parameters and the source terms
according to this scheme. To put this thesis into perspective once more, out of the four
coupling types, of interest is the physical property coupling. This type of coupling can be
further grouped into three categories. The first category involves coupling in terms of the
material parameters, where for every field equation a material parameter adds a contribution
of another field quantity to this equation. To demonstrate this (2.5) and (2.6) are considered.
The former is a simplified form of the heat equation [70] whereas the latter is a current
density-electric field continuity equation [51] with a zero time derivative.

—V-AVT =0 (2.5)
where: A is the thermal conductivity
T is the temperature field
—V-oVd =0 (2.6)
where: o is the electric conductivity

@ is the electric potential field

The field quantities of (2.5) and (2.6) are uncoupled. To couple them the Peltier and Seebeck
coefficients are introduced [50]. (2.5) becomes (2.7) and (2.6) becomes (2.8).

—V-AVT — V- ollV® =0 2.7)
where: I1 is the Peltier coefficient
—V:0SVT —V:-oV® =0 (2.8)

where: S is the Seebeck coefficient

The second category involves coupling in terms of the source terms. An example of this
type of coupling is Joule heating [11]. In resistive heating as this phenomenon is also called,

the flow of electric current through a conductor releases heat. The heat produced is given by
(2.9).

q=JE (2.9)

where: ¢ is the produced heat
J is the current density vector
E is the electric field vector

10



The electric field is equal to the negative gradient of the electric potential as in E = —V®.
The current density is given by J = 6(—V® — SVT). By introducing the power term g of (2.9)
in (2.5), (2.10) is obtained.

—V - AVT = 6(=Vd)? + 6SVOVT (2.10)

In (2.10), the electric field appears at the right-hand side of the equation and at least in FEM
terms, right-hand side indicates source terms. The difference between the material parameter
coupling and the source term type of coupling is that the first one is linear whereas the second
one is considered non-linear. In field numerical analysis terms, linear translates to setting up a
system of equations once (a matrix system AX = b), whereas non-linear translates to setting
up the matrix system multiple times (and updating the source terms after every iteration in this
case).

The third category involves coupling in terms of dependent material parameters. In (2.5)
and (2.6), the thermal and the electric conductivity respectively both depend on the
temperature T. (2.11) and (2.12) include the dependency on T.

—V-AMT)VT =0 (2.11)

—V-o(T)VD = 0 (2.12)

This type of coupling is - similarly to the second one - non-linear and requires a non-linear
iterative type of solving, since with every temperature change, the material parameters and the
system of equations should be assembled again.

2.1.3. Coupled problems and microsystems

The description "microsystem devices" refers to miniaturized devices whose feature size
generally lies in the micrometer range i.e. one to one thousand micrometers. The total device
size however as a functioning system can be larger than one millimeter. These devices fall
into two major categories which are the sensors and the actuators. The sensors are employed
in order to sense (i.e. measure a physical quantity) whereas the role of the actuators is to act as
an energy converter and generate motion.

In Table 2-2 [64], various examples of coupled phenomena in microsystem applications
are presented. By looking at the mentioned field types in Table 2-2, one thing to note is that
there are separate table-cells for the definitions of the acoustic and the mechanical field types.
However, an acoustic wave in a solid medium can be regarded as a time-harmonic mechanical
displacement field type. In [120], a surface acoustic wave device has been simulated, by
considering two scalar mechanical displacement fields and a scalar electric potential field.
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The finite element method plays an important role in the simulation of coupled problems in
microsystems. In [74], a model of an acceleration sensor is analyzed by using finite element
simulation. The paper mentions acceleration (which is related to a force in structural
mechanics) and capacitance (electrostatics). One of the strengths of the finite element method,
especially when triangular elements are employed, is its flexibility in adapting to different
geometrical figures by discretizing them with high accuracy. This can be very important when
for example a comb-like sensor structure, with a high number of fingers, needs to be
simulated.

Table 2-2 Coupled fields and application examples in microsystems

Type of field | Mechanical Electric Magnetic Acoustic Fluid Thermal
RF MEMS . . . Micro switch
. . Micro switch Micropump
Micromirror . . Shape memory
. . Micropump Resonance and Microvalve .
Mechanical - Micromotor . microactuator
., Magnetic SAW sensors Pressure .
Capacitive . . Bimetal
. microactuator miCcrosensor .
microsensor microactuator
. . . Micromixer
. Piezoelectri Electromagneti . . Temperatur:
Electric iezociectiles - Cetromagnetic Microphone Micro flow crperature
Piezoresistivity microvalve . microsensor
1njector
Flow
C control .
. Magnetostriction . . Thermomagnetic
Magnetic Eneie Eddy current - Microsensor device &
Magnetic stress actuator
Gas
microsensor
. . . Magneticall Acoustic- .
. Surface acoustic Piezoelectrics | . .2 y . Thermoacoustic
Acoustic . induced - fluid .
wave in SAW . . microcooler
acoustic wave microsensor
Micro heat
. Fluid/solid Electrokinetic | Paramagnetic Acoustic-fluid exchanger
Fluid . . - >
interaction flow flow MHD pressure Flow microsensor
Ink jet head
Thermal Thermal stress Dielectric Joule heating Thermoacoustic | Heat . -
losses energy convection

Section 2.3 later in this chapter, demonstrates the adaptation of several coupled physics

modes to a general mathematical formulation. The scope of this arrangement is the
implementation of a global matrix that accommodates, not only the separate fields but also the
coupling effects. It is not clear why the author of [64] has positioned certain entries in the
upper parts of the table and other entries in the lower parts. The scheme for the actual thesis
however, is that just like in Table 2-2, where there is a split in upper and lower parts separated
by diagonal spaces, equivalently, there should be a split in the global matrix, in upper, lower
and diagonal parts. The upper and the lower parts of the global matrix should correspond to
the coupling effects.
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2.1.4. Comparable simulation techniques for coupled problems

This section presents and discusses some alternative methods that have thus far also been
employed in the numerical treatment of coupled problems. The formulation of the coupled
problems is meant to be given in terms of partial differential equations. Therefore, in most
cases, the methods under discussion are PDE targeting methods. To mention them in advance,
this section discusses the Finite Difference Method (FDM), the Boundary Element Method
(BEM), and the Finite Volume Method (FVM). The discussion is made by means of examples
that were considered in a literature search.

The exact purpose of the investigation in Section 2.1.4, is to single out the finite element
method, as the more appropriate method when regarding the direct solvability of coupled
problems in a single global matrix framework. Sequential field computations in coupled
problems in the following review are to be considered as a sign of weakness.

The finite difference method in coupled problems

In the paper [78], the finite difference method is employed in order to solve coupled blood
flow, plasma flow and chemical transport in a blood flow problem. The geometry of the
problem is divided into two computational domains, which are coupled through a boundary TI'.
The blood flow in the first subdomain is described by the Navier-Stokes equation system for
incompressible fluid flow. The plasma flow in the second subdomain is described by Darcy's
law. The chemical transport in the blood flow is modeled by a chemical concentration
equation which is called advection-diffusion equation.

The first part towards the solution of this problem is to make the flow equations (Navier-
Stokes) discrete, via a so-called explicit finite difference method. The point of interest for
discussion is the following. After a few steps of mathematical derivations and term
substitutions the authors come to an equation where the unknown quantity is the pressure. A
finite difference grid is set up from which pressure is computed. After obtaining the pressure,
they then use two of their earlier derived equations which link the two scalar fluid velocities
and the pressure, in order to calculate these velocities. This is already an indication for the
actual thesis work, that the suitability of the finite difference method for coupling multiple
fields is hindered, since from solving the Navier-Stokes equations alone, the solution process
has already become sequential. The second part towards obtaining the solution is solving a
simpler pressure equation which is derived from Darcy's law, for the second subdomain. Once
again, after obtaining the pressure, the two scalar flow velocities are calculated for the second
subdomain. This process is, similarly to the first subdomain process, sequential. For the
coupling between the two subdomains, the velocities and pressure of their common boundary
[ have to match. To do so, they use the pressure which is calculated from the first subdomain
as the boundary condition for the second subdomain. They then calculate the velocities for the
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second subdomain and use them back as a boundary condition to the first subdomain. There
are no overlapping fields, only sequential coupling through boundary conditions.

The impression from [78] is that the finite difference method has been employed in order
to solve a specific problem with a specific sequence of calculations. The methodology used in
order to solve this particular problem could have a modest reuse.

Concerning finite differences in coupled problems, the paper [86] is considered. The title
of this paper sounds general since it refers to coupled, nonlinear elliptic partial differential
equations, without mentioning some particular type of field. In the content of the paper they -
on an example basis - refer to coupling between two fields, the electric potential ¢ and the
mass concentration c¢. The coupling lies in the fact that the right-hand side of both equations
depends on the field quantities ¢ and c. For demonstration purposes they show a rectangular
grid on an xy plane. The unknowns are given ascending indices i in the x direction and
ascending indices j in the y direction. Nodes are equidistant in x and y. The interesting point
in their approach is that they create a vector of unknowns where the ¢ unknowns are placed
first, followed by the ¢ unknowns. One disappointing fact is that there is no investigation
about extending this method to three or even higher number of field problems. Furthermore
the computation starts for j = 1, by creating an equation system of 2NI equations with 2NI
unknowns where NI is the number of nodes along x. It then repeats for values of j > 1.
Already, this is a sequential procedure just to cover a two dimensional rectangular grid which
additionally gives no meshing flexibility like the finite element method would do. In addition
and since this is a nonlinear problem, nonlinear iterations are also required. The story
becomes already too complicated for a simple grid on a two-field problem and it would not be
worth trying to adapt this method to a higher number of fields.

Continuing with the review on finite differences in coupled phenomena, the paper [83] was
investigated. One thing to note in this paper, is that the authors state in the introduction:
"Many authors, when focusing on coupled phenomena problems, have adopted finite element
solution procedures". Although they do not analyze deeper into this statement, it is a good
indication that the finite element method had already started to gain ground in the treatment of
coupled problems compared to the finite difference method. Concerning the geometry of the
problem, although the authors do not provide a drawing, one can understand from the
indication of length and diameter in the model system parameters that a cylinder is being
analyzed. In their system of partial differential equations, in total they use four PDEs. One can
distinguish between four field quantities which are the pressure, the electric potential, the
molar concentration and the temperature. The solution plots obtained show the variation of
these four quantities along the length of the cylinder. These are not field plots but line plots.
After writing the derivative terms of the PDEs by using expansions in Taylor series they state
that "the equations of the numerical model result uncoupled and can be solved for each time
step". They point that in the solution procedure first the pressure is calculated, followed by the
electric potential, the concentration of species and the temperature. Overall this is once again
a sequential solving procedure and together with the inflexible finite difference grid, proves
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further the weakness of the FDM in developing into a general coupled problem solving
technique.

One more paper concerning finite differences and coupled problems to discuss, is the paper
[130]. The problem domain is rectangular and it is split into two subdomains. The upper one
is solid, whereas the lower one is fluidic. They use two equations, one of them being the
elastic dynamic equation for the solid and the other the Navier-Stokes for the fluid. The
interesting point is that they write both equations in a - as they call it - common form. This
indicates a kind of mapping the physical equations to some common mathematical equation
and this is as well of high interest for the work in the current thesis. The disappointing fact is
that they present different cells (equivalent to elements in FEM) for the solid and the fluid.
That means that they solve one equation in every subdomain without any field overlap and the
coupling is done through the internal common boundary condition.

From the sample of finite difference coupled problem papers that has been investigated, it
is evident that they have not indicated a general approach for multi-field problems. Although
one of them attempts to map the equations to a common mathematical framework, the
flexibility that the field overlap offers is missing in all of them. The suitability of FDM for the
general treatment of coupled problems was not proven.

The finite element method has some advantages compared to the finite difference method.
First it offers a better description of the problem geometry. The treatment of thin sections and
complex shapes is superior to the finite difference method. Additionally, the finite difference
method is not suited for adaptive grid refinement, with the same ease that the finite element
method is suited for adaptive mesh refinement. Also, the finite difference method necessitates
the generation of a large mesh (rectangular cells) and a large number of nodes, therefore, in
order to keep the computation cost as low as possible, lower approximation should be used
within each cell.

The boundary element method in coupled problems

In the boundary element related book [111], published in 1994, there is a statement that the
finite element method has enjoyed a huge popularity over the last twenty years because of its
applicability to a variety of different engineering problems. The author however, also makes a
case in what is seen to be supportive of the boundary element method. He argues that despite
the general applicability of the finite element method, this method has some drawbacks. He
mentions that models can be difficult and time consuming to build, check and change. Also
that it can be difficult to reach the required accuracy, particularly for problems involving
stress and other concentrations. There is a real danger - he mentions - of accepting results of
numerical analysis all too ready as the absolute truth.

It is worth noting that in the early nineties, personal computers typically had RAM space of
four to sixteen Megabytes. Nowadays, personal computers have a typical RAM space of
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approximately four to sixteen Gigabytes which is a three orders of magnitude increase. Surely
the boundary element method is more memory efficient when it comes to storing the problem
description, since the governing equations are reduced to contain only surface integrals and all
the volume integrals are removed by mathematical manipulation. On the other hand however,
the boundary element method gives rise to fully populated matrices, when the finite element
method gives rise to sparsely populated matrices.

In the paper [93], the boundary element method is applied in the analysis of fracture
mechanics in 2D anisotropic piezoelectric solids. One interesting comment to extract from the
paper's introduction is that the BEM is particularly suited to cases where the domain of
interest extends to infinity. Concerning the coupled problem approach, the piezoelectric
constitutive relations clearly form a coupled problem where the mechanical displacement and
the electric potential are the two coupled fields. In the treatment of the piezoelectric problem,
the constitutive relations are grouped into a single equation. However no general
mathematical equation is presented and no mapping of physics to mathematics is indicated as
it shall be done later in this thesis. Instead a very problem specific approach is followed where
Green's functions for anisotropic piezoelectric solids in an infinite plane, half-plane and two-
jointed dissimilar half-planes are used. Overall this is a specific type of problem for a specific
type of geometry.

The paper [3] presents the application of the boundary element method to 2D thermoelastic
contact problems. In the abstract of the paper, there is a statement that reads: "The stationary
heat conduction equations and the elastic ones, which are coupled through thermal resistance,
are solved independently by means of an iterative process". Clearly there is no generality in
this approach. The work is only intended for a specific type of problem.

In the paper [101] a boundary element method is developed in order to be applied to the
vibration of beams. The paper mentions arbitrarily shaped beam cross-sections in order to
mention generality. However there is no mention of generality in terms of a partial differential
equations.

In the further literature search concerning coupled problems with the boundary element
method, it was not possible to somewhere come across the application of a general multi-field
non-iterative technique. An additional remark is that exploration of more publication lists,
reveals a large number of texts on the combined use of finite and boundary elements, for
example [105]. This is a considerable indication that boundary elements alone are not
sufficient. Boundary elements need Green's function. Solving analytically for Green's function
becomes difficult for multi-field problems, if direct coupling is intended.
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The finite volume method in coupled problems

According to [52], finite volume methods are usually thought of as belonging to the class of
robust, but low order methods. When it comes to unstructured grids and higher order
accuracy, finite element methods are more convenient.

Searching in the literature using the "finite volume method" and "coupled problems"
keywords, reveals the paper [37]. It is stated that the numerical method that is presented, can
be used for both solid body stress analysis and fluid flow predictions, independently as well as
in a coupled manner. This statement indicates generality in the physics mode and flexibility in
the coupling. The number of problem types however is only restricted to 2. The general PDE
framework in the current thesis can accommodate a much broader range of physical
phenomena. Therefore the amount of generality in this paper is not sufficient. A further
statement reads: "The resulting set of coupled non-linear algebraic equations is solved by
employing a segregated approach, leading to a decoupled set of linear algebraic equations for
each dependent variable, with a sparse diagonally dominant coefficient matrix". It is clearly
indicated that the approach is segregated.

In the paper [85], a numerical method for the calculation of coupled electric and space-
charge density fields in electrostatic precipitators is presented. The idea of generality
concerning multiple physical phenomena is disregarded. The method employs as stated "an
iterative segregated solution procedure". Once again, there is no evidence of a direct and fully
coupled approach as the one in the current thesis.

In the paper [126], it is mentioned that "a general class of viscoelastic model is used to
investigate numerically the pattern and strength of the secondary flows in rectangular pipes as
well as the influence of material parameters on them". Although the paper mentions a coupled
equation system, it also mentions that "the main feature of the method is to split the solution
process into a series of steps".

From the sample of the discussed examples concerning coupled problems with the finite
volume method, as well as from the rest of the paper search in the literature, no indication of a
general enough technique that can deal with a wide range of physical problems was found.
This together with the mentioned comment in [52], can be used as supportive evidence in the
current thesis approach, in that the finite element method shall be the most appropriate
numerical method in order to pursue generality in the approach. Furthermore, as it was
mentioned earlier, various multi-physics FEM software are already floating on the market.
Even though in many cases these FEM software packages are closed-source, their existence in
the coupled problem market alone can form supportive evidence too. Overall, the finite
element method can handle not only geometry flexibility but multi-field problem flexibility at
the same time.
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2.1.5. FEM coupled problems and motivation behind the thesis approach

Having considered alternative numerical methods in the treatment of coupled problems in
Section 2.1.4, the actual section discusses the finite element method in coupled problems. It
does so in terms of historical development, as it aims to identify the milestone papers in
coupled problem treatment using FEM. In doing so, the actual thesis convention where
coupled problems implies multiple scalar fields, is adhered to. By this, a discussion on the
motivation behind the thesis approach is elaborated upon.

In the paper [131], the author presents his personal view on the origins, milestones and
directions of the finite element method. He mentions that the origins of the method lie in
aircraft structural engineering. With the scalar-field convention used in the actual thesis in
mind, this is a structural mechanics coupled problem. [131] discusses the derivation of a more
general finite element procedure wherein a set of discrete algebraic equations via a stiffness
matrix is assembled. In his particular discussion the strain and stress fields are presented as
vector fields, hence scalar field-coupling is present.

The paper [113] is considered as the start of the engineering finite element method. At one
point in the paper, the author extends Hooke's Law to two dimensions and mentions a matrix
of stiffness influence coefficients. Once again, two dimensions in a structural mechanics
problem is considered as a coupled problem. Consequently, the actual thesis introduces a
perspective where the engineering finite element method is already a coupled problem method
in its inception.

In the publication [6], which consists of a series of articles published in the mid 1950s, the
author considers elastic structures while taking thermal strains into his consideration. It is
noticeable that the author does not make an explicit reference to the finite element method in
his publication. As he mentions however, the most important contributions arising from his
articles are the matrix methods of analysis. Referring to that time (1950s), it is stated that
matrix formulation is ideally suited for modern automatic computation. This statement points
to the consideration of the author's work as an essentially finite element method development
but without the explicit reference to the method. The publication contains lengthy derivations
concerning matrix formulations. It is evident from his work and it is also a fact that in those
times, the processing power of computers was non-existent compared to modern standards. It
is a pity that there is a lack of the typical modern contour plots, as this would help visualize
the thermal field and clearly reveal the author's intention concerning the coupling effect.
Nevertheless, from his matrix equations alone, the coupling between elasticity and thermal
effects can clearly be noted at some points in his work.

In the journal article [110], a theorem for linear orthotropic thermoelastic solids is
presented. According to the authors, the displacement vector and a scalar stress variable are
considered as the mechanical state variables. They relate the scalar stress variable to
temperature change. In addition, they associate their formulation to the development of finite
element computer algorithms. The authors explicitly mention the constitutive equation which
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links the stress and strain tensors though a compliance tensor, and also the strain tensor and
temperature change through the thermal expansion tensor. The paper includes a sequence of
formulation derivations, however it does not contain any example plots, since it is clearly
titled as a theorem paper. Nevertheless, it is of importance for the actual thesis, since the
derivation of the thermoelastic physics mode in the internally-developed institute code,
focuses on a similar constitutive equation which links stress and strain through a stiffness -
instead of compliance - tensor.

An additional journal paper, which focuses on thermoelasticity is [67]. The paper makes
mention of a specific type of coupled problem, namely that of anisotropic incompressible and
nearly-incompressible thermoelasticity. The author employs the finite element method in
order to find solutions to two axisymmetric problem arrangements. The author presents the
equation linking the stresses with the strains through the anisotropic elastic constants, and the
stresses with temperature change though the anisotropic thermal expansion coefficients. In
order to change from a compliance to a stiffness type of equation in matrix notation, the
author mentions an inversion. What is of significance is that this paper produces plots of
stress values versus radial distance. No plots of temperature are produced, since the
temperature variable is only used in order to better approximate stress. Up to 12 elements are
employed towards obtaining the solution which is quite reasonable given the year of the paper
which is 1969.

According to [131], the wide application of the finite element method beyond structural
mechanics, occurs after 1965. In particular, the method was applied to the engineering area of
fluid mechanics. With regards to the actual thesis, fluid mechanics is also considered a type of
coupled problem.

In the article [87] which is dated from 1969, the author mentions the generation of finite
element models in the time domain, and certain problems in wave propagation, kinetic theory
of gases, non-linear partial differential equations, non-linear continuum mechanics and fluid
dynamics. This is a clear effort from the side of the author towards expanding the finite
element method and making it applicable to a greater set of problem types. Furthermore, of
interest is the mentioning of the mapping from global nodal points into appropriate local
points. Concerning finite elements in the time-domain, a scalar-valued function to be defined
on a four-dimensional space-time domain is mentioned. In a structural mechanics problem
that would mean three scalar displacement fields and a scalar time parameter. The scalar-field
approach of the author is compatible with the approach of the actual thesis. In the part of his
paper which is concerned with the kinetic theory of gases, a six-dimensional velocity-space is
mentioned. In that, there are three scalar field variables to denote the position of a molecule,
and another three to denote the velocity components of the molecule. Concerning the
application of the finite element method to fluid dynamics, the fluid velocity scalar-
components are considered to be the problem variables. [87] can be regarded as a milestone
paper in the treatment of coupled problems with the finite element method, even though no
problem test-cases are presented.
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A further study on the application of the finite element method to fluid flow was presented
in [90] in the year 1972. The authors at that time, noticed that there was great potential for the
usage of the finite element method in flow problems. On a side note and to make reference to
earlier comments in the actual thesis, [90] identifies Courant as the man who initiated the
discussion on the underlying ideas of the finite element method, and Turner et al. as the
formal presenters of the method. The paper produces results for a number of test problems. Of
interest is that the velocity plots are scalar and are separated into x-velocity and y-velocity
components. The actual thesis is in conformity with this scalar field representation.

In the finite element textbook [132], two classes of coupled problems are illustrated. The
fluid-structure interaction is characterized as a Class I problem by the authors. In this type of
problem, coupling occurs on domain interfaces via the boundary conditions imposed there. A
literature search reveals that research on the fluid-structure problem type, gains momentum in
the mid-1970s Even though this problem type creates a bridge between structural mechanics
and fluid-flow problems, there is a lack of overlapping fields. It forms a significant
contribution to the historical development of the finite element treatment of coupled
problems, however the actual thesis focuses on overlapping fields. The authors also define a
Class II problem, the one where the various domains overlap. In the Class II problem,
coupling occurs through the governing differential equations, describing different physical
phenomena. To demonstrate this problem type, the authors present a soil-pressure water
interaction example.

In the finite element related paper [88], discrete models of the linear and non-linear
electrothermomechanical behavior of continuous bodies are developed. The paper is dated
from 1971, which means that within 15 years since the engineering introduction of the finite
element method in 1956, the method had already expanded beyond the mainstream
mechanical and fluidic type problems to more ambitious problem areas. In the paper, long
theoretical derivations of formulae are presented. The coupling between the mechanical,
electrical and thermal fields in most natural phenomena is explicitly mentioned. Once again a
few sample problems are investigated which are limited mainly by the processing computer
power of that time.

In the publication [109], a numerical solution of the Navier-Stokes equations using the
finite element technique is presented. The authors portray the use of the method in fluid
mechanics as a relatively new innovation for that time. Additionally, they speak of FEM as
being advantageous compared to the finite difference method. They present two formulations,
one including the variables of velocity and pressure, and one using stream function and
vorticity. They come to the conclusion that the velocity-pressure formulation has been proven
to be more viable. The current thesis presents an implementation of the velocity-pressure
formulation too.

The paper [23] from 1974, is titled in a general manner as it presents various areas of
application of the finite element method. The author speaks of a great advantage concerning
FEM, in relation to the development of computer programs. He also refers to it as a general
numerical procedure for the approximate analysis of arbitrary structures and structural
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systems. The author demonstrates generality in terms of various engineering examples,
however most of these examples are of the structural mechanics type.

In the text [53], the finite element method is employed, in order to analyze the vibrations of
coupled fluid-structure systems. This paper serves to demonstrate expansion of FEM towards
further types of coupling. Even though, coupling effects are present in their publication, there
is deviation from the actual thesis work, in that the current concern lies in coupling
overlapping fields and not in coupling geometrical domains through boundary conditions.
Further work on fluid-structure interactions is presented in [39].

For the purpose of a few more brief references to coupled problems, further usage of the
finite element method is demonstrated in the paper [123] from 1991, for the treatment of
fluid-thermal problems in a sequential field computation manner. Additionally in [15] from
2000, a finite element survey for piezoelectric problems is presented which graphically
indicates the great expansion of FEM usage in this type of problems in the 1990s. In [114]
from 2004, FEM is utilized the treatment of microstructured optical waveguide problems.

Having identified a sample of papers in the previous paragraphs, which are concerned with
the finite element method in coupled problems, and having provided a discussion on them, in
the following text of the current section, the point of view of the actual thesis is summarized.
Already from the early stages of the introduction of the finite element method in structural
mechanics, the two-dimensional problem setups imply overlapping scalar fields and therefore
coupled problems. Soon suggestions for the expansion of the method to further problem types
follow. The problem area of fluid-flow is the one that perhaps catches the biggest part of the
research interest in the expansion of the engineering usage of finite elements. Almost
simultaneously, further types of coupling emerge such as electrothermoelasticity. The fluid-
thermal and fluid-structure coupling types also emerge soon. The finite element method also
expands to treat electromagnetic problems.

At around the early-1980s or even slightly earlier, the concepts of polynomial adaptation
and mesh refinement emerge as is mentioned in [9], and also in the citations from that paper
towards further literature. This emergence automatically implies a new finite element research
field on error estimation and polynomial or mesh adaptation. The majority of the research
papers that focus on finite element adaptation, apply their technique on a specific problem
type. Further information on error estimation and adaptation techniques is presented in
Section 3.1 later on in the text. The actual thesis aims to make a contribution on providing a
framework that is general enough in order to treat multiple types of coupled problems, while
at the same time be able to accommodate multiple adaptation techniques within the same
framework. The framework should consequently be able to apply the adaptation techniques on
a variety of physical problems. Attention is given to microsystem related physics modes,
namely the electrical, the mechanics and the fluidic application modes.

Before bringing the current literature review section to an end, findings from an
investigation into FEM applications with emphasis on coupled problems are also discussed.
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The functionality of FEM computer programs which possess comparable features to PolyDE
[66], are to be inferred as a source of additional motivation behind the actual thesis approach.

The paper [115] from 2007, introduces the Ap-FEM System called HERMES. In the words
of the authors it is a high-performance modular finite element system, employing multi-
physics and #p-FEM techniques, wherein the finite element technology is fully separated from
the physics of the solved problems. In the actual thesis, this separation is also present and it is
implied by the mapping of several physics modes to a general partial differential equation
which is mathematically solved for by the program. Furthermore, the webpage of the
HERMES software [55] displays a list with some of the package's characteristics. It can reach
a polynomial degree of 10, whereas PolyDE, thanks to previously conducted research [98],
can reach a polynomial degree of 20. HERMES can follow a multiple mesh approach for
coupled problems, whereas PolyDE shall entirely follow a single mesh and also single global
matrix approach for coupled problems. The motivation behind this decision is to avoid the
transfer of field-solutions between multiple meshes. Consequently this means that a coupled
problem that is linear shall be computed in a single step.

The dissertation [43] provides a brief discussion on open source adaptive hp-FEM software
applications. One of the mentioned applications is hp90 [94], which however seems to have a
focus on Maxwell problems and not a more general multiphysics aspect. One more mentioned
application is Concepts [45], then again it seems not to have a strong multiphysics aspect as
well. The document [43], apart from listing the aforementioned FEM applications, it also
acknowledges that it is itself a contributor to the HERMES software package. In the coupling
strategies section of the document, it is mentioned that all physical fields are computationally
treated as isolated problems and can be separately solved both in space and time. The overall
impression regarding HERMES, is that even though it seems to follow a development
direction that is closest to that of PolyDE, there is a lack of interest towards experimenting
deeper with the single global matrix approach.

The closed-source software COMSOL Multiphysics [25], does not provide exploration
access to the inner workings of their code. It is nevertheless possible to draw a few
conclusions from their reference manual [24]. In Chapter 16 of the manual, they describe
equation-based modeling. At one point, a general form PDE system is mentioned. It is
understood that in the case of several field variables (hence a coupled problem), a single
vector of unknowns is created where all the field variables are packed together. The system of
equations thus takes a form similar to that of a single-field problem. From this, it can be
further assumed that this is the approach that COMSOL follows with respect to the predefined
multiphysics program modules, and not just the general PDE module. The question as to how
COMSOL proceeds with manipulating and solving the coupled problems global equation
systems remains private to them.
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2.2. The coupled problems approach used in this thesis

2.2.1. Linear problems

The mathematical formulation of coupled problems is based on the following partial
differential equation [65].

—V-(Wu+yw)+pVu+au=f+V-g (2.13)

The field quantity u is a scalar field quantity. (2.13) corresponds to a single field problem.
The remaining terms of (2.13) are:

\Y material parameter rank-2 tensor
Y material parameter rank-1 tensor
B material parameter rank-1 tensor
a material parameter scalar
f source term scalar
g source term rank-1 tensor

To proceed in the creation of a coupled problem, at least two field quantities are needed. This
translates to at least two PDEs of type (2.13). For a two-field problem the mathematical
formulation looks as in (2.14).

=V (v Vu; +vyiug) +B,Vuy +oquy = f; + V- gy

2.14
=V (voVuy +y,up) + BoVu, +ou, = f, + V- g, @19

In (2.14) however, the coupling effects are not yet included. To allow for the coupling effects,
coupling material parameters are needed. If (2.14) is rewritten with the coupling effects
included, then (2.15) is obtained.

=V (v11Vuy + v11ug) + B11Vug + oqquq
=V (vi2Vu, +y12u;) + B12Vu, + agpu,

=f+V-9: (2.15)
=V (v21Vuy +v21uq) + B21Vuy + apquy .
=V (v22Vuy + v22u;) + B2V, + appu;

=f+V g,

To generalize (2.15) for an arbitrary number of fields, it is rewritten as in (2.16).

n
2(—v- (Vi +vijw) + By Vuj + agjw) = fi + V- g; (2.16)
j=1
i €[1,2,..,n]
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The number of fields in (2.16) is indicated with n. The coupling of the fields in (2.16) is done
in terms of the material parameters. This type of coupling is linear. The reason is that when a
system of equations is set up, no more than one iteration is needed in order to solve the
resulting matrix system.

Suppose that the computational domain Q that is shown in Figure 2-2 is given. This
domain has boundary conditions [ and I'y. At [y a Dirichlet boundary condition is imposed,
whereas at [y a Neumann boundary condition is imposed.

Figure 2-2 Computational domain Q with boundary conditions I, and I'y

AtFD u = up

At Ty vwu+yu+ g =uy+qu @17

At a Dirichlet boundary condition the field uis given a predefined value up, whereas at a
Neumann boundary condition, the normal of the divergence components of the PDE is given a
value equal to uy + qu.

The coupled form of the general PDE in (2.16) is written in the so called "strong form". In
the following, the derivation of the "weak form" is demonstrated. First the PDE is multiplied
by a test function v; (2.18). Then it is integrated over the domain Q (2.19). In (2.19), the
source term g is brought to the left-hand side of the equation.

n

Z(—V- (vijVuj + vijuy) + BijVuj + agjuy)vi = (f; + V- g, (2.18)
=1
i €[1,2,..,n]
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n
ff Z(—V- (vijVu; + vy + i) + By Vu; + oju;)v; dQ = ﬂ- fvid@ 5 19y
Q j=1 @

i €[1,2,..,n]

By applying Green's theorem (2.20) is obtained [65].

n n
jf Z(Vuvu] + yl]u] + gl')VVl' dQ — % Z(VUVU‘] + yl]u] + gi)VidF
Q Jj=1 r j=1

i '!)-l- Z(Bljvuj + aijuj)Vi dQ (2.20)
_ f f fivydQ
Q
i €[1,2,..,n]

In the following the setup process of one element matrix is demonstrated. To every
element, local and global geometrical nodes are assigned. The local nodes are assigned for the
purpose of building the element matrix, whereas the global nodes are used for the
accumulation of the element matrix entries into the global matrix. Figure 2-3 demonstrates an
example of a global-local correspondence of the node indices for one element.

Global geometrical nodes: Local geometrical nodes:

Figure 2-3 Global and local geometrical nodes indication of element 1

For a single-field problem, three DOFs should be assigned to a first order element. For a
multiple-field problem the total number of assigned DOFs is equal to the number of fields
times the number of DOFs for one field. That is assuming the element is of the same order in
all fields. Figure 2-4 demonstrates this assignment.
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Local DOF numbers:

1 3
Field 1:
Local geometrical nodes: 2
1 3 6
Field 2:
2 :
3n—2 F—m - 3n
|
Fieldn: |
3n—1 !

Figure 2-4 Local geometrical nodes and local DOF numbers for a multiple-field problem element

The weak form of the general PDE in (2.20) can be rewritten by introducing the general
Neumann boundary conditions. The treatment of the Dirichlet boundary conditions is done
directly in the element matrix equation system. In the n-field case withi € [1,2,...,n], the
Neumann boundary condition is given by:

n

n
Z(vijVu]- + Yl'ju]' + gl) "N = Uy + Z qi]-uj (221)
j=1 ]:1

By assuming that q;; = 0 when i # j, i.e. uncoupled boundary conditions, then:

n
Z(Vijvu]' + Yl]uJ + gl) ‘n = Un i + qiu; (222)

j=1

In (2.21) and (2.22), - n refers to the normal of the divergence components.
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By bringing (2.22) in (2.20), (2.23) is obtained.
n
jf Z(VUVU‘] + YUU.] + gi)VVi dQ — f(uN,i + qiui)vl-dFN
Q j=1 I'n
n
+ ff Z(BUVUJ‘ + ayu;)v; A (2.23)
Q j=1

= !J- fiv;dQ

i €[1,2,..,n]

The source terms can now be brought to the right-hand side (2.24):

n
J:l- Z(VUVU‘] + Yi]'u]')VVi dQ — f(qiui)vidFN
Q Jj=1 I'n
n
+ f f Z(BUVUJ + a;;u;)v; dQ (2.24)
o Jj=1

= jf fiVid.Q - J:l- giVVl-dQ + % uN’l'VidFN
Q Q

I'n
i €[1,2,..,n]

Example-wise (2.24) can be written explicitly in the case of n = 2:

ff(vilvul + Yi1uy)Vv; dQ + ff(Vizvuz + Yi2uz) Vv; dQ
Q Q

- j‘g (q;u;)v;dIy
I'n

(2.25)
+ J:[-(BMVW + a;up)v; dQ + J-f(ﬁizvuz + a;u;)v; dQ
o} o}

= jf fiVid.Q - J:l- giVVl-dQ + % uN’l'VidFN
Q Q

I'n
i €[1,2]

To transform (2.25) into a linear equation system, u is replaced with Y'3_; &, u; and v with &.
If € is a first order shape function, then it holds k, [ € [1,2,3]. (2.26) is obtained.
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3
Z J-(VMVEM + Vi1€11) Ve, dQuy

=1\ 0

+ J:I- (ViaV&i2 + Yiz&12) Vi, dQuy
Q

— jg qi&1ik,idInuy;

I'n

] (B8 + i )es dos 2.26)
Q

+ J-f(ﬁizvzl,z + ;2815) e dQuy
Q

- f f fEd0 — f f iVE.d0 + 35 un e il
Q Q

I'n
i €[1,2]
k1 €[1,23]

In (2.26), there are four indices in the equation, i and j are field indices, whereas k and [ are
shape function indices. For every material parameter, shape function and field variable, the
indices are assigned in the following manner:

Vij 2 field indices
Yij 2 field indices
Bij 2 field indices
oy 2 field indices
§1i shape function index, field index
3N, shape function index, field index
ki shape function index, field index
u; shape function index, field index
uy shape function index, field index

A first order element in a two-dimensional two-field problem has six DOFs. Therefore the
element matrix for this element has thirty six entries. The load vector has six entries.

A1111 Aq112 Aiz13]1rU117  Tu1
Aj121 Aq122 Uz,1 21
Uz 1 I3q
i I 2.27)
1,2 r12
Uz o 22
u r
[Az131 A2132 Agpzzdtr32d 32
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The short form of the element matrix is:

Ajjrayj = Ty (2.28)
(2.28) represents the system of six equations with six unknowns. Settingi = 1 and k = 1 in
(2.28), yields the short form of the first equation of (2.27). It reads:

Aijuugj =T (2.29)

Once all the element work is done, a global linear equation system of the form Ax = b is
obtained, where b stands for right-hand side. The global matrix A may be divided into sub-
matrices that separate the coupling from the non-coupling effects. (2.30) shows a global
matrix equation system. The global unknown vector X is subdivided into vectors X; *** X,

X, b,
s ] _ [ ; ] 2.30)
x.l Ib,

The non-diagonal parts of A stand for the coupling effects.

where n is the number of fields.

A11

A
Anl Ann

2.2.2. Nonlinear problems

In the case of nonlinear problems, the construction of the global linear equation system
Ax = b, has to be repeated until the steady-state solution is reached. That is to solve the
system with the help of a linear solver package once, obtain the solution X, feed the solution
back to the global equation system and solve again. When the steady-state solution is reached
the difference in X between two successive steps is minimal and therefore the iteration stops.
Fixed point iteration [32] may, in general, not converge. It is however considered sufficient
for the problem test cases, which are presented in this thesis. (2.31) shows the case where
matrix A is dependent on the solution X.

AX)-x=b (2.31)

For xo = 0, x4 is calculated as in (2.32).
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AXg)x;=Db (2.32)

For every iteration the difference in X in the energy norm is calculated as in (2.33).

|AX||g = AxT - A - Ax (2.33)

In (2.34) the calculation of the difference energy norm is shown specifically for the first
iteration:

x|l = (X1 —X0)T - A(Xp) * (X1 — Xo) (2.34)

Simultaneously the energy norm of X is calculated as in (2.35).

Ixllg =x"-A-x (2.35)

In order to check if the steady-state has been reached the condition in (2.36) is questioned.

IAx|lg < & [Ix]lg? (2.36)

In (2.36) 6 is a multiplying factor depending on the accuracy that has to be achieved. In the
program this value is set to e.g. § = 11073, If the condition is met the nonlinear iteration
stops and steady-state is assumed.
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2.3. Derivation of coupled physics modes

In this section, the derivation and the mapping of several coupled physics modes to the
general mathematical formulation is presented. For all the physics modes the two dimensional
formulation is presented. At this point and before proceeding with the mapping, it is helpful in
terms of clarity, to first expand (2.15) and demonstrate the simultaneous usage of field indices
and tensor indices in (2.37), with the display of a two-field (u; and u,) fully coupled problem.
This simultaneous usage eventually requires four indices for v, three for y and 8, two for
and g and one for f.

V1111 V1112] [Y111] [B111]
—v-( v ) v
V1121 V1122l Uy F Y112 u) ¥ [ B112] U+t
(V1211 Vi212] Y121] [B121]
v (.V1221 V1222 Vuz + Y1221 uz) + [ B122] VU + 02U
e[
_ ) 2.37
_v. ('V2111 V2112] V. 4+ [Y211] u )+ B211 Vi + oonu ( )
(V2121 V21221 EEATPPY [B212] 1 2171
. (V2211 V2212] [Y221] ) [B221]
v (.V2221 V2222 Vuz + Y2221 Uz )+ [B222] Vuz + az;U
921
=LtV 922]

The two-field fully coupled equation system in (2.37), can be expressed in a general form
that accommodates an arbitrary number of fields. This is demonstrated in (2.38).

-V- (Vijleuj + Yiﬂu]') + BiﬂVuj + (Xl'ju]' = fl +V- gil (238)

In (2.38), the indices i, j are assigned as field-indices in order to indicate the coupling and
non-coupling effects. The tensor indices in (2.38) are indicated by the letters k, L.

In the following sections, every physics mode shall correspond to a field-wise divided
matrix, which shall demonstrate the mapping on the material parameters v,y, 3, « as well as
on the source terms f,g. A significant amount of effort was invested in the following
derivations and the work is considered a step forward from the initiation of the coupled
problems framework [119]. Coming from an internal discussion [60], the work [64], even
though it previously handled coupled FEM problems as well, it did not have a major
contribution to reusability. The biggest contribution was in implementing paramagnetic
oxygen flow, and that is a specific type of problem. In the actual section, the aim is to
demonstrate reusability. The implemented physics modes are not in general dedicated only to
microsystems applications, consequently the reusability can reach beyond the micro-area,
should that be wished.
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2.3.1. Thermoelectricity (coupled problem with two fields)

Linear thermoelectricity is a two-field physics mode where the first field is the temperature
and the second the electric potential. Coupling between the fields is done via the Peltier and
Seebeck coefficients [50]. The equation system for thermoelectricity has already been given
in (2.7) and (2.8). Below in (2.39) and (2.40), the material parameters of the equation system
are written explicitly. In doing so, there is adherence to the index notation style of (2.38).

V1111 V1112 M1 A Vi211 V1212 011 O12
= = I1 (2.39)
Vi121 V1122 Ao Ay Vi221 V1222 021 022
[V2111 V2112] _ [011 012] [V2211 V2212] _ [011 012] (2.40)
V2121 V2122 021 O V2221 V2222 021 Oz '

The parameters A and o are tensors. The Peltier and Seebeck coefficients can also be tensors
in general. The current equation system corresponds to the physics mode in the form that was
implemented in the PolyDE program code.

The implementation of the physics mode was driven by the intention of simulating a Peltier
cooling element. A potential difference was introduced to a Peltier cooling structure through
the appropriate boundary conditions and the resulting thermal difference was observed [119].
No source terms were taken into account in the simulation. The two equations correspond to
overlapping fields over the same material regions. In terms of the tensor indices i and j, a
coupling effect is indicated, when the corresponding material parameters have i # j.

Before proceeding to the mapping of the material parameters to the field-wise divided
matrix, the material parameters given in (2.39) and (2.40) are written explicitly with regards
to (2.7) and (2.8). The following equation system is obtained.

Field indices in the material parameter tensors are avoided:

[A11 7\12] 011 O12
. _v. _ 2.41
A e A [021 GZZ]HV‘D 0 (2.41)
(011 O12 011 O12 _
i GZZ]SVT—V [021 Gzz]vq)_o (2.42)
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(2.43) demonstrates the mapping of the parameters of (2.41) and (2.42) to the two-field
mathematical framework. The corresponding portion of the global linear equation system
Ax = b is presented directly above the parameters.

A X b
M1 A 0611 O12
Vi = Az 7\22] Viz = [021 Uzz]
Y11 =0 Y12 =0 wu=T |0
B11 =10 Bz =0
o, =0 o, =0 (2.43)
Vg = [011 012] Vo = [011 012]
021 O22 021 O22
Y21 =0 Y22 =0 u == | 0
B21 =10 B, =0
01 =0 0y, =0

2.3.2. Structural mechanics (coupled problem with two fields)

Since in the used mathematical framework, all the fields are scalar, structural mechanics in
two-dimensions is considered a coupled problem with two fields, namely the x- and the y-
displacement. An application example of this physics mode in microsystems is the simulation
of a comb-like capacitive accelerometer.

A three-dimensional structural mechanics physics mode is typically called solid stress-
strain [25]. To construct the two-dimensional structural mechanics physics mode, either plane
stress or plane strain has to be assumed. Most literature on material parameters, provide the
elasticity matrices C in the three-dimensional form by taking symmetry properties into
account, and thereby reducing the number of indices. For this reason, an analytic derivation is
presented below which starts from the 3D formulation and gradually reduces to the 2D case.
The stress-strain relationship is given by (2.44) [132].

o =Ce (2.44)

where: o is the rank-2 stress tensor
C is the rank-4 elasticity tensor
€ is the rank-2 strain tensor

In order to make the material parameter mapping to the PDE process smoother, the subscript
()t is introduced. It stands for stress or strain, and is used firstly to introduce stress and
strain alternative but also equivalent tensors, and secondly in order to avoid any confusion
with the quantities of the electric conductivity o and the electric permittivity €. Field or tensor
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indices are appended to the subscript by using a colon separation ( )st.;jk;- Applying the

divergence (V -) operator to both sides of (2.44) after introducing the subscript { )¢ yields
(2.45).

V-og =V-(Ceg) (2.45)

By definition, the mechanical strain is related to the gradient of the mechanical
displacement. In three geometrical dimensions, there is a total of three normal stresses and six
shear stresses to be considered. From the literature and for clarification, in (2.46), the full
strain tensor €, without the ( ) subscript is presented. Simultancously the strain tensor
alternative &g is presented as a mathematical construct, in the form that is useful the current

thesis.
ou, 1(0u, du,\ 1/0u, OJuy\]
() e
dx 2\ dy 0x 2\ dz Ox
Fax Exy Exz 1/0u, odu ou 1/0u, odu
Literature: Eyx  Eyy Eyz| = _(_y+_x> - _(_y+ Z)
€x €1y Eu 2\ dx Oy dy 2\ 0z Oy
1/0u, OJu,\ 1[0u, Odu, du,
L0, Oy L (00 Oy
|2\ dx 0z 2\ dy 0z 0z ]
ou, 0u, 0uy (2.46)
. dx 0dy 0z
Alternative E€stixx  Estxy Estxz auy auy auy
for current E€stiyx  Estyy Sstyz| = 5 5 5
thesis: €st:zx  Estizy Estzz X y Z
du, Jdu, Jdu,
dx dy 0z

In the current thesis, the mechanical displacement is generally denoted with ug; in order to
avoid confusion with the u variable of the general PDE. By omitting indices for the moment,
(2.45) is rewritten in terms of the mechanical displacement and this yields (2.47). The
equation does not explicitly distinguish between normal and shear components.

V ' GSt == V ' (Cvust) (2.47)

Assuming no body forces, time-harmonic or transient phenomena, (2.48) holds.

V-0, =0 (2.48)

Consequently and for eventually mapping to the general PDE, (2.49) and (2.50) hold as well.
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For the three-dimensional case:

Consequently for the 2D case:

—V'O'st=0

—-V- (Cvust) == 0

ust:[

Uy

Uy

ux
Ust = uy]

(2.44) written with the { )¢ subscript and indices is shown in (2.53).

Ost:iij = Cijki€stki

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

In (2.53), accented indices 1, f, k, [ are used in order to differentiate them from the field and
tensor indices of (2.28). The rank-4 elasticity 3D tensor is given in (2.54).

j=1 j=2 j=3

61111 C1113 C1211 61213 Cl311 C1313
=1 : : : : : :

61131 61133 61231 61233 61331 Cl333

Cl]kl = ) CZElll CZ.113 62?11 62?13

i=2 : : : :

C2131 C2133 C2231 62233

C3111 C3113 C3311 C3313
i=3 : : : :

C3131 C3133 C3331 C3333-

There is symmetry in the indices { and j as well as in k and { so that:

Cijii = G5

J

ilk

(2.54)

(2.55)

For that reason they can be grouped and be represented by a single index. Grouping is done in
the following manner (Voigt notation):

11-1,22-2,33-53,23>4,31->5,12-6
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With this grouping (2.54) is rewritten into (2.56). Due to the non-sequential increase in the
index numbers, the full tensor is presented.

Cijii = Co1 Cee Ces (a1 (6 Cos Can Cye (s (2.56)

The tensor in (2.56) has eighty one entries which is the result of being 3D and having four
indices according to 3* = 81. Taking its symmetry properties into account and the fact that
some of its entries appear multiple times in (2.56), it can be reduced to thirty six entries and
be projected as a rank-2 tensor. This is done in (2.57).

'Ci1 Cip o oo o Cig
Czl sz s LEX) e C26

Cy = s: s: . (2.57)
_C61 C62 e e e C66_

In (2.57) a modified accent is used in that i = ij,j = kl. Cij in (2.57) exhibits a further
symmetry property in that C;; = C;;. This means that the lower diagonal part (2.57) can be
omitted. With the omission, (2.57) is written as in (2.58).

C11 Ciz Ciz Cyy Cis Cig]
Cry Cy3 Cyy Gz Cy
C33 (34 (35 C36

C: = 2.58
y Cos Cas Cas (2.58)
655 656

C66_

(2.58) is important because this is the format in which text books present the elasticity tensor
of various materials. Additionally, typical FEM software packages, require the entries from
the C;; tensor, to be input as they are given in (2.58). (2.53) can now be rewritten analytically
by considering only the x- and y- components, i.e. indices 1, 2 and proceed with the mapping
of the structural mechanics physics mode to the general mathematical formulation.
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Ost:11 = C1111&st11 T Ci1128se12 T Cr1218se21 + Cr1228se22
Ost:12 = Ci211&st:11 T Ci2128st12 T Ci2218st21 + Ci2228st:22
Ost:21 = C2111&st11 + C21128st:12 + C21218st:21 T C21228st:22
Ost:22 = Co211€st:11 + C22128st:12 + C22218st:21 + C22228st:22

(2.59)

st:21
Ost:22

]

Ost.
The negative divergence operator (—V ) can be applied to [GS:E] and as well the [
st
vectors. (2.60) is obtained.

Ci1118st:11 Ci1128st:12

o[t e
C12118st:11 C12128st:12
Ci1218st: 21] v- [anzsst:zz]

st: 11
Ost; 12

|

Gst.21

v-[°

C12218st:21 C12228st:22

_y- [621113st:11] _v- [621123st:12

Gst:22 C22118st:11 C22128st:12
C2121€st:21] _v- [

_v- [ Cz12255t:22]
C22218st:21

C22228st:22
To distinguish between the two scalar mechanical displacement fields, once again the
alternative to the strain tensor is written analytically in (2.61), by using number indices

. [ (2.60)

instead of x and y.

[Ouy Ouy]
|== ==
€t11 Est12] [ 0x Oy
et = [Est 21 Est:zz] ~ |ou, ou, 261)
dx Jdy

With (2.61) in mind the u, and the u, components in (2.60) are grouped together. (2.62) is
obtained.

Ost:11 Ci111&st11 T Cr1128st12

{7 -

Ost:12l C12118st:11 + Cr2128st:12]
Ci11218st:21 + C11228st:22
V¢ +C
[C12218st:21 1222&st:221] (2.62)
o [C. € +C € ] )
—V-[ st:21] — _y.|r21118st11 21128&st:12
Ost:22 ] [C22118s011 + CZZ_lZESt:lz.
C21218st:21 + C21228st:22
Ve +C
[C22218st:21 2222&st:22]

By expressing the strains in (2.62) in terms of displacement gradients, (2.63) is obtained.

[ st: 11] _ [61111 C1112] Vu, — V- [61121 C1122] Vu,
Ost:12 61211 C1212 Ci221 Ci222 (2.63)
[ st21 C2111 2112]V [62121 2122y,
Ost: 22 1Co211 Cozno Cao21 Coaoal 7
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By using (2.50) and by replacing the i, j, k, { with the i, ] indices according to (2.58), (2.64) is
obtained.

Ci1 C Cie C
—V'[ 11 16]Vux_v_[ 16 12]Vuy=0

glﬁ g66 266 226 (264)
—V'[ 16 66]Vu —V'[ 66 26]Vu =0

C12 626 x CZ6 CZZ Y

This concludes the mapping of the elasticity matrix components as they are normally retrieved
from literature to our general PDE mathematical formulation. Similar to the mapping
illustration for thermoelectricity in (2.43) the mapping for the 2D structural mechanics is

presented in (2.65).

A X
Vi = Ci1 C16] Vip = Cie6 C12]
Ci6 Ceo Cos (26
Y11 =0 Y12 =0 Uy = Uy
B11=0 B2 =10
o1 =0 o, =0 (2.65)
Vyy = [616 Cee] Vyy = [Cee Cze]
€12 Cye C26 C22
Y21 =0 Y22 =0 U; = Uy
B1 =10 B2 =0
o, =0 0y, =0

It should be reminded that the indices for v are the field indices i, j whereas for C the i, are
used.

In the case of materials which are characterized by an anisotropic elasticity matrix, before
proceeding with a two dimensional structural mechanics simulation, a simulation plane should
be selected. This was applied in practice in the surface acoustic wave device problem, that is
presented in Chapter 4. The selected simulation plane from the three-dimensional x"y“z"
geometry should be mapped to the two-dimensional x’y* plane. Three superscript dots in the
axis notation, are used to refer to the 3D coordinate system, whereas two dots to the 2D
coordinate system.

In Figure 2-5 the x“y~z" coordinate system as well as the mapping of the x“y~ and the
—y~x" planes is presented. In Figure 2-6 the mapping of the z"x" and the x™ — z" planes is
presented. In both figures the transformations that are done with respect to the axes of the 3D
coordinate system are also presented. The filling of the planes with specific texture patterns
aims to help in visualizing the transformations. Transformations of non-90° angles is also
possible. This is illustrated in Figure 2-7.
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Figure 2-5 Three-dimensional x“y~z" coordinate system and mapping of the x“y" and -y“x" planes on the x’y’ system
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Figure 2-6 Three-dimensional x“y~z" coordinate system and mapping of the z*x" and x* — z" planes on the x'y’ system
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y© y' = —c0565,4°x" + c0s36°y” — c0s65,4°z"
A
x° = cos45°x" — cos45°z"

y 36° x.'.
S

45°

Figure 2-7 Three-dimensional x“y~z" coordinate system and mapping of a non-90° plane to the x'y’ system

Every transformation is done on a basis of a transformation matrix. The transformation
matrices for all transformations presented in Figure 2-5, Figure 2-6 and Figure 2-7 are given
in Table 2-3. It is worth noting that during the transformation the z-axis should not be
neglected. It can only be neglected after the transformation is finished and then the z°
component can be disregarded.

Table 2-3 Transformation matrices for the transformations of Figure 2-5, Figure 2-6 and Figure 2-7

1 0 O
x"y" plane from Figure 2-5 0 1 0
0 0 1
0 -1 0
—y~x" plane from Figure 2-5 1 0 O
0 0 1
x 0 0 1 X
’y] = z"x" plane from Figure 2-6 1 0 0 ’y
z' 0.1 0 7
1 0 O
x" — z" plane from Figure 2-6 0 0 -1
01 0
cos45° 0 —c0s45°
Transformation from Figure 2-7 ’—cos65,4° c0s36° —cos65,4°]
c0s55,1° cos54° co0s55,1°
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Transformation is performed by tensor-multiplying the elasticity matrix Cy;;; with the
transformation matrix. For simplicity the multiplication that results in the mapping of the

x"y~ plane on the x’y’ plane is shown since it leaves the elasticity matrix unchanged. This is
shown in (2.66).

—t— —t—

Cijki Cijii (2.66)

after transformation [1 0 0] before transformation

In the resulting elasticity matrix, all the z-related entries can be disregarded as shown in
(2.67).

j=1 j=2 j=3
_ Ci111 G112z — Ciz1n Ciziz — — — =
t=1 Cii21 Ciizz — Cizzr Cizpp — — = ©
after transf. _ _ _ _ _ = = =
Coki  =|, Cr111 G112 — Co211 Co212 — — = 7 (2.67)
i=2 Ca121 Ca122 — Co21 Copp — — — —
i=3 - - = - - = - - =
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2.3.3. Thermoelasticity (coupled problem with three fields)

In thermoelasticity, a third scalar field is present, additionally to the two mechanical
displacement fields. This is the temperature T. The temperature produces an additional
thermal strain which is shown in (2.68) [42]. An application example of this physics mode,
can be the investigation of the effect of acceleration forces on a sensor, under different
temperature conditions.

Ost = (&g — Cegep (2.68)

where: €stp 18 the rank-2 thermal strain tensor

The thermal strain is related to the temperature via the thermal expansion rank-2 tensor. This
is shown in (2.69).

estg = AT (2.69)

where: A is the rank-2 thermal expansion tensor

With (2.69), the relationship in (2.68) is written as in (2.70).

ot = Cegy — CAT (2.70)
The tensor multiplication of C with A results in the so called stress-temperature tensor which
is indicated with M (2.71).

Mi; = CijiriAii (2.71)

In two spatial dimensions, this tensor has four entries which are:

M, = Mll MlZ]

., = 2.72
0= My M, (2.72)

In order to map the individual entries of the M tensor to the general mathematical
formulation, (2.60) needs to be revisited. In (2.60), it is seen that the first equation is related to
the 011 and the 0.1, stresses, whereas the second equation is related to the 0g.,1 and 04405

stresses. Since Ogy.i; shares the same indices with M;;, My, and M;, are mapped to the first,

j>
whereas M,; and M,, are mapped to the second equation. The mapping is done via the
general PDE coefficient y. The two following equations are obtained.
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_y. 'Gst:11] - _y- Ci1118st:11 _v- Ci1128st:12
LOst:12 o LGi2118se11] 7 1Ci2128st12]
V- C11218st:21 V- Ci1228st:22 v | M
U c T c - |-M
[C12218st:21]  Lla2228st22] L= Ma2l (2.73)
_V. 'Gst:21] - _y. C21118st:11 _v- C21128st:12
LOst:22 R (S VSELNEEY [C221285t:12]
V- C21218st:21 V- [C2122€st:22] v-| M| p
e e U |-M
[L22218st:21] [L222285t:22] | —M>2 ]

The inverse thermoelastic effect describes the variations in temperature caused by the
mechanical deformations. A time-harmonic term is introduced in (2.73) and by doing this and
rewriting (2.73) by means of the mechanical displacements u, and u,, (2.74) is obtained. The

time-harmonic term, eventually serves in simulating a surface acoustic wave sensor as a test
case in the current thesis. Thermoelasticity and the time-harmonic term are combined with the
piezoelectric effect in this case.

C Ci6 C
—v-[C“ . ]v ~V- [Cl6 Clz]Vuy—V [ % ]T pw?u, =0
16 66 66 26 12 (274)

V- —-V- V —-V- T —ow*u, =0
C1z 626 626 sz —My,| " T POy

where:  p is the density of the material
w is the angular frequency

o ~with (jw)?. The units

In (2.74), —w? is obtained by replacing the second time derivative — "

: N
of the two equations are —.
m

To make it a three-field physics mode the temperature equation is needed. Starting with
(2.5), the time-related heat capacity term is added to it. (2.75) is obtained.

—V-AVT + jwpc,T =0 (2.75)

where: ¢, is the specific heat capacity

In (2.75) the first time derivative % is replaced with jw. The units of the equation are %

The reverse thermoelastic effect results in what is effectively a piezocaloric effect, i.e. heat of
deformation. It is caused by the time-harmonic mechanical displacement. This effect is shown
in (2.76).

—Qteqa = —jwToM - Vug, (2.76)

where: T, is a reference temperature (e.g. room temperature)
Qteq 1s the thermoelastically dissipated power

43



By including in the left hand side of (2.75) the thermoelastic dissipation of (2.76), (2.77) is
obtained. The temperature field T is not to be confused with the reference temperature T,.
This means that in the field plot of T, field point values are given with reference to Tj.

=V AVT — joToM - Vug + jwpe,T =0 (2.77)

Now, for the mapping to the general PDE, the ug vector is separated into u, and u,

components. By this (2.78) is obtained. The parameters are then mapped to the § term of the
general PDE and then (2.79) is obtained.

ou, du,, ou
ay + M21 W + Mzz

, Ouy y ,
-V }\VT _](A)TO Mll ax + M12 +]0L)pCpT =0 (278)

9y

_y- [7\11 A1z

A21 7\22] VT = joTo[Mi Mip|Vuy — jwTo[Mzy - Maz]Vuy + jopc,T =0 (2.79)

The presentation of the mapping of the material parameters of the complete physics mode is
presented in (2.80).

A X b
Vi = Ci1 Clﬁ] o = Cie C12] viz =0
Ci6 Ces 12 Cos  Ca6 — _Mll]
Y11 =0 Y12 =0 Vis = —Mj, u =u, | 0
B11 =0 Bz =10 Biz=0
o, = —pw? O(lZC= 0 - 0;3=0
_[Cis C66] _ [Ces 26] V3 =0
Y V22
N YZIC1=2 0 oo y252=6 0 G2 Y23 = :%ﬁ:] U, =u (2.80)
y
B21 =0 B2z =0 B2z =0
0y =0 oy, = —pw? Op3 =0
v3; =0 vz =0 V33 = ;11 ;:12]
Y31 =0 Y32 =0 y 221022 =T
B31 = —jwTo[M11  Miz] | Bsp = —jwTo[Ma1  Ma,] 333 =0 3
%1 =0 o2 =0 0(3322]'(09%
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2.3.4. Piezoelectricity (coupled problem with three fields)

The piezoelectric physics mode is a combination of structural mechanics and electrostatics
[99]. The piezoelectric formulation [15] is given in (2.81). An application example of the
piezoelectric physics mode, can be in the simulation of a pressure sensor, by generating a
voltage under the condition of deformation.

05t = Cegy — eE
D = eley + gyc E (2.81)

where: e is the piezoelectric rank-3 tensor
E is the electric field rank-1 tensor with E = —V®
D is the electric displacement rank-1 tensor
e’ is the converse piezoelectric rank-3 tensor
€o 1s the permittivity of free space
€, 1s the relative permittivity rank-2 tensor

The piezoelectric tensor shares two indices with the stress tensor, whereas the converse
piezoelectric tensor shares two indices with the strain tensor. The indices of every quantity of
(2.81) are given in (2.82). The superscript { )¢ in the converse piezoelectric tensor stands for
the transpose of the non-converse one and it refers to the compressed form of the tensor due to
the symmetry in the k, [ indices. If e is reduced by one rank it becomes a matrix.

Ostiij
€ijm
SSt:ki
t— 5, ..
et = e (2.82)
Dy
En

Ernnm

When written down fully expanded, the three dimensional e;,4 tensor looks as in (2.83).

€111 €121 €131
m=1| €211 €221 €231
€311 €321 €331
€112 €122 €132
m=2| €212 €222 €232
€312 €322 €332
€113 €123 €133
th = 3| €213 €223 €233
€313 €323 €333

(2.83)

Cijm =
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Similarly to the elasticity matrix C, the symmetric indices of e;;; can be reduced to one

index as in (2.84). The double entries can then be omitted as done in (2.58).

€11 €61 €51
m=1| €e1 €21 €4
€51 €41 €31
e = €12 €62 €52 (2.84)
m=2| €e2 €22 €
€52 €42 €32
€13 €63 €53
m =3 €3 €23 €43
| €53 €43 €33

Indices i, j are replaced by i. and (2.85) is obtained.
this is how material property literature presents the piezoelectric tensors.

The format in (2.85) is important because

[911 €12 313]
€21 €22 €33
e =|eny ens e (2.85)
[351 €52 953J
€61 €62 €63

For the mapping to the general mathematical formulation the —eE as well as the e’eg, and the
€0€rE need to be explicitly expressed. This is done by neglecting the z components.

—e111E1 — e112E;
_ ) —e121E1 —e1xE,
—eE = E E
—€211E1 — €212E>
—ez21E1 — ex2E; (2.86)
ele.. — {31113st:11 t €1128st:12 T €121Est:21 T €122Est:22
st =

€211&st:11 T €2128st:12 T €221Est:21 T €222Est:22
€0€r11E1 + €0€r12E>

g E = {
€0€r:21E1 + €0€r22E >

The —V - operator is applied on (2.86) and consequently (2.87) is obtained.

_v- [_9111E1 - 3112E2]
—e121E1 — e1E;

_v- [_921151 - 9212E2]
—ex21E1 — e302F;

—V-(—eE) =

(2.87)
_V-ele. = _y- [91113st:11 t €1128st:12 T €1218st:21 T+ elzzsst:zz]
st =
€2118st:11 32123st:112;:+ 92213st:211;:+ €2228st:22
€&y + €o&
V- (gpe,E) = —V - [ 0€r:11E1 0€r:12 2]

€0€r21E1 + €0€r22E>
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Continuing from (2.87), the electric field is then expressed with the negative gradient of the
electric potential and the strain terms with gradient terms of the mechanical displacements. By
this (2.88) is obtained. The corresponding terms from (2.88) can now be inserted back to
(2.81), after the —V - operator is applied to (2.81) as well.

_y. [9111 9112]

V. (— _ €121 €122
V- (=eb) _vy- [3211 3212] Vo
€221 9222 (2.88)
_V-els, = —V- [9111 112] _v. [ 121 9122] Vu
st €211 €212 €221 €222 Y

€11 €r:12
-V (SOSrE) ==V €o [—8;21 _8;22] ve

The mapping is now done, however there should be care with the indices before changing to
the symmetric index format of the piezoelectric tensor (the one that the literature uses). The
piezoelectric tensor in (2.88) uses the i, j, m indices whereas the converse piezoelectric tensor
uses the 7, k, [ indices. In the first and second equations of (2.88) i and j are grouped, whereas
in the third equation k and [ are grouped. Assuming with the current thesis in mind, no space
charge or body forces, the resulting complete piezoelectric formulation is shown in (2.89).

v, Ci1 C16] _ [C C12]

v [C16 Coe Vil =V Ces (o6 Vi =V [961 962] ve =0

. Ci6 Cee] _ [ Cze] €62 789
v [Clz Cz6 Vu v Cr6 Cy Vuy =V [921 ]V(D =0 (2.89)

€11 €61 €61 €21 —&€r11 8r.12
—v-[ ]Vux—V-[ ]Vuy— -80[_ B ]vq>=o
€12 €g2 €g2 €22 €r21 €r22

The mapping of the material parameters to the coefficients v,y,[3,a of the general
mathematical formulation is given in (2.90).

A X b
Ci1 Cis Cie Ciz €11 €12
Vi = Cie Css] Viz = Coo Czs] Vi3 = [661 662]
Y11 =0 Y12 =0 Y13 =0 Up = Uy
B11 =0 Biz=0 313:8
01 =0 0, =0 M3 =
Vyy = Ci6 Cee] Voo = Cee C26] Vou = €61 362]
Ciz Gy 27 [ Caa 2 lean e (2.90)
Y21 =0 Y22 =0 Y23 =0 U = U,
B21 =10 Bz =10 BZ3=8
a; =0 0,y =0 Ay3 =
=2[1e11 961] v =2[2961 921] Vaw = £ [_Sr:n _Sr:12]
€12 €62 32 €62 €22 33 Ol—€rp1 —Era
Y31 =0 Y32 =0 Y33 =0 uz; =@
Bs1 =0 Bsz =10 Bsz =10
a3, =0 03, =0 o33 =0




2.3.5. Incompressible fluid flow (coupled problem with three fields)

The incompressible fluid flow or Navier-Stokes equation is given in the following [106].

ov
p(§+v-w) =-Vp+uv+F (2.91)

where: v is the velocity of the fluid
p is the pressure of the fluid
u is the dynamic viscosity of the fluid
F is the body force

) . N )
In (2.91), v, F are vectors, whereas p, | are scalars. The equation units are — To start with

the mapping of (2.91) to the general PDE, the right-hand side and left-hand side components
have to be rearranged. (2.92) demonstrates this.

v
p (E +v- Vv) +Vp—uV?v=F (2.92)

The time derivative of the fluid velocity can be ignored in the stationary case. The remaining
terms of (2.92) can be written more analytically (taking into account two spatial dimensions)
since this will help with the mapping. (2.94) is eventually obtained.

[2]

o (2] o [5]) + 'ﬂ' e[ = 05
4
p ((vx ox Y ay) [ ]) + L_;Jl W lgzzj = [F:,] (2.94)

In (2.94), a two-equation system is clearly seen, one equation for scalar velocity v, and one
for scalar velocity v,,. Separating the two equations and expanding the viscosity term further

yields (2.95).

0V, ov, Op 0%v, 0%v,
P o TP Gy T ax T (axz o)t Jos
dvy, N dv, N op 0%v, N 0%vy\ s (2.95)
PUeax TPy Ty M axz T ay2 ) T Y
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The diffusion term from (2.13) when fully expanded looks as in (2.96).

0%u 0%u 0%u 0%u
(2.96)

—V'VVu = — <V11ﬁ+\/12 axay +V21 ayax +V226_:)/2

Using the knowledge from (2.96) in (2.95) in order to map the viscosity term p to v yields
(2.97).

av, dv, Odp u 0
—= 4+ v Vv, = F,
PVx 5y T Py dy T ox 0 Ll] Ve = )97
v, v, 0dp TR0 B (2.97)
pvxa—+pya—+$—v-[0 H]Vvy—Fy

The remaining terms of (2.97) are all mapped to the 3 parameters of the general PDE. To
complete the incompressible fluid flow equation system, the mass continuity equation is also
needed, in its form under the assumption of incompressibility. This equation is given in
(2.98), and in the current physics mode it is presented as the pressure field equation, however
it does not explicitly contain any pressure variable.

dv,  0v,

_x 2.98
dx 0y (2.98)

The two terms of (2.98) are also mapped to the  parameters of the general PDE. The
complete incompressible fluid flow equation system and the complete mapping of the
material parameters are given in (2.99) and (2.100).

0
_v. [g u] Vo, + [PV PV, +[1 0]Vp =F,
0
-V- [g u] Vv, + [PVx  PUy]Vy, +[0 1]Vp =F, (2.99)

[1 O]va + [0 1]Vvy =0

A < b

0
Vi1 = I:g m Vip = 0 Vg = 8
=0 Via =
=0 Y12 13 _

B :yﬁmx pVy] Bz =0 Biz=1[1 0] W =vy | F

11 all:o (X12:0 (X13=0
0
oo oo v o (2.100)

Y21 =0 Yg2 =0 Y23 =0 S E

BZl 0 Bzz = [pvx pvy] 623 = [0 1] 2 y y
0y =0 = 0 vy = 0
V31=0 V32=O V33=O

Y51 =0 Y32 =0 Y33 =0 uz; =p | 0

Bs1 =[1 0] Bz =[0 1] Baz =0 3

(X31=0 a32:0 a33=0
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The mapping of the pressure field equation to the 331 and 3, terms, could alternatively be
done to the y3; and y3, terms of the general PDE as shown in the following:

=V y310 —V-y3on, =
o[-

a 41 — ]
_[ﬂ @]'[01]”’6_[& @]'[—01]%: (2.101)
ov, 0dv),
ax | dy

The testing of the physics mode under this mapping, did not show any computational speedup
significance under the employment of the direct solver package [35], and therefore there was
no further experimentation on the y-term setup, because the f-term setup was deemed
sufficient already. The parameter mapping interchange between the y- and (3- terms however,
could allow for the investigation of the theory of reciprocity [91]. On the basis of finding a
corresponding example test case, the provided software capability could provide the ground
for further practical experimentation with the theory.

2.3.6. Piezopyroelectricity (coupled problem with four fields)

Piezopyroelectricity is a physics mode with four scalar fields, that can be regarded as an
expansion to the three fields of piezoelectricity (Section 2.3.4) with one additional field, the
thermal. "Pyro" stands for the pyroelectric effect. Alternatively the physics mode can be seen
as an expansion to thermoelasticity [42] in Section 2.3.3, since the thermoelastic effect is also
included in the formulation.. By combining the piezoelectric and thermoelastic effects for
which the material parameters mapping was derived earlier, (2.102) is obtained [120]. The
physics mode is presented in a time-harmonic form. The motivation is to simulate a surface
acoustic wave device with thermal dissipation effects.

G Cie [Ci6  Ciz [€11 €12
_v [C16 666] Vux_v I:C66 CZG] Vuy_v [861 662] Vq)
_M T
—v-[ T - pou, =0
_M12_ X
Ci6 Cee Cee €62
Sl rouio AR odled LR P A
_M T
_v. [ M21 T — pwu, = 0 (2.102)
221
€11 €61 €21 —€r11 —€raz .
v [612}\662]}\ x =V [362 922] Vuy =V [—Sr:21 —Sr:zz] Ve =0
—v-[ 1 12] VT — jwTo[Mi1  Mip]Vu, — joTo[Mzy  Map]Vu,
Az1 Az

+jwpc,T =0
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The pyroelectric effect is described by the pyroelectric tensor P which is a rank one tensor. It
can be added to the third equation of (2.102) as an additional left-hand side component.

(2.103) is the electric displacement equation from piezoelectricity with the added pyroelectric
effect.

D = eley + PT + gy E

= —V:-D=-V-eleg —V-PT —V-gy¢.E (2.103)

From (2.103), it is seen that the mapping coefficient of the general PDE for P is y. The
converse pyroelectric effect is expressed by means of heat which is generated due to a
sinusoidal alternating electric potential. (2.104) is the temperature field equation of
piezopyroelectricity written with the added converse pyroelectric effect.

=V AT — jwToM - Vug + joToPV® + jwpc,T =0 (2.104)

The mapping coefficient of the general PDE for the converse pyroelectric effect is 3. The

complete mapping for the four field physics mode of piezopyroelectricity is presented in
(2.105).

A X b
Ci1 Clﬁ] Cie Clz] €11 €12 vy =0
AV = = =
11 Cie Ces Vi2 Cee Crc Vi3 [661 662] Via = —M11]
Y11 =0 Y12 =0 Y13 =0 R U = Uy
[311:02 By =0 813=g s =0
Ay = —pw o, =0 %3 = %4=0
_[Cis Ces _ [Ces Cze] _[€61 €62 Vo =0
V21 = e, Czs] V27 G G Vas = [621 ezz] _ —le]
Y;1 =0 Y22 =0 Y23 =0 Yoa = —M;, Uz = Uy
By =0 B, =0 Bz =0 Baa=10
o w2 o o S (2.105)
€11 ©e1 _ €1 €21 [ TEr11 TEr12 V34 =0
Va1 = [912 eez] Vsz = [eaz ezz] Va3 = o [_Er121 —€r2 _ [P
Y31 =0 Y32 =0 Y33 =0 Yae = |p, u; =@
Bs1 =0 B2 =10 Bss =10 34 =0
03, =0 03, =0 033 =10 a3 =0
A A
Vg =0 Vg =0 Vg3 =0 Vag = 7\:1 }\Z]
=0 =0 =0
B ——Y“T My M - My, M e P, P Vas =0 up =T
a1 = —joT[My 12] | Baz = —jooTo[M21 22] Baz = joTo[P1  Pr] Baa =0
04 =0 04 =0 043 =0 0(444=4ju)pcp
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2.3.7.

Incompressible fluid-electric (coupled problem with four fields)

The incompressible fluid-electric physics mode is a combination of incompressible fluid-flow
and electrostatics [75]. Compared to (2.92), in the fluid velocity equation, a coupling

component to the electric potential @ is taken into account. (2.106) demonstrates this.

where:

pv Vv +Vp +p;VP —pV?v =F

Py 1s the space charge density of free ions

(2.106)

As seen in the incompressible fluid flow section earlier, (2.106) splits into two equations, one

for vy and one for v,,. Therefore the pV® term is also split between these two equations. The

mapping is done to the B coefficients of the general PDE. The complete mapping for the four

fields (two scalar fluid velocities, pressure and electric potential) is presented in (2.107).

X b
0
Vii = [g ] Vi =0 Vi3 =0 Via =0
Y =()H Yi2=0 Y13 =0 Y14 =0 W=7 F
By = 1[;)1;)( oy Biz=0 Biz=[1 0] B =1I[pr 0] T *
110( -0 a,; =0 a;3=0 =0
11 —
0
V21 =0 Va2 = [g ] Vo3 =0 Vae =0
=0 " =0 =0
Y21 = Va2 =0 Y23 Y24 U =v F
BZl =0 B — [pyx pyy] 823 = [0 1] 624 = [0 pf] 7 7
0y =0 2 03 =0 0zq =0
0, =0
vz =0 vz, =0 V33 =0 V3e =0
Y31 =0 Y32 =0 Y33 =0 Y34 =0 U =p 0
B =1[1 0] Bz=10 1] Bsz =10 Bza =10 3
az; =0 0z, =0 033 =0 0oz, =0
—€,. —£..
Vg =0 Vg =0 Vg3 =0 Vas = € [_5::1 _5:;]
Ya1 =0 Ya2 =0 Yaz =0 Yaa =0 ' w=d | p
By =0 Bz =0 Biz=0 By =0 * 4
0y =0 0y =0 o3 =0 A, =0
44

(2.107)

The fluid flow related physics modes in Sections 2.3.5 and 2.3.7, can be utilized in the
simulation of micro-fluidic channels in the area of microsystems. In the actual thesis, they

have been selected for the formation of two problem test cases, presented in Chapter 5.
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2.3.8. Incompressible fluid-electric-mass concentration (coupled problem with five
fields)

The Nernst-Planck equation can be added to the fluid-electric system of PDEs, and
consequently a five-field physics mode where the fifth field corresponds to the mass
concentration, can be implemented [127]. The Nernst-Planck equation is presented.

ze
_V-DVe+V-vec—V- D Vb = 0 (2.108)
kpT

where: D is rank-2 molecular diffusivity
c is the mass concentration
Z is the 1onic valence
é is the electron charge
kg is Boltzmann's constant

When written more explicitly (2.108) looks as in (2.109).

_y- [Dn

VC+V'[ c—V- [D“ VP =0 (2.109)

Dzz] Dzz] kgT

The ionic concentration c is a scalar field quantity in the equation system. (2.106) is rewritten
as follows:

pv - Vv + Vp + zécN,V® — yV?v = F (2.110)

where: N, is Avogadro's constant

The complete mapping to the general PDE is presented in (2.111).

The fluid-electric-mass concentration physics mode was the most ambitious with regards
to the software implementation due to its complexity. It was deemed that further
experimentation on this physics mode would require a further research branch-off in the
direction of matrix conditioning and manipulation. The direct solver package [35] could not
cope well. For that purpose, special tools would be required, in order to visualize the global
matrix with regards to how it is populated by entries, and then with regards to how the direct
solver is affected by that. It should be reminded that for any possible future physics mode
implementations, the number of fields in the general PDE framework is theoretically
unlimited. However upon implementing the fluid-electric-mass concentration physics mode, it
was shown that practical limits still exist. Consequently, it was assumed at that point that the
practical cap software-wise was reached.
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A X b
Vi = [Ll 0] v =0 =
1500 u 2= Viz = Vi =0 vis =0
Vi =0 Y12 = 0 Y13 =0 Y14 =0 Y15 = _
By = [PVx PWy] Biz = 0 Biz=1[1 0] Bia = [z8CN, 0] By =0 Uy = Uy F,
ay =0 a;, =0 a3=0 a4 =0 a5 =0
— w0
\\;21 ; g Va2 = [0 ll] Va3 i g Vae =0 Va5 =0
321 —0 Y22 =0 Y23 = Yae =0 Y25 = I -
0(21 T By = [PVx VY] Bz =1[0 1] Baa = [0 zEcN,] Bas = 2=y y
2= =0 023 = 04 =0 azs =0
V31 i 0 V3, =0 Vag = Vaz =0 Va3 =0
¥31 =0 Y32 =0 Y33 =10 Y34 =0 =
Bu=[1 0] - B Y35 _
31 Bz =[0 1] B3z =0 B3 =0 Bas = uz =p 0
31 =0 a3, =0 az3 =0 oti4£= 0 — o35 =0
V41 i 0 V4 =0 Viz = Vas = [_Erfll _Er:lz Vas =
Y41 = 0 Yaz = 0 Yaz = 0 T:21 T:22 =0
=0 Y4a = 0 Ya5 =
Bar = Bsz=10 Bsz =0 Baa =0 Bas =0 Uy =@ Pr
oy =0 Uz =0 a3 =0 azzzo a5 =0
5 D 0
Vs1 =0 Vs2 =0 Vs3 =0 Vsq = Dy 0 ic VSS:[ 51 D
= = _ 0 Doyl kpT 22
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3. Adaptive Algorithms in Coupled Problems and Software
Implementation

The finite element method is a computational technique, which is used to obtain approximate
solutions to engineering problems. In mathematical terms, one or more dependent variables
must satisfy a differential equation everywhere within a known domain of independent
variables, and also satisfy specific conditions on the boundary of the domain. These problems
are also called field problems [57].

If the through-the-FEM numerically obtained field is characterized by a linear distribution
throughout the geometrical domain and is also singularities-free, then it can be approximated
by first order elements and a coarse mesh. If the distribution is non-linear, the linear
interpolation that first-order elements offer is not sufficient. Higher-order elements should be
utilized. According to [47], if singularities are present in the domain, then a finer mesh (i.e.
with a larger number of elements) should be utilized. Singularities are characterized as points
in the domain, where the numerical values tend towards infinity. One cause for singularities
could be the inconsiderate selection of boundary conditions, for example applying a
predetermined value on a single node. Smaller-sized elements offer improved solution
approximation in the case of a rapid-varying solution.

The first rough idea that comes to mind, is to straight away employ high order elements
and a fine mesh so that the numerically obtained approximation is as accurate as possible. The
problem however is that the computing power is finite. It has certainly increased in the last
decades by a large margin, however it still remains finite. Furthermore, most problems happen
to simultaneously posses regions of small as well as high potential gradients. This means that
in some regions, the computational power invested on high order elements is well worth it,
whereas in other regions it can be regarded as a waste of resources. It can be proven that fine
meshes mainly help in treatment of singularity-errors. Therefore a fine mesh in a region that
does not possess any singularities can be regarded as a waste of computational resources.

Most modern FEM programs posses user-friendly graphical user interfaces. Concerning
the post-processing plots, they are mostly constructed by utilizing the visible color spectrum
and this makes these plots attractive to the users who conduct the simulations. According to
[10] the graphical display of very high quality and sophistication often obscures the quality
and reliability of the computed data and gives the user unsubstantiated confidence in the
results. The commercial FEM codes are in many cases used as black boxes by inexperienced
users who are unable to detect gross errors in the computed results.

This is the point where adaptive algorithms come to play. Once they are integrated in the
FEM programs code, they can help in the detection of the regions of the field where the
numerical approximation suffers from large errors and they can decide on the element order
increase or the refining of the mesh. Therefore the computational efficiency increases. A
common measurement of computational efficiency in the finite element method is the
"residual vs. degrees of freedom" plot.
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Identifying the problematic regions of the problem's field is the task of the error-estimator.
An error-estimator routine typically computes the residual on an element-by-element basis,
and marks the most problematic elements, i.e. the ones that will potentially offer the best
solution accuracy improvement when more degrees of freedom are invested in them. The
adaptive routine can then decide on the type of the investment (element order increase or
mesh refinement) in the way that it considers most efficient.

The current thesis is concerned with implementing adaptive algorithms for multi-field
problems. Adaptation techniques already exist for a variety of physics modes (ranging from
structural mechanics to fluidic problems and electromagnetics). In many cases, the adaptation
technique concentrates on the solution improvement of a single field. The task to improve the
solution of multiple fields simultaneously is considerably more challenging. This thesis
attempts to make a step towards constructing adaptive algorithms which are applicable to the
general multi-field PDE and therefore generally applicable to a variety of multi-field
problems.

In addition to adjusting the existing single-field algorithms so that they are functional in
multi-field problems, the error-estimation routine has to be adjusted so that it also works in
the general multi-field problem case. When bi-directional and fully coupled problems are
investigated, an error-estimator of higher sophistication is required, since the energies that
individual fields posses are coupled.

3.1. A review of error estimation and adaptation techniques for the finite
element method

Mainly, there are three adaptation techniques for the finite element method. These are namely
the 4-, p-, and hp-method. The /- version is the classical adaptive method in finite elements
and it refines the mesh whereas it leaves the polynomial order of the elements unchanged [9].
The p- version adapts the polynomial order of the elements, whereas it leaves the mesh
unchanged. In the /p- version both the mesh and the polynomial order of the elements are
changed.

The paper [9] distinguishes between two types in the adaptive mesh construction
concerning the A-adaptation method. In the first one, a sequence of meshes is constructed by
consecutive refinement or derefinement of the particular elements. The goal in this approach
is to make the elemental error indicators "n" equally distributed. Once the error estimator
indicates acceptable accuracy, the mesh is accepted. In the second type of mesh construction,
a crude mesh is used initially, in order to obtain the basic characteristic of the solution. Using
the characteristic, a new mesh is constructed and the problem accuracy is checked. The
process is repeated until the expected accuracy is achieved. The first approach is called local,
whereas the second is called global. In this thesis, the global approach is followed. The reason
for this is that the target is to treat multi-field problems and not just single-field. In a four-
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field problem for instance, where all fields share the same mesh and same element order, there
are four times more DOFs than in the single-field problem. Therefore it is reasonably more
computational cost-effective to start with a crude mesh.

In the p-adaptation version, only the element order is adapted. The simpler way is to adapt
the element order uniformly and the more sophisticated one, non-uniformly. In this thesis, the
more sophisticated and at the same time more efficient, non-uniform order adaptation is
followed. Furthermore, in the treatment of multi-field problems, the element order is adapted
independently for every field. The weakness of the p-version is that it cannot treat the error
arising from the presence of singularities. Therefore initial mesh choice plays an important
role. The impression however in this thesis is that carefully constructing an initial mesh
degrades the automation in the procedure compared to the crude initial mesh approach.
Additionally, further on in the script a comparison between the three versions /-, p, and Ap- is
performed and in order to be consistent in the comparison, a crude mesh has to be used as the
starting point in all three versions.

The hp- version simultaneously refines the mesh and increases the element order of the
elements. Effectively the /p- version is a combination of the s- and p- versions and
consequently, depending on the type of combination a variety of Ap- algorithms can be
constructed. As a basis in this thesis, the paper [103] is followed. Three of the presented /p-
algorithms are expanded in their functionality so that they can treat multi-field problems and
are tested.

An error estimator gives an estimate for the error in a solution quantity and serves as a
criterion for acceptance of the solution. An error indicator is used in the adaptive refinement
and it should provide sufficient local information to control the adaptation process [2]. A
major requirement is that the computation of an a-posteriori estimator should have reasonable
cost. This is the main reason why the concentration is on explicit residual error indicators [10,
117]. The indicator serves to identify regions of the computational domain with insufficient
precision.

Error estimators and indicators have been intensively studied in the case of uncoupled
problems. Explicit element-wise residual estimators are especially simple to compute. In [97],
the Poisson equation in two and three dimensions with discontinuous coefficients is
considered. The presented a posteriori error estimates are reliable and efficient. Definition-
wise, an estimator is called reliable, if it yields an upper bound on the difference between
exact and approximate solution. It is also called efficient, if it additionally provides a local
lower bound for the error. A similar result is reported in [16], which also extends to the case
where "v" is a tensor. The case of the reaction-diffusion or convection-diffusion equation
requires some modification, however the estimator is of similar type [116, 117]. For the
Poisson equation and higher order elements in Ap-adaptation an error indicator is derived in
[79]. The estimator in this case is reliable, i.e. it provides - up to a constant which is
independent of the mesh size and polynomial degree - an upper bound of the error. In contrast
to first order elements, the lower bound however is p-dependent.
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It is well known [10, 89], that the finite element method in the case of the wave equations
(a < 0,v > 0), suffers from pollution error. In the presence of pollution, the finite element
solution oscillates around a shifted solution, because wavelength is not correctly represented.
With the pollution, an additional error term appears, which is independent of the interpolation
error, thus it cannot be estimated by a residual error estimator. Despite the lack of a rigorous
proof, explicit and implicit residual estimators are used in [89], which is reasonable under a
restriction of mesh size.

3.2. Implementing adaptive techniques in coupled problems, the linear
case

In the case of coupled problems, error estimation and adaptation highly increases in
complexity and publications on this topic are rare. Although residuals can be computed for
each of the field quantities separately, a generalization of explicit estimators in a
straightforward manner is not possible. [72] suggest to use an implicit error estimator based
on a generalization of [12]. An embedded pair of FEM solutions with different orders (p+1)
and mesh size (4/2) is used in [107]. This approach is quite safe, however largely increases
the number of degrees of freedom.

In order to capture coupling effects in the error estimation, the approach in this thesis is to
use a refinement indicator, which is based on residuals and in the style of explicit estimators
by use of coupling coefficients derived on the basis of element energies. First the residual for
each of the elements in each of the field solutions is computed. This is done for the internal
residual (3.1) of the element and for the external residual (3.2) to (3.4). Index i stands for the
respecting field, index j runs from 1 up to the number of fields n so that the coupling effects
are considered in the calculation of the residuals.

n
Tin(myi = Z(—V- (vijVuj +viu;) + By Vuy + o) — f; = V- g;

3.1)
j=1
i€[1,2,..,n]
n
Tex(T):i = Z([[Vijvuj +viu;]) + Ll (3.2)
Jj=1
oT #3Q i€[1,2,..,1]
n
Tex(T):i = E(Vijvuj + Yijuj) ‘n+ g;-n— (uy; + q;u;) (3.3)
=
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In (3.2), the external residual evaluates the difference of normal flux density from both
sides of the interface. The square brackets denote the operation: [u] = (uz — us) - n, where
T, T refer to adjacent triangles. (3.2) is used for the edges of the element where a neighboring
element exists except at boundary segments. This is indicated with: T ¢ 0Q. For general
Neumann boundary conditions (3.3) is used and for Dirichlet boundary conditions (3.4).

The element-wise error estimator is calculated for element T and field i by taking:

N7 = WinillriilIE, 7y + WerillTexs I, o700y + WhillTexilIE, (o7ca0, (3.5)

The weighing factors are defined as in the following [60]:
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with the setting:
T=0,d<a—sV-(B+Y)
pp = min{pz, pr}
V,, = minimum eigenvalue of the diffusion tensor v
Vmg = Max{Vpy7, Vymr}

with the eigenvalues calculation of a 2x2 tensor given by:
1

> (V11 + vy £/ (Vi1 — va)? + 4\’122)

In (3.5), the L, norm of the internal and external residuals is taken and multiplied with the
appropriate weights. The weights depend on triangle shape and area as well as the material
coefficients. In (3.6), letter A refers to triangle area, letter p to polynomial order either
referring to an element or a common edge of neighboring elements, letter h to element
diameter and q to the Neumann boundary condition value.

Equation (3.5) works well with the p-adaptation algorithm that is described below;
however it does not work well with the coupled /4-adaptation algorithm. The reason is that in

59



p-adaptation the element order is adapted independently in each field. On the other hand in 4-
adaptation only one mesh is used for all field solutions. There are no multiple meshes.
Therefore, the decision on mesh refinement has to take into account the error of all field
solutions simultaneously.

In p-adaptation there are no problems arising from the fact that the energy-norm in
different fields is measured in different units. In 4#-adaptation this turned out to be a problem.
When the energy-norm in one field is arithmetically (without taking the units into account)
much larger than the energy-norms in the other fields then it dominates the adaptation
process, since the elements are refined mostly according to the residual error estimates in the
dominating play.

To treat this problem, a refinement indicator given in (3.7) is introduced, which replaces
the error estimator (3.5) during the /-adaptation process. It corresponds to one element and
one field and is denoted by e. To the original error estimator m, the contributions of the
element error estimators coming from all other fields are taken into account. Every time, 1 is
multiplied by a factor which normalizes the energy norm and reflects the coupling between
different fields (index E indicates the use of energy norm). There is a distinction between non-
coupling energies (not arising from the coupling effects) and coupling energies. A coupling
energy is denoted with unequal i and j indices. The new normalized element refinement
indicator can now serve as a criterion in deciding on which elements to refine (split into sub-
elements) during the s-adaptation process.

n

Nullg i 1

2 2 2 (T):ij

er; =4N7; + Z <n—:. > (3.7)
T T A lull3.;

j=1,j#i E(T):jj

In (3.7), the energies are computed by each time adapting equation (3.8) [117], to the
corresponding field effect and element, where field effect refers to either a direct effect or a
coupling effect. This is in equivalence to the diagonal and off-diagonal parts of a global
matrix.

ullz =f|(vvu)Vu| +f|auu| + f|quv| (3.8)
Q-

The definition of energy in (3.8) is in a form, that can also be used in the treatment of wave
equation problems.
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3.3. Adaptive multi-field algorithms

A total of five adaptive algorithms for coupled problems have been implemented. Three of
them are /p-algorithms adapting both element order and common mesh. The choice of these
five particular algorithms, is primarily made in order to present a continuation to the previous
research work [103] which was committed in the actual research institute [60].

In [103], the focus is on electromagnetic wave propagation problems, which is regarded as
a particular problem type. This in effect, provided the straight-forward opportunity, to
program the necessary software code modifications, and experiment with a set of adaptive
algorithms on the actual multi-field PDE framework. In doing so, the implementing
complexity concerning the code structures increases considerably.

Due to the existing foundation of adaptive algorithms and the existing mathematical
implementation that accompanied them, most of the attention was put on the completion of
the programming implementation and the acquirement of sensible results by means of test
cases. In other words, the followed approach was more of a computer engineering approach,
rather than a groundbreaking mathematical theory approach.

First the coupled p-adaptation algorithm is described:

p-adaptation

» Do from 1 up to the number of adaptation steps
eDo from 1 up to the number of fields
==Sort residual vector (each entry corresponds to the residual of one element)
==Raise polynomial order of the worst (e.g. 5%) elements by 1
==Raise polynomial order of a further =25% of the elements if their residual is
above some critical limit set in maxres
==Check if polynomial orders in neighboring elements differ by more than 1. If
YES increase the order in the lower order element so that the difference is not
greater than 1
==Check if polynomial orders of the same element but different fields differ by
more than 2. If YES increase the order in all natures except the one with the
highest order so that the difference is not greater than 2
oEnd of fields loop
e Calculate the multi-field error. This is the highest value of all field errors.
of the desired adaptation error is smaller than the multi-field error, exit the adaptation
loop
» End of adaptation steps loop

Certain parameters in the p-adaptation algorithm have been left unchanged when comparing
the multi-field implementation with the previously employed single-field one. The choice of
raising the polynomial order of the 5% worst elements and of a further 25% of the elements
residual-wise, can be adjusted. The common question is how much processing power should
be invested towards the improvement of the problem solution and if it is worth it. According
to [103], an empirical value of 5% has proven its usefulness on the average of various
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examples. The provided statement was received as a realistic starting point. Further algorithm
refinement can be achieved on the basis of the existence of a wider range of example test
cases beyond the ones which are demonstrated in the current thesis.

The term critical limit set in maxres, is a field-related value, which is computed by taking
into account the desired adaptation error set by the program user (denoted with
adapt_error), and a field-related computed reference value (denoted with ref;). The term nz
corresponds to the total number of elements. This computation is depicted in (3.9).

(3.9)

1 adapt_error 2
) rejf;

maxres; = (100 -
T

The term multi-field error, simply refers to the highest value of all the individual field
errors. The field error in turn, is the accumulated error over all the element errors in that
particular field. The corresponding equation is given in (3.10). It is computed by taking the
square root of the ratio of the accumulated element residuals over the field reference value. In
(3.10), it was not deemed necessary to employ the refinement indicator given in (3.7). During
the program development and the accompanying intermediate tests, it was observed that the
solution differences between the employments of (3.5) and (3.7) were minimal. Additionally,
due to the independent element order adaptation in every field, it proved unnecessary to
introduce this cross-reference of the field energies. Ultimately, this specific decision for
multi-field p-adaptation, was made in order to reduce computational program waste.

error; = 100 (3.10)

The computation of the field reference value, is done by accumulating over the individual
element reference values in that field. This is shown in (3.11).

nr

ref; =Zref7:i (3.11)

T=1

The element reference values are computed by using (3.12). To avoid confusion, the
difference between (3.12) and the theoretical equation in (3.8), is that (3.12) is the direct
mathematical expression of a line of code from the program. (3.12) does not explicitly display
the element boundaries computation. The numerical integration is not explicitly presented as
well.
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The coupled A-adaptation algorithm is described in the following:

h-adaptation
» Calculate the refinement indicator eZ; for all elements and fields.
» For each element and since e%: ; 1s normalized, sum e%: ; over all fields.
» Now there in only one refinement indicator vector where each entry corresponds to one
element, sort this vector, place the most problematic elements first.
» Find errmax, the largest individual element error and errmin. The value in errmin is either
equal to one tenth of errmax or equal to the error of the element with index given by (number
of elements/18 + 1) in the sorted vector. The smallest of these two values is assigned to

errmin
» Look for the elements whose error value falls between errmax and errmin and refine them.

Once again, the previous empirical investigations in the research group [60] were trusted, and
the focus was set on the programming implementation aspects, and the testing of the A-
adaptation algorithm on multi-field physics modes. Further empirical investigation of the
errmax and errmin values can be achieved in the existence of further example test cases.

The FORTRAN subroutine of the coupled #/p-adaptation algorithm is as follows.
Depending on the choice of the Ap-adaptation technique, it can branch off to three different
subroutines which are also listed in the following.

hp-adaptation
» Do from 1 up to the number of adaptation steps
e Branch off to the selected Ap-adaptation technique, "keypoint", "top5" or
"kp_ phaselag"
e Upon returning from the selected subroutine, refine the elements which have been
tagged for refinement
e Do from 1 up to the number of fields
==Check if polynomial orders in neighboring elements differ by more than 1. If
YES increase the order in the lower order element so that the difference is not
greater than 1
eEnd of fields loop
» End of adaptation steps loop

The first possible branch-off is the #p-adaptation technique called "keypoint".

hp-adaptation keypoint
P Set values for minimum (e.g. 5%) and maximum (e.g. 50%) number of elements raised
» Do from 1 up to the number of fields
e Sort residual vector
eDo from 1 up to the number corresponding to 5% of the elements
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—=If element has a keypoint or maximum polynomial degree is reached mark
element for /-refinement
—=If element is marked for A-refinement, decrease its polynomial order by halving
it, otherwise increase polynomial order by 1

oEnd of 5% elements loop

e Do from the 5% number up to number corresponding to 50% of the elements (that is a

further 45% of the elements)
==]f the element residual is above some critical limit set in maxres, raise the
polynomial order by 1 or otherwise if maximum polynomial order has been
reached mark for /-refinement

eoEnd of 5% to 50% elements loop

» End of fields loop

Corner singularities which require A-refinement, are assumed to be located at intersection
points of two or more geometry objects, which are referred to as keypoints [103].

The second possible branch-off is the "top5" technique.

hp-adaptation top5

P Set values for minimum (e.g. 5%) and maximum (e.g. 50%) number of elements raised
» Do from 1 up to the number of fields
e Sort residual vector
eDo from 1 up to the number corresponding to 5% of the elements
==Mark element for /-refinement and drop its polynomial order by 1
oEnd of 5% elements loop
e Do from the 5% number up to number corresponding to 50% of the elements (that is a
further 45% of the elements)
==]|f the element residual is above some critical limit set in maxres, raise the
polynomial order by 1 or otherwise if maximum polynomial order has been
reached mark for /-refinement
oEnd of 5% to 50% elements loop
» End of fields loop

The final Ap-algorithm technique was given the name "kp phaselag". In the PolyDE code,
the elements are error-categorized dynamically as the subroutine progresses, however the
algorithm below is presented in a slightly different way, in order to make it more readable and
pass the idea to the reader without complications.

hp-adaptation kp phaselag

» Do from 1 up to the number of fields

e Sort residual vector

e Categorize the elements depending on their error contribution. Category (A) for large

error contribution, (B) for medium, (C) for small and (D) for marginal.

e Do for the large error contribution (A) elements
=—=If element has a keypoint or maximum polynomial degree is reached, mark
element for /-refinement. In the keypoint situation, halve the polynomial order of
the element as well.
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=—=In the presence of phase-lag condition, mark element for 4-refinement and halve
its polynomial order, otherwise increase its polynomial order by 1

oEnd of (A) loop

e Do for the middle error contribution (B) elements
==[f maximum polynomial degree is reached, mark element for /4-refinement
==[n the presence of phase-lag condition, mark element for /4-refinement and halve
its polynomial order, otherwise increase its polynomial order by 1

eEnd of (B) loop

e Do for the small and marginal error contribution (C and D) elements in a single loop
=—=In the presence of phase-lag condition, mark element for 4-refinement and halve
its polynomial order
=—=[f element is class (D) reduce its polynomial order by 1

eEnd of (C and D) loop

» End of fields loop

The term phase-lag condition, refers to the phase difference between the numerical waves and
the exact waves. This is clearly demonstrated in [59]. According to the authors of the
technical report, the refinement of the mesh helps in the convergence of the discrete
wavenumber towards the exact wavenumber.

According to [103], A-refinement should result in polynomial convergence, whereas p-
enrichment should ideally result in exponential error convergence. The convergence plots are
normally presented in the log-log manner. In that type of plot, for A-refinement, a
convergence slop of -1 is expected from theory, as long as an element order of 2 is adopted in
a 2D problem domain.

[103] focuses particularly on electromagnetic wave propagation, whereas the actual thesis
focuses on a multitude of coupled problem types. Even though there are certain theoretical
expectations, the convergence slopes in Chapters 4 and 5 should crucially depend on the
problem setups under investigation. The laminar flow problems should presumably benefit
more from h-adaptation and less from p-adaptation. The surface acoustic wave problem
should obtain a more significant benefit from p-adaptation compared to the flow problems,
however it cannot be predicted by exactly how much.

Concerning the performance of the Ap-adaptive algorithms, it can be predicted that it shall
heavily depend on algorithm design. There are algorithm branches as seen earlier, which
make decisions on polynomial order reduction and the impact of these decisions is not certain.
It is evident at this point, that the multitude of adaptive algorithms, in combination with the
multitude of coupled physics modes constitutes complicated and uncharted territory and this
makes it difficult to make more exact predictions. Nevertheless, this exploration of
complexity is still considered valuable and is expected to lead to helpful conclusions, once the
results are visualized. It remains to be tested and found out.
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3.4. Implementing adaptive techniques in coupled problems, the non-linear
case

The multi-field adaptation techniques can be applied on non-linear problems. In doing so, it
could be said that the adaptation iteration loop is roughly wrapped around the non-linear
iteration loop. The algorithmic sequence is demonstrated in Figure 3-1.

As a reminder form Chapter 2, the employed non-linear iteration technique is the so called
fixed point iteration. The implementation of non-linearity in the code framework is necessary,
in order to experiment with the adaptation algorithms on fluidic and in the future, on other
non-linear problems. The non-linear iteration part of the sequence in Figure 3-1, which is
marked within a square box, has been programmed in a way that can allow for its flexible
swapping with other non-linear iteration techniques, should that be additionally wished.

X0=0

Non-lineariiteration

A(Xo) *Xq = b

»n'
el

A(Xiterstep—l) * Xjterstep — b

IAx|lg < & [Ix[lg?

NO

YES

\ 4

Error condition fulfilled EXIT
Calculate residual r —>

Error conditionvnot fulfilled

Adaptation algorithm

Figure 3-1 Algorithmic sequence in the application of adaptive algorithms on non-linear problems
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3.5. Brief overview and current progress in PolyDE

Sections starting from 3.5 up to and including 3.8, give a brief overview of some of the
programming and implementation aspects of this thesis. They act as a potentially helpful
reference for future development, and also put the current work into perspective with regards
to the previous coding-contributors. PolyDE [66] is the software in which the multi-field
adaptive algorithms were developed and tested. In the following, the PolyDE package
development structure is presented as it stood during the course of the work of this thesis.

The PolyDE development at the Institute of Microsystem Technology [60] has already
lasted more than ten years. Its name is derived from "Polynomial" and "PDE". The former
refers to the usage of high-order elements, whereas the latter refers to partial differential
equations.

Having the possibility to develop code for an "in-house" software package is highly
advantageous because it provides a high sense of freedom. It is also essential, since borrowing
ideas from other closed-source FEM packages is impossible. Even for the ones that are open-
source, a significant amount of time should be invested in understanding the code of these
external packages.

Previous research assistant contributors to PolyDE, have worked on high order finite
elements [98], implementation of coupled problems [64] and error-adaptive simulation of
integrated optical components [102]. The current thesis can be regarded as a continuation of
the work of [102] in the sense that the single-field adaptive algorithms are expanded for
general multi-field functionality. [64] presents the implementation of coupled problems with
emphasis on fluidics, however it was later concluded that the approach lacked in generality. A
fluidic library was implemented in the PolyDE code (development has been halted) as a
separate module with its own attributes and characteristics. Additionally, the coupling type
was mostly unidirectional. With the general PDE framework that the current thesis presents,
fluidic physics modes can be mapped to the general framework and the solution to fluidic
problems can be obtained with the same matrix assembly and solver routines as for the rest of
the physics modes. The hierarchical shape functions for two-dimensional scalar problems
which were developed by [98] are an essential - and could also be described as core -
component of PolyDE. In the behavioral examination of p-adaptive algorithms, high-order
elements allow for more adaptation steps and therefore a higher number of degrees of
freedom and a wider range of inspection. As a reference, work in the shape functions area
[98], has now turned to three-dimensional scalar elements and following from the current
thesis work, to a promising three dimensional general mathematical framework, allowing for
three-dimensional fully coupled physics modes.
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3.6. Software structure and projects under development

In this thesis the development of PolyDE was performed in the Visual Studio environment
[82]. Development of the FEM package and compiling of the code by the other developers,
was also performed with "CMake" [68].

For the compiling under Visual Studio 2008, the Intel Fortran Compiler version 11.1.065
was utilized [61]. The programming language of the internally developed routines is
exclusively Fortran. This helps maintain integrity in code and avoid cross-language linkage
errors. Fortran is highly suitable for numerical computations. Still today, there is a
considerable amount of scientific computing code written in Fortran, for example [100]. In
[20], a large list of scientific Fortran 90 code, has been brought together. One disadvantage of
Fortran however is that it is less marketable than C++. Many commercial software companies
nowadays develop code in C++ due to the extended graphics support. In this thesis, the
objective is purely scientific and there is no assessment at all based on commercial success.
Therefore Fortran is considered to possibly be the best choice.

The development of the code during the actual thesis research time, was arranged in fifteen
projects. Some of them, upon compilation, were made to deliver libraries and some of them
executables. All the fifteen projects are listed in Table 3-1.

Table 3-1 List of PolyDE projects

Project Developed Delivers
acadnet internally executable
blas externally [40] static library
femlib internally static library
femlib3d internally static library
fluidlib internally static library
geompack externally [62] static library
pgplot externally [95] static library
post internally executable
post3d internally executable
gmrpack externally [46] static library
solver internally executable
solver3d internally executable
triang internally executable
umfpack externally [34] static library
umfpackclib extgmal ¢ library 35, 36.] calledlby an static library
internally written calling routine

The four executables that are delivered with the aim of treating 2D problems are "acadnet",
"triang", "solver" and "post". The purpose of "acadnet" is to convert a ".dxf" file (file format
used by AutoCAD [8]) into an internal file formal. This means that it makes the drawing of

two-dimensional structures in AutoCAD possible. Drawing the structure is the first step
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towards conducting a two-dimensional FEM simulation. The second executable "triang" is a
mesh generator which divides the geometrical domain () in triangles. The "solver" executable
sets up a global problem equation system which is composed from the individual element
equation systems and then solves the system with the utilization of an external solver package.
The final executable "post" is employed in order to visualize graphically the solver-obtained
solution. So overall the sequence is:

geometry draw — mesh generate — solve — visualize solution

Compared to other packages, which possess sophisticated graphical user interfaces, PolyDE
can be considered limited in terms of user friendliness. This however, does not in any way
affect the worthiness of the package in terms of scientific research.

The internally developed projects, "femlib3d", "solver3d" and "post3d" are all 3D related,
so they are not under consideration in this work. As far as "fluidlib" is concerned,
development has stopped. The core library of PolyDE is "femlib". It includes features such as
tensor transformation routines, reservation of global variables (whose names should not be
assigned locally in other routines) and definition of shape functions.

The "umfpack" library is a set of routines forming the UMFPACK version 2.2 solver
package. The 2.2 version was released in 1997 and is written in Fortran. It functioned as the
main solver of the PolyDE package, for the solving of non-symmetric equation systems, until
the integration of the newer UMPACK version 5.5 package. The version 5.5 was integrated in
PolyDE in the year 2009 and is written in the C programming language. The 5.5 library and
additionally a Fortran interface were compiled under Cygwin [31]. Together with a matrix
format-change routine they were all merged into the "umfpackclib" library. The newer
package integration was absolutely crucial in the research progress, since it can allocate
computer memory dynamically and automatically, something that the older version could not
achieve.

The "geompack" package is utilized by the "solver3d" project and is of no examination in
the current work. The "gqmrpack" is a solver package which was released approximately in
1992. This package has not been utilized in the testing of the multi-field physics modes, since
after some short tests on some single-field problems it was already considered to be
inadequate in performance. The "pgplot" is a package used for graphics display and is written
in Fortran. It is utilized by the "post" executable.

Development has been mainly focused on the "femlib" and "solver" projects. In the
"femlib" project, new physics modes were implemented by means of a Fortran source file
named "pdecoeff.f90". The Fortran subroutine in "pdecoeff.f90" fetches the values for the
PDE coefficients v,v,3,a, f,g on an element basis. A further Fortran source file named
"setstandardvalues.f90", provides, according to the chosen physics mode, a list of standard
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values in the case when the material parameters are not provided by the user. The fact that
only two source files need modifying in order to program a new physics mode, is the
verification of the effort-minimizing general PDE approach.

In the "solver" project, modifications were primarily made to adaptation related source
files. These are the '"residual.f90", "padapt.f90", "hadapt.f90", "hpadapt.f90" and
"hpffein.f90". All the mentioned files are listed in the source repository of [66]. In the
modifying process, multi-field routines were derived from the existing single-field routines.

3.7. Solver packages and a short comparison between them

PolyDE for the most part, makes use of two solvers. One of them is the already mentioned
UMFPACK 5.5. The second one is the SSOR conjugate gradient which is categorized as an
iterative solver. More details about the SSOR-CG solver and also a comparison between
iterative solvers can be found in [64].

The benefit of the iterative solver versus the direct solver UMFPACK is that it can solve
for a higher number of degrees of freedom with lower memory requirements. Theoretically,
the SSOR-CG solver can solve non-symmetric problems provided that they are positive
definite. Even some non-positive definite problems can be resolved. The exact consideration
in the current thesis, is the ability of the solver to solve non-symmetric sparse linear systems
since almost all of the multi-field physics modes presented in Chapter 2 are non-symmetric. In
practice however, the iterative solver experienced convergence difficulties when it came to
the handling of the actual thesis non-symmetric physics modes, like for example the
thermoelastic problem. For this reason, all testing results of multi-field problems were
obtained with the UMFPACK direct solver. The machine on which the tests, that are
presented in the next chapters, were conducted, possessed 8GB of memory and that could
allow the testing of adaptation procedures up to a hundred or a few hundred thousand of
degrees of freedom, depending on the adaptive algorithm used. The conditioning of the multi-
field physics modes for the iterative solver or other global matrix manipulation techniques
aimed at higher solver efficiency of the direct solver, could form the basis for further software
development.
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3.8. Parallelization of certain routines

In the work of [19], certain subroutines were parallelized in order to take advantage of
modern multi-core CPUs. Parallelization was implemented by means of the OpenMP
application programming interface [92].

In order to parallelize individual tasks, they have to be independent from one another.
Additionally, the tasks should not require large amounts of memory, since the matrix solution
process and the solver package often lead to a memory bottleneck.

The pre-solution individual assembly of each element matrix is independent from that of
the others. Consequently, that provided one significant parallelization opportunity. The
second parallelization opportunity arose in the post-solution element-wise residual
computation. The speedup of the global matrix assembly and residual computations was very
high and even close to ideal in [19]. The overall performance increase turned out to be very
valuable, especially during the solving of the non-linear fluidic problems.

71



72



4. Linear Application Example (Piezopyroelectricity Surface Acoustic
Wave Device)

This chapter demonstrates the practical testing of the developed multi-field adaptive
algorithms. In doing so, a problem example has been set up on the basis of one of the physics
modes that were derived and presented in Chapter 2. The choice of this particular physics
mode was made on the basis of its complexity. As a reminder, piezopyroelectricity is a
combination of two-dimensional structural mechanics, electric potential and thermal scalar
fields. During the coding phase of the algorithms, tests were carried out on the simpler
physics modes as well with very reasonable results according to the expectations. They were
however omitted from the main body of the actual report, in order to concentrate on the more
complicated physics modes since they were considered to be more valuable.

A surface acoustic wave sensor has been geometrically drawn. The presented problem is
time-harmonic. The formulation of the problem is regarded as linear, since no fixed point
iteration is needed towards solving the problem. Due to the high number of obtained field
solutions, applied adaptive algorithms, resulting element orders and mesh sizes during the
adaptation processes, a large number of resulting figures was produced. With the purpose of
not saturating the chapter with these figures, many of them have been omitted from the main
body of the report and are presented in Appendix Al. Error convergence plots have been
deemed the most valuable for report main body presentation.

A surface acoustic wave (SAW) sensor is a device whose operation is based on the
piezoelectric effect. A sinusoidal alternating voltage is applied to one or more sets of
electrodes and an acoustic wave is produced in the substrate of the device. The acoustic waves
that propagate on the surface of the substrate are called surface acoustic waves. The geometry
of the SAW model can be investigated in Figure 4-1, together with the obtained electric field
solution. For this simulation the width of the substrate is 200um whereas the height is 30um.
The corresponding dimensions for the electrodes are 10um and 2pm.

107* 1.2x107%  1.4x10™* 1.6x107™* 1.8x107*  2x107*

T
1 L L
0 1 2 3 4 5 6 7 8 9 10

Figure 4-1 Electric Potential field plot of the SAW sensor. Solution obtained with the piezopyroelectric physics mode
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Regarding Figure 4-1:

This and all subsequent geometry plots were created with "pgplot" [95]

The plot-scale appears below the geometry of the problem
The plot-units of the contour plot are Volts
The dimension-units of the given geometry are meters

Table 4-1 presents further details of the model in relation to its material parameter values.
It additionally demonstrates the flagging (0 for FALSE and 1 for TRUE) of some material
regions, in order to suppress the wave reflections at the internal boundaries of the geometrical

model.
Table 4-1 Material data of the surface acoustic wave device model
Material Property Value Units
Aluminum Material density p 2700 [kg/m3]
: J
Specific heat —
pecific heat ¢, 897 [kg - K]
237 0 0 w
Thermal conductivity A 0 237 0 [—]
0 0 237 m- K
1.6 0 0
Relative permittivity €, 0 16 0 ]
L 0 0 16
[11.2 6 0 0 0 1
11.2 6 0 0 0 |
. 112 0 0 0| [N/m?]
Elasticity tensor C 2 0 ol 100
52 0 |
5.2]
Thermal expansion 231 0 0 [1/K]
tensor A 0 231 0 x 1076
0 0 231
Lithium Niobate Material density p 4600 [kg/m3]
: J
Specific heat —
pecific heat ¢, 633 [kg K
4 0 0 w
Thermal conductivity A 0 4 0 [—
0 0 4 m- K
44 0 O
Relative permittivity €, 0 44 O
L0 0 29
203 53 75 09 0 O
203 75 —-09 0 O ]
- 245 0 0 0 | [N/m?]
Elasticity tensor C 6 0 0 % 1010
6 09 l
751
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r 0 —-25 0.2
0 2.5 O.Z]
, . 0 0 13| 2
Piezoelectric tensor e 0 37 0 [C/m?]
3.7 0 0
Thermal expansion 1'61'4 1 g 9 8 [1/K]
tensor A ' x 107>
L 0 0 0.75
- 0 C
Pyroelectric tensor P 0 ] [mz . K]
[—4 X 107>
PML flag 0
Lithium Niobate PML  Physical material data As for Lithium Niobate
damping direction: +x PML flag 1
PML attenuation
directional vector vy z=01 0 0
BrumL 1
Lithium Niobate PML  Physical material data As for Lithium Niobate
damping direction: -x ~ PML flag 1
PML attenuation
directional vector ¥y z2=[-1 0 0]
BrumL 1
Lithium Niobate PML  Physical material data As for Lithium Niobate
damping direction: -y ~ PML flag 1
PML attenuation
directional vector vy z=[0 -1 0]
BrumL 2

A sinusoidal voltage of 10V in amplitude is applied at two of the electrodes whereas the

other two are grounded. The frequency of the alternating input voltage is 190MHz. The
substrate material is Lithium Niobate (LiNbO3) and the electrode material is Aluminum (Al).
The LiNbO3 plane that is simulated is the yx plane. Chapter 2 already demonstrated the
mapping of a desired cross section from the 3D coordinate system to the 2D coordinate
system and can now be used as a reference. According to [124] the propagation velocity of the
surface waves along this plane is approximately 3800m/s.

In Figure 4-2 and Figure 4-3, the x-displacement and y-displacement field solution plots
are presented. Even though the wavelength of the surface acoustic waves cannot be directly
extracted from the plots, it is thought to be around 20um.

Due to the fact that in this type of problem, wave reflections result at the boundaries of the
geometry, Perfectly Matched Layers have been implemented in PolyDE, in order to minimize
these reflections [77, 80]. There are three rectangular PML regions in the geometry. The
rightmost one damps the acoustic waves in the +x direction, the leftmost in the —x and the
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bottom one in the —y direction. The damping is implemented in terms of the material
parameters by making them complex inside the PML region.

To be more precise in terms of calculations and regarding the PML regions, a damping
parameter Bpy; has been implemented in the FEM program. The additional usage of
attenuation directional vectors has allowed for the flexible damping of the waves in the
desired direction, should that be wished. The attenuation directional vectors are employed,
only after the required transformations of the material parameter tensors have been completed.
In the case of a two-dimensional problem as the current one, the z entries of the attenuation
vectors are ignored.

[PML]x = [PML] [1]1 = 1- PMLdir_vector[l] " JBpmL

. 4.1
[PML]y = [PML][Z] =1- PMLdir_vector[z] ']BPML @D
[PML],, = [PML], - [PML],,
where:  PMLg;;, peceor[index] refers to the PML attenuation directional vector
from Table 4-1.
c o [PML],,
damped:ijkl — “ijkl [PML] R [PML] [l]
e s = ez/ s [PML]xy
damped:ijm ijm [PML] 0 [PML] -
[PML],, 4.2)
}\damped:ij = }\ij ' ;
[PML]; - [PML] 5
[PML],,

Eraamped:ij = Erij’ [PML];; - [PML](j
pdamped = p . [PML]xy
iljl llrh € [1’ 2]

The reason for implementing the PML regions, is the objective of obtaining realistic solution
plots and therefore associating the numerical model with a possibly equivalent real life
device.

Due to the wave nature of the problem, the crucial material parameters to undergo
damping-related modification, are the ones that are mapped to the general PDE material
parameters v and a. These are C, e A, €, and p. The damping methodology of the material
parameters is displayed in (4.1) and then in (4.2). In (4.2), the structural mechanics accented
indices are used, similarly to Chapter 2. The symmetry properties of tensors C and e are taken
into consideration in (4.2) and this leads to a reduction of program "do" loops.

The achieved PML design with the scope of the actual thesis in mind, and consequently the
presented damping methodology were deemed sufficient. Surface acoustic waves could
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clearly be identified in the solution plots, and with that physics mode functionality was
proven. For comparison reasons, Appendix Al presents the same SAW geometrical structure
but with the PML regions omitted [19]. The decision on parameters $p,,; for each of the
damping regions was obtained with trial and error methodology. It was also kept in mind that
the PML regions should not become too large in size, as they would consume a
disproportional amount of degrees of freedom compared to the problem's region of interest.

The significance of the 4-field piezopyroelectric physics mode, is that it can allow for the
investigation of damping by thermoelastic dissipation (TED) simultaneously with the
piezoelectric effect. The acoustic waves that are triggered by the alternating electrode voltage
result in a temperature gradient according to the thermoelastic effect. This temperature
gradient is illustrated in Figure 4-4. It can be seen that at the regions of greater mechanical
displacement - this is the surface of the substrate where the surface waves propagate - the
temperature gradient is higher. It should be noted that in Figure 4-4 the temperature contour
plot is given in what is described as relative Kelvin units. Temperature deviations from a
reference temperature of 0° are presented and not the absolute values.

The testing of the adaptive algorithms on the SAW device model, was performed in the
following sequence. Multi-field 4#-adaptation was tested first. In order to increase the variety
concerning the observation of the results, the problem domain was set to have a uniform
element order of either 1, 2 or 3. This was done in order to observe the effect that the uniform
element order change, can have on the error convergence slopes.

Multi-field p-adaptation was next to be tested. In order to increase the variety in the
observations again, p-adaptation results were obtained by employing both the error estimator
given in (3.5) and the refinement indicator in (3.7). As a reminder the refinement indicator
was specifically derived due to the necessity for a mesh that is shared between the separate
problem fields.

Multi-field Ap-adaptation was last to be tested. Results were obtained from all three /p-
adaptive algorithms. Once results for all algorithms were obtained, a sequence of additional
plots was created in order to provide a direct comparison between them on a field-by-field
basis.

During the sequence of accumulation of results, observations concerning the shape of the
convergence curves are made. Once all results data has been accumulated, at the end of the
chapter, concrete and valuable information has been extracted from the error convergence
plots, in an attempt to provide a comparison between the actual results and the expectations
according to theory.

For the h-adaptation algorithm testing, the starting and resulting mesh after 6 s-adaptation
steps can be investigated in Figure A1-3 and Figure A1-4 respectively, in Appendix Al. Mesh
refinement is observed at the following domain locations. At the electrode corners, due to the
presence of singularities there. Additionally, the PML regions become highly refined at
internal boundaries. There is also refinement on the surface of the LiNbO3 substrate where
the surface acoustic waves propagate.
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Figure 4-2 x-displacement field plot of the SAW sensor. Solution obtained with the piezopyroelectric physics mode

Regarding Figure 4-2:
The plot-units of the contour plot are meters
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Figure 4-3 y-displacement field plot of the SAW sensor. Solution obtained with the piezopyroelectric physics mode
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Figure 4-4 Temperature field plot of the SAW sensor. Solution obtained with the piezopyroelectric physics mode

Regarding Figure 4-4:
The plot-units of the contour plot are relative Kelvin
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The results of the application of the multi-field 4#-adaptive algorithm are presented in the
figures starting from Figure 4-5 and concluding with Figure 4-8. The "Error Indicator" plotted
quantity is given by (4.3). The sum of the error estimators for all elements T in field i, is
normalized with respect to the energy content in the same field. This is done because in a
wave propagation problem, the energy content changes when the mesh is changed during the
adaptation process. If the error estimator was not normalized, then it would not be clear to
judge whether there is error improvement during some of the adaptation steps.

ZT Tﬁ_":i

- (4.3)
?:1”“”%:17

The process of refining a common mesh, in order to improve multiple field solutions at the
same time raises some question marks. For example, which is the field solution where
maximum convergence has to be achieved? The obvious answer to this question would be to
make a common mesh refinement decision, which is, to a bigger extent, influenced by the
error in the field with maximum interest. The next argument that immediately arises in this
case, is that due to the fact that the fields are coupled, the error in the fields of no interest shall
still contribute to the error of the field of interest. Therefore there can be no obvious answer.
In this thesis, it is expected that the element wise error normalization technique, which is
presented in Chapter 3, is a step in the right direction.

At this point, a few observations shall be given. In Figure 4-5, the field solution of the x-
displacement benefits from a higher uniform element order, since for the same number of
invested degrees of freedom, the slope of the error curve improves. At around 9000 degrees of
freedom however, it can be seen that the order 2 curve and the order 3 curve coincide. This
shows, that starting with a uniform element order of 3, can initially invest some unneeded
degrees of freedom on some elements. In Figure 4-6 which is concerned with y-displacement,
it can once again be observed that a higher uniform element order is advantageous with
respect to the slope of the convergence curve.

In Figure 4-7, the error indicator curves for the electric potential field solution are
presented. Using a uniform element order of 2 clearly improves the convergence curve
compared to a uniform element order of 1.

In Figure 4-8, the error indicator curves for the temperature field solution are presented.
The first observation is that there is overlap between all three curves for uniform element
orders 1, 2 and 3. Furthermore all curves appear to have identical slopes and only after 20000
degrees of freedom, the order 1 slope starts to deviate.
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Figure 4-5 x-displacement error indicator given by (4.3), plotted against number of degrees of freedom, with h-
adaptation and for uniform element orders of 1, 2 and 3
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Figure 4-6 y-displacement error indicator given by (4.3), plotted against number of degrees of freedom, with h-
adaptation and for uniform element orders of 1, 2 and 3
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Figure 4-7 Electric Potential error indicator given by (4.3), plotted against number of degrees of freedom, with h-
adaptation and for uniform element orders of 1, 2 and 3
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Figure 4-8 Temperature error indicator given by (4.3), plotted against number of degrees of freedom, with h-adaptation
and for uniform element orders of 1, 2 and 3
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For the p-adaptation algorithm testing, the starting element order for all elements and fields
is set to 1. The starting coarse mesh of Figure A1-3 is used again and is not refined during the
process. In order not to be repetitive in every figure, for all the remaining error indicator plots
in this report, the plotted quantity is always that given by (4.3).

In Figure 4-9, error convergence curves are presented for the x-displacement field. Two
error convergence tests were conducted. One by using the refinement indicator of (3.7), and
one by using the error estimator of (3.5). Typical p-adaptation convergence curves are
observed, since at approximately 20000 degrees of freedom, the curves enter a saturation
phase. The difference in convergence characteristics between the two curves is minimal.
Since it is desirable in this thesis, wherever possible, to generalize the approach, this was
received as a good indication that the refinement indicator of (3.7) can be the common
adaptation procedure choice, for all adaptive algorithms.

The p-adaptation convergence curves for the y-displacement field solution are presented in
Figure 4-10. Once again the shape of the two curves is almost identical. Even though there is
a small error difference in the range from 3000 up to 20000 degrees of freedom, eventually

they converge to similar error results. The p-adaptation procedure enters a saturation phase at
around the 20000 DOF point for this field.

In Figure 4-11, the error convergence curves for the electric potential field are presented.
Similarly to the results in Figure 4-10, the two curves deviate from one another in the region
from 3000 to approximately 20000 degrees of freedom.

Figure 4-12 presents the p-adaptation convergence curves for the temperature field.
Saturation becomes vaguely noticeable at approximately 20000 degrees of freedom. Error
convergence curve deviation is minimal.

The convergence curve results for the complete set of the Ap-adaptive algorithms are
presented in the sequence from Figure 4-13 to Figure 4-16. The respective field is indicated in
the corresponding plot. For the x-displacement, the y-displacement and the electric potential
fields, the "keypoint" algorithm offers the superior performance. For the temperature field the
situation is not clear enough.

Appendix Al presents additional plots concerning the resulting element orders and meshes
after a certain number of adaptation steps with the p- and /Ap-algorithms. Details are given in
the respective captions, should there be a wish for investigation.
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Figure 4-9 x-displacement error indicator plotted against number of degrees of freedom, with p-adaptation and by using
both the refinement indicator (3.7) and the error estimator (3.5)
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Figure 4-10 y-displacement error indicator plotted against number of degrees of freedom, with p-adaptation and by using
both the refinement indicator (3.7) and the error estimator (3.5)
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Figure 4-11 Electric Potential error indicator plotted against number of degrees of freedom, with p-adaptation and by
using both the refinement indicator (3.7) and the error estimator (3.5)
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Figure 4-12 Temperature error indicator plotted against number of degrees of freedom, with p-adaptation and by using
both the refinement indicator (3.7) and the error estimator (3.5)
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Figure 4-13 x-displacement error indicator plotted against number of degrees of freedom, with hp-adaptation and for all
hp-adaptive algorithms
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Figure 4-14 y-displacement error indicator plotted against number of degrees of freedom, with hp-adaptation and for all
hp-adaptive algorithms
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Figure 4-15 Electric Potential error indicator plotted against number of degrees of freedom, with hp-adaptation and for
all hp-adaptive algorithms
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Figure 4-16 Temperature error indicator plotted against number of degrees of freedom, with hp-adaptation and for all
hp-adaptive algorithms
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The four plots from Figure 4-17 up to Figure 4-20, conclude this report section by
comparing all five adaptive algorithms for each of the field solutions. The selected A-
adaptation algorithm for presentation in the concluding plots, is the one with a uniform
element order of 2. There is a known expectation from theory that this should correspond to a
convergence slope of -1 for 2D single-field problems, and this information can in turn be used
in the discussion concerning the actual multi-field problem.

In Table 4-2, selected slope data from the adaptation comparison plots have been extracted.
The slope between two convergence steps can be calculated by using (4.4).

log < Ri,current step )

Ri,previous step

slope = (4.4)

lOg ( NDOFcurrent step )
NDOFprevious step

For all combinations of fields and adaptation techniques, three values are presented. These are
worst, the best and the average step convergence slope in the respective adaptation process. It
was deemed unnecessary to present the full table with all step convergence slopes included, as
this would overpopulate the table.

The originality of the piezopyroelectric physics mode in this thesis, makes it impossible to
directly find comparison data regarding 4p-FEM in the literature. From theory, it should be
expected to notice the slope of #-adaptation revolve around the value of -1, and the slope of p-
adaptation peak at less than (numerically) -1, e.g. -1.46. Concerning the performance of the
three presented /sp-adaptive algorithms, these have been identified to heavily depend on their
program design and they should undergo further refinement in the future.

For the x-displacement field, p-adaptation has provided the highest step convergence slope
at -1.21, followed by the Ap-keypoint at -1.09 and /-adaptation at -0.92. On the average step
converge however, when taking all steps into account, the #p-keypoint has provided the best
result with an average slope of -0.74. The best performing algorithm for the remaining fields
can be investigated from Table 4-2 in a similar manner.

Before closing Chapter 4, summarizing discussion is presented in the last paragraphs of the
section. The purpose is to communicate a few messages to the respective readers, especially
to new researchers who wish to further investigate and experiment with Ap-FEM adaptive
algorithms in the global matrix fully coupled approach. Further summarizing discussion
concerned with the example problem cases, is presented at the end of Chapter 5.

It was verified during the example case testing phase, that the selected solver package
played a crucial role in the range of output of results that could be obtained. The integration of
the latest UMF solver package was essential in order to obtain a sensible solution to the SAW
problem, due to physics mode complexity, and also solve for higher numbers of degrees of
freedom.
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Figure 4-17 Adaptation comparison for the x-displacement field with all of the five adaptation techniques
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Figure 4-18 Adaptation comparison for the y-displacement field with all of the five adaptation techniques
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Figure 4-19 Adaptation comparison for the Electric Potential field with all of the five adaptation techniques
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Figure 4-20 Adaptation comparison for the Temperature field with all of the five adaptation techniques
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With respect to the SAW problem, the performance of the algorithms was overall quite
pleasing. The perfectly matched layer heavily hindered the performance of only the /p-
kp phaselag algorithm. The direct alteration of the PML material parameters in the program,
in order to achieve the acoustic wave damping, triggered the Ap-kp phaselag algorithm to
unnecessarily and heavily refine the PML region. As a reminder, the PML was essential in
obtaining a realistic wave propagation field-solution for the SAW device.

This thesis has offered an initial investigation in order to prove whether the general scalar-
field PDE adaptation approach can be pursued further. The answer is yes. However, before
continuing in the path that this thesis has established, it would be vital to simultaneously care
for side tasks. These are explicitly the pre-solution conditioning of the global matrix, its
adjustment according to the respective matrix solver package, and also further attention on the
implementation of crucial FEM program functionality, such as exemplarily perfectly matched
layers and appropriate boundary conditions.

Table 4-2 Collective convergence results for the surface acoustic wave device model

h- p- hp-keypoint hp-top5S hp-kp phaselag

x-displacement
Worst step convergence

-0.47 -0.22 -0.35 -0.45 0.00
Best step convergence

-0.92 -1.21 -1.09 -0.65 -0.47
Average step convergence

-0.67 -0.67 -0.74 -0.54 -0.34

y-displacement
Worst step convergence

-0.53 -0.29 0.07 -0.40 0.06
Best step convergence

-1.05 -1.46 -1.29 -0.82 -0.58
Average step convergence

-0.77 -0.79 -0.82 -0.58 -0.35

Electric potential
Worst step convergence

-0.31 -0.08 -0.13 -0.03 0.31
Best step convergence

-1.56 -1.50 -0.95 -0.57 -0.33
Average step convergence

-0.69 -0.44 -0.57 -0.34 -0.09

Temperature

Worst step convergence

-1.01 -0.62 -0.47 -0.55 -0.74
Best step convergence

-1.67 -1.58 -1.50 -1.69 -1.16
Average step convergence

-1.33 -1.02 -0.90 -1.04 -0.93
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5. Non-linear Application Examples

Sections 5.1 and 5.2 test the adaptive algorithms firstly on a 3-field fluidic problem, and
secondly on a 4-field fluidic-electric problem. The purpose of these numerical examples, is to
prove feasibility and expected behavior of the application of adaptive multi-field algorithms
on non-linear problems.

5.1. Micro-fluidic channel (Incompressible fluid-flow example)

The first example case to be investigated, is a fluidic Navier-Stokes problem, corresponding
to the physics mode of Section 2.3.5. The three fields, namely the x-velocity, the y-velocity
and the pressure field are simultaneously solved for. All three variants of the /ip-adaptive
algorithms are investigated.

The peculiarity in the current test case, as well as in the test case of the following section,
lies in the fact that for this type of fluidic problems, the element order for the pressure field
should always be set to one less than that of the velocity fields. A short literature review on
this issue, revealed that the Ladyzhenskaya-Babuska-Brezzi (LBB) condition has to be
satisfied [7, 118]. Consequently, to facilitate the accommodation of this type of problem in the
PolyDE software, corresponding adjustments have been made in the adaptation algorithm
subroutines.

The problem setup is given in Figure 5-1. The higher pressure at the indicated inlet
compared to the indicated outlet causes a fluid flow in the shown direction. There is no flow
through any other boundary in the structure. The boundary conditions for the sidewalls have
been set to the no-slip condition, meaning that both x-velocity and y-velocity components are
set to 0 at these boundaries.

150um

D —

50pum IE Inlet

Flow

v

Outlet E

25 » -
Hm t | l 250um

175um

Figure 5-1 Micro-fluidic problem setup showing dimensions and flow direction
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The pressure field is given predefined values at the inlet and the outlet - Dirichlet boundary
conditions - whereas for the rest of the boundaries it is set to a Neumann boundary condition.

Table 5-1 Material data of micro-fluidic channel model

Material Property Value Units
Water Material density p 1000 [kg/m3]
k:
Dynamic viscosity [t 1.002 x 1073 [_g]
m-s

The dimensions and shape of the structure are those that are presented in [128]. The

material data is provided in Table 5-1. In order to obtain the steady-state solution, the iterative
solver which was presented in Section 2.2.2 is employed. A value of § = 11073 is selected
for the non-linear iteration parameter. For all the fields the expected plots are obtained after
only a few iteration steps. This is in accordance with the observed laminar flow solution and
therefore a weak problem non-linearity. Table 5-2 and Table 5-3, provide analytical
demonstrations of the nonlinear problem error convergence for every /- or p-adaptation step.

Table 5-2 Convergence of the non-linear fixed point iteration h-adaptation

h-adaptation  Uniform element order 3

Non-linear iteration step 1 Non-linear iteration step 2

DOF lIxll l1Ax |l lIxllE l1Ax |
6068 1.40000000232646E-03 1.40000000232646E-03 1.40000000232646E-03 8.35197452521610E-24
7348 1.40000000237299E-03 1.70783702208612E-03 1.40000000232408E-03 9.98900565907439E-16
8915 1.40000000232075E-03 2.43422944114279E-03 1.40000000232283E-03 7.80888504539183E-17
10790 1.40000000232956E-03 2.54975704702661E-03 1.40000000232219E-03 1.83339471675323E-16
13121 1.40000000231926E-03 2.59258987046980E-03 1.40000000232193E-03 6.45156171390672E-17
16149 1.40000000232141E-03 3.12469131310953E-03 1.40000000232182E-03 8.04590585419802E-18
19991 1.40000000232579E-03 2.87552466886746E-03 1.40000000232177E-03 6.78136784529195E-17
24839 1.40000000231022E-03 3.08279168287703E-03 1.40000000232174E-03 1.53481651991843E-16
30853 1.40000000232251E-03 3.15167087915244E-03 1.40000000232173E-03 3.04747648331447E-16
38549 1.40000000232978E-03 2.72059008619302E-03 1.40000000232173E-03 1.88315298990123E-16
48122 1.40000000232102E-03 3.18766085312572E-03 1.40000000232173E-03 1.08541284715808E-16

The x-velocity and y-velocity plots are given in Figure 5-2 and Figure 5-3 respectively. To

avoid confusion, it is explicitly stated that these are contour plots, representing scalar
quantities. This is done in consistency with the multiple scalar field approach which is
followed in PolyDE. The x-velocity value at the narrower parts of the channel stands at
7 um/s. At the wider part of the channel, it stands at 4 pm/s. y-velocity components are only
visible at the areas where the width of channel changes.
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Table 5-3 Convergence of the non-linear fixed point iteration p-adaptation

p-adaptation  Starting element order 2 for velocities, 1 for pressure

Non-linear iteration step 1

Non-linear iteration step 2

l1Ax |
8.54403964788691E-24
6.39602376132729E-16
4.10522046289298E-16
3.24583913185885E-16
1.35543165631997E-16
3.18048816978415E-16
2.49337342540192E-16
7.54540190903794E-17
4.08869278690090E-18

DOF lIxIlg l1Ax]|E lIxIlg

2561 1.40000000233344E-03 1.40000000233344E-03 1.40000000233344E-03

3529 1.40000000232755E-03 2.08552133839602E-03 1.40000000232646E-03

4858 1.40000000232906E-03 1.85652523102818E-03 1.40000000232433E-03

6722 1.40000000231642E-03 2.11909697588377E-03 1.40000000232337E-03

9268 1.40000000231067E-03 1.99396092510072E-03 1.40000000232285E-03
12513 1.40000000230863E-03 2.45679236236043E-03 1.40000000232254E-03
16536 1.40000000231902E-03 2.54727462752348E-03 1.40000000232234E-03
21376 1.40000000233241E-03 2.26159014005604E-03 1.40000000232221E-03
27126 1.40000000232476E-03 2.90049962763904E-03 1.40000000232211E-03
1074
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Figure 5-2 x-velocity field plot of the fluidic micro-channel
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Figure 5-3 y-velocity field plot of the fluidic micro-channel
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Figure 5-4 presents the more typical vector velocity plot which combines the x- and y-
scalar velocity fields. Figure 5-5 shows the obtained pressure field plot.

Regarding Figure 5-2 and Figure 5-3:

Regarding Figure 5-5:

The plot-units of the contour plots are meters per second

The plot-units of the contour plot are Pascal
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Figure 5-4 Sum-velocity arrow plot of the fluidic micro-channel
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Figure 5-5 Pressure field plot of the fluidic micro-channel

The testing of the adaptive algorithms on the micro-fluidic channel model, was performed
in a sequence, similar to that in Chapter 4. Multi-field s-adaptation was tested first, with
uniform element orders of either 2, 3 or 4 for the velocity fields and respectively one less for
the pressure field due to the LBB condition satisfaction. Multi-field p-adaptation was tested
next by employing the refinement indicator in (3.7). Multi-field /#p-adaptation was tested last.
Results were obtained from all three Ap-adaptive algorithms. Once results for all algorithms
were obtained, a sequence of additional plots was created once again, in order to provide a
direct comparison between them on a field-by-field basis. Finally, valuable information was
extracted from the error convergence plots.

In order to formulate expectations in the current micro-channel problem, the presence of
singularities is already obvious. This leads to the prediction that it will not greatly benefit
from the higher order elements. This problem therefore provides an alternative testing
platform for the adaptive algorithms compared to the SAW device.

In the following, all adaptation curves are presented in sequence. Regarding the
convergence curves for h-adaptation, they are presented in Figure 5-6 and Figure 5-7, each
time for the respective field, mentioned in the plot. The ones concerned with p-adaptation in
Figure 5-8 and Figure 5-9. These are followed by the Ap-adaptation curves in Figure 5-10 and
Figure 5-11. Lastly, the adaptive algorithm comparison curves, are given in Figure 5-12 and
Figure 5-13. Supplementary plots that were omitted from the main body of the report appear
in Appendix A2. These are concerned with mesh size and element order adaptations. Details
are given in the respective captions too.
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Figure 5-6 x-velocity error indicator, plotted against number of degrees of freedom, with h-adaptation and for uniform
element orders of 2, 3 and 4
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Figure 5-7 y-velocity error indicator, plotted against number of degrees of freedom, with h-adaptation and for uniform
element orders of 2, 3 and 4
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Figure 5-8 x-velocity error indicator, plotted against number of degrees of freedom, with p-adaptation
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Figure 5-9 y-velocity error indicator, plotted against number of degrees of freedom, with p-adaptation
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Figure 5-10 x-velocity error indicator plotted against number of degrees of freedom, with hp-adaptation and for all hp-
adaptive algorithms
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Figure 5-11 y-velocity error indicator plotted against number of degrees of freedom, with hp-adaptation and for all hp-
adaptive algorithms
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Figure 5-12 Adaptation comparison for the x-velocity field with all of the five adaptation techniques
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Figure 5-13 Adaptation comparison for the y-velocity field with all of the five adaptation techniques
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Given the nature of the pressure field equation and the PolyDE capabilities, the calculation of
pressure error convergence curves was not possible, therefore none are presented. In all
adaptation cases, the "solver" executable continued with its execution up to the point that the
finite memory of the machine allowed it to run. During the test-runs, it was observed that
higher order elements overpopulate the global matrix with entries, therefore the "solver" could
reach a lower number of degrees of freedom. This reaffirms the necessity for pre-solution
matrix conditioning investigations when possible. The numerical fluctuation observed in
Figure 5-9, is cautiously attributed to the matrix overpopulation and conditioning. The
computation time with high order elements was significantly longer compared to the refined
mesh technique of /#-adaptation.

Table 5-4 Collective convergence results for the micro-fluidic channel

h- p- hp-keypoint hp-top5S hp-kp phaselag
x-velocity
Worst step convergence
-0.87 -0.04 -0.61 -0.63 -0.54
Best step convergence
-2.22 -0.89 -4.30 -2.07 -2.60
Average step convergence
-1.17 -0.28 -1.57 -1.27 -1.66
y-velocity
Worst step convergence
-0.97 0.09 -0.34 -0.44 0.55
Best step convergence
-1.69 -0.26 -3.56 -1.87 -4.87
Average step convergence
-1.19 -0.06 -1.41 -1.18 -1.63

Table 5-4 collectively presents the convergence results for the micro-fluidic channel. The
style of presentation is the same as the one described in Chapter 4 and the calculations were
once again made by using (4.4). As expected, the p-adaptation algorithm was the worst
performing with average step convergences of -0.28 and -0.06 for the x-velocity and y-
velocity fields respectively. The Ap-kp phaselag was the best performing with average step
convergences of -1.66 and -1.63. Concerning /-adaptation the values of -1.17 and -1.19 seem
to be in agreement with theory where for uniform second order elements and the 2D nature of
the problem, a convergence value of -1 would be expected.
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5.2. Micro-flow electric regulator (Fluidic-electric example)

The second test case in the current chapter, is a non-linear problem corresponding to the
physics mode of Section 2.3.7. Compared to the problem case in the previous section, the
number of fields solved for is increased to four, by additionally introducing the electric
potential field. A micro-fluidic three-way junction, where inlets and outlets can be
interchanged by the influence of an electric field, is investigated.

The dimensions of the geometry can be investigated from Figure 5-14 where meters are the
displayed geometry units. Table 5-5 presents the material properties of the model. An electric
potential of OV is applied to the port at the right part of the geometry, whereas an electric
potential of 1mV is applied to the two ports at the left part of the geometry. The resulting
electric field is shown in Figure 5-18. Due to the presence of the electric field and assuming a
liquid with electro-kinetic properties, a flow is generated in the channel. Flow is achieved in
the direction towards lower electric potential. The x-velocity field plot is given in Figure 5-14,
the y-velocity field plot in Figure 5-15 and the vector velocity plot in Figure 5-16. Therefore
the left ports are now functioning as inlets and the right port as an outlet.

Table 5-5 Material data of micro-flow electric regulator

Material Property Value Units
Water-like liquid Material density p 1000 [kg/m3]
k
Dynamic viscosity p 1.002 x 1073 [_g]
m-s

80 0 O
Relative permittivity €, 0 80 O
0 0 80
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Figure 5-14 x-velocity field plot of the micro-flow electric regulator
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Figure 5-15 y-velocity field plot of the micro-flow electric regulator

Figure 5-17 shows the plot of the resulting pressure field. In order to change the
functionality of the ports, a modified electric field is applied to the geometry as it is illustrated
in Figure 5-22. The obtained modified velocity plots are given in Figure 5-19 for the x-
velocity component, Figure 5-20 for the y-velocity component and Figure 5-21 for the vector
velocity sum. At the left part of the geometry, the upper port is now functioning as an inlet,
while the lower port has been converted to an outlet. The right port remains an outlet. The
number of inlets and outlets has been interchanged.
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Figure 5-17 Pressure field plot of the micro-flow electric regulator
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Figure 5-18 Electric Potential field plot of the micro-flow electric regulator

Hint: A space charge density py of 1 C/ m3 was assumed in the problem setup

Regarding Figure 5-14 and Figure 5-15:

The plot-units of the contour plots are meters per second
Regarding Figure 5-17:

The plot-units of the contour plot are Pascal
Regarding Figure 5-18:

The plot-units of the contour plot are Volts
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Figure 5-19 x-velocity field plot of the micro-flow electric regulator under electrically modified flow condition
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Figure 5-20 y-velocity field plot of the micro-flow electric regulator under electrically modified flow condition
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Figure 5-21 Sum-velocity arrow plot of the micro-flow electric regulator under electrically modified flow condition

After having demonstrated microsystem device functionality with two different flow
regimes, the first flow regime was further investigated by applying the full set of adaptive
algorithms in the same manner with the previous two problems, and concluding with a
comparison between the full set of techniques.
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Figure 5-22 Electric Potential field plot of the micro-flow electric regulator under electrically modified flow condition

Regarding the convergence curves for A-adaptation, they are presented in the sequence
from Figure 5-23 to Figure 5-25, each time for the respective field, mentioned in the plot. The
ones concerned with p-adaptation in the sequence from Figure 5-26 to Figure 5-28. These are
followed by the Ap-adaptation curves from Figure 5-29 to Figure 5-31. Lastly, the adaptive
algorithm comparison curves, from Figure 5-32 to Figure 5-34. Supplementary plots that were
omitted from the main body of the report, once again appear in Appendix A2. Details are
given in the respective captions too.

In the formulation of error convergence expectations for the micro-flow electric regulator,
and before inspecting the obtained results, it could be predicted that this problem would not
benefit from p-adaptation due to the smooth solution gradients and also the lack of any wave
terms. Concerning s-adaptation, a slope of around -1 was to be expected once more. The Ap-
algorithms were known to depend on program design, and the question for them was whether
they could make preferable decisions on favoring A-refinement over p-enrichment in this
particular problem.
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Figure 5-23 x-velocity error indicator, plotted against number of degrees of freedom, with h-adaptation and for uniform
element orders of 2, 3 and 4
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Figure 5-24 y-velocity error indicator, plotted against number of degrees of freedom, with h-adaptation and for uniform
element orders of 2, 3 and 4
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Figure 5-25 Electric Potential error indicator, plotted against number of degrees of freedom, with h-adaptation and for
uniform element orders of 2, 3 and 4
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Figure 5-26 x-velocity error indicator, plotted against number of degrees of freedom, with p-adaptation
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Figure 5-27 y-velocity error indicator, plotted against number of degrees of freedom, with p-adaptation
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Figure 5-28 Electric Potential error indicator, plotted against number of degrees of freedom, with p-adaptation
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Figure 5-29 x-velocity error indicator plotted against number of degrees of freedom, with hp-adaptation and for all hp-
adaptive algorithms

hp -adaptation y -velocity

100 g
10
. - e
5 C
§ -
2 i
el L
A=
5 1k
=) =
e C
A M keypoint starting order 2
F —¢— top5 starting order 2
C —4= kp _phaseliag starting order 2 l |
5000 10000 50000 100000

DOF

Figure 5-30 y-velocity error indicator plotted against number of degrees of freedom, with hp-adaptation and for all hp-
adaptive algorithms
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Figure 5-31 Electric Potential error indicator plotted against number of degrees of freedom, with hp-adaptation and for
all hp-adaptive algorithms
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Figure 5-32 Adaptation comparison for the x-velocity field with all of the five adaptation techniques
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Figure 5-33 Adaptation comparison for the y-velocity field with all of the five adaptation techniques
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Figure 5-34 Adaptation comparison for the Electric Potential field with all of the five adaptation techniques

111



Table 5-6 Collective convergence results for the micro-flow electric regulator

h- p- hp-keypoint hp-top5S hp-kp phaselag
x-velocity
Worst step convergence
0.02 -0.13 -0.62 1.53 -0.36
Best step convergence
-1.92 -0.71 -4.08 -0.97 -15.76
Average step convergence
-1.23 -0.25 -1.73 -0.40 -2.98
y-velocity
Worst step convergence
0.42 -0.11 -0.54 0.49 0.45
Best step convergence
-2.01 -0.62 -7.16 -0.93 -7.38
Average step convergence
-1.22 -0.20 -1.83 -0.50 -2.40

Electric potential
Worst step convergence

-0.80 -0.25 -0.77 -0.61 7.46
Best step convergence

-2.09 -1.07 -3.93 -1.34 -5.37
Average step convergence

-1.39 -0.48 -2.03 -1.00 -0.85

Table 5-6 collectively presents the results for the micro-flow electric regulator
convergence slopes. The /-adaptation method has averaged convergence slopes of -1.23, -
1.22 and -1.39 for the respective fields. As expected, the p-adaptation method, has averaged
worse convergence slopes compared to the A-method at -0.25, -0.20 and -0.48. The low
performance of p-enrichment, is further justified from the observation of the /-adaptation
plots (Figure 5-23 to Figure 5-25), in which the uniform element order increase beyond 3 does
not further improve the #-adaptation slopes.

The hp-keypoint algorithm has provided strong convergence slopes, however the program
solver was not able to proceed to the same number of degrees of freedom as it has done with
h-adaptation. The Ap-top5 has performed weakly in this problem. Finally, the 4p-kp phaselag
has shown the strongest performance with average slopes of -2.98 and -2.40 for the velocities
but for the electric potential field, the algorithm eventually reached a region of oscillation.

Concerning adaptive techniques, the overall message is that useful results have been
obtained that form the basis for supplementary development. The multi-field 4- and p-
versions show the expected behavior, however Ap-versions heavily depend on program design
and correct decision making, and it seems that in successive development attempts, the /p-
versions should be refined one algorithm and one physics mode at the time.
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The dissertation [43] appears to attempt to concentrate on the solution of coupled problems
in fluid dynamics, with the employment of the /Ap-finite element method. It is therefore
possible to hastily draw a few comparisons with the actual thesis.

An exploration of the document reveals that there is an extensive theoretical analysis
behind both triangular and quadrilateral elements. Its demonstrative numerical examples
however, mainly employ quadrilateral elements. There did not seem to be an explicit
indication as to what from the author's point of view, the advantage of quadrilateral elements
is. In contrast to the quadrilateral elements, the actual thesis, has made a statement in Section
2.1.3, according to which, triangular elements offer a high geometrical figure adaptation and
are therefore generally preferred.

[43] uses the word monolithic in order to describe multiphysics problems which are solved
as one large problem. In that view, the actual thesis is using a monolithic approach. [43] also
argues that solving a multi-mesh system in a monolithic manner is generally not feasible. It
further argues that refining a common mesh on multiple areas of the geometry due to the
refining needs of each solution-field is a waste of degrees of freedom. This is the issue that
the actual thesis has tried to tackle, by introducing the normalized element refinement
indicator in Chapter 3 and thus making the refining of the common mesh, a more intelligent
decision.

A few more comparison statements concerning [43] are given in the following. The
document has not put a discussion emphasis on the generality and reusability of their
approach, but rather it has heavily focused on the mathematics and their advances in 4p-FEM
implementations. The mostly fluidic-nature examples are presented as proof of the presented
algorithms. The actual thesis has derived various physics modes in Chapter 2 for the purpose
of proving reusability. Also concerning the actual thesis, it did not design an #p-FEM general
algorithm from scratch, but due to program code development continuity, used a collection of
hp-algorithms originally indented for wave problems as a starting point. And it has shown that
the further refinement of the Ap-algorithms on a monolithic framework is possible thanks to
the field-energy normalization technique.
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6. Suggestions for Further Progress and Conclusions

After the setup and testing of the example problems in the preceding chapters, with the aim of
a thesis approach justification, this concluding chapter provides further overall impressions,
and mentions a few possible directions for the continuation of the actual coupled problems
work. First, in Section 6.1, it brings into perspective the accomplishment of the general partial
differential equation framework, with regards to further possible program expansions. Then,
in Section 6.2, concluding remarks are derived for the adaptive techniques methodology,
together with hints concerning the approximate formation of further research objectives in the
FEM adaptation area. Overall impressions and final thoughts are presented in Section 6.3.

6.1. Concluding remarks on the general PDE framework

The general PDE framework has successfully been implemented in a multi-field format, that
can accommodate an unrestricted number of fields. A large amount of effort has been invested
in experimenting with, and mapping several coupled physics modes to this framework. The
essential reusability of the program code and the generality in the approach have been
supported by means of example test cases. The potential future developer can from now on
benefit from the established fully coupled-field program implementation, and apply this in the
design of further complicated physics modes at will.

A primitive nonlinear solver has been implemented in PolyDE during the work in this
thesis. It has proven effective with laminar flow micro-fluidic problems. More complicated
nonlinear problems shall require more sophisticated nonlinear techniques. The so far
developed code structure allows for the swift implementation of the Newton-Raphson or Arc-
length and further methods [125], should a future researcher wish to do so. The potential
experimentation with further nonlinear coupled physics modes, could add additional
credibility to the general framework approach.

A primitive transient solver was programmed in PolyDE during the course of this thesis. It
can perform time-stepping based on the Newmark method [69]. Initial results were obtained
with a transient heat transfer physics mode. A general framework for transient physics modes
is possible, however it would require a significant amount of planning and coding.

Most of the implemented physics modes lead to the construction of non-symmetric global
matrices. The direct solver UMFPACK requires a lot of memory especially when the global
matrix is overpopulated with entries. Extensive research on the conditioning of the global
matrix in order to help the direct solver reach a higher number of degrees of freedom, is
suggested as a future task. That should eventually return a more thorough evaluation of the
multi-field adaptive techniques.
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6.2. Concluding remarks on multi-field adaptive techniques

Multi-field pure s-adaptation has provided typical s-adaptation slopes in all tested physics
modes and fields. The technique has come out very positive, especially due to the single-mesh
approach which greatly reduces computation time compared to multi-mesh correspondence.
Minimal fluctuations have been observed in the slopes. A common multi-field mesh is
simultaneously effective in the error convergence as well as in the solution process time-
consumption.

Multi-field pure p-adaptation has produced typical p-adaptation slopes, however the
technique has been heavy on the system and fluctuations have been observed. The technique
has been effective on a wave problem but quite ineffective in laminar flow problems as
expected. The implementation of element-wise condensation of inner degrees of freedom can
be suggested. Additionally, the multi-field 2-order element conformity condition can be
further investigated, in order to perhaps provide more independent order adaptation in each
field.

Concerning Ap-adaptation, three previously designed algorithms, which were meant for
wave propagation problems, were utilized as a basis for conducting initial research on multi-
field problems. To do so, the programming of modifications on them was essential, in order to
make them functional in the general coupled problem framework. The "keypoint" Ap-adaptive
algorithm has performed reasonably well in most physics modes and fields. In some cases it
has required a large number of degrees of freedom in order to catch up with pure s-adaptation.

The "top5" has been the weakest performing /sp-adaptive algorithm in the given test cases.
It is conservative in that it reduces the polynomial order only by 1 when necessary, and this
hinders performance.

The "kp phaselag" has proven to be the most intelligent of the three Ap-adaptive
algorithms. In some field solutions, it has surpassed pure /#-adaptation by a large margin. The
reason for not performing well in the SAW device problem in particular, was due to the
specific problem setup with the PML layers. As a suggestion, the future potential investigator
could setup a mechanical wave problem that does not make use of any PML layers and after
making observations, take the development of the algorithm further from there. In the actual
thesis, it was necessary to prove the physics mode by demonstrating device functionality,
therefore the PML was not omitted.

None of the so far developed /sp-adaptive algorithms has shown maximum performance for
all problems and fields simultaneously. It would be very optimistic to expect them to do so.
However, since the 4- and p-versions alone behave as expected, it is only a matter of
designing an Ahp-algorithm with more sophisticated decision making. The obtained thesis
observations together with the general PDE framework establishment, provide a good
foundation for further Ap-algorithm development.
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6.3. Final thoughts

This thesis has taken on the challenge of implementing a full range of adaptive techniques on
a fully coupled general partial differential equation framework. One question to answer is if it
was worth the effort. The answer is yes. Compared to the nonlinear fluidic library
development described in [64], the new framework is much more reusable, not just single-
directionally coupled, and can be utilized in problem areas beyond fluidic problems. In
addition to that, it can interoperate with adaptive techniques, whereas in [64], that was not
possible. In comparison to [102], the adaptive algorithms can be used in physics modes
beyond electromagnetic wave propagation.

Omitting a sequential field solution process in favor of a direct one, gives an impression of
straight-forwardness and is a considerable boost to the idea of modern multi-physics
simulation of coupling effects. On the other hand, complexities have developed, since solving
for a system of multiple fields simultaneously can ambiguously confuse some of the adaptive
algorithms. The results of this work provide a foundation, which can be utilized in the future
design of more sophisticated methods, with particular emphasis on Ap-adaptive techniques.

Before closing the report, it should be mentioned to a potential forthcoming investigator of
coupled problems and adaptation, that the approach which was followed in the actual thesis,
even though it was worth it and also essential, it raised some difficulties. The suggestion for
successive work from this point onward would be to perform programming refinement on
adaptive techniques, one physics mode and one algorithm at a time. The followed approach of
the simultaneous multitude in physics modes and adaptive algorithms has at many points
brought confusion, for example during the collection of numerical results.
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Appendix A1

This appendix corresponds to Chapter 4 and serves in presenting additional material which
was omitted from the main body of the report. The displayed material is essentially a
sequence of figures obtained during the solution process of the surface acoustic wave
problem. A short description for each of the figures is provided.

Figure Al-1 and Figure A1-2, are meant to demonstrate the effect of the perfectly matched
layer implementation in the problem geometry. They were obtained from [19] and the
differences between them and the corresponding solution plots in Chapter 4 are clearly
visible.
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Figure Al1-1 Piezoelectric x-displacement from [19] where the PML regions were omitted
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Figure A1-2 Piezoelectric y-displacement from [19] where the PML regions were omitted
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Figure A1-3 presents the starting coarse mesh of the problem, before the /i-adaptation
process is initiated. Figure A1-4 presents the resulting refined mesh after a sequence of 6 /-
adaptation steps.
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Figure A1-3 Starting coarse mesh for the h-adaptation process
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Figure A1-4 Resulting mesh after 6 h-adaptation steps

The element order plots starting from Figure A1-5 up to and including Figure Al-8,
display the resulting individual element orders after a sequence of 10 p-adaptation steps.

107°
0
-107%
—2x107%
-2x107° 0 2x107°  4x107%  Bx107°  8x107° 107* 1.2x107"  1.4x10™* 1.6x107" 1.8x107"  2x107*!
[ [ S S S I A I ' [ T
0 2 4 6 3 10 12 14 16 18 20

Figure A1-5 Resulting element order for the x-displacement field after 10 p-adaptation steps using the refinement
indicator of (3.7)
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Figure A1-6 Resulting element order for the y-displacement field after 10 p-adaptation steps using the refinement
indicator of (3.7)
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Figure A1-7 Resulting element order for the Electric Potential after 10 p-adaptation steps using the refinement indicator
of (3.7)
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Figure A1-8 Resulting element order for the Temperature after 10 p-adaptation steps using the refinement indicator of
(3.7)
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The remaining plots of the current appendix are concerned with the application of the Ap-
adaptation algorithms. The resulting mesh and element order plots regarding the x-
displacement field is presented for all Ap-algorithms in the sequence from Figure A1-9 up to
Figure Al-11. To avoid repetition, for the remaining solution fields, only the keypoint
algorithm was considered for the plots.
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Figure A1-9 Resulting mesh and element order for the x-displacement field after 6 hp-adaptation steps using the
keypoint algorithm
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Figure A1-10 Resulting mesh and element order for the x-displacement field after 3 hp-adaptation steps using the top5
algorithm
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Figure A1-11 Resulting mesh and element order for the x-displacement field after 3 hp-adaptation steps using the
kp_phaselag algorithm
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Figure A1-12 Resulting mesh and element order for the y-displacement field after 6 hp-adaptation steps using the
keypoint algorithm
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Figure A1-13 Resulting mesh and element order for the Electric Potential field after 6 hp-adaptation steps using the
keypoint algorithm
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Figure A1-14 Resulting mesh and element order for the Temperature field after 6 hp-adaptation steps using the keypoint
algorithm
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Appendix A2

This appendix displays the plots which were omitted from the main body of the report in
Chapter 5. Further discussion is not provided here. It starts with Figure A2-1 where the
starting coarse mesh, used in the /-adaptation process, for the micro-fluidic channel is
presented. The resulting refined mesh after 10 /#-adaptation steps is presented in Figure A2-2.
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Figure A2-1 Starting coarse mesh for the h-adaptation process
107* = T T T T T T T
5x107° H -
O 1

1 1 Il 1 1 1 1 |
o 5x107° 107" 1.5x107% 2x107% 2.5x107*  3x107*  3.5x107%  4x107*  4.5x107* s5x107*  5.5x107*

Figure A2-2 Resulting mesh after 10 h-adaptation steps
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In the plots starting from Figure A2-3 and up to Figure A2-5, the resulting element orders
after 8 p-adaptation steps, are presented. The corresponding field types are given in the figure
descriptions.
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Figure A2-4 Resulting element orders for the y-velocity field after 8 p-adaptation steps
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Figure A2-5 Resulting element orders for the pressure field after 8 p-adaptation steps

126



The plots starting from Figure A2-6, up to and including Figure A2-14, are concerned with
the Ap-adaptation process. The corresponding field types and /hp-algorithms are given in the
captions.
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Figure A2-6 Resulting element orders and mesh for the x-velocity field after 6 hp-adaptation steps with the keypoint
algorithm
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Figure A2-7 Resulting element orders and mesh for the x-velocity field after 6 hp-adaptation steps with the top5
algorithm
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Figure A2-8 Resulting element orders and mesh for the x-velocity field after 8 hp-adaptation steps with the kp_phaselag
algorithm
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Figure A2-9 Resulting element orders and mesh for the y-velocity field after 6 hp-adaptation steps with the keypoint
algorithm
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Figure A2-10 Resulting element orders and mesh for the y-velocity field after 6 hp-adaptation steps with the top5
algorithm
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Figure A2-11 Resulting element orders and mesh for the y-velocity field after 8 hp-adaptation steps with the kp_phaselag
algorithm
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Figure A2-12 Resulting element orders and mesh for the pressure field after 6 hp-adaptation steps with the keypoint
algorithm
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Figure A2-13 Resulting element orders and mesh for the pressure field after 6 hp-adaptation steps with the top5
algorithm
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Figure A2-14 Resulting element orders and mesh for the pressure field after 8 hp-adaptation steps with the kp_phaselag
algorithm
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A similar display routine is followed for the micro-flow electric regulator problem. The
starting and resulting meshes after a certain number of /-adaptation steps, are displayed in
Figure A2-15 and Figure A2-16 respectively.
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Figure A2-15 Starting coarse mesh for the h-adaptation process
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Figure A2-16 Resulting mesh after 8 h-adaptation steps
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From Figure A2-17 up to Figure A2-19, the p-adaptation related plots are presented.
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Figure A2-18 Resulting element orders for the y-velocity field after 7 p-adaptation steps
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Figure A2-19 Resulting element orders for the Electric Potential field after 7 p-adaptation steps

Finally, the Ap-adaptation related plots are presented in the following figures. Details are
provided in the captions.
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Figure A2-20 Resulting element orders and mesh for the x-velocity field after 4 hp-adaptation steps with the keypoint
algorithm
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Figure A2-21 Resulting element orders and mesh for the x-velocity field after 4 hp-adaptation steps with the top5
algorithm
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Figure A2-22 Resulting element orders and mesh for the x-velocity field after 8 hp-adaptation steps with the kp_phaselag
algorithm
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