Chapter 4 )
Ordinary Differential Equations Shethie

In this chapter, we discuss a first application of the time derivative operator
constructed in the previous chapter. More precisely, we analyse well-posedness of
ordinary differential equations and will at the same time provide a Hilbert space
proof of the classical Picard—Lindelsf theorem.! We shall furthermore see that the
abstract theory developed here also allows for more general differential equations
to be considered. In particular, we will have a look at so-called delay differential
equations with finite or infinite delay; neutral differential equations are considered
in the exercises section.
We start with some information on the time derivative and its domain.

4.1 The Domain of 9;,, and the Sobolev Embedding Theorem

Let H be a Hilbert space. Readers familiar with the notion of Sobolev spaces
might have already realised that the domain of 9;,, can be described as L; , (R; H)-
functions with distributional derivative lying in L3 ,, (R; H). We shall also use

HNR; H) := dom(d;,,) C L2, (R; H),

if we want to emphasise the target Hilbert space of the dom(9;,,)-functions. In order
to stress the distributional character of the derivative introduced, we include the
following result. Later on, we have the opportunity to have a more detailed look at
Sobolev spaces in more general contexts.

! There are different notions for this theorem. It is also called existence and uniqueness theorem
for initial value problems for ordinary differential equations as well as Cauchy—Lipschitz theorem.
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52 4 Ordinary Differential Equations

Proposition 4.1.1 Letv € Rand f, g € L2,,(R; H). Then the following conditions
are equivalent:

(i) f € dom(d;,) and oy f = g.
(ii) For all ¢ € C°(R) we have

—fR¢’f=/R¢g,

where these integrals are Bochner integrals of the H-valued functions t +—
@'(t) f(t) andt — ¢(1)g(t), respectively.

Proof Assume that f € dom(9,,,). By Proposition 3.2.4 and Corollary 3.2.6, we
have that Dy = lin{g-x; ¢ € C(R), x € H} < dom(9;,) (which also holds
for v = 0) and

<at,vf’ 1/f : x>L2,v = (f’ (_1/// + 21)1//') ’ x>L2,v

forall x € H and ¥ € C°(R). Hence, we obtain for all ¢ € C°(R)

(—y' +2v9) fe = | Yo fe "
R R

putting ¢ := e~2""y and using that multiplication by e ="

we deduce the claimed formula with g = 9, ,, f.
On the other hand, the equation involving g applied to ¢ = e 2"y for ¥ €
C(R) implies that

is a bijection on C°(R),

/ (—=y' +2vy) fe 2 = / vge V.
R R
Testing this equation with x € H yields
(g V- x)py, =(f (=¥ +209) -x) =(f (=0 x+ 209 -x))
Since Dy is dense in dom(d;,,,) by Proposition 3.2.4, we infer that
(g h)py, = (. (=Oroh +20R)),
forall h € dom(9;,,). Now, Corollary 3.2.6, yields
(g’ h>L2.v = (f’ a;th>L2,v (h € dom(a;jv))

Thus, f € dom(d;}) = dom(d,,v) and 9, , f = g. O
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The next result is a version of the Sobolev embedding theorem. It particularly
confirms that functions in the domain of 9;, are continuous. This result was
announced in Exercise 3.7. Here, we make use of the explicit form of the domain of
¢, as being the range space of the integral operator /,. We define

C,(R; H) = {f: R — H; f continuous, || f|, « = sup He_”’f(t)HH < oo}
teR

and regard it as being endowed with the obvious norm.

Theorem 4.1.2 (Sobolev Embedding Theorem) Ler v € R. Then every f €
dom(d;,,) has a continuous representative, and the mapping

dom(d,,) > f— f € Cy(R; H)

is continuous.

Proof We restrict ourselves to the case when v > 0; the remaining cases can be
proved by invoking Corollary 3.2.5. Let f € dom(d;,,). By definition, we find
g € Ly ,(R; H)suchthat f = 8tfvlg = I, g. Then for all t € R we compute

t t t t
/ gl dr = f llg(m)lle™" " dr < / lg(@) > =27 dr / e T dr
—0o0 —0Q0 —0o0 —0o0

1
<Jorfly, L e

Thus, g is integrable on (—oo, t] for all + € R and dominated convergence implies

that
r=(

—00

t

g(s) ds)

is continuous. Moreover, for t € R we obtain

1
e
2v

vt

13
wmw</|mmmemﬁhu/

which yields the claimed continuity. O

Corollary 4.1.3 For all f € dom(d;,), we have that ||e™ f ()|, — O ast —
Foo.

The proof is left as Exercise 4.2.
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4.2 The Picard-Lindelof Theorem

The prototype of the Picard—Lindelof theorem will be formulated for so-called
uniformly Lipschitz continuous functions. We first need a preparation.

Definition Let X be a Banach space. Then we define
ScR; X) ={f: R — X; fsimple, spt f compact}

to be the set of simple functions from R to X with compact support.

Lemma 4.2.1 Let X be a Banach space and v, € R. Then S.(R; X) is dense
in Ly ,(R; X) N Ly n(R; X); that is, for all f € Ly, (R; X) N Ly ,(R; X) there
exists (fu)n in Sc(R; X) such that f, — f in both Ly, (R; X) and L ,(R; X). In
particular, Sc(R; X) is dense in L; , (R; X).

Proof Let f € Ly ,(R; X) N Ly ,(R; X). Then for all n € N we have that
Li—nmf € Loy X) N Lyy(R; X) and Lj—p ) f — f in Ly, (R; X) and
in Ly n(R; X) asn — oo. Forn € N let (fy i) be in S(uzy; X) such that
Jok = L—pnfin Loy (R; X) ask — oo. We put f, x := Lj—pn) fuk € Sc(R; X).
Then f, x — Lj—pnf in Lz »(R; X) and in Ly ;,(R; X) as k — oo. m|

In order to define the notion of uniformly Lipschitz continuous functions, we first
need the Lipschitz semi-norm.

Definition Let X, X; be normed spaces, and F: X9 — X; Lipschitz continuous.
Then

_ IFx)— F)
”F”Lip = Ssup
x,yeXg lx — yli
xXFEYy

is the Lipschitz semi-norm of F.

Definition Let Hy, H; be Hilbert spaces, 1 € R. Then a function F: Sc(R; Hp) —
ﬂ@ M Ly, (R; Hy) is called uniformly Lipschitz continuous if for all v > u we have
that F considered in Ly, (R; Ho) x L2,,(R; H}) is Lipschitz continuous, and for the
unique Lipschitz continuous extensions F”, v > u, we have that

s [ < .

vz

Remark 4.2.2 Another way to introduce uniformly Lipschitz continuous mappings
is the following. Let Hy, H; be Hilbert spaces, u € R. Let (F"),>,, be a family of
Lipschitz continuous mappings F": L2 ,(R; Hp) — L2, ,(R; H;) such that

sup || F" 00

N ”Lip <
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and the mappings are consistent in the sense that for all v, > u and f €
Ly ,(R; Hy) N LQ’U(R; Hp) we have

F'(f) = F"(f).

Then, for v > p and f € Sc(R; Hp) we have F'(f) €
F"|s.(R: Hy) is uniformly Lipschitz continuous.

N> L »(R; Hy) and

Theorem 4.2.3 (Picard-Lindelof—Hilbert Space Version) Let H be a Hilbert
space, o € R and F: S;(R; H) — ﬂv>ﬂ Ly ,(R; H) uniformly Lipschitz
continuous with L = sup,,> , | F" |l ip. Then for all v > max{L, 1} the equation

at,vuv = Fv(uv)
admits a unique solution u,, € dom(o;,,). Furthermore, for all v > max{L, u} the

following properties hold:

(a) If FV(uy) is continuous in a neighbourhood of a € R, then u, is continuously
differentiable in a neighbourhood of a.

(b) For all a € R, L(_co,aty is the unique fixed point v € L ,(R; H) of
]1(_00,5,]3;&”, that is, v uniquely solves

v=1(—oca)d;y F'(V).

(c) Foralln > v we have that u, = u,.
(d) Forall f € Ly, (R; H) the equation

O vV = F'(v) + S

admits a unique solution vy, y € dom(d;,), and if f, g € L2, (R; H) satisfy
f =g on(—o00,alforsomea € R, then v, y = vy g on (=00, al.

Proof of Theorem 4.2.3—First Part Define ®: Ly ,(R; H) — L2, (R; H) by

) =8, F'(u).

Since B,TVI < 11) and v > L it follows that ® is a contraction and thus admits a

unique fixed point, which by definition solves the equation in question. Moreover,
we have that u, = ®(u,) = 3, F"(u,) € dom(3;,).

Differentiability of u, as in (a) follows from Exercise 4.1 and the continuity of
FY(uy).

For the unique existence asserted in (d), note that the unique existence of v, ¢
follows from the above considerations after realising that ¥ (v) = B,TVIF Y(v) +
B,TVI f defines a contraction in Ly ,(R; H). For the remaining statements in (d) and
the statements in (b) and (c), we need some prerequisites. |
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Definition Let Hy, H; be Hilbert spaces, v € R and F: L, ,(R; H) —
Ly (R; Hy). Then, F is called causal if foralla € Rand all f, g € Ly, (R; Hp)
with f = g on (—o0, a], we have that F(f) = F(g) on (—o0, a].

Remark 4.2.4 Letv e R,a e R.If f € L(L2,,(R; H)) withspt f € (—o00, a] then
f€My<y L2y@®R; H) and

ev—ma

IfllLy, @) < 1Al @y @ <v).

Likewise, if spt f C [a, 00), we get f € [ L ,(R; H) with

p=v

1y, @ < e PN iy, @m (0= v).

Lemma 4.2.5 Let Hy, H be Hilbert spaces, u € R, F: S.(R; Hy) —
ﬂu>u L, ,(R; Hy) uniformly Lipschitz continuous. Then the following statements
hold:

(a) FV iscausal forallv > .
(b) The mapping BE,}F” is causal if v > max{u, 0} and v # 0.
(c) Forallv = n > u, we have that F* = F" on Ly, (R; Ho) N Ly ,(R; Ho).

Proof (a) We divide the proof into three steps.

(i) Letv > w.In order to show causality of F, we first note that it suffices to have
FY(f) = FV(g) on (—o0,a]forall f, g € S.(R; Hy) with f = g on (—00, a].
Indeed, let f, g € L2,(R; H) with f = g on (—oo, a] for some a € R.
By Lemma 4.2.1 we find (f,), and (g,), in Sc(R; Hp) such that f, — f
and g, — gin L3y (R; Ho). Next, L(—oo.a]fn = L(—oo.alf = L(—c0,a]g @S
n — oo in Ly, (R; Hp). Thus, putting g, = L(—co,a]fn + L(a.00)8n for all
n € N we obtain that g, — g in L2 ,(R; Hp). Since F'(f,) = F'(gn) on
(—oo,a] foralln € Nand F": Ly, (R; Hy) — L2, (R; Hj) is continuous,
taking the limit n — oo yields F¥(f) = F"(g) on (—o0, a].

(i) Leta € R,c > 0and f € Sc(R; Hp) such that f = 0 on (—o0,4a], g €
Moy L2v®R; Hy) such that l1gllz, @ my) < ¢ Ifllz,, @ H) forallv > u.
Then

TElgg, €@ de < [ llg@0)l1, e @ dr
<A [X IO, e dt — 0

as v — o00. Since €@~ 5 oo as v — oo for all 1 < a, the monotone
convergence theorem implies g = 0 on (—o0, a].

(iii) Let f,g € Sc(R; Hp) such that f = g on (—oo,a] for some a € R.
Then f — g = 0 on (—o00,a]. Since F is uniformly Lipschitz continu-
ous, with L = sup,>,, [ F"llyy we obtain |F*(f) = F* (&)L, @:m) <
LIIf —gllL, @ Hy forall v = p. By (ii) we conclude F¥(f) = F"(g) on
(—o00, a] for all v > u, which by (i) yields the assertion.
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The statement in (b) directly follows from (a). Note that 8,])1 F" is uniformly
Lipschitz continuous only for v > 0.

Let us prove (c). Since FV(f) = F(f) = F(f) for f € S.(R; Hp), the set
Sc(R; Hyp) is dense in Ly ,(R; Hp) N Ly, ,(R; Hp) by Lemma 4.2.1, and F"
and F" are Lipschitz-continuous, we obtain the assertion. m]

Proof of Theorem 4.2.3—Second Part The remaining part in (d): Let f,g €
Ly ,(R; H) with f = g on (—o00,a]. Since v > L > 0, we compute using
Lemma 4.2.5(b) and causality of 8,])1 that

T(—oo.aiVv,f = Li—co.a1dyy F* (v,5) + Li—c0.a1dyy f
= L—ooa1dyy F” (L(=c0.a1¥v.1) + L(—c0.a1d;y L(—co.a1f
= Lcos.a1dry F¥ (L—oo.alv, 1) + Li—os,a1dy y L(—o0.a18-
The same computation also yields that
L(—co.a1Vn.g = L(—oo.a1ry F¥ (L(os,aiVvg) + Li—oc.aldy L(—o0.a1€-

It is easy to see that u +— n(_oo,a]agvlF” (u) + n(_oo,a]a,jjn(_oo,a]g defines a
contraction in Lj , (R; H). Hence, the contraction mapping principle implies that
L—c0,a1v, f = L(—c0,a)Vv,g-

The statement in (b) follows from the fact that u +— ]1(_oo,a]a,jvl FV(u) defines a
contraction and Lemma 4.2.5(b).

For the proof of (c), we observe that for all n € N, we have 1(_co njuty; €
Ly ,(R; H) N Ly »(R; H). Hence, by (b) and Lemma 4.2.5(c), it follows that

ooty = Li—oomdyy F" (Li—oomitn) = Loomd;y F” (Loomitn) -
As 1(_oo,nuy satisfies the same fixed point equation, we deduce 1(_oo njity; =

1 (_co,njtty for all n € N, which yields the assertion. O

As a first application of Theorem 4.2.3 we state and prove the classical version
of the Theorem of Picard-Lindelof.

Theorem 4.2.6 (Picard-Lindel6f—Classical Version) Ler H be a Hilbert space,
Q2 C R x H be open, f: Q2 — H continuous, (ty, xo) € 2. Assume there exists
L > 0 such that for all (¢, x), (t,y) € Q we have

If,x) = fa I <Llx—yl.
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Then, there exists § > 0 such that the initial value problem

{u’(r) = f(t.u(®) (t € (o, 1o+ 5)), @

u(to) = xo,
admits a unique continuously differentiable solution, u: [to, to + 8] — H, which
satisfies (t,u(t)) € Q forallt € [tg, ty + 5]

Proof First of all we observe that we may assume, without loss of generality, that
xo = 0. Indeed, to solve the initial value problem

V() = ft,v() +x0) (1€ (o, 10+ 9)),
v(tg) = 0,

for a continuously differentiable v: [fo, fp + 6] — H is equivalent to solving the
problem in Theorem 4.2.6 for u by setting u = v + 1|4, 4+s1X0. Appropriately
shifting the time coordinate, we may also assume that 7o = 0.

Thus, let (0, 0) € €. Then [0, §'] x B [0, ¢] € € for some §’, ¢ > 0. Denote by
P: H — H the projection onto B [0, €]; that is, for x € H, Px € B [0, ] is the
unique element satisfying

x — Px = inf |x— .
b= Pxllg = inf il =yl

By Exercise 4.4, P is Lipschitz continuous with Lipschitz semi-norm bounded by
1. We then define

F:Sc(R: H) — (1) Lo.v(R; H)
v>0

g (1= s @) f(, P(g(1))))
and will prove that F is well-defined and uniformly Lipschitz continuous. Since the
mapping ¢ > Lo (t) f(z,0) is supported on [0, §'], we obtain for v > 0 that
F(0) € Ly v(R; H). Moreover, forv > O and g, 7 € S.(R; H) we estimate
IF () — FMWIIL, ,@m)
5
= [ 1F@® = Fao e = [ 16, peo) - fo PhoEe

& &
<L /O IP(g(®) = P(h()|* e dr < L? /O lg (@) = h())* e dr

<L Nlg =7, @m) -

which shows that F' is well-defined and uniformly Lipschitz continuous.
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By Theorem 4.2.3, there exists v € dom(9;,,) with v > L such that
9 vv = F'(v).

We read off from v = B,T:F”(v) that v = 0 on (—o0, 0], and that v is continuous
by Theorem 4.1.2. Moreover, we obtain that

t min{z,8'}
v(r) = / Lio,5/ (7)) f (7, P(v(7)))dr = /0 f(z, P(v(7)))dr,

from which we read off that v is continuously differentiable on (0, § ) since f and
P are also continuous. The same equality implies for 0 < ¢ < § = min{ 1&8/1’ 8'},
where M = sup; v)e(0.5'1x 10,¢1 IL.f (7, )|, that

t
vl < fo I/ (r. P dr < M5 < e.

Thus, (1, v(1)) € [0,8'] x B[0,] € Qforall0 <7 < §and so Pv(r) = v(z) for
0 <t < 48. Thus, u := vljo,s) satisfies (4.1).

Finally, concerning uniqueness, let #: [0,3] — H be a continuously differen-
tiable solution of (4.1). Let v be the extension of & by 0 to the whole of R. Then we
get that

L—oo,810 = ]1(700,51/0 Ljo.67) (1) f (7, V(7)) dr

= 1(—00.4] / 0.6 (v) f(r, P(¥(1))) dt
—00
= L (00,8197 F* (L (—c0,510)-

Since 1(_0,s1v is the unique solution of the equation w = ]1(,00,51853 F(w), we
obtain that 1(—s0,§7 = 1(—c0,6]v, Which yields u = u. o

Remark 4.2.7 The reason for the proof of the classical Picard—Lindelof theorem
being seemingly complicated is two-fold. First of all, the Hilbert space solution
theory is for L-functions rather than continuous (or continuously differentiable)
functions. The second, maybe more important point is that the Hilbert space
Picard—Lindelof asserts a solution theory, which provides global existence in
the time variable. The main body of the proof of the classical Picard—Lindelof
theorem presented here is therefore devoted to ‘localisation’ of the abstract theorem.
Furthermore, note that the method of proof for obtaining uniqueness and the
admittance of the initial value rests on causality. This effect will resurface when
we discuss partial differential equations.
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4.3 Delay Differential Equations

In this section, our study will not be as in depth as done for the local Picard—Lindel6f
theorem. Of course, the solution theory would not be a very good one if it was only
applicable to, arguably, the easiest case of ordinary differential equations. We shall
see next that the developed theory applies to more elaborate examples.

In what follows, let H be a Hilbert space over K. We start out with a delay
differential equation with so-called ‘discrete delay’. For this, we introduce, for i €
R, the time-shift operator

i Se(®; H) — (] Law(R; H),
veR

f=fC+h).

Lemma 4.3.1 Let © € R. The mapping t,: Sc(R; H) — ﬂv%L Ly,(R; H) is
uniformly Lipschitz continuous if and only if h < 0. More precisely, for v € R we
have

h
lTnllLry, @ m)) =€

Proof Let f € Sc(R; H). Then for v € R we compute

Ien fIZ, , @y = /R Lf @ +m)e " dt = /R Lf @12 e dr

2 2vh
= ”f”Lz,,,(]R;H) e .

Since sup,>, e?’" < oo if and only if 1 < 0 we obtain the equivalence. Moreover,
the above equality also yields the norm of 75 on L» ,(R; H). O

We will reuse t;, for the Lipschitz continuous extensions to Ly ,,(R; H). The well-
posedness theorem for delay equations with discrete delay is contained in the next
theorem. We note here that we only formulate the respective result for right-hand
sides that are globally Lipschitz continuous. With a localisation technique, as has
already been carried out for the classical Picard—Lindel6f theorem, it is also possible
to obtain local results.

Theorem 4.3.2 Let H be a Hilbert space, uw € R, N € N, hy, ..., hy € (—00, 0],
and

G: Sc®R: HV) > (1) L2 (R: H)
v
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uniformly Lipschitz. Then there exists an n € R such that for all v > n the equation
9 yu =G" (rhlu, e rhNu)

admits a solution u € dom(d;,,) which is unique in Uu>n Ly ,(R; H). Moreover,
Jorall a € R the function u, = 1(_o g1 satisfies

Ug = ]1(,00,a,a,jU1G” (thlua, e rhNua) .
Proof The assertion follows from Theorem 4.2.3 applied to F := Go(th1 sy Th N)
in conjunction with Lemma 4.3.1. O

Next, we formulate an initial value problem for a subclass of the latter type of
equations.

Theorem 4.3.3 Leth > 0, f: R>o x H x H — H continuous, and f(-,0,0) €
Ly (R; H) for some p > 0. Assume that there exists L > 0 with

”f(tax7 )’) - f(t,M,U)” < L”(x’)’) - (M,U)” ((t7-xay)7(tauav) S Rzo x H x H)

Letug € C ([—h, 0]; H). Then the initial value problem

{u’(r) = f,u@),ut —h) (> 0), 42

u(t) = uo(r) (r € [=h,0])
admits a unique continuous solution u: [—h, o0) — H, continuously differentiable
on (0, 00).

Proof Fort < Olet f(z,-,-) = 0. We define F: S¢(R; H) — ()
by

vop Low(@®: H)
F@)(1)
= [ (1. () + 0,00 (D0 (0), $(¢ — h) + L1000t — Wug(0) + Loy (Dot — h)

for all t € R. It is easy to see that F' is uniformly Lipschitz continuous. Thus, by
Theorem 4.2.3, we find > p such that for all v > 7 the equation

9 vv = F'(v)

admits a solution v € [, dom(d;,,) which is unique in |, L2,»(R; H). Note
that spt FV(v) < [0, co). Hence, v = 0 on (—o0, 0] . By Theorem 4.1.2, we obtain
that v(0) = 0. We claim that u := v 4 L[g,00)(1)u0(0) 4+ L|_p,0)u0 is a solution
of (4.2). First of all note that u is continuous on [—/, 00). Next, for0 < ¢t < h we
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have that t — h < 0 and thus v(tr — &) = 0 and so we see that

F"(v)(1)
= f(t, v(t) + Lj0.00) (10 (0), v(t — h) + L0.00)(t — )tto(0) + Lyo.n) (t)uo(t — h))
= f(t,u®), uot — h)).

Similarly, for ¢+ > h we obtain
F"(v)(t) = f(t, u(t), u(t — h))

and thus, by continuity of f, ug and u, it follows that v is continuously differentiable
on (0, co0) and

u'(t) = V' (1) = d,v(t) = f(t, u®), u(t — h)).

It remains to show uniqueness. For this, let w: [/, 00) — H be a solution of (4.2).
Then

1
w(r) = uo(0) +/ S w(s), wis —h))ds (1 >0)
0

and w(t) = ug(t) if t € [—h,0]. Extend w by 0 on (—oo, —h) and set T :=
w — 110,00)(u0(0) — N—p,0)u0. We infer

t
V() = / f (s, w(s), w(s —h))ds
0

t
= / £ (5, 9(5) 4 L[0,00) (5)u0(0),

V(s — h) + Ljo,00) (s — Wuo(0) + Lo ) (s)uo(s — h)) ds

forall7 € R.Fora € Rweset U, = 1(—00,a)V € [ ),eg L2,v(R; H) and obtain,
using the above formula for v,

Vo = L(co,a1dy F' (W)
By uniqueness of the solution of
_ —1 v
Lcoa)? = T(-o0.a1d; y F¥ (L(~o0.a1)

it follows that v, = 1 (_0,qqv forall a € R and, thus, u = w. a
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The equation to come involves the whole history of the unknown; that is, the
unknown evaluated at (—oo, 0]. For a mappingu: R — H and ¢ € R we define the
‘history’ of u up to time ¢ as u;: R<o — H, u;(0) := u(t + 6) forall 6 € R<p.
Moreover, we define the mapping

u(.)IRBtI—)Ih,

which maps each ¢ € R to the history of u up to time ¢.
Lemma 4.3.4 Let i > 0. Then
O: Se(R; H) = (1) Law(R; LaR<o; H))
v

U= ugc)
is uniformly Lipschitz continuous. More precisely, for all v > 0 we have

1
\/21).

Proof Letu € Sc(R; H). Then Ou(t) = u; € Lo(R<o; H) for all t € R and we
compute

|e*l =

Oul? =// u(t +6)||> do eV dr
l “LZN(R;LZ(RSO;H)) ® Jr_ [ ( )i

=// lu())? e~ dg dr
R JR<o

1
= / lu@)||> e 2" dr. O
2v R

Theorem 4.3.5 Let H be a Hilbert space, u € Randlet ®: S, (R; Ly (R<o; H)) —
mu>u L, ,(R; H) be uniformly Lipschitz. Then, there exists n > 0 such that for all
v > n the equation

Bt,vu = CDU(M(.))

admits a solution u € (), >, dom(d;,,) unique in | J,,>, L2»(R; H).

Proof This is another application of Theorem 4.2.3. O
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4.4 Comments

In a way, the proof of Theorem 4.2.6 is standard PDE-theory in a nutshell; a solution
theory for L ,-spaces is used to deduce existence and uniqueness of solutions and
a posteriori regularity theory provides more information on the properties of the
solution.

Note that—of course—other proofs are available for the Picard-Lindel6f theo-
rem. We chose, however, to present this proof here in order to provide a perspective
on classical results. Furthermore, we mention that in order to obtain unique
existence for the solution, it suffices to assume that f satisfies a uniform Lipschitz
condition with respect to the second variable and that f is measurable. Continuity
of f is needed in order to obtain C!-solutions.

A more detailed exposition and more examples of the theory applied to delay
differential equations can be found in [52] and—in a Banach space setting—[85].

There is also a way of dealing with delay differential equations by expanding the
state space the problem is formulated in. In this case, it is possible to make use of
the rich theory of Cy-semigroups. We refer to [10] for this.

Causality is one of the main concepts for evolutionary equations. We have
provided this notion for mappings defined on L, ,-type spaces only. The situation
becomes different if one considers merely densely defined mappings. Then it is a
priori unclear, whether for a Lipschitz continuous mapping the continuous extension
is also causal. For this we refer to Exercise 4.7 below and to [51, 131], and [138,
Chapter 2] as well as to references mentioned there.

Exercises

Exercise 4.1

(a) Let X be a Banach space,u: [a, b] — X continuous. Show thatv: (a,b) - X
given by

13
v(t):/ u(t)dr

is continuously differentiable with v'(t) = u(r) for all t € (a, b).
(b) Let H be a Hilbert space, and v € R. Let u € dom(9;,,,) with 9;,,u continuous.
Show that u is continuously differentiable and u’ = 9; ,u.

Exercise 4.2 Prove Corollary 4.1.3.
Exercise 4.3 Let H be a Hilbert space. Show that

dom(d; ) — Ci/z(R; H) = ’f € Cy(R; H); eV fis ;-H’older continuous] ,
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where a function g: R — H is said to be ;-H(J‘lder continuous if

lg@) — gl

sreR |t —s|'/?
t#s

Exercise 4.4 Let H be a Hilbert space, C € H non-empty, closed and convex.
Show that the projection, P, of H onto C defines a Lipschitz continuous mapping
with Lipschitz semi-norm bounded by 1, where for x € H, Px € C is the unique
element satisfying

lx — Pxlly = inf [lx — ylly .
yeC

Exercise 4.5 Let h: R x R<g x R" — R” be continuous satisfying
Az, s, x) —h(t, s, I < Llx—yl

with i(-,-,0) = 0. Let R > 0 and up € C(RR<op; R") have compact support. Show
that the initial value problem

w'(t) = [Pg hit,s,u(s)ds (> 0),
u(t) = uo() (r<0)
admits a unique continuous solution u: R — R”, which is continuously differen-

tiable on R~ .
Hint: Modify ® from Lemma 4.3 .4.

Exercise 4.6 Let H be a Hilbert space. Show that for a uniformly Lipschitz

continuous ®: S, (]R; L>(R<p; H)z) — ﬂv>u L, ,(R; H) the equation

9 pu = " (u(.), (at,vu)(A))

admits a unique solution # € dom(9;,,) for v large enough.

Exercise 4.7 Let D C L;(R) be dense and suppose that F: D € Ly(R) — L(R)
admits a Lipschitz continuous extension F°.

(a) Show that F is causal if and only if for all ¢ € S.(R; R) and all a € R there
exists L > 0 such that

‘(1(—oo,a] : (F(f) - F(g))a ¢>L2(R)‘ <L ”11(—00,&] : (f - g) HLz(R)
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for all f, g € D; that is, the mapping

(>

is Lipschitz continuous.

(b) Fora € Rletdom(F) Ndom(F1(_ 41) be densein Lr(R) andif f,g € D =
dom(F) and f = g on (—o00, a] then also F(f) = F(g) on (—o00, a]. Show
that FO is causal.

(c) Assume for all f,g € D anda € R that f = g on (—o0, a] implies that
F(f) = F(g) on (—00, a]. Show that this is not sufficient for FY to be causal.
Hint: Find a dense subspace D = dom(F) so that the first condition in (b) is
not satisfied.

<]l(7oo,aj =), ¢>L2(R)D

Looar ¢ = @) 2 £ F(P) € (La®),
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