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Keywords: Data-driven reduced-order models based on autoencoders generally lack interpretability compared to classical
Autoencoder methods such as the proper orthogonal decomposition. More interpretability can be gained by disentangling the
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latent variables and analyzing the resulting modes. For this purpose, probabilistic f-variational autoencoders
(B-VAEs) are frequently used in computational fluid dynamics and other simulation sciences. Using a
benchmark periodic flow dataset, we show that competitive results can be achieved using non-probabilistic
autoencoder approaches that either promote orthogonality or penalize correlation between latent variables.
Compared to probabilistic autoencoders, these approaches offer more robustness with respect to the choice of
hyperparameters entering the loss function. We further demonstrate the ability of a non-probabilistic approach
to identify a reduced number of active latent variables by introducing a correlation penalty, a function also
known from the use of g-VAE. The investigated probabilistic and non-probabilistic autoencoder models are
finally used for the dimensionality reduction of aircraft ditching loads, which serves as an industrial application
in this work.

1. Introduction accuracy and a more compact latent space compared to POD. This
comes, however, at the cost of losing interpretability, as the latent
variables of the autoencoder are generally not disentangled or not
orthogonal. The difficulty is that the influence of individual latent
variables is hard to assess if the change in one latent variable inevitably
forces a change in another latent variable due to entanglement. There-
fore, several studies have recently focused on obtaining disentangled

(orthogonal) latent variables in autoencoders to gain interpretabil-

Machine learning (ML) approaches based on either classical di-
mension reduction methods like the proper orthogonal decomposi-
tion (POD) [1] or autoencoders are frequently used to reduce the
dimension of fluid flows in data-driven surrogate models [2-7]. An
autoencoder passes the input through a dimension-reducing encoder
and subsequently a dimension-increasing decoder. It aims to learn a
lower-dimensional representation of the input by forcing the output of

the network to be close to the input. When considering two- or three-
dimensional data, which is often the case in physics, autoencoders are
usually used with convolutional layers to capture local dependencies in
the data. To predict the temporal dynamics of unsteady physical phe-
nomena, autoencoders can be combined with networks suitable for time
series prediction like a long short-term memory (LSTM) network [8],
a transformer [9] and other ML frameworks such as the sparse identi-
fication of nonlinear dynamics (SINDy) [10] or approximations to the
Koopman operator [11]. The dynamics are then usually learned in the
obtained lower-dimensional latent space of the autoencoder [2,4,7,12—
171.

By using nonlinear activation functions, an autoencoder performs
nonlinear dimension reduction in contrast to the linear POD frame-
work. Due to this, autoencoders usually achieve better reconstruction

ity [16,18,19]. There are several strategies to achieve this goal. The
p-variational autoencoder ($-VAE) [20], which is based on the vari-
ational autoencoder (VAE) [21], is probably the most used option. It
is a probabilistic framework that aims at normally distributed latent
space variables. A hyperparameter # > 0 in the loss function controls
the importance of reconstructive capability, typically in terms of the
mean squared error, relative to a Kullback-Leibler divergence term
that assesses the closeness of the normally distributed latent space
variables to the standard normal distribution. In contrast, the orthogo-
nal autoencoder (OAE) [22], originally introduced for clustering tasks,
enforces orthogonality of the latent variables in the loss function in
a deterministic manner. Again, there is a hyperparameter (4 > 0)
that controls the importance of orthogonality in comparison to the
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reconstruction quality in the training process. In [23], the OAE was
used to provide uncorrelated latent variables for a statistical process
control framework.

Note that latent variables do of course not necessarily need to be
disentangled. Rather, it is an additional, welcome feature to improve
the interpretability of the latent representation, which is often linked to
the explainability of an observation and thus supports, for example, tar-
geted design optimization. Disentanglement characterizes a latent space
in which changes in individual latent variables are rigidly linked to
changes, preferably, in a single relevant aspect, frequently labeled gen-
erative parameters or ground-truth generative parameters. Adequate
quantification of disentanglement levels has motivated research into
meaningful measures for the degree of disentanglement. In particular,
in the field of image recognition, some measures have been developed
based on tests with simple geometric bodies, e.g., regarding their
color, shading, or offsets, to assess the mutual information between the
data and the learned representation with respect to these generative
factors [24,25]. However, for many practical physics problems, the
knowledge of the underlying generative parameters is lacking, which
makes it difficult to assess the quality of disentangling along the route
outlined in [24-26]. In these cases, correlations between the latent
variables are often used for analysis [16,18,19,27].

Work on disentangling the latent variables in the context of low-
dimensional representations of fluid dynamic fields has been focusing
on f-VAEs. Eivazi et al. [18] proposed using a f-VAE for the extraction
of near-orthogonal modes of turbulent flows. More recently, Solera-Rico
et al. [16] combined this approach with a transformer to model the
dynamics of fluid flows in the obtained disentangled latent space. Kang
et al. [19] employ a B-VAE in combination with a Gaussian process
regression to construct a reduced-order model (ROM) for transonic
flows. After dimension reduction, the input parameters of the full-
order simulation are mapped to the disentangled latent space using
regression techniques similar to other works [3,5,28-30] to obtain a
more interpretable surrogate model. They demonstrate the ability of
the B-VAE to use only a few physics-aware latent variables, when
trained with a larger than needed latent space dimension. Notice that
the phenomenon of VAEs having inactive latent variables was reported
before, e.g., [31-33].

In this work, we compare the established p-VAE with two non-
probabilistic frameworks, the OAE and an approach we call uncorre-
lated autoencoder (UAE), which directly uses the correlation matrix of
the latent variables to enforce the desired property of a disentangled
latent space. Slightly similar proposals to complement the loss function
have recently been used for an image style transfer application, where
correlations between different channels of encoded feature maps are
reduced [34], as well as for the uncorrelated sparse autoencoder,
pursuing other encoding goals [35].

Two data sets are used in this work. The first example is a bench-
mark example for periodic flows that has already been used in pub-
lications of similar strategies for disentangled latent space ROM. The
second case contains aircraft ditching load data and is used as an
industrial application in this work. Ditching is the emergency landing
on water, and its analysis is critical for the certification of a commercial
aircraft. To reduce the computational effort, simulation-based ditching
analysis is usually performed using a one-way coupling between the
fluid and the structure, i.e., in a first step the hydrodynamic loads
are calculated and subsequently the structural analysis is performed.
In the long-term, the current research aims to include approximate
deformations to the calculation of the hydrodynamic loads with ML.
First steps towards the spatio—temporal prediction of ditching loads
using combinations of convolutional autoencoder (CAE) with LSTM net-
works and Koopman operator approaches that can include deformation
caused changes of the loads are documented in [17]. Interpretabilty of
the data-driven surrogate model is obviously critical in an industrial
process. The goal within this work is to advance the employed ML
methods in this regard. To the best of our knowledge, this is the first
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Fig. 1. Basic autoencoder scheme.

work for applications related to fluid dynamics that applies a loss
function focusing on the correlation matrix of the latent variables and
compares the OAE to the f-VAE and the UAE.

The remainder of the paper is structured as follows: In Section 2,
the used autoencoder frameworks are briefly presented. Results on both
datasets are shown in Section 3 and conclusions are drawn in Section 4.

2. Methods

An autoencoder comprises an encoder and a decoder, as illustrated
in Fig. 1. The encoder maps the input x € R” to a usually lower dimen-
sional latent space representation z € R” and the decoder subsequently
maps z to the full dimension to obtain a reconstruction of the input,
X € R". Encoder and decoder usually have symmetric structure. All
models in this work are based on a CAE, as the considered physical
data is two-dimensional in space and convolutional layers are usually
better than fully connected layers at capturing spatial dependencies.

A standard autoencoder reconstruction loss comparing input x and
the reconstruction X, i.e., mean squared error (MSE), is considered for
all models so that encoder and decoder can be used to decrease or
increase the spatial dimension of the data at hand. In this work, the goal
of the reduced order models is to obtain disentangled latent variables z
while keeping the reconstruction error as low as possible. To this end,
the three models considered, i.e., f-VAE, OAE and UAE, each use a
different second term in the loss function that acts in the latent space
to effect the disentanglement.

2.1. Orthogonal autoencoder (OAE)

The orthogonal autoencoder (OAE) was introduced by
Wang et al. [22] for clustering tasks. In addition to the reconstruction
loss, the OAE enforces the orthogonality of the latent variables within
the loss function for a mini batch of size b

. 1 - A
Lossoap(X, X) = - X - X% + ﬁ”ZTZ -IIZ A>0, (1

where X € RY" contains the inputs for one mini batch, Z € R™”
is a matrix containing the latent vectors of a mini batch as rows and
I € R™m,

2.2. Uncorrelated autoencoder (UAE)

To measure the independence of the latent variables, the Pearson
correlation matrix R € R"™" of the latent vectors, and its determinant
det(R) are often considered [16,18,19,23,27]. The matrix is computed
as follows

T (& = 2)( - 7))

ij =
VI G -2 T -5

where K is the number of considered training or validation examples
used for the calculation, zl’.‘ denotes the value of the ith latent variable

on the kth data example, and z; is the mean value of the ith latent
variable over all k examples. The matrix R is symmetric and has unit

R

, 1<i,j<m,
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Fig. 2. Scheme of a VAE.

values on the diagonal. A correlation matrix close to the identity matrix
and thus a determinant close to one corresponds to a good level of
disentanglement.

The second non-probabilistic approach considered here, which we
term uncorrelated autoencoder (UAE), uses this criterion directly in the
loss function. The employed loss function is similar to the correlation
losses in [34,35], where the absolute values of the non-diagonal entries
of the correlation matrix are forced to be small. The present study
follows the OAE method and uses the squared entries

o 1L 24 Y 2
Lossyap(X, X) = mllX—XHF*‘ ﬁHR—IllF, v>0, (2)
where R € R™" is the Pearson correlation matrix of the latent vectors
of a mini batch of size b and I € R"™ ™. The UAE therefore focuses
directly on the two properties of interest, reconstruction quality and
disentanglement, without forcing the latent space to follow a normal

distribution as the (f-)VAE presented next.
2.3. Variational autoencoder (VAE)

The latent space representations in a VAE are forced to follow
a probability distribution, which is usually assumed to be normally
distributed: z ~ N'(u, X), with mean y € R™ and assumed diagonal
covariance matrix X € R™" where the diagonal entries are (c;)%,i €
{1,...,m}. The encoder provides the two outputs u and log(c?), as
illustrated in Fig. 2, where for stability reasons the log-variance log(c?)
is returned. Using o = exp(0.5 - log(c?)) and generating e ~ N'(0,1), the
latent variables z = u + 6 ® € are computed, which are the input for
the decoder. This is the reparameterization trick [21] to enable classical
backpropagation, as z can be considered a deterministic variable during
training. The gradient with respect to the encoder can otherwise cause
problems [21]. The loss function of a VAE is composed of a recon-
struction loss, as well as a term that forces the posterior distribution
in the latent space to be close to the chosen prior distribution. In this
work, these are the MSE and the Kullback-Leibler (KL) divergence,
which forces the posterior M (u, X) to be close to the prior N'(0,I). The
formula for the loss is

< oo 1 2, P
Lossypp(X, X) = = IIX-Xlp+ = z '

2 2 2
= 5.3 (o7, +u;;—1-log(s;))), B >0,

m

i=1j
3

where b is the mini batch size, X € R?” contains the inputs for one mini
batch, and y;; and cr,.z. denote the jth component of mean and variance
for the ith example in the mini batch. For g = 1, this is referred to as
the VAE [21] and § # 1 denotes the p-VAE [20].

The latent space obtained from VAEs or f-VAEs is usually continu-
ous. That is a useful feature for the generation of new data, for which
samples of the probability distribution in the latent space are decoded.
Because € ~ N'(0,]) is generated every time the VAE is used to encode
data, the trained model is not deterministic. Mind that in the work of
Solera-Rico et al. [16], the trained g-VAE is applied in a deterministic
manner, as only the mean values u are used by the models that learn
the dynamics of fluid flows, which seems to be a usual technique in

Computers and Fluids 302 (2025) 106837

downstream tasks. Using a deterministic model from the beginning
could, however, be the simpler approach as the training of VAEs can
be challenging.

A common challenge is the so-called posterior collapse, in which
the posterior matches the prior distribution and the decoder ignores
the latent vector z [31,33,36]. In that case, the model does not learn
meaningful representations of the inputs x. Although techniques exist
to mitigate this problem, such as including a warm-up phase for the re-
construction loss in the beginning of the training in which p is initially
set to 0 and then gradually increased [31,33], or using a different prior
distribution, e.g., [37,38], this requires additional consideration for the
training of VAEs.

On the contrary, the collapse or inactiveness of several single latent
variables z;, which do not help the reconstruction, is a beneficial feature
for a disentangled latent space [39] and for surrogate modeling, as this
might help to identify the physics-aware latent variables [19].

2.4. Model comparison

The following section attempts to explain the similarities and differ-
ences between the three loss function of the three autoencoder models.
Let Z € R?™™ contain the b latent space vectors of a mini batch, and z s
j =1,....,m denote the columns of Z. By initialization of the networks,
for which typically a uniform distribution centered at zero is used, and
the loss functions used, we can assume that all m latent space features
have approximately zero mean and a nonzero variance. If the features
have zero mean, ||z;||”> = (z;,z;) = bVar(z¥) for all j = 1,...,m. The
OAE enforces nearly orthonormal columns of Z, which also affects the
variance, as the columns are scaled to have approximately unit length.
The KL divergence in the (#-)VAE shifts the latent variables towards
zero mean values with unit variances. A combination of both, i.e., latent
variables with a zero mean and (scaled) orthonormal columns, results
in the minimization of the latent space loss function employed by the
UAE: with i # j, 2z, =0 and z; = z; = 0. Then ¥,_ (z¥ - 2k -z) =
> zfzl = 0 > R;; = 0. Vice versa, an identity correlation matrix
R = I is obtained exactly, if the columns of Z shifted by their mean
are nonzero orthogonal. By assumption the mean will be approximately
zero, thus it makes sense to directly minimize the UAE loss.

2.5. Analysis of latent variables

Having disentangled latent variables, the impact of the different
variables may be analyzed. This can either be done by decoding latent
vectors and analyzing the reconstruction, or solely in the latent space
by encoding data from the full dimensional space.

Eivazi et al. [18] use the former approach in conjunction with a
B-VAE. They map full order data to the latent space and set all com-
ponents except the component z; to zero. Subsequently, the resulting
vectors are decoded to obtain the ith modes, and the whole procedure
is repeated for all latent variables. Finally, the obtained energy from
those reconstructions is calculated and the mode providing the largest
energy is identified. If the largest energy is obtained using the jth latent
variable, this jth mode is ranked as the first mode. This procedure
is then repeated to determine the second mode in the ranking, but
without setting z; to zero, and so on. Kang et al. [19] perform their
analysis of the g-VAE latent variables completely in the latent space,
which avoids the application of the decoder. They calculate the KL
divergence of each latent variable to observe which variables contain
useful information. Additionally, they consider the standard deviation
of each latent variable to assess, which variables are active [inactive]
and thus change [do not change] for varying inputs.
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Fig. 3. Illustration of the 2D periodic flow configuration employed for the
verification analysis [16,40,42].

2.5.1. Mode generation

Single latent variables can be associated with modes. To this end,
the latent variables are ranked as described above to identify the most
active latent variables. Inspired by Kang et al. [19], this ranking is
performed inside the latent space using the standard deviation and KL
divergence of the latent variables. The spatial modes are generated
by decoding the ith unit vector of the latent space dimension for
some of the highest ranked i [4,16]. However, there is a non-linear
behavior in the output when changing the value of z;, cf. supplementary
information of [16]. For this reason, when analyzing the impact of a
latent variable, we do not look at a single value for that latent variable,
but rather at a range of values while keeping the other latent variables
fixed.

3. Results

We first verify the performance of the three autoencoder models in
enforcing a disentangled latent space for model reduction of the data
extracted from a periodic flow benchmark case suggested by Solera-
Rico et al. [16,40]. Subsequently, we apply all models to reduce the
load data extracted from aircraft ditching simulations. This more com-
plex industrial test case uses the same data recently used in [17]. All
models are implemented in PyTorch [41] and trained on a workstation
equipped with an NVIDIA GeForce RTX 3090 GPU.

3.1. 2D periodic benchmark flow

A 2D benchmark case suggested in [16] and previously described
in [42] is used for the verification of the models. The configuration
is illustrated in Fig. 3. The simulation data includes 1000 equidistant
time steps of a periodic flow over two flat plates of length ¢ whose
centers are offset by 2c¢ in the vertical (y-) direction and approached
at an angle of attack of 90°. The first 900 time steps are used for
training and the subsequent 100 time steps are used for validation. The
homogeneous, unidirectional horizontal inflow velocity U, results in
a Reynolds number of Re.y = 40. The computational domain is of
size 96¢ x 28¢, and the spatial resolution of the data refers to 300 x 88
homogeneously spaced, equidistant grid points in the horizontal (x-)
and vertical (y-) direction, respectively. The temporal resolution of the
data refers to 4t = ¢/U,.

Attention will be restricted to the reduction of the horizontal and
vertical velocities by the autoencoders. The data of this case is partic-
ularly suitable for comparison between machine learning and classical
model reduction strategies, since it can be accurately represented with
a latent space dimension of m = 2. Therefore, the flow field was
previously used to compare the results obtained from a g-VAE with
a POD approach [16], where the generated modes of the p-VAE were
found to be in good agreement with the POD modes. The ability of the
models to reduce to two modes and the behavior of the two modes
is the focus of this subsection. To safe space, we limit ourselves to
the reconstruction of the 11th snapshot of the validation cycle as an
exemplary reference snapshot.
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3.1.1. Autoencoder configuration

The employed p-VAE agrees with that of Solera-Rico et al. [16],
and the decoder structure of the g-VAE was also used for the decoder
of the OAE and the UAE, see Table 1. The encoder structure of the
OAE and UAE is generally consistent with that of the g-VAE, with one
exception being the last layer, which has been modified to have m
neurons instead of 2 - m, since unlike the g-VAE, the OAE and UAE
do not require two outputs for the mean and log-variance. Similar to
Solera-Rico et al. [16], ELU [43] is the activation function used for the
hidden layers in the encoder and the decoder. The output layers of the
encoder and the decoder are linear.

The models are trained using Adam [44] with a mini batch size
of 256. The training employs 1000 epochs using a 1-cycle learning
rate [45] that starts at 1-107*, increases to 2-10~* until the 200th epoch
and subsequently decreases to 5-10~° until the 1000th epoch as in [16].
The presented results refer to studies without warm-up. Therefore, in all
cases, no pretraining with only the reconstruction loss is performed for
the autoencoder, but both the reconstruction loss and the latent space
loss are used in every epoch with the corresponding value for v, 4 and
B, respectively.

3.1.2. Influence of loss function weights

To compare how the models perform when changing the weight for
the disentanglement contribution to the loss function, we train each
model with 6 different weighting values 10~>, 10~4, 103, 102, 10!
and 10° for § (VAE), 4 (OAE) and v (UAE), respectively. Note that for
the -VAE, the value # = 10~3 used herein does not correspond to the
value of # = 1073 also used in [16], since the KL divergence was divided
by the latent space dimension of m = 2. The latter is concluded from
the accompanying code of [16]. Our value of § = 1073 is thus two times
larger.

We compare the results in terms of (a) the achieved reconstruction
losses and (b) the achieved correlation coefficients between the two
latent variables. For this comparison, each model is trained five times
for each of the six weighting values to include the influence of the
randomness in the training process. Fig. 4 shows the reconstruction
errors (left) that are obtained on the validation set as well as the
absolute values of the correlation coefficients between the two latent
variables (right).

In general, the variance of the reconstruction error between the five
training runs is small for all autoencoders considered. As the green
symbols in the left graph show, the reconstruction error of the f-VAE
was not minimized at all during training for the three larger g-values,
i.e., § = 10°,1071,1072. This indicates too high p-values that lead to
a dominating behavior of the KL divergence. Reducing the weight to
p = 1073, this is not the case anymore and the average reconstruction
error decreases by about two orders of magnitude. For § = 10~%, the
error decreases even further and is similarly low as for § = 107>, To
ensure that the results do not change with or without warm-up, we
also performed studies with a KL warm-up phase for 50 epochs, in
which p is initially set to 0 and then gradually increased to the specific
value. Calculations with and without warm-up strategy indeed yielded
very similar results, although the reconstruction loss for § = 1072
was minimized to values around 102 in a few warm-up cases. In
combination with g = 107! and g = 10° the reconstruction errors
obtained with a warm-up strategy at the end of the training are at the
same level as depicted in Fig. 4. The reconstruction errors of the other
two models show a more robust behavior for the choice of weighting
values, with the UAE (blue) delivering lower average reconstruction
errors than the OAE (orange) in all cases presented. In none of the cases
investigated did the reconstruction loss of the UAE and the OAE models
remain at the initial level.

With regard to the correlation coefficients, we can observe a larger
variance between the different training runs, especially for the OAE
results displayed in orange. The UAE results displayed in blue yield
the lowest average correlation coefficient for the four largest values of
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Table 1

Structure of encoder and decoder. The kernel size is 3 x 3, and the stride is 2 for all Conv2d and ConvTranspose2d

layers. For the g-VAE, one Linear(4) layer representing u and log(c?) and the calculation of z = u+ 6 © € replace

the single Linear(2) layer in the encoder.

Encoder Output shape Decoder Output shape
Input (300, 88, 2) Linear(256) (256)
Conv2d(out_channels = 8) (150, 44, 8) Linear(2560) (2560)
Conv2d(out_channels = 16) (76, 22, 16) Unflatten(5, 2, 256) (5, 2, 256)
Conv2d(out_channels = 32) (38, 12, 32) ConvTranspose2d(out_channels = 128) (10, 4, 128)
Conv2d(out_channels = 64) (20, 6, 64) ConvTranspose2d(out_channels = 64) (20, 6, 64)
Conv2d(out_channels = 128) (10, 4, 128) ConvTranspose2d(out_channels = 32) (38, 12, 32)
Conv2d(out_channels = 256) (5, 2, 256) ConvTranspose2d(out_channels = 16) (76, 22, 16)
Flatten() (2560) ConvTranspose2d(out_channels = 8) (150, 44, 8)
Linear(256) (256) ConvTranspose2d(out_channels = 2) (300, 88, 2)
Linear(2) (2)
» » *
10~ ¢+ UAE

5 OAE 101 +

: bopvae | '

[ G

% 1024 § T +

5 21072 t 1 t

17 1<)

c I}

- .
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Fig. 4. Reconstruction errors obtained for the validation set and resulting absolute values of correlation coefficients between the two latent variables returned
by the three different autoencoder models. The errorbars correspond to average, lowest and highest values obtained from five trainings.

Table 2
Training time and time taken to reconstruct high-dimensional data for the
52800 discrete spatial points from the latent space for the three autoencoder

models on the verification case using a single NVIDIA GeForce RTX 3090 GPU.

Model Training time [s] Decoder inference time [s]
UAE 206 0.0036
OAE 188 0.0037
p-VAE 176 0.0036

the weight, i.e., v = 10°,107!,1072,1073. Although in these cases the
second lowest value is returned by the g-VAE, this must be considered
under the limitation that the reconstruction error was not minimized
for the three largest values of g. For the two smallest weighting values,
i.e., 107* and 107>, the f-VAE and the OAE, respectively, yield the
lowest average correlation coefficient, with the UAE providing the
second lowest value for both weights.

The average training and reconstruction times of the three autoen-
coder models shown in Fig. 4 are given in Table 2. These refer to the use
of a single NVIDIA GeForce RTX 3090 GPU. For comparison, training a
POD on an Intel Xeon Silver 4314 CPU takes around 117 s. The shortest
training time is returned by the -VAE, taking around 6% less time than
the OAE. Training the UAE takes around 10% more time than training
the OAE due to the required computations of R. The time taken to apply
the decoder is very similar for all models, which could be expected as
all models use the same decoder architecture.

3.1.3. Mode analysis for small latent space dimension

To analyze the impact of the latent variables, we generate an
exemplary snapshot, verify its reconstruction quality and subsequently
change one latent variable, while keeping the other latent variable
fixed. This procedure is done for both latent variables (z,z,) and
all three models, i.e., UAE, OAE and p-VAE. Fixing the second latent
variable can be done in two ways. On the one hand, one can use the

value corresponding to the exemplary snapshot, as in [19,20,39]. On
the other hand, the other latent variable can simply be set to zero.
However, because the investigated periodic benchmark flow is quite
simple and does not contain many significantly different states, we
choose to keep the exemplary value of one latent variable and observe
how the other latent variable changes the state.

Figs. 5-9 display the baseline results obtained in combination with
v = 1072 for the UAE, and 4 = § = 10~* for the OAE and g-VAE for the
reference snapshot. This choice of weights should ensure a satisfactory
reconstruction error and a significant level of disentanglement. Fig. 5
compares the true values with the autoencoder-based reconstructions
for the horizontal u-velocity (left) and the vertical v-velocity (right) in
an upstream portion of the domain. The color coding used is indicated
in the figure and is consistent for all u- and v-velocity images, respec-
tively. The figure reveals that only small reconstruction errors occur
in conjunction with any of the three models for the chosen exemplary
snapshot.

In Figs. 6-9, one of the two latent variables, outlined by the dark
background color, is changed, while the other latent variable, indi-
cated by the light background color, remains unchanged. The imposed
changes of the variable values refer to the upper, lower and mean value
of the entire value range. Displayed results are confined to a spatial
window ranging from —1 < x < 15 and -5 < y < 6 to focus on the
region of the most significant influences, and the employed color codes
agree. Looking at the u-velocity depicted in Figs. 67, all models show
a similar behavior. One latent variable, i.e., the first for the UAE and
the OAE and the second for the f-VAE seems to induce a shift of the
u-velocity pattern in horizontal (x-) direction, while the other seems to
induce a shift in vertical (y-) direction including a corresponding wave
shaped transition that is observed during the initial phase, cf. center
graphs in Fig. 7. With attention given to the v-velocity depicted in Figs.
8-9, no vertical displacement is observed in response to any changes
of the latent variables. Instead, only horizontal shifts can be observed.
The changes induced by z; (UAE, OAE) and z, (#-VAE) are much lower
than in the other case.
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Fig. 5. True u- and v-velocity fields, model reconstructions and related errors for the exemplary reference snapshot of the verification case.

Fig. 10 displays the latent trajectories of the three models. For the
p-VAE, the trajectories for both z and u are shown, which largely agree.
Overall, the three models return similar results and the two latent
variables show a nearly periodic behavior centered around zero, which
could be expected as the flow is also periodic and symmetric. The
main difference lies in the amplitude, which was already evident from
Figs. 6-9. As mentioned in Section 2.4, the OAE enforces orthonormal
columns of Z, being the matrix containing the latent vectors of a
mini batch as rows. This leads to the OAE latent variables having the
smallest amplitudes. The amplitude of the UAE trajectories is in this
case approximately twice as high as that of the g-VAE.

3.1.4. Physics awareness for higher latent space dimension

For the periodic flow at hand, two modes or latent variables are
enough to capture (most of) the underlying physics [16]. Solera-Rico
et al. [16] emphasize that a -VAE with a larger latent space dimension
m > 2 still only finds two meaningful modes. This is in line with the
findings by Eivazi et al. [18] and Kang et al. [19], where the p-VAE
is shown to find physics-aware latent variables. To assess the physics-
awareness properties of the deterministic autoencoder models, we train
all three models with a latent space dimension of m = 10 and analyze
whether they can learn using only two disentangled latent variables.
Inspired by Kang et al. [19], we employ the standard deviation over
the validation dataset (for all models) and the KL divergence (only for
the B-VAE) of the latent variables over the validation dataset to judge
which latent variable is active, i.e., physically significant. In the context
of the deterministic UAE and OAE models, the only possible way to
calculate the standard deviation for the individual latent variables is to
apply the encoder to the dataset and compute the standard deviation
over all examples for each latent component z;. In contrast, within the
framework of the g-VAE, various strategies for calculating the standard
deviation and the KL divergence are conceivable. One option is to
perform the calculation analogously to the procedure for UAE and OAE.
However, computing the standard deviation from z contains the noise

from the computation of z = u + o © €, which can be detrimental
for the subsequent analysis. Alternatively, the standard deviation of
the mean u can be computed to assess how the mean changes. In the
present study, the KL divergence is computed per example using the
obtained mean yu and log-variance log(c?) from the encoder and for all
latent components the mean over all examples is computed afterwards.
Subsequently, we generate and compare the modes obtained from the
latent variables featuring the four highest standard deviations for an
appropriate weighting value along the route outlined in Section 3.1.3.

Fig. 11 depicts the standard deviations of the considered ten latent
variables in combination with three different weights of the disentan-
glement contribution to the loss function. The investigated weighting
values were taken from the successful studies for m = 2 latent variables,
cf. Fig. 4. They refer to v = 10°, v = 10~! and v = 1072 for the UAE,
A =103, 1 =10"* and 4 = 1073 for the OAE, as well as g = 1073,
p=10"% and g = 107> for the f-VAE.

Considering the UAE results on the left of Fig. 11, we observe that
forv =10° = 1 and v = 10~! two latent variables —i.e., z; and zs, as well
as z, and z,, respectively — have noticeably higher standard deviations
than the others. In conclusion, these two latent variables change their
values more for different inputs to the encoder and are therefore more
active than the other latent variables. This in turn suggests that the
model has successfully extracted the two essential variables required
to describe this flow, although this remains to be verified by analyzing
their modes. For v = 1072 the correlation penalty is less strongly
involved during training, and four latent variables are more active than
the rest. This behavior is probably explained by the balance between
the numerator and the denominator inside the loss function (2) forcing
a latent variable to be close to its mean over all inputs. A smaller
v/m? allows more active latent variables as they are less strongly forced
to be close to their mean over all inputs. For (m = 10, v = 1) and
(m = 10, v = 107"), the MSE and the correlation penalty are balanced
in a way that the UAE uses a sufficient amount of two latent variables
for the reconstruction. For the OAE depicted in the center graphs of
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Fig. 6. Impact of changing z, for the UAE/OAE and z, for the -VAE on the u-velocity in the reference snapshot of the verification case using m = 2 latent
variables. The changed latent variable takes equidistant values ranging from the minimum to the maximum obtained for that variable on the validation set. The
other latent variable is fixed to the corresponding latent space representation of the reference snapshot. The color code is the same for all examples, ranging from
—1.87 (dark blue) to 1.90 (dark red).
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Fig. 7. Impact of changing z, for the UAE/OAE and z, for the f-VAE on the u-velocity in the reference snapshot of the verification case using m = 2 latent
variables. The changed latent variable takes equidistant values ranging from the minimum to the maximum obtained for that variable on the validation set. The
other latent variable is fixed to the corresponding latent space representation of the reference snapshot. The color code is the same for all examples, ranging from
—1.87 (dark blue) to 1.90 (dark red).

Fig. 11, the standard deviations of the different latent variables are
generally closer to each other. For the three displayed values of 4,

two latent variables with a clearly higher standard deviation than the
others cannot be identified, indicating that the OAE has difficulties to
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Fig. 9. Impact of changing z, for the UAE/OAE and z,; for the -VAE on the v-velocity in the reference snapshot of the verification case using m = 2 latent
variables. The changed latent variable takes equidistant values ranging from the minimum to the maximum obtained for that variable on the validation set. The
other latent variable is fixed to the corresponding latent space representation of the reference snapshot. The color code is the same for all examples, ranging from
—11.58 (dark blue) to 10.41 (dark red).

extract the two most crucial latent variables when trained with a latent
10 in combination with these A values. In

space dimension of m =

combination with A = 107* the largest standard deviation refers to z;, z;
and zs. Results for the g-VAE are shown in the right graphs of Fig. 11.
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Fig. 12. KL divergence of the latent variables over the validation set for the g-VAE obtained in the verification case for a latent space dimension of m = 10. The

model is trained with three different values of g in the loss function.

For the large value § = 1073, the standard deviation of the mean y is
close to zero for all but two latent variables, suggesting that two active
variables have been identified and the other eight variables do only
contribute redundant information or noise. This is confirmed by the
KL divergence shown in Fig. 12, which is close to zero for these eight
variables, corresponding to u ~ 0 and 6 ~ 1. For § = 107, y; and u;
have a higher standard deviation than the other latent variables, which
have standard deviations are close to 0. Accordingly, the KL divergence
for the two variables z; and z; increases and is approximately zero for
the rest. For § = 107>, the standard deviation of the mean u is greater
than zero for most latent variables. Moreover, the KL divergence is

visibly greater than O for all but one variable, suggesting that g is too
small to separate the two crucial modes.

We note that the UAE and the p-VAE showed robustness in the
ability to extract two active latent variables over the course of multiple
training runs for v = 1 and v = 107! as well as # = 10~ and § =
107, respectively. The UAE was also able to extract two active latent
variables with a larger value of v = 10 in our experiments, whereas the
reconstruction loss of the g-VAE was not minimized for a larger value
of f=1072

To verify how the modes for the active and inactive latent variables
differ, we generate modes for the four most active latent variables of
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Fig. 14. Impact of single latent variables on the u-velocity in the reference snapshot of the verification case for the OAE using a latent space dimension of m = 10
and A = 107*. In each column, nine latent variables are fixed to the corresponding latent space representation of the snapshot and one variable takes equidistant
values ranging from the minimum to the maximum value obtained for the validation set. Color code is the same for all examples in this figure, ranging from
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the latent space dimension m = 10 in combination with the intermediate
weight values, i.e., the red curves in Fig. 11 for the UAE and the OAE,
and the small value (blue curve) for the f-VAE. The standard deviation
is used for identification in combination with all models. To safe space,
we restrict ourselves to the influence of the modes on the horizontal u-
velocity fields in a confined spatial domain as outlined in Figs. 13-15.
Consideration of the vertical velocity leads to the same conclusions.
Fig. 13 shows the UAE modes obtained for v = 10~!, where default
values for m = 10 read z; = —0.47, z; = 0.19, z;, = —0.10 and zg = 0.20.
The modes for the most active latent variable z, displayed in the first
column clearly induce a shift in vertical direction. Similarly, the modes
of the second most active variable z; displayed in the second column
introduce a horizontal shift. The behavior is similar to that observed in
the first columns of Figs. 6 and 7. For the less active latent variables
z;o and zg, the outputs are nearly identical for every latent value
tested. This supports the assumption that the UAE model successfully
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identified the two crucial latent variables while being trained with a
latent dimension of m = 10. The inactiveness of latent variables in
the UAE is in line with the findings by Kim et al. [34], in which the
correlation penalty leads to inactive channels of encoded feature maps.

Fig. 15 displays the modes for the four most active latent variables
of the f-VAE in combination with g = 1073, where default values for
m = 10 are z, = —1.18, z; = 0.90, z; = 2.18 and z5 = —1.10. Again,
the modes for the most active latent variables z, and z,, display strong
similarities to the modes investigated for m = 2 in Figs. 6 and 7. Varying
the value of the third most active latent variables z; and z; does not
significantly change the output of the decoder.

For the OAE we obtain slightly different results, as Fig. 14 shows
for the mode study based on 4 = 10~*. Here default values for m = 10
refer to z3 = —0.01, z5 = 0.10, z; = —0.03 and z,, = —0.03. Horizontal
shifts induced by the highest ranked latent variable z; and the third
highest ranked latent variable z;, are in close agreement. They are
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Fig. 15. Impact of single latent variables on the u-velocity in the reference snapshot of the verification case for the f-VAE using a latent space dimension of
m = 10 and g = 1073. In each column, nine latent variables are fixed to the corresponding latent space representation of the snapshot and one variable takes
equidistant values ranging from the minimum to the maximum value obtained for the validation set. Color code is the same for all examples in this figure, ranging

from —1.66 (dark blue) to 1.59 (dark red).

supplemented by vertical shifts introduced through changing the value
of the second highest ranked variable z5. The influence of z;, on the
encoder data is minor. Although the results are consistent with the data
shown for m = 2, the reduction to two modes is not so obvious in this
case.

Fig. 16 illustrates the latent trajectories corresponding to the four
most active latent variables of the three autoencoder models when
trained with a latent space dimension of 10. With regards to the UAE
in the first row, the trajectories of the two most active latent variables
generally evolve similarly as in Fig. 10, being slightly shifted in time,
which can also be interpreted as a multiplication with —1. However, the
amplitudes are smaller and the center for z; (blue curve) is also slightly
displaced in negative direction. The trajectory amplitudes for the two
less active latent variables are significantly smaller, leading to the
smaller standard deviations in Fig. 11. A similar result can be observed
for the OAE, although the difference between the amplitudes of the two
most active and the two less active latent variables is, in accordance
with Fig. 11, significantly less pronounced. For the f-VAE, a substantial
difference can be observed between the trajectories for z and u. The
trajectories for u for the two most active variables are similar to the
ones in Fig. 10, apart from a shift in time or a multiplication with —1I.
The two less active variables are zero for every time step, matching the
standard deviations and KL divergences in Figs. 11 and 12. With respect
to z, similarly small differences in the amplitudes for the two most
active variables occur as with respect to u. Since the KL divergence is
approximately zero for the less active variables, their trajectories only
consist of Gaussian noise.

Fig. 17 depicts the evolution of the reconstruction and latent space
losses over the course of the training of the three autoencoder models.
In general, the KL divergence of the g-VAE is around one order of
magnitude higher than the latent space losses of the UAE and the OAE.
After passing through the initial plateau of values, the reconstruction
loss of the UAE drops to a slightly higher level than the OAE, but lower
than the level of the p-VAE.

3.1.5. Pruning

In contrast to separating active from inactive latent variables during
a post-processing step after the training, inactive latent variables could
also be identified and pruned during the training process. The ith latent
variable is pruned by setting the ith row of the weight matrix and the
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ith component of the bias of the final layer in the encoder to zero. By
pruning inactive latent variables during training, these variables do not
take part in the reconstruction of the input anymore and the models
learn to only use the active latent variables. We tested such an approach
for the UAE with a latent space dimension of m = 10, in which an
experiment-based threshold value of 0.07 for the standard deviation
of the normalized latent variables was employed to identify inactive
latent variables, starting from the 500th epoch. A normalized threshold
value slightly above 0.05 can also be used to identify the active latent
variables in a post-processing step.

The results were compared to a post-processing approach, where
the two most active latent variables are identified after the training
and the other latent variables are set to their mean, as for example
suggested in [19]. We can confirm that the pruning approach success-
fully identified the two most active latent variables in several cases.
However, no significant improvement of the reconstruction accuracy
and the correlation coefficient was achieved compared to the post-
processing approach. Further work on the pruning approach will be
conducted in future research.

3.2. Industrial application: Aircraft ditching loads

The second case serves to validate the use of the autoencoder
models for more complex problems. The particular application refers
to the data-driven surrogate model of ditching load and deformation
predictions. In a previous study [17], different combinations of CAE
and LSTM networks well as a Koopman autoencoder [2] were assessed
to predict the spatio-temporal evolution of ditching loads, with a
convolutional encoder-LSTM-convolutional decoder combination yielding
the best results. In this paper, the focus lies on the disentanglement and
analysis of the latent variables.

The data set contains simulated ditching loads on the fuselage of
a DLR-D150 aircraft, which is of similar size to an Airbus A320. The
simulations were performed with the 3 degrees of freedom method
ditch [46], which considers horizontal, vertical and pitch motion of
the aircraft in response to hydrodynamic loads, aerodynamic loads,
inertia forces and thrust. Due to the resulting symmetry, only one half
of the fuselage is used. A detailed description of the data generation
and processing is given in [17]. The training set contains data from 323
simulations, which differ in the horizontal and vertical initial velocities.
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Fig. 17. Evolution of the loss functions on the validation set of the verification case with v = 107!, 4 = 10™* and g = 1073 for the UAE, OAE, j-VAE, respectively.

A validation set containing data from 20 simulations is used to com-
pare the models for different weighting values of the disentanglement
contributions to the loss functions. A test set comprising 30 additional
simulations is subsequently used to compare the performance when
the models are combined with an LSTM network for spatio-temporal
predictions. For each simulation, around 18-35 time step images of
size 128 x 128, representing equidistantly spaced circumferential and
longitudinal coordinates of the fuselage, are included in the data sets.
The equidistant time step corresponds to 0.1 s.

The assessment of the autoencoder models is based on typical results
for a temporal load series that were obtained from the trained models,
see also [17]. An exemplary temporal development of the hull loads is
shown in Fig. 18 and shows the five typical phases. The first impact
phase usually results in an initially confined circumferential load area
(initial phase; 1st step), followed by a widening towards a larger
longitudinal and circumferential load area (early phase; 5th, 9th step).
For the subsequent phases, positive load signatures are usually slen-
der crescent-shaped and limited to a smaller spatial area (late phase;
13th, 17th step). Moreover, they are followed by a more pronounced
under pressure region in downstream direction. The final loads of rear
fuselage are often small in amplitude and area (final phase; 21st step).
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3.2.1. Autoencoder configuration

The structure of the encoder and the decoder is based on the pre-
vious study [17] and outlined in Table 3. The baseline study employs
a latent space dimension of m = 10, which lead to satisfactory results
in the previous research [17], while keeping the latent space compact
to allow for future research on interpretability. A LeakyRelLU [47]
activation function with slope parameter « = 0.01 was employed for the
hidden layers in the encoder and the decoder. The output layers of the
encoder and the decoder are linear. Models are trained for 500 epochs
using Adam with the default learning rate of 1 - 10~ and a minibatch
size of 128.

In a recent study of the authors [17], it was demonstrated that POD
reconstructions of the loads based on 100 modes still contain residual
oscillations. Therefore, 100 modes seem to be too few to capture the
high-frequency content. The focus in this work thus lies entirely on
autoencoder-based dimension reduction, expecting that much fewer
latent variables are required.

3.2.2. Influence of loss function weights
Similar to the verification study in Section 3.1.2 we compare the
reconstruction losses on the validation set and use the determinant of
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Table 3

Structure of encoder and decoder. The kernel size is 3 x 3, and the stride is 2 for all Conv2d and ConvTranspose2d
layers. For the f-VAE, two Linear(10) layers representing u and log(¢?) and the calculation of z = u+0c ®e replace

the single Linear(10) layer in the encoder.

Encoder Output shape Decoder Output shape
Input (3,128, 128, 1) Linear(4096) (4096)
Conv2d(out_channels = 8) (64, 64, 8) Unflatten(8, 8, 64) (8, 8, 64)
Conv2d(out_channels = 16) (32, 32, 16) ConvTranspose2d(out_channels = 32) (16, 16, 32)
Conv2d(out_channels = 32) (16, 16, 32) ConvTranspose2d(out_channels = 16) (32, 32, 16)
Conv2d(out_channels = 64) (8, 8, 64) ConvTranspose2d(out_channels = 8) (64, 64, 8)
Flatten() (4096) ConvTranspose2d(out_channels = 1) (128, 128, 1)
Linear(10) (10)

the correlation matrix det(R) to simultaneously measure the disentan-
glement of the latent variables for different weights g, 4 and v of the
disentanglement contribution to the loss function. Again, the presented
results refer to studies without warm-up and both contributions to the
loss function are used in every epoch with the corresponding value for
v, 4 and f, respectively. To obtain some guidance on judging the results
for the different g, 4 and v values, we additionally trained a standard
convolutional autoencoder without any disentanglement constraints in
the latent space, and obtained det(R) = 0.014 and a reconstruction error
of 2.53-107°.

Fig. 19 depicts the influence of the weights on the reconstruc-
tion error (left) and the determinant of the correlation matrix (right).
The two deterministic models again reveal a robust behavior. For the
investigated range of values for v and 4, the minimization of the
reconstruction loss does not get stuck in the beginning, although higher
values usually yield higher reconstruction errors. The UAE, represented
by the blue symbols, achieves the lowest reconstruction error and re-
turns det(R) ~ 1 except for v =10"° and v = 107, where det(R) is close
to zero, suggesting that v < 107° is too small to enforce uncorrelated
latent variables. For the OAE, marked in orange, det(R) is mostly close
to 0.9 and smaller than det(R) for the UAE when 4 > 107, Although
det(R) values associated with 1 < 107 are higher for the OAE than
for the corresponding UAE, the determinant only reaches values about
0.4 and 0.25. These values are quite small, indicating an undesirable
correlation level between the latent variables. On the contrary, one
can observe that the g-VAE represented by the green symbols, only
minimizes the reconstruction loss when f is set smaller than g =
107, which is the largest value, for which the minimization of the
reconstruction loss does not get stuck in the beginning. For § = 107,
we also tested a warm-up phase, in which the p-value was gradually
increased to 10~* at the beginning of training. Without going into detail
we note that we obtained virtually the same reconstruction error level
as for the studies without warm-up. In all cases, the reconstruction
error for the f-VAE exceeds the reconstruction error of the deterministic
models. The values for det(R) are greater than 0.9 for # = 10~ and
p = 1075 For § = 1077, it is below 0.7, indicating a small interval
of suitable g-values that achieve both, a disentanglement of the latent
variables and a satisfactory reconstruction capability.

Table 4 reports the average training and reconstruction times of the
three autoencoder models displayed in Fig. 19. These times again refer
to the use of a single NVIDIA GeForce RTX 3090 GPU. For comparison,
training a POD on an Intel Xeon Silver 4314 CPU takes around 168 s.
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Table 4
Training time and time taken to reconstruct high-dimensional data for the
16384 discrete spatial points from the latent space for the three autoencoder
models on the application case using a single NVIDIA GeForce RTX 3090 GPU.

Model

Training time [s] Decoder inference time [s]

UAE 335 0.00035
OAE 306 0.00036
p-VAE 320 0.00037

The training of the g-VAE [UAE] is around 5% [10%] slower than the
training of the OAE. As for the verification case in Section 3.1.2, the
time taken to apply the decoder is similar for all models.

3.2.3. Mode analysis

Based on the studies from Section 3.1.3, Figs. 20 and 21 depict
the standard deviations of the latent variables (UAE and OAE) and the
standard deviations of the mean values u (B-VAE) as well as the KL
divergence of the -VAE. The investigated three weight values for v, 1
and B were extracted from the results displayed in Fig. 19.

Considering the UAE on the left, we can observe that many latent
variables appear to be active for all three investigated values of v. For
the large value v = 1073 displayed in blue, which promises the best
disentanglement whilst still delivering a fair amount of reconstruction
accuracy, we can structure the latent space into two higher-ranked
contributions z;,zs and two second-ranked contributions zg,z9. As
regards the OAE, the situation is similar. Due to the results shown in
Fig. 19, we discard the lower values and focus on the largest meaningful
value 4 = 1073 displayed in blue. The related latent space can also
be grouped into a dominating mode z, and two second-ranked modes
zg, z5 followed by z;. For the p-VAE, Fig. 19 suggests to employ f =
10~ as a baseline value, where the four most important latent variables
refer to z; (top rank) and z, slightly ahead of z, zg, z(, cf. red curves
in Fig. 20. The KL divergence depicted in Fig. 21 suggests to assign
z¢ to a lower priority. When considering the standard deviation and
the KL divergence, for § = 1075, unlike for § = 107° and g = 1077,
only two variables appear to be active, which also matches the higher
reconstruction error in Fig. 19 compared to the cases f = 10~ and
p=10".

For each autoencoder model, we employ the four most active latent
variables to assess the associated modes. In contrast to the periodic flow
example, we set all other latent variables to zero during the assessment,
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Fig. 21. KL divergence of the latent variables over the validation set for the f-VAE obtained in the application case for a latent space dimension of m = 10.
Results for three different values of § in the loss function are shown corresponding to Fig. 19.

except the one we are analyzing. The reason is that the ditching data
involves more different states and we believe that the choice of a
suitable baseline state is not obvious. This also means that the studies
do not consider a reference snapshot, since all but one latent variable
are inactive.

Fig. 22 illustrates the response of the load to the most active latent
variables for the UAE. Considering the most active variable z;, we can
see that negative z,-values only have a small impact on the output.
Positive values seem to be related to the late phase of the impact, cf.
steps 13 and 17 in Fig. 18, featuring a typical slender crescent-type
pressure load followed by a more pronounced suction load regime.
The second most active variable z5 is contributing to the initial impact
phase for positive values, cf. step 1 in Fig. 18, with a confined small
area being exposed to high pressure loads. Negative z5-values resemble
the subsequent early phase, cf. steps 5 and 9 in Fig. 18, in which a
large area of the fuselage is exposed to smaller pressure loads. Negative
values in zg are associated to the final phase of the impact, in which
loads occur at the rear of the fuselage and begin to vanish, cf. step 21
in Fig. 18. For positive values, zg is contributing to the early impact
phase, cf. steps 5 and 9 in Fig. 18. Small values of z, are related to the
late phase and larger values to final phase of the ditching, cf. steps 13,
17 and 21 in Fig. 18.

The outputs generated by an investigation of the four most active
latent variables obtained from the OAE are shown in Fig. 23. The OAE
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results are generally more noisy than the corresponding UAE results.
Although it is evident that certain latent variables contribute to the
loads occurring in a particular phase of the ditching event, for example,
the spatial expansion of the load regime in the early impact phase
captured by positive values of zs, zg and a footprint of final phase loads
represented by negative values of z,, in most cases the patterns are not
so clearly linked to a loading situation.

Looking at the modes associated with the four most active variables
of the -VAE in Fig. 24, we can see more distinct links with realistic
load pattern again. The most active variable z; with respect to the
standard deviation of the mean u is associated to the final phase of the
impact for negative values and to the early phase for positive values.
Typical load pattern for the late phase resemble the structures reported
by zy, zg, whereas z;, supplements the load widening in circumferen-
tial direction. It is interesting to note, that the fifth highest ranked
variable z; does not yield any meaningful output, while the fourth
highest ranked variable zg does. The standard deviations of these two
latent variables are fairly close, cf. Fig. 20. However, a slightly higher
difference can be observed for the KL divergence.

The resulting modes of the ditching loads are in general harder to
analyze compared to the periodic flow case, as the temporal dynamics
are more complex and over 300 different simulations with different
input parameters were used to train the models. However, distinct
influences of different active latent variables on different phases of a
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Fig. 22. Impact of four latent variables with the highest standard deviation on the loads obtained from the UAE for the application case using a latent space
dimension of m = 10 and v = 107> In each column, one latent variable takes equidistant values ranging from the minimum to the maximum obtained on that
variable on the validation set while the other latent variables are set to zero. Color code is the same for all examples in this figure, ranging from lowest (dark

blue) to highest (dark red) values.

ditching event can be observed when the latent variables are disen-
tangled. One can verify that a latent variable is indeed associated to
a specific impact phase by reconstructing a particular snapshot of this
phase after setting this variable to 0. For this purpose, we reuse the
second test case from [17], which is not included in the training set
and simulated with the full-order model using a horizontal velocity
of 80.75 m/s, a vertical velocity of 1.91 m/s and a pitch angle of
6°. As an example, we illustrate this for the two most active latent
variables of the UAE, i.e., z;,zs5, cf. Fig. 22. Fig. 25 shows snapshots
for two particular time steps of the test case, their UAE-reconstruction
using m = 10 latent variables and the corresponding UAE-reconstruction
obtained from setting either the most active latent variable z; or the
second most active zs to zero. The selected time steps correspond
to impact phases associated to the two most active latent variables,
i.e., one from the early and one from the late phase, cf. Fig. 22.
Comparing the true values in the first column with the reconstructions
using all m = 10 latent variables shown in the second column displays
a satisfactory agreement. If z; = 0 is set, the reconstruction of the 16th
time step depicted in the first row is considered insufficient. However,
if z; = 0 is set, the reconstruction is again very accurate. A similar
observation can be made for the 10th time step, which is shown in
the second row. Removing the most active latent variable does not
have a significant impact on the reconstruction quality. If z3 = 0
is set, the reconstruction deteriorates significantly. It is evident that
the corresponding latent variables have a significant influence on the
quality of the reconstruction in the respective distinct phases.
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Fig. 26 depicts the latent trajectories for the same test case illus-
trated in Fig. 25. Attention is again restricted to the four dominant
modes of the three autoencoder models. Compared to the verification
case, the evolution of the latent variables is more complex. In the UAE
results shown at the top, all displayed latent variables have values
close to zero for most time steps. Often, one or two latent variables
temporarily become significantly larger or smaller than the others,
e.g., z; (blue curve) on time step 16 (late phase, cf. Fig. 25), and z5 (red
curve) on time steps 1 (initial phase), 10-13 (early phase) and 18 (late
phase). This observation, in combination with the positive [negative]
peak of zg [zg] (green [black] curve) on time step 14 [15], is in good
agreement with the mode analysis with respect to Fig. 22. The positive
value of z5 at time step 18 can likely be explained by the fact that
the longitudinal coordinates of areas that are exposed to hydrodynamic
loads can be similar for the initial impact phase and the late phase. With
regards to the OAE, it is more difficult to identify a general behavior
for the latent variables and recognize characteristic aspects from the
mode analysis in Fig. 23. For the g-VAE, the curves for z and u differ
slightly. Similar to the UAE, one can observe a good agreement between
the trajectories and the analysis of the modes that are displayed in Fig.
24. For example, the maximum values for z; (blue curve) are at time
steps 10-13 (early phase) and the minimum values are at time steps 20
and 21 (late phase), along with the positive and negative peaks of z,
(red curve) at time steps 16 and 19, respectively.

Fig. 27 shows the evolution of the reconstruction and latent space
losses over the course of the training of the three autoencoder models.
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Fig. 23. Impact of the four latent variables with the highest standard deviation on the loads obtained from the OAE for the application case using a latent space
dimension of m = 10 and 4 = 1073. In each column, one latent variable takes equidistant values ranging from the minimum to the maximum obtained on that
variable on the validation set while the other latent variables are set to zero. Color code is the same for all examples in this figure, ranging from lowest (dark

blue) to highest (dark red) values.

The KL divergence of the B-VAE is around two [three] orders of
magnitude higher than the latent space loss of the UAE [OAE]. After
passing through the initial plateau, the reconstruction loss of the UAE
reduces to a similar level like the OAE, which is lower than the level
of the p-VAE. Note that accounting for the difference in the ratios
of reconstruction loss and latent space loss for the p-VAE and the
deterministic models during training through scaling would only result
in a shift of the tested values in Fig. 19, and the interval of suitable
values would still be smaller for the -VAE.

3.2.4. Temporal predictions

To assess the performance of the different autoencoder models for
time series predictions, we perform temporal predictions in the latent
space with an LSTM network. The employed LSTM structure closely
follows the structure used in a previous publication of the authors [17],
where different combinations of CAE and LSTM networks have been
compared for the spatio—temporal prediction of ditching loads. For all
autoencoder models, the same LSTM structure is used, that is, two
LSTM layers with a hidden state of dimension 100 and an output
layer containing 10 neurons to predict the next time step in the latent
space. A time delay of three input time steps is used. Moreover, the
autoencoders use the same values for v, A and g that are used in
combination with the generation of modes in Section 3.2.3, i.e., v =
4 =1073 and p = 10°. Mind that the autoencoder and LSTM models are
trained separately to first construct the disentangled latent space, and
subsequently train the LSTM inside the disentangled latent space. The
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LSTM models are trained for 500 epochs using Adam with the default
learning rate of 1 - 10~ and a minibatch size of 512.

The predictive quality of the autoencoder-LSTM combinations are
assessed as in [17], i.e., each autoencoder model is trained five times
to account for randomness in the training process and for each trained
version, one LSTM network is trained. To this end, all 30 cases from
the test set are employed. For each trained version, predictions on all
test cases are made and normalized root mean squared errors (RMSEs)
are computed for each test case. These are then averaged over the five
trained versions on a particular test case. Subsequently this quantity
is averaged in time for each test case and finally the average over the
30 test cases is computed. The resulting errors are listed in Table 5.
For comparison, the table also includes the results for a standard CAE
without any disentanglement constraints in the latent space. For the g-
VAE, LSTM networks are trained for each the sampled z-vectors and the
mean p-vectors to assess the respective influence on the performance.

The standard CAE and the p-VAE using the means u yield the
lowest average errors. These are of equal magnitude and approximately
correspond to the lowest errors of a CAE-LSTM model in [17]. The
UAE-LSTM model yields slightly worse prediction performance. Both
the OAE and the g-VAE with the sampled z vectors yield significantly
larger errors, which are almost 10% worse than the worst combination
assessed in [17]. The associated computational cost of the LSTM refers
to approximately 4-10~* seconds per predicted time step. Without going
into detail, we note that the OAE also performed significantly worse
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Fig. 24. Impact of the four latent variables with the highest standard deviation on the loads obtained from the f-VAE for the application case using a latent
space dimension of m = 10 and f = 107°. In each column, one latent variable takes equidistant values ranging from the minimum to the maximum obtained on
that variable on the validation set while the other latent variables are set to zero. Color code is the same for all examples in this figure, ranging from lowest
(dark blue) to highest (dark red) values.
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Fig. 25. UAE reconstructions of the 16th (first row) and the 10th (second row) time step of a particular ditching case using a latent space dimension of m = 10
and v = 107>, The suppressed variables in column three and four, i.e., z, and zs, correspond to the most active and second most active latent variable, respectively.

than the UAE and the g-VAE in initial experiments for the temporal and suggested to consider combinations of a smaller number of latent

prediction on the periodic flow dataset. variables. Fig. 28 displays the value for det(R) using only the 2 <i < 10
Regarding p-VAE, Kang et al. [19] noted that considering det(R) most active latent variables, averaged over the five trained versions
using all latent variables is not sensible when the latent space is sparse, of the autoencoder models used for the temporal predictions. Though
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Fig. 26. Latent trajectories of the three autoencoder models for a latent space dimension of m = 10 and v = 1073, 1 = 1073, § = 107°, respectively, for a particular
ditching case. Colors blue, red, green and black refer to the most active components in descending order, cf. Fig. 20.
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Fig. 27. Loss function evolution on the validation set of the application case with v =103, 1 =10 and § = 10~° for the UAE, OAE, g-VAE, respectively.

Table 5
Average error obtained for the spatio-temporal prediction on all 30 test cases.
All models are combined with the same LSTM network.

Model Average error
CAE 0.020
UAE 0.022
OAE 0.027
P-VAE (z) 0.027
B-VAE (u) 0.020

1.0

the p-VAE returns a slightly lower average error than the UAE when
the means u are used for the temporal prediction, the UAE latent
variables achieve less correlation than the f-VAE means. There is also
a noticeable difference between the curves for the sampled z and the
means u for the §-VAE, as the value for det(R) for the means decreases
rapidly when more than seven variables are used. Note that multiple
latent variables have KL divergences close to zero, cf. Fig. 21, and
the means are therefore approximately zero for every example. Similar
observations regarding differences between mean and sampled values
have previously been made, e.g., [48,49].
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Fig. 28. Average values for det(R) on the validation set using different
amounts of the most active latent variables for the five trained versions of
each model used for temporal predictions.
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Fig. 30. KL divergence for the latent variables over the validation set of the -VAE using a latent space dimension of m = 100. The model is trained with three

different values of g in the loss function.

3.2.5. Physics awareness for higher latent space dimension

Similar to Section 3.1.4, we train the models with a latent space
dimension of 100 to see, how well the models work at finding a smaller
number of active latent variables. Again, we use different weighting
values for the contribution of the disentanglement part to the loss
function, i.e, v =4 = 1073,1074,1075 as well as g = 1075,1075,1077
to analyze the impact of the loss term in the latent space.

Fig. 29 shows the standard deviations of the different latent vari-
ables for all three autoencoder models using the different weighting
values. We can observe a similar behavior as for the periodic flow
example in Fig. 11. Looking at the UAE, we can identify two distinct
active latent variables in combination with the most pronounced dis-
entanglement v = 1073, Four more latent variables have a noticeably
higher standard deviation than the remaining ones, from which four
further variables stand out. By reducing the weight to v = 10~* and
v = 1073, the number of active latent variables increases significantly.
Observing the behavior of the OAE model shown in the second column,
the standard deviations of the latent variables are again generally much
closer to each other for 4 = 1073, For 4 = 107* and 4 = 1075,
the differences between the standard deviations become higher, but
are never as pronounced as for the UAE. Considering the g-VAE in
the right column, we can observe that an increasing amount of latent
variables is active for a decreasing value of g. For g = 1077, there are
more than 10 distinct latent variables with a clearly higher standard
deviation, compared to only two active latent variables for § = 1073.
The corresponding KL divergences are depicted in Fig. 30. As expected,
higher KL divergences are returned for lower values of f. The highest
values are obtained for the latent variables with the highest standard
deviation in Fig. 29.

We compute det(R) for the twenty most active latent variables to
verify their independence. The corresponding results are illustrated in
Fig. 31. Analyzing the UAE behavior for v = 103, one finds that the
five most active latent variables are all approximately at det(R) ~ 1, and
det(R) decreases only slightly when using additional active variables.
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For the 10 most active latent variables, det(R) is still greater than 0.9.
When reducing v, the value of det(R) decreases more rapidly, starting
with five (v = 10™*) or even three (v = 107°) variables. The OAE
gives similar results to the UAE for 4 = 1073, Using 4 = 10 and
A = 107 induces a more rapid decrease in det(R) when increasing
the amount of latent variables. When z is used to compute R for the
B-VAE, § = 107 and § = 107° return similar values of det(R) as
v = 4= 1073 for the UAE and OAE, respectively, although the five most
active latent variables yield slightly smaller values than the five most
active for the UAE. From the seventh ranked variable, det(R) deviates
from the higher values of # for § = 107 and takes values smaller than
~ 0.83. When pu is used to compute R, the behavior is again different.
For § = 1075, the value of det(R) decreases already when three latent
variables are considered. Mind that only two latent variables have KL
divergences significantly larger than zero in Fig. 30. Similar behavior
can be observed for # = 10~ and § = 1077, although det(R) remains
over 0.9 for g = 10~ for up to seven latent variables.

In Fig. 32, the modes for the four most active latent variables of
the UAE using v = 1073 are displayed in combination with m = 100.
The modes are generated exactly as described in Section 3.2.3. For
the two most active latent variables zy, and z,; results agree with
the modes associated with z; and zs in the m = 10 configuration,
cf. Fig. 22. The main differences are the flipped order of the first
column, which is again related to the late phase, as well as differences
in the intensities of the loads. The two following latent variables of
the m = 100 configuration z; and z39, however, have a smaller impact
on the output. This could also be expected from the different standard
deviations depicted in Fig. 29. Without going into detail, we report that
the p-VAE also returned reasonable leading modes for # = 10~7 and
m = 100.

4. Conclusion

The paper compares the performance of two deterministic autoen-
coder models and the p-variational autoencoder for the dimension
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Fig. 32. Impact of four latent variables with the highest standard deviation on the loads obtained from the UAE trained with a latent space dimension of m = 100.
In each column, one latent variable takes equidistant values ranging from the minimum to the maximum obtained on that variable on the validation set while
the other latent variables are set to zero. Color code is the same for all examples in this figure, ranging from lowest (dark blue) to highest (dark red) values.

reduction of two-mode periodic benchmark flow data and multi-mode
aircraft ditching load data. Emphasis is placed on the disentangle-
ment of the latent variables and the analysis of the resulting modes.
Considering the autoencoder reconstruction accuracy and the level
of disentanglement in the latent space, the uncorrelated autoencoder
(UAE) outperformed the g-VAE, while being deterministic and easier to
train with respect to the choice of the hyperparameter that balances the
reconstruction loss and latent space loss in both test cases. For temporal
predictions, however, the f-VAE returned slightly lower errors than the
UAE, but the UAE latent variables were much less correlated. If only
reconstruction accuracy and disentanglement of latent variables are
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desired in a surrogate model, but not specifically a normally distributed
latent space, the UAE may more easily provide satisfactory results.
Similarly to p-VAE, the UAE can identify a small and limited number
of truly active latent variables when the model is trained with a
larger latent space dimension than required. Such active latent vari-
ables can be easily identified by their standard deviation. The second
deterministic autoencoder model tested, the orthogonal autoencoder
(OAE), was also able to return small correlation coefficients between
the latent variables. However, it was not able to identify the active
latent variables in this study when trained with a higher latent space
dimension, and performed worse than the UAE and the g-VAE on the
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temporal predictions. The analysis of the ditching case provided a
better understanding of how the different latent variables contribute
to the reconstruction. It was observed that different latent variables
concentrate at different temporal phases of the impact. This can be of
importance in future work, when deformation-induced load changes
are to be included in the model. Future efforts will also focus on
the application of disentangled latent spaces to the analysis of more
complex 3D flow fields, e.g., [50]. This will likely require larger latent
spaces. Commonly used training strategies for f-VAE, such as latent
space loss warm-up phases, should be revisited in combination with
the UAE since they could also help to train the UAE for significantly
more complex problems.
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