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A B S T R A C T

We analyze fundamental scheduling and pricing problems with appli-
cations in energy trading. We consider agents in microgrids, wishing
to optimize their cost by strategically buying, selling and storing en-
ergy in a battery, to satisfy their demand. They plan over a finite time
horizon, where energy prices and demand may continuously change.
We model several variants of this problem, and provide algorithms
whose performance we analyze both theoretically and experimentally.

Z U S A M M E N FA S S U N G

Wir analysieren grundlegende Planungs- und Preisbildungsprobleme
mit Anwendungen im Energiehandel. Wir betrachten Agenten in Mi-
kronetzen, die ihre Kosten optimieren wollen, indem sie strategisch
Energie kaufen, verkaufen und in einer Batterie speichern, um ihren
Bedarf zu decken. Sie planen über einen endlichen Zeithorizont, in
dem sich die Energiepreise und die Nachfrage ständig ändern kön-
nen. Wir modellieren mehrere Varianten dieses Problems und stellen
Algorithmen bereit, deren Leistung wir sowohl theoretisch als auch
experimentell analysieren.
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P R O L O G U E

Imagine you are leaving for a multi-day hiking, which demands a
high level of physical effort and the hot weather doesn’t help either.
One of the best pieces of advice you could get is to properly pack
your backpack. On the one hand you want to make sure to bring with
you objects and gear that are going to be helpful on the hike. On the
other hand one of the most often repeated recommendation is to avoid
overpacking, as a heavy backpack would certainly not help along the
way. Many websites and guides suggest that you keep the weight
of the knapsack below 10 kg and to make sure to do so, you—as a
systematic person—decide to write down a table with all the objects
you would like to bring with you and you report their weight as well
as a value from 1 to 100 with the aim of evaluating how useful or
necessary each object is. Now it should be easier to decide how to
pack the backpack.

Everyone who is familiar with any Computer Science-related subject
has surely already recognized by now the very famous knapsack

problem. Not only that, probably the word object has already been
replaced with the one item and some notation is also emerging in
their head. Most likely, if two people with these thoughts were to
interact with each other about it, silently agreed words like weights
and capacity would also be mentioned and they could make a rather
long conversation about different heuristics, approximation algorithms
or even some known extension of the problem.

Such rigor, or even codification if we want, is something extremely
helpful in research, at least from my personal perspective. I have
myself realized this once I started my PhD and I immersed myself in
the broad field of Energy Trading. For reasons that are probably already
clear to the reader, but will be nevertheless listed also later on in this
work, such a field is intensively studied and significantly popular. The
huge availability of data on the topic, as well as the emerging artificial
intelligence technologies and the pressure from the industrial and
political sides of the society, might have contributed to the continuous
publication of these works. The result of this is that we do have an
incredible amount of amazing research to learn and develop from, but
a significant part of this literature has a very high dependency from
the investigated setting and specific data of the given study.

This thesis arises from applying methods and techniques of the
discipline of Theoretical Computer Science to the application domain
of energy trading. We do not have the arrogance to affirm that the
problems tackled in this work have the power to solve the current
global energy crisis, nor to be taken from inspiration in any energy
company. Our goal is that the results presented here contribute to a
more systematic understanding of the application domain and spark
further interest and research in the direction of mitigating its most
important challenges. We further contribute to strengthening the al-
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4 contents

ready existing, but rather weak connection between problems that
are typical of the Computer Science field and Energy Trading-related
problems. Ultimately, we are convinced that advancing research in
energy trading with the rigour and structure of the principles of The-
oretical can contribute, even to some small extent, to addressing the
urgent global climate crisis.

This work is divided into three main parts. We continue this first
introductory part in Chapter 1 with a very general overview of the
background theory which is required for the proper understanding
of the results of this work and few remarks on the notation used.
The second part is then dedicated to the first big problem that we
tackle, namely the scheduling of the battery of an agent under certain
conditions that will be defined more precisely later. We start with a
constrained version of this problem in Chapter 2, and then proceed in
Chapter 3 with a full information version of the problem, that we refer
to as the offline version. The online one follows in Chapter 4. Then we
present in Chapter 5 some other versions of our problem as well as a
connection with another classic problem of Computer Science. In the
second part, we move to a multi-agent setting. In Chapter 6 we briefly
leave the energy trading world and we focus on an allocation division
problem. Here we introduce a new framework, which we partially use
in our final Chapter 7 of the thesis where we illustrate some ideas
about future research directions.
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1
B A C K G R O U N D

The tremendous importance of energy and electricity is probably clear
to the majority of us. It is not only the easiest way to bring comfort
in our privileged life with all the most creative appliances we could
own. It is essential in refrigerating food, providing us with clean and
drinkable water. It incredibly facilitates sophisticated surgeries or even
keeps patients alive. It is so important that electrical generators and
connecting nodes of the transmission systems are frequently targeted
during wars and at the same time cutting areas off the grid is used as
a weapon to oppress populations, as we frequently learn from media.

In the last decades electricity has gained even more importance,
as it is often proposed as the means to improve our environmen-
tally damaged situation without having to compromise too much
on the productivity of the industry. It has indeed become clear that
our current lifestyle is unsustainable for the earth and we do need
to modify our behaviors globally if we wish to avoid even major
consequences. The damages caused by our species are various, we
range from polluting several bodies of water, contaminating land and
clearing huge areas of forests to the release of harmful substances
into the atmosphere, as well as an uncontrolled amount of greenhouse
gases (GHGs).

The severe consequences of the emission of the last mentioned, also
known as GHG, have been a widely debated topic, frequently brought
to global attention by initiatives such as the Paris Agreement [71] and
the Net Zero Emissions by 2050 Scenario (NZE) [67]. Carbon dioxide,
responsible for over 80% of total global warming, is the primary
component of GHGs [39]. Among the largest contributors to GHG
emissions is the electricity industry [8]. A well-established approach
to mitigate the electricity industry’s impact is transitioning toward
renewable energy resources (RES). In this regard we are facing two
trends. On one hand there is the effort of substituting traditional power
plants with new power plants, such as photovoltaic panels, and wind
turbine parks for instance [60]. On the other hand, politics have been
subsidized the private acquisition and usage of photovoltaic panels at
home, in favour of the formation of Local Energy Markets (LEM) [81].

In both cases the main advantages are the deployment of natural
resources, which are considered unlimited as the sun radiations or the
wind power, and the fact that the energy production process causes
significantly less emission compared to the traditional power plants.
This last reason is behind the appellation clean energy and green energy
that we often hear and read. Again in both cases, one of the main
drawbacks is well known: the natural resources which are used to
produce this clean energy are way beyond our control, meaning that
we need to adapt to their natural availability and elaborate systems
and strategies to deal with their intrinsic unpredictability.

5
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6 background

It is crucial to make sure that these modern power plants are reactive
to the changes in the grid, and therefore we need to come up with
new methods and strategies to ensure its stability. At the same time,
the non continuous availability of these natural resources leads us–or
maybe even forces us–to store the energy produced and use it as back
up when needed. This is definitely not a trivial task to do, since it
involves lots of studies and where several factors play a key role, such
as the geographical composition of a territory. It is not surprising that
all these challenges are also reflected in the research field [3]. Not
to be forgotten is also that these technologies are rather recent. For
instance, the production of photovoltaic panels (PVs) is still under an
improvement phase, which results in the uncertainty for the future
trends for costs and prices of PVs [23]. Effective and relatively fast
solutions are indeed needed to proceed with the modernization of our
electrical system, and therefore several disciplines need to put their
best effort into this.

1.1 our contributions

In this work we focus on the private scenario above introduced: among
all the possibilities which the energy related field has to offer, we
decided to investigate some of the implications of PVs in private
contexts. This choice was partially motivated by the rapid increase
of installed photovoltaic panels, and by the conviction that such a
trend will be also to be observed in the future, probably worldwide,
but for sure here in Germany [80]. Household-operated photovoltaic
panels provide an effective means for individuals to contribute to
the energy transition, as already observed by Hockenos [50], Men-
gelkamp et al. [65], and Mehta and Tiefenbeck [63]. A common setup
for PVs is to connect them in microgrids, which are “electricity dis-
tribution systems containing loads and distributed energy resources
that can be operated in a controlled, coordinated way, either while
connected to the main power network or while islanded”, as stated in
Shahbazitabar et al. [77]. In our work, we consider a microgrid where
agents are equipped with PV panels. As a result, agents are not only
passive consumers in the grid but also active participants, able to
produce their own energy. Hence, we refer to them as prosumers. In
particular we follow the definition given in Schill et al. [75], where
they are denoted as grid-connected electricity consumers who own
small-scale PV generators as well as batteries, and use these installa-
tions to produce their own electricity at times, draw electricity from
the grid at other times, and feed electricity to the grid at yet other
times.

Microgrids have been extensively investigated from various per-
spectives in the literature. In particular, peer-to-peer (P2P) interactions
among prosumers provide a fertile ground for embedding numer-
ous mathematical models. Moreover, the wide range of assumptions
and specific contexts has resulted in a large body of related scientific
work. This is evidenced by the significant number of scientific reviews
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1.1 our contributions 7

in this area, where the investigated microgrids are often classified
based on different design parameters. For reference we list some of
the works we have encountered in these years, such as the works of
Capper et al. [24], Cramton [32], Hönen et al. [51], Mengelkamp and
Diesing [64] and Tushar et al. [83].

Our work mainly contributes to the body of prosumer-centric re-
search. A considerable portion of related studies are characterized
by a high dependency on the environment, which affects both the
performance and analysis of these microgrids as in the works of Bar-
bour and González [8] and Mehta and Tiefenbeck [63]. In contrast,
we maintain a high level of abstraction to ensure that the model we
design is as general as possible, and thus versatile. To do so, we study
problems which are relatively simple, but still interesting–at least from
our theoretical computer science perspective. The setting proposed
in this thesis is depicted in Figure 1.1. The main idea is to observe

Figure 1.1: General high level setting

the energy produced by prosumers, as well as their demand during
a given time period. We will refer to this as their energy profile. The
energy profile showed in the figure is already underlining the pecu-
liarity of the setting, namely that there are times where the prosumer
is self-sufficient, or even with surplus of energy, and others where
energy is instead needed to fulfill the demand. A battery here could be
useful to shift the peaks of the excess, and use the energy later when
needed. If on top of that we add that the prices for buying energy and
those for selling are not always constant but do fluctuate over time,
we get a very interesting problem with a real impact on electric bills
of prosumers.
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8 background

1.2 notation

We now introduce the main notation used throughout the thesis. On a
general note, we denote the set of natural numbers by N = {1, 2, 3, . . . }
and the set of integers by Z, and we define N0 = N ∪ {0}. Finally,
real and non-negative real numbers sets are denoted by R and R+,
respectively.

In our energy frameworks, we will mostly refer to quantities which
are measured over several time periods for a given finite time horizon.
This time horizon has length n ∈ N and it is divided into equivalent
discrete time periods, so that it can be described as τ = {1, . . . ,n}. We
initially developed our model referring to days, but such partition
can be more general, as for instance intervals of 15 minutes, so we
refer to each interval generically as period and we denote each period
as p. During each period p ∈ τ, a prosumer has a given demand of
dp ∈ N0 units of electrical energy. Similarly, they have an amount
of ep ∈ N0 units of electrical energy available as being generated from
the PV panels in period p. For the moment we remark that for sake of
simplicity we consider all these quantities to be dimensionless, hence
we refer to those as quantities, units or amount. We observe that each
period p in the time horizon falls into one of two classes. On one hand,
we have periods where the amount of PV-generated energy supply is
at most the demand from that period (ep ⩽ dp); on the other hand, we
have excess periods where this supply exceeds the demand (dp < ep).
We define two quantities d ′

p := (dp − ep)
+, and exp := (ep − dp)

+.
Hence, for each period p, we have that d ′

p ⩾ 0 and exp ⩾ 0 (at most
one of which is positive), and dp − ep = d ′

p − exp.
In most of our discussions, agents will be provided with a battery

of capacity C, which is charged with some soc0 ∈ N0 units of energy
at the beginning of the time horizon. The amount of energy stored in
the battery is the denoted with the term state of charge, often shorted
as SOC or soc, depending on whether the quantity we are referring
to is a variable or a parameter. As a clarification of this let us consider
the initial state of charge of the battery, which is a known quantity,
something that the prosumer can measure or just read on the battery
itself, so a parameter soc0. In this case we can initialize the variable
corresponding to the state of charge at time zero with its value, so
in our notation this will be denoted as SOC0 = soc0. The main goal
of most of the investigated problems is to find a suitable strategy
for prosumers, ensuring that their demand is satisfied, and that the
energy is stored correctly in the battery without exceeding the natural
constraints given by the battery characteristics. We assume the micro-
grid is connected to the main grid from which prosumers can buy
energy, so that the demand of prosumers is for sure always satisfied.
On top of that, we also consider that prosumers are indeed able to
buy energy to exchange energy with each other being connected in a
microgrid. This aspect allows the prices to fluctuate over time, as it is
indeed reasonable that the prices for energy changes depending on
the demand and on the self-produced energy available, or at least at
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1.2 notation 9

time moment we assume so. To model this, we use a vector of prices
both for buying energy and to sell energy. The parameters bp and sp
are used to indicate respectively the price for buying a unit of energy
at time p within the microgrid.

We give an overview of the parameters listed so far in Table 1.1.

τ = {1, . . . ,n} time horizon with n periods
bp price per unit for buying energy in period p

sp price per unit for selling energy in period p

dp demand in period p

ep units of PV-generated energy in period p

C capacity of the battery
soc0 initial state of charge of the battery
d ′
p net demand in period p

exp excess of energy at time period p

Table 1.1: Parameters used in our work.

We conclude this chapter with two small remarks on the prices of
the microgrid.

The vector prices are not to be intended general for the whole
microgrid, but specific for a single prosumer: we will mostly consider
a single prosumer in this work and we have just explained how in the
microgrid there are different prices at which one can buy energy or sell
energy. With the vector prices bp and sp we are already considering
the best option for the prosumer, that could be the most convenient
option in general or just the most convenient among the feasible
exchanges.

Then, a natural assumption about electricity prices, which can be
observed in real markets, is that typically buying is more expensive
than the revenue obtained from selling to the grid1; so throughout the
thesis, we assume that bp ⩾ sp for p = 1, . . . ,n. This does not mean
that selling is in general not convenient; instead, degenerated behavior
of a prosumer buying infinite amounts of energy and selling them in
the same period is avoided.

As already mentioned in the prologue, one of the main goals of
this thesis was to contribute to bridging the gap between the field
of Theoretical Computer Science and the more practical, application-
driven research typically found in energy-related journals. Unlike
many works that start from well-established problems in the literature
and then improve the current results, in our case a major challenge
was to identify meaningful research questions from scratch. The mod-
elling phase played a central role in the research process underlying
this thesis. Once a good model had been established, the literature
was thoroughly reviewed to ensure that our newly formulated prob-

1 Germany’s Federal Network Agency (Bundesnetzagentur) reports for 1 April 2023

an average household price of 45.19 ct/kWh [35] for electrical energy, whereas the
feed-in tariff for PV-generated energy was at most 13.40 ct/kWh [37].
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10 background

lems—or closely related ones—had not already been solved. The
results of this research are discussed in each chapter, where we also
point out the similarities with existing work while highlighting the
differences. In the following chapters, we present the questions we
developed and the methods we used to investigate them.

[ September 2, 2026 at 9:36 –]
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2
A C O N S T R A I N E D S E T T I N G

We start now the first chapter of the thesis describing results and we
also present what–from our point of view–is the most emblematic
overlapping between the applied energy trading world and the more
theoretical background we stamm from. Namely, we are going to
introduce a new Knapsack problem; the original Knapsack problem
is one of the the Karp’s 21 NP-complete problems [56].

Surprisingly, the knapsack interpretation of the energy related prob-
lem we were tackling appread almost spontaneously during our re-
search discussions. Then we discovered that the fuzzy problem we
were looking at was a rather interesting one on its own, and we present
it here, starting from the background in which it originated.

This chapter is based on joint work with Gergely Csáji and Matthias
Mnich [28].

2.1 decription of the problem

We focus on a single prosumer whose household is equipped with PVs
and consider their energy profile over a given time horizon of length n.
This profile is defined by their demand dp, and the amount ep of
produced energy, over all time periods p = 1, . . . ,n. Typically, such
households are equipped with a Home Energy Management System
(HEMS), which coordinates energy demand (e.g., domestic appliances,
EVs) with PV generation and battery storage, as we as discussed in
Beaudin and Zareipour [11] and Angenendt et al. [4]. The presence of
a HEMS, or more generally of advanced metering infrastructure (e.g.,
smart meters) [83], is commonly assumed in the literature on local en-
ergy markets (LEMs) among prosumers, where it enables monitoring,
control, and participation in decentralized energy exchanges.

As already stated, a key property of our model is that the prosumer
has a private battery with capacity C ∈ N, which can be charged and
discharged according to the model by Hosseini et al. [52]. Under this
setting, a prosumer within a fixed microgrid can satisfy their daily
energy demands through a combination of self-generated electricity
and energy exchanges with other prosumers within the microgrid. We
introduce market dynamics within the microgrid by assuming that
the prices for trading energy fluctuate daily. To simplify the analysis,
we assume that each prosumer’s full energy demand is always met;
this assumption is justified by allowing one prosumer to be a large
company operating the main grid, with zero energy demand.

The battery allows prosumers to act strategically, offsetting their en-
ergy costs by selling excess energy on days when prices are favorable.
The goal of any prosumer is to minimize their overall energy acquisi-
tion costs over the fixed time horizon of length n. We refer to this as

13
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14 a constrained setting

the Prosumer Energy Acquisition Cost Minimization (PEAC-min)
problem, which forms the central focus of this chapter.

PEAC-min is, fundamentally, a scheduling problem: for each period,
the prosumer decides (i) how much energy to consume from self-
generated PV power, (ii) how much to store in the battery for future
use or sale, (iii) how much to discharge from the battery, and (iv) how
much to purchase from other prosumers.

A critical aspect of the problem is that decisions made at one point
in time affect future outcomes by altering the state of the system,
particularly the amount of energy stored. Although we analyze the
actions of a single prosumer, their optimal strategies are shaped by the
actions of other prosumers in the microgrid. These strategies influence
not only the availability of energy for trading but also the buying and
selling prices, which depend on demand and energy storage decisions.

Studying and optimizing local energy markets is important because
individual prosumers may not wish or be able to coordinate their
actions with others. Thus, understanding the optimal selfish strategy
for each prosumer is crucial. Important related examples of this use
are provided by Norbu et al. [69] and Zhang et al. [87], where a
similar model is used to optimize the single strategy of prosumers
before considering them collectively. In particular they use a heuristic
approach to find a feasible scheduling which could instead be optimal
with the approach presented in this work. More in general, further
assumptions about energy prices can lead to efficient local energy
markets, as seen in the overview of Capper et al. [24].

In this chapter we focus on a variant of the problem where pro-
sumers either use their battery or they buy energy. This assumption is
fundamental for the discussion of this chapter, as it makes the stud-
ied problems quite unique. In the next chapter we will see instead
what happens when we remove such assumption. The key idea in
solving this problem is to strategically use the battery to maximize
the savings for buying energy, given we have a battery of finite capac-
ity (which corresponds to the knapsack). We must choose to satisfy
demands from the battery (so save the associated buying costs) opti-
mally, and each period p with demand dp corresponds to an item with
weight (dp − ep)

+. We are not the first using a Knapsack approach
for an energy related problem. Kumaragurparan et al. [59] and Sianaki
et al. [79] use the Multiple Knapsack problem to schedule the usage
of home appliances to minimize the energy costs while ensuring some
costraints are met. Arikiez et al. [5] use instead a chance constrained
knapsack to solve a similar problem. In our approach however, we
have a different variant of the Knapsack problem, as we have a se-
quence of knapsacks (instead of a single one), one for each period in
which we have some excess of energy. The subset of days selected for
packing a knapsack influences the capacity of all the following knap-
sacks. This can be properly formalized as a unique knapsack whose
capacity is non decreasing overtime and, peculiarly, has a minimum
capacity requirement as well. This peculiarity is due to the capacity C

of the battery and the free energy that prosumers obtain on excess
periods. Consequently, we have a time-dependent upper bound Up
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2.2 the problem formulation 15

on how much total weight we can have chosen so far (depending on
the previous excess periods). Then, the excess periods also force us to
have a time-dependent lower bound Lp on the minimum item weight
we must have packed at any period p. We also have the option to
sell energy to other prosumers in the microgrid, which corresponds
to having items that we can pack multiple times (and this quantity
is not necessarily polynomial in the input size). In that sense, our
problem variant more resembles a temporal Knapsack problem, for
which Clautiaux et al. [27] provide a successive sublimation dynamic
programming algorithm. Other versions of Knapsack, where the ca-
pacity of the knapsack increases over time as in Bartlett et al. [10], are
also similar to our setting. However, none of these already studied
problems are capturing the innovative feature of our setting. Indeed,
while the capacity of the battery is giving an upper bound on the
capacity of each of the knapsacks, by storing and then freeing space
with usage, we may end up consuming more energy than the capacity
itself. We call this new problem the Temporal Knapsack with Item

Copies and Lower and Upper Bounds (TKICLUB). Before formally
defining TKICLUB, I would like to offer a very informal interpretation
of it, much like how I would explain it in a casual conversation. One
interpretation in my opinion, is that our knapsack is in a kind of
“reverse Matryoshka doll”, those wooden nesting dolls where each
one contains a smaller replica of itself till we reach an unsplittable
tiny doll. Similarly, we pack one knapsack into another and so on. We
have a sequence of knapsacks, each fitting inside the other. At first,
we are given a knapsack whose capacity is known and a set of items
for which we have to decide whether to pack them or not. Then, we
are given a second knapsack, into which we must pack the whole
first knapsack and where we may also choose to add additional items,
which might differ from the previous ones. This process continues
iteratively. Effectively, we deal with a sequence of knapsacks, where
the capacity of each depends on the items that have already been
packed. The analogy with energy is as follows: The items represent
time periods and packing an item p means that on period p the pro-
sumer uses the energy stored in the battery to fulfill the demand. The
capacity of the knapsack is clearly related to that of the battery. When
there are periods with an excess of energy, we get a new knapsack
with increased capacity. As will become clearer later, due to the finite
capacity of the battery and the fact that we can have multiple days
with a positive energy surplus, we might sometimes be forced to select
a subset of days, or equivalently to pack some items. Now that we
have given an intuitive idea of a part of our problem, we can move on
to the formal formulation, which we will give first in terms of energy
trading and then in terms of the knapsack analogy.

2.2 the problem formulation

As already stated, the peculiarity of the problems analyzed in this
chapter is that if the prosumer buys energy from the grid, they are
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16 a constrained setting

then forced to purchase the entire amount needed to satisfy their
demand. The other alternative would be to use the energy stored in
the battery to fulfill the demand. A combination of the two actions
is not allowed and this implies that at every period p, the prosumer
must either buy or use the energy stored in the battery. This is just one
specific variant or scenario of the PEAC problem introduced in the
previous section. In this thesis we will be introducing several variants
of the PEAC problem. Here, to emphasize that the prosumer can both
buy and sell, and that the choices of using the battery or buying energy
are mutually exclusive, we call this variant PEAC-BS-Ex.

We give a model of our problem as an integer linear program (ILP),
hence we introduce here some sets of variables, summarized in Ta-
ble 2.1.

xp units of energy bought from other prosumers in period p

yp units of energy sold to other prosumers in period p

zp units of energy exchanged with battery in period p

SOCp state of charge of battery in period p

qp binary variable: qp = 1 if we buy in period p

Table 2.1: Variables in our models.

For each period p ∈ τ, let xp ∈ N0 be the number of units of
energy bought, yp ∈ N0 be the number of units of energy sold, and zp
be the number of units stored in or discharged from the battery
(so zp can be either positive, negative, or zero). We recall that the
prices of energy associated to the variables are expressed with the
parameters bp and sp. We keep track of the current state of charge
of the battery with the variables SOCp ∈ {0, . . . ,C}. Finally, the binary
variable qp takes value 1 in case the prosumer decides to buy at time p.

With these sets of variables, the problem can be modelled as

min
∑
p

(bpxp − spyp)(2.1)

s.t. xp − yp − zp = dp − ep, p ∈ τ,(2.2)

xp = (dp − ep)
+qp, p ∈ τ,(2.3)

SOCp = SOCp−1 + zp, p ∈ τ,(2.4)

SOC0 = soc0,(2.5)

SOCp ⩽ C,p ∈ τ,(2.6)

xp,yp,SOCp ∈ N0, p ∈ τ,(2.7)

qp ∈ {0, 1}, p ∈ τ,(2.8)

zp ∈ Z, p ∈ τ .(2.9)

In this formulation we aim at minimizing the total costs, which are
computed as the expenses incurred for buying energy discounted by
the amount of energy sold. Constraint (2.2) ensures energy balance. On
the left hand side we have the energy flows: the amount bought from
the grid, the amonunt sold and the one exchanged with the battery,
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2.2 the problem formulation 17

which can be either due to the charging or discharging process of the
battery, depending on the sign of zp. On the right hand side we have
instead the difference of the demand dp of the prosumer and the self-
produced energy. Then in (2.3) we have the formulation of the main
assumption of this chapter: if the prosumer decides to buy the whole
amount, then this amount has to fulfill completely the actual demand
needed, which is indeed the demand of the prosumer discounted by
the energy from the PVs. Constraint (2.4) ensures that the state of
charge of the battery is updated accordingly to the amount of energy
stored in the battery, if zp is positive, or taken from the battery, in case
the variable is negative.Constraint (2.6) ensures that the state of charge
never exceeds its capacity. If selling it is not allowed we can just add
the constraints yp = 0,p ∈ τ, and we call the problem PEAC-B-Ex.

PEAC-BS-Ex

In: An instance I = (bp, sp,dp, ep,C, soc0 | p ∈ τ).

Out: An optimal solution to the ILP defined by objective (2.1)
and constraints (2.2)–(2.9).

While discussing these variants, we considered several possible
modifications. We found out that they can all be wrapped together
by setting some bounds to the amount of energy that the prosumer
can buy and sell at every time period. To bound them we introduced
two sets of parameters αp and βp, which bound the number of units
bought and sold at every time period, respectively. We can generalize
these two problem variants by adding the following inequalities to the
models:

xp = αpqp, p ∈ τ,(2.10)

yp ⩽ βp, p ∈ τ,(2.11)

qp ∈ {0, 1}, p ∈ τ .(2.12)

In Chapter 3 we will be discussing more about the parameters α and β

and the relations among the variants when setting particular values.
For the moment, we add these further constraints to obtain a more
general version of the problem, which we call indeed PEAC-BS-Ex-
General.

PEAC-BS-Ex-General

In: An instance I = (bp, sp,dp, ep,αp,βp,C, soc0 | p ∈ τ).

Out: An optimal solution to the ILP defined objective (2.1) and
constraints (2.2)–(2.9) and (2.10)–(2.12).

It is easy to see that the values to variables zp and SOCp for p ∈ τ

are uniquely determined by the values of variables xp,yp for p ∈ τ in
all the presented problem variants. Hence, we usually refer only to
(x1,y1, . . . , xn,yn) as the solution.

Before proceeding with the results of the chapter, we want to make
sure that the problem is clear, hence we provide a simple example.
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18 a constrained setting

Example 2.1. Consider an instance I for PEAC-B-Ex, where the time horizon
has length 3. Let the demand be dp = (4, 9, 6) and the energy produced with
the photovoltaic panels be ep = (3, 7, 3). The battery has a capacity of C = 10

and an initial state of charge of soc0 = 5. Assume now that the prices for
buying energy are bp = (4, 3, 6). We compute the net demand over the time
horizon, which is d ′

p = (1, 2, 3) for a total of 6 units, which is more than
what we have in the battery. Then we need to buy at least on one on the
periods. To decide when to buy, we can apply the following reasoning. If we
had to buy energy at the first time period we would have a cost of 4, at the
second a cost of 6 and 18 at the third. So, if we did not have the battery at all,
we would have to buy all the units incurring into a cost of 28. Let us see now
how much we can save each period. Given that we have 5 units of energy in
the battery, we can use this energy to buy less energy. The cheapest solution
here is to buy energy on the first time period and use the battery later. This is
equivalent to saying that we are packing in our knapsack of capacity 5 the
items corresponding to the second and third time peridos, as their value is
of 24 which is the maximum we can get.

So far there was only one knapsack. Let us expand the example to
clarify what we meant earlier with a “matryoska” of knapsacks.

Example 2.2. Consider now an instance I for PEAC-B-Ex with a time
horizon of 5, where dp = (4, 9, 6, 1, 6) and ep = (3, 7, 3, 3, 3). Furthermore
let soc0 = 5, C = 10 and the prices bp = (4, 3, 6, 5, 8). We get a net demand
of d ′

p = (1, 2, 3, 0, 3). We observe that at time period 4 not only we do not
need to buy energy, since d ′

4 = 0, but also we are producing 2 extra units
of energy, which we can store in the battery. We can use the fourth time
period to split the problem into two instances, each one corresponding to a
knapsack problem as in Example 2.1. By doing so, the first knapsack is exactly
in Example 2.1, for which we have already computed that it is optimal to
pack the items of the second and third time periods. For the second knapsack
instead, we can only decide whether to select the item at the 5-th time period or
not. If these two knapsacks were completely independent, we would perfectly
know how pack them in order to maximize their profit. However this is not
the case, since the second knapsack has a capacity which is given by the
remaining capacity of the first knapsack, if any, plus an extra capacity of 2,
given by the excess period at time 4. If we pack the first knapsack as we did
in Example 2.1, then the second knapsack would have a capacity of 2 and
we would not be able to fit any new element and we would incur in a cost
of 28. Then, it is convenient to only partially fill up the first knapsack by
selecting the time periods 1 and 3. We are left now with a second knapsack
of capacity 3 which is enough to pack the last element leading to a total cost
of 6.

Lastly, it is important to notice that sometimes we might be forced
to select items in our knapsack, either by selling energy or discharging
the battery to fulfill the demand.

Example 2.3. Consider an instance I for PEAC-B-Ex with a time hori-
zon of 2, where dp = (4, 7) and ep = (3, 9), battery with characteristics
soc0 = 9 and C = 10. Here we have d ′

p = (1, 0) and we have two units
of extra energy at the second time period. Even if it is a bit of a degenerate
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2.3 results for peac-bs-ex 19

example, we can notice that the prosumer is forced to use the battery at
time 1, because otherwise it would not be possible to store the 2 units that
will be received at time 2 leading to an infeasible instance (we remind that in
PEAC-B-Ex we are not allowed to sell, but if that would have been the case,
then we would have had to sell one unit either on period 1 or 2).

2.3 results for peac-bs-ex

Our first result is an NP-hardness reduction.

Theorem 2.1. PEAC-B-Ex and PEAC-BS-Ex are NP-hard, even if dp ⩾ ep
for all periods p = 1, . . . ,n.

Proof. We present a reduction from the NP-hard Knapsack problem.
Consider an instance of Knapsack problem, consisting of a set I

of n items, each with an associated value vi ∈ N and weight wi ∈ N,
a weight bound W⋆ ∈ N and a target value V⋆ ∈ N. The task is
to decide whether there is a subset I⋆ ⊆ I of items whose weight∑

i∈I⋆ wi is at most the weight bound W⋆ while its value
∑

i∈I⋆ vi is
at least V⋆. Let W∏ ∈ N be the product of all item weights, and let V∑
be the sum of all item values.

From this instance, we create an instance I ′ of PEAC-B-Ex . In-
stance I ′ will have one period for each item of I. For each i ∈ I, let
v ′i = vi

∏
j∈Iwj = viW

∏, and let

di = wi, ei = 0 and bi =
v ′i
wi

.

The construction of the instance I ′ is completed by setting soc0 = W⋆

and the battery capacity as C = W⋆.
We claim that the Knapsack instance admits a solution with weight

at most W⋆ and value at least V⋆ if and only if there is a feasible
solution for I ′ with cost at most

(V∑ − V⋆)W∏ .

In the forward direction, consider a solution I⋆ ⊆ I to the Knapsack

instance with weight
∑

i∈I⋆ wi ⩽ W⋆ and value
∑

i∈I⋆ vi ⩾ V⋆.
Then we can create a feasible solution for I ′, where we set xi = 0

for i ∈ I⋆ and xi = d⋆
i otherwise. Then, the cost of this solution is∑

i∈I

bid
′
i −

∑
i∈I⋆

bid
′
i = V∑W∏ −W∏ ∑

i∈I⋆

vi ⩽ (V∑ − V⋆)W∏ .

Also, it is a feasible solution, because∑
i∈I⋆ d

⋆
i =

∑
i∈I⋆ wi ⩽ W⋆ = soc0.

Suppose now that PEAC-B-Ex has a feasible solution with cost at
most (V∑ − V⋆)W∏ and let I ′ be the set of time periods where the
battery is unused, namely xi = 0 if i ∈ I⋆ and xi = d ′

i otherwise. This
set I⋆ gives a solution to I with value
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20 a constrained setting

(2.13)
∑
i∈I⋆

vi =
1

W∏ ∑
i∈I⋆

bid
′
i ⩾

1

W∏ (V∑ − (V∑ − V⋆))W∏ = V⋆ .

that
∑

i∈I⋆ d
′
i =

∑
i∈I⋆ wi ⩽ soc0 = W⋆, the set I⋆ corresponds then

to a solution to the knapsack problem with value at least V⋆. The
hardness of PEAC-BS-Ex is analogous, with the addition that we
enable selling, but set all selling prices to 0. Then, selling is allowed,
but it holds that there exists a feasible solution with cost at most
(V∑ −V⋆)W∏ with selling allowed if and only if there exists one with
only buying allowed, because from a solution which involves selling,
we can obtain a solution of the same cost by setting all selling values
to 0—this cannot lead to the capacity being overcharged, as there is
no excess energy day in the construction.

By Theorem 2.1, PEAC-B-Ex and PEAC-BS-Ex are NP-hard even
when there are no excess periods. We complement this result by
showing that if there can be periods with excess energy, then even
deciding if there exists a feasible solution becomes NP-hard.

Theorem 2.2. Checking if an istance of PEAC-B-Ex has a feasible solution
is NP-hard, even if there is only a single period p with exp > 0.

Proof. We reduce from the NP-hard Subset Sum problem. There, for
a given set S = {s1, . . . , sn} of n non-negative integers and a number
b ∈ N one has to decide whether there exists some subset S ′ ⊆ S,
such that

∑
i∈S ′ si = b.

Let (S,b) be an instance of Subset Sum; we create an instance I ′ of
PEAC-B-Ex as follows.

Let M =
∑n

i=1 si. Let there be n+2 periods. We set soc0 = C = M+ 1,
ep = 0, dp = sp for p ⩽ n, and en+1 = 0, dn+1 = M+ 1− b, en+2 = C,
dn+2 = 0. The prices are not relevant, as we only show hardness of
feasibility in this proof.

We show that there exists a solution to (S,b) if and only if there
exists a feasible solution to I ′.

In the forward direction, suppose there is a set S ′ ⊆ S with∑
si∈S ′ si = b. Then, we set xp = 0 for si ∈ S ′ and xp = dp oth-

erwise. Then, by period n the battery has exactly M+ 1− b units of
charge left. Hence, at period n+ 1, we can use the battery to satisfy
the demand exactly, so we arrive at period n+ 2 with 0 charge. Hence,
the excess of energy on the last period does not overcharge the battery,
so the solution is feasible.

In the backward direction, suppose that there exists a feasible solu-
tion for I ′. Then, we must reach period n+ 2 with 0 state of charge.
Hence, we either reach period n+ 1 with 0 or with dn+1 = M+ 1− b

charge. However, since
∑n

p=1 dp = M, but soc0 = M + 1, only
M+ 1− b can be possible. Furthermore, this is only possible if and
only if there is a set of periods S ′ ⊆ S such that

∑
p∈S ′ dp = b, where

the battery is used instead of buying, which concludes the proof.
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2.3 results for peac-bs-ex 21

As one can see from Theorem 2.2, it is indeed these excess periods
which differentiate our problem from earlier studied temporal versions
of Knapsack, where the knapsack capacity changes over time. Later,
we introduce a new variant of Knapsack that captures the features of
our problem, and we explain the connections between them.

First, we provide a dynamic programming algorithm for PEAC-BS-
Ex-General, which also solves problems PEAC-B-Ex and PEAC-BS-Ex

as a corollary. Here, instead of minimizing our cost, we change the
framework and try to maximize our savings compared to a solution
where each demand is satisfied by buying the required amount and no
sells are made. This also helps to emphasize the similarities between
PEAC-BS-Ex-General and temporal Knapsack problems.

The intuition of the algorithm is that we iteratively solve the sub-
problems SP(p,C − k) for k ∈ [0,C] and p ∈ [0,n]. Subproblem
SP(p,C− k) consists of finding the maximum of

∑p
i=1(yisi − xibi)

(i.e., our savings compared to a solution which does no selling and
buys for every demand) restricted to the first p periods for a solution
(x1,y1, . . . , xp,yp) such that SOCp = C− k holds exactly. At the end
of each iteration pt, we store the optimum values of subproblems
SP(p,C− k) for k ∈ [0,C] in a vector R.

The algorithm’s pseudocode is given in Algorithm 2.1. In the algo-
rithm, the maximum over the empty set is set to be −∞.

We suppose that exp ⩽ C for any p ∈ τ. Otherwise, we must sell at
least exp −C units in period p, so then we can reduce our instance
by setting βp := βp − (exp −C) (if this is negative, then there can be
no feasible solution and we can stop) and exp := C and solve the
new instance. As mentioned, to align with the maximization goal of
the corresponding Knapsack instance defined later, we equivalently
change our objective function to max

∑n
p=1(spyp − bpdp).

We remark that we can compute the maxima in Algorithm 2.1 in
a clever iterative way (as shown in the next proof) that leads to a
significant speedup. Thereby, we obtain that:

Theorem 2.3. Algorithm 2.1 outputs an optimal solution for PEAC-B-
General in O(nC logC) time. For PEAC-B-Ex and PEAC-BS-Ex, the run
time is O(nC).

Proof. It is easy to see that the algorithm correctly computes the opti-
mum for the subproblems SP(0,C− k) for k = 0, . . . ,C at the initial-
ization step, as we have no choice but to leave exactly soc0 for the first
period and our profits/savings so far are 0. Suppose that the algorithm
correctly computed the optima for the subproblems SP(p− 1,C− k)

for some p in R. If we fix xp and yp for SP(p,C− k), then the problem
is to find an optimal solution for the first p− 1 periods that leaves ex-
actly C− k− xp + yp − exp + d ′

p units of energy in the battery, which
we have computed in R[C− k− xp + yp − exp + d ′

p] by induction. Fur-
thermore, then we receive spyp − bpxp profit in period p. Also, then
the bounds ak

0 ⩽ yp ⩽ ak
1 and bk

0 ⩽ yp ⩽ bk
1 (depending on if xp = 0

or xp = αp) must hold by 0 ⩽ C− k− xp + yp − exp + dp ⩽ C and
0 ⩽ yp ⩽ βp, so the algorithm checks each possibility for period p,
hence finds the optimal solution for SP(p,C− k). Feasibility is guar-
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22 a constrained setting

Algorithm 2.1 PEAC-BS-Ex-General

Input : An instance I = (bp, sp,dp, ep,αp,βp,C, soc0 | p ∈ τ) of
PEAC-BS-Ex-General.

Output : The optimum value for I.
Initialize exp := (ep − dp)

+ for p = 1, . . . ,n and

R[C− k] :=

0 if C− k = soc0

−∞ otherwise
; // We have no choice but

// to leave soc0 for the

// S first period

Let A and B be two empty arrays of C dimension ; // we store the

values of the subproblems we have when we respectively use

and do not use the energy stored in the battery

Set Q := [0, . . . , 0] ; // we store the optima for the new

subproblems in Q before updating R

for p = 1, . . . ,n do
for k = 0, . . . ,C do

ak
1 = min{βp,k+ exp − d ′

p} ; // Max amount possible to

sell in case we choose xp = 0

ak
0 = max{0,k+ exp − d ′

p −C} ; // Min possible

A[C− k] := maxak
0⩽y⩽ak

1
{R[C− k+y− exp +d ′

p] +y · sp} bk
1 =

min{βp,k+αp + exp − d ′
p} ; // Max amount possible to

sell in case we choose xp = αp

bk
0 = max{0,k+αp + exp − d ′

p −C} ; // Min possible

B[C−k] := maxbk
0⩽y⩽bk

1
{R[C−k+y− exp−αp+d ′

p]+y · sp−

αp · bp}

Q[C− k] = max{A[C− k],B[C− k]}
Set R := Q and Q := [0, . . . , 0].

return maxk=0,...,C{R[k]}

anteed by induction and the fact that we leave 0 ⩽ C− k ⩽ C battery
at the end of period p.

As for the run time, we have n(C + 1) iterations in the two for-
loops combined. In the case of PEAC-B-Ex, βp = 0 for all p, so each
maximum consists of at most 2 elements, hence each iteration requires
only a constant number of steps. Hence, the run time in this case
is O(nC).

Consider the case of PEAC-BS-Ex, where βp = C+exp and αp = d ′
p.

Suppose we are in the iteration for period p in the outer for-loop.
Then, ak

1 is always k+ exp − d ′
p = k+ fp, for any k, where

fp := exp − d ′
p = ep − dp. Assume that ak

0 ⩽ ak
1 and bk

0 ⩽ bk
1 , other-
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wise the corresponding max is empty. Observe that, if ak
0 = 0, then

ak−1
0 = 0 and

A[C− k] = max
0⩽y⩽k+fp

{R[C− k− fp + y] + ysp}

= max
{

max
1⩽y⩽k+fp

{R[C− k− fp + y] + ysp},R[C− k− fp]

}
= max

{
sp + max

0⩽y ′⩽k−1+fp
{R[C− (k− 1) − fp + y ′] + y ′sp},

R[C− k− fp]

}
= max

{
sp +A[C− (k− 1)],R[C− k− fp]

}
.

Otherwise, 0 ⩽ ak−1
0 = ak

0 − 1 and

A[C− k] = max
ak
0⩽y⩽k+fp

{
R[C− k− fp + y] + ysp

}
= max

ak−1
0 ⩽y⩽k−1+fp

{
R[C− k− fp + (y+ 1)] + (y+ 1)sp

}
= sp + max

ak−1
0 ⩽y ′⩽k−1+fp

{
R[C− (k− 1) − fp + y ′)] + y ′sp

}
= sp +A[C− (k− 1)] .

Hence, in the for-loop k = 0, . . . ,C, the value A[C− 0] can be com-
puted in C+ exp ⩽ 2C steps, and then each A[C− k] can be computed
by taking the maximum of at most two numbers.

Similarly, we can show that either

B[C− k] = max{sp +B[C− (k− 1)],R[C− k− exp] − bpd
′
p},

or
B[C− k] = sp +B[C− (k− 1)],

depending on whether bk
0 = 0 or > 0), since bk

1 is always k+ exp
for any k. Hence, after the iteration for k = 0, each maximum can be
computed by taking the maximum of at most two numbers. Hence,
the run time is O(nC) for PEAC-BS-Ex.

Finally, consider PEAC-BS-Ex-General. Here, each A[C− k] and
B[C− k] is the maximum of

{R[η1] + (η1 − γ)sp − qpbp,

R[η1 + 1] + (η1 + 1− γ)sp − qpbp, . . . ,R[η2] + (η2 − γ)sp − qpbp} ,

for some η1,η2,γ and qp ∈ {0,αp}, which is just

−γsp−qpbp+max{R[η1]+η1sp,R[η1+1]+ (η1+1)sp, . . . ,R[η2]+η2sp}.
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Hence, we can compute the maxima for k = 0, 1, . . . ,C by always
maintaining an ordered list of

{R[η1] + η1sp,R[η1 + 1] + (η1 + 1)sp, . . . ,R[η2] + η2sp},

where η1 and η2 are the current boundaries in the maximum. For
k = 0, we can do this in O(C logC) time. Note that η1 and η2 are
monotone increasing during the inner for-loop. Then, inserting a
new element, when η2 increases and deleting an element, when η1
increases can be done in O(logC) time. As there are at most 2C

insertions and deletions, all of them combined take at most O(C logC)

time. Furthermore, since we maintain this ordered list, each maximum
in the iterations k = 1, 2, . . . ,C can now be computed in O(1) time.
Hence, the run time of the algorithm is bounded by O(nC logC).

2.4 introducing a new variant of the temporal knap-
sack problem

We now introduce a new variant of the Knapsack problem that closely
relates to PEAC-BS-Ex-General. It is formally defined as follows:

Temporal Knapsack with Item Copies and Lower and Upper

Bounds (TKICLUB)

In: A time horizon τ = {1, . . . ,n}, a set I of m items with
weights wi ∈ N, values vi ∈ N, a number of copies Ni

and an arrival time pi ∈ τ for i ∈ I, and time-dependent
lower and upper bounds Lp ⩽ Up for p ∈ τ.

Out: An integral vector x = (x1, . . . , xm) with xi ∈ [0,Ni] for
all i ∈ I such that Lp ⩽

∑
i∈I|pi⩽pwixi ⩽ Up for all p ∈ τ,

and
∑n

i=1 vixi is maximum.

Intuitively, the connection between PEAC-BS-Ex-General and TKI-
CLUB is that we can view PEAC-BS-Ex-General as a problem, where
we start from a configuration, where we buy the demand each pe-
riod, and then we want to maximize our savings from there. Notice
that such a configuration might not be feasible. That is, we choose
the periods where we use the battery instead of buying d ′

p and the
periods and amounts that we sell. As our battery usage is limited by
the excess energy up to that point on any given period, we have a time
dependent upper bound on the corresponding Knapsack instance, but
also because of the battery constraint, we have time dependent lower
bounds on at least how much item weight must be in the knapsack.
Also, as the amount we sell is not a binary choice, the Knapsack

instance has items that we can put inside the knapsack multiple times
(given by Ni = βp), which we emphasize is fundamentally different
from having βp copies of the item, since in the former case, βp may
not be polynomial in the input size. In particular, we show:
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Lemma 2.4. Any instance I of PEAC-BS-Ex-General can be reduced to
an instance I ′ of TKICLUB in O(|I|) time such that an optimal solution to I

can be constructed from an optimal solution to I ′ in polynomial time.

Proof. From an instance I = (bp, sp,dp, ep,αp,βp,C, soc0 | p ∈ τ) of
PEAC-BS-Ex-General we create an instance
I ′ = (n ′,m,wi, vi,Ni, ti,Li,Ui | i ∈ I) of TKICLUB as follows.

Let n ′ = n. We define Ui = soc0 +
∑i

p=1(αp + ep − dp) for
i = 1, . . . ,n, the amount of energy we would have (disregarding the
battery capacity), if we bought on each period, and never sold on any
period. Then, we define Li = max{0,Ui+1 −C} for i = 1, . . . ,n− 1 and
Ln = Ln−1. For each period p = 1, . . . ,n, we have two items 2p− 1, 2p
with N2p−1 = βp,v2p−1 = sp, w2p−1 = 1 and N2p = 1, v2p = αpbp,
w2p = αp. Furthermore, we let the arrival times be defined by
p2p−1 = p2p = p for p ∈ τ.

Now, on the one hand, from a solution (x1,y1, . . . , xn,yn) of I we
create a solution (z1, z2, . . . , z2n) to I ′ by setting z2p−1 = yp and
z2p =

αp−xp

αp
∈ {0, 1} for p = 1, . . . ,n.

Observe that

0 ⩽ soci = soc0 +

i∑
p=1

(ep − dp + xp − yp)

= soc0 +

i∑
p=1

(ep − dp + (αp −αpz2p) − z2p−1)

= Ui −
∑

j:pj⩽i

wjzj,

so the upper bounds are satisfied. Similarly,

0 ⩽ C− soci = C− soc0 −

i∑
p=1

(ep − dp + xp − yp) ⩽ −Li +
∑

j:pj⩽i

wjzj,

so lower bounds are satisfied too.
Using that xp = αpqp, 0 ⩽ yp ⩽ βp, we have that these inequalities

imply that Li ⩽
∑

j|tj⩽iwjzj ⩽ Ui and
0 ⩽ zi ⩽ Ni for i = 1, . . . , 2n.

On the other hand, from a solution (z1, . . . , z2n) to I ′ we can create a
solution (x1,y1, . . . , xn,yn) by setting yp = z2t−1 and xp = αp(1− z2p)

(i.e., qp := (1− z2p)). Furthermore, the inequalities

soc0 +

i∑
p=1

(αp + ep − dp) −C ⩽ Li ⩽
∑

j|pj⩽i

wjzj

=

i∑
p=1

(αp − xp) + yp

⩽ Ui = soc0 +

i∑
p=1

(αp + ep − dp),
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for i = 1, . . . , 2n together with 0 ⩽ Li, 0 ⩽ zi ⩽ Ni for i = 1, . . . , 2n im-
ply that for p ∈ τ, 0 ⩽ socp ⩽ C and xp = αpqp for qp = (1− z2p) ∈ {0, 1}
and 0 ⩽ yp ⩽ βp.

Again, as
∑2n

i=1 vizi =
∑n

i=1 bpαp −
∑n

i=1(bpxp + spyp) the cost
remains the same.

Hence, the feasible solutions of I and I ′ are in bijection with each
other and the set of optimal solutions are too. Furthermore, I ′ can be
constructed in O(|I|) time and then the corresponding solution to I

can be computed from the optimal solution to I ′ in O(|I|) time.

In the remainder of this section, we extend our dynamic program-
ming algorithm to TKICLUB. First, we order the items i = 1, . . . ,m
such that their arrival times are monotone increasing, that is pj ⩾ pℓ if
j > ℓ. Then we have subproblems SP(i,Upi

− k) for each i = 1, . . . ,m
and 0 ⩽ k ⩽ Upi

− Lpi
, which correspond to the restriction of the

instance to the first pi periods and the first i items, such that in the
end exactly Upi

− k weight is in the knapsack. We store these optima
in R[k] for each iteration i. Beyond this, the idea of the algorithm
remains as before.

Algorithm 2.2 TKICLUB
Data : A TKICLUB instance I = (n,m,wi, vi,Ni, ti,Li,Ui | i ∈ I).
Output : The optimum value for I.

R[k] :=

0 if k = 0

−∞ otherwise
for k = 0, 1, . . . , maxj{Uj − Lj | j ∈ τ}. ;

// initialization for the empty subproblem

L0 := 0,U0 := 0

Q := [0, . . . , 0] ; // store the optima for the new subproblems

// in Q before updating R

for i = 1, . . . ,m do
for k = 0, . . . ,Upi

− Lpi
do

a0 = max{0, ⌈Upi
−Upi−1

−k

wi
⌉}

a1 = min{Ni, ⌊
Upi

−Lpi−1
−k

wi
⌋} ; // these bounds force that

// the Q[k] only queries R-values

// from the range [0,Upi−1
− Lpi−1

]
Q[k] = maxa0⩽xi⩽a1

{R[Upi−1
−Upi

+ k+wixi] + vixi}
Set R := Q and Q := [0, . . . , 0].

return maxk=0,...,C{R[k]}

Theorem 2.5. Algorithm 2.2 solves TKICLUB optimally in time
O(mW logW), where W = max

i∈[m]
{Ui − Li}.

Proof. We show that at the end of iteration for item i, we have stored
the optimal values for subproblems SP(i,Upi

− k) in R[k] for
k = 0, 1, . . . ,Upi

− Lpi
.

Consider i = 1. Then one must pack 0 ⩽ x1 ⩽ N1 copies of item 1

into the knapsack. Hence, Q[k] must be set to v1x1, whenever
U1 − k = w1x1 and 0 ⩽ xi =

U1−k
w1

⩽ N1 (so a0 = a1 in Algorithm 2.2),
otherwise −∞. It is easy to see that this is indeed how the algorithm
sets Q in the first iteration i = 1.
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Suppose that the algorithm correctly computes the optimum for the
subroblems U(i− 1,Upi−1

− k) for i− 1. As p1 ⩽ · · · ⩽ pm, we also
have that for the currently processed item, the only lower and upper
bounds, where its weight matters are Lpi

and Upi
, hence feasibility

holds because of induction and the fact that in the end, we leave
Lpi

⩽ W ⩽ Upi
total weight in the knapsack. If we must have Upi

− k

weight in the knapsack in the end, and we put 0 ⩽ xi ⩽ Ni copies of
item i in, then from the first i− 1 items, we must have weight exactly
Upi

−k−wixi from the first i− 1 items. Hence, in this case we need to
pack the first i− 1 items optimally such that in the end we have exactly
this much weight. By induction, we stored this optimum in R[ℓ], where
Upi−1

− ℓ = Upi
− k−wixi, which yields ℓ = Upi−1

−Upi
+ k+wixi,

which gives total profit R[ℓ] + vixi as we have in Algorithm 2.2.
Then we have that Lpi−1

⩽ Upi
− k−wixi ⩽ Upi−1

, hence to have a
feasible solution, the weight Upi−1

− ℓ must be valid for the bounds
for pi−1. Hence, we must have that
Lpi−1

⩽ Upi
− k−wixi ⩽ Upi−1

, so

Upi
−Upi−1

− k

wi
⩽ xi ⩽

Upi
− Lpi−1

− k

wi
,

leading to the bounds a0 ⩽ xi ⩽ a1 in the algorithm. Therefore, the
algorithm checks each possible xi value and correctly computes to
optimum for the subproblem SP(i,Upi

− k) for each k in iteration i.
The run time follows from the same arguments as for Algorithm 2.1.

2.5 experimental results

We implemented all combinatorial algorithms in the Python program-
ming language. To measure their experimental efficiency, we also
implemented the ILP formulations of Section 2.2 and solved them
with Gurobi 10.0.2 on simulated instances. We ran all experiments on
an Intel iCore5 CPU at 2.3 GHz with 4 GB of memory. We took a sys-
tematic approach to simulate instances. To ensure variability in the in-
stances [55], we generated them randomly from different distributions.
Firstly, the battery capacity C is simulated from a uniform distribution
with support [0, 1 000]. Then, C is taken as upper bound for generating
the initial state of battery soc0. The values d ′

p, exp were generated by
first sampling Xp from a normal distribution with mean C/4 and then
adding another uniform random variable Yp with support [−C/6,C/2]
and setting exp = max{Xp − Yp, 0} and d ′

p = max{Yp − Xp, 0}. The
prices for buying and selling are simulated by means of two Gaus-
sian distributions tuned such that their probability density functions
overlap. Such a choice is an effort to simulate real market conditions.
Indeed, even if on average the prices for buying energy are higher
than those for selling, if we consider prices on different periods, it
could be that the price for selling is higher.

We start by comparing the performance of Algorithm 2.1 with the
Gurobi solver for the corresponding ILP. We simulated 20 different
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instances with the number of periods ranging from 100 to 600. The
upper cutoff of 600 was chosen experimentally, as beyond this value
the solver was often unable to produce a solution. For the capacity
we set 1,000. Figure 2.1 shows the average experimental run times for
each time horizon selected.

1
2
0

0
1
5
0

PEAC−B−Ex PEAC−BS−Ex

100 575 100 575

R
u
n
ti

m
e 

[s
]

Length n of time horizon

0

Algorithm
ILP

Figure 2.1: Experimental run times for solving PEAC-B-Ex and PEAC-BS-Ex-
General on the simulated instances.

As expected, the times for solving instances with Algorithm 2.1
were significantly shorter and remained consistently within seconds
even for the largest simulated values of C and n, whereas Gurobi
often exceeded the time limit of 180 seconds to solve them.
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3
P R O S U M E R O F F L I N E P R O B L E M

In this chapter we discuss the variants of the PEAC model introduced
in Chapter 2 where the prosumer is allowed to buy a smaller amount
of energy than the whole demand from the main grid. In other words,
the net demand d ′

p of a day can now be satified partially by buying
energy and partially by using the energy stored in the battery. This
results in relaxing the model (2.1)–(2.9) presented in the last chapter
by removing the constraints (2.3) and (2.8).

This chapter is based on joint work with Gergely Csáji and Matthias
Mnich [28].

3.1 problem variants

We report here the new model obtained when removing constraints (2.3)
and (2.8):

min
∑
p

(bpxp − spyp)(3.1)

s.t. xp − yp − zp = dp − ep, p ∈ τ,(3.2)

SOCp = SOCp−1 + zp, p ∈ τ,(3.3)

SOC0 = soc0,(3.4)

SOCp ⩽ C,p ∈ τ,(3.5)

xp,yp,SOCp ∈ N, p ∈ τ,(3.6)

zp ∈ Z, p ∈ τ .(3.7)

We have already explained the meaning of all the variables and
the constraints in Chapter 2, so we limit ourselves to remark that in
this problem, the prosumer can fill up the battery by buying energy,
and can buy or sell an arbitrary amount of energy in each period.
Furthermore, the prosumer could also buy more energy of than they
need and store some of it in the battery, as indeed the amount they
can buy in each period xp is not limited. The same applies for the
variables related to the selling, thus we refer to this model as the
unbounded version of PEAC and we call it PEAC-BS-U. As in the
models of the last chapter, BS refers to the fact that both buying and
selling is allowed:

PEAC-BS-U

In: An instance I = (bp, sp,dp, ep,C, soc0 | p ∈ τ).

Out: An optimal solution to the ILP defined by objective (3.1)
and constraints (3.2)–(3.7).

29
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The problem variant, where selling is not allowed, is called PEAC-B-U
and it is defined by adding the constraints yp = 0,p ∈ τ,
to PEAC-BS-U:

PEAC-B-U

In: An instance I = (cp,dp, ep,C).

Out: An optimal solution to the ILP (3.1) – (3.7), together with
the constraints yp = 0,p ∈ τ.

As in the previous chapter, we generalize our model so that it can
take into account also possible restrictions from the microgrid, the
HEMS or the battery itself. Another aspect which could play a role here
is fairness. Indeed, it could be that—for fairness reasons—prosumers
are not allowed to buy more than the amount they need on a given
period p. The same type of restriction is already to be observed in the
literature, as in Hafiz et al. [47], where indeed the battery can only
be charged with self-generated energy from PVs. In order to add this
feature in our model, we bound the amount of energy which can be
bought by adding the following constraint to PEAC-BS-U:

xp ⩽ (dp − ep)
+, p ∈ τ .(3.8)

This allows us to formally define our next problem variant:

PEAC-BS

In: An instance I = (bp, sp,dp, ep,C, soc0 | p ∈ τ).

Out: An optimal solution to the ILP defined by (3.1)–(3.8).

Analogously, we define the variant PEAC-B, where selling is not
allowed, by adding the constraints yp = 0 for p ∈ τ to PEAC-BS.

We find it convenient to parameterize the last variants defined,
so that the different variations of PEAC-BS-U and PEAC-BS can be
linked together. To do so, we define common generalization of these
models and we call it PEAC-BS-General. Here, instead of (3.8) we
add inequalities

xp ⩽ αp, p ∈ τ,(3.9)

yp ⩽ βp, p ∈ τ,(3.10)

where α = (α1, . . . ,αn) and β = (β1, . . . ,βn) are given in the input.
Clearly, PEAC-BS-U corresponds to the case when we set

each αp and βp sufficiently large, e.g., αp = (C+ d ′
p − exp)

+ and
βp = (C+ exp − d ′

p)
+ or simply set them to infinity. Similarly, PEAC-BS

corresponds to the case where we set αp = d ′
p = (dp − ep)

+ and
βp = C+ exp for each p ∈ τ.

The variant PEAC-B-General is defined similarly, by adding con-
straints yp = 0 for all p ∈ τ; equivalently, we can set βp = 0.

Hence, it is trivial that PEAC-B-General is a special case of PEAC-
BS-General, and so are PEAC-B-U and PEAC-BS-U. However, we
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will show that PEAC-BS-General also reduces to PEAC-B-General

in O(|I|) time for a given instance I, and hence it is enough to give
an algorithm for PEAC-B-General to solve all the above problem
variants, meaning that we can assume that only buying is allowed.

Before proceeding to our main results, we mention another ap-
proach often used in literature to deal with these type of problems. An
important aspect of these types of scheduling problems is the intrinsic
uncertainty of the parameters [62]. A popular method to deal with
this stochasticity is to use a simulation approach. Closely related to
the models in this paper is the work of Hafiz et al. [47], which extends
the stochastic dual dynamic programming approach, already extremely
popular in hydrothermal scheduling problems, as in Morton [66]. The
main idea of this approach is to treat the right term of Equation (2.2)
as stochastic and use a Bender decomposition scheme to approximate
the solution. For sake of the aforementioned generality, we decided to
introduce variability also on the prices for buying and selling energy.
In this new setting, the use of a Monte Carlo scheme becomes very
difficult as the scenario tree grows exponentially in several parameters.
Thus, the decision relies on predictions about the expected amount
of PV-generated energy in future periods. Motivated by the rapid
advance of HEMS and predictor technologies [70], we study the offline
version relying on a good predictor. Even though in practice, decisions
regarding how much to buy and sell in a given period are made in an
online fashion, a good offline strategy can lead to good decisions, if in
each period, we base the online decision on solving an offline version
for the next period according to some predicted prices, especially if
these predictions are highly accurate.

This is especially the case for the variants PEAC-B-General and
PEAC-B-Ex-General, for which we show later in Theorem 3.6 that if
predictions have small multiplicative errors, then a solution for the
offline problem remains near-optimal even in the worst case. Therefore,
for any instance of the studied version of PEAC-B-General and PEAC-
B-Ex-General where the precise prices are unknown, but we have
accurate predictions for the buying prices, our optimal solution for
the predicted prices remains near-optimal.

Finally, we will relax the assumption of perfect conservation of
energy. Namely, we will enhance our models (in Section 3.3.2) so that
they take into account losses due to the charging and discharging,
which are functions of the charged and discharged power [21].

3.2 structural results

In this section we analyze the structure of the ILPs. Recall that a
matrix A ∈ Rm×n is totally unimodular if each subdeterminant of A has
value {0,±1}. It is well-known (cf. [76, Theorem 19.1]) that any linear
program whose constraint matrix A is totally unimodular admits an
integer optimum solution, whenever the bounding vector is integral.

Theorem 3.1. The constraint matrix of the ILP (3.2)–(3.7) with (3.9)–(3.10)
is totally unimodular.
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Proof. Let A ∈ R2n×4n be the constraint matrix of the ILP (3.2)–(3.7),
and let the columns of A correspond to the variables

[x1 y1 z1 SOC1 . . . xn yn zn SOCn] .

To show that A is totally unimodular, we show that we can iteratively
find one row or one column with only one non-zero entry, and this
entry is equal to ±1. We then remove this row or column from the
matrix, and repeat, until we eventually arrive at the empty matrix. As
adding such a row or column to a totally unimodular matrix preserves
the total unimodularity property, this implies that our matrix is totally
unimodular.

The columns corresponding to the xp and yp variables have only
one non-zero entry (which is a ±1), so we can remove them, amd for
showing the result it is enough that the rest of the matrix is totally
unimodular. Now, the rows corresponding to (2.2) have only one
nonzero entry (which is a −1), so they can be removed too.

Then, in the remaining matrix, we only have rows of the form
SOCp − SOCp−1 − zp = 0 for p = 1, . . . ,n. The variables zp for
p = 1, . . . ,n only appear in one constraint, hence in one equation,
so we can delete their columns. Note that SOC0 = soc0 is a con-
stant, not a variable. Hence, if we remove the rows and columns in
an alternating sequence in the order SOC1 − SOC0 − zp = 0, SOC1,
SOC2 − SOC1 − z2 = 0, SOC2, . . . , SOCp − SOCp−1 − zp = 0, SOCp,
then in each step, there is at most one nonzero (±1) entry in the
deleted row or column. Therefore, we reduced to matrix to the empty
matrix by such steps, so it is indeed totally unimodular.

Finally, the constraints SOCp ⩽ C, xp,yp,SOCp ⩾ 0 as well as the
constraints xp ⩽ αp, yp ⩽ βp in (3.9)–(3.10) only add rows with at
most one nonzero element to A, so they preserve total unimodularity,
too.

Theorem 3.1 has the following corollary.

Corollary 3.2. PEAC-BS-General can be solved in polynomial time.

Even if total unimodularity implies that one can solve the problem
by means of an LP solver in polynomial time, we provide a combi-
natorial algorithm that solves it in O(n2) time. On the one hand, the
combinatorial algorithm gives a better run time guarantee compared
to solving the problem via its LP formulation; on the other hand, the
combinatorial algorithm provides a more thorough insights into the
structure of the problem.

We conclude this section with a general remark regarding the feasi-
bility of the instances. In case the parameters βp are all zero, which
corresponds to the impossibility of selling for the prosumer, feasibility
might be an issue, as shown by the following toy example.

Example 3.1. Consider an instance with n = 2, dp = [0, 0], ep = [1, 1],
SOC0 = 0 and C = 1. As the prosumer cannot sell, and there is no demand
to satisfy, the excess energy exceeds the battery capacity in the second period.
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Let K = {p ∈ τ | ep − dp > 0} be the subset of periods with positive
excess, whose elements we label increasingly as k1, . . . ,km. Let k0 = 0

correspond to the 0th period, where we get an excess energy of soc0 to
begin with. Then, we obtain the following characterization of feasible
instances:

Lemma 3.3. Any instance I of PEAC-B-General has a feasible solution if
and only if

(3.11)
kℓ∑

p=ki

d ′
p ⩾

ℓ∑
j=i

exkj
−C, for all ki < kℓ ∈ K .

Proof. If there is a pair ki < kℓ for which the relation (3.11) is violated,
then starting at period ki, we get

∑ℓ
j=i exkj

units of excess energy up
until period kℓ, so even if we satisfy all energy demands by taking
energy from the battery, not enough storage remains to store exkℓ

units energy in period kℓ.
In the other direction, if an instance is infeasible, then it means that

even if we always prioritize using the battery whenever it is not empty
to satisfy a demand, and only buy energy when the battery is empty,
we cannot keep it under its capacity. Hence, there is a period kℓ where
the excess energy would make the battery overfull. Choosing ki to
be the last excess period before kℓ such that the battery had 0 charge
before ki (if it was never 0, then ki = k0 = 0), we obtain that from
period ki we only use the battery and never buy energy. Hence, the
total battery drain in the interval is exactly

∑kℓ

p=ki
d ′
p and the excess

energy obtained in the interval – with the battery being empty before
that – is

∑ℓ
j=i exkj

(note we assumed that soc0 is also obtained on an
artificially created 0-th period), so the inequality is violated for the
pair ki < kℓ.

One can also think of an infeasible instance in such cases as one
where the prosumer must let some amount of energy go to waste.

3.3 algorithmic results

We illustrate now our analysis for PEAC-B-General.

3.3.1 A polynomial-time algorithm for PEAC-B-General

In this section we provide a polynomial-time algorithm to solve
problem PEAC-B-General and show that this also allows to solve
PEAC-B-U, PEAC-BS-U, PEAC-B and PEAC-BS efficiently. For this,
we first show that an instance of PEAC-BS-General can be reduced to
an instance of PEAC-B-General in linear time. When analyzing run
time, each addition and multiplication is assumed to have unit cost.
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Theorem 3.4. Any instance I of PEAC-BS-General can be reduced to
an instance I ′ of PEAC-B-General in O(|I|) time, such that if I ′ has an
optimal solution, we can construct an optimal solution for I in polynomial
time.

Proof. Let I = (bp, sp,dp, ep,αp,βp,C, soc0 | p ∈ τ) be an instance
of PEAC-BS-General. From I we create an instance I ′ of PEAC-B-
General as follows. We create two periods for each original period,
so 2n periods in total. We keep Ĉ = C and ˆsoc0 = soc0. For p ∈ τ

let b̂2p−1 := bp, b̂2p := sp, d̂2p−1 := d ′
p, d̂2p = βp and ê2p−1 = 0,

ê2p = exp. Finally, set α̂2p−1 = αp and α̂2p = βp. Clearly, we can
construct I ′ in O(n) time.

In the forward direction, let S = (x1,y1, . . . , xn,yn) be a solution to I

such that xpyp = 0 for p ∈ τ (at least one optimal solution satisfies this
condition, by the assumption that sp ⩽ bp). Let Ŝ = (x̂1, . . . , x̂2n) =
(x1,β1 − y1, x2, β2 − y2, . . . , xn,βn − yn).

We claim that Ŝ is feasible for I ′. First of all, yp ⩽ βp holds,
hence Ŝ ⩾ 0. Also, yp ⩾ 0 so βp − yp ⩽ α̂2p = βp. Let SOCp de-
note the state of charge of the battery at the end of period p in S, so
0 ⩽ SOCp ⩽ C for p = 1, . . . ,n.

First, consider the case of an even period p ∈ {2, 4, . . . , 2n}. Then,
using induction on p and the fact that ˆSOC0 = soc0,

ˆSOCp = SOC(p−2)/2 + xp/2 +βp/2 − yp/2 − d ′
p/2 + exp/2 −βp/2,

which is equal to SOCp/2, so 0 ⩽ ˆSOCp ⩽ C.
Second, consider the case that p ∈ {1, . . . , 2n} is odd. Then we end

the period p with a battery state of charge of

ˆSOCp = SOC(p−1)/2 + x(p+1)/2 − d ′
(p+1)/2 ⩾ 0,

because if d ′
(p+1)/2 > 0, then ex(p+1)/2 = 0, so

SOC(p+1)/2 = SOC(p−1)/2 + x(p+1)/2 − d ′
(p+1)/2

− y(p+1)/2(+ex(p+1)/2) ⩾ 0 .

Also, ˆSOCp ⩽ C, because if x(p+1)/2 > 0, then y(p+1)/2 = 0, so

ˆSOCp ⩽ SOC(p+1)/2 − ex(p+1)/2 ⩽ C .

Hence, Ŝ is feasible.
It is also clear that

∑2n
p=1 x̂p =

∑n
p=1 xp+

∑n
t=1 βpsp and therefore

the two solutions S and Ŝ attain the same optimum value.
In the other direction, if Ŝ = (x̂1, . . . , x̂2n) is a solution to I ′, then

we create

S = (x̂1, α̂2 − x̂2, . . . , x̂n, α̂2n − x̂2n) = (x1,y1, . . . , xn,yn) .

Then 0 ⩽ xp ⩽ αp and 0 ⩽ yp = βp − x̂2p ⩽ βp, as
0 ⩽ x̂2p ⩽ βp = α̂2p. Furthermore, SOCp = ˆSOC2p for any
p = 1, . . . ,n, so S is feasible. Also the solutions S and Ŝ attain the same
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optimum value, since the value attained by S is∑n
p=1 xpbp −

∑n
p=1 ypsp, which can be decomposed into∑2n

p=1 x̂2p−1b̂2p−1 −
∑2n

p=1 x̂2ps2p, so as the costs of Ŝ minus the
term

∑n
t=1 βpsp as before.

Therefore, OPTI ′ = OPTI +
∑n

p=1 βpsp, and we can construct an
optimal solution for I from an optimal solution for I ′ in O(|I|) time.

We proceed to informally describe our algorithm for PEAC-B-
General. The algorithm iterates through periods p = 1, . . . ,n, and at
each point it computes a feasible solution for the first couple of periods,
which is maintained by updating the amounts of energy bought on
the previous periods. The algorithm keeps track of the latest period f

where the battery is full in the current solution, initialized to 0. It also
keeps track, for each period p ′ < p, of the largest possible amount Rp ′

which we can add to xp ′ in our current solution, without creating a
period p ′′ ⩾ p ′ where the state of charge would exceed C. We initialize
the variables Rp ′ to αp for each period, so that we can handle the
possibility of buying even the maximum amount C+ d ′

p on period p,
if feasible (buying more can never be feasible). After period p, the
value of Rp gets updated to C− SOCp, representing the space still
free in the battery and it weakly decreases from this point depending
on the later actions.

In a given iteration corresponding to a period p, the algorithm does
the following. If exp > 0 or SOCp−1 ⩾ d ′

p, then it means that we do
not need to buy anything to maintain a feasible solution for the first p
periods, we just update the variables Rp, f and SOCp according to this.
Otherwise, we have to satisfy the additional demand d ′

p − SOCp−1

as follows. We always compute the (latest) period i∗ with minimum
buying price among periods where we can still buy on (i.e., those
with p > f and xp < αp). Then, we look at the maximum amount
we can add to xi∗ in a feasible solution, and if xi∗ is at least the re-
maining demand, then we update this value to the remaining demand,
update the variables and proceed to the next period. Otherwise, we
increase xi∗ by as much as we can by maintaining feasibility, update
the Rp, f and SOCp variables, and then finally update i∗ and iterate
with until the demand is fully satisfied. The algorithm’s pseudocode
is given as Algorithm 3.1.

Theorem 3.5. Algorithm 3.1 outputs an optimal solution for PEAC-B-
General in O(n2) time if such exists.

Proof. First of all, we show that if the algorithm outputs a solu-
tion, then it is feasible. To see this, observe that when we are at
the end of period p, then for all f < t ⩽ p, the variable Rt cor-
rectly measures the maximum amount such that SOCj + Rj ⩽ C for
j = t, t+ 1, . . . p, which is minj∈{t,...,p}{C− SOCj}. Indeed, at the end
of “period 0”, it is correctly initialized as R0 = C− SOC0. Then, by
induction on p, in case (1), Rp = Rp−1 − exp = C− SOCp−1 − exp =

C− SOCp, and for t < p, it only changes is C− SOCt > C− SOCp,
in which case the algorithm correctly updates it. In case (2), namely
Rp = Rp−1 + d ′

p = C− SOCp−1 + d ′
p = C− SOCp and also in this case
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Algorithm 3.1 Buying backwards
Data : An instance I = (bt,dp, ep,αp,C, soc0 | p ∈ τ) of PEAC-B-

General.
Output : The schedule corresponding to an optimal solution

(x1, x2, . . . , xn) and its optimum value cost.
Initialize cost := 0,SOC0 = soc0, f = 0,R0 = C− SOC0 ; // f is

latest period when the battery is full

xp := 0,d ′
p = (dp − ep)

+, exp = (ep − dp)
+ for p ∈ τ

Rp = C+ d ′
p for p = 1, . . . ,n ; // smallest remaining capacity

// on periods p, . . . ,n,
// monotone decreasing, after Rp becomes 0,

// we never update it or any previous one

for p = 1, . . . ,n do
i∗ := (latest) arg min{bi | f < i ⩽ p, xi < αi}

// i∗ is latest cheapest period when we can still buy

if (1) exp > 0 then
Rp := Rp−1 − exp,SOCp := SOCp−1 + exp
for j = f+ 1, . . . , t− 1 do

Rj := min{Rj,Rp} ; // update remaining capacities

// considering exp
else if (2) Rp = Rp−1 + d ′

p, SOCp−1 ⩾ d ′
p then

SOCp := SOCp−1 − d ′
p ; // we can satisfy d ′

p without

// buying

else
(3) d ′

p := d ′
p − SOCp−1 ; // units of energy that need to

// be bought to satify the demand

while d ′
p > 0 do

incr := min{Ri∗ ,αi∗ − xi∗ ,d ′
p} ; // amount of d ′

p

// we can satisfy on i∗

xi∗ = xi∗ + incr

cost := cost+ bi∗incr

for j = p− 1, . . . , i∗ do
SOCj := SOCj + incr

Rj := Rj − incr

if Rj = 0 then
f := j

break ; // update f

for j = f+ 1, . . . , i∗ − 1 do
Rj := min{Rj,Ri∗}

d ′
p := d ′

p − incr ; // amount of demand still to be

satisfied

i∗ := (latest) arg min{bi | f < i ⩽ p, xi < αi}
SOCp := 0,Rp := C

if SOCp > C then
return “No feasible solution!”

else if SOCp = C then
f := p

return cost; x1, . . . , xn
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the minimum minj∈{t,...,p}{C− SOCj} is not influenced by C− SOCp

for any j, so we do not have to update Rj-values for values j < p.
Finally, in case (3), we end with 0 units of energy in the batteries
and Rp is correctly set to C. Furthermore, if we buy on the previous
period i∗, then it is also straightforward to verify that Rj gets correctly
updated by the inner for loop.

Hence, as we do not proceed to the next period until the demand is
fully satisfied, and if we increase xi on some period, then we increase
with at most min{Ri,αi − xi,d ′

i}; it follows that we never exceed the
capacity of the battery, nor do we violate a constraint of the problem
imposing xp ⩽ αp.

If the algorithm returns that there is no feasible solution, then there
cannot be one, as the algorithm only buys energy from other pro-
sumers if no more energy is left in the battery to satisfy a demand.
Hence, if the battery becomes overfull in period p2, then by choos-
ing p1 to be the last period before p2, where the battery was empty
(or 0 if it never happened), we get

(3.12)
∑

p∈[p1,p2]:exp>0

exp −C >

p2∑
p=p1

d ′
p,

so there cannot be a feasible solution by Lemma 3.3.
We prove optimality of the computed solution by induction on

∑
p αp.

In case that
∑

p αp = 0, then the only possible feasible solution
is (0, . . . , 0) and the algorithm’s output is clearly optimal, if it is
feasible.

Suppose that
∑

p αp > 0 and the instance has a feasible solution. If
the algorithm never buys energy, then the output is clearly optimal.
Otherwise, let xj be the coordinate of the output that is first increased
during the algorithm and let p ⩾ j be the last iteration where it is
increased. Then, until that point, the algorithm only increased xj,
and none of the other xi’s. Denote the output by Sol = (x1, . . . , xn).
As xj is defined as the first x variable increased and the algorithm
only perform positive increments on this set of variables, it holds
that xj ⩾ 1.

Let O∗ = (x∗1, . . . , x∗n) be an optimal solution for which |x∗j − xj| is
minimum. We claim that x∗j = xj.

Suppose first for the contrary that x∗j < xj. The fact that the algo-
rithm needed to increase buying on j to xj in iteration p implies that
in order to satisfy all the demands of the first p periods, O∗ must
also buy on some periods (j ̸=)j ′ ⩽ p, and choose j ′ to be the first
such period. Furthermore, by the choice of the algorithm, we had that
f < j = i∗ in iteration p and note that f < j ′ too, because the only
way that f = ℓ > 0 at the start of iteration p in the algorithm is if∑ℓ

i=1(di − ei) + soc0 = C, so no feasible solution can buy in period
i ⩽ ℓ. Hence, we have αj > 0,αj ′ > 0, and bj ⩽ bj ′ , because bj was
minimum among those with αi > 0 and f < i.

Create a solution S = (x ′
1, . . . , x ′

n) from O∗ by decreasing x∗j ′ by 1

and increasing x∗j by 1. Then, we still have xj ′ ∈ [0,αj] and x∗j ∈ [0,αj],
as Sol and O∗ are feasible.
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Suppose that j < j ′ ⩽ p. Then, SOCS
i ⩾ SOCO∗

i ⩾ 0 for any pe-
riod i. Furthermore, as j ′ ⩽ p was the first period other than j that O∗

bought energy on, and as Sol is feasible, buying 1 more unit of en-
ergy on period j cannot make the battery go above capacity until
period j ′, so SOCS

i ⩽ SOCSol
i ⩽ C for i < j ′. From period j ′ on, it

holds that SOCS
i = SOCO∗

i ⩽ C for i ⩾ j ′. Hence, we conclude that S
is feasible, but either S has smaller cost than O∗, or S is optimal but
|xSj − xj| < |x∗j − xj|, a contradiction.

Suppose now that j ′ < j. Then SOCS
i ⩽ SOCO∗

i ⩽ C for any period i.
Furthermore, SOCS

i ⩾ 0 for i < j (as Sol did not buy anything before j

up until iteration j, but still all demands up to period j− 1 could be
satisfied). Finally, SOCS

i = SOCO∗
i ⩾ 0 for i ⩾ j. Hence, S is feasible

in this case too, but either S has smaller cost, or the same cost but
|xSj − xj| is strictly smaller, contradiction.

For the other direction, suppose that xj < x∗j (⩽ αj). Then, there
must be some some other period j ′, where the algorithm buys more
than x∗j ′ (otherwise, O∗ is not optimal or not the closest optimal
solution by bj ⩾ 0). Let xj ′ for j ′ ̸= j be the coordinate of the output
that is first increased strictly above x∗j ′ in the algorithm and suppose
it happened in iteration p ′ ⩾ p. This implies that i∗ has changed by
that point. However, it was still true that f < j and xj < αj (before
this increase in xj ′ , we had that xi ⩽ x∗i for all i and xj < x∗j , so if
f ⩾ j or xj ⩾ αj, then this would mean that O∗ is infeasible). Hence,
bj ′ ⩽ bj and j ′ > j (if bj ′ = bj, then by the definition of i∗, otherwise
if bj ′ < bj and j ′ < j, then j ′ would have been chosen as i∗ before j,
contradiction).

Create a solution S from O∗ by increasing x∗j ′ by 1 and decreasing x∗j
by 1. Then 0 ⩽ x∗j ′ + 1 ⩽ xj ′ ⩽ αj ′ and 0 ⩽ xj ⩽ x∗j − 1 ⩽ C. As j < j ′,
we also have SOCS

i ⩽ SOCO∗
i ⩽ C for all i ∈ τ. Also, SOCS

i ⩾ 0 for
i < j ′, as by the end of iteration j ′ − 1, the algorithm bought at most
as much as S on each period and still satisfied all demands up until
period j ′ − 1. For i ⩾ j ′, we have that SOCS

i = SOCO∗
i ⩾ 0 too.

So S is feasible, and either S has smaller cost than O∗, or the same
cost but |xSj − xj| < |x∗j − xj|, a contradiction. We conclude that xj = x∗j .

Now create a new instance I ′ from I by increasing ej by 1 and
decreasing αj to xj − 1. Then (x∗1, . . . , x∗j − 1, . . . , x∗n) is feasible for I ′.
Also, one sees that the algorithm outputs (x1, . . . , xj − 1, . . . , xn) for
this new instance (until iteration p, if it buys, then it still only buys on
period j and in iteration p, it increases this amount only to xj − 1, but
since ej is increased by 1, from this point every Ri,SOCi and xi(i ̸= j)

is the same, so it runs the same way from this point as for I). By
induction, this is optimal for I ′, so

∑
p bpxp − bj ⩽

∑
p bpx

∗
p − bj,

hence
∑

p bpxp ⩽
∑

p bpx
∗
p, so the output is optimal for I, too.

To analyze the run time, note that the outer for-loop has n iterations.
In the first two cases (exp > 0 or SOCp−1 ⩾ d ′

p), we make O(n) steps
per iteration. In the third case (d ′

p > SOCp−1 ⩾ 0), in each step, either
the demand of period p gets satisfied and we move on to the next
period, or period i∗ gets saturated (xi∗ = αi∗), or f gets updated to a
later period. Hence, the number of all such updates over all iterations
of the outer for-loop is at most 3n, which together with the inner
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for-loops to update SOCj,Rj and f gives O(n2) steps. Thus, the overall
run time is bounded by O(n2).

3.3.2 Extensions to our models

In the models listed above, and in particular in Section 3.4.2, the
assumption of perfect conservation of energy is always assumed.
However, this hypothesis is not truly realistic and in this section we
show how it can be relaxed to enhance our models. To do so, we
assume now that there are losses due to the charging and discharging
which are functions of the charged and discharged power [21] and we
consider them to be linear in this power. The battery energy storage
system is then governed by the following dynamics:

(3.13) SOCp = SOCp−1 + ηCh
p PCh

p ∆p− ηDis
p PDis

p ∆t,

where PCh
p and PDis

p is the charged and discharged power respectively,
whereas ηCh

p and ηDis
p are the coefficients of loss when charging and

discharging. Note that for sake of generality we model the coefficients
depending on time, as it is reasonable that the batteries deteriorates
over time resulting in loss of efficiency, however for small windows of
time, such as months, they can be assumed to be constant. Finally, we
mention that if needed the objective function can also be extended to

(3.14) min
∑
p∈τ

∑
j∈J

bp,jxp,j −
∑
k∈K

sp,kyp,k

 ,

where there is a set of J different sources to buy energy and K to sell
it.

To take these modifications into account, we modify Algorithm 3.1
in the main for-loop, as follows. In case we have a positive excess of
energy, when storing the energy we have to take into account the loss
we incur in for charging, hence we consider a value exp = ηCh

p exp. If
instead we need energy but we are able to fully fulfill the demand with
the stored energy, we have to check whether the energy in the battery
is enough to also compensate for the discharge loss, which means
we need to check whether ηDis

p SOCp ⩾ d ′
p or equivalently we set

d ′′
p := d ′

p/η
Dis
p , so that the battery is also modified accordingly. Lastly,

the same procedure needs to be applied in the case when the energy
stored is not enough and we use the one stored in the battery.In this
case the energy needed is d ′′

p := d ′
p − SOCp−1η

Dis
p as in the previous

case, and if the current minimum time period selected i∗ is different
from the current period p, we also need to make sure to consider the
discharge loss, namely the amount of energy which we charge on
period i∗ is

(3.15) incr = min{ηCh
i∗ Ri∗ ,ηCh

i∗ (αi∗ − xi∗),d ′′
p},

given that t ̸= i∗.
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Lastly, to take into account the sets J and K of different sources, it
is enough to compute the minimum time period i∗ over these larger
sets.

3.3.3 Near optimality given accurate predicted prices

We now prove formally that if we have an instance I of the studied
version of PEAC-B-General and PEAC-B-Ex-General where the
precise prices are unknown, but we have accurate predictions for
the buying prices, then our optimal solution for the predicted prices
remains near optimal. In particular, we have the following:

Theorem 3.6. Let I be an instance of PEAC-B-General or
PEAC-B-Ex-General. Let I ′ denote the instance with predicted prices b ′

p

for p ∈ τ such that (1− ε) ⩽
b ′
p

bp
⩽ 1+ ε for some 0 ⩽ ε < 1. Then, it holds

that
(1− ε)OPT(I) ⩽ OPT(I ′) ⩽ (1+ ε)OPT(I) .

Proof. Let S = (x1, . . . , xn) be an optimal solution for I and
S ′ = (x ′

1, . . . , x ′
n) be an optimal solution for I ′. Observe that using

the relation b ′
p ⩾ (1− ε)bp we obtain

OPT(I ′) =
∑
p∈τ

b ′
px

′
p ⩾ (1− ε)

∑
p∈τ

bpx
′
p ⩾ (1− ε)OPT(I),

where the last inequality follows from that the instances I and I ′

share the same feasible region, hence S ′ is a feasible solution for I.
Analogously, it holds

OPT(I) =
∑
p∈τ

bpxp ⩾
1

(1+ ε)

∑
p∈τ

b ′
pxp ⩾

1

(1+ ε)
OPT(I ′) .

The same results cannot be extended to the versions PEAC-BS-
General nor PEAC-BS-Ex-General as Example 3.2 will now show.

Example 3.2. Consider the following setting. The energy profile of the
instance I and I ′ is

d2p−1 = 0, e2p−1 = 1,d2p = 1, e2p = 0,

for p = 1, . . . ,n. Namely, on odd time periods the prosumer has an extra unit
of energy, while one extra unit of energy is needed in the even ones. Suppose
now the predicted prices are all unitary, b ′

p = s ′p = 1 for p = 1, . . . ,n. The
prosumer could store the extra unit of even periods and then use it for the
next ones or keep selling and buying. Assuming that n is even, either strategy
leads to a null objective function, so OPT(I ′) = 0. Consider now the real
prices, which have a higher value in the odd time periods, b2p = s2p = 1+ ε.
In this case it is better for the prosumer to keep selling and buying as the
associated objective function is OPT(I) = n

2 · 1− n
2 (1+ ε) = −n

2 ε which
would contradict Theorem 3.6.
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3.4 experimental results

As we did in Chapter 2, also for these variants we implemented all the
algorithms to perform some sperimental analysis. First, we compared
the actual runtime of our algorithms and the one of Gurobi (Sec-
tion 3.4.1), then we also observed what the solutions of our algorithm
looks like in a realistic microgrid of prosumers (Section 3.4.2).

3.4.1 Simulations

We conducted simulations regarding PEAC-B-U, PEAC-BS-U,
PEAC-B and PEAC-BS with 50 different lengths n of time horizons,
ranging from 100 to 10 000. For each time horizon considered, we
simulated 100 instances and computed the average run time. The re-
maining parameters of the simulations are the one already described
in Section 2.5. As expected from the O(n2) run time guarantee of
Theorem 3.5, the battery size had little impact on the algorithm perfor-
mance. Our experiments showed that the run time grows linearly in n

in the simulated instances both for Algorithm 3.1 and the ILP, proba-
bly due to the special structure of the created instances.. We observe
that the ILP solver performs better when there are many periods with
high demands and few periods with excess energy, otherwise Algo-
rithm 3.1 performed better. In both cases, the run times were similar
to each other. Finally, Figure 3.1 shows the results of our simulations
for problems PEAC-B-General and PEAC-BS-General.

The simulations show that on average our algorithm is comparable
with the solver. As as proven in Theorem 3.5 they always both find an
optimal solution, from our perspective there is no need to adopt an
external software instead of our algorithm.

3.4.2 Case study

In this section we analyze the results obtained by appling our al-
gorithm on a microgrid. For this purpose, we use the IEEE 15-bus
distribution system by Chang et al. [26], represented in Figure 3.2.

This microgrid comprises 14 interconnected prosumers. The dataset
spans 24 hours, with a 1-hour time step of, specifying the demand dp

and energy production ep are specified for each time period.
To facilitate energy exchange within this microgrid, we designed a

pricing mechanism. The approach we followed is as outlined below,
where the main idea is to keep the price for buying fixed for every
prosumer and every time period, and model the price for selling
depending on the total energy and total demand in the microgrid. To
do so, we have first assigned a fixed buying price bp ≡ r for each
time period p. To determine the value of r, we inferred electricity
prices from Time-of-Use (ToU) data provided by an energy supplier in
Hamburg during a summer day [74], and set r to the average of the
values.
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(a) PEAC-B-U (b) PEAC-BS-U

100 2489 4878 7267 9655

(c) PEAC-B (d) PEAC-BS

Figure 3.1: Comparison of the average run time for solving 100 instances
with time horizon spacing from 100 and 10,000.

We then modeled the selling prices sp. These are equal to the buying
price r discounted by a factor εp, specifically sp = r− εp, where εp is
directly related to the total energy available in the microgrid relative to
the total demand. Thus, we modeled this discount as a function of the
ratio between the daily total supply and daily total demand. In partic-
ular, εp is assumed to be zero when this ratio is at its maximum and
equal to r when the ratio is at its minimum. Equivalently this means
that the price for selling energy are lower when the ratio of supply and
demand is maximum and higher when the opposite happens, which
is coherent with one of the central economic principles to describe
the relation between price, supply and demand. The remaining values
of εp are obtained through linear interpolation. The resulting selling
prices sp are shown in Figure 3.3.

Using this dataset, we conducted simulations for the 14 prosumers.
A summary of the results for a subset of agents is provided in Fig-
ure 3.4. The simulations were repeated under four different conditions,
with varying battery capacities of 8, 14, 20, and 26 units. In Figure 3.4
and 3.5 we present the resulting strategies. In particular, in the first
sequence of plots we show the demand and the self-produced energy
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Figure 3.2: IEEE 15-bus distribution system by Chang et al. [26].

Figure 3.3: Prices for selling energy obtained for the IEEE-15 bus distribution
system.

and then the energy bought and sold by each prosumer. In the mod-
eled setting, it is never advantageous for prosumers to purchase more
energy than required, which aligns with expected behavior. Energy is
only sold when the battery is fully charged or when future periods of
surplus are expected. In general, prosumers tend to charge the battery
whenever possible and sell the surplus, independently of the battery
size. This analysis confirms the expected behavior of the prosumers.
We provide the complete code for the experimental analysis described
in Section 5.6 in a publicly accessible Git repository at https://github.
com/lauracodazzi/CostMinimizationElectricalEnergyMicrogrid.

3.5 final remarks

We presented here the fundamental problem of scheduling battery
usage over a finite time horizon in a general and concise manner. We
formalize this problem mathematically as an Integer Linear Program
(ILP) and provide an algorithm that computes the optimal solution
for both the main problem and its variations, while remaining compu-
tationally efficient.

A key advantage of our algorithm is that it computes solutions
without the need for external solvers, and the results are interpretable
and meaningful. We provided an extensive analysis of the proposed
algorithms, supported by a detailed case study. We discusseded how
the generality of our framework allows our algorithm to be easily
adapted to various scenarios.
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Figure 3.4: Comparison of 7 prosumers from the microgrid in four setting
with a battery of capacity C = 8 and C = 14. In the first line of plots we
observe the demand and the energy from the PVs, in the second the energy
bought and sold, respectively in dark and light gray. The third line of plots
represents instead the state of charge of the battery.

C = 8

C = 14
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Figure 3.5: Comparison of the same 7 prosumers as in Figure 3.4 with a
battery of capacity C = 20 and C = 26.

C = 20

C = 26
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4
P R O S U M E R O N L I N E P R O B L E M

After studying the offline problem, a a natural question arises: is it
possible to find a good strategy for our prosumers even when the
parameters dp, ep and the prices bp and sp are unknown? Assuming
these parameters are not known a priori introduces new challenges,
mainly due to two key aspects. On one hand, there is uncertainty due
to the unknown parameters. On the other hand, every decision made
at a certain time period impacts on all subsequent ones, about which
we also lack information. As a result, analyzing the problem was
quite difficult for us, especially because existing analyses of similar
problems in the literature fail to account for the physical constraints
of the battery. However, it was precisely the battery constraints that
allowed us to find a way to analyze this problem. Indeed, since the
battery has both an upper and lower limit, we can focus on a subsection
of the time horizon, for instance, by considering only what happens
between two time periods in which the battery is full. In this chapter,
we formally define the intuition described above and present the
strategies we developed.

This chapter is based on joint work with Florian Schneider and
Matthias Mnich.

4.1 framework

Let us start describing better what are the assumptions in this chapter,
namely what is the setting by giving indeed a formal definition of it.

Definition 4.1. A setting is a tuple (A,B), where the set A represents the
parameters which are known in advance by the prosumer and B the ones
which are instead revealed at runtime in an online fashion.

So in the offline setting we have A = {n, soc0,C,bp, sp,dp, ep} and
B = ∅. In the online settings considered in this paper, we either have
A = {soc0,C} and B = {n,bp, sp,dp, ep}, or we have
A = {n, soc0,C} and B = {bp, sp,dp, ep}.

Our goal is to determine strategies for the prosumers that provide
guarantees on costs or benefits. By strategy (or policy), we mean the
following.

Definition 4.2. For a setting (A,B) and a time period p, given a state of
the system sp, which is made of the current state of charge SOCp, the prices
for selling and buying at time p, as well as the energy and the demand at
time p, a strategy π is a triplet (xp,s,yp,s, zp,s) ∈ N2 × Z, which indicates
the amounts of energy that the prosumer is buying, selling, and discharging
(or charging if zp < 0) from the battery in period p.

For ease of notation, in the rest of the chapter we will omit the
state s every time we talk about a strategy.

47
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We remark that we are using integers as we always refer to units of
energy, but one may extend the definition to reals.

A strategy is called feasible if the demand dp of each period is
satisfied, and the battery constraints are never exceeded.

Definition 4.3. For a feasible strategy π = (xp,yp, zp), its costs are defined
as cost(π) =

∑n
p=1 bpxp, whereas the revenue generated by it is defined

as R(π) =
∑n

p=1 spyp.

Furthermore, in case we need to specify which agent is performing
a certain action following a strategy, we use superscript. In this way,
the quantity xip is the amount of energy bought by prosumer i at
time period p. In principle, we are interested in the profit obtained
by the prosumer following a certain strategy, which is defined as
the difference of the revenue minus the costs. However, since in this
particular the costs are typically higher than the revenue and the
incomes are all likely to be negative, we analyze the discounted cost
obtained at the end of the time horizon, namely, the bill a prosumer
has to pay at the end of the time horizon.

Definition 4.4. Given a strategy π = (xp,yp, zp) we define as bill the
quantity bill(π) = cost(π) − R(π).

Observe that the bill of a strategy it its profit negated.
On top of the variables already introduced and used in the previous

chapters, we introduce the following. For each period p, we define
the random variable Xp as the difference between the energy obtained
in p and the demand of the same period, namely Xp = ep − dp.
Further, we introduce the (non-negative) variables X+

p = max(0,Xp)

and X−
p = max(0,−Xp).

As the amount of information known apriori in the online setting is
really limiting the planning ability of prosumers, elaborating a good
strategy becomes quite challenging. We therefore start by devising
very simple strategies, whose costs are easy to analyze. Thereafter, we
make the strategies more and more sophisticated, with the goal of
reducing their (expected) costs compared to simpler strategies, and
always building our analysis on that of simpler ones.

A key notion which allows us to actually analyze the costs of strate-
gies is to consider only well-structured subintervals of the time hori-
zon, which we term “phases”.

Definition 4.5. Fix a setting (A,B) and a strategy π for it. Let an event
E(πp) be a binary function which given a strategy πp (we recall this embeddd
also a state s) returns 1 if certain conditions are met and 0 otherwise. If at
time p we have E(πp) = 1, we say that the event occurs at time p.

For a given event E(πp), a phase Φ is a time interval [iP, fP] such that
the event E(π) occurs at time iP, and it either happens again only at time
fP + 1 or the time horizon is over.

Typical examples of events we have in mind are “the selling price
exceeds 40 ct/kWh” or “the prosumer sells 50 kWh stored in their
battery”. Here we evaluate the bill of prosumers over phases, namely
billΦ and then we extend the results over the time horizon. As we
need a strategy to define a phase, we will now give such in Section 4.2.

[ September 2, 2026 at 9:36 –]



4.2 easy strategy 49

4.2 easy strategy

We start by considering a setting where we only know the battery
characteristics and that the prices bp, sp are realizations from two
identically independently distributed random variables B1, . . . ,Bn and
S1, . . . ,Sn. That is, A = {soc0,C,B1, . . . ,Bniid,S1, . . . ,Sniid},
B = {bp, sp,dp, ep}. As a first baseline, we consider the so-called
dummy strategy, whose pseudocode is available in Algorithm 4.1.
The name of this strategy arises from the fact that the prosumer essen-

Algorithm 4.1 Dummy strategy
Input : battery capacity C, initial state of charge soc0.
Output : (xp,yp, zp) dummy strategy strategy.
Initialize: (xp,yp, zp) = (0, 0, 0) for p = 0, . . . ,n and SOC0 = soc0

for p = 1 . . . n do
if dp ⩾ ep then

xp = dp − ep
else

if SOCp + ep − dp > C then
yp = SOCp + ep − dp −C

SOCp = C

else
SOCp = SOCp + ep − dp

zp = SOCp − SOCp−1

return (xp,yp, zp)

tially makes no use of the battery. If some amount of energy is needed
they buy their energy as usual, and in the case that the produced
energy exceeds the demand, they store the excess. Selling happens
here only if there is an overflow of the battery.

As discussed in the introduction, when private PVs where first intro-
duced, great focus was devoted to the possibility of selling energy back
to the grid. One might erroneously think that selling a higher amount
of energy back to the grid might be worth the initial investment for
purchasing a battery. We take here a brief moment to show how this
is not that convenient in expectation and we do so by defining the
strategy only sell (Algorithm 4.2) as follows.

If in a given period p the prosumer needs energy to fulfill their
demand, they simply buy the required amount from the main grid.
If, instead, there is excess energy that they do not need, i.e. Xp > 0,
they store this energy in the battery. Whenever the battery reaches its
maximum capacity, the prosumer decides to sell a certain amount, for
example, discharging εpC of the battery. The newly introduced pa-
rameter εp express how risk adverse a player is. In case the paramter ε
is set to 0 for each time period, then we reduce to the dummy player.
For a positive quantity instead, we have that the player is willing to
have less than (1− εp)C stored in the battery and use εpC energy to
trade rather than for self consume or backup. Note that, without loss
of generality, the prosumer can vary the amount of energy discharged,
meaning they sell a certain amount εpC, and the selling can occur at
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different battery loads, not necessarily when the battery is completely
full.

Algorithm 4.2 Algorithm for the strategy only sell
Input : Desired percentage εp to sell at time p, battery capacity C,

initial state of charge soc0.
Output : (xp,yp, zp) only sell strategy.
Initialize: (xp,yp, zp) = (0, 0, 0) for p = 0, . . . ,n and SOC0 = soc0
for p = 1 . . . n do

if dp ⩾ ep then
xp = dp − ep

else
if SOCp + ep − dp > C then

SOCp = (1− εp)C
yp = SOCp + ep − dp − (1− εp)C

else
SOCp = SOCp + ep − dp

zp = SOCp − SOCp−1

return (xp,yp, zp)

We compare now two prosumers PD and POS who follow the dummy
strategy and only sell strategy, respectively on the same energy profile.
This means that they have the same dp, ep, C and same set of prices
for each time period p in the time horizon. As promised, we can now
give a concrete example of a phase, and we do so by describing the one
we used to compare the two prosumers. In particular consider the time
interval between two consecutive times period when POS sells energy,
as showed in Figure 4.1. Before proceeding with the computation, we
stress that when estimating the bill of a phase, also the energy stored
in the battery at the beginning and at the end of the phase plays a
role, since it is the amount the prosumers would earn if he had to sell
this amount at that particular period p, namely SOCp · sp. The bill of
PD is given by the sum of the costs of the energy bought minus the
excess sold. The one of POS is given by the same costs discounted by
the initial contribution of energy sold at the beginning of the phase,
and then adjusted by the value of the battery. Formally, we have

(4.1) billΦ(πPOS) =

fP∑
p=iP

bpX
−
p − spεpC− siPSOCiP + sfPSOCfP .

By the definition of phase, we then have that

(4.2) SOCiP +

fP∑
p=iP

X+
p = C = SOCfP − εfPC,

from which we obtain
∑fP

p=iP
X+
p = SOCfP − εfPC− SOCiP . Given

that billΦ(πPD) =
∑fP

p=iP
bpX

−
p −

∑fP
p=iP

spX
+
p , by taking the ex-

pected value of the difference, since the prices for selling are iden-
tically distributed, we obtain that E

[
billΦ(πPD)

]
= E

[
billΦ(πPOS)

]
.

We conclude that the bills of the two strategies are expected to be
the same. From the considerations made so far, this implies that if
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SOC
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Figure 4.1: Representation of the comparison of dummy strategy and only
sell and the defined Phase. In the uppper image we have the strategy of the
dummy player. Please notice that here we are representing the strategies as
continuous to help the visualization. As by definition of the dummy strategy,
we have that the player never decreases their state of charge. In case there is
an excess of energy the player just sell it. Even if the SOC does not change,
we represent these excesses of energy as the vertical segments above the
capacity C to show how the SOC of the only sell player is instead increasing
meanwhile exactly because of those amounts.

a prosumer is selling without a well-defined strategy, they would
actually have a better expected outcome by not having invested in a
battery at all.

Since the dummy strategy has proved to be as good as the more
complex only sell we keep considering the dummy strategy as a base-
line and discard the other one. In particular we now develop a new
strategy by partially altering the behaviour of the prosumer once the
battery is full: according to the dummy strategy, prosumers only sell
the excess. Now, they can also use this energy to (partially) satisfy their
demand on that day. The decision on which action is to be taken once
the battery is full, depends then on the sign of the difference tdp − ep.
Given the behavior of the prosumer who is both buying and selling,
we call this the sell and buy strategy.
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Algorithm 4.3 Sell and buy
Input : εp desired percentage to sell at time p, battery capacity C,

initial state of charge soc0.
Output : (xp,yp, zp) only sell strategy.
Initialize: (xp,yp, zp) = (0, 0, 0) for t = 0, . . . ,n and SOC0 = soc0
for t = 1 . . . n do

if dp ⩾ ep then
if SOCp == C then

if εpC > dp − ep then
SOCp = C− dp − ep

else
SOCp = C− εpC

xp = dp − ep − εpC
xp = dp − ep

else
if SOCp + ep − dp > C then

SOCp = (1− εp)C
yp = SOCp + ep − dp − (1− εp)C

else
SOCp = SOCp + ep − dp

zp = SOCp − SOCp−1

return (xp,yp, zp)
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Lemma 4.6. For the setting (A,B) with
A = {soc0,C,B1, . . . ,Bniid,S1, . . . ,Sniid} ,B = {bp, sp,dp, ep} the strat-
egy sell and buy obtains a larger revenue in expectation than the dummy
strategy.

Proof. Let PSB be a prosumer following the sell and buy strategy,
and PD be the one following dummy strategy. We define here a
phase as the time interval between the first instance when the bat-
tery of PSB is no longer full and the next time when it is full again.
Notice that the phase can begin with two different types of actions
from PSB, since he can both discharge the batery to sell energy or
to fulfill their demand. The former case has already been analyzed
in above, the latter is the one we consider now. As PSB discharges
at most εpC, we have that at time iP they will have to buy only the
quantity xPSB

iP
= max{0,X−

iP
− εpC} leading to a bill of

bill(πPSB) = biPx
PSB

iP
+

fP∑
p=iP+1

bpX
−
p .

Then taking the expected difference of the bill of PD and PSB yields

E
[
bill(πPD)

]
− E

[
bill(πPSB)

]
= E [b] (xPD

iP
− xPSB

iP
) − E [s]E

 fP∑
p=iP

yPD
p

 .
(4.3)

By definition of phase we have then that

fP∑
p=iP

X+
p =

fP∑
p=iP

yPD
p = min{X−

iP
, εpC},

which leads to

E
[
bill(πPD)

]
− E

[
bill(πPSB)

]
= (E [b] − E [s])E

 fP∑
p=iP

X+
p

 > 0 .

4.3 the avoid buying strategy

The result of Lemma 4.6 demonstrates that using the energy stored
in the battery, rather than buying energy at certain times partially
improves the bill of prosumers. To further enhance this behavior, we
introduce a new strategy with the idea of maximizing the usage of the
energy stored in the battery to satisfy the own demand. Under this
strategy, energy is only sold when the stored energy exceeds the bat-
tery capacity. We refer to this as avoid buying strategy (Algorithm 4.4),
and as before we consider the prosumer PAB. In the following we des-
ignate the different battery states as SOCPSB

p and SOCPAB
p respectively.

As expected, this new strategy outperforms the previous ones, which
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Algorithm 4.4 Avoid buying strategy
Input : Battery capacity C, initial state of charge soc0.
Output : (xp,yp, zp) only sell strategy.
Initialize: (xp,yp, zp) = (0, 0, 0) for t = 0, . . . ,n and SOC0 = soc0
for t = 1 . . . n do

if dt ⩾ et then
if SOCp ⩾ dt − et then

SOCp = SOCp − dt + et
else

xp = dt + et − SOCp

SOCp = 0

else
if SOCp + et − dt ⩽ C then

SOCp = SOCp + et − dt

else
yp = SOCp + et − dt −C

SOCp = C
zp = SOCp − SOCp−1

return (xp,yp, zp)

we will prove formally. Before though, we show a general result about
price-independent strategies, which in period p decide regardless of the
values of bp ′ , sp ′ for all p ′ ⩽ p.

Lemma 4.7. Consider the setting (A,B) with
A = {soc0,C,B1, . . . ,Bniid,S1, . . . ,Sniid}, and B = {bp, sp,dp, ep}.
For any two prosumers P and P ′ following the price-independent strate-
gies π, π ′, their expected difference of revenues is

(E [s] − E [b])

fP∑
p=iP

E
[
xPp − xP

′
p

]
.

Consequently, since (E [s] − E [b]) < 0, the strategy which buys the
least in expectation will be optimal.

Proof. We start by analyzing the revenue of PSB and PAB in a generic
phase. In this case we have no way to guarantee synchronization of
the stored energy amount at the end, and as such a generic phase
can also not assume that starting energy is the same. We consider
this by again treating the value difference of the stored energy at the
beginning and end of the phase. The revenue is then for any strategy
defined as sfPSOCi,fP −

∑fP
p=iP

bpxp +
∑fP

p=iP
spyp − siPSOCi,iP . We

note that we can always express SOCi,fP as a function of SOCi,iP as
follows:

SOCP
fP

= SOCP
iP

−

fP∑
p=iP

(X−
p − xPp) +

fP∑
p=iP

(X+
p − yP

p) .(4.4)
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It is now possible to write the general revenue as:

(sfP − siP)SOCP
iP

− sfP

fP∑
p=iP

(X−
p ) +

fP∑
p=iP

((sfP − bp)x
P
p)

+

fP∑
p=iP

((sp − sfP)y
P
p) + sfP

fP∑
p=iP

(X+
p ) .

Note that as long as we keep our strategy independent on the prices,
the x,y stay statistically independent from the prices, allowing us to
write the expected revenue as follows:

−E [s]

fP∑
p=iP

E
[
X−
p

]
+

fP∑
p=iP

(E [s] − E [b])E
[
xPp

]
+ E [s]

fP∑
p=iP

E
[
X+
p

]
.

Note that the first and third terms are independent of the strategy,
meaning a difference of two such strategies, can be written as:

fP∑
p=iP

(E [s] − E [b])E
[
xPp − xP

′
p

]
.

Using this approach, we can now also show that the avoid buying
strategy is optimal under all price-independent strategies.

Theorem 4.8. The revenue of strategy avoid buying is in expectation better
or equal to any price-independent strategy.

Proof. We follow again the same approach where prosumer PSB fol-
lows sell and buy and Pother follows any other strategy. From
Lemma 4.7 we know that, for strategies independent of the prices,
the strategy which buys less has the higher expected revenue, so we
only need to show that sell and buy buys less than any potential other
strategy.

As avoid buying only buys in the case where the storage is unable
to meet demand, we know PSB only buys more than Pother on a day
where the storage of PSB is lower than that of Pother. However, as
avoid buying never sells unless impossible not to, the only way Pother

has more energy stored, is that it has bought that energy previously.
So in total, Pother has to buy at least as much as PSB.

4.3.1 Comparison with the offline setting

Since in Theorem 4.8 we have shown that the strategy avoid buying
is the best we can possibly do in expectation if we do not have extra
information regarding the price, we check now how far it is from the
offline version of the problem. In particular, since the avoid buying
strategy is the most effective when it comes to minimize the amount of
energy bought, we ask ourselves how much do we still lose in doing
this compared to an offline schedule. In this comparison we refer
by OPT to the optimal solution of the offline version, which can be
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Figure 4.2: Phase comparison between sell and buy and avoid buying

computed with Algorithm 3.1, where all the prices for selling are set to
zero. We give now an insight into the strategy OPT. According to OPT
the battery usage is prioritized to fulfill the demand of the prosumer.
Suppose now that at period p the energy stored is not enough to fulfill
the demand. In the offline setting such situation would have been
known ahead of time, resulting in the prosumer buying the needed
energy at the most convenient time. Of course, this is not the case for
real life prosumer who follow an online strategy such as our avoid
buying, here denoted with ALG where the energy needed can be
only bought at the current time. In Theorem 4.9 we give a bound by
considering the worst case for ALG.

Theorem 4.9. The expected ratio between the costs for buying energy in
OPT and the online strategy ALG is bounded by the quantity bmax/bmin.

Proof. Consider two prosumers POPT and PALG who are optimizing
their schedule according to OPT and ALG respectively, where we
assume that POPT is omniscient. We want to denote the set of times Γ

where the prosumer is not able to fulfill the demand as follows. First
we define the function SOC(p) to keep track of the state of charge of
the battery at every time period. Given the definition of ALG namely
avoid buying, we have that SOC(0) = soc0 and

(4.5)


SOC(0) = soc0,

SOC ′(p) = min{C,SOC(p− 1) + ep − dp},

SOC(p) = max{0,SOC ′(p)} .

Then we have that

(4.6) Γ = {p ∈ τ|SOC ′
p < 0},
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and the quantity bought in these times is given by

(4.7) γp = −min{0,SOC ′(p)} .

We remark that the value of SOC(t) does not depend on the prices,
but only on the quantities dp and ep and the two prosumers POPT

and PALG actually do buy the same amount of energy but not nec-
essary at the same time periods. Consider now the following worst
case scenario, namely where we set the prices for buying energy at the
highest possible value when ALG buys energy, namely bp = bmax for
every p ∈ Γ and all the other prices to bmin, in order to allow OPT to
buy at cheapest prices. We get then

cost(πALG)

cost(πOPT )
⩽

∑n
p=1|γp|bmax∑n
p=1|γp|bmin

=
bmax

bmin
.

We point out that in case there are more information regarding the
distribution of the prices for buying, it could be possible to improve
the bound on the costs. In particular already by knowing the mean b̄

we have

E[cost(πALG)] ⩽ E[

n∑
p=1

|γp|bp] =

n∑
p=1

|γp|E[bp] ⩽ cost(πOPT )
E[b]

bmin
,

from which we obtain the the ratio E[cost(πALG)]/cost(πOPT ) is
bounded by E[b]

bmin
.

4.3.2 Experimental comparison

Figure 4.3: Ratio of the values of the offline solution of OPT and the online
solution of avoid buying

We performed an experimental analysis on real data to investigate
the ratio of the solution computed by avoid buying and the offline
algorithm OPT as described in Section 4.3.1. A formal description of
the data set and the simulation is provided in Section 4.5, where we do
a more extensive experimental analysis. As expected the experiments
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have not shown differences with respect to the value of the capacity C

of the battery, hence we just display the results obtained for C = 20.
In Figure 4.3 we take the ratio of the costs obtained by the two

algorithms and we compare it to the worst case ratio obtained in our
theoretical analysis (the continuous line at 1.25) we can notice that we
are indeed far from the worst case scenario, meaning that in real life
our strategy can on average be better of what we expected.

4.4 strategies with partial information on the prices

We develop now a strategy which also includes prices in the decision
process. Given the positive results of Theorem 4.8, we build on the
strategy avoid buying. In particular, we ask ourselves whether it can
be convenient to sell on some particular time periods. To answer this
question we had to make the further assumption that prosumers are
aware of the expected price for buying energy. Then, we develop the
sell on very good days strategy where prosumers sell the amount
εC of their stored energy if the price for selling on that time period
p is higher than the price for buying, namely st ⩾ E [b]. We give
the pseudocode of the strategy in the Appendix and we show the
following result.

Lemma 4.10. Given the setting A = {soc0,C, E [b]} and
B = {bp, sp,dp, ep}, the strategy sell on very good days achieves a lower
expected bill than the avoid buying strategy.

Proof. We compare the bills of prosumers PAB and PS who respectively
follow the avoid buying and sell on very good days strategies. We
define the beginning of the phase iP as each time periods when PS
sells. We have that

bill(πPAB) =

fP∑
p=iP

bpx
PAB
p −

fP∑
t=iP

spy
PAB
p

− SOCPAB

fP
sfP + SOCPAB

iP
siP ,

(4.8)

where the values xPAB
p and yPAB

p are the amount of energy the pro-
sumer PAB might need to buy if the battery is empty and sell because
of battery overflow. The bill of PS is the same, plus the revenue ob-
tained on the first day of the phase, namely εCsiP . We now write the
values SOCPOS

fP
and SOCPS

fP
as a function of the initial state of charges

and the daily changes and we compute their difference:

SOCPS

fP
− SOCPAB

fP
(4.9)

= SOCPS

iP
− εC+ (

∑
X+
p −

∑
yPS
p ) − (

∑
X−
p −

∑
xPS
p )

− [SOCPAB

iP
+ (

∑
X+
p −

∑
yPAB
p ) − (

∑
X−
p −

∑
xPAB
p )]

= SOCPS

iP
− εC−

∑
yPS
p

−
∑

xPS
p − SOCPAB

iP
+
∑

yPAB
p −

∑
xPAB
p .
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The difference of the bills in a phase is then:

bill(πPAB) − bill(πPS)

= siP(εC− SOCPS

iP
+ SOCPAB

iP
) + sfP(−εC+ SOCPS

iP
− SOCPAB

iP
)

+

fP∑
p=iP

sty
PS
p −

fP∑
p=iP

bpx
PS
p − sfP

∑
yPS
p

+ sfP

∑
xPS
p −

∑
spx

PAB
p +

∑
bpx

PAB
p

+ sfP

∑
yPAB
p − sfP

∑
xPAB
p

⩾ (E [b] − sfP)(εC− SOCPS

iP
+ SOCPAB

iP
) +

fP∑
p=iP

sty
PS
p

−

fP∑
p=iP

btx
PS
p − sfP

∑
yPS
p + sfP

∑
xPS
p

−
∑

spx
PAB
p +

∑
bpx

PAB
p .

Again, we work in expectation so we get

E
[
bill(πPAB)

]
− E

[
bill(πPS)

]
⩾

(E [b] − E [s])(εC− SOCPS

iP
+ SOCPAB

iP
) − E [b]

∑
E
[
xPS
p

]
E [s]

∑
E
[
xPS
p

]
+ E [b]

∑
E
[
xPAB
p

]
− E [s]

∑
E
[
xPAB
p

]
= (E [b] − E [s])(εC− SOCPS

iP
+ SOCPAB

iP
)

E [b] (−
∑

E
[
xPS
p

]
+
∑

E
[
xPAB
p

]
)

+ E [s] (
∑

E
[
xPS
p

]
−
∑

E
[
xPAB
p

]
)

= (E [b] − E [s])(εC− SOCPS

iP
+ SOCPAB

iP
−
∑

E
[
xPS
p

]
+
∑

E
[
xPAB
p

]
) = (E [b] − E [s])·

(
∑

E
[
yPAB
p

]
−
∑

E
[
yPS
p

]
+ SOCPAB

fP
− SOCPS

fP
) ⩾ 0,

now thanks to Equation 4.9 we can rewrite the term
εC− SOCPS

iP
+ SOCPAB

iP
−
∑

E
[
xPS
p

]
+
∑

E
[
xPAB
p

]
obtaining

E
[
bill(πPAB)

]
− E

[
bill(πPS)

]
⩾

(E [b] − E [s])(
∑

E
[
yPAB
p

]
−
∑

E
[
yPS
p

]
+ SOCPAB

fP
− SOCPS

fP
) ⩾ 0 .

Finally the term
∑

E
[
yPAB
p

]
−
∑

E
[
yPS
p

]
+ SOCPAB

fP
− SOCPS

fP
is posi-

tive since by definition the state of charge of PS cannot be higher than
the one of PAB.

As in Theorem 4.9 we compare the stratgy sell on very good days
with the offline algorithm, again by denoting with ALG the former
and OPT the latter. We consider again the worst case scenario and we
investigate the value of the parameters α and β such that

(4.10) αE[bill(πPOPT )] +β ⩾ E[bill(πPALG)] .
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We remark that this choice is due to the fact that in the worst case
analysis the bill of POPT could actually be negative in case the revenue
obtained is particularly high. We know that in the worst case scenario
described in Section 4.3.1 it holds

E[bill(πPOPT )] ⩾ bmin
∑
p∈τ

E[bp] −
n

2
C(smax − bmin),

and we also have that E[bill(πPOPT )] ⩽ E[bill(πPAB)] by definition
and E[bill(πPAB)] ⩽ bmax

∑
p∈τ E[bp] as seen already in Section 4.3.1.

Hence, by substituting these into Equation 4.10, we then obtain

αE[bill(πPOPT )] +β

⩾ α(bmin

∑
p∈τ

E[bp] −
n

2
C(smax − bmin)) +β

⩾ αbmin
∑
p∈τ

E[bp] −α
n

2
C(smax − bmin) +β

⩾ α
bmin

bmax
E[πPALG ] −

αn

2
C(smax − bmin) +β .

Hence, by setting α = bmax
bmin

and β = n
2

C(smax−bmin)bmax
bmin

,
Equation 4.10 holds.

4.5 comparison of the strategies in a real scenario

We analyze the performance of the strategies developed in this work
in a real scenario. To do so, we used the open access data set of
the UK Energy Research Centre (UKERC) available at [68], where
the demand needed and the energy produced in 361 buildings in
Bracknell, England were recorded every 30 minutes from October 2012

to March 2017.
From the nature of the problem, it seemed natural to us to compare it

with some AI-related model. In this field, Reinforcement Learning (RL)
models are particularly suitable, as we effectively have an agent who
has to learn a policy and there is an instantaneous reward based on
the current action taken. In case the reader is not familiar with these
model, we take in the next subsection a brief moment to illustrate
them.

4.5.1 RL models

In RL problems an agent is immersed in a given environment and has
to solve a specific problem. They adopt a trial and error approach to
explore the environment and understand what is a good strategy. In its
nature, it is very common to lots of learning experiences in everyday
life; for instance, it immediately comes to my mind a difficult boulder-
ing problem, where one has to fall several times before understanding
the best way, the so called Beta, to successfully climb the route. Going
back to our agents, we still need to define how we can abstract this
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learning experience. In RLs this is done by modeling the environment
as a Markov decision process, namely a 4-tuple (S,A,P,RA). In this
definition S is the state space, so the set of all the possible states of the
system, either discrete or continuous. The set A is the action space,
namely all the actions which can be taken by the agent. The probability
distribution P instead gives information regarding the result of an
action. It is defined as PA(S,S ′) and it expresses the probability of
ending up in state S ′ performing action A in state S. The last ingre-
dient of the model is the immediate reward RA, which quantifies the
reward obtained by performing action A. The goal of RL models is
to find a policy π, namely a function that indicates which actions are
better to perform in a given state S, formally

π : S×A → [0, 1],

and in particular it aims at selecting one which maximizes the expected
cumulative reward, defined as the sum of all the rewards discounted
by a factor γ, in formulas

∑n
p=1 γ

pRp.

In this work we adopt a Q-learning reinforcement algorithm to
compute the policy. Being from the family of RL models, the main
framework is as described above. Q-learning assigns a value to the pair
(S,A) which is an estimate of the revenue obtainable by performing
action A from state S. All these values are collected in a table, the Q
table, whose entries are constantly updated during the training phase.
Then, the policy is simply computed by always selecting the action
which maximizes the expected revenue starting from the current state.
The updates of the entries of the matrix are performed following the
Bellman equation. In particular, the following expression is derived
from it:

Qp+1(Sp,Ap) = (1−α)Qp(Sp,Ap)+α

(
Rp+1 + γmax

A
Q(Sp+1,A)

)
,

which is a convex combination in the learning rate α of the current
value Qt(St,At) and the newly observed reward. The second term
Rt+1 + γmaxAQ(Sp+1,A) is also given by two contributions, namely
the immediate reward obtained by performing action Ap and the
discounted expected future value obtainable from the next state. To
ensure the convergence of the training of the matrices we tuned the
learning rate parameter as αp = 1/

√
p+ 2. Furthermore, during the

training, we have followed what is called an ε greedy approach. Accord-
ing to this, given a state S, the action Ap to perform is chosen in most
of the cases as the current best expected action. With probability ε it is
instead chosen randomly. This typically ensures that all the states of
the Q matrix are explored and reduces the possibility of being trapped
into local optima. The so called exploration is more frequent at the be-
ginning of the training phase and it becomes almost null towards the
end; this can be achieved by setting the parameter εp = 1/ log(p+ 2).
In our experiments we have implemented three different Q-learning
methods, by changing the space of states and actions as we illustrate
in the following subsection.
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4.5.2 Our approach

We start by an easy version of Q-learning, called Q-easy, with ac-
tion space S = {0, . . . ,C} and three possible actions, which we call
A = {buy, sell,usebattery}. This method is easy to implement. It re-
stricts the behavior of the agent by limiting the action space: for
instance, it does not allow to buy more energy in a given time or to
partially use the battery to fulfill a portion of the net demand and still
interact with the market. To overcome this restriction, we implemented
a second method, called Q-constant, where the S is the same, but we
change the action space. In particular, for each state S we perform the
action A→S ′ = transition to S ′, so that the algorithm is not constrained
in any of the chances. The algorithm is not limiting in any way the
behavior of the agent. Its first drawback is that action A→S ′ is not easy
to interpret: to understand what the prosumer really did to go from
state S to the transitioning state S ′ we need to know other quantities
such as the demand and the energy on that day and then perform
some computation. The second drawback is that this Q-matrix results
in a one dimensional vector, meaning that the policy is constant and
the prosumer always aims at keeping a constant level of battery, no
matter the initial state nor the energy profile. We still implemented
this strategy given the similarities with our dummy strategy, to which
we will compare it indeed later. Lastly, we have developed the more
sophisticated Q-complete strategy, for which the state space S as been
codified as follows. At every time period p, the prosumer has a given
demand dp to satisfy and is able to produce the quantity ep. We
want these two quantities also to be taken into account when taking a
decision, therefore we include their difference into the state space by
taking the Cartesian product of the possible amount of energy in the
battery and the difference dp − ep. However, we are only interested
in the values of dp − ep which are in the range [−C,C], since other
values would not influence the decision process of the algorithm. We
take hence as state space S = {0, . . . ,C}× {−C, . . . ,C}. Given the more
precise characterization of the states, this last method relies on a more
precise underlying Markov Process. However, the matrix Q is now
(C+ 1)(2C+ 1)2 and we had to manually prohibit the access to some
actions and state to guarantee the convergence of the method.

We can then compute the revenue by first computing the quantity
∆p = dp − ep + Sp − S ′

p and then obtaining the revenue as

(4.11) Rp = −sp min(0,∆p) + bp max(0,∆p) .

4.5.3 Results

We completed the set of parameters ep and dp by simulating the
prices. The prices for buying energy b have been randomly uniformly
generated in the interval [0.8, 1]. The price for selling energy at time sp
is then computed by subtracting to the corresponding bp a randomly
uniformly distributed amount in interval [0.1, 0.2]. We have run the
experiments for several values of the battery capacity C but since
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we have not noticed particular differences between the values we
just report the results obtained for C = 20. We implemented the three
methods and trained the respective Q-matrices. In this section we show
the results obtained when training the matrices on 40% of the dataset,
since these were achieving the best performance for what concerns
the convergence of the matrices. The remaining entries of the dataset
have been then used for the comparison of the strategies as follows.
We have computed the schedule of the prosumers according to the
policies found by the RL models as well as with our strategies avoid
buying, sell on very good days, and dummy strategy. In particular,
for each strategy π we have computed the quantity bill(π) in each
instance. In our experiments were have recorded no differences among
the strategies avoid buying and sell on very good days hence we
report in the analysis only the results of the former. Let us start with
the comparison of the strategies of RLs and avoid buying.

Figure 4.4: Comparison of avoid buying and our Q-learning policies

The quantities depicted in Figure 4.4 are bill(πPAB) − bill(πPQ),
where the second term is–from left to right–Q-easy, Q-constantand
Q-complete. Since here we are considering the bills, we would like
to see observe that that the quantities bill(πPAB) − bill(πPQ) are not
positive, and this is exactly what the plot shows.

Furthemore, we can observe that Q-easy and Q-constant show few
points, hence few instances, where the costs are significantly larger,
while Q-complete seems to incur much more in this problem. Ac-
cording to our investigation, the instances with a big difference are
reporting energy profiles of prosumers who can produce a significant
amount of energy. In some implementations, we have observed that
the Q-matrix of Q-complete might push the prosumers to buy more
energy of what they actually need and store it for later days, which is
somewhat surprising to us, since the Q-learning has no information
regarding the price, but it could also be to a too little exploration of
the state space given the huge size of S. In support of this thesis, there
is also the fact that Q-easy nor Q-constant show this behavior.

One might think that the instances where Q-complete was exhibiting
a poor performance are just outliers. As a last note we remove now
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Figure 4.5: Avoid buying and our Q-learning policies without outliers

Figure 4.6: Comparison of dummy strategy and our Q-learning policies

these instances where there is a lot of energy produced, to show to the
reader that the other results are comparable.

From Figure 4.5, it is clear that a more sophisticated Q-learning such
as Q-complete performs way actually better than the other two, once
the other instances are removed. We can conclude that the risky be-
havior of the strategy πQ−complete can lead to bad outcomes, as it is
the case for the instances that we removed in Figure 4.5 but otherwise
it produces good results. Lastly, Q-constant shows also from exper-
imental simulations that it has the same results of dummy strategy
and the same holds for Q-easy as showed in figure Figure 4.6, where
the value of the differences bill(πPD) − bill(πPQ) are represented.

We would like to remark that on top of the good experimental
results there are two other main factors to be considered. The first is
that our strategies do not need training and can be directly adopted
in any new setting. The second is that in our strategies the decision
taken at time period p do not depend on the value of the battery
capacity. The same cannot be stated for the RL models, at least the
ones used here: when the capacity of the battery changes, this affect
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also the dimension of the state space S and hence the dimension of
the Q-matrix itself, so that the strategy for a new prosumer with a
different battery is not straightforwards.

From this experimental analysis, we can conclude the chapters by
observing that our strategies, in particular the strategy avoid buying,
have a thorough theoretical analysis, are easy to be interpreted and
perform well even when compared to the some more sophisticated RL
models.
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5
P R O S U M E R O N L I N E P R O B L E M : O P T I M I Z I N G T H E
E N E R G Y A C Q U I S I T I O N

In the previous chapter, we introduced several online strategies for
our prosumers. For some of these strategies, we are able to make a
comparison with the offline setting. This was particularly the case for
the avoid buying strategy, in which the prosumer reasonably uses the
energy stored in the battery to fulfill their demand as much as possible.
In this chapter, we return to this analysis and further investigate
the findings discussed in Section 4.3.1. As we have seen, when a
prosumer attempts to use their battery to fulfill the demand rather than
purchasing from the main grid„ the total amount of energy purchased
is actually the same as in the offline setting. The key difference that
we noticed in the analysis regards the costs associated to the amount
of energy bought. According to our strategy, the prosumer waits until
the battery is depleted and purchases energy only when necessary.
In an offline setting instead the prosumer might buy earlier, if prices
are more convenient. At this point, a natural question arose during
our research discussions. Suppose the prosumer has a prediction of
their demand and energy produced over the time horizon. If this is
the case, then the function SOC(p) defined in the previous chapter
in Equation 4.5 as the max{C, min{0,SOC(p− 1) + ep − dp}} becomes
fully deterministic, giving the prosumer the knowledge of the time
periods when the battery becomes empty and it is necessary to buy
energy. In other words, the set Γ defined in Equation 4.6 would be
known. In this case, the prosumer is aware that they will need to buy
energy at a certain point and how much energy they will need. In
such a case, it might be advantageous for the prosumer to purchase
energy in advance, rather than waiting until the exact moment it is
needed.

We have asked ourselves whether there is a good strategy to find
the time for buying and we now formalize and show our analysis in
this chapter.

This chapter is based on joint work with Matthias Mnich and
Karolina Tammemaa.

5.1 problem formalization

We formalize now the problem. Consider a prosumer who starts with
a full battery and who is aware that they will run out of energy stored
in the battery at a certain time point n. Such a time n it is known
beforehand since we are assuming that the prosumer knows ahead
of time all their demands and their energy produced. Because of
the same assumption, they not only know the number K of units of
energy needed at time n, but they also know how much space is
free in the battery at every time point. Furthermore, the amount of
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Figure 5.1: Example of the energy profile of a prosumer from Section 3.4.2:
In the top panel the energy produced ep and the demand dp are displayed.
From these quantities the function SOC(p) is computed and portrayed in the
panel below. From the second panel we see that the battery of the prosumer
will be empty towards time 16. Suppose that it is not only empty, but they
need one unit of energy: this unit could have been bought already from time 9

since the battery had space to store it. When would have been convenient
then to buy?

free space left in the battery increases over time in K different time
periods. Prosumers can then start from time 0 to purchase some of
the K needed units and store them for the future. At each time period,
the price for buying at that given time is revealed and the maximum
number of units which can be bought is upper bounded by the space
left in the battery. We ask ourselves whether at time p, knowning the
price of energy at p and the space left in the capacity, it might be
convenient for the prosumer to buy one or more of the K units of
energy that they will need at time n.

We call this problem online energy acquisition with incremen-
tal capacity and we provide an analysis of it in this chapter. We
remark that this problem is closely related to other optimal stopping
problems, such as the Secretary Problem. This is a well-studied prob-
lem in the field of optimal stopping algorithms which dates back to
the early 1950’s and 1960’s and it is first formalized in the work of
Ferguson [40]. In the classic variant, a manager wants to hire the best
secretary among n candidates. The hiring procedure is as follows: after
interviewing each candidate, the manager has to decide immediately
whether to hire or not the given candidate and they have no chances
of recalling rejecting candidates. Hence, the decision of accepting or
rejecting a candidate is only based on past information. For K = 1 we
can even give an interpretation of it in terms of the secretary problem
as follows. Consider a manager who has two options for the hiring
process. Either they hire two secretaries with a part time contract of
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50% or one single secretary with 100% working hours. As in the classic
variants, they can interview only one secretary per time unit. Further-
more, there are funding constraints, such that until a known time p⋆,
the manager can only hire a secretary with 50% position. After this
time, they have further funding, either to hire a second secretary with
part-time - if a first part-time secretary has already been hired - or
to hire a secretary full time. Hence, we can encapsulate our online
energy acquisition with incremental capacity as an extension of the
secretary problem.

As already mentioned, we assume that the prosumer’s demand
for the energy is known over a time horizon and we try to provide
strategies for buying energy in advance at a lower price than buy-
ing the needed energy at the last possible moment n. For sake of
simplicity we assume that our prosumer is only consuming and not
producing, which is equivalent to the prosumer always consuming
more than producing. Since the prosumers considered in this chapter
are exclusively buying energy, here we refer to them as agents.

5.2 related literature

The problem considered in this chapter fits into the broader field of
allocation resources. An example of it is given by Thielen, Tiedemann,
and Westphal [82], where an online knapsack problem with incremen-
tal capacity is considered. In the same field is the work on Knapsack
Secretary Problem by Babaioff et al. [6] to be counted. This is also
contributing directly to the more standard extensions of the secretary
problem, as they develop two algorithm with an asympthotical com-
petitive ratio of e for the k secretary problem. In some sense related
to our problem is also the work of Fiat et al. [41]. Here indeed the
selection of the k secretaries has the additional constraint that the
manager has to wait at least a given period of time after selecting
the next candidate, so in some sense if γ is the amount of time the
manager has to wait, selecting the candidate i implies rejecting the
next γ.

Lastly we mention that there are variation of the secretary prob-
lem where some extra information is provided, as in the work of
Gilbert and Mosteller [44] where the additional hypothesis of the
candidates being independently identically distributed. Campbell and
Samuels [22] extend this concept by adding some prior information to
the problem in the form of a training sample of size m. Based on the
size of the sample set with respect to n they derive different results
which space from the limit e−1 ≃ 0.37 for the no information case to
approximately 0.58 for the full information case. In the work of Correa
et al. [30] the same result is achieved with another analysis.

5.3 preliminaries

An agent needs to plan when to buy energy over a finite discrete time
horizon τ = {1, ..,n}, where n ∈ N = {1, 2, . . . }. The agent has some
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energy stored in a battery of finite capacity and they are aware that
they will run out of stored energy at time n. Hence, to completely
fulfill the demand on that day, they need to buy an extra β ∈ N units
of energy over the given time horizon.

We assume, that at any time p ∈ τ agent can buy any amount of
energy from the main grid with fixed price of bMAX per unit of energy,
but agent can only store limited number of units for the future, other
units need to be used during the time p. Therefore the β units can
be bought at time n from the grid at cost β · bMAX. The agent could
also buy some units ahead of time n from independent producers
in the microgrid and store the energy in the battery without any
loss. We assume that the amount of energy the agent purchases is
small compared to what is offered and thus when energy is offered
in the microgrid with cost c then the agent can buy all desired units
with this price i.e. we do not assume the price to increase when
we buy more than one unit of energy from the grid. Due to the
capacity of the battery, the number of units that such an agent can
buy on a given day are restricted. The price for buying energy from
other independent producers fluctuates over time, thus the agent is
interested in strategically purchasing energy to minimize costs.

We can see this as a maximization problem, where we are interested
in maximizing our savings over the values vp = bMAX − b ′

p, where b ′
p

is the buying price of a unit of energy in day p (note that b ′
p ⩽ bMAX

as one can always buy energy from the grid with fixed price bMAX).
The vector v = (v1, . . . , vn) of values is not known apriori to the agent:
only at time p the p-th entry of the vector is revealed. Now that we
are considering a maximization problem, we are asking ourselves
how can the agent select the periods with higher values. Intuitively
the values vp represent how much a prosumer is saving buying at
time p rather than at the last time period n. We make no assumptions
about the values in v other than that all values are different and
each permutation of the values of v is equally likely to occur. The
assumption on each permutation of the values being equally likely
extends naturally to the rank, meaning that all possible n! order are
equally likely. Thus, our analysis holds if instead of the value vp, only
its rank rank(vp) in the set {v1, . . . , vp} is revealed as in the classic
secretary problem. However, in our analysis we use the value as it
makes sense in the context of the problem, as one would always be
able to see the energy prices.

We model the free space in the battery at a given time, assuming
that the agent does not buy energy over the time horizon. We assume
that there are tasks that prompt the agent to use some energy from the
battery, thus decreasing the fullness of the battery and increasing the
available free capacity. For simplicity we assume that all these tasks
are independent of each other, have equal probability of happening
in any of the n days and they all require 1 unit of energy. We assume
that an agent knows at what time these tasks will take place already
at the beginning of the time horizon τ. We model the free capacity
function r(p) in the battery as follows:
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Definition 5.1. Let T1, . . . , TK be independent identically distributed (iid)
uniform random variables on the discrete interval τ, which represent the time
periods when the tasks occur. Let Yi(p) = 1 if p ⩾ Ti and 0 otherwise. We
call RK(p) = 1+

∑K
i=1 Yi(p) remaining capacity sample space or free

capacity sample space.
A realization T1 = p1, . . . , TK = pK of the times of the tasks defines

functions yi(p) for each i ∈ {1, . . . K}, where yi(p) = 1 if p ⩾ pi and 0
otherwise. It also defines an instance of remaining space function or free
capacity function: rK(p) = 1+

∑K
i=1 yi(p).

With definition 5.1, we are formally linking the space available in
the battery at time p, so the value rK(p), with the defined tasks that
have already occured. The intuition behind is that if already m tasks
have occured at time p, then rK(p) = 1+

∑K
i=1 yi(p) = m+ 1, so that

the prosumer can buy up to m+ 1 units of energy and store them in
the battery. From the definition, we can see that rK(p) is monotonically
increasing step-function with at most K ∈ N steps, which we also call
increments, and it always has rK(n) = K+ 1. The +1 in the definition
of RK(p) and rK(p) is added to ensure that the free capacity function
is always at least 1.

For the rest of this work we assume that β = K+ 1. We choose this,
as this value captures the hardest part of the problem and it allows
us to have fewer variables. For β > K+ 1 we can not optimize for the
units β−(K+ 1) as these are determined to be bought at time n. While
for β < K+ 1 the problem becomes easier because when purchasing
energy we now have to potentially make fewer choices.

We formally define our problem as follows:

Online energy acquisition problem with

incremental capacity

In: An instance I of online energy acquisition with incremental
capacity is defined with the tuple (rK(p), v) where v is
revealed in an online fashion.

Out: A solution to the problem is a vector x ∈ Nn such that∑p
i=1 xi ⩽ rK(p) for every p ∈ τ and

∑n
i=1 xi = K+ 1. A

solution x is optimal if for every other feasible solution x̄,
it holds x̄ · vT ⩽ x · vT .

We denote with xALG the solution returned by an algorithm ALG

and we denote with VALG the value xALG · vT . Similarly we denote
with xOPT the solution returned by the optimal offline algorithm OPT

and with VOPT the value xOPT · vT .
Classically, the competitive ratio for online problems is defined as

E [VALG] ⩾ c · VOPT where c is the competitive ratio and E [VALG] is
taken over the uniform distribution of all n! input sequences. Impor-
tantly, in our online energy acquisition problem, the offline solution is
not order independent as is the case in secretary problem and most
of its variants. In other words, given a free capacity function rK(p)

and a vector of values v and a permutation σ(v) it is possible that
OPT(rK(p), v) ̸= OPT(rK(p),σ(v)):
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Example 5.1. Consider the following instance I = (r1(p), (1, 2, 1000, 3))

where r1(p) =
{

1 if p < 2,

2 if p ⩾ 2 .
If we consider the offline solution, the agent waits for the time when the value
is highest and buys directly two units of energy. The solution vector is then
xOPT = (0, 0, 2, 0) and the solution has value 2000.

For the permuted input value vector I ′ = (r1(p), (1000, 2, 1, 3)), the agent
still selects the time corresponding to the value 1000, but this time only one
unit can be bought for such a value. The second unit has to be bought later.
The solution is then xOPT ′ = (1, 0, 0, 1) with a value of 1003, which is
different from the one obtained before.

As we lack a unique optimal solution that would stay the same
through the permutation of the input, we use an expected competitive
ratio, like covered for example in Ezra et al. [38]. While giving the def-
inition of the expected competitive ratio we use R+ = {r ∈ R | r ⩾ 0}.

Definition 5.2. The expected competitive ratio for an instance of a free
capacity functions rK(p) is d if:

max
v∈Rn

+

(
Eσ(v)

[
VALG

VOPT

])
⩾ d,

where the expected value is taken over all the permutations σ of v

The expected competitive ratio tells us what proportion of the
optimal solution we expect to get. In Section 5.5 we are going to
show the expected competitive ratio for instances r̄K(p) ∈ RK of our
problem, where the increments pi are at positions 1+ i · n−1

K+1 ≃ ink .
Function r̄K(p) is in a sense the expected shape of the function rK(p)

and also corresponds to real life scenarios where we need energy from
the battery periodically (for instance when we need to cool down the
refrigerator every hour and we are part of a microgrid where offers
appear every 10 minutes).

5.4 algorithms for maximizing the probability of se-
lecting the optimal solution

In an online setting it is natural to ask what can be said about the prob-
ability of finding the optimal solution; this was for example studied
in the secretary problem. It is also natural to propose algorithms that
try to maximize this probability. In this section we develop algorithms
for maximizing an agent’s probability of selecting the optimal solu-
tion for an instance of an online energy acquisition problem. We first
develop a General-One-Step-Algorithm for instances I = (r1(p), v)
and then show how we can use it as a subroutine in General-K-Step-
Algorithm for instances I = (rK(p), v) . We also give some non-trivial
upper bounds for the probability of choosing the maximal solution.
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5.4.1 Algorithms for K = 1

In this section we study the problem for r1(p), which is defined as

(5.1) r1(p) =

{
1 if p < p⋆,

2 if p ⩾ p⋆,

where p⋆ ∈ τ.
By the assumptions made in the beginning of this section, we know

that we need to purchase 2 units of energy by time n.

Remark 5.3. The free capacity function defined in this section has what might
seem a very limiting image, since r1(p) ∈ {1, 2}. However all the reasoning
of this section including the results of Theorem 5.7 and Theorem 5.8 also hold
when random variables Yi(p) in the definition of free capacity sample space
are defined as: Yi(p) = ci if p ⩾ Ti and 0 otherwise for each i ∈ {1, ...,K},
where bi ∈ N. This generalization is possible thanks to the fact that the
strategies developed in this section only depend on the values v and the fact
that the free capacity function has only one increment. Suppose we have a
more general function r1(p) which takes value m ∈ N if p ⩽ p⋆ and m+ l

if p ⩾ p⋆, with l ∈ N. The we can solve the problem for m = l = 1, obtain
the optimal time(s) p to buy energy and buy exactly all the free space capacity
available in that moment. Thus the challenge of this problem is finding the
right times, which does not change when we let the size of increments vary.
For sake of simplicity, the algorithms are easier to be explained when we talk
about 1 or 2 units, hence our definition.

We develop different strategies for this problem and based on the
value of p⋆ we use the strategy that gives the highest probability
of choosing xOPT . The first result we show is based on the classic
secretary problem.

Lemma 5.4. Given an instance I of the online energy acquisition with
incremental capacity with K = 1, if p⋆ ⩽ n/e, then by using classic secretary
problem algorithm, we have a probability 1/e of selecting the optimal solution.

Proof. We sample the first ⌊n/e⌋ values, without picking any of them.
Then we select the first value higher than any value in the sample and
we buy all available units which in this case is 2 as p⋆ ⩽ ⌊n/e⌋. As
each permutation of the values in v is equally likely to occur, we get
probability 1/e of selecting the optimal solutions as in the secretary
problem.

Recall that the classical 1/e probability in the secretary problem is
obtained by maximizing the following expression:

1

n

n∑
i=h+1

h

i− 1
,

which is the probbility of selecting the best candidate. The term 1
n

represents the probability that a given position i contains the best
candidate overall, and h

i−1 , corresponds to the probability that the
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best candidate up to position i− 1 was observed during the sampling
phase. This holds for every day i from the end of the samples h to n.
This equation is maximized for h = n/e, which asymptotically leads
to a probability of success of 1/e.

For the next two algorithms we need to define the events A, B1

and B2. We denote by A the event of ALG choosing same solution
as OPT . As already mentioned in Section Section 5.3, OPT is not
invariant to permutations: therefore OPT either selects one unit of
energy in time interval [1,p⋆ − 1] and one unit of energy in time
interval [p⋆,n] or it directly selects two units of energy in the time
interval [p⋆,n]. We refer to these two events as B1 and B2, respectively.
Thus the events B1 and B2 form a partition of A and by the law of
total probability we get P(A) = P(A|B1)P(B1) + P(A|B2)P(B2).

For the rest of this section we assume that p⋆ > n/e. We present
a Sample-and-Choose-Algorithm that works by waiting a time h

without buying anything (Sampling) and after this phase, when the
value seen in the online stream is greater than anything seen so far
we buy as many units as possible at that time (Choosing). We give
the algorithm here for the general rK(p) as we will also use it later,
but for the case of r1(p) the algorithm simplifies to just sampling the
interval [1,p⋆ − 1] and then buying all the required units at the first
moment, when the value seen in the online stream is higher than
anything seen so far.

Algorithm 5.1 Sample-and-Choose-Algorithm

Input : I = (rK(p), v), a sample size h ∈ τ.
Output : Amount of energy bought at time p ∈ τ.
x = (0, . . . , 0)
M = max{v1, . . . , vh}
At the first time p > h with vp > M buy rK(p) units, set xp = rK(p)
Buy the remaining units at day n, setting xn = K+ 1−

∑n
p=1 xp

return (x1, . . . , xn)

Lemma 5.5. The asymptotic probability of Sample-and-Choose-Algo-
rithm selecting the optimal solution is p⋆

n log n
p⋆ when K = 1 and

h = p⋆ − 1.

Proof. We sample the interval [1,p⋆ − 1] and pick the first value,
starting from p⋆ which exceeds all the values seen so far. In the
event B1 we have zero probability of finding the optimal solution.
In the event B2 the global optimum is in the interval [p⋆,n] and
P(B2) = (n− p⋆ + 1)/n. In event B2 each day i ∈ [p⋆,n] has equal
probability 1/(n− p⋆ + 1) of being optimal, and the probability that
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we chose it is equal to the probability that we did not choose anything
before, which is p⋆−1

i−1 Therefore,

(5.2) P(A) = P(B2) · P(A|B2) =
n− p⋆ + 1

n
· 1

n− p⋆ + 1

n∑
i=p⋆

p⋆ − 1

i− 1

=
p⋆ − 1

n

n−1∑
i=p⋆−1

1

i
≃ p⋆

n
(log(n− 1) − log(p⋆ − 1)) ≃ p⋆

n
log

n

p⋆
.

When p⋆ approaches n then p⋆

n log n
p⋆ → 0, but we would like to

have an algorithm which also for p⋆ → n has some positive probability
of finding the optimum. For that, we develop the algorithm Two-Secre-
tary-In-Row where the name is due to the fact that we apply the
classic algorithm of the secretary problem twice, as we now explain.
More specifically, we observe the h = p⋆(e

n
p⋆−2) first values and

choose the first element in interval [h+ 1,p⋆ − 1] that is greater than
any element in the sample [1,h]. Then, independently of weather
something was chosen or not in the interval [1,p⋆ − 1], we use a classic
secretary problem in interval [p⋆,n]. We present the pseudocode for
Two-Secretary-In-Row in Algorithm Algorithm 5.2.

Algorithm 5.2 Two-Secretary-In-Row

Input : I = (r1(p), v) where p⋆/n > 1/2.
Output : Amount of energy bought at time p ∈ τ.
x = (0, . . . , 0) a n dimentional empty vector
h = (p⋆ − 2)(e

n
p⋆−2)

Apply the secretary problem algorithm in the interval [1,p⋆ − 1] with
sample [1,h] and buy one unit if a day p is selected: xp = 1

Apply the secretary problem algorithm in the interval [p⋆,n] and buy
the remaining unit(s) on the selected day or at the last day if no units
were bought before: xn = 2−

∑n
p=1 xp

return (x1, . . . , xn)

Lemma 5.6. For p⋆/n ⩾ 1
2 , the asymptotic probability of Two-Secretary-

In-Row selecting the optimal solution is p⋆

ene
n
p⋆−2.

Proof. We show that the h value used in Two-Secretary-In-Row is
optimal, by analyzing the value P(A):

(5.3) P(A) =
p⋆ − 1

n
P(A|B1) +

n− (p⋆ − 1)

n
P(A|B2) .

We get

P(A|B1) =

 1

p⋆ − 1

p⋆−1∑
i=h+1

h

i− 1

 · 1
e
=

h

e(p⋆ − 1)

p⋆−1∑
i=h+1

1

i− 1
,

where the first terms expresses probability of choosing the optimum
in interval [1,p⋆ − 1] and the factor 1/e express the probability of
choosing an optimal element in the interval [p⋆,n].
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For the event B2 we get:

P(A|B2) =
h

(p⋆ − 1)
· 1
e
=

h

e(p⋆ − 1)
,

where the term h
p⋆−1 is the probability that the algorithm did not

choose anything in the first p⋆ days, and 1/e is the probability that
the algorithm chooses optimally in interval [p⋆,n].

Substituting the found values into ((5.3)), we get:

P(A) =
h

en

p⋆−1∑
i=h+1

1

i− 1
+

h(n− p⋆ + 1)

en(p⋆ − 1)

≃ h

en
(logp⋆ − logh) +

h(n− p⋆)

enp⋆
,

which we want to maximize, by choosing an appropriate h. For that
we take a derivative by h and solve

P ′(A) =
1

en
(logp⋆ − logh) −

1

en
+

n− p⋆

enp⋆
= 0 .

From there we get h = p⋆(e
n
p⋆−2), which is well defined for values

of p⋆ ⩾ n/2. By substituting in the optimal value for h, we get the
corresponding probability:

P(A) ≃ h

en

(
log(p⋆) − log(p⋆(e

n
p⋆−2)) +

n− p⋆

p⋆

)
=

h

en

(
− log(e

n
p⋆−1

−2) +
n− p⋆

p⋆

)
=

h

en

(
−

n

p⋆ − 1
+ 2+

n− p⋆

p⋆

)
≃ p⋆

en
e

n
p⋆−2 .

We note that when p⋆ → n then p⋆

ene
n
p⋆−2 → e−2.

By choosing the best intervals for each algorithm defined above,
we present General-One-Step-Algorithm which covers all values
of p⋆/n. One can see the probability guaranteed by the algorithm for
different values of p⋆/n in Figure 5.2.

Algorithm 5.3 General-One-Step-Algorithm

Input : I = (r1(p), v).
Output : Amount of energy bought at time p ∈ τ.
if p⋆/n ⩽ 1/e then

Set h = 1/e and let (x1, . . . , xn) = Sample-and-Choose-Algo-
rithm

if 1/e < p⋆/n ⩽ 0.8511 then
Set h = p⋆ − 1 and let (x1, . . . , xn) = Sample-and-Choose-Algo-
rithm

if p⋆/n > 0.8511 then
(x1, . . . , xn) = Two-Secretary-In-Row

return (x1, . . . , xn)
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Figure 5.2: General-One-Step-Algorithm probabilities for different p⋆

n
values.

Theorem 5.7. For any instance I = (r1(p), v), General-One-Step-Algo-
rithm finds an optimal solution with probability at least 1/e2.

Proof. We split the time horizon in the three intervals [1, 1/e],
[1/e, 0.8511] and [0.8511,n]. For each of this interval we have computed
in Lemma 5.4, Lemma 5.5 and Lemma 5.6 respectively the probability
of finding the optimal solution. Hence, General-One-Step-Algo-
rithm finds an optimal solution with at least probability 1/e.

Theorem 5.8. The General-One-Step-Algorithm expected probability
of finding the optimal solution of a random instance I = (r1(p), v) is
asymptotically at least 0.29355.

Proof. Using x = p⋆/n, we compute∫ 1
e

0

1

e
dx+

∫0.8511

1
e

x log
(
1

x

)
dx+

∫1
0.8511

xe
1
x−3dx ⩾ 0.29355 .

5.4.2 Analysis for general K

The step-function rK(p) consists of K steps, where each steps is an
independent random variable, uniformly distributed on the interval
[1,n]. Therefore it is possible that several steps are equal. We denote
the steps with p⋆

1 ⩽ p⋆
2 ⩽ · · · ⩽ p⋆

K, which are called order statistics.
In particular, in case the variables are iid from a uniform continuous
distribution [0, 1] then E

[
p⋆
i

]
= i/(K+ 1), as showed by David and

Nagaraja [34]. From this we get that E
[
p⋆
i/n

]
≃ i/(K+ 1).

With more steps, finding an algorithm that works on the whole
problem instance becomes increasingly difficult as we would generally
have to do many independent choices and even just one of these
choices being wrong means we are not going to get the optimal
solution. Therefore our approach is to concentrate only on the tail end
of the online stream, as if the optimal solution is indeed completely
contained there, we at least have a good chance of finding it.
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Our algorithm for a general class of functions RK(p) is the following:
ignore everything that happens before time p⋆

K−1 and apply General-
One-Step-Algorithm starting from time p⋆

K−1.

Algorithm 5.4 General-K-Step-Algorithm

Input : rK(p) and prices vp given in an online fashion
Output : Amount of energy bought at time p ∈ τ

while p ⩽ p⋆
K−1 do

Ignore the input
Call General-One-Step-Algorithm with the truncated function
rK−1(p)|[p⋆

K−1,n]. We require that when General-One-Step-Algo-
rithm decides to buy on a day p, it buys an amount that fills the
whole free available capacity of the battery.

Theorem 5.9. The General-K-Step-Algorithm expected probability
of finding the optimal solution for a random instance I = (rK(p), v) is
asymptotically lower bounded by 0.29355 · (2/(K+ 1)) = O(1/K).

Proof. The probability of the optimal solution being in [p⋆
K−1,n] is

(n−p⋆
K−1+1)

n and the expected probability of finding the xOPT in
[p⋆

K−1,n] is 0.29355.

E [P(A)] = E

[
0.29355 ·

n− p⋆
K−1 + 1

n

]
= 0.29355 ·

n− E
[
p⋆
K−1

]
+ 1

n

≃ 0.29355 ·

n−
(K−1)n
(K+1)

n

 = 0.29355 ·
(

2

K+ 1

)
= O(1/K) .

5.5 competitive analysis for energy acquisition problem

with well structured inputs

In this section we direct our attention to analyzing the expected value
of our problem. We consider a special case where the free capacity
function is r̄K(p), which crucially has all the increments equally spaced
at distance (n− 1)/(K+ 1) from each other.

The special case for K = n− 1, so for a unitary increment at each
time step is similar to the online knapsack problem with incremental
capacity covered by Thielen, Tiedemann, and Westphal [82]. Similarly
to our battery, they have a knapsack whose capacity increases by one
unit each time period. But while we have an option to buy multiple
units with the same price, they do not.
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Lemma 5.10. Using h = n/2 in Sample-and-Choose-Algorithm the
expected competitive ratio for r̄K(p) is at least 1/4.

Proof. We show that the value h = n/2 maximizes the expected value
for the Sample-and-Choose-Algorithm. Let h be a variable in [1,n]
and let M = max{v1, . . . , vn}. Then

Eσ[VALG] =
1

n

 n∑
j=h+1

h

j− 1

⌈
j(k+ 1)

n− 1

⌉
M


⩾

Mh(k+ 1)

n(n− 1)

 n∑
j=h+1

j

j− 1

 ⩾
Mh(k+ 1)

n(n− 1)
(n− h) .

This expression is maximized for h = n/2 which leads to
Eσ[VALG] ⩾ (k+1)nM

4(n−1) . Since maxσ(VOPT ) = (K+ 1)M we obtain

Eσ

[
VALG

VOPT

]
⩾ Eσ

[
VALG

(K+ 1)M

]
=

Eσ[VALG]

(K+ 1)M
⩾

n

4(n− 1)
>

1

4
.

5.6 experimental analysis

In this section we show our experimental analysis for the algorithms
developed in this chapter. We implemented General-One-Step-Algo-
rithm from Section Section 5.4 and Sample-and-Choose-Algorithm

from Section Section 5.5 on Python and ran them on simulated in-
stances.

First, we checked experimentally whether the average number of
instances in which we select the optimal solution is close to the prob-
ability 0.29355 computed in Theorem 5.8. To do so, we simulated
instances with a time horizon n spanning from 1 to 200 and where
the value of p⋆ was uniformly at random chosen from {1, . . . ,n}. The
values v were instead uniformly at random sampled from the interval
{10, . . . , 10 000}. In Figure 5.3 we see that experimentally we select the
optimal solution with probability 0.292.

Figure 5.3: Rate at with General-One-Step-Algorithm selects the optimal
offline solution. With the continuous line we depict the predicted probability.
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Lastly, we wanted to verify experimentally whether the empirical
average of our the quantity VALG/VOPT is close to the expected one
computed in Lemma 5.10. We consider then 20 different instances
with time horizon of length n = 10. We generate the vector of val-
ues v where each value is chosen uniformly at random from the
interval [0.1, 1] and we compute the ratio of VALG and VOPT for all
the possible permutations of the vector v. We show in Figure 5.5 the
results obtained for K = {1, 5, 7, 9}, from which we can conclude that
even if our results is only in expectation, the values VALG our solution
is not far from the value VOPT of the optimal .

Figure 5.4: Ratio of the average over all the possible permutations of σ.

If instead of the average over all the permutations σ of the vector of
values v we consider just one single among all the possible permuta-
tions, so that we can extend our experiments to instances with a time
horizon up to 200 time periods.

Figure 5.5: Ratio of the average over all the possible permutations of σ.
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6
P R I C I N G

In this chapter we leave for a moment the Energy Trading world
and we focuse instead on a combinatorial market. Here, the goal is
to find a pair of pricing and an allocation which maximizes some
quantities, such as the social welfare or the revenue of some particular
player. We consider dynamic pricing schemes, where players arrive
in an unspecified sequential order. Between the arrive of two players,
prices can be updated. This raises important questions, especially
regarding the fairness of such markets. In this chapter, we investigate
the existence of optimal dynamic prices under fairness in unit-demand
markets.

This chapter is based on joint work with Kristóf Bérczi, Julian Golak
and Alexander Grigoriev [15].

6.1 motivations and background

The great availability of surveys and marketing researches help sellers
to predict the interest of costumers in different products, which opens
up the possibility to apply user specific pricing processes. While this
helps customers in purchase decisions, it makes the pricing process
even more challenging for sellers. In this context, some simple eco-
nomic rules are straightforward: low prices typically attract more
customers but have a small revenue per item, while high prices gener-
ate a greater revenue per item but attract less customers. As sellers aim
at maintaining customers’ satisfaction while achieving high revenue,
effective pricing strategies are needed.

We consider combinatorial markets, in which a set of indivisible
items is to be distributed among a set of agents. Each agent has a
valuation for each subset of items that measures how much receiving
the bundle would be worth to the agent. An allocation assigns a
subset of items to each agent so that every item is assigned to at
most one of them. In a posted price mechanism, the seller can set the
prices of the items individually, and the utility of an agent for a given
bundle of items is the agent’s value for the bundle minus the total
price of all contained items – the utility hence measures the agent’s
happiness when buying all the items of the bundle at the given prices.
An allocation is considered to be envy-free if no agent would prefer a
different bundle of items at the posted prices.

In this chapter, we study resource allocation problems in a dynamic
environment from two perspectives on objectives. First, we focus on
how to set prices so that a market equilibrium maximizes the overall
social welfare, that is, the total sum of the agents’ values. Second, we
consider how to set prices that the seller’s profit is maximized.

One of the main contributions of this chapter is the introduction and
analysis of the fairness restrictions mitigating agents’ enviousness in
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the dynamic price environment. Notice, under the realistic assumption
that the agents arrive in unspecified sequential order, the concept of
fairness of dynamic prices becomes non-trivial. For instance, in the
markets with expected price deflation, e.g., of perishable products
or deteriorating over time quality, a typical agent follows the prices
prior to their purchase and become price-insensitive after. In the
markets with expected price inflation, e.g., one-time or limited-time
service, agents are price-insensitive before purchase and attentive
after. To properly address these differences in fairness, we introduce
ex-post and ex-ante types of agents’ enviousness and envy-freeness in
dynamic pricing.

6.2 previous work

Achieving optimal social welfare through simple mechanisms has
been the center of attention for a long time due to its far-reaching
applications. In particular, posted price mechanisms became a key
approach to allocate resources, hence finding optimal pricing schemes
is a fundamental question in combinatorial markets. A pair of pricing
and allocation is called a Walrasian equilibrium if all the items are as-
signed and each agent receives a bundle that maximizes their utility, so
by definition this allocation maximizes the social welfare. The idea of
Walrasian equilibria was introduced already in the late 1800s [85] and
the existence of such an equilibria was verified for gross substitutes
valuations by Kelso Jr. and Crawford [57]. However, it was pointed
out by Cohen-Addad et al. [29] and independently by Hsu et al. [53]
that the existence of Walrasian allocations strongly depends on the tie
breaking process, usually carried out by a central coordinator. If the
agents arrive one after the other and choose an arbitrary bundle of
items that maximizes their utility, then the absence of a tie-breaking
rule may result in a suboptimal allocation with respect the social
welfare. To overcome these difficulties, Cohen-Addad et al. [29] intro-
duced the notion of dynamic prices that proved to be a powerful tool
in designing markets without a central tie-breaking coordinator. In the
proposed model, agents arrive in an unspecified sequential order and
the item prices can be updated before the arrival of the next agent.
Their main result is a polynomial time dynamic pricing scheme that
achieves optimal social welfare in unit-demand markets. This work
initiated the study of dynamic pricing schemes, and the existence
of optimal dynamic prices was settled for three agents with multi-
demand valuations by Berger et al. [17], for bi-demand valuations by
Bérczi et al. [14], for two agents with certain matroid rank valuations
by Bérczi et al. [16], and recently for four agents with multi-demand
valuations by Pashkovich and Xie [73].

The market clearing condition can lead to Walrasian equilibrium
with low revenue for the seller, even if prices are as high as possible.
In the seminal work of Guruswami et al. [46], envy-free pricing was
introduced as a relaxation of Walrasian equilibrium by dropping the
requirement on the clearance of the market, but keeping a fairness
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condition. In their model, the goal is to maximize the revenue when
each agent has a demand and valuation for each bundle of items and
each item has limited supply. The authors showed that maximizing
the revenue is APX-hard already for unit-demand markets, and pro-
vided logarithmic approximations in the number of customers for
the unit-demand and single-parameter cases. A similar hardness was
proved independently by Aggarwal et al. [1]. Subsequently several
versions of the problem have been shown to have poly-logarithmic
inapproximability, see e.g. the works of Briest [19] and Chalersmook
et al. [25]. Bansal et al. [7] adapted the concept of envy-freeness to a
pricing over time scheme. In their model, there is a single item with
unlimited supply, and each agent is associated with a time interval
over which they will consider buying a copy of the item, together with
a maximum value the agent is willing to pay for it. The seller’s goal
is to set the prices at every time unit so as to maximize revenue from
the sale of copies of the item over the time period.

In a broader context, the considered pricing problems are related
to fair division and prophet inequalities. In fair division problems,
the goal is to allocate items among agents in a manner that ensures
certain fairness criteria. More precisely, an allocation is considered
to be envy-free if no agent desires another agent’s bundle over their
own. While the idea of dynamic settings in envy-free pricing has not
been considered, it has been extensively studied within the realm
of fair division. In particular, envy-freeness in a dynamic setting
where agents arrive sequentially over time was considered e.g. in the
works of Aleksandrov et al. [2], Barman et al. [9] , Benadè et al. [13],
He et al. [49], Benadè et al. [12], Gorokh et al. [45] and Zeng and
Psomas [86]. In other works, authors have considered fair allocations
allowing subsidy payments to mitigate envy among participants, see
Halpern and Shah [48] and Brustle et al. [20]. The prophet inequality
is a classic theorem from the 70s that served as the starting point for
several related optimal stopping problems, as for instance also the
problem tackled in Chapter 5. Recently, a connection between prophet
inequalities and posted price mechanisms was uncovered which gave
the area a renewed interest. In the corresponding model, a seller is
trying to maximize the revenue from a single indivisible item. Agents
approach the seller sequentially, where each agent’s value for the
item is drawn from a distribution known by the seller. Based on this
information, the seller sets prices before the arrival of each buyer with
the aim of maximizing revenue. For a survey over the vast literature
on prophet inequality, we refer the interested reader to the works of
Lucier [61] and Correa et al. [31].

6.3 dedicated notation

We add here some extra notation which is used in this chapter. We
start with some extra notation for sets and opterations on sets. Let I
be a ground set. For two subsets X, Y ⊆ I, their symmetric difference is
X△Y := (X \ Y)∪ (Y \X). When Y consists of a single element y, then
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the difference X \ {y} and union X ∪ {y} are abbreviated by X− y and
X+ y, respectively. For a function f : I → R, the total sum of its values
over X is denoted by f(X) :=

∑
s∈X f(s). For X = ∅, we define f(∅) = 0.

graphs . We denote a bipartite graph by G = (I,A;E), where I and
A are the vertex classes and E is the set of edges. By edge-weights, we
mean a function w : E → R+. For a subset X ⊆ I∪A, the subgraph of G
induced by X is the graph obtained from G by deleting all the vertices
not contained in X, together with edges incident to them. For ease of
notation, we denote an edge of the graph going between a ∈ A and
i ∈ I by ai.

By orienting the edges of a bipartite graph, we get a directed graph
D = (I,A; F), where F is the set of arcs. A directed graph is called
strongly connected if every vertex is reachable from every other vertex
through a directed path. A strongly connected component of a directed
graph is a subgraph that is strongly connected and is maximal with re-
spect this property. By contracting each strongly connected component
of a directed graph to a single vertex, one obtains an acyclic directed
graph. Therefore, the strongly connected components have a so-called
topological ordering in which every arc going between components goes
from an earlier component to a later one.

market model . A combinatorial market consists of a set I of
indivisible items and a set A of agents. Throughout the chapter, we
denote by m := |I| and n := |A| the numbers of items and agents,
respectively. Note that since at every time a single agent arrives, we
are also here preserving the same length n of the time horizon. An
allocation X assigns each agent a a subset Xa of items so that each item
is assigned to at most one agent.

In a unit-demand market, each agent a ∈ A has a valuation va : I → R+

over individual items and they desire only a single good, that is, we
consider allocations X with |Xa| ⩽ 1 for a ∈ A – in such cases we
denote the item obtained by agent a by xa. If Xa is empty, we define
xa = ∅. We always assume that the agents’ valuations are known in
advance. Furthermore, we assume that va(∅) = 0 for all agents a ∈ A.
As in the previous chapters, we denote prices with b, so that b(i)

is the price for item i ∈ I. The utility of agent a for item i is then
defined as ua(i) := va(i) − b(i). Then the social welfare corresponding
to the allocation is

∑
a∈A va(xa), while the revenue of the seller is∑

a∈A b(xa).

6.3.1 Our market

In combinatorial markets we are actually solving two problems con-
nected to each other: we need indeed to find a pair of pricing vector
b : I → R+ and an allocation X such that the social welfare or the
revenue is maximized. In a static pricing scheme, the seller sets the
price b(i) of each item i ∈ I in advance. In contrast, in a dynamic
pricing scheme the agents arrive one after the other, and the seller can

[ September 2, 2026 at 9:36 –]



6.3 dedicated notation 87

update the prices between their arrivals based on the remaining sets of
items and agents. The order in which agents arrive is represented by
a bijection σ : A → τ. The sets of agents, items and prices available at
the arrival of the pth agent are denoted by Ap, Ip and bp : Ip → R+,
respectively. The utility of agent a for item i at time step p is then
defined as ua,p(i) := va(i) − bp(i). The next agent always chooses an
item that maximizes their utility. After the last buyer has left, the pric-
ing scheme terminates and results in pricing vectors b = (b1, . . . ,bn)

and an allocation X = (x1, . . . , xn), where bp is the price vector avail-
able at the arrival of the p−th agent and xp is the item allocated to
them. Note that xp might be an empty set if the utility of the agent is
non-positive for each item in Ip.

In what follows, we define different variants of the model. Depend-
ing on whether ties between items are broken by the seller or the
agents, we distinguish two cases:

(C1) Seller-chooses. If there are several items maximizing the utility of
the current agent, then the seller decides which one to assign.

(C2) Agent-chooses. If there are several items maximizing the utility of
the current agent, then the agent decides which one to take.

One might have the intuition that the two variants are equivalent,
since the valuations are known in advance and hence the seller can
simply subtract an epsilon from the price of the item she would like
the agent to choose. However, such a solution would violate envy-
freeness over some part of the time horizon. In fact, in terms of finding
an optimal pricing, problem (C1) is easier. Indeed, given an optimal
pricing for (C2), the seller can always decide to allocate the item that
was chosen by the agent.

Previous works generally assumed that agents arrive in an unspeci-
fied order. Besides this, we consider two further variants based on the
control and information of the arrival process:

(O1) Unspecified. The agents arrive in a fixed order that the seller has
no information on.

(O2) Predetermined. The agents arrive in a fixed order that the seller
knows in advance.

(O3) Alterable. The order of the agents is determined by the seller in
advance.

Note that the alterable setting significantly differs from the offline
problem. Indeed, a natural approach would be picking the order of
the agents to be decreasing/increasing in the prices of their optimal
bundle and then setting infinite prices for items that should not be
bought at any given step. Again, such a solution would violate envy-
freeness over some part of the time horizon.

fairness definition Our model differs from earlier ones mainly
in that we are seeking for optimal pricing schemes under fairness
constraints. In the static setting, a pair of pricing b and allocation X
is envy-free if ua,σ(a) (xa) = max {ua,p(i) | p ∈ Pa, i ∈ Ip} holds for
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each agent a ∈ A. The dynamic setting naturally suggests variants in
which envy-freeness is defined over a subset of time steps. Let Pa ⊆ τ

be a subset of time steps for each agent a ∈ A. Then price vectors
b = (b1, . . . ,bn) and allocation X = (x1, . . . , xn) form an envy-free
allocation if ua,σ(a) (xa) = max{ua,p(i) | p ∈ Pa, i ∈ It} for each agent
a ∈ A. We propose four possible notions of envy-freeness of different
strength depending on the time period over which agents compare
themselves to others:

(F1) Strong envy-freeness. Agents consider prices for the whole time
horizon, that is, Pa = {1, . . . ,n} for a ∈ A.

(F2) Ex-post envy-freeness. Agents consider prices available before and
at their arrival, that is, Pa = {1, . . . ,σ(a)} for a ∈ A.

(F3) Ex-ante envy-freeness. Agents consider prices available after and
at their arrival, that is, Pa = {σ(a), . . . ,n} for a ∈ A.

(F4) Weak envy-freeness. Agents consider prices at their arrival, that is,
Pa = {σ(a)} for a ∈ A.

Using this terminology, optimal dynamic pricing schemes discussed
in already in the works of Bérczi et al. [14], Bérczi et al. [16], Berger et
al. [17], Cohen-Addad et al. [29], and Pashkovich and Xie [73] provide
weakly envy-free solutions.

As for the objective function, we either consider the social welfare
W(X) =

∑
a∈A va(xa) or the revenue of all sold items

R(b, X) =
∑

a∈A bσ(a)(xa).
These variants and the results for the social welfare and the rev-

enue are summarized in Table 6.1. The results are split horizontally
by the type of envy-freeness considered, while the columns are in-
dexed by the type of the ordering of the agents. Algorithmic results
hold irrespective of how agents break ties, while hardness results
hold even if ties are broken by the seller. It is worth noting that the
O(log(n))-approximation algorithm of Guruswami et al. [46] extends
to all of variants of envy-free pricing where the objective is to maxi-
mize the revenue.

Remark 6.1. In strongly envy-free pricing models when ties are broken
by agents, optimizing with respect to social welfare or revenue may lead
to allocations where the outcome is drastically influenced by the choices of
agents. In such cases, ‘optimality’ of a pricing scheme is not well-defined.
This is well-illustrated by the classic example of Cohen-Addad et al. [29]
with three items i1, i2, i3 and three agents a1,a2,a3 having valuations
vaj

(ij) = vaj
(ij+1) = 1 and vaj

(ij+2) = 0 for j ∈ [3], where indices
are meant in a cyclic order. Since each item has the same value for two of
the agents, strong envy-freeness implies that the seller should set the prices
uniformly and cannot update them. Assume that b(i1) = b(i2) = b(i3) = 1

and that agent a3 arrives first who chooses item i3. If a1 arrives next, the
agent is actually indifferent between i1 and i2, but the achieved social welfare
or revenue heavily depends on their decision.
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Table 6.1: Complexity landscape of social welfare and revenue maximization
under fairness constraints in unit-demand markets. Algorithmic results
(green cells) hold even in the agent-chooses setting, while hardness results
(red cells) hold already for the seller-chooses case. In each row, complexities
of cells with light shade are implied by cells with darker shade. While
maximizing welfare and in the variant of seller breaking ties and agents
arrive in unspecified order is considered in Walras [85] and Kelso and
Crawford [57] assuming strong envy-free and in Cohen-Addad et al. [29]
assuming weak envy-free agents.
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6.3.2 Weighted coverings

A unit-demand combinatorial market can be represented by a complete
edge-weighted bipartite graph G = (I,A;E), where vertex classes I

and A correspond to the sets of items and agents, respectively. For any
item i ∈ I and agent a ∈ A, the weight of the edge ai is w(ia) := va(i).
Then there is a one-to-one correspondence between allocations max-
imizing social welfare and maximum weight matchings of G. Even
more, the maximum weight of a matching is clearly an upper bound
on the maximum revenue achievable through any pricing mechanism.
These observations motivate to investigate dynamic pricing schemes
through the lens of maximum weight matchings.
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Let us denote the vertex set of G by V := I∪A. A function π : V → R

is a weighted covering if π(i)+π(a) ⩾ w(ia) holds for every edge ia ∈ E.
The total value of the covering is π(V) =

∑
v∈V π(v). A weighted

covering of minimum total value is called optimal. A cornerstone result
of graph optimization is due to Egerváry [36] who provided a min-
max characterization for the maximum weight of a matching in a
bipartite graph.

Theorem 6.2 ([36]). Let G = (I,A;E) be a bipartite graph and w : E → R

be a weight function on the set of edges. Then the maximum weight of a
matching is equal to the minimum total value of a non-negative weighted
covering π of w.

Given a weighted covering π, item i ∈ I and agent a ∈ A, the edge
ai is called tight with respect to π if π(i)+π(a) = w(ia). The subgraph of
tight edges is then denoted by Gπ = (I,A;Eπ). We call an edge ia ∈ E

legal if there exists a maximum weight matching containing it, and in
such a case we say that i is legal for a. It is known that legal edges are
always tight with respect to any optimal weighted covering, while the
converse does not always hold, that is, a tight edge is not necessarily
legal. However, Bérczi, Bérczi-Kovács, and Szögi [14] showed that a
careful choice of π ensures the sets of tight and legal edges to coincide.

Lemma 6.3 ([14]). The optimal π attaining the minimum in Theorem 6.2
can be chosen such that

(a) an edge ai is tight with respect to π if and only if it is legal, and

(b) π(v) = 0 for some v ∈ V if and only if there exists a maximum weight
matching M in which v is exposed, that is, no edge of M is incident
to v.

Furthermore, such a π can be determined in polynomial time.

Finally, we will use the following technical lemma, see Bérczi, Bérczi-
Kovács, and Szögi [14].

Lemma 6.4. Consider an instance of maximizing social welfare in a unit-
demand combinatorial market, and let G = (I,A;E) be the corresponding
edge-weighted bipartite graph. We may assume that all items are covered by
every maximum weight matching of G.

6.4 maximizing the social welfare

Since a Walrasian equilibrium maximizes social welfare and ensures
envy-freeness at the same time, the existence of optimal dynamic pric-
ing schemes under fairness constraints is settled when ties are broken
by the seller. The seminal paper of Cohen-Addad et al. [29] initiated
the study of the agent-chooses case, and provided an algorithm for
determining a weakly envy-free solution in unit-demand markets.

A different proof of the same result was later given by Bérczi,
Bérczi-Kovács, and Szögi [14]. Their algorithm starts with a minimum
weighted covering provided by Lemma 6.3 in the edge-weighted
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bipartite graph representing the market, and sets the initial prices
according to the covering values. As a result, the first agent a chooses
an item i such that ai is tight, hence i is legal for a. Based on this,
it may seem that, keeping the same prices throughout, the resulting
allocation will eventually be a maximum weight matching. However,
after item i is taken, an edge that was legal before might become non-
legal. To overcome this, the weighted covering needs to be updated
in the remaining graph at each time step, which causes the price of
an item fluctuating over time. For that reason, the algorithm does not
extend to the ex-post and ex-ante envy-free cases.

To prevent the fluctuation of prices, we do not recompute the
weighted covering at each time step from scratch. Instead, we fix
a single weighted covering at the very beginning, and then we always
slightly modify it to control the agents’ choices in such a way that

1. no matter which agent arrives next, if they are covered by every
maximum weight matching in the current graph then they pick
an item that is legal for them, otherwise they either pick an item
that is legal for them or do not take an item at all, and

2. the price-changes from time step p− 1 to p are limited to non-
increases in the ex-post and to non-decreases in the ex-ante
case.

The first property implies that the final allocation corresponds to a
maximum weight matching of G, hence it maximizes social welfare.
The second property ensures that the resulting allocation automati-
cally meets the requirements of ex-ante envy-freeness. However, non-
increasing prices themselves are not sufficient for ensuring ex-post
envy-freeness, since a newly arriving agent might envy an item that
was already taken by someone in an earlier time step. Consequently,
the two settings do not admit a straightforward symmetry, and achiev-
ing ex-post envy-freeness requires stronger arguments.

As a warm-up, we first prove the existence of an optimal strong
envy-free pricing when the ordering of the agents is known in advance.

Theorem 6.5. If the ordering of the agents is known in advance, then there
exists a social-welfare-maximizing dynamic pricing scheme for the unit-
demand strong envy-free pricing problem even if ties are broken by the agents.
Furthermore, the optimal prices can be determined in polynomial time.

Proof. Consider the edge-weighted bipartite graph G = (I,A;E) rep-
resenting the market and let σ denote the ordering of the agents. By
Lemma 6.4, we may assume that all items are covered by every max-
imum weight matching of G. Let M ⊆ E be an arbitrary maximum
weight matching. For each agent a, define xa as the item to which a

is matched in M; if a is unmatched, xa is defined as the empty set.
Additionally, let π be a weighted covering provided by Lemma 6.3. Re-
call that for any agent a, the edge axa is tight if xa ̸= ∅, and π(a) = 0

if xa = ∅.
Now we describe how to set the prices at each time step p. If agent

a arrives next according to σ, then we set the price of each item i ∈ I
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to π(i) if i = xa and to π(i) + ε otherwise, where ε > 0. We show
that the resulting allocation corresponds to the maximum weight
matching M.

For any other item i different from xa, we have

ua,σ(a)(i) = va(i) − bσ(a)(i) ⩽ (π(a) + π(i)) − (π(i) + ε) < π(a)

ua,σ(a)(i) = va(i) − bσ(a)(i) ⩽ (π(a) + π(i)) − (π(i) + ε) < π(a). If
xa = ∅, then π(a) = 0 and so the agent takes none of the items
because of having negative utility for any of those. If xa ̸= ∅, then
ua,σ(a)(xa) = va(i) − bσ(a)(xa) = (π(a) + π(xa)) − π(xa) = π(a),
hence the agent prefers xa to any other item. This shows that the final
allocations is indeed M. Also, note that the utility received by any
agent a is π(a).

It remains to show that the allocation is strongly envy-free. To see
this, observe that

ua,σ(a)(xa) = π(a) = (π(a) + π(i)) − π(i) ⩾ va(i) − bp(i) = ua,p(i)

for every i ∈ I and p ∈ τ, concluding the proof of the theorem.

Consider the edge-weighted bipartite graph G = (I,A;E) represent-
ing the market. By Lemma 6.4, we may assume that all items are
covered by every maximum weight matching of G. Take a weighted
covering π provided by Lemma 6.3. Throughout this section, tightness
of an edge is always meant with respect to π. Recall that Gπ denotes
the subgraph of tight edges.

At time step p, the sets of remaining agents and items are denoted
by Ap and Ip, respectively. We denote the subgraph of Gπ induced
by vertices Ip ∪Ap by Gp = (Vp,Ep). For a maximum weight match-
ing Mp of Gp, let xpa denote the item to which a is matched in Mp if
such an item exists, otherwise define x

p
a to be the empty set. Note that

the edges ax
p
a are obviously legal in Gp.

Given such a matching Mp, we construct a directed graph Dp as
follows. We add another copy of every edge in Mp to Gp that we refer
to as dummy edges. Then we orient the original copies in Mp from Ip
to Ap, and orient all the remaining edges – including the dummy
ones – from Ap to Ip. We denote the strongly connected components
of the resulting directed graph by C

p
1 , . . . ,Cp

qp indexed according to a
topological ordering, see Figure 6.1 for an example.

The following technical claims will be used later.

Claim 6.6. Let a ∈ Ap and i ∈ Ip be such that they are in the same strongly
connected component of Dp and ai is tight. Then i is legal for a in Gp.

Proof. If the edge is oriented from i to a, then ia ∈ Mp and the
statement clearly holds. Otherwise, the edge is oriented from a to
i. Since every arc of a strongly connected digraph is contained in a
directed cycle, it suffices to show that any directed cycle C consists
only of legal edges. This follows from the fact that all the edges of Gp

are tight, hence Mp△C is also a maximum weight matching of Gp,
implying that it consists of legal edges.

[ September 2, 2026 at 9:36 –]



6.4 maximizing the social welfare 93

2
2

1
1

1

1

0

1

1

0

0

1

3 3

2 2

1 1

3

2

C p
1

C p
2

C p
3 C p

5

C p
4R p

S p

C p
1

C p
2

C p
3 C p

5

C p
4R p

S p

(a) (b) (c)

Figure 6.1: Illustration of the constructions for the ex-post and ex-ante cases.
Circles and squares correspond to agents and items, respectively. Thick edges
denote a maximum weight matching Mp, while C

p
1 , . . . ,Cp

5 are the strongly
connected components of the directed graph Dp. In (a) we have Gp with
edge-weights and weighted covering values, in (b) the definition of the set
Sp in the proof of Theorem 6.23 and in (c) the definition of the set Sp in the
proof of Theorem 6.24.

In both the ex-post and ex-ante cases, our proof builds on the
following idea. It is not difficult to check that if one sets the price of
each item to its π value, then agents strictly prefer items to which
they are connected through a tight edge over items for which the
corresponding edge is not tight, see Claim 6.7. However, as time
passes, a tight edge is no longer necessarily legal. In order to prevent
the next agent to choose such an edge, we will slightly change the
prices in a case-specific way. To do this, let δ > 0 be a constant for
which δ is strictly less than

1

2
min

{
min{π(a)+π(i)−va(i) | ia ∈ E is not tight}, min{π(i) | i ∈ I}

}
.

Note that such a δ exists by Lemma 6.3(b) and Lemma 6.4. We also
choose a small constant 0 < ε < δ/(n2n) that will be used later on.
The next claim shows that tight edges lead to greater utility than non
tight ones.

Claim 6.7. Let a ∈ Ap and i, i ′ ∈ Ip be such that ai is tight, ai ′ is not
tight. If bp(i) ⩽ π(i) + δ and bp(i

′) ⩾ π(i ′) − δ, then a strictly prefers i
over i ′.

Proof. Assume that bp(i) ⩽ π(i) + δ and bp(i
′) ⩾ π(i ′) − δ. Since

ai is tight and ai ′ is not tight, we have va(i) = π(a) + π(i) and
va(i

′) + 2δ < π(a) + π(i ′) by the definition of δ. Thus we get

ua,p(i
′) ⩽ va(i

′) − (π(i ′) − δ) < π(a) − δ

= va(i) − (π(i) + δ) ⩽ ua,p(i) .

Hence the utility of a for item i is strictly larger than for item i ′,
concluding the proof.
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Finally, the following two technical claims follow easily from the
definitions.

Claim 6.8. Let a ∈ Ap and i ∈ Ip be such that ai is not tight. If
bp(i) ⩾ π(i) − δ, then ua,p(i) < π(a).

Proof. As ai is not tight, the definition of δ implies
ua,p(i) = va(i) − bp(i) < (π(a) + π(i) − δ) − (π(i) − δ) = π(a) as
stated.

Claim 6.9. Let a ∈ Ap and i ∈ Ip be such that ai is tight. If
bp(i) = π(i) +ω for some real number ω, then ua,p(i) = π(a) −ω.

Proof. As ai is tight, we get

ua,p(i) = va(i) − bp(i) = (π(a) + π(i)) − (π(i) +ω) = π(a) −ω ,

as stated.

The set of agents not matched in Mp is denoted by
Rp := {a ∈ Ap | x

p
a = ∅}. Note that π(a) = 0 for each a ∈ R1

by Lemma 6.3(b). In fact, we will maintain this property for each
set Rp throughout the pricing process.

From this point, we discuss the ex-post and ex-ante cases separately
as their proofs differ in that prices must be set differently.

6.4.1 Ex-post envy-free pricing

The algorithm in Bérczi, Bérczi-Kovács, and Szögi [14] for the unit-
demand case updates the prices at each time step using an arbitrary
weighted covering in the remaining graph. In order to adapt a similar
idea for the ex-post case, we do this in a controlled manner which
ensures that prices do not increase over time.

Theorem 6.10. There exists a welfare-maximizing dynamic pricing scheme
for the unit-demand ex-post envy-free pricing problem even if ties are bro-
ken by the agents. Furthermore, the optimal prices can be determined in
polynomial time.

Proof. Throughout the algorithm, we maintain a maximum weight
matching Mp in the graph Gp of remaining agents and items. Recall
that Rp denotes the set of agents not covered by the matching Mp.
Initially, π(a) = 0 for a ∈ R1 by Lemma 6.3(b), and we will maintain
this property for each a ∈ Rp throughout. We describe a general phase
p ∈ τ of the pricing process. Assume that

(⋆) π(a) = 0 for a ∈ Rp.

We define the set

Sp := {v ∈ Vp|there exists a directed path in Dp

to v from an agent a ∈ Rp} ,

see Figure 6.1 for an example.
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In particular, Rp ⊆ Sp. Remember, that C
p
1 , . . . ,Cp

qp are indexed
according to a topological ordering. Note that either C

p
j ⊆ Sp or

C
p
j ∩ Sp = ∅ for each strongly connected component Cp

j of Dp. The
prices are then updated as follows:

bp(i) =

π(i) + δ/2p + jε if i ∈ C
p
j such that Cp

j ⊆ Sp,

π(i) − δ(1− 1/2p) + jε if i ∈ C
p
j such that Cp

j ∩ Sp = ∅.

By the choice of δ and ε, the prices are non-negative. Let a ∈ Ap

denote the agent who arrives at time step p. The next three claims
together show that the prices satisfy property 1.

Claim 6.11. If a ∈ Vp \ Sp, or a ∈ Sp \Rp and π(a) > 0, then they choose
an item that is legal for them in Gp.

Proof. Since a ∈ Vp \ Rp, the matching Mp covers a and hence xa is
non-empty. Let i ∈ Ip be an arbitrary item distinct from xa. If ai is
not tight, then the agent strictly prefers xa over i by Claim 6.7. If ai
is tight but i is in a different strongly connected component than a,
then the index of the component of i is strictly larger than that of a.
Furthermore, by the definition of the set Sp, either a, i ∈ Sp, a /∈ Sp
and i ∈ Sp, or a, i /∈ Sp. These together imply that bp(xa) − π(xa) <

bp(i) − π(i), hence the agent strictly prefers xa over i by Claim 6.9.
Finally, if ai is tight and i is in the same strongly connected component
as a, then ai is legal by Claim 6.6. The utility of a is non-negative for
such items by the choice of δ and the assumptions on a, hence the
claim follows.

Claim 6.12. If a ∈ Sp \ Rp and π(a) = 0, then she takes no item at all and
there exists a maximum weight matching in Gp that does not cover a.

Proof. Let i ∈ Ip be an arbitrary item. If ai is not tight, then the utility
of a for i is negative by Claim 6.8. If ai is tight, then i ∈ Sp by the
definition of the set Sp. This implies bp(i) > π(i) by the definition
of the prices, hence the utility of a for i is negative by Claim 6.9.
However, in such cases there exists a directed path P to a from an
agent a ′ ∈ Rp. The fact that P consists of tight edges together with
π(a) = π(a ′) = 0 by (⋆) imply that Mp△P is also a maximum weight
matching in Gp.

Claim 6.13. If a ∈ Rp, then they take no item at all.

Proof. By assumption (⋆), we have π(a) = 0. Let i ∈ Ip be an arbitrary
item. If ai is not tight, then the utility of a for i is negative by Claim 6.8.
If ai is tight, then i ∈ Sp by the definition of the set Sp. This implies
bp(i) > π(i) by the definition of the prices, hence the utility of a for i
is negative by Claim 6.9.

The matching Mp, and implicitly the set Rp, is updated as fol-
lows. If a ∈ Vp \ Sp, or a ∈ Sp \ Rp and π(a) > 0, then a takes an
item i from her strongly connected component. If ai ∈ Mp, then set

[ September 2, 2026 at 9:36 –]



96 pricing

Mp+1 := Mp \ {ai}. Otherwise, let C be a directed cycle of Dp contain-
ing the arc ai, and set Mp+1 := (Mp△C) \ {ai}. In this case, we have
Rp+1 = Rp \ {a}. If a ∈ Sp and π(a) = 0, then consider the directed
path P to a from an agent a ′ ∈ Rp, and set Mp+1 := (Mp△P) \ {ai},
implying Rp+1 = Rp \ {a ′}. Finally, if a ∈ Rp, then Mp+1 := Mp, hence
Rp+1 = Rp. These show that (⋆) remains valid for time step p+ 1 as
well.

We now verify that the pricing scheme satisfies property 2, which is
done by the following statement.

Claim 6.14. The price of any item does not increase over time.

Proof. At each phase of the algorithm, the price of an item i is obtained
by shifting its original weighted covering value. Though the structure
of the directed graph Dp and therefore the index of the strongly
connected component containing i might change from phase to phase,
the choice of ε ensures that π(i) + δ/2p > π(i) + δ/2p+1 + nε and
π(i) − δ(1 − 1/2p) > π(i) − δ(1 − 1/2p+1) + nε. Hence, in order to
verify the claim, it suffices to show that Sp+1 ⊆ Sp.

Note that Mp+1 is chosen in such a way that no arc of Dp+1 leaves
the set Sp ∩ Ip+1. Indeed, Dp+1 is obtained from Dp by possibly
reorienting a directed cycle or a directed path that lies completely
in Sp, and then deleting an agent and possibly an item. These steps do
not result in a directed arc leaving Sp ∩ Ip+1, implying Sp+1 ⊆ Sp.

Finally, we show that the we get an ex-post envy-free solution.

Claim 6.15. The resulting allocation is ex-post envy-free.

Proof. Let a be an arbitrary agent, and first consider the case when
she selects an item i upon arrival, that is,

ua,σ(a)(i) = max
{
ua,σ(a)(j) | j ∈ Iσ(a)

}
⩾ 0.

Suppose that ua,σ(a)(i) < max {ua,p(j) | p ∈ [σ(a)], j ∈ Ip}, and let
ua,σ(a)(i) = max

{
ua,σ(a)(j) | j ∈ Iσ(a)

}
⩾ 0 ′ ∈ [σ(a)] and i ′ ∈ Pp ′

be a pair of time step and item attaining the maximum. Note that
p ′ < σ(a).

By Claim 6.11-6.13, ai is legal in Gσ(a) and ai ′ is legal in Gp)

hence both ai and ai ′ are tight. We claim that a, i ′ /∈ Sp ′ . Indeed,
if i ′ ∈ Sp ′ , then Claim 6.14 and the choices of δ and ε imply
ua,p ′(i ′) < ua,p ′+1(i) ⩽ ua,σ(a)(i), contradicting the choice of p ′

and i ′. Since ai ′ is an arc of Dp ′ and i ′ /∈ Sp ′ , a /∈ Sp ′ also fol-
lows by the definition of Sp ′ . On the other hand, we claim that
i ∈ Sσ(a). Indeed, if i /∈ Sσ(a), then Claim 6.14 and the choices of
the values of δ and ε imply ua,p ′(i ′) < ua,σ(a)(i), contradicting the
choice of p ′ and i ′. Finally, observe that Sσ(a) ⊆ Sp ′ implies a /∈ Sσ(a).
Concluding the above, a is covered in Mσ(a) and its matching-pair

is not in Sσ(a) by construction, that is, xσ(a)a /∈ Sσ(a). This means

that ua,σ(a)(x
σ(a)
a ) > ua,σ(a)(i), contradicting the assumption that a

chooses i upon arrival.
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Now assume that agent a selects no items upon arrival. By Claim 6.12

and Claim 6.13, this can only occur when π(a) = 0 and a belongs
to Sσ(a). As deduced in proof of Claim 6.14, Sp ⊆ Sp+1 and thus a

belongs to Sp for p ∈ [σ(a)]. As deduced in the proofs of Claim 6.12

and Claim 6.13, the utility of agent a for all items is negative in each
time step from 1 to σ(a). This concludes the proof of the claim.

By Claim 6.11-6.13, if the next agent is covered by the matching Mp

then they either choose an item that is legal for them, or Mp+1 is also
a maximum weight matching of Gp. Otherwise, they do not take any
of the items. This implies that the resulting allocation corresponds to a
maximum weight matching of G and hence maximizes social welfare.
By Claim 6.14, the prices do not increase over time. By Claim 6.15, this
implies that the solution is ex-post envy-free, concluding the proof of
the theorem.

6.4.2 Ex-ante envy-free pricing

To give an algorithm for the ex-ante case, we adapt the proof of Theo-
rem 6.10. However, to ensure that the final prices and allocation form
an ex-ante envy-free solution, prices have to be updated differently.

Theorem 6.16. There exists a welfare-maximizing dynamic pricing scheme
for the unit-demand ex-ante envy-free pricing problem even if ties are bro-
ken by the agents. Furthermore, the optimal prices can be determined in
polynomial time.

Proof. Similarly to the ex-post case, we maintain a maximum weight
matching Mp in the graph Gp of remaining agents and items, and
denote by Rp the set of agents not covered by the matching Mp.
Initially, π(a) = 0 for a ∈ R1 by Lemma 6.3(b), and we will maintain
this property for each a ∈ Rp throughout. We describe a general phase
p ∈ τ of the pricing process. Assume that

(⋆⋆) π(a) = 0 for a ∈ Rp.

We define the set

Sp := {v ∈ Vp | there exists a directed path in Dp from v

to an agent a ∈ Ap \ Rp with π(a) = 0} ,

see Figure 6.1 for an example. Remember, that Cp
1 , . . . ,Cp

qp are indexed
according to a topological ordering. Note that either C

p
j ⊆ Sp or

C
p
j ∩ Sp = ∅ for each strongly connected component Cp

j of Dp. The
prices are then updated as follows:

bp(i) =

π(i) − δ/2p + jε if i ∈ C
p
j such that Cp

j ⊆ Sp,

π(i) + δ(1− 1/2p) + jε if i ∈ C
p
j such that Cp

j ∩ Sp = ∅.
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By the choice of δ and ε, the prices are non-negative. Let a ∈ Ap

denote the agent who arrives at time step p. The next three claims
together show that the prices satisfy property 1.

Claim 6.17. If a ∈ Vp \ Rp, then they choose an item that is legal for her
in Gp.

Proof. Since a ∈ Vp \ Rp, the matching Mp covers a and hence xa is
non-empty. Let i ∈ Ip be an arbitrary item distinct from xa. If ai is not
tight, then the agent strictly prefers xa over i by Claim 6.7. If ai is tight
but i is in a different strongly connected component than a, then the in-
dex of the component of i is strictly larger than that of a. Furthermore,
by the definition of the set Sp, either a, i ∈ Sp, a ∈ Sp and i /∈ Sp,
or a, i /∈ Sp. These together imply that bp(xa) − π(xa) < bp(i) − π(i),
hence the agent strictly prefers xa over i by Claim 6.9. Finally, if ai is
tight and i is in the same strongly connected component as a, then ai

is legal by Claim 6.6. The utility of a is non-negative for such items by
the choice of δ, hence the claim follows.

Claim 6.18. If a ∈ Rp \ Sp, then she takes no item at all.

Proof. By assumption (⋆⋆), we have π(a) = 0. Let i ∈ Ip be an arbitrary
item. If ai is not tight, then the utility of a for i is negative by Claim 6.8.
If ai is tight, then i /∈ Sp by the definition of the set Sp. This implies
bp(i) > π(i) by the definition of the prices, hence the utility of a for i
is negative by Claim 6.9.

Claim 6.19. If a ∈ Rp ∩ Sp, then she either chooses an item that is legal for
her in Gp, or takes no item at all.

Proof. By assumption (⋆⋆), we have π(a) = 0. Let i ∈ Ip be an arbitrary
item. If ai is not tight, then the utility of a for i is negative by Claim 6.8.
If ai is tight but i /∈ Sp, then bp(i) > π(i) by the definition of the
prices, hence the utility of a for i is negative by Claim 6.9. If ai is
tight and i ∈ Sp, then there exists a directed path P in Dp from a to
an agent a ′ in Dp which is covered by Mp and π(a ′) = 0. The fact
that P consists of tight edges together with π(a) = π(a ′) = 0 imply
that Mp△P is also a maximum weight matching in Gp, therefore i is
legal for a.

The matching Mp, and implicitly the set Rp, is updated as follows.
If a ∈ Vp \ Rp, then a takes an item i from her strongly connected
component. If ai ∈ Mt, then set Mp+1 := Mp \ {ai}. Otherwise, let
C be a directed cycle of Dp containing the arc ai, and set Mp+1 :=

(Mp△C) \ {ai}. In this case, we have Rp+1 = Rp. If a ∈ Rp \ Sp or
a ∈ Rp ∩ Sp but a takes no item, then set Mp+1 := Mp, implying
Rp+1 = Rp \ {a}. Finally, if a ∈ Rp ∩ Sp and a takes an item i, then
consider the directed path P from a to an agent a ′ which is covered
by Mp and π(a ′) = 0, and set Mp+1 := (Mp△P) \ {ai}. Since we have
Rp+1 = Rp \ {a}∪ {a ′} and π(a ′) = 0, each agent in Rp+1 has π value 0.
These show that (⋆⋆) remains valid for time step p+ 1 as well.

It remains to verify that the pricing scheme satisfies property 2,
which is done by the following statement.
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Claim 6.20. The price of any item does not decrease over time.

Proof. At each phase of the algorithm, the price of an item i is obtained
by shifting its original weighted covering value. Though the structure
of the directed graph Dp and therefore the index of the strongly
connected component containing i might change from phase to phase,
the choice of ε ensures that π(i) − δ/2p + nε < π(i) − δ/2p+1 and
π(i) + δ(1 − 1/2p) + nε < π(i) + δ(1 − 1/2p+1). Hence, in order to
verify the claim, it suffices to show that Sp+1 ⊆ Sp.

Note that Mp+1 is chosen in such a way that no arc of Dp+1 enters
the set Sp ∩ Ip+1. Indeed, Dp+1 is obtained from Dp by possibly
reorienting a directed cycle or a directed path that lies completely in Sp,
and then deleting an agent and possibly an item. These steps do not
result in a directed arc entering Sp ∩ Ip+1, implying Sp+1 ⊆ Sp.

By Claim 6.17-6.19, if the next agent is covered by the matching Mp

then she chooses an item that is legal for her. Otherwise, she either
chooses an item that is legal for her, or does not take any of the
items. This implies that the resulting allocation corresponds to a
maximum weight matching of G and hence maximizes social welfare.
By Claim 6.20, the prices do not decrease over time. This implies
that the solution is ex-ante envy-free, concluding the proof of the
theorem.

6.5 maximizing the revenue

When it comes to revenue maximization in the static setting, the
problem is not only hard to solve but also to approximate within
a reasonable factor, and the difficulty stems from the lack of strong
upper bounds. Clearly, the maximum weight of a matching is an upper
bound on the total revenue achievable through pricing mechanisms,
but the gap between optimal revenue and maximum weight of a
matching may be Ω(log(n)). Indeed, consider a market with items
I = {i1, . . . , in} and agents A = {a1, . . . ,an}. Let the valuations be
defined as vaj

(ik) := 1/j for 1 ⩽ j ⩽ n and j ⩽ k ⩽ n and 0 otherwise,
see Figure 6.2 for an illustration.

Then there is a unique maximum weight matching between agents
and items that consists of the edges ijaj for 1 ⩽ j ⩽ n with total weight∑n

j=1 1/j. For any pair of envy-free static pricing and allocation, if
an agent aj receives an item ik at some price b(ik), then the price
of all the other items must be at least b(ik) to ensure that agent aj

is not envious. On the other hand, the price b(ik) cannot be greater
than 1/j as otherwise the utility of agent aj for item ik is negative.
These observations together imply that the price of each item sold is
at most 1/j where j is the largest index for which agent aj receives
an item. Hence the total revenue is at most j · 1/j = 1, leading to
an Ω(log(n)) gap as stated.

In what follows, we turn our attention to the revenue maximization
problem in a dynamic environment with fairness constraints.
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(a) (b)
a1 a2 a3 a4 a5

i1 i2 i3 i4 i5

a1 a2 a3 a4 a5

i1 i2 i3 i4 i5
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3

1
3
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Figure 6.2: Example with an Ω(log(n)) gap between the optimal revenue
and maximum weight of a matching in the case of envy-free static pricing.
In (a) the weight of an edge ajik is 1/j, while missing edges have weight 0.
Thick edges correspond to the unique maximum weight matching of total
weight

∑n
j=1 1/j. In (b) values on items and thick edges correspond to a pair

of envy-free pricing and allocation, respectively. The revenue is always less
than or equal to 1.

6.5.1 Hardness results

When the solution is required to be strongly envy-free, then the dy-
namic setting does not make a difference compared to the static one,
as shown by the following theorem.

Theorem 6.21. Maximizing the revenue in the unit-demand strongly envy-
free dynamic pricing problem is APX-hard, even if the agents’ ordering is
chosen and ties are broken by the seller.

Proof. Let σ be an ordering of the agents, b1, . . . ,bn be prices, and X
be an allocation that maximizes the revenue. Recall that xa denotes
the item received by agent a ∈ A if exists, otherwise xa is the empty
set. We show that there exist static prices and an envy-free allocation
resulting in the same revenue. Note that the reverse always holds,
that is, any envy-free allocation with respect a static pricing can be
seen as a strongly envy-free solution in the dynamic setting. Since
determining the static prices is known to be APX-hard [46], this proves
the theorem.

We define a static pricing as follows: for each agent a ∈ A with
xa ̸= ∅, set b(xa) := bσ(a)(xa), that is, we define the price of an
allocated item to be the price at which it was sold. For the remaining
items, set the price to +∞. We claim that the allocation X is envy-free
with respect to the static pricing p, and hence has the same revenue
as the dynamic solution. Indeed, this follows from the definition of
strong envy-freeness, as ua,σ(a) (xa) = max {ua,p(i) | p ∈ Pa, i ∈ Ip}

and b(xa) = bσ(a)(xa) imply xa ∈ arg max{va(i) − b(i) | i ∈ I} for
each a ∈ A.

Unfortunately, the problem remains hard for weaker notions of envy-
freeness. Our proof follows the main idea of the proof of Guruswami
et al. [46] for the APX-hardness of revenue maximization.

Theorem 6.22. Maximizing the revenue in the unit-demand ex-post and
ex-ante envy-free dynamic pricing problems are APX-hard, even if the agents’
ordering is known in advance and ties are broken by the seller.
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Figure 6.3: A 3-regular graph G with n = 4 and m = 6, where grey vertices
form a minimum vertex-cover of size k = 3. In the corresponding pricing in-
stance, edges incident to vertex-agents and edge-agents have weights 2 and 1,
respectively. When edge-agents arrive first, then setting the prices to 1 on
grey elements, 2 otherwise, and allocating the items according to thick edges
results in an ex-post envy-free solution with revenue 11 = m+ 2n− k.

Proof. The proof is by reduction from Vertex Cover in 3-regular
graphs. Vertex Cover asks, given a 3-regular graph G = (V ,E), for
a minimum number of vertices that include at least one endpoint of
every edge of the graph. This problem was shown to be APX-hard by
Fleischner, Sabidussi, and Sarvanov [42].

Let G = (V ,E) be a 3-regular graph with n vertices and m edges. We
construct a pricing instance with item set I and agent set A consisting
of 4n items and m+ n agents, respectively. For each vertex z ∈ V ,
we add four vertex-items z1, z2, z3, z4 to I and one vertex-agent to A

that, by abuse of notation, we also denote by z. The valuation of the
agent is then defined as vz(zi) = 2 for i ∈ [4] and 0 for any other item.
Furthermore, for each edge e = zw ∈ E, we add an edge-agent e to A

with valuation ve(zi) = ve(wi) = 1 for i ∈ [4] and 0 for any other item;
for an example, see Figure 6.3.

We first consider the ex-post case. Assume that the ordering of the
agents is such that edge-agents arrive first, followed by vertex-agents.
We claim that for such an ordering, there exists an ex-post envy-
free pricing scheme and allocation that results in a total revenue of
m+ 2n−k if and only if there exists a vertex cover of size k in G. Since
m = 3n/2 and the minimum vertex cover has size at least m/3 = n/2,
a constant factor gap in the size of a vertex cover translates into a
constant factor gap in the optimal profit for the pricing instance, which
yields the desired APX-hardness result.

To see the ‘if’ direction, let C ⊆ V be a vertex cover of G of size k. For
each vertex z ∈ V , let bp(zi) := 1 if z ∈ C and bp(zi) := 2 otherwise for
i ∈ {1, . . . , 4}, which as before we short as i ∈ [4], and p ∈ τ – note that
the prices do not change over time, implying that the final solution is
ex-post envy-free. According to the ordering, edge-agents arrive first,
and each of them takes one of the vertex-items that correspond to
one of its endpoints that lies in C for a price of 1. Then vertex-agents
arrive, and take a copy of the vertex-items corresponding to them for a
price of 2. Note that, since the graph is 3-regular and four vertex-items
were added for each vertex, each agent receives an item, and hence
the total revenue is m+ 2n− k.
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To see the ‘only if’ direction, consider dynamic prices b1, . . . ,bn

and an ex-post envy-free allocation X that maximizes the revenue for
the ordering considered. It is not difficult to check that the pricing
vectors can be assumed to take values 1 and 2 only. Let e = zw be
the first edge-agent, if exists, who does not get any item. That is, all
the remaining vertex-items from z1, . . . , z4,w1, . . . ,w4 are priced at 2
upon the arrival of e. If we reduce the price of one of these items,
say zi, then we have to do the same modification for all the remaining
vertex-items corresponding to z and for all the remaining time steps to
ensure ex-post envy-freeness from the point of view of vertex-agent z.
This way, we lose a revenue of 1 coming from vertex-agent z, but
we gain this back by making a profit of 1 from edge-agent e. By this
observation, we may assume that for each vertex z ∈ V and time step
p ∈ [n+m], either bp(zi) = 1 for i ∈ [4] or bp(zi) = 2 for i ∈ [4], and
that vertices belonging to the former class form a vertex cover of G.
This implies that the revenue is at most m+ 2n− k.

If the ordering of the agents is such that vertex-agents arrive first,
followed by edge-agents, then a similar argument shows the hardness
of the ex-ante case.

6.5.2 Algorithms

In the previous section, we showed that if the seller has no control
over the order in which agents arrive, then even the seemingly more
flexible framework of dynamic pricing is not enough for maximizing
the revenue in the ex-post and ex-ante envy-free settings. On the
positive side, if the ordering can be chosen by the seller, then an
optimal pricing scheme can be determined efficiently. In what follows,
we give polynomial-time algorithms for determining an ordering of
the agents together with the price vectors so that the final allocation is
ex-post or ex-ante envy-free and maximizes the revenue irrespective
of how ties are broken by the agents. In both cases, we compare the
solution to the maximum weight of a matching in the corresponding
edge-weighted bipartite graph, which is clearly an upper bound for
the revenue.

Note that, in the agent-chooses case, an agent can decide not to
take an item with utility 0 for them. For keeping the description
of the algorithms simple, we assume that in such cases the agent
decides to take the item. In the general case then one can decrease
the prices of the items in each step by a small ε > 0, thus obtaining a
revenue arbitrarily close to the maximum weight of a matching. First
we consider the ex-post case.

Theorem 6.23. If the ordering of the agents can be chosen by the seller,
then there exists a revenue-maximizing dynamic pricing scheme for the unit-
demand ex-post envy-free pricing problem even if ties are broken by the
agents. Furthermore, the optimal ordering and prices can be determined in
polynomial time.

Proof. Consider the edge-weighted bipartite graph G = (I,A;E) repre-
senting the market, where the weight of an edge ai is va(i) for i ∈ I,
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a ∈ A. By Lemma 6.4, we may assume that all the items are covered
by every maximum weight matching of G. Let M ⊆ E be an arbitrary
maximum weight matching, and for each agent a, let xa denote the
item to which a is matched in M if such an item exists, otherwise
define xa to be the empty set. Furthermore, take a weighted covering π

provided by Lemma 6.3. Note that M consists of tight edges.
We define the ordering σ of the agents as follows: agents not covered

by M arrive first, and then the remaining agents arrive in a decreasing
order according to their π values, where ties are broken arbitrarily.

Now we describe how to set the prices at each time step. Define
the prices to be +∞ until all the agents not covered by M have left.
Then, at each time step, consider the next agent a and set the price
of all remaining items to +∞ except for xa, for which we set the
price to va(xa). Clearly, the agent will take the item xa, hence the
resulting allocation corresponds to M and has total revenue equal to
the maximum weight of a matching.

It remains to verify that the pricing and the allocation thus obtained
provide an ex-post envy-free solution. To see this, consider the arrival
of an agent a ∈ A. As all the remaining items has been priced at +∞
so far except for xa which is priced at va(xa), it is enough to show
that a does not envy an item that was taken before her arrival. Those
items were also priced at +∞ except for the time step when they were
taken by the corresponding agent. So let a ′ be an agent who arrived
before a and took the item xa ′ , that is, xa ′ ̸= ∅. Since π is a weighted
covering, M consists of tight edges, and π(a ′) ⩾ π(a), we get

ua,σ(a ′)(xa ′) = va(xa ′) − bσ(a ′)(xa ′)

= va(xa ′) − va ′(xa ′)

⩽ (π(a) + π(xa ′)) − (π(a ′) + π(xa ′))

= π(a) − π(a ′)

⩽ 0

= va(xa) − va(xa)

= ua,σ(a)(xa),

which means that agent a does not envy the item xa ′ .

A similar proof works for the ex-ante setting as well. However, the
proof is is slightly more complicated as maintaining ex-ante envy-
freeness requires a careful choice of prices. As a result, the revenue of
the final allocation is not exactly the maximum weight of a matching in
the associated bipartite graph, but can be arbitrarily close to that. For
simplicity, we still refer to such a pricing as ‘optimal’ in the statement
of the theorem.

Theorem 6.24. If the ordering of the agents can be chosen by the seller,
then there exists a revenue-maximizing dynamic pricing scheme for the unit-
demand ex-ante envy-free pricing problem even if ties are broken by the
agents. Furthermore, the optimal ordering and prices can be determined in
polynomial time.
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Proof. Consider the edge-weighted bipartite graph G = (I,A;E), a
maximum weight matching M, xa for a ∈ A, and weighted covering π

as in the proof of Theorem 6.23. Let

0 < δ < min {min{π(a) + π(i) − va(i) | ia ∈ E is not tight},

min{π(i) | i ∈ I}} .

Note that, by Lemma 6.3 and the assumption that each item is covered
by every maximum weight matching of G, such a δ exists. Furthermore,
let 0 < ε < δ/2n.

We define the ordering σ of the agents as follows: agents covered
by M arrive first in an increasing order according to their π values,
where ties are broken arbitrarily, followed by the remaining agents.

Now we describe how to set the prices at each time step. If an
agent a arrives for which xa ̸= ∅, then for each item i ∈ I set its
price to π(a) + π(i) − δ/2σ(a) + ε except for xa, for which we set the
price to π(a) + π(xa) − δ/2σ(a). If xa = ∅, then by the choice of the
ordering there is no remaining item. By the definition of the ordering
and the values δ and ε, the prices remain non-negative and do not
decrease over time, hence the resulting allocation is automatically
ex-ante envy-free.

It suffices to show that each agent a chooses xa upon arrival. Indeed,
if this holds, then that results in a profit of
π(a) + π(xa) − δ/2σ(a) ⩾ va(xa) − δ, where we used the fact that the
edge xaa is tight by Lemma 6.3(a). By choosing δ small enough, the
total revenue of the final allocation can be arbitrarily close to the
weight of M. Consider any remaining item i distinct from xa. As π is
a weighted covering and xaa is tight, we get

ua,σ(a)(i) = va(i) − pσ(a)(i)

= va(i) − (π(a) + π(i) − δ/2σ(a) + ε) < δ/2σ(a)

= va(xa) − (π(a) + π(xa) − δ/2σ(a)) = ua,σ(a)(xa) .

This means that xa is the unique maximizer of the utility of a at time
step σ(a) and has positive utility for a, hence agent a takes xa as
stated.

Finally, we settle the existence of weakly envy-free solutions when
the ordering of the agents is fixed but known in advance.

Theorem 6.25. If the ordering of the agents is known in advance, then
there exists a revenue-maximizing dynamic pricing scheme for the unit-
demand weakly envy-free pricing problem even if ties are broken by the
agents. Furthermore, the optimal prices can be determined in polynomial
time.

Proof. Let σ denote the fixed ordering of the agents. Define an edge-
weighted bipartite graph G = (I,A;E), maximum weight matching
M ⊆ E, and xa for a ∈ A as in the proof of Theorem 6.23. At the
arrival of agent a, set the price of all remaining items to +∞ except
for xa, for which we set the price to va(xa). The agent clearly takes xa
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at the maximum possible price, hence the resulting allocation and
pricing are optimal.

6.6 conclusions

We studied the existence of optimal dynamic prices under fairness con-
straints in unit-demand markets. We proposed four possible notions
of envy-freeness depending on the time period over which agents
compare themselves to others, and settled the existence of optimal
dynamic prices in various settings.

We would now like to mention a few open problems. While we
concentrated on social welfare and revenue maximization problems, a
natural question is to consider alternative objective functions such as
the average or the max-min social welfare and revenue. Besides being
interesting on their own, such functions may be used to overcome the
difficulties mentioned in Remark 6.1. A recent line of research investi-
gated the problem of balancing fairness and efficiency in markets, see
e.g. [43]. It would be interesting to see how dynamic envy-free pricing
behaves under such objective functions.

The inapproximability results showed by Briest [19] and
Chalermsook et al. [25] suggest that the O(log(n))-approximation
of Guruswami et al. [46] for static envy-free pricing is tight. It is
unclear if the results can be generalised to the dynamic case, which
would then imply that the same O(log(n)) approximation is tight for
dynamic envy-free pricing when maximizing revenue for each variant
found in a red cell in Table 6.1.

Finally, the complexity of weak envy-free revenue maximization
with unspecified order remains open. This variant is of special interest,
since it naturally connects revenue maximization with the recent
popular strain of research on dynamic pricing schemes.
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7
G E N E R A L O V E RV I E W A N D C O N C L U S I O N S

In this chapter, we go back to our Energy Trading problem and we
take a brief moment to see what happens when we switch to a setting
where there are multiple prosumers. So far indeed, we have always
performed analysis on single prosumers while assuming a general
microgrid built around them. The price fluctuations we have assumed
where taken as a justification of the peers within the microgrid, but
we have never really tackled the topic.

Our idea is then now to actually connect prosumers in a microgrid
and to almost create a market. We would like to do so by putting
together the pieces collected so far. Unfortunately, we succeeded to do
so only in a simplified setting, as we will be soon explaining. We still
decided to share these ideas, since we believe that it can be interesting
for the reader and a future starting point for further developments.

As probably does not come as a surprise, we are not the first to
try to connect prosumers into a microgrid. First of all, these concepts
already exist in real life, as the real case examples in the work of
Ustun et al. [84] show. From a research point of view instead, the
ways of analyzing them are multiple. And this is exactly the type
of multiplicity that I was referring to in the Prologue. On one hand,
this setting can be easily embedded in a Game theoretical framework.
Prosumers are players, who can act by themselves, cooperate, or
participate in auctions. Taking a step further from the Game Theory
field, we still have all the mechanism design settings, where players
can act as buyers and sellers in some designed market.

In some sense, there is still some freedom in the design of microgrids,
meaning that it is possible to structure them ensuring that a list of
desired properties are fulfilled. We now illustrate our ideal microgrid
and to do so we have to extend a bit the notation used so far.

Instead of considering a single prosumer, we do now have a set M
of m prosumers, whom are connected within the microgrid. The
distinctive parameters for prosumers already used in the previous
chapter are repeated and now personalized. More specifically, the
value da

p it is the demand at time p of player a. In the same way, eap
is the energy produced by player a and Ca is the size of their battery.
As in Chapter 2, Chapter 3 and Chapter 5, we still assume that these
quantities are known to each prosumer in advance. Then, as microgrids
are always connected with a traditional retailer which can provide
energy, we add the symbol R for it and we use the vector r for the
prices at which the energy is sold.

Let us now switch to the properties that we are wishing for our
microgrid. First of all, we recall that the main idea of organizing
prosumers into a microgrid is actually to increase the local exchanges
of energy and in particular to sell the individual surplus of energy
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within the microgrid. Therefore, our first design goal is to maximize
the amount of renewable energy which is used in the microgrid. Of
course we do not have power to increase the amount of sun which
radiates on the PVs if the setting is given, but what we can do is to
make sure that the exchanges of energy are maximized. This is in
other words equivalent to minimize the total amount of energy that
the microgrid buys from the retailer R.

We can easily formalize this problem by extending the (2.1)-(2.9) of
Chapter 3. In particular we introduce the variables wa

p for the amount
of energy that prosumer a buys from the grid at time p and qa

p

for the one sold. At the same time we add a variable v
+;a,j
p for the

amount of energy prosumer a receives from prosumer j at time p

and v
−;a,j
p the amount they give to prosumer j at time p. Note that in

this moment we do not care for the price at which these exchanges
happen, as indeed we are focusing exclusively on our primary design
goal, namely maximize the independence of the microgrid. We call
this problem the Prosumer Exchange and we formalize it as follows.

min
∑
p

∑
a

(wa
p − qa

p)(7.1)

s.t. wa
p − qa

p +
∑
j̸=a

v+;a,j
p −

∑
j̸=a

v−;a,j
p − zap = da

p − eap,(7.2)

p ∈ τ,a ∈ M,

v+;a,j
p = v−;j,a

p , p ∈ τ,a ∈ M, j ∈ M,(7.3)

SOCa
p = SOCa

p−1 + zap, p ∈ τ,a ∈ M,(7.4)

SOCa
0 = soca0 , a ∈ M,(7.5)

SOCa
p ⩽ Ca, p ∈ τ,a ∈ M,(7.6)

xap,ya
p,SOCa

p ∈ N, p ∈ τ,a ∈ M,(7.7)

zap ∈ Z, p ∈ τ,a ∈ M .(7.8)

To ensure that our primary goal–maximizing self-consumption–is
satisfied, we take advantage from another configuration used in the
Energy Trading field: the Energy Community (EC). In particular, ECs
are groups of users who typically share an energy renewable asset such
as a photovoltaic system and a storage unit (e.g., a battery). Unlike
the microgrids analyzed so far, where each prosumer was able to
self-produce energy and store it independently, ECs are characterized
by the collective ownership and use of these resources. As a result,
in microgrids prosumers can trade with each other, while in ECs
users are aggregated together and the community as a whole interacts
with external entities or the energy market. ECs are quite common
nowadays, as lots of newly built building are provided with these type
of shared technologies. They are formally defined by the European
Parliament in Directive 2018/2001 [72], and their implementation in
everyday life is highly encouraged, as well as subsidized. In ECs the
shared energy produced is used to meet the demand of members and
if this is not enough the energy previously stored can be used. In case
also this energy is not enough to fulfill the demand, then energy is
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bought from the retailer as it is normally done. Then, by definition
itself of EC, it is clear that the energy bought from the retailer is
minimum.

We want to transform our microgrid into a EC, and we do so by
aggregating the demands da

p and energy eap and battery capacities Ca

of all the prosumers. We call this a Super Prosumer (SP) and we
describe here the energy profile:

dSP
t =

∑
a∈M

da
p,(7.9)

eSPt =
∑
a∈M

eap,(7.10)

CSP =
∑
a∈M

Ca .(7.11)

Consider now the problem depicted in Chapter 3 with αp = βp = ∞
for every p = 1, . . . ,n for the SP and assume that rp = r. We call
this prosumer the super prosumer (SP) and we report its scheduling
problem here.

min
∑
p

(rpx
SP
p − spy

SP
p )(7.12)

s.t. xSPp − ySP
p − zSPp = dSP

p − eSPp , p ∈ τ,(7.13)

SOCSP
p = SOCSP

p−1 + zSPp , p ∈ τ,(7.14)

SOCSP
0 = socSP0 ,(7.15)

SOCSP
p ⩽ CSP, p ∈ τ,(7.16)

xSPp ,ySP
p ,SOCSP

p ∈ N, p ∈ τ,(7.17)

zSPp ∈ Z, p ∈ τ .(7.18)

Notice that since selling is allowed, all the instances are feasible and
let OPT(SP) be an optimal solution of this problem. We now show the
following two results.

Lemma 7.1. Given an instance of the Prosumer Exchange, this can be
transformed in an instance for the Super Prosumer problem.

Proof. Let us set the parameters of the EC as the parameters of the SP
depicted above. Since all the parameters are obtained as transforma-
tions of the parameters of Prosumer Exchange according to Equa-
tion 7.9, the result follows immediately.

Given a microgrid and a Prosumer Exchange problem, we want
to transform it into an instance of Super Prosumer. As we have
seen in Chapter 3, it might be the case that in some days it is more
convenient to sell more than the simple overflow of the battery, even
if this might means that the prosumer has to buy more energy later
on. To make sure that this is not the case–as this would be not in
line with our primary design goal–we set the prices for selling in
the Super Prosumer model to null. Notice that, since selling still
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remains allowed, this does not make the instance infeasible, which
might be the case if we decide to use PEAC-B-U, but instead the
selling is discouraged and interpreted as a waste of energy (as already
observed in Chapter 3). With this modification, the schedule of the
SP is exactly the one maximizing the independence of the microgrid,
under the assumption rt = r. It is left then to show that if we find a
solution of Super Prosumer we can retrieve a solution of Prosumer

Exchange. To do so, we will use a simple trick. We assume only a
random prosumer, say prosumer 1, to be the one with interaction with
the retailer, then all the other exchanges happen within prosumers.
In order to get a polished algorithm then, similarly to what we do
with prosumer 1, we assume that the energy stored is stored in order,
meaning it is all in the battery of prosumer 1, and if this is not enough
in the one of prosumer 2 and so on. In our algorithm we need to
virtually transfer the stored energy several times, and to improve the
general readability of it, we present in Algorithm 7.1 a subroutine
to perform this allocation. In particular, we remark that to ensure
that the balance of energy of prosumers express in Equation 7.3 still
holds, every time a prosumer a sells an amount E of energy to another
prosumer j, not only the variable v

+;j,a
p needs to be incremented by

the value E, but also the variable z
j
p has to be increased of the same

value to ensure the balance of energy still holds. The same happens for
SOC

j
p. Even if all these variables are modified, for sake of simplicity

we treat the subroutines in the spirit of programming and we assume
that their values are accessible to the algorithm subroutine and can be
modified. Hence, we omit these variables in the input and output of
the algorithms.

Algorithm 7.1 Move energy to the first a⋆ batteries
Input : A prosumer a and the positive amount of energy E to redis-

tribute from battery a⋆.
Output : The same instance with energy allocated only in the first a⋆

batteries.
Let a⋆ < a be the last prosumer whose battery is still non empty
while SOCa⋆

p < E do
E = E− SOCa⋆

p

v+;a⋆,a
p = v+;a⋆,a

p + SOCa⋆

p

v−;a,a⋆

p = v−;a,a⋆

p + SOCa⋆

p

zap = zap − SOCa⋆

p

SOCa⋆

p = 0

a⋆ = a⋆ + 1
SOCa⋆

p = SOCa⋆

p − E

v+;a⋆,a
p = E

v−;a,a⋆

p = E

zap = zap − E

return a⋆

As it is probably already clear from the Algorithm 7.1, the high
number of variables to be updated when performing an action such as
an exchange of energy between two prosumers requires a significant
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number of updates. For this reason we include here a subroutine, for
exchanging the excess of energy to another prosumer. Notice that if
the effect of the subroutine is just changing the variables that we do
not pass explicitly, our algorithm is not returning any variable. We
call it Give energy to player and we give its pseudocode here.

Algorithm 7.2 Give energy to player
Input : A prosumer a and the positive amount of energy E to give to

prosumer j.
Output : The same instance with the exchange performed.
v−;a,a+1
p = v−;a,a+1

p + E

v+;a+1,a
p = v+;a+1,a

p + E

Finally we do the same for the last time of actions needed, namely
when the prosumers need to get some of the energy stored to fulfill
their demand. They will start getting energy from the last battery with
some energy inside and then, if needed, go backwards till the demand
is fully satisfied. In the subroutine Algorithm 7.3 we take care of these
actions, as well as updating all the related variables.

Algorithm 7.3 Take energy from battery
Input : A prosumer a and the positive amount of energy E to be taken

starting from the battery of prosumer a⋆.
Output : The same instance with the actions performed.
while SOCa⋆

p < E do
E = E− SOCa⋆

p

v+;a,a⋆

p = v+;a,a⋆

p + SOCa⋆

p

v−;a⋆,a
p = v−;a⋆,a

p + SOCa⋆

p

za
⋆

p = za
⋆

p − SOCa⋆

p

SOCa⋆

p = 0

a⋆ = a⋆ − 1
v+;a,a⋆

p = v+;a,a⋆

p + E

v−;a⋆,a
p = v−;a⋆,a

p + E

za
⋆

p = za
⋆

p − E

return a⋆

We now show that from a solution of the SP problem, we can obtain
a solution for the whole microgrid.

Lemma 7.2. Given a solution (xSPp ,ySP
p ) of the SP problem under the

assumption rp = r and sp = 0 for every time period p, we get a solution of
the Prosumer Exchange problem where the independence of the grid is
maximized.

Proof. Since the SP solution is the one maximizing the independence
of the microgrid, to prove the lemma we just need to show that it is
possible to build a solution which buys the same amount of energy
from the retailer. In particular, we can do so by applying Algorithm 7.4.
We start by observing that the amount of energy bought is indeed the
same as the amount bought by the SP, since∑

p∈τ

∑
a∈M

(wa
p − qa

p) =
∑
p∈τ

(w1
p − q1

p) =
∑
p∈τ

(xSPp − ySP
p ) .

[ September 2, 2026 at 9:36 –]



112 general overview and conclusions

Then, we have to show that the solution obtained by the Algorithm 7.4
is actually feasible, which means that all the demand are satisfied and
that the capacity constraint are satisfied at every time period for each
battery.

Suppose now that it exists a time period p such that a battery
overflows. Since in our algorithm all the excess is sent to the next
prosumer, this implies that here we are assuming that the battery
of the last prosumer is overflown and all the other batteries are full,
namely a⋆ = m and SOCa⋆

p > Ca⋆ . From these it follows immediately∑
a∈M SOCa

p >
∑

a∈MCa and we rewrite the term
∑

a∈M SOCa
p

using the relation of (7.4), namely

SOCa
p = SOCa

p−1 + zap = SOCa
p−2 + zap−1 + zap = soca0 +

∑
p∈τ

zap,

which holds for every time period and every prosumer, included the
super prosumer SP and from which we obtain

(7.19)
∑
a∈M

SOCa
p =

∑
a∈M

soca0 +
∑
a∈M

∑
p∈τ

zap .

We now derive the value of
∑

a∈M

∑
p∈τ z

a
p by summing (7.8) for all

the prosumers, namely

∑
a∈M

zap =
∑
a∈M

dSP
p − eSPp −wa

p + qa
p −

∑
j̸=a

v+;a,j
p +

∑
j̸=a

v−;a,j
p + zap


= dSP

p − eSPp − xSPp + ySP
p ,

which by substituting in Equation 7.19 we obtain

SOCSP
p =SOCSP

0 +
∑
p∈τ

zSPp =

SOCSP
0 +

∑
p∈τ

(
xSPp + ySP

p − dSP
p + eSPp

)
=

SOCSP
0 +

∑
p∈τ

∑
a∈M

zap =∑
a∈M

SOCa
p >

∑
a∈M

Ca = CSP,

(7.20)

where the inequality SOCSP
p > CSP would contradict the feasibility of

the SP solution. Suppose now than that one of the batteries run out
of energy and some energy is asked there to discharge. Since in our
algorithm we start getting energy from battery a⋆ and we proceed
than back wards once it is empty, so basically once the battery of
prosumer a⋆ is empty we update a⋆ by decreasing its value of 1.
Under this scheme, supposing that there is a battery which runs out of
battery implies supposing that there exists a time period p such that
SOC1

p < 0, which also implies that SOCa
p = 0 for all the prosumers

a ̸= 1. It follows than that the sum of energy stored is negative and by
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the relations obtained above in Equation 7.20 we get that there exists
a time period p such that

(7.21)
∑
a∈M

SOCa
p = SOCSP

p < 0,

which is of course not compatible with the feasibility of the SP solution.
Lastly we observe that if a net demand d

′a
p = da

p − eap > 0 is not
satisfied, then this imply that there is no more possibility of getting
stored energy from the batteries, reducing to the case seen before. The
same, with the positive excess exap = eap − da

p > 0 would mean that
the battery are all full and still some energy has to be stored and we
have already showed that both cases are impossible.

Algorithm 7.4 From Super Prosumer to Prosumer Exchange

Input : A solution (xSPp ,ySP
p ) of a Super Prosumer problem.

Output : A solution (wa
p,qa

p, v+;a,j
p , v−;a,j

p ) of the Prosumer Exchange

problem.
wa

p,qa
p = 0, 0 ∀a ∈ M,p ∈ τ

v
+;a,j
p , v−;a,j

p = 0, 0 ∀a, j ∈ M,p ∈ τ

Set a⋆ = min
{
a ∈ M |

∑
a∈A soca0 <

∑
a⩽iCa

}
; // the last

prosumer with some energy in the battery

for a = 2, . . . ,m do
Apply Move energy to the first a⋆ batteries (a,SOCa

0 ,a⋆); // Move

the energy in the first batteries

Set wa
p =

xSPp if a = 1

0 otherwise
and qa

p =

ySP
p if a = 1

0 otherwise
; // Only

the first prosumer interacts with the main grid

for p = 1, . . . ,n do
SOCp = SOCp−1 ; // Report the amount of energy in the

battery from the previous period

for a = 1, . . . ,m do
if eap > da

p then

Move energy to the first a⋆ batteries (a, eap − da
p)

else if wa
p − qa

p +
∑

j v
+;a,j
p −

∑
j v

−;a,j
p ⩾ da

p − eap then
if a+ 1 ∈ M then

E := wa
p − qa

p +
∑

j v
+;a,j
p −

∑
j v

−;a,j
p − da

p + eap
Give energy to player(E,a,a+ 1)

else
E := wa

p − qa
p +

∑
j v

+;a,j
p −

∑
j v

−;a,j
p − da

p + eap
Move energy to the first a⋆ batteries (a,E)

else
while da

p − eap > wa
p − qa

p +
∑

j v
+;a,j
p −

∑
j v

−;a,j
p do

E := da
p − eap − (wa

p − qa
p +

∑
j v

+;a,j
p −

∑
j v

−;a,j
p )

Take energy from battery(a,E,a⋆)
return (wa

p,qa
p, v+;a,j

p , v−;a,j
p )

We have now seen that it is possible to have an allocation in which
the independence of the microgrid is maximized. Indeed, it is possible
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to have multiple of that, for instance by switching the order of the
prosumer and applying our Algorithm 7.4. However, the main problem
of these is that the allocation is not exactly fair. It is enough to consider
how such an allocation was obtained: we have made the first prosumer
responsible for the exchanges and then distributed the energy that
they have bought. Clearly no prosumer would want to be the so called,
prosumer 1 as they are indeed disadvantaged by the system.

This brings up to the second design criteria that we would like to
model in our microgrid, namely a fair allocation of the resources. This
important aspect is what it is majorly studied also for the ECs in the
literature. Additionally to the costs for provisioning energy, ECs also
need to take into account the costs related to the battery. Even if we
assume that somehow the initial investment is already allocated and
so that there is no need to fairly split the amount, there are still the
costs related to the battery degradation. All these costs needs to be
shared somehow fairly and different approaches have been already
explored in literature. In the brief overview of Kulmala et al. [58],
some very natural criteria are presented. In particular, they provide an
overview of these criteria and list pros and cons for what concern the
how understandable a criteria is, its computation and the stability. In
the list there are some criteria which are based on the energy profile
of the single members of the community. In other option instead the
partition is based on fixed shares, which means that prosumers are
really buying portions of the shared resource like if they were assets.
Another quite popular method is inherited directly from Game Theory,
more precisely from Coalitional Games. Without entering too much
into details, the high level idea of these types of games is that players
act together as a coalition, rather than each player having a selfish
behavior. In this case we can assume that the members of the EC are
forming the so called grand coalition and win the game, which for us
means getting the least amount possible of energy from the retailer.
This still opens one of the most basic questions of cooperative games as
stated in the book Models in cooperative game theory [18], namely how to
divide the costs or profit of the grand coalition once it is formed? One
of the main solution concept is then the Shapley Value, named after
Lloyd Shapley who introduced it in 1951 [78], and it is particularly
popular, since it is considered to be a fair criteria given that it splits
costs by measuring how much a player contributes in each coalition.
From its closed formula it is also possible to prove a list of desirable
properties guarantees a list of properties such as efficiency, symmetry,
additivity, the null player property. For these reasons, such a criteria
would be perfect for splitting the costs of ECs, however because the
Shapley value considers all the possible coalition, it is quite impractical
from a computational point of view. Some relaxations of this concept
are now used, as for example in the work of Cremers et al. [33], but
still a lot of research is done in the field. Being in a microgrid, and
not in a ECs, there is a bit less of pressure in splitting the costs, given
that the main assets are mainly used individually, hence our goal is
a bit easier here. However, it is still left to understand how to fairly
allocate the exchanges, and we illustrate here our idea. Being this
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a place where we are allowed to dream of a better society, we try
to avoid speculations at every cost. Prosumers with a larger battery
already cut their costs by using the energy previously stored and do
not necessary need to sell the overflow of their battery at a high price.
We model then the selling price as ε > 0, a small amount which is just
enough to guarantee individual rationality, namely the requirement
that each individual weakly prefers participation in the mechanism
rather than not participating [54]. As already discussed, the prices for
selling back to the main grid are extremely low, so this ensures also
low rates for our desired ε. Then, the main idea is that prosumers
figuratively split the remained units. Let us first see a couple of easy
examples, featuring only prosumers A, B and C, where prosumer A

has some units of energy they would like to sell and the others need to
buy energy. To simplify further the setting we consider an extremely
short time horizon.

Example 7.1. Consider the following energy profile:

dA = (1), eA = (2), CA = 1, socA0 = 0,

dB = (1), eB = (0), CB = 1, socB0 = 0 .

According to our model, prosumer A stores one unit, but then they cannot
store the second one which would be sold. In this case we want prosumer B
to acquire the unit from prosumer A and pay them ε.

Let us now add a third prosumer C with the same profile of B. Then we
want to assign the unit to one of the two prosumer and have them split the
unit bought from the retailer, so they both pay (ε+ r)/2.

In the setting we are considering, we typically do not have to worry
about sharing the costs for batteries among prosumers, since each one
owns their own battery and no batteries are shared between multiple
prosumers. However, there is still the possibility that a prosumer has
to use their battery to share some units of energy for another prosumer.
In this case, our idea is that the prosumer for whom this energy is
kept should pay the battery usage of the prosumer storing it for them,
since the prosumer storing the energy is providing a service to the
community. We call λ the cost degradation of the battery incurred for
storing one unit, and we clarify what we mean with the following
example.

Example 7.2. Consider the following energy profile over a time horizon of
two periods:

dA = (2, 1), eA = (3, 0), CA = 1, socA0 = 1,

dB = (0, 0), eB = (0, 0), CB = 1, socB0 = 0,

dC = (0, 2), eC = (1, 0), CC = 1, socC0 = 0 .

Now, if we consider the super prosumer SP whose energy profile is

dSP = (2, 3) eSP = (4, 0) CSP = 3 socSP0 = 1,
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then only one unit needs to be bought from the retailer. So to achieve the same
independence of the microgrid, prosumer B has to store the surplus energy of
prosumer A at time 1, for prosumer C to use it. Hence, C will only buy one
unit from the market and pay ε+ λ for the other, where ε will go to prosumer
A and λ will compensate the action of B.

Now, we consider a last example, to explain the last cardinal point
in our system.

Example 7.3. Consider the following energy profile over a time horizon of
two periods:

dA = (1, 0) eA = (2, 0) CA = 1 socA0 = 0

dB = (1, 0) eB = (0, 0) CB = 1 socB0 = 0

dC = (0, 1) eC = (0, 0) CC = 1 socC0 = 0 .

The corresponding SP would have to buy one unit. This example is similar to
the one in Example 7.1, with the difference that now the demand of prosumer
C is delayed of one unit. Still, we want to split the extra unit equally between
prosumers B and C. The reason behind it is that we do not want to encourage
prosumer C to lie about their demand, as they could indeed claim to have a
demand dC = (0, 1) and store the unit of energy in the battery to use it later.

We generalize the idea described by figuratively splitting each extra
unit among all the prosumers who could actually use it. If there is an
excess of u units to be split at time p, we define the set of prosumers
who will receive this unit as Iup and we define it as

Iup =
{
a ∈ M | ∃p ′ ⩾ p s.t. da

p ′ − eap ′ < SOCa
p ′ − u

∧ SOCa
s ⩽ u ∀s ∈

[
p,p ′]} .

The definition of the set Iup has also to do with the nature of the
market. In this type of market indeed, prosumers can "shift their
demand towards left", meaning that if they need one unit of energy at
time p but have the space to buy it already at time p ′, they can easily
declare the unit at time p ′. The other way around is not possible: if
they needed a unit at time p and do not receive it by time p, then their
chance to get it is lost. In this sense then we wanted to minimize the
envy of a prosumer towards the other who arrive earlier in the market.
In some sense this is similar to minimize the ex-post envy-freeness, as
defined in Chapter 6.

So in conclusion, the allocation resulting from Algorithm 7.5 is actu-
ally designing our desired microgrid. We remark that in Algorithm 7.5
we assume that all the units of energy are immediately absorbed by
the market. To generalize it however to the more general case of Ex-
ample 7.2, it would be enough to add the value λ to the costs. The
problem however, arises ones the prices for buying energy from the
retailer rp is no longer constant, but changes over time. In this case,
the solution obtained for the SP is no longer necessary the once maxi-
mizing the independence of the microgrid and hence our approach
is no longer suitable. We believe our algorithm would produce an
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allocation which is somewhat similar to the desired one, but giving an
approximation of it is quite challenging, hence we leave it for future
research.

Algorithm 7.5 Microgrid exchanges
Input : A Prosumer Exchange instance I, rp = r.
Output : An allocation of energy over the time horizon.
Set bp = r and sp = 0 ∀p ∈ τ.
From the Prosumer Exchange instance I together with bp and sp
obtain the instance ISP.
Use Algorithm 3.1 to find the schedule of SP minimizing the energy
imported form the retailer.
Compute the schedule of each single prosumer with the same prices
again with Algorithm 2.1.
Let up be the number of units of energy sold within the market at
time p and up = max(0,

∑
a∈M ya

p − qp).
Initialize γa

p = 0 ∀p ∈ τ,a ∈ M.
Initialize cost

a
p = 0 ∀p ∈ τ,a ∈ M.

for p = 1, . . . ,n s.t. up > 0 do
for v = 1, . . . ,up do

S = 1

while S > 0 do
Let Ip be the set of prosumers a such that ∃p ′ ⩾ p such that

• da
p ′ − eap ′ < SOCa

p ′ + γa
p

• Ra
u > 0 ∀u ∈ [p,p ′]

γa
p = min

{
Ra
p,S/|I1p|

}
S = S−

∑
a∈M γa

p

Select randomly a prosumer a ′ in Ip and set
xa

′
p = xa

′
p −

∑
a∈M γa

p

cost
a ′

= cost
a ′

+ ε(γa
p/

∑
a∈M γa

p) +
∑

a̸=a ′ γa
p

For all the remaining prosumer a ∈ Ip set
cost

a = cost
a + ε(γa

p/
∑

a∈M γa
p) − γa

p

Compute again the schedule of each single prosumer with the modifi-
cations and discounting the costs of prosumers of ε for each unit of
energy sold by them.
return An allocation for Prosumer Exchange, namely (xa

′
p ,ya ′

p ,γa
p)

for each prosumer a.
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