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Abstract

Diffusive processes on the nanoscale, characterized by coupled diffusion and deformation, pose
significant challenges for the assessment using conventional simulation methods due to their long
time scales. Diffusive molecular dynamics (DMD) models such diffusive processes by optimizing
positions and vibration frequencies of atom sites with variable concentrations evolving based on
kinetic equations. Despite its various applications, validation studies for this method still remain
limited due to a lack of suitable reference solutions and an absence of comparisons among dif-
ferent kinetic equations. This paper aims to fill these gaps by directly comparing DMD, utilizing
different kinetic equations, with traditional molecular dynamics (MD) for the case of palladium
hydride on thermal and diffusive time scales. Employing the same interatomic potential in both
methods helps to isolate errors attributed solely to the assumptions inherent in DMD. The simu-
lations conducted, which include measurements of lattice and elastic constants as well as surface
diffusion and hydration processes of a nanocube, reveal that although DMD generally captures the
trends observed in the reference solutions quite well, it exhibits non-negligible quantitative dis-
crepancies in both static properties and diffusive behaviors. Among the tested kinetic equations, a
linear approach and a master equation depending on vacancy formation energy showed the best
agreement with the reference solutions. This study underscores the necessity for further refine-
ment of DMD like enhanced kinetic equations that account for local environmental factors and
improved mean-field approximations better suited to complex interatomic potentials. Given the
significant advantages DMD offers as a method, efforts in this direction are doubtlessly an interest-
ing avenue for future research.

1. Introduction

Hydration in metal hydride nanostructures involves a complex interaction between hydrogen diffusion
and lattice deformation. This interaction manifests itself in various phenomena, including phase trans-
itions, swelling, and surface stress effects [4, 16, 21, 38, 39, 43]. These processes require a combined ana-
lysis of deformation and diffusion, while taking into account the discrete nature at the atomistic scale,
where diffusion consists of infrequent events, such as hydrogen atoms oscillating within interstitial sites
for extended periods before transitioning to an adjacent site [22].

Conventional molecular dynamics (MD) simulations integrate the equations of motion of atoms
over time based on an interatomic potential describing their interactions [11]. This approach requires
sufficiently small time steps to capture atomic vibrations and often necessitates a large number of
time steps to observe a single infrequent event. This limitation hinders the use of MD for slow dif-
fusive processes leading to a necessity for alternative methods like Kinetic Monte Carlo (MC) [41],
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temperature-accelerated MD, hyperdynamics [22] and diffusive MD (DMD) [17]. This work focuses
primarily on DMD.

DMD was first developed to simulate vacancy diffusion in metals over extended time scales [17,

27]. It approximates MD by representing atoms as sites that can be either occupied or vacant and
tracking their occupation probabilities. Atom vibrations are modeled as Gaussian distributions around
their expected positions, which are adjusted along with vibration frequencies to minimize free energy
based on an interatomic potential, thereby allowing to consider deformation. Diffusion is approxim-
ated through an empirical kinetic equation that updates the occupation probabilities of neighboring sites
based on current occupancy and free energy.

Since its introduction, DMD has undergone significant development, including extensions to
solute diffusion [8, 9] and theoretical enhancements based on maximum entropy and relative entropy
principles [30, 40]. DMD was further compared to correlated Gaussian phase packages and spin-
diffusion [10, 13]. Applications span from studying vacancy diffusion in single-element metals and solute
diffusion in binary alloys [8, 9, 12, 17, 27, 40], to modeling lithiation in silicon nanopillars [18] and
hydration of palladium nanostructures [34-36].

Despite these advances, significant gaps remain in the validation and understanding of DMD.
Current validation often focuses on properties in diffusion equilibrium, such as lattice and elastic con-
stants or surface segregation [40]. Due to limited reference data, the verification of dynamic diffusive
simulations is often limited to simplified cases like the diffusion of single atoms [17, 34] or cases with
a fixed lattice [40, 42]. Additionally, used experimental reference data is suitable for determining the
viability for specific use cases, yet provides limited insight into DMD-specific errors due to confound-
ing factors such as interatomic potential choices and boundary conditions. Moreover, the accuracy and
applicability of available kinetic equations lack a systematic comparison.

Diffusion in palladium-hydride nanostructures presents an ideal case to overcome those limitations
of existing validations and further the understanding of DMD. Palladium-hydride is characterized by a
low-hydrogen a-phase consisting of a face-centered cubic (FCC) palladium lattice with solute hydrogen
atoms on octahedral interstitial sites, and a high-hydrogen (-phase with identical lattice structure but
higher hydrogen concentration [1]. The diffusion-controlled transition between those phases is influ-
enced by local lattice structures and stresses [1, 4] and accompanied by approximately 10% volume
expansion, showing the strong deformation-diffusion coupling typical for DMD applications. The
embedded atom model (EAM) potential developed by Zhou et al [45] has enabled detailed investigations
using atomistic methods like MC [2, 6, 7, 25], MD [46, 47] and DMD [33-36, 40, 42]. Recent studies
on palladium hydride also employed DMD to model slow diffusive processes and used the resulting con-
figurations as starting point for MD simulations covering a shorter time scale [32]. This approach allows
to gain deeper understanding of the involved processes and provides additional insight into the validity
of the DMD solution. Existing DMD studies have however focused on slow phase transitions and phase
boundary movement and the comparison with MD solutions was only conducted for the stability of the
local equilibrium and not diffusive time scales. Yet, some diffusive processes occur within MD-accessible
timescales [46], enabling a direct methodological comparison.

This study presents a comprehensive validation for DMD through a direct comparison with MD
simulations of palladium-hydride for both static properties and diffusive processes. Comparative stud-
ies utilizing (accelerated) MD simulations have previously been employed to assess other time-bridging
methods, such as the phase-field-crystal model [3, 24]. Using a similar approach utilizing identical
EAM potentials and boundary conditions, these common external error sources are eliminated and
the intrinsic error of DMD is isolated and quantified for various applications ranging from static bulk
properties to complex diffusive processes. This framework addresses the aforementioned limitations of
existing validation methods and offers new insights into DMD’s accuracy and possible error sources.
Additionally, the MD reference solution is leveraged to provide a novel comparison of four different
kinetic equations commonly used for DMD across various diffusive phenomena in metal-hydrides. This
enhances the understanding of their applicability and provides guidelines on their use while establishing
a foundation and baseline for improvements.

The paper is organized as follows: section 2 summarizes the relevant DMD theoretical background.
Section 3 compares DMD simulations of static properties with literature MD results, focusing on lattice
and elastic constants. Section 4 extends this comparison to dynamic processes, presenting MD and DMD
simulations using different kinetic equations for three cases: single atom bulk diffusion, surface segreg-
ation in a nanowire, and nanocube hydration. Section 5 summarizes the findings and provides conclu-
sions and future research directions.
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2. DMD

DMD is based on the separation of atomic motion into two distinct time scales: thermal oscillations of
atoms around their mean positions within a local equilibrium, modeled by suitable probability distri-
butions, and diffusive jumps changing this local equilibrium over time, modeled with kinetic equations.
These two parts of the model are summarized in the following.

2.1. Local equilibrium state
2.1.1. Thermodynamic model
DMD represents the system through atom sites that can be vacant or occupied by a specific atom type.
This representation enables modeling the behavior of the system in a local equilibrium, while allowing
to update this state by changing the occupation of specific sites, which eliminates the requirement to
explicitly track atom jumps. For vacancy diffusion, this is expressed through a binary occupation vector
n, where each component #; indicates whether atom site i is occupied or vacant. In the used model, each
atom site is of a specific type and can only be occupied by this type.

Any microstate of the system is then defined by the occupation vector n and the position and
momentum matrices g and p, where entries g;; and p;; represent the jth component of the position

and momentum vector of atom site i, respectively [40]. DMD employs a microstates probability distri-
bution p (q, p,g) to eliminate the need for explicit tracking of thermal vibrations. This distribution is

determined such that the expected value of quantities like energy or occupation match macroscopic val-

ues. This expected value (A) of an arbitrary quantity A is calculated by integrating its value weighted by

the state probability over all possible microstates. For a system with N distinguishable particles, this takes
the form

= 2 3N/ 1.pn (g g,n) dqdp, (1)

ne{0,1}V

where

N
dqdp = H H dq,‘]‘dpij (2)

i=1j=1

and I represents the phase space of possible positions and momenta, de {(0,13Y denotes the summation
over all possible occupation vectors, and h is Planck’s constant [40].

Assuming local equilibrium, where the average energy e; of site i can be described as the expected
value (h;) = ¢, of its Hamiltonian };, and its concentration x; can be given as its average occupation
(n;) = x;, the probability distribution for such a vacancy problem is provided by [30]

N

N N
p= éH D" exp <—Zﬁihi +Zﬁiﬂi”i> (3)

i=1

with partition function

N N
zZ= Z N H D"~ / exp <—Zﬁi h; +Zﬁiuini> dqdp, (4)

ne{0,1}N i=1

where ; relates to the temperature of that atom site ¢; through 6; = ﬁ with Boltzmann constant kg
and p; represents the chemical potential. |D| is the volume of possible atom site locations as introduced
by Simpson et al to account for the indistinguishability of vacancy positions [30].

2.1.2. Mean-field approximation
The calculation of Z requires evaluating the phase integral, which is feasible only for simple cases. For
general cases with a Hamiltonian

& (E’Bi) " om

consisting out of kinetic energy (dependent on the mass m; and momentum p. of the atom site) and a
more complex interatomic potential V; like the used EAM potential, this is not feasible.

+vi(a) ®

p.

1

3
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To address this limitation, the probability distribution is approximated by replacing h; in
equations (3) and (4) with a set of simplified trial Hamiltonians hj. This yields a trial probability
distribution

1 & al =
i=1 i i

with corresponding trial partition function

N N ol
Zy= Z hSiN H |D|”"_1/Fexp (Zﬁi hio + Zﬂiui Tli) dgdp, (7)

ne{0,1}N i=1

which becomes computationally feasible given a suitable set of trial Hamiltonians. The trial Hamiltonians
hip generally depend on a set of mean-field parameters. Through the application of relative entropy
principles [30], those parameters can be optimized to achieve the closest possible approximation to p.
This optimization can be formulated as a minimization problem for the DMD free energy F within the
subspace of the used trial Hamiltonians. This provides an upper bound to the true free energy F as

N
FESF = ((hi —hio)y+pixi) — B 'log 2y, 8)

where the notation (), denotes the macroscopic average as defined in equation (1), but evaluated using
the trial probability distribution p, rather than p.

2.1.3. Choice of trial Hamiltonian
The approach of Venturini et al [40] is adopted for the kinetic energy of the trial Hamiltonians under
the additional assumption of zero average momentum due to the quasi-static nature of the present use
case. The approach of Simpson et al is followed for the potential energy, which is modeled as a har-
monic potential with frequency w; around the mean position q, of the atom site, while ensuring that
the energy of vacancies is zero [30]. The resulting trial Hamiltonian

2 n;m; wiz 2
2

-1

i

9)

i

i (ﬂi’l—’i’”") - 21:7; P

=i
i

has the same kinetic energy as equation (5), but the approximation of the potential energy depends only
on the position q, of the site and does not contain explicit interactions between sites, which simplifies
the evaluation of the phase integral. Substituting this trial Hamiltonian into equation (7) yields the trial
partition function

N

Z=]]

i=1

ePimi
1+ (hﬁw-f] , (10)

where i = % represents the reduced Planck constant. Evaluating the averages in equation (8) with this
set of trial Hamiltonians yields

1 N

3
F= Ez [Bi (Vi) — 2% + 3x; log (hf;w;) + (1 — xi)log (1 — x;) + x;logx; (11)

1

as the DMD free energy. This functional parallels that derived in [19], differing only by a factor x; pre-
ceding the logarithm term. This difference originates from the factor n; in the harmonic potential of
the trial Hamiltonian and ensures vacancies do not contribute energy, making this formulation partic-
ularly suitable for vacancy problems. Minimizing F with respect to the mean-field parameters optimally
approximates the local equilibrium behavior in the subspace of the trail Hamiltonians and yields each
site’s frequency w; and mean position g, for given concentrations x;.

4
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2.2. Kinetic equations

The local equilibrium established by minimizing equation (11) is developed over time by updating the
expected occupation x; of each site i through kinetic equations. Assuming changes in x; result from
exchanges with the set of its nearest neighbors Nj, the time derivative x; of the concentration takes the
form x; = Zj en; Jij where J;; represents the concentration exchange function between site i and j and
Wi = g—i denotes the chemical potential at site 7 [17]. J;; is chosen empirically with J;; = —J;; to ensure
mass conservation. Common choices for J;; are summarized in the following and analyzed in this study.
An isotherm state with constant J at all atom sites is assumed as not all kinetic equations are available

in the literature as a function of f;.

2.2.1. Linear kinetics
The simplest kinetic equations follow a linear relationship with the chemical potential difference of the
form

Ox; X +xi
B = kBﬁ]AEZNBij 3 2 (1 — i) (12)

where Bj; represents an exchange coefficient between sites i and j [40]. While B;; allows for a dependency
on the local environment, this is commonly neglected by assuming a constant global exchange coefficient
By. This simplifies the linear kinetic equation to

Ox; Xi +Xx;i
atzBokBB];N o (=), (13)

which will be referred to as DMD-Linear.

2.2.2. Master equation

More sophisticated approaches incorporate the underlying atomic jump processes, which can only occur
between occupied and vacant sites. The probability of a successful jump depends on the driving force,
i.e. the difference in chemical potential, and an energy barrier. This leads to the phenomenological mas-
ter equation

G Z e BQi [xj (1 7xi)efﬁ(#j*#i) —x; (1 —xj) ecﬁ(urﬂj)} ; (14)

where v denotes the attempt frequency and Qy;; represents the barrier energy between sites 7 and j [17,
18, 23]. The parameter c takes values of either 1.0 [18] or 0.5 [19, 23] in the DMD literature. Similar to
Bj;, the barrier energy is commonly chosen as a global constant Q; independent of the local environment
of the atom sites, which simplifies the master equation to

ox;

ey [x,- (1—x;) e () _x, (1-x) ecﬁ(ufﬂj)} . (15)

JEN;
The master equation with ¢ = 0.5 and 1.0 are denoted in the following as DMD-M-0.5 and DMD-M-1.0,

respectively.
For vacancy diffusion, the master equation can also be based on the vacancy formation energy f; as

Ox; _ B(f s B(f_s
G L 00 ) S0, 6)

Xi

7= is calculated as chemical potential minus the configurational entropy contribu-
[17]. This approach is referred to as DMD-M-Vac.

where f; = y; —log
tion log

Xi
lfx,'

2.2.3. Calibration

The kinetic equations in equations (13), (15) and (16) each contain a global scalar factor which is used
to calibrate the simulated diffusive time to the physical time. This calibration can be achieved through

direct experimental observations [34—36] or via the macroscopic diffusion constant Dy using the long-
wavelength limit [17, 40]. Following the latter approach results in

Dy

By=—
0 kBa%

(17)
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for the linear equation, with aq as the lattice constant [40]. Similar principles yield

D
ve B — 7“2 (18)
(2c+1)ag
for equation (15) and
D
ve P — ? (19)
ap

for (16), details of which are given in appendix. Recent DMD implementations not considered in this
work enable to determine attempt frequency and energy barriers on-the-fly [20].

2.3. Implementation

The used implementation is built on the MXE user-package for LAMMPS [37] published by Mendez
and Ponga [19]. This user-package is extended by the presented trial Hamiltonians and the different kin-
etic equations. Key details of this implementation are summarized in the following.

2.3.1. DMD algorithm

The implementation of [19] follows a staggered scheme, alternating between concentration evolution via
forward Euler integration of kinetic equations and dynamic relaxation optimization of frequencies and
mean positions. While the original implementation [19] includes adaptive time-step controls to prevent
concentrations from exceeding physical maximum and minimum values, this approach proved restrict-
ive for DMD-Linear, frequently resulting in extremely small time steps near these boundaries. To address
this limitation, a subcycling scheme similar to [34] was used for DMD-Linear, iterating the diffusive step
until reaching either a minimum concentration change threshold at any atom site or a maximum itera-
tion count before system relaxation. Furthermore, for DMD-Linear, minimal boundary value violations
were permitted to maintain computational efficiency without compromising accuracy. All such simula-
tions where repeated with different thresholds for the subcycling scheme and permitted limit violations
to ensure convergence to the correct solution.

2.3.2. Numerical integral of the phase integral

Minimizing equation (11) requires evaluating (V;), through numerical integration. In the used imple-
mentation, a third-order Gauss—Hermite quadrature rule with two quadrature points per phase integral
dimension is employed [19]. While this approach efficiently handles pair potentials with twelve quadrat-
ure points, the EAM potential’s embedding function, dependent on multiple neighbor positions, requires
a high number of quadrature points. This limitation is solved by linearizing the embedding function
around its value at the mean position of the atoms sites, enabling integration with the same quadrature
points as pair functions [19]. This integration method is used unless stated otherwise.

Additionally, a MC-based numerical integration method was implemented for the static properties in
section 3 to quantify potential quadrature errors. For this method, 125 pairs of three-dimensional points
MC, and MC, were sampled from a standard normal distribution at the beginning of the simulation. To
preserve symmetry, these points were combined into the sets (MC,,MC,), (—MC,,—MGC,), (MC,,MC))
and (—MC,,—MC,). The resulting 500 six-dimensional MC quadrature points were then used to integ-
rate the pair functions following the methodology described in [19].

3. Numerical results for static properties

Zhou et al [47] conducted MD simulations using an EAM potential [45] to evaluate PdH lattice and
elastic constants across various temperatures and homogeneous hydrogen concentrations. These simu-
lations serve as reference for the DMD validation. Their study employed an 8 x 8 x 8 supercell of FCC
palladium with (100), (010) and (001) axes aligned with coordinate axes, a fitting number of hydrogen
atoms on octahedral interstitial sites and periodic boundary conditions [47]. Using an NPT ensemble
(constant number of atoms, pressure and temperature) at zero stress, lattice constants were determined
from time-averaged simulation box dimensions. Elastic constants were calculated by deforming new
samples based on those lattice constants in an NVT ensemble (constant number of atoms, volume and
temperature) and measuring time-averaged stress responses.

6
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Figure 1. (a) MS/MD, DMD and MC-DMD calculated lattice constants ay and (b) relative DMD error as functions of hydrogen
concentration at different temperatures. MS/MD data from [47].

3.1. DMD simulation set-up

A constant homogeneous hydrogen concentration was assumed for the DMD analysis as the small MD
sample size prohibits phase separation. Under these conditions, DMD sites of identical species in a per-
fect lattice exhibit uniform behavior, enabling the use of small periodic samples. A 2 x 2 x 2 supercell
of FCC palladium with the same orientation as the reference study and hydrogen sites on all octahedral
interstitial sites were employed. All initial configurations in this work were generated with Atomsk [14].
The concentration of all palladium sites was set to unity and samples with homogeneous hydrogen con-
centrations ranging from 0.0 to 1.0 at 0.1 intervals are analyzed at 0.0001 K, 300K and 550 K. The same
EAM potential as for the reference study was employed.

Each sample was relaxed by minimizing equation (11) with respect to frequency and mean positions
using dynamical relaxation while adjusting the box dimensions automatically based on the present stress
in a manner similar to the NVT ensemble of the MD simulations to ensure zero stress. The relaxed
volume was used to determine ay. Following the approach of [47], new samples were created based on
this lattice constant to compute the elastic constants. The stiffness tensor is expressed in Voigt notation,
where the second-order stress and strain tensors are represented as six-component vectors g and €. A
small strain £ = +-10~* was applied to the k-th strain component while keeping all other components
zero. The tensile (C;1) and shear (Cyy) elastic constants were computed from the virial stress response as

Cy= g—g ~ 2—2. The bulk modulus B was determined through hydrostatic strain (g, = ¢, = &5 = 10™%)

with B= —V%,, where V represents the sample volume, and Ap and AV denote pressure and volume
changes. This uniquely determines the elastic behavior as only three elastic constants are independ-
ent due to the crystal symmetry. All simulations were conducted using both the standard third-order
Gauss—Hermite quadrature (hereafter referred as DMD) and the MC-based quadrature described in
section 2.3.2 (referred to as MC-DMD).

3.2. Results

Figure 1(a) compares DMD-calculated lattice constants at 0.0001 K and 300 K with molecular static
(MS) reference solutions at 0 K and MD reference solutions at 300 K taken from [47]. Both approaches
demonstrate increasing lattice constants with rising hydrogen concentration. DMD results at 0.0001 K
closely match the MS reference independent of integration method, while results at 300 K show increas-
ing deviation from MD references at higher hydrogen concentrations, which is more pronounced for
MC integration of the phase integral. Figure 1(b) illustrates the relative DMD error “2—%<f compared
to the respective reference solutions gy, revealing error growth with both temperature and hydrogen
concentration.

Figure 2 presents DMD-calculated elastic constants as function of hydrogen concentration at 0.0001 K
and 300K, alongside MS and MD reference solutions from [47]. Independent of integration method, the
DMD results at 0.0001 K track the MS results at 0K closely and show small deviations at higher hydro-
gen concentrations. At 300 K, the MD and DMD results are comparable at low hydrogen concentration

7
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but show significant discrepancies at higher hydrogen concentrations. Using the classic Gauss—Hermite
quadrature rule additionally introduces jumps and outlier data points absent in MD data and MC-DMD.

3.3. Discussion

This section discusses the errors introduced by the primary approximations in DMD for static cases
without use of kinetic equations: (i) atomic self-interaction resulting from representing atoms as sites
with average concentrations (x;) rather than binary occupations (#;), (ii) the numerical integration of
interatomic potentials in equation (11) and (iii) the omission of correlated vibrations within the local
harmonic mean-field approximation. Additionally, the computational speed-up factor and comparisons

with existing experimental data are discussed.

8
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3.3.1. Self-interaction

By representing atoms as sites with average concentrations (x;) rather than binary occupations (n;),
DMD treats site occupations as independent variables. In physical systems, these occupations are inher-
ently correlated because a single atom cannot occupy multiple sites simultaneously. Neglecting this cor-
relation leads to ‘self-interaction’ errors between partially occupied sites and an overestimation of the
phase average (n;n;) for sites of the same species. These errors are limited to hydrogen-hydrogen interac-
tions in this study, as all palladium sites remain fully occupied.

Several lines of evidence suggest that while self-interaction is present, it is not the primary driver
of the observed discrepancies between MD and DMD. First, self-interaction is a combinatorial error of
the occupation treatment and no strong temperature-dependency is expected, which is in contrast to
the temperature behavior observed for the error of lattice and elastic constants. Second, self-interaction
errors should vanish as hydrogen concentration approaches x = 1 (full occupancy), yet errors in lattice
and elastic constants persist in this limit.

Radial distribution functions (RDFs) of the hydrogen sublattice at 300 K, based on MD simulations
replicating [47], further support this conclusion (figures 3(a)—(c)). At high concentrations (figure 3(a)),
the DMD and MD distributions match closely. Minor differences near the nearest-neighbor peak dimin-
ish when integrating over the radius, suggesting they merely represent a different distribution of dis-
tances. As the hydrogen concentration decreases (figures 3(b) and (c)), the MD RDF correctly omits the
reference atom from the local density, resulting in lower peak intensities. The DMD distributions do not
exhibit this reduction because the method fails to distinguish between an atom’s self-contribution and
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the surrounding hydrogen environment. This confirms that self-interaction is prominent at low concen-
trations. However, since DMD is the most reliable in this regime, it suggests that self-interaction is a sec-
ondary effect, likely overshadowed by dominant Pd-Pd and Pd-H interactions which remain unaffected
by this error.

3.3.2. Numerical integration

The distance of quadrature points from the mean positions during the numerical integration of (V;),
in equation (11) scales with \/0;. Consequently, the choice of integration method becomes negligible
near 0K, as confirmed by figures 1 and 2. These figures also demonstrate that while the Gauss—Hermite
quadrature rule is sufficient for low hydrogen concentrations at 300 K, the integration error relative to
MC-DMD increases as hydrogen content grows.

This discrepancy is driven by the EAM potential’s palladium-palladium pair function, which exhib-
its an overshooting non-monotonic decay to zero close to the cutoff distance. This overshoot results in
a small region with rapidly changing and at the cut-off discontinuous derivative, where a high number
of quadrature points is required for accurate numerical integration. The influence of this region can be
deducted from the RDFs of palladium atoms for MD and DMD simulations depicted in figure 3(d). The
upper limit of the radial distance axis of this graphic coincides with the cutoff distance and so shows
the palladium density at this distance. This density is low for pure palladium as the cutoff is between
two neighbor distances, indicating a low influence. Increasing hydrogen content shifts neighbor distances
until at concentration of 1.0 the third-nearest neighbor peak approaches the cutoff distance, amplifying
its influence, which coincides with the growing discrepancies between Gauss—Hermite and MC quadrat-
ure DMD results in figures 1 and 2.

This problem is amplified by crystal symmetry making many quadrature points equivalent and fur-
ther reducing the number of unique evaluation points. For Gauss—Hermite quadrature, the number of
quadrature points in this sensitive region highly influences the mechanical behavior and points enter-
ing and leaving this region cause the discontinuities observed in figure 2. Using MC integration avoids
this problem by correctly integrating this region with a sufficient number of unique evaluation points
and so provides an improved match for the elastic constants void of discontinuities. This comparison
highlights the influence of integration method for this use case and advocates for more advanced integ-
ration method, such as a recently developed machine learning based quadrature to balance accuracy with
computational efficiency [28]. Not depicted tests with higher order Gauss—Hermite quadrature rules on
the other hand did not show any improvement as they suffer from the same lack of unique evaluation
points caused by crystal symmetry. This behavior is expected less severe for non-periodic samples as the
distorted crystal symmetry leads to more unique quadrature points. For this reason and due to the high
computational cost of MC integration, only Gauss—Hermite quadrature has been used in all following
examples.

3.3.3. Correlated vibrations

Figure 3 shows that while DMD RDFs align well with MD results for distances beyond the nearest-
neighbor peak, significant discrepancies in nearest-neighbor peak height and width persist. These dif-
ferences are evident even in cases with minimal/no self-interaction (figures 3(a) and (d)). This beha-
vior stems from correlation in vibrations between neighboring atoms. While MD captures these correla-
tions, the DMD trial Hamiltonian in equation (9) using a local harmonic approximation models vibra-
tions as independent Gaussian distributions. The neglect of these correlations results in broader, lower
peaks in DMD compared to MD. As shown by the evolution of the average Pearson correlation coef-
ficient in figure 4, this positional correlation between palladium atoms grows with hydrogen content,
leading to a corresponding increase in the approximation error, indicating a measurable influence of the
approximation.

3.3.4. Computational speed-up

A comprehensive analysis of the computational speed-up achieved by DMD is beyond the scope of this
work, as the used DMD implementation prioritized numerical stability and ease of use over maximum
efficiency. For example, a 2 x 2 x 2 supercell was employed instead of a single cell to better detect poten-
tial inhomogeneous frequency patterns and a stable, albeit less efficient, minimization method was util-
ized. Furthermore, because the MD results in this section were sourced from literature, direct com-
parisons of the underlying computational effort are limited. Nevertheless, estimates based on the MD
steps reported in [47] and the performance observed in this work suggest that DMD is approximately
two orders of magnitude faster than the MD setup in [47] for lattice constant calculations. For elastic
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Figure 4. Pearson correlation coefficient of displacements of palladium atoms between successive output frames during MD sim-
ulations at 300 K as function of hydrogen concentration. Correlation is categorized and averaged by neighbor shell from nearest
neighbor (INN) to sixth nearest neighbor (6NN).

constants, the speed-up reaches four orders of magnitude, primarily due to the larger sample sizes and
extensive time-averaging required by MD to achieve reliable results.

3.3.5. Comparison with experimental data

Because this work benchmarks DMD directly against MD using the same interatomic potential, exper-
imental data does not provide additional insights into the intrinsic accuracy of the DMD approxima-
tions. However, comparing results to experimental values remains valuable to demonstrate the neces-
sity of such direct benchmarking studies, as it helps distinguish errors inherent to the thermodynamic
method from those stemming from the underlying interatomic potential. MD and DMD results demon-
strate good agreement with experimental observations at low temperatures independent of concentration
and at room temperature with low hydrogen concentration (see [47] for a comparison between MD-
calculated lattice and elastic constants and experimental values from the literature). Yet, both approaches
show notable discrepancies at higher concentrations. Experimental values for palladium hydride at
x=0.607 and T = 298K show a lattice constant of 4.025 A [1], which is notably smaller than both MD
and DMD results. Experimentally determined elastic constants B and Cy4 at T= 300K and x = 0.66 are
with 190.0 GPa and 71.3 GPa, respectively, significantly stiffer than the numerical values [15]. Further
experimental data corroborates this discrepancy [26, 29].

The DMD predictions of lattice and elastic constants under those conditions exhibit a similar trend
as MD results, yet are in better agreement with experimental measurements than the MD counterparts.
This method-independent discrepancy with experimental observations confirms a predominant influence
of the EAM potential, wherein the smaller DMD error partially offsets the EAM-inherent error. This
observation corroborates the requirement of evaluating DMD against MD reference solutions utilizing
the same EAM potential instead of experimental data to isolate and quantify DMD’s inherent approxim-
ation errors independent of potential-related uncertainties. For this reason, a detailed comparison with
experimental data is beyond the scope and focus of this work and the comparison is limited between
MD and DMD results. For a more detailed comparison of MD-calculated lattice and elastic constants
with experimental measurements in the literature and possible causes it is referred to [47].

4. Numerical results for diffusive processes

4.1. Single atom bulk diffusion

The simplest case of hydrogen diffusion in palladium consists out of a single hydrogen atom in an infin-
ite perfect palladium lattice. Due to crystal symmetry, all neighboring interstitial sites are equivalent.
Jumps to neighboring sites are therefore of equal probability and the hydrogen atom approximately
behaves as a random walker on a three-dimensional lattice. While previous studies have validated DMD
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Figure 5. Analytical MSD (equation (20)) and MD/DMD calculated MSD of a single hydrogen atom as function of time.

against the analytical solution of a random walker for both vacancy diffusion in copper [17] and hydro-
gen diffusion in palladium [34], a systematic comparison between different DMD kinetic equations, MD
simulations and this analytical solution remains unexplored.

4.1.1. MD simulations

The MD simulations employed a 5 x 5 x 5 FCC palladium supercell containing a single hydrogen atom
positioned at an octahedral interstitial site and used periodic boundary conditions. Simulations were
performed in an NPT ensemble with zero average pressure at 300K for 10.2 ns with a 1.0 fs time step.
The first 0.2 ns were excluded from analysis to avoid initial non-equilibrium effects and the configura-
tion after 0.2 ns was considered as the reference state. The mean squared displacement (MSD) Ar? of the
hydrogen atom was calculated relative to this reference position. Statistical significance was achieved by
averaging results of 2000 independent simulations with different randomized initial velocities. The result-
ing average MSD is shown in figure 5.

Additionally, the temporal evolution of the average concentration at the initially occupied octahed-
ral site was tracked by determining the fraction of simulations where the hydrogen atom is within half
the nearest neighbor distance of its reference position. To increase statistical significance at low concen-
trations, the number of independent simulations was increased to 20 000. Segments of 2 ns were extrac-
ted from those trajectories in 0.4 ns intervals, assuming statistical independence between segments. This
approach yields 420 000 such segments as samples for analyzing the concentration evolution at the ini-
tially occupied site, which is presented in figure 6.

4.1.2. Random walker analytical solution
The analytical MSD for a random walker in a 3D FCC lattice with isotropic diffusion follows

Ar* = 6Dyt, (20)

where Dy represents the hydrogen diffusion constant in palladium and ¢ denotes the time [5]. This rela-
tionship was used to determined Dy from the MD-derived MSD to Dy ~ 65.9 A2ns™!. The resulting
analytical MSD evolution depicted in figure 5 closely matches the MD results, with minor deviations
attributable to finite sampling effects. The concentration at distance 7 from the initially occupied site
follows [5]

, y
x(r,t):ao,eXP<— - ), (21)
32 (x Dyt)

which evaluated at zero distance provides the analytical solution for the expected concentration of the
initially occupied site shown in figure 6.
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Figure 6. Hydrogen concentration at the initially occupied octahedral site as function of time for the different used simulation
methods compared to the analytical solution of equation (21).

4.1.3. DMD simulations

DMD simulations utilized a 75 x 75 x 75 FCC palladium supercell with hydrogen sites at all octahed-
ral interstitial positions under periodic boundary conditions. A minimum concentration threshold of
Xmin = 1.0 - 107® was implemented across all sites to ensure numerical stability. The central hydrogen site
was initialized with x; = 1.0 and all other sites with x,;,. The DMD simulations employed the kinetic
equations detailed in section 2.2, which were calibrated according to section 2.2.3 to match the MD-
derived diffusion constant. The time step was chosen adaptively with step-wise increased maximum

time step as the chemical potential gradient decreases over time. Simulations were stopped once periodic
images started interacting.

The resulting MSD evolution, calculated from concentration and distance of all hydrogen sites, is
presented in figure 5. In contrast to both analytical and MD results, the DMD simulations exhibit non-
linear MSD behavior during the initial 0.2 ns, with an elevated initial slope. Long-time behavior con-
verges to the expected results, with the kinetic equations DMD-M-Vac and DMD-Linear showing the
most rapid convergence, while DMD-M-1.0 and DMD-M-0.5 demonstrate larger early-time deviations.

The concentration evolution at the initially occupied site (figure 6) reveals similar trends. All DMD
implementations initially deviate from the analytical solution but achieve good agreement after sufficient
time, with DMD-M-Vac and DMD-Linear again showing superior convergence towards the expected
solution compared to DMD-M-1.0 and DMD-M-0.5.

4.1.4. General discussion

The MD-derived hydrogen diffusion constant matches the values stated in [46], validating the MD sim-
ulations. The DMD results successfully reproduce both MSD and local concentration behavior at long
times, regardless of the chosen kinetic equation. This convergence stems from the reduced concentration
gradients after sufficient time has passed. Under those conditions all kinetic equations effectively reduce
to linear behavior around their calibration point. This validates the implementation for typical slow dif-
fusive processes characterized by modest chemical potential gradients.

Early-time behavior shows systematic deviations from reference solutions for several reasons: First,
the analytical solution is only valid after sufficient time for a large number of jumps has passed, as evid-
ent by the mismatch with MD results. Second, the kinetic equations were calibrated for small chem-
ical potential differences, while the initial state features sharp gradients. Lastly, DMD restricts trans-
itions to nearest neighbors, whereas for MD simulations chain jumps over several neighbor distances are
observed. Those chain jumps are also not considered for the analytical solution, explaining the mismatch
with the MD results.

Among the implemented kinetic equations, DMD-M-Vac and DMD-Linear demonstrate superior
behavior in all measured quantities while DMD-M-1.0 and DMD-M-0.5 require longer until they match
the reference solution.
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Figure 7. Influence of self-interaction in (V) and equation (15) on the MSD of DMD-M-1.0. The unmodified DMD-M-1.0
simulation serves as the baseline for the relative difference.

While the rapid diffusion of hydrogen in palladium enables direct benchmarking between MD and
DMD, this high mobility also complicates the calculation of representative speed-up factors. The possible
time step in DMD is governed by the fastest diffusive processes. Consequently, the time steps in this spe-
cific study are uncharacteristically small. Practical applications of DMD beyond the time-scales accessible
to MD typically allow for time steps several orders of magnitude larger. For a more general comparison
of the time scales accessible to both methods, the reader is referred to [20, 32].

4.1.5. Self-interaction

The case of a single diffusing hydrogen atom offers a unique opportunity to isolate the influence

of spurious self-interactions in both the potential energy (V;), and the kinetic equations, since any
hydrogen-hydrogen interaction is necessarily an artifact of DMD. To quantify the impact of these inter-
actions during the integration of the potential, the DMD-M-1.0 simulations were repeated for the most
relevant first 0.6 ns with hydrogen-hydrogen interactions explicitly disabled. As shown in figure 7, the
deviation in MSD between this modified approach and the standard DMD-M-1.0 simulations is min-
imal during the initial steps since the hydrogen concentration is localized at the central site, rendering
self-interaction effects negligible. The discrepancy increases as the concentration spreads to neighboring
sites while remaining sufficiently clustered to allow for erroneous self-interactions. Once the hydrogen
concentration disperses over a wider area, the influence of these interactions diminishes and the results
converge toward the standard DMD-M-1.0 behavior.

While the impact of self-interaction is notable here, this setup represents an extreme case scenario
for this system as all hydrogen-hydrogen interactions are non-physical self-interactions and the hydrogen
concentration initially is restricted to a few adjacent sites. This demonstrates that even under such unfa-
vorable conditions, self-interaction is not the dominant error source and is, for instance, overshadowed
by the choice of kinetic equation.

In addition to spurious interaction between hydrogen atoms in (V;),, the master equation also is
susceptible to self-interaction effects. Terms like x; (1 — x;) take into account that a jump can only occur
from an occupied to an empty site. Yet, since a single atom cannot occupy both sites concurrently, the
two probabilities are dependent, which is not considered for the standard kinetic equation. This becomes
particularly evident in this single-hydrogen case, where the occupancy of site j implies all other sites are
empty. Under these conditions, equation (15) simplifies to

8xi . . .
— ,e—BQ SB(—pi ) _ . aeB(Hi—k
5 = Ve h]-eEN, [x]e (=i ) x;e ( i) (22)

Using this equation for DMD-M-1.0 in addition to disabling hydrogen-hydrogen interactions in the
potential evaluation for the most relevant first 0.6 ns allows to isolate the influence of kinetic self-
interaction. Figure 7 shows no significant additional influence on the MSD over the entire time range,
indicating that the self-interaction error is dominated by potential energy term.
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Figure 8. Hydrogen fraction in the inner half of the volume of the nanowire with average concentration of 0.2 as function of time
for different simulation methods

4.2. Surface segregation in periodic cylindrical nanowires
4.2.1. Set-up
Segregation to surfaces and lattice defects represents a key application of DMD [8, 9, 40, 44]. The cap-
ability to capture these phenomena is tested for the case of surface segregation in palladium hydride
nanowires with initial homogeneous hydrogen concentrations of 0.2 and 0.6. The study utilized cyl-
indrical palladium hydride samples with a diameter of 10 nm and an axial length of 6 unit cells ori-
ented in the (100)-direction, which were constructed using the lattice constants determined in section 3.
Periodic boundary conditions were applied in axial directions. Random hydrogen atoms were removed
for MD samples to achieve the target average concentration and all hydrogen sites were initialized to this
concentration for DMD samples. The resulting MD samples comprise 14 177 and 17 174 atoms for con-
centrations of 0.2 and 0.6, respectively, while the DMD samples contain 23 628 and 21468 atom sites.
The MD simulations were conducted for 500 ns with a 1.0 fs time step using an NPT ensemble at
300K to maintain zero average stress in the axial direction. The DMD samples were simulated accord-
ing to the algorithm described in section 2.3.1 with the four kinetic equations introduced in section 2.2
and the same calibration as in the previous subsection for at least 125 ns as no significant changes were
observed beyond 100 ns. The wire length was continuously adjusted during the DMD simulations to
maintain zero axial stress.

4.2.2. Results

4.2.2.1. Concentration 0.2

All simulation methods unveil the same general behavior: due to the short sample length, there is no
noticeable diffusion in axial direction and hydrogen diffuses in an approximately rotationally symmet-
rical diffusion pattern from the center of the wire towards the surface. This behavior allows to track the
diffusion by monitoring the amount of hydrogen in the center of the nanowire. Figure 8 illustrates the
temporal evolution of the hydrogen fraction within the inner half of the wire’s volume. The initial frac-
tion of approximately 0.5 decreases as hydrogen diffuses toward the surface, reaching equilibrium within
25ns. All used simulation methods show a similar behavior during the first nanosecond. Subsequently,
DMD simulations achieve equilibrium more rapidly and maintain a higher hydrogen fraction in the
wire’s center compared to the MD reference solution, where the central region becomes almost depleted
of hydrogen. This distinction is also evident in the final radial distribution of hydrogen density shown in
figure 9. All DMD implementations yield nearly identical radial distributions with notably higher central
hydrogen density compared to MD.

To facilitate the comparison of the hydrogen distribution, DMD results were transformed into equi-
valent MD microstates by choosing location and occupation of each atom site based the respective prob-
ability distribution. Figure 10 displays the final hydrogen atom locations in the wire’s cross-section after
approximately 500 ns for both MD results and the DMD-M-0.5 implementation, which is representat-
ive of all used kinetic equations due to their similar distributions. Due to the lattice structure and six-
unit-cell axial sample length, six octahedral sites share similar positions when projected to the cross
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Figure 9. Hydrogen density as function of radial distance from the wire axis in the final state of the nanowire with average con-
centration of 0.2 for different simulation methods.
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Figure 10. Cross-sectional visualization of location of hydrogen atoms in a palladium hydride nanowire with initial hydrogen
concentration of 0.2 after 500 ns for (a) MD and (b) DMD (DMD-M-0.5) simulations. DMD results are transformed into an
MD-equivalent microstate by stochastically sampling atom positions and occupations from their respective probability distribu-
tions. Colors indicate the number of hydrogen atoms within a 1 A-radius cylinder in axial direction around the respective atom,

revealing the effective hydrogen occupation when multiple octahedral sites share similar projected positions due to the six-unit-
cell periodic structure.

section. To discern how many of those sites are occupied, hydrogen atoms are colored based on the
amount of hydrogen within a 1 A radius cylinder in axial direction around the atom. Ovito was utilized
for visualization [31].

Both methods demonstrate predominately occupied surface sites, indicated by full occupation of all
six octahedral sites in the same line of sight. However, figure 10 reveals higher central hydrogen reten-
tion in DMD simulations, while MD predicts almost complete surface and subsurface segregation. The
MD results additionally exhibit palladium lattice restructuring at the surface, evident from the hydrogen
atom arrangement in figure 10(a). This restructuring reduces surface energy through step reduction and
enables higher hydrogen density through lattice rearrangement in (110) and (110) directions, visible in
the figure’s red areas. Such restructuring is absent in DMD simulations.
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Figure 11. Cross-sectional location of hydrogen atoms in the palladium hydride nanowire with initial hydrogen concentration
of 0.6 comparing MD and DMD-M-Vac simulations at 0.1 ns, 1 ns, 10 ns, and 100 ns. Cross-sectional visualization follows the
method described in figure 10.

4.2.2.2. Concentration 0.6

Similar to the case with lower initial concentration, the nanowire with initial concentration of 0.6 also
shows no significant diffusion in axial direction and can be reduced to the behavior in the cross section.
Figure 11 illustrates hydrogen atom locations in the cross section at various time points for MD and
DMD-M-Vac simulations, utilizing the same visualization methods as figure 10.

The MD simulation shows rapid surface diffusion within 0.1 ns, resulting in high surface and par-
tial subsurface site occupation. Within 1 ns, distinct low-hydrogen a-PdH regions form, surrounded by
B-PdH with well-defined boundaries. These regions consolidate over 100 ns into a single larger a-PdH
region enclosed by 8-PdH, maintaining stability for the subsequent 400 ns.

The results with DMD-M-Vac demonstrate similar initial surface and subsurface diffusion within
0.1 ns, achieving complete occupation of these sites by 1ns. By 10 ns, the system reaches a stable state
characterized by high hydrogen concentration regions along (110) and (110) directions. However, phase
distinction is less pronounced than in MD, with elevated hydrogen concentration in the a-phase. Unlike
MD, DMD-M-Vac maintains symmetry with respect to (100), (010), (110), and (110) planes and high
hydrogen regions do not consolidate. The other used kinetic equations exhibit similar general behavior
and only their final states are shown in figure 12. All kinetic equations demonstrate hydrogen segrega-
tion favoring (110) and (110) surface directions, with varying segregation intensities. DMD-M-Vac and
DMD-Linear show the strongest segregation, while DMD-M-1.0 and particularly DMD-M-0.5 exhibit
almost no phase separation.

The depiction of hydrogen fraction within the inner half of the wire’s volume in figure 13 confirms
these observations, showing rapid central hydrogen depletion until equilibrium for all kinetic equations.
The equilibrium states maintain higher hydrogen content compared to the MD reference, despite the
presence of hydrogen-rich 3-PdH near the center in the MD solution. Consistent with figure 12, DMD-
Linear and DMD-M-Vac behave similarly with the lowest central hydrogen retention, while DMD-M-1.0
and DMD-M-0.5 maintain higher central concentrations, with DMD-M-0.5 showing the highest values.

4.2.3. Discussion

While all used DMD Kkinetic equations successfully reproduce the general surface segregation patterns
observed in the MD reference solutions, there are several key differences: DMD overestimates the hydro-
gen content in «-PdH and fails to capture surface restructuring for the low concentration case. For the

17



I0OP Publishing

Modelling Simul. Mater. Sci. Eng. 34 (2026) 055001 P M Schifer and CJ Cyron

Number hydrogen atoms [—]

(a) DMD-M-Vac (b) DMD-M-0.5 (¢) DMD-M-1.0 (d) DMD-Linear

Figure 12. Final cross-sectional location of hydrogen atoms in the palladium hydride nanowire with initial hydrogen concen-
tration of 0.6 for DMD simulations comparing the different kinetic equations. Cross-sectional visualization follows the method
described in figure 10
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Figure 13. Development of the hydrogen fraction located in the center half of the volume of the nanowire with an average con-
centration of 0.6 based on the MD simulations and DMD simulations with different kinetic equations

high concentration case, DMD additionally shows less pronounced phase separation and incomplete
phase consolidation.

The absence of surface restructuring stems from current DMD implementations’ optimization
approach, including the version used in this work [19]. When minimizing equation (11) for lattice relax-
ation, these implementations explore only the nearest energy minimum, neglecting configurations bey-
ond local minima. Consequently, DMD relaxation cannot overcome energy barriers necessary for surface
restructuring, preserving the initial palladium lattice structure. While more sophisticated optimization
approaches beyond local minima could overcome this problem, they also pose the risk of conflicting
with the concept of local equilibrium by including diffusive restructuring, e.g. by reordering of hydrogen
sites. This limitation extends beyond mere structural changes, as surface restructuring modifies both the
number and characteristics of available interstitial sites, presenting an inherent challenge for DMD simu-
lation due to its requirement for available atom sites to facilitate diffusion. While additional empty sites
can theoretically accommodate diffusion in regions with uncertain site characteristics [17], this approach
would introduce practical challenges associated with initially unknown site positioning and challenging
optimization of empty sites due to their minimal contribution to the functional in equation (11).

The most significant discrepancy between MD and DMD results is the less pronounced phase sep-
aration and lack of phase consolidation. Those deviations originate from three interconnected factors:
First, the approximations discussed in section 3.3 directly influence the chemical potential. The differ-
ences in lattice and elastic constants documented in section 3 additionally influence the chemical poten-
tial indirectly due to lattice deformation and stress, e.g. through lattice mismatch and resulting stress in
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Figure 14. Cross-sectional location of hydrogen atoms in a palladium hydride nanowire following the visualization method
described in figure 10. (a) Final state of MD simulations for the nanowire with 0.6 concentration (b) Initial state of DMD sim-
ulations chosen to approximate this final MD state. (c)—(f) Final stable state of DMD simulations with different kinetic equations
based on this initial state

coexisting phases and their interface. As the chemical potential is the driving force of the diffusion, those
influences have a strong impact on the kinetic behavior and final stable state. Second, the used kinetic
equation directly determines possible stable states through its zeros, which depends on both the chem-
ical potential difference and local concentration. Lastly, the deterministic integration of kinetic equations
restricts diffusion towards the nearest minimum path, eliminating the random fluctuations present in
MD that enable exploration of alternative minima.

To investigate the impact of deterministic integration, additional DMD simulations were conducted
using an alternative initial hydrogen distribution approximating the final MD state. These simulations
initialized the wire with a concentration of 0.87 except for a cylindrical region (radius 2.85nm) cor-
responding to the MD simulation’s a-phase location, where concentration was set to 0.05. This initial
configuration has a average concentration of 0.603 and contains the sharp phase separation observed in
the MD results. DMD simulations were conducted until a stable state is reached. The results, shown in
figure 14, reveal that each DMD simulation converges to a stable state featuring a single 5-phase region
opposite the initial a-phase position, contrasting with the multiple S-phase regions seen in figure 12.
This behavior confirms that the kinetic model prevents systems from overcoming unfavorable interme-
diate configurations, thereby inhibiting the phase consolidation observed in MD. However, the higher
hydrogen content in the a-phase compared to MD indicates that approximations in chemical potential
determination and kinetic equation zeros also contribute substantially to the observed differences.

Among the four kinetic equations examined, DMD-Linear and DMD-M-Vac demonstrate similar
performance characteristics and provide the closest match with the MD reference solutions as observed
by the lowest central hydrogen retention and sharpest phase separation. DMD-M-1.0 and DMD-M-0.5
only show a very weak phase separation and the highest hydrogen retention and are therefore the least
suitable for this use case.

4.3. Nanocube hydration

4.3.1. Simulation setup

The hydration of a palladium nanocube with a side length of 10 unit cells serves as a final validation
case, representing a typical DMD application [32-36]. To simulate the hydration with MD, a designated
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Figure 15. Initial configuration of the nanocube. Palladium atoms are depicted in grey and hydrogen atoms are colored based on
their initial concentration

surface area functioned as an hydrogen inflow region. The octahedral interstitial surface sites within this
area were tracked based on the mean position of the surrounding palladium atoms. Hydrogen atoms
were inserted into vacant inflow sites every 50 fs, resulting in an average concentration of 0.99995 for
inflow sites. The DMD simulations replicated these conditions by constraining the concentration of cor-
responding sites to 0.99995. All other octahedral interstitial sites were initially empty, i.e. no hydrogen
atoms present for MD simulations and empty hydrogen sites for DMD simulations.

While theoretical considerations and experimental observations predict hydration initiation at the
nanocube corners, limitations of this used MD algorithm necessitated a modified approach. Corner
regions exhibit insufficient lattice stability for reliable interstitial site tracking due to variable site num-
bers and changing neighbor configurations. Therefore, the inflow region was positioned at the center
of one face of the cube, where the palladium lattice maintained sufficient stability for consistent surface
site tracking. Although this configuration may not fully represent actual palladium nanocube hydration
processes, it enables direct comparison between MD and DMD under identical conditions for relevant a
hydration process. Figure 15 illustrates the initial DMD configuration.

The MD simulation employed an NVT ensemble and proceeded for 170 ns with 1fs time step, ter-
minating when surface restructuring prevents reliable hydrogen atom placement. The DMD simulations
utilizing the four kinetic equations detailed in section 2.2 were conducted for 200 ns. DMD-Linear was
stopped after 85ns as it reached convergence to a final stable state.

4.3.2. Results

Figure 16(a) shows the temporal development of the cube’s hydrogen content, revealing distinct phases
in hydrogen uptake dynamics of the MD reference solution: a rapid hydrogen absorption during the ini-
tial 2.5 ns until reaching a hydrogen content of approximately 1000 atoms, followed by a slower intake
thereafter. DMD-Linear accurately reproduces the initial rapid uptake phase but maintains this elevated
absorption rate until reaching over 2000 atoms, after which it converges towards a stable level of hydro-
gen content. DMD-M-0.5 and DMD-M-1.0 demonstrate similar behavior but with moderately reduced
initial uptake rates and higher stabilization thresholds, with DMD-M-1.0 exhibiting earlier rate reduc-
tion. DMD-M-Vac displays the slowest hydrogen intake profile and the absorption slows down at the
lowest hydrogen content.

The average occupation of surface, subsurface (defined as one layer below the surface) and bulk sites,
calculated by categorizing hydrogen sites based on palladium neighbors and theoretical site count in an
undeformed cube, provides additional insight in the hydration dynamics. Figures 16(b)—(d) demon-
strate that MD simulations exhibit rapid initial hydration dominated by surface diffusion until surface
site saturation, followed by approximately linear occupation of subsurface sites and gradually increasing
bulk occupation. The average surface occupation surpassing 1.0 can be attributed to moderate surface
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Figure 16. Temporal development of the hydration of the palladium nanocube based on total hydrogen content (a) and the aver-
age occupation of surface (b), subsurface (c) and bulk (d) sites.

restructuring, e.g. at corners, creating additional sites. All kinetic equations except DMD-M-Vac accur-
ately reproduce the rapid surface site occupation but overestimate the intake to subsurface and especially
bulk sites. The rate of surface site occupation using DMD-M-Vac is noticeably slower. However, similar
to MD and unlike the other kinetic equations, it only shows occupation of subsurface sites and gradually
increasing bulk diffusion once almost all surface sites are occupied, but with reduced hydration speed
across all site types.

Figure 17 displaying the hydrogen atom locations in a central 8-unit-cell slice of the nanocube at dif-
ferent amounts of hydrogen intake corroborates these findings. The slice thickness excludes surface unit
cells to enhance visualization of internal processes. The visualization approach is identical to figure 10
with an hydrogen number of 8 indicating full occupation of interstitial sites due to the slice thickness.
Comparison points are selected at approximately 500, 1000, and 2000 absorbed hydrogen atoms to nor-
malize for varying diffusion rates of the methods. Figures 17(a), (f) and (k) confirm that during rapid
uptake, MD simulations show preferential surface site occupation, followed by subsurface penetration
and limited bulk diffusion. DMD-M-Vac most accurately reproduces this behavior, as evidenced in
figures 17(b), (g) and (1), though with increased bulk occupation once surface sites are filled. DMD-
Linear exhibits premature subsurface and bulk occupation near the inflow region (figures 17(e) and (j))
while maintaining reasonable overall behavior. DMD-M-0.5 and DMD-M-1.0 show the same early-stage
deviations as DMD-Linear, yet more pronounced.
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Figure 17. Position of hydrogen atoms in a central 8-unit-cell slice of the nano cube at different times for the different simulation
methods. The times are chosen based on the accumulated hydrogen inflow ny, where the first row is at ny ~ 500, the second at
ng /2 1000 and the third at ng /& 2000. Cross-sectional visualization follows the method described in figure 10

4.3.3. Discussion

This case study encompasses both surface and bulk diffusion processes, characterized by distinct diffu-
sion pathways and energy barriers, leading to increased surface diffusion speed. Additionally, surface sites
are energetically favorable as observed by the surface segregation of the previous example. Together, this
manifests in the MD simulations as markedly reduced hydrogen uptake following surface site satura-
tion. While DMD implementations can theoretically accommodate environment-dependent coefficients
in equations (12) and (14), only few and limited studies implement this capability [17]. Recent develop-
ments enable to consider this through on-the-fly calculations of attempt frequencies and energy barriers
[20], which is however not considered in this work. The used approach employs uniform coefficients
based on bulk diffusion characteristics, suggesting that incorporating environment-dependent coefficients
would accelerate surface diffusion and early-stage uptake. Paradoxically, DMD-M-0.5, DMD-M-1.0, and
DMD-Linear already match early-stage uptake through surface site occupation reasonably well and over-
estimate uptake rates to subsurface and bulk sites.

One significant factor to the behavior of those kinetic equations is the configurational entropy
contribution to the chemical potential. As concentrations approach limiting values, this contribution
becomes unbounded, requiring artificial constraints for numerical stability. Kinetic equations incorpor-
ating configurational entropy exhibit high sensitivity to these constraints and pre-described inflow con-
centrations, leading to overestimated diffusion rates and increased jump rates from high concentration
surface sites to subsurface and bulk sites. DMD-M-Vac, which is independent of configurational entropy
contributions, demonstrates reduced sensitivity to inflow conditions and exhibits slower initial uptake
than MD during surface-dominated diffusion. This suggests potential for improved agreement with the
MD reference solution when accounting for higher surface diffusion rates through environment depend-
ent Qy;j, which would lead to faster surface site occupation and subsequently earlier onset of subsurface
occupation. This indicates DMD-M-Vac as the most promising implementation for this case study.
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5. Conclusion

This study presents a systematic comparison between DMD simulations, utilizing various kinetic
equations, and MD reference solutions for both static properties and diffusive processes in palladium
hydride. This approach offers distinct advantages over experimental validation by isolating intrinsic
DMD methodological errors from those arising from interatomic potential choices and general model
assumptions like boundary conditions, which is particularly valuable for diffusive processes, where exist-
ing DMD validation remains limited.

The results demonstrate that DMD accurately reproduces MD-calculated lattice constants, though
deviations grow with temperature and hydrogen concentration. Elastic constant calculations show excel-
lent agreement with MD at near-zero temperatures, but errors increase substantially at 300 K, particularly
at elevated hydrogen concentrations, reaching magnitudes comparable to the calculated values them-
selves. Additionally, the crystal symmetry and used numerical integration method magnify small dis-
continuities in the used EAM potential leading to discontinuities in the DMD-calculated elastic constants
not observed for MD.

For single hydrogen atom diffusion in palladium lattice, all tested kinetic equations successfully
reproduce long-term behavior predicted by analytical and MD reference solutions, yet exhibit initial
deviations arising from the used calibration approach at small chemical potential gradients, while the
analytical solution is only valid after sufficient time. Simulations of nanowire surface segregation and
nanocube hydration reveal that DMD qualitatively captures general trends from MD simulations but
exhibits significant quantitative differences. Notable discrepancies include hydrogen content predictions
in a-PdH, inability to reproduce phase consolidation dynamics observed in nanowire simulations and
mismatches in the hydration rate for the nanocube. Among the tested kinetic equations, DMD-M-Vac
and DMD-Linear demonstrate superior performance for the use case of palladium hydride. The hydro-
gen uptake rate to different type of interstitial sites of the nanocube identifies DMD-M-Vac as the most
promising candidates for further refinement through incorporation of local energy barrier effects.

The present results demonstrate that the applicability of DMD is strongly problem-dependent.
Nevertheless, its potential for substantial computational speed-up only limited by the fastest diffusive
processes and streamlined input requirements limited to an interatomic potential and diffusive constants
motivate continued methodological refinement and systematic benchmarking against established time-
bridging alternatives. The numerical examples identify local constants for kinetic equation coefficients,
inability to model phase nucleation, correlated vibrations and third-order Gaussian—Hermite quadrature
as key drivers of DMD accuracy. Consequently, improved integration schemes and more sophisticated
coefficient selection represent critical avenues for future research. Even though self-interaction between
partially occupied sites did not show a strong impact on the reported results, this observation requires
validation across diverse crystal systems where diffusing species may play a more dominant role.

While the current study provides new insights into the intrinsic DMD error, it focuses on samples
up to 10 nm. Studies specifically designed for phenomena only occurring in larger samples like dislo-
cation nucleation could provide insight on the usability of DMD in such cases. Furthermore, the fast
diffusion speed allowing a direct comparison between MD and DMD also prohibits a meaningful com-
putational efficiency comparison. DMD is designed for significantly slower processes with larger time
steps, especially since conservative time steps were chosen to prioritize result validity. DMD time steps
are frequently constrained by sites with near-limit concentrations, complicating direct performance com-
parisons as a single ill-placed site can determine overall performance. Lastly, studies for substitutional
diffusion are required to determine if the observed performance of the kinetic equations is transferable.

In conclusion, the present comparison between MD and DMD simulations for various diffusive pro-
cesses in palladium hydride spanning from single atom diffusion to complex hydration processes valid-
ates DMD’s ability to reproduce general observed trends, while unveiling several quantitative discrepan-
cies not observed before. Additionally, this comparison highlights the potential of this use case as pos-
sible benchmark system for the validation of further accelerated atomistic simulation methods.
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Appendix. Calibration of kinetic equations

The master equation can be calibrated by matching its long-wavelength limit to the macroscopic
advection-diffusion equation for bulk diffusion. Using equation (1), the trial phase average of the occu-
pation #; can be calculated as

Zieﬂllfi
<”i>0 =X = W (23)
with the shorthand
_ 1 ﬂi 2 m; Biwiz B 2
4= E/Fe"p (2m Pt ’ﬂi 4, )dqdp, (24)

which can be solved for

Bui _ Xi
<= (Zi(l—xi)) (25)

Substituting this into equation (15) results in
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Pl EaDY

JEN;

(26)

which depends only on the concentration and not the chemical potential. For bulk sites without influ-
ence of lattice defects, neighboring sites of the same species and with similar concentration have a com-
parable vibration frequency and therefore Z; ~ Z;, yielding

ar [ (1-%)]"  [s(-x)]°

Ox; _ i Z [[x-(l —xi)]c+l [xi (1 —xj)]CH] (27)

JEN;
as approximation of equation (26). Linearizing this equation in x; around x; yields

% ~ (2c+1) ve P Z (xj — x,-) . (28)

ot :
JEN;

To match the behavior between the atomistic diffusion model and a continuum model, the continuous
concentration field x is introduced. This allows to approximate the concentration x; using a second order
Taylor series around site i as

1
X~ x; + Vx(r;) 1y + EVVx(g) QT (29)
where V is the Nabla operator, Vx(r;) and VVx(r;) are the gradient and Hessian matrix of x eval-
uated at the position r; of site i, respectively, and : and ® notate the double contraction and tensor
product. r; = r; — r; represents the distance vector between site j and i. Introducing this Taylor series in

i
equation (28) results in

8x1- _ 1
5~ (2c+1)ve P Z (Vx(ri) T+ EVVx(L-) i ®rﬁ) 30)

JjEN;
= (2c4+1)ve P2a2V - Vx(r),
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where the symmetry and the relative position of nearest neighbors in an FCC lattice is used for
Yjen, VX(r) ry=0and >\ 1 ®1; = 2a3I with identity tensor I. Requiring this atomistic diffusion
model to match the advection-diffusion equation

0
&~ DyV - Vx—vVx (31)
ot
with constant diffusion and zero divergence yields
D
ve B — 7112 (32)
(2c+1)aj

as calibration equation for the master equation (equation (15)). The same principle can be followed for
equation (16), yielding

D
ve P = —?, (33)
ap

which is equivalent to the calibration used in [17].
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