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Summary

The Maxey-Riley-Gatignol Equation (MRGE) models the motion of a finite-sized,
spherical, fully-submerged, inertial particle moving in a fluid. Applications using the
MRGE are, for example, the study of the spread of Coronavirus particles in a room,
the formation of clouds and the so-called marine snow.

The MRGE is a second-order integro-differential equation with a singular kernel. For
over 35 years, the academic community was only able to obtain analytical solutions for few
specific fields, while a general formula remains unknown. Researchers have used approx-
imations and numerical schemes with high storage requirements or ignored the integral
term, although its impact has recently been discovered to be relevant. A major break-
through was reached in 2019, when Prasath et al. mapped the MRGE to a time-dependent
Robin-type boundary condition of the one-dimensional heat equation on a semi-infinite
domain, thus removing the requirement to store the full history. They also provided an
implicit integral form of the solution by using Fokas method that could be later solved
with a numerical scheme and a nonlinear solver.

While Prasath et al.’s numerical scheme can deliver numerical solutions accurately,
the need to evaluate nested integrals makes it computationally costly and it becomes
impractical for computing trajectories of a large number of particles. On the other hand,
the reformulation as a boundary condition of the heat equation opens up new opportunities
to solve the MRGE.

This thesis presents a new set of finite differences schemes and compare their accuracy
and performance with Prasath et al.’s method as well as other preexisting schemes in six
different flow velocity fields. These methods are then applied to study the influence of
the often-neglected integral term in single particle trajectories, particle clusters as well as
large scale fluid structures. This information provides guidelines to identify in which cases,
approximations on the MRGE have a considerable influence on particle trajectories and
large scale flow structures and the use of the full MRGE models is relevant.
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Introduction

The search for an equation that enables the computation of the trajectory of a small
inertial particle from first principles starts back with Stokes [65] in 1851 and finishes with
the MRGE presented in Maxey and Riley’s paper [42], over a century later. The importance
of the MRGE lies in providing an easier framework than Navier-Stokes equations in order
to solve a particle’s trajectory [39).

A generic solution of the MRGE was kept unresolved for a few decades due to the com-
plex nature of the equation. The MRGE is a second order integro-differential equation with
a singular kernel that requires techniques used in the resolution of fractional derivatives [69]
as well as implicit problems. Difficulties in the resolution of the MRGE appear due to a
history term, called the Basset-Boussinesq History Term or simply Basset History Term
(BHT). Without the BHT, the MRGE turns into an ODE that is easily-solvable. How-
ever, the BHT is an implicit integral term with a singular kernel that integrates from initial
time until final time. This introduces obvious difficulties when an analytical expression is
searched upon and numerical methods are implemented.

The work carried out by Van Hinsberg [76] first, providing a second order method
based on the approximation of the tail of the Basset force kernel and by Daitche [20]
later, introducing a new way to implement schemes of arbitrary order based on quadrature
schemes, showed a good progress in the numerical resolution of the MRGE. Despite this
evolution, these numerical techniques require to store and use all the particle’s historical
data in each computation, making it specially hard in situations with large time grids.

A huge step was achieved in 2019, when a group of scientist at the International Centre
for Theoretical Sciences in Bengaluru (India) published a way to transform the MRGE as a
time-dependent modified Robin type boundary condition of the one-dimensional diffusion
equation over a semi-infinite domain [53]. The history term was then kept encoded within
the initial condition of the PDE. This transformation opened the door to solve the MRGE
using previously available techniques for solving the heat equation. The authors of Prasath
et al. (2019) use Fokas method (also known as Unified Transform Method) [29] to provide
an integral form of the solution of the MRGE that they later solved with a numerical
technique that involves a nonlinear solver.

In this thesis I provide several novel Finite Differences (FD) approaches for solving
one-dimensional differential problems over a semi-infinite domain and apply them on the
MRGE. These novel schemes are easily programmable, since they only require to code
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several matrices, compared with some existing techniques, like the one in Prasath et al.
(2019) [53] that requires the computation of two terms with double integrals together with
a projection into Chebyshev polynomials and the use of nonlinear solvers. These methods
are stable for all set of parameters and do not require the use of additional precision,
in comparison with Daitche’s 3" order scheme [20] that is unstable for small values of
R and S and require quad precision in the calculation and storage of the coefficients.
These FD techniques are coupled with two types of time integrators: Fully implicit as
well as Implicit-Explicit (IMEX) time integrators. The FD coupled with the implicit time
integrators provide a good comparison with Prasath et al.’s method, since both require the
use of nonlinear solvers. The implementation of the IMEX methods are part of the novelty
of this thesis, since they avoid the use of nonlinear solvers and one can therefore expect a
considerable improvement in runtimes. The implementation of the FD schemes as well as
the Trapezoidal Rule was undertaken by the author of this dissertation, whereas the DIRK
and IMEX time stepping methods were implemented by L. Schlegel in a preliminary study
carried out for his bachelor thesis [58].

This dissertation starts with an overview of the MRGE, introducing the MRGE’s
chronology, the formulation of the nondimensiontal version of the MRGE presented by
Maxey and Riley and the form used in this thesis, obtained after neglecting some of the
terms. This overview will help the reader to recognise each one of the terms of the MRGE
and understand the obstacles that exist to obtain a solution. At the end of the first chapter,

the reader will follow the steps undertaken by Prasath et al. [53| for the transformation of
the MRGE.

Chapters 3 and 4 present two of the already-existing numerical techniques implemented
and used to validate our results: Prasath et al.’s scheme [53| and the Linear Multistep
Methods developed by Daitche [20] for the MRGE. Along with the method’s steps and
description, the major algorithms used are presented with pseudocode to help with the
understanding to the accompanying Python ToolBox [72].

Chapter 5 presents the Finite Difference schemes that the author of this thesis and
a bachelor student, Leon Schlegel, implemented published in Urizarna et al. (2025) [73]
together with our supervisor, Prof. Dr. Daniel Ruprecht. These methods are based on
Prasath et al.’s reformulation of the MRGE as well as Koleva’s [37] FD scheme for the
heat equation in a semi-infite domain. The schemes presented here open up a new set of
opportunities not only in the resolution of the MRGE but also in the development of newer
schemes of arbitrary accuracy in differential problems defined over a semi-infinite domain.

Old and new schemes are compared in chapter 6 in order to identify trends. Trends
are identified using convergence tables and plots as well as work-precision plots that are
obtained for particles moving in six different velocity flow fields. With these trends, a
collection of guidelines is provided for an efficient calculation of particle trajectories in
these fields that could be extrapolated to other examples.

Finally, the accompanying schemes implementations in the Python ToolBox [72]| are
used to observe the effect of the history term on single particles as well as particle clusters
with different characteristics on very varied flow fields, from simple steady and spatially
homogeneous flows to fully turbulent flows. Observations show that omitting the BHT
plays a nonneglectible role in single particle trajectories as well as larger scale Lagrangian
features at medium and high Stokes numbers in all fields and also at low Stokes numbers
in turbulent flows. In those cases, neglecting the BHT results in an overestimation of



the ejection of the particle trajectories around vortices, a big difference in amplitude in
oscillatory backgrounds and a general overvaluation of the large scale features.
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The Maxey-Riley-Gatignol equation

2.1 Historical background

The MRGE is the result of applying second Newton’s law on a fully-submerged small
spherical rigid particle that moves in a fluid. This model was first attempted by Stokes [65]
in 1851, studying the oscillatory motion of a pendulum in a fluid. Basset [8], Boussinesq [11]
and Oseen [50] investigated the motion of a sphere settling in a fluid at rest under the effect
of gravity. Their work resulted in what is known as the Basset-Boussinesq-Ossen (BBO)
Equation. Boussinesq and Basset were the first ones to propose the BHT, which is an
integral force term that accounts for the influence of the lagging boundary layer.

Tchen [70] used the BBO equation as a baseline and extended it to the case of a particle
settling under the effect of gravity in (1) an unsteady uniform flow and (2) an unsteady
nonuniform flow. Tchen accomplished this task by writing the BBO equation “in a frame
of reference moving with the fluid, accounting for various inertial forces that arise in this
frame” [39].

Authors like Corrsin and Lumley [17] identified additional “effects introduced by the
field inhomogeneity in space-time” and corrected Tchen’s work by modifying some of the
terms. These efforts culminated in 1983 with Maxey and Riley’s [42] as well as Gatig-
nol’s [31] work in what is now called the Maxey-Riley-Gatignol Equation that considered
zero initial relative velocity of the particle with respect to the fluid and whose final form
was obtained after Auton et al. [5] included the added mass term. A few years later,
Maxey [43] modified the original equation for the more realistic and general case of a
particle with nonzero initial relative velocity.

The integrodifferential nature of the MRGE together with the singular kernel, present
in the BHT, make it a difficult problem to solve both analytically and numerically. For
this reason, many researchers used the MRGE neglecting the problematic term under the
assumption that it was relatively small for sufficiently small Stokes numbers [19, 66, 59].

An important discovery was made in 1988 by Tatom [69], who found the equivalence be-
tween the Basset-Boussinesq history term and the half-derivative of the Riemann-Liouville
type and funded the basis for the progress carried out over 20 years later.

Many successful numerical schemes approximations were applied on the MRGE in the
decade of the 2010s: First in 2011, Van Hinsberg et al. [76] used exponential functions to
approximate the tail of the BHT, obtaining a second order method that decreased CPU
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times and memory requirements considerably. In 2013, Daitche [20] applied quadrature
schemes to approximate the half-derivative formulation of the BHT that he later integrated
using linear multistep methods. On the other hand, other authors decided to approximate
the history kernel instead. In 2014, Klinkenberg et al. [35] approximated the BHT using
exponential filters. Two years later, Elghannay & Tafti [25] used Mei and Adrian’s ap-
proximation [44] of the history kernel that combined the short and long time limits of the
history kernel. In 2018 Parmar et al. [52] provided a method based in exponential sums to
approximate the history kernel up to arbitrary accuracy.

During the same decade progress was done regarding existence and uniqueness of mild
solutions. Mild solutions correspond to the solutions that solve the integrated problem. In
2014 Farazmand and Haller [26] proved local existence and uniqueness of mild solutions as
well as strong solutions for the case of zero initial relative velocity. One year later Langlois
et al. [39] demonstrated global existence and uniqueness of mild solutions.

A major step was achieved in 2019 by Prasath et al. [53], who were able to set the MRGE
as a time-dependent modified Robin type boundary condition of the one-dimensional
heat equation. For this, the equivalence between the half-derivative and the Dirichlet-
to-Neumann map [29] for the heat equation was used.

Based on Prasath et al.’s transformation, Prof. Dr. Daniel Ruprecht and I developed
in 2023 an open Python Toolbox [74] that uses Prasath et al.’s formulas, based on Fokas
method, on the examples provided by Prasath et al. as well as a generic field discretely-
given. Early in 2024, we also implemented with the help of Leon Schlegel, a bachelor
student, several numerical schemes in the transformed diffusive problem [73|, comparing
the efficiency and performance of these methods with the schemes in Daitche (2013) [20]
and Prasath et al. (2019) [53|. Later in the same year Prof. Dr. Daniel Ruprecht
and I, together with two external researchers, Kathrin Padberg-Gehle and Alexandra Von
Kameke, sent for publication a paper that studied the influence of the BHT on three
different velocity fields [75].

2.2 The equation

A widely-accepted version of the MRGE given by Langlois et al. [39] is

y(t) = v(t), (2.1)
) Du . .
pp0(t) = PI D + (Force exerted by undisturbed fluid)
+(pp—pf) g+ (Bouyancy force)
9
_ ;Cf;f w(t) + (Stokes drag)
A PO
5 [v Dt <u + 10Au> + (Added mass term)
9 b t
- pf\/? [ / () ds + wlto) } (Basset-Boussinesq memory Term)
20 V7 [ Jiy VE—5 t—to
where
a2

w(t) = v(t) — uly(t). 1) - T Auly(t), ), (2.2)
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v(t) is the particle’s velocity at time ¢, p, and py are the densities of the particle and the
fluid, w := u(y(t),t) is the fluid’s velocity at the particle’s position at time ¢, i.e. y(¢), g
is the gravity’s acceleration, v is the kinematic viscosity and a is the particle’s radius. The
terms that include the Laplace operator A, are referred to as the Faxén Corrections, that
evaluate the drag force, torque and stresslet on a particle under low Reynolds numbers [13].

Each term on the right hand side of the MRGE accounts for a forcing term. The
first term, consisting of the material derivative, considers the force that a massless and
dimensionless particle, also called ideal particle or ideal tracer, experiments in a fluid flow.
The second term accounts for the buoyancy force due to differences in densities. The
third term, called Stokes drag, estimates the friction force exerted by the fluid due to the
difference in their velocities. This term thus tends to relax the particle velocity towards the
fluid velocity. The fourth element considers the inertia of the fluid’s volume that is dragged
along with the particle as it moves in the fluid. The Basset-Boussinesq memory term, also
called Basset memory term or Basset history term (BHT), is perhaps the most relevant
term in this paper. This is the most problematic term since it is made up of two terms
with singularities at initial and final time. Additionally, the integral in the memory term
for the whole time interval, accounting for the particle’s history, as a part of a differential
equation hinders both the analytical and numerical resolution of the MRGE.

The MRGE can be simplified by first scaling the space, time and velocity variables by
using the characteristic length scale L, velocity scale U and time scale T' := L/u. Using
the dimensionless variables y — ¥/L v — v/U uw — »/U and t — t/T as well as rearranging
some of the terms, the MRGE given by Langlois et al [39] can be simplified as follows

y(t) = v(t), (2-3a)
u (12
Ri(t) = % +% (B-1)g —%w(t) +W%(Au) + (2.3b)

=K (- + S as). (2:30)

where
2
w(t) = v(t) = uly(),t) = o5 Auly(t). 1 (2.4)
and
P 1+28 _a?

are the density ratio §, effective density ratio R and the Stokes number S.

The MRGE can be simplified by (1) assuming that the particle radius is very small
compared to the length scales of the flow, i.e. a << L, so that the Faxén corrections
can be neglected and (2) omitting the buoyancy force, which is a purely vertical force and
therefore does not apply to particles moving in a horizontal plane, as it is the case in all
the flows used in this paper. The MRGE then simplifies to

y(t) = v(t), (2.6a)
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o Du 1o 3 Jolto) —ulty) [T o(s) —als)
Ro(t) = - — 5l ) S{\/m i md}. (2.6b)

Stokes dra
& Basset History Term

Equation (2.6) corresponds with the version of the equation provided in Prasath et al.
(2019) [53] which is the one used in this paper. From now on, every time the MRGE and
their terms will be mentioned in this paper will correspond to equation (2.6).

2.3 Transformation into a diffusive problem

The singularities and the integral term in equation (2.6) make both its analytical and
numerical resolution difficult to obtain. The MRGE without the BHT becomes an easily-
solvable ODE. An analytical solution can in that case be found for certain simple and
analytically given flow fields using standard methods, such as the method of separation
of variables or variation of constants. However, the integro-differential nature of the full
MRGE introduced by the BHT and its singularities make these standard methods impossi-
ble to apply. One could use the equivalence between the BHT and the half-derivative of the
relative velocity shown by Tatom [69] and apply methods for the resolution of Differential
Equations with rational derivatives. Quadrature schemes have been successfully applied
on the full MRGE in Van Hinsberg et al. (2011) [76] and Daitche (2013) [20]. Although
these numerical schemes hold rapidly increasing storage requirements and running times
to account for the history term in large time grids.

In 2019, Prasath et al. [53] published a way to transform the MRGE into a forced time-
dependent modified Robin boundary condition of the one-dimensional diffusion equation.
The one-dimensional diffusion equation is a widely-studied problem for which different
analytical resolution methods (such as Fokas method) and numerical approximations (such
as finite differences methods) are known. Prasath et al.’s transformation [53, 74| starts by
using the equivalence between the BHT and the half-derivative of the Riemann-Liouville
type provided by Tatom [69]:

Ri(t) = ﬁ‘;(vu)\/g<;>l/2 (v — u). (2.7)

This half derivative is equivalent to what is known as the Dirichlet-to-Neumann map, which
is the relation between two different boundary conditions of the diffusion equation so that
the solution to the problem is the same. This means that given the following two diffusive
problems applied on q : [0,00) x [tg, T] — R?*3, one with a Dirichlet boundary condition
and another one with a Neumann boundary condition:

Dirichlet boundary condition Neumann boundary condition
Qt(xa t) = q:cm(l', t), (2.8&) Qt(x7 t) = ‘h:m(xv t)7 (2'93)
q(z,t9) =0, (2.8b) q(z,ty) =0, (2.9b)

q(0,t) = h(t). (2.8¢) q:(0,t) = g(t). (2.9¢)
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The solution will be the same if the following relation holds

N N qt) [t a(s)
<8t> Q(Oat) - <8t> h’(t) - m + o mds = g(t) - qx(ovt)'
(2.10)

Using ¢(0,t) := v(t) — u(y(t),t), equation (2.7) transforms into

q:(0,1) = (; - 1) % —q(0,) - Vyu — % q(0,1) — ;\/g <§t>l/2q(0,t) (2.11a)

1 Du 1 1 3
- (R - 1) DU q0.1) Vyu— g a(0.1) - R\fs 4.(0,1) (2.11b)

which can be placed as a boundary condition of a one-dimensional diffusive problem.
Solving the following diffusive problem at the boundary will therefore be equivalent to
solving the MRGE,

qi(z,t) = qua(z,t), x> 0,t € (to, TY, (2.12a)

q(z,ty) =0, x>0, (2.12b)

2:(0,1) + aq(0,1) — vgx(0, 1) = f(q(0,1), y(1), 1), t € [to, T, (2.12¢)
y(t) = q(0,1) + u(y(1)), t € [to, T, (2.12d)

tliglo q(0,t) = qo, (2.12¢)

y(0) = yo, (2.12f)

where

o= v= i (a0, (0.0 = (- 1) P - a0.0) - Vyu(u().0)

The absolute velocity v(t) has two or three components, depending on the dimensions
of the flow considered. Thus, g is a vector-valued variable and solving problem (2.12)
consists in solving two or three independent diffusive problems, one for every component
of the relative velocity. Note that considering the vertical buoyancy force will be critical
in flow fields that consider the vertical component.
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A solution of the diffusive problem: Prasath et al.’s
approach

3.1 The continuous formula: Fokas method

Prasath et al. [53] solves the reformulated diffusive system (2.12) with the so-called Fokas
Method or Unified Transform Method [29]. This method provides an integral in the Fourier
plane as a representation of the solution of initial-boundary value problems for linear evolu-
tion PDEs containing z-derivatives of arbitrary order and constant coefficients formulated
on the half-line |28, 29, 22|.

Fokas’s method is a natural choice to solve the reformulated problem, since the heat
equation is a linear evolution PDE with constant coefficients defined on the half-line, with
a non-standard boundary condition. The complex boundary condition and the unbounded
spatial domain, i.e. = € [0, 00), make classical methods for the heat equation, like separa-
tion of variables, less suited. This solution integral expression is not easily solvable in most
cases by using classical methods for integrals, however it can be evaluated using numerical
techniques.

In the following parts I show all the steps followed by Prasath et al. [53| in order to
obtain the integral solution expression and provide some additional details and explanations
that the author of this thesis found relevant for understanding at the time of reading.

3.1.1 The local relation

The first step in Fokas’s method is to rewrite equation (2.12a) in divergence form, also
referred to as the local relation [22] of equation (2.12a).

Definition 3.1 (A function in divergence form). A partial differential equation is said to
be in divergence form if it is written as the divergence of another function, i.e.

OF)  HF2) oF(m)

where F' : A — R"™ is a continuously-differentiable function, A C R™ is an open subset
and n,m € N.

11
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d2
<3 _

Figure 3.1: (Left) Definition domain of equation (2.12) in the time-pseudospace plane.
(Right) Domain in C where the factor e¥** decays. Figure obtained from Prasath et al. [53].

Proposition 3.2 (Divergence form of equation (2.12a)). Let 2 := [0,00) X [to, T| be the
subset of R? shown in Figure 3.1. Given a function q : D — R"™, with n € {2,3}, that
satisfies the heat equation

qi(z,t) = quz(z,t), (3.2)

equation (3.2) can be rewritten in divergence form as follows

<€fikx+k2tq($7t)>t _ (efikaert (ikq(z,t) + qx(x,t))> =0, (LR)

x

where k € C™.
Proof. Start by multiplying equation (2.12a) by e~tkatk?t for | € Cc-,
e_ikx+k2tqt(ﬂ§, t) - e_ikaertqm(x, t) —0. (33)

Obtain the time derivative by adding a zero made up of the addition and subtraction of
the term k2e*ik$+k2tq(x, t),

(e Hq(a,t)) — k2K g(a, 1) — R0, (2,1) = 0. (3.4)

Change the coefficient —k? = (ik)?,
<e—ikr+k’2tq(x’ t))t + (ik)ze_ikx+k2tq(m, t) o e—ikzx-i—thqmm(x’ t) =0, (3.5)

and add another zero composed of the addition and subtraction of ike‘ikw+k2th (z,t), so

that the z-derivative can be evaluated and the PDE presented in divergence form,

(e_ikx+k2tq(:c, t))t — (e_“"’g”rk275 (tkq(z,t) + gz (x, t))) =0. (LR)

x

This is what is called the local relation. O
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3.1.2 The global relation

Fokas [29] applies Green’s theorem [54] on the local relation (LR) in order to obtain an
equation that relates the values at the boundaries of the domains. He refers to it as the
global relation.

Theorem 3.3 (Green’s theorem [54, 64]). Let E C R? be a closed set bounded by a simple
closed curve C. Given M and N two continuously-differentiable functions of (x(l),x(z))
defined over E, then

ON
2) _
jz{de + Ndz® = //< @ ax@)) dzx dy.

where the positive path of integration along C is counterclockwise.
Proof. Proof in [81]. O

Proposition 3.4 (The global relation of equation (2.12a)). The local relation

(e—ikx-l-thq(l,’ t))t _ (e—ikx+k2t (ikq(z,t) + qu(, t))) =0, (LR)

xT

can be written as
% iketkt % ikath2T g k2t
/ e Rt o g (2, tg)dx —/ e WL gz, T)dx —/ e " (ikq(0,t) + q;(0,t)) dt = 0,
0 0 to
(GR)
which is an equation relating the values of q at the boundaries, called the global relation.

Proof. Integrate the local relation (LR) over the Domain, 2,

/ /j (e q(a, ) — (7™ (ikq(a.t) + qu(x,))) dtdz =0, (3.6)

Use Green’s theorem |54, 64] to change it to a integral over the boundaries,
/d i [e_ikm+k2tq(:c, t)dz + e~ *eR (ikg(x,t) + qu(z, 1)) dt} =0 (3.7)

and splitting the domain at the boundaries, the global relation,

fe’e) ) 00 ) T
/ e Rt g (i, to)d — / e T (2, T)da — / e (ikq(0,1) + gz(0,1)) dt = 0
0 0 to

(GR)

is obtained. O

Prasath et al. [53| identify in the global relation (GR) two types of transforms: The
(half-line) Fourier transforms in the positive pseudospace, > 0, which they write with a
hat and the time transforms, with a tilde.
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Definition 3.5 (Half-line Fourier transform). Let E be a subset of [0,00) X R, F': E —
R™ with n € {2,3} a function of (z,t) and k € C™, then

Pk, ) = /0 " e P 1) da (3.8)

is called the half-line Fourier transform of F'.

In this work, I refer to the half-line Fourier transform as simply the Fourier trans-
form, since most of the Fourier transforms are of that kind. The opposite will always be
stated. As stated in [22|, these half-line Fourier transforms are interpreted as “whole-line
transforms of functions that are zero for = < 0”.

Definition 3.6 (Time transform). Let E be a subset of R?, F': E — R" with n € {2,3}
a function of (z,t) and k € C, then

(1.2 b k2s
F(k*,to,ty) := e F(0,s)ds (3.9)
to

is called the time transform of F'.

The notation used for the transforms is borrowed from Prasath et al. [53], so with

do(k) = / =ik gz, t0)dx, (3.10)
0

(e, T) = / e~k g (o T)da, (3.11)
T 2

ok to, T / e tq(0,t)d (3.12)
to
T

g, (K% to, T :/ e*"tq, (0, t)dt (3.13)
to

the global equation can be written as follows

Ftogo(k) — e Tq(k, T) — g, (k2 to, T) — ikgo (k2 t0, T) =0, ke C . (GR*)

3.1.3 The integral form of the solution of the Maxey-Riley-Gatignol
equation

Obtaining the integral form of the solution of the MRGE is not an easy task that requires
the use of many steps and several theorems from complex analysis. In order to easy the
reading process, these steps are split into propositions.

First, one must obtain the time transform of the boundary condition (2.12c).

Proposition 3.7 (Time transform of equation (2.12¢)). Given the reformulated prob-
lem (2.12), the time transform of the boundary condition (2.12c) is given by

T q(0,T) — ¥ qo(k) + (o — k2)Go (k> to, T) — va1 (K2, t0, T) = F(k>, t0, T).  (3.14)
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Proof. Multiply equation (2.12c) by Mt fortg <t <T,keC and integrate over time,
obtaining

T T T T
| anatra [ Hg.0d-y [ Fa0.0d= [ a0, v, 0
to to

to to
(3.15)
Then apply integration by parts on the first term,
T T
/ *lqu(0,t)dt = "’ Tq(0,T) — e¥0q(0,to) — k2 / e*’tq(0,t)dt, (3.16)
to to
so that
k2T k2t 2 T k2t T k2t
e q(0,T) —e""q(0,t0) + (. — k )/ e q(O,t)dt—v/ " 'q,(0,t)dt =
to to
T P (3.17)
= [ pta0.0. 900,
to
abbreviated as
"1 q(0,7) — ¥ 0go (k) + (o — k?)go (k2 to, T) — 1@1 (K 10, T) = F(k? o, T).
O

With the time transform of the boundary condition, one of the boundary terms in
the global relation (GR*) can be eliminated and the expression simplified. An expression
for the relative velocity can be derived from this simpler expression thanks to some theo-
rems from complex analysis borrowed from the literature. These theorems are presented
hereafter.

Theorem 3.8 (Theorem 4.3.2 in Ablowitz and Fokas (1997) [1]). If on a circular arc Cr
of radius R and center z = 0,zf(z) — 0 uniformly as R — oo, then

lim f(z)dz=0. (3.18)
R—o0 Cr
Proof. Available in Ablowitz and Fokas (1997) [1, p. 245]. O

Theorem 3.9 (Cauchy’s theorem [36]). Let V C C be an open subset, V its closure and
f(z) be complex differentiable (also called holomorphic) on V, then

f(z)dz =0. (3.19)
ov
Proof. Available in Kodaira (1984) [36, p.101]. O

Proposition 3.10 (A general integral formula for g(0,t)). Given problem (2.12), a solution
formula for q(0,t) is given by the following equation

7k2(t s)
—7q(0,1) ds dk
Tq( / /t0 a_kgﬂm)f(q,yﬁ) s dk +

ike —k2(t—to) k
5D~ (o — k? + iky)

with 6D~ := {k € C: R(k%) = 0 A S(k) < 0} (see Figure 3.1).

(3.20)
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Proof. Using equation (3.14), the term gl(kQ:to, T) can be eliminated in (GR*) to obtain

(@ — k? + iky)do (K>, to, T) = F(k?,t0, T) + €% (qo + 7o (k) +
" (q(0,T) +~q(k, T)).

Multiply equation (3.21) by ike % for ty < t < T and integrate in k over 6D, yielding

ke MU F(K2,T)
ke R gy (K2, T dk—/ ! 2 +
I I

(3.21)

ike® (101 (gg + 4o (k))
dk 3.22
+/5_ (o — k2 + ik7) + (3.22)
_ / ikt 1) (q(0,T) + a(k, T))
5D~ (o — k? + ik) '

Use the definition of g,

0 -
ok (1= ike F U f(k2,T)
/ / 'q(0, s)dsdk = /573 o B i) kT

ike™ 01 (qo + 74 (k)
dk 3.23
+/5 (0 — K + ikv) + B
_ / ike” (T (q(0,T) +~a(k, T))
5D (o — k2 + ik~)
and the change of variables k? = —2mil on the left integral,
co T ) 'ke*k%_f(kz T)
o 2mi(t—s)l 0 dsdl :/ ¢ ) dk
”/_oo/o Y P
ik k2(to—t) g (k
+/ e (;10 + Yqo( ))dk + (3.24)
§D— (o0 — k2 +ik)
-/ KeH T (q(0,T) + 7a(h, T))
oD- (a — k? +ikv) ’

so that the standard Fourier inversion formula [80] can be applied,

—k2t P12 -1 k2 (to—t) -
_Wq(()’t)_/ ke 2f(k_,T) +/ ike (;;roJr"yqo(k))dkJr
sp- (a0 — k2 +ikv) §D— (v — k2 +ik~)

e ) (3.25)
- (o — k2 + k) '
Use now the definition of }',
ik‘e_k% T 12
—mq(0, ¢ :/ / e *f(q,y,s)dsdk +
( ) SD— (Oé — k24 Zk"}/) to ( )
ikek’ (to—1) g (k
+/ ike (;10 + V4o ))dk n (3.26)
SD- (v — k% + ik~)

/ ike® (=9 ((0,T) + vq(k, T))
— : dk,
S (o — k2 + k)
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with the following abbreviation f(q,y,s) := f(q(0,s),y(s),s) and split the time integral
in the first term into two with different domains: One for s € [to,t] and another one for
s € [t,T],

ike ke k2s T k2s
—WQ(Oat)—/(SD_(a_kQ_le)(/ fa,y,s )d3+/t e f(q,yas)d5> dk +
ike" (071 (go + 1G4y (F))
+/5 (o — k2 + k) dk +

_/ ike!" (T (g(0,T) +~q(k, T))
5D (o — k2 + k)

dk.

(3.27)

By linearity, the first term can be separated into two integrals with different domains,

_k2 t— S
—mq(0,1) / /to (a— k2 + zk:fy)f(q’ y,s) ds dk + (3.28a)
ike*”
2
/ / (a_k2+2k’y)f(q’y’s) ds dk + (3 8b)
ket (g0 +14(1)
2
ek (T—1) .
_/ e ((0.7) +44(k, 7)) (3.284)
oD" (o — k2 + ik)

The second and fourth integrals, namely terms (3.28b) and (3.28d), consist of decaying
exponentials as k — o0, since R {k?} < 0Vk € D™ := {k € C: R(k*) < 0AS(k) <0},
as well as (s —t) > 0Vs € [t,T] and (T —t) > 0. Theorem 3.8 shows that these integrals
over the circular arc Cg := {Re : 0 € [57/4,7n/4]} will vanish as R — oo, which means
that the curve can be closed and these two integrals treated as contour integrals over the
closed curve 6D~ U Cg.

—k2(t s)
_ t) dsdk 3.29
7q(0, / /to a_kQkaf(q,y,S) sdk + (3.29a)
/ / L W gy, s)dsdk + (3.29b)
SD-UCx Oé — ]6'2 + Zk”}/) Y, '
ike" 0= (qo + vgo(k))
dk 3.29
+/5 _ (o — k2 + ik) + ( <)
ek (T—1) T q(k, T
D—UCgr (O[ — k2 + 7’]{7}/)

The integrands above have two poles, located at

ko = % (m + \/da — 72) . (3.30)

Since the parameters o and ~ are positive, the poles lie on the upper complex plane, outside
the contour 0D~ U Cg. Integrands (3.29b) and (3.29d) are therefore holomorphic over the
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set closed by dD~ UCpr and by Cauchy’s theorem (Theorem 3.9) they have no contribution.
The resulting equation is as follows

kat s)
—7q(0,1) dsdk
mq( / /to a_k2+zk,y)f(q,y,8) sdk +

e—k?(t—to)
o (a— k2 +ik)

O

Proposition 3.11. The integration domain in equation (3.20) can be deformed into the
real axis, i.e.

*k)Q(t S)
0.0 ds dk
/ /to a—k2+zk7)f((by,8) s 4

k2 (t—to)
oo (o — k2 + ikry)

(3.31)

Proof. Note that on sets EX := C*\ D%, R {k?} > 0 and hence —k?(t — s) < 0 and
—k2(t — tg) < 0. Like before, an appeal to theorem 3.8 shows that the integral of these
functions over the contour Cr := {limp_,oo Re? : 6 € [rr,57/4]U[T7/4, 27]} is zero, permitting
the following change in the integrals

/w... dk = <_/6E_/—Z> dk = <_/5EuaeR_/_Z>"' dk. (3.32)

Integrals in equation (3.20) can then be modified as follows

0 N[ [ ke FE ds | dk
- ’t N - B (12 1 il ) Y
ﬂ-q( ) < /5EU 5éR /—oo> /to (a _ k2 + ’Lk’y) f(q ) 5) S +

) 27—k (t—to) -
SE-UsCr J—oo (o — k% + k)

Again, the poles of the integrands lie on the upper complex plane (see equation (3.30)),
so that the integrands are holomorphic over the whole simply connected set E~. By
theorem 3.9 (Cauchy’s theorem), integrals over dE~ U 6Cr hold no contribution, leaving
the equation as follows

_kQ(t S)
av ds dk
/ /to a—k2+zk,y)f(q7'y78) S +

+/ ike K (1=1) (o + 7y (k) "
oo (o — k2 +ik~) )

(3.33)
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Proposition 3.12. Equation (3.31) can be simplified to obtain the following expression
with purely real part,

k2yeF *(t—s)
0.0 / /t (o — k2)2 + k2y 5 f(q,y, s)dsdk +
0

- e (e

Proof. Start off by separating the real and imaginary parts of this equation (3.31). The
separation in the first term is done by multiplying and dividing by the complex conjugate
of the denominator

_k;2(t s) (Oé _ k‘2 . ik"y)
2 dsdk
0 / /to a—kQ—}—’kay) (Oé—kz—ikyy)f(q7y’8) S +

/ ike F(t—to)R {W} dk + ‘ (3.35)

(3.34)

a — k2 +iky)

* oy R -to)g [ (90 +740(k))
k dk
—i—/_ooz e \s{(a—kQ—H’k’y) )

so that the denominator has no imaginary part

ike ¥ =) (0 — k2 — ik
260 //t (o — k2)2 + k242 )W)f(tjl,y,S)dskor
0

+ 740 (k))
Le— k2 (t—to) g (90 0 dk 3.36
/_ool (a— k2 +iky) f T (330
* o k2 +740(F))
2]{? k2(t to) o (qO 0 dk
A =
and the imaginary and real parts of the first term can be clearly differentiated
k2ye—k?(t=9)
q(0,1) / / " 'YkQ k2 S (a,y, s)dsdk + (3.37a)
to -
Zk —k:2(t s)
/ /t = k:2 e flq,y,s)dsdk + (3.37b)
0
k
+/ ike R (- to)%{m}dk + (3.37¢)
o k2t (qo +vqo(k))

Integrands (3.37b) and (3.37d) are odd with respect the variable k and therefore its
integral over R is zero. On the other hand, integrands (3.37a) and (3.37c) are even with
respect the variable k and hence their integrals over R are equivalent to double the integral
over the interval [0,400). Symmetric properties in equations (3.37c) and (3.37d) are
easier to see by following the same procedure done before (multiplying and dividing by the
conjugate of the denominator) and using the definition of g,(k) as follows

(g0 +7a0(k))  qo(a—k? —iky) +7qo(k) (a — k? —ik)

— 3.38
(o — k2 + k) (o — k2)2 + k242 ( )
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where
do(k) = /0 " kg to)d = /0 " (cos(ka) + i sin(kx)) q(z, to)dz = (3.392)
_ /0 " cos(ka)q(w, to)dar + i /0 " sin(kr)q(x, to)dz — (3.39b)
=80 (k) uen (a0 ()
= (G0(k)) cven + 9 (@0(k)) paa » (3.39¢)

o (3.38) simplifies into

(90 +740(k)) = (a—k)qo ik qo
(0 — k2 +iky)  (a—k2)2+ k22 (o —k2)2 + k242
(e = k) (@0(k)) cven n (—ik?) (@0 (k) cven

+ (3.40a)

+ (0 — k2)2 + k242 (@ — k2)2 + k22 (3.40Db)
iv(a — k%) (qo(k k2 (an(k
T VEO[ _ k2§2((_1i_0§€2),y)5dd (ay_ ]Efgl;)g( _pggiy (3.40¢)
thus
qgo(k Oé—k:2 a—k;2 an(k kQAk;

%{((SO—ZZTEIC)W))} S (a_)k(ztié’(ﬁzéi;f Mot (3.41)

as well as
S { (g0 + 740 (k)) } _ —kvg0 — k7* (@0 (k) cpen + (@ = k) (@0 (k) 3.42)

(o — k2 + k) (a — k2)2 + k242 ' '

The real part (3.41) is even with respect to k& and multiplied by an odd term, such
as the term ike **(=t0) in (3.37c), the result is an odd term. Similarly, the Imaginary
part (3.42) is odd with respect to k£ and multiplied by the same odd term, the result is an
even term.

Employing the integration properties of even and odd functions stated before in (3.37),
the resulting expression for g(0,t) is:

k2ye R (t=s)
2(0.) / /t (v — k?)? +k272f(q,y,5)dsdk+
0

3 k2 (t—to) | (G0 +7Go(K))
/0 ke \S{(a—k2+ik7) d,

Expression (3.34) of the solution of the system (2.12) can already be used to obtain
an analytic integral formula for the dynamics of particles in some specific velocity flow
fields. These flow fields usually have easy expressions of f. In fact, Prasath et al. [53] use
it for certain scenarios of particles in time-dependent spatially homogeneous fields (cases
in which f(q(0,t),y(t),t) = f(t)), such as a quiescent flow, a sedimenting particle and a
oscillatory background; as well as a steady but spatially inhomogeneous linear field (with
F(q(0,t),y(t),t) = f(y(t),t)), the Couette Flow.

O]
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However, velocity fields are in general time-dependent and spatially inhomogeneous,
which means that an analytic expression cannot be obtained in most cases. For this reason,
Prasath et al. [53] describe a numerical scheme that includes the use of a nonlinear solver
on (3.34) and that can be used in all type of flows for which the velocity field is known.
In order to implement this method efficiently on equation (3.34) requires modifications
in the order of integration on the first term so some terms can be precalculated before
each iteration. The reason for doing this will become more evident for the reader in the
following sections.

Given the term

e Rre Ok 3.43
/O 5 f(q,y,S)(Ol_kg)QJrk%2 sdk, (3.43)

the order of integration can be switched by using Fubini’s theorem. f is then assumed
to be a continuous and bounded function. This assumption is coherent with the physical
properties of the fluids normally considered: continuous isotropic fluids at points where its
velocity is finite.

Theorem 3.13 (Fubini’s theorem [23|). Let (x1,.41,1) and (x2,A2,v) be two complete
measure spaces and let

(X1 X x2) 2 (z,y) — f(z,y) be integrable in (x1 X x2)- (3.44)
Then
[ e = [ ([ s ar)a (3.450)
(x1xx2) x1 \Jx2
= / ( f(z,y) d,u) dv. (3.45b)
X2 X1
Proof. Available in DiBenedetto (2002) [23]. O

Proposition 3.14 (Switching the order of integration in (3.43)). Let x1 := [0,00), x2 =
[to, tf] withto,ty € R andty > to, and f : R xR" xR — R", with n € N, be a continuous
bounded function, bounded by a positive scalar C' > 0, i.e.

max (10 (a,9,9), 1/ (@, 9)],. ., |/ (a,9,9)) < C, (3.46)

then

kQ’}/S_kz(tj_S) kQ’yB_kQ(tj_s)
dsdk = dsdk A7
/xl /XQ H@y 90 e e /XQ /><1 F@y:9) (e sk, (3:47)

for all a,v > 0.

Proof. Integrability of (3.43) is shown by finding an upper bound for the absolute value of
the integral. For simplicity, consider only one component of f: the maximum component of
f(q,y,s). Without loss of generality, assume that the maximum is hold at the first compo-

nent, i.e. max (f(q,y,s), fP(q,y,s),..., fP(qy,s)) = fO with fU = fW(q,y,s).
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Start off by using the properties of the absolute value and the fact that f is bounded:

ke B / / L P (3.48a)
to (a — k2)2 + k242 t (o — k2) T k22
_k2(t;—s)
/ /t = k:2) | ddk (348)
o—k2(t;—s)

dsdk. (3.48c¢)

Ll

Drop the absolute value, since the integrand is positive for all values s € [to,t;] and
k € [0, 00), integrate the terms that depend on time and rearrange as follows:

k2 2(t4 fs)d
/ / ds dk = C’/ ’Yf ° dk (3.49a)
to

(o — k?)2 + k242
2
) }(Z’Y 1 — e~k (ti—to)
=C dk
=

k2)2 + k272 }(2(
(3.49b)

o [C et 3.49
- 7/0 (0 — k2)2 + k242 (3.49¢)

(o — k:2 + k22

—k2(tj—s)
(o — k:2 + k2~2

The exponential term is always positive, thus

o [ et [ ! dle 3.50
< . .
7/0 (@— K22+ k22 " = 7/0 (o — k2)% + k272 (3:50)

oﬂ}

Split the integral into two, one for k € [ y 5 %

and another one for k£ € ( +oo} and

apply two different bounds for each integral, using the inequalities (o — k%)% + k?~% >
(a — k)% and (o — k%) + k%42 > k242

o0 1 \f/2 1
C dk=C dk 3.51
7/0 (0 — k2)? + k272 7/0 (a— kR (3.512)
ee 1
dk < 3.51b
O s e

C o ! dk L[ —dk 3.51
< S — = .
<o) wmmtt e (351

The first integral is bounded, since its integrand is continuous over the compact domain
[O, @} The second integral belongs to the set of converging improper integrals of the

type faoo kipdk: with @ > 0 and p > 1, thus it is bounded. The sum of these two integrals is
therefore bounded and the function integrable so theorem 3.13 (Fubini’s theorem) can be
applied and the order of integration switched. O

Switching the integration order, one obtains:

'V N s [ ¥R
/to/ fq7y7 ) —|—k52’}/2 s = t f(qayas)/o (a—k2)2+k¢2’}/2 S
(3.52)
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so the integral formula of the MRGE translates into

T t o 2 (go +vqo(k))
Z 1) — t— _ —k*(t—to)x J N0 T THO\M)) L g .
Ja00.0 = [ flap. 0t -5 ds— [T ems g OTIEL Lk (353)
::;(t) =H(t)
where
0 k2,yefk2(tfs)
t—s):= dk. .54
L(t—s) /0 CEEEEwE (3.54)

3.2 Solution formulas for specific fields

Prasath et al. [53| provide a few examples of velocity fields in which either formulae (3.34)
or (3.53) can be used to obtain an explicit solution expression. In all these examples, the
initial time is set to be zero, i.e. tg = 0, for simplicity and it is assumed that the particle
has no preexisting history at the point of starting its motion, i.e. zero initial condition
almost everywhere, namely

: —0
gle.0)= {2 4 7=0 (3.55)
0, if x+#0.
and therefore gq(k) = 0, leaving the solution formula as
T ¢ 00 kQ,Yekat
=q(0,t) = L(t—s)d dk. 3.56
Ja0u0) = [ fay st —sds+a [ e (3.56)

These examples are:

1. A relaxing particle in a quiescent flow [53, Example 1, p. 10], i.e. absence of back-
ground flow or f(q(0,t),y(t),t) =0Vt >0,

9 0 k‘2’y€_k t

a(0.1) =~ qo/o et (3.57)

2. A sedimenting particle [53, Example 2, p. 12|, i.e. a particle settling under the
effect of gravity. Since gravity is considered as a constant force acting in the ver-
tical direction, one may just consider a scalar forcing term with constant value or
f(q(0,t),y(t),t) = 0 € RVt > 0. In this case, it is more convenient to use equa-
tion (3.53), since the time integral can be solved analytically,

- o) :IC2’}/O' t 22 0o k2’ye_k t

—q(0,t) = —k=9) dsdk / dk

2q( t) /0 (o — k?)2 + k242 /0 € sak =+ o 0 (a—k?)2+ k2427
(3.58)

resulting in

T o k*~vo 1— ekt
—q(0,t) = dk
2(1( ;1) /0 (a—k2)2+/€272 k2 +

00 k276—k2t
dk.
+ CJO/O (o — k2)2 + k242

(3.59)
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By rearranging the terms one obtains

9 ° a(1— e—lc%) 2 o0 fyk:Qe_th
2 dik + =2 dk. 3.60
q(07 ) 7_(_0-/0 (O[ - k2)2 + kQ’YQ + 7rq0/0 (a — k2)2 + k272 ( )

3. A particle in an oscillatory background with single frequency [53, Example 3, p. 14],
or mathematically f(q(0,t),y(t),t) = sin(At) with A € R. In this case I also consider
the scalar case for simplicity:

T o] k27 t K2 () .
Eq(O,t) :/0 (0 — 122 1 122 /0 e F =9 sin(\s)dsdk +

o et (3.61)

dk

+QO/0 (@ —k2)2 4 k242

resulting in
2 [ k2 Ae Rt — Xcos(At) + k2 sin(At)
0,t) =— dk
a(0.9) ﬂ/o (a—k2)2+k272{ ey *

(3.62)

9 [e’e) k,ze—k2t
- dk.
+ W’YC]O/O (o — k2)? + k2~2

4. A particle in the Couette flow [53, Example 4, p. 16|, which is the only spatially in-
homogeneous case considered by Prasath et al. for which one can use equation (3.34)
to obtain an analytical solution. The Couette flow has the advantage that it is a
two-dimensional time-independent linear flow, i.e.

)
uty(o.0 = 0. (3.63)

Being consistent with Prasath et al.’s notation, from now on I will use the super-
scripts (1)) and (-)?) to refer to the horizontal and vertical components of a vector,
respectively. The solution for a particle moving in this field has the following form:

9 [ ) k2y A 2k2v(k?—a)
q(0,t) == / 7R [(amkPHREE Tk PR gq d. (3.64)
o 0 (CRyEa e

Note that even though Prasath et al. considers a two-dimensional flow, they do not
consider the buoyancy force. This term is to be included if one considers one of the
dimensions to be the vertical one.

3.3 A formula for the particle’s position

In the previous sections I obtained a formula for the particle’s relative velocity using
Fokas’s method and used it for some specific background flows. However, in most cases
one is interested in calculating the particle’s position at a certain time. The equation of
the definition of the relative velocity, i.e. equation (2.12d), relates both variables y and
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q(0,-) and it can thus be used to obtain a formula for the particle’s position by integrating
with respect to the temporal variable in the interval [to, ], namely:

/ i(s)ds / ((0,5) + u(y(s), s)) ds, (3.65)

to to
and integrating the term on the left hand side,

y() = ylto) + / (4(0, ) + u(y(s), s)) ds. (3.66)

to

Note that equation (3.66) is an implicit formula and it may require the use of a nonlinear
solver.

3.4 Discrete formula and code implementation

Section 3.2 presented examples in which it is possible to obtain an analytical expression for
a particle’s relative velocity. These fields had simple expressions for f and are quite ideal:
they consider flows with special characteristics, for instance time-independent spatially
homogeneous background flows or a fully linear background. In most real-life experiments,
the flows do not hold any of these characteristics and an analytical expression for the
particle dynamics cannot be obtained. For this reason, Prasath et al. (2019) developed
in [53, Section 5.3] a numerical technique that can be used in all cases as long as the field
is known, by expanding f into a Chebyshev polynomial basis and using a nonlinear solver
to overcome the nonlinearity in (3.53).

This section studies how to obtain and implement a numerical solution for one of
the spatial dimensions of the problem, particularly for the variables ¢; := ¢(0,7;) and
y; = y(7j), at certain 7; Chebyshev nodes within a subinterval [t,,t, 1], where t, is
one of the M equidistant nodes within the time domain [to,tf], with ty > t5. Each di-
rectional dimension is analysed separately to avoid confusions between the vectors with
directional components and vectors of discrete solutions, e.g. y(t) = [y (1), 5P (t),...]
against g (t) := [y%l)(t), yél)(t), ...]. The formulas and equations required for the resolu-
tion of a particle’s trajectory are implemented within our open-access Python Toolbox [72].
For this reason, sketches of the algorithms used in this toolbox are provided after the fi-
nal formulas. This toolbox is supported by functions available in the SCIPY [77] and
NUMPY |33] libraries, versions 1.11.3 and 1.26.1, respectively.

The attached Python toolbox consists of several Python scripts: some that set the
parameters of the particle and others that run the numerical method to obtain the solution.
This way, every time the user wants to solve the MRGE using the transformation and
method described in Prasath et al. [53] using our toolbox, the user may set the particle
parameters using the script called a00 PMTERS INPUT.py and create an instance of
the class mazey riley Prasath given in the file «09 PRTCLE PRSTH.py. The user may
also choose to use the ready-to-use script that provided in the ToolBox instead, called
a01 SOLVER_PRSTH.py.
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3.4.1 Grid definition

The Chebyshev time nodes 7; are defined by the formula

At j
Tj::tT+2<1—cos<LJj1>>, vje{0,1,...,L—1} (3.67)

with At :=t,11 — t,. The implementation of equation (3.67) in the toolbox is carried out
within two methods

(1) The one that calculates L Chebyshev nodes,

0j = —cos <L‘7_7r1>, vje{0,1,...,L —1}, (3.68)

within the [—1, 1] domain

Algorithm 1 Define L Chebyshev nodes, o;:
1. function SIGMAV_DEF(L):
2 for j < 0toL—1do
3 olj] + —cos (%)
4: end for
)
6:

return o
end function

(2) The one that then maps the o; nodes into the time domain [t,,¢,11] as described in
equation (3.67),

Algorithm 2 Define grid nodes in time, 7;:
1: function TNODES DEF(L, t,, At)
2 for j < 0toL—1do

3 Tj] « tr + 5L (1 + a[j])
4: end for
5
6:

return T
end function

This calculation is split into two methods due to efficiency, since the algorithm 1 is only
required to be called once — at the beginning of the program —, whereas the 7; nodes have
to be recalculated in each new time interval [t,,¢,1].

The mapped Chebyshev nodes in the pseudospace, k;, characterized by

14k

kl_ =~
1-—k

where k; := — cos <ZN7T) , vie{0,1,...,N —1}, (3.69)

are calculated only once, since they remain constant among the whole program. Algo-
rithm 3 provides the method used.
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Figure 3.2: Representation of the domain [¢,, t,4+1] X [0, 00) in light blue as well as some of

the Chebyshev nodes in time, 7;, and Fourier space, k;.

Algorithm 3 Define frequency domain grid nodes, k;:
1: function KNODES DEF(N):
2 for[ <+ 0to N —1do
3 E[l] + — cos (&)

4: E[l] « 1tk
)

6
7

1—k,
end for

return 12:, k
end function

Note that the nodes 7; and k; defined in equation (3.67) and (3.69) respectively, cor-
respond to L and N Chebyshev nodes defined in the intervals [t,,t,4+1] and [-1,1). Once
defined, the k; nodes are mapped into the semi-infinite domain [0, co) by using the rational
rule in (3.69), obtaining the k; nodes at which the quantity /¢ is defined. A representation
of [ty,t,41] % [0,00) subdomain and the 7; and k; nodes is given in figure 3.2.

3.4.2 Expansion into Chebyshev bases

Consider the continuous formula (3.53) for a generic component and some t € [t,, t,41] and
a non-zero initial condition ¢(z,t,) # 0 Vx € [0, 00), i.e.

T t > 2
Zal0,1) = / £(@,y, $)L(t — 5)ds — / ke RS (k) bk (3.70)
tr 0

— 7 () — H(t)

Then apply the change of variables m :=t — s to the time integral of F(t) as follows

Fit) = /0 F(@,y,t — m)L(m)dm, (3.71)
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where ¢ :=t — t,. The new variable, £, is a quantity that describes the distance from ¢ to
the initial time in the interval, ¢,. This change of variables enables us to generalise the
integration for any subinterval independently of the initial time ¢, as long as the Chebyshev
nodes are distributed equally in all the time interval.

Chebyshev polynomials are defined over the interval [—1,1]. By using the change of
variables [ = %m — 1, the integration can be carried out in this interval (Note that the
right integration bound reaches 1 when t = At),

2t—At

F#) :/_1“ f (q,y,t - %(z + 1)) c (A;(z + 1)) %dz. (3.72)

Evaluating f at the points 7, Vj € {0,1,..., L — 1} permits to expand it into Chebyshev
polynomials, i.e.

L-1

F(awi- 50 0) = X culan). o) 10 (3.73)

n=0

where ¢, is the n-th Chebyshev coefficient that depends on the discrete values of the rel-
ative velocity at the boundary g(7) := [q(0,70),q(0,71),...,q(0,7,_1)]" and the discrete
trajectories (1) = [y(m0),y(11),...,y(ro_1)|*; T := [r0,71,...,7_1]T is the vector of
discrete times in the interval [t,,¢,+1] and T, is the Chebyshev polynomials of the first
kind of degree n. The expansion of f into Chebyshev polynomials provides the following
approximation of F(t),

L-1 2t—At
F(t) ~ 7;)%(@(7'),@(7-)) /_lAt T.()L (Azt(l + 1)) %dl, (3.74)

S

(%)

where F,(t) is the approximation of F(t) obtained with Chebyshev polynomials up to
degree n.

14k
1-k’

H(t) = /1 Gt];) (1) Z%{% (ii tr> } (1_216)2 dk (3.75)

so that the integration domain corresponds to the domain of definition of the Chebyshev
polynomials. {5} is expanded into Chebyshev polynomials by evaluating it at the

points k; = i;]le foralll € {0,1,...,N — 1}, i.e.
l

The integral in H(t) is discretised by taking the change of variables k =

1 ]; N—-1 X _
3 {jf (1:{: n) } ~ g dy(ak,t,)) Ty (k), (3.76)

where d,, is the p-th Chebyshev coefficient, k := [ko, k1, ..., kn—1] is the vector of discrete
values of k; and T}, is the Chebyshev polynomial of the first kind of degree p.



3.4. Discrete formula and code implementation 29
The discretised expression for H is given by

H(t) ~ dp(Q(k,tr))/ T, (k)G (k, T)dk, (3.77)

where

G(k,7) = (H%) ()T 2 (3.78)

and 7:tp(t) is the approximation of H(t¢) obtained with Chebyshev polynomials up to degree
n. The full approximation formula for one of the components of g(0,t) then becomes,

L-1 2t—At

~ Y euld(r), 5(r)) / RO (A;(m)) At

= Fn(t)
N L (3.79)
d,(q(k, 1)) / (06 (k. D)k
p=0 -1
:57:[17(75)

The approximation formula for y is obtained by using the same procedure as before:
expanding the integrand of equation (3.66) into a Chebyshev bases of polynomials Only
one of the components of the vector is considered. The change of variables | = <3 2 (s—tg)—1
enables the change in the integration domain into the domain of definition of the Chebyshev
polynomials, obtaining

y(t) = y(to) + % /_;At <q <0, %(l +1)+ tr> +u <y <A2t(l +1)+ tr>>> dl. (3.80)

The Chebyshev expansion of g + u is given by

q(O,ét(l—Fl)—I—tr)—i-u(y(A(l—i—l +t>> Zb T.(l)  (3.81)

where b, is the k-th coefficient of the Chebyshev polynomials and 7 is the Chebyshev
polynomial of the first kind of order k. Hence, the fully discretised expression becomes

L—1 2t—At
At

y(t) ~ ylto) + 28 3" be(@(r), 5(r) / T, (1)l (3.82)

3.4.3 Full discretisation

The interest in section 3.4 consists in obtaining an expression for the discrete solution
¢; := q(0,7;) at the Chebyshev time nodes 7; in the generic interval [t,,t,41]. Note that
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70 = t, and 77,1 = t,41. The distance between the Chebyshev nodes 7; and the initial
interval time ¢,, i.e. 7; := 7; — 1,, are kept constant in all time intervals. This results in
the following equation

L1 27— At

i Y aam.am) [ noc(Gasn) Sas

-1

o] 3

n=0

=: Fn(7j)
B 1 (3.83)
—Z%MMM/Q®W@W-

=0 -1

3

:57:Lp(7'j)

The sums can be written in compressed form as the dot product of two vectors, i.e.

At 5 ) .
54 ~5e@(m),§(r) - F(7) - d(g(k.m)) - H(7)), (3.84)
where
S noc (A )l |
F(7) [ ()L (Bt +1))dl (3.85)
27— At
S TaL (B + ) d
and
1 To(k)G (k, 75)dk
Ty (k)G (k, 7;)dk
H(7;) = Jo T )Q( 7;) (3.86)
J2 Ty (k)G (R, 75)dk |
Extending equation (3.84) for all 7; results in
T _ At . _ _ - .
54(1) = = Mx(7) ¢(q(7), §(7)) = Mu(7) d(a(k, 7)), (3.87)
—: Fo(7().5(7) =Ha(7)
where
o or
— FFE)T  —
Mp(7):= | — F@F)" — , (3.88)
L F(%L—l)T — JdrxL
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o HGE)T —
_ H(%l)T _
My(F)=| — HE)" — (3.89)
L H(%[:—l)T — 1 LxN

and the vectors of coefficients

col@(r). g(r) do(a(k. )
= | IO | gy = | DD |

cr-1(q(7),9(7)) | | dy-1(a(k,m))] y

Matrices (3.88) and (3.89) can be precomputed at the beginning of the algorithm before the
time stepping process, since they only depend on the grid nodes in the time and frequency
domains which are constant during the time stepping process.

In the toolbox, F, is implemented in the F _def method as follows,

Algorithm 4 Define function F,(¥,§(7),§(7)) for one spatial dimension

1: function F_ DEF(Gguess, Yguess, T, Mr, At):
2: ¢(Gguess) < Obtain Chebyshev coefficients of f (Gguess; Yguess: tr + T) expanded

overj'
3: -7:n(7-7 ‘j)~<_ % MF(’%) C(quess)
4: return F,(7,q), c(qguess)

5. end function

and ’;Lp in the H def method,

Algorithm 5 Define function H,(7) for one spatial dimension
: function H DEF(7, My, At):
S{H#(k,1,)} « Obtain S{H(k;, t,)} for all k; in k
d(4(k, 7)) + Obtain Chebyshev coefficients of S{ A (k,t,)} expanded over k
Hyp(T) < Mu(7) d(d(k; 10))
return #,(7)
end function

Due to the dependencies of the function f, the full resolution of (3.87) also requires to
solve for y. The discretised version of (3.82) for node y; := y(t;) is given by

Z%ijt

L—1
v~ + 20 S (@), g(r) / T, (3.91)

Sum in (3.91) can be transformed into a dot-product, leaving the equation as:

v~ w0+ S b(@(r), 5(r) V() (392)
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where
I T bo((r). 5(r)
—L— b1(q(T),y(T
Y7, = | T :Tl(l)‘” and b(g(r),g(r) = | ):y( Y o)
_fjin_tAtTLq(l)dl_L ) ’

5r) ~ Go(r) + o My(7) b(@(r), (7). (3.99)
—ii(7,a(r) 5(7)
where
— Y(FH)! —
O A s
— Y(%L.—l)T — LxL

The algorithm for 7 is given by

Algorithm 6 Define function (7, q(7), g(7))
function ETA _DEF(T, Gguess, Jguess, At, My)
Uguess < Evaluate velocity field at positions #gyess at times T
b(q,y ) < Obtain Chebyshev coeflicients of @guess + Uguess €xpanded over 7

1:
2
3
4 A(F) « 5 My(7) b(q,7)
5
6:

return 7(7)
end function

The values of ggyess are obtained by using Forward Euler on equation (2.12d). Applying
Forward Euler for a single step, the (one-dimensional) discretised expression

(yguess)j+1 =y;+ (Tj—i-l - Tj) (Qj + uj) (3.96)

is obtained, where g, := ¢(0,t,) and u, := u(y(t,)); which extended for all the values of
T

(yguess)o Yo 0
(ygueSS)l Yo T — 70
(Yguess)2 | = |Yo| + | 2— 70 (qo + uo). (3.97)
| (Yguess)L—1] lvo|  |To—1—10]
—_——— —_————
::'gguess =T

This algorithm is implemented in the ForwardEuler method of our toolbox. Because this
algorithm is pretty standard, no pseudocode is provided.
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Equations (3.87) and (3.94) produce the following implicit system of equations

{q(r) ~ 2 Fa(7.4(1) - 2H,(F) (3.8)
y(r)~ o(r) +0(7,q(7), (7))
Passing all terms to the same side, the function J:
o [ate) < 2ELFa) + 2]
Far)gir.m) = |10 QI D0 s

is obtained, whose zeros are to be found using a nonlinear solver. Prasath et al. (2019)
recommend using Gguess(T) = —%’;tp(T) as an initial guess. Since #H, does not depend
on q and remains constant across the nonlinear solver iterations, it does not need to be
recalculated within the nonlinear solver. The algorithms involving equation (3.99) (named
J_def) and the nonlinear solver implementation (named update) are straight forward and
are therefore skipped.

3.4.4 Evolution of the initial condition

As part of Prasath et al. (2019)’s algorithm, quantity I{ ¢} has to be calculated at
initial time and updated in each time step. This term encodes all the information about
the history of the particle from the initial time tg til the interval’s initial time ¢,. For this
reason, 7 (k,t,) is called the renormalised initial condition.

At initial time, the discrete expression of the renormalised initial condition

%{%(k,to)} = [ﬁiﬂ(ko,to),%(lﬂ,to), . ,%(k}]\[,l,to)] 18 given by

OIS e R R T e R
___ Kk9(0t0) (3.101)

(o — k?)2 + k242’

where the Fourier transform g(k, t¢) has been canceled out because this is equal to zero due
to q(x, tg) being zero almost everywhere. This function is implemented by the ImCalH _fun
function within our toolbox as follows:

Algorithm 7 Define function {7 (k, )}
1: function IMCALH _FUN(k, to, qo)
2 Ak to) & —
3: return {7 (k,to)},
4: end function

The update of the renormalised initial condition in the following time steps is obtained
by first applying some algebra on equation (3.21), exchanging ¢y with ¢, and T with ¢4
and discretising the variable k£ to produce

f(k2 by tri1)
Ak tosr) = e FA P (R 1)) — e Kitri1g (K2 4, ¢, w2ty SR b tria) 5000
( I +1> € ( 15 7”) € 90( 15 Ury +1>+€ Oé—klz—l—ikl’y ( )
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vl €{0,1,...,N — 1}. Given that only the imaginary part of .7 (k;,t,11) is needed (see
equation (3.70)), the real part of expression (3.102) can be omitted, resulting in

S (A (ki tra1)} = NS (A ()} — S {

o d e FOR )
a— k:l2 + ikyy

or equivalently, using the definition of f |
S{A (i, tr1)} = e HAS A (R, 1)} +

klp)/ t7l+1 —k‘2 tr —s
C (a— k)2 +k1272/t e M=) f(q, y, 5)ds.

(3.104)

Note that Prasath et al. (2019) does not look for an updating expression for S{ ¢} directly
but for 5# and obtains the imaginary part after that, instead. They do not therefore carry
out this last step. The updating expression (3.104) has one term and an integral calculation
less in comparison to (3.102) and this translates into a faster computation.

Prasath et al. (2019) tackles the integration within ]~” in the same way as it did with
the previous integrals, i.e. using Chebyshev polynomials and storing the values of their
integration into a matrix that is later multiplied by the coefficient of the polynomials.
Expanding f into Chebyshev polynomials results in

S{A (kyy trr)} ~ e H A“‘{%(kz, tr)} +

At % _ _ iy ! k2SO (HVdo
n 7 9 ~ 7 n d

n=0

(3.105)

and in terms of a dot vector product,

At
S{A (ki tran)} & e NS (A (1)} — rel@(n), 9(7) - T(k), (3.106)
where
- —k2A(1—0 -
o [ e Y0 Ty(0)do
k —kJQAt l-o

]I(]Cl) — (a— kz)l2+k2 2 f 16 ( )Tl(U)dU (3107)

k —k:QAt 1—
L (a— k212'y+k2 2f 1€ (=), 1(0)do 1,

and ¢(q(7),y(7)) is the same vector of Chebyshev coefficients given in (3.90). Extending
this for all the k; nodes in the vector k,

S b)) ~ NS [ 1)} — SV (R) ela(r). 5().

N~

(3.108)




3.4. Discrete formula and code implementation 35

where %(k,tr+1) = [%(ko,tr+1),%(k1,tr+1), “ue ,%(k‘Nfl,trﬂ_l)]T and

My(k) = | , : . (3.109)

Equation (3.108) is the expression used within our toolbox [72| for the update of {7}
in each time subinterval, given that the matrix My is precomputed at the beginning of the
algorithm like the previous matrices.

The expression for the update of S{#(k,t.)} Vr € {1,2,...,M — 1} given in (3.108)
is implemented by the ImCalH wupdate method

Algorithm 8 Define function {7 (k,t,)}
1. function IMCALH _UPDATE(k, At, S{H#(k,t, 1)}, ¢(q), My)
2 S{H(k,t,)} e S (K, tr1)} — BIMy(K) e(q )
3: return {7 (k,t,)}
4: end function

3.4.5 Code of the matrices My, Mg, Mly and M

Matrices (3.88), (3.89), (3.109) and (3.95) are programmed by Algorithm 9. This algorithm
tries first to import the matrices from a previously saved file. If either of these files does
not exist or the matrices do not have the required dimensions, i.e. different values of L
and N, or the time step is different to the one used for the calculation of the matrices,
then the matrices are calculated.

Matrices values are therefore filled in with a loop over the indexes of the time (j and
n) and frequency (I) grids with the required integral results. The integrals are calculated
using the functions available in the polynomial.chebyshev library within numpy. Hence the
functions of the integrand must be first projected into the a basis of Chebyshev polyno-
mials (using chebfit), then multiplied with the corresponding Chebyshev polynomial (with
chebmul) and finally integrated (with chebint).

Once calculated, the matrices and the value of the time step are saved into one file.
Saving the matrices for later use is useful in the cases in which the values of L, N, and
At coincide, since the values of the matrices depend on these parameters. The definition
of the functions £ and G is omitted for simplicity. These two functions are defined in two
separated class methods and they just implement the expression of the functions given
in (3.54) and (3.78).
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Algorithm 9 Define matrices:

1: function CHEBMAT(L, N, 7, At):
2 Try to import Mg, My, My, M and At* from file
3 if My, My, My, M; and At* do not exist OR dimensions are wrong then
4: for j«<0toL—-1 do
5 for n(—OtoL—l] gto
6 Mglj,n] « [ 27 T.()L (41 +1))dl
At
7: My[ ',n «— ffl[A]t Tn(l)dl
8: end for
9: for [+ 0to N—-1 do
10: Mill, j] < = ka)[l] Tz I e~HIP 5 1= T (5)do
11: if 5#0 then B B
12: Mplj,1] f Ti(k g(k, Tlj]))dk
13: end if
14: end for
15: end for

16: end if

17: Save My, My, My, My and At* in a file.
18: return My, My, My, My

19: end function

3.5 Prasath et al.’s algorithm

Section 3.4 provided an expression to obtain the discrete values g(7) and g(7) at the points
T in a given time interval [t,,¢,+1]. This section describes the algorithm implemented in
the toolbox provided in the linked repository [72].

The first step in the algorithm consists in dividing the time domain [to,¢f] into M
subintervals of size At, i.e. [to,t1],[t1,t2],...,[trm—1,t0], Where t, = to + rAt, with
r € {0,1,..., M — 1}. This way, the whole pseudospace-time plane, i.e. the x —t plane, is
divided into M subdomains of the type [0, 00) X [t, t;41], as shown in the figure 3.1.

The algorithm involves the steps:

(1) Definition of L Chebyshev time nodes, 7;, and N pseudospatial nodes, k;, using the
rules in (3.67) and (3.69).

(2) Precompute matrices My, My and M, as described in (3.88), (3.89), (3.95)
and (3.109).

(3) Consider the first subdomain, i.e. [0, 00) X [to, 1] whose initial condition, i.e. g(z, o),
is set to zero everywhere except at x = 0, as shown in equation (3.55). The expression
for I{s} at initial time corresponds to

SH{A (ki to)} = “{q(o’to).}. (3.110)

o — kP + ikyy

S{ (ki to)} is expanded into Chebyshev polynomlals calculating coefficients
d(g(k, 7)) and H,(7). Setting Qguess(T) = —f’H »(7) as initial guess, expand it
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into a Chebyshev basis of order L — 1 and feed the coefficients of it into a nonlinear
solver where equation (3.87) is solved at the nodes 7;. This solution corresponds
to the Dirichlet boundary condition on the left boundary for the first time interval

[to, t1].

(4) Using equation (3.106), the renormalised initial condition is updated at the top
boundary of our subdomain, i.e. ${J€(k;,t1)} for the first interval [to,?;] and
S{H(ki, tr41)} for the generic interval [t,, ty41].

(5) The new renormalised initial condition is expanded into Chebyshev polynomials,
obtaining the new set of Chebyshev coefficients, d(g(k, 70)) so that H,(7) for the 7;
values in the following interval is calculated.

(6) Run again the nonlinear solver, using g, s(T) = —%’):Lp(r) as an initial guess on
equation (3.87) at the nodes ;.

(7) Repeat steps (4) to (6) until the final time node, t¢, is reached.
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Direct numerical integration of the MRGE: Daitche’s
schemes

This section presents the numerical integration methods given in Daitche (2013) [20].
Daitche (2013)’s methods consist on a quadrature scheme applied to the singular ker-
nel of the history term embedded into an numerical integration scheme. First the theory
behind the three different schemes of first, second and third order provided in Daitche
(2013) is provided and then their implementation in our code.

Note that the coefficients are calculated and stored using double precision instead of
quadruple precision, as adviced in Daitche (2013) [20]. Daitche and other authors, such
as Moreno-Casas and Bombardelli [47], point out that the accuracy of the method may
be reduced if the coefficients of the 2”@ and 37% order methods are not calculated using

quadruple precision. In chapter 6 this expected loss in convergence order for the 3" order
method is observed. No loss is convergence is observed for the 2" order one.
4.1 The theory behind Daitche’s methods
Daitche (2013) first modifies equation (2.6) by using the identity
t d d t
K(t—s)—f(s)ds+ K(t—to)f(to) = — | K(t—s)f(s)ds (4.1)
to ds dt Ji,

where K is the standard Kernel, defined as K(t—7) := \/tl_i and f(s) :==v(s) —u(y(s),s).
Identity (4.1) is obtained by using integration by parts. Using this identity in equation (2.6)

gives then the following result

#(t) = o), (1.22)
b(t) = ;D“%Sf)’t) —a(v(t) — u(y(t),6) — %i/ﬁ vis) = fﬁyf)’s)ds. (4.2D)

With the definition of the relative velocity qo(t) := v(t) — u(y(t),t), equation (4.2) can be
reformulated as

Y(t) = qo(t) + u(y(t),1), (4.3a)
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o) = (3 -1) 2220 (aun)- 9y ut(o).) — aan(v)+

d v " qo(s)
+ o <_\/7T' \ mds) . (4.3b)
=:H(t)

Integrating (4.3b) between ty and to + h yields

to+h
qo(to + h) = qo(to) + / G(s)ds + H(to+ h) — H(to). (4.4)

to

4.2 The discretised formula

The integral in term H in (4.4) is evaluated by using a quadrature scheme:

H(0)~ = —= Vi Y i a0(sn—s) + O )VI=To (4.5)
j=0

where v is the convergence order of the method and n is the number of intervals for
the approximation of the integral. Coefficients 07 are calculated by using the extended
formulas given in Daitche (2013) [20] and provided in the appendix A.

The integral of G in equation (4.4) is approximated using Adams-Bashfort multi-step
methods as shown below

to+h

/ G(s)ds = hG(tg) + O(h?) (First order),
toto+h h

/t G(s)ds = 3 (3G(ty) — G(to — h)) + O(h?) (Second order),

to+h
/ G(s)ds = 1% (23G(to) — 16G(to — ) + 5G(to — 2h)) + O(h")  (Third order).
to

Considering the grid ¢, = tg 4+ nh, and using the following abbreviations & = ~ %,

g0 = qo(tn), the complete integration schemes of first, second and third order for the
Maxey-Riley-Gatignol equation become

Yy =y + h(gf + u") + O(h?), (4.6a)
L+ &ng ™™gt =g + hG™ =€) (n?if - 77?) @y + Vit — toO(h?), (4.6b)
=0
h I ,
y" ="+ B0+ ") — (g L))+ 0(n?), (4.6¢)

n n n h n n— . n n n—j
(I+ &g ™ = a0+ 566" —G") —¢) <17j111 - 77j> % 7+ Vin — tO(h?),
=0

(4.6d)
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h — n— n— n—
"=yt (28000 +u") — 16(gy T U +5(gp 7+ um ) + O(RY),
(4.6e)

h _ _ . —
(L+enapt! = af + 15(23G" — 166"~ +5G"2) =3 (i) =) ap I+
j=0

+ Vi, — toO(RY). (4.6f)

For the second and third order methods, Daitche (2013) recommends the use of the lower
order numerical methods with a lower time step in order to obtain the first steps of the
highest order method.

4.3 Code implementation

Based on the method given by Daitche [20] and introduced in section 4.1, we programmed
our own Python implementation of Daitche’s methods.

The particle parameters are set up using the script a00 PMTERS INPUT.py. One
can create an instance of the mazey riley Daitche class from a09 PRTCLE DTCHE.py
and use the methods FEuler (first order method), AdamBashf2 (second order method) or
AdamBashf3 (third order method) to obtain a numerical solution of a particle’s trajectory.
The reader may just choose to use the ready-to-use script provided, called a0 SOLVER
DTCHE.py, and set the parameter order Daitche to 1,2 or 3 to use the appropriate
method.

The following section introduces the methods that are implemented within the class
maxey riley Daitche class.

4.3.1 The matrix of coefficients

Formulas (4.6b), (4.6d) and (4.6f) use the term (ngbjll —77;7‘) Vi € {0,1,...,n} An €
{0,1,..., N — 1} repeatedly. For this reason, these parameters are calculated at the ini-
tialisation of the class and save these values in the matrix

(i —ng 0 0
2 1,2 1 -

m—"Ny M2—M 0 :

M, := s .2 3 .2 B o (4.7)

m—"o M2—"11 T3 173

and use the dot product between each vector row in M, and g ~J to calculate the sum

Z?:o (77?:11 — 77?) qg 7 as follows

n n—1

(st = mp ) @i = [+ =) (5™ =) o (i) =)
j=0

(4.8a)
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qy
a;!
=M,[n;0:n]- | " (4.8b)
a

All the coefficients in the matrix are calculated by using the corresponding equations for
the required order. Note that in the code the coefficients 1 are referenced as « for Euler’s
method, S for the second order method and 7 for the third order method. This is the same
notation used by A. Daitche in [20].

4.3.2 First order method

The scheme of the method that implements the first order method is shown in Algorithm 10.

Algorithm 10 Algorithm for forward Euler’s method:
1: function EULER(yY, qf, to, h, M)

2: 5 — ’y\/g
3: Y»[0], qo.[0] + Save y° and ¢
4: forn< 0to L —1 do:
5: S=0
6: for j + 0 ton do: '
7: S =8 +M,n,j]-q;
8: end for
9: u" < Obtain field’s velocity at (y”,to + nh)
10: y" < y" + h(q) + u")
11: G" < Obtain G at (u", q(,to + nh)
19: q3+1 Mﬂi;&
14+n577¢
13: yu[n + 1], goou[n + 1] + Save y"*! and ¢!
14: end for
15: return y,, qo»

16: end function
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4.3.3 Second order method

The scheme of the method that implements the second order Adam Bashforth method is
shown in Algorithm 11.

Algorithm 11 Algorithm for Adam Bashforth second order method:

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

16:

17:
18:
19:

function ApaMBAsHF2(y?, ¢, to, h, M)
Y»[0], gow[0] + Save y° and ¢
u’ < Obtain field’s velocity at (y°,to)
GY « Obtain G at (u°, qJ, o)
t* < Create smaller grid between g and ¢;
Yu[l], gov[1]  Calculate first step with EULER method using t*
§ < 7\/§
for n <+ 1to L —1do:

S=0
for j < 0 ton do: ‘
S =8+M,[n,jl-q,’
end for
u" < Obtain field’s velocity at (y™,to + nh)
y" eyt + 5B3(gp Fut) — (gp 7 +unh)
G" + Obtain G at (u", q(,to + nh)
ntl , 9G+5(BG"-G"1)-5¢
q0+ « 9073 e
yu[n + 1], qoo[n + 1] + Save y"*! and ¢!

end for
return y,, Qo

20: end function
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4.3.4 Third order method

The scheme of the method that implements the third order Adam Bashforth method is
shown in Algorithm 12.

Algorithm 12 Algorithm for Adam Bashforth third order method:
1: function ApaMBAsHF3(y?, ¢J, to, h, M)
2 Y»[0], go[0] + Save y° and ¢
3: u® <+ Obtain field’s velocity at (y, o)
4: GY « Obtain G at (u®, q), o)
5
6

t* < Create smaller grid between ty and to
yolll, qQopll], Yu[2], gos[2] + Calculate first two steps with ADAMBASHF2
method using t*

T: G! « Obtain G at (ul,q,to + h)
8: &+ ’y\/g
9: for n<+2to L —1 do:
10: S=0
11: for j + 0 ton do: '
12: S =8 +M,n,j]-q;’
13: end for
14 u" < Obtain field’s velocity at (y”,to + nh)
15: Yyt + {5(23(qp +um) — 16(qp " +unh) 4+ 5(qf 2+ un )
16: G" < Obtain G at (u", qg,to + nh)
g+ (23G"-16G" 1 +5G"~2)—§
17: qg”rl . 20 15 ( e )—S¢
18: yu[n + 1], qoo[n + 1] + Save y"*! and ¢!
19: end for
20: return y,, qo.»

21: end function




Finite Difference based solution on the diffusive problem

This chapter presents the Finite Differences (FD) approaches derived for the resolution
of the MRGE system (2.12) on the unbounded pseudo-spatial domain and their imple-
mentation in Python. The schemes consist of spatial discretisations of orders two and four
coupled with either a second order fully implicit method (Trapezoidal Rule), a fourth order
fully implicit method (a SDIRK method) or a second, third or fourth order IMEX time
stepping method.

The FD discretisations used in this paper are a modification of the conventional ones,
since the reformulated problem given in equation (2.12) has one boundary condition instead
of two. The second order FD scheme was taken from the literature [37, 27, 3|, whereas
the fourth order method is our own work, obtained from the knowledge acquired from the
second order scheme.

The time stepping methods are either well-known numerical integrators, such as the
trapezoidal rule [83] or are taken from the scientific literature, like the SDIRK method
with name ESDIRK4(3)6L[2]SA, taken from Kennedy and Carpenter (2016) [34] or the
IMEX methods, from Ascher et al. (1997) [4].

Many of the definitions that provided in this chapter are inspired by the notes of the
course in Numerics for ODEs hold at the Technische Universitdt Hamburg [60].

5.1 Discretisation in space: Finite Difference schemes

The numerical approximations of the spatial derivative is carried out with two FD schemes
of second and fourth order. FD schemes are a class of numerical techniques used to
solve problems with differential equations by approximating derivatives with finite dif-
ferences [79]. These problems are called boundary value problems (BVP) because some
values or relations are known at the spatial boundaries. These are known as boundary
conditions. The differential system (2.12) is defined on a semi-infinite spatial domain, i.e.
x € [0,400) and holds one boundary condition at z = 0 (2.12c) and the requirement that
lim, 00 g(z,t) = 0.

There exist techniques in the scientific literature to overcome the fact that the PDE is
defined on a semi-infinite domain and include an approximation on a second right boundary
condition at a finite point, such as an artificial [67] or transparent boundary conditions [56].
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Koleva’s scheme [37], based on the results of Alshina et al. [3], demonstrated a very good
behaviour to address differential problems on infite domains, without imposing an approxi-
mation of the boundary condition at infinity. For this reason it is the discretisation chosen
to carry out a second order scheme on diffusive problems defined over the semi-infinite
spatial domain, x € [0, c0).

Additionally, a novel fourth order FD scheme for differential problems on semi-infinite
spatial domains is presented and implemented. This method is based on an extension
on Koleva (2005) [37] and Fazio and Janelli (2014) [27])’s methods, with Lele’s compact
finite differences (CFD) schemes [40]. CFD schemes are chosen over standard FD schemes
because they require smaller stencils. The fourth order CFD approximation of the second
derivative needs a three-point stencil [40] in comparison to the five-point stencil 78| needed
by the standard FD schemes. It is unclear how to eliminate the effect of two ghost cell
values in the reformulated MRGE (2.12).

5.1.1 Spatial Grid

The spatial grid is defined using the “quasi-uniform mesh” given in Koleva (2005) [37] and
in Fazio and Janelli (2014) [27]. These “quasi-uniform meshes” are obtained by using a
strongly monotone and smooth map on a uniform spatial grid defined over [0, 1). A uniform
mesh with N grid points is obtained by using the function

gnz% Vne{0,1,...,N - 1}. (5.1)

Koleva (2005) [37|, Fazio and Janelli (2014) [27] and Alshina et al. (2002) [3] provide the
following strongly monotone and smooth mappings

xn = x(&n) = —cln(1 = &,), (5.2a)
A S
Ty = x(&p) A& >0, (5.2b)

where ¢ € (0,00) is a parameter that governs the distribution of the grids within the half
positive real line, approximately distributing half of the grid points within the interval
[0, c].

In the FD approximations used for the MRGE, the logarithmic mapping, i.e. equa-
tion (5.2a), is used because it ensures a concentration of points around the origin (see
figure (5.1)) and therefore “gives slightly better resolution near the boundary = = 0 than
the algebraic map” (5.2b), according to Fazio and Janelli [27] (2014).

5.1.2 The semidiscrete system

Once the spatial domain has been discretised, the numerical schemes can be applied on
the PDE, so that the solution can be approximated at the grid points. The second and
fourth order schemes for the spatial discretisation are given in the following subsections.
The exact form of the scheme will not influence the overall shape of the system, which will



5.1. Discretisation in space: Finite Difference schemes 47

QUM with logarithmic rule

-ﬁO x1 1;2 x3 }554 l’? Ze }-T? 5}138 x#Q x]}O 33%1 %‘12 | Z13 | T14

0 1 2 3 4 ) 6 7 8 9 10 11 12
QUM with algebraic rule

To X1 T2 T3 T4 T5 T X7 xg Z9 710
I h

| | | | | | | |
T T T T T T T T T T

0 1 2 3 4 ) 6 7 8 9 10 11 12

Figure 5.1: Distribution of N = 20 nodes in quasi-uniform meshes obtained using (top)
the logarithmic rule in equation (5.2a) and (bottom) the algebraic rule in equation (5.2b)
with ¢ = 10.

be as follows

00

As
q) _ 0 0 | [@D], [v(@®),y(t).1)
Ly(t)]‘ [ya)]*{ uly(t), 1) ] (5:3)
—(t) 1 0 01 00 | —m = (@ (1), y(t).t)

i 10 ...01] 00 |
—A
where
a0 =" @0 @0 @O . a0 @0 . 6
T
()= [0 o) - (55)

correspond to vectors of time-dependent values of ¢;(t) := q(x;,t), evaluated at the pseu-
dospatial nodes and obtained after discretising (2.12) in space,

y(t) = [y ¥y )] (5.6)
corresponds to the trajectory of the particle, A, € RV*Y ig a matrix of constant coefficients
and v € RY is the term that accounts for the forcing term at the boundary. Matrix A,
and vector v depend on the chosen numerical scheme and the dimensions of the flow field.
The following subsection presents two numerical schemes for the spatial discretization and
provide the method to construct their respective A,.

System (5.3) is the result of coupling the semidiscretised PDE, i.e. equation (2.12a),
with the equation that relates the relative velocity with the particle trajectory, i.e. equa-
tion (2.12d).

Note that vectors (5.4), (5.6), (5.5) correspond to the case of 2D flow fields. In 3D flow

fields, a third component, i.e. q(()?’) (1), qf’) (t), ..., must be added.
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5.1.3 Second order discretisation

This approach is taken from Koleva (2005) [37] that investigated the “numerical solutions
of the heat equation on the semi-infinite interval in one dimension” and obtained good
convergence results. Koleva (2015)’s scheme provides the following second order finite
difference formulas for the derivatives for the discretisation of the the one-dimensional
PDE, equation (2.12a),

&x%z%ﬂzMWQN %ﬁﬂggfh@{ (5.7)
Pac.| 1 [aqv«m _ dul(a)t) ] 59)
oz |, " W or  y .\, 0r |1
where
Yn = Tnyrs — Tnripy Cn = Tnps/s — Tnsiss (5.9)

for all n = 1,2,..., N — 1, representing the mesh spacing in the pseudo-space coordinate.
For the first derivative at the left boundary, i.e. equation (2.12c), Koleva (2015) provides

dq((@), ) Nllaq@(w | da(&(@).0) ] (5.10)
T _1/9

Ox ) ox Ox
The discretised PDE and the boundary condition are coupled by using the ghost mesh
point x_1/, in equations (5.10) and (5.8) for n = 0. The entries (a;;)1<i<2n, 1<j<2n of As
are

) T1/9

app = agy = —LM), P — (5.11)
(2 +7¢o) (2 +7¢o)
for the boundary values and
1
Aji—2 = Qiyli—1 = ) (5.12)
’ ' 27,%;1 ngs
DU By 13
Qi3 = Ai41,i+1 = 1/}__1 2<'—3<'—1 5 ( . )
2 2 T2
1
Qi 42 = Qiyl1,i43 = T (5.14)
= 7

for i = 2m + 1 with m € {1,2,..., N — 2}. All other matrix entries are zero so that A
is a sparse pentadiagonal matrix with zero first upper and lower diagonals as shown in
Figure 5.2.

The vector v, which contains the forcing term that comes from the MRGE as a bound-
ary condition, f, is given by

2+’2on f(l) (qO (t)v y(t)7 t)
24_2@0 .f(2) (qO (t)v y(t)7 t)
v(qo(t), y(t),) := 0 : (5.15)
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Figure 5.2: Sparsity pattern of matrix Ay for the second order discretisation with N = 20
pseudospatial nodes, ¢ = 10, § = 2 and S = 0.1. The scale of grey values in the patter
correspond to the absolute value of the actual values.

5.1.4 Fourth order discretisation

As in Fazio and Janelli (2014)’s second order approximation given in [27], the discretisation
process starts with the chain rule on the derivative of g(£(x), t) with respect to x at a generic
node x,, i.e.

da(¢(@).t)| _ Oa(().t)
Ox 0&

Tn

de(x)
dr

(5.16)

Tn Tn

Fazio and Janelli (2014) approximates these derivatives by using centered differences
with different stepsize and allowing the cancellation of the terms of the uniform grid &,, so
that the resulting expression evaluates the pseudo-space x,, at non-integer points. However,
the (#(2)/dz),, can be obtained exactly from equation (5.2a), obtaining a simpler expression
for higher order derivative approximations with more complicate stencils.

Since the logarithmic map between grids, i.e. = : [0,1) — [0,00), is a bijection, its
inverse mapping

2(€) = —cln(l —§) < &(z)=1—e° (5.17)
can be obtained so that its derivative can be calculated and evaluated at z,,

0¢(x) 1 e 1 1 n
S| = /—E(l_én)—g<1—ﬁ>, (5.18)

Tn

and later plugged into (5.16) to obtain the formula that relates the grid derivatives,

9q(&(x),t)|  0q(&(x),t) %(1_%) (5.19)

ox o

- 9¢

Formula (5.19) enables to use finite difference approximations for the first derivative in a
bounded uniform mesh, i.e. ¥&,, and transform them to the Quasi-Uniform Mesh (QUM)
in the semi-infinite domain, i.e. Vz,,.
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For the approximation of the derivative of g on the equidistant grid at the interior
points, i.e. 99(&(=).1)/a¢|, Vn € {1,2,..., N—1}, the fourth order Compact Finite Difference
(CFD) approximation introduced by Lele [40] in equation (2.1.6) with av = /4 is used. This
CFD approximation is known as Pade’s approximation and reads

9q(&(x), 1) 40q(§(x),1) 9q(&(x), )
o o€ o€

~ 2 (@)~ gia()  (5:20)

Tn—1 Tn Tn+1

with d :=&,01 — & = % for the interior points with indices n € {1,2,..., N — 1}.
With equation (5.19), the derivatives with respect to the uniform space variable, &, can
be replaced by derivatives in the pseudo-space variable, x, so that equation (5.20) becomes

% (Qn—i-l(t) - qn_l(t)) ~ <N ]\:”LC+ 1> aq(ga(f:)’t) xn71+
. (J;u\_fcn> 8q(%(;c)7t) ) (5.21)
Ne 9q(&(z),t)
+<N—n—1> ox Tnt1

The second derivative is to be calculated by applying the first derivative twice. The
composition of the first derivative twice requires a different treatment of the scheme at the
left boundary, x,, = 0,

(i) one upwinding approximation including the boundary condition obtained by the same
procedure as in Malele et al. (2022) [41] and

(ii) another one without the influence of the boundary condition obtained by using the
fourth order upwinding scheme given by Lele (1992) [40].

Malele et al. (2022)’s approach starts by considering a general fourth order expression with
the form

. 1
ao(0¢q)o + a1(0¢q)1 = bo (ago — ¥(02q)0) + p {bogo + b1g1 + baga + b3qs}, (5.22)

where (0:q); = 0¢q(&i,t), (02q)i = 0-q(x(&;),t) and g; := q(&;, t), dropping dependencies
for a shorter notation. Change now the derivatives with respect to x to derivatives with
respect to £, using equation (5.19),

A 1
ao(0¢q)o + a1(0¢q)1 = by (OéQO — %(3511)0) +3 {bogo + big1 + b2ga + b3g3}  (5.23)

whose coefficients can be obtained using Taylor Series around the expansion point &j.
These expansions are given below:

(Oeq)o: 0 +(9¢q)o
a3 d* .

d2
(8§q)1 . 0 +(8§q)0 + d(ng)o +?(8§q)0 + E(agq)o +—(E)§q)o +...

qo: Qo



5.1. Discretisation in space: Finite Difference schemes 51

qi: qo +d(0:q)o + 22( q)o d (551500 + — & (3511) +1(1250(355Q)0 ...
©: a0+ ot + at 5 ota) + 16d4 B2 ota +2 oo +
@i @ 30+ @R + 2 =L (@2a)o + 81d4 N g+ g+
Gathering the same terms together results in
g@: 0 +0 +aby +$m +ém, +$@ +%@ =0, (5.24a)
(Peq)o: a0 +a +%&) 0 b b, —3by —0, (5.24b)
(02q)o: 0 +day  +0  +0 —gm —%%2 —%%3 =0, (5.24¢)
(02q)o: O +d22a1 +0 40 —fbl —822192 —27;21;3 =0, (5.24d)
(5§Q)0 20 —1—(§al +0 +0 —;izbl —lgfbg —%Zgbg =0, (5.24e)
(02q)o: O i}“ +0 40 —Ezm-fﬁzug —%3523 =0. (5.24f)
For simplicity, set ap = 1 and a; = 1. This permits to use the same matrix as in the

second step of the numerical CFD approach, i.e. the matrix obtained using Lele (1992)’s
approach [40]. Solving the linear system of equations (5.24a) results in the coefficients

- 2c 12adc — 17~ 1 1 1

b= —— =—— bi==, b== b=——. 5.25

0 3, 5, 0 Ty beg b 18 (5.25)
Plugging these coefficients in equation (5.22), the fourth order upwinding approximation
that includes the boundary term is

2c 12ade — 17~

O+ @6 = 3 (oa— J0ea) + g (T e
1 1 | (5.26)
T ogt T T g™

Using again expression (5.19) to obtain an expression of the derivatives with respect to x
yields
Nc 2c 1 /(12adc — 17
Oraho + 5 Ora)s =~ 3 (oar —1(0a)o) + 5 (VT oo+
N -1 3y d 18~ (5.27)
S 1 1
g1 T2 " 184

Finally, use boundary condition (2.12¢) to exchange ago—~(9:q)o by f(qo,y,t) and obtain
the final expression for Padé’s scheme applied to problem

qs.

c 2c 12adec — 17
c(0:q)0 + ——=(029)1 = — 5— (f(@0,Yo,t) — (0:q)o) + <7) qo +
1 1 1
+ —=q+ 592

2d T T 2q P T 184
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Without abbreviations, the expression for the approximation is

0a(e@), )| Ne dg(€(@),1)

12ade — 17 1
~ (P ) mle) + gyme+
x1

Ox e N-1 Ox 18~d
1 1
+572) - @‘BUH (5.29)
2¢ dq(§(x),t)

- <f(q0(t),y(t),t) I ve—

On the other hand, since the second upwinding scheme at z,, = 0 does not include a
boundary condition, the coefficients of the scheme on the uniform grid are taken directly
from Lele (1992) [40, Equation (4.1.4)], so that the scheme reads

9q(&(x), 1)
23

9q(&(x), 1)

+3 9€

~ 2 <167qo(t) + %‘h(t) + ;qg(t) — éq;;(t)) . (5.30)

o 1

Again, the derivatives in the uniform space variable, £, are replaced by derivatives in
pseudo-space variable x, obtaining

i n < 3Nc > 0q(&(x),t)

0a(&(x).1)
N -1 ox

ox

E ! (—167qo(t) F @) + Sarlt) - éqz’ﬁ)) -
(5.31)

Extending these equations for all the nodes in the mesh, i.e. z; Vi € Ny, results in two
systems of equations, shown below in compact form,

M D.q(t) = B1q(t) + Ki(qo(t), y(t),t) + Vi(qo(t)), (5.32a)

where the matrices and vectors are defined in Appendix B, and D,q(t) is the vector of

spatial derivatives, i.e. %q(f (z),t), evaluated at the grid nodes.

The goal is to gather both systems into a single one and obtain an expression for D2q(t)
that depends only on q(t) and y(t). With some algebra and multiplying (5.32a) by M; !
yields

Drq(t) = M{" Big(t) + M Ki(qo(t), (1), t) + My ' Vi(go(t)), (5.33a)
My D%q(t) ~ By D,q(t). (5.33b)

Substituting the right hand side of (5.33a) into (5.33b) results in
M>D3q(t) = Ba (My ' Big(t) + My ' Ki(qo(t), y(t),t) + M' Vi(@o(t))) . (5.34)
Rearranging the terms provides

My D2q(t) — BoM['Vi(qo(t)) ~ BoM; ' B1q(t) + BaM[ ! Ki(qo(t),y(t),t).  (5.35)
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Use now the semidiscretised version of the differential equation (2.12a), viz. ¢(t) = D2q(t),
and transform the matrix V(g (t)) as follows,

1)
t - -
, (1 10 0 ..
g (t) o 1 0
) 2c 0 2c . 2¢ .
Vi(qo(t)) = 1 0 [ T3l o o - q(t) = 3y Pq(t), (5.36)
; S
- - =P

so that the expressions for A; and v in the semidiscretised system (5.3) for the fourth order
FD scheme is obtained,

Ag =V 'ByM ' By, (5.37a)

v(qo(t), y(t),t) == W~ BoM ' Ki(qo(t), y(t), 1), (5.37b)
2

U= My — £B2Mf1]P’. (5.37¢)

5.2 Time integrators

This section introduces the numerical methods used in the time integration of system (5.3).
Explicit methods are excluded since the stability limit scales like O(Axz?) so that even
moderate resolution in the pseudo-space would already need a very small time step, making
this type of methods inefficient. The time integrators studied here are: two fully implicit
methods and four Implicit-Explicit (IMEX) methods.

Implicit Runge-Kutta methods on nonlinear differential equations normally require non-
linear solvers, which have a considerable influence in computational time. IMEX methods
combine the use of an implicit method and an explicit method in one differential equa-
tion, utilising the strength of both methods. The implicit method is used on the linear
stiff part of the equation to avoid the use of the nonlinear solver, ensuring better stabil-
ity performance. The use of the explicit method on the nonstiff nonlinear part ensures
faster computational times compared to a fully implicit method. Omitting the use of the
nonlinear solver results in a better performance of the IMEX methods over the implicit
methods.

The time grid for the time integration is obtained by dividing the bounded and closed
time domain, viz. [tg,ts], into L — 1 equidistant subintervals, i.e.

tg <11 <to <---<tp—y:=ty, (5.38)

obtaining L time nodes.

5.2.1 Runge-Kutta methods

Runge-Kutta methods are a family of numerical methods used to approximate the solution
of ordinary differential equations of the form

y'(t) =f(ty@®), telab], (5.39)
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y(a) = yo. (5.40)

These methods were developed at the beginning of the XX century by Carl Runge [55]
and Wilhelm Kutta [38|. They are typically described using tables, called Butcher-tableaus.
These tables define the coefficients of the numerical scheme according to a specific pattern.

Definition 5.1 (Butcher tableau). Given one matrix B € R**% and two vectors a, ¢ € R?,

B
a o (5.41)

is called the Butcher Tableau of the corresponding Runge-Kutta method

s
Yni1=Yn +h Y ciki (5.42a)
=1
ki = f(tn +aih, yn +h Z bijkj), (5.42b)
j=1

where h is the step and the k; for i € {1,2,...,s} are the stages of the method.

The classification of numerical technics in explicit and implicit methods can be done
according to the form of the matrix B in the Butcher tableau (5.41).

Definition 5.2 (Explicit Runge-Kutta method). A Runge-Kutta method is called explicit
if the coefficients b;; = 0 Vj > i in equation (5.42b), or equivalently, B is a strictly lower
triangular matrix.

Definition 5.3 (Implicit Runge-Kutta method). A Runge-Kutta method is called implicit
if 3b;; # 0 for some j > i in equation (5.42b), or equivalently, B is not a strictly lower
triangular matrix.

Implicit methods require the use of a root-finder algorithm, having a considerable
influence in computation time in nonlinear problems. On the other hand, explicit methods
are often faster but have worse stability properties, i.e. a very small time step may be
required in order to ensure a bounded numerical solution (conditional stability).

Definition 5.4 (A-stability). A Runge-Kutta method with formula (5.42) is said to be
A-stable if its stability domain, S, contains the left half of the complex plane, i.e. {z €
C|R{z} <0} CS.

Definition 5.5 (L-stability). A Runge-Kutta method with formula (5.42) is said to be
L-stable if it is A-stable and lim,|_,, |R(2)| = 0.

A-stability removes the stability constrain from the choice of the step and it is therefore
an important property of the numerical schemes. Explicit methods are not A-stable [60].
For this reason no explicit schemes were applied on equation (5.3).



5.2. Time integrators 55

5.2.2 The trapezoidal Rule

The trapezoidal rule (TR) is the first integrator implemented due to its simplicity and
the fact that is a widespread scheme in FD. The TR coupled with the second order FD is
equivalent to implementing the Crank-Nicolson scheme [18] with constant 1/2. The TR is
an implicit, second order Runge-Kutta method with the following Butcher-tableau

(5.43)

The TR is an A-stable non-L-stable method [60, Example 32, p. 55|, so that the stiff com-
ponents of the differential equation may not be dumped quickly enough to avoid oscillations
to appear on the numerical solution.

The expression of the TR is given by

At )
"t~ 4 > (0" +n"th), (5.44)

where 0™ := n(t"). By applying it to equation (5.3)

At
2

is obtained, with W™ := W (n", t"). After a little bit of algebra,

nn+1 ~ ,r’n + (Ann +wn + AnnJrl + wn+1> 7 (5_45)

(H - A;A) n"t ~ <]I + A;A) n" + % (w" + W™t (5.46)

Equation (5.46) represents a nonlinear system of equations (due to the nonlinear de-
pendency of the right hand side on n"*! through the term w, 1), and must be solved
using a nonlinear solver, such as the the secant method or the Newton-Raphson method.
An approximation of the solution obtained with forward Euler’s method on equations (5.3)
is used as a guess for the nonlinear solver, i.e.

Mpons = At (An" + w”) . (5.47)

5.2.3 The (Simply) Diagonally Implicit Runge-Kutta method

The fourth order simply diagonally implicit Runge-Kutta method ESDIRK4(3)6L[2|SA
borrowed from Kennedy and Carpenter (2016) [34] is used as a second implicit time in-
tegrator. Simply diagonally implicit Runge-Kutta methods are a type of implicit Runge-
Kutta methods whose matrix B is a lower triangular matrix B with b; = b € R\ {0}.
The fact that all diagonal entries of matrix B are equal means that some terms can be
precalculated and reused, translating into savings in computational work and time.

Definition 5.6 (Diagonally Implicit Runge-Kutta (DIRK) method [34]). A Runge-Kutta
method is called Diagonally Implicit (DIRK) if the matrix B in their Butcher tableau (5.41)
is a lower triangular matrix with at least one nonzero diagonal entry, i.e. b;; = 0 for
1<i<j<sandb; #0 for at least one ¢ € {1,...,s}.
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The general formula of a DIRK method is therefore given by:

Yn+1 =Yn+h Z ciki, (5.48a)
i=1
ki = f(tn +aih, yn + hz bi]’kﬁj), (5.48b)
j=1

where the main difference (and advantage) with the general formula (5.42b) is that the
final index in the sum in equation (5.48b). This enables solving for each stage, i.e. kj,
individually instead of simultaneously.

Definition 5.7 (Simply Diagonally Implicit Runge-Kutta (SDIRK) method). A DIRK
method is called Simply Diagonally Implicit (SDIRK) if b;; = b € R\ {0} Vi € {1,2,...,s}.

The general formula of a SDIRK method is

s
Ynt1 =Yn+h Z ciki, (5.49a)
=1
i—1
Bi = f (b @ihy o+ > bighy + Wbk ) (5.49b)
j=1

SDIRK methods are specially useful in linear autonomous problems, since equation (5.49b)
then reduces to

i—1 i—1
Bi = f (b aib o+ 0D bighs + hbki) = f(yn + B bigh; + hbk; ) (5.50)
j=1 j=1
i—1
= f (g + 1Y bishy) + hbf (F). (5.51)
j=1
Rearranging the terms,
i—1
(11 . hbf> ki = f(yn +hY bz-jkj). (5.52)
j=1

Since the left term is constant and independent of ¢, the LU-decomposition of the left matrix
can be calculated once and saved in order to be used for all i € {1,2,...,s}. Solving a
linear system Az = b, like the one in equation (5.52), for constant A and different b’s
with a LU-decomposition is cheaper than using Gauss elimination each time [16]. LU-
decomposition is also more efficient compared to other methods and decompositions, such
as Cramer’s rule [2| and QR-~decomposition [71].

Regarding uniqueness of solutions of system (5.52), the following theorem 5.8 proves
that the system (5.52) will have a solution for ||hbf|| < 1.

Theorem 5.8 (Sufficient condition for uniqueness of solutions of a linear system). Let
I € R™™ be the identity matriz, A € R™ ™ a matriz of constant coefficients, x € R" the
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vector of unknowns, b € R™ a vector of constant coefficients, for some n € N and || - || a
matriz norm. Then the system

([— A)z=b (5.53)
will have a unique solution if ||A|| < 1.
Proof. Consider
|T— Alf > \H||*||A1|=1*w>0 (5.54)
=1 <1

where the triangle inequality for subtractions and the fact that the norm of the identity
matrix is 1 were applied. Since

1T —Al| = Sugl{ll(H—A)wH}z HSlﬁgl{HAixH} (5.55)
= sup {|A]|[z[[} = [Ai] sup {|[z[[} (5.56)

[|z|[=1 [|z||=1
= [ Al (5.57)

for any eigenvalue \; of I— A for i € {1,2,...,n}, then A\; # 0 and therefore system (5.53)
has a unique solution. O

The SDIRK method applied on system (5.3) yields

"t ant + hzs: ciki, (5.58a)
=1
i—1 7
i = A0+ 0 bigh + bk ) +w (0" + 0> bighy, ta+aih),  (5.58b)
=1 j=1

where b;; = b Vi€ {1,...,s}. Using some algebra and the linearity of A results in

'r[n+1 ~n"+h i cik;, (5.59a)
=1
1—1 7
(1= nbAY ki = An™ + RAY bk +w (" + 1Y bigks, o+ aih). (5.59D)
=1 =1

Note that the last step removed the implicit term on the linear part of the right hand side.
On the other hand, the term w on the right hand side still depends on k;, so the system
must be solved using a nonlinear solver Vi € {2,..., s}, with the previous stage, i.e. k;_1,
as the initial guess. The term k; can be obtained directly without any nonlinear solver, as
follows

ki = An"™ + w(n™, t,), (5.60)

since bj; = a1 = 0.
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5.2.4 The Implicit-Explicit Methods

The semidiscrete system obtained in equation (5.3) consists of two terms: the linear stiff
term, A, that appears from the 1/n2 scaling in the discrete Laplacian and a nonlinear term,
w. The problem stiffness inherited from A requires the use of an implicit method. However,
the nonlinear term w needs to be addressed with an iterative nonlinear solver algorithm,
increasing computation times.

IMEX methods have a considerable advantage in problems of this kind, since they treat
each different term with a different method: The stiff term is integrated using an implicit
method and the nonlinear term using an explicit method [4]. IMEX methods are thus
expected to perform much better than fully implicit methods.

Definition 5.9 gives the definition of a general IMEX Runge-Kutta method provided
in Ascher et al. (1997) [|4] plus some modifications to make it suitable for the schemes
provided by Kennedy and Carpenter (2016) [34] in a similar way as done in L. Schlegel
(2023) [58].

Definition 5.9 (IMEX Runge-Kutta methods). Consider a general differential equation

y'(t) = ft,y(t) + gt y(t), t>to (5.61a)
y(to) = yo, (5.61D)

with yo € R", where g is a linear stiff term and f a nonlinear one. Given an implicit
method with Butcher Tableau

0] O 0 o --- 0
ap | By Bui 0 - 0
az | Bog Bai By -+ 0
. . : : ) (5.62)
as | Bso Bs1 Bsa -+ DBss
Co C1 C2 cee Cg
and an explicit method
0 0 0 0 e 0
1| B R 0
a2 | Ba By . e 0 7 (5.63)
&s Bs—i—l,l Bs+1,2 te Bs—i—l,s 0
&1 PR . e Ceyl
the corresponding IMEX method has the formula
s s+1
Yot = Yo +h) K +h) ¢K;, (5.64)
§=0 j=1

where

K; :=g(ty, + a;h,y;) as well as K, = ftn + aih,yi), (5.65)
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and y; are the internal stages, given by

% A
Yi=yn+hY BijK;+hY Bij1,;K;. (5.66)
§=0 j=1

IMEX Schemes for the Maxey-Riley-Gatignol Equation

Four IMEX methods are implemented as time integrators of the semidiscrete system 5.3.
These schemes are chosen, introduced and implemented by L. Schlegel in his bachelor
thesis [58]. As a first order method L. Schlegel chose the IMEX method obtained from
merging backward and forward Euler methods, the Implicit-Explicit Euler method

(5.67)

All other three methods are taken from the literature, namely, second and third order
IMEX are taken from Ascher et al. (1997) [4] and the fourth order method from Kennedy
and Carpenter (2016) [34]. The same naming convention corresponds as the one given in
their respective sources. Ascher et al. (1997) [4] adopted a naming convention based on
triplets (s, o, p), where s represents the number of stages of the implicit method; o the num-
ber of stages in the explicit method and p the convergence order. Kennedy and Carpenter
(2016) [34] use a different nomenclature, similar to the one provided in Dormand and Prince
(1986) [24]. The nomenclature of the methods follows the pattern ESDIRKp(pl)sL[q]SA,
which indicates that it is a DIRK method with an specific Butcher Tableau (see |34, Page
7]), where p is the order of the main method, p is the order of the embedded method, I
indicates if it is an implicit method, s is the number of stages, L is an stability character-
ization of the method, ¢ is the stage-order of the method and SA is used to indicate some
important characteristics of the method.
The Implicit-Explicit Midpoint (1,2,2) with tableaus

0l0 0 0]l0 0
110 2 2120 (5.68)
10 1 10 1

is the second order scheme. Note that this method is not L-stable and may present problems
in the stiffness limit.
The third order combination is given by methods (2,3,3) with tableaus

0 |0 0 0 0 0 0 0

0% 0 ¥ 0 vy ¥ 0 0
1—710 1—-2vy » l—v|yv—=1 21-=7v) O (5.69)

o 1 1 0 T 1

2 2 2 2

with v = HT\[@) The DIRK scheme in (5.69) holds the best damping properties
for its parameters (stages and convergence) according to Ascher et al. (1997), since
lim|,| o R(2) = 1 — v/3 (compared to the midpoint) [4].

On the other hand, the fourth order IMEX method consists of the combination of the
explicit ESDIRK4(3)6L[2|SA and the implicit ESDIRK4(3I)6L|[2]SA schemes provided by
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Kennedy and Carpenter (2016) [34]. This method is a A-stable on the second stage and
L-stable on stages 3,4,5 and 6 and "it is recommended as a good default method for
solving stiff problems at moderate error tolerances" according to Kennedy and Carpenter
(2016) [34].

Application of the IMEX scheme to the Maxey-Riley-Gatignol Equation

Applying one of the methods in the previous subsection to the semidiscrete system (5.3)
provides the following formula

s s+1
"l =n" +hA Z cni+h Z Ciw; (5.70)
i=0 i=1

where w; := w(n;, t, + a;h) and the stages, n);, are calculated as follows

i i
ni =n"+hA Z Bijnj + h Z Bit1jwj. (5.71)
=0 j=1

This last formula can be simplified by taking the last element 7 in the linear part out of
the sum and send it to the left hand side, obtaining

1—1 7
(H — hBuA) N, = T[n + hA Z Bijnj +h Z Bi+1’jwj. (5.72)
j=0 J=1



Convergence and efficiency

This chapter presents convergence and efficiency studies of the numerical schemes presented
in chapter 5 for six different flow fields. The code needed to reproduce the figures and the
tables from this chapter can be found in the code repository in GitHub [72]. These six flow
fields have very distinct characteristics and therefore provide a good base to understand
how the error may behave for other flow fields.

For three of the flow fields there exists an analytical solution for the Maxey-Riley-
Gatignol equation. These fields are (1) the quiescent flow, (2) a rotating vortex and (3) an
oscillatory background. For the remaining three, there is no available analytical solution
up to our knowledge and an accurate-enough reference solutions is used instead. These
methods are (4) the double gyre, (5) the Bickley jet and (6) an experimentally-obtained
velocity field referred to as the Faraday flow.

The performance of the schemes is studied by evaluating the experimental convergence
rate against a reference solution (an analytical solution when available or a more accurate
numerical approximation otherwise) as well as comparing the time it takes for a method
to reach a specific error. Some convergence plots are shown for reference, but the main
discussion is around the experimentally-computed convergence rates, shown in tables. For
simplicity, in all the numerical solutions the number of nodes in time, L, are set to be equal
to the number of nodes in the pseudospace, N. The experimentally-computed convergence
rates are computed by calculating the slope of the best-fitting line to the points in the
convergence plots with the polyfit function within the numpy [33| library in Python.

The efficiency of the methods is presented in work-precision plots, where the achieved
error obtained by each method is plotted against their runtimes. The “real time” threshold
is taken as a reference in work-precision plots to measure how efficient methods are. “Real
time” is used as an equivalent term of the final time of the scheme, ¢, and it is a critical
threshold in experiments because it shows which schemes would be able to calculate the
full interval trajectory before final time.

The study of the convergence and the efficiency of the methods is done in the same
way as in Urizarna-Carasa et al. (2025) [73], although the results are slightly different for
some fields since all inputs are nondimensionalised with scales different from one. Daitche’s
method also presents here more instabilities due to the change in the inputs. Many of these
convergences are mark as ‘“unstable” when the method diverged for one or more meshes.
That means that one could still obtain a stable solution with that set of parameters if the

61
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right mesh is utilised.

6.1 Numerical efficiency on flow fields with existing analyti-
cal solutions

This section introduces three simple velocity fields for which the analytical solution of
the full Maxey-Riley-Gatignol Equation is known and analyses the performance of the
numerical schemes from chapter 5 for these fields. These fields are normally given by
not too complicated analytical expressions. These fields are: (1) the quiescent flow, (2) a
steady vortex and (3) an oscillatory background.

The simplicity of these fields is due to some of their properties: They are either steady
(time-independent), like the vortex; spatially homogeneous (constant in space), like the
oscillatory background; or both steady and spatially homogeneous, like the quiescent flow.

6.1.1 The quiescent flow

The quiescent flow field corresponds to a still fluid with zero velocity everywhere, where
particles move until they reach a halt due to friction. The dimensionless velocity profile at
each point of the spatial domain, y(t), is

mmmw=B} 6.1)

Time and space derivatives are also zero everywhere. This example was provided in Prasath
et al. (2019) [53, Example 1]. The analytical solution for the trajectory of a particle moving
in a quiescent flow (a so-called relaxing particle) is not explicitly given in Prasath et al.
(2019) but can be obtained by using equation (3.56) with f(¢) = 0 to obtain the solution
formula (3.57). Using equation (2.12d) with the expression for the field (6.1), the expression
for the absolute velocity yields

. ) 00 (_IOk’2’)’€_k2t
t) =— dk. 2
i == [ 6:2)

Integrating in time between [to, ] provides the following expression for the trajectory

ty k2 —k2s
qok™7ye
t dkds. 6.3
y( f) /to / (@ — k2)2 + k272 S (6.3)

Expression (6.3) can be further simplified by switching the order of integration. The
following proposition proves that the order of integration can be switched by using Fubini’s
theorem (Theorem 3.13).

Proposition 6.1 (Switching the order of integration in equation (6.3)). Let x1 := [0, 00),
X2 = [to, t] with to,t € R and ty > to, then

qok2ye ks / / qok2ye ks
dkds = dkd 6.4
/Xl /Xz (a - k2)2 + k272 ’ X2 /X1 (a - k2)2 + k2’72 i ( )

for all o,y > 0.
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Proof. Integrability of (6.4) is shown by finding a finite upper bound. Without loss of
generality the maximum component of the initial relative velocity qq is considered to be
the first one i.e. q( ). The proof starts off by using the properties of the absolute value
and bounding some of the terms of the integrand as follows

—k2s k2 —k2s
[ e [ - s
_ fks < )
" / | =t ks < (6.5
< |q0 |'y/t / —I—k2 5dkds = (6.5¢)
0
k2
= A . .
bt [ (6.50)

The integrand in equation (6.5d) has no singularities in the interval [0,00) and the only
point that could make the integral diverge is as & — +o0o. In order to treat the point
at infinity separately, the integral is split into two: one in the interval [0,1 + \/ﬁ] and
another one in (1 + v/2a, 00), as follows

SN 00 k2 (1)) A 1+v2a 12
t dk = t dk 6.6
’qo h/ /0 (a _ k2)2 4 kz’}/Q IQO h/ /(; (a I k2)2 + kQ’}/z + ( a)
<t+oo
00 2
(D13 At / k dk b
+lag "1y v e (6.6b)

The integral in the subdomain [0, 1 4+ v/2a] converges since there are no singularities in the
integration domain. For the integral in the second subdomain, the proof continues with

[ee] 2 o] 2
st [ et < b [ k= (6.75)
o) 2
— D yat /1+m e kf_ sk < (67b)
s (6.7¢)
14v2a k* — 2ak?
= |q{V|yAt /OO k- (6.7d)
1124 k? — 2

1) 1
o At /1+x/ﬂ (k+ v2a)(k — V2a)

By applying partial fraction decomposition, the integrand can be split it into simpler

dk. (6.7e)

fractions.

\q(1)|'yAt /OO 1 “10 RZA; —1
’ 1vaa (B + v20) (k — v2a) 23 Jrives ki v2a)"

k + (6.8a)
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Figure 6.1: Trajectory (left) and relative velocity (right) for three particles moving in the
quiescent flow for 15s with different density ratios (6 = 0.01, § = 1, 8 = 5) and Stokes
number S = 1. The initial conditions are yo = (0,0)” and q(0,#) = (1,0)".

) yAt [ 1
9o 727 - dk= (6.8b
2V2a  Ji4v2a (K —V2a) ( )
— a1 Iy B V2 ) = (6.8¢)
24/ 2« k+ V2« a
(1)
_ o WAL G avEe) < . (6.8d)

2V 2«

This integral is bounded and thus the sum of both integrals is also bounded. This shows
that function is integrable, Fubini’s theorem 3.13 can be applied and the order of integration
switched. O

Thanks to the change in the integration order, the expression for the trajectory yields

2 [ee) ]{,‘2 t
y(t) = y(to) + = / ( a7 / e s dsdk, (6.9)
0 to

T a — k2)? 4 k22
so that
2 [ 90y 2 g2
y(t) = y(to) + W/O CENE T (e Ro o=k t) dk. (6.10)

Figure 6.1 shows the radial distance and absolute velocity against time of three relaxing
particles that start at position y(to) = (0,0)” with initial relative and absolute velocity
qo = vo = (1,0). Each particle has a different density ratio 8 but the same Stokes number
S = 1. This choice of parameters is the same used in Prasath et al. (2019) for this
example [53, Figure 4] and therefore the plots for the velocity coincide.

As expected, particles’ velocities reduce with time until they come to a halt due to
friction with the fluid. Particle velocities slow down slowlier on particles with higher
density ratios, which represents mass. This agrees with Newton’s second law: For a given
constant force, the larger the mass, the smaller the acceleration (or deceleration).

Table 6.1 provides the experimentally-computed convergence orders for the schemes
in chapter 5. The solutions correspond to trajectories of particles in the quiescent flow
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Quiescent flow field with non-zero initial relative velocity and S = 0.1.
\ Method |R=1/3|R=7/9| R=1|R=4/3| R=7/3]
Prasath et al. [53] 1.7 2.2 2.5 2.7 3.9
FD2 + Trap. or IMEX2 1.0 1.0 1.0 1.0 1.0
Daitche 377 order [20] | unstable 1.8 1.4 1.4 1.4
FD4 + IMEX4 or DIRK4 0.7 0.7 0.7 0.7 0.7
Quiescent flow field with non-zero initial relative velocity and R = 7/9
| Method | §=001]8=01[5=05[5=1|5=2[5=1]
Prasath et al. [53] 1.6 2.2 2.6 2.5 2.5 2.5
FD2 + Trap. or IMEX2 1.0 1.0 1.0 1.0 1.0 1.0
Daitche 37 order [20] | unstable 1.8 1.2 1.2 1.2 1.3
FD4 + IMEX4 or DIRK4 0.6 0.7 0.7 0.7 0.7 0.7

Table 6.1: Experimentally-computed convergence orders for a particle moving in the qui-
escent flow for 1s for different values of R and S. The initial conditions are yo = (0,0)”
and q(0,t) = (0.1,0)” for ¢t € [0,1].

calculated with for different values of R and S. The data from which these convergence
orders were calculated are shown in figures 6.2 and 6.3. Convergence plots show the
maximum [lo-norm error against the number of nodes, N.

The table shows that there is a general reduction in convergence orders with respect to
their theoretical values, specially noticeable on the FD-based schemes. The second order
FD methods lose half of their convergence order, i.e. one order of convergence, whereas the
fourth order schemes lose over three fourths of their convergence order, i.e. over three units
in the convergence order. This reduction in the convergence rates is expected for the FD-
based schemes, since the initial condition of the reformulated problem is discontinuous at g,
i.e. q(0,t9) # 0. FD methods are known to perform poorly with discontinuities. Daitche’s
37% order scheme’s convergence reduces over one and a half units with respect to their
expected value and becomes unstable for the smallest values of R and S. Prasath et al.’s
scheme is the best performing method in this example regarding convergence orders and
its convergence improves as R and S increase. Figures 6.2 and 6.3 show that the first point
is off with respect to the line joining the other ones, which means that the experimentally-
computed convergence order is slightly higher than expected if only the last nodes are used
for its calculation. The experimentally-computed convergence order for Prasath et al.’s
and Daitche’s schemes are therefore higher than the actual one. The figures show that the
slope of the convergence line is similar between Daitche’s and Prasath et al.’s methods and
their converge order is expected to be equal to Daitche’s one. Nevertheless Prasath et al.’s
scheme attains the lowest maximum lo-norm error among all methods and it is therefore
the best performing one in this field, followed by Daitche’s 3"¢ order scheme. Figure 6.3
shows that errors decrease for these two methods as the value of S increases.

Figure 6.4 shows error versus runtimes for a particle in the quiescent flow with S = 0.1
and R = 7/9, initialized at y = (0,0)” with q(0,t9) = (0.1,0)7. Particle’s trajectory
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Figure 6.2: Convergence plots for a particle moving for 1s in the quiescent flow with
S = 0.1 and for three different values of the effective density ratio: R = 7/9 (top-left),
R =1 (top-right) and R = 4/3 (bottom-left). The initial conditions of the particle are

yo = (0,0)" and q(0,t0) = (0.1,0)".
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Figure 6.4: Work-precision plot for a particle moving for 1s in a quiescent flow with R = 7/9
and S = 0.1. The initial conditions of the particle are yo = (0, O)T and g(0,t9) = (0.1, O)T.

is simulated for 1s, so runtimes smaller than 1 are considered “faster than real-time”.
Daitche’s 3" order method overtakes all the FD implementations, achieving low errors
faster than the FD schemes, except for errors above 1072, where FD2 + IMEX2 becomes
more efficient. Lowest errors (< 107%) are achieved by Prasath et al.’s scheme at a relatively
high computational cost, remaining either very close or above real-time.

Figure 6.5 shows the l3-norm error at the last node for different values of the parameter
c for the FD methods from chapter 5. Errors reduce as ¢ decreases for both the second
and fourth order methods. Second order methods show first order linear convergence
with respect to ¢, whereas fourth order methods present nonlinear convergence, becoming
parallel to the line of the second order methods for the largest values of ¢. All lines cross
at ¢ = 20, which is the value of ¢ used in the previous calculations. For ¢ < 20 second
order methods attain a smaller error, opposite to the behaviour for ¢ > 20.
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Figure 6.5: Convergence of the FD methods with respect to parameter ¢ for a particle

moving for 1s in a quiescent flow with R = 7/9 and S = 0.1. The initial conditions of the
particle are yo = (0,0)7 and q(0,%) = (0.1,0)".

6.1.2 A steady flow: The vortex

The second flow field with an existing analytical solution is the steady vortex presented
in Candelier et al. (2004) [12]|. This vortex depicts a flow field that rotates with constant
angular velocity around a point called center or origin. The nondimensional expression of
the flow field is given by the following formula

(2)
u(ylt).0) = T ly(@)l & = Tw | 1) |. (6.11)

where w € R is the angular velocity of the field given in radians per second and T is the
time scale of the flow field. Note that the velocity of this vortex becomes larger with the
radial distance from the center, i.e. u — oo as ||y|]l2 — oo, in contrast to the vortex
given in Prasath et al. (2019) [53]. Particles denser than the fluid are expelled from the
center, contrary to those lighter than the fluid. This phenomenon can be observed in
figure 6.6, that portraits the trajectories of three particles with different density ratios: (1)
a particle lighter than the fluid that is captived into the center, (2) a neutrally buoyant one,
i.e. B =1, that rotates around the center always at constant distance and (3) a heavier
particle that is ejected further away from the center.

The analytical expression for a particle moving in this vortex with zero initial relative
velocity, i.e. q(0,t0) = v(to) — w(y(to), to) = (0,0), is given in Candelier et al. [12] as

4
where Z(t) := yM(t) + iy?(¢) is a complex number holding both trajectory components,

1. U)X, X? - CyrX;)— BZ(t)
. H] HXi - X;)
J?ﬁz

t) erfe(—X;V/t), (6.12)

><\:>

: (6.13)
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Figure 6.6: Trajectories of three particles moving in the vortex with w = 1rads™! for 10s
with different effective density ratios: R = 7/9 (left), R = 1 (center), R = 4/3 (right) with
S = 0.3 and initial conditions yo = (1,0)” and ¢(0,%y) = (0,0)”.

U(t) := v (t) +iv®(t) is a complex number holding both absolute velocity components,
X; are the roots of the following fourth order polynomial

X4 ovnX3 4+ AX? +iCV/rX + B =0, (6.14)
whose coefficients are defined as

__ 3 o _35-9 L _ 9
CS@2s+1) b= S(28+1)’ T T @B+ DAS (6.15)

These expressions are based on those provided in Candelier et al. (2004), although a
few modifications were introduced to account for the differences in the definition of the
parameters 8 and S and make it consistent with the definitions given in this paper.

Figure 6.6 shows the trajectories of three particles with different density ratios that
move in a vortex with angular velocity, w = 1rads™'. All particles have the same Stokes
number, S, and start at y(t) = (1,0)” with the same velocity of the fluid, i.e. v(tg) =
(0,1)7, so their relative velocity is zero, q(0,%) = (0,0)”. For simplicity, the timescale is
chosen to be the inverse of the angular velocity, T'= 1/u, and the spatial scale is chosen to
be the unit, L = 1 m.

Table 6.2 presents the experimentally-computed convergence orders of our implemen-
tations of the schemes given in chapter 5 against the analytical solution given in equa-
tion (6.12) for different values of R and S. All implementations reach their expected
convergence rates or remain very close to them. Prasath et al.’s scheme converges with or-
der higher than two, steadily increasing as R and S increase. Machine precision is reached
for the case R = 1, maybe due to the cancellation of the material derivative term in the
forcing term f. Second order FD methods reach second order independently of R and
S. Daitche’s 3¢ order approach attains superquadratic convergence, only reaching third
order for R = 1. Daitche’s convergence order increases with S, similarly to Prasath et
al.’s approach. The difference between the experimentally-computed convergence with its
theoretical one is most likely due to the fact that the method’s coefficients are calculated in
double and not quadruple precision. This was already observed in Daitche (2013) [20] and
Moreno-Casas and Bombardelli (2016) [47]. Like in the quiescent flow, Daitche’s scheme
becomes unstable for the lowest values of the effective density ratio, R, and Stokes number,
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Vortex flow field with zero initial relative velocity and S = 0.1
Method \R:1/3\R:7/9\ R=1 \R:4/3\R:7/3\
Prasath et al. [53] 2.1 2.3 machine-¢ 2.5 3.1
FD2 + Trap. or IMEX2 2.0 2.0 2.0 2.0 2.0
Daitche 37 order [20] | unstable 2.6 3.1 2.4 2.4
FD4 + IMEX4 3.2 3.4 4.0 3.6 3.7
FD4 + DIRK4 3.2 3.4 3.4 3.6 3.7

Vortex flow field with zero initial relative velocity and R = 4/3

Method | S=001|S=01[5=05|S=1|85=2]S5=4]
Prasath et al. [53] 2.0 2.3 2.4 2.4 2.4 2.5
FD2 + Trap. or IMEX2 2.0 2.0 2.0 2.0 2.0 2.0
Daitche 37 order [20] unstable 2.6 2.3 2.3 2.4 2.5
FD4 4+ IMEX4 or DIRK 4 2.9 3.4 3.7 3.8 3.8 3.9

Table 6.2: Experimentally-computed convergence orders for a particle moving for 1s in the
steady vortex given by equation (6.11) with w = 1, for different values of R and S. The
initial conditions are y = (0,1)” and q(0,ty) = (0,0)7.

S. Fourth order FD methods converge with orders between 3 and 4, slightly lower than
what is theoretically expected, except for R = 1, case in which order four is reached for
the FD4 + IMEX4 method.

Figure 6.7 shows the convergence plots of the schemes for this velocity flow field for
different values of R. The top right plot corresponds to the convergence plot for the special
case R = 1, where all methods achieve their expected convergence orders.

Figure 6.8 shows the maximum [y error versus runtimes for a particle moving in the
vortex for 1s with S = 0.1 and R = 7/9, initialized at y = (1,0)” with q(0,t9) = (0,0)7.
In this case, Daitche and the IMEX’s methods are the best performing methods. Daitche’s
scheme provides the best runtimes for errors between 10~* and 10~%, whereas the second
order IMEX performs better for errors higher than 10~% and fourth order IMEX for errors
lower than 1078,

Figure 6.9 shows the maximum lo-norm error for different values of the parameter ¢ for
the FD methods from chapter 5 applied to the steady vortex. Second order FD methods
show a higher error than the fourth order ones for all the values of ¢. They present second
order convergence with respect to ¢ until they reach 10~° for ¢ = 10 and remain constant for
smaller values of ¢c. On the other hand, fourth order methods show third order convergence
with respect to ¢ until they achieve 1078 for the smallest values of ¢, i.e. ¢ =2 an ¢ = 5.
Decreasing the value of ¢, from 20 to 10 or lower, will therefore translate in a decrease of
the error of the FD methods, specially for the fourth order one.
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conditions of the particle are yo = (1,0)" and ¢(0,t) = (0, O)T.
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Figure 6.8: Work-precision plot for a particle moving for 1s in the vortex given by equa-
tion (6.11) with w = Irads™!, R = 7/9 and S = 0.1. The initial conditions of the particle
are yo = (0,0)" and q(0,t0) = (0,0)".
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Figure 6.9: Convergence of the FD methods with respect to the parameter ¢ for a particle
moving for 1s in the steady vortex given by equation (6.11) with w = 1rads™!, R = 7/9
and S = 0.1. The initial conditions of the particle are yo = (1,0)” and q(0,to) = (0,0)7.

6.1.3 A spatially homogeneous case: The oscillatory background

The last flow field with an analytical solution considered here is the oscillatory background
described in Prasath et al. (2019) [53, Example 3]. This is a spatially-homogeneous but
time-dependent (unsteady) field whose velocity is given by a sinusoidal function. The
expression

u(y(t),t) = [Sinl(t)} : (6.16)

corresponds to the nondimensional velocity field of the oscillatory background.

Note that the sinusoidal function is only present on the second (or vertical) component,
whereas the first (or horizontal) component is given by a constant parameter. This configu-
ration was chosen for representation purposes in figure 6.10, since the oscillatory behaviour
is better noted if horizontal movement is included. All errors are therefore calculated with
respect to the second component.

The analytical expression for the nondimensional a particle moving in this flow field is

given by
O (t) = ot >+t+2/ a_;) k(;)v)Qdk, (6.17a)
y@(t) = 5 + (1 - cos(t ))+2/ e 1+ (k_k t))z dk +
S (Z?f_k;)( D o
A +<k2’y & GE L
A <k27 RS
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Figure 6.10: Trajectory of two particles moving for 3s in the oscillatory background (6.16)
with S = 10 and two different values of the effective density ratio: R = 7/9 (left) and R = 4/3
(right). The initial conditions of the particle are yo = (0,0)” and ¢(0,#) = (0,0)".

where the first component (6.17a) corresponds to the solution of a particle relaxing in a
field with constant velocity and the second component (6.17b) corresponds to the solution
of a particle moving in a purely oscillatory field. This solution was not provided in Prasath
et al. (2019), but calculated using equation (6.16) on the formula for f (equation (2.12)),
obtaining

£a0.0.50.0 = (5 1) B |sage] ~ 700 Tl D e
:@—1) o, [Sml(t)%u-vy i i (6.18b)

- (; - 1) [cog(t)] : (6.18c)

where all the spatial derivatives disappear because the field is constant in space. Analytical
solution (3.62) is obtained by plugging this result into equation (3.56) and integrating.

Figure 6.10 shows the trajectory of two particles with different density ratios, 5, moving
in the oscillatory flow field described in equation 6.16.

Table 6.3 presents the experimentally-computed convergence orders of a particle moving
in the oscillatory background with zero initial relative velocity for different values of R
and S. The 4" order FD methods are the best performing schemes in all cases. Daitche’s
scheme is unstable in many of the cases considered, but presents good convergence in those
cases in which there are no instabilities, except for the special case R = 1 in which Prasath
et al.’s method achieves machine precision. Note that the “unstable” mark on the table
indicates that Daitche’s method was unstable for at least one of the meshes considered, so
that one could still obtain a stable solution using Daitche’s method by just using the right
mesh. The convergence of Prasath et al.’s scheme ranges from 1.4 to 1.9, increasing as R
and S increase. Second order FD methods behave slightly worse than expected, reaching
an order of 1.5 for all the pairs of parameters considered.

Table 6.4 shows the empirically-computed convergence orders for a particle moving in
the oscillatory background with nonzero initial relative velocity for several values of R and
S. Prasath et al.’s method is the best performing method, obtaining convergence orders
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Oscillatory field with zero initial relative velocity and S = 0.1
Method \R:1/3\R:7/9\ R=1 \R:4/3\R:7/3\
Prasath et al. [53] 1.4 1.6 machine-¢ 1.8 1.9
FD2 + Trap. or IMEX2 1.5 1.5 1.5 1.5 1.5
Daitche 3" order [20] unstable | unstable 2.5 unstable | unstable
FD4 + IMEX4 or DIRK4 2.3 2.8 3.5 3.0 3.2
Oscillatory field with zero initial relative velocity and R = 7/9
Method | S=001] §=01]8=05[S=1|5=2]85=4|
Prasath et al. [53] 1.2 1.6 1.8 1.9 1.9 1.9
FD2 + Trap. or IMEX2 1.5 1.5 1.5 1.5 1.5 1.5
Daitche 3" order [20] unstable | unstable 2.2 2.2 2.3 2.3
FD4 + IMEX4 or DIRK4 1.6 2.8 3.2 3.3 3.4 3.4

Table 6.3: Experimentally-computed convergence orders for particles moving for 1s in the
oscillatory background given by equation (6.16), with different values of R and S. The
initial conditions are y = (0,0)” and q(0,#o) = (0,0)".

between 1.2 and 1.9. Daitche’s scheme is the second best performing method for those cases
in which there are no instabilities. However, instabilities are present in many of the cases.
Daitche’s method achieves superquadratic order for the highest R considered, whereas it
barely reaches linear convergence in all the other cases. Second order FD methods achieve
half order, whereas fourth order methods have a constant error of about 1071,

The work-precision plots for a particle with zero as well as nonzero initial relative
velocity in the oscillatory background are provided in figure 6.11. With zero initial relative
velocity, IMEX methods are the optimal ones, with errors expanding between 1072 and
1078, always faster than realtime. Daitche’s approach performs fairly well when instabilities
do not appear, which in this case that is half of the grids considered. Fourth order DIRK
method performs fairly well regarding errors, but stays slower than realtime in five out of
the six meshes considered. FD2 + Trap. Rule performs fairly well, with a similar score as
Prasath et al.’s method, and with errors of the same magnitude as the second order IMEX.
Prasath et al.’s performs quite slow, but reaches an error between 1072 and 1075.

The nonzero initial relative velocity has a remarkable influence in the errors of all
methods, except for Prasath et al.’s method, which remains exactly the same. All other
methods present a considerable increase in their errors. This is a good indicator that
the discontinuity in the initial condition is a big error driver in the FD and Daitche’s
methods. In this situation, it is not so easy to point out which method is the best, since
the second order IMEX provides faster than realtime solutions but at relatively high errors,
i.e. between 107! and 1072 and Prasath et al.’s solutions are accurate (errors are between
10~ and 107%) but very slow. Daitche’s approach again shows instabilities for half of
the meshes considered. The remaining FD methods perform worse both with respect to
accuracy and runtimes.

Figure 6.12 shows convergence with respect to the parameter c. For zero initial relative
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Oscillatory field with non-zero initial relative velocity and S = 0.1
Method \R:1/3\R:7/9\ R=1 \R:4/3\R:7/3\
Prasath et al. [53] 1.4 1.6 1.1 1.8 1.9
FD2 + Trap. 0.4 0.4 0.4 0.4 0.4
FD2 + IMEX2 0.5 0.5 0.5 0.5 0.5
Daitche 37 order [20] unstable | unstable | unstable | unstable 2.2
FD4 + IMEX4 or DIRK 4 0.0 0.0 0.0 0.0 0.0
Oscillatory field with non-zero initial relative velocity and R = 7/9
Method | §=001] =01 |S=05[S=1[5=2]85=4]
Prasath et al. [53] 1.2 1.6 1.8 1.9 1.9 1.9
FD2 + Trap. 0.3 0.4 0.5 0.5 0.5 0.5
FD2 + IMEX2 0.6 0.5 0.5 0.5 0.5 0.5
Daitche 3™ order [20] unstable | unstable 0.9 0.7 0.7 0.8
FD4 + IMEX4 or DIRK 4 0.0 0.0 0.0 0.0 0.0 0.0

Table 6.4: Experimentally-computed convergence orders for particles moving for 1s in the
oscillatory background given by equation (6.16). The initial conditions are y = (0, O)T and

q(0,t0) = (0,0.1)%.

velocity, second and fourth order FD methods behave differently. Second order methods
always have a higher error and even though it decreases as ¢ decreases, the minimum error
is found around 2 - 1073 for ¢ < 50. The error for the fourth order methods decreases
with ¢ until ¢ = 15 and an error of approximately 5-1077. After that, errors grow until
10~* with ¢ = 2. Nonzero initial relative velocity solutions show faster convergence for the
second order methods. Fourth order methods do not only have a smaller convergence, but
they seem to reach a plateau for the smallest values of c¢. A decrease of the value of ¢ used,
from ¢ = 20 to a lower ¢, would have had almost no influence in the solutions with zero
initial relative velocity, whereas the solutions with non-zero initial relative velocity would
have achieved a smaller error.
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Figure 6.11: Work-precision plots for a particle moving for 1s in the oscillatory background
described in equation (6.16), with R = 7/9 and S = 0.1. The initial conditions of the particle
are yo = (0,0)” and q(0,%) = (0,0)" (left) and q(0,%9) = (0,0.1)" (right).
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Figure 6.12: Convergence with respect to the parameter ¢ of the finite difference methods
for a particle moving for 1s in the oscillatory background, with R = 7/9 and S = 0.1.
The initial conditions of the particles are yo = (0,0)” and q(0,%9) = (0,0)" (left) and
q(0,t9) = (0,0.1)" (right).

6.2 Numerical efficiency for spatially inhomogeneous and un-
steady flow fields

This section investigates the behaviour of the numerical implementations described in
chapter 5 on complex fields that change both in time (unsteady) and space (spatially
inhomogeneous). The first complex field described here is the double gyre, which is a
typical toy example used in the study of mixing patterns in a fluid [62]. The second flow
field is the Bickley jet proposed in Rypina et al. (2007) [57], which represents an idealised
model of the stratospheric flow [51].

The third field is an experimentally-measured flow called the Faraday flow. The velocity
data was recorded in the course of the master thesis of J. Tenhaus under the supervision
of A.v.Kameke. This field was obtained by shaking a cylindrical container of 290 mm
diameter filled with 2 mm of distilled water at a frequency of 50 Hz at a measured forcing
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acceleration of a = 1.6¢g, which corresponds to a supercriticality of ¢ = 0.04 [14]|. This
creates Faraday waves, which appear as quasi-standing waves on the surface of the fluid.
The flow field is then recorded by using Particle Image Velocimetry (PIV) with floating
white, hollow, glass microspheres of diameter 70 pm and density 0.15 g cm™! as flow tracers
to visualise horizontal motion. Particle positions were recorded with a high-speed camera
triggered at 400 Hz, obtaining a dataset of 115 x 86 gridpoints over an area of 70.395 mm
by 52.487 mm. 1056 snapshots were generated over 42.24s. More detailed explanations of
the experiment are given in Colombi et al. (2021) [14] and (2022) [15].

To our knowledge, there exist no analytical solutions for the trajectories of a particle
moving in any of the two analytically-given flow fields (the double gyre and Bickley jet).
Obviously, there is no reference solution for a particle trajectory on the experimentally-
obtained flow field. For this reason, an accurate-enough numerical solution calculated with
Prasath et al.’s method and 1,000 time nodes, is used as a reference for the calculation
of the errors. Even though Prasath et al.’s scheme is slow, it showed constant low errors
for all the simple fields from section 6.1 and good stability, therefore providing a good
reference solution. This will also ensure that all methods converge to the same solution.

6.2.1 The Double Gyre

The velocity field of the double gyre is taken from Shadden et al. (2005) [62, Example 1].
This flow field is described by the streamfunction

o(y,t) = Asin(rf(y, 1)) sin(ry®) (6.19)
where
FW 1) = a(t)(y™M)? + b(t)yW, (6.20)
a(t) = esin(wt), (6.21)
b(t) = 1 — 2esin(wt), (6.22)

with constants A = 0.1, ¢ = 0.25 and w = 27“ = %r, where T is the timescale. The
lengthscale of the flow field is considered to be unity. The values of the constants are taken
from the tutorial given by Shadden and available online [61, Movie 11]. The spatial domain
presented here is restricted to [0, 2] x [0, 1] although particles can move beyond it since the
field is defined for all y € R2.

The velocity field is obtained using Hamilton’s equations [82], i.e. derivating the stream-

function (6.19), as follows

o oY
(1) - _ (2) =
) = 5 Wyt = 5 (623
obtaining
uM (y,t) = —Ar cos(ry®) sin(my™ (V) — 2)e sin(tw) + 1)) (6.24)

for the horizontal component and

u® (y,t) = Asin(ﬂy(Q))(Qﬂ(y(l) — 1esin(tw) + ) cos(ﬂy(l)((y(l) — 2)esin(tw) + 1))
(6.25)
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Figure 6.13: Trajectories of two particles moving for 200s in the double gyre, calculated
with FD4 + IMEX4 and a timestep of 0.01. The particles’ Stokes number is S = 1/3 and
the effective density ratios are R = 7/9 (left) and R = 4/3 (right). The initial position and
velocity is common for both particles: y(t9) = (1.5,0.5) and q(0,%p) = 0.

for the vertical one.

Figure 6.13 shows the trajectory of two particles with different density ratios. As it can
be observed, a small change in one parameter introduces a drastic change in the trajectory.

Table 6.5 shows the computed convergence orders for a particle moving in the double
gyre with zero initial velocity. The fourth order methods are the best performing methods
for all the values of R and S considered. For R = 1, all methods achieve their expected
convergence, except the fourth order methods that achieve machine precision ( 1071%).
Although this phenomenon is due to the fact that the reference solution’s error is achieved.
Prasath et al.’s as well as Daitche’s third order method behave fairly similar, obtaining
convergence orders between 2.3 and 4.8. However, Daitche’s method reaches bigger values
for S > 0.5. Interestingly, no instabilities show up for the smallest values of the parameters
in contrast to the previous examples seen. Second order methods perform fairly well,
reaching convergence orders greater than 1.7.

Table 6.6 shows the experimentally-computed convergence orders for a particle moving
in the double gyre with nonzero initial velocity, i.e. g(0,%y) # 0. Prasath et al.’s method
is the best performing method in all the ranges of R and .S, obtaining a supercubic conver-
gence rate in all cases, reaching a maximum of 6.5 for the largest R. Convergence increases
along with R and S. The second best performing method is Daitche’s method, reaching
superlinear convergence in all cases. This is however closely followed by the FD methods
that almost reach first order convergence for all cases.

Figure 6.14 presents the work-precision plots for a particle with zero (left) and nonzero
(right) relative initial velocity moving in the double gyre. For the case of zero initial relative
velocity, Daitche’s approach is the best performing method, obtaining the lowest error at
the fastest runtimes, always faster than realtime. It is not so easy to tell which one is the
second best performing method, since it depends on whether the error or the runtimes must
be minimised. Second order IMEX method reaches fairly low errors (between 1075 and
1078), always faster than realtime. Fourth order IMEX reaches lower marks in the error
(between 1075 and 10719) but at a cost of larger runtimes, sometimes greater than realtime.
Prasath et al.’s approach obtains similar errors as Daitche’s approach, but its runtimes are
always greater than realtime (between 1 and 102 seconds). Implicit methods are ranked as
the worst ones, due to their long runtimes, compared to their IMEX counterparts. However,
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Double Gyre with zero initial relative velocity and S = 0.1
Method \3:1/3\}%:7/9\ R=1 \R:4/3\R:7/3\
Prasath et al. [53] 24 2.6 machine-¢ 3.7 4.8
FD2 + Trap. / IMEX2 1.7 1.7 2.0 1.8 1.8
Daitche 3" order [20] 2.3 2.6 3.1 2.8 2.9
FD4 + IMEX4 or DIRK4 3.4 3.4 machine-¢ 3.3 3.3
Double Gyre with zero initial relative velocity and R = 7/9
Method | §=001]85=01[5=05[5=1|S=2[5=4]
Prasath et al. [53] 2.4 2.6 2.5 2.5 2.4 2.8
FD2 + Trap. / IMEX2 1.8 1.7 1.7 1.8 1.8 1.8
Daitche 37 order [20] 2.5 2.6 2.8 2.9 3.0 3.1
FD4 + IMEX4 / DIRK4 3.6 3.4 3.3 3.3 3.3 3.3

Table 6.5: Experimentally computed convergence orders for particles moving for 1s in the
double gyre for different values of S and R. The initial conditions are y = (1, 0.5)T and
q(0,0) = (0,0)".

trapezoidal rule has similar errors as the second order IMEX method and is in almost all
the cases, faster than real time. For the nonzero initial relative velocity, a general increase
in the errors occurs. In this case there is no clear winner and a compromise between errors
and runtimes must be met. Daitche’s approach achieves relatively low errors (between
1075 and 10~7) at runtimes always faster than realtime. Prasath et al.’s approach reaches
the smallest errors (between 107° and 10~ !!) with a cost on runtimes, mostly greater
than realtime (between 0.5 and 107! seconds). FD methods achieve very similar errors
among themselves, always between 1073 and 10~%, but runtimes are only always faster
than realtime for the second order IMEX method. Fourth order IMEX method and the
trapezoidal rule have similar runtimes, faster than realtime for all the meshes considered,
except for the largest one with 501 nodes.

Figure 6.15 shows convergence of the FD methods with respect to the parameter c for a
particle moving in the double gyre with zero and nonzero initial relative velocity. Like seen
in the oscillatory background, errors are smaller in the case of zero initial relative velocities.
In the case with zero initial relative velocity, fourth order methods achieve smaller errors
than the fourth order ones for almost all values of ¢. Although errors generally decrease as
¢ decreases, a minimum is found at around 1079, In the case with nonzero initial relative
velocity, the errors are very similar for all methods and values of ¢. Again, errors decrease
with ¢ and are kept between 1073 and 107°. In this example, a decrease in the value
of ¢ from 20 to 5 or lower would decease the errors for all the methods, except for the
trapezoidal rule if was smaller than 5.
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Double Gyre with non-zero initial relative velocity and S = 0.1
Method \R:1/3\R=7/9\R:1\R:4/3\R:7/3\
Prasath et al. [53] 3.1 4.0 4.1 4.9 6.5
FD2 + Trap. / IMEX2 0.9 0.9 0.9 0.9 0.8
Daitche 37 order [20] 1.1 1.2 1.2 1.2 1.3
FD4 + IMEX4 / DIRK4 0.8 0.8 0.8 0.8 0.8
Double Gyre with non-zero initial relative velocity and R = 7/9
Method | §=001]5=01[5=05[5=1|S=2[5=4]
Prasath et al. [53] 3.3 4.0 4.0 4.0 4.0 4.1
FD2 + Trap. / IMEX2 1.0 0.9 0.8 0.8 0.8 0.8
Daitche 3™ order [20] 1.8 1.2 1.3 1.3 1.3 1.4
FD4 + IMEX4 / DIRK4 0.8 0.8 0.8 0.8 0.7 0.7

Table 6.6: Experimentally-computed convergence orders for particles moving for 1s in the
double gyre with different values of S and R. The initial conditions are y = (1, O.5)T and
q(0,%0) = (0,—0.0314159265)"".
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Figure 6.14: Work-precision plots for a particle moving for 1s in the double gyre with
R =T7/9and S = 0.1. The initial conditions of the particle are yo = (1,0.5)" and q(0, y) =
(0,0)7 (left) and q(0, ) = (0,0.0314159265)" (right)
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Figure 6.15: Convergence of the finite difference methods with respect to the parameter
¢ for a particle moving for 1s in the double gyre with R = 7/9 and S = 0.1. The initial
conditions of the particle are yo = (1,0.5)" and q(0,%5) = (0,0)" (left) and q(0,t9) =
(0,0.0314159265)" (right)
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6.2.2 The Bickley Jet

The Bickley jet was proposed in Rypina et al. (2007) [57] as an idealized model of strato-
spheric flow. This flow field is defined by the following streamfunction,

3
U(y,t) = —UpLtanh (v?/L) + Z A;UpLsech® (v*/L) cos (kiy(l) — oy, t) (6.26)
i=1

where Uy and L are the velocity and lengthscales of the flow. The parameter values are
taken from Padberg-Gehle and Schneide (2017) [51], who used the parameter values from
Hadjighasem et al. (2016) [32].

The velocity field is obtained in the same way as in the double gyre, i.e. using Hamil-
ton’s equations. The horizontal component of the flow velocity is therefore given by

uM (y,t) = Uy (1 —tanh® (¥/1)) + (6.27a)

3
+ 2 Up sech? (v®/L) tanh (v*/L) Z Aj; cos (kiy(l) - ait) (6.27b)
i=1

and the vertical component by
3
u®(y,t) = ~UpLsech® (v?/r) 3 Ask;sin <kiy(1) - Uit> . (6.28)
i=1

Plots in figure 6.16 show the trajectory of two particles with different effective density
ratios moving in the Bickley jet. Note that the background shown in the plots corresponds
to the field evaluated at final time, i.e. uy := u(y(ty),ty) with ty = 10d.

Table 6.7 shows the empirically-obtained convergence orders for a particle in the Bick-
ley jet with zero initial relative velocity. Like in previous cases with zero initial relative
velocity, fourth order methods achieve the highest convergence orders in almost all cases,
except for the smallest values of R and S considered, followed by Daitche’s. Daitche’s
method reaches cubic or supercubic convergence and presents instabilities for many pa-
rameter sets. Instabilities are more predominant for the smallest values of the parameters,
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Figure 6.16: Trajectory of particles with Stokes number S = 0.3 and effective density ratio
R =7/9 (left) and R = 4/3 (right) moving for 10d in the Bickley jet. The initial conditions
are y(to) = (0,0)" and g(0,%9) = (0,0)".
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Bickley jet with zero initial relative velocity and S = 0.1
Method |R=1/3|R=7/9] R=1 |R=4/3|R=7/3]
Prasath et al. [53] 2.0 2.2 machine-& 2.3 2.5
FD2 + Trap. / IMEX2 1.9 2.0 2.0 2.0 2.0
Daitche 37 order [20] | unstable | unstable 3.0 unstable 2.9
FD4 + IMEX4 / DIRK4 1.8 2.3 4.1 2.7 3.1
Bickley jet with zero initial relative velocity and R = 7/9
Method | S=001] S=01[8=05[5=1|5=2[85=1|
Prasath et al. [53] 1.8 2.2 24 24 2.5 2.5
FD2 + Trap. or IMEX2 2.0 2.0 2.0 2.0 2.0 2.0
Daitche 37 order [20] | unstable | unstable 2.9 3.0 3.3 3.4
FD4 + IMEX4 / DIRK4 0.8 2.3 3.2 3.3 3.5 3.8

Table 6.7: Experimentally-computed convergence orders for particles moving for approx-
imately 1d in the Bickley jet for different values of R and S. The initial conditions are
y = (0,0)" and q(0,to) = (0,0)".

meaning that they appear for many of the meshes considered, whereas instabilities appear
for fewer meshes as the parameters grow. Prasath et al.’s method follows with quadratic
and superquadratic orders, increasing with R and S. Second order FD methods always
achieve their expected theoretical convergence order.

Table 6.8 shows the experimentally-computed convergence orders for a particle moving
the Bickley jet with nonzero initial velocity. Like in the previous examples with nonzero
initial relative velocity, Prasath et al.’s is the method with best convergence for every single
one of the values of R and S considered, obtaining a superquadratic convergence rate that
increases as R and S increase. Second order FD methods are the second best performing
methods, although they only achieve first order convergence. Instabilities are predominant
in Daitche’s method, specially for the smallest values of the parameters. Fourth order FD
methods only obtain a maximum of 0.6 of convergence order.

Figure 6.17 shows the work-precision plots for particles moving in the Bickley jet for
zero (left) and nonzero (right) initial relative velocity. On the left plot, IMEX methods
perform very well, overpassing real-time for almost all the meshes considered and without
any instability. Daitche’s method demonstrates a similar behaviour as IMEX methods,
although instabilities are present for half of the meshes considered. Fully implicit FD as
well as Prasath et al.’s methods show very long runtimes for equivalent errors and are not
competitive in this case.

Again, for the case of particles with nonzero initial relative velocity there is a consider-
able increase in the error for all methods except for Prasath et al.’s approach. Prasath et
al.’s method attains the smallest errors (between 10~% and 10~7) but exceeds the realtime
threshold for all the meshes used. Daitche’s scheme performs fairly well, obtaining the
smallest errors within the methods that are faster than realtime. However, instabilities
are again present for half of the grids used. Second order IMEX implementation remains
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Bickley jet with non-zero initial relative velocity and S = 0.1
Method |R=1/3| R=7/9| R=1 |R=4/3| R=17/3]
Prasath et al. [53] 2.0 2.2 2.3 2.3 2.5
FD2 + Trap. / IMEX2 1.1 1.1 1.1 1.1 1.0
Daitche 3™ order [20] unstable | unstable | unstable | unstable 2.0
FD4 + IMEX4 / DIRK4 0.4 0.5 0.5 0.5 0.5
Bickley jet with non-zero initial relative velocity and R = 7/9
Method | S=001] S=01[8=05[5=1|5=2]85=4|
Prasath et al. [53] 1.9 2.2 2.4 2.4 2.5 2.5
FD2 + Trap. or IMEX2 1.1 1.1 1.1 1.1 1.1 1.1
Daitche 3™ order [20] unstable | unstable 1.0 1.0 1.1 1.1
FD4 + IMEX4 or DIRK4 0.4 0.5 0.5 0.6 0.6 0.6

Table 6.8: Experimentally-computed convergence orders for particles moving for approx-
imately 1d in the Bickley jet for different values of R and S. The initial conditions are
y = (0,0)" and q(0,t0) = (0.1,0)".

competitive in time but attains fairly not too small errors, between 10~2 and 10~3. Fourth
order IMEX method, the trapezoidal rule and fully implicit FD methods perform poorly.
In fact, DIRK method is always slower than realtime.
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Figure 6.17: Work-precision plots for a particle moving for 1d in the Bickley jet with R =
7/9 and S = 0.1. The initial conditions of the particle are yo = (0,0)” and q(0, o) = (0,0)”
(left) and q(0,%9) = (0.1,0.)” (right)

Figure 6.18 shows convergence of the FD methods with respect to the parameter ¢ for
a particle moving in the Bickley jet with zero and nonzero initial relative velocity. For the
examples with zero initial relative velocity, fourth order methods as well as the trapezoidal
rule have a constant error for most of the values of ¢ studied. Second order IMEX is
the only one for which the error decreases as ¢ decreases, with an approximately second
order convergence with respect to c¢. The plot with nonzero initial relative velocity shows
that the methods slowly converge with ¢, and that second order methods maximise that
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convergence. Hence, a decrease in the value of the parameter ¢, from 20 to 5, would have
achieved a smaller error in most of the cases.
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Figure 6.18: Convergence with respect to the parameter ¢ of the finite difference methods
for a particle with R = 7/9 and S = 0.1 moving in the Bickley jet with zero (left) and
nonzero (right) initial relative velocity. The initial conditions of the particle are yo = (0,0)”
and ¢(0,t9) = (0,0)” (left) and q(0,t) = (0.1,0.)” (right)

6.2.3 The experimental case: The Faraday flow

This section studies the efficiency of the implementations presented in chapter 5 on a
experimentally-obtained velocity field, called the Faraday flow. The Faraday flow is gener-
ated in a cylindrical glass container of 290 mm diameter, filled with a 2 mm-deep layer of
distilled water in a cylindrical container, like the one shown in figure 6.19. The container is
shaken vertically with a frequency of 50 Hz at a measured forcing acceleration of a = 1.6g
by an electromagnetic shaker, corresponding to a supercriticality of € = 0.04 and generat-
ing quasi-standing waves over the fluid’s surface, called Faraday waves. The Faraday waves
correspond to a turbulent space- and time-dependent 2D-velocity field. The flow field is
recorded by using particle image velocimetry (PIV) on uniformly-distributed white, hollow,
glass microspheres of diameter 70 ym and density 0.15g/cm3. Further details about the
experiment can be found in Colombi et al. (2021) [14] and (2022) [15].

As explained in Urizarna et al. (2023) [74], PIV data consists on a data set of values for
the horizontal and vertical components of the absolute velocity at discrete grid points over
an area of approximately 7.0395cm by 5.2487cm. A total amount of 1056 discrete data
sets are recorded over a time period of 42.24s. Spatial interpolation between data points is
carried out by SciPy’s bivariate rectangular spline interpolation [77]. On the other hand,
time interpolation is done by using linear interpolation.

Figure 6.20 depicts the trajectory of two particles with different effective density ratios,
R, moving in the Faraday flow. Both trajectories do not differ much, although there is a
clear difference in the size of the loop done by the particle on the bottom left side of the
plots.

Table 6.9 shows the experimentally-computed convergence plots for particles moving
in the Faraday flow with zero initial relative velocity. In opposition to what it happened in
the previous flow fields, there is not a clear method that wins over the others as R varies.
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Figure 6.19: Device used on the experiment described in [15|. Faraday waves for a frequency
of 50 Hz can be observed on the surface of the cylinder. Colored planes indicate the scanned
areas for the horizontal and vertical PIV measurements.
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Figure 6.20: Trajectories of two particles with S = 0.3 and R = 7/9 (left) and R = 4/3

(right) moving in the Faraday flow for 5s. The initial conditions are y(to) = (0.02,0.01)”
and q(0,) = (0,0)".
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Faraday flow with zero initial relative velocity and S = 0.1
Method |R=1/3|R=7/9| R=1| R=4/3| R=7/3 ]
Prasath et al. [53] 1.9 1.0 7.3 1.6 2.3
FD2 + Trap. 1.2 1.3 2.8 1.2 1.0
FD2 + IMEX2 1.5 1.6 2.0 1.7 1.8
Daitche 3" order [20] 1.9 0.6 1.1 1.1 1.1
FD4 + IMEX4 1.7 1.3 6.5 1.3 1.0
FD4 + DIRK4 1.9 1.5 3.6 1.5 1.2
Faraday flow with zero initial relative velocity and R = 7/9
Method | §=001]85=01[5=05][5=1|5=2]85=4]|
Prasath et al. [53] 2.0 1.0 0.9 0.9 0.8 0.8
FD2 + Trap. 1.5 1.3 1.2 1.1 1.1 1.0
FD2 + IMEX2 1.8 1.6 1.6 1.6 1.6 1.7
Daitche 3" order [20] 1.3 0.6 1.2 1.3 14 1.4
FD4 + IMEX4 1.3 1.3 1.2 1.1 1.1 1.0
FD4 + DIRK4 1.3 1.5 1.4 1.3 1.3 1.2

Table 6.9: Experimentally-computed convergence orders for particles moving for approxi-
mately 1s in the Faraday flow, with different values of S and R. The initial conditions are
y = (0.3810451,0.19052255)" and q(0, to) = (0,0)".

On the other hand, second order IMEX method achieves maximum convergence for all
S > 0.1 and R = 7/9. All methods perform fairly well in this case, reaching superlinear
convergence in most methods, except Prasath et al.’s for S > 0.1 and R = 7/9, that barely
reaches linear convergence.

Table 6.10 shows the experimentally-computed convergence plots for particles moving
in the Faraday flow with nonzero initial relative velocity. Prasath et al.’s method dominates
here for S = 0.1 and all different values of R. It is only surpassed by the second order
IMEX method by a difference of 0.4 orders of convergence for R = 7/9 and S > 0.5. For
all methods and most of the parameter combinations, convergence ranges between 0.5 and

1.8.

Figure 6.21 consists of two work-precision plots for particles moving in the Faraday
flow, again for the case with zero (left) and nonzero (right) initial relative velocity. The
performance of the methods in both cases is qualitatively the same. For the case with zero
initial relative velocity, the second order IMEX method is the fastest method, achieving
errors between 1072 and 107°. Fourth order IMEX method and Daitche’s method attain
similar errors with slightly slower runtimes. FD4 + IMEX4’s last node is slower than
realtime. The trapezoidal rule obtains also similar errors with slower runtimes, but only
surpasses realtime at the last node. The fourth order fully implicit method is the worse
performing method, obtaining the same errors at runtimes almost three orders of magnitude
larger. Prasath et al’s method is in all cases slower than realtime, but attains the smallest
errors, between 107° and 1077.
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Faraday flow with non-zero initial relative velocity and S = 0.1
Method |R=1/3|R=7/9| R=1| R=4/3| R=7/3 ]
Prasath et al. [53] 1.9 1.2 3.1 1.8 2.4
FD2 + Trap. 1.3 1.0 0.9 0.8 0.9
FD2 + IMEX2 1.6 1.2 1.0 0.6 1.0
Daitche 3" order [20] 1.8 0.8 1.1 1.2 1.3
FD4 + IMEX4 1.5 0.9 0.8 0.5 0.8
FD4 + DIRK4 1.5 0.9 0.8 0.6 0.7
Faraday flow with non-zero initial relative velocity and R = 7/9
Method | §=001]S=01]S=05|S=1[5=2]|85=4]
Prasath et al. [53] 2.1 1.2 0.8 0.8 0.8 0.8
FD2 + Trap. 1.0 1.0 1.1 1.1 1.1 1.1
FD2 + IMEX2 1.1 1.2 1.2 1.2 1.2 1.2
Daitche 3™ order [20] 1.3 0.8 0.9 1.0 1.0 1.0
FD4 + IMEX4 0.8 0.9 1.0 1.0 1.0 1.0
FD4 + DIRK4 0.8 0.9 1.0 1.0 1.0 1.0

Table 6.10: Experimentally-computed convergence orders for particles moving for approx-
imately 1s in the Faraday flow for different values of R and S. The initial conditions are
Y= (0.3810451,0.19052255)T and q(0,tp) = (0.10848, —0.13324066)T.

In the nonzero initial relative velocity, the performance of all the methods is basically
the same, except that errors are slightly higher (except for Prasath et al.’s approach),
approximately one order higher and that Daitche’s method ties with the second order
IMEX as the best performing method. Prasath et al.’s approach is basically the same in
both cases.

Figure 6.22 shows the convergence plots with respect to the parameter c. Convergence
is very similar for all methods for the case with nonzero initial relative velocity, reaching
superlinear convergence. When the particle starts with zero initial relative velocity, the
behaviours of the methods changes depending on the value of ¢. For ¢ > 20, all methods
converge with c¢. Errors for the second order methods are higher than for the fourth order
ones and they present first order convergence. Fourth order methods converge faster,
with approximately second order convergence. For ¢ < 20, the implicit second order and
the fourth order methods remain with constant error. On the other hand, the error of
the second order IMEX method greatly decreases from approximately 2 - 10~% to 1075,
achieving the smallest error among all methods. In this field, a decrease in the value of c,
from 20 to 2, would have generally decreased the error of all the methods.
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Figure 6.21: Work-precision plots for a particle moving in the Faraday flow for ap-
proximately 1s with R = 7/9 and S = 0.1. The initial conditions of the parti-
cle are yo = (0.3810451,0.19052255) and q(0,t)) = (0,0)" (left) and q(0,t) =
(0.10848, —0.13324066)” (right).
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Figure 6.22: Convergence with respect to the parameter ¢ of the finite difference methods
for a particle moving in the Faraday flow for approximately 1s with R = 7/9 and S = 0.1.
The initial conditions of the particle are yo = (0.3810451,0.19052255)” and q(0,to) =
(O,O)T (left) and q(0,tp) = (0.10848, —0.13324066)T (right).
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The effect of the Basset history term

This chapter uses the numerical implementations seen in chapter 5 to study in which cases
the BHT has a major influence in particle trajectories. The code needed to reproduce the
figures and the tables from this chapter can be found in the code repository in GitHub [72].
This information provides orientation about when neglecting it would translate into an
important disparity between the obtained and the actual trajectory. The influence of the
BHT is first studied on single particle trajectories, later on clusters of particles and finally
on large scale features of the flow fields called Lagrangian Coherent Structures (LCS).

The shape of the MRGE, provided in equation (2.6), indicates that the Stokes number
affects the Stokes drag and the BHT in a different manner. The Stokes drag is scaled
by the constant 1/s, whereas the BHT is multiplied by \/1/>S This indicates that smaller
values of the Stokes number, i.e. 0 < S << 1, will make the influence of the Stokes drag
predominant over the BHT. Little difference is therefore expected between trajectories
calculated with and without BHT for a sufficiently small Stokes numbers. On the other
hand, bigger Stokes numbers, i.e. S > 1, will make the difference between trajectories
more noticeable, since the BHT will be multiplied by a larger coefficient than the Stokes
drag.

Up to the author’s knowledge, there is limited information regarding perturbation
theory for the MRGE with BHT. Langlois et al. (2015) showed algebraic decay for the
MRGE with memory term, instead of the exponential decay observed in the absence of
it [39]. More information is available for approximations of the MRGE in the absence of
BHT, like the one in Mograbi and Bar-Ziv (2006) [46] and Beron-Vera et al. (2019) [10].

The coming sections of this chapter present and compare the trajectories of single
particles as well as particle clusters calculated with and without BHT on the flow fields
given in chapter 6.

7.1 Influence of the BHT on individual particle trajectories

This section studies the influence of the BHT in the trajectory of individual particles. These

examples consider a particle placed arbitrarily in the velocity fields given in chapter 6.
The study of individual particles is more insightful for the first three fields, since their

symmetries and similarities makes all particle trajectories similar to each other. Initial
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S=001|5=01] =1 |5=10
Yradial(ty = 15) | 0.0076 0.0716 | 0.5901 | 3.1928

Table 7.1: Absolute radial distance at final time calculated with BHT, y,qdiai(ts), of a
particle moving in the quiescent flow for 15s with R = 7/9 and four different values of S.
The initial conditions of the particle are y(to) = (0,0)” and q(0,ty) = (1,0)7.

conditions have a large effect on the particle’s path for last three fields, since they are time
dependent inhomogeneous flow fields. The study of individual particles for these fields feels
incomplete but it provides a good base to state assumptions for the clusters of particles
that will be shown in the following sections.

7.1.1 A Relaxing particle

Figure 7.1 presents the relative distance with respect to their initial position travelled by
several particles with different Stokes numbers in the quiescent flow. Each plot has two
lines: (1) A blue dashed line representing the relative distance travelled by a particle when
the BHT is neglected and (2) a red line showing the relative distance travelled when the
trajectory is calculated with the full MRGE.

The relaxing particle example corresponds to a particle that moves in a still fluid, so
that the fluid forces only act on the particle to reduce its velocity until it reaches a halt.
A 2D spatial plot of the particle’s trajectory will always show a straight line, whose only
relevant information would then be the final position of the particle. On the other hand,
distance vs time plots show how far from its starting point the particle is at each single
time and are therefore more insightful.

The scales of the distances in the y-axis in the plots in figure 7.1 are normalised by
dividing all distances by the final position at £y = 155, calculated with the full MRGE, so
that all plots show relative distances and have the same range in the y axis. This makes
the four plots of figure 7.1 easier to compare. Note that the values of the absolute distance
travelled by the particle differ considerably for the different values of the Stokes number
(see table 7.1.1). For instance, the final-time distance travelled by the particle without
History Term for S = 10 is twice as big as when it is calculated with BHT, whereas for
S = 0.01, the difference is barely appreciable.

Figure 7.2 shows maximum normalised difference against the Stokes number for four
values of R. The normalised difference is the [5-norm of the difference between the tra-
jectories calculated with and without BHT divided by the lo-norm of the radial distance
calculated with BHT. Equation (7.1) exhibits the expression used to obtain the maximum
normalised distance difference.

N ||Ystokes(t) — ypaT(t)|2 } _ (7.1)

M e Tt tg] { llysrT(t) — yBHT(t0)|2

This quantity can be understood as the maximum relative effect of the BHT on the particle
over the whole time domain. Using the relative magnitude instead of the absolute one,
maximises differences at the beginning and minimises them as time goes by, accounting
for the fact that it is normal that trajectories differ as time passes by. In fact, it would be
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Figure 7.1: Relative distance to the starting point with and without BHT of particles
moving in the quiescent flow for 15s with different Stokes numbers, S = 0.01 (top left),
S = 0.1 (top right), S =1 (bottom left) and S = 10 (bottom right). The effective density
ratio is R = 7/9 and the initial conditions are y(to) = (0,0)” and q(0,ty) = (1,0)".

more precise to divide by the length of the full trajectory instead of the final time position,
but it is still a good approximation.

Figure 7.2 confirms that the smaller the Stokes number is, the smaller the differences
in the trajectories with and without History Term are. Additionally, R also influences the
differences between the trajectories, having the smaller difference for the larger values of
R. However, R is not a main driver, like S; and its influence is not noticeable when S is

small.
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Figure 7.2: Maximum normalised difference between the trajectories calculated with and
without BHT against the Stokes number in the quiescent flow. The initial conditions are
y(to) = (0,0)" and ¢(0,t9) = (1,0)”. Trajectories are calculated for 10s.
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7.1.2 The Vortex

Figures 7.3 and 7.4 display trajectories calculated with and without BHT of a particle
moving in the vortex described by equation (6.11) for three values of the Stokes number
and two values of the effective density ratio. Independently of the consideration of the
BHT, the plots show the expected rotating behaviour: Accumulation of particles around

the origin for R < 1 and ejection for R > 1.
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Figure 7.3: Exact trajectories calculated with and without BHT of two particles with three
different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving in

the vortex for 10s. The effective density ratio is R = 7/9 and the initial conditions are
y(to) = (1,0)" and q(0,0) = (0,0)""
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Figure 7.4: Exact trajectories calculated with and without BHT of two particles with three
different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving in

the vortex for 10s. The effective density ratio is R = 11/9 and the initial conditions are
y(to) = (1,0)" and q(0,%0) = (0,0)".

Figures 7.5 and 7.6 show radial distance vs. time. Accumulative behaviour is presented
when the radial distance decreases with time, whereas ejection is observed when the radial
distance increases with time. The figures show linear behaviour for S € {0.1,1}, while
this linear behaviour is affected by oscillations for S = 10. Pure oscillations occur when
both the Stokes drag and the BHT are neglected in the MRGE, i.e. only with the material
derivative term, also called a perfect tracer, so it makes sense that these oscillations occur
as S grows and these terms tend to zero (see figure 7.7). Note that the Stokes number
appears in a square root in the BHT. Hence the BHT does not decay as fast as S — oo
and its inclusion has a damping effect on the perfect tracer oscillations.

The neglect of the BHT overestimates the accumulative and ejective behaviour for
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Figure 7.5: Radial distance calculated with and without BHT of two particles with three
different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving in
the vortex for 10s. The effective density ratio is R = 7/9 and the initial conditions are
y(to) = (1,0)" and q(0,to) = (0,0)".
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Figure 7.6: Radial distance calculated with and without BHT of two particles with three
different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving in
the vortex for 10s. The effective density ratio is R = 11/9 and the initial conditions are

y(tO) = (170)T and Q(OatO) = (O, O>T'

S € {0.1,1}, whereas this is underestimated for S = 10. Figure 7.8 indicates that the
threshold value where the behaviours are reversed are found for values of the Stokes number
in a neighbourhood of S = 2. For S > 2, the influence of the Stokes drag starts to be
small compared to the material derivative term. The BHT softens this effect because its
coefficient includes the Stokes number in a square root, i.e. \/1/»5, in comparison to the 1/s

coefficient multiplying the Stokes drag.
Figure 7.9 shows a decrease in the maximum normalised difference as S decreases and

increases, obtaining its global maximum for intermediate values of S. Extending the plot
for smaller values of S was not possible in this plot due to stability issues. The behaviour
for different values of R is qualitatively similar, observing the minimum for R = 1.22.
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Figure 7.8: Radial distance calculated with and without BHT of two particles moving in
the vortex with S = 2 and two effective density ratios, R = 7/9 (left) and R = 11/9 (right).
The initial conditions are y(ty) = (1,0)” and ¢(0,#) = (0,0)".

Maximum normalised difference

102 4 —— R=0.56
R=0.78

] —— R=1.22

—— R=1.67

1073 -y
101 10° 10! 102

Stokes number
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(1,0) and q(0, ) = (0,0)”. Trajectories are calculated for 10s.
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7.1.3 Oscillatory Background

Figures 7.10 and 7.11 show the trajectories of particles moving in the oscillatory back-
ground. There is a considerable difference in the particle’s trajectory if the memory term
is omitted: The amplitude of the oscillation of the particles with BHT is four times bigger
than without the history term. No large differences are observed as the parameters change.
For R = 7/9, the amplitude of the oscillation increases with S, opposite to the R = 11/9
case, in which the amplitude gets reduced with S. Interestingly, the amplitude of the
oscillation is smaller for the larger R case for the same Stokes number.
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Figure 7.10: Exact trajectories with and without BHT of two particles with R = 7/9
and three different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right),
moving in the oscillatory background for 3s. The initial conditions are y(to) = (0,0)” and
q(0,t0) = (0,0)".
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Figure 7.11: Exact trajectories with and without BHT of two particles with R = 11/9
and three different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right),
moving in the oscillatory background for 3s. The initial conditions are y(tg) = (0,0)7 and

q(0,t0) = (0,0)".

Figure 7.12 presents the maximum normalised distance difference against the Stokes
number. This normalised difference is constant for all S < 0.1, independently of the values
of R. For S > 0.1, the differences are more noticeable but not too large, reaching its
maximum for R = 1/3. These results aline with the trajectories shown in figures 7.10
and 7.11, where plots are the most similar for the smallest values of S and start differing
as S increases.
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Figure 7.12: Maximum normalised difference between trajectories of particles calculated
with and without BHT against the Stokes number in the oscillatory background. The
initial conditions are y(to) = (0,0)" and q(0,%y) = (0,0)” and trajectories are calculated
for 0.6 s with a step of At = 0.05.

7.1.4 Double Gyre

Figures 7.13 and 7.14 show the trajectories with and without BHT of particles moving in
the double gyre for two different effective density ratios, R € {7/9,11/9}, and three values
of the Stokes number, S € {0.1,1,10}. Particle paths for R = 7/9 (figure 7.13) present
differences for S = 1 and S = 10 but they are specially noticeable for S = 10. The case of
particles denser than the fluid, i.e. R = 11/9 (figure 7.14), exhibits a noticeable divergence
in the particle paths for S = 1, which gets stronger for S = 10. Hence, in the double gyre
the BHT seems to have a larger influence on the trajectories of particles denser than the
fluid.

The same behaviour is observed when the radial distance from the initial position with
respect to time is studied. Plots of particles lighter than the fluid, R < 1, in figure 7.15 show
a good match between both solutions for all the values of the Stokes number considered,
whereas plots in figure 7.16 exhibit an obvious mismatch at final times for the cases S > 1.
It is then fair to assume that denser-than-fluid particles moving in fluid flows with time-
dependent vortices will be more susceptible to the inclusion of the BHT. On the other
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Figure 7.13: Exact trajectories with and without BHT of particles with different Stokes
numbers, S = 0.1 (left), S =1 (center) and S = 10 (right), moving in the double gyre for
10s. The effective density ratio is R = 7/0 and the initial conditions are y(to) = (1,0.5)7
and ¢(0,t9) = (0,0)7.
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Figure 7.14: Exact trajectories with and without BHT of particles with different Stokes
numbers, S = 0.1 (left), S =1 (center) and S = 10 (right), moving in the double gyre for
10s. The effective density ratio is R = 11/0 and the initial conditions are y(to) = (1,0.5)"
and ¢(0,t) = (0,0)”.
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Figure 7.15: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S = 1 (center), and S = 10 (right), moving
in the double gyre for 10s. The effective density ratio is R = 7/9 and the initial conditions
are y(tog) = (1,0.5)T and q(0,tp) = (O,O)T.

hand, figure 7.17 shows that the biggest maximum relative distance difference is achieved
for very small values of the effective density ratio, R = 1/3, so that the BHT will also play
a significant role for particles of gases with small R values.

Again, maximum normalised relative difference, as shown in figure 7.17, presents a big
decrease with S, independently of the value of R. For Stokes numbers higher than 0.2, the
difference remains between 0.1 and 1, remaining relatively constant for most of the values
of R, reaching its maximum variability for R = 11/9.
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Figure 7.16: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S =1 (center), and S = 10 (right), moving

in the double gyre for 10s. The effective density ratio is R = 11/9 and the initial conditions
are y(to) = (1,0.5)7 and q(0,t) = (0,0)".
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Figure 7.17: Maximum normalised difference between the trajectories of particles calcu-
lated with and without BHT against the Stokes number in the double gyre. The initial
conditions are y(to) = (1,0.5)7 and q(0, ) = (0,0)”. Trajectories are calculated for 10's
with a step of At = 0.01.

7.1.5 Bickley Jet

Figures 7.18 and 7.20 show the paths of particles moving in the Bickley jet for different
values of R and S. This figure shows that the BHT has a larger impact for largest values
of the Stokes number and specially for the largest value of R.

Figures 7.21 and 7.19 show the radial distance from the initial position calculated
with and without BHT for particles with different values of R and S. Radial distance
is well-conserved in both cases, although it reaches a major disparity for S = 1 of the
denser-than-fluid particle.

Figure 7.22 presents the maximum relative distance difference against the Stokes num-
ber for four effective density ratios. The plot shows for the values of R € {1/3,7/9,11/9} two
humps at intermediate values of S. For the largest value of R, there is no specific pattern
in this quantity, apart from a fluctuating behaviour between [10~!,10%]. For all the values
of R considered, there is a considerable decrease in this quantity with S.
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Figure 7.18: Exact trajectories with and without BHT of particles with different Stokes
numbers, S = 0.01 (top left), S = 0.1 (top right), S = 1 (bottom left) and S = 10 (bottom
right), moving in the Bickley jet for approximately 10d. The effective density ratio is
R =7/9 and the initial conditions are y(to) = (0,0)” and q(0,ty) = (0,0)".
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Figure 7.19: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S =1 (center), and S = 10 (right), moving
in the Bickley Jet. The effective density ratio is R = 7/9 and the initial conditions are
y(to) = (0,0)" and q(0,%0) = (0,0)".



102 Chapter 7. The effect of the Basset history term

. . PO - . . . . _25 - - » r : - : < - . .
—— with History Term —— with History Term
— without History Term — without History Term = -

| |
w N
o w
1 1
|
w
o
1

= without History Term
-3.5 T T T -3.5 T T —

=—— without History Term

0 10 20 30 0 10 20 30
y(l) y(l)

Figure 7.20: Exact trajectories with and without BHT of particles with different Stokes
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Figure 7.21: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S =1 (center), and S = 10 (right), moving
in the Bickley Jet. The effective density ratio is R = 11/9 and the initial conditions are
y(to) = (0,0)" and q(0,%) = (0,0)".
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Figure 7.22: Maximum normalised difference between the trajectories calculated with and
without BHT against the Stokes number in the Bickley jet for approximately 10d. The
initial conditions are y(to) = (0,0) and ¢(0,%y) = (0,0)". Trajectories are calculated
with a step of At = 0.0305876.

7.1.6 Experimental flow: The Faraday flow

The Faraday flow corresponds to a flow field made up of many time-variant rotating vor-
tices. Figures 7.23 and 7.25 show the paths of particles moving in the Faraday flow for
different values of R and S. Again, trajectories with and without BHT remain more similar
for smaller values of S and start diverging for S > 1. This divergence is specially clear for
particles lighter than the fluid, but it is difficult to draw conclusions from a single particle
movement, considering how turbulent this field is.

Figures 7.24 and 7.26 show the radial distance from the initial position against time
for a particle moving in the Faraday flow for two effective density ratios and four Stokes
numbers. Radial distance is similar for both solutions for R > 1 for all the Stokes numbers
considered. Disparities are larger for the R < 1 case.

No clear conclusion can be drawn from figure 7.27 where the maximum normalised
distance difference is plotted against the Stokes number. The four lines presented, corre-
sponding to solutions calculated with four different parameters of R, have very different
patterns. The limit case R = 1/3 presents the interval with the largest minimum, rang-
ing about [0.8,100], approximately. The line corresponding to R = 7/9 has the largest
range for the difference, from 10~! at S ~ 1072 to over 102 at approximately 3 - 10°. The
two remaining lines oscillate around the interval [0.04,6]. The difference decreases for the
smallest values of S in all cases, except for the limit case, R = 1/3.



104

0.005

0.000

0.005 0.010 0.015((3.020 0.025 0.030
1

0.025
0.020
0.015

5 0.010
0.005

0.000

0.005 0.010 0.015(8.020 0.025 0.030

Chapter 7.

' = without History Term '

y

\

\

N
NN
NN

' = without History Term '

y

The effect of the Basset history term

0.000 o .

—— without History Term '

0.005 0.010 0.015(?.020 0.025 0.030
1

y

0.025

0.020 o -

0.015 A
>0.010 1

0.005

0.000 4 .

= without History Term

0.005 0.010 0.015(8.020 0.025 0.030

y

Figure 7.23: Exact trajectories with and without BHT of particles with different Stokes
numbers, S = 0.01 (top left), S = 0.1 (top right), S = 1 (bottom left) and S = 10 (bottom
right), moving in the experimental flow for approximately 5s. The effective density ratio
is R = 7/9 and the initial conditions (in dimensional units) are y(tg) = (0.01,0.01)" and

a(0,t0) = (0,0)".
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Figure 7.24: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving
in the experimental flow for 5s. The effective density ratio is R = 7/9 and the initial

conditions (in dimensional units) are y(to) = (0.01,0.01)" and q(0,t9) = (0,0)".
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Figure 7.25: Exact trajectories with and without BHT of particles with different Stokes
numbers, S = 0.01 (top left), S = 0.1 (top right), S = 1 (bottom left) and S = 10 (bottom
right), moving in the experimental flow for 5s. The effective density ratio is R = 11/9 and
the initial conditions (in dimensional units) are y(ty) = (0.01,0.01)” and (0, ty) = (0,0)".
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Figure 7.26: Radial distance from the initial position with and without BHT of particles
with different Stokes numbers, S = 0.1 (left), S = 1 (center) and S = 10 (right), moving
in the experimental flow for 5s. The effective density ratio is R = 11/9 and the initial
conditions (in dimensional units) are y(to) = (0.01,0.01)” and q(0,%o) = (0,0)”
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Figure 7.27: Maximum normalised difference between the trajectories calculated with and
without BHT against the Stokes number in the experimental flow for 5s. The initial condi-
tions are y(to) = (0.381045,0.190523)” and ¢(0,%9) = (0,0)”. Trajectories are calculated
for 5s with a step of At = 0.005s.

7.2 Influence of the BHT on the clustering behaviour of the
particles

The study of individual trajectories overlooks the fact that the initial conditions of the
particle strongly influence the particle’s path in flows for which there is no spatial symmetry
or similarity.

Fluid flows like the quiescent flow, the vortex and the oscillatory background, have some
kind of symmetry or similarity and all particle paths are similar to each other independently
of the starting point. In the quiescent flow, any particle with a given initial velocity will
have the same trajectory and velocity pattern independently of their initial position, since
the field is equal anywhere. In the oscillatory background, this also holds true for particles
starting at the same initial time, since it is a time-dependent flow that changes with time.
The vortex is a point symmetric field and the particle’s trajectory depends only on its
initial velocity and the distance from the origin. Since initial velocities are equal to the
one of the fluid at the initial position and this one grows together with the distance from the
origin, all particles are similar from each other, i.e. a particle starting at a given distance
from the origin with a given velocity will have a similar trajectory pattern as another one
starting at double the distance from the origin, since the velocity also doubles.

In the previous examples, all particle paths are similar to each other and studying a
single particle’s movement provides a lot of information about how all other particles would
move in the field.

Similarity is a rare property in velocity fields but specially in those obtained from ex-
periments and real-world measurements. The double gyre, the Bickley jet and the Faraday
flow are examples of flow fields for which there is no clear similarity. In these flows, paths
calculated with and without BHT may look more similar for some initial conditions but
strongly diverge for others. The study of clusters of particles thus seems more appropriate
for these fields, since the exceptional behaviour of a single particle is averaged within the
cluster’s behaviour.

The relative average difference in the final position of particles computed with and
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is used in the following subsections as a way to measure the influence of the BHT in the
trajectory of a cluster of particles.

7.2.1 Double Gyre

The double gyre presents two time-dependent vortices that move in the x-direction. From
the results obtained from the vortex, it is expected that due to the rotating nature of the
double gyre, particles will accumulate or scatter around the vortices depending on their
density with respect to the one of the fluid: Particles denser than the fluid will scatter,
whereas lighter particles will accumulate. These behaviours can be observed in figure 7.28
for lighter particles and figure 7.29 for denser particles at the intermediate and largest
Stokes numbers, S > 1. Figures also show that particle dynamics accelerates in a more
chaotic way when BHT is ignored.

All the plots and tables shown here are obtained by calculating the trajectory of 20, 301
particles distributed on a mesh of 101 x 201 equidistant nodes in the domain [0, 2] x [0, 1]
for 10 nondimensional time units with a timestep of At = 0.01. The distance between
particles is then 0.01. Regarding the initial velocities, particles are initialised with the
same velocity as the flow field at the initial position, meaning that they start with zero
initial relative velocity.

An initial visual comparison between the final-time positions obtained with and without
BHT in figures 7.28 and 7.29 indicates that final positions barely differ for the lowest
Stokes number considered, S = 0.1, but disparities become clearer for the other values
of S used. Data in tables 7.2 confirms this observation. The lowest absolute average
distances between solutions are found for the smallest value of S for the two density ratios
considered. Average distances grow with .S for all density ratios, although growth is faster
for the denser particles until they reach similar absolute values. Relative average distance
follows the same pattern, although for lighter-than-fluid particles with S = 10 the disparity
between the solutions represents on average 65 % of the average radial distance.

Table 7.3 exhibits the number of particles that leave the initial domain of the double
gyre, i.e. [0,2] x [0,1], after 10 time units. This table shows that the larger the Stokes
number, the more particles leave the initial domain, independently of the value of R.
Generally, more particles leave the initial domain when the BHT is neglected, except for
S = 0.1 where less than 2 % of the particles leave the domain. Denser-than-fluid particles
have a higher tendency to leave the domain due to the rotating behaviour of the field.
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Figure 7.28: Particle positions at final time ¢ = 10 time units in the Double Gyre calculated
without (left) and with BHT (right). All particles have the same effective density ratio
R = T7/9. Stokes numbers increase from top to bottom: S = 0.1 (top), S =1 (center) and
S =10 (bottom).



7.2. Influence of the BHT on the clustering behaviour of the particles 109

y/m

y/m

y/m

Particle clustering without History, S=0.1

1.0 - — —
0.5
0.0
0.0 0.5 1.0 1.5 2.0
x/m
Particle clustering without History, S=1.0
1.0 T
)
0.5
0.0
0.0 0.5 1.0 1.5 2.0
x/m
Particle clustering without History, S=10.0
1.0 - - -
0.5
0.0

y/m

Particle clustering with History, S=0.1

0.0 0.5 1.0 1.5 2.0
X/ m

Particle clustering with History, S=1.0

0.0 0.5 1.0 1.5 2.0
x/m

Particle clustering with History, S=10.0

Figure 7.29: Particle positions at final time ¢ = 10 time units in the Double Gyre calculated
without (left) and with BHT (right). All particles have the same effective density ratio
R = 11/9. Stokes numbers increase from left to right: S = 0.1 (top), S = 1 (center) and
S =10 (bottom).
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Average relative distance and standard deviation
S=0.1 S=1 S =10

R="7/9 | 0.03£0.06 | 0.34+0.38 | 0.65£0.75
R=11/9 | 0.03£0.05 | 0.53+0.63 | 0.44 £+ 0.56

Average absolute distance and standard deviation
S=0.1 S=1 S =10

R="17/9 [0.02+0.04 | 0.23£0.25 | 0.45+0.52
R=11/9 1 0.024+0.04 | 0.41 £0.49 | 0.43+0.55

Table 7.2: Average relative and absolute differences of the final-time positions of particle
trajectories in the double gyre calculated with and without the inclusion of the Basset
history term.

History included | S=0.1| S=1 | S=10

R =1 Yes 0% 0% 4.5 %
No 0% 0% 26.4 %

CR= 11/ Yes 1.6% | 176 % | 36.3%
No 0% 39.8% | 449 %

Table 7.3: Percentage of particles that leave the initial spatial domain, [0,2] x [0, 1], at
final time in the double gyre.

7.2.2 Bickley Jet

The data utilised in the plots and tables of this section for the Bickley jet is obtained by
calculating the trajectory of 16,281 particles initialised on a grid of 81 x 201 equidistant
nodes on the domain [0,20] x [—4,4] Mm?. Particles are therefore separated by a distance
of approximately 0.1 Mm. The time interval considered is approximately [10,30] - 7" d and
the timestep At = 0.02-T d, where T' = 1.77/5.414. Horizontal symmetry is implemented, so
that particles leaving the domain on the right appear again on the left hand side. Like in
the previous field, particles start with the same velocity as the fluid at their initial position.

Figures 7.30 and 7.31 show the final time positions for particles with different charac-
teristics moving in the Bickley jet. In the example with lighter-than-fluid particles, figures
clearly show a stronger clustering effect when the BHT is ignored already for S > 1. On
the other hand, heavier particles exit the vortices and accumulate around the middle jet.
In both cases and as observed for the double gyre, particle clusters seem more erratic when
the BHT is not used in the calculation of the particle paths.

Tables 7.4 show that the minimum (absolute and relative) average distance between
solutions is found again for the smallest value of S, constantly growing with S. In contrast
to the double gyre, distances between the final time positions grow at a similar rate for
both density ratios, reaching both maximums for S = 10.

The number of particles leaving the initial vertical domain, [—4, 4], showed in table 7.5,
remains low for low and medium Stokes numbers and grows considerably at the highest
Stokes number. For S < 1 the number of particles outside the domain at final time remains
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Figure 7.30: Particle positions at final time ¢ = 10d (approximately 30.58 nondimensional
time units) in the Bickley jet, calculated without (left) and with BHT (right). All particles
have the same effective density ratio R = 7/9. Stokes numbers increase from top to bottom:
S =0.1 (top), S =1 (center) and S = 10 (bottom).
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Figure 7.31: Particle positions at final time ¢ = 10d (approximately 30.58 nondimensional
time units) in the Bickley jet, calculated without (left) and with BHT (right). All particles
have the same effective density ratio R = 11/9. Stokes numbers increase from top to bottom:
S =0.1 (top), S =1 (center) and S = 10 (bottom).
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Average relative distance and standard deviation
S=0.1 S=1 S =10

R="7/9 |0.04£0.23 | 0.28+0.56 | 0.45 £ 0.69
R=11/9 | 0.04£0.23 | 0.26 £0.54 | 0.48 £0.73

Average absolute distance and standard deviation
S=0.1 S=1 S =10

R="T7/9 | 0.46 +£2.68 | 3.10£6.25 | 5.04 +7.76
R=11/9 | 0.48 £2.70 | 3.02 £6.21 | 5.58 &+ 8.54

Table 7.4: Average relative as well as absolute distances between the final time positions
calculated with and without History term.

History included | S =0.1 | S=1| =10
Yes 1.7% | 1.7% | 46%

R="17/9
No 1.7 % 1.6 % | 26.1 %
R =11 Yes 1.7% | 1.7% | 3.3%
No 1.7% 1.8% | 24.8%

Table 7.5: Percentage of particles that are outside the initial vertical domain [—4, 4] Mm
at final time in the Bickley jet.

basically constant. These numbers largely increases for S = 10, reaching similar values for
both density ratios when the BHT is present: 4.6 % particles for R = 7/9 and 3.3 % for
R = 11/9; and overshooting when the BHT is not present: 26.1 % particles for R = 7/9 and
24.8 % for R = 11/9.

7.2.3 Experimental flow

Data for the Faraday flow is obtained by initialising 40.401 particles on a mesh of 201 x 201
equidistant nodes, separated by approximately 0.000 352 m, on the domain [0, 0.07039433] x
[0,0.052487] m?. Solutions are run for 10s, with a timestep of At = 0.01s. Like in the
previous two examples, particles start with zero initial relative velocity.

Figures 7.32 and 7.33 show the final time positions for particles with different charac-
teristics moving in the experimentally-obtained velocity field. Although the field data is
restricted to the domain [0,0.07039433] x [0,0.052487] m?, particles are allowed to leave
this initial domain, where the field is set to zero. This makes particle dynamics to suddenly
change and continue as relaxing particles as soon as they reach the boundary, so that it
is impossible for particles to come back to the initial domain once they are outside it.
There is thus a tendency for particles to accumulate around the boundaries of the domain,
which is not shown in these plots. However, these plots show that the dispersive dynamics
accelerates if the BHT is omitted in the calculations.

Table 7.6 shows very large average distances for S = 10, reaching 0.0503 and 0.0478 in
absolute numbers for R = 7/9 and R = 11/9, respectively. These values almost correspond
to the value of the width /height of the initial spatial domain and represent over twice the
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Figure 7.32: Particle positions at final time ¢ = 10 time units in the Faraday flow calculated
without (left) and with BHT (right). All particles have the same effective density ratio
R = 7/9. Stokes numbers increase from top to bottom: S = 0.1 (top), S = 1 (center) and
S =10 (bottom).
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Figure 7.33: Particle positions at final time ¢t = 10 time units in the Faraday flow calculated
without (left) and with BHT (right). All particles have the same effective density ratio
R = 11/9. Stokes numbers increase from top to bottom: S = 0.1 (top), S = 1 (center) and

S =10 (bottom).
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Average relative distance and standard deviation
S=0.1 S=1 S =10

R=7/9 | 0.69+£0.58 | 245+ 1.59 | 1.63 +1.13
R=1/9 1 0.754+0.62 | 1.99 +1.49 | 1.47 £ 1.20

Average absolute distance and standard deviation
S=0.1 S=1 S =10

R ="17/9 | 0.0005 =+ 0.0004 | 0.0024 £ 0.0016 | 0.0033 £ 0.0023
R =11/9 | 0.0005 4 0.0004 | 0.0018 £ 0.0014 | 0.0022 £+ 0.0018

Table 7.6: Average relative and absolute distances between the final time positions calcu-
lated with and without history.

History included | S =0.1| S=1 | §=10

R=7s Yes 50.8 % | 56.9 % | 73.6 %
No 56.1 % | 78.6 % | 84.4 %

R =11/ Yes 26.5% | 35.5% | 50.9 %
No 521 % | 64.6 % | 68.2 %

Table 7.7: Percentage of particles that are outside the initial domain at final time in the

Faraday Flow.

average distance travelled by the particle. Like in the other fields, the difference between
both solutions grows with S.

The percentages of particles leaving the initial domain of the Faraday flow are provided
in table 7.7. It is interesting that in almost all cases, half or more than half of the particles
leave the initial domain. This could be due to the no-way-back effect at the boundary,
although it is still surprising because it indicates that a high number of particles reach
the boundary of the domain. The high turbulent behaviour of the field must be one of
the drivers. The amount of particles leaving the domain gets incremented when the BHT
is not used. This number doubles for the heaviest particle case with S = 0.1, compared
to the 6% increase for the lightest particle. For the other Stokes numbers considered, the
percentages increase between a 10 to a 20%.
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Figure 7.34: Average relative difference in the final time trajectories calculated with and
without BHT for particles in the double gyre (left), the Bickley jet (center) and the Faraday
flow (right).

7.3 Lagrangian Coherent Structures

The study of transport within a flow field with Lagrangian Coherent Structures (LCS) is
a widely-investigated subject in fluid dynamics. Examples of these are the studies of oil
spills in the ocean [9, 48, 49, 45], urban pollution dispersion [68] and more (see Sudharsan
et al. (2016) [66] for more references).

Shadden et al. (2005) [62] defines the LCSs as “ridges of Finite-Time Lyapunov Ex-
ponents (FTLE) fields” or “special gradient lines of the FTLE field that are transverse to
the direction of minimum curvature”. In the online tutorial created by the Shadden lab
of the University of California Berkeley [63], an FTLE is defined as a “scalar value which
characterizes the amount of stretching about the trajectory of point y € D over the time
interval [tg,t]”. The appropriate definitions are provided below.

Definition 7.1 (Flow map). Let the open set D C R™ be the spatial domain covered by
a fluid, with typically n = 2 or n = 3 and [to, t] be the time interval in which the particle’s
trajectory is calculated. Then, given a velocity field w in D, the function

¢t :D— D 7.3a)
Yo = 0, (Y0) = y(t; o, yo), (7.3b)

that maps particles starting at points yg € D at time ¢y to their position at time ¢ within
D, is called the flow map.

The flow map is therefore the function that outcomes the particle trajectories given
their initial conditions. Depending on the nature of the FTLESs, trajectories should be
calculated by using different types of formulas. In this chapter, the flowmap consists
on integrating the Maxey-Riley equation (2.6) twice for the case of zero initial relative
velocity, i.e. v(tg) = u(y(to),t0). The integration of the full MRGE (with BHT) is carried
out by using the FD2 + IMEX2 scheme presented in chapter 5. On the other hand, the
MRGE without BHT is integrated by using the Explicit Runge-Kutta method of order
5(4) provided within the solve_ivp solver within Python’s SciPy library [77].
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Figure 7.35: Representation of the flow map function applied on two points, yo and y,.
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Definition 7.2 (Deformation gradient tensor [61]). Consider a flow map ¢f,. The de-
formation gradient tensor is defined as the Jacobian of the flow map with respect to the
spatial variables, namely

(¢}, (o)) (¢}, (o))
8y(1) e 8y(”)
D¢y, = ; . : : (7.4)
8(}, (y0)™ a(4, (o)™

Following Garaboa-Paz and Pérez-Munuzuri (2015)’s example [30], the Jacobian is
approximated using finite-difference methods.

Definition 7.3 (Finite-Time Lyapunov Exponents [61]). Given a velocity field u extended
over an open set D C R™ and a flow map qbio, the Finite-Time Lyapunov Exponent (FTLE)
at a point yo is defined as

1
O-fo (yO) = mln Amam(A), (75)

where Apaq(A) is the largest eigenvalue of the Cauchy-Green deformation tensor, A =

Yij+1(to) Yij+1(to + At)

At

i1, (to + At
Yit1,(t0) —————— Vi1 (o )

Yi—1,5(to) yi1,(to + At)

Yi,j—1(to) Yi,j—1(to + At)

Figure 7.36: Example of the general stencil used for the calculation of the FTLE, U,fo (Yij),
at position y; ; and the movement of the particles in the stencil after a time At.

Definition 7.4 (Lagrangian Coherent Structures (LCS)). Given a velocity field u extended
over an open set D C R", a flow map gbio and its correspondent FTLE field, the Lagrangian
Coherent Structures (LCS) are defined as the “ridges in the FTLE field”. These ridges are
“special gradient lines of the FTLE field that are transverse to the direction of minimum
curvature” [62].
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Most of the available analysis of the FTLE for inertial particles available in the litera-
ture to our knowledge is done using the Maxey-Riley-Gatignol Equation without History
Term [7, 21, 30, 66] or directly integrating the velocity field [62, 61]. The study done in
the sections 7.1 and 7.2 indicates that neglecting the History Term has a direct influence
on the particle trajectories for some parameter values. Hence, the BHT will most likely
have an indirect influence in the FTLE and the LCS.

The following subsections present a study of the influence of the BHT in the calculation
of the FTLEs for inertial particles for the three velocity fields from section 6: the double
gyre, the Bickley jet and the Faraday flow. In all these three fields, the calculation of the
FTLE is done by recycling the data used in the previous section for plotting the final time
particle position, so that the particle settings are the same as in that section. The double
gyre is a typical toy example in the calculation of the FTLEs and LCS and hence, there
exists an extended literature available about it in which the FTLEs and LCS for this field
are studied. |61, 62, 66, 6].

For each single one of the flow fields, two figures with nine plots are shown. Each figure
corresponds to a different density ratio. There will always be one figure for lighter-than-
fluid particles (R < 1) and another one for denser-than-fluid particles (R > 1). Within
each figure there are three columns. The left column corresponds to the case of FTLEs
calculated without BHT, the central one to the FTLEs with BHT and the right column to
the relative difference between both plots. Plots with the lowest Stokes number are placed
on the top row (S = 0.1), plots with middle Stokes number (S = 1) on the middle row and
plots with the largest Stokes numbers on the bottom row (S = 10).

The relative FTLE difference for inertial particles in % are calculated as follows

(y) =100 O-zo,History(y) - U§O7Stokes(y)

Aot
o Ho-fo,HistoryHloo(D)

(7.6)

relative
where D C R? x [0, T).

7.3.1 The Double Gyre

The double gyre is a typical example in the study of LCS. Examples of papers in which
FTLE and LCS in the double gyre were studied are Shadden et al. (2005) [62] and Sud-
harsan et al. (2016) [66]. Shadden et al. (2005) calculated the FTLEs by numerically
integrating the field directly, whereas Sudharsan et al. (2016) used the MRGE without
BHT.

Figure 7.37 shows the FTLE plots for lighter-than-fluid particles (R = 7/9). Like in
the case of particle clustering, plots for S = 0.1 remain quite unchanged independently
of whether the BHT is included or not. Differences start to be noticeable for S > 1.
FTLESs for the case S = 1 with and without history term are similar but start presenting
disparities in the areas with the lowest FTLE values as well as in the most left path of the
LCS, showing a slight shift to the left when the BHT is excluded. Discrepancies become
substantial for the largest Stokes number considered, S = 10. Without BHT, additional
LCS appear in distinct areas and the previous LCS observed in the plots with lower S splits
into two. Interestingly, at the highest Stokes number, these new LCS do not appear when
the BHT is considered and a similar pattern to the previous ones remains. Differences
between both FTLE plots are substantial in certain areas, reaching up to +100%.



120 Chapter 7. The effect of the Basset history term

100

FTLE without History, S=0.1 FTLE with History, S=0.1 Difference in % of the FTLE, S=0.1
1.00 1.00
4 50
0.75 - 0.75 -
£
< 0.50 E 2 £ 550 4 0
> >
0.25 B 0.25
0 -50
0.00 T T T T T T 0.00 T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
x/m x/m x/m -100
100
FTLE without History, S=1.0 FTLE with History, S=1.0 Difference in % of the FTLE, S=1.0
1.00 1.00
4 50
0.75 h 0.75 )
€ / €
—~ 0.50 i - 2 —~ 0.50 4 0
> { >
0.25 | E 0.25
1 0 -50
0.00 T T T T T T 0.00 T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
x/m x/m x/m —100
100
FTLE without History, S=10.0 FTLE with History, S=10.0 Difference in % of the FTLE, S=10.0
1.00 — — - = 1.00 = — —
. 4 Y 50
0.75 - ) 0.75 - A P
£ 00 L f € o0 0
N f 23" A\~
0.25 - f 0.25 - i
. A 0 — "y -50
0.00 - T T T 0.00 T —
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
X/ m x/m x/m —100

Figure 7.37: FTLEs for lighter-than-fluid particles (R = 7/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the double gyre. Particle
settings are the same as the ones used in figure 7.28. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.

Figure 7.37 displays the same plots for the heavier particle with R = 11/9. Again,
disparities are barely noticeable for S = 0.1. This changes noticeably for larger Stokes
numbers, since the LCS patterns start to change even for S = 1. This makes sense since
heavier particles tend to be ejected by the vorteces and scatter more. For S = 1, the central
LCS splits into three and differences are clearly visible over M. The difference plot on the
right most column indicates a clear dominance of the blue areas, that demonstrate a more
powerful overestimate of the FTLE when BHT is ignored. For the largest Stokes number
S = 10, LCS overtake many areas of the domain M with and without BHT. However the
FTLE plots without BHT again show a more disorderly pattern, manifesting a stabilising
behaviour of the BHT.
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Figure 7.38: FTLEs for heavier-than-fluid particles (R = 11/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the Double Gyre. Particle
settings are the same as the ones used in figure 7.29. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.
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7.3.2 LCS in the Bickley Jet

Figures 7.39 and 7.40 show the FTLE field and their differences in the same way as shown
for the Double Gyre. For S = 0.1 and independently of R, differences in the FTLE fields
with and without BHT are mostly small, although more noticeable than for the double
gyre. This could indicate that the BHT becomes more relevant in more complex flow fields,
even if S is small.

For R =7/9 and S = 1, disagreements in the FTLE are small and they mainly accumu-
late on one of the vortices and along the central jet. For the highest Stokes number, S = 10,
the FTLE start to present an erratic behaviour, with many LCS with small filaments, that
accumulate around the central jet and one of the vortices. Without BHT these filaments
appear close to each other in small areas, whereas with BHT these filaments form ovals
within the central jet. Differences spread out over the whole domain, accumulating around
the vortices and the middle jet but without a clear tendency.

On the other hand, the FTLE patter for heavier particles with R = 11/9 is different.
For S = 1, differences in the FTLE are small and accumulate around the vortices. On
the contrary, for the largest Stokes number, differences concentrate around the central jet
with a clear overestimation of the FTLE when the BHT is neglected. In fact, the FTLE
pattern without history are more chaotic than the ones with history. The LCS in this case
start to overtake more areas of the domain, whereas the FTLE patter with BHT is very
similar to the one for S = 1, indicating a smoother transition in the FTLE when the BHT
is included.
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Figure 7.39: FTLEs for lighter-than-fluid particles (R = 7/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the Bickley jet. Particle
settings are the same as the ones used in figure 7.30. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.
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Figure 7.40: FTLEs for heavier-than-fluid particles (R = 11/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the Bickley Jet. Particle
settings are the same as the ones used in figure 7.31. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.
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7.3.3 LCS in the Faraday flow

Figures 7.41 and 7.42 show the FTLE and difference plots for the Faraday flow.

For the lighter-than-fluid particles (Figure 7.41) with S = 0.1, the FTLE plots are
already different, with higher FTLE values without BHT than with BHT. In fact, the
difference plot shows a predominantly green and blue plot, meaning that there is a general
tendency to overestimate the FTLE without BHT.

Differences are also obvious for S = 1, where there is a generalised increase on the
FTLE, but specially for the case without BHT, where red colours are already predominant
over the initial domain. The difference plot is mainly covered with blue areas, indicating
again an overestimate of the FTLE when the BHT is neglected. For S = 10, the change in
the FTLE plot, with respect to the S = 1 plot, for the case without history is not very sud-
den, whereas an overtake of the high FTLE is already noticeable on the plot with history.
The percentages of particles leaving the initial domain are very high, 73.6%and84.4%, and
it is therefore clear that the no-return feature of the boundary has a clear influence on the
increase of the FTLE values. In this case, differences in the FTLE values are small.

For the denser-than-fluid particles (Figure 7.42) and S = 0.1, disparities seem small,
with some higher FTLE values for the case without history, that is verified with the green
and blue areas in the difference plot. Some of these areas show a very intense blue,
indicating differences of about —+100% in some areas. For S = 1, the plot presents a very
similar pattern as for the lighter-than-fluid particles: A general increase in the FTLE. The
difference plot shows many zones with deep blue, pointing out many areas where the FTLE
without BHT are larger than the ones with BHT. For the largest Stokes number, S = 10,
the increase in the FTLE is generalised and plots are quite similar with and without BHT.
Red areas therefore appear within most of the domain. The differences plot displays an
overtake of light blue areas (small negative FTLE difference) together with some areas in
yellow, demonstrating some convergence between both FTLE plots.
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Figure 7.41: FTLEs for lighter-than-fluid particles (R = 7/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the Faraday flow. Particle
settings are the same as the ones used in figure 7.32. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.
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Figure 7.42: FTLEs for heavier-than-fluid particles (R = 11/9) and three Stokes numbers,
S = 0.1 (top), S = 1 (center), S = 10 (bottom), moving in the Faraday flow. Particle
settings are the same as the ones used in figure 7.33. Left and center columns show the
FTLEs computed with trajectories calculated without (left) and with BHT (middle). The
right-most column shows the relative difference in % of the FTLE.



Conclusions

This dissertation investigates the development and analysis of novel finite difference-based
numerical methods for solving the Maxey-Riley-Gatignol equation with Basset-Boussinesq
history term and compares accuracy and runtimes against the already-existing numerical
schemes provided in Prasath et al. (2019) [53] and Daitche (2013) [20]. Additionally, the
influence of the BHT on particle trajectories and large-scale features for different flows is
examined and evaluated, providing a reference for future research on when the BHT can
be neglected with a minor impact.

The numerical schemes were programmed in Python, calculating and storing all data
with double precision. Python is a high level language suitable for programming Toolbox
prototypes. Using a lower level language will decrease runtimes and using quad precision
should provide a lower error for Daitche’s method.

The study of the accuracy revealed a big impact of the initial relative velocity on the
convergence of the schemes. In the case of particles starting with zero initial relative
velocity, the schemes achieve higher convergence rates and on smoother velocity fields
their convergence achieves or is close to their expected order of convergence. Second order
FD methods are usually well-behaved, reaching in many cases their expected second order
convergence, whereas fourth order methods achieve values between three and four, reaching
four in very rare cases. Even so, fourth order methods attain the best convergence rates
for the solutions of particle trajectories starting with zero initial relative velocity in all
the fields, except the Faraday flow. Prasath et al.’s and Daitche’s methods are in many
cases the second best methods, having in these cases orders higher than two. Second order
methods achieve in most cases first or second order. Second order IMEX method behave
exceptionally good in the Faraday flow, being the method with the highest order for many
sets of parameters.

The convergence of Daitche’s third order method is in most cases smaller than expected.
This was already expected, since Daitche (2013) [20] and Moreno-Casas and Bombardelli
(2016) [47| already record a slightly loss in the convergence order when the coefficients
are obtained and calculated using double precision instead of quad precision. Hence, an
improvement in the convergence is to be expected if the coefficients were calculated with
more precision. Daitche’s method presents in many cases instabilities

For neutrally buoyant particles, i.e. R = 1, and zero initial relative velocity, all methods
achieve some of their best convergence order and in some cases, their theoretical conver-
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gence, obtaining machine precision for Prasath et al’s scheme. Prasath et al.’s scheme’s
convergence also improves as the values of R and S increase.

For trajectories calculated with non-zero initial relative velocity, the experimentally-
computed convergence orders decrease considerably. Despite being a generalised behaviour,
FD-based methods are the most affected methods. Second order FD methods often lose
one order, while fourth order methods lose three or more convergence orders from their
expected ones. This loss in convergence is expected, since a non-zero initial relative velocity
introduces a discontinuity in the initial condition of the diffusive problem obtained after
applying the transformation from Prasath et al. (2019) [53] and FD methods are known to
perform badly with discontinuities. Daitche’s 3" order scheme is also affected but the loss
in convergence is not so drastic but it can be large, losing from one to almost two orders.
On the other hand, Prasath et al.’s method’s convergence order remains unchanged despite
the discontinuity. This is most likely due to the integral nature of Prasath et al.’s solution
formula. Integral methods usually perform well with discontinuities.

Regarding precision plots, a winner is only found for the cases with zero initial relative
velocity. Daitche’s method is the best performing method for the calculation of a particle
trajectory in the vortex and in the double gyre with zero initial relative velocity. Second
order IMEX method wins in the oscillatory background with zero initial relative velocity
and ties for the best with the fourth order IMEX in Bickley jet. In these two fields, Daitche’s
approach presented instabilities in half of the meshes observed. Daitche is therefore better
in rotating fields, whereas IMEX methods perform better in oscillatory fields. The methods
that used nonlinear solvers, such as the implicit methods and Prasath et al.’s method,
exceeded the real-time threshold for most of the grids used. In those grids in which the
real-time threshold was not exceeded, the errors were greater than those in other methods.
FD + IMEX methods as well as 3"% order Daitche’s method achieved faster-than-real-time
times for more than half of the grids studied in all fields. The second order IMEX method
was the only case in which all runtimes were faster than real-time for the grids considered.

In the problems with non-zero initial relative velocity there is no an indisputable winner.
A compromise between short runtimes and small error must be found. Short runtimes at
relatively high errors can be found with Daitche’s third order method, whilst small runtimes
at relatively long times can be achieved with Prasath et al.’s scheme.

Regarding convergence with respect to the value of the parameter ¢, a general reduction
in error can be achieve by reducing c. The parameter ¢ was set to 20 in the calculation of
all the trajectories, convergence plots and orders as well as precision plots, so a reduction
in the errors of the FD schemes could be achieved by setting a smaller value of ¢. In some
very special cases, like a particle in either the oscillatory background or the double gyre or
the Bickley jet with zero initial relative velocities, error increases when c is reduced from
5 to 2, so a big reduction in the value of ¢ could be counterproductive.

It is impossible to indicate a globally best-performing scheme, since the scheme’s be-
haviour changes with the initial conditions as well as the field considered. When the initial
relative velocity is zero, the best performing method is the fourth order IMEX method,
followed by Daitche’s approach and the second IMEX method. Note that in the experi-
mental field considered, FD2 + IMEX2 method behaved better for many of the parameter
sets considered, obtaining lower errors for equal runtimes. For large grids, it is advisable
not to use Daitche’s method, since its computational costs (and therefore runtimes) grow
“with the square of the number of time-steps and can become quite substantial for long in-
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tegration periods” [20]. On the other hand, when the initial relative velocity is non-zero,
it is recommendable to use either Daitche’s third order scheme or Prasath et al.’s method,
depending on whether accuracy or runtimes are a priority. Prasath et al.’s method achieves
lower errors but it is almost never faster-than-real-time. Daitche’s third order scheme is
faster-than-realtime in all the cases, but its accuracy is not as good. Daitche’s third order
method has the limitation that it is unstable for many the sets of R and S studied. Many
of these parameter sets correspond to feasible values in experiments.

Candelier et al. (2004) [12] showed experimentally that the influence of the BHT is not
neglectable. Thanks to the implementations of efficient methods for solving the MRGE
with history term, this influence was measured. For the simplest flow fields, such as the
quiescent flow, the vortex and the oscillatory background, only one set of initial conditions
is enough, whilst more particles were required to study the more complex fields. The
simplest fields considered in this paper are given by short analytic formulas and are either
symmetric or each spatial position is similar in some way.

In the absence of background flow (a quiescent flow field), final-time relative distances
are not too different for the smallest Stokes numbers, S < 0.1, although particle trajectories
calculated without BHT tend to come to a halt in a shorter time. Differences start to
accentuate for S > 1, reaching over twice the final-time distance for S = 10. Maximum
normalised distance difference is obtained for small and large enough values of S. It is
important to note that for large S, some of our assumptions like are not applicable anymore
and an experimentally-accurate solution may not be achieved if the Faxen corrections are
neglected.

In the vortex, radial distance changes (decreases for R < 1 and increases for R > 1)
linearly for S < 2, while oscillations appear for the Stokes numbers larger than one.
Neglecting the BHT overestimates the effect of the vortex for approximately S < 2 and
underestimates it for approximately S > 2. Additionally, the inclusion of the BHT has a
damping effect on the oscillations that appear for the larger Stokes numbers.

In the oscillatory background, the effect of the BHT in the particle’s trajectory is very
noticeable: The amplitude of the oscillation of the particles with BHT is four times larger
than without the history term. Interestingly, the change in the trajectories is minimal as
we change the Stokes number for values of R € {7/9,11/9,5/3}. The only significant change
is found for R = 1/3, which is a limit case, for an unrealistic particle with zero density.

On the fields given by the most complicate expressions, such as the double gyre, the
Bickley jet and the Faraday flow, clusters of many particles are more useful. Single par-
ticle trajectories are not very characteristic, since these flows are unsteady and spatially-
inhomogeneous and particle trajectory will be greatly influenced by its initial conditions.

Due to the rotating behaviour of the double gyre, a similar dynamics to the one of the
vortex can be observed, with particles clustering or dispersing depending on the value of
R. This behaviour gets accelerated when the BHT is ignored. Average relative distances
between solutions with and without BHT typically grow with S for the two density ratios
considered. Regarding relative average distances in lighter-than-fluid particles with .S = 10,
the difference between the solutions represents on average a substantial 65% of the average
radial distance, which is the maximum relative average distance. In all the cases considered,
more than half of the particles remain within the initial spatial domain, increasing this value
with S. Generally, more particles leave the initial domain when the BHT is neglected,.

In the Bickley jet, erratic clusters are also observed when the BHT is neglected. The
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deviation between solutions grows steadily with the Stokes number and at a similar rate
for all the values of R. The ratio of particles leaving the vertical domain remains low for
S € {0.1,1} and escalates quickly for S = 10, when it reaches less than 5% with BHT
and about 25% without BHT. The number of particles leaving the vertical domain is then
influenced by the BHT for the largest values of S.

In the experimental field a big percentage of particles leave the initial domain, ranging
from 26.5% to 78.6%. In fact, more than half of the particles leave the initial domain in 10
out of the 12 cases analysed. When the BHT is ignored, this number increases, accelerating
for the larger values of the Stokes number.

According to the previous observations, the BHT seems to have a large influence in tra-
jectories of particles in the oscillatory fields than in fields of rotating nature and when it
does have an influence, the BHT has a stabilising nature on the particle’s trajectory. This
stabilising behaviour can also be observed in the transporting features of the flow or LCS.
The patterns of the FTLE colourmaps are more stable when the BHT is included. Ne-
glecting the BHT produces patterns that correspond to ones with a higher Stokes number,
namely larger particles.

In the double gyre and Bickley jet, there is little difference between the dynamics
computed with and without BHT for Stokes number of S = 0.1. In the more turbulent
Faraday flow, omitting the BHT already has a visible impact on the FTLE field for S = 0.1.
For S € {1, 10}, significant differences start to emerge for the double gyre and the Bickley
jet, whilst differences reduce in the Faraday flow. Ignoring the BHT overestimates some
of the FTLE, altering the positions of the LCS, even when the general patterns still look
similar and produces patterns that would correspond to ones for a larger Stokes number if
the BHT was considered.

To wrap up, a good approximation of a particle dynamics may be obtained without
BHT at low Stokes numbers, S < 0.1. The full MRGE is adviced for medium and high
Stokes numbers, S > 1. The MRGE without BHT may however behave well in flows with
a high rotating component and poorly in highly oscillatory or turbulent flows.

Hopefully, the methods and findings presented in this paper will serve other scientists
and researchers in accurately modeling particle movements and making appropriate deci-
sions on when to neglect the history term. In addition, many unresolved questions and
unfinished actions are left open in this research and we hope to inspire other scientist to
continue them. Some of the unfinished actions consisted in extending the models to three-
dimensional flows, including the buoyancy force, that is neglected in our models. A full
solution of the MRGE could also be provided by including Faxen corrections in Prasath
et al.’s transformation. The numerical resolution could also be improved by providing
some way to avoid the discontinuous initial condition when the initial relative velocity is
nonzero. To add on, a continuous study of the errors could be done for continuous values
of the parameters R and S.



Coefficients for Daitche (2013)’s method

Coefficients 77 for the three methods provided in Daitche (2013) are provided here. Note
that the coefficients differ depending on the convergence order of the method. More
information about the coefficients and their calculation can be obtained from Daitche
(2013) [20].

e For the first order method (v = 1):
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e And for the third order method (v = 3):
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The matrices used in the system (5.32a) and (5.32b) of the FD numerical schemes and

Matrices for the fourth order formulation

implemented in the Python Toolbox [72] are shown below.
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Appendix B. Matrices for the fourth order formulation
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