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Abstract

Today, topology optimization is a widely recognized tool in the �eld of structural
optimization. It is not only implemented in scienti�c �nite element solvers, but
also in computer-aided design (CAD) programs, highlighting its broad applicabil-
ity across di�erent engineering disciplines. However, optimizing without taking
possible uncertainties into account, may lead to catastrophic consequences. Un-
certainties are inherently present in every practical application and should hence
be properly considered during optimization.

Although the research �eld of topology optimization is considered as mature,
most approaches are only demonstrated on structural sti�ness examples, espe-
cially when uncertainties are incorporated. Nevertheless, stresses are much more
relevant for strength aspects or damage tolerance. Additionally, stresses are still
a challenging topic due to their localized characteristics. Hence, a main focus
of this thesis is to incorporate stress measures into the optimization framework,
while uncertainties are present.

The �rst regarded type of uncertainty is local structural damage. Damages
occur for various reasons, e.g. because of fatigue, manufacturing defects, human
error, accidents and many more. Consequently, it might be necessary to address
the topic of damage robustness, for which di�erent strategies exist. One is, for
instance, to generate multiple load path designs. For optimization, mainly two
approaches are followed to generate multiple load path designs. One approach
explicitly takes generic damage patches into account, while others follow the idea
of limiting the maximum feature size and hence, implicitly create multiple load
paths. The explicit approach is also known as the damage patch approach, which
comes at a very high computational cost, since a �nite element model has to be
solved for each damage patch. In the context of stress, it is demonstrated that
it is bene�cial to only consider as many damage patches as needed to cover the
design domain without gap and overlap. This resulted in a signi�cant decrease in
computational cost compared to the original approach. Furthermore, a load path-
based evaluation scheme is proposed, which is of much more practical relevance
than the common evaluation based on generic damage patches. Following this
evaluation philosophy, di�erent patch con�gurations are investigated, showing no
further bene�ts. Regarding the implicit approach, a lot of heuristic parameter
tuning is required, while obtained results show poor damage robustness. In ad-
dition, the explicit approach is combined with feature size constraints, yielding
improved designs and convergence behavior.

To incorporate uncertainties in material properties and geometry into the ro-
bust topology optimization framework, a generalized �rst-order second-moment
method is derived. It allows any structural response function, such as displace-
ment, volume, compliance or stresses, to be applied as robust constraint or ob-
jective. Compared to the deterministic case, the presented approach requires



the solution of at most three additional adjoint systems per uncertain response.
Hence, the number of adjoint systems to be solved is independent of the number
of random variables. This comes at the expense of accuracy, since the objective
functions are assumed to be linear with respect to random parameters. However,
veri�cation with contour models and using Monte Carlo simulations for post-
processing show, that the approach is still able to �nd robust designs. While the
proposed formulation works acceptably well for uncertainties in material proper-
ties considering displacements and stress as objective and constraint respectively,
it fails in the case of geometry perturbations. Nonetheless, the bene�ts of consid-
ering uncertainties during optimization is emphasized. Compared to a worst-case
formulation, which is current engineering practice, lighter designs are obtained.

Keywords: damage robustness; stress-based and robust topology optimization;
optimization under uncertainties
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Chapter 1

Introduction

Finding solutions to reduce material consumption and hence contribute to more
sustainability is a current engineering challenge. Since the last decade, new possi-
bilities for product design and development are opening up due to advancements
in the �eld of additive manufacturing processes. The latter are gaining increased
attention from both, industry and academia. Additive manufacturing is not only
applied in rapid prototype development but also for production of structural com-
ponents, which may bene�t from an increased design freedom resulting in reduced
weight, lower cost and higher durability. To make use of this potential, new opti-
mization methods are needed in the �eld of structural mechanics. A powerful and
versatile tool, which o�ers the biggest design freedom, is topology optimization
[1]. It can for example be adapted to di�erent physical problems and constrained
by a diverse variety of limitations, e.g. related to manufacturing processes [2].
Hence, topology optimization is taken as the fundamental tool for this thesis. At
this point it shall be noted, that topology optimization is strongly linked to the
numerical �nite element method, as will be discussed later.

In real-world applications, structural components are a�ected by uncertain-
ties. They cannot be avoided, since everything in nature is inherently exposed
to variations or �uctuations. Those uncertainties arise at di�erent stages of the
product life-cycle, e.g. during manufacturing due to tolerances, during service due
to load variations and later due to material degradation. But also during the de-
sign process, uncertainty about the input parameters and modeling or numerical
errors can lead to deviations. Especially in the context of optimization, neglect-
ing the in�uence of uncertainties may lead to very sensitive and thus non-robust
designs, which may fail if small variations occur. Regarding a single load vector
with uncertain angle of attack, a design only optimized for one nominal direction
performs very poorly under di�erent angles [3, 4]. In conventional engineering
it is common practice to apply so-called safety factors to compensate for known
or unknown uncertainties which are �[...] mainly determined by corresponding
design codes or by relative importance of the structural components of structural
systems, rather than by a scienti�c consideration of the nature behind the design

1
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Figure 1.1: Worst-case optimization strategy.

problem� [5]. This results in safety factors which are known to be too conser-
vative in most cases. This is contrary to the increased demand for structural
e�ciency, and hence new optimization methods taking uncertainties into account
are required.

While di�erent approaches exist to incorporate uncertainties into the optimiza-
tion framework, the non-probabilistic or deterministic worst-case formulation is
probably the most conventional and intuitive approach. Regarding the single load
vector example from above considering an uncertain angle of attack, it is common
engineering practice to verify a structural component by for example applying
the load for the most extreme directions. Some probability considerations might
be included, but the structure is basically just evaluated for a few discrete load
angles. This can directly be used for optimization, which aims at the reduction
of extreme values (cf Figure 1.1). Note, during optimization, the focus is solely
on the worst case. Since extreme values of the input parameters are considered,
it cannot be ensured, that the actual worst-case output is covered nor that a tar-
geted reliability is ful�lled. Again, considering the load angle example, the worst
direction is not necessarily represented by the minimum or maximum angle [6].
Nevertheless, this strategy may lead to a robust design but without control of the
actual variability or failure probability.

Consequently, probabilistic considerations are essential to obtain a truly robust
design. For that, stochastic information about the uncertain input parameters is
required. The term �robust design� is very general in this case and interpreted
di�erently in di�erent contexts (cf. Figure 1.2). Pioneer work in the �eld of
quality engineering was done by Taguchi [7] who stated that a robust design is
insensitive or less sensitive to variations. This leads to the general category of
robust design optimization (RDO), where the main goal is to reduce the variability
of the system output related to uncertain input parameters (cf. Figure 1.2b).
Another perspective is to focus on the failure probability and rather constrain a
de�ned limit state. This is then regarded as reliability-based design optimization
(RBDO) (cf. Figure 1.2c). For comprehensive reviews the following references are
given [8�10] or more recently [11].
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In the following the state of the art is summarized, followed by the objective
and outline of this thesis.

1.1 State of the Art and Motivation

Structural optimization can be categorized into: size, shape and topology opti-
mization. With respect to the �rst two categories, the latter is a method to �nd
the best material distribution. Since regions with or without material can change
in size, vanish or develop during the optimization process, topology optimization
o�ers the highest degree of design freedom. The most prominent approach in this
�eld is the solid isotropic material penalization (SIMP) method [1] or density-
based topology optimization. Despite limitations related to the manufacturing
process, topology optimization is used in a growing �eld of applications [2].

In this thesis, the focus is on the density-based topology optimization, which
is applied to structural mechanics problems. The SIMP method is strongly linked
to the �nite element method (FEM) by associating one design variable to each
�nite element (FE). The design variables are interpreted as relative densities rang-
ing from zero to one, which corresponds to void and solid material, respectively.
By the help of an interpolation or penalization scheme, the elemental sti�ness
is scaled according to the design variables and penalization parameter. This is
the initial and basic formulation of the SIMP method [12]. The design variables
are continuous in the given range, so that gradient-based mathematical algo-
rithms can be employed to solve a constrained optimization problem [13]. For
this plain formulation, checkerboard patterns often occurred, and the solutions
are mesh-dependent. Many solutions have been developed to remedy this short-
coming, but the most established solution is the variable �lter [14, 15]. Since
this resulted in unwanted regions with intermediate densities, a second process
is established, which projects the �ltered variables to nearly binary valued densi-
ties [16]. Projected variables are �nally interpreted as physical densities, scaling
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(a) Design variables ρ. (b) Filtered density �eld ρ̃. (c) Projected density �eld ρ̄.

Figure 1.3: Illustration of the three density �elds.

the aforementioned elemental sti�ness. An example for all three density �elds is
depicted in Figure 1.3. Consequently, this approach is denoted as the three �eld
topology optimization framework, which is widely accepted and represents the
current state of the art density-based topology optimization [17]. This framework
forms the basis for all approaches proposed within this thesis.

1.1.1 Stress-Based Topology Optimization

Many structural components are designed with respect to their load carrying ca-
pability, especially in the automotive and aerospace sector. Consequently, stresses
must be considered during the design process. This poses additional challenges
to the density-based topology optimization approach mainly developed for exam-
ples of sti�ness maximization, i.e. minimization of the compliance. Stress-related
publications broadly agree on mentioning the singularity phenomenon and the
local nature of stresses as major challenges. In the past three decades, several
solutions have been proposed to overcome these di�culties.

The singularity phenomenon was �rst observed by Sved et al. [18] in the con-
text of truss optimization and later discussed by others [19�21]. Consider a system
of trusses where the cross-section of each truss is a continuous design variable.
Decreasing the cross-section leads to increasing stress, while the optimal solution
might be to remove a truss completely. This is identi�ed as a degenerated design
space where the singular optimum cannot be reached by gradient-based optimiza-
tion algorithms. Senhora et al. [22] showed the same behavior for two-dimensional
continuum elements. A common approach is to increase accessibility to the opti-
mum by relaxing the design space with for example the ϵ-relation approach [23].
This is �rst applied to continuum problems by Duysinx et al. [24]. Inspired by
the idea of stress relaxation, several other common approaches were developed,
such as the qp-approach [25], the rational approximation of material properties
(RAMP) approach [26, 27] or the power law used for SIMP.
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By de�nition, stresses are de�ned locally on element level. Thus, constraining
each elemental stress results in a very ine�cient optimization problem, if not im-
practical. Additionally, optimizing for stresses is at hand not very meaningful. It
is rather reasonable to consider the worst-case or maximum stress, which is then
referred to as global strategy. Since topology optimization problems are usually
solved with gradient-based algorithms [13], the maximum stress function needs to
be di�erentiable. This and other circumstances lead to many approaches utilizing
and suggesting di�erent aggregation functions to approximate the maximum (for
a comprehensive review and discussion see [28�33]). Regarding stress-based opti-
mization, the majority of the literature adopted this global strategy by aggregating
all stress values into a single one. However, the global measure is frequently found
to be too inaccurate. To increase the approximation accuracy, some researchers
proposed to split the high amount of stress constraints into smaller clusters and
aggregate over each individually [33�36]. This can increase the quality of the re-
sult for low aggregation parameters but comes with an increased numerical e�ort.
Nevertheless, by employing the adjoint sensitivity analysis [37, 38], the optimiza-
tion becomes very e�cient in sense of numerical cost.

Despite its e�ciency, the application of this global strategy seems to be lim-
ited regarding models with millions of stress constraints [30]. The augmented La-
grangian method avoids aggregation techniques and is referred to as local strategy.
It was �rst proposed by Fancello et al. [39] and Pereira et al. [40]. Since then, a
growing number of publications related to this approach and density-based topol-
ogy optimization emerged [6, 22, 41�48], showcasing examples with more than
half a billion stress constraints [49, 50]. Silva et al. [30] compared global and local
strategies for stress-constrained topology optimization problems and concluded,
that the global approach is competitive, but requires higher aggregation parame-
ters and more iterations for bigger models. Assis Pereira et al. [51] compared the
augmented Lagrangian method to a single aggregation function, but only found
minor bene�ts in following the local approach.

The major di�culty for stress-based optimization is probably the high non-
linearity related to stresses. Although topology optimization is usually a non-
linear optimization problem, the above-mentioned aspects may lead to a poor
convergence or even divergence. Especially, the aggregation parameter plays a
big role for convergence control. A lower aggregation parameter generally leads
to a smoother objective and constraint history, but also reduces the approxima-
tion quality. While this is of minor importance in stress minimization problems,
an accurate approximation is essential for stress-constrained problems. Conse-
quently, a good compromise has to be found [21, 24, 33, 34]. Furthermore, the
approximated stress can e�ciently be scaled to �t the actual maximum stress or
clustered while maintaining a good convergence [34].

Another convergence in�uencing aspect is the projection function. Tradition-
ally, a 0-1 design is targeted, avoiding intermediate densities. Yet, this leads to an
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increased oscillation of the stress response. In the context of uniform boundary
variations, Silva et al. [52] suggested limiting the sharpness of the projection func-
tion to create a gradual transition between the void and material phases. This
approach smooths the stress response and enhances accuracy at the boundary.
Additionally, it helps to reduce non-linearity and improve convergence behavior.

Despite some speci�c drawbacks of using aggregation functions described above,
they are still very e�cient and thus used in this thesis. Furthermore, the models
shown herein are rather small-scale compared to current achievements and when
it comes to robust topology optimization, it is of advantage having a single-valued
function for which uncertainties can be predicted. To relax the design space, the
RAMP interpolations scheme will be used throughout this work, which can be
equivalently transformed to ϵ-relaxation approach. Both approaches are most
often applied in stress-based optimization.

1.1.2 Topology Optimization to Increase Damage Robust-

ness

As stated in [53] an airplane has to ful�ll certain certi�cation requirements related
to fatigue or damage tolerance. One possibility of making a structure robust
against a certain amount of damage is to design �multiple-load-path� or �fail-safe�
structures. In the case of a localized damage, the structure must stay intact, and
it has to be ensured that �catastrophic failure� will be avoided. The damage may
be caused due to di�erent circumstances, i.e. over-loading, fatigue, corrosion,
manufacturing defects or accidental damage. In any case, it is important to
distinguish between �damage� and �failure�. While the latter describes a global
event, the �rst is related to local and partial e�ects. Optimization often results
in statically determinate, truss-like and single-load-path structures. Removing
one part causes it to collapse, to become unstable, or to fail completely. On the
other hand, a fail-safe structure remains intact. As stated in Niu [54]: �Fail-
safe structures must support 80-100% limit loads without catastrophic failure.�
It is further mentioned that this requires multiple structural members with the
capability of transferring loads in case a single member fails. This is similarly
noted in Braga et al. [55]. In other words, redundant load paths are essential to
increase damage robustness.

Earliest works related to fail-safe optimization (FSO) were published in the
�eld of truss design [56]. Each truss is interpreted as load path and thus as pos-
sible local damage (cf. Figure 1.4a). By removing each member in a worst-case
formulation, the robustness against partial damage could be increased. Later,
Arora et al. [57] studied a similar problem, compared it with a nominal design
optimized without failure constraints and concluded, that nominal designs fail
catastrophically in case of partial damage. Feng et al. [58] introduced the term
�residual strength index�, to quantify the load carrying capability of a damaged
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Figure 1.4: Interpretation of load paths in di�erent domains.

structure related to the nominal scenario. Since then, several authors re�ned, ex-
tended and proposed alternative approaches related to truss or beam optimization
accounting for increased damage robustness [59�65]. A comprehensive literature
review of this �eld can be found in [66] and [67].

While clearly distinguishable load paths are discrete members in truss designs,
it requires interpretation in a continuum setting (cf. Figure 1.4). Furthermore,
design features, which can be considered as load paths, do not exist at the initial
phase of a density-based topology optimization. Thus, Jansen et al. [68] proposed
a systematic approach, known as the damage patch method. During optimiza-
tion, material is removed by a rectangular shaped area (cf. Figure 1.4b). This
local damage is applied to every possible location within the design domain. As
a result, in each iteration, a FE-model must be assembled and solved for each
damage patch, leading to a very high computational cost. Even though several
possible improvements are mentioned by Jansen et al. [68], other authors tried
to cut down computing time even more. Zhou et al. [69] suggested a pragmatic
approach of only considering a fraction of the generic generated damages, while
Wang et al. [70] selected critical patches based on a stress criterion, reducing the
numerical cost even further. Ambrozkiewicz et al. [71] evaluated fail-safe designs
based on all possible damage patches and concluded that simply reducing the
number of patches for optimization may cause worse failure scenarios in the �nal
design. Thus, stepping away from the generic approach, they considered actual
load path as damage patches, i.e. structural parts such as struts and nodes, which
slightly increased the number of failure models. Hederberg et al. [72] employed
a similar approach by projecting moving damage patches onto the design space.
An inner optimization loop was implemented to determine the worst-case posi-
tion and size of the patch. This method reduced the number of damage cases by
half. However, the inner optimization required additional �nite element calcu-
lations. Another work on geometry projection or feature mapping showed good
numerical e�ciency in generating fail-safe designs. In this case, the number of
damage patches is equal to the number of features, since no interpretation is re-
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quired [73]. Although stresses are considered in [70] and stated to be of more
practical relevance than compliance [69], they are hardly considered as optimiza-
tion constraint or objective in a continuum setting so far.1 Recently, Silva et al.
[74] published a work on stress-constrained FSO by utilizing the augmented La-
grangian strategy in a continuum setting. The author of this thesis presented an
approach considering a stress minimization formulation, while actually removing
material in accordance to the damage patch approach [75]. Since stress concen-
trations at sharp edges represent singularities and are assumed to in�uence the
optimization process, di�erent damage shapes are investigated. Evaluating the
obtained fail-safe designs based on �xed shapes and positions turned out to be
unpractical in the context of stresses. Inspired by [71, 76] a general load-path-
based evaluation (LPE) scheme is proposed enabling good comparability. Later,
Wang et al. [77] compared the worst-case and mean-performance formulations for
stresses, but used generic damage shapes for post-processing. Also, Silva et al.
[74] mentioned the LPE, but since this resulted in higher stresses, they did not
use it for evaluation in the context of stress-constrained optimization. A fatigue
stress measure is optimized by Zhao et al. [78] to generate fail-safe designs.

Prior mentioned works all considered explicit damage cases during optimiza-
tion, which despite practical improvements still increased the numerical cost by
at least an order of magnitude compared to the nominal case. On the other hand,
damage robustness is increased by an equal amount [75]. Nonetheless, di�erent
approaches exist to create redundant load-path designs at approximately the cost
of a nominal optimization. They follow the idea of controlling the maximum and
minimum size of both the material and the void phase, or only one of these as-
pects. A very e�cient and simple to implement method is known as the local
volume constraint (LVC) approach [79]. It constrains the maximum size of the
material phase by de�ning small subsets of the design domain, for which the vol-
ume is constrained. Further works dealing with maximum feature size control are
[31, 80�83]. Ambrozkiewicz et al. [84] proposed a two-step optimization scheme.
Here, a redundant design is generated utilizing the e�cient LVC, followed by a
density-based shape optimization considering actual load paths as possible dam-
age locations. Although explicit damage patches are considered in the second
step, only few iterations are required. This resulted in a very e�cient framework.
The author of this work also investigated LVC results for a stress-based formula-
tion [75]. It is found that damage robustness is improved through redundant load
paths, but much less than for the damage patch approach.

To this end, damage is considered in a deterministic manner, i.e. all damage
scenarios are assumed to occur with an equal probability, which may lead to an
unnecessary high conservatism. Thus, Cid et al. [85] proposed a reliability-based

1Verbart et al. [21] achieved damage tolerant and stress constrained designs, where material properties are
degenerated if stress limits are exceeded. Nonetheless, only single-load-path designs are obtained, since they
did not remove the material complete.
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topology optimization framework considering the probability of each damage. A
few other researchers combined uncertainties in loading and material sti�ness [86]
or load magnitude and direction [87] with the �xed damage approach proposed
by Zhou et al. [69]. While Cid Bengoa et al. [86] and Cui et al. [88] followed a
reliability-based formulation, Long et al. [87] formulated a robust topology opti-
mization problem where uncertainties, i.e. mean value and standard deviation,
are quanti�ed by an e�cient Monte Carlo simulation (MCS). This approach sim-
ply superimposes unit load cases. In the �eld of level-set topology optimization,
Martínez-Frutos et al. [89] developed a robust formulation for a compliance-based
objective function, taking into account damage probability and size.

1.1.3 Robust and Reliability-Based Topology Optimization

As mentioned at the beginning of this chapter, the least amount of stochastic
information is needed for a worst-case formulation. In any case, some input
has to be de�ned for the numerical model. This is mostly based on engineering
judgment. If a force is found to be acting in a certain angular-range, one could, for
example, consider the outermost angles. However, the most critical angle might
be somewhere in the middle of those bounds. Consequently, all possible cases
would have to be considered to capture the actual worst case. To avoid that and
to save computational time, Elishako� et al. [90] included an anti-optimization
into the optimization framework. This results in a rather simple formulation for
load uncertainty, but required an inner optimization loop to determine the worst-
case scenario, which is then used for the actual optimization. Senhora et al. [48]
proposed an e�cient analytic derivation to account for continuous varying load
angles. Recently, Silva et al. [6] compared a similar non-probabilistic approach to
probabilistic RDO and RBDO approaches and found that this actually resulted
in more conservative results.

For RDO and RBDO more stochastic information is required about the un-
certain input parameters. In general, those uncertainties are then applied to the
numerical model and propagated to evaluate the structural response, as depicted
in Figure 1.5. This is usually very demanding from a computational standpoint,
even for today's high-performance computers. Thus, computationally more e�-
cient algorithms are required for RDO and RBDO. Note, even though those two
approaches are fundamentally di�erent from a mathematical and conceptual per-
spective (cf. Figure 1.2), the optimization problem can be formulated similarly,
which results in comparable results [6].

Assuming enough information about the uncertain input parameters, a variety
of approaches exists for the uncertainty propagation both for RDO and RBDO.
A simple, but most computationally costly, is the MCS. For MCS, a number
of random realizations or samples are generated and applied to the numerical
model, which is then evaluated. This process can easily be parallelized, but usually
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Figure 1.5: Concept of uncertainty propagation.

requires thousands of realizations to converge, which may further increase if a high
reliability is targeted [91]. These realizations are then used to determine stochastic
parameters needed for the probabilistic analysis. Due to the high computational
cost, MCS are mostly used for post-processing or in formulations of a linear model
and load uncertainty. Here, unit load cases can be calculated and e�ciently
superimposed with MCS (cf. to [92, 93] for instance). However, this is not possible
if spatially scattering material properties or variations in geometry are considered,
which led to the development of di�erent approaches improving the computational
e�ciency with surrogate models [94�99]. Chatterjee et al. [100] compared di�erent
surrogate strategies and ranked them according to their reliability and usefulness.
Still, the computational cost of such approaches is signi�cantly higher than a
deterministic optimization based on nominal values.

Hence, for RBDO problems, the limit stat function is usually approximated
by a linear Taylor series. This is known as �rst-order reliability method (FORM)
or Hashofer�Lind method, which is more e�cient and comes with an acceptable
accuracy. Still, determining the relevant limit state requires an inner optimization
loop, which increases the computational cost. Earliest related works in the �eld
of topology optimization are presented in [101�104]. To avoid the costly double-
loop formulation, a more e�cient strategy is to decouple the reliability assessment
from the actual optimization process [105�107]. Regarding stress constraints, few
works applied the decoupled approach to reliability-based topology optimization
(RBTO) problems [108, 109]. Both considered uncertainties in loading and ma-
terial properties. Luo et al. [110] utilized the �rst-order approach FORM to a
stress-constrained RBTO problem, considering the allowable stress limit as a ran-
dom variable. Later, uncertainties in loads are investigated in the same context [6,
111]. However, RBTO always includes an additional optimization to �nd the crit-
ical limit state. Another drawback of RBTO formulations is that slight variations
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of input uncertainties can lead to signi�cantly di�erent results [112]. This e�ect
is even ampli�ed by the fact that stochastic information about input parameters
is usually very sparse and thus may exhibit strong variations.

For RDO, commonly the �rst and second stochastic moments, i.e. mean value
and variance, are calculated and combined into a multi-objective optimization.
This formulation ideally results in a lower variability of the output function, but
at the cost of a higher mean or nominal value (cf. Figure 1.2). Consequently, RDO
leads to a more robust and reliable design. By applying a corresponding weighting
factor to the variance and combining it with the mean value (cf. Equation (5.2)),
it may represent a speci�c limit state for a de�ned failure probability and can
thus be equivalent to a reliability-based formulation [6]. Obviously, this is only
meaningful if the constraint is subjected to variations. The advantage of RDO
over RBDO is that it does not require an additional optimization. Nonetheless,
even supposedly e�cient approaches based on Taylor series can lead to a high
computational cost. For instance, the perturbation approach expands the state
equilibrium, which is very e�cient for a low dimensional random space, but may
become costlier than the brute force MCS for higher dimensions [113]. Hence, Silva
et al. [42] suggested to only consider �rst-order terms, which yields designs with a
lower probability of failure. Still, gradient determining can become computational
expensive.

Instead of expanding the state equilibrium, the structural response function
can directly be estimated by a Taylor series to calculate relevant stochastic mo-
ments. This may also be considered as a perturbation approach, as denoted by
Jansen et al. [114]. Actually, no unique term has established yet, since the second-
order approach is referred also to as �mean-variance� approach [9], �method of mo-
ments� [115], �second-order fourth-moment method� (SOFM) [116] or �quadratic
approximation� [117]. If only linear terms are considered, this approach is more
consistently denoted as ��rst-order second-moment� (FOSM) method [118�120].
Regarding the computational e�ort required to determine gradients, both �rst-
and second-order approaches are more e�cient than their counterparts, which
are based on the expansion of the state equilibrium. Even though �rst-order ap-
proaches are deemed too inaccurate in the �eld of RDO and mostly second-order
approaches are suggested and employed, the accuracy might still be su�cient
to obtain robust designs from a practical view point. Additionally, the FOSM
method promises the most potential in terms of computational cost and is thus
further pursued in this work.

First works in the �eld of gradient-based RDO are published by Kang [5] and
Doltsinis et al. [121] demonstrating the proposed formulation on truss examples.
Publications in the �eld of robust topology optimization (RTO) are referenced in
Table 1.1. Here, RTO refers to formulations where the structural response func-
tion is composed of a weighted sum of mean value and standard deviation. Usually,
compliance, displacements or stresses are subjected to variations due to input per-
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turbations. As can be noted, the majority is related to the classical compliance
optimization, while only a few works are related to stresses. This fact motivated
the development of a stress-based, e�cient and generalized formulation of the au-
thor [122], which is recapitulated in Chapter 5. Regarding di�erent approaches for
uncertainty propagation, the latest achievements on sample-based approaches are
quite remarkably. Luo et al. [123] implemented a stochastic reduced-order mod-
els (SROM) method for random load examples, which only required �ve model
solves per iteration. However, the proposed FOSM approach required only two
additional adjoint systems, which is equivalent to two model solves [122]. For gra-
dient calculation, Krüger et al. [124] suggested a principal sensitivity formulation,
which even allowed to reduce the computational cost to one additional model solve
compared to a basic deterministic analysis. Additionally, the cost is independent
of the amount of random variables and applicable to all combinations of response
functions and random parameters. Regarding the investigated random parameter,
uncertainties in load, material sti�ness and geometry are well and equally covered
in the literature (cf. Table 1.1). One exception being the material strength, which
has not yet been considered within an RTO framework, but should be of compa-
rable importance as a scattering geometry or material sti�ness. Variations in the
loading cause the most signi�cant di�erences in optimized designs, as observed
by several researchers. In RTO, variations in geometry are mostly modeled by
considering uncertainties in the projection threshold parameter η (cf. Equation
(2.14)), but also a few other variants exist. Not listed in Table 1.1 are non-
probabilistic worst-case approaches such as the manufacturing tolerant three �eld
approach suggested by Sigmund [125], where η is uniformly varied. In this case,
only two additional model solves are required. Later, Wang et al. [126] improved
this approach, which has recently been applied to stress-constrained problems [43,
44, 52].

Table 1.1: Publications in the �eld of RTO, where the robust response function is
represented by a weighted average of the mean value and the standard deviation.

Publication Year Objective Constr. Random
Parameter

Uncertainty
Propagation

Chen et al. [127] 2010 compl. vol. load QM

Asadpoure et al. [128] 2011 compl. vol. mat. PA2

Lazarov et al. [94] 2011 displ. vol. geom.∗ boosted
MCS

Schevenels et al. [129] 2011 compl.
displ. vol. geom. basic

MCS

Lazarov et al. [113] 2012 compl.
displ. vol. geom. PA2
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Table 1.1: Publications in the �eld of RTO, where the robust response function is
represented by a weighted average of the mean value and the standard deviation.

Publication Year Objective Constr. Random
Parameter

Uncertainty
Propagation

Lazarov et al. [95] 2012 displ. vol. geom.
mat.

boosted
MCS

Tootkaboni et al. [96] 2012 vol. compl.
displ. mat. boosted

MCS

Jansen et al. [130] 2013 compl.
displ. vol. geom.+ basic

MCS

Zhao et al. [131] 2014 compl. vol. load QM

Jansen et al. [114] 2015 end-compl. vol. geom.⋆ PA2

Silva et al. [132] 2016 compl. vol. mat. PA2

Martínez-F. et al. [133] 2016 compl. vol. mat. boosted
MCS

Silva et al. [42] 2017 vol. stress mat. PA1

Keshavarzzadeh et al. [97] 2017 vol. compl. geom.
load

boosted
MCS

Silva et al. [3] 2018 vol. stress load PA1

Martínez-F. et al. [134] 2018 compl. vol. load.
mat. boosted

MCS

Rostami et al. [135] 2018 compl. vol. geom.
mat.

boosted
MCS

Zheng et al. [136] 2018 compl. vol. load.
mat.

boosted
MCS

Kriegesmann et al. [4] 2019 compl. vol.
geom.
load
mat.

FOSM

Keshavarzzadeh et al. [98] 2019 compl. vol. mat. boosted
MCS

Silva et al. [6] 2020 vol. stress load PA1

Kriegesmann [137] 2020 compl. vol. load.
mat. FOSM

Nishino et al. [117] 2021 end-compl. vol. load SOFM

Torres et al. [138] 2021 compl. vol. load boosted
MCS

Thillaithevan et al. [99] 2022 compl. vol. geom. boosted
MCS

Steltner et al. [139] 2022 vol.
compl.

stress
vol.

load
bound. FOSM
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Table 1.1: Publications in the �eld of RTO, where the robust response function is
represented by a weighted average of the mean value and the standard deviation.

Publication Year Objective Constr. Random
Parameter

Uncertainty
Propagation

Kranz et al. [122] 2023 displ.
stress vol.

geom.
mat. FOSM

Krüger et al. [124] 2023 compl.
stress vol.

geom.
cont. FOSM

Luo et al. [123] 2024 compl. vol. load boosted
MCS

Krüger et al. [140] 2024 end-compl. vol. geom. SOFM

Schmidt et al. [141] 2024 compl. vol. cont. FOSM

bound.: boundary sti�ness

cont.: contact geometry

geom.: geometry by spatially varied η cf. Equation (2.14)

geom.∗: geometry by uniformly varied η cf. Equation (2.14)

geom.+: geometry by spatially varied center for the �lter kernel cf. Equation (2.13)

geom.⋆: node position

mat.: material sti�ness (Young's modulus)

PA1: �rst order perturbation approach (expansion of the state equilibrium)

PA2: second order perturbation approach (expansion of the state equilibrium)

QM: quadrature method (see also Sudret et al. [142])

1.2 Objective of this Thesis

The main focus of this thesis is to develop e�cient methods for topology opti-
mization subjected to uncertainties. While the latter can be of di�erent kind,
two main topics are covered. First, robustness against local damage and secondly,
robustness with respect to other uncertainties in material properties, geometry,
and loading. This distinction is justi�ed based on the type of uncertainty and the
problem formulation. While local damage is considered as a binary variable, it
exists or not, material properties, for example, are considered to be spatially cor-
related and continuous. Hence, it is reasonable to formulate a worst-case problem
when damages are taken into account, while other uncertainties are incorporated
into an RTO formulation.

The number of publications related to stresses increased over the past few
years, yet it remains a challenging topic with open questions. As can be seen in
Table 1.1, stresses are scarcely considered in RTO approaches, and shall hence be
a main focus of this thesis. The major challenge stems from the fact that stresses
are de�ned locally on element level, in di�erence to the global and commonly



1.3. Outline 15

applied compliance. In general, two e�cient strategies, i.e. global and local,
exist to deal with the large amount of stress constraints. Within this work, the
global aggregation strategy is followed, since it can directly be applied to common
constrained problem formulations and does not require a reformulation into an
unconstrained problem as the local approach.

Regarding the robustness against local damages, di�erent con�gurations shall
be investigated. Due to the local de�nition of stresses, the damage shape is for
instance suspected to in�uence convergence and hence the obtained results. The
number of damage patches is the main reason for the high computational cost
of the original approach. Furthermore, optimizing for di�erent damage con�g-
uration raises the question on how to evaluate and compare optimized designs?
Consequently, and from a practical perspective, a uni�ed evaluation procedure is
required.

More general considerations of robustness with respect to various uncertainties
are related to the �eld of RTO, which is characterized by a speci�c formulation
of the constrained or optimized response function. Within this context, the main
target is to improve e�ciency and to investigate stress-related issues.

1.3 Outline

In Chapter 2 the general theory on stress-based topology optimization is recapitu-
lated. First, an introduction to the general optimization problem and the common
density-based approach is given, followed by a description of the stress evaluation
process. Since the aggregation strategy is applied in di�erent situations, often
used functions and their properties are discussed. The domain extension ap-
proach and a formulation to constrain the minimum feature size are introduced
because they are most relevant for stress-based problems, and hence included in
various examples.

Chapters 3 and 4 cover the topic of damage robustness related to multiple-
load-path designs, with a focus on stresses. At the beginning, an LPE scheme
is motivated, followed by a formulation which explicitly incorporates local dam-
age patches into the optimization process. Corresponding numerical results are
discussed for di�erent damage con�gurations. As an alternative and less com-
putational expensive approach, a maximum-feature-size-constrained formulation
is recapitulated and applied to the same examples. Additionally, the explicit
formulation is combined with a minimum feature size constraint showing bene�-
cial structural performance. To verify obtained results, all designs are validated
through contour models.

The second main subject is robust topology optimization in the context of
stresses (see Chapter 5 and 6). A generalized �rst-order approach is derived,
which is applicable to di�erent uncertain parameters. Special attention is paid to
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the post-processing of scattering boundary perturbations, emphasizing a suitable
evaluation scheme. Results are shown for uncertainties in material sti�ness and
strength, as well as geometry perturbations and variations in loading. Further-
more, the robust stress function is formulated as objective or as constraint. In
the latter case, the robust function can be interpreted as a reliability constraint
for which mentioned uncertainties are either considered individually or simulta-
neously during optimization.

In Chapter 7, the most important results are recapitulated and conclusions
are summarized.

The Appendix is divided into three sections. The �rst is related to Chapter 2
and includes general supplementary material. The second part features details
for damage robustness optimization, and the last part is dedicated to additional
material required for the proposed RTO approach.



Chapter 2

Theory on Stress-Based
Topology Optimization

This chapter is dedicated to the theoretical background of topology optimization.
General and fundamental methods are summarized and discussed, forming the
basis for the in depth investigated methods of Chapters 3 to 6. Since major parts
of this research is stress-related, processing and calculation of such is described,
and speci�c aspects are analyzed.

2.1 General Optimization Methodology

In structural optimization, the goal is usually to minimize a certain objective or
cost function f subjected to one or more constraints cj. Both are most often
evaluated on a discrete �nite element model, which approximates the solution of
partial di�erential equations. This results in a non-linear system of equations
R = 0, called state equilibrium. Solving it yields the physical state variables
u, which may represent deformation, temperature, velocity, or others. A typical
structural optimization problem can be formulated as follows:

min
v

f (v,u) v ∈ Rnv

s.t. cj (v,u) ≤ 0 j = 1, . . . , nc

R (v,u) = 0 ⇒ u (v) u ∈ Rnu ,

(2.1)

where v are the design variables.
Figure 2.1 summarizes the general iterative optimization process. Within this

work, the focus is on methods related to processes in the top row. Update of
design variables is left to a mathematical optimization algorithm, as mentioned
below. The pre-processing process includes everything from setting up the �nite
element model to calculating all quantities which are constant throughout the op-
timization process. The latter is a repeated process of model evaluations followed

17
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Figure 2.1: General iterative optimization process.

by design variable updates. When de�ned stopping criteria are met, the optimiza-
tion is considered as converged and an optimized design is obtained. Finally, the
optimization result is evaluated and veri�ed in the post-processing step. Although
the actual optimization is completed at this point, another run might be necessary
if the obtained design turns out to be non-optimal during the post-processing step.
This is for example the case if some requirements are only considered implicitly
during optimization, as it is the case in Section 4.3. Hence, when comparing the
computational cost of di�erent approaches or problem formulations, this aspect
has to be considered as well.

In the �eld of topology optimization, design variables v are referred to as
relative densities ρ, which are bound between zero and one. Thus, including box
constraints for design variables, the general problem (2.1) transforms to

min
ρ

f (ρ,u) ρ ∈ Rnρ

s.t. cj (ρ,u) ≤ 0 j = 1, . . . , nc

0 ≤ ρi ≤ 1 i = 1, . . . , nρ

R (ρ,u) = 0 ⇒ u (ρ) u ∈ Rnu .

(2.2)

In this general formulation, f and cj can be any design response F (ρ,u). Within
this work, the focus is on mechanical aspects. Thus, common functions considered
for topology optimization are compliance, stresses, displacements and volume. A
prominent example is the minimization of compliance constrained by a given
volume. In contrast to that, a classical strategy in lightweight design is to �nd
the lowest volume, while satisfying a given allowable stress value. Nonetheless,
formulation (2.2) is not limited to the mentioned design responses.

The problem in Equation (2.2) can be solved e�ciently by any gradient-based
optimization algorithms if derivatives are provided. Schittkowski et al. [143] com-
pared di�erent approaches with limited validity. While aiming at an improved
convergence behavior for stress-related problems, other authors discuss existing
formulations and propose extensions [47, 144]. Summarizing, only slight improve-
ments could be achieved, but due to strong problem dependencies and made
compromises, no dominating optimization algorithm could be found. In most re-
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gards, the method of moving asymptotes (MMA) [145] seemed to be versatile,
adaptive, and generally applicable to several topology optimization scenarios. In
stress-based formulations, the MMA is actually most often applied [146]. Hence,
the MMA is utilized as an optimization algorithm within this work. Even though
it comes with a procedure to control move limits for the design variables, another
exterior limit is imposed to stabilize convergence. The absolute change of ρi is
simply limited to

∆ρi = |ρk−1
i − ρki | , (2.3)

where k is the current iteration. In most cases, design variables are limited to
∆ρmax = 0.05 if not stated otherwise.

The optimization process is usually terminated when the normalized change
in design variables reaches a certain threshold:

1

∆ρmax
√
nρ

∥∆ρ∥ ≤ 0.02. (2.4)

In addition, the constraint has to be ful�lled as well as the relative change of the
objective values in Equation (2.5).

|fk−1 − fk| ≤ 0.005. (2.5)

Furthermore, all parameters subjected to some kind of continuation scheme should
have reached their prede�ned maximum value. Another stopping criterion con-
sidered, but hardly reached, is the relative maximum change in design variables:

1

∆ρmax
max(∆ρ) ≤ 0.2. (2.6)

Threshold values given in Equation (2.4) to (2.5) are determined empirically, and
found to give good results.

All other parameters are kept constant. For the MMA only �rst-order deriva-
tives are required, which are preferably calculated by the adjoint sensitivity anal-
ysis (cf. [13, 37, 38]). Di�erentiation of any design response F yields

DF
Dρ

=
∂F
∂ρ

− λT∂R

∂ρ
. (2.7)

Note, for partial derivatives ∂◦
∂◦ only directly dependent terms are di�erentiated

(for details see Appendix A.1). The Lagrange vector λ is determined by solving
the following system of equations, referred to as an adjoint system:

∂RT

∂u
λ =

∂F
∂u

. (2.8)

This restricts the optimization algorithm to solutions u (ρ) that satisfy R = 0.
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2.2 Density-Based Three Field Topology Optimiza-

tion

Topology optimization problems discussed within this thesis are based on a lin-
ear structural analysis. Thus, the discrete state equilibrium from (2.2) can be
formulated as

R (ρ,u) = K (ρ)u (ρ)− f = 0 , (2.9)

where K is the global sti�ness matrix and the state variable vector u contains
nodal displacements. While, the load vector f may depend on design variables in
self-weight problems, it is beyond the scope of this work. Hence, f is assumed to
be constant with respect to design variables ρ.

The fundamental concept of density-based topology optimization is to rep-
resent a material distribution by a �eld of relative densities ρ on a �xed �nite
element mesh with ne elements. Normally, each density ρi is linked to one element
i = 1, . . . , ne, scaling the elemental sti�ness matrix ke. Due to numerical aspects,
the relative densities need to be regularized. The three-�eld approach is broadly
adopted [17], including not only the initial ρi, but also �ltered ρ̃e (see Section
2.2.1) and projected density �elds ρ̄e (see Section 2.2.2). For an illustration of
all three density �elds, see Figure 1.3. The projected densities are interpreted as
physical variables, which scale the elemental sti�ness matrix as follows:

ke (ρ̄e, E0) = Ee (ρ̄e, E0)k
0
e , with k0

e =

∫
Ωe

BT
e C0BedΩ , (2.10)

where C0 represents the material sti�ness matrix for unit Young's modulus, Be

is the strain-displacement matrix for element e and Ee is the penalized sti�ness
(see Section (2.2.3)). The domain for element e is de�ned as Ωe.1 Finally, local
matrices ke are assembled to form the global sti�ness matrix as follows

K =A
e

ke , (2.11)

where A is the assembly operator.
Details on the variable �lter and projection, as well as the SIMP approach,

are discussed below. For further details and alternatives, the interested reader is
referred to [17].

2.2.1 Variable Filter

Classical density �ltering is applied to avoid numerical di�culties related to the
checkerboard problem and mesh dependency. It averages densities linearly ac-

1Within this work, linear square elements are used and four Gaussian points per element are considered for
numerical integration.
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Figure 2.2: Illustration of the �ltering process.

cording to weighted distance in a circular or spherical neighborhood Ne of ele-
ment e [14, 15].

Ne (rfilt) = {i|rfilt ≥ ∥xi − xe∥} , (2.12)

where rfilt is the �lter radius, xi and xe are center coordinates of element i and e,
respectively. The �ltered density for each element ρ̃e is then calculated as follows:

ρ̃e (ρi, rfilt) =

∑Ne

i w (xi) viρi∑Ne

i w (xi) vi
, (2.13)

where w (xi) = rfilt − ∥xi − xe∥ is a conic weighting function, vi is the volume,
and ρi is the density of the neighbor element i.

2.2.2 Projection Function

Historically, the SIMP method penalizes intermediate densities, driving the so-
lution towards a binary design. Nevertheless, results may include intermediate
density values, due to the averaging e�ect of the �lter. To further penalize in-
termediate densities, a common approach is to project the �ltered variables by
a smooth and di�erentiable Heaviside function. Initial research is conducted by
Guest et al. [147] and Sigmund [148]. Later, Xu et al. [16] combined the two
approaches to a so-called intermediate projection �lter [17]. Wang et al. [126]
simpli�ed it based on tanh-functions to

ρ̄e (ρ̃e, ηe, β) =
tanh (βηe) + tanh (β (ρ̃e − ηe))

tanh (βηe) + tanh (β (1− ηe))
, (2.14)

with β being the projection parameter, which controls the approximation steep-
ness (see Figure 2.3a). An almost linear projection is achieved for β = 1. For
β↣∞ it becomes the step function. Generally, increasing this parameter reduces
intermediate density values, but it also increases the non-linearity of the problem.
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(a) Fixed projection parameter β = 8 and
varied threshold parameter η.

(b) Varied projection parameter β and
�xed projection threshold η = 0.5.

Figure 2.3: Projection function evaluated for di�erent threshold and projection
parameters, respectively.

Thus, β is often gradually increased during optimization. This method is known
as the continuation approach and helps to avoid numerical instabilities, improv-
ing convergence behavior. Parameter ηe ∈ [0, 1] controls the in�ection point (see
Figure 2.3b) and is denoted as projection threshold.2 For η = 0 or η = 1 a fea-
ture size constraint is imposed on the material or void phase, respectively [126].
Wang et al. [126] concluded, that there is no explicit feature size constraint if
intermediate values are used. To remedy this shortcoming, they proposed the
manufacturing tolerant three-�eld formulation (see Section 2.6). Another impor-
tant aspect in stress-based formulations is related to the choice of the projection
parameter (see Section 2.3).

2.2.3 Sti�ness interpolation

The modi�ed SIMP scheme [148] is applied to interpolate the elemental sti�ness
Ee with respect to the physical densities ρ̄e as follows:

Ee(ρ̄e, E0, ) = ξe(ρ̄e)(E0 − Emin) + Emin (2.15)

with Emin = 1e−9 being a small number to avoid singular sti�ness matrix for den-
sities approaching zero. E0 is the material's Young's modulus. The penalization
term ξe = ξSIMP

e yields:

ξSIMP
e (ρ̄e) = ρ̄p

SIMP

e , (2.16)

2The parameter ηe is usually equal in all elements, thus ηe = η. If geometric perturbations shall be modeled,
for instance in RTO, one possibility is to vary this parameter on element level, resulting in ηe ̸= η.
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(a) Sti�ness interpolation SIMP. (b) Stress interpolation RAMP.

Figure 2.4: Interpolation functions used for sti�ness and stress interpolation,
respectively.

where the exponent is usually pSIMP = 3. In Figure 2.4a Equation (2.16) is
evaluated for di�erent exponents.

2.3 Stress Evaluation

Stresses are calculated per element e and Gaussian point g. To avoid singular
optima and to relax the design space, stresses are interpolated. The elemental
stress tensor in Voigt notation can be calculated as follows for each Gaussian
point:

σg
e = Ceϵe,g = CeBe,gue with Ce = Ee (ρ̄e)C0 , (2.17)

where ue is the elemental displacement vector, Be,g is the discretized strain-
displacement matrix for element e and Gaussian point g. The constitutive matrix
is C0. For a regular grid, B and C0 are constant across all elements, which can be
used to improve e�ciency of the implemented calculation. Linear elastic material
behavior and plane strain condition are assumed.

For stress calculations, the material sti�ness Ee is determined as de�ned in
Equation (2.15). However, in contrast to the local sti�ness matrix (cf. Equation
(2.10)), the interpolation function is replaced by ξe = ξRAMP

e . Consequently, the
constitutive matrix is scaled by applying the rational approximation of material
properties (RAMP) scheme [26, 27]. The penalization term is de�ned as follows

ξRAMP
e (ρ̄e) =

ρ̄e
1 + pRAMP (1− ρ̄e)

, (2.18)
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where pRAMP is the RAMP interpolation parameter. Since stresses are only eval-
uated at the element's center, indices e and g are equivalent.

Hence, equivalent von Mises stresses are calculated as

qe =
√

σT
e Mσe =

√
uT
e B

TCT
e MCeBue (2.19)

with M being a constant matrix for plain stress state

M =


1 −1

2 0

−1
2 1 0

0 0 3

 . (2.20)

The equivalent stress in Equation (2.19) can directly be aggregated and used
for a minimum stress optimization. When stresses are considered as constraint,
a strength factor SF is de�ned together with an allowable stress q0. The latter
is usually set by the designer and depends on the application and material. The
following constraint de�nition is obtained:

cq = max
e

(SFe)− 1 ≤ 0 with SFe =
qe
q0

(2.21)

Depending on the problem formulation, the projection parameter β (2.14) is
often increased until a close to binary design is obtained. However, especially for
stress-based problems, a value that is too high results in a diverging optimization.
Furthermore, when approaching a discrete design, boundaries appear jagged and
hence stresses are distorted. To increase the accuracy of stress at the boundary,
it can be bene�cial to allow a transition area with intermediate densities, which
also helps smooth the optimization process. (see Section 2.7.2 for a detailed
discussion).

As discussed in Section 2.4 the aggregation either under- or overestimates ac-
tual extreme values. In other words, the relative error is big for low aggregation
parameters. This is practically not acceptable, especially if the constraint is ag-
gregated. While conservative assumptions might lead to valid results, the full
potential will never be exploited. Hence, one possible workaround is to normalize
the aggregated value by a scaling factor γ inspired by Le et al. [34], Oest et al.
[149], and Zhang et al. [150]:

F = γFA, with γ =
1

ni

ni∑
k=1

F (k)
0

F (k)
A

, (2.22)

where F0 is the extreme value and FA is its approximation. To avoid too strong
oscillation, the scale factor is averaged over the last iterations ni. This is found
to allow a smooth convergence and yields good results (cf. Figure A.3).
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2.4 Aggregation Functions

In this section, commonly used aggregation functions are presented and discussed,
which are applied to approximate the extreme values of a given data set. These
functions are di�erentiable, an essential property for gradient-based optimiza-
tion problems. As an example, di�erent data sets can be aggregated using these
functions. In stress-based topology optimization, the maximum von Mises stress,
derived from all elemental stresses qe, as shown in Equation (2.19), is the quantity
of interest. For a maximum feature size optimization, the maximum local volume
fraction, derived from all elemental volume fractions φe, as de�ned in Equation
(3.2), is considered.

In Figure 2.5 two graphs are given for two di�erent data sets, one for an initial
and another one for an optimized density distribution. Both data sets are taken
from a cantilever example, which has been optimized for stresses qe subjected to
a global and local volume constraint as formulated in Equation (3.2). For both,
initial an optimized state, density �elds and stress �elds are depicted in Figure
A.5. The data sets for qe is characterized by few high stress values, which decrease
by approximately an order of magnitude during optimization. Note, that initial
densities are uniformly distributed in the design domain, while densities in the
domain extension are set to zero. The latter explains approximately 10% zero
stress values and local volume fractions below 0.4 for the initial case. During
optimization, the number of zero stress values increases due to a redistribution
of material, which is then better utilized. The local volume fraction values are
initially uniform but transform into a distribution similar to that of the stresses.
The following section discusses the properties of common aggregation functions
for these four characteristic data sets.

Kreisselmeier-Steinhauser (KS) [151, 152] and p-like, e.g. p-norm or p-mean,
aggregation functions are commonly used to approximate extreme values. Both
come with an upper bound and a lower bound versions (cf. Equation (2.23) to
(2.26)). While extreme values are overestimated in the upper bound case, they
are underestimated in the lower bound case. A shared characteristic is, that the
approximation quality, or in other words the relative error between actual and
approximated value, can be controlled by the aggregation parameter p. A higher
value leads to better approximation, see Figure 2.6 and 2.7. This is usually desired,
but raises some drawbacks for gradient-based optimization, since it increases the
non-linearity of the problem and can lead to a diverging optimization. Thus,
choosing a proper aggregation parameter is always a compromise between a low
approximation error and a smooth convergence.

APN,ub (Fe, p) =

(
ne∑
e=1

Fp
e

) 1
p

, with Fe ∈ R+ (2.23)
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(a) Elemental von Mises Stress qe (b) Local volume fraction φe

Figure 2.5: Di�erent data sets for initial (uniform) and optimized densities taken
from an arbitrary cantilever example (cf. Figure A.5).

APM,lb (Fe, p) =

(
1

ne

ne∑
e=1

Fp
e

) 1
p

, with Fe ∈ R+ (2.24)

AKS,ub (Fe, p) =
1

p
log

(
ne∑
e=1

epFe

)
, with Fe ∈ R (2.25)

AKS,lb (Fe, p) =
1

p
log

(
1

ne

ne∑
e=1

epFe

)
, with Fe ∈ R (2.26)

Figure 2.6 depicts the relative error of the p-norm and p-mean function for
the four data sets depicted in Figure 2.6. The relative error is calculated as |A◦−
F0|/F0, where A◦ is the approximated value and F0 the actual extreme value.
As can be observed, the p-mean function is very accurate for any aggregation
parameter for a uniformly distributed data set (cf. φinit). The relative error
decreases in the other cases, but slower than the p-norm function, which is worse
for the uniform case. In both cases, the di�erence between both optimized data
sets is rather small, indicating that p-like functions are independent of how the
data is scaled. They depend on the data distribution only [29].

In Figure 2.7 the relative error is depicted for the upper bound KS-functions.
A special aspect about KS-functions is, that the approximation accuracy is not
only depending on the data distribution, but also on how the data is scaled. As
can be seen in 2.7a for the initial stress case, the relative error is very low for small
aggregation parameters (p < 10). Thus, as described in [68], the aggregation pa-
rameter is usually adapted to a prede�ned exponential argument (pF0 = constant)
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(a) p-norm (b) p-mean

Figure 2.6: Relative error of p-like functions for di�erent data sets.

(a) p-controlled (b) p-adapted

Figure 2.7: Relative error of the upper bound KS-function for di�erent data sets.
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during optimization (cf. Figure 2.7b). Compared to the p-norm, KS-functions
can process negative values, data containing mixed signs, and they can approxi-
mate minima by setting the aggregation parameter to a negative value. For the
presented data sets, both upper bound functions perform very similarly if the
aggregation parameter is adapted for the KS-functions (compare Figure 2.6a and
2.7b).

To avoid numerical over�ow, the data set can be uniformly scaled for p-like
functions. For the KS-function an alternative formulation exists [153, 154]:

A∗
KS,ub = F0 +

1

p
log

(
ne∑
e=1

ep(Fe−F0)

)
, with Fe ∈ R (2.27)

where F0 = max (Fe) is treated as constant. Note, that F0 chances in each itera-
tion. Equation (2.28) proofs, that both formulations are equivalent and treating
F0 as constant is a valid assumption.

A∗
KS,ub = 1

p log

(
ne∑
e=1

ep(Fe−F0)

)
+ F0

= 1
p log

(
ne∑
e=1

epFee−pF0

)
+ F0

= 1
p log

(
ne∑
e=1

epFe

)
+ 1

p log
(
e−pF0

)
+ F0

= 1
p log

(
ne∑
e=1

epFe

)
−F0 + F0

= 1
p log

(
ne∑
e=1

epFe

)
= AKS,ub

(2.28)

As mentioned before, choosing the proper aggregation parameter is always
a compromise. Exemplary, the aggregation parameter is varied for the p-norm
function both for a stress-constrained and a volume-constrained formulation, re-
spectively. Optimization is performed on the L-beam model (see Figure 4.12),
which is discretized with 400 × 400 unit sized elements including domain exten-
sions (see Section 2.5). The load is de�ned as F = 10, the Young's modulus is
E0 = 3 and the Poisson's ratio is ν = 0.3. The �lter radius is rfilt = 8 and the
maximum projection parameter is β = 8. Optimized results are post-veri�ed by
contour models. For a detailed description on how contour models are generated,
see Section 2.7.
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(a) Stress-constrained optimization.

(b) Volume-constrained optimization.

Figure 2.8: Study on the p-norm aggregation parameter p for a stress-constrained,
and a volume-constrained formulation.

Figure 2.8 presents the results of the parameter study investigating various
aggregation parameters. The plotted data includes the objective and constraint
values as functions of the aggregation parameter p, evaluated for both stress-
constrained and volume-constrained optimization. As can be observed in both
cases, there is an optimal range for which the objective is lowest, i.e. between
p = [10, . . . , 30] for the presented example. Note, this depends on the problem
considered. For example, the number of values to be aggregated, the aggregation
functions and the �lter radius play a role. Nonetheless, basic characteristics are
demonstrated and can be discussed. Worth observing are higher objective values
for low aggregation parameters. In the limit state for p = 1 the aggregated
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value is simply the sum of all absolute values. Optimizing for it reminds of a
compliance optimized design with a notch at the re-entrant corner. It is not
rounded o� since information about its location is no longer emphasized and
consequently becomes invisible to the optimizer. Gradients with respect to each
design variable are just summed up and hence not dominated by peak values in
critical locations. For higher aggregation parameters, objective values increase,
and results start to scatter. As shown in Figures A.4 and A.3, increasing the
aggregation parameter results in more and larger kinks in the evolution of the
objective, particularly for the constraint. This issue worsens until the optimizer
can no longer recover, such as from constraint violations, causing the optimization
to diverge. When comparing the volume-constrained to the stress-constrained
formulation, it is further observed that the evolution of the objective is much
smoother when the volume is constrained. In this case, the constraint is rarely
violated. In contrast, in the stress-constrained case, violations are much more
severe. Therefore, it can be concluded that minimizing stresses under a volume
constraint is more robust than using the inverted formulation. Speci�cally, in
the stress-constrained case, small changes in the design variables may lead to
divergence. As a result, it seems natural to further reduce, for example, the change
in design variables ∆ρmax. However, the chosen limit is already quite small, and
any further reduction results in very conservative design changes, which may cause
the optimization to stagnate. Consequently, it is recommended to always test
di�erent aggregation parameters to avoid non-optimal local minima. Although
the optimal range for this parameter may be problem-dependent, it usually does
not vary signi�cantly. Therefore, the observed range p = [10, . . . , 30] is typically
a good starting point.

As motivated and discussed in Section 2.7, the obtained results need to be
validated. To achieve this, contour meshes are derived from the density �eld of
the regular voxel mesh and evaluated. Regarding the deviations between the two
meshes, the volume is usually captured very precisely by the contour mesh (de-
viations below 1%). In the case of high aggregation parameters, some di�erences
occur due to non-converged results, e.g. non-clear geometry representation due
to large areas with intermediate densities (see for instance Figure A.4d). Stress
values, on the other hand, are slightly underestimated by the voxel mesh. Still,
in regular cases, the deviation is below 10%, which is in good agreement with
observations discussed in Section 2.7.2.

2.5 Domain Extension

As stated by Clausen et al. [155] the standard variable �lter (see Section 2.2.1)
introduces boundary e�ects if directly applied to a given design domain. Hence,
a domain extension approach is proposed. It requires an extension of the design
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(a) No domain extension. (b) Adjusted �lter kernel. (c) Added �nite elements.

Figure 2.9: E�ect of the domain extension for a stress constrained optimization
with applied variable �lter. The dash-dotted red line represents the boundary of
the design domain.

space. More precisely, the �nite element mesh has to be extended by multiple rows
of elements. While the number of design variables stays unchanged, the amount
of �nite elements increases. Filtered and projected variables and gradients are
calculated in the extended domain. However, for optimization, only the design
variables and gradients within the design domain are considered. Since �ltered
and projected variables may become non-zero in the extended domain, physical
material is placed outside the design domain. Nevertheless, results obtained from
classical topology optimization are usually further processed, interpreted, and
adapted by the designer. As a result, the �nal geometry will most likely adhere
to the given boundary constraints.

Figure 2.9 demonstrates the e�ect of the domain extension on the L-beam ex-
ample (see Figure 4.12). As can be observed, the design �sticks� to the boundary
of the design domain if no extension is employed. At the re-entrant corner, a
notch is introduced, which could not be removed by the optimizer. This is obvi-
ously disadvantages for stress-based design cases, since it results in stress peaks.
If the domain extension is applied by physically adding �nite elements around
the design domain, the re-entrant corner is very smooth. However, a few inter-
mediate densities are placed outside the design domain, which is a result of the
�ltering process. Yet, from a practical point of view, this is deemed acceptable.
A post-processed contour line is hardly violating the design space. If any minimal
violations exist, they can easily be smoothed by the designer.

As an alternative, a less computationally costly implementation is to modify
the �lter kernel by adjusting the denominator in the �lter function (see Equation
(2.13)). Although the resulting design appears to 'stick' less to the boundary,
similar e�ects occur as in the case without any modi�cation (cf. Figure 2.9a to
2.9b). This is due to the absence of intermediate density elements outside the
design domain. As noted by Clausen et al. [155], this introduces boundary e�ects
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because contributions from outside the design domain are ignored. Consequently,
simply manipulating the �lter kernel is not recommended, and physically present
elements are preferred to extend the domain.

2.6 Formulation to Achieve Minimum Feature Size

All manufacturing techniques require a minimum feature size of both material and
void phase. This motivated several researchers to incorporate di�erent manufac-
turing constraints into the optimization framework [2]. One prominent approach
to achieve a discrete minimum feature size is the manufacturing tolerant three-�eld
formulation, also referred to as �robust approach� initially proposed by Sigmund
[148] and later re�ned by Wang et al. [126].

Although a minimum feature size is imperative for manufacturability, it is also
of special importance in stress-related problems. To achieve accurate stresses, a
�ne discretization is required. If, in such a scenario, only the �lter radius (cf.
Equation (2.13)) is varied to control local feature sizes, it might jeopardize con-
vergence, since it may restrict the feasible design domain too much. Furthermore,
in certain situations, small connecting features might be exposed to unexpected
loads, resulting in too high stresses (cf. Section 4.3). Increasing the minimum
size is believed to improve performance in such situations. Thus, the minimum
feature size is constrained in several test cases. Furthermore, it ensures designs
which are insensitive against uniform manufacturing errors [126].

The general idea is to apply a uniform boundary variation to the intermediate
or blueprint design, represented by the projected density �eld ρ̄ = ρ̄i(ρ, ηi),
where ηi = 0.5 is the nominal or intermediate threshold parameter. Boundary
variations are applied by perturbing the threshold parameter, resulting in eroded
ρ̄e(ρ, ηe) and dilated density �eld ρ̄d(ρ, ηd). For each density �eld, a separate
�nite element model is set up, solved and evaluated. Then, the worst-case design
is optimized. Thus, the general optimization problem (2.2) is reformulated as a
min/max-problem:

min
ρ

max
[
f (ρ̄e,ue) , f

(
ρ̄i,ui

)
, f
(
ρ̄d,ud

)]
s.t. max

[
cj (ρ̄

e,ue) , cj
(
ρ̄i,ui

)
, cj
(
ρ̄d,ud

)]
≤ 0

R (ρ̄e,ue) = 0 ⇒ ue

R
(
ρ̄i,ui

)
= 0 ⇒ ui

R
(
ρ̄d,ud

)
= 0 ⇒ ud

0 ≤ ρi ≤ 1.

(2.29)

Note, that all three density �elds go through the same �ltering and projection
process and depend on the same set of design variables ρ (cf. Section 2.2). The
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Figure 2.10: Normalized minimum feature size for the intermediate design (cf.
Figure 12 derived in [126]).

only di�erence is a uniform variation in projection threshold η (cf. Equation
(2.14)). Constraints cj and objective f can be aggregated or handed directly to
the optimization algorithm. Even though, the latter is simple to implement for the
MMA, aggregation is preferred. By that, it is possible to avoid complications with,
e.g. switching gradients destabilizing convergence. In the case of a prede�ned
volume fraction, it is su�cient to constrain the intermediate design,3 as suggested
in the initial approach [148]. The remaining question is, how to choose appropriate
values for the threshold parameter to obtain a de�ned minimum feature size dmin?
To answer this question, Figure 12 from [126] is recreated (see Figure 2.10). Note,
that the considered threshold parameter should be in the range 0 < η∗ < 0.5, since
dilated, intermediate and eroded projection threshold parameters are determined
as [ηd, ηi, ηe] = [η∗, 0.5, 1− η∗].

In Figure 2.11 two optimized L-beams are depicted, with and without feature
size constraint. In both cases, the �lter radius is rfilt = 5 for a mesh of unit-
sized elements. In the feature size constrained case, the threshold parameter is
de�ned as η∗ = 0.25, resulting in an actual feature size of dmin = rfilt. As can be
observed, the minimum feature size is much better ful�lled for the material phase
in the constrained case. Violations on the void phase are also reduced. Still, a
slight violation is visualized due to applied binary image operators.4 However, the

3In the extended approach proposed by Wang et al. [126] the dilated volume is constrained without further
discussion. This adds complexity, since this requires a scaling factor to obtain results for a prede�ned inter-
mediate volume, which has to be updated during optimization. To avoid that and since mentioned numerical
instabilities are mainly associated with the initial de�nition of the intermediate density �eld, this suggestion is
not followed within this work.

4To visualize feature size violations morphological closing and opening operations are employed, which require
the de�nition of a binary structuring element. Both operations are standard image operators. Since few gray
elements are present inside the marked area, this results in an arti�cial violation of the feature size constraint.
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(a) Without feature size constraint. (b) With feature size constraint.

Figure 2.11: E�ect of the feature size constraint. Violations in the material and
void phase are highlighted in green and red, respectively. The targeted feature
size is indicated with a red circle. The red dashed line marks the nominal contour
line.

nominal contour line, generated with a threshold value of 0.5, satis�es the feature
size constraint. In the unconstrained case, the feature size is clearly violated.

The feature size constraint is supposed to reduce the amount of intermediate
densities. To quantify the designs �grayness� the measure of non-discreteness is
introduced by Sigmund [148] (see Equation (2.30)). If all densities ρ̄e = 0.5 then
Mnd = 100%. For a full design space (ρ̄e = 1), it is Mnd = 0%. The measure
of non-discreteness is calculated to 10.6% and 8.6% for the unconstrained and
constrained examples. Hence, the amount of intermediate densities is reduced,
while approximately the same volume is obtained. Nominal stresses di�er. While
the maximum stress of the unconstrained case is at the targeted stress limit,
stresses of the feature size constrained example are more than 10% below the
actual limit. This is due to the fact, that the worst-case stress of all three designs
considered during optimization is constrained. Actually, the eroded design is
utilizing the targeted stress limit and is thus robust against manufacturing errors,
while the unconstrained design exceeds the stress limit in the eroded case by a
factor of 20.

Mnd =

∑Ne

e=1 4ρ̄e(1− ρ̄e)

Ne
· 100% (2.30)

2.7 Contour Model Evaluation

The boundary of a density-based optimized design is usually not clearly de�ned
and non-smooth. For example, in the case of a binary or near-binary density
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Figure 2.12: Plate with hole model, including boundary representation in voxel
and contour meshes.

distribution, the boundary between the solid and void phase will be very jagged
(cf. voxel mesh in Figure 2.12). Stresses evaluated at such boundaries are likely
to be inaccurate. Hence, to increase accuracy of stress values at the boundary,
Silva et al. [52] proposed to keep a certain amount of intermediate densities as
a transition phase. This also helps to smooth the optimization process, and
reduces variations in stress responses, if e.g. the geometry is varied. In this
regard, di�erent approaches exist to model boundary variations in a density-based
�nite element model (cf. Table 1.1). However, the most often applied technique
is to perturb the projection threshold η (Equation (2.14)), which is thus also
utilized within this thesis. An accurate stress representation with low variations
is especially important for RTO and RBTO when uncertainties in geometry are
taken into account (Chapter 5). Despite the mentioned bene�ts, a transition phase
of intermediate densities blurs the boundary of the �nal design, which may require
interpretation. In either case, optimized designs should always be veri�ed with
a contour mesh or a so-called body-�tted mesh [156]. Thus, within this section,
the general procedure of generating a contour mesh is described. Furthermore,
related issues to the topology optimized density �eld are discussed with respect to
a structured uniform voxel mesh, as it is used for all examples within this thesis.

As depicted in Figure 2.12, the benchmark example of a plate with a hole is
considered for both voxel and contour meshes. Due to symmetries, the model
is reduced to a quarter of the actual plate. Based on the Kirsch equation, the
stress concentration induced through a hole in a plate with in�nite width is kinf =
3.0. For plates with �nite width, the stress concentration factor is given by the
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following empirical equation [157]:

kfin (d,H) = 0.285 + 2.0
H

H − d
− 0.6

(
1− d

H

)
+ 1.32

(
1− d

H

)2

. (2.31)

Considering dimensions given in Figure 2.12 the actual maximum stress is smax =
s0 ∗ kfin = 3.035, which severs as reference for the following investigations. First
a convergence study for the contour mesh is documented and then voxel related
issues in the context of density-based topology optimization are discussed.

2.7.1 Convergence Study on Contour Mesh

For this study, linear and quadratic triangular continuum elements are considered.
The line representing the perimeter of the hole is divided into a de�ned number
of segments nseg, and then meshed using a MATLAB-based Delaunay mesh gen-
erator �MESH2D� [158, 159]. In the case of quadratic elements, the geometry is
exactly represented, i.e. intermediate nodes are placed on the perimeter of the
hole.

Figure 2.13 depicts the relative error of the maximum von Mises stress,5 which
is determined as the ratio between ∆q and the analytical maximum stress smax

(see above), where ∆q = max(qe) − smax. As expected, quadratic elements are
more accurate at low resolution but converge at a similar rate. Since quadratic
elements come with more degrees of freedom, the computational cost is also higher
compared to the same number of linear elements. Thus, if the mesh resolution is
chosen adequately high, linear triangular elements are considered as su�ciently
accurate.

2.7.2 Stresses Variations due to Uniform Boundary Per-

turbation

Regarding the voxel mesh, the maximum stress at the circular cutout is subjected
to variations, depending on various parameters, i.e. projection parameters, stress
interpolation function and the SIMP exponent pSIMP . The latter is generally kept
constant for stress-based problems. For stress interpolation, several approaches
exist, and also the associated parameter is often chosen without further reason-
ing. The following investigation helps determine an appropriate interpolation and
projection parameter. The process was initially applied to a uniformly varying
geometry problem [52], but applies as well for general stress-based problems that
require higher accuracy in the stress response.

5Usually the stress component in the horizontal direction is evaluated. However, in the case of uni-axial
loading the di�erence is small and in the limit case both converge to the same value. Furthermore, the von
Mises stress is of higher relevance for the later examples.
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Figure 2.13: Convergence study on the plate with hole example. Relative error of
the von Mises stress for an unstructured contour mesh using linear and quadratic
triangular elements. Gaussian points used for stress evaluation of linear elements
are marked in blue, and those for quadratic elements are marked in green on an
isoparametric triangular element.

For the varying geometry problem, the projection threshold η is uniformly
perturbed. In this context, Silva et al. [52] derived a limit value for the projection
parameter β, as de�ned in Equation (2.32). This allows for a limited number of
intermediate elements, acting as a transition phase between the solid and void
regions. The width of the transition phase is found to be equal to one element
when the maximum projection threshold is equal to the limit value, βmax = βlim.

βlim =
2 rfilt
le

, (2.32)

where le is the element size or edge length. Following the same process de-
scribed by Silva et al. [52] yields similar results (see Figure 2.14 and compare to
Figure 6 in [52]). It is found that an appropriate stress interpolation parameter
is pRAMP = −0.8, which corresponds to ϵ = 0.2 and results in the most accurate
stress representation in voxel meshes. Although variations across di�erent mesh
resolutions decrease with an increasing pRAMP , the reference stress is increasingly
underestimated.

Comparing Figures 2.13 and 2.14, it can be observed that the stress values do
not converge as distinctly in the voxel model as they do for the contour mesh.
For pRAMP < −0.8 and β ≤ βlim, stress values seem to converge with more
than 50 elements on the perimeter of the hole. This corresponds to a mesh
resolution of 600 × 300 elements, which is not shown in Figure 2.14. However,
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Figure 2.14: Relative error for di�erent projection threshold values η, stress in-
terpolation parameter pRAMP and mesh resolutions.
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(a) Jagged and non-smooth (b) Regularized and smoothed (c) Final mesh

Figure 2.15: Contour line at three di�erent stages to obtain a contour-�tted un-
structured mesh.

this is a very high resolution that strongly depends on the obtained topology.
Additionally, the latter is usually not explicitly controlled. As a possible solution,
the mesh resolution could be related to the minimum feature size of the solid
or void phase, while constraining it at the same time. Applying a minimum
feature size constraint of dmin = 5 to the example in Figure 2.11 would require
an element edge length of le = 0.0785. This again results in approximately 10
million voxel elements in a regular mesh. While technically possible, this requires
iterative solvers (see for instance [49]), which have not been considered within
this work. Hence, lower mesh resolutions are used, which consequently lead to
a certain amount of deviation. This emphasizes the need for veri�cation with
contour models.

2.7.3 Generating Contour Meshes Based on Density Fields

Figure 2.15 illustrates the process of how a contour mesh with discrete boundary
representation is created from a continuous density �eld. First, the raw contour
line or isoline is extracted from the density �eld for a de�ned threshold value.
For the extraction of the contour line, the Matlab function �contour� is used.
Isolines are lines of equal value. However, in this context contour line is more
appropriate, since the isoline is interpreted as the boundary between the solid
and void phases. The threshold value is usually equal to the projection threshold
η = 0.5 to assure volume preservation. As a second step, the contour line is
smoothed and regularized to guarantee a constant element size at the boundary
(for a detailed description of this step, refer to Appendix A.3). Finally, the contour
line is meshed with the mesh generator �MESH2D� [158, 159]. In the end, the
obtained di�erence in volume between the voxel and contour model is usually
below 1%, and is hence assumed to be su�ciently accurate.
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2.8 General Applied Optimization Techniques

The stress-based topology optimization algorithms proposed in Chapters 3 and 5
are applied to di�erent examples in Chapters 4 and 6. Some parameters are varied,
and others are kept constant across all investigations performed. The following
paragraphs summarize the parameters and the applied optimization algorithm,
which were used similarly across all examples.

For all cases, a linear �nite element model is used with �rst-order quadrilat-
eral continuum elements. Sti�ness integration is performed over four Gaussian
points and stresses are evaluated at the element's center. Material parameters
and boundary conditions may vary and are described in the corresponding sec-
tion. In all examples design variables are �ltered and projected (cf. Section 2.2.1
and 2.2.2). The projection parameter is increased during optimization and ini-
tially set to β = 1. Sti�nesses are penalized using the modi�ed SIMP scheme (cf.
Section 2.2.3). Stresses are interpolated utilizing the RAMP scheme and calcu-
lated as described in Section 2.3. For optimization, they are usually aggregated
with di�erent aggregation functions listed in Section 2.4. For stress constrained
optimization, aggregated stresses are normalized (see Section 2.3).

The method of moving asymptotes (MMA) is used as the gradient-based itera-
tive optimization algorithm [145]. Therein, standard settings with external move
limits are applied. Internal move limit parameters are set to asyinit = 0.01,
asyincr = 1.2, and asydecr = 0.7.



Chapter 3

Topology Optimization for
Damage Robustness

As stated in Section 1.1.2, di�erent approaches can be followed to increase damage
robustness. In this section, the focus is on generating multiple load path designs
(MLD), for which two di�erent methods are investigated. The �rst method incor-
porates local damage explicitly during optimization, namely the explicit damage
patch formulation (see Section 3.1), and the second aims at constraining the max-
imum feature size to implicitly enforce MLD (see Section 3.2). The latter is com-
putationally very cheap, but might not meet the required damage robustness. On
the other hand, the explicit formulation directly considers a damage constraint,
which results in a very high computational cost. Consequently, both methods
are compared and evaluated regarding their potential to generate damage-robust
MLD.

In Chapter 4 di�erent damage robust designs are reported. Various problem
formulations, patch con�gurations and optimization parameters are investigated,
which raises the question on how to perform a fair comparison and assess the
actual damage robustness? The most intuitive way is to consider each structural
feature, such as nodes and struts, as a possible damage scenario. This is, for
instance, a common approach for truss and beam models, where each strut is
represented by one truss or beam element (cf. Figure 1.4). Possible damage cases
are thus modeled by removing single or multiple struts from the model. This
approach can be extended by adding nodes, i.e. locations where multiple struts
connect, to the list of possible damage cases. Although this might seem like a
very conservative assumption, it is actually not, as discussed in Section 4.2.2. In
contrast to truss models, struts and nodes are not as clearly de�ned in a continuum
setting, especially during optimization. That raises another question: How can
damages be de�ned if they are not known a priori? They cannot. Consequently,
damage scenarios are generated in a generic manner, which do not represent the
actual structural feature, as discussed so far (cf. Figure 1.4). Still, regarding
the optimized designs, features can be intuitively interpreted. In the proposed

41
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approach, structural struts and nodes are identi�ed based on image processing
techniques (see Section 3.4). The employed techniques are directly applicable to
two-dimensional examples, but can also be extended to three-dimensional cases.
However, in three-dimensional designs, the structure should primarily consist of
interconnected struts, as plate-like or wall-like regions are challenging to interpret
within the multiple-load-path philosophy and could not be identi�ed with the
considered techniques.

This chapter is structured as follows. First, the existing damage patch formu-
lation is recapitulated and transformed to a stress-based topology optimization
problem (Section 3.1). Then, an alternative formulation, which constrains the
maximum feature size and by that implicitly enforces MLD, is recapitulated (Sec-
tion 3.2). In Section 3.3 both approaches are combined and extended by a min-
imum feature size constraint. Finally, the proposed load-path-based evaluation
scheme (LPE) is introduced (Section 3.4). Most parts of this chapter (Sections 3.1
to 3.2) and 3.4 are recapitulated from a preceding publication of the author [75].

3.1 Explicit Damage Patch Formulation

In the following, the existing damage approach from [68] is recapitulated and ap-
plied to a stress-based topology optimization problem. In Section 4.2 the explicit
approach is demonstrated on two di�erent models and their damage robustness
is analyzed.

Figure 3.1: Exemplary nominal L-beam model and local damage models consid-
ered during optimization.

The basic idea of the explicit formulation is to optimize for the worst case
damage. For that square shaped local damages are applied to the model, as
exemplary depicted in Figure 3.1. All considered damage patches form the damage
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population D. As originally proposed by Jansen et al. [68] this is referred to as
patch approach. Local damages are modeled by reducing the elements Young's
modulus E0,e in the SIMP and RAMP interpolation schemes (cf. Equation (2.16)
and (2.18)). Consider a damage scenario k and let N (k) be a set of damaged
elements. If element e is a�ected by the damage e ∈ N (k), its Young's modulus
is set to the prede�ned minimum E

(k)
0,e = Emin. Otherwise, it is kept constant

E
(k)
0,e = E0. For more details on how damage scenarios are incorporated into the

numerical model, see Appendix B.2.
In this study, the maximum von Mises stress is targeted for minimization. This

is contrary to the original approach, but regarded as more practical relevant than
compliance, as failure is primarily driven by stresses. Nonetheless, the constraint
is similarly de�ned as the nominal volume V (ρ̄). Hence, the problem formulation
is de�ned as follows:

min
ρ

qD = max
k

[
max

e

(
q
(k)
e

(
E(k),u(k)

))]
≈ A◦,D

[
pD,A(k)

◦,E

(
pE , q

(k)
e

)]
s.t. cV = V (ρ̄)

V0
− φV ≤ 0

0 ≤ ρi ≤ 1

R(k)
(
E(k),u(k)

)
= 0 ⇒ u(k) ,

(3.1)

where E(k)
(
ρ̄,E

(k)
0

)
is a vector containing all interpolated sti�nesses and Ek

0 ∈ Rne

are the elemental Young's moduli. The design domain's maximum volume is
represented by V0 and φV is a user-de�ned volume fraction. A(k)

◦,E aggregates over

all elements e and approximates the maximum elemental equivalent stress q(k)e of
one damage scenario k, while A◦,D aggregates over all damage scenarios k. Both
aggregation function and parameter can be chosen independently, based on which
is best suited for the speci�c application (see Section 2.4 for details on aggregation
functions). Note, the state equation R(k) = 0 has to be solved for each damage
case, which results in a high computational cost.

3.2 Maximum Feature Size Constrained Formu-

lation

An alternative approach to create redundant designs with multiple load path is
to limit the maximum feature size. By that, bigger struts are split into two or
multiple smaller ones, ensuring redundancy. In the following, an existing approach
constraining maximum feature size is revisited and adapted to a stress objective.
It requires only a fraction of the computational cost of the explicit formulation
discussed in previous sections. But since local damages are not considered within
optimization, damage robustness is expected to be worse. In Section 4.3 MLDs
are obtained, and their damage robustness is investigated on two di�erent models.
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A simple and supposedly e�cient method is the LVC approach proposed by
Wu et al. [79], in which the volume of locally de�ned domains is constrained. For
a stress objective, the optimization problem is formulated as follows:

min
ρ

max
e

(qe) ≈ A◦ (p, qe)

s.t. cV = V (ρ̄)
V0

− φV ≤ 0

cL = max
e

(
ve(ρ̄)
vmax

)
− φL ≈ A◦,L

(
ve(ρ̄)
vmax

)
− φL ≤ 0

0 ≤ ρi ≤ 1

R (ρ̄,u) = 0,

(3.2)

where φL is a prede�ned value and ve is the actual volume of the local domain
Le. The local volume of element e is determined as follows:

ve (ρ̄) =

Le∑
i

viρ̄i, with i ∈ Le (3.3)

where Le (rloc) is the local domain of element e similar to the variable �lter's
neighborhood (cf. Equation (2.12)). The radius of the local domain is rloc. The

maximum local volume is vmax = max
(∑Le

i vi

)
∀ Le. Note, the local domain

Le is not �xed to a circular shape. For instance, in [79] ellipses are proposed to
increase interconnections between parallel struts.

To constrain the maximum feature size multiple solutions exist. Either the
local volume fraction or the size of the local domain can be varied. For details on
the de�nition of maximum feature size, see Appendix B.3.

Similar to stress normalization (cf. Equation (2.22)) the maximum value is
only approximated and thus deviates from the targeted value. Fernández et al.
[31] suggest an aggregation parameter of p = 300 to achieve an accurate approx-
imation. Unfortunately, this often results in a non-smooth solution space and is
likely to lead to divergence. Consequently, a continuation scheme may be applied,
which increases complexity. As an alternative, the aggregated value can be scaled
to the actual value. However, this is not done for results obtained within this
section but applied in Section 3.3.

3.3 Combined Damage Patch and Feature Size

Constrained Formulation

Based on numerical experience, smoothing the design response is desirable to en-
sure consistent convergence of the gradient-based optimization algorithm. For a
stress function, the most obvious parameter to relax is the aggregation parameter
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p. However, setting p too low can lead to non-redundant designs in the damage
patch formulation (3.1). While increasing p can mitigate this issue, it may also
cause the optimization process to become unstable. Therefore, this section intro-
duces a combined approach (3.4), where the damage patch formulation (3.1) is
extended with the local volume constraint (3.2) to better separate the redundant
load paths for low values of p. Additionally, the minimum feature size is con-
strained by varying the projection threshold parameter, as de�ned in (2.29), to
prevent the formation of excessively thin struts. Numerical results are summa-
rized in Section 4.5.

min
ρ

qD = max
k,l

[
max

e

(
q
(k,l)
e

)]
≈ APN,D

[
pD,APN,E

(
pE , q

(k,l)
e

)]
s.t. cV = V (ρ̄)

V0
− φV ≤ 0

cL = max
e

(
ve(ρ̄)
vmax

)
− φL

≈ APN,L

(
pL,

ve(ρ̄)
vmax

)
− φL ≤ 0

0 ≤ ρi ≤ 1

R(k,l) = 0 ⇒ u(k,l)

(3.4)

While the above problem (3.4) contains two aggregation parameters pE and
pD, aggregating over all damage cases and realizations required for the minimum
feature size constraint AD is actually of minor importance, due to the low number
of values to be aggregated. As described in Section 4.2.1 it might even be detri-
mental to increase pD too much, which reduces the in�uence of less important
damage cases. Thus, only pE is increased in the following to increase approxima-
tion accuracy of each damage model.

3.4 Evaluation Procedure Based on Actual Load

Paths

As outlined earlier, this section details the evaluation process for the optimized
MLD. Structural struts and nodes are identi�ed as potential load paths that
may be damaged. The damage is modeled by severing or removing the relevant
structural components.

First, the actual load paths must be identi�ed. The proposed process builds
upon image processing techniques similar to those in [76] and is inspired by [84].
While the aforementioned approaches require clustering all elements, our method
only necessitates the de�nition of damage patches that cut through an entire
feature. The following steps are performed (see Figure 3.2):
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1.

2. 3.

Figure 3.2: Continuous density �eld (left), skeleton, strut and branch point pixels
(center) and corresponding major/minor axis (right) from [75].

1. Transform the continuous density �eld into a binary �eld and skeletonize it.

2. Split the skeleton into branch points and pixel clusters.

3. Calculate the corresponding midpoints for each branch point and pixel clus-
ter. If the distance between two points is below a de�ned threshold, their
average position is considered. The orientation of a strut is determined by
calculating the major and minor axes of the corresponding pixel cluster.

Each node and strut is then treated as a potential local damage patch. To de-
termine the size of each patch, it is incrementally enlarged until a de�ned number
of void elements is reached in the density �eld. For structural nodes, the radius
is increased, while for struts, the patch is enlarged along its major axis.

Figure 3.3 depicts all potential load-path-based damage patches. All struts are
severed, and all nodes are completely removed. Structural features to the right
of the dashed line are excluded, as they lie outside the damaged area, where no
damage was considered during optimization. Additionally, to prevent the removal
of excessively large areas, the maximum size of a node is limited to 10% of the
maximum model dimension.

(a) Potential severed struts. (b) Potential removed nodes.

Figure 3.3: Identi�ed load-path-based local damage patches from [75].
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In a density-based �nite element model, feature removal may induce high
stresses in medium-density elements or very thin struts, which do not signi�-
cantly contribute to the structural integrity. Removing these elements can ac-
tually reduce the maximum stress, so they should not be included in the LPE.
To avoid these numerical artifacts, an extended cut procedure is developed that
tests for potential stress reductions through additional minor element deletions
(see Appendix B.1 for details). Additionally, the results are veri�ed using contour
models.
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Chapter 4

Numerical Results for
Damage-Robust Topology
Optimization

In the following sections, numerical results are given and discussed for three dif-
ferent optimization formulations described in the previous Chapter 3.

First, the general evaluation strategy is introduced (see Section 4.1). In Sec-
tion 4.2 results are given for explicit damage patch formulation. Best performing
designs obtained with the implicit maximum-feature-size-constrained formulation
are summarized in Section 4.3, followed by a comparison of both approaches in
Section 4.4. Additionally, the explicit formulation is extended with both a min-
imum and a maximum feature size constraint. In summary, the last section is
dedicated to the veri�cation with contour meshes of all discussed designs (see
Section 4.6). Most parts of this chapter (mainly Sections 4.1 to 4.4) are recapit-
ulated from a preceding publication of the author [75].

4.1 General Evaluation Strategy

As described in Section 3.4 the damage robustness assessment is based on actual
load patch. For all obtained designs, actual load path are identi�ed, and worst-
case stresses are determined.

Generally, damage robustness is quanti�ed using a fail-safe factor, FSF = qmax

qnom
.

It represents the ratio of the maximum worst-case von Mises stress qmax, deter-
mined using the proposed LPE, to the maximum von Mises stress of the un-
damaged or nominal design qnom. Note that during optimization, the maximum
von Mises stress is approximated using an aggregation function, but in the �nal
numerical results, the actual maximum stress is considered.

In addition to the FSF , the stresses of the nominal design qnom and worst-
case stress qmax are provided for each design. The nominal density �eld is given,
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(a) Physical densities ρ̄e. (b) Normalized stresses qe.

Figure 4.1: Color bars used to visualize optimized results.

and the worst-case damage patch is marked in red. Any elements removed by
the extended cut procedure (see Appendix B.1) are marked with a red × (cf.
Figure 4.4 �rst row). Furthermore, a stress plot of the worst-case scenario is
depicted. When comparing designs from di�erent optimizations, large di�erences
in maximum stresses may arise. To avoid featureless stress plots, the stress scale
is truncated at the lowest maximum stress of all damage cases.

When optimized results are depicted, di�erent color scales are used (see Figure
4.1). Stresses are drawn on a rainbow scale ranging from blue to red for low and
high stresses respectively, and densities are depicted on a gray scale.

4.2 Damage Patch Optimized Results

Regarding the explicit damage patch approach described in Section 3.1, patches
may introduce stress singularities and are hence assumed to in�uence the opti-
mization process. Consequently, di�erent patch shapes and con�gurations are
investigated in this section. Optimization techniques listed in Section 2.8 are
applied.

Two models are considered for investigation. The cantilever model (see Figure
4.2a) is discretized using 360× 120 unit-sized elements, while the L-beam model
(see Figure 4.2b) is discretized with 300 × 300 unit-sized elements. Material
properties are set to a Young's modulus of E0 = 1 and a Poisson's ratio of
ν = 0.3. The overall volume fraction is constrained to φV = 40% and a �lter
radius of rfilt = 6 is applied. The load is set to F = 1 and distributed among
several nodes to avoid stress peaks. The domain extension (see Section 2.5) is
considered by modifying of the �lter function (2.13). The denominator is set to
the maximum value of all other elements, excluding nodes near loads or boundary
conditions.

For stress aggregation, the alternative form of the upper bound KS-function
(see Section 2.4) is used for both aggregation over damage scenarios AKS,D and
across all elements AKS,E (cf. Equation (3.1)). In both cases, the aggrega-
tion parameter p is updated every 10 iterations, as proposed in the original
approach [68]. Based on numerical studies, a proper setting is found to be
p = 10/max(q

(k)
e ) ∀ k, e, which allows a stable convergence and is accurate

enough to capture stress peaks at notches. In the following, the worst-case stress
is denoted as qmax = max(q

(k)
e ).
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Figure 4.2: Cantilever and L-beam models.

For the MMA, parameters stated in Section 2.8 are applied. Additionally,
external move limits are implemented, allowing an absolute change per design
variable of ∆ρmax = 0.1. The iterations are limited to a maximum of 500 for
the damage patch optimization. The LVC optimization required 1000 to 1500
iterations (see Section 3.2). If not stated otherwise, the projection parameter β
is increased every 100 iterations. All other parameters are kept constant during
the entire optimization, the objective and constraint value are both normalized
at the beginning and scaled by a factor of 100.

4.2.1 Damage Patch Spacing

To achieve the best robustness with respect to occurrence of local damages, Jansen
et al. [68] suggest setting the spacing between patches equal to the element size.
While others proposed to use as many patches as needed to cover the design
domain without gap and overlap to obtain �applicable solutions� [69]. In both
cases, a compliance-based optimization is performed and evaluated with the same
patch size and shape used for optimization while varying the spacing. Hence,
it is reasonable that certain patch positions, which are not considered during
optimization, may occur as worst-case damages [71]. Nonetheless, the e�ect of
the number of patches on stress-based optimization is unclear and will therefore
be investigated in the following.

To keep the computing time manageable, the following investigation on the
number of damage patches is performed on a lower resolution (180 × 60 square
elements). Furthermore, the �lter radius is halved rfilt = 3. The optimization for
a high number of damage patches and an aggregation parameter update of p =
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Figure 4.3: Parameters for patch con�guration and damage free area of the can-
tilever model.

10/qmax turned out to be unstable, supposedly due to very localized and switching
stress peaks (as will be explained in the following). Thus, to further stabilize
the optimization, the aggregation parameter is updated every 10 iterations to
p = 8/qmax.

Di�erent patch spacing are investigated. For a de�nition of the regarded
damage patch parameter, refer to Figure 4.3. The patch size is chosen to ensure
a clear separation of load paths (cf. Figure 4.5). Starting with a patch size of 12
and a spacing of 12, leading to a total number of 60 damage patches. The spacing
is then halved by allowing overlap. Finally, placing a patch at each possible
positions (spacing = element size) results in 6860 damage patches for a cantilever
model discretized with 180× 60 elements.

Results given in Figure 4.4 show that the worst-case stress qmax increases with
an increasing number of damage patches. Additionally, the secondary load path
is getting thinner and is even disappearing in some places for the highest number
of patches. Both observations can be traced back to the local nature of stresses.
Critical damage scenarios, in which just few elements are left over close to the
boundary, show dominating high stresses. Decreasing patch spacing worsens this
situation. Bearing in mind that aggregation can be interpreted as a weighted
average, it is reasonable that for an increasing number of dominating damage
scenarios, other patches' in�uence decreases. In the end, this results in a design
more similar to the optimization without damage, rather than in an MLD. Only
at the boundary, small redundant load paths are formed.

With increasing number of damage patches, unresolved spots or medium den-
sity struts emerge. Moreover, a slight asymmetry can be observed. Again, this is
the result of very localized high stresses which magnify small numerical inaccu-
racies. In turn, this leads to an alternating stress peak location and by that to
gradient switching. In the end, this results in an unstable or even diverging opti-
mization. This e�ect is further ampli�ed by an increasing aggregation parameter,
which is the reason for a reduction to p = 8/qmax for this investigation.

The FSF appears to be lowest for 216 patches (Figure 4.4 middle), even
though the worst-case stress qmax is higher compared to the lowest number of
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Figure 4.4: Worst-case load path damage of the cantilever model, optimized with
60 (top), 216 (middle) and 6860 (bottom) square patches, optimized design (left)
and worst-case von Mises stress (right) from [75].

patches. This is due to the higher nominal stress qnom. Beside the FSF , which is
de�ned as a ratio between undamaged and worst-case stress, the actual worst-case
stress qmax is considered to be more important. Even though the worst-case stress
evaluated with square damage patches at every possible location is naturally worst
for the lowest number of patches [68, 69, 71], the worst-case stress based on the
proposed load path evaluation is lowest. Thus, from a practical point of view, it
is su�cient to use as many damage patches as needed to cover the design domain
without gap and overlap. Similarly, [69] recommended a low number of damage
cases for practical applications. Thus, in the following, only a patch spacing equal
to the patch size will be used.

4.2.2 Damage Patch Sizes

Figure 4.5 and 4.6 depict optimized cantilever and L-beam designs, including
worst-case damages for di�erent patch sizes. The patch con�guration considered
during optimization is indicated with orange squares.

As already observed by [68], the patch size can have a strong in�uence on the
�nal design. Too small a patch size can lead to a low damage robustness and non-
redundant load path designs (see Figure 4.5 top and 4.6 left). It can generally be
said that the distance between primary and secondary load path correlates with
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the patch size.

Figure 4.5: Worst-case damage for di�erent patch size of the cantilever example,
optimized with non-overlapping square patches of size 20, 24, 30 and 40 (from
top to bottom), optimized design (left) and worst-case von Mises stress (right)
from [75].

For the cantilever model, the lowest worst-case stress qmax and best FSF
are both achieved by a medium patch size of 30. Interestingly, there is no big
di�erence between size 24 and 30. Considering the biggest patch size 40, the
straight struts between primary and secondary load path align with intuition.
In lightweight design, most e�cient designs exhibit mostly axial loads in struc-
tural features. Considering truss structures, struts are only loaded along their
longitudinal axis and can thus be better utilized compared to thick bars trans-
ferring bending loads. It is also observed, that the nodes are preferably placed
at the corner of damage patches, since these areas are never completely removed
during optimization. By that, the design is obviously controlled by the size and
placement of patches. Considering nodes as possible damage scenarios might be
regarded as very conservative and can lead to bad worst-case stress, as can be
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observed for big patch size (40). However, considering a medium size (24 and 30)
structural nodes are not always the worst-case damage scenarios.

Figure 4.6: Worst-case damage for di�erent patch sizes of the L-beam example,
optimized with non-overlapping square patches of size 20, 24, 30 and 40 (from
left to right), optimized design (top) and worst-case von Mises stress (bottom)
from [75].

Figure 4.7: Examples of not identi�ed load path cuts of the L-beam example
optimized with a square patch shape and a size of 40, optimized design (top) and
worst-case von Mises stress (bottom) from [75].
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Both, the worst-case stress qmax and the FSF are lowest for the biggest patch
size and mainly driven by the notch created by removing the patch at the re-
entrant corner (compare patch size 30 and 40 in Figure 4.6). For the cantilever
example, treating nodes as possible local damages seemed to be too conservative
in some cases. Contrary to that, for the L-beam example, considering only nodes
and struts as possible damages appears to be too optimistic. The cuts shown in
Figure 4.7 starting at the re-entrant corner and running into an adjacent hole, are
not identi�ed as possible damages, even though they appear to be more realistic
than a removal of the whole node. Still, the proposed approach considers more
realistic damages than a patch-based evaluation.

Figure 4.8: Results for di�erent patch shapes of the cantilever example from [75].

4.2.3 Damage Patch Shapes

Figure 4.8 and 4.9 show cantilever and L-beam designs optimized for di�erent
patch shapes. Due to stress singularities introduced by square patches, circular
and blurred shapes are examined. Patch spacing is kept constant, while two dif-
ferent circular patch sizes are considered. Since the small circular patch contains
elements which are never removed during optimization, a bigger size is incorpo-
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Figure 4.9: Results for di�erent patch shapes of the L-beam example from [75].

rated. Additional to these three con�gurations, the patches are �ltered (2.13) to
blur the edges.1

For the cantilever designs, there is no big di�erence in nominal stresses qnom.
However, both worst-case stress qmax and FSF di�er quite a lot, ranging from
0.687 to 1.101 and 1.87 to 3.02 respectively. Examining the worst-case damage for
the blurred-square con�guration, the damage location can be identi�ed as being
right between four patches where few elements are never removed completely
during optimization. Such nodes also occur for square or circle patches, but are
usually not the worst case. For overlapping circles, diagonal struts are preferable
placed between patches and thus never removed completely during optimization.
Whereas, nodes can be positioned more freely and are preferably located in regions
where no overlap occurs.

In the case of the L-beam designs, all but square and overlapping patches
show de�ciencies in splitting up the primary load path, especially in diagonally
oriented members and at the re-entrant corner. The optimized design obtained

1To generate blurred patches, a full density �eld (ρ = 1) is generated and the elemental densities of the
considered sharp-edged patch are set to zero. Then, the variable �lter is applied with a �lter radius of 33%
of the patch size. Intermediate densities (considering a threshold of 0.98) are stored and multiplied with the
projected density �eld to scale the elemental sti�ness matrix
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with overlapping blurred circular patches rounds of the notch at the re-entrant
corner. However, the FSF and the worst-case stress qmax = 1.29 are higher
compared to a simple square patch design (qmax = 1.11 see also Figure 4.6).
Both, the lowest worst-case stress qmax and the lowest FSF are obtained for a
square shaped damage patch. The lowest nominal stress qnom = 0.366 is naturally
obtained for the design circumventing the re-entrant corner.

Looking at the re-entrant corner of all depicted L-beam designs (Figure 4.6 to
4.9), it is found that the corner is only rounded o� in one case. All other designs
exhibit a stress singularity at the re-entrant corner, even though the nominal
design is considered during optimization by empty patches. The reason is probably
related to the optimization setup. The worst-case stress qmax, is in the best case
(patch size 40) 1.64 times higher than the nominal stress qnom. Additionally,
there are other patches creating higher stresses in other locations than at the
re-entrant corner. Note, the aggregation function is a weighted average, which
is dominated by the worst-case. With that in mind, the re-entrant corner can
possibly not be detected or circumvented as long as there are other damage cases
creating higher stresses. The author conducted a multi-objective optimization,
additionally considering the undamaged stress �eld and weighting the worst-case
damage (see Appendix B.4). Applying a high weighing factor to the nominal
stress �eld yields a design in which the re-entrant corner is better avoided, while
the design is less redundant and shows worse damage robustness.

Against expectations, there is no advantage in using di�erent patch shapes.
A simple square shape gives the best damage robustness by using a low number
of patches. Reducing the amount of stress singularities by using circular blurred
shapes did not have any advantageous e�ect on the optimization convergence or
results for the number of patches considered.

4.3 Maximum Feature Size Optimized Results

As an alternative to the explicit damage patch approach, results obtained by
employing the maximum feature size (see Section 3.2) are presented in this section.
Optimization techniques listed in Section 2.8 are applied.

For comparability, similar models are used, and equal settings are applied
as described in Section 4.2. Di�erences are mentioned below. Parameters of
the local domains are chosen such that at least two redundant load paths are
obtained. Di�erent con�gurations are tested, and the most representative results
are compared against the best performing designs of Section 4.2.2 to 4.2.3.

The projection parameter β is updated in every iteration, starting at the �rst
iteration with β = 1, which is then multiplied by a constant factor of approxi-
mately 1.007 in order to reach a value of βmax = 16 after 400 iterations. From
there on, β is kept constant. Hence, in the �rst 400 iterations, there is a small
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Table 4.1: Parameters for the feature-size-constrained optimization from [75].

Model and reference
Filter
radius

Local
vol. frac.

Maximum
feat. size

Global
vol. frac.

Achieved
gl. vol. frac.

rfilt φL dmax φV φ∗
V

Cantilever - Fig. 4.10

a) 9 0.50 7.3

0.40

0.381
b) 18/6 0.60 5.9 0.367
c) 24/8 0.50 6.5 0.400
d) 18/6 0.50 4.8 0.400

L-beam - Fig. 4.11

a) 10 0.45 7.2

0.40

0.370
b) 24/8 0.50 6.3 0.371
c) 27/9 0.50 7.3 0.385
d) 30/10 0.40 6.4 0.335

error in the gradient. However, this small error is deemed acceptable and does
not penalize the convergence. Updating the projection parameter in every itera-
tion is chosen to stabilize convergence by reducing the induced design change to
a minimum.

Two di�erent local domain shapes are applied. First, the classical circular and
second, the so-called anisotropic �lter, which increases the cross connections in
areas of high anisotropic stresses. The anisotropic �lter consists of two elliptic
test regions per element, one rotated by 90◦. Both domains are described in the
original approach [79] and are indicated with a green circle or ellipses in Figure
4.10 and 4.11. Note, that the LVC may lead to a not fully utilized global volume
fraction, which was already observed by [79]. Table 4.1 summarizes the local
volume parameter and lists the actual global volume fractions φ∗

V achieved after
optimization.

The maximum local volume fraction φV is approximated by the p-mean func-
tion (2.24). An aggregation parameter of p = 16 was chosen, since this turned
out to give good convergence and acceptable results.

Stress-optimized and feature-size-controlled designs for the cantilever example
are depicted in Figure 4.10. The �rst design (a) is obtained with a circular test
region and the remaining designs (b-d) are obtained with the anisotropic �lter of
di�erent local volume fractions and ellipse radii (see Table 4.1). The stress scale is
truncated at the best worst-case stress of the cantilever damage-patch-optimized
designs (cf. Figure 4.5).

As can be observed from Figure 4.10 MLDs are successfully obtained with a
reasonably low nominal stress. However, comparing all MLDs to the best damage
patch design in Figure 4.5 and 4.8, the best alternative MLD (see Figure 4.10d)
is still showing a 3.9 times higher worst-case stress qmax. The maximum nominal
stress qnom is superior to the ones obtained with the damage-patch optimization,
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which widens the gap between qmax and qnom and results in a very high FSF . The
FSF is approximately a factor 10 higher compared to the damage patch designs.

(a) Circular local domain.

(b) Elliptical local domain.

(c) Elliptical local domain.

(d) Elliptical local domain.

Figure 4.10: MLDs for di�erent maximum feature sizes and local domains of the
cantilever model, optimized design (left) and worst-case von Mises stress (right)
from [75].

Stress optimized and feature-size-controlled designs for the L-beam example
are depicted in Figure 4.11. The �rst design (a) is obtained with a circular local
domain, and all others (b-d) are obtained with the anisotropic �lter of di�erent
local volume fractions and ellipse radii (see Table 4.1). The stress scale is trun-
cated at the best worst-case stress of the L-beam damage-patch-optimized designs
(compare to Figure 4.6).

For the following comparison, designs with redundant load paths from Figure
4.6 and 4.9 are considered only. Comparing MLDs in Figure 4.11 to the ones from
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Figure 4.11: MLDs for di�erent maximum feature sizes and local domains of the
L-beam example, optimized design (top) and worst-case von Mises stress (bottom)
from [75].

Figure 4.6 and 4.9, it is observed that the worst-case stress qmax is much lower for
the damage patch optimized designs. On the other hand, the nominal stress qnom
is slightly lower for the feature size optimized designs, which is a result of avoiding
the re-entrant corner. In conclusion, the damage robustness of the feature size
optimized designs is quite detrimental due to the very high worst-case stress and
FSF .

4.4 Comparison of the Explicit and Implicit Ap-

proach

Although the nominal stress of the feature size-optimized designs is lower, the
high worst-case stress based on load path evaluation is detrimental for fail-safe
applications for several reasons. First, damage robustness is not explicitly consid-
ered during optimization. Second, the implicit approach suppresses the formation
of large members and instead divides the main load path into equally sized struts.
In contrast, stress-based optimization increases the size of structural members to
reduce stresses. As a result, even if a stress objective is chosen, the optimizer
cannot place material where it might be most needed. Third, in stress-based ex-
plicit formulations, the secondary load path is usually thicker than the primary
one because the available height or width is smaller, which increases the moment
of inertia and reduces stress by thickening the structure (see Figure 4.8 and 4.9).



62 Chapter 4. Numerical Results for Damage-Robust Topology Optimization

This option is unavailable when feature size constraints are imposed.
Regarding the implicit formulation, the computational cost is approximately

2 hours on a single CPU and the best run for the explicit approach needed ap-
proximately 12 hours on 16 CPUs. It is obvious that the explicit formulation is
very computationally expensive, but there is a big di�erence in the worst-case
stresses and damage robustness. In summary, while the computational bene�ts
of the implicit formulation are notable, they come at the cost of signi�cant per-
formance losses compared to the damage patch formulation. Additionally, the
implicit formulation requires extensive heuristic parameter tuning, often result-
ing in multiple optimization runs to �nd a suitable parameter setting, without
guaranteeing good damage robustness. In contrast, the explicit formulation also
requires a few initial runs to determine an appropriate patch size, but this process
is more straightforward and can be conducted at a lower mesh resolution (see the
top row in Figure 4.3 compared to the second row in Figure 4.4). Although results
should ideally be mesh-independent, this is only achievable to a some extent with
the implicit formulation. As the element size increases, the implicit formulation
struggles to form a single strut, leading to instability in the optimization process
and less reliable results.

4.5 Combined Damage Patch and Feature-Size-

Constrained Approach

To better separate the redundant load paths at low aggregation parameters, the
explicit damage patch formulation is extended by a minimum and maximum fea-
ture size constraint, as detailed in Section 3.3. In contrast to results from Sec-
tions 4.2 to 4.3, results obtained with the proposed combined approach, feature
di�erences in the model con�guration and variations in optimization parameters.
Nonetheless, equal optimization techniques as listed in Section 2.8 are applied.

The regarded cantilever model (see Figure 4.2a) is discretized with more el-
ements (580× 180) and in the case of the L-beam model (see Figure 4.12) the
position of the load is changed (cf. Figure 4.2b). However, the latter is again
discretized with 300× 300 elements.

The element size is 0.67 for the cantilever and 1.00 for the L-beam model,
respectively. A Young's modulus of E0 = 3 and a Poisson's ratio of ν = 0.3 is
de�ned. The overall volume is constrained to φV = 40% and a �lter radius of
rfilt = 4 is applied. The load is F = 10 in both cases. For stress aggregation, the
p-norm function is used for both element and damage case aggregation with pD =
10 and variable pE , as described in Section 3.3. In both cases, no normalization is
performed. For the β-continuation a maximum projection parameter βmax = 6 is
considered for the cantilever and βmax = 4 for the L-beam model. Furthermore,
starting with βinit = 1 it is only increased if de�ned stopping criteria are met



4.5. Combined Damage Patch and Feature-Size-Constrained Approach 63

L

L

0.6L

0.
4L

rfilt

domain
extension

F

Figure 4.12: L-beam model with loads applied at the center of the vertical edge.

(see Equation (2.4) to (2.5)). The internal MMA parameters are then reset, β
is increased by a constant factor, and the optimization is reinitialized. For the
LVC, a circular local domain with radius rloc = 10 is used together with a local
volume fraction φL = 0.81 for the cantilever and 0.9 for the L-beam, respectively.
This results in a targeted maximum feature size of 14 for the cantilever and 16 for
the L-beam. For the approximation of the maximum local volume fraction, the
p-norm is chosen with an aggregation parameter of pL = 10. Furthermore, the
approximated value is normalized (cf. Equation (2.22)). Additionally, to avoid
too thin struts, the minimum feature size is constrained, for which the worst-case
is approximated in conjunction with all damage cases. Hence, each damage case is
modeled three times for a di�erent projection threshold, which is uniformly varied
around the intermediate value of η = 0.5 by η∗ = 0.25 (cf. Section 2.6) targeting
a minimum feature size of dmin = 4. The minimum feature size is constrained
similarly in all examples of this section.

Figure 4.13 depicts di�erent optimized designs and worst-case stress plots.
In Figure 4.13a a damage patch optimized design is given for a low aggregation
parameter pE without the LVC cL. For Figure 4.13b the aggregation parameter
is doubled and for Figure 4.13c the LVC is included as given in the combined
formulation (3.4) but for a low aggregation parameter. It can be observed, that in
the �rst case fails in generating redundant load paths. For the doubled aggregation
parameter pE = 20 (see Figure 4.13b) a proper MLD is obtained, showing the
lowest worst-case stress qmax. In Figure 4.13c a low aggregation parameter is
combined with a LVC, resulting in the best FSF but a higher nominal and worst-
case stress.

For the L-beam, this e�ect is more pronounced. Again, in Figure 4.14 re-
sults are depicted for a low aggregation parameter without the LVC, for a high
aggregation parameter and for the combined formulation with a low aggrega-
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tion parameter. As can be seen, even for a very high aggregation parameter of
pE = 100 (see e.g. Figure 4.14b) the optimizer is not able to fully split redun-
dant load paths. Including the LVC results in a damage robust design, even for
a low aggregation parameter of pE = 10. This improved the FSF signi�cantly
compared to the two other cases.

qnom = 3.60 FSF = 14.74

(a) Damage patch optimized non-redundant design for an aggregation parameter of pE = 10.

qnom = 4.22 FSF = 2.57

(b) Damage patch optimized redundant design for an aggregation parameter of pE = 20.

qnom = 5.68 FSF = 2.23

(c) Damage patch optimized redundant design obtained with an included maximum feature
size constraint and an aggregation parameter of pE = 10.

Figure 4.13: Designs and worst-case stress plots of the cantilever model obtained
for di�erent aggregation parameters. Results in (c) are obtained using the com-
bined formulation given in (3.4). Designs in (a) and (b) are obtained without the
local volume constraint cL.

Interesting to note is, that the re-entrant corner is rounded o� for all L-beam
designs. Unfortunately, the reason cannot be pinpointed exactly. Supposedly,
the domain extension and the varied load application position (compare both L-
beam con�gurations in Figure 4.2b and 4.12) are supposedly responsible for this
outcome. But also the minimum feature size constraint, the aggregation strategy
or the damage patch size play a role. Still, for slightly varied parameters results
featuring a notch at the re-entrant corner have been found, but are not shown
here.
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qnom = 3.56, FSF = 24.26

(a) Damage patch optimized
non-redundant design for
an aggregation parameter of
pE = 10.

qnom = 5.04, FSF = 7.17

(b) Damage patch opti-
mized non-redundant design
for an aggregation parame-
ter of pE = 100.

qnom = 4.05, FSF = 3.56

(c) Damage patch optimized re-
dundant design obtained with an
included maximum feature size
constraint and an aggregation pa-
rameter of pE = 10.

Figure 4.14: Designs and worst-case stress plots of the L-beam model obtained for
di�erent aggregation parameters. Results in (c) are obtained using the combined
formulation given in (3.4). Designs in (a) and (b) are obtained without the local
volume constraint cL.

4.6 Contour Model Veri�cation

Due to the non-smooth and not clearly de�ned boundary in the continuous density
�eld used for optimization, a veri�cation with a contour model is recommended,
as discussed in Section 2.7. Both voxel and contour models are depicted in Figure
4.15 for an exemplary L-beam design. The L-beam design is arbitrarily selected
from Figure 4.14c.

Table 4.2 to 4.4 lists performance values for all results obtained in this chap-
ter. Column �Voxel values� contains values from Section 4.2.1 to 3.3, which are
compared to �Contour values� for veri�cation. As can be observed, both stress
values qnom and qmax di�er quite signi�cantly. Mainly due to comparably low
mesh resolutions and non-optimal stress interpolation factor (pRAMP = −0.5 for
results in Table 4.2 and 4.3). But also stress concentrations at the boundary
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Figure 4.15: Finite element meshes of the voxel and contour model. Actual meshed
contour lines are indicated with a red line.

Table 4.2: Contour veri�cation of damage-patch-optimized results.

Model and reference
(damage patch con�guration)

Voxel values Contour values

qnom qmax FSF qnom qmax FSF

Cantilever - Fig. 4.4
(patch spacing)

low 0.66 1.39 2.1 0.52 1.91 3.6
med. 0.72 1.42 2.0 0.54 2.29 4.3
high 0.98 2.65 2.7 0.83 3.09 3.7

Cantilever - Fig. 4.5
(patch size)

20 0.37 3.88 10.5 0.27 4.44 16.7
24 0.37 0.69 1.9 0.28 0.89 3.2
30 0.37 0.67 1.8 0.27 0.85 3.1
40 0.35 1.11 3.2 0.27 1.17 4.3

L-beam - Fig. 4.6
(patch size)

20 0.48 4.41 9.3 0.64 5.45 8.5
24 0.46 1.28 2.8 0.62 1.71 2.8
30 0.46 1.12 2.4 0.62 1.37 2.2
40 0.45 0.85 1.9 0.61 0.94 1.5

Cantilever - Fig. 4.8
(patch shape)

square∗ 0.37 1.10 3.0 0.26 1.32 5.0
circle 0.37 0.78 2.1 0.28 0.81 2.9
circle∗ 0.37 0.75 2.1 0.29 0.87 3.0

overl. circle 0.38 1.00 2.6 0.28 1.19 4.3
overl. circle∗ 0.37 1.06 2.8 0.27 1.11 4.1

L-beam - Fig. 4.9
(patch shape)

square∗ 0.41 4.32 10.6 0.54 4.90 9.1
circle 0.43 3.14 7.4 0.56 3.83 6.8
circle∗ 0.41 3.65 9.0 0.54 4.02 7.4

overl. circle 0.47 1.18 2.5 0.62 1.27 2.1
overl. circle∗ 0.37 1.29 3.5 0.50 1.62 3.2

∗ blurred
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or di�erent worst-case damage scenarios are sources for deviations, as exemplary
shown in Figure 4.16 for the L-beam results taken from Figure 4.14c. The mesh
resolution of the regular voxel mesh is obliviously too coarse to capture stress
concentrations in small holes as visible in Figure 4.16c. Nonetheless, tendencies2

are almost perfectly covered for both, nominal and worst-case, stress values and
the FSF . Non-�tting values are underlined (cf. Table 4.2 to 4.4). The volume
fractions are not detailed here, as they are formulated as constraints that are
typically satis�ed with high precision. Any deviations are noted, such as in cases
involving feature-size-controlled results.

The di�erences in volume between voxel and contour models are usually below
1%, making them negligible. However, for the results discussed in this chapter,
di�erences of almost 4% are obtained. The reason for this deviation is the presence
of too many intermediate densities. In Figure 4.17 the relative volume di�erence
is plotted over the measure of non-discreteness (see Equation 2.30), which is a
measure to quantify the amount of intermediate densities in the voxel model.
As can be observed, a higher Mnd-value leads to more considerable di�erences.
The worst discreteness is obtained for the cantilever design in Figure 4.10a. As
is visible in Figure 4.18, some struts appear blurred or grayish. Those blurred
regions are still interpreted as struts due to densities above the threshold value.
Consequently, those regions count as volume in the contour model, but are only
partially contributing to the volume of the voxel model, which is the reason for
the observed di�erences.

Table 4.3: Contour veri�cation of feature-size-constrained results.

Model and reference
Voxel values Contour values

qnom qmax FSF qnom qmax FSF

Cantilever - Fig. 4.10

a) 0.23 2.68 11.5 0.28 3.12 11.1
b) 0.25 3.30 13.0 0.25 3.41 13.6
c) 0.23 3.10 13.6 0.26 3.08 12.1
d) 0.28 2.64 9.3 0.28 2.20 7.9

L-beam - Fig. 4.11

a) 0.31 4.87 15.6 0.37 4.50 12.1
b) 0.27 4.71 17.5 0.33 5.11 15.7
c) 0.26 3.61 13.8 0.31 3.88 12.5
d) 0.32 11.17 34.5 0.38 12.49 32.8

2Considering a speci�c model type and patch con�guration, the �same tendency� is considered as given, if
the highest or lowest voxel value is also represented by the highest of lowest contour value respectively. Other
than that, also the ranking among all values is taken into account.
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(a) Nominal stress �eld.

(b) Worst-case damage scenario of the voxel model.

(c) Worst-case damage scenario of the contour model.

Figure 4.16: Di�erent stress �elds of the L-beam results.
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Table 4.4: Contour veri�cation of damage-patch-optimized and feature-size-
constrained results.

Model and reference
Voxel values Contour values

qnom qmax FSF qnom qmax FSF

Cantilever - Fig. 4.13
a) 3.6 53.0 14.74 5.3 48.2 9.13
b) 4.2 10.9 2.57 6.1 10.0 1.63
c) 5.7 12.7 2.23 7.8 13.2 1.70

L-beam - Fig. 4.14
a) 3.6 86.3 24.26 4.0 81.2 20.20
b) 5.0 36.2 7.17 4.4 33.8 7.75
c) 4.0 14.4 3.56 4.1 16.0 3.93

Figure 4.17: Di�erences in volume between voxel and contour models over the
corresponding non-discreteness measure. Results from Sections 4.2.2 to 4.5 are
considered.

Figure 4.18: Voxel model of an optimized cantilever design and the contour line
(indicated with a red line).
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Chapter 5

Theory on Robust Topology
Optimization

This chapter focuses on the fundamental principles and methods in the �eld of
robust design optimization. Speci�cally, a generalized �rst-order approach is reca-
pitulated from a preceding publication of the author [122]. In contrast to Chapter
3 other types of uncertainties shall be considered during optimization. For in-
stance, spatially varying parameters such as material properties, parameters with
uncertain direction or magnitude (e.g. the load vector), and geometry imperfec-
tions are taken into account. Furthermore, both the mean performance and the
variability of the structural response are examined, rather than focusing solely on
worst-case performance.

The following subsections are structured as follows. First, an overview of
general problem formulations related to uncertainties in topology optimization is
provided in Section 5.1. This is followed by a recapitulation of the generalized
formulation for robust topology optimization (RTO), as presented in a previous
publication by the author [122], along with a discussion of the improved e�ciency
in gradient calculation introduced in [124]. Finally, the generation of random
�elds is brie�y described, which are required for benchmark optimizations and
post-processing.

5.1 Overview of Problem Formulations

If uncertainties are present and considered during optimization, one of three pri-
mary approaches: worst-case, reliability-based, or robustness-based (see Subsec-
tions 5.1.1 to 5.1.3), can be applied in the �eld of topology optimization. The
following discussion provides a general overview and thus does not describe the
topic in depth.

71
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5.1.1 Worst-Case Approach

Currently, the worst-case strategy is probably the most pursued approach in en-
gineering practice [5]. It focuses solely on optimizing single extreme values and
usually ignores all other cases (cf. Figure 1.1). This ensures that all consid-
ered cases are below a certain threshold or that the extreme case is as optimal
as possible. Thus, the variability and consequently the robustness of the de-
sign response may also be reduced implicitly. An exemplary formulation is given
in Equation (3.1). The max-operator is non-di�erentiable and hence requires a
smooth approximation for gradient-based optimization algorithms. Since no ac-
tual probability measures are considered in this approach, is it commonly regarded
as non-probabilistic or deterministic.

The computing time may only increase slightly if a few cases are considered and
parallel evaluation is utilized. Naturally, this approach bene�ts from its simplicity
and the possibility of using existing deterministic implementations. Nonetheless,
this can result in very conservative results and may not fully utilize the full po-
tential.

5.1.2 Reliability-Based Approach

Reliability-based approaches explicitly constrain the probability P of a speci�c
event, e.g. that the highest stresses qmax exceed the allowable limit q0. Assuming
a failure probability of P0 an exemplary reliability constraint can be formulated
as follows

P (qmax(ρ,u,α) ≥ q0) ≤ P0, (5.1)

where α is the vector of random variables.

The probability de�ned in the above equation usually cannot be directly solved
analytically and requires numerical approximation techniques. The most promi-
nent is the �rst-order reliability method (FORM) which is based on a linear ap-
proximation at the most probable point (MPP) in the normalized space. Basically,
only the distance to the MPP is required and can be determined by non-linear
optimization. Di�erent formulations have been developed,1 which all require an
inner optimization to be conducted. Hence, this results in more computational
e�ort. Despite that, this approach su�ers from other drawbacks, as discussed in
Section 1.1.3.

1Namely the reliability index approach (RIA), the performance measure approach (PMA) and the sequential
optimization and reliability assessment (SORA) to just mention the most frequently investigated methods. For
a comprehensive review, see for instance [160].
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5.1.3 Robustness-Based Approach

As illustrated in Figure 1.2a robustness is interpreted as the variability of an
output function subjected to perturbations. As a result, reducing the variability
increases the robustness. An often used statistical measure to quantify the vari-
ability of a design response g (ρ,u,α) is the variance σ2

g or standard deviation
σg. Robust approaches are characterized by including both the mean value µg

and standard deviation in a robust design response

Gg = µg + κσg, (5.2)

where κ is a weighting factor. It can be varied to change the in�uence of the
standard deviation and as a consequence increase robustness.

Both statistical measures µg and σg are often determined using numerical
approximation techniques, which introduce additional computational costs com-
pared to conventional deterministic optimization. To minimize these costs, �rst-
order approaches o�er high e�ciency and do not require the solution of an inner
optimization, as is the case with current reliability-based approaches. Although
expected to be slightly less accurate, a promising �rst-order approach is examined
in Section 6.1.

5.1.4 Interrelation Between Reliability-Based and

Robustness-Based Approaches

In most cases, Gg from Equation (5.2) is considered as the cost function. This
does not require additional assumptions, and the weighting factor is typically
chosen freely to align with the practitioner's goals [89]. Since the cost function is
optimized, the best possible values for µg and σg are ideally obtained. However,
as the standard deviation decreases, the mean value typically increases. In other
words, improving robustness often results in a trade-o� with mean performance.
Consequently, the absolute performance, i.e. the robust function Gg, is most
relevant for evaluation. Optimizing solely for the standard deviation can be an
ill-posed problem that yields no meaningful results, and thus it is essential to
consider both quantities. This also implies that an excessively high weighting
factor can lead to a divergent optimization.

In the case that Gg is treated as a constraint, as for instance suggested by
Silva et al. [42] in the context of stress constraints, the weighting factor can still
be chosen somewhat arbitrarily to control the robustness of the result. However,
rather than focusing solely on robustness, it is more reasonable to consider the
absolute performance and interpret Gg as a quantile value Q, related to a given
failure probability, as follows.

Q(1− P0) = F−1
G (1− P0), (5.3)
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where F−1
G is the inverse cumulative distribution of Gg. Per de�nition, the cu-

mulative distribution function (CDF) FG represents the probability at a certain
point g as

FG(g) = P (G ≤ g). (5.4)

Constraining the probability is basically a reliability constraint, similar to Equa-
tion (5.1). However, the actual quantile value is calculated as

Q(1− P0) = µg + κ∗σg with κ∗ = Φ−1(1− P0), (5.5)

where κ∗ is related to a standard normal CDF Φ. This assumption is likely incor-
rect, but considering the limit theorem, it is not arbitrarily chosen, particularly
when multiple uncertainties with relatively small variations are involved. There-
fore, this formulation is further examined in Section 6.3.

5.2 Theory on Robust Topology Optimization us-

ing a First-Order Approximation

As mentioned earlier, several approaches exist for probabilistic analysis. One
particularly e�cient approach is the FOSM method [4], for which a generalized
formulation has been derived and investigated in a prior publication by the au-
thor [122]. The basic formulation is summarized below, with detailed derivations
provided in Appendix C.1.

For FOSM, which should not be confused with FORM, the mean value µg

and variance σ2
g , also referred to as the �rst and second statistical moments, are

approximated using a �rst-order Taylor series, yielding

µg ≈ g (µα) (5.6)

σ2
g ≈

DgT

Dα
Σα

Dg

Dα
, (5.7)

where µα is the mean vector and Σα is the symmetric covariance matrix of the
random parameter α.

5.2.1 Adjoint Sensitivities

Gradient-based optimization algorithms require derivatives with respect to design
variables. Hence, the discrete adjoint method [37] is employed in the following
to determine necessary derivatives. First, the square root of (5.7) is inserted into
(5.2) and di�erentiated, yielding:

DGg

Dρ
=

Dµg

Dρ
+

κ

2σg

Dσ2
g

Dρ
. (5.8)
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Consequently, total derivatives for the mean and variance with respect to design
variables are needed and de�ned as:

Dµg

Dρ
≈ ∂g

∂ρ
− λT∂R

∂ρ
(5.9)

and
Dσ2

g

Dρ
≈

∂σ2
g

∂ρ
− λT

u

∂R

∂ρ
− λT

α

∂Rα

∂ρ
. (5.10)

Additionally, following two adjoint systems have to be solved

∂R

∂u

T

λ =
∂g

∂u
(5.11)

together with 
∂R

∂u

T ∂Rα

∂u

T

0
∂R

∂u


[
λu

λα

]
=


∂σ2

g

∂u
∂σ2

g

∂λ

 (5.12)

where the �rst system in Equation (5.11) is similar to the deterministic case
(2.8), and the second can be split into two systems, which are solved sequentially.
In conclusion, compared to the deterministic case, only two additional adjoint
systems of equal size have to be solved. Further required derivatives are given in
Appendix C.1.

5.2.2 Principal Sensitivities

In some cases, for instance if stresses are considered, second-order derivatives
occur in Equation (5.8), resulting in large, non-sparse matrices that increase the
required numerical e�ort. For a medium mesh resolution of a few ten thousand
degrees of freedom, the computational cost is already prohibitively high. Hence,
a much more e�cient approach based on principal sensitivities is derived by [124],
which is summarized in the following.

The fundamental idea is to e�ciently compute the derivative of the variance,
Dσ2

g/Dρ, as required in Equation (5.8). Basic �rst-order derivatives, such as Dg/Dρ

or Dg/Dα, are typically straightforward to compute and do not signi�cantly in-
crease the computational cost. For the derivation, basic di�erentiation with re-
spect to the design variables is employed, yielding the following expression:

Dσ2
g

Dρ
≈ 2

D2gT

DαDρ
Σα

Dg

Dα
(5.13)

To �nd a substitution for the product (which includes the costly second-order
derivative in Equation (5.13)) the derivative of g is perturbed by a small step of
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the random variables ∆α and expanded by a Taylor series

Dg

Dρ
(µα +∆α) ≈ Dg

Dρ
(µα) +

D2g

DρDα
(µα)∆α. (5.14)

Higher-order terms are neglected and ∆α is chosen to be

∆α = ε Σα
Dg

Dα
(µα) , (5.15)

where ε is a scaling factor. By inserting Equation (5.15) in (5.14) and after
reordering, following substitution is obtained:

D2gT

DαDρ
Σα

Dg

Dα
≈ 1

ε

[
Dg

Dρ

(
µα + ε Σα

Dg

Dα
(µα)

)
− Dg

Dρ
(µα)

]
(5.16)

As can be observed, no second-order derivatives are required. Only the derivative
Dg/Dρ needs to be reevaluated once for a perturbed function value. Finally, a
normalization factor ε0 is introduced to ensure a constant perturbation step size.

ε =
ε0

∥Σα
Dg
Dα∥

(5.17)

By inserting Equation (5.16) into Equation (5.13) and selecting an appropriate
step size ε0, the calculation of demanding second-order derivatives is circum-
vented, thereby reducing the numerical e�ort by at least an order of magni-
tude [124]. It is important to note that principal sensitivities exhibit behavior
similar to �nite di�erences and may become inaccurate for excessively large or
small step sizes. However, numerical studies have shown that comparable results
are obtained across a wide range of ε0. FOSM results in Section 6.1 are ob-
tained using adjoint sensitivities, while results in Section 6.3.1 are obtained using
principal sensitivities.

5.2.3 Covariance Matrix

Besides required partial derivatives, the covariance matrix Σα has to be set up.
Given the variance σ2

α of the random parameter α the components of a stationary
squared exponential or Gaussian covariance function are expressed as follows:

Σi,j = σ2
α exp

(
−
d2i,j
l2c

)
, (5.18)

where di,j = ∥xi−xj∥, with xi and xj representing the coordinates of points i and
j, respectively. The correlation length is denoted as lc and can either be de�ned
by the user or derived from measurements. Various autocorrelation functions,
such as simple exponential or linear, exist but are not further investigated in this
work. A reasonable choice for the correlation length is found to be approximately
10% of the design domain dimensions.



5.3. Modeling Discrete Random Fields 77

Figure 5.1: 1D example of the random �eld generation process. One discrete
realization with 28 parameters (top row) and discrete probability distribution for
104 realizations.

5.3 Modeling Discrete Random Fields

While for FOSM only the covariance matrix is required (see Equation (5.18)), for
MCS and post-processing, discrete realizations of the considered uncertain param-
eters are needed. For this purpose, scattering material properties, i.e. sti�ness and
strength, as well as geometry perturbations, are modeled as correlated random
�elds. Assuming that corresponding information is provided for the considered
random parameter, the general process can be described as follows: Uncorrelated
and standard normal distributed N (0, 1) random numbers are generated, then
correlated and transformed to the desired distribution type, as illustrated in Fig-
ure 5.1. In this case, the �nal data is uniformly distributed, with lower and upper
bounds given by 3 and 5, respectively, U(3, 5). The corresponding continuous
CDFs are denoted as Φ for the standard normal distribution and FU for the uni-
form distribution. The correlation matrix for normalized variance is denoted as
Σ (cf. Equation (5.18)). For the considered 1D example, the correlation length
is lc = 4.

Since random �elds are required only for the optimization of benchmark ex-
amples and post-processing, they are not the primary focus of this work. For a
detailed description, refer to Appendix C.3.
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Chapter 6

Numerical Results for Robust
Topology Optimization

In this chapter, numerical results obtained using the theoretical methods outlined
in Chapter 5 are presented and discussed. Various uncertainties are considered
during optimization, i.e. scattering material properties, variable load direction or
magnitude, and geometry imperfections. Di�erent con�gurations are investigated.
Optimizations with one single type of uncertainty are initially conducted to an-
alyze the performance of the proposed �rst-order approach. In the end, multiple
uncertainties are incorporated simultaneously.

This chapter consists of three main sections. Firstly, uncertainties in sti�ness
and geometry are addressed in the context of a robust objective function (see
Section 6.1). Regarding variations in geometry, di�erent veri�cation approaches
are examined and discussed in detail in Section 6.2. Finally, in Section 6.3, uncer-
tainties in material strength are considered within a stress-constrained framework.
Speci�c aspects associated with this robust constraint function are investigated,
and multiple types of uncertainties are considered simultaneously.

6.1 Randomness in Geometry or Sti�ness Consid-

ering a Robust Objective

In this section, the objective f is considered to be a�ected by variations in ei-
ther material sti�ness or geometry. The proposed generalized FOSM approach
(see Section 5.2) is applied to a displacement objective with a spatially varying
Young's modulus, as well as to an example regarding the maximum stress sub-
jected to variations in the projection threshold ηe from Equation (2.14). Common
benchmark examples are investigated, namely the well-known inverter (Figure 6.1)
and the L-beam (Figure 4.2b). The inverter contains spring sti�nesses at both the
input and output nodes, along with two small �xed supports. The load is applied
to a single node, whereas for the L-beam, it is distributed across several nodes to

79
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Figure 6.1: Inverter model with spring sti�nesses.

mitigate stress concentrations. The projection steepness parameter is initialized
with β = 1 and gradually increased between iterations 50 and 250, reaching a
maximum of 64 for the inverter and 16 for the L-beam, respectively. In both
cases, a Young's modulus of E0 = 1.0 and a Poisson's ratio of ν = 0.3 are used
as nominal material parameters. The design space is discretized into 150× 150
elements (L = 300), with an element size of 2 and a �lter radius of rfilt = 16 for
both models. For all results presented, the volume is constrained to a fraction
of the entire non-extended design domain. Speci�cally, the volume fraction is
constrained to 35% for the inverter and 40% for the L-beam. For further details
on the underlying numerical process, refer to Section 2.8.

6.1.1 Inverter Model with Spatially Scattering Young's

Modulus

The inverter is optimized for the horizontal displacement uh (see Figure 6.1).
While the design is required to be symmetric, it must still account for an asym-
metric, spatially scattering material sti�ness. To achieve this, the entire model is
calculated, but symmetry is enforced on the design variables during optimization.
Due to the asymmetric random �eld, the vertical displacement uv is non-zero
(uv ̸= 0), and its standard deviation σv is therefore incorporated into the robust
objective as follows:

Gu = µh + κ(σh + σv) (6.1)

with µh and σh represent the mean and standard deviation of uh, respectively (for
details on the de�nition and derivatives of the nodal displacement, see Appendix
A.2.6). The weighting factor is set to κ = 10 for all inverter examples. Typically,
the horizontal displacement uh starts with a positive value, decreases to zero,
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(a) Deterministic (b) FOSM (c) Monte Carlo

Figure 6.2: Deterministic and robust compliance inverter designs from [122].

and then becomes negative, eventually converging to a �nal value where uh < 0.
Numerical experiments indicate that if the initial weighting factor κ is set too
high, the MMA algorithm is unable to reduce uh below zero. Consequently, the
initial value κinit = κ/1000 is held constant for the �rst 10 iterations and then
gradually increased in each subsequent step until it reaches its prede�ned value,
40 iterations later. For the deterministic case, only uh is minimized.

The load input is de�ned as Fin = 2, with input and output spring sti�ness
values of kin = 1 and kout = 0.01, respectively. To ensure well-posed function
values, both the objective and constraint values are scaled by a factor of 100. The
spatially scattering Young's modulus is modeled as a Gaussian random �eld. The
covariance is generated with Equation (5.18), lc = 30, a mean of µE = 1.0 and a
variance of σ2

E = 0.12.
The resulting optimized designs are depicted in Figure 6.2. Figure 6.2a shows

the deterministically optimized inverter with bulk material agglomerated at the
input node, which is connected to the rest of the structure via two hinges. The
robust designs avoid this by directly connecting the input node. Removing σv
from the robust objective yields designs similar to the deterministic one. Thus,
obviously avoiding those two hinges and directly connecting the input node helps
to reduce the variation in vertical displacements. This is further proven by the
reduced standard deviation of horizontal displacement σv (see Table 6.1). As can
be observed, σv is reduced by 48.4% comparing deterministic and FOSM post-
processing values. The MCS benchmark shows an improvement of 67.2%. Note,
for each optimization iteration, 1000 samples are evaluated for MCS. For post-
processing, n = 104 random samples are considered. The increased robustness
comes at the expense of around 4% less mean horizontal displacement, which is
to be expected in robust design optimization.

Evaluating the proposed approach, the approximation quality of FOSM is very
good, if optimization and post-processing values for the horizontal displacement
values µh and σh are compared. The approximation of σv, on the other hand, is
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Table 6.1: Numerical results of the compliance inverter from [122]. Post-
processing values are obtained using a Monte Carlo simulation with n = 104

random samples.

Type
Optimization MCS using n = 104 samples

f , µh σh σv µh σh σv

Determ. -2.37 - - -2.36 0.0326 0.0114
FOSM -2.25 0.0227 0.0175 -2.24 0.0226 0.0059
MCS -2.28 0.0240 0.0037 -2.27 0.0243 0.0037

Table 6.2: Contour veri�cation results for the compliance inverter obtained using
a Monte Carlo simulation with n = 104 random samples.

Type µh σh σv

Determ. -1.85 0.0533 0.0317
FOSM -1.95 0.0356 0.0162
MCS -1.96 0.0376 0.0216

close to a factor of three worse, but still a more robust design, i.e. less variation
in uh and uv, is obtained. Note, the coe�cient of variation of the deterministic
design CoVv = σv/µh ≈ 0.5%, which is a quite low, compared to CoVE = 10%
for the Young's modulus.

Table 6.2 contains post-processing values for the contour veri�cation and in
Figure 6.3 the considered contour lines are presented. Comparing FOSM and
MCS to the deterministic values, the reduced variability in the vertical and hori-
zontal displacement can be con�rmed. Interestingly, the FOSM design shows the
highest robustness. Nonetheless, absolute contour values di�er signi�cantly from
the voxel values (compare Table 6.1 and 6.2), which is due to the softening e�ect
of intermediate density elements in the voxel mesh.

6.1.2 L-beam Model with Spatially Scattering Projection

Threshold

For the L-beam example, the aggregated stress max (qe) ≈ AKS (qe) is employed
as the objective. Stress aggregation is conducted as outlined in Section 4.2, with
the aggregation parameter updated iteratively during each optimization step. A
distributed force F = 10 is applied around the top-right corner of the beam (see
Figure 4.2b) to mitigate stress concentration peaks and ensure a more uniform
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(a) Deterministic (b) FOSM (c) Monte Carlo

Figure 6.3: Density �eld of the three optimized inverters, superimposed with the
contour line indicated in red.

stress distribution throughout the structure. The robust objective is given by

Gq = µq + κσq (6.2)

with κ = 3. To properly scale the optimization problem for the design variable
update, both the objective and volume constraint function values are multiplied
by a factor of 10. The spatially and uniformly scattered projection threshold
ηe = [0.45, . . . , 0.55] is modeled as a Gaussian random �eld and subsequently
transformed to the target uniform distribution. The covariance is determined
using Equation (5.18), with a correlation length of lc = 30 and a mean value of
µη = 0.5. The variance of the continuous uniform distribution is computed as
σ2
η =

1
12(0.55− 0.45)2 = 8.33 · 10−4.

Figure 6.4 presents the obtained designs alongside the corresponding nominal
von Mises stress plots. Interestingly, the FOSM result exhibits the lowest nominal
stress among all cases. Apart from this observation, only minor di�erences are
noticeable across the designs.

The obtained numerical results are summarized in Table 6.3. It is observed
that the FOSM approach reduces the standard deviation of the true maximum
stress, σq̂, by more than 12%. Additionally, the mean value is slightly decreased.
In the case of MCS, a signi�cant reduction of σq̂ by more than 84% is achieved.
When comparing the standard deviation estimated by the FOSM approach with
that obtained through MCS of the same design, it is evident that the linear ap-
proximation is highly inaccurate. Consequently, the RTO with the FOSM method
fails to exploit the same optimization potential as the RTO using Monte Carlo
sampling.

Note that the computational time is considerably high when aggregated stresses
are considered for the proposed generalized FOSM approach. In fact, it even ex-
ceeds the MCS run time for models with very �ne discretization. For MCS, 1000
models are solved in parallel across 24 cores, making a direct comparison some-
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Figure 6.4: Deterministic and robust L-beam designs (top row) and nominal von
Mises stress plots (bottom row) from [122].

what unfair. However, only three adjoint systems need to be solved per iteration
for the proposed generalized FOSM approach. For coarse discretizations, FOSM
is signi�cantly faster in all cases. The increasing computational time can be at-
tributed to the gradient calculation of aggregated stresses (cf. Appendix C.1 and
C.2). Many of the required partial derivatives are non-zero, and some are non-
sparse. Furthermore, performing simple matrix operations on these non-sparse,
large matrices is computationally expensive. Generally, the calculation of second-
order partial derivatives for aggregated stresses accounts for the majority of the
computational time.

From visual inspection, all three designs appear very similar. However, small
di�erences can be identi�ed upon closer examination. The obtained volume is,
by de�nition, equal across all cases. Therefore, special attention is given to the
veri�cation of the obtained L-beam designs in the following section.

6.2 Veri�cation of Boundary Variations

The veri�cation of boundary perturbations is non-trivial when variations are mod-
eled on the voxel model by manipulating the projection threshold ηe. For the
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Table 6.3: Numerical results of the L-beam from [122] obtained using a Monte
Carlo simulation with n = 104 random samples. For each random sample, the
maximum stress is calculated and approximated, from which the mean and stan-
dard deviation are subsequently determined.

Type
Optimization

MCS using n = 104 samples

Aggregated A(qe) Maximum max(qe)

f , µq σq Mnd[%] µq σq µq̂ σq̂

Determ. 2.08 - 3.37 2.29 0.333 2.09 0.454
FOSM 2.08 0.001 3.33 2.24 0.240 1.97 0.399
MCS 2.17 0.002 3.04 2.17 0.002 1.73 0.071

contour model, discrete nodal displacements perpendicular to the boundary must
be de�ned. In contrast, the voxel model includes a transition phase between solid
and void material, which may vary in size. Fitting a discrete line through this
transition phase is straightforward by calculating the contour line for a de�ned
threshold, typically ρ̄ = 0.5 (cf. Figure 2.15). To some extent, the contour line
can be adjusted by applying perturbations to the projected density �eld ρ̄. How-
ever, the underlying �ltered density �eld ρ̃ depends on several factors, including
the element size, �lter function, �lter radius, and the design variables ρ.

In the following, an approach to relate threshold perturbations in the voxel
model to actual physical boundary variations is described and discussed. Three
di�erent strategies for contour line perturbations are then presented, based on the
results obtained in Section 6.1.2. To conclude the investigation and harmonize
both the voxel and contour models, the voxel models are reevaluated with an
adjusted density �eld.

6.2.1 From Threshold to Boundary Variations

Consider a one-dimensional example of design variables as depicted in Figure 6.5.
The linear �lter (see Equation (2.13)) is applied with a �lter radius of rfilt =
10, resulting in the given �ltered variable �eld. Additionally, a range for the
projection threshold is de�ned as ∆η = ηmax − ηmin. The basic concept is to
project the �ltered variables ρ̃e to actual physical positions x for di�erent threshold
values. This process is analogous to the derivation of the minimum feature size
approach (compare with the derivation in [126]). For example, consider ∆η = 0.4,
assuming a nominal threshold of 0.5. The �ltered variables are then projected for
two di�erent threshold values, [0.5 − ∆η/2; 0.5 + ∆η/2] = [0.3; 0.7], and the
corresponding range ∆x is evaluated, as shown in Figure 6.5. By evaluating ∆x
over the entire range of ∆η and normalizing it by the �lter radius, the results are
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Figure 6.5: One dimensional example of design and �ltered variables.

presented in Figure 6.6.
This can also be applied to higher dimensions, with ∆x being the radius of

a circle or sphere for two or three dimensions respectively. Still, this approach is
based on some assumptions. Firstly, a perfect binary design �eld is assumed. This
is not always the case in density-based topology optimization problems. Interme-
diate densities in the design variables will widen the evaluated range, leading to
higher boundary perturbations, as discussed in the following subsections. Sec-
ondly, the mesh resolution should be high enough to capture variations. If the
element size is smaller than the perturbation range ∆x, deviations may not be
captured at all.

6.2.2 Contour Variations Based on Threshold Perturba-

tions

The �rst approach is based on the idea of using the perturbed physical density
�elds ρ̄(ρ̃,ηk), e.g. applied in MCS, and to simply extract the contour line for a
�xed threshold ρ̄ = 0.5 (cf. Figure 2.15). By that, boundary perturbations are
applied through the projection process, with a correlated random �eld for ηk being
the k-th random realization for the projection threshold. It does not require any
assumptions and directly veri�es geometry variations applied during optimization
or post-processing of the voxel model. In the following, this approach is referred
to as ��ltered densities� approach, since the underlying density �eld is the �ltered
�eld ρ̃.

Table 6.4 summarizes post-processing results for two di�erent sample sizes
denoted with �Filtered�. Comparing them to the last two columns in Table 6.3
shows that tendencies are con�rmed in both case. The standard deviation is
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Figure 6.6: Normalized physical boundary perturbation as a function of threshold
perturbations.

Table 6.4: Contour model veri�cation based on threshold perturbations, obtained
by a MCS using n random samples.

Type

Nominal
stress

Filtered ρ̃
(n = 104)

Filtered ρ̃
(n = 105)

Regularized ρ̃
(n = 105)

qmax µq σq µq σq µq σq

Determ. 2.13 2.40 0.69 2.50 14.28 2.23 0.08
FOSM 2.05 2.42 0.13 2.42 0.13 2.31 0.08
MCS 2.02 2.27 0.07 2.27 0.07 2.31 0.07

lower for FOSM and lowest for MCS relative to the deterministic case. The
nominal stress values qmax (compare to Figure 6.4) deviate by approximately
20%. Nevertheless, the latter can be explained with the coarse voxel mesh. Yet,
signi�cant di�erences occur in the standard deviations for the deterministic case.

The deterministic optimized design is reevaluated in Figure 6.7a. The nominal
unperturbed geometry for the �ltered density approach is depicted, with positions
where the maximum stresses occur marked and clustered. The number of maxi-
mum stress values ni within each cluster is provided, and each cluster is assigned
a di�erent color. Additionally, the stress value distributions are plotted for the
three largest clusters. As can be observed, clusters 2 and 3 exhibit much larger
data ranges and signi�cantly higher values compared to cluster 1. This is due to
the relatively high amount of intermediate densities in these areas, which leads
to larger boundary perturbations than in other regions. The e�ect is further am-
pli�ed by a larger sample size, where more extreme perturbations are likely to
occur, which explains the increase in σq from 104 to 105 samples. For the designs
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optimized with FOSM and MCS, this e�ect is less pronounced, and stress peaks
do not dominate in the critical region (compare Figure 6.7a with C.2a and C.4a).

While the �ltered density approach aims to verify variations in the optimized
density �eld, it appears impractical from a pragmatic perspective. In practice, a
more homogeneous boundary perturbation of the actual contour line may be of
higher relevance. Hence, another approach is proposed, which aims at a more uni-
form perturbation along the boundary line by regularizing the underlying �ltered
�eld. To achieve that, the optimized physical densities ρ̄ are projected to a nearly
binary values using β = 100 and an adjusted value for η to assure volume preser-
vation. This is followed by a �ltering step where the same �lter radius is used as
applied for optimization. Finally, the obtained regularized �ltered densities are
passed through the same projection process with varying threshold parameter ηk

(as described for the �ltered density approach above).
Table 6.4 summarizes post-processed results based on the regularized density

�eld in the last two columns denoted with �Regularized�. As can be observed, dif-
ferences between the considered three optimization formulations are considerably
small. The highest di�erence is below 5%, which is interpreted as non-signi�cant.
Figure 6.7b, C.2b and C.4b show signi�cantly low boundary variations and much
less occurring maximum stresses at regarded critical locations. Still, distributions
appear indistinct, even for a considerably high sample size of n = 105. Although
boundary variations are more uniform, the covered range is still slightly varying
along the nominal contour line. The reasons are supposedly related to the coarse
mesh resolution of the voxel model and the relatively small transitions area of
approximately one element (cf. Section 2.7.2). Regarding the �ltered density
approaches, only the MCS shows good agreement because perturbations in the
critical region are not dominant. In the case of FOSM, deviations are higher,
but still much better than in the deterministic case. Note, numerical studies in-
dicated that uniform threshold perturbations can help to reduce the amount of
intermediate densities (cf. Section 3.3). Consequently, a non-uniform threshold
perturbation is supposedly helping to regularizing the �ltered densities during
optimization. For FOSM this e�ect is less pronounced due to the rough �rst-
order approximation. This observation is supported by a decreasing measure of
non-discreteness Mnd in Table 6.3 calculated according to Equation (2.30).

6.2.3 Contour Variations Based on Direct Boundary Per-

turbations

Thus far, boundary perturbations on the contour mesh have only been obtained
indirectly. Directly moving boundary nodes along their normal vectors is the most
straightforward approach but requires assumptions, as discussed in Section 6.2.1.
Nevertheless, disregarding derivation issues, this approach holds the highest prac-
tical relevance. If actual boundary perturbations or related statistical information
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(a) Contour variations based on the �ltered density �eld.

(b) Contour variations based on the regularized density �eld.

Figure 6.7: Worst-case stress positions and corresponding histograms based on
threshold perturbations of the deterministically optimized L-beam.
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are known, they can be directly applied to the model.
Two di�erent techniques can be employed when boundary nodes are perturbed.

First, the nominal contour line can be meshed, and perturbations are then applied
to the boundary nodes of the �nite element mesh. This approach results in a
deformed mesh, which requires smoothing. The advantage of this method is that
the original element de�nitions are preserved, with only the nodes being modi�ed.
However, due to the small element size, mesh distortions become too signi�cant
and cannot be smoothed e�ectively. Consequently, an alternative approach is
adopted, where the contour nodes are perturbed according to the three following
steps. This process generates a unique mesh for each realization and is found to
be the most practical.

1. Generation of random samples: Correlated random realizations, as discussed
in Section 5.3, are generated for the contour nodes. For that, a uniformly
distributed boundary perturbation of U(−0.82,+0.82) is incorporated, cor-
responding to the uniform threshold perturbation of ∆η = 0.05 under con-
sideration. For a detailed description of the applied process on generating
correlated random samples, refer to Section 6.2.1.

2. Regularization of the perturbed contour nodes: Regularization along the
contour line is necessary at this stage to ensure consistent mesh quality
across all realizations. As each �nite element node corresponds to a contour
node, the contour nodes must be equally spaced.

3. Finally, the perturbed and regularized contour line is meshed.

Results are summarized in Figure 6.8, C.1, C.3 and Table 6.5. As can be
observed, distributions are much more distinct and the worst-case stress mostly
occurs at the design space's re-entrant corner. Surprisingly, the deterministic re-
sults show the lowest standard deviation, but the highest mean value. Regarding
the robust objective (see Equation (6.2) and the last column in Table 6.5), the
best value is achieved by the MCS, though the di�erence is approximately 3%.
Note, the mean values are much closer to the unperturbed nominal case qmax,
which is usually expected. However, high deviations are present for both thresh-
old approaches and in the voxel model for the deterministic and FOSM results
(compare qmax in Figure 6.4 to µq̂ in Table 6.3).

6.2.4 Geometry Variations on Voxel Models

In this subsection, the voxel model is reevaluated based on a regularized density
�eld. Following the same strategy as in Section 6.2.2 the optimized physical den-
sity �eld is projected to a nearly binary �eld and then �ltered. Random samples



6.2. Veri�cation of Boundary Variations 91

Figure 6.8: Worst-case stress positions and corresponding histograms based on
direct contour line perturbations of the deterministically optimized L-beam.

Table 6.5: Contour model veri�cation based on direct contour line perturbations,
obtained by a MCS using n = 105 random samples.

Type µq σq Gq(κ = 3)

Determ. 2.15 0.06 2.34
FOSM 2.09 0.08 2.34
MCS 2.01 0.08 2.27

Table 6.6: Voxel model reevaluation based on a regularized density �eld, obtained
by an MCS using n = 105 random samples.

Type µq σq Gq(κ = 3)

Determ. 1.97 0.05 2.12
FOSM 1.99 0.04 2.12
MCS 2.01 0.05 2.16
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are generated for the threshold parameter and used to project the regularized
�ltered density values. Table 6.6 summarized the resulting stochastic quantities.

As can be noted, all three cases show a similar performance with only minor
di�erences. This observation is equivalent to those drawn from Table 6.5 and the
last two columns in 6.4.

6.2.5 Conclusion on Boundary Variations

Due to poorly conditioned �ltered density �elds obtained from the deterministic
and FOSM formulation, signi�cantly deviating post-processing values are found.
While this e�ect is less pronounced for FOSM, fundamentally di�erent results
are obtained in the deterministic case. Regularization of the underlying �ltered
density �eld lead to the correct conclusion: All three L-beam designs do not
signi�cantly di�er in terms of performance. This is most reasonable, since both
the topology and volume are equivalent in all cases. However, this raises the
question of why RTO is not having any in�uence? It is concluded, that either the
in�uence of the considered geometric uncertainty is negligible or there is simply
no better or more robust material distribution for the given volume.

Based on the threshold projection strategy, obtained distributions appeared
indistinct. Directly applying boundary perturbations to the contour line resulted
in better conditioned results. Revisiting the voxel model and performing an eval-
uation based on a regularized density �eld leads to comparable values and hence
harmonizes both voxel and contour models.

In the case of MCS, the �ltered density �eld obtained from optimization is
well-conditioned, resulting in no signi�cant di�erences in the standard deviation
among the evaluation approaches considered. In conclusion, this investigation
underscores the importance of employing a suitable veri�cation process.

6.3 Randomness in Material Strength Consider-

ing a Robust Constraint

In the following, the classical volume minimization problem subjected to a robust
stress constraint is investigated. This is not only of more practical relevance,
but it also widens the design space. For instance, constraining the volume, the
only possibility of achieving a higher robustness is by redistributing the given
material (as could be demonstrated for the inverter). Regarding the volume as
the optimization objective adds the possibility of changing the amount of material
used.

The robust stress constraint is formulated in Equation (6.3) below. For an
uncertainty-a�ected strength factor, refer to Equation (2.21). Note that in the
following, the allowable stress or material strength parameter q0 is de�ned for each
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element e and hence denoted as q0,e. The p-norm (p = 10) is used for aggregation
and stresses are interpolated using the RAMP scheme with pRAMP = −0.8.

crobust = SFrobust − 1 with SFrobust = µSF + κσSF (6.3)

Although the weighted sum of mean value and standard deviation is charac-
teristic for robust topology optimization, it can also be seen as a reliability-based
formulation, as discussed in Section 5.1.4.

Uncertainty propagation is either conducted by FOSM or MCS. The latter is
speci�cally used for post-processing, but also for optimization as benchmark. In
the case of the MCS, multiple �nite element models are evaluated. The obtained
element-wise strength factor SF

(i)
e (cf. Equation (2.21)) is calculated for each

random sample i, aggregated and normalized in accordance with Equations (2.23)
and (2.22), respectively. Stochastic moments are subsequently derived from these
aggregated and normalized strength factors, as de�ned in Equations (6.4) to (6.5).
This approach ensures the elimination of any approximation errors.

µSF,MCS =
1

n

n∑
i=1

γA(i)
PN

(
p, SF (i)

e

)
(6.4)

σ2
SF,MCS =

1

n− 1

n∑
i=1

∣∣∣γA(i)
PN

(
p, SF (i)

e

)
− µSF,MCS

∣∣∣2 (6.5)

In contrast, for FOSM, the underlying stress function employed to evaluate the
mean and standard deviation is subject to approximation errors. Consequently,
the scaling factor γ is also determined in accordance to Equation (2.22) and
applied to both moments as follows:

SFrobust = γ (µSF + κσSF ) (6.6)

with µSF and σSF being approximated using the FOSM method, as give in Equa-
tions (5.6) to (5.7).

6.3.1 Uncertainties in Material Strength

In this subsection, a spatially scattering material strength q0,e is considered. This
property is usually reduced by so-called knock-down factors in common design
practice. It is most relevant in lightweight design, since stresses are often dom-
inating. Furthermore, it has yet not been applied to RTO nor RBTO problems
to the author's best knowledge (cf. Table 1.1). Hence, it is investigated on the
common stress benchmark example (see Figure 4.12) together with the proposed
generalized FOSM approach summarized in Section 5.2. Here, the variance's
derivative is determined by the principal sensitivity approach recapitulated in
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Section 5.2.2 with a step size of ε0 = 10−3. Besides FOSM, MCS and two deter-
ministic variants are compared. In many publications, designs obtained from RTO
and RBTO are compared to deterministic results only, e.g. optimized with mean
values of random parameters. However, this is far from engineering practice and
thus an inappropriate and unfair comparison. Consequently, in addition to the
mean valued case, also reduced strength values are considered in the deterministic
optimization. In the end, results are veri�ed with contour models.

The computational cost associated with the principal sensitivity approach is
approximately double that of the deterministic case, as the state equation must
be assembled and solved twice in each iteration. For MCS, the state equation is
solved only once because the elemental stresses qe are independent of the allow-
able strength values q0,e. However, due to the large number of random realizations
n ≥ 1000 of q0,e, the element-wise operations require a signi�cant amount of com-
putational time. This process can be parallelized in a straightforward manner,
but may still result in higher computation times compared to the principal sen-
sitivity approach. From this perspective, it remains advantageous to employ the
FOSM method.

The L-beam model (see Figure 4.12) is discretized with 300 × 300 unit-sized
elements. A load F = 10, a Young's modulus E0 = 3.0 and a Poisson's ratio
ν = 0.3 are applied. The design domain is extended, and the �lter radius is
rfilt = 5. The maximum projection parameter is βmax = 5, which is updated
when the stopping criteria are met. Starting at β = 1, this parameter is updated
three times by multiplying it by a constant factor until it eventually reaches βmax.
For further details on the underlying numerical process, refer to Section 2.8.

The material strength q0 is assumed to be normally distributed, featuring a
mean value of µq0 = 3.0 and a standard deviation of σq0 = 0.3. For MCS and
post-processing, the material strength is modeled as a Gaussian random �eld with
a correlation length lc = 40. The reduced allowable strength value q∗0 = 2.1 is
determined by the corresponding quantile value for a given failure probability of
P0 = 0.135%, which is related to a weighting factor of κ = 3. Although the
distribution of the constrained strength factor is unknown, it is assumed to be
normally distributed as an initial guess. This allows to relate the given failure
probability P0 and its quantile value Q(1−P0) to a corresponding weighting factor
κ (cf. Section 5.1.4).

Results are summarized in Table 6.7 and obtained designs are depicted in
Figure 6.9. For post-processing, n = 105 random samples are generated for the
MCS, from which the mean value and the standard deviation are calculated in
Table 6.8. Here, actual maximum values are considered without aggregation. The
robust strength factor is calculated according to Equation (6.3) and the actual
quantile value Q(1−P0) is determined from the empirical cumulative distribution
of the strength factor.

While optimizing with the mean material strength shows the lowest volume,
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(d) Robust optimization using MCS

Figure 6.9: L-beam designs obtained from deterministic and robust topology op-
timization considering randomness in material strength. All data is based on
post-processing of the voxel model.
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Table 6.7: Objective and constraint values for obtained L-beam designs, con-
sidering uncertainties in material strength. Mean and standard deviation of the
strength factor SF are determined as de�ned in Equations (6.4) to (6.6) including
the scaling factor γ.

Type
Objective f Constraint c

φV µSF σSF SFrobust

Mean q0 0.212 - - 1.000
Red. q∗0 0.323 - - 1.000
FOSM 0.260 0.922 0.026 1.000
MCS 0.257 0.818 0.061 1.000

Table 6.8: Post-processed values for obtained L-beam designs, considering un-
certainties in material strength. Mean and standard deviation of the strength
factor are determined from the actual maximum of each Monte Carlo sample
maxe(SF

(i)
e ).

Type
Voxel (n = 105) Contour (n = 105)

µSF σSF SFrobust Q0.9987 µSF σSF SFrobust Q0.9987

Mean q0 1.041 0.093 1.31 1.43 0.968 0.091 1.24 1.36
Red. q∗0 0.724 0.065 0.92 0.99 0.731 0.071 0.95 1.03
FOSM 0.839 0.062 1.03 1.12 0.827 0.065 1.02 1.12
MCS 0.821 0.063 1.01 1.11 0.799 0.065 1.00 1.09

but also the lowest robustness (highest σSF ) and worst reliability (highest Q),
optimizing with a reduced strength value results in the highest volume, higher
robustness and best reliability. Both FOSM and MCS designs achieve an approx-
imately 20% lower volume fraction. Considering the given failure probability, the
obtained quantile values should be Q0.9987 ≤ 1. Although it is supposedly con-
strained in both robust formulations, the obtained quantile value is at most 12%
above the targeted value. Note that, during optimization the robust constraint
is ful�lled (SFrobust ≤ 1) for FOSM and MCS, while the post-processed robust
strength factor is exceeding the goal by less than 3% and is hence very close to
the target value. Deviations in the quantile value originate from the inappropri-
ate assumption of normally distributed strength factor. The deviations between
voxel and contour values is around ±5% and hence deemed acceptable. Failure
probabilities di�er more, but are showing the same tendencies. Deviations in the
volume fraction φV are below 1% in all cases and thus only given for the voxel
models.
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From results in Table 6.7 to 6.8, it can be concluded that the proposed FOSM
approach yields similar results to the benchmark MCS. Comparable volume frac-
tions and strength factor statistics are observed during post-processing. However,
the approximated and scaled standard deviation deviates by more than 50% com-
pared to the post-processed values.

6.3.2 Adapted Weighting Factor for Strength Uncertain-

ties

To this point, the weighting factor κ is based on the initial assumption of a
normally distributed strength factor, which turned out to underestimate the actual
quantile value and hence lead to a violation of the targeted constraint value.
To remedy this shortcoming, the weighting factor can be adapted to the actual
data obtained during optimization. At least in the case of the MCS, the actual
empirical cumulative distribution can directly be derived, from which the actual
quantile value can be determined. With that, the weighting factor κ is adjusted
in each iteration to match the targeted quantile value.

The weighting factor κ was initially based on the assumption of a normally
distributed strength factor. However, this approach was found to underestimate
the actual quantile value, resulting in a violation of the targeted constraint. To ad-
dress this limitation, the weighting factor can be �tted to the actual data obtained
during the optimization process. In the case of MCS, the empirical cumulative
distribution and the actual quantile value can be directly derived. Consequently,
the weighting factor κ is iteratively adjusted to match the targeted quantile value.
Numerical studies showed no convergence issues, however results scatter due to
the supposedly low sample sizes used for optimization (nopt = 1000) and the
selected aggregation parameter. Hence, a series of optimizations are run. The
deterministic optimization with q∗0 and MCS are rerun for di�erent aggregation
parameters in the range of (p = [10, . . . , 30]). MCS are additionally rerun for
di�erent sets of randomly generated samples and sample sizes nopt. Numerical
values are given in Table C.1 to C.2 and summarized in Figure 6.10.

As can be observed, results scatter signi�cantly. In the deterministic case, low
volume fractions can be obtained, but violate the targeted strength constraint.
Nonetheless, competitively viable results can be obtained. The targeted quan-
tile value is ful�lled in only one of the deterministic cases, while the obtained
volume fraction is 15% higher compared to the best MCS result (compare data
points at φV = 0.281 and 0.323). However, accounting for a 1% tolerance of
the quantile value and comparing it against the heaviest MCS result yiels only
a 2% di�erence in the obtained volume (cf. data points at φV = 0.297 and
0.303). In the deterministic case, clear trends are noticeable. For an increasing
aggregation parameter, the volume fraction is decreasing, and the quantile value
is increasing. The robustness or standard deviation of the strength factor is ap-
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Figure 6.10: Deterministic and robust optimized performance values considering
uncertainties in material strength for di�erent aggregation parameter and varying
samples sizes. Numerical values are listed in Table C.1 to C.2 and based on post-
processing of the voxel models.

proximately constant for this investigation. The mean performance value, on the
other hand, is increasing. Regarding MCS results, similar robustness is obtained.
Nevertheless, quantile values scatter less and gather around the target value for
increasing samples sizes. However, the results are subject to uncertainties and
should be interpreted carefully. If no tolerance on the constraint is allowed, the
robust formulation found to be superior to the deterministic case, highlighting
the unexploited potential of the latter. On the other hand, if some tolerance is
allowed, competitive results can be achieved at a fraction of the computational
cost. The introduced κ-adaptation demonstrates that the targeted quantile value
can be reached. For a sample size of nopt = 1000 results scatter and may violate
the constraint by at most 7%. For a higher amount of samples the scatter is
reduced, although it does not signi�cantly in�uence the approximation quality of
the considered stochastic moments (compare µSF and σSF for optimization and
post-processing in Table C.2). However, a higher sample size means more data
points and hence a better approximation of the actual quantile value. Conse-
quently, the weighting factor can be �tted more precisely.

For the proposed FOSM formulation, a similar adaptation of the scaling factor
is not possible, since no information about the speci�c statistics of the constraint
is available. As an alternative, the upper bound could be approximated by the
one-sided Chebychev inequality, also known as Chebychev-Cantelli inequality. It
is independent of the distribution and according to Silva et al. [42], the following
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equation can be derived for the targeted probability:

P (SF > 1) ≤ 1

1− κ2
. (6.7)

Regarding a failure probability of P0 = 0.135%, this results in a weighting fac-
tor of κ ≈ 27. Hence, it is nine times higher than the initial value and around six
times higher than the adapted weighting factor of the benchmark, which scatters
roughly around �ve for the examples in Figure 6.10. The Chebychev inequality
obliviously gives a poor approximation of the upper bound, but is independent of
the distribution. Yet, applying κ ≈ 27 to the same FOSM formulation leads to a
diverging optimization.

Revisiting the proposed FOSM formulation and comparing corresponding re-
sults from Table 6.8 against Figure 6.10 the following can be observed. FOSM
yields the best volume fraction but the worst quantile values. Especially the mean
performance is worse than almost all deterministic results, which is an indication
of the actual performance, since the standard deviation is hardly deviating in
any example. For this reason and due to the lacking possibility of adapting the
weighting factor, FOSM is regarded as impractical for stress-based optimization
considering uncertainties in geometry or material strength. Although promisingly
e�cient, the approximation accuracy turned out to be too low, which led to worse
results than in the deterministic case. Furthermore, many optimizations diverged.
Either, due to too strong an in�uence of the standard deviation approximated by
FOSM or other parameters a�ecting the non-linearity of the design space. How-
ever, often it was not possible or meaningful to relax the problem parameter any
further. As a result, FOSM is found to be unsuitable if stresses are subjected to
variations.

6.3.3 Robust Topology Optimization Considering Multiple

Random Variables

In real-world applications, a structural component is exposed to various uncertain-
ties from di�erent sources. Hence, in this section multiple types of uncertainties in
material properties, loading, and geometry are considered. A robust formulation
using MCS for uncertainty quanti�cation is compared to a worst-case formulation
(WCF) based on a targeted failure probability of P0 = 1%. FOSM is not consid-
ered due to the decreasing numerical e�ciency and since it is already proven to
be unsuited for uncertainties in loading [4].

In the MCS, the four uncertainties are assumed to be independent and are
thus varied in parallel. Speci�cally, for each Monte Carlo sample, a distinct
correlated random �eld is applied to the geometry and each material property. For
uncertainties in loading, the load angle is varied accordingly. During optimization,
nopt = 1000 random samples are evaluated in each iteration. For each sample,
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Table 6.9: Declaration of random parameters for optimization subjected to mul-
tiple uncertainties.

Uncertain
parameter

Distribution
type

Distribution
parameter

Parameters for
worst-case formulation

Load angle αF Normal µ = 6π
4 σ = 1

2.33
π
4 αF (P0 = 1%) = [5; 6; 7]π4

Proj. thresh. ηe Uniform∗ a = 0.25 b = 0.75 η = [0.25; 0.5; 0.75]

Sti�ness Ee,0 Normal µ = 3.0 σ = 0.3 Ee,0(P0 = 1%) = 2.3

Strength qe,0 Normal µ = 4.17 σ = 0.417 qe,0(P0 = 1%) = 3.2

∗ The parameters for the uniform distribution are the lower bound a and the upper bound b

the maximum strength factor is approximated using the p-norm and pPN,E , as
speci�ed in Table 6.10. In the case of the WCF, the lower quantile value is
used for the material strength and sti�ness, as detailed in the last column of
Table 6.9. For the load angle and the projection threshold parameter, three
distinct states are considered respectively. As a result, nine unique combinations,
corresponding to nine di�erent FE models, are evaluated and solved during each
iteration. For each model, the maximum strength factor is approximated using
the p-norm and pPN,E , as speci�ed in Table 6.10. The worst case among these
models is then estimated using an additional p-norm function with a di�erent
aggregation parameter, pPN,D. This approach aligns with the damage-robust
formulation presented in Equation (3.1).

The considered uncertainties, i.e. load angle, geometry,1 material sti�ness and
strength, are listed in Table 6.9. Note, the mean load angle αF corresponds to
a load vector pointing down, as depicted in Figure 4.12. The L-beam example is
considered for demonstration purpose, and discretized with 300× 300 unit-sized
�nite elements. The design domain is extended, and a �lter radius of rfilt = 5 and
a maximum projection parameter of βmax = 5 is de�ned. The load magnitude is
F = 10 and a Poisson's ratio of ν = 0.3 is applied. Correlated random �elds are
modeled using the Gaussian correlation function with lc = 40. All four uncertainty
parameters are assumed to be uncorrelated among each other. As an initial guess,
the weighting factor is set to κ = 2.33 which corresponds to a failure probability
of 1% assuming a normal distributed strength factor.

Numerical results from Table 6.10 show an obtained volume fraction of about
31% for the WCF and about 27% for the MCS. The lightest designs from both
formulations are depicted in Figure 6.11. In both cases, the targeted reliability
could be achieved by the contour models (cf. Table 6.11). Hence, no further
optimization is required, and it can be concluded that the weight-saving potential

1Variations in geometry are modeled by applying a correlated random �eld to the projection threshold
parameter ηe.



6.3. Randomness in Material Strength Considering a Robust Constraint 101

Table 6.10: Nominal values for optimized L-beam designs considering multiple
types of uncertainties. For the WCF nine models are solved and for the MCS
nopt = 1000 random samples are considered during optimization.

Type
Optimization Nominal stress qmax

pPN,E pPN,W φV µSF σSF SFrobust Voxel Contour

WCF-a 10 10 0.363 - - 1.000 2.46 2.73
WCF-b 20 10 0.309 - - 1.000 2.45 2.47
WCF-c 20 0.302 - - 1.000 2.61 2.73
WCF-d 30 10 0.315 - - 1.000 2.42 2.45
WCF-e 30 0.309 - - 1.000 2.75 2.99

MCS-a 10 - 0.276 0.809 0.082 1.000 2.71 2.77
MCS-b 20 - 0.269 0.823 0.076 1.000 2.87 2.99
MCS-c 30 - 0.275 0.827 0.074 1.000 2.85 3.02

is not fully utilized by the worst-case formulation. This results in approximately
15% lower volume fractions for the robust optimized designs.

Adapting the weighting factor to the actual quantile value and rerunning MCS
for di�erent sample sizes yields better �tting quantile values for the voxel model
but also higher volume fractions (cf. Table 6.12). Nevertheless, robust optimized
results are still superior to the deterministic designs. Contour values di�er by
approximately the same amount and are roughly 10% below the voxel values.
Although results scatter for a sample size of nopt = 1000 a slight improvement is
observed. For a higher number of realizations, deviations between optimized and
post-processed standard deviations decrease and hence lead to a better approxi-
mation of the actual quantile value during optimization.

So far, designs have been evaluated with all uncertainties occurring simulta-
neously. In this case, the coe�cient of variation is CoVall = 10.2% and 9.8% for
the designs shown in Figure 6.11, which serves as the reference. For all uncertain-
ties listed in Table 6.9, a CoVin = 10% is prescribed. Reevaluating both designs
from Figure 6.11 separately for each type of uncertainty, yields the following CoV
values given in Table 6.13. As can be observed, variation in material strength
contributes the most to the variation in the strength factor, followed by the pro-
jection threshold and load angle variations. The least impact is observed from
the material sti�ness, as expected in a linear model. When di�erent load angles
or multiple load cases are considered, the designs typically feature cross-bracing,
which enhances the structure's ability to withstand di�erent loading directions.
Consequently, the topologies di�er signi�cantly from the nominal case (compare,
for instance, Figure 6.11 and 6.9, or see [6]). Interestingly, the load angle does not
dominate the variation in the strength factor. Clearly, the optimizer was able to
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Table 6.11: Post-processed performance values for optimized L-beam designs con-
sidering multiple types of uncertainties.

Type
Voxel (n = 105) Contour (n = 105)

µSF σSF SFrobust Q0.99 µSF σSF SFrobust Q0.99

WCF-a 0.618 0.066 0.77 0.81 0.613 0.074 0.79 0.83
WCF-b 0.698 0.071 0.86 0.90 0.669 0.069 0.83 0.86
WCF-c 0.731 0.074 0.90 0.94 0.702 0.073 0.87 0.91
WCF-d 0.720 0.077 0.90 0.94 0.681 0.070 0.85 0.87
WCF-e 0.786 0.077 0.97 1.01 0.757 0.077 0.94 0.97

MCS-a 0.816 0.091 1.03 1.09 0.742 0.075 0.92 0.96
MCS-b 0.830 0.085 1.03 1.08 0.773 0.076 0.95 0.99
MCS-c 0.835 0.089 1.04 1.10 0.788 0.076 0.96 1.01

Distribution of SF Physical density �eld Nominal VM-stress
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(a) Worst-case formulation (cf. WCF-c in Table 6.10 to 6.11)
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(b) RTO formulation using MCS (cf. MCS-b in Table 6.10 to 6.11)

Figure 6.11: Lightest L-beam designs that satisfy the strength-factor constraint,
obtained from various optimization formulations and accounting for multiple types
of uncertainties.
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Table 6.12: L-beam results obtained by optimizing with an adapted weighting
factor considering multiple types of uncertainties. Constraint aggregation is per-
formed with pPN,E = 10.

Optimization Voxel (n = 105) Contour (n = 105)

nopt f ,φV c,µSF c,σSF µSF σSF Q0.99 µSF σSF Q0.99

1000 0.280 0.784 0.076 0.793 0.086 1.06 0.727 0.074 0.94
1000 0.287 0.770 0.077 0.769 0.082 1.02 0.709 0.093 0.91
1000 0.286 0.804 0.075 0.805 0.088 1.07 0.734 0.075 0.94
1000 0.278 0.789 0.076 0.795 0.083 1.04 0.732 0.072 0.94
2000 0.280 0.789 0.077 0.790 0.082 1.03 0.731 0.074 0.94
5000 0.282 0.776 0.079 0.778 0.081 1.02 0.720 0.073 0.93
7500 0.284 0.767 0.078 0.768 0.080 1.00 0.714 0.072 0.92
10000 0.293 0.755 0.080 0.759 0.080 0.99 0.709 0.071 0.91

�nd an e�cient material distribution that mitigates the impact of variable load
angles. To demonstrate this, a design obtained for a single nominal load case
only, i.e. the design from Figure 6.9d, was evaluated for a varying load angle, as
in the current examples. A mean strength factor of µSF = 1.94 and a standard
deviation of σSF = 0.96 were obtained, corresponding to a CoVSF = 49.2%. This
indicates that this design is not robust against load angle variations. It is worth
noting that even the simple WCF can generate a design with excellent robustness
in this regard. In this linear stress-constrained L-beam example, other uncertain-
ties, aside from loading, seem to primarily in�uence the volume rather than the
overall topology.

Table 6.13: Separate evaluation with respect to each type of uncertainty for two
selected designs.

Design Uncertainty
Performance values (n = 105)

µSF σSF CoVSF

WCF-c Sti�ness Ee,0 0.627 0.018 2.9%
Strength qe,0 0.675 0.056 8.3%
Geometry ηe 0.683 0.042 6.2%
Load angle αF 0.607 0.029 4.7%

MCS-b Sti�ness Ee,0 0.691 0.019 2.8%
Strength qe,0 0.729 0.062 8.5%
Geometry ηe 0.748 0.038 5.1%
Load angle αF 0.678 0.025 3.7%
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Chapter 7

Summary and Conclusions

The overall focus of this thesis is on stress-based topology optimization subjected
to various uncertainties. This topic is divided into two major parts related to the
type of uncertainty considered and problem formulation. The �rst part covers
local damages as possible uncertainty to obtain multiple-load-path designs, where
the optimization problem is described as a worst-case formulation (see Chapters 3
to 4). The second part is dedicated to robust topology optimization (RTO),
while di�erent uncertainties in material properties, loading, and geometry are
considered (see Chapters 5 to 6). Building upon existing approaches, more e�cient
methods are developed.

Within this thesis, the aggregation strategy is followed to approximate the
maximum stress. To control the approximation quality, the aggregation parame-
ter can be adjusted. However, it has to be chosen carefully. A too small parameter
yields non-optimal results, while too high a parameter leads to numerical insta-
bilities. In the worst-case, the optimization may even diverge. Yet, if stresses are
considered to be constrained, the approximation quality is too low in any case
and the actual maximum stress is either under- or overestimated, depending on
the chosen aggregation function. To remedy this shortcoming, the approximated
stress value can simply be scaled to the actual maximum value by a continuously
updated factor. Although the use of aggregation functions requires heuristic pa-
rameter tuning, it is still an e�cient strategy when stresses are considered during
optimization.

Since stresses are inaccurately represented at the boundary in density-based
�nite element models, contour models are generated for veri�cation. It is shown
that the maximum stress value and hence its accuracy varies, depending on the
stress interpolation parameter, the projection parameter and threshold. Limiting
the maximum projection parameter and choosing an appropriate interpolation
parameter resulted in less variations and the most accurate stress calculation.
Still, small deviations due to the non-optimal mesh resolution are expected. De-
spite the observed deviations, tendencies can be veri�ed, increasing the overall
reliability of obtained numerical results.
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7.1 Optimization of Damage Robustness

Di�erent problem formulations are investigated and evaluated on their ability to
e�ciently generate multiple-load-path designs (MLD). Two common test models
are considered, namely the cantilever and the L-beam.

To compare results obtained from di�erent problem formulations, a uniform
assessment methodology is required and motivated. For this reason, designs are
evaluated based on their actual load paths. Although, this is not explicitly nor
equivalently part of the optimization process, it is found to be the most reasonable
and practical relevant evaluation strategy.

The �rst assessed approach explicitly considers local damages during opti-
mization, and is denoted as the damage patch formulation. It turned out that
reducing the number of patches is the best option in case of a stresses objective.
Compared to the original approach, the numerical cost is drastically reduced, in
parallel to an increased damage robustness. From a practical perspective, it is
su�cient to use as many damage patches as necessary to cover the design domain
without gaps. This observation is contrary to the classical sti�ness optimization
and can be explained by local e�ects, which can dominate the optimization pro-
cess if stresses are considered. Due to this observation and actually occurring
local stress peaks at the edge of discretely de�ned patches, the patch shape was
expected to in�uence the optimization process and outcome. Although the �nal
designs showed speci�c characteristics related to the used patch con�guration, no
other clear di�erences were found. Neither convergence behavior nor the damage
robustness could be improved by using other patch shapes than the conventional
square with sharp edges and non-smooth corners. Varying the patch size, on the
other hand, clearly resulted in di�erent designs. A moderate size is found to be
most optimal in terms of damage robustness. While the computational cost is re-
duced for bigger patches, the damage robustness increases. However, the damage
size may be constrained by design requirements. Consequently, the only patch
parameter to improve the computational e�ciency is the number of patches. Be-
yond the patch con�guration, it is suggested to only modify a�ected entries in
the global sti�ness matrix to avoid reassembly for each damage model and hence
save computing time. Furthermore, the calculation of each damage model can be
parallelized straightforwardly. It may in case of a moderate number of damage
patches and enough CPUs only require a slightly longer runtime compared to a
nominal optimization.

As a supposedly e�cient alternative, a maximum-feature-size-constrained for-
mulation is implemented. Due to only one additional constraint, the computa-
tional cost is only a fraction of the damage patch formulation. However, obtaining
a suitable design, requires much more heuristic parameter tuning, which in prac-
tice involves many optimization runs to �nd a good parameter setting. In contrast
to that, the assumptions required for the damage patch approach (e.g. the patch
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size) are more reasonable and easier to justify. Additionally, the actual damage
robustness turned out to be much worse for the feature-size-constrained formula-
tion. Consequently, this approach is concluded to be non-competitive regarding
the damage patch formulation.

In real-world applications, the patch size might be subjected to design re-
quirements, or it must be adapted to speci�c geometries. In any case, the size
must be big enough to split the main load path. Furthermore, in some cases, a
moderate aggregation parameter might be insu�cient to split the primary load
paths for the damage patch formulation. Hence, higher aggregation parameters
are required, leading to a badly conditioned optimization problem. To relax the
latter and improve convergence behavior, the damage patch formulation is com-
bined with a minimum and maximum feature size constraint. This resulted in
improved layouts, especially for the L-beam example. However, it also increases
the computational cost, especially due to the considered minimum feature size
constraint.

7.2 Robust Topology Optimization

In contrast to the worst-case formulation employed to obtain damage robust de-
signs, in RTO the robust objective or constraint is expressed as a weighted sum of
the mean and standard deviation of a speci�c response function. Variations of the
latter are caused by uncertainties in the input parameters, i.e. material sti�ness,
strength, loading, or geometry. As a benchmark for comparison, stochastic quan-
tities of the response function are determined through a Monte Carlo simulation
(MCS) embedded into the optimization framework. This technique is also applied
for post-processing, however with a higher sample size to increase accuracy.

As an approach for uncertainty quanti�cation in RTO, a generalized approach
is derived based on a linear Taylor series expansion, namely generalized FOSM.
Compared to other RTO approaches, it is supposedly very e�cient, since only two
additional adjoint systems have to be solved for gradient calculation, independent
of the number of random variables. However, computational costly second-order
derivatives are required if, for instance, stresses are considered, resulting in an
increased computational e�ort. To avoid the calculation of those derivatives and to
improve the e�ciency for stresses, principal sensitivities are successfully adopted,
which decreased the computing time to approximately 10% of the adjoint-based
formulation.

The proposed approach is tested on two common test models, namely the
inverter and L-beam. Regarding the inverter model, for which the robust dis-
placement objective is subjected to spatially scattering material sti�ness, a low
sensitivity with respect to the random variable is observed. Still, a more robust
design with a signi�cant increase in robustness is obtained by the proposed FOSM
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formulation. The L-beam model is optimized for the robust worst-case stress sub-
jected to geometry perturbations. It turned out that no signi�cant improvements
could be archived in this case. Neither FOSM nor the MCS benchmark design
showed notable di�erences in topology and performance, which is veri�ed by con-
tour models. For post-processing, the importance of a suitable veri�cation is
highlighted. Di�erent techniques on how to model geometry perturbations are
investigated. Variations applied to the projection threshold parameter require a
properly conditioned �ltered density �eld to reliably determine the standard de-
viation of the stress response. In the case of a poorly conditioned �ltered density
�eld, a possible solution is to regularize the �ltered �eld by performing a thresh-
old projection followed by a �ltering step. Then, the threshold parameter can
be varied to model geometry variations and a conclusion can be drawn reliably.
Nevertheless, direct perturbation of contour nodes is the most obvious choice
from a practical perspective, and it results in the most trustworthy conclusions.
Nonetheless, during optimization, geometry variations are directly based on the
�ltered density �eld, which can be poorly conditioned. Consequently, the investi-
gated techniques can only be applied in the post-processing step. In this special
case, no signi�cant di�erences could be observed between the optimized design,
supposedly since there is no better solution than the deterministic. Regarding the
volume constraint, the only possibility to improve the robustness of the design is
by redistributing material, as in the case of the inverter. For the L-beam example,
there is probably no better topology. As a consequence, the optimization problem
is reformulated in the following.

By constraining the robust stress function and optimizing for the volume,
more design possibilities are available to the optimizer. In the case of an uncer-
tain material strength, the proposed generalized FOSM approach is demonstrated
on the L-beam model. The constrained strength factor showed a comparable ro-
bustness to the benchmark design. However, the targeted reliability is violated by
approximately 10% in the case of FOSM and the benchmark MCS. Conversely,
the obtained volume fraction is approximately 20% lower than the deterministic
result, indicating potential for further improvements in the RTO approaches.

The constraint violations observed in the proposed RTO formulations result
from an improperly selected weighting factor and an insu�cient sample size. For
the sampling-based benchmark formulation MCS, it is proposed to adapt the
weighting factor during optimization to better align with the actual distribution.
As demonstrated, it is possible to avoid constraint violation without added cost
or numerical issues. However, a su�cient big sample size is required for accurate
and reproducible results. The increasing reliability leads to an increased volume
fraction, which is still lower than comparable deterministic results. Consequently,
it could be shown that using knock-down factors in a deterministic formulation
results in unexploited weight saving potential. Hence, the usefulness of RTO is
emphasized for stress-based problems.
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For FOSM, no adaptation scheme could be found. Additionally, almost all
deterministic results outperformed FOSM in terms of reliability and mean per-
formance. This indicates that the proposed FOSM approach is not suitable to
be applied to stress-based problems. Furthermore, FOSM often leads to non-
stable optimizations, as observed in other numerical studies not documented in
this work, also if di�erent types of uncertainties are regarded.

As a �nal investigation, four types of uncertainties are considered simultane-
ously for a robust stress constraint. Monte Carlo benchmarks are compared to
a worst-case formulation. The unexploited weight saving potential in the deter-
ministic case could be veri�ed for this example. Evaluating obtained designs for
each type of uncertainty separately showed that a scattering material strength is
dominating the variation on the strength factor. Nonetheless, both approaches
were able to �nd solutions to e�ciently counteract applied variations.

7.3 Outlook

Generally, when stresses are taken into account, an appropriate mesh resolution
is required. This is not only important for an accurate stress representation, but
also for a smooth and reliable optimization process. Especially for a regular voxel
grid, very small elements are necessary to obtain actual mesh convergence, as
mentioned in Section 2.7.2. Other researchers showed that such resolutions are
technically possible, but require e�cient multi grid solvers. However, this is not
considered in this work. As an alternative, it could be more e�cient to only
re�ne the mesh or some other domains locally at the boundary between material
and void phase. This could be achieved by an adaptive procedure, which allows
movement of the boundary line. To solve this issue, the extended �nite element
method (XFEM) [161] or the �nite cell method (FCM) [162] could be employed.
The use of multi grid solvers might still be necessary when it comes to three-
dimensional examples. To this end, only two-dimensional academic examples are
shown due to the still high computational e�ort.

Although the numerical cost could be cut down in several aspects, still some
heuristic parameter tuning remains. Since this is usually little discussed, it is
an important issue to mention. The most prominent parameter in all consid-
ered examples is the aggregation parameter. As often highlighted, the optimal
value is problem-dependent. Even though, there is a big con�dence about the
range for an appropriate aggregation parameter, it still requires a few runs, to
roughly approximate the best value. It is still an open question on how to de-
termine the optimal aggregation parameter a prior! The approximation accuracy
can easily be determined, but predicting the convergence behavior is non-trivial,
as discussed in Section 2.4. Furthermore, this is in�uenced by the applied math-
ematical optimization algorithm and its related parameters. Instead of using the
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widely applied MMA, the globally converging versions (GCMMA) [163] might be
better suited for high non-linear problems. However, this comes at the cost of
additional function evaluations.



Appendix A

General Supplementary
Material

In this chapter, general supplementary material is collected.

A.1 Adjoint Sensitivity Analysis

The adjoint sensitivity analysis [37] is usually preferred for determination of re-
quired derivatives in topology optimization [13, 38]. Here, the general procedure
is explained in detail. Starting by de�ning a design response F (u,ρ) which
depends on the state variable u (ρ) and has to be di�erentiated with respect to
design variables ρ = [ρi, . . . , ρi] as introduced in Section 2.1. The state variable is
determined by solving the state equilibrium in residuum form R (u,ρ) = 0⇝ u.
Both are functions of the design variables.

Direct di�erentiation of an arbitrary design response yields:

DF
Dρ

=
∂F
∂u

Du

Dρ
+

∂F
∂ρ

(A.1)

were, Du/Dρ is determined by di�erentiating R and solving the following system
of equations for each design variable ρi.

0 =
∂R

∂u

Du

Dρ
+

∂R

∂ρ
(A.2)

In topology optimization, this is naturally very costly in terms of computation,
due to the large amount of design variables.

Regarding the adjoint sensitivity analysis, a Lagrangian function is de�ned as
follows:

F̄ := F − λTR (A.3)
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were, λ is the Lagrangian vector. Di�erentiation yields

DF̄
Dρ

=
∂F
∂u

Du

Dρ
+

∂F
∂ρ

− λT∂R

∂u

Du

Dρ
− λT∂R

∂ρ

=
∂F
∂ρ

− λT∂R

∂ρ

explicit

+

[
∂F
∂u

− λT∂R

∂u

]
implicit

Du

Dρ
.

(A.4)

Partial derivatives are already grouped into explicit and implicit terms. The term
in square brackets is referred to as adjoint system (see Equation (2.8)), which is
set to be zero so that the Du/Dρ vanishes. Solving the adjoint system once, yields
the Lagrangian vector, with which the actual derivative of the design response
can be calculated e�ciently. Hence, Equation (A.4) simpli�es to

DF̄
Dρ

=
∂F
∂ρ

− λT∂R

∂ρ
(A.5)

A.2 Partial Derivatives for Basic Topology Opti-

mization

In this section, all required partial derivatives for the basic topology optimiza-
tion problem (cf. Equation (2.2)) are given, including those of applied design
responses.

A.2.1 Three-Field Topology Optimization

As mentioned in Section 2.2 the three-�eld topology optimization is employed.
Hence, design variables undergo a �ltering and projection step. While the pro-
jected variables ρ̄ scale physical quantities, �ltered ρ̃ and design variables ρ are
pure mathematical variables. Still, gradients with respect to design variables are
required. Thus, for all dependent response functions F , i.e. objective or constraint
(cf. Equation (2.2)), the following di�erentiation has to be applied:

∂F
∂ρ

=

(
∂F
∂ρ1

, . . . ,
∂F
∂ρne

)T

with
∂F
∂ρi

=

Ne∑
e=1

∂F
∂ρ̄e

∂ρ̄e
∂ρ̃e

∂ρ̃e
∂ρi

. (A.6)

For which partial derivatives of the projection �lter (2.14) are calculated as

∂ρ̄e
∂ρ̃e

=
β sech2(β(ρ̃e − ηe))

tanh(βηe) + tanh(β(1− ηe))
(A.7)

and partial derivatives of the variable �lter (2.13) are determined as follows.

∂ρ̃e
∂ρi

=
w (xi) vi∑Ne

i=1w (xi) vi
(A.8)
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A.2.2 State Equilibrium

As mentioned in Section 2.2 all calculations within this publication are based on
a linear structural analysis. Hence, the discrete residuum is given in Equation
(2.9). It is a function of projected and state variables. For the adjoint sensitivity
analysis, the following derivatives may be required:

∂R

∂ρ̄
=

∂K

∂ρ̄
u (A.9)

∂R

∂u
= K (A.10)

A.2.3 Aggregation Functions

Aggregation functions are applied in di�erent cases and thus required to be dif-
ferentiated. Both the upper bound KS-function in its alternative formulation
(2.27) and the p-norm (2.23) are used. For the KS-function, the following partial
derivatives are obtained:

∂AKS

∂ρ̄
=

n∑
e=1

exp(p(Fe −F0))∑n
i=1 exp(p(Fi −F0))

∂Fe

∂ρ̄
(A.11)

∂AKS

∂u
=

n∑
e=1

exp(p(Fe −F0))∑n
i=1 exp(p(Fi −F0))

∂Fe

∂u
(A.12)

Derivatives of the p-norm functions are given below.

∂APN

∂ρ̄
=

(
n∑

i=1

Fp
i

) 1
p−1 n∑
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Fp−1
e

∂Fe

∂ρ̄
(A.13)
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∂u
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Fp
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) 1
p−1 n∑

e=1
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e

∂Fe

∂u
(A.14)

A.2.4 Stress Constraint

When stresses are considered as constraint, the formulation in Equation (2.21) is
di�erentiated as follows:

∂SFe

∂ρ̄
=

1

q0

∂qe
∂ρ̄

(A.15)

∂SFe

∂u
=

1

q0

∂qe
∂u

(A.16)
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A.2.5 Equivalent Stress

Equivalent von Mises stresses are calculated as de�ned in Equation (2.19). Deriva-
tives with respect to projected and state variables yield:

∂qe
∂ρ̄

=
1

qe
uT
e B

T
e CeM

∂Ce

∂ρ̄
Beue (A.17)

∂qe
∂u

=
1

qe
BT

e CeMCeBeue (A.18)

A.2.6 Nodal Displacements

For the inverter model (Figure 6.1) displacements at certain degrees of freedom k
are required, which are de�ned as follows:

uk = eku (A.19)

where ek is the k-th unit vector. Di�erentiation yields:

∂uk
∂ρ̄

= 0 (A.20)

∂uk
∂u

= ek (A.21)

A.2.7 Volume

The volume is considered in all examples, either as constraint or cost function. It
is calculated according to following equation

V = ρ̄TV0 (A.22)

where V0 is the vector containing the volume of each element. Di�erentiation
yields:

∂V

∂ρ̄
= V0 (A.23)

∂V

∂u
= 0 (A.24)

A.2.8 Compliance

Although not used for any numerical example within this thesis, compliance is
often used in topology optimization examples due to its e�cient gradient calcu-
lation. The global compliance is calculated as:

c = fTu (A.25)
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Di�erentiation yields:

∂uk
∂ρ̄

= 0 (A.26)

∂uk
∂u

= f (A.27)

Hence, the adjoint system (cf. Equation (2.8)) can be written as

Kλ = f (A.28)

where λ is equal to u. Consequently, the gradient can e�ciently be calculated,
since no additional adjoint system has to be solved. This property is also referred
to as self-adjoint and is one reason why compliance is so popular.

A.2.9 Sti�ness Interpolation

Both, elemental sti�ness matrix ke (2.10) and material sti�ness matrix Ce (2.19)
are scaled by the interpolated elemental sti�ness Ee(ρ̄e, E0,e) (cf. Equation (2.15)
together with (2.16) or (2.18)). Usually, they depend on their own related prop-
erties or parameters only. Hence, di�erentiation yields:

∂ke

∂ρ̄
=

∂Ee

∂ρ̄e
k0
e (A.29)

∂Ce

∂ρ̄
=

∂Ee

∂ρ̄e
C0 (A.30)

Hence, the interpolated elemental sti�ness is di�erentiated as follows:

∂Ee

∂ρ̄e
=

∂ξe
∂ρ̄e

(E0 − Emin) (A.31)

Which requires the derivatives for the SIMP (2.16) and RAMP (2.18) scheme with
respect to projected variables.

∂ξSIMP
e

∂ρ̄e
= pSIMP ρ̄p

SIMP−1
e (A.32)

∂ξRAMP
e

∂ρ̄e
=

1 + q

(1 + pRAMP (1− ρ̄e))
2 . (A.33)

A.3 Regularization of the Contour Line

As discussed in Section 2.7.3 and shown in Figure 2.15a, the contour line extracted
from the density �eld must be regularized and re�ned to ensure a smooth bound-
ary and a uniform element size, as depicted in Figures 2.15b and 2.15c. This
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process is described in detail here, using the L-beam example shown in Figure
A.1. A detailed close-up of the regular voxel discretization is provided along with
the corresponding contour mesh.

Figure A.2 illustrates the distinct steps carried out to obtain a regularized and
re�ned contour line, which are summarized below:

(a) The contour line extracted with the Matlab function �contour� (see Fig-
ure A.2a) is roughly regularized by removing points that are too close and
by splitting lines that are too large. If two points are too close, one of them
is removed. Conversely, if the distance between two points is too large, a
new point is inserted in between. For this, an upper and a lower thresh-
old are de�ned. Since the resolution of the initial contour line depends on
the voxel element size, those values are set to 1.0 . . . 1.6 times the voxel
size. As a result, contour points that lie within this range are obtained (see
Figure A.2b).

(b) In the next step, the roughly regularized line is smoothed by applying the
Laplacian smoothing technique. Speci�cally, if the angle between two lines
is below a certain threshold (in all cases 175◦), the middle point is relocated.
By calculating the weighted average of the three considered points, a new
position is found. Equal weights are used, and this step is repeated a second
time (see Figure A.2c). Note that further smoothing cycles are possible, but
may result in excessive distortions or shrinkage.

(c) The �nal step is to re�ne and regularize the contour line. For this, a targeted
element size is de�ned. In the considered case, it is chosen to be half the
voxel size. With respect to the global model dimensions, this corresponds
to 1/300 for demonstration purposes. In contrast, in the usual case, an
element size of 0.25/300 is targeted. For re�nement and regularization,
all points along the smoothed contour line are considered sequentially (see
Figure A.2c). Starting at an arbitrary point, the closest three points are
used for a second-degree polynomial interpolation. New points are placed
on the interpolation line at a de�ned distance. This process is iteratively
repeated until all points have been processed. Finally, another smoothing
step, as in the previous step (b), is applied to the re�ned contour line.

In case the tarted element size is much smaller than the voxel size, step (c)
is repeated several times. Limiting the re�nement steps to half the initial size is
found to give smooth contour lines independent of the voxel mesh.
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Figure A.1: Considered L-beam example with detailed cutouts for the voxel and
contour mesh.

(a) Initial and raw contour line. (b) Roughly �ltered contour
line.

(c) Smoothed contour line. (d) Regularized and re�ned con-
tour line.

Figure A.2: Detailed steps for contour line re�nement, regularization, and smooth-
ing.
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A.4 Supplementary Material Associate to Stress

Aggregation

In Figure 2.8 results of a parameter study investigating various aggregation pa-
rameters for an applied p-norm aggregation function are presented. With respect
to those results, Figure A.3 and A.4 show the obtained density �elds and the
evolution of the objective and constraint value for four selected aggregation pa-
rameters p.

In Section 2.4 the properties of di�erent aggregation functions are demon-
strated on four exemplary data sets, which are visualized as two-dimensional
�elds in Figure A.5.
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(a) Optimized with p = 10.

100 101 102 103

Iteration k

0.2

0.4

0.6

0.8

1

O
b
je

ct
iv

e
f
=
f m

a
x

0

1

2

3

C
o
n
st

ra
in

t
c
[1

0
!

3
]

(b) Optimized with p = 20.
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(c) Optimized with p = 30.
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(d) Optimized with p = 40.

Figure A.3: Obtained density distribution and convergence plots of stress-
constrained optimizations. Aggregation is performed by means of the p-norm
function.
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(a) Optimized with p = 10.
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(b) Optimized with p = 20.
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(c) Optimized with p = 30.
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(d) Optimized with p = 40.

Figure A.4: Obtained density distribution and convergence plots of volume-
constrained optimizations. Aggregation is performed by means of the p-norm
function.
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(a) Initial density �eld ρ̄e,init.

0
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40

(b) Initial stress �eld qe,init

(c) Optimized density �eld ρ̄e,opt and indicated �lter domain Ne and
local volume constraint domain Le.

0

1

2

3

4

(d) Optimized stress �eld qe,opt

Figure A.5: Two-dimensional representation of the initial and optimized data sets
given in Figure 2.5.
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Appendix B

Supplementary Material on
Damage Robustness
Optimization

In this chapter details related to damage robust optimization are given.

B.1 Extended Cut Procedure for the Load Path-

Based Evaluation on Voxel Models

Figure B.1 shows how the extended cut procedure is implemented. The maxi-
mum stressed element is removed iteratively by setting its sti�ness to the de�ned
minimum Emin as long as it reduces the maximum stress. To assure, that only
very small dispensable struts or elements are cut, the process is stopped after a
prede�ned maximum number of element deletions, or if three element deletions
in a row lead to a stress increase. In both cases, the con�guration with the lowest
stress is chosen as �nal worst-case stress. Note, to avoid that unloaded struts
vanish in stress plots, transparency has been applied to each element according to
its physical density. Due to the very low density of elements E19211 and E23891
they appear very opaque, but still, they exhibit the highest stress and are thus
removed during this procedure.

B.2 Sti�ness Interpolation and Fast Model As-

sembly

The sti�ness is interpolated by utilizing the SIMP scheme. It interpolates the
Young's modulus of each element E0,e according to the element's physical density
(see Equation (2.15)). The interpolated Young's modulus is then used to scale the

123



124 Appendix B. Supplementary Material on Damage Robustness Optimization

Figure B.1: Extended cut procedure for incomplete local cuts: Dispensable low
density elements are removed, resulting in a lower worst-case stress from [75].

elemental sti�ness matrix k0
e as shown in Equation (2.10). The scaled elemental

sti�ness matrix ke is then used to assemble the global sti�ness matrix K. This
is done once per iteration. Note, K represents the global sti�ness matrix of the
undamaged density �eld. To avoid an entire assembly of K(k) for each damage
case, only a�ected entries are modi�ed. The sti�ness matrix of damage case k
becomes

K(i)(ρ) = K(ρ)− ke

(
E(i)

e (ρ)− Emin

)
. (B.1)

Still, the explicit damage patch optimization requires the solution of one state
equation (3.1) per case, which makes this approach so computational expensive.
But since these state equations are independent of each other, assembling and
solving can be parallelized straightforwardly (cf. Figure B.2).

B.3 Aspects of the Maximum Feature Size Con-

straint

For a maximum-feature-size-constrained optimization, the local domain applied
to each element has to be de�ned. Commonly implemented shapes are depicted
in Figure B.3.
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Start

Create FE-Model and
set all required
parameters.

De�ne failure patches.

Set each density in ρ
to the de�ned global
volume faction φV .

Update projection
parameter β (2.14)
every 100th iteration.

Filter and project
densities (Section
2.2.1 and 2.2.2).

Assemble undamaged
sti�ness matrix K

(2.11).

Modify K to obtain
K(k) for all k (B.1).

Solve K(k)u(k) = f
for all k.

Calculate von Mises
stresses qe for all e

(2.19).

Update aggregation
parameter p (1th and
every 10th iteration).

Determine KS-stresses
(2.27) and sensitivities

(A.11).

Determine volume
constraint and its

sensitivities.

Update densities using
MMA [145].

Convergence?

End

Yes

No
:parallelized

Figure B.2: Flow chart of the damage patch optimization process from [75].

(a) Circle (b) Ellipse

Figure B.3: Geometric parameters used to calculate the local volume fraction φL

of a circular and an elliptic local domain.
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(a) Circular local domain. (b) Elliptic local domain.

Figure B.4: Local volume fraction for di�erent maximum feature sizes and radii
of two di�erent domain shapes.

Regarding a circular test region, the maximum feature size dmax can be con-
trolled by either changing the radius r or by varying the bounds±a, which directly
a�ects the local volume fraction φL. For φL ≈ 1 the local domain's size is equal
to the maximum feature size (2r = dmax). This correlation is for example utilized
in the maximum-feature-size-constrained approach by Fernández et al. [31]. Con-
trary to that, with a given r = rloc and a user de�ned dmax < 2r, it is possible to
calculate the required volume fraction analytically by simple geometric evaluation
according to Figure B.3. For that, r(x, y) can be solved for y(x, r) =

√
r2 − x2.

The integral can then be evaluated over the bounds ±a and divided by the circle's
area A∗ = π r2:

φL =
1

A∗

∫
A

dA =
1

A∗

∫ +a

−a

∫ +y

−y

dȳ dx̄ =
2

A∗

∫ +a

−a

y(x, ◦) dx̄ (B.2)

By evaluating Equation (B.2) over the interval [−a,+a] = [−dmax/2,+dmax/2]
for di�erent r and dmax, the graph in Figure B.4a is obtained. It shows the local
volume fraction for di�erent maximum feature size and radii.

For an elliptically shaped domain the same process can be followed using the
analytical expression for an ellipse y(x,w, h) = h

w

√
w2 − x2 and the ellipse's area

A∗ = π a b. Here, the major axis w of the ellipse is assumed to be oriented along
the x-axis, and the minor axis h along the y-axis. By evaluating Equation (B.2)
over the same interval as above and for di�erent major and minor axis, the graph
in Figure B.4b is obtained. Note, contrary to Figure B.3 the ellipse is considered to
be stretched along the y-axis (h = 3∗w). For the depicted case w > h much lower
volume fractions φL are obtained for the same range of the maximum feature size.
Obviously, if a shape without rotational symmetry is considered, the maximum
feature size depends on the orientation of the domain and the material phase.
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Figure B.5: Results of a multi-objective optimization for di�erent factors κ of 1,
10, 100, 1000 (from left to right), von Mises stress plots (bottom) from [75].

However, the elliptic shape is usually applied twice in di�erent orientations, one
is rotated by 90° with respect to the other. Since the maximum volume fraction
is constrained, the maximum feature size is actually assured in both directions
along the minor axis, as given in B.4b.

B.4 Multi-Objective Damage Analysis

Since the L-beam designs obtained by the explicit formulation do not avoid the
stress singularity at the re-entrant corner, a multi-objective optimization is carried
out. The objective function in Equation (3.1) is replaced by:

qMO =
1

κ∗q
D(pD, pE) + qN (pN ), (B.3)

where qN is the aggregated stress of the nominal design, which is independently
aggregated with a di�erent aggregation parameter pN . By that an equal approx-
imation quality between the damaged and nominal stress �eld is assured.

For aggregation, the alternative KS-function is employed and the aggregation
parameter of the undamaged stress �eld pN is updated to pN = 10/max(qNe ).
The update is performed simultaneously to pD and pE . The weighting factor κ∗ =
κ qD/qN takes into account a constant factor κ and the ratio of the aggregated
damaged stress and the nominal stress. This results in a normalization with
respect to the nominal stress �eld. The weighting factor is updated in every
iteration to assure a constant ratio.

Results for di�erent weighting factors κ are depicted in Figure B.5. It is
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observed that the nominal stress �eld is dominating the optimization for increasing
κ, showing a convergence towards an optimization without damage patches.



Appendix C

Supplementary Material on
Robust Topology
Optimization

In the following, the proposed generalized FOSM method for RTO is derived
and required partial derivatives are given. Furthermore, the process of modeling
random �elds is described and supplementary �gures and tables are collected.

C.1 Sensitivity Analysis for First-Order Approx-

imations

In this section, the sensitivity analysis required for RTO using FOSM (see Section
5.2) is explained in more detail. Di�erentiation of µg is performed similar to the
deterministic case (cf. Equation (2.7), (2.8) and for details see Appendix A.1),
yielding

Dµg

Dρ
≈ Dg

Dρ
=

∂g

∂ρ
− λT∂R

∂ρ
(C.1)

with the following adjoint system

∂R

∂u

T

λ =
∂g

∂u
. (C.2)

Now, focusing on the derivative of the variance (second term in Equation (5.8)
Dσ2

g/Dρ), which required derivatives with respect to the random variables α. Note,
that this leads to the same adjoint system as above, hence

Dg

Dα
=

∂g

∂α
− λT∂R

∂α
. (C.3)

This implies, that the added computation cost for calculation of the variance is
close to negligible. Nonetheless, the state equilibrium R (ρ,u,α) and thus also

129
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the state variables u (ρ,α) depend on random variables. Inserting Equation (C.3)
into (5.7) yields:

σ2
g ≈

(
∂g

∂α
− λT∂R

∂α

)T

Σα

(
∂g

∂α
− λT∂R

∂α

)
(C.4)

Directly di�erentiating the variance with respect to design variables requires the
full derivative Dλ/Dρ. To avoid its computation a new residuum is de�ned:

Rα :=
∂R

∂u

T

λ− ∂g

∂u
= 0. (C.5)

Consequently, the following Lagrangian is obtained

σ̄2
g (u,λu,λα) := σ2

g − λT
uR− λT

αRα. (C.6)

Di�erentiation of Equation (C.6) leads to

Dσ̄2
g

Dρ
=

∂σ2
g

∂ρ
−λT

u

∂R

∂ρ
−λT

α

∂Rα

∂ρ

+

[
∂σ2

g

∂u
−λT

u

∂R

∂u
−λT

α

∂Rα

∂u

]
Du

Dρ

+

[
∂σ2

g

∂λ
−λT

α

∂Rα

∂λ

]
Dλ

Dρ
.

(C.7)

Similar to the deterministic case (cf. Section 2.1) calculation of computational
expensive partial derivatives, i.e. Du/Dρ and Dλ/Dρ, can also be avoided by solving
following system of equations:

∂R

∂u

T ∂Rα

∂u

T

0
∂R

∂u


[
λu

λα

]
=


∂σ2

g

∂u
∂σ2

g

∂λ

 . (C.8)

Note, that in the second row ∂Rα/∂λ is already substituted by ∂R/∂u (cf. Equation
(C.11)). To determine λu and λα the second row is solved �rst, which simpli�es
the �rst row.

C.2 Partial Derivatives for Robust Topology Op-

timization

In addition to Appendix A.2 this section lists all partial derivatives required for
RTO using FOSM. For the proposed �rst-order approximation of the variance
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(see Equation (5.7)) second-order derivatives and derivatives with respect to the
random variables α are derived. The elemental projection threshold ηe, mate-
rial strength q0,e and sti�ness E0,e are considered as random variables. Hence,
di�erentiation is performed with respect to those quantities.

C.2.1 Approximated Variance

General partial derivatives of Rα from Equation (C.7) are de�ned as follows:

∂Rα

∂ρ̄
=

∂2R

∂u∂ρ̄

T

λ− ∂2g

∂u∂ρ̄
(C.9)

∂Rα

∂u
=

∂2R

∂2u

T

λ− ∂2g

∂2u
(C.10)

∂Rα

∂λ
=

∂R

∂u

T

(C.11)

General partial derivatives of the approximated variance σ2
g from Equation (C.7)

are de�ned as follows:

∂σ2
g

∂ρ̄
= 2

(
∂2g

∂α∂ρ̄
− λT ∂2R

∂α∂ρ

)T

Σα
Dg

Dα
+

Dg

Dα

T

Σα
Dg

Dα
(C.12)

∂σ2
g

∂u
= 2

(
∂2g

∂α∂u
− λT ∂2R

∂α∂u

)T

Σα
Dg

Dα
(C.13)

∂σ2
g

∂λ
= −2

∂R

∂α

T

Σα
Dg

Dα
(C.14)

C.2.2 State Equilibrium

The discrete residuum given in Equation (2.9) is a function of random variables
α. Hence, together with derivations from Appendix A.2.2 following derivatives
are obtained:

∂R

∂α
=

∂K

∂α
u with

∂K

∂α
=

∂K

∂ρ̄

∂ρ̄

∂α
(C.15)

∂2R

∂α∂ρ̄
=

∂2K

∂α∂ρ̄
u (C.16)

∂2R

∂α∂u
=

∂K

∂α
(C.17)
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∂2R

∂u∂ρ̄
=

∂K

∂ρ̄
. (C.18)

C.2.3 Aggregation Function

In this subsection partial derivatives for any design response Fe (ρ̄,α,u) which
can be aggregated are collected. In addition to Appendix A.2.3 following �rst-
and second-order derivatives of the KS-function from Equation (2.27) are deter-
mined.

∂AKS

∂α
=

n∑
e=1

exp

Σexp

∂Fe

∂α
(C.19)

∂2AKS

∂α∂ρ̄
= −p

n∑
e=1

exp

Σ2
exp

∂Fe

∂ρ̄

n∑
e=1

exp

Σ2
exp

∂Fe

∂α
+ p

n∑
e=1

exp

Σexp

∂Fe

∂ρ̄

∂Fe

∂α
+

n∑
e=1

exp

Σexp

∂2Fe

∂α∂ρ̄

(C.20)

∂2AKS

∂α∂u
= −p

n∑
e=1

exp

Σ2
exp

∂Fe

∂u

n∑
e=1

exp

Σ2
exp

∂Fe

∂α
+ p

n∑
e=1

exp

Σexp

∂Fe

∂u

∂Fe

∂α
+

n∑
e=1

exp

Σexp

∂2Fe

∂α∂u

(C.21)

∂2AKS

∂u∂ρ̄
= −p

n∑
e=1

exp

Σ2
exp

∂Fe

∂ρ̄

n∑
e=1

exp

Σ2
exp

∂Fe

∂u
+ p

n∑
e=1

exp

Σexp

∂Fe

∂ρ̄

∂Fe

∂u
+

n∑
e=1

exp

Σexp

∂2Fe

∂u∂ρ̄

(C.22)

∂2AKS

∂2u
= −p

n∑
e=1

exp

Σ2
exp

∂Fe

∂u

n∑
e=1

exp

Σ2
exp

∂Fe

∂u
+ p

n∑
e=1

exp

Σexp

∂Fe

∂u

∂Fe

∂u
+

n∑
e=1

exp

Σexp

∂2Fe

∂2u

(C.23)

with exp
Σexp

= exp(p(Fe−f0))∑n
i=1 exp(p(Fi−f0))

and exp
Σ2

exp
= exp(p(Fe−f0))

[
∑n

i=1 exp(p(Fi−f0))]
2 .

Derivatives of the p-norm function from Equation (2.23) are de�ned as fol-
lows:

∂APN

∂α
= ΣF

n∑
e=1

Fp−1
e

∂Fe

∂α
(C.24)

∂2APN

∂α∂ρ̄
= (1− p)Σ2

F

n∑
e=1

Fp−1
e

∂Fe

∂ρ̄

n∑
e=1

Fp−1
e

∂Fe

∂α

+ (p− 1)ΣF

n∑
e=1

Fp−2
e

∂Fe

∂ρ̄

∂Fe

∂α
+ ΣF

n∑
e=1

Fp−1
e

∂2Fe

∂α∂ρ̄
(C.25)
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∂2APN

∂α∂u
= (1− p)Σ2

F

n∑
e=1

Fp−1
e

∂Fe

∂u

n∑
e=1

Fp−1
e

∂Fe

∂α

+ (p− 1)ΣF

n∑
e=1

Fp−2
e

∂Fe

∂u

∂Fe

∂α
+ ΣF

n∑
e=1

Fp−1
e

∂2Fe

∂α∂u
(C.26)

∂2APN

∂u∂ρ̄
= (1− p)Σ2

F

n∑
e=1

Fp−1
e

∂Fe

∂ρ̄

n∑
e=1

Fp−1
e

∂Fe

∂u

+ (p− 1)ΣF

n∑
e=1

Fp−2
e

∂Fe

∂ρ̄

∂Fe

∂u
+ ΣF

n∑
e=1

Fp−1
e

∂2Fe

∂u∂ρ̄
(C.27)

∂2APN

∂2u
= (1− p)Σ2

F

n∑
e=1

Fp−1
e

∂Fe

∂u

n∑
e=1

Fp−1
e

∂Fe

∂u

+ (p− 1)ΣF

n∑
e=1

Fp−2
e

∂Fe

∂u

∂Fe

∂u
+ ΣF

n∑
e=1

Fp−1
e

∂2Fe

∂u
(C.28)

with ΣF = (
∑n

i=2F
p
i )

1
p−1 and Σ2

F = (
∑n

i=2F
p
i )

1
p−2

C.2.4 Strength Constraint

The allowable stress limit or material strength q0 can be considered as a random
parameter if stresses are constrained (cf. Equation (2.21)). Hence, q0,e repre-
sents the random variable in each element e. In combination with derivations in
Appendix A.2.4 the following partial derivatives are determined:

∂SFe

∂α
= − 1

q20,e
qe (C.29)

∂2SFe

∂α∂ρ̄
= − 1

q20,e

∂qe
∂ρ̄

(C.30)

∂2SFe

∂α∂u
= − 1

q20,e

∂qe
∂u

(C.31)

∂2SFe

∂u∂ρ̄
=

1

q0,e

∂2qe
∂u∂ρ̄

(C.32)

∂2SFe

∂2u
=

1

q0,e

∂2qe
∂2u

(C.33)
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C.2.5 Equivalent Stress

A formulation for the elemental von Mises stresses qe (ρ̄,α,u) is given in Equation
(2.19). Together with derivations in Appendix A.2.5 following derivatives are
required:

∂qe
∂α

=
1

qe
uT
e B

T
e CeM

∂Ce

∂α
Beue (C.34)

∂2qe
∂α∂ρ̄

= u
∂v

∂ρ̄
+

∂u

∂ρ̄
v (C.35)

∂2qe
∂α∂u

= u
∂v

∂u
+

∂u

∂u
v (C.36)

∂2qe
∂u∂ρ̄

= u
∂w

∂ρ̄
+

∂u

∂ρ̄
w (C.37)

∂2qe
∂2u

= u
∂w

∂u
+

∂u

∂u
w, (C.38)

which include following expressions:

u =
1

qe
=
(
uT
e B

T
e CeMCeBeue

)−1/2
(C.39)

∂u

∂ρ̄
= − 1

q3e
uT
e B

T
e CeM

∂Ce

∂ρ̄
Beue (C.40)

∂u

∂u
= − 1

q3e
BT

e CeMCeBeue (C.41)

v = uT
e B

T
e CeM

∂Ce

∂α
Beue (C.42)
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= uT

e B
T
e

∂Ce

∂ρ̄
M

∂Ce

∂α
Beue + uT

e B
T
e CeM

∂2Ce
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∂v

∂u
= 2 BT

e CeM
∂Ce

∂α
Beue (C.44)

w = BT
e CeMCeBeue (C.45)

∂w

∂ρ̄
= 2 BT

e CeM
∂Ce

∂ρ̄
Beue (C.46)

∂w

∂u
= BT

e CeMCeBe (C.47)
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C.2.6 Nodal Displacements

All second-order derivatives and the derivative with respect to α are zero for the
nodal displacement uk. Non-zero derivatives are given in Appendix A.2.6 for the
deterministic case.

C.2.7 Sti�ness Interpolation

The interpolated sti�ness from Equation (2.15), may depend on random variables
E0 or ηe. Note, E0 is now de�ned for each element e and thus denoted as E0,e.
Hence, the following partial derivatives are necessary:

∂Ee

∂E0,e
= ξe (C.48)

∂2Ee

∂E0,e∂ρ̄e
=

∂ξe
∂ρ̄e

(C.49)

∂Ee

∂ηe
=

∂ξe
∂ρ̄e

∂ρ̄e
∂ηe

(E0 − Emin) (C.50)

∂2Ee

∂ηe∂ρ̄e
=

(
∂ξe
∂2ρ̄e

∂ρ̄e
∂ηe

+
∂ξe
∂ρ̄e

∂2ρ̄e
∂ηe∂ρ̃e

∂ρ̃e
∂ρ̄e

)
(E0 − Emin) (C.51)

∂2Ee

∂2ρ̄e
=

∂2ξe
∂2ρ̄e

∂ρ̄e
∂ηe

(E0 − Emin) (C.52)

Determination of the second-order derivative (C.51) is non-trivial and thus
explained in more detail. It cannot directly be determined by di�erentiating
∂Ee/∂ηe with respect to ρ̄e, since projected variables are just a simple substitution
in terms of di�erentiation. Thus, Ee is di�erentiated with respect to �ltered
variables ρ̃e and rewritten as follows:

∂2Ee

∂ηe∂ρ̃e
=

∂2ξe
∂2ρ̄e

∂ρ̄e
∂ηe

∂ρ̄e
∂ρ̃e

+
∂ξe
∂ρ̄e

∂2ρ̄e
∂ηe∂ρ̃e

=

[
∂2ξe
∂2ρ̄e

∂ρ̄e
∂ηe

+
∂ξe
∂ρ̄e

∂2ρ̄e
∂ηe∂ρ̃e

∂ρ̃e
∂ρ̄e

]
∂ρ̄e
∂ρ̃e

(C.53)

=
∂2ξe

∂ηe∂ρ̄e

∂ρ̄e
∂ρ̃e

In line two of the above equation, the partial derivative ∂ρ̄e
∂ρ̃e

is drawn out of the

brackets, causing the inverse ∂ρ̃e
∂ρ̄e

for the second term to occur.
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For the SIMP in Equation (2.16) and RAMP in Equation (2.18) interpolation
functions second-order derivatives with respect to projected variables are:

∂2ξSIMP
e

∂2ρ̄e
= (pSIMP 2 − pSIMP )ρ̄p

SIMP−2
e (C.54)

∂2ξRAMP
e

∂2ρ̄e
= − 2pRAMP (1 + pRAMP )

(1 + pRAMP (1− ρ̄e))
3 (C.55)

C.2.8 Projection Functions

In case the projection threshold ηe from Equation (2.14) is considered as random
variable, following additional partial derivatives are needed.

∂ρ̄e
∂ηe

=
β sech2(βηe)− β sech2(β(ρ̃e − ηe))

tanh(βηe) + tanh(β(1− ηe))

− (β sech2(βηe)− β sech2(β(1− ηe)))(tanh(βηe) + tanh(β(ρ̃e − ηe)))

(tanh(βηe) + tanh(β(1− ηe)))2

(C.56)

∂2ρ̄e
∂ηe∂ρ̃e

=
2β2 sech2(β(ρ̃e − ηe)) tanh(β(ρ̃e − ηe))

tanh(βηe) + tanh(β(1− ηe))

− β(β sech2(βηe)− β sech2(β(1− ηe))) sech
2(β(ρ̃e − ηe))

(tanh(βηe) + tanh(β(1− ηe)))2
(C.57)

C.3 Random Fields

In this section, details and implementation aspects are described for the genera-
tion of discrete random �elds. As depicted in Figure 5.1 and outlined in Section
5.3 random variables are going through a process of correlation and transforma-
tion. With this method, generally any possible probability distribution can be
applied and discretized as a correlated random �eld. In the following, the brie�y
mentioned process shall be explained in more detail.

Discrete and uncorrelated standard normal distributed random variablesα∗
N =

[α∗
1,N , . . . , α

∗
i,N ] can easily be generated with corresponding generators available

in a wide variety of applications. The �rst major step is thereafter to correlate the
obtained variables. In image processing and statistics, the opposite is often re-
quested, for which the so-called Mahalanobis transformation can be applied [164]:

α∗ = Σ−1/2(α− µα), (C.58)

where α is a vector of correlated variables, µα is its corresponding mean, Σ−1/2

is the square root of the covariance matrix Σ from Equation (5.18) and α∗ are
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uncorrelated random variables. For convenience, standard normal distribution
variables are considered in this �rst step, resulting in α∗ = α∗

N . Hence, the mean
value is µα = 0 and the standard deviation is σα = 1. For a transformation to
correlated random parameters, Equation (C.58) can be reversed and simpli�ed to

αN = Σ1/2α∗
N . (C.59)

For Equation (C.59) the square root of the covariance matrix Σ is determined
as follows. First, Σ is decomposed into its eigenvalues λi and eigenvectors vi.
Generally, any square n×n matrix A with linearly independent eigenvectors can
be decomposed as

A = VΛV−1 (C.60)

where V is a square n × n matrix whose ith column is the eigenvector vi and
Λ = diag(λ1, . . . , λn) is a diagonal matrix with eigenvalues ofA. For a symmetric
and positive de�nite matrix, the decomposition can be written as follows:

A = VΛVT = LLT. (C.61)

De�ning matrix L to be
L = VΛ1/2 (C.62)

where Λ1/2 = diag(
√
λ1, . . . ,

√
λi) is a diagonal matrix containing the square root

of each eigenvalue. Consequently, the following can be stated

LLT = VΛ1/2
(
VΛ1/2

)T
= VΛ1/2Λ1/2VT = VΛVT = A. (C.63)

Hence, L is the square root of A resulting in

A1/2 = VΛ1/2 = Σ1/2, (C.64)

which can directly be applied to Equation (C.59).
The eigenvalue decomposition is related to the principal component analysis

(PCA), since it can be shown that principal components are eigenvectors of the
covariance matrix. This is useful, since the PCA states, that not all principal com-
ponents need to be kept. Hence, the amount of random variables can be reduced
by truncating the sorted eigenvalues after k terms. Stefanou [165] recommends a
minimum of k ≥ 128 eigenvalues. In this work, k is selected with respect to the
error on the diagonal, i.e. the variance error, which is determined as follows

max

(
| diag(Σ)− diag(VrΛrV

T
r )|

diag(Σ)

)
< 0.1% (C.65)

whereVr andΛr are the reduced sets of eigenvectors and eigenvalues, respectively.
To further increase the e�ciency of the random process, the expansion optimal

linear estimation method (EOLE) can be employed. This might be necessary in
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bigger models for which a decomposition becomes prohibitive costly to calculate
in terms of memory requirement and computation time. The principal concept
of EOLE is to perform the costly eigenvalue decomposition on a much coarser
grid and linearly interpolate on the targeted �ner grid. However, this was not
necessary for the considered examples and is thus not employed within this work.
The interested reader is referred to Sudret et al. [142] for more details.

The �nal step to obtain a discrete random �eld is to transform the correlated
variables to any desired distribution type. To achieve that, the so-called Rosen-
blatt transformation is employed [166]. The basic idea is to utilize the property
of any cumulative distribution function F . Random variables are projected onto
the normalized space and back again with di�erent F . In the particular case of
normal distributed data, the transformation is formulated as

α = F−1(Φ(αN)) (C.66)

where Φ is the CDF for a standard normal distribution and F can be any invertible
CDF.

C.4 Supplementary Figures and Tables

Within this section supplementary �gures and tables are listed.

Figure C.1: Worst-case stress positions and corresponding histograms based on
direct contour line perturbations of the FOSM optimized L-beam.
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(a) Contour variations based on the �ltered density �eld.

(b) Contour variations based on the regularized density �eld.

Figure C.2: Worst-case stress positions and corresponding histograms based on
threshold perturbations of the FOSM optimized L-beam.
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Figure C.3: Worst-case stress positions and corresponding histograms based on
direct contour line perturbations of the MCS optimized L-beam.

Table C.1: Numerical data for the study on adapted weighting factor with un-
certain material strength. Deterministic results optimized with reduced material
strength for di�erent aggregation parameters. Post-processing is performed for
the voxel model.

Optimization Voxel post-processing (n = 105)

pPN f , φV nopt qmax µSF σSF Q0.9987

10 0.323 1 2.10 0.724 0.065 1.00
10 0.324 1 2.10 0.724 0.065 1.01
12 0.303 1 2.10 0.732 0.063 1.01
14 0.283 1 2.10 0.753 0.061 1.02
15 0.282 1 2.10 0.759 0.059 1.02
16 0.279 1 2.10 0.770 0.059 1.02
18 0.272 1 2.10 0.784 0.059 1.05
20 0.267 1 2.10 0.788 0.059 1.05
22 0.265 1 2.09 0.794 0.059 1.06
24 0.268 1 2.10 0.817 0.060 1.09
25 0.281 1 2.10 0.806 0.060 1.07
26 0.270 1 2.10 0.806 0.059 1.07
28 0.275 1 2.12 0.841 0.061 1.11
30 0.271 1 2.10 0.842 0.061 1.12
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(a) Contour variations based on the �ltered density �eld.

(b) Contour variations based on the regularized density �eld.

Figure C.4: Worst-case stress positions and corresponding histograms based on
threshold perturbations of the MCS optimized L-beam.
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Table C.2: Numerical data for study on adapted weighting factor with uncertain
material strength. MCS results optimized for di�erent aggregation parameters,
varying sample size nopt and adapted weighting factor. Post-processing is per-
formed for the voxel model.

Optimization Voxel post-processing (n = 105)

pPN nopt f , φV c, µSF c, σSF qmax µSF σSF Q0.9987

10 1000 0.278 0.762 0.056 2.13 0.763 0.060 1.03
10 1000 0.265 0.787 0.058 2.19 0.791 0.061 1.07
10 1000 0.290 0.742 0.057 2.08 0.747 0.059 1.00
10 1000 0.263 0.795 0.058 2.20 0.797 0.062 1.07
10 2000 0.278 0.764 0.057 2.12 0.766 0.059 1.03
10 5000 0.290 0.742 0.057 2.07 0.743 0.058 1.00
10 5000 0.285 0.753 0.057 2.06 0.752 0.058 1.01
10 5000 0.290 0.737 0.057 2.06 0.739 0.057 0.99
10 5000 0.292 0.739 0.057 2.05 0.740 0.057 1.00
10 5000 0.297 0.732 0.056 2.01 0.731 0.057 0.98
10 8000 0.282 0.755 0.057 2.09 0.756 0.058 1.01
10 10000 0.288 0.734 0.058 2.05 0.737 0.057 0.99
10 10000 0.281 0.750 0.057 2.06 0.749 0.058 1.00
10 10000 0.290 0.740 0.057 2.05 0.740 0.057 0.99
10 10000 0.294 0.736 0.057 2.04 0.737 0.057 0.99
20 1000 0.276 0.790 0.054 2.06 0.791 0.058 1.05
20 1000 0.264 0.804 0.055 2.05 0.806 0.059 1.07
20 1000 0.283 0.787 0.053 2.01 0.787 0.057 1.04
20 1000 0.259 0.801 0.054 2.09 0.804 0.059 1.07
20 1000 0.273 0.772 0.054 1.99 0.773 0.056 1.03
20 1000 0.275 0.790 0.055 2.04 0.789 0.058 1.05
20 1000 0.298 0.734 0.053 1.88 0.734 0.053 0.97
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