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A B S T R A C T

This study proposes a novel approach based on the variational iteration method to solve the nonlinear
aggregation population balance equation. The approach provides great flexibility by allowing the selection of
appropriate linear operators and efficiently determining the Lagrange multiplier in the nonlinear aggregation
population balance equation. The mathematical derivation is supported by conducting a detailed convergence
analysis using the contraction mapping principle in the Banach space. Furthermore, error estimates for the
approximate solutions are derived, thereby improving our understanding of the accuracy and reliability of
the proposed method. To validate the new approach, the obtained solutions are compared with the exact
solutions for analytically tractable kernels. However, for more complex physically relevant kernels including
polymerization, Ruckenstein/Pulvermacher, and bilinear kernels, due to lack exact solutions, the obtained
series solutions corresponding to different initial conditions are verified against the finite volume scheme
(kumar et al., 2016). The outcomes illustrate that the proposed approach offers superior approximations of
number density functions with fewer terms and demonstrates higher accuracy over extended time domains
than the traditional variational iterative method. The new approach also has the tendency to capture the
zeroth and first order moments of the number density function with high precision.

1. Introduction

In recent decades, numerous real-life applications have encompassed a wide range of phenomena including the precipitation, formation of
raindrops, planetesimal formation, crystallization, granulation, and coagulation of red blood cells [1–5] is of great industrial and academic interest.
The dynamics of particles are effectively described using the population balance equation [6–8], which utilizes number density functions to quantify
the distribution of particles based on their volumes (sizes) within the entire population. The number density functions play a crucial role in providing
a comprehensive representation of the particle population. They offer a detailed analysis of the behaviour and evolution of particles over time.
By characterizing the distribution of particles based on their volumes, the number density function provides a thorough examination of how
the population grow or diminish over time. This information is invaluable for understanding the underlying dynamics, particle interactions, and
predictions about the future behaviour of the particulate system.

The primary objective of the present study is to observe the behaviour of particles within a system experiencing property changes as a result of
the aggregation process. Aggregation refers to the merging of two or more particles resulting in the formation of a larger particle. The continuous
aggregation population balance equation (APBE) is mathematically represented by a nonlinear integro-partial differential equation [9,10] given by

𝜕𝑦(𝑝, 𝑡)
𝜕𝑡

= 𝐚𝐠𝐠(𝑦)(𝑝, 𝑡) ∶= 𝐬𝐨𝐮𝐫𝐜𝐞(𝑦)(𝑝, 𝑡) −𝐬𝐢𝐧𝐤(𝑦)(𝑝, 𝑡), 𝑝 ∈ [0,∞), 𝑡 ∈ [0, 𝑇 ] (1)
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with an initial condition

𝑦(𝑝, 0) = 𝑦0(𝑝) ≥ 0, (2)

and the aggregation source and sink terms are

𝐬𝐨𝐮𝐫𝐜𝐞(𝑦)(𝑝, 𝑡) =
1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦(𝑝 − 𝑞, 𝑡)𝑦(𝑞, 𝑡)𝑑𝑞,

𝐬𝐢𝐧𝐤(𝑦)(𝑝, 𝑡) = ∫

∞

0
𝑙(𝑝, 𝑞)𝑦(𝑝, 𝑡)𝑦(𝑞, 𝑡)𝑑𝑞.

Here, 𝑦(𝑝, 𝑡) represents the number density distribution of the particles having particle property 𝑝 at time 𝑡. The source term in the equation accounts
for the birth of new particles with property 𝑝 through the merging of particles with properties 𝑝−𝑞 and 𝑞. On the other hand, the sink term represents
the death of particles with property 𝑝 as a result of their aggregation with particles possessing property 𝑞. The merging process is influenced by the
aggregation kernel 𝑙(𝑝, 𝑞), which determines the rate at which 𝑝 and 𝑞 particles combine to form particle of property 𝑝 + 𝑞. It is non negative and
symmetric in nature. The aggregation process leads to a decrease in the overall number of particles while maintaining a constant mass or volume
within the system.

Smoluchowski was the first who established this equation and formulated its solution for the constant aggregation kernel [11]. For the empirical
constant (𝑙(𝑝, 𝑞) = 1), sum (𝑙(𝑝, 𝑞) = 𝑝 + 𝑞) and product (𝑙(𝑝, 𝑞) = 𝑝𝑞) kernels, the analytical solutions exist in the literature (refer to [12–14] and
references therein). However, obtaining exact solutions for physically relevant kernels such as polymerization, Ruckenstein/Pulvermacher, and
Bilinear kernels in terms of number density functions remains a challenging and computationally expensive task. Some numerical approaches are
also available for tackling problems related to complex physically relevant kernels [15–25]. Although numerical approaches are useful for solving
these problems, they have restrictions due to the discretization or linearization of parameters such as grid size and time step that might change
the physical behaviour of the problem. Some other relevant methods available in the literature for similar type of nonlinear partial differential
equation or fraction differential equation including generalized shallow water wave equation, fractional zoomeron equation, and Zakhrov-Kuznetsov
equation can be found here [26–32].

Among several classes of methods, the semi-analytical approaches are free from many traits including mesh discretization, linearization, and sets
of basis functions. Several semi-analytical approaches have been utilized to construct series approximation solutions for the aggregation problem in
the past decade. Biazar et al. [33] obtained the series solution of (1) for the constant (𝑙(𝑝, 𝑞) = 1) and product (𝑙(𝑝, 𝑞) = 𝑝𝑞) kernel by using Homotopy
perturbation method (HPM). Later, Singh et al. [34] established the solution of a aggregation Eq. (1) using the Adomian decomposition method
(ADM) for the constant, product and sum (𝑙(𝑝, 𝑞) = 𝑝+ 𝑞) kernel. Moreover, Hasseinea et al. [35] conducted a comparative study among variational
iteration method (VIM), HPM and ADM for the product kernel and demonstrated that variational iteration and HPM are more efficient approaches
and do not require the calculation of the Adomian polynomials (typically involve complicated algebraic calculations). Kaur et al. [13] developed
the Homotopy perturbation method for approximating the solution of Eq. (1) for the constant, sum, product and Ruckenstein/Pulvermacher kernel
(𝑙(𝑝, 𝑞) = 𝑝2∕3 + 𝑞2∕3). Recently, Yadav et al. [36] addressed the missing convergence analysis of the homotopy analysis method (HAM) for solving
pure aggregation and pure fragmentation population balance equations and further extended the method to determine the series solutions for a
simultaneous aggregation-fragmentation (SAF) population balance equation. In [37], authors implemented the optimized decomposition method
to obtain the series solution and showed better accuracy than the ADM. Recently, Arora et al. [38] examined the variational iteration method and
optimal variational iterative method to solve the aggregation Eq. (1) in the series form. It was shown that while the accuracy improves to some
extent using the optimal variational iterative method but computing higher order terms of the truncated series consumes enormous CPU time.
Moreover, the optimal variational iterative method includes a convergence control parameter computed by minimizing the residual error, which
requires a large computational time as mentioned in [38].

One significant drawback of the existing semi-analytical approaches is their limited applicability to shorter time domains. As the time domain
extends, the accuracy of the obtained solutions deteriorates significantly, imposing restrictions on their practical applications. This limitation stems
from the inherent complexity of the underlying equations and the approximations made during the solution process. Consequently, these semi-
analytical approaches may not be suitable for studying long-term dynamics or processes that evolve over extended periods. Over the past few
decades, various modifications to VIM have been made including the hybrid spectral-variational iteration method for solving nonlinear equations
arising in heat transfer [39], an improved piecewise variational iteration approach for strongly nonlinear oscillators [40], and a piecewise spectral-
variational iteration method to solve astrophysical equations [41]. Soltani et al. [42] extended the traditional VIM and demonstrated substantial
improvement over the traditional VIM.

The goal of this study is to find the novel series solutions of the nonlinear aggregation equation using the modified variational iteration
method (MVIM). The MVIM offers tremendous flexibility in selecting linear operators for nonlinear equations and effectively identifies the Lagrange
multiplier. The testing of the new approach is done for both analytically tractable and physically relevant kernels. It will be shown that irrespective
of the complexity of the aggregation kernels, the proposed approach requires only a few series terms to capture the number density functions over
extended time and shows superior results than the traditional VIM. In addition, the proposed approach has the tendency to track integral properties
including zeroth and first order moments of the number density function with high precision.

The rest of the paper is organized as follows: we introduce the general methodologies of both VIM and MVIM along with the implementation
of these approaches on the nonlinear aggregation equation and obtain their Lagrange multiplier in Section 2. In Section 3, the convergence of the
MVIM for the aggregation equation is discussed in detail using the principle of contraction mapping. In Section 4, the testing of the MVIM is done
to demonstrate the advantages of employing the MVIM over the existing VIM. Finally, some concluding remarks and discussion will be done in the
last Section 5.

2. Semi analytical methods

This section is devoted to provide the mathematical formulations of both VIM and MVIM to approximate a nonlinear APBE (1). Before deriving
these, let us first discuss the fundamental principles of the VIM and MVIM for solving partial differential equations.
2
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2.1. Basic idea of VIM

Ji-Haun He [43] introduced a reliable and efficient VIM to tackle linear and nonlinear differential equations. Unlike standard numerical
approaches, VIM does not require any linearization, transformation, discretization, or perturbation. The concept of VIM is based on generating
a correction functional using a general Lagrange multiplier, and the multiplier’s value is chosen in such a way that its correction solution improves
the successive approximation. Now, to comprehend the basic idea of VIM, we consider the general partial differential equation of the following
form

[𝑦(𝑝, 𝑡)] + [𝑦(𝑝, 𝑡)] = ℎ(𝑝, 𝑡) with 𝑦(𝑝, 0) = 𝑔(𝑝), (3)

is considered. Here  and  are the linear and nonlinear operators, respectively and 𝑔(𝑝) is the known continuous function. Using the VIM, the
correction functional iteration is written as

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) + ∫

𝑡

0
𝜆(𝜂, 𝑡)[[𝑦𝑘(𝑝, 𝜂)] + [𝑦̃𝑘(𝑝, 𝜂)] − ℎ(𝑝, 𝜂)]𝑑𝜂. (4)

To find the optimal value of the general Lagrange multiplier 𝜆(𝜂, 𝑡), the restricted variation for nonlinear terms is considered, i.e., 𝛿 [𝑦̃𝑘] = 0.
ow, by assuming any selecting function that satisfies the initial condition and the Lagrange multiplier, it will be simple to obtain the subsequent
pproximations 𝑦𝑘(𝑝, 𝑡) of the solution 𝑦(𝑝, 𝑡). Furthermore, the exact solution may be found as

𝑦(𝑝, 𝑡) = lim
𝑘→∞

𝑦𝑘(𝑝, 𝑡). (5)

.1.1. VIM for aggregation equation
In this subsection, the mathematical formulation of the recently developed VIM [38] to solve an APBE (1) is provided. For deriving the expression

f VIM, the aggregation Eq. (1) can be rewritten in the following form:

[𝑦(𝑝, 𝑡)] + [𝑦(𝑝, 𝑡)] = 0, (6)

here,

[𝑦] = 𝜕𝑦
𝜕𝑡

,

and

 [𝑦] = −1
2 ∫

𝑝

0
𝑘(𝑝 − 𝑞, 𝑞)𝑦(𝑝 − 𝑞, 𝑡)𝑦(𝑞, 𝑡)𝑑𝑞 + ∫

∞

0
𝑘(𝑝, 𝑞)𝑦(𝑝, 𝑡)𝑦(𝑞, 𝑡)𝑑𝑞,

subject to an initial condition 𝑦(𝑝, 0) = 𝑔(𝑝). According to VIM, the correction functional can be constructed in the form

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) + ∫

𝑡

0
𝜆(𝜂, 𝑡)

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦̃𝑘(𝑝 − 𝑞, 𝜂)𝑦̃𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑙(𝑝, 𝑞)𝑦̃𝑘(𝑝, 𝜂)𝑦̃𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂, (7)

where 𝑦̃ is considered the restricted variation, that is, 𝛿(𝑦̃) = 0. The optimal value of 𝜆(𝜂, 𝑡) is identified via variational theory. Now, calculate
variation with respect to 𝑦𝑛 and we have the following stationary conditions 𝜆′(𝜂, 𝑡) = 0 and 1 + 𝜆(𝜂, 𝑡)|𝜂=𝑡 = 0 which yields 𝜆(𝜂, 𝑡) = −1. The
following iteration formula is obtained for VIM by substituting the identified multiplier into Eq. (7) as

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑙(𝑝, 𝑞)𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (8)

2.2. Basic idea of modified VIM

VIM has been intensively used to handle nonlinear problems, however, accuracy for a certain class of problems is always questionable. Here
we are adapting a MVIM [42] for solving a nonlinear APBE. This modified approach aims to tackle the limitations encountered in traditional VIM
when solving a nonlinear APBE. According to this, Eq. (3) can be rewritten as follows [44–47]:

[𝑦(𝑝, 𝑡)] +
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
∗[𝑦(𝑝, 𝑡)] − ∗[𝑦(𝑝, 𝑡)] + [𝑦(𝑝, 𝑡)] = ℎ(𝑝, 𝑡), (9)

where ∗[𝑦(𝑝, 𝑡)] denotes an arbitrary linear operator. Now, we can build a correction functional using [𝑦(𝑝, 𝑡)] +∗[𝑦(𝑝, 𝑡)] as a linear operator in
he following form

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) + ∫

𝑡

0
𝜆(𝜂, 𝑡)[[𝑦𝑘(𝑝, 𝜂)] + ∗[𝑦𝑘(𝑝, 𝜂)] − ∗[𝑦̃𝑘(𝑝, 𝜂)] + [𝑦̃𝑘(𝑝, 𝜂)] − ℎ(𝑝, 𝜂)]𝑑𝜂. (10)

Again, we consider the restricted variation for the nonlinear term, that is, 𝛿 [𝑦̃𝑘] = 0, 𝛿∗[𝑦̃𝑘] = 0 and obtain the optimal value of the Lagrange
multiplier, which is differs from the previous one. In addition, we can choose an arbitrary linear operator that allows us to identify the effective
Lagrange multiplier.
3
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2.2.1. MVIM for nonlinear aggregation equation

Now, let us derive the mathematical expression for the MVIM to approximate the solution of an aggregation Eq. (1). For the mathematical
expression of MVIM, assume ( + 𝐼) as a linear operator and ( − 𝐼) as a nonlinear operator. Thus, the correction functional can be constructed
in the form

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) + ∫

𝑡

0
𝜆(𝜂, 𝑡)

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

+ 𝑦𝑘(𝑝, 𝜂) −
1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦̃𝑘(𝑝 − 𝑞, 𝜂)𝑦̃𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑙(𝑝, 𝑞)𝑦̃𝑘(𝑝, 𝜂)𝑦̃𝑘(𝑞, 𝜂)𝑑𝑞 − 𝑦̃𝑘(𝑝, 𝜂)

]

𝑑𝜂. (11)

Again, 𝑦̃ is considered the restricted variation i.e. 𝛿(𝑦̃) = 0. Taking variation with respect to 𝑦𝑘 and we get the following stationary conditions
{

1 + 𝜆(𝜂, 𝑡)|𝜂=𝑡 = 0,
𝜆′(𝜂, 𝑡) − 𝜆(𝜂, 𝑡) = 0.

Thus, the Lagrange multiplier can be identified as 𝜆(𝜂, 𝑡) = −𝑒𝜂−𝑡. Now, by substituting the value of 𝜆(𝜂, 𝑡) in (11), we have obtained the iterative
formula for MVIM given by

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑙(𝑝, 𝑞)𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (12)

e can use 𝑦0 = 𝑔(𝑝) as the initial approximation to solve iteratively Eqs. (8) and (12). The exact solution may be obtained by using

𝑦(𝑝, 𝑡) = lim
𝑘→∞

𝑦𝑘(𝑝, 𝑡). (13)

. Convergence analysis

In this section, the fixed point theorem is used to establish the sufficient conditions for the convergence of sequence defined in (12) and the
aximum absolute error of the sequence is also estimated.

Consider the Banach space J = (([0, 𝑇 ] ∶ 𝐿1[0,∞), ‖.‖) with the norm

‖𝑦‖ = sup
𝑡∈[0,𝑇 ]∫

∞

0
|𝑦(𝑝, 𝑡)|𝑑𝑝, (14)

nd define the operator  ∶ J → J as

[𝑦] = −∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦(𝑝 − 𝑞, 𝜂)𝑦(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑙(𝑝, 𝑞)𝑦(𝑝, 𝜂)𝑦(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (15)

he components 𝑦𝑘 and 𝑧𝑘, for 𝑘 = 0, 1 are given by
{

𝑧0(𝑝) = 𝑦0(𝑝),
0(𝑝) = 𝑧0(𝑝),

nd
{

𝑧1(𝑝, 𝑡) = [𝑧0],
1(𝑝, 𝑡) = 𝑧0(𝑝) + 𝑧1(𝑝, 𝑡).

n general, for 𝑘 ≥ 2, we have
{

𝑧𝑘(𝑝, 𝑡) = [𝑧0 + 𝑧1 + 𝑧2 +…+ 𝑧𝑘−1],
𝑘(𝑝, 𝑡) = 𝑧0(𝑝) + 𝑧1(𝑝, 𝑡) +… + 𝑧𝑘(𝑝, 𝑡).

(16)

Therefore, as a result, we have 𝑦(𝑝, 𝑡) = lim𝑘→∞ 𝑦𝑘(𝑝, 𝑡) =
∑∞

𝑘=0 𝑧𝑘. If the initial condition is satisfied, we can freely choose 𝑧0 = 𝑦0. The proper
choice of the initial approximation 𝑧0 is essential to the method’s effectiveness. With the help of 𝑛th order truncated series ∑𝑛

𝑘=0 𝑧𝑘, we can
pproximate the solution 𝑦(𝑝, 𝑡) =

∑∞
𝑘=0 𝑧𝑘.

Theorem 3.1. Let  ∶ J → J be an operator defined over J. The series solution 𝑦(𝑝, 𝑡) =
∑∞

𝑘=0 𝑧𝑘 converges if there exists 0 < 𝜑 < 1, such that

[𝑧0 + 𝑧1 + 𝑧2 +⋯ + 𝑧𝑘]‖ ≤ 𝜑‖[𝑧0 + 𝑧1 + 𝑧2 +⋯ + 𝑧𝑘−1]‖, that is, 𝛽𝑘 ≤ 𝜑 for all 𝑘 ∈ N ∪ {0} where 𝛽𝑘 =

⎧

⎪

⎨

⎪

⎩

‖𝑧𝑘+1‖
‖𝑧𝑘‖

, ‖𝑧𝑘‖ ≠ 0

0, ‖𝑧𝑘‖ = 0.

roof. First, we have to show {𝑘}∞𝑘=0 is Cauchy sequence. For this reason, we consider

‖ − ‖ = ‖𝑧 ‖ ≤ 𝜑‖𝑧 ‖ ≤ 𝜑2
‖𝑧 ‖ ≤ ⋯ ≤ 𝜑𝑘+1

‖𝑧 ‖.
4

𝑘+1 𝑘 𝑘+1 𝑘 𝑘−1 0
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e
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T

W

Now, ∀ 𝑘 ≥ 𝑚, we have

‖𝑘 −𝑚‖ = ‖(𝑘 −𝑘−1) + (𝑘−1 −𝑘−2) +⋯ + (𝑚+1 −𝑚)‖

≤ ‖𝑘 −𝑘−1‖ + ‖𝑘−1 −𝑘−2‖ +⋯ + ‖𝑚+1 −𝑚‖

≤ 𝜑𝑘
‖𝑧0‖ + 𝜑𝑘−1

‖𝑧0‖ +…+ 𝜑𝑚+1
‖𝑧0‖

=
1 − 𝜑𝑘−𝑚

1 − 𝜑
𝜑𝑚+1

‖𝑧0‖. (17)

Thus, lim𝑚→∞ ‖𝑘 −𝑚‖ = 0, since 0 < 𝜑 < 1. As a result, the sequence {𝑘}∞𝑘−0 is Cauchy in Banach space, hence 𝑦(𝑝, 𝑡) =
∑∞

𝑘=0 𝑧𝑘 converges. □

Theorem 3.2. Consider 1 ≡ ( + 𝐼) as linear operator and 1 ≡ ( − 𝐼) as a nonlinear operator for MVIM and 𝑦(𝑝, 𝑡) =
∑∞

𝑘=0 𝑧𝑘, then 𝑦(𝑝, 𝑡) is the
xact solution of the nonlinear aggregation Eq. (6). In addition, if the approximated solution of Eq. (6) is given by the truncated series ∑𝑚

𝑘=0 𝑧𝑘(𝑝, 𝑡), then
he maximum error 𝑚 is determined as

𝑚 ≤ 1
1 − 𝜑

𝜑𝑚+1
‖𝑧0‖. (18)

Proof. If the series solution ∑∞
𝑘=0 𝑧𝑘(𝑝, 𝑡) converges then, we get lim𝑘→∞ 𝑧𝑘 = 0. Also, ∑𝑚

𝑘=0[𝑧𝑘+1 − 𝑧𝑘] = 𝑧𝑚+1 − 𝑧0.
Thus, we have ∑∞

𝑘=0[𝑧𝑘+1 − 𝑧𝑘] = lim𝑚→∞ 𝑧𝑚+1 − 𝑧0 = −𝑧0.
Now, by applying the linear operator 1 on both side, we get

∞
∑

𝑘=0
1[𝑧𝑘+1 − 𝑧𝑘] = −1[𝑧0] = −

[

𝜕
𝜕𝑡

+ 𝐼
]

𝑧0 = −𝑧0. (19)

Eq. (15) can be written as

[𝑦] = −∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦(𝑝, 𝜂)
𝜕𝜂

+ 𝑦(𝑝, 𝜂) − 1
2 ∫

𝑝

0
𝑙(𝑝 − 𝑞, 𝑞)𝑦(𝑝 − 𝑞, 𝜂)𝑦(𝑞, 𝜂)𝑑𝑞

+ ∫

∞

0
𝑙(𝑝, 𝑞)𝑦(𝑝, 𝜂)𝑦(𝑞, 𝜂)𝑑𝑞 − 𝑦(𝑝, 𝜂)

]

𝑑𝜂 = −∫

𝑡

0
𝑒𝜂−𝑡[1(𝑦) +1(𝑦)]𝑑𝜂. (20)

Now, from definition (16) and (20), we get

1[𝑧𝑘+1 − 𝑧𝑘] = 1[[𝑧0 + 𝑧1 + ⋅ + 𝑧𝑘] −[𝑧0 + 𝑧1 +⋯ + 𝑧𝑘−1]]

= 1

[

−∫

𝑡

0
𝑒𝜂−𝑡[1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘)]𝑑𝜂 + ∫

𝑡

0
𝑒𝜂−𝑡[1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘−1) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘−1)]𝑑𝜂

]

= 1

[

−∫

𝑡

0
𝑒𝜂−𝑡[1(𝑧𝑘) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘) −1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘−1)]𝑑𝜂

]

.

By substituting the value of operator 1 ≡
(

𝜕
𝜕𝑡

+ 𝐼
)

, we have

{

1[𝑧1 − 𝑧0] = −{1(𝑧0) + 2𝑧0},
1[𝑧𝑘+1 − 𝑧𝑘] = −{1(𝑧𝑘) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘) −1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑘−1)} for 𝑘 ≥ 1.

As a result, we have
𝑚
∑

𝑘=0
1[𝑧𝑘+1 − 𝑧𝑘] = −

{

1(𝑧0) + 2𝑧0

+ 1(𝑧1) +1(𝑧0 + 𝑧1) −1(𝑧0)

⋮

+ 1(𝑧𝑚−1) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑚−1) −1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑚−2)

+ 1(𝑧𝑚) +1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑚) −1(𝑧0 + 𝑧1 +⋯ + 𝑧𝑚−1)
}

.

hus, we have
∞
∑

𝑘=0
1[𝑧𝑘+1 − 𝑧𝑘] = −

[ ∞
∑

𝑘=0
𝑧𝑘

]

−
[ ∞
∑

𝑘=0
𝑧𝑘

]

− 𝑧0. (21)

e can see from (19) and (21) that 𝑦(𝑝, 𝑡) = ∑∞
𝑘=0 𝑧𝑘 is the solution of (6).

Let ∑𝑚
𝑘=0 𝑧𝑘 is the approximated solution of (6). From (17), we have

‖𝑘 −𝑚‖ ≤ 1 − 𝜑𝑘−𝑚

1 − 𝜑
𝜑𝑚+1

‖𝑧0‖.

As 𝑘 → ∞ then 𝑘 → 𝑦(𝑝, 𝑡). Thus, we get

𝑘 = ‖𝑦(𝑝, 𝑡) −
𝑚
∑

𝑘=0
𝑧𝑘‖ ≤ 1

1 − 𝜑
𝜑𝑚+1

‖𝑧0‖.

Since 0 < 𝜑 < 1, thus 1 − 𝜑𝑘−𝑚 < 1. This completes the proof. □
5
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4. Numerical results

In this section, we test the accuracy of the proposed approach (MVIM) for an aggregation equation by applying it to various physically relevant
and analytically tractable kernels. The series solution obtained by MVIM is compared with the recent work of Arora et al. [38] on VIM and exact
solutions for analytically tractable kernels. Due to the non-availability of the exact solutions for the physically relevant kernels, the testing of MVIM
is done against the finite volume scheme [48]. We also calculate the integral moments of the number density function which is important to access
the important properties of the system. Mathematically, they can be calculated by the following relation:

𝜇𝑗 = ∫

∞

0
𝑝𝑗 𝑦(𝑝, 𝑡) 𝑑𝑝 𝑗 = 0, 1,… . (22)

The zeroth (𝜇0) and first (𝜇1) order moments represent the total number and total mass of the particles in the system, respectively.

Additionally, to verify the accuracy of iterative methods, the truncation error (𝜎) between the exact solution 𝑦(𝑝, 𝑡) and approximate solution
𝑘(𝑝, 𝑡) is evaluated by using the following relation [34]:

𝜎 =
1000
∑

𝑗=1
|𝑦𝑗𝑘 − 𝑦𝑗 |ℎ𝑗 , (23)

where 𝑦𝑗𝑘 = 𝑦𝑘(𝑝𝑗 , 𝑡), 𝑦𝑗 = 𝑦(𝑝𝑗 , 𝑡). First, we divide the interval ]0,∞[ into 1000 (chose randomly) intervals [𝑝𝑗− 1
2
, 𝑝𝑗+ 1

2
] for 𝑗 = 0, 1,… , 1000. Now,

𝑗 = 𝑝𝑗− 1
2
− 𝑝𝑗+ 1

2
and 𝑝𝑗 =

𝑝
𝑗− 1

2
+𝑝

𝑗+ 1
2

2 is the midpoint of the interval. All simulations are performed on an Intel Core i7-1255U CPU at 1.70 GHz
with 16.00 GB of RAM using MATLAB R2019a software.

Example 4.1. Consider the constant kernel 𝑙(𝑝, 𝑞) = 1 for Eqs. (1)–(2) with an exponential initial distribution 𝑦0(𝑝) = 𝑒−𝑝.

The constant kernel has been used to simulate protein aggregation and other biomolecule aggregation during biopharmaceutical manufacturing
nd formulation [49]. For the constant kernel, the iterative formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (24)

As a result, the first few iterations are determined as

𝑦1(𝑝, 𝑡) = e−𝑝
(

1 +
(𝑝 − 2) (1 − e−𝑡)

2

)

,

𝑦2(𝑝, 𝑡) = e−𝑝
(

𝑝
4
+

𝑝3

48
+ e−𝑡

(

𝑡
2
+

(𝑝 − 2)
2

−
𝑝2

4
+

𝑝2𝑡
4

−
𝑝3𝑡
24

−
𝑝𝑡
2

)

+ e−2𝑡
(

1
2
−

3𝑝
4

+
𝑝2

4
−

𝑝3

48

))

,

𝑦3(𝑝, 𝑡) = e−𝑝
(

1 −
11𝑝
32

+
(𝑝 − 2)

2
+

7𝑝3

384
+

𝑝5

3840
+

𝑝7

645120
+ e−𝑡

(

− 55
192

+
7𝑝
96

− 3𝑡
16

+
11𝑝2

384
+

95𝑝3

1152
−

97𝑝4

4608
+

13𝑝5

11520
+

19𝑝6

138240
+

19𝑝7

1935360
+ 5𝑡2

32

− 1
2
−

3𝑝𝑡2

16
−

11𝑝2𝑡
32

+
5𝑝3𝑡
96

−
𝑝4𝑡
384

+
𝑝5𝑡
1920

−
𝑝6𝑡

11520
+ 𝑝 + 𝑡

2
+

7𝑝2𝑡2

64
−

5𝑝3𝑡2

192
+

𝑝4𝑡2

256
−

𝑝5𝑡2

1920
+

𝑝6𝑡2

23040
−

𝑝7𝑡2

322560
−

(𝑝 − 2)
2

−
𝑝2

4
+

11𝑝𝑡
16

+
𝑝2𝑡
4

−
𝑝3𝑡
24

−
𝑝𝑡
2

)

+ e−2𝑡
(

1
16

+
𝑝
2
+ 5𝑡

8
−

9𝑝2

32
−

7𝑝3

192
+

7𝑝4

384
−

𝑝5

960
+

𝑝6

11520
−

𝑝7

107520
+ 𝑡2

8
+ 1

2
−

𝑝𝑡2

4
+

7𝑝2𝑡
16

−
𝑝3𝑡
8

+
𝑝4𝑡
64

−
𝑝5𝑡
960

+
𝑝6𝑡
5760

−
𝑝7𝑡

80640
−

3𝑝
4

+
3𝑝2𝑡2

16
−

7𝑝3𝑡2

96
+

𝑝4𝑡2

64
−

𝑝5𝑡2

480
+

𝑝6𝑡2

5760
+

𝑝2

4
−

𝑝7𝑡2

161280
−

𝑝3

48
−

7𝑝𝑡
8

)

+ e−3𝑡
(

13
64

−
13𝑝
32

+ 3𝑡
32

+
23𝑝2

128
−

5𝑝3

384
−

5𝑝4

1536

+
𝑝5

3840
+

𝑝6

46080
−

𝑝7

645120
+

13𝑝2𝑡
64

−
5𝑝3𝑡
64

+
13𝑝4𝑡
768

−
𝑝5𝑡
480

+
𝑝6𝑡
7680

−
𝑝7𝑡

322560
−

𝑝𝑡
4

)

+ e−4𝑡
(

1
48

−
7𝑝
96

+
7𝑝2

96
−

35𝑝3

1152
+

7𝑝4

1152
−

7𝑝5

11520

+
𝑝6

34560
−

𝑝7

1935360

))

,

and so on. The exact solution of (1) with constant kernel [50] is given by

𝑦(𝑝, 𝑡) =
4 exp

(

−
2𝑝
2 + 𝑡

)

(2 + 𝑡)2
. (25)

Fig. 1 shows a comparison of the fifth iterative term derived using HAM [36], VIM [38] and MVIM with the exact solutions (25). It can be
bserved that for a short time domain (ends with 𝑡 = 0.85), VIM, HAM and MVIM coincide with the exact solution, but for a longer time domain

(ends with 𝑡 = 4), the MVIM is more accurate than both VIM and HAM (see Fig. 1(a)). It is worth mentioning that the existing VIM and HAM
captures the solution accurately by consuming five series terms till time 𝑡 = 1 [13,38] whereas the MVIM captures the result with higher precision
till time 𝑡 = 4 using the same series terms. Among VIM and HAM, HAM performs better than the VIM for the longer time domain. Moreover, the
new approach capture the zeroth and first order moments more accurately than the VIM as demonstrated in Fig. 1(b). For different values of 𝑘,
the truncation error (23) is determined for 𝑡 = 4 and 𝑝 ∈ [0, 10] in Table 1. One can observe that the error decreases as the number of series terms
(𝑘) increases, and the MVIM provided lesser truncation error than both VIM and HAM.
6
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Fig. 1. Comparison between VIM, HAM, MVIM and exact solutions for constant kernel with 𝑦0 = 𝑒−𝑝 at time 𝑡 = 0.85 and 𝑡 = 4.

Table 1
Truncation error for constant kernel at 𝑡 = 4 and 𝑝 ∈ [0, 10].
k 𝑘 = 2 𝑘 = 3 𝑘 = 4 𝑘 = 5

VIM 0.94732 0.59636 0.25925 0.11228
HAM 0.38310 0.22265 0.12380 0.06546
MVIM 0.12841 0.061132 0.028116 0.012273

Table 2
Truncation error for sum kernel at 𝑡 = 2 and 𝑝 ∈ [0, 10].
k 𝑘 = 2 𝑘 = 3 𝑘 = 4

VIM 2.92243 2.90527 2.76710
OVIM 0.222678 0.181348 0.130519
MVIM 0.20460 0.051121 0.019209

Example 4.2. Consider the sum kernel 𝑙(𝑝, 𝑞) = 𝑝 + 𝑞 for the Eqs. (1)–(2) with exponential initial distribution 𝑦0(𝑝) = 𝑒−𝑝.

The sum kernel is used to model the aggregation and coagulation of atmospheric particles such as dust soot, and aerosols [51]. The exact
solution of aggregation Eq. (1) for a sum kernel [52] is given by

𝑦(𝑝, 𝑡) =
(1 − 𝜎(𝑡))𝑒−(1+𝜎(𝑡))𝑝

𝑝
√

𝜎(𝑡)
1(2𝑝

√

𝜎(𝑡)), (26)

where, (𝑡) is the modified Bessel function of the first kind and 𝜎(𝑡) = 1 − 𝑒−𝑡. For the sum kernel, the iterative formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
𝑝𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
(𝑝 + 𝑞)𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (27)

By using the above relation, we get the following iterations

𝑦1(𝑝, 𝑡) = e−𝑝
(

1 −
e−𝑡

(

e𝑡 − 1
) (

−𝑝2 + 2 𝑝 + 2
)

2

)

,

𝑦2(𝑝, 𝑡) = e−𝑝
(

1 + 𝑝 −
𝑝2

2
+

𝑝4

12
−

𝑝5

24
+

𝑝6

240
+ e−𝑡

(

−2𝑝 + 𝑡𝑝2 − 𝑡𝑝3 +
𝑡𝑝5

12
−

𝑡𝑝6

120
+ 𝑝3 −

𝑝4

6

)

+ e−2𝑡
(

𝑝 +
𝑝2

2
− 𝑝3 +

𝑝4

12
+

𝑝5

24
−

𝑝6

240

)

−
(1 − e−𝑡)(−𝑝2 + 2𝑝 + 2)

2

)

,

and so on. In Fig. 2, the exact solution (26) and the numerical solution obtained by VIM, OVIM [38] and MVIM using four series terms for the
sum kernel have been plotted. MVIM provides excellent agreement with the exact solution while OVIM and VIM show deviation from the exact
solution (refer to Fig. 2(a)) and possibly requires more series terms to find an accurate solution that leads to high computational cost. In addition,
the normalized moments estimated by the MVIM show higher accuracy than the VIM as demonstrated in Fig. 2(b). In Table 2, the truncation errors
between the exact and numerical solutions are summarized for different order of series terms 𝑘 with a range of 𝑝 ∈ [0, 10] at 𝑡 = 2 for the sum
kernel. Once again, MVIM proved to be a better approach in estimating errors for different series term solutions than both VIM and HAM.

Example 4.3. Consider the polymerization kernel 𝑙(𝑝, 𝑞) = (𝑝
1
3 + 𝑐)(𝑞

1
3 + 𝑐) with 𝑐 = 0 for the Eqs. (1)–(2) with an exponential initial distribution

𝑦0(𝑝) = 𝑒−𝑝 and gamma initial distribution 𝑦0(𝑝) = 4𝑝𝑒−2𝑝.

The polymerization kernel has been used in solving problems arise related to emulsion polymerization and particle formation in combustion
processes [53]. The analytical (exact) solution for the polymerization kernel is not available in the literature, thus the result are compared with
7
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Fig. 2. Comparison between VIM, OVIM, MVIM and exact solution for sum kernel with 𝑦0 = 𝑒−𝑝 at time 𝑡 = 2.

the finite volume scheme [48] to test the accuracy of the MVIM. For the polymerization kernel, the iterative formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
(𝑝 − 𝑞)

1
3 𝑞

1
3 𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + 𝑝

1
3
∫

∞

0
𝑞

1
3 𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (28)

By using the above relation and exponential initial distribution 𝑦0(𝑝) = 𝑒−𝑝, we get the following iterations

𝑦1(𝑝, 𝑡) = 𝑒−𝑝
⎛

⎜

⎜

⎜

⎝

1 −
21∕3𝑒−𝑝(𝑒𝑡 − 1)

√

𝜋𝑝1∕3
(
√

3𝜋𝑝−4∕3 − 10𝛤 (−2∕3)2
)

5𝛤 (−1∕6)𝛤 (2∕3)

⎞

⎟

⎟

⎟

⎠

,

𝑦2(𝑝, 𝑡) = 𝑒−𝑝
(

1 −
4𝜋𝑝1∕3(1 − 𝑒−𝑡)

9
√

3
+

𝜋2𝑝2(1 − 𝑒−𝑡)
9𝛤 (−4∕3)

+
81𝜋3𝑝2(𝑒−2𝑡 − 1)

(

120 − 𝑝𝜄𝜏3
)

21∕34000𝛤 (−4∕3)2𝛤 (−1∕6)2
+

𝜋3∕2(𝑒−𝑡 − 1)
5𝛤 (−1∕6)𝛤 (−4∕3)

+
27𝜋5∕2𝑝2∕3

𝛤 (−1∕6)𝛤 (−4∕3)2
(

(2𝑒−2𝑡 − 2 − 𝑝4∕3(𝑒−𝑡 − 1))
25∕310

−
27𝑝3(𝑒−2𝑡 − 1)

22∕38000

)

+
27∕3𝜋3∕2𝑝2∕3(𝑒−𝑡 − 1)

3
√

3𝛤 (−1∕6)

(

21∕3𝜋𝑝2 +
243

√

3𝑝10∕3

280
−

9
√

3𝑝1∕3(1 + 𝑝4∕3)
22∕3

+
21∕3

√

3𝜋3∕2𝑝5∕3

5𝛤 (−1∕6)𝛤 (2∕3)

)

+
27

√

3(𝑒−2𝑡 − 1)𝛤 (7∕6)2𝑝11∕3

21∕3(2200)
−

27∕3
√

𝜋𝑝1∕3𝛤 (2∕3)(𝑒−𝑡 − 1)
𝛤 (−1∕6)

−
𝜋𝑝7∕3𝛤 (5∕3)(𝑒−2𝑡 − 1)

14
√

3
+ 𝛤 (7∕3)𝑝1∕3

(

3(𝑒−𝑡 − 1)
4

+
𝜋𝑝1∕3(𝑒2𝑡 − 1)

3
√

3

)

+ 𝑡𝑒−𝑡
(

−4𝜋𝑝1∕3

9
√

3
+

𝜋2𝑝2

9𝛤 (−4∕3)
+

27∕3𝜋3∕2𝑝2∕3

3
√

3𝛤 (−1∕6)
+

27𝜋5∕2𝑝2∕3

22∕35𝛤 (−1∕6)𝛤 (−4∕3)2

(

1 −
𝑝4∕3

4
−

27𝑝3

880

)

+
𝜋3∕2𝑝1∕3

22∕35𝛤 (−1∕6)𝛤 (−4∕3)

(

9
√

3
( 𝑝4∕3

2
− 1

)

+ 4𝜋𝑝5∕3 +
243

√

3𝑝3

280

)

+
𝜋𝛤 (5∕3)𝑝7∕3

7
√

3
+

3𝑝1∕3𝛤 (7∕3)
4

+
27

√

3𝛤 (7∕6)2𝑝11∕3

21∕31100
+

2𝜋𝑝2∕3

3
√

3
+

𝜋3𝑝2𝛤 (−1∕6)2

21∕350𝛤 (−4∕3)2

(

243 −
81𝑝3

40

)))

.

The results obtained by VIM and MVIM using two series terms of the truncated series at different times are compared with the finite volume
scheme (FVS) in Fig. 3. It can be seen that both VIM and MVIM coincide with the solution of FVS for a short time 𝑡 = 0.31, however, for a longer
time 𝑡 = 1.5, MVIM outperforms VIM and the result overlaps with the exact solution (see Fig. 3(a)). It is worth mentioning that the MVIM took
only 86𝑠 CPU time for obtaining the solutions. The accuracy of the VIM can be improved to the desired level by considering more series terms in
the truncated series, but at a high computational cost. In addition, the zeroth and first order moments which play significant role in computing
the total number and total volume in the system are very well captured by MVIM compared to traditional VIM.

Now, the new series solutions of the polymerization kernel with gamma initial distribution 𝑦0(𝑝) = 4𝑝𝑒−2𝑝 are obtained. Following the same
procedure, we get the following iterations

𝑦1(𝑝, 𝑡) = 4𝑒−2𝑝𝑝
(

1 −
8(1 − 𝑒−𝑝)

√

𝜋𝑝1∕3(21∕39
√

3𝜋𝑝7∕3 + 55𝛤 (−1∕3)𝛤 (2∕3))
495𝛤 (−1∕6)𝛤 (2∕3)

)

,

𝑦2(𝑝, 𝑡) = 8𝑒−2𝑝𝑝
(

1
2
+ 21∕3(1 − 𝑒−𝑡)

√

𝜋𝑝1∕3
(22∕35

√

𝜋

81
√

3
+

80𝜋3∕221∕3𝑝8∕3

2187𝛤 (−1∕3)
+

8748
√

3𝜋𝑝5

475475𝛤 (−1∕3)𝛤 (−1∕6)
−

24∕3𝛤 (1∕3)

9
√

𝜋
−

36
√

3𝜋
55𝛤 (−1∕3)𝛤 (−1∕6)

−
6𝑝7∕3𝛤 (1∕3)
55𝛤 (−1∕6)

−
4𝜋𝑝7∕3

55𝛤 (−1∕6)𝛤 (2∕3)
+

16
√

𝜋𝑝8∕3𝛤 (1∕3)

55
√

3𝛤 (−1∕6)
−

25∕3𝛤 (−1∕3)
9𝛤 (−1∕6)

+
2𝑝1∕3𝛤 (1∕3)2

81
√

𝜋

)

+ 𝑝2∕3𝜋2(1 − 𝑒−2𝑝)
(

−
3888

√

321∕3𝑝5

359975

−
2592𝜋22∕3𝑝7∕3

3025𝛤 (1 − ∕3)2𝛤 (−1∕6)2
+

32
√

321∕3

55
+

32
√

𝜋21∕3𝑝7∕3

297𝛤 (1 − ∕3)𝛤 (−1∕6)
+

21∕380𝑝8∕3

7371𝛤 (1∕3)
−

22∕340𝛤 (1∕3)

729
√

3𝜋

)

+ 𝑒−𝑡
(

−
22∕380𝜋𝑝4

2187𝛤 (−1∕3)
−

20𝑝4∕3

81
√

3

+
31∕332

√

3𝜋𝑝5∕3
2

(

2 −
245𝑝5

))

−
22∕3192𝜋2𝑝4

(

𝑝5 − 945
)

2 2
+

21∕3𝑝
√

(

64𝜋𝑝3
−

12
√

3𝑝1∕3
(

𝑝7∕3 − 3 +
729𝑝5

))
8

55𝛤 (−1∕6) 6545 3025 ∗ 35𝛤 (−1∕3) 𝛤 (−1∕6) 𝜋𝛤 (−1∕3)𝛤 (−1∕6) 297 55 8645
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Fig. 3. Testing of VIM, MVIM and FVS solution for Polymerization kernel with 𝑦0 = 𝑒−𝑝 at time 𝑡 = 0.31 and 𝑡 = 1.5.

Fig. 4. Testing of VIM, MVIM and FVS solution for Polymerization kernel with 𝑦0 = 4𝑝𝑒−2𝑝 at time 𝑡 = 0.31 and 𝑡 = 1.5.

−
21∕3160𝑝13∕3

7371𝛤 (1∕3)
+

22∕3𝛤 (1∕3)𝑝4∕3

9𝜋2

(

1 +
80𝜋𝑝1∕3

81
√

3

)

−
27∕3𝑝2

𝜋2

(

𝑝2∕3𝛤 (1∕3)2

81
+

4𝜋𝑝2𝛤 (7∕6)

55
√

3𝛤 (−1∕6)

)

)

.

Similar to the previous case, the VIM and MVIM solutions obtained using two terms of the truncated series are compared against the FVS
solution at 𝑡 = 0.31 and 𝑡 = 1.5 for the polymerization kernel with 𝑦0 = 4𝑝𝑒−2𝑝 in Fig. 4. MVIM solution took only 48𝑠 CPU time for finding the
solution and shows excellent agreement with the FVS solution over VIM for both shorter and longer times as depicted in Fig. 4(a). Furthermore,
MVIM computed the zeroth and first order moment (plotted in Fig. 4(b)) more accurately than VIM. This illustrates that the MVIM has the tendency
to capture the longer time solutions as well as moments by consuming few terms of the truncated series.

Example 4.4. Consider the Pulvermacher aggregation kernel 𝑙(𝑝, 𝑞) = 𝑝
2
3 + 𝑞

2
3 for the Eqs. (1)–(2) with ICs 𝑦0(𝑝) = 𝑒−𝑝 and 𝑦0(𝑝) = 4𝑝𝑒−2𝑝.

This kernel has been used in modelling different processes that occur in materials science, chemical engineering and aerosol science [54]. The
exam solution for polymerization kernel does not exist in the literature.

For the Pulvermacher kernel, the iterative formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
((𝑝 − 𝑞)

2
3 + 𝑞

2
3 )𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
(𝑝

2
3 + 𝑞

2
3 )𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (29)

By using the above relation with exponential initial distribution 𝑦0(𝑝) = 𝑒−𝑝, we get the following iterations

𝑦1(𝑝, 𝑡) = 𝑒−𝑝
(

1 +
(1 − 𝑒−𝑡(𝑝2∕3(3𝑝 − 5) − 5𝛤 (5∕3)))

5

)

,

𝑦2(𝑝, 𝑡) = 𝑒−𝑝
(

1 + (𝑒−𝑡 − 1)
(

2𝑝2∕3 − 𝑝4∕3 −
6𝑝5∕3

+
36𝑝7∕3

−
9𝑝10∕3

)

−
(𝑒−2𝑡 − 1)𝜋𝑝3

√

(

8 −
8𝑝

+
14𝑝2

+

√

3𝑝1∕3𝛤 (−1∕3)
)

9

5 35 50 3 81 135 2025 50𝜋
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Fig. 5. Comparison between VIM, MVIM and FVS solution for Pulvermacher kernel with 𝑦0 = 𝑒−𝑝 at time 𝑡 = 0.32 and 𝑡 = 1.5.

+
22∕3𝛤 (5∕6)𝑝7∕3

√

3𝜋(10 − 3𝑝)((𝑒−𝑡 − 1) + 𝛤 (5∕3)(𝑒−2𝑡 − 1))
70𝛤 (1∕3)

+ (𝑒−𝑡 − 1)𝛤 (5∕3)
(

2 − 3𝑝2∕3 +
9𝑝5∕3

5
− 2𝛤 (5∕3) +

2𝛤 (7∕3)
5𝛤 (5∕3)

)

+ (𝑒−2𝑡 − 1)

𝛤 (5∕3)𝑝2∕3
(

𝑝2∕3
(

1 −
36𝑝
35

+
9𝑝2

100

)

+ 2𝛤 (5∕3)
(

1 −
6𝑝
5

+ 𝛤 (5∕3)
)

−
2𝛤 (7∕3)
5𝛤 (5∕3)

(

1 −
3𝑝
5

+ 𝛤 (5∕3)
))

+ 𝑡𝑒−𝑡
(

𝑝2∕3
(

1 − 𝑝2∕3 −
3𝑝
5

+
36𝑝5∕3

35
−

9𝑝8∕3

50

)

−
𝜋𝑝3
√

3

(

16
81

−
16𝑝
135

+
28𝑝2

2025

)

+
22∕3

√

3𝜋𝑝7∕3𝛤 (5∕6)
7𝛤 (1∕3)

(

1 −
6𝑝
5

+
𝛤 (5∕3)(10 − 3𝑝)

5

)

+ 𝛤 (5∕3)
(

1 − 3𝑝2∕3 + 2𝑝4∕3

+
9𝑝5∕3

5
−

72𝑝7∕3

35
+

9𝑝10∕3

25

)

− 2𝛤 (5∕3)2
(

1 − 2𝑝2∕3 +
6𝑝5∕3

5
− 𝛤 (5∕3) +

4𝛤 (7∕3)
5

)

+ 𝛤 (7∕3)
(

2
5
−

4𝑝2∕3

5
+

12𝑝5∕3

25

)))

.

The comparison of the second iterative term of VIM and MVIM with the FVS solution for the Pulvermacher kernel is shown in Fig. 5. One can
see that both VIM and MVIM agree with the FVS solution for short periods of time 𝑡 = 0.32, however for longer time as 𝑡 = 1.5, MVIM leads to a
powerful technique that predicts results with high accuracy than VIM. Moreover, only 52𝑠 CPU time required to obtained the MVIM solution for
the complex Pulvermacher aggregation kernel.

Now, we consider the Pulvermacher kernel for the Eqs. (1)–(2) with initial gamma distribution 𝑦0(𝑝) = 4𝑒−2𝑝𝑝. By using (29), we get the following
iterations

𝑦1(𝑝, 𝑡) = 𝑒−2𝑝
(

4𝑝 +
(2𝑝)4∕3(1 − 𝑒−𝑡)(−22𝑝1∕3 + 9𝑝7∕3 − 11𝛤 (8∕3))

11

)

,

𝑦2(𝑝, 𝑡) = 𝑒−2𝑝𝑝
(

4 + (1 − 𝑒−𝑡)
(

4𝑝7∕3 − 8𝑝5∕3 +
36𝑝11∕3

11
−

1962𝑝13∕3

715
+

81𝑝19∕3

418
−

3𝑝𝛤 (11∕3)(1 − 3𝑝2∕3)
25∕3

−
22∕310

√

3𝜋𝑝13∕3𝛤 (5∕6)(76 − 9𝑝2)
1729𝛤 (1∕3)

− 24∕3𝑝𝛤 (8∕3)(1 − 21∕3𝛤 (8∕3)) −
27𝑝11∕3𝛤 (11∕3)

22∕344
−

63𝑝𝛤 (13∕3)
22∕3220

)

+ (1 − 𝑒−2𝑡)
(

980𝜋𝑝

891
√

3
+

16𝜋𝑝5

729
√

3

(

14 −
109𝑝2

33
+

65𝑝4

594

)

−
22∕372

√

3𝑝19∕3𝛤 (11∕6)2

1729
+ 22∕3𝑝5∕3𝛤 (8∕3)2

(

−2 +
9𝑝2

11
+

21∕327𝑝8∕3

91
√

𝜋𝛤 (5∕6)−1

)

− 𝑝𝛤 (8∕3)3 −
3𝑝7∕3𝛤 (11∕3)(22 − 9𝑝2)

22∕344
+

63𝑝5∕3𝛤 (13∕3)(22 − 9𝑝2)
21∕34840

)

+ 𝑡𝑒−𝑡
(

−
1960𝜋𝑝

891
√

3
+ 4𝑝5∕3(1 − 𝑝2∕3) −

18𝑝11∕3
(

65 − 109𝑝2∕3
)

715
−

4𝜋𝑝5

729
√

3

(

111 −
872𝑝2

33
+

280𝑝4

297

)

−

81𝑝19∕3

418
+

21∕3𝜋𝑝11∕3
√

3𝛤 (1∕3)

(

40
11

−
32𝑝2∕3

13

)

+
30

√

3𝜋𝑝19∕3

209𝛤 (1∕3)
+

22∕310
√

3𝜋𝑝13∕3𝛤 (5∕6)(190 − 9𝑝2)
1729𝛤 (1∕3)

+
22∕3144

√

3𝑝19∕3𝛤 (11∕6)2

1729
− 25∕3𝑝𝛤 (8∕3)2

(

1 − 2𝑝2∕3 +
9𝑝8∕3

11
+

54𝑝10∕3𝛤 (5∕6)

22∕391
√

𝜋
−

𝛤 (8∕3)
22∕3

)

+
3𝑝
25∕3

𝛤 (11∕3)
(

1 − 3𝑝2∕3 + 2𝑝4∕3 +
9𝑝8∕3

22
−

9𝑝10∕3

11

)

+
63𝑝𝛤13∕3
21∕3220

(

1
2
− 𝑝2∕3 +

9𝑝8∕3

22

)))

.

Fig. 6 shows the comparison of FVS against the VIM and MVIM for the Pulvermacher kernel. One again, for short time intervals of 𝑡 = 0.32, the
results estimated by both VIM and MVIM match well with FVS. However for longer time 𝑡 = 1.5, MVIM yields more accurate results than VIM by
consuming 240𝑠 CPU time. This results show that not the analytically tractable kernels (sum and product kernels), this approach has the tendency
to capture the series solution accurately by consuming fewer series terms for the physically relevant kernels. This demonstrates that the MVIM is
very effective in handling complex structured kernels that have been used to model real-life applications including granulation and crystallization
processes within chemical and pharmaceutical sciences.

Example 4.5. Consider the product kernel for the Eqs. (1)–(2), that is, 𝑙(𝑝, 𝑞) = 𝑝𝑞 with exponential initial distribution 𝑦 (𝑝) = 𝑒−𝑝 and 𝑦 (𝑝) = 𝑒−𝑝∕𝑝.
10

0 0
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Fig. 6. Comparison between VIM, MVIM and FVS solution for Pulvermacher kernel on semilog scale with 𝑦0 = 4𝑝𝑒−2𝑝 at time 𝑡 = 0.32 and 𝑡 = 1.5.

Fig. 7. Comparison between VIM, MVIM and analytic solution for product kernel with 𝑦0 = 𝑒−𝑝 at time 𝑡 = 1.

The product kernel has been used in the past for tracking the dynamics of the casein micelles during enzymic coagulation while cheese
manufacturing in the dairy processes [55]. For the product kernel, the iterative formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
(𝑝 − 𝑞)𝑞𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + 𝑝∫

∞

0
𝑞𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂. (30)

For the product kernel with initial iteration 𝑦0(𝑝) = 𝑒−𝑝, from (30) we get the following iterations

𝑦1(𝑝, 𝑡) = e−𝑝
(

1 + 𝑝(e−𝑡 − 1) −
𝑝3(e−𝑡 − 1)

12

)

,

𝑦2(𝑝, 𝑡) = e−2𝑝
(

1 − 2𝑝 + 𝑝2 +
𝑝3

6
−

𝑝4

6
+

𝑝5

60
+

𝑝6

360
−

𝑝7

1260
+

𝑝9

181440
+ e−𝑡

(

𝑝 − 𝑝2(1 + 𝑡) −
𝑝3

12
+

𝑝4

6
−

𝑝6

360
−

𝑝3𝑡
12

+
𝑝4𝑡
6

−
𝑝5𝑡
30

−
𝑝6𝑡
360

+
𝑝7𝑡
630

−
𝑝9𝑡

90720
+ 𝑝𝑡 + 𝑝 −

𝑝3

12

)

+ e−2𝑡
(

𝑝7

1260
−

𝑝5

60
−

𝑝9

181440

) )

,

and so on. The exact solution for product kernel with 𝑦0(𝑝) = 𝑒−𝑝 is as follow [56]:

𝑦(𝑝, 𝑡) = 𝑒−(𝑡+1)𝑝
∞
∑

𝑘=0

𝑡𝑘𝑝3𝑘

(𝑘 + 1)!𝛤 (2𝑘 + 2)
. (31)

The computed 𝛽𝑖’s for the product kernel are as follows [45,57]:

𝛽1 =
‖𝑧1‖ =

‖𝑦2 − 𝑦1‖ = 0.46230
11

‖𝑧0‖ ‖𝑦1 − 𝑦0‖
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Table 3
Truncation error for product kernel at 𝑡 = 1 and 𝑝 ∈ [0, 7].
k 𝑘 = 2 𝑘 = 3 𝑘 = 4

VIM 0.329794 0.269501 0.185893
MVIM 0.092679 0.049648 0.0292537

Fig. 8. Comparison between VIM, MVIM and exact solution for product kernel with 𝑦0 = 𝑒−𝑝∕𝑝 at time t = 1.5.

𝛽2 =
‖𝑧1‖
‖𝑧0‖

=
‖𝑦3 − 𝑦2‖
‖𝑦2 − 𝑦1‖

= 0.22470

𝛽3 =
‖𝑧3‖
‖𝑧2‖

=
‖𝑦4 − 𝑦3‖
‖𝑦3 − 𝑦2‖

= 0.13795

⋮

The computed 𝛽𝑖’s are less than one that indicates the convergence of MVIM for this test case. Fig. 7 shows a comparison of the solution obtained
with VIM and MVIM using four series terms of the truncated series against the exact solution (31). It can be noticed that MVIM coincides with
analytic solution for 𝑡 = 1, however, VIM gives the negative value of number density function which limits its application in the dairy sciences. In
Table 3, the truncation error between the analytic and the numerical solutions estimated by VIM and MVIM is calculated for 𝑡 = 1 and 𝑝 ∈ [0, 7]
for the product kernel. As expected, MVIM gives less error over VIM. In other words, the MVIM is a more sophisticated and efficient approach to
capture the distribution for larger time domains.

Now, we consider the product kernel for the Eqs. (1)–(2) with an initial iteration 𝑦0(𝑝) =
𝑒−𝑝

𝑝
. Again, from (30), we get the following iterations

𝑦1(𝑝, 𝑡) = e−𝑝
(

1
𝑝
+

e−𝑡
(

e𝑡 − 1
)

(𝑝 − 2)
2

)

,

𝑦2(𝑝, 𝑡) = e−𝑝
(

−1 + e−𝑡 +
𝑝
2
−

𝑝e−𝑡

2
+ 1

𝑝

)

+ sinh (𝑝 + 𝑡)
(

3𝑝
2

− 𝑝2 +
𝑝3

6
+ cosh (𝑡) + sinh (𝑡) −

3𝑝cosh (𝑡)
2

−
3𝑝sinh (𝑡)

2
+ 𝑝2cosh (𝑡) −

𝑝3cosh (𝑡)
6

+

𝑝2sinh (𝑡) −
𝑝3sinh (𝑡)

3
+

𝑝4sinh (𝑡)
12

−
𝑝5sinh (𝑡)

120

)

+ cosh (𝑝 + 𝑡)
(

1 −
3𝑝
2

+ 𝑝2 −
𝑝3

6
− cosh (𝑡) − sinh (𝑡) +

3𝑝cosh (𝑡)
2

+
3𝑝sinh (𝑡)

2
− 𝑝2cosh (𝑡)

+
𝑝3cosh (𝑡)

6
− 𝑝2sinh (𝑡) +

𝑝3sinh (𝑡)
3

−
𝑝4sinh (𝑡)

12
+

𝑝5sinh (𝑡)
120

)

+ 𝑡
(

cosh (𝑝 + 𝑡)
(

1 −
3𝑝
2

−
𝑝3

3
+ 𝑝2 +

𝑝4

12
−

𝑝5

120

)

+ sinh (𝑝 + 𝑡)
(

−1 +
3𝑝
2

− 𝑝2 +
𝑝3

3
−

𝑝4

12
+

𝑝5

120

))

,

and so on. The analytic solution for product kernel with initial condition 𝑦0(𝑝) =
𝑒−𝑝

𝑝
is as follow [50] :

𝑦(𝑝, 𝑡) = 𝑒−𝜏𝑝
1(2𝑝

√

𝑡)

𝑝2
√

𝑡
. (32)

Fig. 8 depicts the analytic solution (32) and numerical solution obtained by VIM and MVIM using three series terms of the truncated series at
𝑡 = 1.5 with 𝑦0 = 𝑒−𝑝∕𝑝 for the product kernel. Similar to the previous cases, MVIM again shows better agreement with the exact solution than the
existing VIM. To estimate all results using the MVIM, it took only 31𝑠 of CPU time. The truncation error and moments results are quite similar to
the previous case, so to avoid repetition, the results are not shown here.

Example 4.6. Consider the bilinear aggregation kernel 𝑙(𝑝, 𝑞) = 𝐴+𝐵(𝑝+𝑞)+𝐶(𝑝𝑞), where 𝐴,𝐵, 𝐶 are constants for the Eqs. (1)–(2) with 𝑦0(𝑝) = 𝑒−𝑝

and 𝑦 (𝑝) = 4𝑝𝑒−2𝑝.
12

0
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B

Our goal is to find the solution for non-zero values of A, B, and C. One may recover a product kernel for A = 0, B = 0 and C = 1, a sum kernel
for A = 0, B = 1 and C = 0, and a constant kernel by setting A = 1, B = 0 and C = 0 that has been investigated previously. The analytic solution for
bilinear kernel does not exist in the literature, therefore the results are verified against finite volume scheme. For the bilinear kernel, the iterative
formula for MVIM (12) reduces to

𝑦𝑘+1(𝑝, 𝑡) = 𝑦𝑘(𝑝, 𝑡) − ∫

𝑡

0
𝑒𝜂−𝑡

[

𝜕𝑦𝑘(𝑝, 𝜂)
𝜕𝜂

− 1
2 ∫

𝑝

0
(𝐴 + 𝐵(𝑝) + 𝐶((𝑝 − 𝑞)𝑞))𝑦𝑘(𝑝 − 𝑞, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞 + ∫

∞

0
(𝐴 + 𝐵(𝑝 + 𝑞) + 𝐶(𝑝𝑞))𝑦𝑘(𝑝, 𝜂)𝑦𝑘(𝑞, 𝜂)𝑑𝑞

]

𝑑𝜂.

(33)

y using the above relation with exponential initial distribution 𝑦0(𝑝) = 𝑒−𝑝, we get the following iterations

𝑦1(𝑝, 𝑡) = e−𝑝 −
e−𝑝−𝑡

(

e𝑡 − 1
) (

12𝐴 + 12𝐵 − 6𝐴𝑝 + 12𝐵𝑝 + 12𝐶𝑝 − 6𝐵𝑝2 − 𝐶𝑝3
)

12
,

𝑦2(𝑝, 𝑡) = −3𝐴2

2
− 𝐵2 + e−𝑝

(

1 + e−𝑡(𝐴 + 𝐵) +
(3𝐴2 − 𝐴3 + 2𝐵2)

2

)

+ 𝐴3e−𝑝−2𝑡
2

− 𝑡
(

3𝐴2

2
− 𝐵 − 𝐴 − 𝐴3 + 𝐵2 + 3𝐴𝐵 + 𝐴𝐶

2
− 2𝐴𝐵2 − 3𝐴2𝐵 − 𝐴2𝐶

− 𝐴𝐵𝐶 − 4𝐴𝐵𝐶 − 2𝐵3 + 𝑝
(

𝐴
2
− 𝐵 − 𝐶 − 3𝐴2

2
− 4𝐴𝐵2 + 𝐴2𝐵 − 𝐴𝐶2 − 𝐴2𝐶

2
+ 3𝐴3

2
+ 5𝐵𝐶

2
+ 3𝐵2 + 𝐴𝐵 + 2𝐴𝐶

)

+ 𝑝2
(

𝐴2

4
− 𝐴3

2
− 𝐵2

2
−

𝐵3 + 𝐶2 + 𝐵
2
− 5𝐴𝐵

2
− 𝐴𝐶 + 2𝐵𝐶 + 4𝐴𝐵2 + 5𝐴2𝐵

2
+ 𝐴2𝐶 − 𝐵𝐶2 − 3𝐵2𝐶 + 𝐴𝐵𝐶

)

+ 𝑝3
(

𝐴3

24
− 𝐵2 + 2𝐵3 + 𝐶

12
+ 5𝐴𝐵

12
− 5𝐵𝐶

4
− 𝐴𝐶

4
+

5𝐴𝐵2

6
− 𝐴2𝐵 + 𝐴𝐶2

4
+ 𝐴2𝐶

12
+ 5𝐵2𝐶

3
+ 11𝐴𝐵𝐶

6

)

+ 𝑝4
(

𝐵2

6
− 𝐵3

6
− 𝐶2

6
+ 𝐴𝐶

16
− 𝐵𝐶

6
− 7𝐴𝐵2

12
+ 𝐴2𝐵

12
+ 𝐴𝐶2

6
− 𝐴2𝐶

8
+ 5𝐵𝐶2

12
+ 2𝐵2𝐶

3

− 𝐴𝐵𝐶
8

)

+ 𝑝5
(

𝐶3

30
− 𝐵3

12
− 𝐵2𝐶𝑝 + 11𝐵𝐶

240
+ 𝐴𝐵2

20
− 𝐴𝐶2

24
+ 𝐴2𝐶

80
+ 𝐵𝐶2

15
− 17𝐵2𝐶

120
− 2𝐴𝐵𝐶

15

)

+ 𝑝6
(

𝐴𝐵𝐶
72

− 𝐴𝐶2

180
− 11𝐵𝐶2

360
− 𝐵2𝐶

40
+

𝐶2

360
+ 𝐵3

120

)

+ 𝑝7
(

𝐵2𝐶
315

− 𝐶3

630
− 𝐵𝐶2

630
+ 17𝐴𝐶2

20160

)

+
𝐵𝐶2𝑝8

2880
+

𝐶3𝑝9

90720

)

+ e−𝑝
(

−𝐴 − 𝐵 − 𝐴𝐵2 + 𝐴𝐶
2

− 3𝐴2𝐵
2

− 𝐴2𝐶
2

− 𝐵𝐶2

2
+ 𝐴𝐵𝐶

2

+ 𝑝
(

𝐴
2
− 𝐵 − 𝐶 + 3𝐴3

4
+ 3𝐵2 − 𝐵3 − 3𝐴2

2
− 2𝐴𝐵2 + 𝐴2𝐵

2
− 𝐴𝐶2

2
− 𝐴2𝐶

4
− 𝐵2𝐶

2
− 2𝐴𝐵𝐶

)

+ 𝑝2
(

𝐴2

4
− 𝐴3

4
− 𝐵2

2
− 𝐵3

2
+ 𝐶2 + 𝐵

2
+

5𝐴2𝐵
4

+ 𝐴2𝐶
2

+
𝐴2𝐶𝑝5

160
− 3𝐵2𝐶

2
− 5𝐴𝐵

2
− 𝐴𝐶 + 2𝐵𝐶 + 𝐴𝐵𝐶

2

)

+𝑝3
(

𝐴3

48
− 𝐵2 + 𝐵3 + 5𝐴𝐵2

12
− 𝐴2𝐵

2
+ 𝐶

12
+ 𝐴𝐶2

8
+ 𝐴2𝐶

24
+ 5𝐵2𝐶

6

+ 5𝐴𝐵
12

− 5𝐵𝐶
4

− 𝐴𝐶
4

+ 11𝐴𝐵𝐶
12

)

+ 𝑝4
(

−𝐵3

12
− 𝐶2

6
− 7𝐴𝐵2

24
+ 𝐴2𝐵

24
+ 𝐴𝐶2

12
− 𝐴2𝐶

16
+ 5𝐵𝐶2

24
− 𝐵𝐶

6
+ 𝐵2

6
+ 𝐴𝐶

16
− 𝐴𝐵𝐶

16
+ 𝐵2𝐶

3

)

+

𝑝5
(

𝐶3

60
− 𝐵3

24
+ 𝐴𝐵2

40
− 𝐴𝐶2

48
+ 𝐵𝐶2

30
− 17𝐵2𝐶

240
+ 11𝐵𝐶

240
− 𝐴𝐵𝐶

15

)

+ 𝑝6
(

𝐵3

240
+ 𝐶2

360
− 𝐴𝐶2

360
− 11𝐵𝐶2

720
− 𝐵2𝐶

80
+ 𝐴𝐵𝐶

144

)

+ 𝑝7
(

17𝐴𝐶2

40320

− 𝐶3

1260
− 𝐵𝐶2

1260
+ 𝐵2𝐶

630

)

+
𝐵𝐶2𝑝8

5760
𝐶3𝑝9

181440

)

+e−𝑝−𝑡
(

−3𝐴𝐵 − 𝐴𝐶
2

+ 𝑝
(

−𝐴
2
+ 𝐵 + 𝐶 + 3𝐴2

2
− 3𝐵2 − 𝐴𝐵 − 2𝐴𝐶 − 5𝐵𝐶

2

)

+ 𝑝2
(

−𝐴2

4

+ 𝐵2

2
− 𝐶2 − 𝐵

2
+ 5𝐴𝐵

2
− 2𝐵𝐶 + 𝐴𝐶 + 2𝐴𝐵2

)

+ 𝑝3
(

𝐵2 − 𝐶
12

− 5𝐴𝐵
12

+ 𝐴𝐶
4

+ 5𝐵𝐶
4

)

+ 𝑝4
(

𝐶2

6
− 𝐵2

6
− 𝐴𝐶

16
+ 𝐵𝐶

6

)

−
11𝐵𝐶𝑝5

240

−
𝐶2𝑝6

360
−

(

e𝑡 − 1
) (

12𝐴 + 12𝐵 − 6𝐴𝑝 + 12𝐵𝑝 + 12𝐶𝑝 − 6𝐵𝑝2 − 𝐶𝑝3
)

12

)

+ e−𝑝−2𝑡
(

𝐴𝐵𝐶
2

+ 𝑝
(

−3𝐴3

4
+ 𝐵3 + 2𝐴𝐵2 − 𝐴2𝐵

2
+ 𝐴𝐶2

2
+ 𝐴2𝐶

4

+ 𝐵2𝐶
2

+ 𝐴𝐵 + 2𝐴𝐶 + 5𝐵𝐶
2

+ 2𝐴𝐵𝐶 + 𝐴𝐵2 + 3𝐴2𝐵
2

+ 𝐴2𝐶
2

)

+ 𝑝2
(

𝐴3

4
− 𝐴𝐵𝐶

2
+ 𝐵3

2
− 2𝐴𝐵2 − 5𝐴2𝐵

4
− 𝐴2𝐶

2
+ 𝐵𝐶2

2
+ 3𝐵2𝐶

2

)

+ 𝑝3

(

−11𝐴𝐵𝐶
12

− 𝐴3

48
− 𝐵3 − 5𝐴𝐵2

12
+ 𝐴2𝐵

2
− 𝐴𝐶2

8
− 𝐴2𝐶

24
− 5𝐵2𝐶

6

)

+𝑝4
(

𝐴𝐵𝐶
16

+ 𝐵3

12
+ 7𝐴𝐵2

24
− 𝐴2𝐵

24
− 𝐴𝐶2

12
+ 𝐴2𝐶

16
− 5𝐵𝐶2

24
− 𝐵2𝐶

3

)

+ 𝑝5
(

𝐴𝐵𝐶
15

− 𝐶3

60
+ 𝐵3

24
− 𝐴𝐵2

40
+ 𝐴𝐶2

48
− 𝐴2𝐶

160
− 𝐵𝐶2

30
+ 17𝐵2𝐶

240

)

+ 𝑝6
(

𝐴𝐶2

360
− 𝐴𝐵𝐶

144
− 𝐵3

240
+ 11𝐵𝐶2

720
+ 𝐵2𝐶

80

)

+ 𝑝7
(

𝐶3

1260
− 17𝐴𝐶2

40320

+ 𝐵𝐶2

1260
− 𝐵2𝐶

630

)

−
𝐵𝐶2𝑝8

5760
−

𝐶3𝑝9

181440

)

.

Fig. 9 compares the third iterative term of VIM and MVIM with the FVS solution for the bilinear kernel by taking 𝐴 = 𝐵 = 𝐶 = 1 with an
exponential initial distribution. For small time period, such as 𝑡 = 0.1, both VIM and MVIM coincide with the FVS solution while for longer time
𝑡 = 0.5, the result predicted by MVIM overlaps with the FVS solution whereas the VIM shows under prediction for the distribution. The MVIM
solution for bilinear aggregation kernel with exponential initial condition exactly matches with the FVS solution and took 1695𝑠 CPU time to
estimate these solutions.

Now, we consider the bilinear kernel with gamma initial distribution 𝑦0(𝑝) = 4𝑝𝑒−2𝑝. From the iterative formula (33), we get the following
iterations

𝑦1(𝑝, 𝑡) = 4𝑝e−2𝑝 −
4𝑝e−2𝑝−𝑡

(

e𝑡 − 1
) (

15𝐴 + 15𝐵 + 15𝐵𝑝 + 15𝐶𝑝 − 5𝐴𝑝2 − 𝐶𝑝4
)

15
,

𝑦2(𝑝, 𝑡) = e−2𝑝
(

4𝑝 − 𝑡e−𝑡
(

−4𝐴𝐵2

3
+ 𝑝(−4𝐴 − 4𝐵 + 6𝐴2 − 4𝐴3 + 4𝐵2 − 8𝐴𝐵2 − 12𝐴2𝐵 − 4𝐴2𝐶 + 12𝐴𝐵 + 2𝐴𝐶 − 4𝐴𝐵𝐶) + 𝑝2(12𝐵2 − 8𝐵3 − 4

𝐶 − 4𝐵 + 10𝐴𝐵 + 8𝐴𝐶 + 10𝐵𝐶 − 20𝐴𝐵2 − 8𝐴2𝐵 − 4𝐴𝐶2 − 4𝐴2𝐶 − 4𝐵2𝐶 − 16𝐴𝐵𝐶) + 𝑝3
(

4𝐴3 − 4𝐴2 − 5𝐵 + 4𝐵2 − 8𝐵3 + 4𝐶2 − 4𝐴𝐵+

8𝐵𝐶 + 8𝐴2𝐵 − 4𝐵𝐶2 − 12𝐵2𝐶 − 4𝐴𝐵𝐶 + 4𝐴 − 4𝐴𝐵2
+ 4𝐴2𝐶

)

+ 𝑝4
(

−4𝐵2 + 8𝐵3
+ 4𝐵 − 8𝐴𝐶 − 20𝐴𝐵 + 40𝐴𝐵2

+ 8𝐴2𝐵 + 8𝐴2𝐶
13

3 3 3 3 3 3 3 3 3
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Fig. 9. Testing of VIM, MVIM and FVS solution for bilinear kernel (𝐴 = 1, 𝐵 = 1, 𝐶 = 1) with 𝑦0 = 𝑒−𝑝 at time t = 0.1 and t=0.5.

+ 16𝐴𝐵𝐶
3

)

+ 𝑝5
(

4𝐴2

15
− 8𝐴3

15
− 8𝐵2

3
+ 16𝐵3

3
+ 4𝐶

15
− 4𝐴𝐶

5
− 52𝐵𝐶

15
+ 68𝐴𝐵2
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Fig. 10. Testing of VIM, MVIM and FVS for bilinear kernel (𝐴 = 𝐵 = 𝐶 = 1) with 𝑦0 = 4𝑝𝑒−2𝑝 at time 𝑡 = 0.08 and 𝑡 = 0.40.

Similar to the previous cases, Fig. 10 shows the comparison of both VIM and MVIM against the finite volume scheme for bilinear kernel
corresponding to a gamma initial distribution by taking 𝐴 = 1, 𝐵 = 1, and 𝐶 = 1. The results demonstrate consistent behaviour with previous
cases, that is, both VIM and MVIM coincide with the FVS solution for a short time period (𝑡 = 0.08). However, for a longer time period (𝑡 = 0.40),
the MVIM exhibits superior performance compared to the VIM. MVIM estimate the series solution by consuming 2109𝑠 CPU time for the bilinear
aggregation kernel with gamma initial condition and overlaps with the FVS solution.

5. Concluding remarks and future prospects

We present a modified variational iteration method for obtaining series solutions to the nonlinear aggregation population balance equation.
This new approach utilizes fewer terms and addresses the accuracy issues encountered when dealing with longer time domains. The convergence
analysis is established, and error estimates are provided to support the validity of the method. To demonstrate the accuracy and applicability of the
modified variational iteration method, several numerical examples are worked out. We compute new series solutions for the nonlinear aggregation
population balance equation corresponding to polymerization, Ruckenstein/Pulvermacher, and generalized bilinear kernels. As exact solutions for
these kernels are not available in the literature, we validate the results of the new approach against the finite volume scheme. The obtained results
show that this approach has the tendency to capture the series solution accurately for both analytically tractable (sum, product and bilinear kernels)
and physically relevant kernels. It is evident that the modified variational iteration method outperforms the traditional variational iteration method
when applied to longer time domains. It has been also shown that the proposed approach approximate the zeroth and first order moments with
higher accuracy than the existing approaches by consuming few series terms.

Given the high accuracy and efficiency demonstrated by the modified variational iteration method, we plan to extend its application in the
future to track multiple properties of systems governed by multidimensional aggregation and fragmentation population balance equations [58–61].
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