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Abstract: This paper extends recent results on the exponential performance analysis of gradient
based cooperative control dynamics using the framework of exponential integral quadratic
constraints. A cooperative source-seeking problem is considered as a specific example where
one or more vehicles are embedded in a strongly convex scalar field and are required to converge
to a formation located at the minimum of a field. A subset of the agents are assumed to have the
knowledge of the gradient of the field evaluated at their respective locations and the interaction
graph is assumed to be uncertain. As a first contribution, we extend earlier results on linear
systems to non-linear systems by using quasi-linear parameter varying representations. Secondly,
we remove the assumption on perfect gradient measurements and consider multiplicative noise
in the analysis. Performance-robustness trade off curves are presented to illustrate the use of
presented methods for tuning controller gains. The results are demonstrated on a group of
non-linear second order vehicles with a velocity-dependent non-linear damping and a local gain-

scheduled tracking controller.
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1. INTRODUCTION

Gradient-based forcing terms occur in many well known
cooperative control dynamics such as formation control
(Fax and Murray (2004)), flocking (Olfati-Saber (2006)),
extremum-seeking (Michalowsky and Ebenbauer (2016),
Khong et al. (2014)), etc. One such application scenario
is that of cooperative source-seeking where the main ob-
jective is for a group of autonomous vehicles (or a single
one), positioned at arbitrary locations within a scalar field
(e.g. an oil spill, see Senga et al. (2007)), to locate the
minimum/maximum of such field (a.k.a. the source). A
common technique to locate this source is to use the gradi-
ent of the field as the indicator of the direction in which the
vehicles should move. Such dynamics have been studied in
the literature. Michalowsky and Ebenbauer (2016) study
gradient-based and gradient-free techniques to locate the
extremum, where linear matrix inequalities (LMIs) are
used to optimize the controller gains. Datar et al. (2022)
study gradient-based cooperative source-seeking problems
for linear time invariant (LTI) and linear parameter vary-
ing (LPV) vehicles with exact gradients where a controller
is assumed to be designed and the focus is on analysis.
By means of the so called « integral quadratic constraints
(a—IQCs), LMIs are derived, whose feasibility guarantee
exponential convergence of a group of vehicles under for-
mation to the source with rate « for a range of possible
communication networks and scalar fields. The present pa-
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per extends these results by considering non-linear vehicles
models and imperfect gradient measurement modeled by
deterministic multiplicative noise. The non-linear models
are represented as quasi-LPV (qLPV) models such that
we can deploy established controller synthesis tools (see
Hoffmann and Werner (2015) for an extensive survey) to
design tracking controllers. LMIs are derived to guarantee
that a group of vehicles locate the source of a scalar field
under a predefined formation, with guaranteed exponential
rate o for a predefined noise level §. Similar analyses
have appeared in the literature in the context of analyzing
first-order optimization algorithms. Hu et al. (2021) study
the stochastic gradient descent with a noise model that
includes additive and multiplicative components. Van Scoy
and Lessard (2021) extend the study to momentum meth-
ods in the presence of additive noise. Although the appli-
cation studied in the above papers is reasonably different,
the analysis we present can be seen as the continuous-time
higher-order analogue of these results.

The main contributions of this paper are:

(1) Performance analysis results developed by Datar
et al. (2022), which assume perfect gradient measure-
ments, are extended by explicitly considering multi-
plicative noise with a known bound (see Theorem 2).

(2) A local result directly applicable to qLPV systems
is given, which opens the doors for considering non-
linear vehicle models (see Theorem 4).

(3) Minor adjustments to the decomposition result from
Datar et al. (2022) for LTI systems are made to
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accommodate applications to qLPV systems with
heterogeneous scheduling (see Lemma 3).

(4) Numerical examples are provided that demonstrate
how the developed theoretical results could be used
to tune controllers for specific noise levels.

Notation

The condition number of a matrix X is denoted as
cond(X). For any x € R™, let diag(x) be the diagonal ma-
trix formed by placing the entries of x along the diagonal.
For block matrices, we use * to denote required entries to
make the matrix symmetric. Let 0 and 1 denote the vec-
tors or matrices of all zeroes and ones of appropriate sizes,
respectively. Let I; be the identity matrix of dimension d,
which is removed if the dimension is clear from context.
Let ® represent the Kronecker product. Let S(m, L) be
the set of continuously differentiable functions f which
are strongly convex with parameter m and have Lipschitz
gradients with parameter L for some given 0 < m < L, i.e.

mllyr—y2ll* < (V1) =V @2)" (y1—y2) < Lllyr el

holds for all y1,ys. Note that for a fixed value of m,
increasing L enlarges the set S(m, L). The set of vector
valued functions which are square-integrable over [0, 7]

for any finite T is denoted by L2.[0,00). We use [él g}

to represent an LTI system with state-space realization
given by matrices A, B,C and D. For an ordered set of
vectors (x1,22,...,2N), let the vector formed by stack-

ing them be denoted by z = [zr{ ol x%]T Let

blkdiag(X7, Xo, -+, Xn) denote a block-diagonal matrix
formed by placing X;, X2 and so on, as the diagonal

blocks. Let X denote the matrix [y®X and let X (4) denote
the matrix X ® I for any matrix X. In the context of LPV
systems, for an ordered set of parameters (p1, p2,. .., oN)

and a parameter dependent matrix X (p;), we use X (p) to
denote blkdiag(X (p1), X(p2), -+, X (pn)). For N identi-

cal LPV systems G(p;) = [éggg ggg;} parameterized

by p; for i € {1,2,---, N}, the notation G(p) represents
A(p) B(P)}
C(p)[D(p)

2. PROBLEM SETUP

an LPV system given by {

Consider a source-seeking scenario where N vehicle agents
moving in R? space are embedded in an underlying dif-
ferentiable scalar field ¢ : R — R which satisfies the
following assumption.

Assumption 1. Let ¢ € S(my, Ly) and let yopy minimize

¥, i.e. Y(y) = ¥(Yops) Vy € RY and Vip(yopt) = 0.

The interconnections between the vehicle agents are mod-
eled with an undirected graph G = (V, ) such that each
vertex ¢ € V represents a vehicle and vehicles ¢ and j
communicate if and only if (i, 7) € £. It is assumed that a
non-empty subset V; C V of informed agents (agents with
additional information) have access to the local gradient
V) evaluated at their respective positions. The dynamics
of the these informed agents can therefore be augmented
with a forcing term in the direction of the negative gra-
dient that drives them towards the source. The following
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assumption on the connectivity of the graph is made, the
necessity of which, is discussed later.

Assumption 2. For every node ¢ € V, there is a node
7 €V such that G contains a path from 1 to j.

We assume that a local tracking controller has been de-
signed and the closed-loop dynamics of the " vehicle
agent with desired reference position ¢;(t), desired refer-
ence velocity p;(t) can be described by an LPV system
G(p;) along with a compact set P C R™ such that the
function p; : [0,00) — P captures the time-dependence of
the model parameters. These dynamics for a given initial
condition z;(0) € R™ can be described by

ii(t) = A(pi)wi(t) + [Bq(pi) Bp(pi)] {ngg

p
yi(t) = Clpi)xi(t).

where the dependence of p; on t is suppressed for compact-
ness, i.e. p; denotes p;(t). We propose to augment these
closed-loop vehicle dynamics shown in Fig. 1 by the second
order dynamics,

¢ (t) = pi(t), @)

pi(t) = —ka - pi(t) — kp - wi(t),
where u;(t) € R? denotes external input, ¢;(0) = Cz;(0),
pi(0) = 0 such that ¢;(¢) and p;(t) are fed as inputs to
dynamics (1).

I

Fig. 1. Local control architecture.

T 17,1717

The overall dynamics with state n; = [z] ¢/ p!|” and
suitable initial condition 7;(0) can be represented by
17i(t) = Ac(pi)ni(t) + Ba(pi)ui(t), 3)
yi(t) = Calpi)ni(t),
where
Alpi) Bq(pi) Bp(pi)| O
l:AG(Pi) BG(Pi):| _ 0 0 1 0
Cg(pi) Dg(pi) B 0 0 —k‘dld —k‘pld
Clpi) O 0 [ O

We restrict our attention to vehicle models and therefore
require integral action in our state-space models. This is
captured in the following assumption.
Assumption 3. For any yi, € R, there exists an
equilibrium n;s. such that

0 = Ac(pi(t))mix:

Yir = Ca(pi(t))mix

hold for any trajectory p; : [0,00) — P.
Remark 1. If the local tracking controller is designed to
have zero steady-state error for step position references,
i.e. Cpi(t))A(pi(t)) " By(pi(t)) = I4 for any trajectory
pi : [0,00) = P, Assumption 3 is satisfied with y;. =
C(pi(t))Tix = ix-
Remark 2. For LTI systems, Assumption 8 reduces to
the condition that (Ag, Cq) is detectable (See Theorem 2.1
from Scherer and Ebenbauer (2021)) which is equivalent to

<[A Bq} ,|C O]) being detectable.

(4)

0 0
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With the notation introduced in Section 1, let n(t), u(t),
y(t) and p(t) be obtained by stacking the states, inputs,
outputs and parameters of the agents, respectively. The
full system can be described by

0(t) = Aa(p)n(t) + Ba(p)ult), )
y(t) = Calp)n(t),
where p : [0,00) — PV captures the time-dependence of

the model parameters for the complete system. Define uy,
by stacking up

uw@):{vw@xw» ifi €V,

0 otherwise.

1n(0) = no,

(6)

Standard formation control dynamics with the formation
reference r (See Fax and Murray (2004)) and additional
forcing term on the informed agents can be represented by
u = Lg(y —r) + uy. The overall closed-loop system is
now described by

(t) = Ag(p)n(t) + Ba(p)ul(t),  n(0) =mno,
y(t) = Ca(p)n(t), (7)
u(t) = Ligy(y —r) + uy.
In order to describe the dynamics (7) as a standard robust
control problem, as in Datar and Werner (2022), with
the scalar field and communication graph modeled as an
uncertainty, define a function f: RV¢ — R as follows.
Definition 1. For a given graph G of order N (with its

corresponding Laplacian L), the set of informed agents Vy,

a scalar field ¥ and a given formation reference wvector
r € RN, define a function f: RN — R by

f) = 5= Ee L)y -+ Y b))

i€V

Observe that u(t) = Vf(y(¢)). So the overall dynamics can
be described by

i(t) = Ac(p)n(t) + Ba(p)ult), — n(0) = no,
y(t) = Calp)n(t), 9)
u(t) = Vf(y(t)).
Imperfect measurements of inter-agent distance £ g (y—r)
and field-gradient measurements Vi) can be modeled by a
multiplicative noise corrupting the overall measurement of
Vf(y(t)), i.e. the control input u(t) = V f(y(t)) exerted on
the system can be replaced by
Un(t) = (I 4+ A)-u(t) =u(t) + A-u(t) =u(t) + e(t).
The knowledge about noise is assumed to be available in
the form of the following assumption.
Assumption 4. For a non-negative constant § and ar-
bitrary trajectories y(t) and e(t), assume for all t > 0,

le@II < dlIVf(y@)Il, i-e.

T
i) [0 21 [vitt) 20w
The resulting dynamics can be described by
0(t) = Ac(p)n(®) + Ba(p)u(t) + Ba(p)e(t),
y(t) = Calp)n(t),
u(t) = V£ (y(t)),

with initial conditions 7(0) = 7.
Remark 3. Note that although we split the term

Be(p)un(t) = Balp)u(t) + Ba(p)e(t)

(11)
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n (11), the exact value V f(y(t)) is not available to the
agents and the terms are separated only for the analysis.

The assumptions made so far ensure the existence of the

equilibrium 7, us = 0, e, = 0, y, such that for any
trajectory p : [0,00) — PN,
0= Ac(p).,
Y = CG(P)TIM (12)
0=V§(ys)

Problem 1. Under Assumptions 1, 2, 8 and 4, derive
sufficient conditions independent of N wunder which the
trajectories (n(t), u(t),e(t),y(t), p(t)) satisfying dynamics
(11) remain bounded and y(t) converges exponentially
(with a specified rate ) to the minimizer y. of f.

3. REVIEW SUPPORTING RESULTS

The main result presented in Section 4 proves convergence
to the minimizer of f under the assumption that f €
S(m, L). Necessary and sufficient conditions for verifying
f € 8(m, L) along with a characterization of the mini-
mizers of f are given in Datar and Werner (2022); Datar
et al. (2022). Another central ingredient in the analysis
presented in Section 4 is the a-IQC result for S(m, L),
which is summarized next.

3.1 Zames-Falb a—IQCs parameterization for S(m, L)

o AH BH . . .
Let [T = [C—H‘D—H} and set P be as given in the Appendix.

Theorem 1. (Datar and Werner (2022)) Let 4,y €
L2.[0,00) be related by = V f(§+y.), where f € S(m, L)
and y, minimizes f. Then, the signal Z as defined by

t - _
S(4) — nt-np |9(T) y(t)
Z(t) —/0 Crent=7) By Ll(:)] dr + Dn [a(t)] (13)
satisfies for any o > 0, the a—I1QC

T
/‘ﬁmﬁﬁxp®na@ﬁzo VP e PVT > 0. (14)
0

The LTI system II is referred to as the ZF-multiplier and
the order v of the LTI system 7 (see Appendix) used in the
construction of IT is called the order of the ZF multiplier.

4. MAIN ANALYSIS RESULTS

Building on the results presented in the last section (The-
orem 1), the main results are derived in this section.
Theorem 2 presents a sufficient condition in the form of
an LMI that guarantees exponential convergence with rate
a. The obtained LMI is then reduced in size to obtain an
equivalent LMI in Lemma 3 such that it is independent
of the network size N. Finally, Theorem 4 extends these
results to quasi-LPV systems.

The proofs are omitted here for space restrictions but can
be found in the longer version of the paper Datar et al.
(2023D).

Theorem 2. Let the multiplicative noise e satisfy As-
sumption 4. If there exists X = 0, P € P, a > 0 and
A\ > 0 such that for all p € PV,
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[A(p)TX + XA(p) + 20X (*)]

B(p)Tx 0
P®Ing C1(p) Dy
+(*){ A(M®1Nd)] e Dy 7O
(15)
where
- Aa(p)|Bad) Bo(d)
A(p) |B(p) I Ca(p)| O 0
Ci(p)| D1 | = [ Isz} 0 Ing 0
C2 D2 0 0 INd
0 Ing 0
and
-10
M= [0 52} :

then, any trajectory y generated from dynamics (11) with
model matrices satisfying Assumption 3, p : [0,00) — PN
and f € §(m, L) converges to the minimizer y. of f with
rate o, i.e. Ik > 0 such that ||y(t) — y«(t)|| < ke™* holds
for allt > 0.

Owing to the structure of the multipliers used, the LMI
(15) is next decomposed to obtain an equivalent LMI
independent of the network size N.

Lemma 3. The following statements are equivalent:

(1) 3X = 0,P € P, A >0 and a > 0 such that (15) holds
for all p € PN,
(2) 3X; = 0,P € P, A > 0 and o > 0 such that for all

pEP,
Ao(p)T Xy + XoAo(p) + 20X, (*)}
Bo(p)" X 0
P I, C10(p) D1o
07 s ara ) (80 D] 20 a0
where
- Ac(7) [ Be(p) Bo(p)
Ao(p) |Bo(p) I, Ce(p)| O 0
Cio(p)| Dio [ I ] 0 I; 0
Ca0 | Dao 2d 0 0 I,
0 1 0

4.1 Eztenstons to qLPV systems

This section extends the results to quasi-LPV systems (see
Shamma and Cloutier (1992)) of the form (11), where the
scheduling parameter trajectory is uniquely determined
from the state of the system. Without going into the
details, it is assumed that sufficiently smooth solutions
exist for the considered quasi-LPV systems.
Assumption 5. Assume there exists a function g : R" —
R™ such that p(t) = g(n(t)) holds for all t € [0,00) and
with Pyt = {n € R™ : g(n) € PN}, there exists ¢ > 0
such that

B(n,c)={n:|ln—nl| <} <P
Theorem 4. Let the multiplicative noise e satisfy As-
sumption 4. Let there exist Xy = 0,P € P, A\ > 0 and
a > 0 such that for all p € P, LMI (16) is satisfied. Then

for all initial conditions ng such that ||no—n.|| < ———=
cond(X)

the trajectories generated from dynamics (11) with model
matrices satisfying Assumption 3, p(t) = g(n(t)) and
f € S(m, L) converge to the minimizer y. of f with rate
a, i.e. 35 >0 such that ||y(t) — y.(t)|] < ke= " Vi > 0.

7
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5. NUMERICAL RESULTS

The code for producing the results and figures is available
at Datar et al. (2023a). The constraint (16) in Lemma 3 is
not linear in a. A bisection search can be used to find the
best «, in which feasibility of (16) is verified for different
values of a. This method produces the curves in Fig. 2, 4
and 5.

5.1 Single LTI Quadrotor

We consider an LTT example of a single linearized quadro-
tor model of order 12 with 6 states corresponding to po-
sitions and velocities and 6 states corresponding to orien-
tation and angular velocities. We use a Linear-Quadratic-
Regulator (LQR) based state-feedback controller tuned for
zero steady-state error for tracking step position reference
commands. Let the noise level § vary in the set {0, ..., 0.9}
(see Assumption 4). The effect of varying k, (with fixed
k, = 1) on the performance estimates for fixed allowable
field set is shown in Fig. 2 (Top). It shows that the
highest convergence rate estimate of 0.14 can be achieved
for kg = 9 and demonstrates a method for tuning the
gains for optimal convergence rate guarantees. The trade-
off between nominal performance and robustness against
noise can be clearly seen. The optimal values of k4 increase
as 0 increases (thereby demanding more robustness) and
the estimated performance therefore reduces. Figure 2
(Bottom) investigates the conservatism by finding exam-
ples in the feasible set for which the convergence rate can
be exactly computed. Since we can find examples for the
noise-free case that hit the estimates obtained from theory,
there is no conservatism. For the noisy case (§ = 0.5),
however, there is a possible conservatism. It is however
emphasized that finding the worst case noise trajectory is
not an easy task and analyzing conservatism in this case
requires further efforts.

5.2 Multiple Interacting Vehicles with Non-Linear Friction

Consider now a non-linear friction vehicle model
(17)
where x is the position, m is the mass, b is the viscous

friction constant and up is the force input. A qLPV state
space representation of (17) is

X 0 1 X 0
f= o ] [3] e
X
y=[10] M ;
p(t) = [v(t)],
where v is the velocity of the mass. A tracking output
feedback controller is synthesized for a single vehicle using

techniques presented in Scherer (2001) to obtain a closed-
loop tracking system.

The LMIs (16) are verified on the set P = [0,5] and it
is emphasized that exponential performance is guaranteed
only if the initial conditions are close enough to the source
(see Theorem 4). The overall system used for the design
and synthesis of the LPV controller is shown in Fig. 3,
where a classic mixed sensitivity approach is proposed to

mX + b|x|x = up,

(18)
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Fig. 2. Performance estimates (Top) and conservatism
analysis (Bottom) for quadrotor dynamics provided
by first order ZF multipliers for ¢» € S(1,10) and
varying kg with different bound § € {0,0.1,...,0.9}
on the multiplicative noise.

Ws(s) zs
Wgks(s) +—— zKs
- Gyen(p) -~ --—========> .
K(s,p) [ Pls,p) y

Fig. 3. Generalized LPV plant: closed loop Gyen(p) with
performance channel and shaping filters.

reduce the tracking error e(t) and control effort ug(t), by
shaping the S(s) and K S(s) sensitivity functions.

The synthesized controller is of 4th order, i.e. the overall
closed loop has order 6 and Gyen(p) from Fig. 3 is to be
integrated into the framework of Fig. 1. Numerical experi-
ments in Fig. 4 - 5 illustrate the influence of L, kg and 6 on
the convergence rate estimate o with 5th order ZF mul-
tipliers. Increasing the order of the multiplier potentially
reduces conservatism at the expense of computational cost.
Low order ZF multipliers produce conservative results and
due to space restrictions are not included here.

Figure 4 shows convergence rate estimates a for f €
S(1, L) and fixed kg = 20. Increasing L enlarges the uncer-
tainty set thereby giving a non-increasing estimate curve.
The intersection of the curves with the x-axis (a = 0)
gives the maximum possible L for which we can guarantee
stability. It can be seen that with noise levels of 0, 0.3, 0.5
and 0.9, stability is guaranteed up to L = 74, 52, 43 and 27
respectively, showing the reduction in robustness margins
with increasing noise levels. Furthermore, the estimated
robust exponential performance rate a also reduces with
increasing noise levels.
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0.04 x x x
—5=0

0.03 - =03
—0 =05

60.02* _6:09*
0.01 |- -
0 | l | | | |
0 20 40 60 80 100 120

L

Fig. 4. Variation of L and 4: convergence rate estimates
for different f € S(1, L) guaranteed by 5th order ZF
multipliers and kg = 20.

Similar to the Quadrotor example, Fig. 5 demonstrates the
application of the methods to obtain controller gains with
highest performance guarantees. The optimal guaranteed
performance « is achieved when kg =~ 20 in the absence
of noise (§ = 0); this optimal value becomes larger as
the noise becomes stronger. In other words, the damping
gain kg needs to be increased to imporve robustness to
noise. Notice, that stability cannot be guaranteed for low
damping, i.e. low kg values. The black curve can be used
to pick the optimal kg based on a priori knowledge of the
expected noise level d; this is illustrated in Fig. 6.

0.04

0.03

T

S 0.02

T

T

0.01

0

0 20 40 60 80 100

Fig. 5. Variation of k4 and §: convergence rates for different
kq values and fixed f € S(1,70) guaranteed by 5th
order ZF multipliers.

Figure 6 (Left) shows stable and unstable scenarios for
a single agent attempting to locate the source of field
¥ € S(1,70) with yopy = 250 and noise level § = 0.5.
In blue, kg has been chosen to be optimal for noise-
free gradients, i.e. kg = 18.5, which shows an unstable
behaviour even if y(0) = 250.001; whereas the red curve
converges to Yopt, since kg is optimized for noise levels of
0 = 0.5 (see Fig. 5). The knowledge of the expected noise
level can thus be incorporated into the design.

Finally, consider a scenario with multiple agents. The
external field 1, the interconnection graph G and the set
of informed agents V; are chosen such that f as defined in
Definition 1 is in S(1,70). The noise level is set to § = 0.5.
Figure 5 can then be used to conclude exponential stability
for kg > 29. An example consensus scenario (r; = 0) with
10 agents (all of them informed) interacting with a cycle
graph, ¢ = %66(3/ — 250)? and kd = 100 is considered
which ensures that f € S(1,70). Figure 6 (right) shows
that agents reach consensus at the source.
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—— kg =185,6=05
kg =29,6=05
252 ‘ ‘

255

< 250 250 - —

248 : ‘ 245 ; : .

0 5 10 15 0o 1 2 3 4
t t

Fig. 6. (Left) Single agent with noisy gradient and different
values of k4 optimized for 6 = 0 and § = 0.5. (Right)
MAS scenario where 10 agents start at random initial
conditions and reach the source of the field ¢ €
S8(1,66) with gradient noise 6 = 0.5 and kg = 100.

6. CONCLUSIONS

A systematic approach for analyzing robust exponential
performance of cooperative source-seeking with non-linear
vehicles with qLPV representations is presented. A priori
information regarding the noise level can be explicitly
considered in the analysis to trade-off exponential perfor-
mance and robustness against noise, uncertain intercon-
nections and scalar field. Numerical experiments demon-
strate the potential use cases of this framework.
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APPENDIX
Parameterization of ZF Multipliers

With 8 = —1, let

0 ... 0
P 1
1B 0 0
AV: . . 7BV: .
o - .0 :
. 0
S0 18
Afj B,
Let AS = A, —2al and 7 = 1 | . Finally, define
I,]0
AS 0 mB B,
0 A2 -B,
|70 |-m 1| [ O O| —m 1
TmL=loxl| L -1l |1, 0| O o |’
0 0 L —1
0o I, 0 0

Il =7, ® Ing and HO = T, ® Iq. With
1
\F ’\/(%1)!)’
Ay Bl, _ s sv—1 T
Cv|D, | (s=py=t 7 (s=prt]

consider the LMIs in variables H € R, P, P; € RY,
X, X3 e SvL

R, = diag(—=

H+ (P + P3)A'B, >0, (Ad)
0 X 0 I 0
(*) [Xi 0 0 Ay By =00 (A2)
0 0 diag(P)| |R,C, R,D,

Finally, define the set

00 H —-P
00-P' o .

P= . 01 N H, Py, P; satisfy (A.1),(A.2)
* % 0 0



