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The nonlinear Schrédinger equation (NLS) is a well-known equation in the study of wave motion. In the context
of nonlinear water waves, the NLS has been proven to accurately model deep-water waves with a narrow spectral
bandwidth and moderate wave steepness. While many studies have focused on reconstructing free surface pro-

f]g‘:cieldmenﬁal files using the NLS, the associated flow field within the fluid has received less attention. Recently, a paper was
Singula};iltjy published in which the flow field associated with solutions of the NLS was constructed. Here, it has been noted

that the associated modeled flow field can contain singularities below the water surface. This work analyzes
the occurrence and location of such artificial singularities for different analytical NLS solutions. It is found that
the flow field can generally become singular at any depth below the surface and may even appear periodically
in water depth. Additionally, it is shown that the numerical computation of the flow field poses considerable
challenges due to the instability of numerical schemes. These findings are crucial for the accurate analysis of

Numerical instability

flow fields corresponding to the NLS.

1. Introduction

For the construction of mechanical structures operating in the ocean,
appropriate safety limits have to be determined. Therefore, the magni-
tude and temporal behavior of the hydrodynamic forces acting on these
structures have to be investigated. To model these forces as realistically
as possible, the corresponding water waves and fluid behavior have to
be modeled accurately.

In general, the behavior of fluids can be described using the Navier-
Stokes equations. In theory, this set of equations can handle very com-
plex phenomena with almost no limitations (Lin, 2008). However, solv-
ing this set of equations requires significant computational resources,
often requiring high-performance computer facilities and well-trained
staff (Greaves and Iglesias, 2018). This is particularly problematic for
stochastic sea states since, for example, many simulations with long
simulation times are required to accurately describe the dynamics of
a structure in random waves.

However, for many applications, it is often sufficient to compute the
fluid behavior using the potential flow theory (Lin, 2008; Greaves and
Iglesias, 2018). Models based on this theory can describe the behavior
of homogeneous, incompressible, irrotational, and inviscid fluids, where
surface tension effects are neglected. On the other side, since the non-
linear governing equations of potential flow theory involve nonlinear
boundary conditions at the unknown free sea surface, solving them re-
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quires too much computation time to be heavily applied in the design of
offshore structures (Shao et al., 2022). However, Zakharov (1968) has
shown that solutions of the nonlinear governing equations of potential
flow theory can be reduced to solutions of the nonlinear Schrédinger
equation (NLS), which is a partial differential equation for the wave en-
velope y of the water waves. The NLS can be used to accurately model
nonlinear deep-water water waves with a narrow spectral bandwidth
and moderate wave steepness, see e.g. Dysthe (1979), Osborne (2010),
Witt (2019). In addition to water waves, the NLS can be used to de-
scribe the propagation of waves in many different physical systems, such
as Bose-Einstein condensates (Bludov et al., 2009), fiber optics (Dudley
et al., 2014), and plasma waves (El-Tantawy et al., 2022).

Although the NLS is relatively simple, it accounts for both non-
linearity and linear dispersion. Despite its relative simplicity, the NLS
describes the nonlinear evolution in time and space of propagating
wave packets (Chabchoub, 2013). Furthermore, the NLS captures the
Benjamin-Feir instability (Osborne, 2010), which strongly demonstrates
the need for nonlinear equations in modeling surface gravity wave prop-
agation.

Compared to the nonlinear governing equation of the potential flow
theory, the NLS has several advantages. For example, numerous analyt-
ical solutions of the NLS have been presented, see e.g. Peregrine (1983),
Osborne (2010), Chabchoub (2013), Slunyaev et al. (2013), Carter et al.
(2020) and the references therein. Furthermore, it has been found that
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\begin {align}{\boldsymbol \nabla }^2 \phi =\phi _{xx}+\phi _{zz}&=0, &\textup {for} ~~ &\infty < z < \eta (x,t),\label {subeq-1:Euler2d_Nonlin} \\ \eta _t+\phi _x\eta _x&=\phi _z, &\textup {at} ~~ &z = \eta (x,t), \label {subeq-2:Euler2d_Nonlin}\\ \phi _t+\frac {1}{2} {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi +g\eta &=0, &\textup {at} ~~ &z=\eta (x,t), \label {subeq-3:Euler2d_Nonlin}\\ \phi _z&\rightarrow 0, &\textup {as} ~~ &z\rightarrow -\infty , \label {subeq-4:Euler2d_Nonlin}\end {align}
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\begin {equation}\label {eq:TotalDer} \left (\pab {}{t}+{\boldsymbol \nabla }\phi \cdot {\boldsymbol \nabla } \right ) \left [\phi _t+\frac {1}{2} {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi +g\eta \right ]=0, ~~ \textup {for} ~~ z=\eta (x,y,t).\end {equation}


\begin {equation}\label {eq:Euler2d_OneBC} \phi _{tt}+g \phi _z+2 {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi _t+\frac {1}{2} {\boldsymbol \nabla }\phi \cdot {\boldsymbol \nabla } \left ({\boldsymbol \nabla }\phi \cdot {\boldsymbol \nabla }\phi \right ) =0, ~~ \textup {for} ~~ z=\eta (x,y,t).\end {equation}
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\begin {align}\begin {split} \phi _{tt}+g \phi _z+\eta \pab {}{z}\left [\phi _{tt}+g \phi _z\right ]+2 {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi _t+\frac {1}{2}\eta ^2 \pab {^2}{z^2}\left [\phi _{tt}+g \phi _z\right ] \hspace {10mm} &\\ +\eta \pab {}{z} \left [2 {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi _t \right ]+\frac {1}{2} {\boldsymbol \nabla }\phi \cdot {\boldsymbol \nabla } \left ({\boldsymbol \nabla }\phi \cdot {\boldsymbol \nabla }\phi \right ) =0&, \end {split} \label {subeq-2:BCs_Taylor}\\ \hspace {-4mm}-g\eta =\phi _t+\eta \phi _{tz}+\frac {1}{2} {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi +\frac {1}{2}\eta ^2 \phi _{tzz}+\eta \pab {}{z} \left [\frac {1}{2} {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi \right ]&. \label {subeq-3:BCs_Taylor}\end {align}
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\begin {align}\RevFourSec {\phi (x,z,t)}&\RevFourSec {= \bar {\phi }+\varepsilon A_1 \e ^{k_0z+\i (k_0 x-\omega _0 t)}+\varepsilon ^2 A_2 \e ^{2\left (k_0z+\i (k_0 x-\omega _0 t) \right )}+\dots +\textup {c.c.},} \label {subeq-1:Stokes_General}\\ \RevFourSec {\eta (x,t)}&\RevFourSec {=\bar {\eta }+\varepsilon B \e ^{\i (k_0 x-\omega _0 t)}+\varepsilon ^2 B_2 \e ^{2\i (k_0 x-\omega _0 t)}+\varepsilon ^3 B_3 \e ^{3\i (k_0 x-\omega _0 t)}+\dots +\textup {c.c.}} \label {subeq-2:Stokes_General}\end {align}
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\begin {align}\bar {\phi }&=\bar {\phi }(X,Z,T)=\varepsilon ^2\bar {\phi }_0(X,Z,T)+\varepsilon ^3 \bar {\phi }_1(X,Z,T)+\varepsilon ^4 \bar {\phi }_2(X,Z,T)+\dots , \label {subeq-1:Stokes_General_Coeff}\\ \begin {split} A_j&=A_j(X,Z,T)=A_{j0}(X,Z,T)+\varepsilon A_{j1}(X,Z,T)\\&\hspace {4mm}+\varepsilon ^2 A_{j2}(X,Z,T)+\dots , ~~\textup {for } j=1,2,3,\dots , \end {split} \label {subeq-2:Stokes_General_Coeff}\\ \bar {\eta }&=\bar {\eta }(X,T)=\varepsilon ^3\bar {\eta }_0(X,T)+\varepsilon ^4 \bar {\eta }_1(X,T)+\varepsilon ^5 \bar {\eta }_2(X,T)+\dots ,\label {subeq-3:Stokes_General_Coeff}\\ B&=B(X,T),\label {subeq-4:Stokes_General_Coeff}\\ \begin {split} B_j&=B_j(X,Z,T)=B_{j0}(X,Z,T)+\varepsilon B_{j1}(X,Z,T)\\&\hspace {4mm}+\varepsilon ^2 B_{j2}(X,Z,T)+\dots , ~~\textup {for } j=2,3,4,\dots \end {split} \label {subeq-5:Stokes_General_Coeff}\end {align}
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\begin {equation}X:=\varepsilon x,~~ Z:=\varepsilon z,~~ \textup {and}~~ T:=\varepsilon t. \label {Xeqn3-7}\end {equation}
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\begin {align}& \begin {cases} A_{10,Z}+\i A_{10,X}=0,~~ \textup {for } Z<0,\\ A_{10}=-\frac {\i \omega _0}{k_0} B,~~ \textup {for } Z=0, \end {cases} \label {subeq-0:PDEs_velocityPotential}\\ & \begin {cases} A_{20,Z}+\i A_{20,X}=0,~~ \textup {for } Z<0,\\ A_{20}=0,~~ \textup {for } Z=0, \end {cases} \label {subeq-1:PDEs_velocityPotential}\\ & \begin {cases} A_{11,Z}+\i A_{11,X}=-\frac {1}{2k_0} \left (A_{10,XX}+A_{10,ZZ}\right ),~~ \textup {for } Z<0,\\ A_{11}=\frac {\omega _0}{2 k_0^2} B_X,~~ \textup {for } Z=0, \end {cases} \label {subeq-2:PDEs_velocityPotential}\\ & \begin {cases} A_{30,Z}+\i A_{30,X}=0,~~ \textup {for } Z<0,\\ A_{30}=0,~~ \textup {for } Z=0, \end {cases} \label {subeq-3:PDEs_velocityPotential}\\ & \begin {cases} A_{21,Z}+\i A_{21,X}=-\frac {1}{4k_0} \left (A_{20,XX}+A_{20,ZZ}\right ),~~ \textup {for } Z<0,\\ A_{21}=0,~~ \textup {for } Z=0, \end {cases} \label {subeq-4:PDEs_velocityPotential}\\ & \begin {cases} A_{12,Z}+\i A_{12,X}=-\frac {1}{2k_0} \left (A_{11,XX}+A_{11,ZZ}\right ),~~ \textup {for } Z<0,\\ A_{12}=\frac {1}{2} \i k_0 \omega _0 \vert B \vert ^2 B+\frac {3\i \omega _0}{8 k_0^3} B_{XX},~~ \textup {for } Z=0, \end {cases} \label {subeq-5:PDEs_velocityPotential}\\ & \begin {cases} \bar {\phi }_{0,XX}+\bar {\phi }_{0,ZZ}+\bar {\phi }_{0,XX}^\ast +\bar {\phi }_{0,ZZ}^\ast =0,~~ \textup {for } Z<0,\\ \bar {\phi }_{0,Z}+\bar {\phi }_{0,Z}^\ast =2\omega _0 \left (\vert B \vert ^2\right )_X,~~ \textup {for } Z=0. \end {cases} \label {subeq-6:PDEs_velocityPotential}\end {align}
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\begin {equation}\label {eq:OurNLS} \i (\psi _T+c_\textup {gr} \psi _X)=\nu \psi _{XX}+\delta \vert \psi \vert ^2 \psi .\end {equation}
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$\widetilde {\psi }$


$r$


$s$


$r$


$\widetilde {\psi }$


$\psi $


$(\xi ,T)$


$s$


$\widetilde {\psi }$


$\kappa $


$\widetilde {\psi }$


$s$


$k_0=0.5\,\textup {m}^{-1}$


$\psi _0=1\,\textup {m}$


$\varepsilon =0.1$


$\kappa $


$\kappa = 0.2$


$\kappa = 0.8$


$r=0$


$s$


$s=0$


$s$


$\widetilde {\psi }$


$\kappa $


$s$


$s=0$


$\kappa $


$s$


$\kappa $


$\phi $


$\kappa $


$\kappa \in (0,1]$


$\phi $


\begin {equation}\label {eq:Singularity_CN_z} z=\frac {Z}{\varepsilon }>z_\textup {CN}:=-\frac {1}{\varepsilon \psi _0 b}\kappa K'(\kappa )=-\frac {1}{\sqrt {2}\varepsilon \psi _0 k_0^2}\kappa K'(\kappa ).\end {equation}


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}\label {eq:AnaTwoSolitonSolution} &\psi (X,T)=\nonumber \\& 8\i \psi _0 \frac {\begin {array}{l}2b\psi _0\left (X-c_\textup {gr} T\right )\sinh \left (2b\psi _0\left (X-c_\textup {gr} T\right )\right )\\\hspace {4pc}-\left (1-4 \i \delta \psi _0^2 T\right )\cosh \left (2b\psi _0\left (X-c_\textup {gr} T\right )\right )\end {array}}{\cosh \left (4b\psi _0\left (X-c_\textup {gr} T\right )\right )+1+8b^2 \psi _0^2 \left (X-c_\textup {gr} T\right )^2+32 \delta ^2 \psi _0^4 T^2 } \e ^{-2\i \delta \psi _0^2 T},\end {align}


$b$


$\psi $


$(\xi ,T)$


$\vert \psi \vert $


$s$


$-\bar {s}_1$


$-\bar {s}_2$


$\tau $


$k_0=0.5\,\textup {m}^{-1}$


$\psi _0=1\,\textup {m}$


$\varepsilon =0.1$


$\xi =X-c_\textup {gr}T$


$(\xi ,T)\approx (0,0)$


$r$


$s$


$\tau $


$\widetilde {\psi }$


\begin {equation}\label {eq:AnaTwoSoliton_PsiHat} \widetilde {\psi }(X,Z,T)=8\i \psi _0 \frac {2(r-\i s)\sinh \left (2(r-\i s)\right )-\left (1-4\i \tau \right )\cosh \left (2(r-\i s) \right ) }{\cosh \left (4(r-\i s)\right )+1+8(r-\i s)^2+32 \tau ^2 } \e ^{-2\i \tau }.\end {equation}


$\textup {cosh}\left (\boldsymbol {\cdot }\right )$


$\textup {sinh}\left (\boldsymbol {\cdot }\right )$


$\widetilde {\psi }$


$\widetilde {\psi }$


$\widetilde {\psi }$


\begin {equation}\label {eq:AnaTwoSoliton_Denum} \begin {split} &\cosh \left (4(r-\i s)\right )+1+8(r-\i s)^2+32 \tau ^2\\ &=\underbrace {\left [\textup {cos}\left (4s\right ) \textup {cosh}\left (4r\right )+1+8r^2-8s^2+32\tau ^2\right ]}_{=(*)} - \i \underbrace {\left [\textup {sin}\left (4s\right ) \textup {sinh}\left (4r\right )+16rs\right ]}_{=(**)}. \end {split}\end {equation}


$(*)=0$


$(**)=0$


$s\neq 0$


$(**)=0$


$r=0$


$\textup {sin}\left (2s\right )/s<0$


$(**)=0$


$r=\pm \bar {r}$


$\bar {r}$


$(**)=0$


$r=0$


$(*)=0$


$s=\pm \bar {s}_1$


$r\neq 0$


$(*)=0$


$(**)=0$


$r=\pm \bar {r}$


$s=\pm \bar {s}_2$


$(*)=0$


$(**)=0$


$(r,s)=\lbrace (0,\bar {s}_1), (0,-\bar {s}_1), (\bar {r},\bar {s}_2), (\bar {r},-\bar {s}_2), (-\bar {r},\bar {s}_2), (-\bar {r},-\bar {s}_2)\rbrace $


$(**)=0$


$\tau $


$(\xi ,T)$


$\xi =0$


$\psi $


$s$


$\widetilde {\psi }$


$-\bar {s}_1<0$


$-\bar {s}_2<0$


$\tau $


$-\bar {s}_1$


$-\bar {s}_2$


$\tau $


$\tau =0$


$-\bar {s}_1(\tau =0)=-0.3695$


$s$


$Z$


$\phi (x,z,t)$


\begin {equation}\label {eq:Singularity_TwoSoliton_z} z=\frac {Z}{\varepsilon }>z_\textup {TS}:=-\frac {0.3695}{\varepsilon \psi _0 b}=-\frac {0.3695}{\sqrt {2} \varepsilon \psi _0 k_0^2}.\end {equation}


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}\label {eq:SatsumaYajimaBreather} &\psi (X,T)=\nonumber \\&4\psi _0 \frac {\cosh \left (3b\psi _0\left (X-c_\textup {gr} T\right )\right )+3\cosh \left (b\psi _0\left (X-c_\textup {gr} T\right )\right )\exp \left (-4\i \delta \psi _0^2 T\right )}{\cosh \left (4b\psi _0\left (X-c_\textup {gr} T\right )\right )+4\cosh \left (2b\psi _0\left (X-c_\textup {gr} T\right )\right )+3\cos \left (-4\delta \psi _0^2 T\right )}\nonumber \\& \e ^{-\frac {1}{2}\i \delta \psi _0^2 T}.\end {align}


$\psi $


$(\xi ,T)$


$s$


$s<0$


$\tau $


$k_0=0.5\,\textup {m}^{-1}$


$\psi _0=1\,\textup {m}$


$\varepsilon =0.1$


$\xi =X-c_\textup {gr}T$


$\vert \xi \vert \rightarrow \infty $


$\widetilde {\psi }$


$\widetilde {\psi }$


$r$


$s$


$\tau $


$\widetilde {\psi }$


$r=0$


$\tau \in \mathbb {R}$


$s$


\begin {align}\label {eq:AnaSYBreather_s} \cos (2s)&=-1+\sqrt {\frac {3}{2}} \sqrt {1-\cos (4\tau )} \Leftrightarrow s\nonumber \\&=\pm \frac {1}{2} \cos ^{-1}\left (-1+\sqrt {\frac {3}{2}}\sqrt {1-\cos (4\tau )}\right )+n\pi , \textup { with } n \in \mathbb {Z}.\end {align}


$\widetilde {\psi }$


$r=0$


$2s=(2m+1)\pi $


$\tau =\pm \frac {1}{2}n\pi $


$m,n \in \mathbb {Z}$


$r$


$s$


$\tau $


$\widetilde {\psi }$


$\widetilde {\psi }$


$r$


$s$


$\tau $


$(\xi ,T)$


$r=\xi =0$


$\psi $


$\widetilde {\psi }$


$s$


$\tau $


$s$


$\tau $


$s$


$\tau =\frac {\pi }{4}+m\frac {\pi }{2}$


$m \in \mathbb {Z}$


$s=-\frac {1}{2}\cos ^{-1}(\sqrt {3}-1)\approx -0.3747$


$s$


$Z$


$\phi (x,z,t)$


\begin {equation}\label {eq:Singularity_SYBreather_z} z=\frac {Z}{\varepsilon }>z_\textup {SY}:=-\frac {\cos ^{-1}(\sqrt {3}-1)}{2 \varepsilon \psi _0 b}\approx -\frac {0.3747}{\sqrt {2} \varepsilon \psi _0 k_0^2}.\end {equation}


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}\label {eq:AnaPeregrineSolution} \psi (X,T)&=\psi _0 \left (\frac {4 \nu \left (1-2 \i \delta \psi _0^2 T\right )}{\nu \left [1+\left (2 \delta \psi _0^2 T\right )^2\right ] + 2\delta \psi _0^2 \left (X-c_\textup {gr} T\right )^2} -1\right ) \e ^{-\i \delta \psi _0^2 T}.\end {align}


$\psi $


$(\xi ,T)$


$\vert \psi \vert $


$\psi _0=1\,\textup {m}$


$k_0=0.5\,\textup {m}^{-1}$


$\varepsilon =0.1$


$\widetilde {\psi }$


$\widetilde {\psi }$


$r$


$s$


$\tau $


$\widetilde {\psi }$


\begin {equation}\label {eq:Singularity_PB_s} r=0 ~ \textup { and } ~ s=\pm \frac {1}{2}\sqrt {1+4\tau ^2}.\end {equation}


$(\xi ,T)$


$\psi $


$s$


$s$


$s\leq -\frac {1}{2}$


$\phi (x,z,t)$


\begin {equation}\label {eq:Singularity_Peregrine_z} z=\frac {Z}{\varepsilon }>z_\textup {PB}:=-\frac {1}{2 \varepsilon \psi _0 b}=-\frac {1}{2\sqrt {2} \varepsilon \psi _0 k_0^2}.\end {equation}


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}\label {eq:AnaKuznetsovMaBreather} \psi (X,T)&=\psi _0 \frac {\cos \left (0.5 \Omega \delta \psi _0^2 T+2\i \varphi \right ) -\cosh \left (\varphi \right )\cosh \left (pb\psi _0\left (X-c_\textup {gr} T\right )\right )}{\cos \left (0.5 \Omega \delta \psi _0^2 T \right ) -\cosh \left (\varphi \right )\cosh \left (pb\psi _0\left (X-c_\textup {gr} T\right )\right )} \nonumber \\&\e ^{-\i \delta \psi _0^2 T},\end {align}


\begin {equation}\label {eq:varphi_KMB} \varphi \in \mathbb {R}, ~~ p=2\sinh \left ( \varphi \right ), ~~ \Omega =2\sinh \left ( 2\varphi \right )\end {equation}


$b$


$\psi $


$(\xi ,T)$


$s$


$s<0$


$\tau $


$s_\textup {max}$


$\varphi $


$\vert \psi \vert $


$\psi _0=1\,\textup {m}$


$k_0=0.5\,\textup {m}^{-1}$


$\varepsilon =0.1$


$\varphi =1$


$\varphi \rightarrow 0$


$\varphi \neq 0$


$\widetilde {\psi }$


$\widetilde {\psi }$


$r$


$s$


$\tau $


$\widetilde {\psi }$


\begin {align}\label {eq:AnaKuznetsovMaBreather_s} r=0 ~~ \textup { and } ~~ \cos (ps)&=\frac {\cos \left ( 0.5\Omega \tau \right )}{\cosh (\varphi )} \Leftrightarrow s=\pm \frac {1}{p}\cos ^{-1}\left (\frac {\cos \left ( 0.5\Omega \tau \right )}{\cosh (\varphi )}\right )\nonumber \\&+2n\pi , \textup { with } n \in \mathbb {Z}.\end {align}


$r=0$


$\psi $


$(\xi ,T)$


$\widetilde {\psi }$


$s$


$\tau $


$s$


$\tau $


$\varphi =1$


$s$


$s_\textup {max}$


$\tau =\frac {4m\pi }{\Omega }$


$m \in \mathbb {Z}$


\begin {equation}\label {eq:AnaKuznetsovMaBreather_s2} s_\textup {max}=-\biggl \vert \frac {1}{p}\cos ^{-1}\left (\frac {1}{\cosh (\varphi )}\right ) \biggl \vert ~~ \textup { for all } \varphi \in \mathbb {R}.\end {equation}


$s_\textup {max}$


$\varphi $


$s_\textup {max}$


$\varphi $


$\vert \varphi \vert $


$\widetilde {\psi }$


$Z$


$\vert \varphi \vert \rightarrow 0$


$s_\textup {max}$


$s_\textup {max} =-\frac {1}{2}$


$s$


$Z$


$\phi (x,z,t)$


\begin {align}\label {eq:Singularity_KMBreather_z} z&=\frac {Z}{\varepsilon }>z_\textup {KM}:=\frac {s_\textup {max}}{\varepsilon b \psi _0}=-\left | \frac {\cos ^{-1}\left (\frac {1}{\cosh (\varphi )}\right )}{\varepsilon p b \psi _0} \right | \geq -\frac {1}{2\varepsilon b \psi _0} =-\frac {1}{2\sqrt {2} \varepsilon \psi _0 k_0^2}\nonumber \\&=z_\textup {PB}.\end {align}


$z_\textup {PB}$


$z$


$\phi (x,z,t)$


$\varphi \in \mathbb {R}$


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}\label {eq:AkhmedievBreather} \psi (X,T)&=\psi _0 \frac {\cosh \left (0.5 \Omega \delta \psi _0^2 T+2\i \varphi \right ) -\cos \left (\varphi \right )\cos \left (pb\psi _0\left (X-c_\textup {gr} T\right )\right )}{\cosh \left (0.5 \Omega \delta \psi _0^2 T \right ) -\cos \left (\varphi \right )\cos \left (pb\psi _0\left (X-c_\textup {gr} T\right )\right )}\nonumber \\& \e ^{-\i \delta \psi _0^2 T},\end {align}


\begin {equation}\label {eq:varphi_AB} \varphi \in \mathbb {R}, ~~ p=2\sin \left ( \varphi \right ), ~~ \Omega =2\sin \left ( 2\varphi \right )\end {equation}


$b$


$\psi $


$(\xi ,T)$


$s_\textup {max}$


$\varphi $


$\vert \psi \vert $


$\psi _0=1\,\textup {m}$


$k_0=0.5\,\textup {m}^{-1}$


$\varepsilon =0.1$


$\varphi =1$


$\varphi \rightarrow 0$


$\varphi \neq 0$


$\widetilde {\psi }$


$\cos (\varphi )=0$


$\Omega =0$


$\psi (X,T)=-\psi _0 \e ^{-\i \delta \psi _0^2 T}$


$k_\textup {pw}=0$


$\cos (\varphi )=0$


$\widetilde {\psi }$


$\widetilde {\psi }$


$r$


$s$


$\tau $


$\widetilde {\psi }$


$\cos (\varphi )>0$


$\Rightarrow $


$r=2m\pi /p$


$m\in \mathbb {Z},$


$\cosh (ps)=\frac {\cosh \left ( 0.5 \Omega \tau \right )}{\cos (\varphi )}$


$\cos (\varphi )<0$


$\Rightarrow $


$r=(2m+1)\pi /p$


$m\in \mathbb {Z},$


$\cosh (ps)=\frac {\cosh \left ( 0.5 \Omega \tau \right )}{-\cos (\varphi )}$


$\widetilde {\psi }$


$r$


$(\xi ,T)$


$\cos (\varphi )$


$s$


\begin {equation}\label {eq:AnaAkhmedievBreather_s} \cosh (ps)=\frac {\cosh \left ( 0.5 \Omega \tau \right )}{\vert \cos (\varphi ) \vert } \Leftrightarrow s=\pm \frac {1}{p}\cosh ^{-1}\left (\frac {\cosh \left ( 0.5 \Omega \tau \right )}{\vert \cos (\varphi ) \vert }\right ).\end {equation}


$s$


$\tau $


$\varphi $


$\tau =0$


\begin {equation}\label {eq:AnaAkhmedievBreather_s2} s_\textup {max}=- \biggl \vert \frac {1}{p}\cosh ^{-1}\left (\frac {1}{\vert \cos (\varphi ) \vert }\right ) \biggl \vert .\end {equation}


$s_\textup {max}$


$\varphi $


$\cos (\varphi ) \rightarrow 0$


$s_\textup {max} \rightarrow - \infty $


$\varphi \rightarrow \frac {1}{2}(2m+1)\pi $


$m \in \mathbb {Z}$


$s_\textup {max}$


$s_\textup {max}=-\frac {1}{2}$


$s$


$\tau =0$


$s$


$Z$


$\phi (x,z,t)$


\begin {equation}\label {eq:Singularity_AkhmedievBreather_z} z=\frac {Z}{\varepsilon }>z_\textup {AB}:=\frac {s_\textup {max}}{\varepsilon b \psi _0}=-\left | \frac {\cosh ^{-1}\left (\frac {1}{\vert \cos (\varphi ) \vert }\right )}{\varepsilon p b \psi _0}\right | =-\left | \frac {\cosh ^{-1}\left (\frac {1}{\vert \cos (\varphi ) \vert }\right )}{2\sqrt {2}\sin (\varphi )\varepsilon k_0^2 \psi _0} \right |.\end {equation}


$s_\textup {max}\leq -\frac {1}{2}$


$z_\textup {AB}\leq -\frac {1}{2\varepsilon b \psi _0} =-\frac {1}{2\sqrt {2} \varepsilon \psi _0 k_0^2}=z_\textup {PB}$


$\varphi \in \mathbb {R}$


$z_\textup {PB}$


$z$


$\phi (x,z,t)$


$\varphi \in \mathbb {R}$


$\varphi \rightarrow (2m+1)\pi $


$m\in \mathbb {Z}$


$s_\textup {max}$


$s_\textup {max}\rightarrow -\frac {1}{2}$


$\widetilde {\psi }$


$\widetilde {\psi }$


$r= (2m+1)\pi /p\rightarrow \pm \infty $


$m \in \mathbb {Z}$


$\widetilde {\psi }$


$\varphi = \frac {1}{2}(2m+1)\pi $


$\varphi = (2m+1)\pi $


$m \in \mathbb {Z}$


$\varphi $


$\widetilde {\psi }$


$\phi $


$z=z_\textup {AB}$


$j$


$j$


\begin {equation}\label {eq:RationalLocalizedSolution} \psi (X,T)=\psi _0 \left [ (-1)^j+\frac {G_j+\i H_j}{D_j} \right ] \e ^{-\i \delta \psi _0^2 T}\end {equation}


$G_j(X,T)$


$H_j(X,T)$


$D_j(X,T)$


$G_j$


$H_j$


$D_j$


$j=1$


$\nu $


$\delta $


$c_\textup {gr}$


\begin {align}G_1(X,T)&=4\nu ,\label {subeq-1:G1H1D1} \\ H_1(X,T)&=-8 \nu \delta \psi _0^2 T, \label {subeq-2:G1H1D1}\\ D_1(X,T)&=\nu \left [1+\left (2 \delta \psi _0^2 T\right )^2\right ] + 2\delta \psi _0^2 \left (X-c_\textup {gr} T \right )^2. \label {subeq-3:G1H1D1}\end {align}


$j=2$


$G_2$


$H_2$


$D_2$


\begin {align}G_2(X,T)=&\frac {3}{4}-\left (b^2 \psi _0^2\left (X-c_\textup {gr} T\right )^2+\delta ^2\psi _0^4T^2+3/4 \right )\nonumber \\&\left (b^2 \psi _0^2\left (X-c_\textup {gr} T\right )^2+5\delta ^2\psi _0^4T^2+3/4 \right ),\label {subeq-1:G2H2D2} \\ H_2(X,T)=&\delta \psi _0^2 T \left [\delta ^2 \psi _0^4 T^2 -3b^2 \psi _0^2\left (X-c_\textup {gr} T \right )^2 \right .\nonumber \\&\left .+2 \left [b^2 \psi _0^2\left (X-c_\textup {gr} T \right )^2+\delta ^2 \psi _0^4 T^2\right ]^2-\frac {15}{8}\right ], \label {subeq-2:G2H2D2}\\ \begin {split} D_2(X,T)=&\frac {1}{3} \left [b^2 \psi _0^2\left (X-c_\textup {gr} T \right )^2+\delta ^2 \psi _0^4 T^2\right ]^3\\&+\frac {1}{4}\left [b^2 \psi _0^2\left (X-c_\textup {gr} T \right )^2-3\delta ^2 \psi _0^4 T^2\right ]^2\\ &+\frac {3}{64} \left [12b^2 \psi _0^2\left (X-c_\textup {gr} T\right )^2+44\delta ^2 \psi _0^4 T^2+1\right ]. \end {split} \label {subeq-3:G2H2D2}\end {align}


$\psi $


$2$


$(\xi ,T)$


$\vert \psi \vert $


$s$


$\tau $


$\vert \psi \vert $


$2$


$\psi _0=1\,\textup {m}$


$k_0=0.5\,\textup {m}^{-1}$


$\varepsilon =0.1$


$\widetilde {\psi }$


$\widetilde {\psi }$


$(X,Z,T)$


$D_2(X-\i Z,T)=0$


$r$


$s$


$\tau $


$D_2(X-\i Z,T)$


$r=0$


$r$


$s$


$\tau $


\begin {equation}\label {eq:Eq_rst_rNOT0} 2(r^2+\tau ^2-s^2)^2+(r^2-3\tau ^2-s^2)-\frac {8}{3}r^2s^2+\frac {9}{8}=0.\end {equation}


$r=0$


$s$


$D_2(X-\i Z,T)$


$3$


$s^2$


$s$


$s^2$


$\tau \in \mathbb {R}$


\begin {equation}\label {eq:d} d=\sqrt [3]{\sqrt {2304 \tau ^8 + 1792 \tau ^6 + 864 \tau ^4 - 144 \tau ^2 + 9}+ 48 \tau ^4 + 24 \tau ^2 - 1}>0,\end {equation}


$s$


$D_2(X-\i Z,T)$


\begin {equation}\label {eq:s_r=0} s=\pm \sqrt {\tau ^2+\frac {d}{2}+\frac {4 \tau ^2-1}{d}+\frac {1}{4}}.\end {equation}


$r \neq 0$


$(r,s,\tau )$


$D_2(X-\i Z,T)$


$r^2$


$s^2$


$s^2$


$r^2$


$\tau \in \mathbb {R}$


$d$


\begin {equation}\label {eq:u} u=-\tau ^2+\frac {d}{4}+\frac {4 \tau ^2-1}{2d}-\frac {1}{4},\end {equation}


\begin {align}\label {eq:w} w=-\frac {u}{2}+\frac {1}{2}\sqrt {\frac {\begin {array}{l}64 \tau ^6 + 192 \tau ^4 u + 432 \tau ^4 + 384 \tau ^2 u^2 - 288 \tau ^2 u \\+ 396 \tau ^2 + 256 u^3 + 96 u^2 + 108 u + 9\end {array}}{48 (4 \tau ^2 + 4 u + 1)}},\end {align}


$r$


$s$


$D_2(X-\i Z,T)$


\begin {equation}\label {eq:r_and_s} r=\pm \sqrt {u+w}, \textup { and } s=\pm \sqrt {w}.\end {equation}


$(\xi ,T)$


$s$


$\tau $


$s$


$r=0$


$\tau =0$


$s=-\sqrt {\frac {\sqrt [3]{2}}{2}-\frac {1}{\sqrt [3]{2}}+\frac {1}{4}}=\approx -0.2937$


$s$


$Z$


$\phi (x,z,t)$


$2$


\begin {equation}\label {eq:Singularity_APBreather_z} z=\frac {Z}{\varepsilon }>z_\textup {AP}:=-\frac {\sqrt {\frac {\sqrt [3]{2}}{2}-\frac {1}{\sqrt [3]{2}}+\frac {1}{4}}}{\varepsilon b \psi _0} \approx -\frac {0.2937}{\sqrt {2}\varepsilon k_0^2 \psi _0}.\end {equation}


$\widetilde {C}$


$\phi $


$\widetilde {\psi }$


$\widetilde {C}$


$\widetilde {C}$


$\widetilde {C}(X,Z,T)=C(X-\i Z,T)$


$C=\vert \psi \vert ^2 \psi $


$\phi $


$\widetilde {C}$


$\widetilde {C}$


$\widetilde {\psi }$


$\widetilde {C}$


$\widetilde {C}(X,Z,T)=\psi _0^2 \widetilde {\psi }(X,Z,T)$


$\widetilde {\psi }$


$\widetilde {C}$


$\widetilde {C}$


\begin {equation}\label {eq:AnaSolitonSolution_C_Tilde} \widetilde {C}(X,Z,T)=\psi _0^2 \textup {sech}^2\left (\psi _0 b \left (X-\i Z-c_\textup {gr} T\right )\right ) \widetilde {\psi } ~~ \textup {and}\end {equation}


\begin {equation}\label {eq:AnaCnSolution_C_Tilde} \widetilde {C}(X,Z,T)=\psi _0^2 \textup {cn}^2\left (\frac {\psi _0}{\kappa } b \left (X-\i Z-c_\textup {gr} T\right ),\kappa \right ) \widetilde {\psi }.\end {equation}


$\widetilde {C}$


$\widetilde {\psi }$


$\psi $


\begin {equation}\label {eq:psi_DifferentSolutions} \psi (X,T)=\psi _0 \frac {F+\i H}{K} \e ^{-c\i \delta \psi _0^2 T}.\end {equation}


$F(X,T)$


$H(X,T)$


$K(X,T)$


$c$


$\widetilde {C}$


\begin {equation}\label {eq:DifferentSolutions_C_Tilde} \widetilde {C}(X,Z,T)=\psi _0^2 \frac {F^2(X-\i Z,T)+ H^2(X-\i Z,T)}{K^2(X-\i Z,T)} \widetilde {\psi }.\end {equation}


$K$


$\widetilde {C}$


$\widetilde {\psi }$


$\phi $


$\psi $


$\widetilde {\psi }$


$\phi $


$\psi $


$\psi $


$C$


$X$


$X-iZ$


$\widetilde {\psi }$


$\widetilde {C}$


$\psi $


$C$


$\widetilde {\psi }$


$\widetilde {C}$


$\phi (x,z,t)$


$\psi $


$z_\textup {limit}<z\leq 0$


$z_\textup {limit}$


$\psi $


$\phi $


$\gamma :=\dfrac {1}{\varepsilon b \psi _0}=\dfrac {1}{\sqrt {2} \varepsilon \psi _0 k_0^2}$


$z_\textup {limit}$


$z_\textup {limit}$


$z_\textup {limit}=-c\gamma $


$\gamma :=\frac {1}{\varepsilon b \psi _0}=\frac {1}{\sqrt {2} \varepsilon \psi _0 k_0^2}$


$\gamma $


$\psi _0$


$\varepsilon $


$k_0$


$\psi $


$c$


$\kappa $


$\varphi $


$\phi $


$z<0$


$z_\textup {AB} \in \left (-\infty ,-\frac {1}{2\sqrt {2} \varepsilon \psi _0 k_0^2}\right ]$
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$\psi _0$


$k_0$


$\varepsilon $


$\kappa $


$\varphi $


$\varepsilon \leq 0.15$


$z_\textup {limit}=\mathcal {O}(\varepsilon ^{-1})$


$\varepsilon $


$z_\textup {limit}$


$\varepsilon $


$z_\textup {limit}$


$\phi (x,z,t)$


$z<0$


$z$


$\phi _z \rightarrow 0$


$z \rightarrow -\infty $


$\phi $


$\phi $


$\widetilde {\psi }(X,Z,T)$


$\widetilde {C}(X,Z,T)$


$Z$


$\psi $


$\widetilde {\psi }(X,Z,T)$


$\widetilde {C}(X,Z,T)$


$\psi $


$C=\vert \psi \vert ^2 \psi $


$(X-\i Z,T)$


$\psi $


$\psi (X,T)$


$\widetilde {\psi }$


\begin {align}\widetilde {\psi }_Z&=-\i \widetilde {\psi }_X,~~ \textup { for } Z<0, \label {subeq-1:eq:KomplexTransport}\\ \widetilde {\psi }&=\psi ,~~ \hspace {5,8mm} \textup { for } Z=0. \label {subeq-2:eq:KomplexTransport}\end {align}


$Z=0$


$\widetilde {C}(X,Z,T)$


$\widetilde {\psi }$


$\widetilde {C}$


$\phi $


$\psi $


$\widetilde {\psi }$


$\widetilde {C}$


$X-Z$
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the NLS can describe many characteristics of the dynamics of rogue
waves, which are found to arise as a result of nonlinear self-focusing
phenomena (Onorato et al., 2001). Additionally, it has been conjectured
in different studies that specific solutions of the NLS are prototypes of
rogue ocean waves, see e.g. Dysthe and Trulsen (1999), Shrira and Ge-
ogjaev (2010), Dostal et al. (2020). Moreover, numerical solutions of the
NLS can be computed much more efficiently than solutions of the non-
linear governing equation of the potential flow theory. Finally, irregular
sea states can be efficiently generated using the NLS by employing the
approach presented in Hollm et al. (2021, 2022).

Although many studies have investigated the reconstruction of the
free surface profile and the accuracy of such profiles predicted by the
NLS for ocean waves, comparatively few works have focused on the as-
sociated flow field inside the fluid. In this way, Carter et al. (2020) have
derived a general representation for the corresponding velocity potential
¢. Based on ¢, they have investigated the trajectories of water particles
inside the fluid using the NLS. However, without much comment, Carter
et al. (2020) have noticed that the velocity potential ¢ corresponding
to solutions y of the NLS can have singularities at z = ©(¢~!), whereby
z denotes the vertical space-coordinate and ¢ is the wave steepness of
the corresponding waves. This is surprising, as even experiments have
shown that the NLS can be used to model specific kinds of water waves,
see e.g. Chabchoub (2013), Slunyaev et al. (2013), Chabchoub et al.
(2012).

Although Carter et al. (2020) have observed the occurrence of singu-
larities in ¢, the origin and the exact location of these singularities are
still unknown. Consequently, Carter et al. (2020) have considered only
the trajectories of water particles sufficiently close to the fluid surface
and far away from the singularities. However, for many applications, it is
necessary to compute the flow field of the water waves in greater water
depths. For example, a new computational method has been presented
and analyzed in Hollm and Seifried (2026) that uses the NLS to calculate
the fluid-structure interaction between mechanical structures and non-
linear ocean waves. Especially when considering mechanical structures
that extend deep into the ocean, it is important to know whether, and
where, the velocity potential ¢ corresponding to solutions y of the NLS
becomes singular below the sea surface, as these singularities can affect
the results of the fluid-structure interaction.

A second problem occurs in the numerical computation of the veloc-
ity potential ¢. The formula of Carter et al. (2020) for ¢ shows that a
complex transport equation has to be solved to compute ¢ numerically,
if no analytical solution y of the NLS is available. However, the numer-
ical stability of the corresponding solution schemes poses a significant
challenge when numerically solving this equation.

Therefore, two big issues arise when computing the velocity poten-
tial ¢ corresponding to solutions y of the NLS: the occurrence of sin-
gularities of the velocity potential ¢ below the sea surface, and sta-
bility issues in the numerical computation of ¢. These challenges have
important practical consequences for marine engineering applications.
Specifically, they may lead to inaccurate or biased predictions of hy-
drodynamic loads and fluid motion characteristics, which are critical
parameters for the design and safety assessment of offshore structures.
As the two aforementioned issues become more relevant at greater
depths below the water surface, such inaccuracies are particularly con-
sequential for deep-drafted offshore structures. Hence, addressing these
mathematical and numerical issues in the computation of the velocity
potential ¢ is essential to ensure reliable simulations and robust engi-
neering decisions in offshore design processes.

In this work, the two aforementioned big issues in the computation
of the velocity potential ¢ corresponding to solutions y of the NLS are
analyzed. By examining several exemplary analytical solutions y of the
NLS, the occurrence and location of singularities in the corresponding
velocity potentials ¢ are investigated. Specifically, the following ques-
tions are addressed: Can the velocity potential ¢ become singular at
some water depth for every solution y of the NLS? For different ana-
lytical solutions y of the NLS, where does the corresponding velocity
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potential ¢ become singular? Does a water depth Z < 0 exist such that
the velocity potential ¢ can be computed without any singularities for
z € (z,0] for all solutions y of the NLS? Furthermore, different numeri-
cal schemes are analyzed with respect to their stability when applied to
the complex transport equation. In this way, attention shall be drawn
to problems that need to be taken into account in the calculation of the
flow field associated with solutions y of the NLS.

The work is organized as follows: First, the derivation of the NLS is
briefly reviewed in Section 2. Based on the solution y of the NLS, it is
also presented how the corresponding sea surface displacement # and
velocity potential ¢ can be computed. Afterward, the behavior of the
velocity potential ¢ below the sea surface is investigated in Section 3.
Here, different analytical solutions y of the NLS are presented and ana-
lyzed with regard to singularities in the corresponding velocity potential
¢. In Section 4, different numerical schemes are presented to compute ¢
in the absence of any analytical solution y of the NLS. Here, the numer-
ical stability of the different schemes is investigated. Finally, this work
ends with a conclusion in Section 5.

2. Modeling of water waves using the NLS

In this section, the derivation of the NLS is sketched, and the con-
struction of the corresponding velocity potential ¢ is briefly outlined.
For details, it is refereed to Carter et al. (2020), Hollm (2025). In this
work, the behavior of homogeneous, incompressible, inviscid, and irro-
tational fluids is considered, whereby surface tension is neglected. Let
x and z denote the respective horizontal and vertical spatial variables,
and ¢ the time variable. The plane of the undisturbed free sea surface is
located at z = 0, and the z-axis is positive upwards. Only long-crested
waves are considered propagating in x-direction. The vertical displace-
ment of any point on the free sea surface at time ¢ and space x is given by
z = n = n(x,1). Here, it is assumed that the water waves are not breaking
such that the value of #(x, ) is uniquely defined everywhere.

Using the assumptions mentioned above, the fluid motion can be de-
scribed by the velocity potential ¢ = ¢(x, z, ). The governing equations
of fluid motion of potential flow theory are given by

Vp=¢. +¢, =0, for oo <z <n(x,1), (1a)
N+ ety = ¢z, at z =#n(x,1), (1b)

b+ 3V Vot gn =0, at z = n(x.1), 10
¢, 0, as z - —oo, ad)

see e.g. Carter et al. (2020), Newman (2018). Here, V denotes the nabla
operator in space, and g is the gravitational constant. It has to be noted
that the external pressure exerted on the sea surface 5 is assumed to be
zero.

After calculating the velocity potential ¢ and the sea surface dis-
placement 5 by solving Eq. (1), the dynamics of water waves on the
open sea can be calculated. However, solving Eq. (1) requires signifi-
cant computational effort due to the two nonlinear boundary conditions
(BCs) at the unknown position of the free sea surface z = 5. In order to
reduce this effort, n and ¢ can be computed using the NLS. In the fol-
lowing, the derivation of the NLS is shortly outlined, and the resulting
formulas for n and ¢ corresponding to solutions of the NLS are presented.
More details about the derivation of the NLS can be found, for example,
in Dysthe (1979), Carter et al. (2020), Hollm (2025), Mei (1983).

2.1. Derivation of the NLS

In the derivation of the NLS, it is first used that the two BCs (1b)
and (1c) at the free sea surface z = 5 can be replaced by one single BC
at z = 5. To this end, the substantial derivative of Eq. (1c) is considered
(Newman, 2018), i. e.

((%+V¢-V)[¢,+%V¢-V¢+gn] =0, for z=n(x,y1). 2)
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Here, the substantial derivative expresses the time rate-of-change in a
coordinate system moving with the fluid. Using Eq. (1b), Eq. (2) can
be rewritten to, see e.g. Mei (1983), Newman (2018),

G+ 8P, +2Ve - Vo, +

%qu -V(V¢p-V¢) =0, for z=n(x,y1). 3

This BC is exact and only depends on ¢, except that it has to be applied
at the unknown sea surface position z = .

Next, Taylor series expansions are employed to expand Eq. (3) and
Eq. (1c) from z = 5 to z = 0. Considering only the terms up to third order
in the product of ¢, 5, and their derivatives, the expanded equations
evaluated at z = 0 become

2
$u+gbo+ [¢,, +gp.| +2Ve - Vo, + n = [+ 8¢:]

1
P12V V) + V- V(- V) =
(4a)
[4vs 0].
(4b)

—gn=¢, +np, + = V¢ Vo + > '7¢tzz+rla

These equations have also been presented, for example, in Mei (1983).

Afterward, the velocity potential ¢ and sea surface displacement
are described using the modulated wave train ansatz, see Carter et al.
(2020),

B(x, 2, )= P + £ A ekoztitkox=oD | g2 4 2(koztikox—wo)) 4 ... L e, (5a)
n(x, t)= ij + e Belkox=@01) 4 £2 B, e2itkox=woh) 4 3 g elitkox—woh) 4 ... 4 ¢ c.
(5b)

Here, the perturbation parameter ¢ represents the wave steepness
koA, of the carrier wave with wave number k, and a typical wave am-
plitude A,. Moreover, w, represents the corresponding wave frequency

of the carrier wave, and c.c. represents the complex conjugate. Further-
more, as described in Carter et al. (2020), it is assumed

d=dX,Z,T)=*Py(X, Z, T)+ ¢ (X, Z,T) + e* Py (X, Z, T) + ...,

(6a)

A;=A[X,Z,T)=A(X,Z,T) +€A;|(X, Z,T) ©b)
+EAp(X, Z.T)+ ..., forj=123,...,

=X, T) =X, T) + ' (X, T) + (X, T) + .., (60)

B=B(X,T), (6d)

B;=By(X,Z.T)=B;(X.Z.T)+¢B; (X, Z,T) )
+eBp(X,Z,T)+ ..., forj=234,..

Here, X, Z, and T are the slow variables defined by
X :=ex, Z:=¢z, and T :=¢t. 7)

The expressions from Egs. (5) and (6) are substituted into the
Laplace Eq. (1a) and the BCs (4a) and (4b) at z = 0. This yields terms
of various orders in & and eko?*i(kox~@0")  which are analyzed separately.
The resulting PDEs and BCs at Z = 0 for the unknowns 4, ;, which appear
in Eq. (5) up to the order O(e3), and ¢, are given by

ijs

Az +iAjgx =0, for Z <0,
2 (8a)
Ay = _EB’ for Z =0,
A +iA =0, for Z <0,
20,2 20,X (8b)
A20 =0, for Z=0,
A112+1A11x——2k (Aoxx +Awzz), for Z <0, &)
c
Ay = —BX, for Z =0,
A +iA =0, for Z <0,
30,2 30,X (8d)
Az =0, for Z=0,
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. 1
Ay z +iAy x = —%(Azo,xx + Ayzz). for Z <0, 80
Ay =0, for Z =0,
Apz tiApx = -3 L (A xx +A11z7), for Z <0,

2 3lwo (8f)

Ap = _lk()wOlBl B+ BXXs for Z =0,
boxx +Pozz + by yx + & ,, =0, for Z <0, 89
bo.z + & , = 200(IB?) . for Z =0.

Here, q§3 denotes the complex conjugate of ¢. The corresponding solu-
tions of Eq. (8) are given in terms of B by

A DNF Ay = L0Fy Ay = ikgwpD+ 2N F

= — N = N = 1K, N
10 k() 11 2k0 X 12 16 00 8k3 XX
Ay =0, Ay =0, Ayy=0, Go(X,Z,T)+GiX,Z,T)

= F~! (2iwy sgn(k)F (| B|*)el1%)

)]

with  B(X,Z,T)= B(X -iZ,T), D(X,T) = 8|B(X,T)|*B(X,T),
D(X,Z,T)= D(X —iZ,T). Furthermore, F denotes the Fourier trans-
form with respect to the coordinate X and F~! its inverse, which are
given by

fo=P(FX) = / f(Xe*Xdx,

(10)
Fo0 =7 (7)) = / FloeX di.

In addition, the functions B;; and 7, + 7j;, which appear in Eq. (5b)
up to the order O(¢?), are given in terms of B by

B,y = koB%, By = %1%33, B,, = —ikyBBy,

R k() S

zZ=0

flo + 1y =

Here, H denotes the Hilbert transform, which can be computed by
H(f(X)) = F~! (=i sgn()F(f)).

It remains to calculate the function B. For this purpose, the two
BCs (4a) and (4b) are combined into a single BC at Z = 0 in terms of ¢
by substituting the expression for # from Eq. (4b) into Eq. (4a). In the
resulting equation, only the terms up to third order in the products of ¢
and its derivatives are considered. Next, ¢ is replaced by the expression
from Eq. (5a), whereby A;; and ¢, are substituted by the expressions
given by Eq. (9). Considering only the terms up to order O(¢?), it is
found that B has to satisfy

o 2 2
By + —B = — By x + 2wyk:B|B|” |]. 12
< T 2k, X) £ <8k% XX okoBIB| > 12)

2.2. General overview of the resulting NLS equations

After solving Eq. (12), the corresponding velocity potential ¢ and
sea surface displacement s can be calculated by substituting the Eqgs. (9)
and (11) into Eq. (5). The resulting expressions for  and ¢ can slightly
be simplified by substituting y(X,T) = 2B(X,T). In this way, it results
the NLS

i(wr + cgx) = vy x + 6wy a3
Here, the constants v, §, and the group velocity c,, are defined as

@

@9
Vi=eg——, Cop 1= —.
8k3 8 2k

1
) ::ezwok(z), a4
Furthermore, the wave frequency w, and wave number &, of the carrier
wave are linked by the linear dispersion relation in deep water, i. e. a)g =
gky.
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After solving the NLS (13) to compute the wave envelope v, the
sea surface displacement #(x,) and velocity potential ¢(x,z,7) of the
corresponding water waves are given by

n(x,t) = Re{sq/E + %s2k0u/2E2+e3 [%kgy/3E3 - %iy/y/XE2

) 1s)
@ 2 4
——H O(e"),
+2g 0T( (vl )>]}+ )
. 2 . .
_ iEwy . €7 3f tkowy ~  3iwg oz
¢(X,Z,l)—RC{|:— ko Y+ 2k% Wy +€ <TC+8_]¢3WXX Ee*o
+262Pg + 263 P, pHO(E™).
(16)

Here, it is E = eikox—®0) (X, Z,T) := w(X —iZ,T), C := |y|*y and
G(X, Z,T) :=C(X —iZ,T). As presented in Hollm and Seifried (2026),
Hollm (2025), Hollm et al. (2024), Eq. (16) is the corrected version of
the formula by Carter et al. (2020), who did not consider the mean flow
velocity potentials ¢, and ¢, in Eq. (16). The velocity potential ¢, is
given by

Re{zqso }: Bo+ G =T (%ia}o sgn(k)F(lwlz)eWZ). 17

It has to be noted that the velocity potential ¢, appearing in Eqs. (6a)
and (16) will not further be specified in this work as it has only a small
effect on the wave dynamics. As ¢, depends only on T = et, X = ex,
and Z = €z, it holds

Gry=ebir. Pi=ebix, bi,=€d 7. as)

Recall that the gradient of the velocity potential ¢, V¢, computes the ve-
locity of the water at any point in the water domain. Since ¢, is of order
O(?), the derivatives ¢, ,, ¢, ,, and ¢, . are of order O(¢*). Therefore,
considering ¢, only affects the wave dynamics of order O(¢*). On the
other side, the NLS is derived considering all terms in Eqgs. (5) and (6)
up to order O(¢?). For this reason, the NLS is accurate to the third or-
der in the wave steepness €. As ¢, only affects the wave dynamics of
order O(¢*), ¢, is not specified here and will not be considered in the
further course of this work.

In summary, after solving the NLS for the wave envelope y, the sea
surface displacement 5 and velocity potential ¢» can be computed using
Egs. (15) and (16), respectively. Fig. 1 shows two examples of the wave
envelope y and the associated sea surface displacement », whereby only
the leading order term in ¢ is used to calculate 5. Here, the wave enve-
lope y is used to describe regular and non-regular water waves, see
Figs. 1a-1b.

Given the sea surface displacement 5 and velocity potential ¢, the
dynamics of the water waves and the fluid can be calculated. This al-
lows, for example, the computation and analysis of the water pressure,
the trajectories of water particles, and the fluid-structure interaction be-
tween ocean waves and mechanical structures in a post-processing step.
The entire procedure for using the NLS in fluid dynamics applications
is depicted in Fig. 2. As the velocity potential ¢ from Eq. (16) plays an
important role here, its behavior below the sea surface is analyzed in
the following.

3. Singularities of flow fields associated with analytical solutions
of the NLS

Given the solution y of the NLS (13), the corresponding velocity
potential ¢ can be computed using Eq. (16). Here, it can be seen that
the z-dependency of ¢ is strongly related to the behavior of the auxiliary
variables w(X, Z,T) and C(X, Z,T) in water depth Z = ez. However, by
observing the behavior of § and C with respect to Z, it can be found
that i and C can contain singularities for large values of Z. Therefore,
also the velocity potential ¢ from Eq. (16) can contain singularities in
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the depth Z. Depending on the behavior of § and C with respect to Z, it
also follows that the condition ¢, — 0 for z - —oo from Eq. (1d) might
not be fulfilled by the velocity potential ¢ from Eq. (16).

It is important to note that the aforementioned singularities do not
result from any physical blowup. Instead, they are mathematical arti-
facts arising from the reconstruction of the velocity potential ¢ corre-
sponding to solutions of the NLS. Specifically, the reconstruction of ¢
relies on the analytic continuation of the wave envelope y and aux-
iliary variable C from the real spatial coordinate X into the complex
plane X —iZ. Thus, the functions § and C are the analytic continua-
tions of the functions y and C into the complex plane. Such analytic
continuations are valid only up to a certain depth, referred to as the
radius of analyticity. Beyond this depth, the reconstruction of the veloc-
ity potential ¢ breaks down and singularities appear. Therefore, these
singularities do not represent a physical divergence of the underlying
inviscid potential flow, but indicate the limited domain of validity of
the analytic continuations.

In this section, the behavior of the singularities of i and C with
respect to Z is investigated. This investigation extends the study pre-
sented in Carter et al. (2020). For different analytical solutions of the
NLS (13), it is studied whether  and C contain singularities in Z, and if
so, where they are located. For this purpose, several analytical solutions
of the NLS (13) are presented and their singularities are investigated in
Sections 3.1-3.9. In order to simplify the investigation, only the singu-
larities appearing in i are considered here. The corresponding locations
of the singularities of C are discussed in Section 3.10. This section ends
with a summary of all results in Section 3.11.

In order to simplify the notation in the following, the normalized
dimensionless coordinates

F=yyb(X — cng), s=yybZ, and v = 51//3T 19

are introduced. Here, r denotes the normalized horizontal coordinate, s
the normalized vertical coordinate (depth), and 7 the normalized time.
In Eq. (19), the constant b is given by

=,/
b=1/5 (20)

3.1. Plane-wave solution

The plane-wave solution of the NLS has an amplitude that is constant

in time and space, and is given by
; _i —vk2 2

w(X, T)= Woelkpwx ‘(kpwcgr vkperEu/O )T’
see e.g. Carter et al. (2020). Here, y,, € R is the amplitude of the solution
and kp,,, € R is an arbitrary constant.

The auxiliary variable i corresponding to the plane-wave solution
of the NLS is then given by

(21

VX, Z,T)=y(X —iZ,T) = (X, T)ekwZ. (22)

Since Z < 0, it can be observed that { decays exponentially for an in-
creasing water depth. Consequently, { shows no singularities under wa-
ter. The same holds for the variable C, which is given by CX,Z,T)=
u/ng/(X ,Z,T). Therefore, the corresponding velocity potential ¢(x, z, 1)
can be computed for each depth z < 0. As will be seen in the further
course of this section, the plane wave solution is the only one of the
solutions presented here where the corresponding velocity potential ¢
has no singularities in water depth.

3.2. Soliton solution
One important solution of the NLS (13) is an isolated and stationary
sech-shape nonlinear wave group on zero background. This solution of

the NLS is known as the soliton solution and is given by

w(X,T) = yysech (yob(X — cng))e‘%ia"’éT, (23)
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Fig. 1. Relationship between the wave envelope y and sea surface displacement # shown for two different solutions of the NLS. Here, (a) regular and (b) non-regular

water waves are described using the NLS.
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Fig. 2. Flowchart of the use of the NLS in fluid dynamics applications.

see e.g. Slunyaev et al. (2013). Here, y, € R denotes the amplitude of
the solution and b is given by Eq. (20). Fig. 3a shows the amplitude of
the soliton solution for k, = 0.5m™!, y, = 1 m, and ¢ = 0.1 with respect
to the moving coordinate ¢ = X — ¢, 7. It can be seen that the solution
represents a wave packet on an otherwise calm sea surface. The shape
of the envelope of the wave packet remains unchanged in propagation.

Considering the dimensionless coordinates r, s, and 7 from Eq. (24),
the corresponding auxiliary variable y is given by

1.
(X, Z,T) = yysech(r —is)e 2", (24)

In order to investigate whether { contains any singularity, it has to be
noted that the relation
1 1

h(r —is) = =
sech(r ~is) cosh(r —is)  cosh(r)cos(s) — isinh(r)sin(s) @5
holds. This term gets singular for
r=0 ands=%(2n+1),n€Z. (26)

Therefore, it is observed that { contains poles periodically in s and Z,
respectively. From this, it also follows that the condition ¢, — 0 for
z - —oo from Eq. (1d) is not fulfilled by the velocity potential ¢ corre-
sponding to the soliton solution of the NLS.

The (&, T)-location of the singularity of the soliton solution is high-
lighted in red in Fig. 3a. For a given time T € R, it can be seen that
the poles are located below the position where the wave envelope y of
the soliton solution has its maximal amplitude in space. To visualize the
behavior of {7 below the still water surface, Fig. 3b shows the amplitude
of y at r = £ = 0 over the normalized coordinate s. The s-coordinates of
the poles from Eq. (26) can directly be recognized in Fig. 3b.

Regarding the velocity potential ¢ corresponding to the NLS (13),
it can be concluded that, starting from the mean sea level at z = 0, the
velocity potential ¢ can only be computed below the still water surface
down to the depth of the first pole. For n = —1 and substituting b, v and &
from Eqs. (20) and (14) into Eq (26) and by transforming the coordinate
s back to Z using Eq. (19), it is found that the velocity potential ¢(x, z, 1)
corresponding to the soliton solution of the NLS (13) can be computed
without any singularity only for depths

z
- = 27
2eby @7

zZ= Z > Z = z

= — > Zsol - T - :
€ 2\/5£y/0kg

This has to be taken into account when working with the flow field of

water waves corresponding to the soliton solution of the NLS.

3.3. Cnoidal-wave solution

The cnoidal-wave solution of the NLS (13) is given by

e 22)<‘2—1T
v(X,T)= wocn(ﬂ[;(x —Cng),K)e 210w, T3
K

(28)

see e.g. Carter et al. (2020). Here, y, denotes the amplitude of the
wave, k € (0, 1] is a real-valued parameters and b is given by Eq. (20).
Furthermore, cn(-, «) is the Jacobi-elliptic function with elliptic mod-
ulus «. Fig. 4a shows the amplitude of the cnoidal-wave solution for
ko =0.5m™!, yy = Im, e =0.1, and x = 0.8 with respect to the moving
coordinate & = X — ¢, 7. It can be seen that the cnoidal-wave solution
represents a wave, where the shape of the envelope remains unchanged
in propagation direction.

Note that for x = 1, it holds cn(-, 1) = sech(-) and the cnoidal-wave
solution from Eq. (28) becomes the soliton solution from Eq. (23).
Therefore, the cnoidal-wave solution from Eq. (28) can be seen as a
generalization of the soliton solution from Eq. (23).

In terms of the dimensionless coordinates r, s and 7, the correspond-
ing auxiliary variable i is given by

r—is YR
,K>e 20 k2 7,

(29

(X, Z,T) = woen(

In order to investigate whether iy contains any singularity, it has to
be noted that the Jacobi-elliptic function cn(¢, x) has the poles ¢ =
2mK(x) + 2n + 1)iK'(x) € C. Here, m,n € Z, K is the complete elliptic
integral of first kind defined by

(30)

/2
K(x) = / —L
0 /1 —«Zsin(p)

and K'(x) = K(x'") with the complementary parameter ' = V/1 — k2. Ap-
plied on Eq. (29), it results that  has poles for

r=2mkK(x) and s=-2n+ D)xK'(x), mne€Z. 31

It can be seen that y contains poles periodically in r and s. In r-direction,
y contains poles at the locations where the wave envelope y has its
maximum. This is also shown in Fig. 4a, where the (&, T)-location of
the poles is highlighted in red.

In s-direction, the locations of the poles of i depend on «. This is also
presented in Figs. 4b-4c. Here, the amplitude of ¥ is shown against s for
ko =0.5m™!, yy = 1m, £ =0.1, and two different values of x, namely
k =0.2 and k = 0.8, at r = 0. The s-coordinates of the first three poles,
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Fig. 3. (a): Amplitude of wave envelope y of the soliton solution including the (£, T')-location of the singularity (red). (b): Amplitude of the corresponding auxiliary

variable y at r = £ = 0 over the normalized depth coordinate s.
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Fig. 4. (a): Amplitude of wave envelope y of the cnoidal-wave solution for « = 0.8, including the (&, T')-location of the poles (red). (b) Behavior of the amplitude
of the corresponding auxiliary variable y of the cnoidal-wave solution for x = 0.2 at r = 0 against s. (c) Behavior of the amplitude of the corresponding auxiliary
variable i of the cnoidal-wave solution for x = 0.8 at r = 0 against s. (d): s-coordinate of the corresponding first three poles below the still water surface against the

elliptic modulus «.

which are located below the still water surface at s = 0, are highlighted
by red lines. It can be seen that the s-coordinates of the poles of { de-
pend on k. Fig. 4d shows the s-coordinates of the first three poles, which
are located below the still water surface at s = 0, against «. It can be seen
that the corresponding s-coordinates increase with increasing «. This in-
dicates that the velocity potential ¢ can be computed without any poles
for larger depths if « is large. However, for all « € (0, 1], it is found
that the velocity potential ¢ corresponding to the cnoidal-wave solu-
tion of the NLS (13) can only be computed without any singularity for

kK'(k) =

1 —;KK,(K).
ewob Vel

(32)

Z_Z>Z =
P CN -

3.4. Two-soliton solution

By using the Darboux transformation (Akhmediev and Ankiewicz,
1997) or dressing method (Zakharov and Gelash, 2013), multi-soliton
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solutions of the NLS can be constructed. The two-soliton solution
describes the attraction and interaction of two solitons with equal am-
plitude. Outside the single impact location, the two pulses diverge
from each other. The two-soliton solution has originally been stated
in Akhmediev and Ankiewicz (1993). Applied on the NLS (13) with co-
efficients v, § and c,,, the two-soliton solution is given by

v(X,T)=

2byo (X — cgeT) sinh (2byy (X — ¢, T))
—(1 - 4i6y2T) cosh (2byg (X — cg T))

8r>

)
e—216w0 T

8iyy )
cosh (4byio (X = cgeT)) + 1+ 85292 (X — ceT)” + 3262942
(33)

whereby b is given by Eq. (20). Figs. 5a-5b show the amplitude of the
two-soliton solution for k, = 0.5 m~!, y, = 1m, and & = 0.1 with respect
to the moving coordinate £ = X — ¢, T from two different perspectives.
It can be seen that both solitons interact at (¢, 7T) ~ (0,0) and diverge
before and after this point.

In terms of the dimensionless coordinates r, s and z, the correspond-
ing auxiliary variable i is given by
2(r — is) sinh (2(r — is)) — (1 — 4ir) cosh 2(r —is)) _»;,

cosh(A(r—is) + 1 +8( —is)? + 322«

Ww(X,Z,T) =8y,

(34)

As cosh(-) and sinh(-) do not contain any poles in the complex plane,
also the numerator of ¥ does not contain any poles. The question is
whether and where the denominator of ¥ becomes zero. Using hyper-
bolic trigonometric identities, the denominator of { becomes

cosh (4(r — i9)) + 1 + 8(r — is)? + 3272

= |cos(4s)cosh(4r) + 1 + 8r% — 8s* + 327°| —i [sin(4s)sinh(4r) + 16rs] .

=(%) =(%)
(35)

The whole term vanishes for (x) = 0 and (xx) = 0. For s # 0, the equa-
tion (xx) = 0 has always the root r = 0. Furthermore, if sin(2s)/s < 0, the
equation (x*) = 0 has two more roots r = +7. However, the value of 7 can
only be computed numerically by solving («%) = 0 using, for example,
the Newton-Raphson scheme.

For r =0, solving equation (%) =0 yields the solutions s = +5,.
For r#0, both equations (¥)=0 and (*%)=0 must be fulfilled
by solving a system of nonlinear equations. This yields the cor-
responding solutions r = +F and s = +3,. Thus, the nonlinear sys-
tem of equations (*) =0 and (xx) =0 has the six solutions (r,s) =
{(0,5)),(0,-5,), (7, 5,), (F, —3,), (=F, 5,), (—F, —5,) }. Note that, as the equa-
tion (x%) = 0 involves the normalized time 7, all six solutions are time-
dependent.

The (& T)-coordinates of the poles are highlighted in red in
Figs. 5a-5b. It can be seen that one pole is located at ¢ = 0 for all times.
Outside the time period during which the two soliton solutions inter-
act, it is observed that poles are located directly below the positions
where the wave envelope y of the two single solitons has its maximal
amplitude.

Fig. 5c depicts the s-coordinate of the poles of i by showing the
values of —5; < 0 and —5, < 0 against the normalized time 7. It can be
seen that the maximum of both —5, and -5, over the normalized time
7 occurs at 7 =0 and is given by —3,(r = 0) = —0.3695. By transform-
ing the coordinate s back to Z, it is found that the velocity potential
¢(x, z, 1) corresponding to the two-soliton solution of the NLS (13) can
be computed without any singularity only for depths

V4 . 0.3695 0.3695
z=T >y = =-

ewob \/Eewoké

3.5. Satsuma-Yajima breather

(36)

Besides the two-soliton solution, the Satsuma-Yajima breather solu-
tion describes the dynamics of two solitons located at the same spatial
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position, with fixed but different amplitudes and zero velocities. The
Satsuma-Yajima breather solution has originally been derived in Sat-
suma and Yajima (1974). Applied on the NLS (13) with coefficients v, 6
and cg,, the Satsuma-Yajima breather solution is given by
v(X,T)=
. cosh (3byo (X — cgT)) + 3 cosh (bygy (X — ¢ T)) exp (—4i6y2T)

W

0 cosh (4bwo (X — cgeT)) +4cosh (2bwo (X — ¢y T)) + 3 cos (—45y3T)

e 10T 37)

Fig. 6a shows the amplitude of the Satsuma-Yajima breather for k, =
0.5m™!, y, = 1 m, and & = 0.1 with respect to the moving coordinate & =
X — cg,T. It can be seen that the solution beats with a specified frequency
in time. For |£| — oo, this solution tends to zero.

When investigating the singularity of the corresponding auxiliary
variable y in water depth, it has to be checked again whether and where
the denominator of the auxiliary variable y becomes zero. In this way, in
terms of the dimensionless coordinates r, s, and 7, algebraic calculations
reveal that iy becomes singular at r = 0 for all 7 € R. The corresponding
s-coordinate satisfies

cos(2s) = -1+ \/g\/l —cos(dr) & s
= i% cos~! <—1 + \/g\/l — cos(4r)> +nrx, withn € Z. (38)

For completeness, it is noted that another root of the denominator of i is
located at r =0, 2s = 2m + 1)z, and 7 = i%niz with m,n € Z. However,
for this combination of r, s, and 7, it can be calculated that the numerator
of y is also zero. Convergence analysis reveal that {7 has no poles at this
combination of r, s, and 7.

Fig. 6a highlights the (&, T')-coordinates of the pole given at r = £ = 0
in red. It can be seen that the pole is located directly below the position
where the wave envelope y has its maximal amplitude in space.

From Eq. (38), it results that ¥ contains infinitely many poles in
s-direction that behave periodically in 7. Fig. 6b shows the s-coordinate
of the first six poles against the normalized time 7. It can be seen that
the maximal value of the s-coordinate of the poles occurs at 7 = 1—[ + m%,

m € Z,with s = —% Cos_l(\/§ — 1) » —0.3747. Therefore, by transforming
the coordinate s back to Z, it is found that the velocity potential ¢(x, z, 1)
corresponding to the Satsuma-Yajima breather solution of the NLS (13)
can be computed without any singularity only for depths

cos'(V3-1) 03747
2eyob \/Ef‘lfok(z)

z=§>zsy = — (39)

3.6. Peregrine breather solution

An important analytical solution of the NLS, which is localized in
time and space, has been found by Peregrine (1983) and is known as the
Peregrine breather solution. Applied on the NLS (13) with coefficients

v, 6 and cg, this solution is given by

4v(1- 2151,/§T)

w(X,T) =y, —1le T (40)

v[1+ (2802T)7] + 2602 (X - ¢ T)?

Fig. 7 shows the amplitude || of the Peregrine breather solution for
wo = 1m, ky = 0.5m~!, and & = 0.1. It is clearly shown that the Peregrine
breather solution is doubly localized. Therefore, the Peregrine breather
solution describes a unique wave event in which large amplitude waves
seem to come out of nowhere and disappear without a trace (Chabchoub
et al., 2012).

In order to check if the corresponding auxiliary variable i contains
singularities, it has to be investigated whether and where the corre-
sponding denominator of ¥ becomes zero. In this way, in terms of the
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Fig. 5. (a)-(b): Amplitude of wave envelope y of the two-soliton solution including the (&, T')-location of the poles (red). The value of |y| is shown from two different
perspectives. (c): s-coordinate of the poles —5, and —5, against the normalized time .

dimensionless coordinates r, s and 7, algebraic calculations reveal that
y becomes singular at

r=0 and s=i%vl+412. (41)

The (&, T)-coordinate of the pole is highlighted in red in Fig. 7. It can
be seen that the pole is located below the position where the associated
wave envelope y has its maximum in space.

Considering only the negative values of s, since these are located
below the still water surface, it follows from Eq. (41) that the Pere-
grine breather solution contains poles with s-coordinate s < — 1. Conse-
quently, the velocity potential ¢(x, z, ) corresponding to the Peregrine
breather solution of the NLS (13) can be computed without any singu-
larity only for depths

1
2eyb

z=%>zPB:= (42)

1
2\/561[/0 ké
3.7. Time-periodic Kuznetsov-Ma breather

Kuznetsov (1977), Ma (1979) have found a family of time-periodic
breather solutions. Applied on the NLS (13) with coefficients v, § and

Cers the family of Kuznetsov-Ma breather solutions is given by
cos (0.5Q8yT +2ip) — cosh (¢) cosh (pbyo (X — cg,T))
vX.D=vo cos (O.SQ&//(%T) — cosh (¢) cosh (pbq/O(X - chT))
e—iawgr’ (43)
with
@ €R, p=2sinh(p), Q=2sinh(2p) (44)

and b from Eq. (20). Fig. 8a shows the amplitude |y | of the Kuznetsov-
Ma breather solution for w, = I1m, k, =0.5m™!, e =0.1, and ¢ = 1. It

can be clearly seen that the Kuznetsov-Ma breather solution is periodic
in time. Note that the Peregrine breather solution from Eq. (40) can
be understood as a limiting case of the Kuznetsov-Ma breather solution
when ¢ — 0, i.e. when the breathing period of the solution becomes
infinite (Chabchoub, 2013). Therefore, in the following, the Kuznetsov-
Ma breather solution is always considered for ¢ # 0.

In order to check if the corresponding auxiliary variable i contains
any singularity under water, it has to be investigated whether and where
the corresponding denominator of ¥ becomes zero. In this way, in terms
of the dimensionless coordinates r, s and 7, algebraic calculations reveal
that the auxiliary variable { becomes singular for

5Q 5Q
r=0 and cos(ps)= O o1 oet (08050
cosh(g) p cosh(g)
+2nn, withn € Z. (45)

As the pole is located at r = 0, it is also directly below the point where
the wave envelope y has its maximal amplitude in space. This is also
shown in Fig. 8a, where the (£, T')-coordinate of the pole is highlighted
in red.

Considering Eq. (45), it can be seen that { contains infinitely many
poles in s-direction, which behave periodically in z. Fig. 8b shows the
s-coordinate of the first five poles below the still water level against the
normalized time 7 for ¢ = 1. It can be seen that the maximal value of
the s-coordinate of the poles below zero, which is denoted by s,y is
reached at 7 = %, m € Z, with

cos™! 1 ' for all p € R. (46)
p cosh(g)
Note that s.,,,, depends on ¢. Fig. 8c shows the value of s, against ¢. It
can be seen that for large |¢|, the auxiliary variable  can be computed
free of singularities only down to very small water depths Z. On the
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Fig. 6. (a): Amplitude of wave envelope y of the Satsuma-Yajima breather in-
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Fig. 7. Amplitude of wave envelope y of the Peregrine breather solution in-
cluding the (&, T)-location of the poles (red).

other side, for |¢| — 0, the value of s,,,, decreases monotonically and
converges to sy, = —%.

By transforming the coordinate s back to Z, it results that the ve-
locity potential ¢(x, z,t) corresponding to the Kuznetsov-Ma breather
solution of the NLS (13) can be computed without any singularity only

for depths

-1 1
7z . Smax cos (COSh((D) ) 1 1
B TS G T epb Z ety 2
€ eby pbyy Vo 2\/561//0k0
= Zpp. 47)
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whereby zpp is given by Eq. (42). In terms of the depth z, down to which
the velocity potential ¢(x, z, 7) can be computed without containing any
singularity, it follows that the singularity of the Peregrine breather so-
lution can be understood as a lower bound for the singularity of the
Kuznetsov-Ma breather solution for all ¢ € R.

3.8. Space-periodic Akhmediev breather

Akhmediev (Akhmediev et al., 1985; Akhmediev and Korneev, 1986)
proved the existence of a family of space-periodic breather solutions.
Applied on the NLS (13) with coefficients v, § and c,,, the family of
Akhmediev breather solutions is given by

grs

cosh (O.SQéng +2ig) — cos (@) cos (pbyo (X — cge T))

v =vo cosh (O.SQﬁng) — cos (@) cos (pbwo(X - cng))

e—i&yng’ (48)
with
@ eR, p=2sin(p), Q=2sin(2p) (49)

and b from Eq. (20). Fig. 9a shows the amplitude |y| of the Akhme-
diev breather solution for y, = 1m, k; = 0.5 m!,e=01,and ¢ = 1. It
can be clearly seen that the Akhmediev is periodic in space. As it has
also been the case for the Kuznetsov-Ma breather solution from (43), the
Peregrine breather solution from Eq. (40) can be understood as a lim-
iting case of the Akhmediev breather solution when ¢ — 0. Therefore,
in the following, the Akhmediev breather solution is always considered
for @ # 0.

Before investigating the auxiliary variable  corresponding to the
Akhmediev breather solution for singularities, it should first be noted
that when cos(@) = 0, it follows Q = 0 and w(X,T) = —woe_i‘s"’gr. This
is the negative of the plane-wave solution from Eq. (22) with kpw = 0.
So for cos(¢) = 0, the Akhmediev breather solution does not contain any
singularity under water.

Again, to check whether the corresponding auxiliary variable i has
singularities, it has to be investigated whether and where the denom-
inator of ¥ becomes zero. In this way, in terms of the dimensionless
coordinates r, s and z, algebraic calculations reveal that the auxiliary
variable { becomes singular for

e cos(p) >0 = singularity is located at r=2mx/p, m€ Z, and

_ cosh (0.5Q7)
cosh(ps) = o)’
e cos(¢) < 0 = singularity is located at r = 2m+ 1)z /p, m € Z, and
COSh(pS) - cosh (0.5Q7) .
—cos(p)

It is observed that { contains poles periodically in r. This can also be
seen in Fig. 9, where the (&, T)-coordinate of the poles is highlighted in
red.

Furthermore, it is observed that, independent of the sign of cos(¢),
the s-coordinate of the pole is given by

cosh (0.5Q7)

50
| cos()] 0

oo il cosh1 <cosh (0.597))
p

cosh(ps) = | cos()|

It can be seen that the s-coordinate of the poles depends on 7 and ¢.
Over time, the maximum value of the pole below the still water surface
occurs at 7 = 0 and is given by

N B S 1
Smax = ‘p cosh ( [cos(@)] > ‘ (1)

Fig. 9b shows the dependency of s.,, on @. As already discussed, if
cos(p) — 0, the Akhmediev breather solution tends to the plane-wave
solution, which does not contain any poles. This can also be seen in
Fig. 9b, as spx = —o0 for ¢ — %(Zm + )z, m € Z. On the other side,

the value of s,,, can increase up to sy, = —%, which is also the max-
imal value for the s-coordinate that has been found in Sec. 3.6 for the
Peregrine breather solution, see Eq. (41) for z = 0.



M. Hollm and R. Seifried

Ocean Engineering 355 (2026) 125065

0 . ; , ; ;
e ~ — ~  —
b
3| (b) |
E I _6 M
— t
= ) —— 1% pole
— 9 274 pole |
3" pole
100 A2 —dathpole [ T— T— ]
S 5th pole L ~ —
-15 . ‘ | . ‘
-3 -2 -1 0 1 2 3
-100  -10
T [s] ¢ [m] 7 [
0
(c)
-0.1¢ 1
—-0.2 ¢ 1
g
F-03} ]
-04+ 1
-0.5 ; :
-10 -5 0 5 10

Fig. 8. (a): Amplitude of wave envelope y of the Kuznetsov-Ma breather solution including the (£, T')-location of the poles (red). (b): s-coordinate of first five poles
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Fig. 9. (a): Amplitude of wave envelope y of the Akhkmediev breather solution including the (&, T)-location of the poles (red). (b): Value of s, against ¢.

Therefore, by transforming the coordinate s back to Z, it is found
that the velocity potential ¢(x,z,t) corresponding to the Akhmediev
breather solution of the NLS (13) can be computed without any sin-
gularity only for depths

-1 1 -1 1
z  Smax _ |0 ( [cos@l ) cosh ( [cos@l )
Z= — > Zpp ‘= b_ = - b = - .
I3 by Py, 2 231n(<p)ek§w0
(52)
. 1 1 1
Since spax < —3, it also follows z,p < gy = = zpp for all

2\/5514/01%
@ € R, whereby zpp is given by Eq. (42). In terms of the depth z,
down to which the velocity potential ¢(x, z,t) can be computed without

10

containing any singularity, it follows that the singularity of the
Peregrine breather solution can be understood as an upper bound
for the singularity of the Akhmediev breather solution for all
@ €R.

Finally, note that for ¢ — 2m + 1)z, m € Z, sy, converges to s, —
—%. Nevertheless, the auxiliary variable ¥ does not contain any sin-
gularities in space, since the denominator of  becomes zero only at
r=@2m+ )x/p - +oo, m € Z. Therefore, the auxiliary variable i cor-
responding to the Akhmediev breather solutions does not contain any
singularity in water depth for ¢ = %(Zm +Drand ¢ = 2m+ )z, m € Z.
For all other values of ¢,  contains singularities, and the corresponding
velocity potential ¢ can be computed without any singularity down to
the water depth z = z,p from Eq. (52).
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3.9. Rational localized solutions of the NLS

The Peregrine solution of the NLS (13) is not the only one that
is localized in time and space. It has been found that the NLS has a
whole hierarchy of breather solutions localized in time and space, see
e.g. Akhmediev et al. (2009). The j-th order rational solution of the NLS,
also known as the j-th Akhmediev-Peregrine solution, can be written in
the general form
G; +iH; cmiOWET (53)

D,
with some polynomials G;(X,T), H;(X,T) and D;(X,T). For the first
seven orders, the corresponding functions G;, H; and D; are given in
Akhmediev et al. (2009), Gaillard (2013). In particular, for j = 1 and
applied on the NLS (13) with coefficients v, § and c,,, the Peregrine
breather solution from Eq. (40) results with

WX, T) =y |(=1Y +

gr>

G((X,T)=4v (542)
H\(X,T) = —8véyT (54b)
DX.T) = v[1+ (2603T)’| + 2003 (X = ). (54¢)

For j = 2, the corresponding polynomials G,, H, and D, for the NLS (13)
are given by

Gy(X,T) == - (b2 H(X = )’ +8uiT? +3/4)

(bzwg()(— caeT)’ +56%iT? +3/4), (55a)
Hy(X.T) =5W§T[52W;}T2 — 35292 (X - e T)’

2 2 2 0 o40]* 15

+2[b W2 (X = cgeT) +8WiT ] - g]’ (55b)

DyX,T) =2 [By2 (X = ) + 8242 ’
2 3 gr II/O
11,2 2 2 > 4g2]?
+ Z[b W2 (X = cgeT)’ =362 ] (55¢)

+ % [121;2 2(X = e T)” + 4462 T + 1].
Corresponding expressions for higher-order solutions are progressively
more complicated. In the following, only the second-order solution
is considered. Figs. 10a-10b show the amplitude |y| of the 2-nd
Akhmediev-Peregrine solution for w, = 1m, ky =0.5m™!, and ¢ = 0.1
from two different perspectives. This solution can be seen as a single
splash with a high amplitude in the middle and constant amplitude out-
side of the splash.

In order to check if the corresponding auxiliary variable i has poles,
it has to be investigated whether and where the denominator of i be-
comes zero. Therefore, it has to be analyzed for which (X, Z,T) the
condition D,(X —iZ,T) =0 is satisfied. In terms of the dimensionless
coordinates r, s and z, algebraic calculations reveal that the imaginary
part of D,(X —iZ,T) vanishes if »r = 0 or if r, s, and = satisfy

§r2s2 + g 0. (56)

In the first case, for r = 0, it has to be checked for which s the real part
of the function D,(X —iZ,T) vanishes. Here, a polynomial of 3-rd order
in 52 has to be solved for s. Analyzing all roots, it can be seen that only
one root for s? is real-valued for all 7 € R. Defining

20 + 72— 2+ (PP 312 - 52) —

3
d= \/\/2304‘r8 + 179270 + 86474 — 14472 + 9 + 4874 + 24712 — 1 > 0,
(57)
the corresponding s-coordinate of the root of D,(X —
s_+\/72+d il G
2 d 4
In the second case, for r # 0, it has to be checked for which (r, s, )
Eq. (56) is fulfilled and the real part of D,(X —iZ,T) vanishes. This

iZ,T) is given by

(58)
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leads to a system of polynomials of third order in r? and s2. A further
analysis of all roots shows that for each of s> and 2, only one root is
real-valued for all = € R. Using d from Eq. (57) and defining

b, d  4rP-1 1
Uu=-7"+—+

4 24 & 59

6470 + 1927% + 4327% + 384722 — 28872y

u 1 439672 + 256u> + 96u® + 108u + 9 ©0)
=--+z ,
=373 48(472 + du+ 1)

it is found that the corresponding r- and s-coordinates of the roots of
D,(X —iZ,T) are given by

r=+Vu+w, ands:ix/z. 61)

Figs. 10a-10b highlights the (&, T)-coordinate of the three different
poles in red. Furthermore, Fig. 10c shows the s-coordinate of these poles
against the normalized time 7. It can be seen that the maximal value
of the s-coordinate of the poles is reached at r =0 and 7 = 0 with s =

- 3%5 - % +1 =~ -02937.

By transforming the coordinate s back to Z, it is found that the ve-
locity potential ¢(x, z, t) corresponding to the 2-nd Akhmediev-Peregrine
solution of the NLS (13) can be computed without any singularity only
for depths

Ma_1 1
Z . 2 L 4 0.2937
Z=—>Zpp :=— 5 N - . (62)
€ £0%o \/Eek(z)l[/()

3.10. Pole of auxiliary variable C

Considering Eq. (16), it can be seen that the velocity potential ¢
corresponding to solutions of the NLS depends not only on y, but also
on the auxiliary variable C. Here, C is defined by C(X,Z,T)=C(X —
iZ,T) with C = |y|*y. To investigate the water depth down to which the
velocity potential ¢ can be computed without containing singularities,
the singularities of C also have to be analyzed. However, for all solutions
presented so far, it can be found that C contains singularities at the same
locations as y:

e For the plane wave solution from Section 3.1, the auxiliary variable
Cis given by 5(X, Z,T)= l[/gl[NI(X, Z,T). As i does not contain any
singularity in the case of the plane wave solution, neither does C.

e For the soliton and cnoidal-wave solution from Section 3.2 and Sec-
tion 3.3, the respective auxiliary variable C is given by

C(X.Z.T) = y@sech® (yyb(X —iZ — ¢, T))i and (63)

G(X,Z,T) = y2en ( P0b(X —iZ = e T), K)q?. 64

In both cases, it can be seen that C contains a singularity at the same
location as .
e For all other solutions presented in Section 3.4-3.9, note that the
corresponding wave envelope y can be written in the general form
Ll -;(lH e
with some real-valued functions F(X,T), H(X,T), and K(X,T) and
some real-valued constant c. In this case, the auxiliary variable C is
given by

v(X.T)= (65)

2FZ(X -iZ,T)+ HX(X -iZ, e
K2(X —iZ,T)

C (X,Z,T)= (66)
Since the function K appears in Eq. (65) and in Eq. (66), C contains
poles at the same location as .

Therefore, the velocity potential ¢ corresponding to solutions y of the
NLS can only be computed without singularities down to the depth
where  becomes singular.
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3.11. Summary and conclusions for fluid dynamics applications

In this section, it has been observed that the velocity potential ¢
corresponding to most of the investigated analytical solutions y of the
NLS (13) contains singularities at certain water depths. These singular-
ities do not represent a physical divergence of the underlying inviscid
potential flow. Instead, they arise as mathematical artifacts caused by
the analytic continuation of the wave envelope y and auxiliary variable
C from the real spatial coordinate X into the complex plane X —iZ. In
this setting, the functions { and C arise as the analytic continuations of
w and C, respectively, and it has been found that i and C can contain
singularities below the still water surface.

Consequently, the velocity potential ¢(x, z,t) corresponding to solu-
tions y of the NLS (13) can be computed without any singularity only
for small water depths zj;,;; < z < 0. Here, the value of zj;;;; depends on
the particular analytical solution of the NLS. Table 3.11 summarizes the
values of zj;,;;, which have been computed in this section for the inves-
tigated analytical solutions of the NLS. It can be seen that the value of
Z}imi¢ €an be written in the form z);,,;, = —cy, wherey := ﬁ = m
While y depends on the amplitude ), wave steepness ¢, and wave num-
ber k, of the corresponding solution y of the NLS, ¢ is constant or de-
pends on the solution-specific parameters x and ¢, respectively.

Considering Tab. 3.11, three different observations can be made:
First, it can be observed that the singularity of ¢ can generally appear
at every water depth z < 0. For example, considering the Akhmediev
breather and Kuznetsov-Ma breather solution, it can be observed that

Zpg € (—oo, ] and zgy € [— ), see also Fig. 9 and

D S JE E—
2V2ey k2 zﬁw()kg’
Fig. 8. Also, considering only the cnoidal solution of the NLS, it can be

7 [

Fig. 10. (a)-(b): Amplitude of wave envelope y of the 2-nd Akhmediev-Peregrine solution including the (&, T)-location of the poles (red). The value of || is shown
from two different perspectives. (c): s-coordinate of the poles against the normalized time .

12

seen that the singularity of ¢ can generally appear at every water depth
z < 0. It should be noted that although z¢y from Eq. (32) can only take

values in the interval [— 0) , the corresponding singularity ap-

s
Zﬁswokg ’
pears periodically in z, see Eq. (31).

Second, recall that the NLS is only valid in deep water. Using the
wavelength 1 = i—;’, this means that the water depth A > 0 has to satisfy

the deep-water condition, h > %/1 = kl On the other side, in applica-
0

tions examples like the computation of some fluid-structure interaction
in deep water, it has to be ensured that the velocity potential ¢ of the
water waves can be computed accurately in the whole computational
water domain. When computing the velocity potential ¢ using the NLS,
this means that 4 has to be chosen so that the singularity of ¢ at z = zj;;;
is located below —h, i.e. —h > zjjn;- It follows that the parameters v,
ko, €, k and @, on which the different analytical solutions from Sec-
tions 3.2-3.9 of the NLS (13) depend, have to satisfy

Va c
—— > —h> zjjpie = —cy

—C
= >
ko \/EekaS \/Eﬂlfoko
For applications like the computation of some fluid-structure interac-
tion, this means that the parameters y, k, ¢, k¥ and ¢ have to be chosen
wisely to satisfy Eq. (67).

Third, recall that the NLS can only be used to accurately model
nonlinear water waves with a moderate wave steepness of & <0.15,
see e.g. Dysthe (1979), Osborne (2010), Witt (2019). Because zjjpi =
O(¢71), smaller values of & generally correspond to larger magnitudes
of zj;m;.- However, as has already been observed, even for very small
values of ¢, the magnitude of zj;,;; can become arbitrarily small.

It can be concluded that although the NLS can be used to accurately
model nonlinear water waves in deep water with a narrow spectral band-

> 7. 67)
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Table 1
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Overview of several analytical solutions w of the NLS and location of the first singularity of the corresponding velocity

potential ¢ below the water surface, with y :=

by, \/551//0 kS

Velocity potential ¢(x, z,7) can be computed

Name of analytical solution

without containing a singularity for:

Comment

Plane wave solution z>—00

no singularity

Soliton solution Z> zgy = -z,

2

periodic singularity in z

Cnoidal-wave solution z> zgy = —kK'(K)y

periodic singularity in z

Two-soliton solution z > zpg = —0.3695y

three different singularities in x

Satsuma-Yajima breather solution z> zZgy =

7005’1(\/5— 1)
2

~ —0.3747y periodic singularity in z and ¢

Peregrine breather solution 2>z =57

one non-periodic singularity

1

1
o8 (cosh(w))
a7

Kuznetsov-Ma breather solution Z> Zgy = — Tsinh(o) periodic singularity in z and 7, zgy > zpg
sinh(g
o™ ()
Akhmediev breather solution Z>zpp 1= — 2,7()“7 y periodic singularity in x, zyp < zpg
sin(¢
. . . V2 : . s
2-nd Akhmediev-Peregrine solution Z> zZpp i= —J \Zf - \lf + %y ~ —0.2937y three different singularities in x
V2

width and moderate wave steepness, the corresponding velocity poten-
tial ¢(x, z,t) can generally contain unrealistic singularities at every wa-
ter depth z < 0. For solutions such as the soliton solution, where the
singularities appear periodically in z, this also means that the condi-
tion ¢, — 0 for z > —oo from Eq. (1d) is not fulfilled. In applications,
where the velocity potential ¢ corresponding to solutions of the NLS
is needed, e.g. the computation of the flow field below the sea surface
or some fluid-structure interaction, the wave parameters defining the
solutions of the NLS have to be chosen carefully. Here, it has to be en-
sured that ¢ can be computed accurately throughout the whole water
domain considered in numerical simulations, without any singularities
occurring.

4. Instability of the numerical method solving the complex
transport equation

In the previous section, it has been shown that the auxiliary vari-
ables w(X, Z,T) and 5(X ,Z,T) can contain singularities in Z. If some
closed-form expression for the solution y of the NLS (13) is available,
the auxiliary variables (X, Z,T) and 5(X ,Z,T) can be calculated by
evaluating the variables w and C = |y|*y at (X —iZ,T). However, if
an analytic expression for y is not given but only numerical values of
w(X,T), the auxiliary variable  can be computed numerically by solv-
ing the complex transport equation

for Z <0,
for Z =0.

(68a)
(68b)

= _ilIN’X B

Wy

V=,
A similar complex transport equation with a different BC at Z = 0 can
be solved numerically to compute 5(X ,Z,T).

In this section, it is investigated how the complex transport Eq. (68)
can be solved numerically. Although Eq. (68) is much simpler than
the NLS (13), it is shown in this section that the stability of numerical
schemes used to solve Eq. (68) is a big issue. In addition to the singular-
ities of y and c presented in the last section, the instability of numerical
schemes used to solve the complex transport Eq. (68) makes it difficult
to compute the velocity potential ¢ corresponding to solutions y of the
NLS accurately in large water depths.

For simplicity, the following refers only to the numerical computa-
tion of {. The numerical computation of C follows analogously. Since
the complex transport Eq. (68) is defined on an unbounded domain,
the X — Z-domain must first be bounded, within which the numerical

13

solution is computed, i. e.

Wy = -y, for X € (~Xmax Xmax)» Z € [Zumin:0),
V(X,Z=0)=w(X), forX €[—Xpax Xmaxl>

‘;(_Xmax’ Z) = ‘;(Xma)n Z), l’/7)((_)(rnax’ Z) = l’/7)(()(max’ Z)
for Z € [Z ;. 0).

(69)

Here, the length X ., is assumed to be so large that the basic physical
behavior occurs within the range (—X ... X;ax). Periodic BCs are ap-
plied in X -direction. Furthermore, the value of the water depth Z;, <0
is larger than some Zj;i; < 0, i. . Zjnic < Zpin < 0. Here, it is assumed
that the solution i exists without any singularity down to the depth
Zjimir- For the analytical solutions presented in Section 3.2-3.9, the
value of Zyi; is given by Zjmic = €ziimic = €cy with ¢ and y as defined
in Tab. 3.11.

Next, the domain [—X .y, Xmax] X [Zmin, 0] is discretized using the
equidistant grid

Z min

Zn =nAZ, forn e {0,...,N}, AZ = T <0,

2X (70)

—ma 0.

X; i=jAX = Xpay, forje{0,....J}, AX =
Finally, the grid function P is introduced with Pj" = P(X;, Z,), which
serves as an approximation to the exact solution of the complex trans-
port equation at the grid points, i. e. P!~ w(X;, Z,).

The complex transport Eq. (69) is discretized on the grid specified
in Eq. (70) by substituting all derivatives with their respective finite
difference approximations. Replacing the Z-derivative by a forward and

the X-derivative by a central finite difference approximation yield
n+l _ pn no_
B P

n
. j-1
- , 1
AZ "TToAax 7D

This finite-difference scheme has consistency order two in X and consis-
tency order one in Z. However, it is not stable. This is shown below using
a von Neumann stability analysis. Details about the von Neumann sta-
bility analysis can be found in many standard textbooks, such as Tveito
and Winther (1998), Marsal (1976).

Let the numerical approximation error be defined as

no._ ph _ n
p; =P = pj.

(72)
Here, ij’ represents the solution of Eq. (71) in the absence of any round-
ing errors, and b4 denotes the numerical solution obtained in finite-

precision arithmetic. Since both P? and p satisfy Eq. (71), the numer-
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Table 2
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Overview of schemes that are frequently used to discretize the general transport equation ¥, + cyy = 0 for an arbitrary constant c.
For each scheme, the corresponding computation rule and the amplification factor |G|? for ¢ = i with § = y,, AX are given.

Name of scheme

Computation rule for PDE i, + cyry =0

|G|> forc =i

2
- ; ntl _ pn _ . AZ ( n AZ ?
Explicit central difference scheme Pl = F = cm (an - PH) (1 + i sm(e))
2 2
Explicit forward difference scheme Pj’“rl =P'- (PJ’;I - Pj") <1 + % sin(é')) + A—Z;(l — cos(6))?
P 2
Explicit backward difference scheme P/”*1 =P - c— (P” P,'Ll> (1 + % sin(ﬁ)) Mj (1 — cos(6))?
2
Implicit central difference scheme Pl = pr— c% (Pj":ll - Pj”_"l‘) 1/|1- 4% sin(a)]
2 2
Implicit forward difference scheme Pl = pr—ciZ (P/’:fl‘ P”*‘) 1/ (1 - % sin(9)> + %(1 — cos(6))?
2 2
Implicit backward difference scheme ~ P/*' = P — (P"“ P”“) 1/ (1 - g sin(9)> + A—Zl(l — cos(6))?
Lax-Wendroff scheme PI"*'1 =P - cZAX ( " — P ) +c2 zAAT (Pj”+1 -2P'+ P/.’LI) [l + == §1n(9) + 7(1 - co<(9))]
cadri il _ 1 n o8 .
Lax-Friedrichs scheme P = 3 (P/+1 + P ) - cm( o~ J ) [cos(é’) + = sm(e)]
3 n+l _ pn AZ n+1 1 n n
Crank-Nicolson scheme P‘j+ =P -c 5 [(P]:l - P]fl ) (P]+1 PH)] [( o sm(@))/( - m sm(ﬁ))]
Z
ntl _ pn-l _ . AZ (pn "
Leapfrog scheme P = Pt -2 (P/+1 - PH) [ 2= sin(0) + =2 sm(@)) ]
ical error ﬂj’,’ also satisfies Eq. (71), i.e. of AZ/AX. However, the Lax-Friedrichs scheme is not suitable to solve
wil o " . the complex-transport Eq. (69). This can be seen by rewriting the Lax-
b - b — it b 73) Friedrichs scheme in the form
AZ 20X

Since periodic BCs are assumed, B} can be expressed as a truncated
Fourier series expansion of the form
J/2-1

ﬂn ity X i,
m==J /2

with p,, = nr

Xmax

B!

J

(74)

Substituting Eq. (74) into Eq. (73) and considering only the m-th com-
ponent of the Fourier series results in

ﬁ" eltm

X

j ﬁn eiﬂm
— i m

=—i

ﬂn+l iy X Xt

AZ

_ fnalimXj_1
Be’m

2AX (75)

Dividing Eq. (75) by ﬂA,Zei“mX/ and introducing the amplification factor
G =B+ /B yields
(eiumAX _ e—iu,,,AX) (76)

AZ .
G—l—l2A :l+§sm(ymAX).

The numerical scheme is stable if the error g” does not grow with in-
creasing depth Z. This is the case if |G| < 1 for all y,, € R. However, for
any given values of AZ and AX, there exist some y,, such that |G| > 1.
Therefore, the finite difference scheme from Eq. (71) is unstable when
solving the complex transport Eq. (69).

A natural way to address this problem is to use an alternative scheme
to numerically approximate . Table 4 lists several well-known schemes,
which are commonly used to discretize the general transport equa-
tion ¥, + ¢y =0 for an arbitrary constant c. These schemes can be
found, for example, in Langtangen (2003), LeVeque (1992). Table 4 also
presents the corresponding computation rule and the amplification fac-
tor |G| for ¢ = i. For completeness, the first row summarizes the results
for the finite difference scheme from Eq. (71). To simplify the notation,
the abbreviation 6 = y,, AX is introduced.

To investigate the stability of the schemes listed in Tab. 4 in a better
way, Fig. 11 shows the corresponding maximal value of G for 6 € [0, 2]
against AZ/AX. Note that the results for the implicit forward, explicit
backward, implicit backward, and Leapfrog schemes are not shown in
Fig. 11, as they lead to identical or very similar results as the explicit
forward scheme. However, Fig. 11 shows that all schemes listed in Tab. 4
yield amplification factors G with |G| > 1 forall AZ/AX # 0. Therefore,
they are all unstable when solving the complex transport Eq. (69).

However, in order to compute y in the absence of a closed-form
expression for y, the complex transport Eq. (69) has to be solved nu-
merically. Fig. 11 shows that, of all the schemes considered, the Lax-
Friedrichs scheme yields the smallest value of |G| for different values

14

+1 _
At C}Pjg1 P, ax2 Pl —2P+ P o
AZ 2AX 20Z AX? '
which represents a finite difference discretization of the equation
N o AX?
=== . 78
Wz teWx = 3o Vxx 78)

It can be seen that the Lax- Friedrichs scheme introduces numerical diffu-
sion, which is proportional to X 3 A . Since the complex transport Eq. (69)
does not contain such a diffusion term, numerical solutions obtained
with the Lax-Friedrichs scheme provide an accurate approximation only
when 2A—2 is sufficiently small. However, the value of AZ/AX should
also be small so that the amplification factor G becomes small, see
Fig. 11. Going from Z, to Z,, , 1, it has to be remembered that numerical
errors are amplified by |G|. Therefore, errors in the initial condition at
Z =0 are amplified in total by a factor of |G|!Zmin/AZl = |G|N when go-
ing from Z =0 to Z = Z;;,. For a given depth Z ; , this means that N
has to be small to obtain only small numerical errors. However, this re-
quires a relatively large step size AZ. Since the ratio g should also be

small, it must hold AX > AZ. This causes the dlffuswn coefficient 25 o z’
which appears in the Lax-Friedrichs scheme given by Eq. (77), to be-
come large. In this case, however, numerical solutions obtained by the
Lax-Friedrichs scheme do not accurately approximate the solutions of
the complex transport Eq. (69). Therefore, the Lax-Friedrichs scheme is
not suitable to approximate solutions of this equation.

Looking again at Fig. 11, it can be seen that the explicit central
difference scheme from Eq. (71) yields the second smallest amplifi-
cation factor among all examined schemes, second only to the Lax-
Friedrichs scheme. Consequently, among all presented schemes, the ex-
plicit central difference scheme from Eq. (71) should be used to solve
Eq. (69) numerically. However, the values of AX and AZ have to
be chosen carefully. If these values are too large, the consistency er-
ror O(AZ + AX?) will also be large. If the ratio AZ/AX is too large,
the amplification factor |G| becomes large, and rounding errors will
significantly affect the behavior of the numerical solution. If AZ is
too small, the number of steps in Z-direction, N = |Z_;,/AZ]|, be-
comes large, which causes |G|V to increase significantly. Therefore,
it is essential to select AX and AZ appropriately to ensure reliable
results.
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Fig. 11. Amplification factor |G| for different numerical schemes, which are
applied to the complex transport Eq. (69). The maximum value of |G| over
0 € [0,2x] is shown against AZ /AX.

5. Conclusion

In this work, the flow field associated with solutions y of the non-
linear Schrodinger equation (NLS) is analyzed. Starting with the recon-
struction of the corresponding velocity potential ¢, the behavior of ¢
below the water surface has been investigated. Additionally, different
numerical schemes for computing ¢ below the water surface have been
analyzed with regard to their stability.

By analyzing several analytical solutions y of the NLS, it has been
shown that the corresponding velocity potential ¢ can generally become
singular at any depth below the water surface. Depending on the solu-
tion y of the NLS, these singularities may even occur periodically in
the vertical direction. Importantly, these singularities are not physical
blow-ups of the fluid flow but purely mathematical artifacts. They arise
from the analytic continuation of the wave envelope y from the real spa-
tial coordinate into the complex spatial plane and indicate the limited
domain of validity of the analytic continuation.

Physically, the NLS is effective for modeling nonlinear deep-water
waves with a narrow spectral bandwidth and moderate wave steepness.
However, the associated flow field below the water surface can contain
unrealistic singularities. These singularities have no physical meaning
but instead reflect the limitations of the modeling approach. Therefore,
care is needed when interpreting flow fields associated with solutions y
of the NLS.

Furthermore, it has been shown that the numerical computation of
the auxiliary variable {, which appears in the calculation of the velocity
potential ¢, can become a big issue due to numerical instability. Various
schemes have been investigated to compute  numerically, and all of
them lack numerical stability. As a result, small incoming errors like
rounding errors can amplify and dominate the behavior of the numerical
solution at greater depths.

From an engineering perspective, these findings emphasize the im-
portance of developing more stable and robust algorithms, along with
careful error management, for the numerical computation of flow fields
associated with solutions y of the NLS. This is especially important for
engineering applications involving deeper structures. Furthermore, it is
advisable to restrict computations of the velocity potential ¢ to depths
above any singularities. Recognizing these limitations is essential for en-
suring reliable simulations and robust engineering decisions in offshore
design processes.

In summary, while the NLS is effective for surface wave model-
ing under the assumptions of narrow spectral bandwidth and moder-
ate wave steepness, its associated flow field below the water surface in-
volves mathematical singularities and numerical challenges. These find-
ings should be carefully considered both in the physical interpretation
and in engineering applications when dealing with the flow field of wa-
ter waves corresponding to the NLS.
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