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i 

 

Summary 

 

 

In response to the rapid advance of semiconductor technologies, the demand for 

dedicated electronic design automation tools has been continuously increasing. This 

thesis focuses on the efficient and accurate modeling of planar structures and power 

planes in digital systems by the extension of a fast two-dimensional (2D) numerical 

technique, the contour integral method (CIM). 

The advantage of CIM rests on its capability to handle arbitrary shape planar 

structures and to generate field information efficiently. However, when dealing with 

power planes with a large number of cylindrical vias, its efficiency drops drastically due 

to the numerical modeling of via boundaries. To overcome this drawback, CIM is 

extended here using analytical solutions for circular ports to expedite the computation. 

Expressions are derived for isotropic modes as well as for anisotropic modes that 

concerns the accuracy of CIM when applying to dense via arrays at high frequencies.  

Although CIM is restricted to 2D problems, the fact that it represents a closed planar 

region surrounded by microwave ports allows it to be easily networked with other 

models. Hence, CIM is further extended by combinations with efficient approaches 

including equivalent circuits, the method of moments, and the physics-based via model 

to account for the effects of decoupling capacitors, radiation losses, and multilayer 

substrates, respectively. 

The validation and evaluation of the method and its extensions are thoroughly 

addressed by a variety of application examples. A selection of power/ground plane pair 

configurations is analyzed to assess the efficiency and applicability to complex shapes. 

Simulations of multiplayer printed circuit boards are then presented and the results 

concerning all respects of electrical designs are demonstrated, which cover the signal 

integrity, the power integrity, and radiated emissions. Application to dense via arrays 

will follow and the resolution of potential passivity problems is discussed. The overall 

efficiency and accuracy of the extended method are solid and the method can produce 

comparable results more than 100 times faster than general-purpose full-wave solvers. 
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Notation, Symbols and Acronyms 

 

 

Notation  

 
 

V Scalar 

V  Column vector 

V  Matrix 

pp
ijV  

Matrix entry, where indexes i and j denotes the matrix row and 

column, respectively, and the superscript the type of variable 

x, y, z Cartesian coordinates 

ρ, φ , z Cylindrical coordinates 

p Superscript for circular ports 

q Superscript for boundary line ports 

u Superscript for upper/top side of a cavity 

l  Superscript for lower/bottom side of a cavity 

r Spatial vector with regard to coordinate origin 

ab
ρ
�

 Spatial vector from point a to b. 

n̂  Unit vector 
 

Symbols  

 
 

λ Wavelength [m] 

ω Angular frequency [rad·s-1] 

j  Imaginary unit 

∇  Nabla symbol 

C Capacitance [Farad] or plane boundary contour 
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C ′  Internal via boundary contour 

ci, cj Contours on individual circular ports 

φ Azimuthal angle [rad] 

φ∆  Increment of azimuthal angle [rad] 

d  Cavity thickness [m] 

tp Metal plane thickness [m] 

k  Wavenumber 

η  Wave impedance [ Ω ] 

κ  Conductivity [S·m-1]  

tanδ Dielectric loss tangent 

ts Skin depth [m] 

I Current [A] 

V Voltage  [V] 

t  Time [s] 

f Frequency [Hz] 

fc Cutoff frequency [Hz] 

fr Resonance frequency [Hz] 

L Inductance [H] 

R Resistance [ Ω ] 

ijρ  Distance between ports 

E Electric field phasor [V·m-1] 

H  Magnetic field phasor [A·m-1] 

µ Permeability (when subscripted, d: dielectric, c: conductor) [H·m-1] 

µ0 Permeability of free space (~ 4π·10-7 H·m-1) 

µr Relative permeability 

ε Permittivity (when subscripted, d stands for dielectric) [F·m-1] 

ε0 Permittivity of free space (~ 8.854·10-12 F·m-1) 

εr Relative permittivity 

Jn Bessel function of first kind of the order n  

Jn Bessel function of second kind of the order n   

Hn
(1) Hankel function of first kind of the order n  
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Hn
(2) Hankel function of second of the order n   

ppZ  Parallel-plate impedance 

ppY  Parallel-plate admittance 

Wi, Wj Line port widths [m] 

ai, aj Circular port radii [m] 

,x yP P  Lateral dimensions of rectangular plates [m] 

hl Distance from trace to bottom reference plane 

hu Distance from trace to top reference plane  

Sij Scattering parameter 

Zij Impedance parameter [ Ω ] 

Yij Admittance parameter [S] 

ijh  h-parameter 

l  Transmission line/trace length [m] 

Z0 Characteristic impedance [ Ω ] 

rt  Rise time [s] 

P Power [watt] 

Pr Radiated power [watt] 

Q Quality factor 

S Poynting vector [W·m-2] or total contour including C and C ′  

cY  Via-to-plane admittance [S] 

vC  Via-to-plane capacitance[F] 

cZ  Via-to-plane impedance [ Ω ] 

  

Acronyms 

 

 

2D Two Dimensional 

3D Three Dimensional 

ABC Absorbing Boundary Condition 

ABCD Microwave Network Chain Parameters 

AC Alternating Current 

ATC Air Traffic Control 
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BER Bit Error Rate 

BGA Ball Grid Array 

C4 Controlled Collapse Chip Connection 

CIM Contour Integral Method 

CISPR International  Special Committee on Radio Interference (in French) 

CRM Cavity Resonator Model 

CM Common-Mode 

CPU Central Processing Unit 

DC Direct Current 

Decap Decoupling Capacitor 

DM Differential Mode 

DR Data Rate 

EDA Electronic Design Automation 

EFIE Electric Field Integral Equation 

EHF Extremely High Frequency (30 GHz – 300 GHz) 

EM Electromagnetic 

EMC Electromagnetic Compatibility 

EMI Electromagnetic Interference 

ESL Equivalent Series Inductance 

ESR Equivalent Series Resistance 

FCC Federal Communications Commission 

FDTD Finite Difference Time Domain Method 

FEM Finite Element Method 

FFT Fast Fourier Transform 

FIT Finite Integration Technique 

FMM Fast Multipole Method 

FR Flame Resistant 

GND Ground 

HF High Frequency (3 MHz – 30 MHz) 

HFSS High Frequency Structure Simulator (FEM Solver) 

IBM International Business Machines Corp. 

IC Integrated Circuit (or chip) 
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LF Low Frequency (30 kHz – 300 kHz) 

IFFT Inverse Fast Fourier Transform 

LGA Land Grid Array 

I/O Input/output 

ITRS International Technology Roadmap for Semiconductors 

MCM Multi-Chip Module 

MF Medium Frequency (300 kHz – 3 MHz) 

M-FDM  Multilayered Finite Difference Method 

MIC Microwave Integrated Circuit 

MoM Method of Moments 

MTL  Multiconductor Transmission Line 

PC Personal Computer 

PCB Printed Circuit Board 

PDN Power Distribution Network 

PEC Perfect Electric Conductor 

PEEC Partial Element Equivalent Circuit Method 

PI Power Integrity 

PMC Perfect Magnetic Conductor 

PML Perfectly Matched Layer 

PWR Power 

RAM Random Access Memory 

RE Radiated Emissions 

RLC Resistance-Inductance-Capacitance 

RW Radial Waveguide 

RW-IT Radial Waveguide – Image Theory 

SDN Signal Distribution Network 

SHF Super High Frequency (3 GHz – 30 GHz) 

SI Signal Integrity 

SLF Super Low Frequency (30 Hz – 300 Hz) 

SMA Sub-Miniature version A 

SMT Surface Mount Technology 

SoC System on Chip 



xiv                                                                              Notation, Symbols and Acronyms 

 

SoP System on Package 

SPICE Simulation Program with Integrated Circuit Emphasis 

SSN Simultaneous Switching Noise 

TEM Transverse Electromagnetic 

TET Institut für Theoretische Elektrotechnik, TUHH 

TL Transmission Line 

TLM Transmission Line Matrix Method 

TM Transverse Magnetic 

TMM Transmission Matrix Method 

TSV Through-Silicon-Via 

TUHH Technische Universität Hamburg-Harburg 

TV Test Vehicle 

UHF Ultra High Frequency (300 MHz – 3 GHz) 

ULF Ultra Low Frequency (300 Hz – 3 kHz) 

VHF Very High Frequency (30 MHz – 300 MHz) 

VLF Very Low Frequency (3 kHz – 30 kHz) 

VRM Voltage Regulator Module 

Zpp Parallel-Plate Impedance 

  

 

Throughout this work, board dimensions are given in inches and mils, which are the 

typical units used in the electronic industry. The conversions to SI units are as follows: 

1 inch ≈ 2.54·10-2 m 

1 mil = 0.001 inch ≈ 25.4·10-6 m 
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1. Introduction 

 

 

1.1. Motivation and Context of this Work 

According to the international technology roadmap of semiconductors (ITRS) [1], which 

summarizes the state of the art development of the semiconductor industry, the 

demands of compact high-speed electronic systems with higher bandwidth and lower 

power consumption have been continuously increasing in the past decades. The trend of 

digital and analog system convergence and miniaturization has led to evolutions of 

advanced packaging technologies such as system-on-chip (SoC), multichip modules 

(MCM), and system-on-packages (SoP) [2]-[4], which imposes new challenges in the 

electrical design and modeling methodologies due to the growing system complexity. A 

glance over the complexity of an exemplary IBM high-performance printed circuit 

board (PCB) is given in Fig. 1.1, where the board is populated with thousands of via 

pins, decoupling capacitors (decaps), and connector pins. On the other hand, the data 

rate and bandwidth requirement of off-chip interconnects continue to grow in order to 

meet the needs of advanced inter-module communications and multicore architectures 

[5]. For instance, 25 Gigabit per second (Gb/s) on-board signaling has been evaluated 

in [6]. As a consequence, the signal bandwidth of digital systems has been expanded to 

the multi-GHz microwave regime, as shown in Fig. 1.2, where the spectrum of digital 

system overlaps the frequency range of microwave circuits [7]. The electromagnetic 

phenomena become more complex at higher frequencies making many simplifications in 

conventional EDA tools invalid or inaccurate [8].   

According to ITRS, the major challenges for simulation and modeling include rapid 

turn-around simulation and system-level electrical design associated with high 

frequency and low voltage switching. The ITRS also specifies an accuracy requirement 

for modeling and simulation technologies as such that the package delay accuracy 

should be lower than 1% of the inverse of off-chip clock frequency. This accuracy may 

be provided by general purpose full-wave methods. However, they usually suffer from 

extensive computation time and high resource demands. Conversely, static or quasi-

static solutions are in general efficient but fail to account for high frequency 

electromagnetic effects. Development of advanced modeling techniques requires fulfilling 

both requirements of high efficiency and high accuracy over a broadband frequency 
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Figure 1.1 An exemplary IBM Power server board. (1 inch ≈ 2.54·10-2 m) Picture courtesy 

of IBM Germany Research and Development GmbH, Böblingen, Germany. 
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range, which is of primary importance to accelerate the electrical design and 

prototyping process. In this context, the objective of this thesis is to make a 

contribution to efficient and accurate modeling of planar structures in high-speed 

digital systems by the extension of the contour integral method (CIM) [9]. 

Planar structures, specifically power planes are widely used in today’s electronic 

packages and printed circuit boards (PCBs), which is a key element of the power 

distribution network (PDN) to provide a low impedance path for the power supply and 

to reduce interferences between different functional blocks. Traditionally, electrical 

design of power planes concerns mainly the simultaneous switching noises (SSN) on the 

power supply. However, with the increased system complexity and signal bandwidth, 

the PDN domain becomes tightly coupled to the signal distribution network (SDN) and 

the radiation field. For example, noise induced by switching currents on vertical vias 

can propagate and crosstalk to other signal and power vias or radiate from board edges, 

raising signal integrity (SI), power integrity (PI), and electromagnetic interference 

(EMI) issues. Proper modeling of power planes is essential to all the above three 

aspects. Especially for SI, where power planes act as references and is part of the signal 

return path, modeling of them must cover the whole spectrum of the signal bandwidth 

that can span from DC to the microwave region. 

CIM is a fast numerical technique that is suitable for analysis of arbitrarily shaped 

planar structures, making it also a promising candidate for the task of power plane 

analysis. The extension of CIM presented in this work aims at an improvement in its 

accuracy and efficiency when modeling power planes with cylindrical vias as well as the 

combination with other approaches to enable system level simulations for handling of 

relatively complex multilayer structures. The goal is also to cover the scope of all three 

respects of the electric design including SI, PI, and EMI. 

 

1.2. Organization of the Work 

The remaining chapters of this thesis are organized as follows. 

Chapter 2 reviews the function and role of power planes in SI, PI, and EMI. The 

excitation and propagation of cylindrical radial waves in the planar direction are 

illustrated. An example of a rectangular board is analyzed using a full-wave solver and 

the distributive behavior of power planes will be discussed. State of the art methods for 

modeling and simulation of power planes are reviewed in the last section. The definition 

and assumptions made for planar structures are clarified and the validity of the 2D 

assumption for power/ground plane pairs is discussed. 
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Chapter 3 presents a brief introduction to CIM including the basic formulation, the 

numerical procedure, and some salient features for retrieving of the field information. 

Particular attention is paid to the numerical modeling of circular ports that are needed 

for analysis of vias. The rectangular board example in chapter 2 is repeated using CIM 

and compared to full-wave results. Limitations of the method and motivations for 

extensions are listed at the end of the chapter.  

Chapter 4 discusses the extension of CIM using analytical solutions for circular ports 

in order to improve its efficiency and accuracy, especially at high frequencies. 

Expressions for both isotropic and anisotropic modes are derived, first by assuming 

infinite planes, and then by combination with boundary line ports to form solutions for 

finite planes. Validation examples will be provided at the end of each section and the 

efficiency improvement will be briefly discussed.  

Chapter 5 explains the hybridization of CIM with other approaches including 

equivalent circuits, the method of moments (MoM), and the physics-based via model. 

The fact that CIM represents a closed planar region surrounded by microwave ports 

allows it to be easily networked with other methods. Connection of CIM to one-port 

circuits, such as decoupling capacitors, is first presented, followed by the inclusion of 

radiation loss by hybridization with MoM. Finally, combination with the physics-based 

via model for simulations of multilayer substrates is described, which can be used to 

generate results in all perspectives of SI, PI, and EMI.  

Chapter 6 provides a variety of application examples using the extended CIM. A set 

of pre-defined power/ground plane pair configurations is first analyzed to assess the 

efficiency and applicability of the method to complex shape power planes. Next, 

examples of multiplayer PCBs are presented and results concerning SI, PI, and EMI are 

shown. Application to dense via arrays ensues and the resolution of potential passivity 

problems is discussed.  

Chapter 7 summarizes the most important results of this thesis. The contributions are 

briefly reviewed and some remarks concerning further developments of the method are 

given.  

 

1.3. Conference and Journal Contributions 

During this work, five conference [10]-[14] and one journal [15]-[17] publications have 

been made. They constitute a major part of this thesis and most of their content will 

appear in this work with explicit references.  
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2. Modeling of Planar Structures in Digital 

Systems 

 

 

This chapter reviews functions of planar structures, in particular power planes, in 

digital systems with respect to signal propagation, power supply, and radiated 

emissions. As the signal bandwidth of digital systems stretches out further into the 

microwave spectrum, power planes appear to be electrically larger in their planar 

extents and exhibit distributive behavior. Thus, their modeling requires the 

consideration of electromagnetic wave propagations. Characteristics of wave phenomena 

within a pair of power/ground planes are demonstrated. A survey of state-of-the-art 

modeling methods is provided.  

Nevertheless, the third dimension of today’s power plane configurations remains 

electrically small, which allows us to regard them as planar circuits. Methods that were 

originally devised for planar circuit analysis can be in principle adjusted to power plane 

modeling. The definition of planar circuits, which are universally found in microwave 

component designs, and the assumptions made for power planes are briefly discussed.  

 

2.1. Power Planes in Electronic Packages 

2.1.1. Function for Power Delivery 

Power planes belong to a part of the PDN that supplies voltage and current to 

integrated circuits (ICs). Typical components of a PDN include the voltage regulator 

module (VRM), decoupling capacitors (decaps), power/ground planes and other 

interconnections such as power vias, bonding wires, C4 bumps, etc., as depicted in Fig. 

2.1. A successful power delivery requires an instantaneous supply of sufficient charge 

from the DC power source to the switching transistors on chip. Managing the path 

between them is the task of the PDN design [18],[19].  
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Since VRMs operate typically in the kilohertz (kHz) range, in comparison to multi-

Gigahertz (GHz) frequencies, at which modern ICs switch, the VRMs are unable to 

respond to the transient current surges that the transistors demand. In addition, due to 

the physical separation between the VRM and ICs, parasitic inductances of the 

interconnections are inevitable, which increases the time delay for the charge to reach 

the switching transistors. Immediate charge deficiency can cause the power voltage level 

to ripple and the generation of SSN [20]. Both of the effects are detrimental to the 

system operation [21]. Therefore, decaps are commonly used in the PDN design to 

provide extra charge reservoirs, which supply currents to transistors during the 

switching cycles and recharging in the remaining cycles [22]. Since the speed at which 

decaps react to current changes is determined by the proximity of them to the 

transistors and the parasitics along the path, on-chip decaps are the fastest charge 

supply while the package decaps slower and the board decaps the slowest. On the other 

hand, due to the limitation of the real estate, the storage capacity of them is in a 

reversed order with board decaps the largest and on-chip decaps the smallest. Hence, a 

PDN is laid out in a hierarchical fashion, as shown in Fig. 2.2 (top), where the charge 

is relayed by capacitances at different package levels to ensure sufficient current supply 

to ICs at any time instant, when designed correctly [23],[24]. This picture can be 

translated to a target impedance concept in the frequency domain [18], where each 

PDN level is responsible for maintaining the impedance profile over a finite frequency 

band, as shown Fig. 2.2 (bottom). Using the target impedance concept allows the 

design of each PDN level individually and then cascading them together [25]. 

In the power delivery domain, one obvious advantage of using power planes is the 

reduction of parasitic resistances and inductances of the interconnections between 

different PDN elements. Also, the capacitance between power and ground planes serves 

as an extra bypassing capacitance that enhances the decoupling capacity. Although 

high frequency noise becomes more and more of an issue because of the parallel-plate 

waveguide mode propagation in the cavity formed by a pair of power/ground planes, 

solid planes are still the preferred strategy in modern electronic systems since they 

bring many benefits not only for the power supply but also for the signal transmission 

and the compliance with the electromagnetic compatibility (EMC) standards. They will 

be discussed in the next section. 

  

2.1.2. Function for Signal Transmission and EMI Mitigation 

The communication among different chip sets, such as processors, memories, optical 

modules, etc., is realized through off-chip interconnects between I/O circuitries. To 

ensure a sufficient signal fidelity and timing margin for proper functioning of the 
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circuits, SI analysis is usually performed, which has undergone a significant 

development in the past few years [26]-[28]. Due to increased data rates, the signal links 

between drivers and receivers on PCBs or MCMs become electrically long, and thus, 

need to be treated as transmission lines (TLs). The signal traces in modern digital 

systems are almost exclusively designed as striplines or microstrips [28], for which the 

power planes serve as a part of the current return path and ensure a uniform TL mode 

across the reference plane. In addition, the power planes behave as shields preventing 

crosstalk between different signal layers by virtue of the skin effect; for example, a 

copper plane has a skin depth of about 2 micrometers (µm) at 1 GHz. 

High speed signals experience many types of degradation in the passive channel such as 

frequency dependent conductor and dielectric losses, reflections from discontinuities and 

terminations, crosstalk from neighboring traces, and other noise sources. A proper 

characterization of these effects in the frequency domain is the premise of a reliable 

time domain analysis [29]. Although the electromagnetic fields of stripline and 

microstrip modes are distributed in a confined region near the TLs, discontinuities are 

usually not avoidable such as the vertical via transitions that induce and receive noises 

from the PDN by wave propagations in between power planes, which makes them an 

indispensable part of the signal net. Therefore, modeling of power planes has a major 

significance also to SI analysis. 

The task of EMI/EMC design is to enhance the capability of preventing electronic 

devices from electromagnetic (EM) emissions and their immunity to external 

interferences [30].  The general EMI/EMC field is rather a broad discipline that covers 

issues in SI and PI regimes. In the context of this work, it is specific to an electronic 

system in a holistic perspective and deals with emission and susceptibility problems of 

the complete system that are otherwise not the subject of SI and PI. The EM 

emissions, either conducted or radiated, are regulated by government bodies, such as 

the Federal Communication Commission (FCC) in the United States and the 

International Special Committee on Radio Interference (CISPR) in the European Union 

[7]. Electrical designs with EMI/EMC awareness are of primary importance since no 

product can be released without the compliance to the standards. 

In the early 90s while clock frequencies were mostly below 25 MHz, emissions came 

primarily from the attached cables since most wavelengths were long compared to the 

actual product [31]. Little emission was observed above 1 GHz, up to which the 

standards were specified [7]. Hence, early EMI/EMC engineering concerns mainly 

chocking and filtering common mode current from escaping the system. Today’s digital 

systems operate in the GHz range and transmit data at several Gb/s making the 

product itself a potentially good antenna. Expansion of the testing spectrum to 10 GHz 

has been considered in the EMC standardization community [31]. Measures such as 

suppression of emission sources, filtering, differential signaling, and careful grounding 
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have been taken to improve EMC [31]-[34]. New concepts such as the electronic band 

gap structures have been introduced for suppression of the high frequency common 

mode noise [35].  

Power planes can help reduce EM emissions and enhance system immunity, since they 

act as fences that restrain the radiations from internal traces and circuits and at the 

same time prevent the penetration of external noise into the system. However, radiated 

emissions can still be produced, especially at resonance frequencies of the power planes. 

The emission source could be traced back as far as noise generated in ICs and 

conducted to transition vias, which further travels down to the power plane edges and 

radiates from there. Since suppression at the noise source is not always feasible, proper 

designs of power planes and decap populations become critical to the EMI/EMC 

engineering, which in turn emphasizes the importance of power plane modeling in this 

field. 

An illustration of how a pair of power/ground planes interacts with the signal net, the 

PDN, and the radiation field is depicted in Fig. 2.3. Due to the discontinuity at the via 

transition, the signal return current is distributed over the inner surfaces of the power 

planes causing noise propagation in the form of parallel-plate modes. This noise can be 

injected into the PDN or radiated from the edges. Conversely, external fields can couple 

through the board edge or the presence of SSN from other sources can spread out 

through the parallel-plate modes and eventually interfere with the signal net. The pair 

of power/ground planes is the link among the three issues. 

 

 

Signal Integrity

PWR

GND

Power Integrity EMI

 

 

Figure 2.3 Current path and electromagnetic interaction among SI, PI, and EMI in a 

power/ground plane pair environment. Conduction currents (solid arrows) of the signal return 

between power planes in the form of distributed currents (dashed arrows) that induce noise 

interferences with the power supply and cause radiated emissions. 
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2.1.3. Radial Wave Propagation in a Parallel-Plate Environment 

The root cause of noise in a pair of power planes is attributed to its parallel-plate 

configuration that supports radial wave propagation. Since the source of the radial 

waveguide modes excitation is the via current flowing in the z-direction, only TMz 

modes exist with xE  = yE  = zH  = 0, as shown in Fig. 2.4, where E  and H  are the 

electric and magnetic field, respectively. The general solution for the z-component of 

the electric field for an outward traveling z
mnTM  wave is given in [36],[38], 

( ) ( )
( )
( )

2
2 0 1 2( )

cos
, , ( , , , ,...),

sin
zjk zmn r

z mn m r

mk
r z jB H k r e n m

m

φ
φ

ωµε φ

−
  

= − ⋅ ⋅ = 
  

E      (2.1) 

with 

,z

n
k

d

π
=                                                (2.2) 

2 2- ,r zk kω µε=                                         (2.3) 

where 2( )
mH  represents the m-th order Hankel function of the second kind, Bmn is a 

constant, and m and n represent the mode order with respect to variations in φ - and z-

direction, respectively. d is the height of the dielectric medium between the power 

planes. ω  denotes the angular frequency. µ  and ε  are the permeability and 

permittivity of the medium, respectively. For 1n ≥ , the z
mnTM  modes have a cutoff 

frequency [37] 

( )
2

zTM

c mn

n
f

d µε
= .                                            (2.4) 

For a typical power plane pair with d = 10mil, 
0

µ µ= , and 
0

4ε ε= ⋅ , the cutoff 

frequency of the first higher order (n = 1) mode is above 300 GHz, far beyond the 

bandwidth of today’s digital systems. Therefore, only the fundamental mode (n = 0) is 

able to propagate. The higher order modes are evanescent and the fields associated with 

them can be considered as only local to the exciting via [36].  

Due to the skin effect, high-speed signal currents are concentrated on surfaces of via 

barrels, which may be considered as an isotropic shell current, as shown in Fig. 2.5(a). 
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Figure 2.5 (a) Shell model of the via current. (b) Magnitude of the electric field of a radial 

wave at 1 GHz, excited by a 1 mA current shell with radius a = 5 mil in an infinite lossless 

parallel-plate environment with a relative dielectric constant of 4.0. 
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Figure 2.4 Illustration of coordinate systems and field elements of the fundamental TMz 

mode. zE and φH  are the tangential electric and magnetic fields, respectively. 
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For example, the skin depth of copper is about 20 µm at 10 MHz, much smaller than 

the board via radii, which are typically larger than 100 µm.  

The solution of the radiation field from a shell current in an infinite parallel-plate 

environment can be found in [38],[39]. Fig. 2.5(b) plots the magnitude of the electric 

field distribution of a radial wave at 1 GHz, excited by a shell current of 1 mA in an 

infinite lossless parallel-plate environment with a relative dielectric constant of 4.0. The 

field pattern is similar to a cylindrical surface water wave [40]. The electric field first 

reduces its intensity rapidly in the vicinity of the source but only slowly ( 1 r≈ ) in 

the far-field zone. This analysis manifests the fundamental noise propagation 

mechanism in power plane pairs and the fact that noise can spread out over the whole 

board area.  

Notice that a lossless model is adopted here. In reality, the presence of conductor and 

dielectric losses as well as return vias will damp the wave and limit the noise 

propagation depending on the frequency.  

 

2.1.4. Cavity Resonant Modes 

Due the finite size and the open boundary of power planes, electromagnetic waves are 

mostly confined inside the cavity and form resonance modes [41],[42]. As an example, a 

rectangular 4-by-1 inch board excited by a wire current at the center is shown in Fig. 

2.6. The cavity is assumed to be filled with air and the metal planes are of infinite 

conductivity. Magnitude and phase of the input impedance at the wire location 

(0, 0)

(4, 1)

Wire radius: 10 mil

, εr = 1.0, tan δ = 0.0, d = 12 mil

z

x

y

z

x

(2, 0.5)

cσ → ∞

 

Figure 2.6 A rectangular board example consisting of a pair of perfect electric conducting 

(PEC) power/ground planes, excited by a cylindrical wire in the middle of the board. 

Dimensions are given in inches (1 inch T 2.54·10-2 m). 
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Figure 2.8 Electric field pattern of cavity modes of the rectangular board in Fig. 2.6. 
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Figure 2.7 Magnitude and phase of the input impedance of the rectangular board in Fig. 2.6. 
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simulated by a full-wave method of moments (MoM) solver [43] are plotted in Fig. 2.7. 

The impedance shows first a capacitive characteristic in the megahertz (MHz) range 

and then becomes inductive above 1 GHz. Cavity modes are formed at resonance 

frequencies such as the TM20 and TM40 modes at about 3 GHz and 6 GHz, 

respectively. For a pair of rectangular power planes, the resonance frequencies of TMmn 

modes are given by 

( )
2 2

1

2
,r mn

m n
f

a bµε

   
= +   

   
                                      (2.5) 

where a and b are the board widths in x- and y-directions, respectively. Electric field 

distributions of the two modes are shown in Fig. 2.8. Noise induced at resonances is 

detrimental to the system operation. Its suppression may be realized by a proper design 

of decaps. However, due to parasitic inductances of decap interconnects, the 

effectiveness is limited to several GHz at maximum. Techniques for reducing resonances 

at high frequencies have also been proposed such as introducing losses, embedded 

capacitors, as well as electronic band gap structures [44]-[46]. 

 

2.2. State-of-the-Art Modeling Methods 

A number of techniques has been proposed and applied to the modeling of planar 

structures and power planes in digital systems, which can be categorized as follows. 

1. Quasi-static solutions – In early years when clock frequencies were still below 

25 MHz, quasi-static analytical calculations were often used for performing 

frequency domain analysis of PDNs, where power planes were often 

approximated as simple capacitances [25]. Numerical quasi-static computations 

have also been performed, for example in [47]. Quasi-static solutions are limited 

though to electrically small structures and do not account for wave phenomena 

at high frequencies.  

2. General full-wave solvers – A full-wave field solver is capable of solving 

Maxwell’s equations without the quasi-static assumption at any given frequency 

or time. It is important when one must accurately account for displacement 

currents, electromagnetic radiations, and field coupling. Methods that fall into 

this category include, for example, the finite difference time domain method 

(FDTD) [48],[49] the finite element method (FEM) [50],[51] and the method of 

moments (MoM) [52]. Commercial tools based on the above methods are 
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available. Excellent accuracy and flexibility of full-wave methods, however, are 

often accompanied by massive resource demands and long computation times. 

Given the complexity of modern digital systems such as the one in Fig. 1.1, full-

wave simulations are apparently too expensive when even feasible with today’s 

computing power.   

3. 2D numerical methods – To overcome the resource and time hurdle of full-

wave solvers, many 2D numerical approaches based on the planar circuit 

assumption (Section 2.3) have been proposed including e.g. the finite difference 

method (FDM) [53],[54], the contour integral method (CIM) [55],[56], the 

transmission matrix method (TMM) [57], and the transmission line matrix 

method (TLM) [58]. This class of methods offers reasonable efficiency while 

preserving the modeling flexibility of arbitrary planar structures. 

4. 2D analytical formulas – Further improvement of computational efficiency 

can be achieved by analytical formulations of specific 2D radiation problems. 

Examples of these algorithms are the radial waveguide method (RW) [59]-[63], 

the cavity resonator model (CRM) [64]-[66], and other improved formulations 

such as in [68]-[74]. Analytical formulas provide the best efficiency, but are 

restricted to simple structures such as infinite planes or regular shapes [75],[76].   

5. Equivalent circuits – The development of equivalent circuits was inspired by 

the necessity of connecting package models to IC circuits that are mostly SPICE 

compatible models. Approaches in this category include the partial equivalent 

electric circuit method (PEEC) [77] and equivalent circuits derived from CRM 

[78],[79] as well as from quasi-static solutions [47]. The advantage of an 

equivalent circuit model is its compatibility to SPICE simulators that engineers 

are used to. However, it requires a fine grid granularity to capture transmission 

line effects at high frequencies and can also suffer from causality violation 

problems [80]. 

6. Scattering methods – General scattering methods are to some extend semi-

analytical, which combine analytical solutions of cylindrical wave functions with 

the numerical computation for their interactions. The method based on foldy-lax 

equations can be found in [81],[82]. Other scattering methods have also been 

proposed in e.g. [83],[84]. In principle, scattering methods provide an accuracy 

comparable to full-wave solutions. However, it is difficult to handle finite power 

plane boundaries in this class of methods, and further, it does not distinguish 

propagating and non-propagating modes, which contributes to some redundancy 

in the numerical procedure. 
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7. Segmented analysis – By virtue of the microwave circuit theory and the 

segmentation technique [85]-[87] one may cut a system into blocks and analyze 

them separately. For example, different cavity models may be stacked together 

to generate a multilayer response, which is sometimes called a 2.5D approach. It 

allows us to combine the merits of different methods and choose the most 

appropriate approach for a specific element in the system. Abundant literature 

regarding this technique has been published in the past, for example [88]-[92]. 

This work focuses on the CIM, a 2D numerical method, based on the planar circuit 

assumption which is explained in the next section. More specifically, CIM has been 

extended in this thesis to include analytical expressions for circular ports for more 

efficient and more accurate modeling of cylindrical vias. Further, it has been combined 

with other efficient methods for simulating realistic applications of digital systems. The 

extension will explore the possibility of taking advantage of ideas behind techniques in 

category 4, 6, and 7. 

 

2.3. Definition of Planar Circuits 

The concept of a planar circuit was first introduced by Okoshi and Miyoshi [64],[93]. 

According to [93], microwave integrated circuits (MICs) can be classified into four 

categories: lumped elements (zero-dimension), uniform transmission lines (one-

dimension), waveguides (three-dimension), and planar circuits (two-dimension). This 

classification is made by the number of dimensions that are comparable to the 

operating wavelength. A planar circuit has two dimensions extending longer than the 

wavelength, while the third dimension is a negligible fraction of the wavelength. The 

advantage of using this concept is that it reduces the modeling complexity and 

computational effort in comparison to a 3D full-wave model.  

Since its introduction, the planar-circuit model has been applied to analysis of a wide 

variety of MICs and milli-wave integrated circuits (MMICs), such as microstrip 

antennas, couplers, matching networks [94]-[96], etc. In the early 90s, the concept has 

been ramified into the power plane analysis branch [65]. Due to rapid growth of the 

operating frequency of electronic systems, the planar dimensions of power planes can be 

comparable to or even many times long as the wavelength, whereas the third dimension 

(z-direction in the Cartesian or cylindrical coordinate overall in this work), specified by 

the distance between a pair of neighboring planes, remains electrically small. Take a 

PCB power/ground plane pair filled with the FR4 dielectric with a relative permittivity 

of 4.0 as an example, a typical cavity height of 10 mil corresponds to a quarter 

wavelength at a frequency of approximately 150 GHz, which is still far beyond the 

spectrum of modern digital systems. For instance, the content of a signal at a data rate 
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of 20 Gb/s with 1 picosecond (ps) rise/fall time is below -20 dB when the frequency 

exceeds about 50 GHz [97]. Hence, the planar assumption of power planes is well 

justified for practically all digital applications.  

 

2.4. Summary  

Power planes will continue to be an important design practice of digital systems. They 

are an indispensable part of the signal link path, the PDN, and the EMC. In recent 

years, co-analysis of SI and PI has drawn more attentions in both the industry and the 

academia [98]. On top of that, additional capability of the EMI prediction has also been 

in consideration [31]. Furthermore, the advance of the semiconductor industry prompts 

electrical designs of even lower target impedances, smaller bit error rates (BERs), and 

less radiated emission over a broader frequency bandwidth. It has imposed greater 

challenges on the accuracy and efficiency of power plane modeling.  
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3. CIM – the Contour Integral Method 

 

 

The contour integral method (CIM), a 2D numerical technique, was originally 

developed for analysis of arbitrarily shaped microwave planar circuits [9]. The method 

is based on a 2D integral equation derived from the scalar Green’s theorem [93] and 

Weber’s solution for cylindrical waves [99]. This chapter discusses the basics of CIM 

and its application to power plane analysis. The formulation of the numerical procedure 

is first introduced. Holes and cut-outs inside the power plane are considered 

intrinsically as part of the power plane boundary. Modeling of the cylindrical via ports 

can be realized by approximating them as polygons [100].  

A distinctive feature of CIM is its ability to provide field information, as has been 

presented in [55]. This is particularly useful for analysis of power integrity and radiated 

emission problems. The computation of the cavity electric field distribution and the far-

field radiation pattern will be addressed. 

Limitations of the method will be discussed in the later sections and they serve as 

motivation for the extension of the method in next chapters.  

 

3.1. Basic Formulation 

Figure 3.1 shows a complex shaped power plane pair with the contour S, consisting of 

C the boundary contour of the planes and C´ the contour of via barrels. Note that C 

encloses the boundary contour of both the external plane edge in a counterclockwise 

direction and the cut-out area in clockwise direction.  r and ′r  are the observation and 

source points on S.  ˆ ′n  and ˆ′t  denote the unit normal and tangential vector. The 

normal vector is defined such that it always points away from the plane area. 

Neglecting field variation in z-direction results in a TM-mode field distribution with xE  

= yE  = zH  = 0. Therefore, the electric field between the planes E z(r) satisfies the 2D 

scalar Helmholtz equation. Provided that the medium between the metal planes is 

homogeneous and applying the scalar Green’s theorem with assistance of the 2D 

cylindrical wave solution, a contour integral equation [9] can be written as 
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where (2)

0H  is the zero-order Hankel function of the second kind. Some important 

properties of Bessel and Hankel functions are summarized in Appendix A.1. ′−r r  is 

the distance between source and observation point. k is the complex wavenumber 

including dielectric and ohmic losses, defined as [64] 

( )( ) ( )0 1 tan 2d s s pk j t d t tω µ ε δ= − + ≤                              (3.2) 

with dε  the dielectric permittivity, tanδ  the dielectric loss tangent, d the dielectric 

thickness, and 02 /s ct ωµ κ=  the conductor skin depth, where ω  denotes the angular 

frequency, 0µ  is the free space permeability, and 75.8 10cκ ≈ ⋅  S·m-1 is the conductivity 

of the copper planes. Here, the same metal is assumed for both the upper and lower 

plane with a thickness of tp. Typical values of tp range from 20 to 40 µm, and thus the 

loss model in (3.2) is applicable for frequencies above about 10 MHz for copper planes. 

The derivation of (3.2) is explained in [64]. The factor ( )F r  depends on the position of 

the observation point [9],[101].  
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Figure 3.1 Computation domain and variable definition for the contour integral method. r 

and ′r  are the observation and source points on the contour S, which includes the plane 

boundary C and the via boundary C´. ˆ ′n  and ˆ′t  denote the unit normal and tangential 

vectors on S, respectively. 
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Equation (3.1) simplifies the complex 2D wave propagation problem to a line integral. 

One may consider (3.1) as corresponding to the Huygens equivalence principle [36], 

which states that the fields in a source-free region can be determined if the tangential 

electric and magnetic fields are completely known over a closed boundary.  

Since only the boundaries of the power planes need to be considered, the modeling and 

computation effort can potentially be reduced. Combining (3.1) with the following 

relations [9]: 
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where R̂  represents the normalized vector of r´ – r, as shown in Fig. 3.1. (2)

1H  is the 

first order Hankel function of the second kind. ( )tan ′rH  denotes the tangential 

magnetic field on a source point. Substituting (3.4) and (3.5) into (3.1), one obtains 

( ) ( ) ( ) ( ) ( ) ( )(2) (2)
0 tan1 0

ˆ ˆ .z zS
jF k H k j H k dsωµ ′ ′ ′ ′ ′ ′= − ⋅ − + −

 ∫r r R n r r r r r r�E E H     (3.6) 

 

3.2. Numerical Procedure and Line Ports 

For the numerical procedure to solve (3.6), the contour C is discretized into M 

segments with their widths W much smaller than the wavelength (usually a tenth of 

the wavelength 10λ ). Each of the segments can be considered as a discrete line port. 

The boundary of each of the N via ports in the contour C´ is approximated with L line 

segments. The tangential electric and magnetic fields are assumed to be constant over 

the segments and pulse basis functions can be used, as shown in Fig. 3.2. Over each line 

port, voltage and current definitions are established as 

= ⋅ ,zV dE                                                    (3.7) 

tan= ⋅ ,I WH                                                  (3.8) 
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where tanH  is in the direction of ˆ′t  and I is the total port current flowing into the 

power plane region. The complex power transmitted through the line port is determined 

by 

tan
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where =A Wd  is the port area and the asterisk * denotes the complex conjugate. This 

definition is consistent with a general microwave port definition [102].  

Subsequently, one can write (3.6) for all the line ports in an equation system as  
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(3.10) 

where the indices i, j denote observation and source line ports, respectively. The factor 

( )F r  here takes exclusively the value of 1/2, since the discretization is carried out so 

that observation points lie only on smooth contour segments.  

One may interpret (3.10) as a 2D radiation field that is generated by multiple current 

and voltage sources on S. The radial wave pattern from a current source has been 

discussed in chapter 2 and illustrated in Fig. 2.5. Since usually the boundary contour C 

is subject to an open boundary condition, only voltage sources exist on C. The electric 

field pattern of a radial wave generated by a 1.5-cm wide line voltage source is depicted 

zE

( )tanH

Contour segments sj

Real field
Approximated field

s1 s2 s3 sM

Figure 3.2 Pulse basis functions approximating a tangential electric (magnetic) field 

distribution. 
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in Fig. 3.3. The field distribution is produced by exciting a 1 mV line source, oriented 

in the x-axis, in a lossless cavity with a dielectric height of 10 mil and the relative 

permittivity of 4.0. In contrast to the isotropic form of a current source radiation, the 

field pattern of a voltage line source exhibits the property of directivity with maxima at 

locations perpendicular to the source line and zero fields at positions aligned with the 

source line because of the ˆ ˆ ′⋅R n  term in the integral. Physically, the field pattern may 

be understood as the radiation field from a magnetic line current source [39]. 

In matrix form, the equation system (3.10) can be written as 

qq qs qq qsq q

sq ss s sq ss s

U H

U U V H H I

V IU U H H

      
      ⋅ = ⋅
      

         
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                             (3.11) 

where 
q

V , 
s

V  are unknown voltage vectors of sizes M and N×L on the contours C and 

C´, respectively. 
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Figure 3.3 Magnitude of the electric field distribution at 1 GHz excited by a 1.5 cm wide 

voltage line port of 1 mV with regard to a lossless cavity of dielectric height of 10 mil and 

relative permittivity of 4.0. The source port is oriented in the x-axis with its center at the 

coordinate origin. The radiation field shows maxima on the y-axis and zero fields on the x-

axis. 
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 and 
q

I , 
s

I are the corresponding current vectors  

[ ] [ ]1 2 1 2, , , , , , , ,
q sT T

M M M M L NI I I I I I I I+ + + ×= =… …                    (3.13) 

where T denotes matrix transpose. Vj and Ij are the corresponding j-th line port voltage 

and current, respectively, as defined in (3.7) and (3.8). The elements of matrices U  and 

H  in (3.11) are calculated as [64] 

( )(2)
1

ˆ ˆ
2

,

j

ij ij i j j

W

k
U H k ds

j
δ ′= − ⋅ −∫ R n r r                                  (3.14.a) 

( ) ( )

( )

(2)
0

1

2

2
1 ln 1

2 4
,

j

i j j
j W

ij

i

d
H k ds i j

W
H

kWd j
i j

ωµ

ωµ
γ

π


− ≠


= 

    
− − + =   

   

∫ r r

                        (3.14.b) 

where ijδ  is the Kronecker’s delta and γ  = 0.5772 is the Euler’s constant. Wi and Wj 

are the widths of the i-th and j-th port, respectively. The line integrals in (3.14.a-b) can 

usually be evaluated by a simple mid-point rule with good accuracy, for which the off-

diagonal terms in (3.14) are written as  
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ˆ ˆ
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,
j

ij ij

kW
U H k i j

j
ρ′= − ⋅ ≠R n                                  (3.15.a) 
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0

2
,ij ij

d
H H k i j

ωµ
ρ= ≠                                      (3.15.b) 

where ijρ  is the distance between the middle points of ports i and j. In the author’s 

experience, the accuracy of the mid-point rule is poor at very low frequencies, typically 

in the kHz range. This is because the imaginary part of the Hankel function has a large 

gradient for small arguments. Numerical integration techniques such as the Gaussian 

quadrature rule [104] can be used to overcome the low frequency inaccuracy problem 

(see Appendix A.3).  

By the impedance definition V ZI= , an impedance matrix can be found from (3.11), 
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The quantity of interest is the sub-matrix 
ss

Z  that represents the interaction among 

line segments on the vias by assuming a perfect magnetic conductor (PMC) boundary 

condition on the plane boundary C, i.e. 
q

I  = 0 . The PMC boundary condition is an 

approximation neglecting a loading admittance from the fringing field and radiation at 

the edge of the plane. It is, however, usually justified for PCBs and packages with 

typical configurations since the effect of this loading admittance is small. Extension of 

the method to include the loading admittance will be presented in Section 5.2. 

The method described above is suitable for lossy structures, i.e., k is complex, which is 

the case for most of the practical applications. For lossless structures, the method can 

be imprecise at frequencies very close to resonances due to bad conditioning of the 

matrix U  [105]. 

 

3.3. Modeling of Circular Ports 

In the last section, the transfer characteristic among vias has been described by an 

impedance matrix 
ss

Z  with respect to discrete line segments on via perimeters. A more 

useful representation is instead the so-called parallel-plate impedance (Zpp) [106] that 

regards vias as single circular ports by assuming constant currents over the via 

circumference, which is a good approximation when the via radii are much smaller than 

the wavelength. One may further assume constant voltages on these circular ports to 

extract Zpp from 
ss

Z , as has been presented in [55]. The selection of the voltage probing 

point is rather arbitrary in [55]. Here, the port voltage is obtained by calculating an 

average of voltages on the segments of the via port for the extraction. It will be 

revealed in later sections that it is in fact corresponding to the isotropic mode of a 

circular port.  

Consider N circular ports, each discretized into L segments as depicted in Fig. 3.4. 

Accordingly, the voltage and current vectors for the circular ports are expressed as 

1 2, , , ,
Tp p p p

NV V V V =
 

…                                       (3.17) 

1 2, , , .
Tp p p p

NI I I I =
 

…                                        (3.18) 
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where the superscript p denotes the circular ports. Under the assumption of a constant 

current on each line segment, it is found that 
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The voltage on the i-th circular port is established by averaging voltages on line 

segments, it follows that 
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By using the relation 
sss s

V Z I= , the Zpp definition can be expressed accordingly as 
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where s denotes line ports on a particular via with corresponding observation and 

source port indices k and l, respectively. We may now rewrite (3.11) with regard to the 

circular port expressions as  
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Figure 3.4 Notation of two circular ports discretized into L = 8 line segments. φ∆  is the 

incremental azimuthal angle. ci and cj are the contours of the observation port and source 

port, respectively.  
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To show an application example, the rectangular board presented in Chapter 2 is 

analyzed again using CIM. The input impedance is plotted in Fig 3.5, together with 

that from the MoM simulation for comparison. The two curves lie on top of each other. 

However, CIM takes a CPU time of 25.3 milliseconds per frequency point using a 64-bit 

PC with 3.0 GHz CPU, which is more than 200 times faster than the MoM simulation.  
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Figure 3.5 Magnitude and phase of the input impedance of the rectangular board example in 

Fig. 2.6, obtained by CIM and a full-wave MoM simulation. 
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3.4. Cavity Field Distribution and Radiation 

A field distribution between power planes is sometimes desired, especially for power 

integrity analysis to help designers identify “hot spots” in the power plane. Generating 

a field distribution is relatively simple in CIM. It is not difficult to recognize that (3.6) 

and its discrete form (3.10) can be used to obtain the electric field at any point in the 

calculation domain provided that the sources on the right-hand side of them are known, 

which can be obtained by manipulating (3.22) depending on the excitations and 

boundary conditions. Once the source is determined, a field map can be produced by 

simple multiplications using (3.10). 

According to the field equivalence principle [107], the radiated far fields from a pair of 

parallel planes can be approximated as the radiation from an equivalent magnetic 

surface current along the contour C [108],[109]. The electric far field at an observation 

point r in free space is expressed as [55],[103] 

( ) ( ) ( ) ( )
0

0
ˆ0

1

ˆˆ
4

,i r

jk r N
jk e

q i i
i

jk e
V e W

rπ

−
′⋅

=

′ ′≈ ⋅ ×∑
r

r ir r e tE                       (3.23) 

where k0 is the free space wavenumber. ˆ
r

e  is the unit vector of r. ′
i

r  is the location 

vector of the i-th port on the contour C. ( )qV ′
ir  can be obtained by (3.22). Application 

examples concerning cavity field distributions and radiation will be presented 

extensively in later chapters. 

 

3.5. Limitations of the Method 

The 2D nature of power planes and other planar structures in electronic systems makes 

the analysis of them by CIM possible, which in general provides a much more efficient 

computation when compared to 3D full-wave algorithms. Moreover, the fact that only 

the contour of the planar structure is concerned in CIM alleviates the modeling effort 

and potentially leads to a better efficiency than other 2D numerical methods. In 

comparison to analytical algorithms such as the radial waveguide (RW) method and 

the cavity resonator model (CRM), which are limited to simple and regular shapes, 

CIM is more flexible and can deal with planar structures, in principle, of any arbitrary 

shape.  

However, CIM has also several limitations, especially when applied to multilayer 

structures with vertical via transitions. 
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• The presence of cylindrical via structures entails modeling of circular ports in 

CIM. As described above, conventional CIM is restricted to line ports and a 

discretization of the circular port circumference is required, which results in a 

rapidly increasing number of unknowns when more vias are in presence. It is 

not uncommon to find designs with thousands of vias in modern electronic 

packaging, for which modeling efficiency is critical. Discretization of circular 

ports obviously affects the computation speed of CIM and an extension for 

solving circular ports analytically is desired. 

• CIM solves in essence a 2D field problem and the variations in the third 

dimension are neglected. In real power plane structures, 3D field distributions 

exist, for example, in the vicinity of via locations where the transition from a 

coaxial to a radial region induces a complex 3D near field pattern. Moreover, 

the radiated fields from plane edges are 3D in nature and their effect has been 

neglected by assuming an open PMC boundary condition. These 3D 

phenomena are not captured by CIM, and therefore, restrain its accuracy 

when applying to real structures.  

• Electronic systems typically contain many multilayer structures. However, 

CIM only handles one pair of planes at each time and it alone does not give 

rise to multilayer responses. Therefore, hybridization with other methods is 

required in order to transfer the benefit of CIM to the analysis of multilayer 

substrates.      

 

3.6. Summary and Discussions 

The theory of the conventional CIM has been detailed in [9]. It is briefly reviewed here 

with emphasis on its application to the analysis of power planes and vias. Circular 

ports are needed for CIM to simulate cylindrical via transitions, and their modeling 

with line segments has been addressed. A much better efficiency of the method in 

comparison to full-wave solvers is revealed by a quick analysis of a rectangular board 

example. The limitations of the method are summarized, which will be investigated and 

correspondingly resolved by the extensions in the remaining chapters. 
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4. Extension using Analytical Solutions 

 

 

In recognition of limitations of the conventional CIM, this chapter addresses the 

extension of it by incorporating analytical solutions for circular port modeling. As has 

been discussed above, conventional CIM treats circular ports by approximating them as 

polygons. Many line segments are required for an accurate modeling of the circular 

shape, which eclipses the efficiency benefit of CIM. The goal here is to derive sets of 

analytical expressions based on cylindrical wave functions to reduce the number of 

unknowns associated with each circular port and curtail the system matrix size for a 

faster computation. 

An isotropic circular port definition is first explained, where the electric and magnetic 

fields on the exciting ports are assumed to be constant and uniform. Analytical 

expressions are then derived accordingly for both infinite and finite power planes [17]. 

The isotropic assumption may not hold in certain scenarios such as vias in very close 

proximity, where anisotropic modes can be excited. The port definition is next 

generalized to account for the non-uniform field distribution along the port perimeter 

and its associated anisotropic propagating modes, followed by derivations of formulas 

based on the general definition [16]. A few application examples using the extended 

CIM will be demonstrated and validated against the conventional CIM. 

 

4.1. Isotropic Circular Port Definition 

The excitation of an electromagnetic wave between the power planes can be associated 

with a field distribution induced by the vertical via current on a cylindrical surface, on 

which the circular port is defined accordingly. This port surface could lie on the via 

barrel, as adopted in [88], or some distance away as indicated in [110].  

A power plane pair example with a separation of d is illustrated in Fig. 4.1. r represents 

the vector of a point on the port surface A. The circular port is specified as a 

cylindrical area facing towards the power bus, as shown in Fig. 4.1. In the following, it 

is assumed first that the excitation current is isotropic and constant over the 
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rotationally symmetric circular port, i.e., the tangential electric and magnetic field zE  

and φH  do not vary along the perimeter of the port. Hence, the total current through 

the port is found as 

2 ,I aφ π= ⋅H                                                 (4.1) 

where a is the port radius. The voltage can be defined as a line average of the 

tangential electric fields [111]: 

 ( )
2

.zs

d
V ds

aπ
= ⋅ ∫ r� E                                           (4.2) 

From (4.1) and (4.2), the parallel-plate impedance Zpp can be written as 

( )
( )2 2

,zsi
ij

j i j

dsV d
Z

I a a aφ
π π

= = ⋅
⋅

∫ r� E

H

                                  (4.3) 

where the indices i and j refer to an observation port and a source port, respectively. 

Since the line integral in (4.3) averages out any higher order anisotropic field 

distribution, Zpp is here defined with respect to the fundamental isotropic mode of the 

fields on the port. Under the assumptions in (4.1), (4.2), and (4.3), the impedance 

d
x

z
y

r

A

φ

zE

φH

s

 

 

Figure 4.1 Illustration of the circular port definition in a pair of power/ground planes. A 

denotes the area of port surface. φ is the angle that vector r forms with the x-axis. zE and φH  

are the tangential electric and magnetic fields on the port surface, respectively. 
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expression for infinite plane pairs can be derived by taking advantage of the zeroth-

order cylindrical wave expansion function, as applied in the radial waveguide (RW) 

method [59]-[63]. 
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 =
= ⋅

⋅ ≠

                (4.4) 

where J0 denotes the zeroth-order Bessel function. The distance between centers of the 

ports i and j is represented by ijρ . k is the complex wavenumber including dielectric 

and ohmic losses, as defined in (3.2). η  denotes the complex wave impedance. In 

comparison to the formulation in [63], an additional zeroth-order Bessel function is 

included for the transfer impedance in (4.4), resulting from the integral over the 

circumference of the observation port in (4.3). This has also been reported in [72].  

 

4.2. Derivations for Isotropic Ports 

Based on the isotropic port definition above, novel analytical expressions are derived in 

this section for modeling of the circular ports. The goal is to reduce the computational 

complexity in contrast to the numerical modeling in the conventional CIM. 

4.2.1. Infinite Planes 

Consider first a plane pair with its outer boundary C, as shown in Fig. 3.1, extended to 

infinity. Since the electromagnetic waves decay to zero at infinity, only the reflections 

among circular ports themselves need to be considered. A configuration consisting of 

only circular ports is shown in Fig. 4.2. 

As a starting point, the contour integral equation (3.1) over circular port contours is 

combined with the relation (3.4) yielding 
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( )

( ) ( ) ( )
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0 2
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( ) ,z zC

H k
jk H k ds

j n φη
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 ′∂ −−  ′ ′ ′ ′= − −
 ∂
 

∫
r r

r r r r r�E E H         (4.5) 

where r and r´ are the observation and source vectors on the  contour C ′  including all 

the port perimeters 1, , Nc c… , with N the total number of circular ports. Under the 

assumption of isotropic fields over the perimeter of the source port, the integral in (4.5) 

can be written as a sum of integrals over individual port perimeters as 
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where the indices i and j denote the observation and source port locations, respectively, 

as shown in Fig. 4.2. Constant exciting voltages and currents on source ports are 

assumed, so that one obtains  

( ) 2j j jI aφ π′= ⋅rH      and      ( ) .j z jV d′= ⋅rE                           (4.7) 

According to the voltage definition (4.2), the voltage on the observation port is 

expressed as 

( )
2

.
i

i z ic
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d
V ds

aπ
= ∫ r� E                                          (4.8) 
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ijφ
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φ ′

Figure 4.2 Notations of two circular ports in an infinite plane pair. ci and cj are the contours 

of the observation port and source port, respectively. ai and aj are the port radii. The distance 

between the centers of the ports is denoted as 
ij

ρ .  
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By substituting (4.7) into (4.6), and in turn (4.6) into (4.8), an equation system is 

established as 
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            (4.9) 

Equations (4.9) can be expressed in matrix form given by 

,
pp ppp p

U V H I=                                          (4.10) 

where the identifier p denotes the circular ports, in contrast to line ports q on the 

boundary of a finite plane, as shown in Fig. 3.1. 
p

V  and 
p

I  are the voltage and current 

vectors of size (N × 1), as have been defined in (3.17) and (3.18). The integrals ijα  and 

ijβ  describes the transfer functions from, respectively, a circular voltage and current 

source port to an observation port. They are obtained analytically (Appendix A.4 and 

A.5), where the elements in matrices 
pp

U  and 
pp

H  can be derived as  
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                        (4.12) 

Equations (4.11) and (4.12) constitute novel analytical solutions for (4.10) in contrast 

to the numerical solution in the conventional CIM. The parallel-plate impedance Zpp of 

an infinite plane pair is calculated by 

( )
1pp pp pp

Z U H
−

= .                                        (4.13) 

In comparison to the Zpp expression in (3.21) where multiple segments are involved, the 

new solution reduces the numerical complexity to only one unknown per circular port.  
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Fig. 4.3 shows the input impedance of a single circular port with 10 mil radius on an 

infinite plane pair, calculated using (4.13). The result is compared to the one obtained 

by discretizing the port into segments and taking the average of voltages on the 

segments assuming constant current excitation, as defined in (3.21). The impedance 

value predicted by modeling the port using 8 segments is higher than that calculated by 

(4.13), whereas it converges to the analytical result, when the port is finer discretized 

into 32 segments, as shown in Fig. 4.3. In the rest of this work, CIM with 32 segments 

will be used for validations of analytical expressions. The simulation time for CIM with 

analytical solutions is 10 microseconds (µs) per frequency point, which is more than 100 

times faster than 1.9 millisecond (ms) per frequency point by the numerical port 

modeling with 32 segments.  

Note that in the low frequency range, where ka << 1, small argument approximations 

for Bessel functions can be used and the off-diagonal terms in 
pp

U  vanish. Equation 

(4.13) is reduced to (4.4), the RW equation for infinite planes. Therefore, the RW 

method is a low frequency approximation of (4.13). According to the impedance 
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Figure 4.3 Input impedance of a 10-mil radius port on an infinite copper plane pair, obtained 

with the CIM by discretizing the port perimeter with 8 and 32 segments, the analytical 

solutions, as well as the RW method. The relative dielectric constant is εr = 3.8 and loss 

tangent is tanδ = 0.02. The cavity height d is 12 mil. The simulation times for the analytical 

CIM solutions and the discretized CIM with 32 segments are 10 µs and 1.9 ms per frequency 

point, respectively.   
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definition [111], the exact Zpp should be computed in presence of PMC holes, i.e. with 

open ports. The RW method does not take into account the scattering from the PMC 

holes, whereas the effect has been considered in (4.13) by the off-diagonal terms of 
pp

U . 

A comparison to (4.4) reveals that the RW formula is only relevant to the 

corresponding ports i and j, and is not disturbed by ports with other indices, i.e., it 

does not consider the scattering from other ports. As illustrated in Fig. 4.4(a), the 

electric field pattern observed in the RW method is isotropic and all the ports, except 

for the exciting one at the center, are transparent to the field, whereas the reality is 

that these ports are open and can be considered as PMC holes in the plane which 

superimpose a scattered field as shown in Fig. 4.4(b). For input impedance calculation 

of a single port, the two methods are identical, as demonstrated in Fig. 4.3.  

 

4.2.2. Finite Planes 

Modeling of power plane boundaries has been described in the last chapter, where the 

boundary contour C, as shown in Fig. 4.5, is discretized into M line ports with their 

widths much smaller than the wavelength. The remaining task is to combine these 

linear ports with the analytical circular port solutions to form a complete equation 

system as in (3.14), for which the impedance matrix is obtained as 

 

(a)                                                     (b) 

Figure 4.4 Illustration of electromagnetic field amplitude of wave propagation inside a 

parallel-plate cavity (a) without and (b) with consideration of multiple scattering from open 

ports. 
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where the supercript q still represents boundary line ports on contour C. In contrast to 

(3.12), where the contour C´ is represented by N×L discrete line segments, circular 

ports with index p have a total number of N. The matrices 
pp

U  and 
pp

H  correspond to 

the analytical expression (4.12) and (4.11), respectively, whereas the matrices 
qq

U  and 
qq

H  deal exclusively with the interaction of line ports, the mathematical treatment of 

which has been addressed in Chapter 3. It remains to determine the off-diagonal 

matrices 
pq

U , 
pq

H , 
qp

U , and 
qp

H  that signify the interaction between circular and line 

ports. Since constant voltages and currents are assumed on the line ports, one can 

consider them as point sources, as shown in Fig. 4.5, for which only the fundamental 

mode is invoked. Under this assumption, we can find for the case that the source point 

′r  lies on a circular port,  

( )2
01

2

( )

,
j

i jqp
ij c

H k
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j n

′∂ −
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∂
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r r

�                                 (4.15) 
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Figure 4.5 Illustration of boundary line ports with index q on the boundary contour C. The 

total number of line ports is M. ρij denotes the distance between port centers. 
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and for the case that the source point ′r  lies on a boundary line port, 
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Equations (4.15)-(4.18) are further simplified (Appendix A.6) as 
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which constitute the off-diagonal matrices in (4.14). In contrast to the original 

formulation of CIM, which contains only line port expressions as in (3.14), the novelty 

here is the equations (4.11), (4.12), and (4.19)-(4.22) that are additionally included as a 

result of the analytical solutions with regard to circular ports.  

Fig. 4.7 plots the input impedance for the rectangular power plane case shown in Fig. 

4.6, simulated using the approach described above, compared to the results from the 

conventional CIM by discretizing the port perimeter, and the RW method combined 

with image theory [63], as well as an extended cavity resonator model (CRM) for 

circular ports (Appendix B). The four methods yield nearly identical results. The 

simulation time for CIM with analytical solutions is 13.8 seconds per frequency point, a 

slight improvement in contrast to 14.3 seconds per frequency point with 32 segments 

around the circular ports since the number of unknowns associated with boundary ports 

dominates in this case. 
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Figure 4.7 Input impedance computed for the case in Fig. 4.6, obtained with the CIM by 

discretizing the port perimeter, CIM with analytical circular port solutions, radial waveguide 

method plus image theory, and an extended cavity resonator model.   
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Figure 4.6 Rectangular plane pair example with a single port. Dimensions are given in inches 

(1 mil = 0.001 inch ≈ 25.4·10-6 m).  
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4.3. Identification of Non-uniform Currents 

In previous sections, an isotropic circular port definition and its modeling have been 

addressed based on the assumption that the currents and voltages are constant along 

the port circumference. However, as has been discussed in [12], the isotropic assumption 

can be insufficient in certain scenarios, such as trace to via transitions and vias in very 

close proximity, where non-uniform currents on vias can develop. This leads to 

azimuth-dependent field distributions on circular ports, which can excite anisotropic 

modes, whose fundamental forms do not have cut-off frequencies [36]. As the I/O 

bandwidth and pin density continue to increase, the proximity effects become more 

prominent. Thus the inclusion of the anisotropic propagating modes becomes also more 

important [37].  

To show the effect of anisotropy, two configurations that can lead to non-uniform 

currents on vias are analyzed [12]. The first structure, as shown in Fig. 4.8(a), consists 

of a via crossing two infinite solid reference planes. At the top and bottom ends, the via 

is connected to microstrip transmission lines. The current distribution on a via for the 

case of two reference planes was calculated by a full-wave time domain simulation with 

the Finite Integration Technique (FIT) [113], as shown in Fig. 4.8(b). A non-uniform 

current distribution along the via barrel is observed due to the vertical via transition 

that breaks the microtrip transmission line mode. The current on the upper part of the 

trace sees a different return path as the lower part, which builds an imbalanced current 

flow on the via barrel.  

Similar structures have been analyzed before, e.g. in [114]-[116]. In [114], it has been 

found that for a via crossing one metallic layer, the angle between the top and the 

bottom line has a strong influence on the via propagation characteristics at higher 

frequencies. In [48], a via crossing two metal planes was investigated. It was shown that 

the electric field excited by the via current inside the cavity between the two planes 

was anisotropic.  

The second configuration for identification of non-uniform currents is two vias in close 

proximity, as shown in Fig. 4.9(a). Full-wave simulation using an FEM solver [117] has 

been carried out with a uniform excitation on port A. Coaxial extensions of 10 mil 

length on the ports were used in the model and have been de-embedded. In Fig. 4.9(b), 

the results for the electric field strength values at the antipad rim of via A are plotted 

for different frequencies. The circle at which the electric field is evaluated has a radius 

of 15 mil and is placed at half the cavity height (6 mil). The results show that with 

increasing frequency, the electric fields around the via become more and more 

asymmetric, caused by non-uniform current distribution of the via. This non-uniformity 
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(a) 

Reference planes

(b) 

Figure 4.8 Signal via transition across two solid reference planes with the via barrel being 

connected to microstrip lines on both ends (a). Surface current on via and traces from a time 

domain FIT simulation (b). The excitation is a Gaussian pulse (fmin = 0, fmax = 50 GHz) 

applied to port 1. The surface current is shown at t = 50 picosecond. A pronounced non-

uniform current distribution can be observed with this configuration. Figure taken from [12].  
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(b) 

Figure 4.9 Example of two via segments in close proximity (a) and the electric field inside 

the cavity at the location of the antipad rim of via A (b), obtained with a full-wave method. 

The vias are connected to the lower reference plane and it is assumed that the planes are 

infinitely large. The complex amplitude of the electric field is plotted as a function of the angle 

around the via for different frequencies. The excitation is a 1-Watt power source on the left 

port A. Figure taken from [12].  
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is created by an imbalanced environment surrounding the observed via. In contrast to 

the microstrip-to-via transition example, the non-uniform currents are not generated by 

a non-uniform excitation, but by multiple reflections between the vias inside the cavity.  

 Similar effects to the above configurations can occur for vias close to plane edges. In 

this case, a non-uniform current on a via can be caused by multiple reflections between 

via and edge. In principle, any asymmetric environment that is “observable” to a via 

can lead to an anisotropic field distribution. In order to model these anisotropic effects 

using CIM, it is necessary first to formulate a correct representation of the anisotropic 

modes on circular ports, which is the topic of the next section.  

 

4.4.  Generalized Circular Port Definition 

In contrast to a common port definition in [111], the assumption of isotropic port fields 

is abandoned in order to take non-uniform current excitations into account. That is, the 

port fields can vary with the azimuthal angle φ (Fig. 4.1) and the voltage and current 

waves along the port perimeter are not uniquely defined. Following the procedure in 

[118], one may relate the power associated with each azimuthal mode to an equivalent 

voltage and current. For that purpose, zE  and φH  on the port surface are first written 

in their azimuthal harmonics as [38] 

( ) ,jn
z n

n

e φ
∞

=−∞

= ∑r ɶE E             ( ) ,jn
n

n

e φ
φ

∞

=−∞

= ∑r ɶH H                         (4.23) 
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are the Fourier coefficients of the n-th azimuthal mode of the electric and magnetic 

field, respectively. Due to the orthogonality of modes, the power transmitted through 

the port surface is given by 

( ) ( )* *1

2
,z n n n

n nA

P dA ad Pφ π
∞ ∞

=−∞ =−∞

= = =∑ ∑∫∫ r r ɶɶE H E H                       (4.25) 

where a and A denote the radius and the area of the port surface, respectively. 
*

n n nP adπ= ɶɶE H  is the power transmitted by the n-th mode. It is clear from (4.25) that 

the total transmitted power through the port surface is a sum of the power contributed 
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by each individual mode. This suggests that for each azimuthal mode, equivalent 

voltages and currents can be introduced in proportion to the modal electric and 

magnetic fields. Note that the mode of the n-th order (n ≠ 0) is degenerate and consists 

of two modes with left- and right-handed angular dependences designated by minus and 

plus signs, respectively. Each of these two modes is characterized by a different mode 

voltage and current.  

In principle, one can choose mode voltages and currents in a variety of ways. However, 

it is more reasonable to adopt the following modal definitions in order to keep the 

consistency with the isotropic definition (4.1) and (4.2): 

,n nV d= ⋅ɶE                  2 .n nI aπ= ⋅ɶH                                  (4.26) 

The power obtained using the modal voltage and current are given by 

 * *1

2
,n n n n nP V I adπ= = ɶɶE H                                          (4.27) 

which is consistent with (4.25). Notice that the fundamental mode (n = 0) in (4.26) has 

the same physical significance as the isotropic definition (4.1), which corresponding to 

the net vertical current at the port location. The existence of anisotropic propagating 

modes (n ≠ 0), caused by e.g. scattering from nearby structures, can alter the net 

current I0 depending on the power transferred into those modes. The extended voltage 

and current definitions in (4.26) allow us to include and investigate this mode 

conversion effect. To quantify that, a new modal Zpp definition is established in 

correspondence to (4.26) 

( )
0

,

kl

im
ij mn

jn I for k j and l n

V
Z

I
= ≠ ≠

=                                      (4.28) 

where m and n denote the mode order of the ports associated with the i-th observation 

and j-th source port, respectively. The mode conversion effect is described as a transfer 

impedance by writing Zpp in the form of (4.28), which represents the interaction of two 

circular ports in terms of their azimuthal modes. A modal impedance in (4.28) denotes 

the m-th modal voltage induced at port i by an n-th modal current excited at port j 

assuming an open condition, i.e., the modal currents are zero except for the exciting 

one. 
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Figure 4.10 Amplitude spectrum of the electric field distribution on the circular port A with 

different frequencies (a), and different via radii (b), normalized to the zeroth-order uniform 

mode. The board configurations are the same as in Fig. 4.9. Port B on the right is excited with 

a uniform 1-mA current source and port A on the left is left open. 

 

 



Extension using Analytical Solutions                                                                           47 

 

The conventional CIM, presented in Chapter 3, can be used to capture the field 

variation on the port perimeter due to non-uniform currents. However, as a 2D method, 

the CIM captures the effects of propagating modes only. In contrast to general-purpose 

full wave solvers, where the parallel-plate is usually excited by coaxial ports at the top 

plate, CIM ports are defined at the circumferences of the vias and fields in the antipad 

areas are neglected. Nevertheless, the current non-uniformity discussed here is mainly 

caused by the scattering of propagating modes, which can be simulated by the CIM. 

The example depicted in Fig. 4.9 has been analyzed by the CIM with the circular via 

perimeters approximated using 32 line segments for each to capture the field variation 

in the azimuthal direction. A 1-mA uniform current source has been used to excite port 

B and port A was left open. The spectrum coefficients of the electric field distributions 

using (4.24) is plotted in Fig. 4.10. The coefficients are normalized to the isotropic 

zeroth-order mode for easy comparison. It can be seen that the higher order asymmetric 

modes become more prominent at higher frequencies and when the ports are larger. In 

these scenarios, disregarding the higher order modes may significantly affect the model 

accuracy.  

 

4.5. Modeling of Anisotropic Modes  

To include the anisotropic modes for CIM, novel expressions will be derived in this 

section to evaluate the modal impedance, defined in (4.28). The extraction of the modal 

impedance using results from the conventional CIM is first presented, followed by the 

derivation of analytical expressions for fast calculation of the modal impedance. 

4.5.1. Numerical Modeling of Modal Impedance 

In conventional CIM, circular ports have been modeled as discrete line segments 

circumscribing the port perimeters. In Chapter 3, the calculation of Zpp was carried out 

under the isotropic assumption. Here, it is expanded in order to evaluate the modal 

impedance given by (4.28). Using the conventional CIM, one can obtain the field 

distribution along the port surface, and then the modal voltages and currents in (4.26) 

by performing the Fourier transformation (4.24) to evaluate the impedance expression 

(4.28). To perform that, the impedance matrix of line segments 
ss

Z  in (3.16) is first 

solved. Next, the modal voltages and currents in (4.26) can be written in their discrete 

forms as 
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L
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where the indices k and l denote line segments on observation and source circular ports, 

respectively, as depicted in Fig. 3.4. The discretization is assumed to be the same for all 

ports, so that the number of line segments per port L and the incremental angle φ∆  are 

identical for all ports. According to the modal impedance definition (4.28), we obtain 
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Equation (4.31) can be written in vector notation as 

( ) ,
T s T s

ij n j m imn
Z LT I T V=                                   (4.32) 

where the current and voltage vectors 
s

jI  and 
s

iV  both have the size of 1×L. The 

vectors nT  and mT  represent the Fourier transformation operation with their entries 

written as 

{ } jmk
m k

T e φ− ∆=           and       { } ,jnl
n l

T e φ− ∆=                           (4.33) 

respectively. Referring to (3.16) and substituting the relation 
ss s s

ij j iZ I V=  into (4.32) 

leads to 

( ) .
ssT T

ij n m ijmn
Z LT T Z=                                      (4.34) 

Due to the property of exponential harmonics, we have ,
T TH

n nT T L⋅ =  where the 

superscript H denotes the Hermitian transpose and 

{ } .TH jnl
n

l
T e φ∆=                                             (4.35) 

The modal impedances are then derived as  
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One may recognize that (4.36) is reduced to (3.21) if m = n = 0, where constant 

voltages and currents are assumed on circular ports. It is obvious that this assumption 

is connected to the fundamental mode of the circular port.  

Although (4.36) can be used for the analysis of anisotropic modes, discretzation of the 

port perimeter is still required for the conventional CIM. As a rule of thumb, one 

period of sinusoid may be approximated with 8 pulse basis functions, which indicates 

that, for each increment of the mode number, an additional 8 line segments are 

required for an accurate modeling of the mode. This results in significant amount of 

computation time, especially for systems with a large number of circular ports.  

To alleviate that, the set of analytical solutions for isotropic circular ports will be 

extended to include any number of anisotropic modes based on definitions (4.26) and 

(4.28). Since only a few higher order modes are need in the calculation to achieve a 

sufficiently high accuracy, the overall computational efficiency of the extended CIM is 

much more advantageous over the conventional CIM described above.    

 

4.5.2. Infinite Plane 

The derivation starts by first considering infinite planes and neglecting the reflections 

from the outer boundary C, and thus the integral equation (4.5) is retained. However, 

(4.6) is no longer valid since the assumption of constant electric and magnetic fields 

over the port perimeter is dropped. Instead, the field variation has to be considered 

inside the integral as  
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The vector notations are correspondingly depicted in Fig. 4.2. By the modal voltage 

and current definition (4.26), equation (4.37) is expressed as 
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Further, we write ( )i iV r  also in its harmonics as 
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Substituting (4.39) into (4.38) yields the following equation system, 
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It can be seen that the equation system (4.9) for the isotropic port is a subset of (4.40) 

assuming m = n = 0, which is related to the fundamental mode of the fields on circular 

ports. An “infinite matrix” expression can be formed from (4.40) as 

,
pp ppp p

U V H I=                                             (4.41) 

where the identifier p denotes the circular ports, each of which has an infinite number 

of modes. Although (4.41) is identical to (4.10) in their form, the sizes of the vector and 

matrices are different. The vectors 
p

V  and 
p

I  in (4.41) contain infinite numbers of 

modal voltages and currents, which are written as 

1 , , , ,
Tp p p p

i NV V V V =
  

… …    with   [ ]0, , , , ,
p T

iV V V V−∞ ∞= … …                (4.42) 

1 , , , ,
Tp p p p

j NI I I V =
  
… …    with   [ ]0, , , , .

p T
jV I I I−∞ ∞= … …                 (4.43) 

The elements of the matrices 
pp

U  and 
pp

H  are obtained analytically, as described in 

Appendix A.7. They are expressed as 
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             (4.45) 

Here, a prime denotes a differentiation with respect to the argument of the Bessel and 

Hankel functions (Appendix A.1). The indices m and n signify the mode orders of the 

observation port i and source port j, respectively. It can be recognized that (4.44) and 

(4.45) are reduced to its isotropic form as in (4.12) and (4.11) when considering m=n=0 

only.  

As a consequence of (4.41), Zpp for an infinite plane pair corresponding to definition 

(4.28) can be obtained by 

( )
1

.
pp pp pp

Z U H
−

=                                           (4.46) 

For the matrix inversion, 
pp

U  must be of finite size and square. Therefore, the mode 

series is truncated up to the Kth mode for both source and observation ports, i.e., both 

m and n take integer values from –K to K. The determination of the truncation number 

K depends on frequency and port size, which will be discussed later. 

For a single-port infinite plane pair, (4.46) can be evaluated analytically, 

( )
( )

( )

(2)
1

(2)
11 1

12
0 ,

m
pp

mmn

H ka
m nd

Z j H ka
a

m n

η

π


=

= − ⋅ ′


≠

                    (4.47) 

It is clear in (4.47) that the modes are independent of each other and mode conversion 

does not happen for a single-port case, as indicated by zero transfer impedance between 

modes. One can recognize that the input impedance of the fundamental mode (m=n=0) 

in (4.47) is identical to the radial waveguide formula [63]. The input impedances of 
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higher order modes for a single-port with 10-mil radius are shown in Fig. 4.11, whose 

magnitudes are smaller than the fundamental mode at low frequencies, however, 

develop with increasing frequency and can be even larger than the fundamental mode.   

For more ports, mode conversions and multiple scattering take place and can alter the 

behavior of the fundamental mode. To show the effect, a two-port case is analyzed for a 

10-mil thick infinite plane pair. The port radii of both ports are 10 mil and the distance 

between their centers 12ρ  is 40 mil. The input and transfer impedances of the 0-th 

mode are shown in Fig. 4.12, with a different number of azimuthal modes (K = 0, 1, 

and 2) included in the computation. The results simulated by discretizing the port 

boundaries into 32 segments are also plotted for validation. The comparison indicates 

that only considering the isotropic mode (K = 0) is not sufficiently accurate for 

frequencies above 20 GHz, whereas adding one higher order mode in the calculation 

significantly improves the accuracy for both the input and transfer impedance. For K = 

2, the modal solution obtained using (4.46) becomes indistinguishable to the one using 

the conventional CIM. Since the convergence can be achieved with only a few higher 

orders using the modal solution, the number of unknowns per port is much less, 

resulting in a much better computational efficiency than the conventional CIM. The 
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Figure 4.11 Magnitude of input impedances of  different modes of a one-port infinite copper 

plane pair with port radius 10 mil and d = 10 mil (1 mil ≈ 25.4·10-6 m ), obtained with 

modal solutions (4.46). The relative permittivity and loss tangent of the dielectric are εr = 3.8 

and tanδ = 0.02, respectively.  
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Figure 4.12 Magnitude of input and transfer impedance of the 0th mode of a two-port 

infinite copper plane pair with port radius 10 mil and d = 10 mil  (1 mil ≈ 25.4·10-6 m ), 

obtained with modal solutions and the segmented approach. The distance between port 

centers is 40 mil. The relative permittivity and loss tangent of the dielectric are εr = 3.8 and 

tanδ = 0.02, respectively. The indices inside the bracket indicate port numbers, whereas the 

indices outside the bracket refer to mode numbers correspondingly. 
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Figure 4.14 Magnitude of transfer impedance of the 0th mode of a two-port infinite copper 

plane pair with port radius of 25 mil and d = 10 mil, obtained with modal solutions of 

different K. The distance between port centers is 100 mil. The relative permittivity and loss 

tangent of the dielectric are εr = 3.8 and tanδ = 0.02, respectively. The impedance curves 

converge by increasing the truncation number K. 
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Figure 4.13 Mode conversion transfer impedance of the same two-port system, as described in 

the caption of Fig. 4.12. The modal solution (solid line) overlaps with the numerical solution 

(dashed line). 
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simulation time in this case is 0.2 ms per frequency point for the modal solution with K 

= 2 and 7.8 ms per frequency point for the discretized one using a 64-bit PC with 2.8 

GHz CPU.  

Fig. 4.13 shows the mode conversion transfer impedances between the two ports. The 

finite value of this impedance implies that a uniform current source can excite 

anisotropic modes on nearby ports, and vice versa. It is also obvious that the mode 

conversion increases with frequency and is stronger between lower order modes, as the 

magnitude of the transfer impedance between the mode 1 and mode 0 is much higher 

than the one between mode 2 and mode 0.  
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                    (a) K = 0                                              (b) K = 2 

Emax

Emin
Emax

Emin
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                     (c) 32 segments per port                            (d) full-wave 

Figure 4.15 Normalized electric field distribution (magnitude in linear scale) at 50 GHz for 

the same two-port system, as described in the caption of Fig. 4.12, obtained with modal 

solution (a) K = 0, (b) K = 2, (c) numerical solution with 32 segments, and (d) full-wave 

solver. Port 1 (left) is excited with an isotropic current source and port 2 (right) is left open.  
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It has been observed that the mode conversion effects increase with frequency. Thus 

more modes have to be included in the computation for higher frequencies to obtain an 

accurate result. Fig. 4.14 shows the transfer impedance of mode 0 between two ports 

with a radius of 25 mil each and a distance of 100 mil between their centers, obtained 

with different truncation numbers K. The impedance curves converge by increasing K, 

whereas for each increment of K, the frequency range of accurate results is expanded by 

about 10 GHz in this case. As a rule of thumb for determining the mode truncation 

number K, one can say that K must be larger than the ratio of the port perimeter to a 

quarter wavelength. 

The CIM can be used to generate an electric field distribution between the planes, as 

shown in Fig. 4.15. Here, port 1 (left) is excited with a 1-mA uniform current source 

and port 2 (right) is open. The same anisotropic field distribution around port 1 is 

observed at 50 GHz for the modal solution including higher order modes (b) and the 

numerical solution segmenting circular ports (c). Fig. 4.15(d) shows the electric field 

distribution obtained with a commercial full-wave finite element method based solver 

[117]. Although a minor difference from CIM results (b, c) exists due to the presence of 

via near fields, the same anisotropy is identified in the full-wave result. This anisotropy 

is attributed to the reflection and mode conversion caused by the open port 2. In 

contrast, only using mode 0 fails to account for this non-uniformity, as demonstrated in 

Fig. 4.15(a).  

  

4.5.3. Finite Planes 

For modeling of finite planes, equation (4.14) is recalled where the solution is formed by 

combining circular ports with boundary line ports. The difference from Section 4.2.2 is 

that the circular ports, denoted by superscript p, are represented by modal expressions. 

Similar to the procedure in Section 4.2.2, the expansion to finite planes is carried out 

by assuming boundary line ports as point sources. Expressions for the matrices 

pp

U  

and 
pp

H  correspond to (4.44) and (4.45), respectively, whereas  

qq

U  and 
qq

H  are 

determined by (3.14.a) and (3.14.b), respectively. To find elements of the off-diagonal 

matrices 
pq

U , 
pq

H , 
qp

U , and 
qp

H  in (4.14), one may resort to the integrals in (4.37) 

to find interactions between a circular port and a point on the line port middle, as 

detailed in Appendix A.8. The coefficients of the off-diagonal matrices are written as 

( ) ( ) ( ) ( )(2) ,ijjnjqp
n j n ijij

n

k a
U J ka H k e

j

φ ππ
ρ

+
′= −                         (4.48) 
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A one-port rectangular plane pair, as shown in Fig. 4.16, is analyzed using the extended 

CIM. A circular port is placed close to the upper boundary of the plane with a distance 

of b. The input impedance results of the mode 0 for b = 50 mil is shown in Fig. 4.17, 

compared to that obtained by the conventional CIM with port perimeter discretized 

into 32 segments. Similar to the two-port infinite plane case, the extended CIM agrees 

with the conventional one, when higher order modes are included in the calculation. 

The influence of mode conversions on mode 0 is relatively small in this case since the 

dominant effect here is the plane resonances.  

The mode conversion appears when the reflection from the plane boundary interferes 

with the local circular port field distributions. It depends on the distance of the port to 

(0, 0)

(2, 1)

Port radius: 10 mil

σc = 5.8.107 S/m, εr = 4.2, tan δ = 0.02, d = 10 mil

z

x

y

z

x

Port 1

0.5

b

 

Figure 4.16 Rectangular plane pair example with a single port. Dimensions are given in 

inches (1 inch ≈ 2.54·10-2 m). 

 



58                                                                           Extension using Analytical Solutions 

 

0 20 40 60 80 100
0

1

2

3

4

5

6

7

8

9

M
ag

n
it

u
d

e 
o

f 
M

o
d

e 
C

o
n

v
er

si
o

n
  

  
  

  
  

  
  

  
T

ra
n

sf
er

 I
m

p
ed

an
ce

 (
Z

 1
1) 0

1 [
 Ω

]

Frequency [GHz]

 

 

Modal K = 2

32 segments

data3

data4

b = 100 mil

b = 50 mil

{On top of 
each other

 

Figure 4.18 Magnitude of mode conversion of the case in Fig. 4.17 with b = 50 mil and 100 

mil. Mode conversion is stronger when the port is closer to the boundary. 

 

0 20 40 60 80 100
0

5

10

15

20

25

30

35

M
ag

n
it

u
d

e 
o

f 
In

p
u

t 
Im

p
ed

an
ce

 (
Z

  1
1) 0

0 [
 Ω

]

Frequency [GHz]

 

 

Modal K = 0

Modal K = 1

Modal K = 2

32 segments

On top of 
each other {

 

Figure 4.17 Magnitude of input impedance of the 0th mode of the case in Fig. 4.16 with b = 

50 mil.  
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the boundary. The closer a port lies to the boundary, the more mode conversion is 

produced. The transfer impedance between the 0th and the 1st mode with b = 50 mil is 

compared to that with b = 100 mil, as shown in Fig. 4.18. As the port is moved further 

away from the boundary, the mode conversion becomes less significant.   

 

4.5.4. Port Array Analysis 

Based on the extended circular port definitions for taking into account the anisotropic 

propagating modes, analytical modal expressions have been derived in the last section 

to improve the efficiency of CIM. They have been validated using the conventional 

CIM for simple cases and the mode conversion effect and its impact on the Zpp has been 

analyzed. In this section, the validation and comparison are extended to an 8 by 8 

array 64-port case, as shown in Fig. 4.19. Simulation results with regard to ports 1, 2, 

and 3, as depicted in Fig. 4.19, will be shown for both the infinite and finite plane 

cases. 

z

(0, 0)

(2, 1)

Port radius: 10 mil

Pitch size: 40 mil

σc = 5.8.107 S/m, εr = 4.2, tan δ = 0.02, d = 10 mil
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x

Port 1
(0.5, 0.3)
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(0.62, 0.42)

Port 3
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Figure 4.19 An 8 by 8 port array example. Both infinite and finite plane cases are studied. 

Dimensions are given in inches (1 inch ≈ 2.54·10-2 m).  
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Figure 4.21 Magnitude of transfer impedance of the 0th mode between ports 2 and 3 for 

the infinite plane case in Fig. 4.19, obtained with CIM modal solutions and the conventional 

numerical CIM considering discretized ports. 
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Figure 4.20 Magnitude of input impedance of the 0th mode of port 1 in the infinite plane 

case, shown in Fig. 4.19, obtained with CIM modal solutions and the conventional CIM 

considering discretized ports.  
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The infinite plane case is first studied. The input impedance of the 0th mode for port 1 

and the transfer impedance of the 0th mode between port 2 and 3, obtained by the 

modal solutions and the conventional CIM, are plotted in Fig. 4.20 and Fig. 4.21, 

respectively. The results of the modal solution converge to the one calculated by the 

conventional CIM as more anisotropic modes are included in the computation, and they 

become visually indistinguishable when the mode truncation number K is increased to 

2. With an isotropic port assumption (K = 0), the impedance results are inaccurate 

even at frequencies below 10 GHz, whereas adding one higher order mode significantly 

improves the correlation with the numerical CIM result by discretizing ports into 32 

segments up to 60 GHz, as shown in Fig. 4.20 and 4.21.  

The mode conversion transfer impedance between port 2 and 3 is shown in Fig. 4.22, 

where the conversion from the 2nd order mode to the fundamental mode is much less 

that from the 1st order mode for frequencies below 60 GHz. However, it shows a 

resonance peak at about 90 GHz, which causes the deviation of the K = 1 solution from 

the numerical CIM result near that frequency. 
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Figure 4.22 Mode conversion transfer impedance between ports 2 and 3 for the infinite 

plane case in Fig. 4.19, obtained with CIM modal solutions and the conventional CIM 

considering discretized ports. The modal solution (solid line) overlaps with the numerical 

solution (dashed line). 
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(a) K = 0                                                   (b) K = 1 
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(c) K = 2                                        (d) with 32 segments 

 

Figure 4.23 Electric field distribution (linear scale) at 50 GHz for the infinite plane case in 

Fig. 4.19, obtained with modal solution K = 0 (a), K = 1 (b), K = 2 (c), and numerical 

solution for ports with 32 segments (d). Port 2 is excited with a 1-mA isotropic current 

source and all other ports are left open.  
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Figure 4.24 Magnitude of input impedance of the 0th mode of port 1 for the finite plane 

case, as shown in Fig. 4.19, obtained with CIM modal solutions and the pure numerical 

approach with circular ports discretized into 32 segments.  
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Figure 4.25 Magnitude of transfer impedance of the 0th mode between ports 2 and 3 for the 

finite plane case in Fig. 4.19, obtained with CIM modal solutions and the pure numerical 

approach with circular ports discretized into 32 segments. 
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In comparison to the 2-port results in Fig. 4.12, where the curves are relatively smooth, 

the impedance results for the array case in Fig. 4.20 and 4.21 oscillate around a 

baseline due to multiple reflections from other open ports. The intensity and period of 

the fluctuation depend on the number of ports and pitch of the array. Disregarding the 

interference among anisotropic modes leads to an underestimation of the magnitude of 

this oscillation, as can be observed in Fig. 4.21. Therefore, including the anisotropic 

modes becomes even more important for analysis of large and dense arrays that can 

contain more than thousands of ports, e.g., in modern BGA via pin fields. The electric 

field distributions at 50 GHz for the 64-port array of infinite planes are demonstrated in 

Fig. 4.23 with an excitation of 1 mA isotropic current source at port 2 and all other 

ports open. Good agreement is achieved between the numerical CIM (d) and modal 

solution with K > 0 (b, c). A strong anisotropic field distribution is observed around 

the input port 2 and overall inside the array, which is absent in the K = 0 solution (a). 

The port array analysis is next extended to a finite plane pair with its boundary shown 

in Fig. 4.19. Simulation results of the input impedance of the 0th mode for port 1 and 

the transfer impedance of the 0th mode between ports 2 and 3 are plotted in Fig. 4.24 

and Fig. 4.25, respectively. In contrast to the one-port case in Fig. 4.17, where the 

difference between whether or not to include anisotropic modes is small, the results for 

the port array case show a significant difference between the solutions of K = 0 and K 

> 0, especially for frequencies over 20 GHz. This is because reflections from the port 

array itself become considerably large in comparison to reflections from the plane 

boundary, which again manifests the importance of considering anisotropic modes in 

modeling of large and dense arrays. 

To evaluate the efficiency gain by extending CIM with analytical modal solutions, the 

simulation time used for both the infinite and finite plane cases is compared, as shown 

in Table 4.1. It can be concluded that the efficiency is improved by at least 300 times 

for the infinite plane case using the analytical solutions in contrast to the numerical one 

TABLE 4.1. CPU Time for Computation of the 64-Port Array Case  

Cases 
MODAL 

K = 0 

MODAL 

K = 1 

MODAL 

K = 2 

NUMERICAL 

16 SEGMENTS 

NUMERICAL 

32 SEGMENTS 

Infinite Plane 0.005 0.11 0.44 19.7 159 

Finite Plane 5.2 7.8 11.2 56.0 210 

Quantities are specified in second per frequency point.  

Simulation was run on a 64-bit PC with a single 2.8-GHz CPU. 
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with 32 segments. For the finite planes, the improvement decreases to about 20 times, 

since the number of unknowns needed for modeling of the plane boundary is not 

reduced by the extension. In general, the efficiency gain can be expected to be more 

than 100 when modeling only the circular ports. 

 

4.6. Summary and Discussion 

Analytical solutions for circular ports have been derived to model cylindrical vias. The 

benefits of including the analytical expressions are two-fold. First, it improves the 

efficiency of CIM by reducing the system matrix size, and second, it enhances the 

accuracy by avoiding discretization errors such as that shown in Fig. 4.3.  

Non-uniform current distribution surrounding vias has been identified by full-wave 

simulations of two scenarios. In order to model the anisotropy, the circular port 

definition has been extended to account for higher order azimuthal modes based on the 

general microwave port definition. Analytical solutions have been derived accordingly 

to include anisotropic modes. The magnitude of higher order modes depends on the 

electrical size of the circular port, i.e., the anisotropy is stronger when the frequency is 

higher or the port radius is larger. A rule of thumb for determining the number of 

modes for the computation is to ensure that the truncation number is larger than the 

ratio of the port perimeter to the quarter wavelength.     

The efficiency improvement is only achieved for circular ports, whereas modeling of line 

ports on the boundary remains the same as in the conventional CIM. The number of 

line ports increases proportional to the frequency and can be very large in the 

microwave range. One may further expedite the method by exploring fast matrix 

solvers such as the fast multipole method (FMM) [120]. This is, however, not further 

investigated in this work. In many real-world applications, the presence of cavity losses 

and ground vias makes the reflection from board edges negligibly small at high 

frequencies and sufficient accuracy can be realized by assuming infinite planes.  
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Hitherto, modeling using CIM and its extension has been bounded to planar wave 

propagation problems, which means that its applicability is restricted to regions where 

the 2D assumption is still valid. However, real-world applications of digital systems are 

usually much more complex and can rarely be described as a pure 2D problem. For 

instance, in the vicinity of a via transition discontinuity, the conversion from a coaxial 

transverse electromagnetic (TEM) mode to a transverse magnetic (TM) radial 

waveguide mode causes a complex local near field distribution that may not be modeled 

by a 2D solver. Furthermore, analysis of multilayer substrates necessitates proper 

vertical connections of responses from each single planar structure, which inevitably 

requires hybridization of CIM with other methods. Another generic 3D-field example is 

the radiation through power plane edges, which has been neglected so far by assuming 

a perfect magnetic conductor boundary (PMC) condition.  

One distinguishing characteristic of CIM is that it always models a closed contour, 

which can be arbitrarily defined, as long as the 2D assumption is still valid in the 

solution domain it encompasses. Combining with the fact that the modeled cavity is 

well isolated from the outside world by power planes in the vertical direction, we have 

for each power plane pair a closed system with well-defined boundary conditions. This 

feature allows us to decompose the system to sub-domains and cope with each of them 

separately using different techniques, and then join them together in a later stage for a 

complete system solution.   

In this chapter, hybridizations of CIM with other methods will be presented based on 

the domain decomposition concept [121],[122]. The combining methods include one-port 

equivalent circuits for the modeling of decoupling capacitors (decaps) and ground vias 

[14], method of moments for inclusion of edge radiation losses [11], and physics-based 

models for vias and traces in a multilayer environment [15]. The segmentation 

technique [85] is selected for merging different sub-domains since the method can 

handle microwave ports that have been well defined in CIM in Chapter 3 and 4. 
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Figure 5.2  Top view of a via pin field on a printed circuit board with approximately 1300 

vias (left), about half of which are ground vias. Cross section view of two signal and two 

ground vias traversing 10 power plane layers (right). Figure courtesy of IBM Research, 

Yorktown Heights, NY, USA. 
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Figure 5.1 An overview of decoupling capacitor placement on a high performance 

motherboard.  
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5.1. Inclusion of One-Port Circuits 

In real-world applications, PCBs and packages are populated with many devices such 

as decaps and other top and bottom layer terminations. The decaps are commonly used 

for the purpose of supplying extra charge storage and providing low impedance power 

delivery [22]. Fig. 5.1 shows an overview of part of a high performance motherboard, 

where a number of decaps are placed densely together to achieve effective power 

decoupling. On the other hand, power and ground vias are also common design 

practices for the suppression of SSN by connecting all power planes using power vias 

and ground planes using ground vias. They also provide a conducting return path for 

signals [123]-[125]. An exemplary dense via array with approximately 1300 vias is 

shown in Fig. 5.2, where about half of them are ground and power vias.  

Both the decaps and ground via connectivity can be considered as one-port circuits. 

This section explains the inclusion of their effects in CIM. Decaps are taken as an 

example for the mathematical procedure, which can be applied to any one-port circuit. 

 

5.1.1. Decoupling Capacitor Model 

Decap models can be obtained through measurements, full-wave simulations, or a 

simple RLC serial resonance circuit [22],[126]. In this work, the RLC equivalent circuit 

model will be adopted, as shown in Fig. 5.3, where ESR and ESL denote the equivalent 

serial resistance and inductance, respectively, which are intrinsic parameters that only 

depends on the manufacturing process and materials. In addition, a parasitic 

inductance that results from the interconnect between the capacitor and power planes 

should also be included in the model. Techniques to minimize the parasitic inductance 

may be found in e.g. [127].  

 

5.1.2. Inclusion of Decoupling Capacitors 

The effect of decaps on the power impedance can be included in CIM using the 

segmentation technique [85]. The effect of the static via-plane capacitance as well as the 

higher order evanescent modes near the antipad are not considered for the moment 

since theirs values, typically several fF, are much smaller than the decoupling capacitor 

value. Modeling of the via-plate capacitance will be discussed in next sections.  

With the equivalent model, the decoupling capacitors can be described by a diagonal 

impedance matrix 
c

Z , with 
c c c

Z I V= . 
c

I , 
c

V  are the current and voltage vectors, 
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respectively, on the decoupling capacitors. The diagonal terms in 
c

Z  are calculated as 

( 1/ )c
ii i i iZ R j L Cω ω= + − .                                   (5.1) 

Here, the circular ports p in CIM are categorized into two groups, ports terminated 

with decoupling capacitors and not terminated, designated with upper indices t and u, 

respectively. The impedance matrix 
pp

Z  is next written as 

,

uu ut
pp

tu tt

Z Z
Z

Z Z

 
 =
 
  

    and    .

uu ut u u

tu tt t t

Z Z I V

I VZ Z

     
     ⋅ =
     

     

                    (5.2) 

Equating the voltages and currents on the connected ports, 
t c

V V=  and 
t c

I I= − , the 

following expression can be derived 

( )
1

.
uu ut tt c tu u u

Z Z Z Z Z I V
− 

 − + ⋅ =                             (5.3) 

The resulting matrix in the bracket is then the parallel-plate impedance of the 

observation ports including the decoupling capacitor effect.  

Equation (5.3) is applicable to any one-port circuit in general, for which 
c

Z  is modified 

to the corresponding circuit model. For example the effect of ground vias can be 

obtained by making 
c

Z = 0 , assuming that they are short circuits. 

 

 

Power

Ground

Power

Ground
ESR

ESL+ interconnect

inductance

Figure 5.3 Decoupling capacitor model with a serial resonance circuit. ESR and ESL are the 

equivalent serial resistance and inductance, respectively. The via-plane capacitance is not 

considered in this illustration. 
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5.1.3. A Rectangular Board Example 

A 2-port rectangular power plane configuration is shown in Fig. 5.4. The input and 

transfer impedances of the bare board are shown in Fig. 5.5, obtained by CIM and full-

wave simulations using an FEM solver [117] assuming a PMC boundary condition. 

Isotropic circular ports for CIM are applied here since the simulated frequencies are low 

enough and the distances between ports are sufficiently far so that anisotropic modes 

can be neglected. For the full-wave simulation, a lumped port is used and placed on an 

antipad region of 15-mil radius. Although the via near field is not accounted for in the 

CIM, the results from the two methods overlap, indicating a minimal influence of via-

plate capacitance in the MHz frequency range.  

The computation efficiency of CIM is 112 times better than that of the full-wave solver 

in this case. Also, CIM has been shown to be more efficient when simulating multiple 

vias. For instance, if 7 via ports are computed for this case, the full-wave solver is more 

than 300 times slower than CIM due to the progressive meshing in the full-wave 

method for small vias that yields many unknowns while the complexity only increases 

by one unknown per isotropic port in CIM. 

(0, 0)

(12, 10)

Port radius: 5 mil

σc = 5.8.107 S/m, εr = 4.2, tanδ = 0.02, d = 10 mil

z

x

y

z

x

Port 1

(5, 4)

Port 2
(9, 9)

5-load case

10-load case

 

Figure 5.4 Two-port rectangular power plane pair example. The loads can be either decaps 

or ground vias. Dimensions are given in inches (1 inch ≈ 2.54·10-2 m ).  
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Figure 5.6 Input and transfer impedances of the case in Fig. 5.4 with different numbers 

decaps, obtained by CIM. The decaps are modelled as 0.1µF capacitors with 30-mΩ ESR and 

2-nH total inductance. The decaps reduce the board impedance up to about 30 MHz.  
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Figure 5.5 Input and transfer impedances of the bare board case in Fig. 5.4, obtained by 

CIM and compared to FEM full-wave simulation.  
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The effect of different numbers of decaps on both input and transfer impedances is 

plotted in Fig. 5.6, obtained using the technique described above. The decaps are 

modelled as 0.1 µF capacitors with 30-mΩ ESR and the total parasitic inductance of 2 

nH, i.e., the ESL plus the interconnect inductance. The impedances are reduced by 

about 2 decades up to 10 MHz by placing 5 decaps, whereas doubling the number of 

decaps cuts the impedance further by a half. A serial resonance is formed at around 10 

MHz by the decap capacitances and parasitic inductances. Beyond that, the inductance 

of the decaps dominates and contributes to an unwanted parallel anti-resonance with 

the board capacitance at about 80 MHz. Suppression of the anti-resonances can be 

achieved by decaps that are resonating at those frequencies. In practical design, decap 

values are arranged in a hierarchical fashion, e.g., 3 values per decade, to accomplish a 

flat impedance profile for a wideband frequency range [23].  

Due to manufacturing and layout restrictions, it is impossible to eliminate parasitic 

inductances of decaps. The frequency range of the effectiveness of board decaps is 

usually limited up to 1 GHz. Although high frequency power supplies may be provided 

by package and IC decaps, low impedance at the board level is still desired in the GHz 

frequency range to mitigate high frequency SSN. One solution to this is to reduce the 

distance between power and ground planes [128],[129]. Fig. 5.7 shows the impact of 

different dielectric heights on the transfer impedance between port 1 and 2 with 5 

0.1 1 10 100 1000
10

-4

10
-3

10
-2

10
-1

10
0

10
1

Frequency [MHz]

M
ag

n
it

u
d

e 
o

f 
T

ra
n

sf
er

 I
m

p
ed

an
ce

 Z
1

2
 [

  Ω
]

 

 

0.3 mil

1 mil

3 mil

10 mil

30 mil 0.3 mil

30 mil

Figure 5.7 Transfer impedance for the rectangular board in Fig. 5.4 for different dielectric 

thicknesses with 5 decoupling capacitors. The impedance reduction can be achieved by 

decreasing the dielectric height. The cavity resonances are damped for thinner dielectrics due 

to the increased conductor loss. 
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decaps. For frequencies above 10 MHz where decaps are no longer in effect, the 

impedance reduction is only realized by decreasing the dielectric thickness. In essence, 

moving the power plane closer to the ground plane magnifies the electric field strength 

between them. The benefits of that are two-fold: First, it enhances the charge capacity 

for the decoupling; second, it increases the conductor loss, as seen in (3.2), that 

reducing d leads to an increase of the imaginary part of k, which helps damping the 

cavity resonances. 

One utility of CIM is to generate field plots that give an overview on the influence of a 

particular noise source on the complete board rather than the impedances on discrete 

spots. The electric field distribution between power and ground planes of the bare 

board in Fig. 5.4 is illustrated in Fig. 5.8 at 300MHz, obtained by CIM and a full-wave 

FEM solver [117]. The structure is excited at port 1 with 1 Watt and port 2 is 

terminated with a 50-Ω resistance. On the right side of Fig. 5.8, the blue frame that 

encloses the field plot indicates the board edge. The fields at the positions that are very 

close to the board edge are not calculated in CIM due to poor precision of the 

numerical integrals near the board boundaries. In principle, the fields in these areas 

could be extrapolated. One may observe from the field plot that, although the area near 

the noise source is quiet, hot spots are found in the left lower corner of the board. 

Figure 5.9 illustrates the electric field distribution of the board with 5 decaps, as 

depicted in Fig. 5.4, at 10 MHz with port 1 excited by 1 Watt power and port 2 

terminated with 50 Ω. The locations of the capacitors can be recognized in the field 

map. The amplitude of the electric field across the board area ranges from 9 to 18 V/m, 

which is much smaller in comparison to a uniform 2.2 kV/m over a bare board with the 

same excitation and termination, showing an effective bypassing of decaps for a low 

impedance power supply.  

Radiated emissions can also be mitigated by placing decaps. Fig. 5.10 compares the far-

field radiation diagrams between the bare board and that with 5 decaps for the same 

simulation configuration at 10 MHz with port 1 excited by 1 Watt power and port 2 

terminated with 50 Ω. The unit Volt is used in Fig. 5.10 since the far-field zone is 

assumed for the radiation diagram and the electric field is inversely proportional to the 

distance from the source. Therefore, the actual field strength should be calculated by 

dividing by the distance. At 10 MHz, the bare board can be considered as a dipole 

antenna and thus generates a toroid (doughnut) shaped radiation pattern with the 

maximum electric field lying on the x-y plane. By placing decaps, the electric field 

distribution around the plane boundary changes, as shown in Fig. 5.9, hence the 

radiation pattern changes as shown in Fig. 5.10. The maximum electric field strength 

for the 5-decap case is about 6.55 µV that is around 27 dB lower than 152.45 µV for the 

bare board.  
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CIMFEM

Figure 5.8 Magnitude of the electric field distribution between power and ground planes of 

the bare board in Fig. 5.4 at 300 MHz with port 1 excited by a 1-Watt power source and port 

2 terminated with 50 Ω, using CIM (right) and a full-wave FEM solver (left). The dielectric 

thickness is 10 mil.    

 

  

Figure 5.9 Magnitude of the electric field distribution between power and ground planes for 

the rectangular board in Fig. 5.4 with 5 decaps at 10 MHz with port 1 excited by a 1-Watt 

power source and port 2 terminated with 50 Ω, obtained using CIM. The dielectric thickness 

is 10 mil. 
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Figure 5.10 Radiation diagram of the bare board and that with 5 decaps, as shown in Fig. 

5.4, at 10 MHz with port 1 excited by 1 Watt power and port 2 terminated with 50 Ω, using 

CIM. The dielectric thickness is 10 mil. The radiated power is calculated by numerical 

integration of the Poynting vector over a unit sphere.  
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From the radiation diagram in Fig. 5.10, one may also obtain the total radiated power 

by an integral of the Poynting vector over a unit sphere Au as 

2

0

1 1

2 2u u
r u uA A

P S dA dA
η

= ⋅ =∫∫ ∫∫
��

� � E                              (5.4) 

where S
�

 denotes the complex Poynting vector and η0 is the vacuum wave impedance. 

The radiated power is also reduced by about 27 dB with 5 decaps in comparison to a 

bare board.  

The decaps are the connection between power and ground planes, for which a DC 

potential difference must be maintained. For neighboring power or ground planes, 

power or ground vias are usually used, respectively, for the mitigation of SSN. Fig. 5.11 

plots the transfer impedance between ports 1 and 2 of the rectangular board 

configuration in Fig. 5.4 with different numbers of ground vias, assuming that both of 

the upper and lower planes are grounds. The ground vias are modeled as short circuits 

in CIM. As observed in Fig. 5.11, the impedance starts inductive at low frequencies 

owing to the mutual inductance between two current loops that the ports form with 

ground vias. At frequencies higher than 100 MHz, the impedance is again dominated by 

board resonances. Usually, ground vias are placed much closer to the signal vias to 

reduce parasitic inductances for a broader bandwidth. 
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Figure 5.11 Input and transfer impedances of the case in Fig. 5.4 with different numbers of 

ground vias, obtained by CIM. The ground vias are modelled as short circuits.  
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5.2. Inclusion of Radiation Loss 

So far, it has been assumed that the power planes are surrounded by a perfect magnetic 

conductor (PMC), i.e., an ideal open boundary condition. Under this approximation, a 

magnetic current distribution can be obtained using CIM, and the radiated emission 

can also be estimated as the radiation from an equivalent magnetic current around the 

board boundary [14]. However, the finite impedance of the radiation field may not be 

neglected for the cases of thick and low loss cavities [130]. Also, it was found in [15] 

that for the radiation emission calculation the PMC boundary approximation leads to 

less accurate results at high frequencies for multilayer structures. Therefore, it becomes 

necessary to include the radiation loss into the power plane modeling for low loss and 

multilayer applications in order to obtain accurate power impedances and the radiation 

fields.  

In principle, full-wave solvers can be used to analyze power planes including radiation 

losses. However, high computational burden limits the application of these solvers. It 

has been shown in [130],[131] that the effect of the radiation loss can be accounted for 

analytically in the cavity resonator model by modifying the complex wavenumber. The 

drawback of this approach is that it is restricted to rectangular power planes where an 

analytical calculation of the field distribution around the edges is possible. Therefore, 

for including the radiation loss of arbitrary shaped power planes, a hybridization of 

CIM with the method of moments (MoM) is presented. The solution domain is divided 

into interior and exterior subdomains. The interior domain is solved using CIM, 

whereas the exterior radiated fields can be obtained by considering solely the magnetic 

currents around the board circumference. In both subdomains, only the cavity 

boundary is necessary to be discretized, and thus can be solved efficiently. 

 

5.2.1. Domain Decomposition 

A typical power plane pair configuration with dielectric thickness d is shown in Fig. 

5.12. The division of the solution domains is depicted by the dashed line. Since the 

electric current flows dominantly on the inner side of the power planes, the interaction 

between the interior and exterior subdomains occurs only through the coupling at the 

boundary of the cavity, denoted as C, as shown in Fig. 5.12. Thus, the two subdomains 

can be treated independently. The internal domain is 2D in nature and can be solved 

by CIM, whereas the external domain constitutes a 3D radiation problem that is best 

suited to the MoM. The final solution is found by matching boundary condition at the 

contour C by forcing continuity of tangential electrical and magnetic fields. 
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5.2.2. Modeling of the External Domain 

The exterior domain consists of the cavity boundary as well as the upper and lower 

metal planes. An exact solution would involve discretization and computation of both, 

which would as complex as the original problem. However, since the power planes lie 

approximately on the symmetry plane of the radiation field, currents on the outer 

surfaces of the planes may be neglected. Hence, the radiation fields can be seen as only 

produced by the magnetic surface current on the boundary C without considering the 

metal planes. This approximation is illustrated in Fig. 5.13. Due to the short distance 

between two power planes, the electric field lines have nearly rotational symmetry 

around the magnetic current source. Therefore, one may neglect the board thickness 

and the computation is only related to magnetic currents. 
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Figure 5.12 Power plane structure and definition of the solution domains for inclusion of the 

radiation loss. (a) Top view, (b) cross section view. 
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In order to connect the exterior to the interior domain, it is necessary to obtain the 

radiation admittance associated with the outer boundary, which is equivalent to solve a 

radiation problem from a magnetic current source. It is well-known for electric surface 

currents that the electric field integral equation (EFIE) can be applied [36].  

( ) ( )
( )
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1

4tan
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,
jk jk

s
sA
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π ωε

′ ′− − − − ′ ′∇ ⋅
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 ′ ′− −
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where r denotes an observation point in free space. ( )s
′r

�

J  represents an electric surface 

current density on the surface A. 
0

ε  and 
0

µ  are the free space permittivity and 

permeability, respectively. Based on the duality theorem [36]  

, , ,s s ε µ
� �� �

∼ ∼ ∼E H J M                                    (5.6) 

one can rewrite (5.5) with regard to magnetic surface currents on the cavity boundary,  

( ) ( )
( )

0
0

4tan

tan

,
jk jk

s
sC

jd e e
j dsωε

π ωµ

′ ′− − − − ′ ′∇ ⋅
 ′ ′= ⋅ + ∇
 ′ ′− −
 

∫

r r r r
r

r r
r r r r

�

� �

�

M

H M              (5.7) 

where ( ) ( ) ( )s z z
′ ′ ′= ⋅ ×r r e n

�
� �

M E  is the magnetic surface current density on boundary C 

with ′n
�

 the normal vector of the boundary surface pointing into the exterior 

subdomain. Here, it is assumed that the magnetic current is constant in the z-direction. 
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Figure 5.13 Illustration of the approximation of the radiation field from power planes to 

that from a magnetic current source. Due to the short distance between two power planes, 

the electric field lines have nearly rotational symmetry around the magnetic current source. 

Therefore, the board thickness is neglected for the radiation admittance calculation. 
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For solving the exterior domain, the EFIE (5.7) is written in the following equation 

system 

,
rr r r

Y V I=                                              (5.8) 

where the index r denotes the external ports, as shown in Fig. 5.12. 
r

V  and 
r

I  are 

voltage and current vectors of the same sizes as 
q

V  and 
q

I  in the CIM formulation 

(3.22), provided that the discretization is the identical for boundaries of both internal 

and external domain. To match the CIM line port definitions (3.7) and (3.8), one may 

similarly apply pulse basis functions and define the voltages and currents for the 

external domain as 

,r sV d= ⋅M                                               (5.9) 

tan ,rI W= − ⋅H                                           (5.10) 

where W is the port width. Notice the minus sign in (5.10), which is a result of 

different definitions of current directions for the CIM and MoM domains, as depicted in 

Fig. 5.12. Followed by a point matching procedure [52], the admittance matrix of the 

radiation fields 
rr

Y  can be found. 

For a more accurate computation, triangular basis functions followed by a razor-blade 

testing procedure is actually applied in this work for the establishment of (5.8). 

Detailed explanation of that can be found in [132]. However, a misalignment of port 

definitions occurs as shown in Fig. 5.14(a), where the CIM line ports are shifted by half 

port width to the MoM basis functions. This can be resolved by applying an 

approximation of triangular basis using pulse basis functions in CIM [52], as depicted in 

Fig. 5.14(b), for which the triangle shape is approximated by 4 line pulses. This 

operation brings the approximated triangular CIM port to the exact position of the 

MoM ports, as shown in Fig. 5.14(c). One disadvantage here is that the boundary C 

has to be discretized finer by a factor of 2, and thus the computational efficiency of 

CIM is compromised.   

 

5.2.3. Merging of Sub-domains 

To join the solutions of the two subdomains, the continuity of the tangential electric 

and magnetic field on boundary C is enforced, by which one can eliminate the 
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boundary ports to form the solution of the complete domain including radiation fields. 

In terms of voltages and currents, the following conditions apply: 

q r
V V= ,    

q r
I I= − .                                        (5.11) 

Combining (5.11) with (5.8) and (3.22), one obtains the following relations 

( )
1

1

,
qq rr qpq p

I Z Y Z I

−
− 

 = +                                      (5.12) 
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(c)  

Figure 5.14 Approximation of MoM triangular basis functions using CIM pulse basis 

functions. (a) Illustration of misalignment between CIM and MoM ports. (b) Approximation 

of  one triangular basis function using four CIM ports. (c) Illustration of aligned CIM ports 

with MoM basis functions. 
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.
pq ppq p p

Z I Z I V+ =                                              (5.13) 

Substituting (5.12) into (5.13) leads to 

( )
1

+ = ,
pq qq rr qp pp pp p p p

Z Z Z Z I Z I Z I V

−

+ =                            (5.14) 

where ( )
1

rr rr

Z Y

−

=  is the radiation impedance matrix. The result is an impedance 

matrix 
p

Z  that only concerns the circular ports, expressed as    

( )
1

.

corr

p pp pq qq rr qp

Z

Z Z Z Z Z Z

−

= − +
�����������

                                   (5.15) 

This joining procedure is in fact the segmentation technique, described in [85]. In 

comparison to the solution of a PMC boundary, the new expression (5.15) includes an 

additional correction term corrZ  that summarizes the contribution of the radiation loss 

to the power impedance at the internal ports p. The correction impedance is inversely 

related to the radiation impedance 
rr

Z  and the self-impedance of boundary ports 
qq

Z  

that are determined by the boundary profile of power planes. More importantly, it is 

proportional to the transfer functions between internal and boundary ports, 
pq

Z  and 
qp

Z , which depends on the distance from vias to the boundary as well as the loss in the 

cavity. Apparently, corrZ  will have a more significant contribution for vias close to the 

boundary and for low loss dielectrics. 

As explained in Section 3.4, by virtue of the field equivalence principle, the radiated far 

fields from the power planes can be approximated as being radiated from the equivalent 

magnetic surface current on C. So far, the magnetic current has been obtained by 

calculating a voltage distribution around the boundary with PMC condition as 
qpq p

V Z I= , which is only an approximation. In this hybrid approach, the voltage 

distribution can be calculated by substituting (5.11) and (5.12) into (5.8) as 

( )
1

rr qq rr qpq p
V Z Z Z Z I

−

= + .                                  (5.16) 
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It can be concluded from (5.16) that the radiation impedance is in parallel with the 

power impedance. An equivalent circuit model is shown in Fig. 5.15 by assuming single 

entries for the ports p, q, and r in the corresponding impedance matrices. For the 

radiation computation, the boundary voltage obtained by assuming the PMC condition 

is a good approximation if the external radiation impedance is much larger than the 

internal impedance observed at the boundary. However, this may not be true, especially 

for low loss cavities where the internal impedance at resonance frequencies can be very 

high. Boundary voltages obtained by (5.16) should be used in those cases to calculate 

the equivalent surface magnetic current for a correct determination of the far field 

radiation.  

 

5.2.4. Validation and Examples 

A rectangular power plane pair with a port of 10 mil radius at the center, as shown in 

Fig. 5.16, is simulated using the hybrid method. The power planes are configured as 

perfect electric conductors (PEC) and the dielectric is lossless, thus the real part of the 

input power is only dissipated by the radiation field. This is not captured by methods 

assuming the PMC boundary condition that prevents radiation from the structure. As a 

consequence, the real part of the input impedance is zero using CIM alone. However, 

the hybrid method predicts a nonzero real part of the input impedance, as shown in 

Fig. 5.17, owing to the radiation loss.  

The same configuration is simulated using a MoM full-wave solver [43]. The proposed 

method shows a good agreement with the MoM solution except for the very low 

frequencies, possibly due to the instability of the CIM system matrix near DC in 

lossless cases. The efficiency of the proposed method is, however, much better due to 

the fact that only the boundary needs to be discretized, as shown in Fig. 5.18(b). In 

contrast, the whole plane has to be discretized in MoM, as shown in Fig. 5.18(a). The 

 

Port q Port rPort p
rrZpqZ

qq pqZ Z−pp pqZ Z−

 

Figure 5.15 An equivalent circuit illustration of the parallel connection between radiation 

impedance and the power plane impedance. Port q can be assumed open (PMC boundary) 

only if rr qqZ Z≫ , which may not be true for low loss cavities at resonances.  
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Figure 5.17 Real part of the input impedance computed for the case in Fig. 5.16, obtained 

with the proposed hybrid method and a full-wave MoM simulation. Real part of the input 

impedance indicates the radiated power for this case.  
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Figure 5.16 Rectangular plane pair example with one port at the center. Dimensions are 

given in inches (1 inch ≈ 2.54·10-2 m).  
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solving time of the MoM solver is about 22 second per frequency point (s/freq), whereas 

the hybrid approach takes less than 0.1 s/freq.  

The second example is an irregular shaped copper plane pair with a 60 mil thick lossless 

dielectric layer, shown in Fig. 5.19. An FEM based full-wave solver [117] is used to 

validate the simulation results. In the FEM simulation, a coaxial lumped port is defined 

as excitation, leading to a capacitive parasitic via near field that is not taken into 

account by the proposed hybrid method. This extra capacitance is handled with the 

physics-based via model in the next section. Its value is analytically calculated to be 

about 85 fF [133]. An airbox is defined to account for the radiation loss in the FEM 

simulation. 

The input impedances calculated by both the hybrid method and the FEM solver are 

plotted in Fig. 5.20, which shows a good agreement. The simulation time for the FEM 

solver is over 4 minutes per frequency, whereas about 0.6 s/freq is needed for the 

hybrid method. The magnitude of the correction impedance, defined in (5.15), is shown 

in Fig. 5.21. The FEM result is obtained by subtracting the input impedance simulated 

with a PMC boundary condition from the result with an airbox, which corresponds to 

the definition in (5.15). This correction impedance manifests the difference between the 

two boundary conditions seen by the input port. As shown in Fig. 5.21, it increases 

with the frequency and can be particularly high near and at the resonance frequencies. 

Fig. 5.22 shows the radiated power of the structure in Fig. 5.19, obtained by an integral 

of the Poynting vector as in (5.4). The excitation is 1-Watt power at the input port. 

y

xz

y

x

z

           (a) MoM discretization                      (b) Hybrid method discretization 
 

Figure 5.18 Discretization at 5 GHz of the power plane pair case in Fig. 5.16 by (a) MoM 

full-wave solver and (b) the hybrid method. The hybrid method needs much fewer unknowns 

since only the boundary is discretized. 
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Figure 5.20 Magnitude of the input impedance computed for the case in Fig. 5.19, obtained 

with the proposed hybrid method and a full-wave FEM simulation.  
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Figure 5.19 An irregular copper plane pair example with a thick cavity. Dimensions are 

given in inches (1 inch ≈ 2.54·10-2 m).  

.  



88                                                                                  Extension using Hybridization 

 

0 1 2 3 4 5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Frequency [GHz]

R
ad

ia
te

d
 p

o
w

er
 [

W
at

t]

 

 

CIM (PMC)

Hybrid method

FEM solver (airbox)

 

Figure 5.22 Radiated power computed for the case in Fig. 5.19 excited by a 1-Watt power 

source, obtained with the proposed hybrid method, a full-wave FEM simulation, and a two-

step approach using CIM. 
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Figure 5.21 Magnitude of the correction impedance, as defined in (5.15), computed for the 

case in Fig. 5.19, obtained with the proposed hybrid method and a full-wave FEM simulation.  
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The results are obtained with the hybrid method, a FEM solver, as well as a two-step 

approach where the boundary voltage distribution is first computed assuming a PMC 

boundary condition. The hybrid method shows a good correlation with the FEM 

simulation. The discrepancy at the low frequencies might be explained by an 

insufficient size of the airbox in the FEM simulation. The results from the two-step 

approach deviates from the other two at frequencies over 2 GHz. In particular, a higher 

radiated power is predicted at resonance frequencies and some of the peaks even exceed 

the 1 Watt input power. This may be explained by an overestimated boundary under 

the PMC condition. It is then necessary to consider the radiation loss in these cases. 

 

5.3. Hybridization with Via and Trace Model 

As has been mentioned before, CIM is restricted to modeling of planar wave 

propagation problems. 3D field distributions, formed e.g. in the vicinity of via 

transitions, cannot be captured by CIM. Moreover, transmission line modes, that 

involve power planes as return paths, build field distributions that are not constant in 

the vertical direction, and thus are not generic problems for CIM. All these elements 

are essential to digital systems and proper hybridization with modeling schemes of 

them is necessary to leverage CIM for the modeling of a complete system.  

  

5.3.1. Physics-based Via Model 

A rich selection of via models exists in the literature, such as the Williamson model 

[134], the intrinsic via model [110], and multiple scattering methods [82],[83]. A 

summary of via models can be found in [106]. In principle, all these via models can be 

utilized for the connection to CIM. In the frame of this work, the physics-based via 

model [88],[106],[135]-[141] is adapted for the hybridization since the equivalent circuit 

structure makes the insertion of CIM impedance matrix results obvious and easy. The 

isotropic circular port expressions derived in Section 4.2 will be used for the power 

plane modeling in this section. 

The physics-based via model is first briefly described here. Detailed explanation that 

covers the full range of this approach has been presented in [142]. The term “physics-

based” stems from the fact that this model was developed by constructing circuit 

elements along the physical current return path of the via. Fig. 5.23 depicts a signal 

link crossing multilayer power planes, which consists of two through-vias and a stripline 

connection. An initial assumption is that the field penetration through the solid planes 

can be neglected due to the skin effect. Hence, vias provide the only coupling path 
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Figure 5.24 Description of the via model for cavity 2 in Fig. 5.23. (a) Elements in the 

current return path consisting of the via capacitance vC  and the parallel-plate impedance 

ppZ . (b) Its equivalent network representation. 
v

Y  denotes the expanded cavity matrix and 

c

Y the  admittance matrix associated with the via capacitances. Superscripts u and l refer to 

the upper or lower cavity sides, respectively. 
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Figure 5.23 Cross section view of a signal traversing a multilayer substrate. The signal link 

consists of i-th and j-th through-via and a stripline connection.  
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between cavities. For each of the transitions through a pair of power planes, a π -type 

equivalent circuit model can be built. The two building blocks of the model are the 

parallel-plate impedance ppZ  and the via-to-plane capacitances Cv [106]. Fig. 5.24(a) 

illustrates the basic circuit elements on the current return path for cavity 2 of the 

multilayer substrate in Fig. 5.23. The via capacitances are used to approximate the 

near-field around vias penetrating reference planes through clearance holes (antipads). 

The parallel-plate impedance represents the planar propagation modes inside the 

cavities formed between adjacent power planes that is exactly modeled by CIM. For n 

via transitions, 
pp

Z  describes an n-port network with ports defined at each via 

location, which corresponds to the impedance matrix of circular ports of the 0th mode 

in CIM. 

The circuit diagram in Fig. 5.24(a) can be further translated to a network 

representation as shown in Fig. 5.24(b). To provide upper (u) and lower (l) connection 

nodes, the parallel-plate impedance is expanded for n via transitions to a 2n-port 

network, for which Z-parameters cannot be used and Y-parameters must be applied 

with ( )
1

pp pp

Y Z

−

=  [143]. For the general case of a single cavity, the via model can be 

written as [88] 

0

0

c v

cu pp ppu u

l cl pp pp l

Y Y

I Y Y Y V

I VY Y Y

       
−       = + ⋅       

       −       
 
 

����� �������

,                           (5.17) 

where the vectors 
u

I , 
l

I , 
u

V , and  
l

V  denote the currents and voltages defined at each 

via location, for the upper and lower  side, respectively, as shown in Fig. 24(b). 
v

Y  

represents the expanded parallel-plate admittance 
pp

Y . The matrix 
c

Y  includes the via 

capacitances including the diagonal submatrices 
cu

Y  and 
cl

Y , with entries 

( / ) ( / )c u l v u l
i iY j Cω= , where Cvu denotes the via-barrel to antipad-rim capacitance for the 

upper side, and Cvl for the lower side. For power and ground vias connected to a plane, 

the corresponding capacitance entry is replaced with a short circuit [137]. The via 

capacitance values can be calculated with quasi-static solvers or analytical formulas 

[144],[145].  
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5.3.2. Via and Trace Transition Model 

The physics-based via model has been extended to include vias connected to internal 

traces in [146], by applying the modal decomposition technique presented in [147]. The 

via transition is described for these cases by two modes: the stripline transmission-line 

mode [148] and the parallel-plate impedance mode, as illustrated in Fig. 5.25. It is 

assumed that the coupling between the two modes appears only at via locations. 

Therefore, the modal decomposition technique [147] can be used to provide a solution 

to decouple the two modes at each via location. It can be shown that the matrix term 
v

Y  in (5.17) can be substituted with the following expression for transitions associated 

with striplines [88], 

2 2

2 2

( )

( ) ( 2 1)

tl pp tl pp

tl pp tl pp

k Y Y k k Y Y
Y

k k Y Y k k Y Y

 
⋅ + − − ⋅ − =

  − − ⋅ − + + ⋅ + 

v

,                   (5.18) 

where ( )
1

tl tl

Y Z

−

=  represents the admittance matrix of the stripline model. The factor 

k is defined as ( )l l uk d d d= − +  with ld  and ud  the heights from the trace to the 

lower and upper plane inside the cavity, respectively, as shown in Fig. 5.25. The factor 

k is a result of the modal decomposition [147], under the assumption that the trace 

thickness can be neglected. 
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Figure 5.25 Description of the stripline transmission-line mode and the parallel-plate mode 

for cavity 4 in Fig. 5.23. It is assumed that the two modes are decoupled in the power plane 

region and the coupling appears only at via locations. 
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5.3.3. Connection to CIM Matrices 

The physics-based via model in conjunction with the trace model focus on SI analysis. 

It has been extended to cover PI applications in [89]. However, computation of radiated 

emissions, which is also an important design aspect of digital systems, is not covered in 

the model. On the other hand, upon calculation of the end-to-end port response, the 

electromagnetic behavior at intermediate layers is lost due to the segmentation 

procedure. Therefore, the goal here is also to hybridize CIM with the via model to 

recover field information and to form a collective tool for simultaneous analysis of all 

respects of SI, PI, and EMC applications. Similar hybrid approaches can be found in 

the literature [149],[150]. In contrast to them, by virtue of CIM, the method presented 

in this work is capable of computing cavity field distributions of each layer including 

their far-field radiation. In comparison to other hybrid techniques, for example a 

commercial solver [151], the advantage of this formulation is that only the boundaries 

need to be discretized in CIM. In principle, this simplifies the meshing and potentially 

results in a better numerical efficiency.   

It is not difficult to recognize that CIM can be fit into the via model by using the CIM 

impedance matrix of circular ports to replace the Zpp matrix in Fig. 5.24. To extend the 

method to also compute the noise distributions between power planes and the far field 

radiation for PI and EMC applications, it is necessary to obtain the currents flowing on 

all the vias of each intermediate layer and the electric field distribution on each 

boundary of the cavities, as indicated in Section 3.3. For that purpose, the boundary 

line ports in CIM must be incorporated for each individual cavity.    

Fig. 5.26 shows the cross section of a five-layer three-cavity PCB example (a) and its 

equivalent network and port definitions (b). It is assumed that adjacent cavities are 

only connected through the via transitions. The capacitance matices 
cu

Y , 
cl

Y  and 

models of the cavities 
v

Y  bear the same meaning as before. The difference here is an h-

parameter matrix 
c

h  for the second cavity that includes additionally the boundary 

ports from CIM in order for the calculation of cavity and radiated fields. The 

formulation of 
c

h  will be explained next. 

The starting point here is the CIM impedance matrix in (3.22). As described in the last 

section, an expansion of via port is required to account for the upper and lower layer 

connections, which were carried out in the Y-parameter form before. However, the 

boundary ports q are subject to an open condition that is best described by Z-

parameters. Therefore, it is most convenient to address the via-port expansion using an 

h-parameter expression, defined as 
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(b) 

Figure 5.26 Description of the combination process for a multilayer case. (a) Example of a 

board cross-section with three cavities. (b) Network-level representation of the example, 

including the port definition for via and boundary ports.  
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qq qp q q

pq pp p p

h h I V

V Ih h

     
     ⋅ =     
         

,                                 (5.19) 

where the h-matrix can be obtained from the impedance matrix (3.22) by the 

transformation [152] 

( ) ( )

( ) ( )

1 1

1 1

qq qp qq qp pp pq qp pp

pq pp
pp pq pp

h h Z Z Z Z Z Z

h h Z Z Z

− −

− −

    −   =         

.                     (5.20) 

Note that 
pp

h  has the same significance as the parallel-plate admittance matrix 
pp

Y  

with the boundary ports open 0
q

I = , i.e., the PMC boundary condition. For the 

voltages and currents on the upper and lower via ports, the following relation holds: 
u l p

V V V− =  and 
u l p

I I I= − = . Therefore, the h-matrix can be expanded as 

c

q qqq qp qp

u upq pp pp

l l
pq pp pp

h

I Vh h h

V Ih h h

V I
h h h

    
−     

    
⋅ =    −
    
    

− −         
���������

.                            (5.21) 

Note that this expansion process may also be done using S-parameters. It is, however, 

most straightforward and concise using h-parameters. In 
c

h , the sub-matrix 

 

pp pp
v

pp pp

h h
h

h h

 
− 

=  
 − 

                                         (5.22) 

is identical to the expanded parallel-plate admittance matrix 
v

Y  in (5.17). As a 

reminder, the impedance matrix in (3.22) represents a cavity including both via and 

boundary ports, implied by the indices p and q, respectively. Therefore, the via 

capacitance and stripline models can be incorporated according to (5.18). Consequently, 
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the following h-parameter expression can be found to describe the second cavity 

including all the elements in Fig. 5.26, 

2 2

2 2 2 1

( )

( ) ( )

qq qp qp

c pq pp cu tl pp tl

pq pp tl pp cl tl

h h h

h h Y Y k Y Y k k Y

h Y k k Y Y Y k k Y

 
− 

 
 = + + − + − −
 
 
− − + − − + + + + 
 

.              (5.23) 

It is also assumed that the stripline is not located in the vicinity of the boundary so 

that such coupling effects are negligible. Equation (5.23) describes the general network 

representation for an individual cavity. Its difference to (5.18) is manifested by the 

additional transfer function 
pq

h  that represents the noise propagation from vias to the 

cavity boundary, which in turn leads to radiated emissions.  

For a single-cavity system, (5.23) is ready to be connected to source ports and 

terminations on the top and bottom sides of the cavity. The terminations, such as 

decoupling capacitors and ground vias, are reduced using the technique described in 

Section 5.1. For that purpose, h-parameters are transformed to Z-parameters, for which 

formulas to conduct segmentation are available [85]. As a result, only the source ports, 

denoted as e, and the boundary ports q, as shown in Fig. 4.5, remain in the final system 

matrix as 

 

qq qe q q

eq ee e e

Z Z I V

I VZ Z

     
     ⋅ =     
         

.                                    (5.24) 

Assuming a PMC boundary condition, the voltage distribution on the boundary ports 
q

V  can be computed as 

0

.
q

qeq e

I

V Z I
=

= ⋅                                       (5.25) 

The radiated far fields are then obtained using (3.23) for the single-cavity case. In order 

to find the field distribution inside the cavity, the currents flowing on each via, 

including those connecting to the terminations, must be known. The voltages on the 

upper and lower via ports 
u

V  and 
l

V  can be retrieved by storing an auxiliary matrix 

when applying the segmentation [85]. The via currents are calculated by 
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 ( )pp ppp p u l
I Y V Y V V= ⋅ = ⋅ − ,                              (5.26) 

and the voltage distribution inside the cavity is obtained by (3.22).  

 

5.3.4. Merging of Multiple Layers 

For multilayer systems, each individual cavity is described using (5.23). In principle, 

the cavities, including all the boundary ports, can be segmented, i.e., concatenated 

sequentially from top to bottom in one step to generate a transfer function between 

top-/bottom-layer source ports and the boundary ports of all the cavities. However, for 

the retrieval of voltages and currents on the intermediate via ports, it is required that 

auxiliary matrices be stored each time a cavity is appended. Hence, the amount of 

storage can be very large, especially for many layer systems.  

Alternatively, the implementation can follow a cavity-by-cavity approach and each 

cavity is solved independently, as shown in the flow diagram in Fig. 5.27. For the i-th 

cavity, the parallel-plate impedance Zpp including boundary ports is first obtained using 

Read infos of i-th cavity

Last 
cavities?

Calculate far-
field radiation

CIM core for Z matrix

Convert Z- to h-parameters

Convert h- to Z- parameters

Insert Ypp with TLs 
Segmentation of 

terminations

Read excitations

Calculate boundary 
distribution voltage

Calculate cavity field
distribution

Stop

yes

no

Ground reduction Segmentation of upper 
and lower cavities

i=i+1

 

Figure 5.27 Flow diagram of the cavity-by-cavity approach. Each cavity is solved 

independently one after another. The far-field radiation is obtained after the voltage 

distributions on all cavity boundaries have been computed.  
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CIM, which is then converted to an h-parameter matrix as in (5.19). Via-plate 

capacitances and transmission line models are then inserted to form a complete 

description of that cavity as in (5.23). For the next segmentation procedures, it is 

converted back to a Z-parameter matrix. The layers on its upper and lower sides are 

accounted for by two equivalent blocks, 
u

eqZ  and 
l

eqZ , as depicted in Fig. 5.26,  which 

are obtained using the methods described in Sections 5.3.1 and 5.3.2. The cavities 

within the equivalent blocks are represented using (5.18), without boundary ports. 

Terminations, such as decaps and resistors, are segmented next. As a consequence, one 

obtains the transfer function between the top/bottom source ports and the boundary 

ports of only one intermediate cavity, and thus the voltage distribution on that cavity 

boundary by (5.25). This process is repeated for every cavity to obtain the complete 

voltage distribution around the PCB sidewalls. Here, since the boundary ports are only 

needed for the calculated cavity, the amount of storage is reduced in exchange for a 

slightly longer calculation time. The total electric far-field is obtained as a superposition 

of the radiation from each cavity as 

( ) ( )
1

,
N

tot
i

i=

≈∑r rE E                                            (5.27) 

where N denots the total number of cavities here. The radiations from individual 

cavities ( )i rE  are calculated using (3.23). In this chapter, the validation examples will 

be restricted to single cavity cases. Advanced multilayer applications will be presented 

in Chapter 6. 

 

5.3.5. Validation and Examples 

In this section, the combined method is applied to simulate two single-cavity 

configurations and compared against full-wave simulations. The first explored example 

is a rectangular single cavity board, described in Fig. 5.28.  

The input impedance seen at port 1, whose internal pin is connected to the lower plane, 

has been obtained using the hybrid method, the cavity resonator model (single sum, 

100 iterations [69]), and a finite element method (FEM) based full-wave 

electromagnetic solver [117], as shown in Fig. 5.29. The compared results of the 

methods agree well. The via-plate capacitance is calculated to be 26 fF using formulas 

in [144], which is too small to have an impact on the impedance for single cavities over 

the simulated frequency range. As shown in Fig. 5.29, the result from the hybrid 

method overlaps with the cavity model, which does not include the via capacitance.  
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Figure 5.29 Input impedance and resonance modes for the example in Fig. 5.28, obtained 

with the hybrid method, the cavity model, and a full-wave simulation. 

 

Port 1 (0.5, 1)

Via port

(0, 0)

(2, 1.5)

Port radius: 5mil

Antipad radius:  15 mil

εr = 3.8, tanδ = 0.02, d = 12 mil

σc = 5.8.107 S/m, plane thickness 1 milz
x

y

z

x
 

Figure 5.28 Single-cavity example with one single port. Dimensions are given in inches (1 

inch ≈ 2.54·10-2 m).  
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FEM Proposed method
 

Figure 5.31 Radiation diagram of the case in Fig. 5.28 at 10 GHz with port 1 excited by an 

1-Watt power source, using the proposed hybrid method (right) and a full-wave FEM solver 

(left).  

 

 

FEM Proposed method

Source

 

Figure 5.30 Electric field distribution between power and ground planes of the case in Fig. 

5.28 at 10 GHz with port 1 excited by a 1-Watt power source, using the proposed hybrid 

method (right) and a full-wave FEM solver (left). Multiple resonances are observed in the 

cavity.   
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Since the FEM solver is a volume method, an air box surrounding the structure is 

required in order to compute radiation. The minimum distance from the structure to 

the boundary, typically λ/4 for absorbing boundaries, imposes a limitation on the 

minimum size of the model and therefore impairs the computation efficiency. In 

contrast, by virtue of the equivalence principle, the proposed method allows a fast 

estimation of the radiated far fields. The simulation time for this case, with 200 

frequencies, took about 9.4 seconds with the proposed method and about 3 hours with 

the full-wave simulation (CPU time, 3.0-GHz PC, 4-GB RAM).  

The electric field distribution inside the cavity and the radiated far-field at 10 GHz are 

plotted in Fig. 5.30 and Fig. 5.31, respectively, obtained by both the proposed method 

and the FEM full-wave solver. The input port 1 is excited with a 1-Watt power source. 

Similar field patterns are produced by both of the methods. At 10 GHz multiple peaks 

and valleys of the electric field in the cavity are observed, since the wavelength is much 

smaller than the power plane dimensions.  Also, the radiation field exhibits six maxima 

in the y-z plane in contrast to the doughnut pattern in the low frequency range, as 

shown in Fig. 5.10. 
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Figure 5.32 Radiated power computed for the case in Fig. 5.28, obtained with the proposed 

method and a full-wave simulation. The input port 1 is excited with a 1-Watt power source. 
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With the hybrid method the total radiated power can be calculated as the integral of 

the Poynting vector over a unit spherical surface, as in (5.4). Fig. 5.32 shows that the 

hybrid method predicts similar values in the frequency range from 1.5 GHz up to 20 

GHz in comparison to the FEM simulation. For lower frequencies, the full-wave 

simulation predicts higher radiation. This is probably due to an insufficient distance to 

the absorbing boundary that results in loss of accuracy for the full-wave solver. It was 

observed that the full-wave results tend to correspond to the ones predicted by the 

proposed method, if the size of the air box is increased. However, the computation 

burden increases very rapidly with the model size. 

For the second example, a single-cavity irregular shaped board is explored, as shown in 

Fig. 5.33. Two scenarios will be analyzed. For the first case, the board was populated 

with decaps. Fig. 5.34 shows the transfer impedance between Port 1 and 2 with eight 

ideal 10 nF capacitors located at positions shown in Fig. 5.33, calculated using both the 

proposed method and the full-wave FEM solver. The two vias are shorting the bottom 

Port 2 (2, 1)Port 1 (1, 1)

(0, 0) (3.07, 0)

(3.07, 0.69)

(3.29, 0.69)

(3.29, 1.26)
(3.05, 1.26)

(3.05, 1.37)
(2.85, 1.37)

(2.85, 1.57)
(2.5, 1.57)

(2.15, 1.92)(1.8, 1.92)

(1.65, 1.77)

(0.4, 1.77)

(0.4, 1.25)(0, 1.25)

Signal port 

(case 1&2)

Decap (case1)

Decap positions for case 1:  (0.8, 0.8), (0.8, 1.2), (1.2, 0.8), (1.2, 1.2),

(1.8, 0.8), (1.8, 1.2), (2.2, 0.8), (2.2, 1.2)

x

y

z

Ground via (case 2)

Ground via positions for case 2:  (1, 1.04), (1, 0.96), (2, 1.04), (2, 0.96)

Link (case 2)

Figure 5.33 Two-port irregular shaped single-layer board example. Two cases are analyzed: 

case 1 with 8 decaps, and case 2 with 4 ground vias and a link connecting the two ports. The 

vias are shorting the bottom plane for the first case and open at the bottom side for the 

second case. Dimensions are given in inches (1 inch ≈ 2.54·10-2 m). Port geometry, board 

cross-section, and material properties correspond to the ones defined for the case in Fig. 5.28. 
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Figure 5.35 Transfer impedance for case 1 of the example in Fig. 5.33 and different numbers 

of 10 nF decoupling capacitors, computed with the proposed method. Non-ideal decap 

parasitics were modeled with ESR = 100 mΩ, ESL+Linterc  = 1 nH. 
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Figure 5.34 Correlation to full-wave simulation for the transfer impedance Z12, for case 1 of 

the example in Fig. 5.33 with 8 10-nF ideal decoupling capacitors.  
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plane and the boundary is assumed to be PMC. Lumped ports were used for the full-

wave simulation and the capacitors were included as lumped elements placed on top of 

additional pins. 

The effect of different numbers of decaps is shown in Fig. 5.35. The impedance is 

reduced noticeably for frequencies below 1 GHz, however the decoupling becomes less 

effective in the GHz range even with 8 ideal decaps that are not sufficient for damping 

of cavity resonances. If more decoupling capacitors are added, the bandwidth of the 

decoupling effect is extended to higher frequencies. This is illustrated in the example 

with the simulation of one hundred 10-nF non-ideal capacitors, uniformly distributed 

on the board. The equivalent series resistance (ESR) was set to 100 mΩ and the total 

equivalent parasitic inductance (ESL+Linterc) to 1 nH for each non-ideal decap. This 

case shows a further reduction on the transfer impedance and makes the decoupling 

effect observable up to 2 GHz. Note that this case was not simulated with the full-wave 

solver due to insufficient resources of a single 32-bit PC. The simulation time using the 

hybrid method for 200 frequency points was 25 seconds, 27.5 seconds, and 64.5 seconds 

for the board without decaps, with 8 ideal decaps, and with one hundred non-ideal 

decaps, respectively.  In contrast, the full-wave simulation took more than 6 hours of 

CPU time for the case with 8 ideal decaps. 

0 5 10 15 20
-60

-50

-40

-30

-20

-10

0

M
a

g
n

it
u

d
e

 o
f 
S

-P
a

ra
m

e
te

rs
 [
d

B
]

Frequency [GHz]

 

 

S11 FEM

S11 Proposed method

S21 FEM

S21 Proposed method

S21

S11

Frequency [GHz]

M
ag

n
it

u
d
e 

o
f

S
-P

ar
am

et
er

s 
[d

B
]

 

Figure 5.36 Reflection and transmission S-parameters for case 2 of the example in Fig. 5.33, 

obtained with the proposed method and an FEM full-wave analysis. 
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For the second scenario of this example, a 4-mil wide stripline link located in the 

middle of the cavity is used to connect the two ports. Each port is accompanied by two 

ground vias, as shown in Fig. 5.33. The signal vias are assumed open at the bottom 

side. Both methods predict similar transmission and reflection behaviors of the link as 

shown in Fig. 5.36. The deviation of the reflection curves may be explained as the 

characteristic impedance used in the hybrid method was 50 Ω, which differs from the 

one that is seen by the full-wave solver. Also, the distortion of via near fields by the 

stripline conductor is not considered in the hybrid method.  

For this case, the electric field distribution inside the cavity at 2 GHz is illustrated in 

Fig. 5.37, obtained by both the proposed method and the FEM full-wave solver. The 

input port 1 is excited with a 1-Watt power source and port 2 is terminated with 50 Ω. 

FEM

Proposed method

FEM

Proposed method
 

Figure 5.37 Cavity electric field distribution for case 2 of the example in Fig. 5.33 at 2 GHz 

with port 1 excited by a 1-Watt power source and port 2 terminated with 50 Ω, using the 

hybrid method (lower) and a full-wave FEM solver (upper). The field distribution of the 

transmission line mode is not calculated by the hybrid method.  
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Similar cavity field patterns are observed. Essentially, the difference between the two 

results is the transmission line field, as observed in the full-wave result, which is absent 

in the hybrid method result, since it only computes the cavity field distribution. The 

magnitude of the electric field in this case is much smaller in comparison to the ones 

without the link, such as in Fig. 5.30, because a large portion of the input current flows 

on the trace and less energy is coupled into the cavity than the cases without traces. 

 

5.4. Summary and Discussion 

The extensions presented in this chapter take advantage of the segmented analysis, 

which is a divide and conquer scheme that combines the merit of CIM with other 

efficient approaches. Combinations with one-port circuits, external radiation fields, as 

well as multilayer via and trace structures have been explained in this chapter. In 

general, CIM provides a fast solution for a closed planar domain that can be connected 

to any other system blocks. Further hybridization with methods listed in Section 2.2 is 

in principle possible.  

The segmentation of the system requires a proper port definition and correct modeling 

of the sub-domains under reasonable assumptions. For example, the hybridization with 

MoM in Section 5.2 relies on the assumption that the external field is symmetric with 

regard to the power planes. If the symmetry breaks, by e.g. a nearby 3D structure, one 

needs also to account for currents flowing on metal planes.  Moreover, the vertical 

transition of higher order modes is possible as shown in the example in Fig. 4.7. The 

combination with the physics-based via model in Section 5.3 assumes that only the 

isotropic mode is coupled from the coaxial region to the radial waveguide region, since 

the effect of higher order coaxial modes is small in the vertical direction [153].  

 

 

 



107 

 

 

6. Advanced Applications 

 

 

Advanced application examples using CIM and its extensions will be presented in this 

chapter, covering a wide range of aspects in the electrical design of digital systems 

including SI, PI, and radiated emission analyses. Simulations of arbitrary shape 

power/ground plane pairs and computations of the parallel-plate impedance for classic 

PI applications are first presented. A set of power plane shapes is analyzed and the 

computational efficiency will be discussed. Then, dense via arrays in a multilayer 

environment will be analyzed. The resolution of a potential passivity problem using the 

extended CIM will be discussed. Finally, the hybridized method with physics-based via 

and trace models is applied to multilayer printed circuit boards to evaluate its ability 

for generating useful parameters covering SI, PI, and EMI in a concurrent fashion.  

 

6.1. Arbitrary Shaped Power Planes 

The extended CIM is applied here to calculate the parallel-plate impedances of three 

selected complex shaped power plane configurations in order to assess its usefulness and 

limitations. The results are validated with full-wave simulations. The comparison to 

measurement data is presented for the last two cases. The focus is on the PI analysis 

and the frequency range is chosen up to 1 GHz for easy comparisons. Isotropic port 

solutions from Section 4.2 will be used. Electric field distributions between the power 

planes will be shown and their implication to the PDN design will be briefly discussed. 

The simulation time and memory demand are reported for the comparison to other 

techniques. At this point, CIM is incapable of predicting the radiation from cut-outs 

and slots over solid planes. Therefore, radiation is not considered here. 

All three configurations consist of a two-port single cavity, sandwiched by a pair of 

power planes consisting of power on the upper side and ground on the lower side, 

surrounded by a PMC boundary. It is assumed that the vias are shorted to the ground 

plane. The material constants and via dimension parameters are set as in Table 6.1. All 

field plots shown in this section are generated by exciting port 1 with a 1-Watt power 

source and by terminating port 2 with a 50-Ω resistance. 
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Table 6.1. Material constants and via dimension parameters. 

Relative dielectric permittivity εr 4.2 

Relative permeability µr 1.0 

Loss tangent tanδ 0.02 

Plane conductivity κ (S/m) 5.8e+7 

Plane thickness (mil) 1.2 

Dielectric thickness d (mil) 10 

Via diameter (mil) 10 

Via pad diameter (mil) 20 

Via keepout/antipad (mil) 36 

 

6.1.1. L-Shape Board with Cut-Out Area 

The first power plane case is an L-shape board with a cut-out area as shown in Fig. 6.1. 

The bottom side is a complete piece of solid plane. Since the PMC boundary condition 

is assumed for the cut-out area, the ground metal in the cut-out area has no effect on 

the impedance calculation.  

The magnitude of input and transfer impedances of the bare board using both CIM and 

a full-wave FEM solver [117] is shown in Fig. 6.2. For the full-wave simulation, a wave 

port is applied on the coaxial antipad region. As has been discussed in section 5.1, the 

effect of the via-plate capacitance is negligibly small in the MHz frequency range and 

thus not included in the CIM simulations here. Fig. 6.3 compares the electric field 

distribution between the power and ground planes at 300 MHz obtained by the FEM 

solver with that obtained by CIM solutions.  

Fig. 6.4 plots the transfer impedances of the bare board for the cases with and without 

the cut-out area. Since a cut-out in the power plane reduces the capacitance of the 

board, the impedance is higher with a cut-out area at frequencies lower than 10 MHz. 

Furthermore, the first resonance is shifted to a higher frequency with the cut-out due to 

an increased inductance between the two ports resulting from the prolonged current 

path between them.  

The effect of 176 decoupling capacitors (decap) on the input and transfer impedances is 

shown in Fig. 6.5. The decaps are modeled as 0.1-µF capacitors with 30-mΩ ESR and 

the total parasitic inductance of 2 nH (ESL plus the interconnect inductance). They are 

uniformly distributed on the board area with 1-inch pitch in both x- and y-directions. 

For this simulation, 178 via ports are needed, which is for the full-wave simulation 

beyond the resource limit of a 32-bit PC. However, the simulation was achieved using 
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Figure 6.2 Comparison of input and transfer impedances of the bare board case in Fig. 6.1, 

obtained by CIM and an FEM full-wave solver.  
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Figure 6.1 Configuration of an L-shape board with a cut-out area. Material constants are 

specified in Table 6.1. Dimensions are given in inches (1 inch ≈ 2.54·10-2 m). 
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Figure 6.4 Comparison of transfer impedances of the bare board in Fig. 6.1 with that 

without the cut-out area, obtained by CIM. The cut-out shifts the resonances to lower 

frequencies comparing to that without the cut-out. 

 

FEM CIM

Figure 6.3 Magnitude of the electric field distribution between power and ground planes at 

300 MHz for the board configuration in Fig. 6.1 with port 1 excited by a 1-Watt power source 

and port 2 terminated with 50 Ω, obtained by an FEM full-wave solver and CIM.  
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CIM at a reasonable speed of 0.856 seconds per frequency step (s/freq) using only 4.1 

MByte RAM. By placing decaps across the board, the input impedance of the board is 

reduced below 100 mΩ up to 30 MHz, whereas the transfer impedance is reduced up to 

300 MHz. Notice that the first few board resonances are shifted to several MHz with 

decaps, e.g., from about 90 MHz for the bare board to 2.8 MHz for the board with 

decaps. This phenomenon stresses the importance of cavity resonance modeling for a 

precise calculation of the power plane impedance even at very low frequencies.  

As shown in Fig. 6.6, the electric field distribution between power and ground planes at 

the first resonance frequency for the bare board at 90 MHz is similar to that with 176 

decpas at 2.8 MHz. The electric field amplitude with decaps is, however, more than 40 

times less than that of the bare board.   
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Figure 6.5 Comparison of input (upper) and transfer (lower) impedances of the bare board 

in Fig. 6.1 to that with 176 decaps, obtained by CIM.  
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6.1.2. Board with Narrow Slot 

The next case is a narrow slot structure as shown in Fig. 6.7, which is usually used to 

prevent noise coupling between two different circuit blocks. Here, PMC conditions are 

assumed for the board boundary as well as for the edges of the slot, and thus the field 

coupling across the slot line is neglected, since its effect is minimal in the examined 

frequency range. At higher frequencies, this field coupling can have a distinguishable 

effect on the noise propagation in the cavity [155],[156].  

Bare board
f = 90 MHz

176 decaps
f = 2.8 MHz

max
80.1 V/mE ≈

max
3.52 kV/mE ≈

 

Figure 6.6 Magnitude of the electric field distribution between power and ground planes at 

90 MHz for the bare board and at 2.8 MHz for the board with 176 decpas, obtained by CIM. 

The board configuration is shown in Fig. 6.1. Port 1 is excited by a 1-Watt power source and 

port 2 terminated with 50 Ω.   
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In this configuration, the distance between the two sides of the narrow slot is so small 

that a discretization of its edges with the tenth-of-wavelength rule does not yield a 

sufficiently precise result due to the limitation of the numerical integral. The edges of 

the slot line have to be discretized finer in order to obtain a correct response.  A rule of 

thumb can be made as the length of each discrete segment does not exceed twice the 

slot width. Obviously, the fine discretization is accompanied with an increased matrix 

size and affects the computational efficiency.  

Input and transfer impedances of the bare board with the narrow slot are plotted in 

Fig. 6.8, obtained by CIM and the full-wave FEM solver. The two edges of the narrow 

slot are discretized into 175 segments each, whereas the remaining board boundary is 

discretized using the tenth-of-wavelength rule. In this way, CIM agrees with the full-

wave solver as shown in Fig. 6.8. The effectiveness of the isolation by the narrow slot 

can be observed by a deep trench at around 190 MHz in the transfer impedance.  

Fig. 6.9 shows the electric field distribution of the bare board at 190 MHz simulated 

using both CIM and a full-wave solver. The two methods predict a similar behavior 

that the electric field is constrained on the exciting half of the board. The slot line can 

effectively block the noise penetration to the other half of the plane near the simulated 

frequency.   
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Figure 6.7 Configuration of a board with a narrow slot. Material constants are specified in 

Table 6.1. Dimensions are given in inches (1 inch ≈ 2.54·10-2 m).  
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Figure 6.9 Electric field distribution between power and ground planes at 190 MHz for the 

bare board case in Fig. 6.7 with port 1 excited by a 1-Watt power source and port 2 

terminated with 50 Ω, using a full-wave FEM solver and CIM.  Both methods show the 

isolation by the slot line. 
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Figure 6.8 Comparison of input and transfer impedances of the bare board case in Fig. 6.7, 

obtained by CIM and an FEM full-wave solver. The slot line is discretized into 175 segments 

for each side of the slot. A deep trench is observed at around 200 MHz for the transfer 

impedance, owing to the isolation effect of the narrow slot. 
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Figure 6.10 Comparison of input and transfer impedances to measurement data for the 

configuration in Fig. 6.7 in cases of a bare board and a board with 20 decaps.  
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The configuration of this particular case was manufactured and measured for both cases 

of the bare board and the board with 20 decaps in [154]. The decaps used in this case 

are 0.1-µF SMT capacitors with 30-mΩ ESR and 1.3-nH total parasitic inductance. The 

decaps are located uniformly on the board with a 2.5-inch pitch in the x-direction and a 

2-inch pitch in y-direction. For the measurement, the SMA port inductance is 

estimated to be 380 pH and its pad resistance is neglected. Fig. 6.10 shows the 

correlation between CIM simulations and the measurement data.  

 

6.1.3. Complex Shaped Board 

The configuration of the last case in this section, as shown in Fig. 6.11, is a pair of very 

complex shaped power planes whose outer boundary and cut-out area consist of 38 and 

20 edges, respectively. Modeling of such a complex geometry would be a difficult task 

for segmented methods with analytical solutions such as in [157]-[159] due to a 

cumbersome preprocessing where the board has to be partitioned into regular shapes 

with line ports defined at the junctions. In CIM, no partition is needed and only the 

contour coordinates are necessary to be given for the computation, which greatly 

mitigates the modeling effort. 
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Figure 6.11 Configuration of a complex shaped board. Material constants are specified in Table 

6.1. Dimensions are given in mils (1 mil ≈ 2.54·10-5 m). 
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Figure 6.13 Magnitude of the electric field distribution at 100 MHz for the bare board case 

in Fig. 6.11 with port 1 excited by a 1-Watt power source and port 2 terminated with 50 Ω, 

using CIM and a full-wave FEM solver. 
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Figure 6.12 Comparison of input and transfer impedances of the bare board case in Fig. 6.11, 

obtained by CIM and an FEM full-wave simulation.  
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Figure 6.14 Comparison of input and transfer impedances to measurement data for the 

complex board configuration in Fig. 6.11 in cases of a bare board and a board with 18 decaps. 
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The input and transfer impedances of the bare board obtained by CIM are compared in 

Fig. 6.12 to the full-wave FEM results. The overall agreement between them is good 

except for a small deviation in the kHz frequency range, which does not appear in the 

previous two cases. This may be explained by a limited numerical precision of CIM at 

very low frequencies due to the high complexity of the board contour. However, it can 

be easily corrected, since the bare board behaves as a parallel-plate capacitance in that 

frequency range.  

In Fig. 6.13, the electric field distributions of the bare board at 100 MHz, simulated 

with both CIM and a full-wave solver, are illustrated. Although both input and transfer 

impedances are low at 100 MHz as shown in Fig. 12, a “hot area” can be identified at 

the far end of the board beyond the neck-down region. Fig. 6.14 shows the correlation 

between CIM simulations and measurement data [154] in case of the bare board and 

with 18 decaps whose locations are depicted in Fig. 6.11.  

 

6.1.4.  Discussion on Applicability and Limitations  

Table 6.2 summarizes the simulation time and the amount of RAM required, including 

the three cases in this section as well as the rectangular board case in section 5.1.3. The 

simulations for the study cases were run on a 32-bit 3-GHz PC with 2 GByte RAM.  

 

Table 6.2. Summary of simulation time and memory demand using the contour integral 

method. (s/freq = second per frequency point, decaps = decoupling capacitors) 

Board Configuration CPU time (s/freq) Memory (MBytes) 

Rectangular (bare board) 0.034 < 1 

Rectangular (5 decaps) 0.037 < 1 

Rectangular (10 decaps) 0.041 < 1 

L-shape without cut-out (bare board) 0.070 < 1 

L-shape without cut-out (7 decaps) 0.077 < 1 

L-shape without cut-out (15 decaps) 0.087 < 1 

L-shape with cut-out (bare board) 0.218 1.1 

L-shape with cut-out (176 decaps) 0.856 4.1 

Narrow slot (bare board) 1.430 6.1 

Narrow slot (20 decaps) 1.494 6.6 

Complex (bare board) 0.127 < 1 

Complex (18 decaps) 0.155 < 1 
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For PI applications, the extended CIM has been shown to be highly accurate for the 

presented examples and can be applied to any arbitrary shaped power planes. The 

efficiency of this approach is, in general, very good, as shown in Table 6.2. The 

simulation time was under 1 s/freq for most of the configurations, except for the case 

with the narrow slot line where the slot boundary has to be fine discretized to achieve a 

sufficient accuracy. Besides, it is relatively easy to create a model using CIM, since only 

the contour of the power plane has to be specified. Furthermore, CIM can provide field 

distributions inside the cavity, which is very useful to PI analyses. It allows the 

designer to control noise propagation over the whole board. For instance, in the 

complex shape example, the input and transfer impedances of port 1 and 2 are both low 

at 100 MHz. However, it can be seen in Fig. 6.13 that the electric field can be high on 

the other half of the board.  

Despite of the extensions in this work, CIM still suffers from some limitations. The 

simulation becomes slow in case of narrow slots. Also, noise coupling across slots is not 

captured at present. The calculation of radiation is restricted to solid parallel planes. 

At this point, the field radiated from openings and cut-outs cannot be handled.  

 

6.2. Stacked Power Planes 

To evaluate the applicability of the hybrid method combing CIM with the physics-

based via and trace models to stacked power planes, as described in section 5.3, two 

multilayer examples are presented in this section. A dense via array example is first 

analyzed with the focus on SI results and passivity issues. Then, a multilayer PCB 

example is simulated to obtain SI, PI, and EMI related results such as S-parameters, 

field distributions inside the cavity, and radiated powers. The isotropic port 

formulations in Section 4.2 will be used for the analysis here. 

 

6.2.1. Dense Via Array and Passivity Issue 

Modern via pin fields can contain thousands of vias in a small area, as shown earlier in 

Fig. 5.2. Modeling such large and dense via arrays using general-purposed full-wave 

solvers remains impractical prompting the development of faster approaches such as 

multiple scattering methods [81]-[83] and equivalent-circuit based via models [106],[110]. 

In principle, equivalent-circuit based approaches provide the best efficiency thanks to 

analytical solutions available for the evaluation of the circuit elements. In particular, 

the radial waveguide (RW) method [59],[63] is often used to calculate the parallel-plate 
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impedance Zpp, which is modeled by CIM in this work. The RW method uses the 

Green’s function for solid planes and is not consistent with the open condition of an 

impedance definition [110]. The scattered field becomes larger for vias with smaller 

separations, which may significantly affect model results in the case of dense via arrays 

with small pitches.  

Passivity violations, where the singular values of the S-parameter matrix can exceed 1 

[29] due to neglect of this multiple scattering effect can occur. As will be shown in the 

next example with an 8-by-8 via array, as shown in Fig. 6.15, analyzed using the 

physics-based via model with the RW method, significant passivity violations can occur 

in the simulation result. In contrast, the Zpp obtained by CIM takes into account this 

scattering effect from open ports. The passivity violation can be suppressed by using 

CIM formulation for the Zpp calculation. 

Fig. 6.16 shows the transmission results S13 and S24 for a pitch size of 80 and 40 mils, 

obtained from both the physics-based via model with the RW method and a full-wave 

FEM solver [117]. The results show a good correlation. However, the physics-based via 

model results exhibit a clear passivity violation for the 40-mil pitch case. Both S13 and 

S24 exceed 0 dB by about 0.1 dB in the frequency range from 25 to 30 GHz and from 20 

to 25 GHz, respectively, in spite of the losses introduced in the cavity. Fig. 6.17 plots 

singular values of the S-parameter matrix from the physics-based via model. Non-
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Figure 6.15 Top view (left) and cross section view (right) of an 11-cavity 8-by-8 via array 

example. The boundary is assumed to be a perfectly matched layer (PML). Dimensions are 

given in mils (1 mil ≈ 2.54·10-5 m). 



122                                                                                           Advanced Applications 

 

0 5 10 15 20 25 30 35 40
-30

-25

-20

-15

-10

-5

0

Frequency [GHz]

 

 
S

1
3
 [

d
B

]

FEM, 40-mil

FEM, 80-mil

Physics-based+RW, 40-mil

Physics-based+RW, 80-mil

80-mil pitch

40-mil pitch

non-passive

Frequency [GHz]

M
ag

n
it

u
d

e 
o

f
S

1
3

[d
B

]

 

(a) 

0 5 10 15 20 25 30 35 40
-30

-25

-20

-15

-10

-5

0

S
2

4
 [
d

B
]

Frequency [GHz]

 

 

FEM, 40-mil 

FEM, 80-mil 

Physics-based+RW, 40-mil

Physics-based+RW, 80-mil

40-mil pitch

non-passive

80-mil pitch

Frequency [GHz]

M
ag

n
it

u
d

e 
o

f
S

2
4

[d
B

]

 

(b) 

Figure 6.16 Magnitude of transmission (a) S13 and (b) S24 for the via array case in Fig. 6.15, 

obtained by the physics-based via model with the RW formula and a full-wave FEM solver. 

The result from the physics-based via model for the 40-mil pitch shows non-passive behavior 

in the frequency range from 20 to 30 GHz.   
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passivity does not appear in the 80-mil pitch data, whereas strong passivity violations 

are identified for the 40-mil pitch case near 20 GHz and over 30 GHz, which may not 

be tolerated for a meaningful time domain analysis. 

The analysis shows the potential of passivity problems for via array modeling using the 

RW method. It is also observed that the occurrence of the passivity violation depends 

on the pitch size, which is only related to Zpp in the model. The cause of the passivity 

violation may be attributed to neglecting the energy of the scattered field from open 

ports, which is considered in CIM. 

It is recognized that CIM can be reduced to the RW formula by leaving out the off-

diagonal elements of 
pp

U  in (4.12), which are responsible for the inclusion of scattered 

fields from open ports. The off-diagonal elements of 
pp

U  depend on the frequency, the 

via radius, and the distance between vias. Taking a 2-port single cavity with a relative 

dielectric constant of 3.7 as an example, Fig. 6.18 plots the magnitude of U12/U11 with 

different port radii and different distances between the two ports, which signifies the 

influence of the scattered field from one open port to the incident field. It is observed 

that the impact of the scattering increases with frequency and becomes more significant 

for larger ports and ports in closer proximity. This indicates that the multiple 

scattering can have a larger effect in via arrays with smaller pitches, since the vias lie 

closer to each other. 

0 10 20 30 40

0.7

0.8

0.9

1

1.1

1

2

3
4

Maximum Singular Value = 1.1531312291303009

M
ag

n
it

u
d

e 
o

f 
S

in
g

u
la

r 
V

al
u

es

Frequency [GHz]

0 10 20 30 40
0

0.2

0.4

0.6

0.8

1

1

2

3

4

Maximum Singular Value = 0.99999992000555671
M

ag
n

it
u

d
e 

o
f 

S
in

g
u

la
r 

V
al

u
es

Frequency [GHz]  

Figure 6.17 Singular values extracted from S-parameter matrix obtained by the physics-

based via model with the RW formula for the via array example in Fig. 6.15 for cases of (left) 

80-mil pitch and (right) 40-mil pitch. Passivity violation is observed for S-parameters of the 

40-mil pitch case.    
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The via array example, as shown in Fig. 6.15, is re-simulated here using the physics-

based via model again with CIM, as formulated in Section 5.3. The transmission results 

S13 and S24 with the CIM for both the pitches of 80 and 40 mils are plotted in Fig. 6.19 

and compared to that with the RW. For the 80-mil pitch, the difference between the 

two approaches is barely observable, indicating that the solid plane approximation in 

the RW method is sufficiently accurate for this pitch size. For the 40-mil pitch, 

although the deviation is also not large, more importantly, the S-parameter results with 

the CIM are physically more meaningful since they have been brought down to less 

than 0 dB for all frequencies.  
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Figure 6.18 Magnitude of U12/U11 of a two-port system, obtained by (4.12). It implies the 

influence of the scattered field from one open port on the incident field. The impact is larger 

for (a) ports with bigger radius and (b) ports with shorter distance.  
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(b) 

Figure 6.19 Magnitude of transmission (a) S13 and (b) S24 for the via array case in Fig. 6.15, 

obtained by the physics-based via model with RW formula and with the CIM. The non-

passive behavior has been corrected by using CIM.  
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The singular values of the S-parameter matrix, obtained by the physics-based via model 

with the CIM, are shown in Fig. 6.20. No severe passivity violation is present for either 

pitch. Only a slight violation is observed for the 40-mil data at very low frequencies due 

to the finite numerical precision of the Hankel function evaluation. This is, however, 

easily corrected by a passivity enforcement algorithm [160],[161].  

It can be concluded from the case studied here that the effect of multiple scattering 

may have a rather small impact on the accuracy of equivalent-circuit based models, but 

is critical for the model passivity, especially for via arrays with small pitch sizes. The 

total simulation for a single-core 3 GHz CPU with 4 GB memory for this example using 

the physics-based via model with the CIM required 85 seconds, which is slightly slower 

when compared to the 65 seconds required for the RW formula due to an additional 

matrix inversion. However, this is still very efficient considering the complexity of this 

example. In contrast, the FEM solver takes several days to solve this problem with the 

same hardware resource. 
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Figure 6.20 Singular values extracted from the S-parameter matrix obtained by the physics-

based via model with CIM for the via array example in Fig. 6.15 for cases of (left) 80-mil 

pitch and (right) 40-mil pitch. Only a negligible passivity violation is observed for the 40-mil 

case at very low frequencies with a maximum singular value of 1.0000000305 due to the finite 

numerical precision of the Hankel function evaluation.    
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6.2.2. Analysis of Multilayer Printed Circuit Board 

The hybrid method in Section 5.3 has been applied to several single-cavity cases. This 

section will explore a multilayer structure including stripline traces and ground vias. 

The goal of the analysis is to simultaneously generate different metrics that are useful 

for SI, PI, and EMI applications such as S-parameters, field distributions, radiation 

diagrams, and radiated power. The results will be validated with full-wave simulations. 

More application examples may be found in [13],[15], and [142]. 

A six-cavity L-shape board example is shown in Fig. 6.21. A single-ended signal link is 

connected with three through-hole signal vias and traverses the turn via from cavity 2 

to cavity 5. Both traces are 4-mil wide and vertically centered in the cavities. The 

x

y

z

Signal to ground via pitch: 40 mil. Trace and plane thickness: 1 mil

d

d

d

d

d

d

d =  10 mil

εr = 3.8

tanδ =  0.02

σc →  ∞

cavity 1

cavity 2

cavity 3

cavity 4

cavity 5

cavity 6
z

x

20 mil coaxial 

extension for ports

Trace 

Port 1 Port 2

Turn via 

(1.4, 1)

Port 1 (1, 1)

Port 2

(1.4, 0.75)

Ground via
Signal via

Trace in cavity 2

Trace in cavity 5

(0, 0.5)

(0, 1.5) (2, 1.5)

(2, 0)(0.75, 0)

(0.75, 0.5)

Observation 

path

(1.3, 1.5)

(1.3, 0)

 

Figure 6.21 An L-shaped multilayer printed circuit board with two traces at different 

cavities and six ground vias. The ground vias are shorted to all seven ground planes. 

Dimensions are given in inches (1 inch ≈ 2.54·10-2 m). 
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signal vias are left open on the bottom side of the board with the turn via open also on 

the top side. The reference planes are assumed to be all ground planes. Six ground vias, 

shorting all the reference planes, are placed near the through-hole vias with a pitch of 

40 mil. Two ports are defined on the top side with coaxial extensions of 20 mil, as 

shown in Fig. 6.21. The coaxial extensions are modeled as ideal transmission lines in 

the hybrid method.  

S-parameter results are plotted in Fig. 6.22, obtained using both the hybrid method 

and a full-wave finite element (FEM) based solver [117]. The full-wave simulation is 

configured with an air box surrounding the board, so that radiation effects are included. 

Both methods predict a similar behavior of the link. The transmission S21 decreases at 
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Fig. 6.22 S-parameters at defined ports for the example in Fig. 6.21, obtained with the 

proposed method and a full-wave FEM analysis.  
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higher frequencies and reaches the minimum at around 20 GHz, which is attributed to 

the via stub resonance of the first via [162]. The deviation of the two curves could be 

explained by the following: The characteristic impedance used in the combined method 

was analytically calculated as 47Ω, which might be different in the full-wave 

simulation. The thickness of the coaxial region at the antipads is neglected in the 

proposed method. Although the thickness of a single metal plane is small, they may 

have a visible effect cumulatively in a multilayer environment. Also, the ground vias 

are relatively close to the traces, which might deform the local fields that are not 

captured by the proposed method; furthermore, the proposed method assumes a PMC 

boundary condition, which neglects the finite impedance of the air. This causes a 

deviation with respect to the full-wave simulation, especially in the high frequency 

range where the power leakage through board edge can be considerable.  

Figure 6.23 shows the surface maps of the electric field distribution inside the first 

cavity at 4 GHz, obtained by both the proposed method and the full-wave simulation. 

An incident power of 1 W was used to excite port 1, and port 2 is terminated with 50 

Ω in both of the simulations. Similar field pattern can be observed using both of the 

methods. A slight mismatch of peak locations may be explained by the neglected 

radiation loss by CIM that shifts the resonance frequencies. The high electric field 

amplitude in the via antipad areas in the FEM result is attributed to the via-plate 

capacitance. The electric field in this area is not explicitly included in the proposed 

method.  

The electric field amplitudes along the observation path, shown in Fig. 6.21, for 

different layers are plotted in Fig. 6.24. It is reasonable that the noise amplitude inside 

the cavities becomes less for lower layers, since most of the signal current flows through 

the traces leaving little current on the via stubs to excite lower cavities.  

The radiated power is plotted in Fig. 6.25, obtained by first calculating the boundary 

voltage distribution under the PMC condition and then a superposition of the radiation 

from each cavity. For low frequencies in the MHz range, the full-wave simulation 

predicts higher radiation due to an insufficient distance to the absorbing boundary that 

results in loss of accuracy for the full-wave solver. Similar resonance peaks are observed 

for both methods from 1 GHz up to 10 GHz. Beyond that, the resonances predicted by 

the proposed method are more noticeable than by the FEM simulation and the 

correlation becomes slightly worse at higher frequencies. This is possibly due to the 

omission of the power leakage from board edges by the hybrid method that results in 

higher Q resonances, as seen in Fig. 6.25. Despite of that, the overall tendency agrees 

well with the full-wave result. Further extension of the method may involve techniques 

in Section 5.2 to account for the radiation loss in multilayer applications. The radiation 

diagram at 4 GHz obtained by both methods is compared in Fig. 6.26.  
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Figure 6.23 Electric field distribution (complex amplitude) in the first cavity at 4 GHz for 

the example in Fig. 6.21, obtained with the proposed method and a full-wave FEM 

simulation. Port 1 is excited with an incident power of 1 Watt and port 2 is terminated with 

50 Ω. 
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Figure 6.24 Electric field distribution (complex amplitude) along the observation path, as 

defined in Fig. 6.21, inside cavity 1, 3, and 5 at 4 GHz, obtained by both the proposed 

method and a full-wave FEM simulation. 
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Figure 6.25 Radiated power for the multilayer example in Fig. 6.21, obtained by both the 

proposed method and a full-wave FEM simulation.  
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The total computation time for the full-wave solver in this case was over 20 hours for 

200 frequency points on a 3.0-GHz CPU, 4-GB RAM, 32-bit PC. However, the 

proposed method took only 129 seconds to generate the same set of results using the 

same computer configuration. The high efficiency of the proposed method allows 

simulations of more complex structures. In general, the hybrid method is more than a 

hundred times faster than a full-wave solver.  

 

6.3. Summary and Discussion 

The application of the extended CIM to complex power planes has revealed an overall 

good accuracy and efficiency of the method. A speed-up of 10 to 1000 times against full-

wave solvers can be expected, depending on configurations. The suitability of the 

extended CIM for dense via array analysis and a resolution of passivity violation by 

CIM have been discussed. A range of simulations has been demonstrated for the 

multilayer examples covering SI, PI, and EMI. The results correlate well with the full-

wave results. For the examples in this chapter, sufficient accuracy has been achieved 

with the isotropic port formulation. Anisotropic modes may have an effect for even 

more complex applications at higher frequencies. Further extension of the method may 

include considerations of the radiation loss also for multilayer substrates. 

FEM Simulation Proposed Method

 

Figure 6.26 Radiation diagram of the case in Fig. 6.21 at 4 GHz with port 1 excited by a 1-

Watt power source and port 2 terminated with 50 Ω, using the hybrid method (right) and the 

full-wave FEM solver (left).  
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7. Conclusions and Outlook 

 

 

This thesis is a contribution to the modeling of planar structures in digital systems in 

response to the need of efficient EDA tools in the semiconductor and packaging sectors. 

In this work, the conventional contour integral method (CIM) has been extended to 

realize a fast and accurate analysis of power planes with many cylindrical vias. It has 

been connected to other efficient methods for a feasible system-level analysis of 

relatively complex structures including effects of decoupling capacitors, multilayer 

PCBs, and dense via arrays. Useful parameters for the full spectrum of the electrical 

design including SI, PI, and EMI can be produced covering a frequency range up to at 

least 20 GHz. In principle, the method is applicable to planar structures for higher 

frequencies as long as the planar circuit assumption is still valid. Various application 

examples and benchmarks have been presented to prove the validity of the extensions 

and to clarify its advantages and limitations. 

In summary, novel scientific contributions can be summarized as follows: 

• Analytical expressions for circular ports have been derived based on cylindrical 

wave expansions in order to improve the efficiency and accuracy of the method 

by preventing discretization of the circular ports (Chapter 4). The efficiency 

improvement ranges from 10 to 1000 times depending on the number of circular 

ports when comparing to the conventional CIM.  

• The circular port definition has been generalized to account for anisotropic 

modes that are important for modeling of vias in close proximity (Section 4.4). 

The effect of anisotropic modes on the parallel-plate impedance and cavity field 

pattern with regard to port configurations has been shown (Section 4.5).  

• The combination of CIM with equivalent circuits and the physics-based via 

model has been proposed (Section 5.1, 5.3), which has enabled simulations of 

more complex structures for various design objectives (Chapter 6). 

• The importance of radiation losses has been shown for power planes with low 

losses and thick cavities, whose effect has been included by hybridization of CIM 

with the MoM (Section 5.2). 
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• The capability of the combined method for a concurrent co-analysis of SI, PI, 

and EMI for multilayer structures has been demonstrated (Section 6.2).  

• It has been shown that the extended CIM is effective and efficient in simulations 

of dense via arrays. Potential passivity problems can be prevented by using the 

extended CIM for its correct interpretation of the scattering physics that is 

otherwise omitted by analytical methods.  

In the framework of electrical analysis of digital systems, possible further extensions of 

the method have also been explored based on the foundation laid out in this work. 

Prospective developments can include the following: 

• The application of the method has been limited to single-board scenarios so far. 

Digital systems often consist of multiple boards joint together by connectors. An 

attempt to investigate radiated emissions of such a system has been made by the 

author in [163], in which a high-speed differential signal crossing a motherboard 

daughter-card configuration was analyzed using a full-wave MoM solver [43]. 

The structure in [163] was relatively simple and the boards were approximated 

by metal planes, since the costly numerical computation limits the model 

complexity. A more realistic analysis requires the consideration of multilayer 

boards and multiple vias. To achieve that, an extension of CIM may employ the 

domain decomposition (Section 5.2.1) together with the hybridization with 

physics-based via models (Section 5.3). 

• The DC IR drop of power planes can have significant impact on high-

performance systems [164]. Swiss-cheese effects, neck-downs, and cut-outs on 

power planes increase the DC resistance and reduce the voltage margin. Thus, it 

is desired to extend CIM for the DC resistance calculation of planar metal 

planes. Furthermore, the transition from DC to the 2D wave frequency range 

requires further studies, since the skin depth may not be smaller than the metal 

plane thickness any more.  

• The through-silicon-via (TSV) technology is one of the key technologies to 

enable vertical connections for 3D ICs and packaging [165],[166]. In contrast to 

dielectric materials surrounding vias in PCBs or conventional packages, TSVs 

are embedded in silicon. CIM may be extended to model quasi-TEM modes of 

TSVs.  

• CIM may be further accelerated by exploiting fast solvers such as the FMM 

[120]. In particular, modeling of the plane boundary remains to be a major 

handicap of the efficiency. Moreover, due to the periodicity of via array 

arrangements, fast Toeplitz matrix inversion algorithms [167] may be utilized to 

improve the computation speed.  
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Appendix A: Mathematical Appendix 

 

 

A.1. Bessel and Hankel Functions 

Bessel functions are canonical solutions ( )r x  of the Bessel’s differential equation [38],  

( )2 2 0,
dr dr

x x x v r
dx dx

 
+ − = 

 
                                 (A.1.1) 

where v, a real or complex number, is the order of Bessel functions. The Bessel’s 

equation arises when finding separable solutions of the Helmholz equation in the 

cylindrical coordinate, for which one obtains Bessel functions of integer order (v=n). 

The integer orders represent cylindrical harmonics and are of particular interest for this 

work. Therefore, the following discussion focuses on integer orders. The Bessel function 

of the first kind ( )n
J x  and of the second kind ( )n

Y x  constitute two linearly 

independent solutions of (A.1.1), where 

( )
( ) ( )cos

lim .
sin

v v
n

v n

J x v J x
Y x

v

π

π
−

→

−
=                            (A.1.2) 

( )v
Y x  is sometimes called Neumann function denoted by ( )v

N x . Fig. A.1 shows curves 

for the lowest orders of the two kinds of Bessel functions. For negative orders, the 

following relations are valid, 

( ) ( ) ( )1 ,
n

n n
J x J x

−
= −                                   (A.1.3) 

( ) ( ) ( )1 ,
n

n n
Y x Y x

−
= −                                   (A.1.4) 

The Bessel functions have the following asymptotic forms for non-negative n. For small 

arguments 0 1x n< +≪ , one obtains 
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                                                (A.1.5) 
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≈  −  − >   

                         (A.1.6) 

where 0 5772.γ ≈  is the Euler constant. For large arguments 2 1 4x n −≫ ,  

( ) 2

4 2
cos ,

n

n
J x x

x

π π

π

 
≈ − − 

 
                              (A.1.7) 
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Figure A.1 Bessel functions of the first kind (upper) and of the second kind (lower). 
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( ) 2

4 2
sin .

n

n
Y x x

x

π π

π

 
≈ − − 

 
                                (A.1.8) 

For the convenience of expressing harmonic wave phenomena, Hankel functions are 

defined as linear combinations of the Bessel functions, 

( ) ( ) ( )1( ) ,
n n n

H x J x jY x= +                                   (A.1.9) 

( ) ( ) ( )2( ) ,
n n n

H x J x jY x= −                                 (A.1.10) 

where 1( )
n

H  and 2( )
n

H  are Hankel functions of the first and second kind, respectively, 

which represent inward- and outward-propagating cylindrical wave solutions, 

respectively. The asymptotic forms of Hankel functions can be obtained from those for 

n
J  and 

n
Y . In particular, the large-argument formulas are expressed as 

( )1 2( ) ,n jx
n

H x j e
j xπ

−≈                                 (A.1.11) 

( )2 2( ) ,n jx
n

j
H x j e

xπ
−≈                                   (A.1.12) 

showing the wave character of Hankel functions. 

The above Bessel functions all satisfy the recurrence relation [119], 

( ) ( ) ( )1 1
2

,n n n

x
Z x Z x Z x

n
− += +                                 (A.1.13) 

( ) ( ) ( )1 1

1

2
,n n nZ x Z x Z x− +′ = −                                  (A.1.14) 

where the prime denotes a differentiation with respect to the argument. 
n

Z  represents 

either one of 
n

J , 
n

Y , 1( )
n

H , or 2( )
n

H .  

Another useful relation that is often encountered in problem solving is the Wronskian 

of Bessel’s equation [36], 

( ) ( ) ( ) ( )(2) (2)2
.n n n n

j
H x J x H x J x

xπ
′ ′= +                           (A.1.15) 
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A.2. Addition Theorems for Hankel Functions 

The addition theorem is often applied to solve cylindrical scattering problems [36]. 

Take Hankel function of the second kind as an example, 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

2
0

2

( )

( )

( )

l r l r

l r l r
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n l r n l r l r l r
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n l r n l r l r l r
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J k H k e

H k

J k H k e

φ φ

φ φ

ρ ρ ρ ρ

ρ ρ ρ ρ

′ ′ ′
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∞ −

′ ′ ′ ′ ′ ′
=−∞

∞ −

′ ′ ′ ′ ′ ′
=−∞


≤


′− = 
 ≥
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∑

∑

r r         (A.2.1) 

where abφ  is the angle that the corresponding vector abρ = −b a
�

 forms with the x-axis 

and ab abρ ρ=
�

. The vector notations are shown in Fig. A.2. Basically, it expresses the 

fields from a source located at ′r  by cylindrical wave functions originating from the 

coordinate origin ′l . Here the case of l r l rρ ρ′ ′ ′≥  is of particular interest. Use the Graf’s 

formula [119], 

( ) ( ) ( ) ( ) ( )( )2 2( ) ( ) ,l r l l ll lrjn j m n

n l r m lr m n l l
m

H k e J k H k e
φ φ φ φ

ρ ρ ρ′ ′ ′
∞− + −

′ ′+
=−∞

= ∑           (A.2.2) 

that can be further written as, 
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Figure A.2 Vector notations for addition theorems and derivation of circular port 

expressions. The vector from observation point to source point is decomposed into the sum of 

3 vectors passing through the port centers.  
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H k e J k e H k e
φφ φ
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=−∞
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Substituting (A.2.3) into (A.2.1) leads to the following double sum formula, 

( ) ( ) ( ) ( ) ( )2 2
0
( ) ( ) ,lll r lr

j m njn jm
n l r m lr m n ll

m n

H k J k e J k e H k e
φφ φ

ρ ρ ρ ′′ ′
∞ ∞ − −−

′ ′ ′−
=−∞ =−∞

′− = ∑ ∑r r   (A.2.4) 

which is useful to solving scattering problems of two groups. 

 

A.3. Gaussian Quadrature 

An n-point Gaussian quadrature rule is stated as [104] 

( ) ( )1

1
1

.
n

i i
i

f x dx w f x
−

=

≈ ∑∫                                    (A.3.1) 

The quadrature rule can produce accurate results if the function ( )f x  is well 

approximated by a polynomial of degree 2n-1 within the range [-1, 1]. For basic non-

singular integrations, Legendre polynomials ( )n
P x  are commonly used. The ith Gauss 

node 
i

x  is the ith root of ( )n
P x  and its associated weight 

i
w  is given by [119] 

( ) ( )2 2

2

1
.i

i n i

w
x P x

=
′−

                                   (A.3.2) 

For integration intervals other than [-1, 1], the interval must be changed and the 

quadrature rule becomes 

( )
12 2 2

.
n

b
i ia

i

b a b a b a
f x dx w f x

=

 − − +
≈ + 

 
∑∫                       (A.3.3) 

 

A.4 Derivation of Equation (4.11) 

Refer to vector notations in Fig. A.2 and using the addition theorem for Hankel 

functions (A.2.1) in the local cylindrical coordinate of the source port. The integral ijβ  

becomes 
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β
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                     (A.4.1) 

where  

( ) ( ) 22

0
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                (A.4.2)
 

nJ  and 2( )
nH  are the n-th order Bessel functions and Hankel functions of the second 

kind, respectively. Due to the orthogonality of exponential harmonics, the summation 

in (A.4.2) collapses to the term of n = 0. Thus, ( ) ( )2
0 0

2 ( )
j j l rJ ka H kβ π ρ ′=

�

 and 

( ) ( )2 2
0 00

2
( ) ,ij i j j l r lra a J ka H k d

π
β π ρ φ′= ∫

�

                               (A.4.3) 

for i = j, l r jaρ ′ =
�

 and  

 ( ) ( ) ( ) ( )
2

2
0 0

2
( ) .ij j j ja J ka H ka i jβ π= =                          (A.4.4) 

For i ≠ j, the vector l rρ ′

�

 can be expressed as l r lr llρ ρ ρ′ ′= −
� � �

, as shown in Fig. 4.2. 

Using again the addition theorem (A.2.1), we obtain 
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    (A.4.5) 

where ij llρ ρ ′=
�

, is the distance between centers of source and observation ports. 

Combing (A.4.4) and (A.4.5) under the consideration of (4.6), one can find the elements 

of matrix 
pp

H  in (4.10). 

  

A.5. Derivation of Equation (4.12) 

For solving the matrix 
pp

U ,  since it is always valid for a circular port that the normal 

direction ˆ
l rρ ′ ′

′ = −n
�

, the integral ijα  can be expressed as 
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                       (A.5.1) 

The integrand in (A.5.1) contains a first-order singularity for diagonal terms of 
pp

U , for 

which l r l rρ ρ′ ′ ′=
� �

 is possible. The off-diagonal terms are solved first and the singularity 

for the diagonal terms will be evaluated later. Taking again the addition theorem for 

Hankel functions (A.2.1), the integral jα  in (A.5.1) is transformed to 
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                    (A.5.2) 

The summation is again only finite when n=0, 
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                            (A.5.3) 

Referring to the recurrence relation for derivatives of Bessel functions (A.1.14), the 

following expression is found, 

( ) ( )(2)
1 02 .j j l rkJ ka H kα π ρ ′= −

�

                                    (A.5.4) 

The integral ijα  becomes 
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1 00
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                    (A.5.5) 

Expression (A.5.5) can be solved in a similar way as for (A.4.3),  

( ) ( ) ( ) ( ) ( )2 (2)
0 1 02 .ij i j i j ijka a J ka J ka H k i jα π ρ= ≠                       (A.5.6) 

For evaluation of the singularity for the diagonal terms, we rewrite jα  as 
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       (A.5.7) 



142                                                                        Appendix A: Mathematical Appendix 

 

To find χ , let’s select an observation point just outside the source port, so that the 

small argument approximation for Hankel function, ( )(2)
1 2H z j zπ= − , can be used. 

This leads to a simplification of χ  as follows 
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With the help of an integral table [112],  

4 1 1
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                       (A.5.9) 

Next, let the observation point approach the source port, 

[ ]
2

lim .
l r l r l r

j

ρ ρ
χ ε π

π ρ+
′ ′ ′→ ′ ′

= −                                      (A.5.10) 

Substituting (A.5.10) into (A.5.7) leads to 

( ) ( )(2)
1 0

2
2 .j j j

j

j
kJ ka H ka

a
α π= − −                               (A.5.11) 

Inserting (A.5.11) into (A.5.7), we obtain 

( ) ( ) ( ) ( )
2 (2)

1 02 .ij j j j
j

j
a k J ka H ka i j

ka
α π

π

 
= + = 

  
               (A.5.12) 

With the Wronskian of Bessel functions (A.1.15), one may write (A.5.12) as 

( ) ( ) ( ) ( )
2 (2)

0 12 .ij j j j
j

j
a k J ka H ka i j

ka
α π

π

 
= − = 

  
                    (A.5.13) 

Based on the solutions of the integral ijα  in (A.5.6) and (A.5.13), the elements of 

matrix 
pp

U  in (4.10) can be found. 
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A.6. Derivation of Equations (4.19)-(4.22) 

The simplification from (4.15)-(4.16) to (4.19)-(4.20) relies on solving the following two 

integrals, 

( )2
0
( )

,
jc

H k
ds

n

′∂ −
′

∂
∫

r r

�                                 (A.6.1) 

( )2
0
( ) .

jc
H k ds′ ′−∫ r r�                                   (A.6.2) 

The two integrals are mathematically identical to the integral jα  in (A.5.1) and  jβ  in 

(A.5.1), respectively. The solutions of them are written as, respectively, 

( ) ( )2
0 0

2 ( ) ,j ijJ ka H kπ ρ                                 (A.6.3) 

( ) ( )(2)
1 02 ,j j ijka J ka H kπ ρ                                (A.6.4) 

where ijρ  corresponds to the distance between the center of circular source point and a 

point on the observation boundary line port. Substituting (A.6.3) and (A.6.4) into 

(4.15) and (4.16), respectively, leads to the expressions (4.19) and (4.20). With the 

same procedures, equations (4.21) and (4.22) can also be derived.  

 

A.7. Derivation of Equations (4.44)-(4.45) 

To relate to cylindrical wave modes, one may resort to the Graf’s addition formulas 

(A.2.4) to decompose the Hankel function and its normal derivative with respect to the 

port centers l and l´, as shown in Fig. A.2,  

 ( )
( ) ( )

( ) ( )

(2)
0

(2) , ,

lr l r

l r l r

jm jn
m lr mn n l r

m n

jm jm
m l r m l r

m

J k e T J k e

H k

H k e J k e

φ φ

φ φ

ρ ρ

ρ ρ

′ ′

′ ′ ′

∞ ∞
−

′ ′
=−∞ =−∞

∞
−

′ ′ ′
=−∞


′≠


′− = 
 ′ ′= ≠


∑ ∑

∑

l l

r r

l l r r

         (A.7.1) 

and 
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( )
( ) ( )

( ) ( )

(2)
0

(2) , ,

lr l r

l r l r

jm jn
m lr mn n l r

m n

jm jm
m l r m l r

m

J k e T J k e
H k

n
H k e J k e

φ φ

φ φ

ρ ρ

ρ ρ

′ ′

′ ′ ′

∞ ∞
−

′ ′
=−∞ =−∞

∞
−

′ ′ ′
=−∞


′ ′− ≠

′∂ − 
= 

∂  ′ ′ ′− = ≠


∑ ∑

∑

l l
r r

l l r r

           (A.7.2) 

respectively, where  

( ) ( )(2)
.llj m n

mn m n llT H k e
φ

ρ ′− −
′−=                               (A.7.3) 

The prime denotes differentiation of the Bessel function with respect to its argument. 

The purpose of the decomposition is to decouple the source and observation coordinates 

in order to perform integrals over each port circumference independently. Substituting 

(A.7.1) and (A.7.2) into the integrals in (4.37) leads to 

 

( ) ( ) ( )

( ) ( ) ( )(2) , ,

j

j
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       (A.7.4) 

( ) ( ) ( )

( ) ( ) ( )(2) , .
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j
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r l l
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�

�

     (A.7.5) 

The integrals in (A.7.4) and (A.7.5) can be evaluated with the help of the modal 

voltage and current definition in (4.26), 

( ) ( )
2

0
,

j

l r l r

c

jn jn
j l r jne ds a e d I

πφ φ
φ φ φ′ ′ ′ ′− −

′ ′′ ′ ′= ⋅ =∫ ∫r r� H H                         (A.7.6) 

( ) ( )
2

0

2
.

j

l r l r

c

jn jn j
z j z l r jn

a
e ds a e d V

d

πφ φ π
φ′ ′ ′ ′− −

′ ′′ ′ ′= ⋅ =∫ ∫r r� E E                   (A.7.7) 

By substituting (A.7.4) and (A.7.5) into (4.37) with the consideration of (A.7.6) 

and(A.7.7), one can rewrite (4.6) as 
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( ) ( )
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;
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              (A.7.8) 

where i lra ρ=  and j l ra ρ ′ ′=  are the radii of the observation and source ports, 

respectively. The factor 2 in the left side of (A.7.8) emerges due to a singularity in the 

integral when r = r´, whose extraction has been discussed in the previous section. The 

electric field on the observation port is next projected into azimuthal modes, as defined 

in (4.23) and expressed in the form of modal voltages (4.24) as  

( )
2

0

.
2

lrjm
im m z i lr

d
V E d E e d

π
φ φ

π
−= = ∫ rɶ                              (A.7.9) 

Substituting (A.7.8) into (A.7.9) and evaluating the integral lead to the following 

system of equations, 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

(2)
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(2)

1;
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∑ ∑

… … …

        (A.7.10) 

Here, the orthogonality of exponential harmonics has been applied. By using the 

Wronskian of Bessel functions, (A.1.15), one can further simplify (A.7.10) to 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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π

η
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= ≠ =−∞

∞

= ≠ =−∞

 
′− + 

  

 
= + 
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… … …

             (A.7.11) 
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which can be written in to matrix form (4.41) whose elements in (4.44) and (4.45) can 

be read from (A.7.11). 

 

A.8. Derivation of Equations (4.48)-(4.51) 

One may resort to the integrals in (4.37) to find interactions between the circular port 

and a point on the line port, 

( ) ( ) ( ) ( )(2) ,
j

ll l r

c

jn jn
j n ll n l r

n

H k e J k e ds
φ π φ

φβ ρ ρ′ ′ ′
∞

+ −
′ ′ ′

=−∞

′ ′= ∑ ∫ r� H                       (A.8.1) 

( ) ( ) ( ) ( )(2) ,
j

ll l r

c

jn jn
j n ll n l r z

n

H k e J k e ds
φ π φ

α ρ ρ′ ′ ′
∞

+ −
′ ′ ′

=−∞

′ ′ ′= ∑ ∫ r� E                        (A.8.2) 

for the case that the source point r´ lies on a circular port and  

( ) ( ) ( )(2) ,ll lrjm jm
j m ll m lr

m

H k e J k e
φ φ

φβ ρ ρ′
∞

−
′

=−∞

′= ∑ rH                             (A.8.3) 

( ) ( ) ( )(2) ,ll lrjm jm
j m ll m lr z

m

H k e J k e
φ φ

α ρ ρ′
∞

−
′

=−∞

′= ∑ rE                              (A.8.4) 

for the case that the source point r´ lies on a boundary line port. The vector notations 

are referred to Fig. A.2, for which the circle cj collapses to a point if the source r´ is on 

boundary line ports, whereas ci collapses to a point if the observation r is lies on a line 

port. Substituting (A.8.1)-(A.8.4) into (4.37) and following the same procedure as 

(A.7.8)-(A.7.11), the off-diagonal matrices in (4.48)-(4.51) can be obtained. 

 



147 

 

 

Appendix B: Extension of Cavity Resonator 

Model for Circular Ports 

 

 

In the cavity resonator model (CRM), due to the specific geometry of the power plane 

structure, the impedance can be calculated by integrating the Green’s function and 

taking an average over a rectangular port area, as described in [64],[65]. However, very 

often the physical geometry of the ports is circular, especially for applications involving 

vias. Under the assumption of isotropic ports, the tangential magnetic field on the area 

of source port j is considered constant and an equivalent sheet current in z-direction 

can be defined as zJ φ= H . The electric field along the circumference of port i can then 

be described by the electric field integral equation, 

( ) ( ), ,
sz G dsφ′

′ ′= ⋅∫r r r�E H                                     (B.1) 

where ( ),G ′r r  is the Green’s function of the 2-D Helmholz equation [64]. For a 

rectangular cavity with a perfect magnetic conductor (PMC) boundary, 

( ) ( )

( ) ( ) ( ) ( )
2 2

2 2 2
0 0

, , , ,

cos cos cos cos ,m n
xm yn xm yn

m nx y xm yn

G G x y x y

C Cj
k x k y k x k y

P P k k k

µω ∞ ∞

= =

′ ′ ′= =

′ ′⋅
+ −

∑ ∑

r r

              (B.2) 

where Px and Py are the plane widths in the x- and y-direction, respectively, as shown 

in Fig. B.1. µ denotes the permeability and ω is the angular frequency. m and n 

represent the m-th and n-th eigenmode in the x- and y-direction respectively, whereas 

Cm,n = 1 if m,n = 0 and Cm,n = 1 if m,n ≠ 0. kxm = mπ/Px and kyn = nπ/Py. 

Substituting (B.2) into the isotropic parallel-plate impedance (Zpp) definition (4.3), Zpp 

can be expressed as 

( )
2 2

, ,
i j

ij c c
i j

d
Z ds ds G

a aπ π
′ ′= ⋅ ⋅ ⋅

⋅
∫ ∫ r r� �                              (B.3) 
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where cj and ci are the circumferences of the source and observation ports, respectively, 

as shown in Fig. B.1. Equation  (B.3) can be explicitly written as 

 ( ) ( )
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              (B.4) 

where (Txj, Tyj) and (Txi, Tyi) are the coordinates of the centers of the source and 

observation ports, respectively. φ  and φ′  are azimuthal angles in the local coordinates 

of observation and source circles, as shown in Fig. B.1. The two integrals in (B.4) are of 

the same form and can be solved similarly. Applying the addition formula for cosine 

functions, α1 can be decomposed into 

1 1 2 3 4
,K K K Kα = + + +                                          (B.5) 
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z

s′

s

′r

r

 

Figure B.1 Top view of a rectangular power plane structure with two ports and parameter 

definition for circular ports in the cavity model. 
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where 

( ) ( ) ( ) ( )
2

1
0

cos cos cos cos cos sin ,xm xi yn yi xm i yn iK k T k T k a k a d
π

φ φ φ= ∫  

( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )
2
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π

φ φ φ= ∫  

( ) ( ) ( ) ( )
2

4
0

sin cos sin cos cos sin .xm xi yn yi xm i yn iK k T k T k a k a d
π

φ φ φ= ∫  

The above integrals in K1 – K4 can be solved with the assistance of the following 

generating functions [119]: 

( ) ( ) ( ) ( )2
1 2cos cos cos ,

k

k
k

z J z kθ θ
∞

=−∞

⋅ = −∑                         (B.6) 

 ( ) ( ) ( )2
2cos sin cos ,k

k

z J z kθ θ
∞

=−∞

⋅ = ∑                                 (B.7) 

( ) ( ) ( ) ( )2 1
2 1 2 1sin cos cos ,

k

k
k

z J z kθ θ
∞

+
=−∞

 ⋅ = − + ∑               (B.8) 

( ) ( ) ( )2 1
2 2 1sin sin sin .k
k

z J z kθ θ
∞

+
=−∞

 ⋅ = + ∑                        (B.9) 

Substituting (B.6) and (B.7) into the integral for K1 yields 
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             (B.10) 

The integral in (B.10) is only non-zero when p q= , leading to 

( ) ( )

( ) ( ) ( ) ( ) ( )

1

0 0 2 2
1

2

2 1

cos cos

.

xm xi yn yi

p

xm i yn i p xm i p yn i
p

K k T k T

J k a J k a J k a J k a

π

∞

=

= ⋅

 
+ ⋅ − 

 
∑

            (B.11) 



150                              Appendix B: Extension of Cavity Resonator Model for Circular Ports 

 

Applying the addition theorem for Bessel functions [36],  

( ) ( ) ( ) ( ) ( )2 2
0 0 0 2 2
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2 1 ,
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k k
k

J J J J Jα β α β α β
∞

=

 
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 
∑               (B.12) 

K1 can be simplified as 

( ) ( ) 2 2
1 0

2 cos cos .xm xi yn yi xm yn iK k T k T J k k aπ  
= ⋅ ⋅ + ⋅ 

 
                      (B.13) 

Similarly, using (B.6)–(B.9) to solve for K2 –K4, we obtain 

2 3 4
0,K K K= = =                                          (B.14) 

since the integrands are combinations of orthogonal sinusoidal basis functions. We can 

solve 
2

α  in the same manner and by substituting the solutions of 
1

α  and 
2

α  into (B.4), 

the following expression is derived 

( ) ( ) ( ) ( )
2 2

2 2
0 0

cos cos cos cos ,
m n cp

ij xm xi yn yi xm xj yn yj
m nx y mn

C C fj d
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µω ∞ ∞
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−

∑ ∑     (B.15) 

where 

2 2
mn xm ynk k k= + ,     ( ) ( )0 0

.cp mn i mn jf J k a J k a= ⋅  

Equation (B.15) can be considered as the Green’s function (B.2) modulated with the 

function fcp, that results from the finite size of the circular port. In the formulation for 

square ports [65], this port modulation function is 

2 2 2 2
sin sin sin sin ,

yn i xm j yn jxm i
sp

k W k W k Wk W
f c c c c

      
     = ⋅ ⋅ ⋅               

 

where Wi, Wj are widths of port i and j, respectively, which usually corresponds to the 

equivalent circular port diameter. Instead of sinc functions, the circular port expression 

(B.15) contains Bessel functions. 

To give a first impression of the difference between the two functions, we consider the 

input impedance of a square power plane pair with a port in the center. Suppose that 
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the port radius is 1/1000 of the plane width and the square port width equals the 

circular port diameter (W = 2a). Fig. B.2 plots the two port modulation functions 

when m = n and kxm = kyn. It can be observed that both functions converge to 1 for 

small arguments. However, the square port approximation overestimates the 

contribution of the first hundreds of modes and diminishes the higher order modes 

beyond that. Therefore, the square port model is only accurate in the low frequency 

range, where the impedance values are mainly determined by lower order modes.   

It should be noted that the Green’s function represents modes in a PMC bounded 

rectangular cavity, sandwiched by two solid planes. However, impedance is defined by 

assuming that a current is impressed on one port and all other ports remain open. This 

means that Zpp should be calculated in presence of open circular ports, i.e., PMC holes 

in the solid plane, whose Green’s function is in general not known. The effect of these 

PMC holes should be included for an exact calculation of Zpp. The impedance 

calculated by (B.15) can be considered as Zpp in parallel connection to many small 

circular plane pairs, whose impedances Zh can be found in e.g. [64] as 
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Figure B.2 Comparison of the port modulation function between circular port fcp and square 

port fsp of a square power plane pair for mode number m = n. The ratio of the port radius to 

the plane width is 0.001. 
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Figure B.4 Input impedance computed for the case in Fig. 4.6, obtained by the cavity model 

for circular port with the PMC hole and square port with equivalent perimeter, equivalent 

area, and equivalent diameter at frequencies (upper) up to 20 GHz and (lower) 20 – 60 GHz. 

= +
t

Z
pp

Z
h

Z

 

Figure B.3 Illustration of the desegmentation procedure. The impedances of the PMC holes 
h

Z  are extracted from impedance matrix of a solid plane 
t

Z  to yield the parallel-plate 

impedance 
pp

Z . 
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The contribution of these small plane pairs can be excluded using the desegmentation 

technique [85],[168]. As illustrated in Fig. B.3, The parallel-plate impedance 
pp

Z  can be 

viewed as the impedance matrix of a solid plane 
t

Z  subtracts the impedance of the 

PMC holes 
h

Z , where 
h

Z  is a diagonal matrix with its entries defined in (B.16). By 

observing the voltage and current relations, the following expression can be found 

( )
1

.
pp t h t h

Z Z Z Z Z

−

= −                                  (B.17) 
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Figure B.5 Input impedance computed for the case in Fig. 4.6, obtained by the cavity model 

for square port, circular port with and without the PMC hole, as well as radial waveguide 

method plus image theory at frequencies (upper) up to 20 GHz and (lower) 20 – 60 GHz. 
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As an example, the single-port rectangular power plane pair structure shown in Fig. 4.6 

is analyzed. The effect of port shape approximations on Zpp is first evaluated. Fig. B.4 

plots the input impedance results calculated by the new expression for circular ports, 

compared to three approximated square port cases, namely, equivalent perimeter 

( 2W aπ= ), equivalent area (W aπ= ⋅ ), and equivalent diameter ( 2W a= ). 

1500*1500 modes are used for all the calculations. It is observed that the impedance is 

almost not affected by the port shape at the frequencies below 10 GHz and mainly 

determined by the board resonances. However, at higher frequencies, where the board 

resonances are significantly damped by the loss, the square port approximations 

overestimate the input impedance of the power planes, whereas the equivalent diameter 

approximation predicts the closest value to the circular port.  

To demonstrate the effect of the PMC holes, the same configuration in Fig. 4.6 is 

computed with and without the PMC holes. The results are compared with the 

impedance obtained by the radial waveguide formula combined with image theory, 

which is an efficient approach for modeling of lossy rectangular power planes with 

circular ports [73]. The number of image layers is 10. As shown in Fig. B.5, the result 

of circular port with the PMC hole overlaps with that calculated by the RW method, 

whereas higher impedance is predicted without extracting the small circular plates at 

frequencies higher than 20 GHz.   
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