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Abstract
Self-organizing systems consume energy to generate internal order. The concept of thermody-
namic efficiency, drawing from statistical physics and information theory, has previously been pro-
posed to characterise a change in control parameter by relating the resulting predictability gain to
the required amount of work. However, previous studies have taken a system-centric perspective
and considered only single control parameters. Here, considering systems at or near equilibrium,
we generalise thermodynamic efficiency to multiple control parameters and extend the definition
of thermodynamic efficiency to protocols in arbitrary directions, by introducing directional effi-
ciency. Taking an observer-centric perspective, we derive two novel formulations. The first, an infer-
ential form, relates efficiency to fluctuations of macroscopic observables, interpreting thermody-
namic efficiency in terms of how well the system parameters can be inferred from observable mac-
roscopic behaviour. The second, an information-geometric form, expresses efficiency in terms of the
Fisher information matrix, interpreting it with respect to how difficult it is to navigate the statist-
ical manifold defined by the control protocol. This observer-centric perspective is contrasted with
the existing system-centric view, where efficiency is considered an intrinsic property of the system.

1. Introduction

Collective systems, such as groups of interacting particles, flocks of birds, schools of fish, or active
matter, create and maintain internal order by consuming energy and performing work [1–4]. Their
large-scale complex patterns or coordinated movements arise from simple local interactions, a phe-
nomenon known as self-organisation. For example, flocking behaviour emerges as each bird tries to
follow its neighbours while avoiding collision. The efficiency of local interactions can be measured by
thermodynamic efficiency: the ratio of entropy reduction or predictability gain to the generalised work
required to vary a system’s control parameter [5–9].

Thermodynamic efficiency has been studied for various complex dynamical systems, including
canonical magnetisation models, such as the Curie–Weiss model [8] and the Ising model [9], self-
propelled particles [6], urban dynamics [5], and contagion networks [7]. Each study examined the ther-
modynamic efficiency along a single protocol, focusing on a control parameter driving the system across
distinct macroscopic states (i.e. phase transition). For example, in canonical magnetisation models, phase
transitions were induced by changing parameters such as temperature, external magnetic field strength,
and coupling strength [8, 9]. In modelling the motion of self-propelled particles, increasing the particle
alignment strength was observed to drive collective motion from disorder to ordered states [6]. In urban
systems, modifying the social disposition parameter, a factor that prioritises the attractiveness of sub-
urbs relative to travel costs, shifts the city layouts between monocentric (single mega-suburb) and poly-
centric (multiple affluent suburbs) configurations [5]. In modelling an epidemic spread, the infection
transmission rate controls the transition between non-epidemic and epidemic phases [7]. These studies
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observed that thermodynamic efficiency peaks or diverges at a phase transition, and interpreted this in
terms of the system’s ability to increase its intrinsic cohesiveness relative to the work carried out near
critical regimes. In other words, these approaches adopted a system-centric view on the efficiency of col-
lective interactions during self-organisation.

Despite different contexts, these studies demonstrated that self-organizing systems are most energetic-
ally efficient in increasing internal order (i.e. predictability) when poised at the critical regimes. Building
on these results, recent work [9] proposed the thermodynamic efficiency as an intrinsic utility for self-
organisation and introduced the principle of super-efficiency. The principle postulates that collective sys-
tems self-organise to criticality because it is the regime where (a) given the amount of work available to
change the control parameter, the gain in predictability is maximised, or (b) given the desired predict-
ability gain, the required work is minimised. The study also proposed extending thermodynamic effi-
ciency to systems with multiple control parameters; however, formulating this extension remained an
open challenge.

Moreover, the intrinsic utility interpretation treated thermodynamic efficiency as the system’s
property—independent of how it is observed and measured. However, the emergence of order in col-
lective systems is inherently linked to the specifically chosen observables. Our choice of order paramet-
ers, control parameters, or the coordinate representations used to encode the parameter space can all
affect the computed value of thermodynamic efficiency. Yet, no formal framework exists to capture this
observer-centric perspective, even for the single parameter case.

This paper aims to generalise thermodynamic efficiency to settings with multiple control paramet-
ers for systems at or near equilibrium. We derive two new equivalent formulations and offer different
interpretations: one expresses efficiency in terms of the fluctuations of macroscopic observables, inter-
preted from an inferential perspective; the other in terms of Fisher information, interpreted from the
information-geometric perspective. These two interpretations are observer-centric, and we contrast them
with the previously developed computational perspective [6, 9], which is system-centric.

This paper is structured as follows. Section 2 reviews the definition of thermodynamic efficiency for
a single control parameter and extends the definition for multi-parameter systems explored using arbit-
rary control protocols, by introducing directional efficiency. Sections 3 and 4 extend the concept to multi-
parameter settings, introducing two new formulations: inferential and information-geometric. In addi-
tion, these sections offer observer-centric interpretations of these two forms. Section 5 illustrates the idea
through simulations of the 2D Ising model. Section 6 concludes with a discussion of the key findings
and their implications.

2. Defining thermodynamic efficiency

Thermodynamic efficiency [5–8] quantifies how efficiently a collective system self-organises. It is a func-
tion of the control parameter λ, which modulates the interactions among the individuals within the col-
lective, and hence changes the system’s overall predictability. For example, in the Ising model—a simple
system of interacting binary spins on a lattice—we may consider the coupling strength between neigh-
bouring spins as a control parameter, and increasing the coupling strength increases the spins’ tendency
to align, hence bringing order to the system. Thermodynamic efficiency η(λ) measures how much work
done by tuning λ translates to increased order. The thermodynamic efficiency of interaction connects
deeply to information theory under Jaynes’ generalised statistical mechanics framework [10].

For a collective system governed by a set of control parameters (or generalised forces) {λi}, each
corresponding to a conjugate observable (or collective variable) Xi [11], if the system is subject to con-
straints given by the expected values of the observables 〈Xi 〉, the probability distribution the system’s
microstate x is given by the maximum entropy distribution:

p(x;λ) =
1

Z
e−

∑
i λi Xi(x) (1)

where the sum
∑

i λiXi(x) can be viewed as generalised total energy.
For example, in the canonical square-lattice Ising model, the generalised forces {λi}= {−βh,−βJ},

with β = 1
kBT

being the inverse temperature, h the external magnetic field, and J the coupling strength.
The corresponding conjugate observables are {Xi(x)}= {

∑
nσn,

∑
<m,n>

σmσn}, where σn is the spin of

the nth site, and the observables represent the total magnetisation and the total pairwise interactions,
respectively.
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The partition function Z is:

Z(λ) =
∑
x

e−
∑

i λi Xi(x) (2)

Under information theory, Shannon entropy S quantifies the uncertainty of a probability distribution
p(x) and is defined as [12]:

S=−
∑
x

p(x) logp(x) (3)

In this generalised framework, log of the partition function, or the Massieu potential Ψ (analogous
to the Gibbs potential in thermodynamics), is the difference between the Shannon entropy and the gen-
eralised total energy [11]:

Ψ = logZ=−
∑
i

λi 〈Xi 〉+ S (4)

where 〈Xi 〉 is the average of the observable Xi.
Thermodynamic efficiency η for a given control parameter λi is defined as the ratio of reduction in

Shannon entropy S (or gain in predictability) to the generalised work 〈βW〉 expended for tuning the
parameter (W refers to thermodynamic work). Mathematically, it can be expressed as [5–8]:

η
(
λj

)
=−

∂S
(
λj

)
∂λj

/
∂〈βW〉

(
λj

)
∂λj

(5)

where partial derivatives are used to emphasise that the definition holds for settings with multiple con-
trol parameters.

In a quasi-static process, the infinitesimal work done by the system to change the control parameter
is equal to the reduction in Gibbs free energy d〈W〉=−dG [13, section 15]. Therefore, the thermody-
namic efficiency can be expressed as:

η
(
λj

)
=

∂S
(
λj

)
∂λj

/
∂βG

(
λj

)
∂λj

(6)

where G is the Gibbs potential, so that [13, section 31]:

G=− 1

β
logZ (7)

Similar to (5), we define generalised directional efficiency evaluated at λ= (λ1,λ2, . . . ,λn) for the
protocol moving in the direction v= (v1, . . . ,vn) as:

ηv (λ) =
−DvS(λ)

Dv〈βW〉(λ)
(8)

where the directional derivative of a scalar function f : Rn → R in the direction of v at the point λ is
defined as [14, pp. 147–148]:

Dvf(λ) := lim
t→0

f(λ+ tv)− f(λ)

t
=∇f · v. (9)

For a single-parameter case, the efficiency η(λj) can be interpreted as the ratio of the amount of
information gained about the system to the amount of generalised work done to change the control
parameter by a small amount δλj. We provide interpretations for the multi-parameter case in more
detail in sections 3.2 and 4.2.

3. Relating efficiency to fluctuation

The previous studies focus on a single control parameter and its corresponding observable. In the fol-
lowing section, we turn our focus on the inter-dependencies of multiple observables {Xi} in response
to changing a specific control parameter λj. We aim to reformulate the thermodynamic efficiency η(λj)
in terms of the covariance of observables {Xi}, which is a measure of how the observables fluctuate
together, and provide a statistical perspective on the efficiency of self-organisation.

3
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3.1. Reformulating efficiency in terms of fluctuations
Using well-known results from generalised statistical physics (see appendix A), the rate of entropy
change with respect to the control parameter λj can be expressed as:

∂S(λ)

∂λj
=−

∑
i

λiCov
(
Xi,Xj

)
. (10)

This key expression yields the numerator of the thermodynamic efficiency (6) in terms of the covariance
across multiple observables. Turning our attention to the denominator, we use the following representa-
tion, which is typically derived by combining (7) and (A1) (see appendix A):

∂βG(λ)

∂λj
=−∂ logZ(λ)

∂λj
= 〈Xj〉. (11)

Substituting (10) and (11) into (6), we can reformulate the thermodynamic efficiency η(λj) as:

η▷◁
(
λj

)
=−

∑
i λiCov

(
Xi,Xj

)
〈Xj〉

(12)

We refer to this as the inferential form of thermodynamic efficiency, denoted by η▷◁. For a single control
parameter λ and conjugate observable X, the efficiency can be simplified to:

η▷◁ (λ) =−λVar(X)

〈X〉
. (13)

Equations (12) and (13) offer a key insight: thermodynamic efficiency can be expressed in terms of
fluctuations in the observables driven by changing a specific control parameter λ. Specifically, the effi-
ciency in (12) is the total fluctuation, weighted by all the control parameters, and normalised by the
mean value of the observable conjugate to the parameter of interest. This formulation links the efficiency
of interactions to the statistical inference of the system’s probability distribution, and the next section
explores this, observer-centric, interpretation further.

3.2. The statistical perspective of efficiency
In 1957, Jaynes in his seminal work [10] posed a key question: What probability distribution best
describes our state of knowledge about a physical system, given some average measurement outcomes
of macroscopic observables? He concluded that by assigning probabilities which maximise the inform-
ation entropy subject to relevant constraints, one can arrive at the same probability distribution given
by canonical methods of statistical mechanics. The resulting probability distribution is given by p(x;λ),
where λi are the Lagrange multipliers associated with the constraints on the average values of observ-
ables {Xi}.

The same problem can be rephrased differently: Given average measurement values of the observ-
ables 〈Xi(x)〉,〈X2(x)〉. . ., how can we infer the parameters of the probability distribution p(x;λ), such
that the distribution agrees with the average measurements and maximises the information entropy? This
can be thought of as estimating λ based on sampling the macroscopic observables X1(x),X2(x). . .. The
error of estimating λ from the given data is measured by the covariance matrix of the estimator:

Aij = Cov
(
λi,λj

)
.

The covariance matrix of the estimators A has an inverse relationship with the covariance matrix
of the observables Bij = Cov(Xi,Xj), which measures how much the macroscopic observables Xi and Xj

change together [15, p. 190]:

A= B−1.

This means that when the covariance (and variance) of the macroscopic observables Cov(Xi,Xj) is large,
the covariance (and variance) of the parameter estimators Cov(λi,λj) is small, hence the observer can
estimate λ with smaller errors.

Therefore, equations (12) and (13) show that the efficiency of self-organisation goes hand-in-hand
with the inferential efficiency. A statistical estimator is considered efficient when it is unbiased and has
minimum variance. When the system self-organises into a state where the observables tend to fluctu-
ate together, it has created internal structure where an observer can recover its hidden parameters more
accurately. In other words, when the self-organizing system is efficient, observers can make a better guess
of the system’s hidden parameters {λ} by observing the macroscopic observables {X}. The denominator
〈Xj〉 normalises the efficiency so that η becomes comparable across the set of control parameters {λ}.

4
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4. Relating efficiency to fisher information

4.1. Reformulating efficiency in terms of fisher information
Thermodynamic efficiency can also be reformulated, using information theory, in terms of the Fisher
information [16, 17]. As shown in appendix B, Iij(λ) = Cov(Xi,Xj). Substituting this to (10) gives the
numerator of the efficiency η(λj) in terms of Fisher information:

∂S(λ)

∂λj
=−

∑
i

λiIij (λ) . (14)

Using (B3) (see appendix B), the denominator of the efficiency η(λj) can be expressed via the integ-
ral of the Fisher information Ijj over the control parameter λj (derivation for single parameter case is
given in [6, 18]):

∂βG(λ)

∂λj
=−∂ logZ(λ)

∂λj

=−
ˆ λj

λ∗
j

Ijj
(
λ1, . . . ,λ

′
j , . . . ,λn

)
dλ ′

j (15)

where λ∗
j is the point where a change in the control parameter λj does not extract or perform any work,

or the zero-response point. That is:

∂〈βW〉(λ)
∂λj

∣∣∣∣
λj=λ∗

j

= 0. (16)

Under a quasi-static process, this leads to:

− ∂βG(λ)

∂λj

∣∣∣∣
λj=λ∗

j

=−〈Xj〉= 0. (17)

For example, in a system of interacting spins, such as a 2D Ising model, the zero-response point with
respect to the coupling strength is the point where the nearest-neighbour correlations vanish, which is
the point where

∑
σiσj = 0.

Combining (14) and (15) yields:

η△
(
λj

)
=

∑
i λiIij (λ)´ λj

λ∗
j
Ijj

(
λ1, . . . ,λ ′

j , . . . ,λn

)
dλ ′

j

. (18)

We refer to this as the information-geometric form of thermodynamic efficiency, denoted by η△. For a
single control parameter λ, the efficiency can be simplified to:

η△ (λ) =
λI (λ)´ λ

λ∗ I (λ ′)dλ ′
. (19)

The Cramer–Rao inequality states that the covariance matrix of a set of unbiased estimators for the
parameters {λ} is bounded by the inverse of the Fisher information matrix [17]:

Cov
(
λ̂
)
⩾ I−1 (λ) . (20)

This inequality implies that larger Fisher information leads to a smaller lower bound of the estimation
variance, that is, the parameters can be estimated more precisely. In this context, higher thermody-
namic efficiency implies the ability to more precisely estimate control parameters λ from the macro-
scopic observables X, relative to the total variance accumulated along the control protocol from λj to
λ∗
j . In other words, continuing along the protocol towards the critical point, a potentially higher pre-

cision quantified by the numerator, is contrasted with a potentially higher total precision accumulated
along the protocol, quantified by the denominator. This aligns with our earlier point in section 3.2 that
thermodynamic efficiency is linked to inferential efficiency. However, fundamentally, the equations (18)
and (19) can be interpreted information-geometrically, as discussed in the next section.

5
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Figure 1. Statistical manifoldM. The λi, λj are coordinate curves, and ei, ej are the corresponding tangent vectors. A point

on the manifold is a probability density p(x;λ) of a random variable x, parameterised by λ.

4.2. Information-geometric perspective of efficiency
Sections 3.1 and 4.1 extended thermodynamic efficiency to multi-parameter systems, but constrain the
protocol to follow along the axis of one control parameter at a time. We now examine the thermody-
namic efficiency of protocols in arbitrary directions—referred to as directional efficiency (equation (8)).

The numerator of equation (8), which is the directional derivative of entropy reduction in direction
v evaluated at λ, is given by:

−DvS(λ) =−∇S(λ) · v. (21)

Substituting each partial derivative ∂S
∂λj

(j = 1, . . . ,n) in equation (21) with expression (14) yields:

−DvS(λ) =
∑
j

vj
∑
i

λiIij (λ) (22)

In information geometry, the Fisher information matrix defines a Riemannian metric on a statistical
manifold, known as the Fisher–Rao metric. Consider a statistical model M= {p(x;λ)} parameterised
by λ= (λ1, . . .,λn). M is an m-dimensional manifold with λ being a coordinate system (illustrated in
figure 1). We define the map from the parameter space to the statistical manifold as φ : λ 7→ p(.;λ) and
the tangent vector ei of the ith coordinate curve on the manifold as:

ei =
∂φ

∂λi
. (23)

A component Iij of Fisher information matrix is the inner product of the tangent vectors ei,ej of M
in the directions of the coordinate curves λi,λj (illustrated in figure 1) [19–22]:

Iij = 〈ei,ej〉 (24)

where 〈., .〉 denotes the inner product of two vectors. Iii = 〈ei,ei 〉= ‖ei‖2 is therefore the squared norm
of the tangent vector.

Comparing identity (24) to the numerator of ηv in equation (22), we derive that:

−DvS(λ) =
∑
j

vj
∑
i

λiIij (λ)

=
∑
j

∑
i

vjλi 〈ei,ej〉

= 〈v,λ〉. (25)

Note that equation (14) written in vector form is:

∇S(λ) =−I (λ)λ. (26)

6
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Figure 2. To escape from the maximum-entropy (uniform) distribution p(x;0), the steepest direction on the statistical mani-
fold is given by the natural gradient of−S(λ) (in red). The numerator of directional efficiency represents the extent to which
the protocol’s velocity vector (in blue) aligns with this direction.

Multiplying both sides of the equation by the inverse of the Fisher information matrix and negative
one, we obtain:

−I−1 (λ)∇S(λ) = λ. (27)

The LHS of the equation is known as the natural gradient of −S(λ), which is the steepest descent direc-
tion of S(λ) on the statistical manifold [23].

The vector λ thus represents both the position on the manifold and the direction of fastest entropy
reduction. At the origin, λ= (0, . . . ,0), the statistical model corresponds to the maximum-entropy (uni-
form) distribution. The vector λ, which points from the origin to the current position, provides the
optimal direction to move away from maximum entropy.

In this context, the numerator of ηv in equation (25) can be considered as the inner product of the
velocity v and the natural gradient of descending entropy evaluated at the point λ. It represents the
extent to which the protocol’s velocity aligns with the most efficient direction (illustrated in figure 2).

On the other hand, the denominator of ηv is the directional derivative of the generalised work.
Assuming a quasi-static protocol, the denominator can be expressed as:

Dv〈βW〉(λ) = Dv logZ(λ) =∇ logZ(λ) · v. (28)

Substituting each partial derivative ∂ logZ
∂λj

in equation (28) with equation (15) yields:

Dv〈βW〉(λ) =
∑
j

vj

ˆ λj

λ∗
j

Ijj
(
λ1, . . . ,λ

′
j , . . . ,λn

)
dλ ′

j . (29)

For each dimension j = 0, . . . ,n, we compute the integral of the corresponding diagonal elements of the
Fisher information matrix, starting from the zero-response value λ∗

j to the current value λj.
To interpret this equation information-geometrically, we consider the distance and energy of a path

on the manifold. The geodesic metric distance for the statistical manifold between two probability distri-
butions p(x;λ) and p(x;λ ′), i.e. Fisher-Rao distance [24], is defined as:

DFR

(
pλ,pλ ′

)
:=

ˆ 1

0

√
γ̇ (t)⊤Iγ(t)γ̇ (t) dt. (30)

where γ denotes the geodesic passing through γ(0) = λ and γ(1) = λ ′. The dot notation represents the
time derivative of the curve, i.e. the velocity.

The energy of the curve γ is given by [25, p. 20]:

E(γ) :=
1

2

ˆ 1

0
γ̇ (t)⊤Iγ(t)γ̇ (t) dt (31)

E(γ) is also known as ‘action of the curve’ [25, p.19], typically defined as the time integral of the dif-
ference between kinetic energy and potential energy along the trajectory γ.

7
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Figure 3. The denominator of directional efficiency represents the weighted sum of the energies of the paths from the zero-
response point to the current point over all dimensions. For each dimension λj (j = 1,2, . . . ,n), the energy Ej of the path (in
green) from the zero-response point (λ∗

j ) to its current position (λj) is computed. The energies of these paths are weighted by
the velocity of protocol at λ (in blue).

When the system moves in the direction of a coordinate curve λj, the velocity vector γ̇(t) is one
along axis λj and zero for all other axes. The energy along the path is therefore simplified to:

E(γ) =
1

2

ˆ 1

0
Ijj (γ (t)) dt (32)

Comparing equation (32) to equation (29), and letting γ(0) = λ∗
j and γ(1) = λj, we note that the

jth integral in equation (29) can be considered as the energy of the path going from the reference point
λ∗
j to the point λj along the jth axis (subject to a constant scalar multiplier of 2). The denominator of

ηv is therefore the sum of these individual path energies across all dimensions, weighted by the control
protocol’s velocity (figure 3).

Combining equations (22) and (29) yields:

ηv (λ) =
〈v,λ〉∑

j vj
´ λj

λ∗
j
Ijj

(
λ1, . . . ,λ ′

j , . . . ,λn

)
dλ ′

j

. (33)

When the protocol is constrained along one axis λj at the speed of one, equation (33) simplifies to
equation (18) in section 4.1:

η(0,...,1,...,0) (λ) =

∑
k vk

∑
i λiIik (λ)∑

k vk
´ λk

λ∗
k
Ikk

(
λ1, . . . ,λ ′

k, . . . ,λn

)
dλ ′

k

=

∑
i λiIij (λ)´ λj

λ∗
j
Ijj

(
λ1, . . . ,λ ′

j , . . . ,λn

)
dλ ′

j

(34)

since vk = 0 when k 6= j and vk = 1 when k= j. Thus we recover η△(λj) as defined in equation (18). In
this special case, the numerator quantifies the deviation of the protocol’s velocity—restricted along axis
j — from the natural gradient, while the denominator represents the path energy from zero-response
point to current position along the jth axis.

Under the information-geometric view, directional efficiency quantifies the efficiency of navigation
on the statistical manifold following a control protocol. The directional efficiency is determined by both
the system’s position (λ) and its velocity (v) under the protocol. It measures how well the protocol
aligns with the optimal direction, given the weighted sum of path energies across all coordinate direc-
tions. For a given position, one can compare various protocols by moving the system in different dir-
ections v. Aligning v with the natural gradient of the manifold maximises the numerator, allowing the
system to gain predictability quickly. However, this may also increase the denominator if v places a heavy
weight on high-energy axis directions. An efficient protocol must strike a balance between the gain in
predictability and the associated energy.

8
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4.3. Efficiency and parameter space compression
Previous studies [26, 27] show that physical or biological systems with complex microscopic behaviour
can often be effectively described by simple models with a few parameters. The reduction in parameter
space dimensionality, or parameter space compression, is possible because the system’s behaviour is
more sensitive to certain parameter combinations than others. The Fisher information matrix I(λ) cap-
tures this sensitivity: its eigenvalues identify dominant directions in parameter space. A large eigenvalue
corresponds to a ‘stiff ’ direction, along which small perturbations to parameter λi produce large changes
in the system’s behaviour.

Thermodynamic efficiency in its Fisher information formulation (18) or (19) naturally connects to
the concept of parameter space compression. Specifically, η(λj) measures the gain in macroscopic order
per unit energetic cost when changing a control parameter λj. If λj aligns with a stiff direction in the
parameter space, then it will have high thermodynamic efficiency because the system responds sharply to
it. Conversely, a ‘sloppy’ parameter direction will contribute very little to macroscopic changes, and so it
will have low thermodynamic efficiency.

Therefore, thermodynamic efficiency relates to the compressibility of the parameter space. It
is highest along parameter directions that are least compressible—those that dominate observable
behaviours—and therefore reflects the hierarchy of parameter importance (captured by the correspond-
ing eigenvalues of the Fisher information matrix) with respect to parameter space compression. A self-
organizing system that tunes itself to maximise efficiency ‘collapses’ into its effective parameter space
where a few dominating control parameters govern the macroscopic behaviour of the system.

4.4. Computational interpretation of efficiency
Considering equations (18) and (19), we can interpret thermodynamic efficiency not only in terms of
Fisher information (i.e. in terms of estimation precision), but also in broad computational terms, con-
necting the efficiency of interactions to distributed computation within the system [6].

It has been suggested in previous studies [6, 9] that the thermodynamic efficiency can be computed
in computational terms, for the single parameter case4:

η† (λ) =−dS(λ)

dλ

/ˆ λ

λ∗
I (λ ′)dλ ′. (35)

Given our analysis, we can easily generalise this computational interpretation to multiple control para-
meters:

η†
(
λj

)
=−∂S(λ)

∂λj

/ˆ λj

λ∗
j

Ijj
(
λ1, . . . ,λ

′
j , . . . ,λn

)
dλ ′

j . (36)

This computational, system-centric, interpretation quantifies the ratio of the predictability gain while
computing the next state of the system to the total sensitivity accumulated on a computational path
from the reference point (where no work is performed) to the current control parameter value.

5. An example

To compare the three different forms of thermodynamic efficiency, we consider the canonical 2D Ising
model. The Hamiltonian of the system is given by:

H (σ; J,h) =−J
∑
⟨i,j⟩

σiσj − h
∑
i

σi

=−JX1 (σ)− hX2 (σ) (37)

where σi ∈ {−1,1} denotes the spin of the ith site and the macroscopic observables {X1,X2} capture the
nearest-neighbour interactions and total magnetisation respectively. The control parameters considered
are the coupling strength J and the external field h. We define J and h as the dimensionless parameters
that absorb the inverse temperature β = 1

kBT
(i.e. they correspond to J

kBT
and h

kBT
in the standard stat-

istical physics notation, where kB ≈ 1.38× 10−23 is the Boltzmann constant). We set kBT= 1 for this
analysis.

4 We added superscript † to differentiate from other formulations.

9



J. Phys. Complex. 7 (2026) 025002 Q Chen et al

Figure 4. Thermodynamic efficiency computed for the inferential form η▷◁(J), information-geometric form η△(J), and compu-
tational form η†(J), using 2D Ising model with zero external field. Lattice size: 50× 50.

The inferential form of thermodynamic efficiency is given by (12):

η▷◁ (J) =− JVar(X1)+ hCov(X1,X2)

〈X1〉
(38a)

η▷◁ (h) =− JCov(X1,X2)+ hVar(X2)

〈X2〉
(38b)

the information-geometric form is given by (18):

η△ (J) =
JIJJ + hIJh´ J

J∗ IJJ (J ′,h)dJ ′
(39a)

η△ (h) =
JIhJ + hIhh´ h

h∗ Ihh (J,h ′)dh ′
(39b)

and the computational form is given by (36):

η† (J) =−∂S(J,h)

∂J

/ˆ J

J∗
IJJ (J ′,h)dJ ′ (40a)

η† (h) =−∂S(J,h)

∂h

/ˆ h

h∗
Ihh (J,h ′)dh ′. (40b)

Zero-response points for J and h can be identified via the average of the corresponding conjug-
ate observables. For a given external field h, the zero-response coupling strength J∗ is the value of J
that yields zero nearest-neighbour correlation, i.e. 〈X1〉=−〈

∑
σiσj〉= 0. For example, when h= 0,

J∗ = 0. The zero-response point for h is always h∗ = 0 due to symmetry, as the average magnetisation
〈X2〉=−〈

∑
σi〉= 0 at zero field.

Figure 4 shows simulation results for thermodynamic efficiency with respect to parameter J under
zero magnetic field (h= 0). All three methods yield consistent results, with maximum thermodynamic
efficiency achieved at the critical coupling strength Jc. Under our convention (kBT= 1), this peak aligns
with Onsager’s exact solution [28, 29] Jc/(kBT) =

1
2 log(1+

√
2)≈ 0.4407, corresponding to the critical

temperature kBTc/J=
2

log(1+
√
2)
≈ 2.2691. Further details regarding the simulation setup are provided in

appendix C.
Thermodynamic efficiency for control parameter h exhibits discontinuity at h= 0, as shown in

figure 5 using the inferential form η▷◁(h) as an example. The thermodynamic efficiency of h is sym-
metric about h= 0, reflecting the spatial symmetry of the magnetic field orientation. Crucially, η▷◁(h) is
undefined at h= 0 because both its numerator and denominator become zero (see appendix C figure 10
for more details). This singularity corresponds to a first-order phase transition and spontaneous sym-
metry breaking as the external magnetic field crosses h= 0. Furthermore, η▷◁(h) is higher for super-
critical coupling strength (or equivalent to temperature below Tc), capturing the fact that spontaneous
magnetisation is more significant in the order phase.

When we vary both the coupling strength J and the external field h, we can evaluate the thermo-
dynamic efficiency across the full parameter space. Figure 6 shows, for each parameter combination,
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Figure 5. Thermodynamic efficiency of h computed for the inferential form η▷◁(h), shown for different coupling strengths.
η▷◁(h) is undefined at h= 0 as its denominator becomes zero. The singularity demonstrates a discontinuous transition for the
control parameter h, and the system undergoes spontaneous symmetry breaking at h= 0. Lattice size: 50× 50. Simulations ini-
tialised with random configurations.

Figure 6. Probability landscape and thermodynamic efficiency η▷◁ (inferential form). Left: probability of positive spin at equilib-
rium for different combinations of external field strength h and coupling strength J. P(σi = 1) closer to 0.5 (blue colour) indic-
ates a disordered state of the system, where spins are equally likely to be up or down; P(σi = 1) closer to 1 (red colour) indicates
an ordered state, where spins are predominantly up.Middle and right: thermodynamic efficiency η▷◁ with respect to J and h
(inferential form) for the same parameter combinations. Notice that the edge where the transition from disorder to order is steep
corresponds to high thermodynamic efficiency. Lattice size: 50× 50.

the equilibrium probability of an up-spin, P(σi = 1) (top) and the thermodynamic efficiency η▷◁ with
respect to J (middle) and h (right), computed using the inferential form. Note that the probability dis-
tribution of spins is not the same as the distribution of microscopic configurations, as multiple config-
urations may yield the same probability distribution of up and down spins. Nonetheless, the top panel
illustrates the regions of order and disorder equilibrium states in the parameter space. The edge with
steep transitions from disorder to order equilibrium states aligns with the region of high thermodynamic
efficiency. Thermodynamic efficiencies computed using the information-geometric and computational
forms yield similar results (see appendix C).

6. Conclusion and discussion

In this paper, we have considered two different observer-centric interpretations of thermodynamic effi-
ciency by taking the inferential and the information-geometric views, and contrasted them with the
previously proposed system-centric, computational view of thermodynamic efficiency. In doing so, we
derived two different forms of thermodynamic efficiency while generalising the framework to systems
with multiple control parameters, governed by protocols in arbitrary directions.

We first derived the inferential form, which is expressed as a normalised, weighted sum of variance
and covariances of the macroscopic observables. This formulation captures how changing a specific con-
trol parameter λj influences the joint fluctuations of all the observables {Xi}, emphasising their inter-
dependencies. In this view, thermodynamic efficiency reflects the system’s ability to reveal hidden para-
meters through observable behaviour, thereby connecting the efficiency of self-organisation to that of
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statistical inference. Furthermore, the inferential form provides a more robust and practical method to
compute efficiency from simulations.

We also derived the second formulation, namely the information-geometric form, and extended ther-
modynamic efficiency to protocols in arbitrary directions by introducing directional efficiency. In this
view, directional efficiency is interpreted through the lens of navigation on the statistical manifold fol-
lowing a control protocol trajectory. Given a protocol, directional efficiency evaluates how closely the
path direction aligns with the natural gradient of entropy descent, relative to the weighted sum of path
energies across all coordinate axes of the manifold. A protocol with high efficiency balances the rate of
entropy reduction with the associated total energy. This perspective also connects to parameter space
compression, where moving in a stiffer direction leads to a stronger effect on the system’s response, cor-
responding to higher efficiency.

Both interpretations are observer-centric: they focus on the observer’s ability to extract informa-
tion about the system. In contrast, the computational form—as explored in previous studies [6, 9] —
is system-centric, focusing on the system’s ability to perform work to increase predictability in comput-
ing its next state. We do not suggest that the system-centric perspective on the thermodynamic efficiency
offers an observer-independent measure of the quantity, because estimation of it necessarily requires a
particular resolution. However, we argue that thermodynamic efficiency provides an intrinsic utility to
the collective system that guides the system’s behaviour independent of the observer. The two observer-
centric views considered in our work explicitly capture the efficiency with respect to observable quantit-
ies, either in terms of accuracy of the statistical inference or in information geometric terms describing
measurable perturbations.

Our study assumes the system remains at or near equilibrium, and that the control parameters are
varied quasi-statically. This near-equilibrium dynamics leads to exponential family probability distribu-
tions of the system’s states, which is important for the aforementioned formulations to hold. In addition
to the well-known Boltzmann–Gibbs distribution, log-normal distributions are also used in studies of
near-equilibrium dynamics, for example, in the context of weak dissipation or multiplicative phenomena
[30]. Although the use of exponential family distributions is common in physical, biological and social
systems [31–36], other heavier-tailed distributions such as power-law distributions are also used, espe-
cially for systems operating far from equilibrium such as financial markets [37, 38], city population [39]
and various network systems [40–43]. The extension to non-equilibrium systems is possible, but requires
a more careful treatment of the probability distribution and the work done by the system. When the
distribution can be well approximated by an exponential family distribution, the generalised formulae
can estimate the efficiency landscape of the high-dimensional parameter space. When no standard stat-
istical distributions can be identified for the system states, thermodynamic efficiency or directional effi-
ciency can still be computed from first principles: by perturbing the control parameter and measuring
the change in system entropy and the associated work. This will be an important direction for future
work, as many real-world systems operate far from equilibrium.

Our findings demonstrate that varying a control parameter affects the efficiency of a self-organizing
system through the inter-dependencies of the macroscopic observables. Furthermore, the results bridge
the observer-centric and system-centric views of self-organisation, and open up new interpretations
grounded in statistical inference and information geometry. This unified view deepens our understand-
ing of the fundamental principles governing self-organisation and provides a valuable framework for the
study of guided self-organisation.
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Appendix A. Preliminaries and core relations in generalised statistical physics

The first derivative of log partition function Z with respect to the control parameter λj gives the expec-
ted value of the observable Xj [11, 15, 44]:

∂ logZ(λ)

∂λj
=−〈Xj〉 (A1)

while its second derivative gives the covariance of the observables (Xi,Xj) [11, 15, 44]:

∂2 logZ

∂λi ∂λj
=−∂〈Xi 〉

∂λj
=−

∂〈Xj〉
∂λi

= Cov
(
Xi,Xj

)
. (A2)

It is known that the derivative of entropy can be expressed as follows [15, p. 191], cf [45, p. 37]:

∂S(λ)

∂λj
=

∂ logZ

∂λj
+
∑
i

λi
∂〈Xi 〉
∂λj

+
∑
i

∂λi

∂λj
〈Xi 〉

=
∑
i

λi
∂〈Xi 〉
∂λj

. (A3)

Hence, a combination of (A2) and (A3) yields

∂S(λ)

∂λj
=−

∑
i

λiCov
(
Xi,Xj

)
. (A4)

Table (1) summarises and compares relevant information-theoretic and statistical physics quantities.

Table 1. Comparing relevant information-theoretic and statistical physics quantities.

Information theory Statistical physics

Microstates, observables x,Xi(x) x,Xi(x)

(generalised) control

parameter/ lagrange multipliera
λi βλ̂i

(generalised) energyb Weighted cost:
∑
i

λiXi(x) λi = β λ̂i ←→ HamiltonianH(x):

H(x) =
∑
i

λ̂iXi(x)

Equilibrium distribution p(x) = 1
Z
e−

∑
i λi Xi(x) p(x) = 1

Z
e−β

∑
i λ̂i Xi(x)

Entropy Shannon entropy S:

S=−
∑
x

p(x) logp(x)

S=
1

kB
Sc←→ Thermodynamic entropy S:

S=−kB
∑
x

p(x) logp(x)

Potential Massieu potentialΨ:

Ψ = logZ=−
∑
i

λi ⟨Xi ⟩+ S

Ψ =−βG←→ Gibbs potentialG:

G=− 1
β
logZ= ⟨H⟩−TS

a λi is the generalised control parameter, being the product of the control parameter λ̂i and the corresponding Lagrange multiplier,

e.g. the inverse temperature β = 1/(kBT).
b In information-theoretic studies, the generalised energy is often interpreted as a linear combination of specific cost functions,

weighted by their conjugate multipliers [46–48].
c An extra scalar of log2(e) is required if log of base 2 is used in Shannon entropy and the natural log is used in thermodynamic entropy.

13

https://orcid.org/0000-0001-5382-1396
https://orcid.org/0000-0001-5382-1396
https://orcid.org/0000-0002-8527-2579
https://orcid.org/0000-0002-8527-2579
https://orcid.org/0000-0002-4215-0344
https://orcid.org/0000-0002-4215-0344


J. Phys. Complex. 7 (2026) 025002 Q Chen et al

Appendix B. Fisher information and its numerical approximation

Fisher information measures how sensitive the probability distribution is to changes in the control para-
meter λ. Let p(x;λ) denote the probability density of the random variable X, governed by the parameter
λ. The Fisher information I(λ) of the probability distribution p(x|λ) is defined as [17]:

I (λ) =
∑
x

p(x;λ)

(
d logp(x;λ)

dλ

)2

(B1)

and for multiple control parameters, the Fisher information matrix Iij(λ) is used [17]:

Iij (λ) =
∑
x

p(x;λ)
∂ logp(x;λ)

∂λi

∂ logp(x;λ)

∂λj
. (B2)

The Fisher information matrix has been shown to be the same as the covariance matrix of observ-
ables Xi [11, 49]:

Iij (λ) =
∂2 logZ

∂λi ∂λj
= Cov

(
Xi,Xj

)
. (B3)

Numerically, the Fisher information matrix is computed using the covariance matrix of the observ-
ables instead of using first principles, as the covariance matrix is computationally more stable.

Appendix C. Simulation of ising model

We consider the canonical Ising model to compare the numerical results of the two different forms of
thermodynamic efficiency [52].

The simulations are performed on a toroidal lattice of size 50× 50 using Metropolis algorithm [50].
We also explored lattice sizes 25× 25 and 75× 75 for comparison. The coupling strength J is varied
from 0 to 1 in increments of 0.05, and the external field strength h ranges from 0 to 0.6 in increments
of 0.03. For each value of J and h combination, 500 independent simulations are run, and the average
result is used to produce the plot. Each simulation runs for a total of 40.2 million time steps (equivalent
to 16 080 lattice sweeps for a 50× 50 lattice) to ensure the system reaches equilibrium, with the first 40
million steps discarded as transients.

Figure 7. Plot of control parameter J against average conjugate observable ⟨
∑

σiσj⟩ (normalised by lattice size), for different
values of h. The zero-response value J∗ is identified as the value of J for which ⟨

∑
σiσj⟩= 0 (red dotted line). J∗ varies with

external field h.

To compute thermodynamic efficiency, configuration distributions are sampled from the last 200 000
steps at intervals corresponding to one lattice sweep. The average distribution from these samples is
used to compute the Fisher information. Configuration entropy is computed by averaging over 500
simulations, each calculated using the final lattice configuration from the simulation using Kikuchi
approximation [51]:

S= S4 − 2S2 + S1 (C1)
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Figure 8. Plot of control parameter h against average conjugate observable ⟨
∑

σi⟩ (normalised by lattice size), for different values
of J. The zero-response value h∗ is identified as the value of h for which ⟨

∑
σi⟩= 0. Due to symmetry in the direction of the

external field, h∗ is always zero.

Figure 9. Thermodynamic efficiency (computed using three different forms) for the canonical 2D Ising model given zero external
magnetic field and various lattice sizes. Top: 25× 25 lattice. Bottom: 75× 75 lattice.

where Sk is the entropy of the size-k sublattices.
The lattice is initialised in a fully ordered state. At high coupling strength, single spin-flip algorithms

(such as Metropolis or Glauber dynamics) risk trapping the system in a local minimum. Initialising at
a fully ordered state allows the system to reach equilibrium faster at high coupling strength, without
affecting outcomes at low coupling strength. Since only equilibrium states are analysed and transients
are excluded, this method gives the same result as using random initialisation but significantly accelerates
convergence.

To compute the integral of Fisher information in computational form η† and information-geometric
form η△, one must first identify the zero-response point for each combination of control parameters.
The zero-response point for a given control parameter is the value at which the ensemble average of its
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Figure 10. Numerator (top) and denominator (bottom) of η▷◁(h), shown for different coupling strengths. Both the numerator
and denominator are symmetric about (0,0), hence η▷◁(h) has a singularity at h= 0. Lattice size: 50× 50, initialised with random
configurations.

conjugate observable is zero. For coupling strength J, this occurs when the nearest-neighbour correlation
is zero (figure 7); for the external field h, it corresponds to zero average magnetisation (figure 8).

Figure 9 provides a comparison of thermodynamic efficiency across different lattice sizes, simulated
with zero external magnetic field. Notice that the information-geometric form, with Fisher information
in both the numerator and denominator, is more sensitive to the change of lattice size than the other
two forms, giving a much higher value in magnitude. However, all three forms are robust in terms of
where the peak occurs (at the proximity of the critical regime).

To provide further insights into the singularity of η(h) observed in figure 5, we here examine the
behaviour of the numerator and denominator of thermodynamic efficiency. Figure 10 shows the two
components separately for inferential form η▷◁(h) with h ∈ [−0.6,+0.6]. The numerator and denomin-
ator are symmetric about the origin due to the spatial symmetry of the orientation of the magnetic field.
At h= 0, both quantities are zero, leading to a singularity of η(h) at h= 0.

Results for different combinations of external field strengths h and coupling strength J are shown in
figure 11. While the methods have different sensitivities to finite-size effects and simulation resolutions,
they both indicate the same region of high efficiency, aligning with the sharp transition between ordered
and disordered equilibrium states.
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Figure 11. Thermodynamic efficiency of the canonical 2D Ising model computed using computational η† (Top) and info-
geometric η△ (Bottom) forms, across a range of coupling strengths J, external field strengths h. Efficiency is computed separately
with respect to each parameter (J and h) for a 50× 50 lattice.
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