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A B S T R A C T

Propeller cavitation and its effect on underwater radiated noise (URN) are topics of increasing interest
within the marine hydrodynamics community. Numerical prediction of the URN characteristics of a given
propeller design is vital in achieving the design of low-noise propellers. In this context, the current paper
investigates different acoustic models for the numerical evaluation of propeller tip vortex cavitation-induced-
noise, using potential flow simulations. Two acoustic modelling approaches are discussed, considering an
elongated cylindrical representation of helical tip vortex cavities. Model 2D is a two-dimensional geometrical
representation of the tip vortex cavity, wherein equivalent acoustic sources are defined along the cavity surface.
Model 1D is an axisymmetric one-dimensional model with equivalent point sources that are distributed along
the cavity axis. The applicability and limitations of the two acoustic models are assessed through a verification
study of an analytical case for harmonic oscillations of a circular cylinder. The influence and sensitivity of
important parameters are discussed, along with their relevance and application when extended to typical
tip vortex cavity structures emanating from ship propellers. Finally, the practicality of the acoustic models
for propeller tip vortex cavities is investigated through a validation study for the ‘Princess Royal’ propeller.
The hydrodynamic flow solution is obtained from a potential flow solver, which includes flow models for
sheet cavitation and tip vortex cavitation. Tip vortex cavity acoustics is obtained using the time-varying tip
vortex cavity geometry from the potential flow solution. Acoustic contributions due to the blade rotation and
sheet cavity fluctuations are separately computed. The simulation results are then compared with experimental
measurements.
1. Introduction

Underwater acoustics is the study of the occurrence and propaga-
tion of sound in water, and how it affects the performance of other
entities present in the ocean environment. This includes many vital
processes such as orientation and communication between aquatic ani-
mals. From a technical point of view, accurate modelling of sound prop-
agation plays an important role in various processes such as: identifi-
cation of aquatic species by hydrographic research vessels (De Rober-
tis and Handegard, 2012), stealth operation of naval vessels (Moore,
2019), and ocean data collection using hydrophone sensors and echo-
sounders (Mitson and Knudsen, 2003). The common feature of all these
operational scenarios is that the extent of background ocean noise is
critical to ensure smooth operation. All these operations are primarily
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based on the principle of hydro-acoustic wave propagation or what is
commonly referred to as underwater sound.

An interesting and often posed question in this context is: what is
the difference between sound, signal, and noise? The ocean environ-
ment contains a large variety of acoustic pressure waves, generated
from different sources. Sound is a general term for acoustic pressure
fluctuations that are propagated through the medium, inducing changes
in its density (Ainslie et al., 2021). Which among these can be clas-
sified as signal, and which can be classified as noise? The answer is
more psychological than physical. For any of the operational scenarios
mentioned earlier, if the acoustic waves present in the environment
interfere with the smooth operation of the system, then these are clas-
sified as noise (Ross, 1976). Acoustic waves that are desirable for the
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Nomenclature

Abbreviations

BEM Boundary Element Method
BPF Blade Passing Frequency
CFD Computational Fluid Dynamics
DTU Technical University of Denmark
FWH Ffowcs-Williams–Hawkings
ISO International Organization for Standardization
ITTC International Towing Tank Conference
LMIP Lloyd-Mirror Interference Pattern
PSD Power Spectral Density
RPM Revolutions Per Minute
SBF Solid Boundary Factor
SL Source Level
SPL Sound Pressure Level
TUHH Technical University of Hamburg
TVC Tip Vortex Cavity (or Cavitation)
URN Underwater Radiated Noise

Greek symbols

𝛼 Wave number of the surface wave
𝛥𝑓smear Frequency band, in Hz, over which noise spec-

trum around the tonals are smeared out
𝛥𝜓 = 0.5◦, Rotation of the propeller per time step.
𝛤 Circulation of a cavitating tip vortex segment
𝛤𝑏 Maximum bound circulation
𝛤ini Initial circulation
𝛾ini Fraction of maximum bound circulation that is

assumed for calculating initial circulation
𝜆𝑥 Wavelength of surface wave
𝜌 Fluid density
𝜌0 Fluid density in the undisturbed medium
𝜎 Eigenfrequency of surface wave
𝜎𝑛 = 𝑝0−𝑝𝑣+𝜌𝑔𝑧hub

1∕2𝜌𝑛2𝐷2 , Cavitation number
𝜃 Co-ordinate along the tangential direction of the

cavity surface
Υ Fluctuating cavity radius
Υeqm Equilibrium cavity radius
Ῡ Mean cavity radius
Υ𝐷 Domain radius used in the integration of the

two-dimensional Rayleigh–Plesset equation
Υ̃ Amplitude of cavity radius fluctuations
𝜉 Co-ordinate along the radial direction of the

cavity surface

Latin symbols

𝑐 Speed of sound
𝑐𝑥 Speed of propagation of surface wave
dS Surface area of an element on surface 𝑆
dx Length along the axial direction of discrete cavity

surface element
𝑓 Frequency of the sound waves
𝑔 Acceleration due to gravity
ℎ Integer corresponding to the degree of blade

harmonic
ℎcav Span-wise average of the sheet cavity thickness at

the blade trailing edge
2

𝑖 Index for elements along the cavity circum-
ferential direction

𝑗 Index for elements along the cavity axial
direction

𝑘 Acoustic wave number
𝐿1rev Helical wavelength, i.e. helical length tra-

versed by the cavity surface wave during
one propeller revolution

𝐿𝑥 Axial length of cavity
𝑛 Number of propeller revolutions per second
𝑛Mode Tip vortex cavity mode shape
𝑛𝜃 Number of elements in the circumferential

direction, for Model 2D
𝑛ax Number of elements along the axial direc-

tion
𝑛𝑡 Number of time steps, per surface wave

period
𝑛𝑥 Number of elements in the axial direction,

per surface wavelength
𝑝𝑐 Pressure inside the cavity
𝑝𝐷 Ambient pressure far away from the vortex

axis, at 𝜉 = Υ𝐷
𝑝𝑔0 Initial gas pressure inside cavity
𝑝𝐿 Loading induced noise component
𝑝ref Acoustic pressure amplitude from analytical

solution in Eq. (9)
𝑝sim Acoustic wave amplitude from the numeri-

cal simulation
𝑝𝑇 Thickness induced noise component
𝑝𝑣 Vapour pressure of water
𝑝vtx Pressure due to vortex
𝑝̃ Acoustic pressure
𝑟 Radial coordinate of observer point
R2 Coefficient of determination in regression

analysis
𝑟0 = ‖𝒓‖, Scalar distance from 𝒙 to 𝒚
𝑅̌btm Reflection coefficient at the sea bottom
𝑟sph Radius of equivalent sphere in Model 1D
𝑟sr Range between the source and receiver
𝑟vc Viscous core radius of the tip vortex cavity
𝑇𝑝 = 1∕𝑛, Time period for one propeller

revolution
𝑢𝜃 Circumferential flow velocity around the

vortex core
𝑥 Co-ordinate along the axial direction of the

cavity surface
𝑧hub Depth of propeller hub centre
𝑧𝑟 Depth of receiver
𝑧𝑠 Depth of source

Operators/Functions

𝛿(𝑓𝑠) Dirac-delta function
∇ Spatial gradient operator
𝜕 Partial differential operator
□ = 1

𝑐2
𝜕2

𝜕𝑡2
− ∇2, d’Alembertian operator or

wave operator
𝑓𝑠 = 0 Function that describes the acoustic source

surface
𝐻(𝑓𝑠) Heaviside function
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𝐻 ′
0 First derivative of the Hankel function of

the first kind, of order zero
𝐻0 Hankel function of the first kind, of order

zero
𝑟𝑒𝑡 Function evaluated at retarded time

Vector/Tensor quantities

𝒍 = 𝑝̃𝒏̂, Local force intensity vector due to
surface pressure 𝑝̃

𝑙𝑖 = 𝑝̃𝑛̂𝑖, Local force intensity vector due to
surface pressure 𝑝̃

𝑴 = 𝒗∕𝑐, Mach number vector
𝒏̂ Unit normal vector
𝒓 = 𝒚−𝒙, Radiation vector from the source at

𝒙 to the observer at 𝒚
𝒓̂ = 𝒓

𝑟0
, Unit vector in the radiation direction

𝑇𝑖𝑗 Lighthill stress tensor
𝑼 = 𝒗 + 𝜌

𝜌0
(𝒖 − 𝒗)

𝒖 Fluid velocity
𝒗 Surface moving velocity
𝒗def Velocity due to cavity surface deformation
𝒙 Position vector of acoustic source
𝒚 Position vector of observer

perations, can generally be classified as signals. For example, acoustic
aves generated by an echosounder are ‘signals’ to the measurement

ensor, but ‘noise’ to a whale that is trying to communicate to its
ompanions.

Under the premise that underwater noise is prevalent in all ocean
coustic operational environments, it is important to have simulation
ethods to predict the origin and propagation of undesirable noise.
n important noise source in most ocean environments is the noise
adiated by ship propellers. In all the examples of oceanic operations
entioned above, the acoustic waves generated by the propeller can be

ategorized as undesirable noise. Moreover, the intensity of this noise
ource is high, such that it is propagated over large distances in the
cean.

Propeller noise is characterized by narrowband spectral peaks at
ultiples of the blade passing frequency (BPF), along with a broadband

pectrum that is predominant at higher frequencies. A typical example
f a propeller noise spectrum is shown in Fig. 1. The distinct peaks at
ower frequencies are at multiples of the blade passing frequency, also
nown as tonal noise. Large scale cavity dynamics, such as the growth
nd shrinkage of fully developed cavities, contribute to the tonal noise
s well as the low- to medium-frequency broadband noise. The tonal
oise contribution is from the dependence of the cavity volume on the
lade position in a ship wake field; whereas the broadband noise con-
ribution can be attributed to stochastic variations of the cavity volume
ue to turbulent inflow. The broadband spectrum at higher frequencies
s attributed to rapid, volatile processes occurring in the flow field, such
s flow turbulence, eddies and small-scale cavity structures.

The unpredictable nature of the high-frequency processes makes it
ifficult to deterministically compute and predict their acoustic char-
cteristics. This is the reason why stochastic and empirical models
re frequently employed in the determination of the high frequency,
roadband spectrum (Bosschers, 2018a). On the other hand, unlike the
roadband component, the narrowband peaks can be obtained deter-
inistically based on the propeller operating conditions. Moreover, a

arge portion of the acoustic energy in the propeller noise spectrum is
ttributed to the tonal noise. However, the deterministic evaluation of
he tonal noise is not a trivial task, considering the number of inter-
inked physical principles that contribute to these sharp peaks. The
3

Fig. 1. Example of a pressure amplitude spectrum of a propeller, with predominant
tip-vortex cavitation. Pressure amplitudes on the vertical axis are on a linear scale.
Source: Reproduced from van Wijngaarden et al. (2005).

propeller blade rotation causes a fluctuating fluid volume displacement,
which is then radiated as blade thickness induced noise. Blade loading
induced noise occurs due to the unsteady loading on the propeller
blades, which is dramatically augmented by a non-uniform ship wake
field. The formation of sheet cavity surfaces on the blade is directly
linked to the pressure distribution on the blade surface, and hence,
also follows a periodic behaviour. In many cases, the gradient of blade
bounded circulation reaches a maximum value at the blade tip, which
contributes to the formation of a tip vortex cavity with a fluctuating
shape. All these phenomena are interlinked and consequently, the
acoustic noise generated from all of them occurs predominantly at
multiples of the blade passing frequency. An accurate deterministic
model for propeller acoustics should include the effects of all these
phenomena.

Finite-volume-based numerical solvers have been employed exten-
sively over the past few years to simulate deterministic propeller prob-
lems (Sezen and Atlar, 2022). However, the requirements for a large
computational domain, and small element sizes in order to capture
the acoustic waves, make them impractical for underwater acoustic
problems. In addition, one of the major drawbacks of finite-volume-
based numerical solvers for acoustic evaluation is that the contribution
from the various acoustic sources cannot be separated. This is es-
pecially important in propeller noise mitigation strategies, where an
understanding of the relative contribution of the interlinked noise
mechanisms can have a profound impact. For example, a fully-resolved
Navier–Stokes equation solver can provide a reasonably accurate pre-
diction of the overall acoustic noise due to propeller rotation; but, the
distinction between acoustic radiation due to sheet cavity and tip vortex
cavity fluctuations is difficult to make.

This overview highlights the requirement of robust numerical
models which can be employed to independently assess the acoustic
contribution from cavities due to the propeller flow. Boundary Element
Method (BEM) based models for the evaluation of sheet cavity-induced-
noise have been previously proposed (Testa, 2008; Göttsche, 2020).
This paper aims to provide a comprehensive investigation of a similar
approach for tip vortex cavity-induced-noise. The acoustic formulations
are initially verified with analytical solutions, and thereafter validated
with a propeller case study, thereby providing an in-depth analysis of
the merits and limitations of the approach.

2. Background and contributions of the current work

The mathematical framework for underwater hydroacoustics is
based on equivalent theoretical formulations in aeroacoustics. In the
1940s, with the rapid advancement of the aircraft industry, a lot of
impetus was put on auxiliary research, such as noise radiated from
aircraft. This led to the rise of some of the fundamental mathematical
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formulations used in aeroacoustics, and by extension in hydroacoustics.
However, one of the major points of difference is the effect of cavitation
on the radiated noise of underwater propellers. The significant effect
of cavitation on underwater noise led to a parallel branch of study,
focusing on cavity dynamics and acoustics.

In this section, a literature study is conducted, which aims to serve
as a platform for the formulation and implementation of the numeri-
cal acoustic models for tip vortex cavitation. Initially, the origin and
validity regimes of the fundamental equations for acoustics of surfaces
in motion are explored, under Section 2.1. Thereafter, in Section 2.2, a
contemporary update about the numerical implementation of tip vortex
cavitation acoustics is provided.

2.1. Numerical modelling of acoustics

The basis for numerical modelling of acoustics is the acoustic wave
Eq. (1), which describes the propagation of sound waves in a ho-
mogeneous, inviscid fluid. It is derived from a combination of the
conservation of mass and momentum equations with the adiabatic
equation of state for a compressible fluid, for the fluctuating pressure
component (i.e. the acoustic pressure, 𝑝̃).

∇2𝑝̃ − 1
𝑐2
𝜕2𝑝̃
𝜕𝑡2

= 0 (1, Acoustic Wave Equation)

In 1952, Lighthill published his theory of aeroacoustics (Lighthill,
1952), which describes the propagation of acoustic waves generated by
turbulence in a fluid flow. This was the origin of the classical acoustic
analogy, which treats the fluid flow and the acoustic sound propagation
as two separate problems. According to the Lighthill equation, the
turbulent fluid flow can be described by equivalent acoustic sources.
Such sources can then be treated within an acoustic solver that does
not need to account for any interactions with the fluid flow. The entire
noise generation process is mathematically reduced to the study of
wave propagation in a quiescent medium with the fluid flow replaced
by acoustic sources.

The next significant advancement in the mathematical understand-
ing of noise propagation was provided by Ffowcs-Williams and Hawk-
ings in their 1969 paper (Ffowcs-Williams and Hawkings, 1969),
wherein the Lighthill theory was extended to include the arbitrary
convective motion of surfaces. This equation – the Ffowcs-Williams
Hawkings (FWH) equation (2) – is now widely used as the governing
equation for numerical implementations of noise propagating from
rotating machinery. The use of the FWH equation allows the noise
sources to be separated into three constituents — thickness induced,
loading induced and quadrupole noise sources. These noise sources
are representative of physical processes associated with the noise
propagation phenomenon.

□𝑝̃ = 𝜕
𝜕𝑡
[𝜌0𝛿(𝑓𝑠)𝑈 ⋅ 𝑛̂] − 𝜕

𝜕𝑥𝑖
[𝑙𝑖𝛿(𝑓𝑠)]

+ 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
[𝑇𝑖𝑗𝐻(𝑓𝑠)]

(2, FWH Equation)

The FWH equation is ideally suited for integration into Compu-
ational Fluid Dynamics (CFD) methods, in the evaluation of noise
ropagation due to surfaces in motion. The acoustic analogy avoids the
equirement for a large computational domain. The non-linear problem
f noise generation by a moving surface is effectively converted into
linear problem in the FWH equation. All the non-linear effects are

ssembled in the quadrupole term of the FWH equation. Using physical
easoning for certain flow applications, the entire FWH equation can es-
entially be converted into a linear problem, and closed form solutions
an be obtained (Farassat and Brentner, 1998).

The most commonly implemented among such closed form solutions
s the Farrassat 1A formulation (Farassat and Succi, 1982; Brentner and
arassat, 2003; Farassat, 2007), as seen in Eq. (3). This is a further
implification of the FWH equation for rotating blades, with a subsonic
4

Mach number. The effect of the simplification is that only the linear
part of the noise sources, i.e. the thickness induced and loading induced
noise, are retained. The thickness induced noise represents the noise
generated due to fluid displacement, while the loading induced noise
describes the noise due to unsteady loading on the solid surface. The
linearity of the simplified problem allows the discretization of the noise
sources. In the case of the noise generated by a propeller blade, the
blade surface can be discretized into small elements, and equivalent
noise contributions can be obtained for each element. From the per-
spective of numerical implementation, this allows the employment of
efficient numerical schemes that enable the numerical integration of
the noise contributions at the source locations (i.e. the blade surface).

𝑝̃(𝒙, 𝑡) = 𝑝𝑇 (𝒙, 𝑡) + 𝑝𝐿(𝒙, 𝑡) (3a)

𝑝𝑇 (𝒙, 𝑡) =
𝜌0
4𝜋 ∫𝑆

[

𝒗̇ ⋅ 𝒏̂ + 𝒗 ⋅ ̇̂𝒏
𝑟0|1 −𝑴 ⋅ 𝒓̂|2

]

ret
dS

+
𝜌0
4𝜋 ∫𝑆

[

𝒗 ⋅ 𝒏̂
(

𝑟𝑴̇ ⋅ 𝒓̂ + 𝑐𝑴 ⋅ 𝒓̂ − 𝑐‖𝑴‖

2)

𝑟20|1 −𝑴 ⋅ 𝒓̂|3

]

ret

dS
(3b)

𝑝𝐿(𝒙, 𝑡) =
1

4𝜋𝑐 ∫𝑆

[

𝒍̇ ⋅ 𝒓̂
𝑟0|1 −𝑴 ⋅ 𝒓̂|2

]

ret
dS

+ 1
4𝜋 ∫𝑆

[

𝒍 ⋅ 𝒓̂ − 𝒍 ⋅𝑴
𝑟0|1 −𝑴 ⋅ 𝒓̂|2

]

ret
dS

+ 1
4𝜋𝑐 ∫𝑆

[

𝒍 ⋅ 𝒓̂
(

𝑟𝑴̇ ⋅ 𝒓̂ + 𝑐𝑴 ⋅ 𝒓̂ − 𝑐‖𝑴‖

2)

𝑟20|1 −𝑴 ⋅ 𝒓̂|3

]

ret

dS,

(3c)

2.2. Acoustics of tip vortex cavities

When a propeller rotates in the wake field of the ship, vortices
are formed at the blade tip due to the pressure difference between
the suction and pressure sides. Such a region of swirling fluid motion,
which is then swept downstream in a helical pattern, is often referred
to as a tip vortex. The helical cavity formed by the region of reduced
pressure is termed the tip vortex cavity. The inflow velocity and the
thrust loading on the propeller excite fluctuations in shape and size of
the tip vortex cavity. These fluctuations of the tip vortex cavity radiate
acoustic pressure waves into the flow environment, which are perceived
as the acoustic contribution of the tip vortex.

The regularity in the shape of vortices and its resemblance to an
elongated cylinder has led to considerable research focused on the de-
velopment of analytical solutions of such vortex cavities. The vibrations
of the columnar vortex were first investigated by Thomson, as early
as 1880. Thomson (1880) provides a mathematical description of the
incompressible fluid flow due to axi-symmetric vibrations around the
vortex axis. Ffowcs-Williams and O’shea (1970) extended the analysis
for compressible flow, where the cavity surface interface is excited
by the pressure field. The analysis was broadened by Morozov (1974)
for harmonic oscillations. Morozov provides a generic solution for the
radiated sound field due to harmonic oscillations of an infinite cylinder.

An important aspect of the analytical solutions pertains to their
extent of validity in a computational domain. The assumptions used in
the derivation of the analytical solutions lead to their validity extents.
For example, both the solutions proposed by Ffowcs-Williams and
O’shea (1970) and Morozov (1974) are valid only for small amplitude
oscillations. Similar restrictions are also applicable to the wavelength
of the surface propagating wave, and the distance of the receiver point.
These limitations restrict the applicability of the mathematical models
to the case of a realistic propeller tip vortex cavity. Nevertheless, their
accuracy within the applicable extents of validity serves as a valuable
tool for verifying numerical implementations.

A caveat of the mathematical formulations is that they are only valid
for the familiar modes of cavity fluctuations. Many of the analytical
solutions are based on linear wave theory; whereas in reality, the
interaction between the sheet cavities formed around the blade surface
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and the tip vortices may result in highly non-linear phenomena such as
cavity splitting and coalescence (Choi and Chahine, 2003; Gosda et al.,
2021). Assessing the influence of such phenomena on the low-frequency
broadband noise spectra is a formidable task, and a practical approach
is to rely on semi-empirical models such as the one proposed in Bossch-
ers (2018b). Strong interactions between cavity fluctuations and flow
instability may also result in a discrete tonal noise of high amplitude,
which is referred to as vortex singing. It was first reported by Higuchi
et al. (1989-12), and later investigated by Maines and Arndt (1997)
and Arndt et al. (2015). The irregularity of the tip vortex cavity shape
caused by the sheet cavity interaction is one of the major challenges
encountered when applying the analytical and computational models.

From the perspective of numerical hydroacoustics, the analytical
solutions from geometrical approximations may not always produce
the desired results, especially for complex and dynamic geometries
such as the cavity surfaces due to propeller flow. Hence, industrial
applications prefer numerical simulations based on computational fluid
dynamics. Surface integral formulations are often employed in such ap-
plications because they are computationally cheaper when compared to
finite-volume solutions. Seybert et al. (1986) present a surface integral
formulation for acoustic scattering and radiation for harmonic excita-
tion of axisymmetric bodies based on the Helmholtz equation. Ligneul
(1988) proposed a theoretical formulation based on Green’s functions
for interfaces similar to propeller tip vortex cavities, by deriving the
cavity interface perturbations from a Rayleigh–Plesset-type equation. A
commonly adopted surface integral formulation in hydroacoustics is the
Farrassat −1A formulation of the Ffowcs-William–Hawkings equation
Eq. (3). In such acoustic analogy approaches, data surfaces (permeable
or impermeable) are defined such that they enclose the major propeller
acoustic source mechanisms. The propeller acoustic behaviour is then
estimated through surface integrals over the data surface, replacing
cumbersome volume integral formulations (ITTC, 2017).

2.3. Aim of the current paper

The aim of the current paper is to investigate two different dis-
cretization approaches that can be employed in the computational
evaluation of the acoustic radiation from tip vortex cavities. The dis-
cretization approaches entail the arrangement of equivalent acoustic
sources for the tip vortex cavity. The acoustic radiation characteristics
from the two models are modelled using the Farrassat −1A formulation
of the Ffowcs-Williams–Hawkings equation (3). Initially, a verification
study (Section 4) is conducted, wherein the acoustic radiation from
the two discretization approaches are compared with reference to the
analytical solution from Morozov (1974), for the case of harmonic
surface waves propagating along an infinitely long cylinder. The extents
of validity of the analytical solution are explored for various factors
that are important when extending the numerical models to the case of
a propeller tip vortex cavity.

The next part of the paper (Section 5) broadens the application of
the numerical models to a realistic propeller tip vortex cavity through a
validation study. The fluctuating tip vortex cavity geometry in the val-
idation study is determined based on Rayleigh–Plesset equations with
boundary conditions from a potential flow solution of the propeller
flow, in contrast to the prescribed harmonic oscillations in the verifi-
cation study. The flow solver includes the effects of sheet cavitation as
well. The acoustic radiation from the realistic tip vortex cavity, using
the two discretization models, is evaluated for a full-scale propeller.
Eventually, a comparison with full-scale measurements is performed to
ascertain the effectiveness of the FWH-based acoustic model for indus-
trial applications. The comparison study also attempts to account for
the disparities between the simulation and measurement environments,
in order to quantify the degree of uncertainty one can expect when
validating numerical acoustic results with full-scale measurements.
5

Fig. 2. Visualization of the spatial deformation of a cavitating vortex for the modes
𝑛Mode=0, 1 and 2 at one instance of time.

3. Formulation of TVC acoustic radiation models

The tip vortex cavity is a dynamic vorticial structure downstream
of the propeller flow, with shape and size fluctuations excited by
the varying velocity and pressure field encountered by the rotating
propeller blades. Numerical acoustic models of the tip vortex cavity
are aimed at predicting the acoustic radiation from the dynamic cav-
ity structure, through reasonable simplifications. Simplified, analytical
models that relate the free-field acoustic radiated pressure to the cavity
volume acceleration are available in the literature (Arveson and Ven-
dittis, 2000). In this section, two such numerical models are discussed,
whose practical application in acoustic radiation of cavity structures is
subsequently investigated.

The three prominent mode shapes for deformation of the cavitat-
ing vortex (Bosschers, 2008) are seen in Fig. 2. The mode 𝑛Mode =
0 (breathing mode) involves volume variations, but the axis of the
vortex remains constant. The mode 𝑛Mode = 1 (serpentine mode)
leads to the displacement of the vortex centre line. The breathing and
serpentine mode shapes are characterized by a circular cross-section
of the vortex core. The mode 𝑛Mode = 2 (double helix mode) leads
to an elliptical shape of the vortex core. For regular cross-section
cavity shapes, discounting the three-dimensional curvature, the heli-
cal structure may be idealized as an elongated, curvilinear cylinder.
A cylindrical co-ordinate system is defined to better understand the
geometrical properties of the tip vortex cavity, as seen in Fig. 3. The
axial direction (𝑥) of the idealized cylinder corresponds to the tip
vortex trajectory, the radial direction (𝜉) corresponds to the radial
fluctuations of the tip vortex cavity, and the circumferential direction
(𝜃) corresponds to shape fluctuations around the cavity axis.

The first model – Model 2D – is a two-dimensional geometrical
representation of the tip vortex cavity, which can account for changes
in the tip vortex trajectory, as well as cross-sectional changes of the
cavity. The second model – Model 1D – is a one-dimensional model,
which also accounts for changes in the tip vortex trajectory but assumes
a circular shape for the cavity cross-section. Therefore, it considers
periodic changes only in the size of the cavity cross-section, but not in
the shape. That is to say, the assumption of axisymmetry in Model 1D
can only be employed to simulate cavity deformations that adhere to
mode shapes 𝑛Mode = 0 and 𝑛Mode = 1, whereas Model 2D is additionally
able to represent the mode shape 𝑛Mode = 2. Nevertheless, the first mode
(𝑛 = 0) is believed to be the dominant, because for small, harmonic
Mode
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Fig. 3. Visual representation of a helical tip vortex cavity.

perturbations with low frequency, the breathing mode is the only mode
contributing to far field noise (Bosschers, 2008). Both models discretize
the cavity geometry into segments along the axial direction. A visual
representation of the two models is provided in Fig. 4.

The discretization models also provide a framework for the def-
inition of representative acoustic sources for the tip vortex cavity.
Volumetric variation of the tip vortex cavity results in acoustic pressure
waves radiated into the free-field in the form of thickness induced
noise. The tip vortex cavity acoustic models are intended to approx-
imate the radiation of the acoustic waves, by defining equivalent
acoustic sources. The discretization approach in Model 2D yields an
acoustic model wherein the acoustic sources are defined along the
surface of the tip vortex cavity. The equivalent acoustic point sources
from Model 1D are defined along the cavity axis. The equivalent source
representations can be inferred from Fig. 4.

3.1. Cavity surface representation

The representation of the cavity surface is based on the idealization
of the helical cavity structure into an elongated cylinder. Consider the
instantaneous cavity radius, at any axial distance 𝑥 from the origin, to
be described by the function Υ(𝑥, 𝑡). In order to numerically evaluate
the cavity dynamics, the cavity surface has to be discretized into finite
segments. A piece-wise cylindrical approach is used here, wherein
discrete cylinders of radius Υ(𝑥, 𝑡) and height dx are defined at every
discrete interval along the 𝑥-axis (see Fig. 5). The piece-wise cylindrical
approach provides sufficient accuracy with regard to the representative
cavity surface area, as can be seen in Appendix A.

The volume of a cylindrical segment is obtained as 𝜋Υ2dx, and its
external surface area as 2𝜋Υdx. In Model 2D, the cylindrical segments
are partitioned into 𝑛𝜃 equal sub-surfaces. Therefore, the instantaneous
surface area of an element is given as seen in (4).

dS2D(𝑥, 𝑡) =
2𝜋Υ(𝑥, 𝑡)dx

𝑛𝜃
(4)

The sound radiation from the tip vortex cavities follows the same
mechanism as that from a volumetric pulsation. For such a source, the
source strength is proportional to the second derivative of the pulsat-
ing volume (Ffowcs-Williams and Lighthill, 1971). The simplification
proposed in Model 1D is based on this relation. An equivalent spherical
element with radius 𝑟sph (5) is defined such that it occupies the same
volume as the cylindrical segment. The surface area of the spherical
element used in Model 1D is then obtained as seen in (6).

𝑟sph(𝑥, 𝑡) = (3∕4Υ2(𝑥, 𝑡)dx)1∕3 (5)

dS (𝑥, 𝑡) = 𝜋[6Υ2(𝑥, 𝑡)dx]2∕3 (6)
6

1D
3.2. Acoustic representation

In a ship-fixed reference frame, the tip vortex cavity surface may
be represented as a discretized collection of acoustic sources, defined
by the Farrassat −1A integral formulation (3). The cavity surface defor-
mation velocity (𝒗def ) can be taken as the surface velocity (𝒗) of each
discrete source, based on the following assumptions:

1. The cavity surface deformation of any piece-wise cylindrical
element takes place along its radial direction. Hence, the defor-
mation velocity is always in the direction of the normal vector,
i.e. 𝒗def ⋅ 𝒏̂ = Υ̇(𝑥, 𝑡).

2. The influence of the surrounding flow on the cavity surface is
negligible, i.e. there is no interaction between the cavity surface
and the surrounding flow.

3. There is no interaction between adjacent cavity segments. The
propagation of disturbances along the cavity axis is prescribed
by the flow model.

Combining these simplifications, the thickness induced noise due to the
tip vortex cavity can be expressed as:

𝑝𝑇 (𝒙, 𝑡) =
𝜌0
4𝜋

𝑛ax
∑

𝑗=1

𝑛𝜃
∑

𝑖=1

dS𝑗 (𝑡)

[

𝒗̇𝑖𝑗 ⋅ 𝒏̂𝑖𝑗 + 𝒗𝑖𝑗 ⋅ ̇̂𝒏𝑖𝑗
𝑟𝑖𝑗 |1 −𝑴𝑖𝑗 ⋅ 𝒓̂𝑖𝑗 |2

+
𝒗𝑖𝑗 ⋅ 𝒏̂𝑖𝑗

(

𝑟𝑖𝑗𝑴̇ 𝑖𝑗 ⋅ 𝒓̂𝑖𝑗 + 𝑐𝑴 𝑖𝑗 ⋅ 𝒓̂𝑖𝑗 − 𝑐‖𝑴 𝑖𝑗‖
2)

𝑟2𝑖𝑗 |1 −𝑴 𝑖𝑗 ⋅ 𝒓̂𝑖𝑗 |3

]

ret

,

(7)

in the discretized form. Here, 𝑗 is the index for elements along the
axial direction, and 𝑖 is the index for elements along the circumferential
direction. Eq. (7) is valid for both Model 2D and Model 1D, with the
differences summarized as follows:

• 𝑛𝜃 = 1 for Model 1D.
• the surface area of the discrete element is represented by Eqs. (4)

and (6) respectively.
• the cavity rotational velocity in Model 1D is purely in the tangen-

tial direction, and hence always orthogonal to the normal vector
of the discrete elements. Therefore, for Model 1D,

𝒗𝑖𝑗 ⋅ 𝒏̂𝑖𝑗 = Υ̇𝑗 . (8)

In the far-field, the first term in the thickness induced noise (of
monopole nature) dominates the acoustic pressure. Consequently,
the simplified relation equating the acoustic pressure to the cavity
volume acceleration (Arveson and Vendittis, 2000) can be arrived
at.

• the radiation vector, 𝒓̂𝑖𝑗 , in Model 2D provides a more accurate
rendering of the directivity of the acoustic source, especially for
closer observer points.

4. Verification of acoustic models

Numerical hydroacoustics deals with the prediction of acoustic
pressure fluctuations, which are several orders of magnitudes lower
than the absolute pressure field within which they are present. The
nature of the problem, in terms of a relative magnitude scale, creates
uncertainties for both measurements and numerical computations. Such
uncertainties are extended towards validation of the numerical models
with experimental measurements, and even with other numerical mod-
els. Therefore, a reliable approach to ascertain the applicability of a
numerical model is through verification with an analytical solution.

Like many other similar physical problems which are extended to
practical applications, tip vortex cavity acoustics also has the issue
that it is difficult to obtain relevant analytical solutions. While various
assumptions and simplifications are employed in analytical solutions,
their relevance often deviates from the practical application. For ex-
ample, the sound field radiated by simple sources (monopoles, dipoles,
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Fig. 4. Tip vortex cavity acoustic models: 3D isometric view (above), top view (below).
Fig. 5. Piece-wise cylindrical discretization of the idealized tip vortex cavity.

quadruples, etc.) can be analytically expressed, but these formulations
assume an infinitesimally small size of the sound source in comparison
to the sound wavelength. The finite size and shape of the sound source
can be accounted for in the analytical solution for the acoustic radiation
of a pulsating sphere within a static medium (Urban, 2002). Such verifi-
cation studies have been included while developing numerical acoustic
models for noise from propeller blades (Göttsche, 2020). However,
the geometrical shape variation in the pulsating sphere case does not
closely resemble that in the case of a tip vortex cavity. Analytical solu-
tions pertaining to long cylinders are more relevant in the case of a tip
vortex cavity. At longer distances to the observer point, the pulsating
sphere geometry behaves essentially as a monopole source; whereas,
more interaction is expected between the elements discretizing a long
cylinder.

Existing literature pertaining to analytical solutions related to acous-
tics of cylindrical shapes is briefly discussed in Section 2.2. Among
7

these, the analytical solution proposed by Morozov (1974) is used to
benchmark the proposed acoustic models in this paper. The aim of the
verification study is to determine the spatial and temporal resolution
required to accurately estimate the known analytical solution through
the numerical models. The results are discussed taking into account the
limitations of the analytical solution, and the outcome sheds light on
the requisite numerical resolution while modelling propeller tip vortex
cavities.

4.1. Description of analytical solution

The analytical solution from Morozov (1974) is based on a theo-
retical analysis of the acoustic emission from cavitation line vortices.
The geometry of the line vortex is described by harmonic waves on
an axisymmetric, cylindrical cavity, wherein the fluctuation radius is
defined by a sinusoidal function. The important results are summarized
in a visual representation of the analytical case in Fig. 6.

Consider harmonic oscillations of amplitude Υ̃ on the surface of a
finite cylindrical cavity of length 𝐿𝑥 and radius Ῡ. The surface of the
oscillating cylinder is given by Υ = Ῡ + Υ̃𝑒𝑖(𝛼𝑥−𝜎𝑡). Here, 𝛼 is the wave
number of the surface propagating wave, and 𝜎 is its frequency for the
breathing mode (𝑛 = 0). The surface wave propagates with a velocity 𝑐𝑥
and wavelength 𝜆𝑥, such that 𝑐𝑥 = 𝜎

2𝜋 𝜆𝑥. Morozov (1974) proposed an
analytical solution for the acoustic radiated pressure in a medium with
density 𝜌0 for such a cylindrical cavity, when 𝐿𝑥 → ∞. The complex
acoustic pressure at a receiver point that is located a radial distance 𝑟
from the cylinder axis, is given by:

𝑝̃ = 𝑝ref 𝑒
𝑖(𝑘𝑥−𝜎𝑡), where 𝑝ref = 𝜌0Υ̃

𝜎2

𝛽
𝐻0(𝛽𝑟)
𝐻 ′

0(𝛽𝛼)
(9)

Here, 𝑘 is the acoustic wave number and 𝛽 =
√

𝑘2 − 𝛼2. 𝐻0 refers to the
Hankel function of the first kind of order zero, and 𝐻 ′ its derivative.
0
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Fig. 6. Description of the parameters used in the Morozov analytical case.
4.2. Convergence study

When simulating the effect of a surface propagating wave, such
as in the case of the Morozov analytical solution, it is self-evident
that the accuracy of the solution depends on the accuracy with which
the wave is captured within the simulation — both in the spatial
and the temporal domains. The convergence study is aimed at under-
standing the impact of such numerical resolution parameters. In this
paper, the numerical resolution parameters are defined in terms of
non-dimensional parameters. The defining parameter in the temporal
domain is the number of time steps per surface wave period (𝑛𝑡).
The axial spatial resolution is defined for both models by the number
of elements per surface wavelength (𝑛𝑥). Model 2D has an additional
spatial resolution parameter — the number of circumferential elements
around the cavity axis (𝑛𝜃).

The baseline case for the convergence study is based on the exem-
plary special case provided in Morozov (1974). This case considers the
acoustics of a cylindrical, vapour-filled cavity with 3 mm mean radius.
The angular velocity of rotation is determined from the Bernoulli equa-
tion, by assuming the free-stream pressure to the atmospheric pressure.
The flow Mach number, defined by the ratio of the linear velocity of
rotation at the mean cavity radius to the speed of sound in the medium,
is calculated as 0.0093. The corresponding frequency of the breathing
mode is 320 Hz. The amplitude of radial fluctuations considered is 1%
of the mean radius. While the proposed theoretical solution is for an
infinite cavity length, the verification study considers a finite cavity
length of 1000 m. The surface propagating wave has a wavelength of
50 m, which is sufficient to fulfil the infinite length assumption (𝐿𝑥 ≫
𝜆𝑥), and the acoustic emission condition (𝑐𝑥 > 𝑐) proposed by Morozov
(1974). Physical constants, such as the surrounding fluid density and
speed of sound, are defined as 1000 kg/m3 and 1500 m/s respectively.
The observer point is located in the cavity centre plane (𝑥 = 0) and
10 m radially away from the cavity axis. The convergence behaviour is
assessed based on the relative error of the acoustic pressure amplitudes
between the simulated and the analytical solutions.

Firstly, a convergence study is conducted on the circumferential
resolution of Model 2D, in order to identify the suitable resolution
required for the rest of the evaluation. Fig. 7 shows the convergence
behaviour for varying circumferential resolutions, wherein each curve
corresponds to a fixed axial and temporal resolution. The axial resolu-
tion 𝑛𝑥 and the number of time steps at the observer 𝑛𝑡 were varied from
0 to 100 in steps of 5, but only curves for selected values are shown in
the plot. Besides the resolutions, the angular position of the observer
was varied to cover 10 equally spaced angles within 2𝜋∕𝑛 . The error
8

𝜃

Fig. 7. Grid dependency study for circumferential resolution of Model 2D.

discussed is the maximum error. It is observed that no considerable
improvement in the simulated solution is obtained by increasing the
circumferential resolution greater than 5. The maximum deviation of
the simulated solution from the analytical solution, for 𝑛𝜃 ≥ 5 and
𝑛𝑥 ≥ 15, is 1.3%. Due to the negligible change for higher resolutions,
a circumferential resolution of 𝑛𝜃 = 5 is considered sufficient for all
further studies.

With the circumferential resolution fixed (𝑛𝜃 = 5), the rest of the
convergence study is conducted to determine the impact of varying the
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Fig. 8. Convergence of simulation w.r.t. the analytical solution. The red lines indicate the convergence behaviour towards the finest resolution solution, instead of the analytical
solution used for the other curves.
axial and temporal resolutions. Simulations of the analytical case are
performed for all integer combinations of 𝑛𝑥 and 𝑛𝑡 between 10 and
200. To assess the convergence behaviour in space and time separately,
the errors are plotted separately. The convergence behaviour is clearer
from the red curves, in which the reference solution is the respective
fine resolution solution. Figs. 8(a) and 8(b) show the convergence
behaviour in time for models 1D and 2D respectively. Both models
show approximately second order convergence in temporal resolution,
as indicated by the proportionality line. In Figs. 8(c) and 8(d), the
respective convergence behaviours with respect to axial resolution are
shown. Both the models show a rapid convergence to a steady error
value, much faster than that for the temporal resolution. Thereafter
(𝑛𝑥 > 12), an approximate third order convergence is observed. Only
selected curves are plotted on Fig. 8 to manage the compactness of the
plot.

It may be noted that the simulated solutions for both models do not
converge exactly to the analytical solution, even for fine resolutions.
9

For both models, the converged solution shows approximately 0.3%
error with respect to the analytical solution. This is also the reason why
a local minima is observed. The influence of critical parameters that
contribute to this discrepancy is investigated in the sensitivity study in
the following sub-section. The results from the convergence study are
used to determine appropriate temporal and spatial resolutions for the
sensitivity study.

The convergence behaviour for both models are independent of
each other, and hence the appropriate resolutions chosen are different
for each model. The criteria employed is that the relative error is
within 1%. For Model 1D, axial resolutions beyond 18 and temporal
resolutions beyond 44 do not significantly improve the error. For
Model 2D, the appropriate axial resolution is 18 (coincidentally), and
the appropriate temporal resolution is 23. Curves corresponding to
these chosen resolutions are indicated in Fig. 8. The progression of the
curves for the error below the horizontal 1% error line indicates that
the relative error stays below 1% for resolutions finer than the chosen

ones.
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4.3. Sensitivity study

Morozov (1974) states that in order to equate a long finite length
cavity to an infinite length cavity, the following four quantities have
to be small as compared to the cavity length — the observer point
location 𝑟0, the surface wavelength 𝜆𝑥, the sound wavelength 𝜆 and
he amplitude of fluctuations Υ̃. A sensitivity study is undertaken to
nderstand the influence of these parameters on the simulated solution.
he results of the sensitivity study are presented in Figs. 9 to 11. The
ertical axis of each plot is the ratio between the simulated acoustic
ressure amplitude and the analytical solution for the corresponding
10

ase.
Fig. 9 shows the variation of the simulated solution when the
bserver location is changed radially, as well as axially. For variations
long the radial direction, the observer point is located at the centre of
he cavity length (i.e. 𝑥 = 0, with the cavity extending from 𝑥 = −𝐿𝑥∕2
o 𝑥 = +𝐿𝑥∕2). For variations along the axial direction, the observer
oint is located at a radial distance 10 m away from the cavity axis.

The fluctuations in the pressure amplitude ratio are likely due to the
retarded time interpolation algorithm used in the FWH method. Hence,
the sensitivity of the solution to the observer point location is best
understood by focusing on the envelope of the curves.

As expected for large observer point distances, the analytical so-
lution is no longer valid, as shown by the high deviations of the

pressure amplitude ratio. When the observer point location satisfies
Fig. 9. Acoustic amplitude over different observer positions.
Fig. 10. Influence of cavity length 𝐿, for fixed observer point (𝑥=0, 𝑟=10 m).
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Fig. 11. Influence of amplitude of fluctuations, at fixed observer point (𝑥=0, 𝑟=10 m).
the analytical case assumption 𝑟0 ≪ 𝐿𝑥, the difference is within 3%.
s the observer point gets closer, the deviation from the analytical
olution decreases, thereby highlighting the impact of this necessary
ssumption for the analytical case. However, for observer points whose
adial distances are very close to the cavity centre (𝑟∕𝐿𝑥 < 3 × 10−3),

there is a larger deviation from the analytical solution. This happens
due to a limitation of the discretization, wherein the solution close to
the elements are generally unreliable. The general rule of thumb is that
this limiting distance is approximately equal to one element length. For
the sensitivity study in Fig. 9 with an axial resolution of 𝑛𝑥 = 18, the
atio of the element sizes to the cavity length is 2.78 × 10−3, which

duly matches this limiting criterion.
Similar trends were observed while undertaking the sensitivity

study by changing the cavity length in Fig. 10. As the cavity length
gets larger, the simulated solutions have better agreement with the
analytical solution, with reduced fluctuations of the amplitude ratio.
The performance of the acoustic models for shorter length cavities is
also appreciable. The variation from the analytical solution stays within
3% for cavity lengths as low as 5 times the surface wavelength. This is
an encouraging outcome for propeller tip vortex cavity cases, where it
is unfeasible to model a long tip vortex cavity. It should also be noted
that for lower cavity lengths, the limitation is on the analytical solution.
The acoustic models may still be valid, but this cannot be ascertained
using the current analytical solution case.

Another critical parameter when extending the simplified analytical
case to the practical case of propeller tip vortex cavities is the relative
amplitude of fluctuations on the cavity surface. This is represented by
the ratio of the fluctuation amplitude to the mean radius Υ̃∕Ῡ, and
the corresponding sensitivity study is provided in Fig. 11. Even though
the analytical solution was derived for relatively small amplitude of
fluctuations (Υ̃ ≪ Ῡ), practical tip vortex cavities encounter much
higher amplitudes. The surface wave amplitude ratio (Υ̃∕Ῡ) can be
s high as 1, resulting in the collapse of the cavity and leading to
ip-vortex splitting. This is the main motivation to investigate how
he models behave for high amplitude ratios. It is encouraging to
ee that both models show good and consistent agreement with the
nalytical solution, for amplitude ratios as high as 0.95. The asymptotic
ehaviour of both models close to cavity collapse are different due to
he nature of their definition. Model 2D retains the cylindrical shape of
he cavity segments; therefore, higher amplitude fluctuations can result
n a greater degree of inaccuracy in the definition of the individual
lements. Model 1D assimilates only the volume change, which is an
ntegrated quantity, and hence the consistency in behaviour persists
uch closer to the cavity collapse scenario.

Despite accounting for the parameter limits that assure an infinite
ength cavity, the simulated solutions do not seem to converge exactly
o the analytical solution. The reason for this discrepancy could not
11
be identified. Nevertheless, with the converged solution only showing
a 0.3% deviation, further effort is not poured into investigating the
reason for the small discrepancy. The deviation is still within acceptable
limits, and sufficient to continue further investigations for the propeller
tip vortex cavity acoustics.

4.4. Summary of verification study

The general conclusion from the verification study is that the pro-
posed acoustic models show consensus for the analytical cases consid-
ered. The limitations of the analytical solution, especially with regards
to extending the application of the infinite cylindrical cavity case to
a finite tip vortex cavity with high fluctuation amplitudes, have been
explored in the sensitivity study. The results from the sensitivity study
suggest that the acoustic models are expected to provide acoustic
pressure amplitudes within 3% difference, for harmonic fluctuations on
a tip vorticial structure that resembles a long cylinder.

It is also important to understand the significance of the investigated
parameters with respect to propeller tip vortex cavities. The proximity
of the observer point to the discrete elements is a limitation in flow
solutions that are based on the panel method. The sensitivity study
provides a quantitative estimate to this distance (see Fig. 9), with the
observation that there is no considerable deviation from the analytical
solution for distances as close as 1/1000th of the simulated cavity
length. This also roughly corresponds to the length of one discrete
element. The requirement of the minimum cavity length to accurately
represent the surface waves is also investigated in the sensitivity study.
A good rule of thumb would be to have the simulated cavity be as long
as five times the wavelength of the smallest frequency wave, although
smaller lengths may suffice. Conclusive recommendation on the tip
vortex cavity length cannot be made from the current sensitivity study
unfortunately, due to limitations in the analytical solution. The high
amplitude of fluctuations in propeller tip vortex cavities is a distinct
constraint when compared to the small perturbations in analytical
cases. The sensitivity study in this regard (Fig. 11) points towards
an evident validity of the application of the numerical discretization
models for large amplitude fluctuations.

5. Case study for propeller tip vortex cavity

The verification study performed in Section 4 serves as a primary
step in determining the suitability of the acoustic models to predict the
acoustic noise generation of a pulsating volume source. The next step
is to determine the suitability of the method for propeller tip vortex
simulation applications. While the cavity geometry and oscillations
in the verification study were prescribed, the case study includes a
representative geometry of the propeller tip vortex cavity obtained
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through numerical simulations. The following key features differentiate
a propeller tip vortex cavity geometry from the analytical description
of the breathing mode harmonic waves used in the verification study:

• The tip vortex cavity geometry is generally not axisymmetric. It
is a combination of axisymmetric and non-axisymmetric mode
shapes, as seen in Fig. 2.

• The amplitude of radial fluctuations for a tip vortex cavity is
usually of the order of magnitude of the mean radius, i.e. Υ̃ ≪
Ῡ is not generally valid. In high velocity flows, this can even
result in tip vortex cavity splitting and coalescence, which can-
not be described completely by the linear theory of harmonic
oscillations.

• The simplification of the three-dimensional tip vortex cavity ge-
ometry into two-dimensions (in Model 2D) and one-dimension (in
Model 1D), can lead to loss of geometric information such as tip
vortex elongation.

• The location of the observer point for propeller noise prediction
cases is usually far away, beyond the distance assumption of the
Morozov model.

• In practice, the propeller tip vortex cavity dissipates into the
flow field after a finite distance, as opposed to the infinite length
cylindrical cavity in the analytical case.

Nevertheless, the simplified models provide reasonable estimates for
the prediction of the acoustic noise from tip vortex cavities. In order to
truly evaluate the impact of these simplifications, a case study has to
be performed with a representative ship propeller tip vortex geometry.
This section describes the application of the acoustic models for a
standard propeller geometry, including a comparison with the full-scale
noise measurements.

5.1. Numerical model of the cavitating propeller flow

For simulating the unsteady propeller flow including the effects of
developed sheet and tip vortex cavitation, ESPPRO, the in-house panel
code of DTU (Technical University of Denmark), is used. A brief outline
of the potential flow model in ESPPRO and how it incorporates sheet
cavitation is provided in Appendix B. The applied model for developed
tip vortex cavitation is based on ideas of Szantyr (2006) and Kane-
maru and Ando (2015). The model is described in detail by Berger
(2018); information on the current implementation in ESPPRO is given
by Mirsadraee (2019).

The basic principle of the tip vortex cavitation model is depicted in
Fig. 12. The model is based on the assumptions of a cylindrical cavity
in the core of the tip vortex. Further, the cavitating tip vortex is split
into a large number of segments 𝑗, each of them is associated with
a position, the cavitation radius Υ𝑗 and the circulation 𝛤 . In every
time step, a new segment is initialized at the propeller tip and the
already existing segments are shifted in the downstream direction. Due
to the roll-up process of the sheet of trailing vorticity, the circulation
attributed to a segment is not constant. This means the circulation
along the vortex axis changes, it grows from an initial value 𝛤ini to
a final value once it has reached a certain distance from the blade
tip. In order to estimate the growth of circulation for a segment 𝑗,
the distribution of circulation bound to the blade is analysed at the
time where the segment is created. For the initial circulation 𝛤ini, the
blade circulation at a radial position of approximately 90% of the
propeller radius is assumed, i.e. the initial circulation is a fraction of
the maximum bound circulation 𝛤𝑏, hence: 𝛤ini = 𝛾ini𝛤𝑏. As the segment
travels downstream, the circulation is increased until it reaches 𝛤𝑏. A
semi-empirical function is used here, since ESPPRO does not include
details of the roll-up process. The segments are shifted downstream at
every time-step of propeller rotation.
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Since every segment is treated in the same manner, the index
𝑗 is omitted from now on. In order to calculate the unsteady cav-
itation radius Υ of a segment, the two-dimensional variant of the
Rayleigh–Plesset equation (Franc and Michel, 2005) is used:

(

ΥΫ + Υ̇2) ln
(

Υ𝐷
Υ

)

+ Υ2Υ̇2

2

(

1
Υ2
𝐷

− 1
Υ2

)

= 1
𝜌0

(

𝑝𝑐 − 𝑝vtx
)

, (10)

where

𝑝𝑐 = 𝑝𝑣 + 𝑝𝑔0

(Υeqm

Υ

)2𝑛𝑝𝑡
, 𝑝vtx (Υ) = 𝑝𝐷 − 𝜌∫

Υ𝐷

Υ

𝑢2𝜃
𝜉
d𝜉.

(11)

Here, 𝑝𝑐 is the pressure inside the cavity, which depends on the
vapour pressure 𝑝𝑣 of water and the partial pressure 𝑝𝑔0

(

Υeqm∕Υ
)2𝑛𝑝𝑡 of

non-condensable gases with the polytropic index 𝑛𝑝𝑡 = 1. Furthermore,
𝑝vtx describes the influence of the circumferential flow 𝑢𝜃 around the
cavitating core; 𝑝𝐷 is the ambient pressure far away from the vortex
axis at 𝜉 = Υ𝐷, the outer domain radius, which cannot be set to
infinity (Berger, 2018). The initial cavity radius is assumed to be equal
to the equilibrium cavity radius (Υeqm), which implies that its first and
second derivatives are zero in the initial condition.

A Batchelor vortex model is applied to approximate the circumfer-
ential flow around the vortex core:

𝑢𝜃 (𝜉) =
𝛤
2𝜋𝜉

[

1 − exp

(

−𝛽vtx𝜉2

𝑟2vc

)]

, (12)

with the segment’s circulation 𝛤 and 𝛽vtx = 1.256. The viscous core
adius 𝑟vc is related to the boundary layer thickness on the lifting
urface (Arndt, 1995). The circumferential flow around the vortex core
oes not directly interact with the noise generating mechanism, but its
mpact is manifested through variations of the cavity segment radii (Υ)
n Eq. (10).

.2. Definition of test cases

As part of the SONIC project (European Commission, 2013), full-
cale measurements were undertaken on the Princess Royal vessel, off
he north east coast of England. The noise measurements in the nar-
owband (1 Hz band), showcasing the tonal noise, are extracted from
iterature (Brooker and Humphrey, 2016; Humphrey et al., 2015). Two
perating conditions, for which narrowband power spectral density
alues are available, are used in the validation study. Details of the
wo operating conditions are provided in Table 2. These experimental
esults have previously been used in the literature to validate the
umerical prediction of tip vortex cavitation (Yilmaz et al., 2020), as
ell as for acoustic predictions (Göttsche, 2020).

The potential flow simulations are performed using the nominal
akefield for the Princess Royal propeller, which can be found in Tani
t al. (2019). The simulation uses the full-scale propeller blade ge-
metry, with computational settings as listed in Table 1. ESPPRO
imulation results displaying the extent of sheet cavitation for both op-
rating conditions are shown in Fig. 13. The extent of sheet cavitation
s comparable to that observed from the full-scale trials (Turkmen et al.,
017b), as presented in Fig. 14. Slight underprediction in the numerical

able 1
SPPRO simulation settings.
Parameter Value

Propeller diameter 0.75 m
Propeller draft at hub centre 1.4 m
Atmospheric Pressure 1.03 × 105 Pa
Vapour saturation pressure 1669 Pa
Surface tension coefficient 0.07416 N/m
Fluid density 1025.9 kg/m3

Blade mesh density (spanwise × chordwise) 25 × 30
Simulated number of revolutions 8
Angular time step 0.5◦
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Fig. 12. Segmentation scheme of the propeller tip vortex cavitation model; influence of sheet cavitation on the dynamic behaviour of tip vortex cavitation.
Table 2
Summary of operating conditions used in the validation study.

Parameter\Case ID 1200RPM 1500RPM

Propeller speed, 𝑛 [rps] 11.37 14.29
Ship speed, 𝑉𝑠 [knots] 9.35 11.45
Advance ratio, 𝐽 0.490 0.462
Mean thrust coefficient, 𝐾𝑇 0.1936 0.2040
Mean torque coefficient, 𝐾𝑄 0.0276 0.0288
Cavitation number, 𝜎𝑛 3.10 1.96
Blade Passing Frequency [Hz] 56.84 71.43

model may be attributed to the inaccuracies in recreating the sea-trial
environment, e.g. hull-propeller interaction, shaft inclination, presence
of water waves.

The acoustic computation uses the blade surface pressure distribu-
tion, sheet cavity thickness data and tip vortex cavity radius from the
last completed revolution. The thickness induced and loading induced
noise contribution due to blade rotation is calculated based on the
Farrassat −1A formulation of the Ffowcs-Williams–Hawkings equation
(Eq. (3)). The presence of the sheet cavities results in additional surface
velocities along the blade normal direction. The thickness induced noise
due to the cavity acceleration is taken as the acoustic contribution of
the sheet cavity. The contribution of tip vortex cavities is estimated
independently using the acoustic models presented in Section 3. The
instantaneous time history of each tip vortex cavity segment, along with
the tip vortex trajectory, are the inputs used in the acoustic models. The
acoustic calculations are performed in the free-field, without consider-
ing any reflecting boundaries, as the main focus is on evaluating the
relative performance of the tip vortex acoustic models.

The observer point (hydrophone) is located 45 m deep and 100 m
abreast of the ship centre-line. Being relatively deep compared to the
other hydrophone locations, the effects of free-surface reflection are
expected to be lower at this point. The evaluated sound pressure level
(in dB, 𝑟𝑒 1 μPa) is converted into source levels (in dB, 𝑟𝑒 1 μPa2m2),
13
Fig. 13. Sheet cavitation pattern from ESPPRO simulations. Red indicates discrete
panels where sheet cavitation is predicted.

Fig. 14. Full-scale observations.
Source: Turkmen et al. (2017b).

assuming a power source with spherical spreading. The source lev-
els are compared to the narrowband radiated noise levels provided
in Humphrey et al. (2015). Since the acoustic models do not include any
broadband noise phenomena and since the acoustic signals are assumed
to be periodic, only a comparison of the blade harmonic noise levels is
relevant. Hence the harmonic results from the numerical models are
indicated as points.
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5.3. Tip vortex cavitation noise spectrum

Tip vortex cavitation generates noise through impulses which are
random in time of occurrence, amplitude and duration (Ross, 1976).
The associated noise spectrum is a continuous broadband spectrum
with acoustic energy distributed over a large range of frequencies,
but still showing a broad spectral peak corresponding to the natural
frequency of volumetric pulsations of the cavity. This can be seen
in the pressure amplitude spectrum in Fig. 1. The flow model as
well as the acoustic models used in the numerical prediction do not
include statistical description of the random cavity radius fluctuations.
However, the ‘frequency hump’ in the typical tip vortex cavitation noise
spectrum can be evaluated.

5.3.1. Calibration of the flow model
The hydrodynamic model for the tip vortex cavity is based on the

definite integral solution to the two-dimensional Rayleigh–Plesset-like
equation (Eq. (10)) describing the oscillation of a cylindrical cavity
inside a larger cylindrical domain. The finite value of the domain
radius also affects the dominant frequency range of the tip vortex cavity
fluctuations. Order-of-magnitude estimates of mathematical equations
relating the domain radius (Υ𝐷), equilibrium cavity radius (Υeqm) and
the tip vortex centre frequency are found in the literature (Berger,
2018).

In Fig. 15, the influence of the domain radius on the source level
spectrum is shown for the acoustic simulation of the tip vortex cavity of
a single blade, for the 1200RPM case. The results are only plotted for a
selected few values of Υ𝐷∕Υeqm, to manage the readability of the plot.
Similar to what is expected from such a spectrum (see Berger, 2018;
Bosschers, 2018a, for similar spectra), there exists a range of frequen-
cies over which the acoustic behaviour is dominant. This ‘frequency
hump’ is evidently dependent on the value of the domain radius chosen.

Fig. 15. Influence of domain radius on tip vortex cavity acoustic spectrum. Solid lines
represent the tip vortex cavity acoustic source levels for single blade passage. Dashed
black line shows the source levels when all blades are included, with Υ𝐷∕Υeqm = 900.
14
Since the domain radius is not determined by the flow condition, it
essentially becomes a tuning parameter for the acoustic models. For
the present validation study, a domain radius ratio (Υ𝐷∕Υeqm) of 900
s chosen based on the relative agreement of the noise harmonics with
he experimental results for the 1200RPM case. Subsequently, the same
alue is chosen for the other operating condition.

.3.2. Spectral peak characteristics
Proportionality relationships between the spectral peak and blade

oading parameters can be obtained by order-of-magnitude estima-
ions (Bosschers, 2018a; Berger, 2018). For the current evaluation, the
emi-empirical formulations proposed in chapter 7 of Bosschers (2018a)
re used, i.e.
𝑓peak
𝑓bp

∝
𝜎𝑛

Υ∕𝐷
∝
𝜎𝑛
𝐾𝑇

, (13)

Lpeak ∝ 20 log10

(

Υ
𝐷

)𝜅1
∝ 20 log10

(

𝐾𝑇
√

𝜎𝑛

)𝜅1

, (14)

where 𝑓peak is the centre frequency of the spectral hump, SLpeak is the
source level at the spectral peak, and 𝜅1 is an empirical exponent. These

Fig. 16. Verification of the tip vortex cavity numerical predictions through proportion-
ality relationships. The results are from acoustic simulations of a single blade, using
Model 1D.
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Table 3
Regression analysis coefficients associated to Fig. 16.

Fig. 16(a) Fig. 16(b) Fig. 16(c) Fig. 16(d)

Slope 0.0098 0.3332 3.3371 3.4892
R2 0.9897 0.9886 0.7953 0.8611

relationships can be used to verify the tip vortex cavity predictions from
the numerical models.

The evaluation is done for single blade passage where the centre
frequency of the tip vortex spectral hump is clearly distinguishable.
Three advance ratios (𝐽 = 0.4, 0.45, 0.50) and two cavitation conditions
(𝜎𝑛 = 1.96, 3.10) are used to generate additional data-points for the
proportionality plot. The comparison is shown in Fig. 16, and the
regression analysis coefficients are given in Table 3. The proportionality
relations pertaining to the mean cavity radius

(

Ῡ
)

, as well as those
pertaining to the operating conditions (𝜎𝑛, 𝐾𝑇 ) are checked.

Good linear fits are observed for the four proportionality relations
considered, as indicated by high values of the coefficients of determi-
nation (R2). This confirms that the proportionality relationship holds
across the range of operating conditions considered. This is particularly
the case for proportionality relationships of the hump centre frequency
in Figs. 16(a) and 16(b). The linear fit is slightly lesser for the peak
source levels. The slope of the best-fit lines in Figs. 16(c) and 16(d)
correspond to the empirical constant 𝜅1 in Eq. (14). In the current
work, the numerical method indicates a value of 𝜅1 in the range of
3.3 to 3.5. This is considered to be similar to the findings in relevant
literature (Bosschers, 2018a), where a value of 3 is proposed based on
curve-fitting of measured data on a two-bladed research propeller.

An overall good agreement with the proportionality agreements ver-
ifies the numerical methods used for the hydrodynamic flow and those
used for the acoustics of the tip vortex cavity. The relations pertaining
to cavity radius verify the consistency of tip vortex cavity radius output
from the ESPPRO hydrodynamic model. The relations pertaining to the
operating conditions verify the applicability of the numerical method
for the range of propeller operating conditions considered within the
current validation study.

5.3.3. Tip vortex cavity geometry
A closer look at the geometry of the tip vortex cavity and its

dynamic behaviour is essential to comprehend the adequacy of the
piece-wise, curvilinear cylindrical assumption used in the tip vortex
cavity numerical models. Fig. 17 shows a visual illustration of the
three-dimensional tip vortex cavities downstream of the propeller. The
15
Fig. 18. Instantaneous tip vortex cavity geometry along the helical axis. Origin is at
the beginning of the cavity (i.e. at blade trailing edge). The cavity length corresponds
to approximately two propeller revolutions.

Fig. 19. Spatio-temporal plot of the cavity segment radius. Horizontal axis is non-
dimensional time, vertical axis is non-dimensional distance along the helical axis, and
the colorbar represents cavity radius.
Fig. 17. Instantaneous tip vortex cavity geometry from ESPPRO. Cavity segments are represented as spheres proportional to the segment radius, similar to Model 1D implementation.
The cavity length shown in the figure is intentionally truncated for clarity.



Ocean Engineering 311 (2024) 118732J.P. Tomy et al.
corresponding two-dimensional plots along the cavity axis are given
in Fig. 18. The influence of the ship wake field is observed through
segment radius peaks that correspond to the wake peaks at the 12
o’clock and 6 o’clock positions. The cavity length in Fig. 18 corresponds
to the tip vortex cavity generated over two propeller revolutions, hence
four such peaks are visible — two major peaks that correspond to cavity
segments that were born at the 12 o’clock position and two minor peaks
that correspond to segments that were born at the 6 o’clock position
(see Fig. 18). The spatio-temporal evolution of the cavity geometry can
also be visualized through the contour plot in Fig. 19.

5.4. Uncertainty quantification

While the validation with experimental full-scale measurements
provides a practical overview of the acoustic models, it must be noted
that this involves a large degree of uncertainty. Uncertainties can be
mainly attributed to the measurement setup, the difficulty in simulating
various noise sources, and the assumptions used in the numerical
model. In order to achieve a sensible comparison of the numerical
acoustic predictions with the acoustic measurements, it is necessary to
have a rough quantification of these uncertainties.

5.4.1. Uncertainties in the numerical model
Correlating key parameters of the propeller tip vortex cavity to

those of a long cylinder (as defined in the verification study in Sec-
tion 4) shall provide quantitative estimates on the validity of assump-
tions used in the acoustic models. While the analytical solution is not
valid for the propeller tip vortex cavity, the results from the verification
study that pertain to numerical resolutions can be reused. This means
that relative comparisons can be made between the numerical solution
for the finest resolution in the convergence study (Fig. 8) and the so-
lutions corresponding to the resolution used in the propeller validation
case. This is also applicable for the results from the sensitivity study
on the cavity length (Fig. 10) where the analytical solution is inde-
pendent of the sensitivity parameter, but not for the other sensitivity
parameters.

From the theory of linear waves on cylindrical vortex cavities,
it is known that the sound wave frequencies are equal to the wave
frequencies on the cavity (Bosschers, 2018a). Thus, the relevant time
scales for the simulation of waves on the cavity causing noise emission
can be calculated from the relevant multiples of the blade passing
frequency 𝑓bp = 𝑛𝑏𝑛, where 𝑛 is the propeller rotation rate and 𝑛𝑏 the
number of blades. The highest wave frequency requires the smallest
time steps for the simulation of the sound radiated from the tip vortex
cavity. If the highest frequency to be considered is the ℎth harmonic of
16
the blade passage frequency, ℎ𝑓bp, the number of time steps per period
is

𝑛𝑡 =
2𝜋
𝛥𝜓

𝑛
ℎ𝑓bp

= 2𝜋
𝛥𝜓

1
ℎ𝑛𝑏

. (15)

The number of time steps per period (𝑛𝑡) for the first to sixth harmonics,
with 0.5◦ propeller rotation per time step, are 144, 72, 48, 36, 28.8, and
24, respectively.

The axial resolution can be calculated using an appropriate re-
lation between the cavity surface wavelength and wave frequency.
While theoretical estimates of dispersion for cavity dynamics are avail-
able (Bosschers, 2018a), they may not be valid for the current setup
because the cavity segments in the numerical flow model are treated
independent from each other. Thus, as mentioned by Gosda et al.
(2021), there is no axial propagation of waves other than with the
ambient velocity, the pulsating segments are swept downstream with.
However, a dispersion relation for the numerical method can be ob-
tained by performing a spatio-temporal Fourier transform of the cavity
radius, as seen in Fig. 20. The frequency and wave-number axes are
normalized by appropriate quantities to showcase the inter-dependency
of the surface waves along the cavity surface and their frequency, i.e.
the dispersion relation. The two-dimensional Fourier transform shows
three distinct bands where the cavity fluctuations are dominant.

The central band shows the influence of the blade loading on cavity
radius fluctuations. The helical length traversed by the cavity surface
wave during one propeller revolution (𝐿1rev = 𝐿𝑥∕2) is linked to the
cavity surface fluctuations at the propeller rotation frequency. This is
referred to as ‘helical wavelength’ in subsequent discussion. The ℎth
harmonic wave is linked to a wavelength that is 1∕ℎ of the helical
wavelength. This is indicated by the central band, which is essentially
a straight line that has a slope of −1.

The side-bands indicate dominant cavity radius fluctuations for
surface waves that have a much higher wave number (i.e. much smaller
wavelength) than the surface waves generated due to blade loading.
These are the radius fluctuations induced by cavity dynamics, and
the corresponding dispersion relation is indicated by the red dotted-
line. These are the shortest-wavelength waves that are relevant to
acoustic computations. It can be seen from Fig. 20 that the shortest
wavelength required to be captured, for accurate prediction up to
the sixth harmonic of propeller rotation frequency (vertical axis), is
approximately 1/25th the helical wavelength for case 1200RPM; and
approximately 1/20th the helical wavelength for case 1500RPM. The
limiting value of wavelength from the numerical dispersion relation
is used to define the axial resolution of the numerical model. As the
numerical model discretization is such that a cavity segment is created
Fig. 20. Spatio-temporal discrete Fourier transform of the cavity segment radius from a single blade. Only the second spatial wavelength of the cavity radius along the helical
axis is included (i.e. 𝑥∕𝐿𝑥 > 0.5) so as to ensure periodicity. The horizontal axis is the non-dimensional frequency, normalized by the propeller rotation frequency. The vertical
axis is the non-dimensional wave number, normalized by the helical cavity length generated from 1 propeller rotation (i.e. 𝐿1rev = 𝐿𝑥∕2).
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for every 0.5◦ of propeller revolution, approximately 28.8 segments are
present per the smallest wavelength required to be captured.

The temporal and spatial resolution of the propeller tip vortex
cavity can be examined in conjunction with the verification study in
Section 4.2. Assuming that the numerical convergence study remains
valid for the propeller tip vortex cavity, the numerical resolution errors
for the validation study can be extracted. For the range of blade har-
monics considered, the maximum error for model 1D is approximately
3% and that for model 2D is approximately 1%. An additional error is
introduced due to the length of the tip vortex cavity considered. Due
to computational restrictions, the numerical model only uses a cavity
length that is approximately twice the largest wavelength. From the
sensitivity plot in Fig. 10, this leads to an approximate error of 10%
including 1% resolution error. Combining the errors due to spatial,
temporal and cavity length resolutions give an error of approximately
1 dB for Model 1D and 0.8 dB for Model 2D.

While the error from the acoustic models for tip vortex cavitation is
estimated from the above procedure, similar quantitative estimates are
not known for the flow simulations in ESPPRO and for the acoustic
models of blade displacement noise and sheet cavitation noise. How-
ever, the focus of the current paper is on the numerical models related
to tip vortex cavitation acoustic, hence only these uncertainties are
included.

5.4.2. Measurement uncertainties
The source levels presented in Humphrey et al. (2015) are sub-

ject to uncertainties introduced by the source conditions, quality of
measurements and processing techniques. The variability in the ship’s
acoustic source condition affects the repeatability and reproducibility
of the measurements. The quality aspect of measurements is related
to the sensitivity and calibration of the hydrophones, amplifiers and
other related instrumentation required to realize the acoustic mea-
surements. Further uncertainties are introduced in the processing of
time domain signals to frequency domain spectra. These are a few
of the aspects (ISO17208-1, 2016) that need to be considered if a
rigorous measurement uncertainty estimate is to be evaluated. Such an
extensive evaluation is not envisaged for the current validation study.
Nevertheless, approximate estimates are extracted from the literature,
as follows.

Uncertainty estimates:. Humphrey et al. (2015) quantify the variabil-
ity of the experimental setup, by analysing the measurement data. The
analysis estimates the variability between different runs of the vessel to
be of the order 1 to 2 dB. The random systematic variability that might
be expected for measurements using multiple hydrophone arrays have
been summarized as a function of one-third octave band frequency in
Figure 18 of Humphrey et al. (2015). This amounts to about ±2.5 dB
in the range of the first blade harmonic and reduces to about ±1 dB for
the highest frequencies considered in the current comparison (about
500 Hz). A further uncertainty of ±2 dB is considered for the uncer-
tainty in the source characterization through source level corrections,
as suggested in Section 5 of ISO17208-2 (2019). These values have
been used to define a ‘measurement uncertainty band’ for the current
validation study.

Concurrent noise sources:. The measured noise levels include the
contributions from other noise sources such as the ship engine, shaft
rotation, waves, flow turbulence etc. These contributions are not con-
sidered in the current validation study because the numerical acoustic
predictions are only expected to be reliable for multiples of the blade
passing frequency (𝑓bp). For the five-bladed Princess Royal propeller,
the first harmonic of the shaft rate is equivalent to 0.2𝑓bp. There-
fore, the shaft harmonics are not expected to have significant bearing
on the acoustic spectrum in the frequency range where tip vortex
cavitation-induced noise is expected to be dominant (i.e. 𝑓 > 2𝑓bp).
Similar considerations for the engine harmonics also indicate an un-
17

likelihood of interaction between engine and blade harmonic noise
levels. The Princess Royal vessel is equipped with a gearbox with
reduction ratio of 1.75, which means that the first engine harmonic
is approximately equal to 0.35𝑓bp. Hence it is reasonable to assume
that the blade harmonics up to the 7th harmonic are not influenced
by the machinery-induced noise. A further comprehensive analysis of
the machinery-induced noise from the full-scale noise measurements
can be found in Turkmen et al. (2017a). Stochastic processes such as
water waves and flow turbulence are expected to induce noise signals
that are predominantly of broadband nature. As the current comparison
only involves tonals, these contributions are also disregarded.

Background noise:. Background noise refers to other noise sources in
the sea environment where the noise measurements take place. These
are corrected for during the processing of the measurement results. The
accuracy of this methodology is unknown, and hence no uncertainty
on this aspect is further highlight to the experimental measurements.
It is not expected to have background noise sources whose frequencies
coincide with the blade passing frequency.

5.4.3. Uncertainties in recreating the measurement scenario
The experimental measurement scenario is defined by the noise

from a twin-screw catamaran vessel, with propellers operating at ap-
proximately 1.2 m below the water surface, and a sea bottom of approx-
imately 100 m depth. However, the numerical simulation scenario is
defined by the noise produced from a single propeller, rotating in a non-
uniform ship wake field, which includes acoustic models for radiated
noise from the rotating blades, the sheet cavities and the tip vortex
cavities. A schematic comparison of the measurement and simulation
scenarios is shown in Fig. 21. A realistic numerical prediction should
be able to account for the additional noise sources in the experimental

Fig. 21. Schematic comparison of the measurement setup and the numerical simulation
setup. Blue lines are symbolic representation of acoustic waves and their reflection paths
included in each scenario, indicating noise mechanisms.
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measurement scenario. The following itemized points provide a descrip-
tion of the additional noise sources, their associated uncertainties, and
how they amplify/reduce the numerically predicted noise. The higher
uncertainty bound is a quantification of the situation which produces
maximum amplification of the numerically predicted noise, and vice
versa.

Free surface reflection:. The air–water interface acts as a reflecting
boundary resulting in the typical Lloyd-mirror interference pattern
(LMIP) (de Jong, 2009). Due to the relatively lower acoustic impedance
of air, the reflection coefficient of the interface is close to −1, thereby
resulting in a reflected signal that is almost 180◦ out-of-phase with
the original source signal. The theoretical reduction in source levels
due to LMIP can be calculated by using an ‘image interference effect’
for a source near an out-of-phase reflecting surface (Carey, 2009). The
resultant correction (𝛥SLLMIP) is given by:

𝛥SLLMIP = 10 log10

(

4 sin2
(

𝑘𝑧𝑠𝑧𝑟
𝑟sr

))

, (16)

here 𝑘 is the wavenumber, 𝑧𝑠 and 𝑧𝑟 are source and receiver depths
espectively, and 𝑟sr is the source–receiver range.

The correction for free surface reflection is estimated based on
q. (16) for the 45 m deep hydrophone. The interference patterns in
he real sea are not as clearly defined as in the LMIP; nonetheless,
t provides a quantitative estimate of the limits of uncertainty due
o free surface reflection. It may also be noted that the interference
ffects are much higher for lower frequencies, and consequently also
he sensitivity of the noise measurement data for lower frequencies.
naccuracies in Eq. (16) are estimated by considering ±10% error in the
rgument of the sine function. This defines the upper and lower bounds
f uncertainty due to free surface reflections.

ea bottom reflection:. The test site for the experimental measure-
ents has an approximate depth of 100 m, which is classified as shallow
ater as per the ISO-17208 guidelines (ISO17208-2, 2019). Accord-

ngly, significant amplification of the noise, due to reflected sound from
he sea bottom is expected. The difficulty of estimating source levels
n shallow water is investigated in MacGillivray et al. (2023), which
ncludes a semi-empirical estimate of an adjusted source level. This is
ased on a consideration of an effective dipole sound field consisting of
he point source and its reflected image by the sea surface. The increase
n source levels due to seabed reflections is given by:

SLBtm = 10 log10

(

𝑅̌btm
14(𝑘𝑧𝑠)2 + 2(𝑘𝑧𝑠)4

14 + 2(𝑘𝑧𝑠)2 + (𝑘𝑧𝑠)4

)

. (17)

Here, the argument of the log-function is multiplied by a correction
factor proportional to the reflection coefficient of the sea bottom (𝑅̌btm).
This is assumed to be equal to 0.38, based on the geo-acoustic pa-
rameters given in the literature for the same test site (Turkmen et al.,
2017b). Similar to the uncertainty estimate for free surface reflec-
tion, ±10% error on the wave number is considered to estimate the
uncertainty range for sea bottom reflection.

Hull and appendages:. It is impractical to include a three-dimensional
model of the ship hull and appendages to account for reflection effects
in the acoustic simulations. In conformance with usual practice for ship
acoustic simulations, a solid boundary factor (SBF) is applied in order to
account for these effects. The theoretical maximum limit of SBF is 2.0,
which corresponds to doubling of the propeller acoustic signal, similar
to reflection from hard, flat plate. The lower limit considered is the case
where the hull reflections have no effect, i.e. SBF = 1.0. Accordingly,
the upper and lower bounds of uncertainties due to hull reflection are
18

0 dB and −6 dB respectively.
Second propeller:. The experimental measurements were performed
while both propellers on the vessel were in operation, while the simu-
lations are performed for a single propeller. As a simple estimate of the
increase in source levels due to the second propeller, the same acoustic
source can be reflected about the ship centre-line to obtain a reasonably
accurate estimate of the resultant sound field. The theoretical maximum
increase due to the second propeller is 6 dB, which corresponds to
doubling of the source levels. The minimum limit is taken as 0 dB.
It may be noted that numerical simulations estimate a possibly wider
range of uncertainties depending on the synchronization between the
propellers (Scharf et al., 2024). Such wider range of uncertainties is not
considered in the current paper due to lack of available information
about shaft synchronization.

Source and receiver locations:. The narrowband spectra used for val-
idation are that of the measured acoustic pressure levels at a particular
hydrophone location. Therefore, the measurements are sensitive to any
inaccuracy in determining the exact source and/or receiver locations.
The coordinates of the source and receiver locations in the experimental
measurements are only nominal. In practice, it is difficult to ensure
the exact locations during a sea trial, unlike in model scale testing. An
approximate 10% error is considered in the distance (the same as for
free surface reflection uncertainties), and the upper and lower bound of
error considered on the basis of a spherical spreading approximation.

Smearing effect:. The numerical predictions assume a perfectly peri-
odic acoustic pressure signal, as the propeller rotation speed is pre-
scribed to a constant value and the wake field is assumed to be
time-invariant. Such an assumption of periodicity results in distinct
peaks at the tonals, as seen from the dashed lines in Fig. 15. However,
the full-scale measurement condition is subject to non-periodic inflow
variations or turbulence, resulting in the acoustic power at the tonals
being spread over a small band of frequencies. This is known as the
‘smearing effect’ on the tonal components in the spectrum (van Wijn-
gaarden et al., 2005). Consequently, the experimentally measured noise
levels are lower than the numerically predicted levels, because the tonal
acoustic energy in the latter are concentrated on a single frequency. A
correction for this overprediction is made by estimating the frequency
band over which the smearing occurs (𝛥𝑓smear) for each blade harmonic,
and for each operating condition. Thereafter, the correction to the
numerical predictions is given by:

𝛥SLsmear = −10 log10

(

1
𝛥𝑓smear

)

. (18)

The resulting correction ranges from around 3 to 6 dB across different
harmonics.

5.4.4. Consolidated uncertainties
A summary of the quantified uncertainties is provided in Table 4.

The uncertainties in reported source levels are used to indicate a
confidence interval within which the experimentally measured source
levels from Brooker and Humphrey (2016) are expected to be reliable.
The uncertainties in numerical characterization are highlight to the
numerically estimated source levels, in order to achieve a reasonably
realistic estimate of the full-scale measurement scenario. It may be
noted that the uncertainty estimates in Table 4 are only indicative
estimates, and are not entirely based on mathematically justifiable
uncertainty calculations. The purpose of such an estimate is to highlight
the fidelity of the validation process while comparing with full-scale
measurements.

5.5. Results and qualitative comparison

After accounting for the various uncertainties between the experi-
mental and numerical simulation scenarios, the power spectral density
levels are compared in Fig. 22. The 1 Hz narrowband source level spec-

trum from Humphrey et al. (2015) is normalized with the blade passing
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Table 4
Summary of minimum and maximum levels of uncertainty in source levels. All tabular values are calculated in dB, re 1 μPa2m2.
Uncertainty ranges for free-surface and bottom reflection are frequency dependent, where 𝑘 is the associated wave number.
Uncertainty parameter Minimum Maximum

Uncertainties in reported source levels
(1) Measurement repeatability −2 +2
(2) Measurement setup −1 to −2.5 +1 to +2.5
(3) Source level corrections −2 +2

Uncertainties in numerical characterization
(1) Free-surface reflection

(according to Eq. (16))
−𝛥SLLMIP(0.9𝑘)
for 𝑧𝑟 = 43.8m, 𝑟sr = 97.05m

−𝛥SLLMIP(1.1𝑘)
for 𝑧𝑟 = 43.8m, 𝑟sr = 97.05m

(2) Bottom reflection (see Eq. (17)) 𝛥SLBtm(1.1𝑘) 𝛥SLBtm(0.9𝑘)
(3) Hull and appendages 0 +6
(4) Second propeller 0 +6
(5) Source & receiver locations 20 log10(0.9) 20 log10(1.1)
(6) Smearing effect (see Eq. (18)) 𝛥SLsmear 0

Uncertainties due to numerical resolution
(1) Model 1D −1.0 +1.0
(2) Model 2D −0.8 +0.8
Fig. 22. Comparison of numerically predicted power spectral density levels with experimentally reported levels, in 1 Hz bandwidth. Uncertainty in sea-trial reported source levels
and error-bars for numerically predicted noise sources are calculated in accordance with Table 4.
frequency for each case. The uncertainties in the sea-trial reported
source values are indicated with a grey band around the source level
spectrum. The numerical simulation results are indicated by markers,
showing the predictions at blade harmonics. The numerical prediction
of source levels are calculated as follows: The amplitude of pres-
sure fluctuations (𝑝̂) at the hydrophone location (x=0 m, y=−97.05 m,
=−43.8 m, r=106.48 m) is normalized to 1 m radial distance from the
ropeller centre. The root-mean-square value of the resultant power
pectrum is converted to the deciBel scale with a reference power of
μPa2m2 to obtain the source levels (SL). Since the numerical predic-

ion method only includes tonal noise, the power spectral density levels
PSDL) in 1 Hz bandwidth are the same as the source levels. Eq. (19)
19
summarizes the procedure.

PSDL = 20𝑙𝑜𝑔10

(

𝑝̃∕
√

2
1 × 10−6

)

+ 20𝑙𝑜𝑔10(𝑟) (19)

In the potential flow based numerical simulations, one is able to
separate the acoustic contribution from different acoustic sources. This
is helpful in highlighting the dominant propeller noise mechanisms for
different harmonics. For example, it is evident from the different acous-
tic source contributions that the blade displacement induced tonal noise
is dominated by the cavitation-induced tonal noise. This is expected
for the two operating conditions considered here, wherein considerable

cavitation is present. Blade displacement induced tonal noise is relevant
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for non-cavitating operating conditions. However, such conditions are
not presented in this paper, due to the low signal-to-noise ratio of the
experimental measurements.

The tonals at lower harmonics are dominated by the sheet cavity-
induced noise. The numerically predicted source levels at the first
harmonic can be almost entirely attributed to sheet cavitation. These
levels, after accounting for the uncertainties in the numerical character-
ization, fall within the uncertainty range of the reported power spectral
density (PSD) levels from the sea-trials. The contribution of the tip
vortex cavity induced noise becomes prominent at higher harmonics, as
is evidenced by the frequency hump in the sea-trial PSD levels. A visual
estimate places the centre frequency of the tip vortex spectral hump to
be between the third and fourth blade harmonics for the 1200RPM case,
and between the second and third harmonics for the 1500RPM case.
The numerical predictions also indicate similar ranges of dominant
tip vortex induced noise frequencies. These estimates are also in line
with the empirical estimates based on cavitation number and thrust
coefficient (Bosschers, 2018a; Berger, 2018). It may be reiterated here
that the tuning of the tip vortex model is done only based on the
1200RPM operating condition; the same parameter settings are used for
the 1500RPM operating condition. A reasonably accurate prediction of
the tip vortex frequency hump points towards the applicability of the
acoustic models for propeller tip vortex cavitation noise estimation.

The cumulative harmonic value is not indicated to manage the
readability of the plots, but the uppermost marker on each vertical line
can be treated as the cumulative value. Since the uppermost value is
generally significantly larger than the next, the difference on the deci-
Bel scale is negligible. As can be seen from the comparison in Fig. 22,
the numerical prediction provides a decent estimate of the full-scale
noise source levels, within the range of uncertainties discussed earlier.
Since the uncertainty range is non-negligible, the primary emphasis of
the comparison is not on the accuracy of the predictions, but on the
qualitative prediction of the source levels. The numerical predictions
concur with the general expected trend of relatively higher noise levels
at lower harmonics (first and second) for the 1500RPM case. For har-
monics from third to sixth, the source levels for the 1200RPM case are
at similar levels to the 1500RPM case. This trend is also qualitatively
predicted from the numerical simulations. There seems to be a slight
misalignment in the source levels close to the tip vortex spectral centre
frequency, i.e. between the third and fourth harmonic. This can be
attributed to the current lack of an established procedure for tuning the
tip vortex cavitation flow model. The availability of validation data for
more operating conditions and a better understanding of the influence
of the tuning parameters can further streamline the tuning process,
thereby enabling better predictions.

The comparison between the tip vortex acoustic models – Model 1D
and Model 2D – shows good agreement across all harmonics. Both
models show consistent predictions for the tip vortex ‘frequency hump’
— between 3rd and 5th harmonics for the 1200RPM case, and between

nd and 3rd harmonics for the 1500RPM case. The relation between
djacent harmonics is also consistent between the models. A maximum
ifference of 8 dB is seen for certain harmonics, which points towards
he possible error due to the simplifications in Model 1D. Such relative
rror is acceptable considering the higher range of uncertainties from
ther sources. The time domain comparison between the acoustic pres-
ure signals predicted at the hydrophone location from both models
s shown in Fig. 23, indicating good overall agreement between the
ignal amplitudes. The phase of the signals is also well aligned, except
or a slight shift in the 1500RPM case. This is possibly because the
irectional effects accounted for by Model 2D are more pronounced for
arge amplitude cavity fluctuations. The shift in phase does not affect
he noise amplitude prediction, and hence is not investigated further.

It is promising that the cumulative noise harmonics from the simu-
ation lies within the expected range of uncertainties for the validation
xercise. However, it is unfortunate that such high levels of uncer-
20

ainty make it difficult to conclude about the overall accuracy of the
Fig. 23. Simulated acoustic pressure signals at the 45 m deep hydrophone.

simulation setup. It is also difficult to ascertain whether the models
under-predict or over-predict the measurements, due to the various
uncertainty parameters discussed earlier. Nevertheless, considering the
complexity of the noise simulation problem and the low fidelity of the
numerical models, a decent agreement is obtained for the validation
study cases. A qualitative comparison of the tip vortex models also
points towards their applicability for propeller tip vortex cavitation
problems.

Further enhancement of the accuracy of the numerical predictions
is directly related to reducing the uncertainty ranges mentioned in Ta-
ble 4. From the numerical simulation standpoint, this means improved
source models that are able to better represent the ocean environment
reflections and the broadband noise spectrum. Characterization of the
sea-trial ocean environment is computationally cost-intensive, and the
use of low-fidelity reflection models is perhaps better suited for the
current numerical prediction scenario. The broadband characteristics
of the noise spectrum is mainly inherited from the flow solver for
acoustic analogy problems. Their inclusion requires flow solvers that
can account for the stochastic fluctuations of the cavity surfaces. Al-
ternatively, post-processing semi-empirical models for tip vortex cavity
broadband noise, such as the one proposed in Bosschers (2018b),
present potential avenues for consideration.

6. Conclusion

The importance, practicality, implementation and validation of nu-
merical models to predict the acoustic radiation from propeller cav-
itation are discussed in this paper. The importance of developing
numerical acoustic models for tip vortex cavitation is highlighted by
the extremely high grid resolution required to simulate the same using
high-fidelity Navier–Stokes equation solvers. Most practical applica-
tions related to propeller underwater noise cannot handle such high

computational costs. The low-fidelity acoustic models proposed and
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implemented in this paper point towards the practicality and cost-
efficiency for such applications. As is the case for all low-fidelity
models, it is important to characterize the compromise in accuracy
achieved by simplifying the numerical models. The verification and
validation exercises performed within the paper are aimed towards this
end. The acoustic pressure predicted by both numerical models are in
good agreement with the analytical solution for the verification case
study, within the limitations of the assumptions.

The validation case study aims to assess the practical utility of
the acoustic models. The limitations of the validation case have been
explored with an attempt to characterize and quantify the range of un-
certainties. While the uncertainty evaluation is by no means complete,
it provides an indication about the expected deviations when validating
against full-scale noise measurements. A conclusive claim about the
validity of the numerical models cannot be made with this evaluation;
but the predictions from the numerical models are found to be in decent
agreement for the validation cases considered.

The validation study could be enhanced by including additional
operating conditions, especially conditions with significant tip vortex
cavitation but no sheet cavitation. However, the experimental mea-
surements are unreliable for such cases, with low signal-to-noise ratio.
Despite very strong reflection effects, cavitation tunnel measurements
can provide a further possibility for validation. This is earmarked as
follow-up studies for the current numerical acoustic models.

The simplicity of the numerical acoustic models allows rapid cou-
pling to any hydrodynamic flow model that simulates tip vortex cavity
dynamics. An example implementation is performed within the scope of
the current work, where the models are coupled to a propeller potential
flow solver. The successful implementation paves the way to future
investigations and evaluation studies which would enhance the appli-
cability of the numerical models. Any improvement in the flow charac-
terization of the hydrodynamic model directly improves the accuracy
of the acoustic model. It would be important to consider higher-order
hydrodynamic models for the tip vortex rather than the piece-wise
cylindrical representation currently implemented in ESPPRO .

One major limitation observed while coupling the proposed numer-
cal models to a potential flow solver is the inability to predict the
roadband nature of the tip vortex noise spectrum. The current method-
logy assumes periodic behaviour of tip vortex cavity fluctuations;
hereas in reality, the behaviour is affected by the random, turbulent
ature of the surrounding flow. Even though the dominant frequency
ange can be approximately predicted by the current methodology, a
ore reliable estimate would require the inclusion of the broadband
oise spectrum. The work conducted by Bosschers (Bosschers, 2018a),
ased on random phase and amplitude modulation, is a promising
ndeavour for subsequent research.

Within the limitations posed by the complexities of the underwater
oise phenomenon, the current study takes a major stride towards
he development of low-fidelity numerical acoustic models for tip
ortex cavitation induced noise. Relevant analytical and practical cases
ave been evaluated, ascertaining the applicability of these methods.
nhancing the quality of the input flow to the model, such as the
nclusion of the broadband nature of the cavity fluctuations and im-
roved tip vortex cavity dynamics, would serve as upgrades to the
urrent numerical acoustic models. In this respect, the results obtained
n the current study lay the groundwork for further development of
he acoustic models. Further exploration is intended in this direction,
nabling extensive application of the low-fidelity numerical models for
ropeller tip vortex cavity acoustics.
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Appendix A. Approximation of the surface area

In this section the calculation of the partitioned surface area of a
harmonic wave as used in this article is investigated. The analytical
solution is compared with approximations from (20) and (21) based on
cylindrical and conical sections.

𝐴 ≈ 2𝜋Υ
(

𝑥0 + 𝑥1
2

)

(𝑥1 − 𝑥0) (20)

𝐴 ≈ 𝜋(Υ(𝑥1) − Υ(𝑥0))
√

(Υ(𝑥1) − Υ(𝑥1))2 + (𝑥1 − 𝑥2)2 (21)

It will be shown, that the approximations converge with second order.
To measure the error of the approximations, the analytical area

of a partition of the oscillating, cavitating cylinder defined on 𝑥 ∈
[𝑥0, 𝑥1] × 𝜃 ∈ [𝜃0, 𝜃1] can be calculated using

𝐴 = ∫

𝑥1

𝑥0
∫

𝜃1

𝜃0
Υ

√

1 +
( 𝜕Υ
𝜕𝑥

)2
𝑑𝜃𝑑𝑥

= (𝜃1 − 𝜃0)∫

𝑥1

𝑥0
(𝑎 + 𝑏 cos(𝛼𝑥 − 𝜎𝑡))
√

1 + (−𝛼𝑏 sin(𝛼𝑥 − 𝜎𝑡))2𝑑𝑥.

(22)

ee e.g. Bronshtein et al. (2015, p.502) for the calculation of the curve
ength of a function. For convenience 𝑠 = 𝛼𝑥 − 𝜎𝑡 is introduced.
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Fig. 24. Relative and maximum error of the area approximations.

ntegration by substitution (Bronshtein et al., 2015, p.484) then leads
o

=
𝜃1 − 𝜃0
𝛼 ∫

𝑠(𝑥1)

𝑠(𝑥0)
(𝑎 + 𝑏 cos(𝑠))
√

1 + (−𝛼𝑏 sin(𝑠))2𝑑𝑠.

(23)

he integral may be split into

∫

𝑠(𝑥1)

𝑠(𝑥0)
𝑎
√

1 + (−𝛼𝑏 sin(𝑠))2𝑑𝑠

=𝑎
(

(𝑠(𝑥1), 𝑖𝛼𝑏) − (𝑠(𝑥0), 𝑖𝛼𝑏)
)

,
(24)

where (𝜑, 𝑘) = ∫ 𝜑0

√

1 − 𝑘2 sin2(𝜗)𝑑𝜗 is the elliptic integral of the
econd kind (Byrd and Friedman, 1971), and
𝑠(𝑥1)

𝑠(𝑥0)
𝑏 cos(𝑠)

√

1 + (−𝛼𝑏 sin(𝑠))2𝑑𝑠

= ∫

𝑢(𝑠(𝑥1))

𝑢(𝑠(𝑥0)) �
��>

1
𝜕𝑢
𝜕𝑠
𝜕𝑠
𝜕𝑢

√

1 + 𝑢2𝜕𝑢

= 1
2

(

𝑢
√

1 + 𝑢2 + arsinh 𝑢
)

|

|

|

|

𝑢(𝑠(𝑥1))

𝑢(𝑠(𝑥0))
,

(25)

ith 𝑢 = 𝛼𝑏 sin(𝑠). See e.g. Merziger et al. (2010) for the general solution
f integrals of the form ∫

√

𝑎2 + 𝑥2.
Figs. 24(a) and 24(b) show that the error both globally as well as

the maximum error per element converges with second order for the
number of elements per wavelength. While the error of the cylindrical
approximation stagnates around 5 ⋅ 10−3%, the conical approximation
hows no stagnation for up to 1000 elements.

As shown in Figs. 8(a) and 8(b) the methods introduced in this
rticle converge with the same order. The absolute error accepted for
he acoustic amplitude in the models, that use the cylindrical approx-
mation, is around 1%. The stagnation of the error for the cylindrical
pproximation of the area is two magnitudes lower. Thus, since the
rea is a multiplicative term in (7), the error of the approximation is
22

xpected to have negligible influence on the overall error.
Appendix B. Potential theory-based model for the propeller flow,
including effects of sheet cavitation

ESPPRO has been developed at DTU (Technical University of Den-
mark) in order to solve the unsteady potential flow problem for cavitat-
ing marine propellers. The flow problem is formulated using a Cartesian
coordinate system rotating with the propeller (see Fig. 21(b)). The total
velocity field 𝑼 total is understood as a superposition of the undisturbed
onset velocity field 𝑼∞ due to a prescribed wake field as well as the
rotation of the propeller and the induced velocity field 𝑼 induced, which
is assumed to be irrotational, inviscid and incompressible. Under these
assumptions it is possible to find a potential 𝛷 for the induced velocity
field such that 𝑼 total = 𝑼∞+∇𝛷, where the potential 𝛷 fulfils Laplace’s
equation∇2𝛷 = 0.

ESPPRO follows the classical approach for panel codes based on
Green’s identity, where a surface distribution of sources and dipoles as
elementary solutions of Laplace’s equation is applied in order to de-
scribe the potential of the induced velocity field. In particular, sources
𝜎 and dipoles 𝜇 are placed on the blade surface 𝑆𝐵 and cavitating
portions of the trailing wake 𝑆𝐶𝑊 , whereas only dipoles are placed on
the wetted part of the trailing wake 𝑆𝑊 ⧵ 𝑆𝐶𝑊 .

To obtain a physically meaningful flow field, sources and dipoles
are found such that a number of boundary conditions are fulfilled:

• The flow normal to the wetted blade surface 𝑆𝐵 ⧵ 𝑆𝐶𝐵 vanishes,
i.e. 𝑼 total ⋅ 𝒏̂ = 0 where 𝒏̂ is the surface normal vector.

• At the trailing edge of the blade, the Kutta condition 𝛥𝑝 = 0 holds,
meaning that the pressure jump 𝛥𝑝 = 𝑝𝑙 − 𝑝𝑢 between upper and
lower side of trailing edge vanishes. This boundary condition can
be linearized yielding Morino’s Kutta condition 𝛥𝜇𝑊 = 𝜇𝑙 − 𝜇𝑢
defining the relation between the dipole strengths of the upper
and lower side of the trailing edge and the dipole strength of the
wake surface directly behind the trailing edge.

• The pressure on cavitating parts of the blade 𝑆𝐶𝐵 and the trailing
wake 𝑆𝐶𝑊 is constant and equals the vapour pressure 𝑝𝑣, i.e. 𝑝 =
𝑝𝑣.

• The cavity surface, i.e. the interface between vapour and water is
regarded as an impermeable surface. This means that there is no
flow through the cavity surface on 𝑆𝐶𝐵 and 𝑆𝐶𝑊 .

In order to obtain a solution numerically, the boundaries are discretized
by quadrilateral panels and constant dipole and source strengths over
one panel are assumed. For non-cavitating flow, applying the first two
boundary conditions to the discretized problem, a system of linear
equations can be set up which can easily solved by the Gauss method. In
order to reduce the computational effort, the shape of the trailing wake
sheet 𝑆𝑊 is prescribed using semi-empirical models. For the problem of
cavitating flow, the approach presented by Fine (1992) is used. Here,
since the cavitating portions 𝑆𝐶𝐵 and 𝑆𝐶𝑊 are unknown, an iterative
solution procedure is required.

More details on the implementation of the sheet cavitation model
can be found in Regener (2016). More detailed information on the
underlying theory can be found in the book of Katz and Plotkin (2001).
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