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Summary

In this thesis, the development of the two‐dimensional time domain solver cBEM for modeling linear
hydrodynamic problems is described. The approach was based on Potential Flow Theory and applied
Boundary Integral Equations with that the governing Boundary Value Problem was solved and the inter‐
actions of body and surface gravity waves were modeled. The embedding of the High‐Order Spectral
procedure into the Boundary Element Method in the symmetric Galerkin formulation represents an in‐
novative coupling method for the treatment of hydrodynamic problems.

The explicit account of a surface discontinuity represented by the body in the free surface bound‐
ary domain, the strategy of incorporating the High‐Order Spectral approach in the Boundary Element
Method, and the development of suited desingularization techniques for kernel functions up to hyper‐
singular order had been considered within this thesis. As higher‐order basis functions had been used for
the approximation of solution function space and geometry, the results of cBEM in terms of the boundary
quantities, the potential and its normal derivative, were of good accuracy.

cBEM can be accounted as the foundation of a highly efÏcient three‐dimensional nonlinear Boundary
Element Method solver with possible future application e.g. in the research fields of analyzing nonlinear
body motion due to nonlinear wave excitation in numerical wave tanks and for the optimization of ship
hull geometries in the early design phase. For offshore operations, the deterministic wave and motion
prediction would help to increase safety and cBEMwas designed to fit into a holistic approach containing
wave inversion, nonlinearwave propagation, andmotion prediction. The efÏcient evaluation of themixed
Boundary Value Problemwith highly efÏcient methods would allow predictions over a period of time that
meets industry expectations.

The work is structured as follows. In the introduction, the scope of the work is highlighted and limita‐
tions and innovations are outlined. In the literature review presented thereafter, the Boundary Element
Methods used in Marine Hydrodynamics are categorized into three main streams, and related research
contributions are summarized. Based on this, the research gap is outlined and a global hypothesis de‐
fined. The research hypotheses structure and summarize the main concerns according to the global
hypothesis and give the frame for the development of cBEM.

In chapter two, the theory of Boundary Integral Equations and numerical tools accounted for in the
Boundary Element Method approach are summarized. Furthermore, the Linear Wave Theory and the
High‐Order Spectral method as well as the basic problems of wave‐body interaction are described.

On the mathematical foundation and the introduction of the computational methods represented
here, the steps for the development of the cBEM solver are presented in chapter three. After an overview
of the steps, the Boundary Integral Equations for the different solvers are described. The direct formu‐
lation of cBEM is given and the methods accounted for in pre‐, post‐, and processing are introduced.
It follows the verification of the approaches including the free surface solver fsBEM, the coupled solver
cBEM, and the transient cBEM solver for the continuous and discontinuous surfaces.

The validation section, chapter four, shows the application of cBEM for hydrodynamic problems. The
submerged and free surface piercing geometries were considered and linear problems with a forced
oscillating body, the free surface elevation over a submerged cylinder, and the diffraction of waves due
to a body below were compared with literature references.

The final discussion in the review of the research hypotheses follows and the conclusions are drawn.
By identifying the status of the work described herein, future steps are pointed out. The extension of
cBEM to a three‐dimensional solver, equippedwith efÏcient solving strategies and nonlinear extensions is
outlined and future applications are given. Their potential is highlighted and the required developments
are depicted.
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Chapter 1

Introduction

1.1 Scope of the work

The coupled Boundary ElementMethod (cBEM) is a two‐dimensional, symmetric Galerkin approach using
a direct Boundary Integral Equation (BIE) formulation suited for mixed Boundary Value Problems (mixed
BVPs) with that, the monolithic coupling of wave and body dynamics in hydrodynamic applications can
be modeled. The coupled approach allows the incorporation of wave dynamics in an efÏcient setup in
that higher‐order approximations for the solution and the geometry can be applied to obtain accurate
solutions. cBEM represents the foundation for a real time capable, higher‐order BEM that solves the
interaction of waves and ship motions and targets to increase the safety and efÏciency of offshore oper‐
ations.

In the framework of this thesis, the free surface was represented by an equidistant distribution of col‐
location points, which allowed the incorporation of spectral‐like approaches, e.g. the High‐Order Spectral
(HOS) method. Instead of using global basis functions and periodic boundary conditions, as usually done
in spectral approaches, the HOS method was employed in the cBEM by using basis functions with com‐
pact support and applying the method of images that allow periodicity in the lateral spatial directions
without the need of periodic Green functions.
The formulation of the HOS in terms of representation functions with compact support allowed the ex‐
plicit account of the free surface discontinuity that appears due to the presence of the body. The han‐
dling of truncated elements as well as the evaluation of singular integral kernels with weak, strong, and
hypersingular properties was one leading order problem addressed in this thesis.

The focus of this thesis was the development of a new numerical method. This included the design
andmathematical formulation of the coupling approach as well as the development and implementation
of new numerical approaches for handling discontinuities in the boundary domains. The proof of consis‐
tency and concept was done by the verification with analytic solutions and the application of themethod

1



2 CHAPTER 1. INTRODUCTION

to well investigated hydrodynamic problems. For the development steps, the previously by J. Schwarz
[150] implemented frequency domain BEM solver was accounted as a reference and helped efÏciently
solve methodological problems.

Subjected to this, the development and assembly of symmetric Galerkin Boundary Integral Operators
(BIOs) are explained and the verification by testing against analytical solutions for different versions of
the solver is presented. Furthermore, the implementation of a time integration scheme for the mixed
boundary condition BVP and the proof of its validity in terms of stability and convergence is presented.

For the validation of the method, a submerged and surface piercing fixed body was investigated and
hydrodynamically analyzed. The body was chosen to be of rectangular or circular geometry.

The limitations and new features of the solver version covered in this thesis are listed below.

Li
m
ita

tio
ns

The numerical approach described in this thesis is limited in terms of:

• the restriction to two‐dimensional domains,

• the linearization of wave dynamics,

• the consideration of forced body motions around the bodies equilibrium position,

• the academic character of the presented test cases with intersection at element endpoints,

• and the implementation of the code in a non efÏcient code environment that allowed ef‐
fective code debugging.

In
no

va
tio

ns

The presented approach is a novel method for wave‐body interaction problems and is innovative
in terms of:

• handling the free surface discontinuity due to the presence of the body,

• the direct evaluation of coupling operators including hypersingular kernel functions,

• the monolithic approach for coupling body and wave dynamics and the use of basis func‐
tion with compact support as local representations for spectral basis functions which both
allowed the incorporation of a HOS like approach in the BEM,

• as well as because of the symmetric Galerkin formulation, which allowed effective account‐
ing for the discontinuity of the free surface and mixed BVP.

1.2 Applications of the Boundary ElementMethod inMarine Hydrodynamics

For the analysis of the loads and motions on ships and marine structures in waves, three main cate‐
gories exist, the sea trial, the model test, and the numerical modeling. The first fulfills the consistency
required for the physics inherently, but the complexity level is maximal, the ship had to be already built
and equipped with measurement techniques. The model test can be performed in the design stage of a
project and here the physics are inherently correct as well. By accounting scaling laws, the physics acting
on model scale can be translated to the full scale model. Numerical modeling is arguably the most flexi‐
ble of the three categories and relatively cheap in resources, but physical consistency is not guaranteed.
The numerical methods have to be chosen regarding their physical limitations and the targeted accuracy
level. Their efÏciency is of great relevance today and in view of the changing climate on earth, the saving
of resources is crucial.
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The numerical, physic‐based evaluation for the wave‐ship and ‐structure interaction can be treated
by different methods. The decision on which one to use is mainly based on accounting for the dominant
flow and motion characteristics (yield physical limitations) and choosing the order of nonlinearity (yield
accuracy) taken into account. Both are related to each other and have to be considered in common, but
the latter choice is more in the hand of the method’s user. In contrast, the first can be derived mostly
by accounting for the body characteristics, the marine environmental conditions, and the operational
profile.

The physical limitation relies on the choice of the complexity of the governing equations. For ac‐
counting viscosity and vorticity, the incompressible Navier‐Stokes equation is the mathematical model
of choice and methods as Direct Numerical Simulation (DNS) or the Reynolds‐averaged Navier‐Stokes
(RANS) equation methods and Large Eddy Simulation (LES) with the related turbulence closing methods
can be used. If viscosity is not relevant, but vorticity is significant, then the incompressible Euler equation
based methods are applicable. Further simplification to an irrotational flow gives the Potential Flow The‐
ory, mathematically represented by the Laplace equation and appropriate boundary conditions, which
is a reasonable choice for several problems in marine hydrodynamics .

The Laplace equation and the related initial boundary conditions of the fluid domain and the included
body essentially form an elliptic BVP. This can be solved by formulating a BIE and numerical treatment
by the BEM. The main advantage of this method is that flow properties can be evaluated by accounting
only for the domain’s surface quantities. Consequently, the discretization of the surface domains is suf‐
ficient, and the computational effort can be reduced. The flow quantities of interest in this method are
the velocity potential and its normal derivative, solving for one requires the definition in terms of the
boundary conditions of the other.
A specific BVPproblemmight be characterized by itsmathematical formulation and the numericalmethod
used for solution evaluation. The mathematical formulation in terms of BIEs includes the use of a fun‐
damental solution, also referred to as the Green function. The numerical method can be further sub‐
divided into the topics of numerical integration, discretization of geometry and solution, the assembly
of the BIE kernel functions, the linear system solvers, and its acceleration. The topics related to foun‐
dation, discretization, integration, and assembly will be studied in the following chapters because they
are a distinguishing feature of BEM approaches applied in marine hydrodynamics. The aim is to pro‐
vide a methodological overview from which the necessity for the development of the cBEM follows and
relevant research questions can be derived.

A retro perspective view on the formulation of marine hydrodynamics BEM approaches allows to
distinguish between three main streams, where the first includes the Free Surface Green Function ap‐
proaches, the second the Rankine‐Source Green Function methods, and the third a broader spectrum of
BIE methods applied to the wave‐body interaction problem. The formulation of BIEs and the Green func‐
tion influences other properties of the approaches, as the accounted order of nonlinearity for geometry
and solution representation and the hydrodynamic problem that is the focus of the analysis. The three
main directions and related literature are detailed below.

1.2.1 Free Surface Green Function approaches

The first group, the Free Surface Green Function (FSGF) methods, see for an overview e.g. Yeung [192],
Xie et al. [187] and el Moctar et al. [56], account Green functions containing a singular part and a har‐
monic part, where the latter component has to be evaluated in themanner that the Laplace equation and
the boundary conditions, namely the dynamic and kinematic free surface ‐ , the radiation ‐ and the bot‐
tom boundary condition, are satisfied. The methods account the linearized equations of the wave‐body
problem and are mostly evaluated in frequency domain.

A short historical overview can start from the theoretical work and the first solutions with BIEs and
FSGFs on the linearized radiation problem, a surface piercing body in forced oscillations, in two and three
dimension in the 1940s and 1950s. The determination of ship motion in waves camemore into the focus
which rose the problem’s complexity. The increasing computational power and the foundations of theo‐
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retical frameworks to solve the governing ordinary differential equation (ODE) in the 1970’s and 1980’s
allowed significant development steps of numerical methods for ship wave interaction. The evaluation
of related hydrodynamic parameters, essential for the ship motions, the development of efÏcient algo‐
rithms for the evaluation of the FSGFs and the solutions to certain method based problems as irregular
frequency occurrence helped to make the methods applicable to problems in the industry from the early
1990’s on. The considerations of different FSGF evaluation methods and acceleration techniques for
the increase of accuracy and efÏciency were part of the next stages. Until now research and develop‐
ments related to the FSGF methods is going on and underlines the relevance of those methods for the
shipbuilding and offshore industry.

That a unique solution in terms of the velocity potential for the BIE used for the linearized radiation
problem in three dimension exists, has proven by John [89]. The waves radiating from the harmonically
oscillating body has been decomposed in a regular wave and a radiation part. Moreover, the author has
already outlined the difÏculties related to irregular frequencies and the singular character of the integral
kernel.
For the same problem, Ursell has provided firstly solutions for the two‐dimensional case, in the regime
of long [167] and short waves [170]. In [167], the author has constructed a polynomial approximation
for the stream function under the assumption of the free surface and the bottom boundary condition.
The approach has been used for the calculation of the addedmass of a surface piercing body and explicit
values of the results has been tabulated for different wavenumbers and body dimensions. The short
wave problem solution, a case where an exact closed form solution does not exist, has been found by
using a BIE. The solution for radiated waves of an oscillating body in a three‐dimensional potential flow
has been provided by Havelock [80] by means of the added mass and the damping coefÏcient over the
investigated frequency range.
Wehausen & Laitone [181] have summarized the previous research on FSGFs and have provided solu‐
tions for the velocity potential fulfilling the free surface, radiation and bottom conditions in a three‐
dimensional potential flow. The solutions for infinite and finite water depth for simple singularities have
been based on Bessel functions, which provide a solution for the Laplace equation in spherical coordi‐
nates, and a Cauchy Principal Value (CPV) integral, see Subsec. (2.1.7).
Later FSGF approaches for the oscillating body wave problem, as those of Kim [93] and Hearn [81], have
been based on the evaluation of the BIE by spherical harmonics, which have been derived in Ursell [171]
and have preliminary applied in Havelock [80]. Guevel et al. [69] have solved the radiation problem by
considering an exponential integral, which have been later also used by Noblesse [131] andMartin [114],
see e.g. Xie et al. [187].

In terms of practical applications in marine hydrodynamics, the high number of evaluations of the
Green function to find a solution for the potential and its derivative in frequency domain (10 ‐100 fre‐
quencies require 106‐108 evaluations of the Green function, see Newman [125]) made it necessary to
find efÏcient solutions to decrease the time for evalauting the singular integral in the BIEs.
Noblesse [132] and Newman [125] have introduced methods that allowed the efÏcient evaluation of the
solution for the BIEs in the FSGF approach for the application of wave ship interaction. Noblesse has used
series expansion instead of evaluating the integrals by costly direct numerical integration. The use of BIE
representations for the near and farfield regime has allowed to split the computational domain in two or
more subdomains.
Based on this approach, Telste & Noblesse [164] have developed an algorithm and could speed up the
computation of the potential and its derivatives. Newman has replaced the numerical integration by
more efÏcient computable terms. In the direct neighborhood of the singularity a polynomial approxi‐
mation has been used and at a reasonable distance to the singularity an analytic expansion has been
accounted. The author has derived the expansions and polynomials for the deep water and finite depth
water on the basis of the FSGFs provided by Havelock [80] and by John [89], respectively.

In Newman [126], a panel method suited for the numerical treatment of wave‐body interaction with
the FSGF approach has been introduced. The panel method is a specific BEM approach widely used in
the aero‐ and hydrodynamic community with the advantage that numerical integration is not explicitly
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necessary and can be replaced by geometrical properties of the discretization elements. Hess & Smith
[82] have introduced the panel method and applied it for non lifting three‐dimensional, arbitrary shaped
bodies in a potential flow, see Subsec. (2.1.4) for details.
In the panel code developed by Newman [126], it has been considered that the panel potential can be
obtained with certain geometrical relations between the panels vertices and the influencing field points
which has been derived by applying the Gauß‐Bonnet theorem. The assumption on bounded straight
surface representations has extended the panel method to more complex geometries and for higher‐
polynomial order of the singularity distributions, the integration has been reduced to a possible small
amount of integral evaluations.

A relevant issue in the application of the FSGF method in hydrodynamics is the non solvability of
the BIEs for certain frequencies, referred as irregular frequencies. These frequencies have already been
accounted in John [89] and has further been addressed in Frank [59], Ogilvie & Shin [134] and Ursell
[172]. At these frequencies the numerical method’s system matrix become ill conditioned due to the
non‐unique or trivial solution of the BIEs and the determinant of the assembled system matrix vanishes.
To avoid these difÏculties, several strategies exist, see e.g. Kobus [96] and Ogilvie [134]. Lee [103] and
Sclavounos [106] have provided a solution that account for a superposition of the Green function and the
multiplication of an imaginary constant with the Green’s function derivative normal to the field point’s
related surface element.

For the evaluation of the FSGF, different methods has been developed from the late 1980’s on. The
efÏcient numerical methods provided by Newman and Noblesse and the solutions of hydrodynamic re‐
lated issues provided by Sclavounos and Lee have been accounted in the development of the commercial
code WaveAnalysisMIT (WAMIT, see [104, 130, 105]).
The double Chebyshev polynomial approach has been provided by Chen [28] and Wang [179] and has
given the basis to the Bureau Veritas code HYDROSTAR.
Delhommeau [45, 46] has used interpolation within a presaved tabular to decrease the computational
time for the FSGF method AQUADYN. In this code, dipoles and source distributions have been used to
evaluate the unknown potential and its derivative. The open source code NEMOH has been introduced
by Babarit & Delhommeau [7] and has been recently updated by Kurnia & Ducrozet [100].

The computational time of the approaches has been decreased by accounting accelerationmethods.
Newman [126] has extended the computational time saving farfield multipole approximationmethod in‐
troduced in Hess & Smith [82, 83] by using highermoments yielding an increasing accuracy for the farfield
evaluation. In the multipole expansion, see Thorne [165], Korsmeyer [97], and Narbors et al. [119], the
influence of two panels in far distance is evaluated in terms of replacing the farfield panel with a point
source ‐ quadripole combination whose strength is found by accounting the area and the moments of
the panel of interest. For infinite water depth the method has been provided by Borgarino et al. [21].
Further approaches are the precorrected Fast Fourier Transform (pFFT) which has been used by Nabors
et al. [120] and compared to the multipole expansion approach.

In terms of the analysis of moving ships with steady forward speed, the formulation of a proper FSGF
is not trivial, see Newman [128]. First the wave pattern of a ship in forward speed is not axis‐symmetric,
so that an additional coordinate have to be accounted for the polynomial approximation of the FSGF.
Additional singularities in the free surface plane at downstream to the ship location and the difÏculties
of finding asymptotic expansions for the farfield have been two more occurring problems. The FSGF
for this problem is characterized by one double and one single integral which cover the symmetric and
downstream wave pattern of the ship, respectively. Newman [127] has introduced polynomials solving
the former effectively and Neumann expansion has been used for the latter, see Baar & Price [6] and
related issues has been addressed in e.g. Ursell [173] and Clarisse [30]. An alternative approach is the
use of the impulsive Green function to model the moving steady state source, see King et al. [94].

The developments related to FSGF approaches still continues. Eigenfunction expansion, Peter &Mey‐
lan [138], semi‐analytic approaches, Delia et al. [47], global approximation, Wu et al. [185] and a second
order ODE, Clément [33] and a modified ODE approach, Xie [186], have been used in FSGF methods. Xie
et al. [187] have given a recent comparison in terms of accuracy and efÏciency of the approaches of Wu,
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Delhommeau, Telste and Noblesse as well as Newman’s FSGF formulations.
The massive use of the FSGF method stands alone for the feasibility of the approach for the hydro‐

dynamic analysis of ships and structures. The main advantages of the FSGF approach is that once the
FSGF for the defined surface flow set up is known, no fluid boundary conditions have to be accounted
during the computation and that the evaluation of wave‐body interaction reduce to the discretization
of the bodies surface and the consideration of its boundary conditions. Moreover, the evaluation of
hydrodynamic coefÏcients can be done very effectively.

The main limitations are the inability to solve hydrodynamic problems for different environmental
conditions by one general FSGF formulation. The unsolvability of the BIEs at the irregular frequencies
is also an issue that has to be addressed when using the FSGF approach. Also in the analysis of moving
ships with steady forward speed and the account of nonlinear wave‐body interactions, FSGF approaches
are limited.

This makes themethodmost relevant for evaluating the hydrodynamic coefÏcients of ships. Also, the
linearizedmotion analysis of ships at zero or small forward speed and the load evaluation of structures, as
e.g. the first‐ and second‐order wave loads on a space fixed hydrodynamic compact offshore structures
in moderate sea states, are applications well suited for FSGF approaches

1.2.2 Rankine‐Source Green Function methods

The second stream of the BEMs for Marine Applications are the Rankine‐Source Green Function (RSGF)
methods. In a potential flow a Rankine oval or a Rankine body is known as a superposition of an uniform
stream, an upstream positioned source and a downstream located sink forming an oval shaped body, see
e.g. Clauss et al. [32] and Katz & Plotkin [91]. Contrastly, a Rankine‐source or Rankine‐singularity is in the
context of three‐dimensional RSGF methods the r−1 ‐type singularity, where r = |y − x| is the distance
between a collocation point x and a singularity y. The Green function in this method is then given by the
Rankine‐singularity and multiplied by a corresponding unit source strength σ

G(x, y)σ =
σ

|y − x| , (1.1)

see Dawson [38], Nakos & Sclavounos [123], Huang [85] and Söding & Bertram [158]. In this method
the Green function does not contain any information about the free surface boundary conditions, those
these methods require the discretization of both the water and the body surface.

Although Weinblum & St. Denis [182] pointed out many aspects regarding the motion of ships in
forward speed already in 1950, the numerical evaluation of the wave resistance and the wave pattern
around the ship hull came alongside the increasing computational power into the focus of seakeeping
research in the late 1970’s. Therefore, the problem of a forward moving ship in waves has been decom‐
posed into the steady state problem, where the surrounding fluid domain is at rest, and an unsteady
problem, with the ship in encountering waves. In this period falls also the development of an advanced
Strip Theory Method introduced by Ogilvie & Tuck in [135] applied as an alternative to the BEM but with
limitations regarding longitudinal motions due to the account of only two‐dimensional ship sections.

The linearized two and three‐dimensional BIE evaluation method of Yeung [193], has brought an
alternative to the FSGF method for the hydrodynamic research field and is here seen as one of the con‐
ceptual starting points of both the second and third stream of BEM in Marine Hydrodynamics. Yeung
has highlighted the simpler kernel function and the vanishing of the limits according to the fluid bound‐
ary conditions, which he has e.g. shown by giving finite and infinite depth results, as advantages over
the FSGF approach. The increase of accuracy at smaller number of discretization segments reached by
higher‐order discretizationhas been pointed out by showing the applicationof basis function (he has used
a linear one) for the solution space approximation in the three‐dimensional case. The transformation of
the Cartesian coordinates to polar respectively spherical coordinates have been used. By presenting the
heave and pitch motion of a sphere and ellipsoids in three dimensions, the approach has been validated.

First contributions to the RSGF approaches are the methods of Gadd [61] and Dawson [38]. Dawson
has developed a panel method based on the approach of Hess & Smith [82, 83] using a RSGF to compute



1.2. APPLICATIONS OF THE BOUNDARY ELEMENT METHOD IN MARINE HYDRODYNAMICS 7

the wave resistance of and the surface elevation around bodies moving with forward velocity. To model
the downstream propagation of the wave consistently, Dawson has applied an upstream finite difference
operator. The double model solution has been used to simplify the free surface as symmetry line on that
the body is mirrored. For the three‐dimensional problem and Froude number Fn = 0.359, the results
has indicated that at higher Froude numbers the discretization of the free surface should be considered
instead of applying the double model solution.

Nakos [122] and Nakos & Sclavounos [123, 121], have used a BIE formulation with a RSGF and a fre‐
quency domain panel code to investigate the steady and unsteady seakeeping problem. For the solution
of the velocity potential a bi‐quadratic B‐Spline basis function has been employed, allowing the solution
of the panels to be influenced by the neighboring panel solutions. The error of the numerical method has
been found by means of comparing the continuous and discrete operators of the problem’s describing
linear system in Fourier space and has been investigated in terms of numerical dispersion and stability,
see also Sclavounos & Nakos [151]. To account both the uniqueness of the solution and avoid wave re‐
flection at the boundaries of the finite domain, a radiation condition working as damping zone has been
introduced. For the linearization of the free surface, the Neumann‐Kelvin method and the double‐hull
method has been compared in terms of the wave pattern solution of steady and unsteady Wigley hull
simulations. It has shown that the latter one givesmore reasonable results for wave length and wave am‐
plitude with the conclusion to favor the latter over the first one and review the use of Neumann‐Kelvin
linearization for the farfield approximation in hybrid methods (superposing linearized and nonlinear free
surface solution in far and nearfield of the ship respectively).

Jensen [87] has calculated the steady flow around the forward moving ship by a collocation RSGF
method. By iteratively solving a sequence of equations with the linearized boundary condition (see
Jensen et al. [88]), the nonlinear free surface boundary condition has been approximated at the colloca‐
tion points. The body surface has been discretized by triangular panels and a numerical integration has
shown to be feasible after a proper transformation of the singular kernel resulting in a vanishing integral
for constant source strength. Furthermore, the ship motion has been iteratively calculated based on the
loads acting on the actual wetted surface of the ship hull (the surface elevation at the panels is approxi‐
mated by the panel velocities) and the requirement of load equilibrium has been used for the correction
of trim and sinkage. The radiation condition has been employed by an additional row of sources and col‐
location points at the domain behind and in front of the ship, respectively and compensates the radiated
waves in the farfield. This treatment of the radiation condition results in a comparable Froude number
lower limit to that in the approach of Nakos and Sclavounos (see Bertram & Yasukawa [12]). For slender
ship geometries (Wigley hull and Series‐60 ship), the method has shown convergent results that match
with experiments. The increase of memory and computational time for decreasing Froude number and
problems in convergence of the solution for a fuller ship geometry has limited the investigations.

Bertram [11] has extended the previous work of Jensen to the unsteady flow problem and has ac‐
counted the interaction with the steady problem (solved with Jensen [87]) and unsteady wave problem.
Harmonically oscillating RSGFs are used to model the incident wave. The potential of the incident and
diffractedwaves can be decomposed in symmetric and antisymmetric parts for port‐starboard symmetric
geometries and allows accounting the ship by a mirror image and half the free surface discretization with
respect to the ships centerline. The radiation and diffraction problem has been analyzed for a Series‐60
ship hull and a submerged geometry showed reasonable results with experiments and a Strip Theory
Method. The dense matrices of the linear system in Jensen [87] and Bertram [11] have been solved by
Gauss Elimination schemes leading to higher computational times and memory requirements.

In [158], Söding & Bertram have introduced the three‐dimensional frequency domain code GLRank‐
ine, which has been developed to analyze the wave resistance of mono hull ships in regular deep wa‐
ter waves at specifiable encounter frequencies ranges. Instead of an collocation approach, the patch
method, in that the source strength is averaged over the panel surface, has been employed and themod‐
ification of the free surface boundary condition formulation avoid the account of higher‐order derivatives
therein. The discretization of the body has been done by using an unstructured triangular grid where in
contrast for the free surface a block structured grid has been considered. The steady state flow has been
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accounted fully nonlinear whereas the unsteady periodical flow assumptions have been linearized with
respect to wave amplitude. For the radiation condition, the approach of Jensen [87] and Bertram [11]
has been used. The resulting forces and moments can be evaluated globally or on specified ship sections
and flow separation at the stern and rudder has been accounted. In Söding et al. [159], some extension
of the method have been presented as the stabilization of the approach (due to the avoidance of the
m‐terms in the boundary conditions) in terms of using the steady velocity potential at body fixed coor‐
dinate system for computing the transient velocity potential and accounting viscous roll damping in the
roll induced radiation moment. Results for various vessel types as passenger ferry and container ship
have been presented and has shown to be well comparable with RANSE code or experiments. Only for
roll motions larger errors occur, which has been related to nonlinear response of roll motion to small
excitations and the linear basement of the approach.

A time domain linear RSGFmethod including the temporalmemory effect of the hydrodynamic forces
by a convolution integral, as proposed in Cummins et al. [36], has been introduced by Kring [99]. This
works have given the basis for the foundation of the seakeeping code SWAN2 and has been based on
the experiences with the frequency domain code SWAN1 (Nakos & Sclavounos [123, 121]), as e.g. the
choice of the numerical beach as radiation condition. The forcedmotion case, where the load on the body
surface is prescribed and hydrodynamic coefÏcients have been derived, and the free floating ship hull in
head waves, where the body motion heave and pitch and the corresponding hydrodynamic coefÏcients
have been integrated in a time integration scheme, has been accounted and has been analyzed in terms
of numerical stability, convergence tests and has been validated by experiments and frequency domain
results from SWAN1.

Nonlinear RSGF methods account for various nonlinear effects for the free surface and body bound‐
ary conditions as well as for the wave‐body interaction. To name only a few of the relevant nonlinear
contributions, these are at first place motion amplitudes that are not any more linearized with respect
to wave amplitude and forward ship speed. Secondly roll motion which behave nonlinear to small ex‐
citation forces and furthermore, viscous effects at the rudder and the stern. This requires computation
in time domain, because the linear superposition of wave component is not valid anymore if wave and
body motion extend the small amplitude limit.
The difÏculties in nonlinear RSGF methods lies in potentially large motion of the ship and thus large rel‐
ative motions between the free surface mesh and the body mesh as well as in the occurrence of water
and wave effects like spraying and wave breaking whose dominant scales requires most often a finer grid
resolution, see Söding [157] and el Moctar et al. [56].

Huang [85] has introduced a nonlinear three‐dimensional RSGF panel method based on an integral
formulation suited for the evaluation of large amplitude wave and ship motion. The approach has been
based on the weak scatterer hypothesis, which accounts nonlinear incident wave and large body motion,
but only a small disturbance of the incident wave due to the body. Furthermore, the approach has been
an extension of the frequency and time domain linear RSGF codes SWAN1 and SWAN2 developed by the
MIT group around Sclavounos, Nakos and Kring. The amplitudes of ship response have been assumed to
be small whereas the incoming wave and body amplitudes have not been limited. Nonlinear Equation
has been accounted for the body motion. Wave reflection at the domain boundaries has been avoided
by the introduction of a numerical damping zone. The body boundary condition has been considered
over the actual wetted surface of the ship. The explicit‐implicit Euler scheme has been used for time
integration and the nonlinear equation of motion has been calculated with a fourth order predictor cor‐
rector method. The code validation has been done by hulls of the Series 60 ship and container ships and
has indicated to agree well with experiments and has yield a significant improvement compared to linear
RSGF methods.

Riesner & elMoctar [141] have developed a nonlinear time domain RSGFmethod based on the linear
frequency domain approach presented in Riesner et al. [143] and Riesner & el Moctar [142] and GLRank‐
ine, see Söding & Bertram [158] and Söding et al. [159]. In line with e.g. Kring [99], the authors have
accounted the convolution integral representing the memory effect of the flow. For the weakly nonlin‐
ear method, linearized body reactions have been accounted, while the free surface and the equation of
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the rigid body motion have been treated nonlinear, the actual wetted surface of the body surface have
lead to nonlinear Froude‐Krylov and restoring forces and viscous effects as viscous roll damping have
been considered. The method has been validated for a container ship in quartering seas up to high wave
steepness and has shownwell comparable results with experiments and GLRankine for themotion ampli‐
tudes. Improvements compared to the linear frequency domain approach has been indicated especially
for larger wave length and increasing nonlinearity, also indicated by the Response Amplitude Operators
(RAOs).

In [157], Söding has introduced a nonlinear RSGF patchmethod for the nonlinear analysis of symmet‐
ric monohull ships in deepwater waves. The decomposition of the velocity potential of the incident wave
into a disturbed and undisturbed component has allowed to damp the disturbance potential over the full
computational domain (in contrast to the damping over a damping zone as in Söding & Bertram [158])
which led to the avoidance of both reflected waves from the domain boundaries and disturbance waves
due to e.g. numerical errors. The undisturbed potential has remained unaffected from the damping.
More specifications of the method have been the avoidance of spray and wave breaking by extrapolating
the surface elevation at the ship hull from the neighboring panels, the application of the Dawson opera‐
tor for ships in forward speed and the account of partly submerged body panels in terms of a decreased
source strength that has been computed by using the time dependent panel submergence ratio. For
the time integration, a Runge‐Kutta fourth order scheme has been employed, the time derivative of the
potential has been evaluated with a direct method and the free surface mesh has been updated at every
time stepwhereas the body discretization has remained constant. To account for contributions of viscous
effects as well as control, external forces and weight forces, corresponding residual loads has been in‐
corporated in the force and moment evaluation. The method has been compared in terms of the results
for e.g. linear transfer functions, torsional moment and horizontal bending moment with experiments in
model scale and the linear RSGF solver GLRankine for quartering and head waves of a containership and
has shown reasonable agreement with the experiments. The author has stated that the identification of
a favorable method (nonlinear or linear) remain unclear from the presented results.

The Rankine Source approaches allow the evaluation of moving ships and account of nonlinearities
in the water body interaction. Compared with the FSGF approach, Newman [128] has pointed out that
the method is advantageous in the evaluation of fully nonlinear wave ship interaction and the evaluation
of wave and wave resistance for steady state ship motions in three dimensions.
As disadvantages the evaluation of flow quantities in the farfield due to the high computational effort has
been outlined in Newman [128]. Furthermore, the fulfillment of the radiation condition for small Froude
numbers is non trivial.

Furthermore, the fulfillment of the radiation condition for small Froude numbers is critical due to
the requirement of a higher discretization and the stabilization of the iterative solvers. To overcome the
increasing number of Degrees of Freedom (DoFs) specific solutions has to be elaborated, as e.g. the
linearization of the free surface and the double model solution is accounted where the bodies geometry
is mirrored along the free surface plane. For starboard‐port symmetric ships, the computational domain
can be further simplified by using only one half of the, at the center plane dived, ship and half of the free
surface domain, see e.g. Dawson [38] and el Moctar et al. [56].

1.2.3 Boundary Integral Equation Methods for Marine Hydrodynamics

The third stream of BEMs contains more general BIE formulations and are here referred as the Boundary
Integral Equation methods for Marine Hydrodynamics (BIEMH). The starting points of these methods
are the Green’s identities and from this tailored formulations according to the application in focus are
derived. Especially the coupled evaluation of unknown data of both Dirichlet and Neumann boundaries
is of strong interest and make those approaches suitable for numerical wave tank implementations.

In the BIEMH group, the techniques for operator assembly, desingularization in the near and self
regime, the acceleration in the farfield and further approaches are well comparable to methods used in
classical BEM applications and research fields as e.g. acoustics, material science and electrical engineer‐
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ing.
A short review on the historical development of works related to this group indicates that the focus

was first on the numerical investigations of nonlinear wave dynamics and the formation of strongly non‐
linear wave events. From the end of the 90’s on and with increasing computational power, the focus
went more and more to nonlinear wave‐body interaction that include rigid motion solver additionally,
requiring an increasing number of iterations.

An early contribution to this class of BEMsnext to Yeung’s approach [193], has been thework Longuet‐
Higgins & Cooklet [112]. Therein, the Mixed Eulerian Lagrangian (MEL) approach for the investigation of
nonlinear progressive waves in two dimensions has been introduced and a BIE solver has been used to
find the unknown normal derivative of the free surface velocity potential, which is alongside with its
tangential derivative necessary to find the material derivative of the independent quantities. Under the
assumption of periodicity in space, the free surface has been transformed into a closed contour by us‐
ing polar coordinate mapping. The singular integrals has been regularized by decomposing the weakly
singular kernel in the near singular regime and using Taylor series to expand the normal derivative by
means of the tangential coordinate around the singular point. For the integration and the evaluation
of the contour, Lagrange interpolation and cubic splines has been used. The implicit Adams‐Moulton
multistep time integration scheme has caused instabilities at the free surface and has made a smoothing
technique necessary.

In Grilli et al. [65] a two‐dimensional higher‐order BEM solver has been introduced. Instead of using
periodic boundary conditions, a wave board motion the one end of the numerical wave tank has been
defined by prescribing the paddle normal velocity whereas at the opposite side the Sommerfeld radiation
condition has been accounted for the wave absorption. For the time stepping of thematerial free surface
description, a more robust explicit method using Taylor series expansion and higher‐order derivatives in
space, see Dold & Peregrine [50], has been applied and has not necessitated the use of a smoothing
technique. The Gauss type Berthold‐Zaborowsky formula for weakly singular integrals and the double
node technique at the corners of the mixed boundary value problem has been applied. The authors
have presented results among others related to a plunging breaker and a solitary wave generation.

Xü [188] has developed a direct collocation BIE two‐ and three‐dimensional solver that accounts for
mixed boundary condition and have applied bi‐quadratic polynomials for solution and geometry approxi‐
mation (QBEM). Themain focus for the application has been a numerical wave tank formodeling strongly
nonlinear wave phenomena like overturning waves. Therefore, Xü has accounted and modified the MEL
approach of Longuet‐Higgins & Cooklet [112], e.g. in terms of numerical integration and farfield regime
acceleration. The integration is performed iteratively and the order of the Gauss integration is chosen
adaptively. The farfield regime integral has been evaluated bymultipole expansion. Special attention has
been put on the treatment of near singular regime integration, which is relevant at the curved surface
and the points/lines at which Neumann and Dirichlet boundaries meet. For the latter case, the double
node technique (see e.g. Lin et al. [108], Dommermuth & Yue [53]) has been applied. Here both inter‐
secting boundaries have data, but the datum of one of these boundaries has been defined by a finite
difference operator applied to the corresponding other known boundary data and its neighbors. The
singularity at the curved surface is computed by accounting the triangular polar coordinate mapping (re‐
ferred also as degenerate triangle mapping, see e.g. Li et al. [107]). The free surface solution has been
found iteratively for that a Generalized Minimal RESidual (GMRES) solver with a Symmetric Successive
Over‐Relaxation (SSOR) preconditioner has been used for efÏciently solving the linear system.

In Xue et al. [191], the ‘Laplace solver’ introduced in Xü [188] and Xü & Yue [189] and extensions,
e.g. Xue [190], have been used for the analysis of breaking wave dynamics as well as the formation of
crescent steep waves.

In the accompanying paper of Xue et al. [191], Liu et al. [111] have introduced the extension of the BIE
solver to nonlinear wave‐body interaction and have investigated the pattern of steady state bow waves
and the higher harmonic excitations of a vertical cylinder in Stokes waves and the related nonlinear wave
diffraction. The double node technique used already in Xü [188] has been also applied for discontinuities
in the solution caused by geometrical discontinuities at the body surface. At the intersection region the
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domains overlap and two collocation points, one for each domain, are given in the neighboring panels
of the intersection points, with only one holding the BC. At the corresponding other one the solution is
solved for.

Zhang et al. [195] have described the incorporation of the QBEM solver into the three‐dimensional
time domain seakeeping code LAMP ( see e.g. Lin & Yue [109, 110]), later referred LAMP‐QBEM. For the
gain of performance and accuracy, several challenges as e.g. the automatic grid generation for QBEM
panels and related misaligned collocation points at panels a corresponding handling and the robust time
stepping scheme have been addressed in the paper. Positive side effects of the QBEM implementation
are the straight forward evaluation of derivatives in terms of shape function derivatives instead of finite
difference operators, e.g. for the gradient calculation of the velocity potential in the pressure evaluation
and the continuous distribution of the pressure over the surface in terms of QBEM. The accounted veri‐
fication tests have proved the faster convergence and higher accuracy after the QBEM implementation,
but in the accounted comparison studies, the difference between the two methods have not shown to
be significant. This has been explained by the lower importance of the dynamics in the wave‐body inter‐
action compared to the nonlinear inertia and hydrostatic forces for motions in vertical mode, heave and
pitch. Contrary, scenarios where horizontal motions or combination of both modes become relevant,
added wave resistance problem and capsizing events respectively, are assumed to show the relevance
of a higher‐order approach more clearly.

In Grilli et al. [63] the extension to three dimensions of the two‐dimensional approach in Grilli et
al. [65] and the incorporation of techniques for the handling of Neumann‐Dirichlet boundary intersection
corners, e.g. at thewave paddle, and interpolation for higher‐order tangential derivatives for the Eulerian
Lagrangian time integration, see Grilli & Svendsen [67] and Grilli & Subramanya [66], have been shown
and allowed the investigation of three‐dimensional shoaling and breaking waves. Following the approach
of Grilli & Svendsen in two dimensions, the near singular cases have been identified by geometric criteria
and have been regularized by subdividing the reference element into subsections on that the integration
on parametric coordinates can be performed by standard Gauss‐Legendre quadrature. For the weak
singularities, the non‐singular formulation has been found after applying the polar coordinate mapping.
The authors stated that the accuracy and stability in the three‐dimensional solver is most likely due to
the C2 interelement continuity of the basis function and the explicit time integration scheme.

Shao [153] has introduced higher‐order BEM approaches for the analysis of weakly nonlinear wave‐
body interaction. Both a two‐dimensional version including bi‐quadratic polynomial basis functions and
a three‐dimensional version, accelerated by the Fast Multipole Method (FMM), have been developed
and used for the study of wave radiation and diffraction of floating and fixed bodies including higher‐
order effects of body motion and excitation. The decomposition of the domain and the use of body
fixed coordinate system in the body including domain part has saved the evaluation of m‐terms and
their derivatives. Regularization of the higher‐order BEM solver has been done by considering the CPV
integral under triangular polar coordinate mapping and both smooth and sharp edged bodies can be
evaluated due to the definition of the body boundary condition at the actual body position. In [154], Shao
& Faltinsen have applied the approach to linear analysis of ship motions in steady and unsteady flow and
have indicated that the double body linearization have given favorable results over the Neumann‐Kelvin
linearization. For the stabilization of the time stepping method an upward finite difference operator for
the spatial derivative in the direction of the flow has been chosen instead of the derivative of the basis
function.

In the following time, the numerical wave tank of Grilli et al. [63] has been used as basis of the ex‐
tension to investigate nonlinear wave‐body interactions. A first contribution in this direction has been
presented by Guerber et al. in [68]. Therein a two‐dimensional, fully nonlinear and two way coupling BIE
approach has been applied for the modeling of Wave Energy Converters (WEC). The approach accounts
for two BIEs, the standard one including Dirichlet and Neumann densities of the velocity potential and
a BIE for the time derivative of the velocity potential and its normal derivative. Both fulfill the Laplace
equation and conditions are specified at each boundary including wave maker and absorption wave pad‐
dle. In the case of freely moving body an implicit procedure (see Tanizawa [163] and Van Daalen [174])
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has been necessary due to the unknown body BC, where the Neumann condition of the potential’s time
derivative has been expressed by a third BIE including a regular integrand depending on bodies geom‐
etry. The method has been verified by checking the energy and volume conservation in the transient
computations for fixed and freely diving cylinder. As validation case and simplified model for the WEC,
the Bristol cylinder has been used as validation case within this study.

The follow up work of Guerber et al.’s work has been presented by Dombre et al. [51] and includes
the widen of the application range of the two‐dimensional numerical wave tank to free floating, surface
piercing bodies. A new time stepping scheme with favorable energy conservation properties, has been
investigated and have applied, referred as symplectic integrator like time marching procedure. Both
fixed and free floating bodies has been investigated in terms of hydrodynamic forces and validated by
experimental results, including large amplitude motions.

The investigation of nonlinear interaction of waves and fixed bodies and the behavior in wave radi‐
ation and diffraction have been done by Dombre et al. in [52]. As a basis, Grilli et al.’s approach [63]
has been applied with modifications in terms of parallelization and time stepping. The first has allowed
more efÏcient computations using multiprocessor units and the latter, the semi‐Lagrangian method, has
been developed for the analysis of vertical fixed or submerged bodies. Therein, a new definition of the
material derivative including the vertical free surface position has been incorporated. Furthermore, the
extension to unstructured grids have increased the flexibility in handling arbitrary hull geometries.

Harris et al. [75], see also Harris et al. [74], have further modified the numerical wave tank of Grilli
et al. [63] in terms of geometry and solution representation by cubic B‐splines and fast farfield evalua‐
tion by using ExaFMM (see Wang et al. [180]. For the generation and absorption of waves, most of the
approach introduced in Grilli & Horrilo [64] has been implemented. The semi‐Lagrangian time stepping
already used in Dombre et al. [52] has been applied as well. The farfield acceleration has proven to give
a significant performance increase and have allowed to analyze the presented problems of the fixed sur‐
face piercing truncated and bottom mounted cylinders in waves to be computed in a reasonable time.
For the applications radial domains have been chosen , and the main focus was the evaluation of diffrac‐
tion and horizontal forces on the cylinders.
In summary, the group of the BIEMH provide formulations with that case‐tailored, higher‐order ap‐
proaches can be derived and up to strongly nonlinear dynamics be considered. In the numerical schemes,
the regularization or desingularization of the singular kernels become necessary and make these ap‐
proaches mathematically more challenging.



1.3. RESEARCH GAP AND DEFINITION OF RESEARCH HYPOTHESES 13

1.3 Research gap and definition of research hypotheses

In the following, the findings from the literature review are summarized , and the research gaps are
identified. Based on this, the research hypotheses (RH) are defined, which are addressed within this
thesis. The global hypothesis (GH) is defined as the overarching goal, whichwill not be reachedwithin this
work, but for that the developedmethods are designed for and thatwill be based on the two‐dimensional
cBEM solver in the future perspective. The introduction concludeswith an outline of the thesis’ structure.

From the literature review, three main streams for the BEM in Hydrodynamics can be seen namely
the FSGF, the RSGF, and the BIEMH approaches. The methods differ in terms of the applications and
research questions that are in focus and in view of their specifications.
It has been shown that often specific numerical procedures have been applied to realize the practical
applications as e.g. in the RSGF method the application of the Dawson operator to fulfill the radiation
condition or special wave damping approaches, e.g. based on adding source points in the numerical
setup.
The assumptions of themethods can be quite limiting in terms of real world applications. A common case
is the linearization of wave and body dynamics which allow the analysis of the problem in the frequency
domain. With the use of the FSGF and the increasing complexity of ships and structures in the forward
speed limit, this approach is usually limited to small Froude numbers. In contrast, the fulfillment of
the radiation condition is challenging in the RSGF methods which makes them unfavorable for smaller
Froude numbers. In the BIEMH often investigations in numerical wave tanks are in focus which relate the
approaches more to research than industrial applications.
In most of the methods related to the first two streams, the potential of computational efÏciency has
been not fully exploited and the time to perform e.g. unsteady simulations with a nonlinear RSGF code
has required a high amount of computational resources. For all three BEM streams for Hydrodynamic
applications, the real time capability has not been reached yet.
It has been also shown that no established time domain approach exists up to now that uses real time
observations as boundary conditions for the BEM which would be one requirement for the application
of the BEM in a deterministic (phase resolving) wave and motion prediction solver.
Finally, the monolithic coupling of wave and body dynamics with the incorporation of a spectral method
for wave propagation is not yet accounted for in an established BEM code.

The findings from the literature review indicate that the current state of the BEM research and de‐
velopment for hydrodynamic applications misses some aspects which are outlined next.
First, a time domain BEM is missing that uses a fixed (no remapping in every time step) regular grid with
equidistant collocation points (grid not defined by the body shape) on the free surface for the computa‐
tion of wave‐body dynamics by considering a mixed BVP. This would include a method for accounting for
the free surface discontinuity due to the body shape and the explicit desingularization of all BIOs includ‐
ing the Hypersingular BIO and the setup of a robust coupling solver.
On the other hand, thereby the advantages of the HOS approach which are first and foremost the ac‐
count of an arbitrary order of nonlinearity in thewave dynamic equations and the efÏcient solving ofwave
propagation could be incorporated as theHOSmethod rely on a computational domainwith equidistantly
spaced collocation points. By this, the second gap, the incorporation of an efÏcient approach for poten‐
tially nonlinear wave propagation in the BEM framework by amonolithic coupling approach, is identified.
The third relevant item is the lack of universality in the BEMmethods, which address the limitations and
specific focus of the three BEM streams. Indeed, there is no established code that provides a toolbox of
methods with that all three applications can be computed.
The last two observed gaps in the existing approaches address first the computational efÏciency and sec‐
ond the application to rigid body motion forecast. Addressing the efÏciency, it can be concluded that a
real time capable nonlinear time domain BEM solver is missing until now. For the forecast of e.g. ship
motions in offshore operations, the application of a time domain BEM for deterministicmotion prediction
(alongside a suited wave reconstruction and wave propagation approach) has not yet been established.

The research and development gaps indicated the potential of innovative solutions and by defining
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the following research hypotheses the red line for the development of the cBEM solver was outlined.
They gave the frame for the implementation steps that had to be proven and on that basis the coupled
approach was founded on.
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RH1: By replacing the κ‐operator of global support with a Hypersingular Boundary Integral
Operator, the BEM solution converges to the first order HOS solution.

RH2: Let Γ be a boundary with a discontinuous manifold Γd ⊂ Γ (:= a set of connected
elements where no solution function is defined on) then there exist a method that can
assembly two operators one for the discontinuous domain Γd and one for the rest of the
boundary domain ΓFS = Γ \ Γd so that the union of the two operators gives a solution
that is equal to the solution of the full domain.

RH3: Assume amixed BVP that contains two separate boundary parts on that either a Dirich‐
let BVP or a Neumann BVP are defined and consider that a reference solution exist that em‐
ploys a sufÏciently differentiable analytic function to find the complete Cauchy data of the
problem. Then the solution of a suited BIE system can be found by accounting the Dirichlet
and Neumann boundary data at the corresponding boundary parts and the error between
the solution and the analytic Neumann and Dirichlet datum of the reference is sufÏciently
small and converges at considerable order with increasing resolution.

RH4: Assume a mixed BVP that contains a combined boundary with a Dirichlet BVP and
a Neumann BVP boundary part and consider that a reference solution exist that employs a
sufÏciently differentiable analytic function to find the complete Cauchy data of the problem.
Then the solution of a suited BIE system with the Dirichlet and Neumann boundary data as
boundary conditions at the corresponding boundary parts exist and the error between the
solution and the analytic Neumann and Dirichlet datum of the reference is sufÏciently small
and converges at considerable order with increasing resolution.

RH5: The application of the explicit Runge‐Kutta time integration scheme for the wave dy‐
namics allows stable computations with high accuracy of submerged and surface piercing
bodies in regular, small amplitude waves.

RH6: The monolithic coupling of the wave and body dynamics in time domain by using a
direct BIE formulation for mixed BVPs (incorporation of all Boundary Integral Operators)
in symmetric Galerkin formulation is realizable and give accurate results in hydrodynamic
applications.

The derivation of the global hypothesis directly followed from the last two research gaps and high‐
lights the future perspective targeted to be reached based on the here presented work.
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is GH: A real time capable time domain higher‐order BEM approach that accounts nonlinear

wave‐body interaction and is suited for the deterministic wave and motion prediction can
be developed on the basis of the coupled 2D BEM approach.

The structure of the thesis is outlined in the following. In the second chapter theoretical introductions
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to the BEM and marine hydrodynamics are given. It follows the description of the cBEM solver and the
related developed approaches and their verification in the third chapter. The validity of the cBEM solver
for hydrodynamic applications including the surface piercing body is highlighted in the next chapter. The
thesis is closed by discussing the results in terms of the defined hypotheses, drawing conclusions and
giving an outline for future code developments, and possible applications.



Chapter 2

Theoretical background

After the review of applications of the BEM in ocean engineering, the focus in this section is put on
the theory of BEM and hydrodynamics. Starting with the boundary value problems and their solution
evaluation with BIEs, methods for the approximation of solution and geometry as well as numerical in‐
tegration are discussed providing an overview of essential tools necessary for BEMs. In the second part,
linear aspects for the description of surface gravity waves are summarized and the HOS method is intro‐
duced. Alongside the consideration of wave and body dynamics, corresponding governing problems are
explained and characteristic parameters are presented.

2.1 Boundary Element Method

The BEM, see Katsikadelis [90], Sutradhar et al. [162], Bonnet [18] and Steinbach [161], is a widely used
numerical approach for solving BIEs and is especially of interest for the efÏcient computation of prob‐
lems with a small surface to volume ratio as e.g. contact problems, acoustics or free surface flows. The
evaluation of approximative solutions for BVPs by accounting for the boundary domain and solving for
boundary quantities by a BIE is the essential task in this approach. The formulation of a BVP as BIE re‐
quires the existence of a fundamental solution for the problem of interest. This exists e.g. for linear
elliptic PDEs as the Helmholtz and Laplace equation.
A general difÏculty in the approach is the property of the fundamental solutions and their normal deriva‐
tives to include singularities, for three dimensions of type r−n with n ∈ [1, 2, 3] and of type log(r) and
r−n with n ∈ [1, 2] for two dimensions. As the fundamental solution represents the influence of two
points with distance r, the influence increases drastically if the distance becomes small. Therefore, spe‐
cial discretization techniques that account for the singularities at the boundary have to be used.
By the use of BIEs for solving BVPs, not the original PDE is approximated but only the considered funda‐

16
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Figure 2.1: Flowchart of cBEM solver (central vertical panel) and related topics that are outlined in the next two
chapters (left and right panels, gray shadowed).

mental solution. This makes the approach independent of the considered problem and having a working
BEM environment allows the fast extension to other equations for that a fundamental solution exists.
The account of all discretization points and their influences on each other results in dense influence ma‐
trices and make the solution finding more affordable in terms of solving techniques. For the evaluation
of nonlinear problems in the BEM approach, the discretization of the volume is necessary because the
volume potentials are additionally required. By this, the advantage of only considering the boundary
domain vanishes and the BEM is most likely not any more favorable over other field resolving numerical
approaches like the FEM. An alternative is the use of the dual reciprocity method where the fundamental
solution of the simpler problem is considered and the nonlinearities and inhomogeneities are taken into
account via series expansions of basis functions with global support, see e.g Partridge et al. [136].
The reduction of a field problem to a boundary problem, the straightforward account of exterior infi‐
nite problems due to the favorable characteristic of the fundamental solution to decrease rapidly with
increasing distance (Sommerfeld radiation condition), the evaluation of accurate solutions for both the
potential and its derivatives as well as the use of farfield approximations in FMM and pFFT resulting in
very efÏcient solvers, make the BEM to a valuable and often favorable choice for numerical computations
of BVPs.

In Fig. (2.1) the structure of the following chapters is described by showing the relations between
the accounted topics and the modules in cBEM. The subjects related to the formulation, preprocessing,
and operator assembly are introduced in this section and give the basis for the development steps of
cBEM in the next sections. In contrast, the solver and time stepping are only briefly addressed in terms
of theory. For these cBEM modules, more focus was put on the practical employment in cBEM that fit
well to Sec.(3) and is discussed there. Short general introductions to the solution evaluation and the time
stepping are given in the next section before describing the employment of the tools, introduced below,
in practice.

2.1.1 Preparatory remarks

Hereafter, the basic assumption in terms of functional analysis and the origin of BIE and BEM is shortly and
abbreviated described, for a deeper dive into the topic, the textbook of Steinbach [161] is recommended
on which also the notation and review of the following paragraphs is based on. Further accounted text‐
books are Hutson et al. [86] for functional analysis of BVPs, Adams& Fournier [1] for the theory of Sobolev
Spaces and Sutradhar et al. [162] as reference for the symmetric Galerkin BEM.
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Remarks from the perspective of functional analysis For the problem of interest it is necessary to first
identify and second define properties that are relevant for finding a (unique) solution for the problem.
Having identified the smoothness of functions as one of the main properties, the questions where and
how the definition of smoothness can be applied has to be answered. A fast answer might be that the
definition can be done on a domain and by suited function spaces with appropriate norms and character‐
istics. A more specific overview is given in the following, where Steinbach [161] was accounted as main
reference.
The domain is defined as an open and simply connected subset of the space of n‐dimensional real valued
functions Rn,Ω ∈ R

n with a surrounding boundary ∂Ω = Γ.
The function space of main interest is the Sobolev space W k

p (Ω) defined over Ω with k ∈ N0 and
0 ≤ p ≤ ∞. This vector space is widely used in the theory of PDEs, one main reason might be that
the spaces for differentiability (order k) and for integrability (order p) of the functions are both consid‐
ered and theweak derivative of the function is in focus. One other, that the requirements on smoothness
are relatively weak, see Hutson et al. [86]. The connection to the spaces of k times bounded and con‐
tinuously differentiable functions, Ck(Ω) (and related spaces C∞(Ω) and C∞

0 (Ω) as well as the space
of Hölder continuous functions Ck,κ(Ω) with κ ∈ (0, 1)), and to the space of power of p integrable
functions, Lp(Ω), is indicated in the definition of the Sobolev norms. By the definition of the norms, the
Sobolev Space becomes a Banach space inheriting properties as e.g. the Minkowsky inequality.
Of specific interest is the case of p = 2, the space of square integrable functions L2(Ω), which is indeed
a Hilbert space with the main additional property, that an inner product is given with that the space be‐
comes a complete metric space.
The space of locally integrable function Lloc

1 (Ω) is of interest when e.g. singular kernel function appear
and the definition of an interval where the function is integrable allows to evaluate this function locally,
see e.g. the CPV integral.
According to differentiability, the specific Hölder continuous function space Ck,1(Ω), defined as the
space of Ck(Ω) functions whose k‐th order partial derivatives are Lipschitz continuous functions, is of
relevance because it locally constitutes the property of compactness (=bounded and closed) to the do‐
main’s boundary and ensure that finite families (of parametrizations for the boundary and the domain)
exist (see Steinbach [161]). Descriptively, the property of Lipschitz continuity implies that a function has
locally at all its pairs of points a connecting line whose slope has an absolute value that is smaller or equal
than a real valued number, see e.g. Sohrab [160].
The Sobolev‐Slobodeckij spaceW s

p with the non integer order s = k − κ and p = 2 is a Hilbert space
and is for a Lipschitz domain referred ∀s > 0 as

W s
2 (Ω) = Hs(Ω). (2.1)

The Sobolev spaceHs and its duality space (defined as the space that contains all linear functionals that
mapsHs to a field) are used e.g. as function space for BIEs.
Other relevant properties that are given in the Sobolev space are the Embedding theorem, the Norm
Equivalence theorem and the Bramble‐Hilbert Lemma, see Adams & Fournier [1], which gives relations
between norms of Sobolev spaces, define equivalent norms for bounded linear functionals and provide
the error of the approximation of a function by a polynomial, respectively. The possibility to approximate
functions that are an element of Sobolev spaces is an additional feature that is very relevant when it
comes to discretization.

For e.g. a BVP that is numerically solved by a BEM approach, the boundary is discretized in the way
that

Γ =

J⋃

i=1

Γi, (2.2)

and it is of interest to constitute certain properties on themanifoldsΓi of the boundary. Assuming a local
parametrization x = χi(ξ) on every manifold, the space of this parametrization, referred as parameter
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spaces, can also be chosen to be a Sobolev spaceHs(Γ) [161]. It has to be accounted that the order of
differentiability s depend on (and is limited by) the differentiability class of the local representations.

The boundary can be seen as the trace of the domain. In this context, the interior trace operator is
formally a linear map defined as, see Steinbach [161],

γint0 := Hs(Ω) 7→ Hs−1/2(Γ) (2.3)

forΩ ⊂ R
d with d = 2, 3 andΩ ∈ Ck−1,1 with 1/2 < s ≤ 1 and can be used tomap domain functions to

the boundary. The order reduction by 1/2 = 1/p of the Sobolev spaces are defined by ”the phenomenon
that passing from functions inWm,p(Ω) to their traces on surfaces of codimension 1 results in a loss of
smoothness corresponding to 1/p of a derivative” (Adams & Fournier [1], p.234).
The trace operator is bounded ∀v ∈ Hs(Ω) by

||γint0 ||Hs−1/2(Γ) ≤ cT ||v||Hs(Ω). (2.4)

Correspondingly, an inverse trace operator can be defined that describes the linear mapping from the
boundary to the domain, see e.g. Steinbach [161].
The trace operator is used to formalize the limiting process of domain quantities to boundary densities.
By applying the trace operator on Double or Single layer potentials, Boundary Integral Operators (BIOs)
can be defined, which play a relevant role in the theory of BIEs and are described in one of the following
section.

Differential operator and weak formulation Assuming that a general form of a Partial Differential Equa‐
tion (PDE) is given by [161]

(Lu)(x) = f(x) (2.5)

with the linear differential operator of dimension d = 2, 3

(Lu)(x) := −
d∑

i,j=1

∂

∂xj

[
ai,j(x)

∂

∂xi
u(x)

]
+ a0(x)u(x) (2.6)

and the scalar real valued function u, the constant coefÏcients aij(x) fulfilling aij(x) = aji(x) for all
i, j = 1, ..., d, x ∈ Ω and the function f representing an inhomogenety. Furthermore, the functions
f, u, v used here and in the following, are considered to be sufÏciently smooth. The exterior unit normal
vector n(y) is given nearly everywhere for y ∈ Γ.

Then the weak formulation of the PDE, which one find by multiplication with a test function v and
integrating over the domain Ω is given by

∫

Ω
(Lu)(x)v(x)dx, (2.7)

and represent the connection between PDE and BIE.

Boundary value problem For elliptic partial differential equations, the BVP is a standard tool for the
solution evaluation [161]. By the definition of boundary conditions, the problem is well‐defined and a
solution to the PDE can be found. The problem is additionally well posed, if an existing and uniquely
defined solution depend continuously on the boundary conditions.

The list of types of BVPs and related boundary conditions contains first the Dirichlet BVP, where the
boundary conditions are defined as Dirchlet densities, and the Neumann BVP, correspondingly having
Neumann boundary conditions. Second the combined BVP, namely the Robin BVP, that have a com‐
bined and weighted condition of both Neumann and Dirichlet conditions, and the Cauchy BVP, that does
not assume any weighting functions for the combined conditions. Last the mixed BVP, where all four



20 CHAPTER 2. THEORETICAL BACKGROUND

previously discussed boundary conditions may defined on the boundary, but in the way that the condi‐
tions are defined separately on disjoint decompositions of the boundary, e.g. for Neumann and Dirichlet
boundary conditions, the BVP reads Γ = ΓD ∪ ΓN .

For some applications, the complete Cauchy data of the solution (γint0 u(x), γint1 u(x)) for x ∈ Γ, are
of interest. The Dirichlet and the Neumann datum, γint0 u(x) and γint1 u(x) respectively, can be found by
deriving the corresponding BIEs with the help of Green’s identities and using the direct BIE approach.

Divergence theorem and Green’s identities Now, considering a vector field f(x) in a reference volume
Ω that is surrounded by the closed boundary Γ. The Divergence theorem, see e.g. Bronstein [24], states
that the divergence in Ω equals the flux normal to Γ. This reads [161]

∫

Ω

∂

∂xi
f(x)dx =

∫

Γ
γint0 f(x)ni(x)dsx for i = 1, ..., d (2.8)

and defining f(x) = u(x)v(x), the rule for the integration by parts is found by
∫

Ω
v(x)

∂

∂xi
u(x)dx =

∫

Γ
γint0 v(x)γint0 u(x)ni(x)dsx −

∫

Ω
v(x)

∂

∂xi
u(x)dx. (2.9)

Applying the rule of integration by parts to the PDE’s weak formulation, Eq. (2.7) and substituting the
linear differential operator, Eq. (2.6), yield Green’s first identity [161]

d∑

i,j=1

∫

Ω
ai,j(x)

∂

∂xi
u(x)

∂

∂xj
v(x)dx

︸ ︷︷ ︸

symmetric bilinear form a(u,v)

=

∫

Ω
(Lu)(x)v(x)dx+

∫

Γ
γint1 u(x)γint0 v(x)dsx (2.10)

with the interior trace operator

γint0 f(x) := lim
Ω∋x̃→x∈Γ

f(x̃) for x ∈ Γ (2.11)

and the interior conormal derivative

γint1 f(x) := lim
Ω∋x̃→x∈Γ

[ d∑

i,j=1

nj(x)ai,j(x̃)
∂

∂x̃
f(x̃)

]

for x ∈ Γ . (2.12)

These operators represent the approach of the bulk variable x̃ to the boundary quantity x, Ω 3 x̃ →
x ∈ Γ.
Green’s second identity is then given by accounting the symmetry of the bilinear form, a(u, v) = a(v, u),
see Eq. (2.10) from that a(v, u) is found by switching the roles of the functions u and v, and gives

∫

Ω
(Lu)(x)v(x)dx+

∫

Γ
γint1 u(x)γint0 v(x)dsx =

=

∫

Ω
(Lv)(x)u(x)dx+

∫

Γ
γint1 v(x)γint0 u(x)dsx .

(2.13)

Fundamental solution The existence of a fundamental solution is mandatory for finding a solution of a
PDE by using the BIE approach. The Malgrange‐Ehrenpreis theorem, see Ehrenpreis [55] and Malgrange
[113], states that for the group of linear partial differential operators with piecewise constant coefÏcients
a fundamental solution to the corresponding PDE exist.
By solving

(LyG)(x, y) = δ(y − x) for x, y ∈ R
d (2.14)
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in the distributional sense with the delta‐distribution δ, the fundamental solution or Green function
G(x, y) is found, see for evaluation techniques of the fundamental solutions e.g. Steinbach [161]. Con‐
sidering the Green function as test function, v(x) = G(x, y), in the weak form of the PDE, Eq. (2.7),
Green’s second identity, Eq.(2.13), reads

∫

Ω
(Lu)(x)G(x, y)dx+

∫

Γ
γint1 u(x)γint0 G(x, y)dsx =

=

∫

Ω
(LyG)(x, y)u(x)dx+

∫

Γ
γint1 G(x, y)γint0 u(x)dsx .

(2.15)

2.1.2 Boundary Integral Equations

The BIE in combination with a well‐defined BVP form the basis to find an approximative solution by an
numerical approach for that here the BEM is considered. As the basis procedure to find a BIE (from the
PDE over Green’s identities and the use of the fundamental solution towards the representation formula)
has been sketched in the previous paragraphs, in the following, the focus is to introduce a more formal
BIE representation by the help of the BIOs.

Boundary Integral Operators For a homogeneous PDE with a linear elliptic partial differential operator
of second order with the fundamental solution G(x, y), the Single layer potential, Sw ∈ H1(Ω), for
a given density w ∈ H−1/2(Γ) and the Double layer potential, Dv ∈ H1(Ω), for a given density v ∈
H1/2(Γ) reads for x ∈ Ω ∪ ΩC with ΩC = R

d \ Ω, see Steinbach [161],

u := (Sw)(x) :=

∫

Γ
G(x, y)w(y)dsy (2.16)

u := (Dv)(x) :=

∫

Γ
γint1,yG(x, y)v(y)dsy (2.17)

and define bounded and linear maps between the boundary and the domain Sobolev spaces

S : H−1/2(Γ) 7→ H1(Ω) (2.18)

D : H1/2(Γ) 7→ H1(Ω) (2.19)

under considering that the Single layer potential and the Double layer potential being solutions to the
homogeneous PDE and the domain function u ∈ H1(Ω) is satisfying

||u||H1(Ω) =||Sw||H1(Ω) ≤ c||w||H−1/2(Γ) for w ∈ H−1/2(Γ) (2.20)

||u||H1(Ω) =||Dv||H1(Ω) ≤ c||v||H1/2(Γ) for v ∈ H1/2(Γ) (2.21)

and thus bounded by a certain constant c [161].
The order of the function spaceH−1/2(Γ) corresponds tow being the derivativeof function v ∈ H1/2(Γ)
(differentiation reduces the order of the function space by one) and thus, the Single layer potential maps
from the boundaries derivative function space to the domain whereas the Double layer potential maps
from boundaries function space.

The application of the interior trace and the interior conormal derivative operators to the Single
and Double layer potentials give for x ∈ Γ the mapping properties (left) and the relations of the layer
potentials to the correseponding BIOs (right) [161]

γint0 S : H−1/2(Γ) 7→ H1/2(Γ) (Sw)(x) =γint0 (Sw)(x)

γint0 D : H1/2(Γ) 7→ H1/2(Γ) γint0 (Dv)(x) =[−1 + σ(x)]v(x)− (Dv)(x)
γint1 S : H−1/2(Γ) 7→ H−1/2(Γ) γint1 (Sw)(x) =σ(x)w(x) + (Aw)(x)
γint1 D : H1/2(Γ) 7→ H−1/2(Γ) (Hv)(x) =− γint1 (Dv)(x)

(2.22)
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with

σ(x) = lim
ε→0

1

2(d− 1)π

1

εd−1

∫

y∈Ω:|y−x|=ε

dsy for d = 2, 3 (2.23)

and wherein the following layer potentials, again for x ∈ Γ,

Single layer repr. with the Single BIO S: (Sw)(x) =
∫

Γ

G(x, y)w(y)dsy (2.24)

Double layer pot. with the Double BIOD: (Dv)(x) = − lim
ε→0

∫

y∈Γ:|y−x|≥ε

[γint1,yG(x, y)]v(y)dsy

Adjoint layer pot. with the Adjoint BIOA: (Aw)(x) = lim
ε→0

∫

y∈Γ:|y−x|≥ε

γint1,xG(x, y)w(y)dsy

Hypersing. layer repr. with the Hypersingular BIOH: (Hv)(x) = −
∫

Γ

γint1,xγ
int
1,yG(x, y)[v(y)− v(x)]dsy

have been used. For the derivation of the Hypersingular representation that is given by a CPV integral, a
regularization has been applied on the original BIE resulting from the conormal derivative of the Double
layer potential γint1 (Dv)(x) because the original BIE does not exist in the limit ε → 0 in the CPV sense,
see Steinbach [161].
The relevance of BIOs is due to their function to hold relevant properties which are related to both the
mathematical framework as mapping properties and defintions regarding boundedness and ellipticity
and the more practical information as which Green kernel (and thus which singularity order) has to be
accounted. The mapping properties including a Dirichlet to Neumann map as well as the relationship of
the operator to each other are introduced next as some examples for the properties of the operators.
For Γ being a Lipschitz boundary the BIOs are bounded for s ∈ [−1/2, 1/2] and have the linear mapping
properties

S : H−1/2+s(Γ) 7→ H1/2+s(Γ)

D : H1/2+s(Γ) 7→ H1/2+s(Γ)

A : H−1/2+s(Γ) 7→ H−1/2+s(Γ)

H : H1/2+s(Γ) 7→ H−1/2+s(Γ)

(2.25)

which describes the mappings between the boundary Sobolev spaces corresponding to function and its
derivative,H1/2+s andH−1/2+s, respectively. For a homogeneous PDE, the bounded Steklov‐Poincare
operator [161]

S := S−1(σI −D) : H1/2(Γ) 7→ H−1/2(Γ) (2.26)

relates the Cauchy data and can be used to calculate the Dirchlet to Neumann map by

γint1 u(x) = (Sγint0 )u(x). (2.27)

Due to the relations between the BIOs [161]

SH = (σI −D)((1− σ)I +D)

HS = (σI +A)((1− σ)I −A)

SA = −DS
AH = −HD

(2.28)

a symmetrization of the in general not self‐adjoint (see for details on self‐adjointness Hutson et al. [86])
Double BIO D by the Single BIO is given and the products SH and HS including the Hypersingular op‐
erator can be computed by using the even weaker singular Double and Adjoint operator.
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Calderon projector, BIE system, CBIE and NDBIE Assuming the representation formula for the general
inhomogenous PDE, Eq. (2.5), and x̃ ∈ Ω

u(x̃) = −
∫

Γ
γint1,yG(x̃, y)γ

int
0 udsy +

∫

Γ
γint0 G(x̃, y)γint1 udsy +

∫

Ω
G(x̃, y)f(y)dy (2.29)

and approaching the limit Ω 3 x̃→ x ∈ Γ gives the BIEs for the Dirichlet BVP and the Neumann BVP

γint0 u(x) = (Sγint1 u)(x) + (Dγint0 u)(x) + [1− σ(x)]γint0 u(x) +N0f(x)

γint1 u(x) = σ(x)γint1 u(x) + (Aγint1 u)(x) + (Hγint0 u)(x) +N1f(x)
(2.30)

with the Neumann potentials (N0f) and (N1f), see Steinbach [161]. By using the Calderon projection
[161]

C =

(
(1− σ)I +D S

H σI +A

)

(2.31)

the complete Cauchy data can be obtained from the following direct BIE system

(
γint0 u

γint1 u

)

=

(
(1− σ)I +D S

H σI +A

)(
γint0 u

γint1 u

)

+

(
N0f

N1f

)

. (2.32)

For the homgeneous PDE, f = 0, the right hand side terms related to the Neumann potentials in the
BIE system, Eq. (2.32), vanishes and Eqs.(2.30) become for x ∈ Γ the Conventional BIE (CBIE)

γint0 u(x) = (Sγint1 u)(x) + (Dγint0 u)(x) + [1− σ(x)]γint0 u(x) (2.33)

and the Normal Derivative BIE (NDBIE)

γint1 u(x) = σ(x)γint1 u(x) + (Aγint1 u)(x) + (Hγint0 u)(x). (2.34)

Considering now a Dirichlet BVP with known Dirichlet data gD ∈ H1/2 the corresponding equations
can be derived by using the CBIE, Eq. (2.33), and the NDBIE, (2.34), as

(Sγint1 u)(x) =σ(x)gD(x)− (DgD)(x) (2.35)

([1− σ(x)]I −A)γint1 u(x) =(HgD)(x) (2.36)

where both equations represent Fredholm equations, the latter is of second kind and the first is of first
kind.
The characterization as Fredholm equations can be applied here, because the BIOs are compact integral
operators. Alongside the property of being a Fredholm equation, the existence and uniqueness of the
solution to the particular problem can be verified and well known strategies for the solution evaluation
in terms of analytic methods exist (e.g. Neumann series) [161].
For a Neumann BVP one find correspondingly from the CBIE and NDBIE, Eqs. (2.33) and (2.34), respec‐
tively, for x ∈ Γ

(σ(x)I −D)γint0 u(x) =(SgN )(x) (2.37)

(Hγint0 u)(x) =(1− σ(x))gN (x)− (AgN )(x) (2.38)

with Neumann boundary conditions gN ∈ H−1/2. Here are the roles of the Fredholm equations changes
with respect to CBIE and NDBIE and the CBIE gives a second kind and the NDBIE a first kind Fredholm
equation.
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Direct and indirect BIE method Until here, the interior trace and conormal derivative have been ap‐
plied. By accounting the exterior trace and conormal derivatives, corresponding BIEs as in Eqs. (2.22) and
layer potentials and representations as in Eqs. (2.24) can be derived.
By using the interior and exterior operators, the BIEs can be formulated as exterior and interior prob‐
lems, see e.g. Steinbach [161], denoted by the superscripts + and − respectively. The versions refers
to the existence and validity of a solution either in the enclosed domain or the exterior domain of the
boundary, see Fig. (2.2). There the approach of the exterior and interior domain quantities,Ω+ andΩ−,
towards the boundary give the representation Eq. (2.24) valid on the corresponding boundary layer Γ+

and Γ−.

The direct and indirect approach, see e.g. [90], refers to different methods for the evaluation of the
BIEs and differ specifically in accounting one or both of the exterior and interior layer quantities. The layer
represent the limiting approach of the boundary quantities. The direct approach either the interior or
the exterior layer by choosing the boundary conditions in the way that the solution at the corresponding
other layer vanishes, see Antoine & Darbas [5]. In the indirect approach the solutions are subtracted and
jump relations are obtained.

Figure 2.2: Interior and exterior layer representations, respectively Ω−, Γ− and Ω+, Γ+ by using the example of
a closed boundary problem and the extension of the problem to an open boundary problem, e.g. for a two‐fluid
flow, separated by an interface.

The BIE system, Eq. (2.32), gives the direct approach for the interior problem. The advantages of the
direct BIE is the ability to interpret the results of the BIE directly.
The unknowns are the values of the physical densities (quasi jumps of the densities assuming that either
inner or outer part of the density vanishes), namely the value and the normal derivative of the value. To
obtain the BIE corresponding to the problem of interest, the densities are substituted in the BIEs.
The solution of the indirect formulation gives jump relations on the boundary, also referred as sources
and dipols, σ andµ respectively. The jump densities can not directly physically interpreted. The approach
is based on the layer ansatz, see Fig. (2.2), in which the direct BIEs of the interior and the exterior problem
are subtracted. This is represented by applying the trace γ0 and the conormal derivative γ1 to the Single
and Double layer potentials and yield the jump relations [161] at the boundary and for x ∈ Γ

[γ0Sw] :=γ
ext
0 (Sw)(x)− γint0 (Sw)(x) = 0

[γ0Dv] :=γ
ext
0 (Dv)(x)− γint0 (Dv)(x) = v(x)

[γ1Sw] :=γ
ext
1 (Sw)(x)− γint1 (Sw)(x) = −w(x)

[γ1Dv] :=γ
ext
1 (Dv)(x)− γint1 (Dv)(x) = 0 .

(2.39)

In contrast to the direct approach where the operator matrix (Calderon projector) appears on the right
hand side, the operators of the indirect approach (layer potentials) appear on the left hand side and need
to be inverted to find a solution in terms of jump densities. After obtaining these indirect solutions the
physical values are evaluated in a second step by considering a second equation.
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2.1.3 Application to Laplace equation

Since incompressible potential flows are considered here, the Laplace equation

−(∆ϕ)(x) = 0 (2.40)

is considered. In Eq. (2.40) the linear differential operator of the PDE, Eq. (2.5), is the Laplace operator
∆ := ∇ · ∇, with∇ := ( ∂

∂x1
, ..., ∂

∂xd
) representing the Nabla operator, acting on the velocity potential

ϕ

(Lϕ)(x) := −(∆ϕ)(x) = −
d∑

i=1

∂2ϕ(x)

∂x2i
. (2.41)

The weak form of the Laplace equation is then given by

−
∫

Ω
(∆ϕ)(x)t(x)dx = −

∫

Ω
(∇ · ∇ϕ)(x)t(x)dx . (2.42)

The substitution of Eq. (2.41) in Green’s second identity, Eq. (2.15), and accounting the interior trace and
conormal derivative of a scalar valued sufÏciently smooth function Ξ for the considered Laplace and for
y ∈ Γ equation to be

γint0 Ξ(y) :=Ξ(y)

γint1 Ξ(y) :=
∂

∂ny
Ξ(y) = n(y) · ∇Ξ(y)

(2.43)

gives

−
∫

Ω
(∆yϕ)(y)G(x, y)dy +

∫

Γ

∂

∂ny
ϕ(y)G(x, y)dsy =

= −
∫

Ω
(∆yG)(x, y)ϕ(y)dy+

∫

Γ

∂

∂ny
G(x, y)ϕ(y)dsy .

(2.44)

The Green functions for the Laplace operator read for two dimensions [161]

G(x, y) = − 1

2π
log |x− y| (2.45)

and for three dimensions

G(x, y) =
1

4π

1

|x− y| , (2.46)

and have the following symmetry properties in the weak, strong and hypersingular kernel [162]

G(x, y) =G(y, x)

∇yG(x, y) = −∇xG(x, y) = ∇xG(y, x)

∂2G

∂nx∂ny
(x, y) =

∂2G

∂nx∂ny
(y, x).

(2.47)

By considering the potential ϕ to fulfill the Laplace equation (∆yϕ)(y) = 0 and assuming that the
fundamental solution gives a solution to the Laplace equation,

∫

Ω
(∆yG)(x, y)ϕ(y)dx = ϕ(x) , (2.48)
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the first integral on the left vanishes and the first integral on the right simplifies respectively, and the
representation formula for the Laplace equation in terms of the Dirichlet datum results in

ϕ(x) =

∫

Γ

∂

∂ny
G(x, y)ϕ(y)dsy −

∫

Γ

∂

∂ny
ϕ(y)G(x, y)dsy . (2.49)

For a solution of the Laplace equation in terms of the Neumann datum, the normal derivative ∂
∂nx

of
Eq. (2.49) is considered and gives the representation formula for the Neumann problem

∂

∂nx
ϕ(x) =

∂

∂nx

[ ∫

Γ

∂

∂ny
G(x, y)ϕ(y)dsy −

∫

Γ

∂

∂ny
ϕ(y)G(x, y)dsy

]

=

∫

Γ

( ∂

∂nx

∂

∂ny
G(x, y)ϕ(y) +

∂

∂ny
G(x, y)

∂

∂nx
ϕ(y)

)

dsy− (2.50)

−
∫

Γ

( ∂

∂nx

∂

∂ny
ϕ(y)G(x, y) +

∂

∂ny
ϕ(y)

∂

∂nx
G(x, y)

)

dsy

=

∫

Γ

∂

∂nx

∂

∂ny
G(x, y)ϕ(y)dsy −

∫

Γ

∂

∂ny
ϕ(y)

∂

∂nx
G(x, y)dsy . (2.51)

With the layer potentials

(

S ∂

∂nx
ϕ
)

(x) =

∫

Γ

G(x, y)
∂

∂ny
ϕ(y)dsy (2.52)

(

Dϕ
)

(x) = − lim
ε→0

∫

y∈Γ:|y−x|≥ε

[ ∂

∂ny
G(x, y)

]

ϕ(y)dsy

(

A ∂

∂nx
ϕ
)

(x) = lim
ε→0

∫

y∈Γ:|y−x|≥ε

∂

∂nx
G(x, y)

∂

∂ny
ϕ(y)dsy

(

Hϕ
)

(x) = −
∫

Γ

∂

∂nx

∂

∂ny
G(x, y)[ϕ(y)− ϕ(x)]dsy

and the representation formulas, Eqs. (2.49) and (2.50) as well as the Calderon Projector C, Eq. (2.31),
the BIE system reads

(
ϕ(x)
∂φ
∂nx

(x)

)

=

(
(1− σ)I +D S

H σI +A

)(

ϕ(y)
∂φ
∂ny

(y)

)

(2.53)

which can be used to find the complete Cauchy data for the Laplace problem.

2.1.4 Discretization

After choosing the BIE formulation for the given BVP, an approximative solution can be found by applying
a numerical method, for that here the BEM approach is considered. The accuracy of the approximative
solution depend directly on the discretization of both the geometric and the solution function spaces.
This dependency might be analyzed from a theoretical and a practical point of view, where the latter tan‐
gents the specific choice of the discretization parameters in a simulation setup. The theoretical aspects
include the preceding choice of the type and order of the basis functions used for the approximation of
geometry and solution function space and are in the focus hereafter.

Order and type of basis functions The order of basis functions governs the decay order of the er‐
ror (convergence order) at increasing number of boundary elements (h‐refinement). By accounting a
higher number of collocation points over the element (p‐refinement), the order of the basis function
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is increased, where the term control point refer to the location where the Cauchy data of the solution
function are defined. In a perfect numerical setup the convergence order of a numerical solution at a
higher discretization coincide with the order of the basis function.
The definition of the type depend on the support that is required for the solution space basis functions.
For spectral methods the functions need to have global support and typically harmonic basis functions
with periodic boundary conditions are applied, Canuto et al. [26, 25]. In the HOS method, the function
ψp in Eq. (2.97) represent the basis function of global support. In contrast, the basis function in BEM are
defined over a certain local range, the boundary elements, and have typically locally limited support, see
Parag. (2.1.1). A typical choice is to use polynomials with a reasonable polynomial degree to approximate
the function space at the elements. In the following, the local range of influence is used to distinguish
between two types of limited support functions.

Definition 2.1.1. (Intraelement and interelement basis functions.) Basis functions of intraelement sup‐
port are defined and valid over a parametric space that is related to one element. An example in cBEM
are the Lagrange polynomials that are used e.g. for the solution function space of the body.
In contrast, the interelement basis functions refer to parametric space that represent more than one el‐
ement. The number of accounted elements depend typically on the order of the applied basis function.
By extending the support to more elements, the influence across neighboring elements can be modeled.
The Z‐Splines are used as interelement type basis functions in cBEM.

Introducing possible ways of describing functions and curves, points the way towards the application
of higher‐order representation of the basis functions.

Description of functions and curves

How functions and curved surfaces are mathematically described is stated in the next paragraphs after
sketching the concept of parametrization and isoparametric approximation.

Parametrization Instead of describing the geometry in global coordinates, a parametric description
is favorable as curved shapes simplify to straight analogous representations. In the parametric space
usually the basis functions are defined over a certain interval on that the control points are distributed.
The parametric mapping defines the transformation of global to parametric variables. The Jacobi matrix
holds the partial derivatives of parametric and global coordinates. Its determinant, referred as Jacobian,
represent the size of the element.
The isoparametric concept, originally introduced in the context of FEM, provides the same order of ap‐
proximation for the solution and function space. To realize the consistent formulation the representa‐
tions of functions and curves is outlined.

Polynomials Polynomials functions p(x) of degree p are defined as the summation of factors given
by coefÏcients ai and variables x

p(x) = a0 + a1x+ a2x
2 + ...anx

(n) =
n∑

i=0

aix
(i) (2.54)

and defined by p+ 1 control points, see e.g. Davis & Rabinowitz [37] and De Boor[41].
The approximation theorem of Weierstrass states that every real valued, continuous function f(x)

with x ∈ [a, b] can be approximated to any desired accuracy by a polynomial p. This reflects the impor‐
tance of polynomials in approximation theory.

Orthogonal polynomials, as e.g. the Hermite and Jacobi polynomials, and their linear combinations
can be used to approximate a wide range of functions. They can be constructed as three term recurrence
relation and are considered for the construction of interpolative quadrature rules, see Subsec. (2.1.5).
Assuming the polynomial pi to be orthogonal to pj , they are defined by the inner product

〈pi, pj〉 =
∫ b

a

g(x)pi(x)pj(x)dx i 6= j (2.55)
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where g(x) is the weight function and the indices i and j are recurrence stages. The formulation in terms
of the moments of the weight function g, [37],

µn =

∫ b

a

xng(x)dx (2.56)

is a further property that characterizes orthogonal polynomials and useful for applications in statistics,
see e.g. Sadjang [144]. Considering the weights and intervals, three examples of this polynomial class
are the Legendre (g(x) = 1, [−1, 1]), the Chebyshev (g(x) = 1√

1−x2
, [−1, 1]), both Jacobi polynomi‐

als, and the Laguerre (g(x) = exp−x, [0,∞]) polynomial [37]. The orthogonal basis polynomials are
given usually in modal form. This indicates that each basis are directly related to one specific spectral
component, see Canuto et al. [26].

Polynomial interpolation The interpolation problem to the functionΘ(x; a1, ..., an), see Voss [176]
and De Boor [41], asks to find the coefÏcients a under that the interpolation conditions

Θ(xk, a1, ..., an) = yk (2.57)

with k = 1, ..,m are fulfilled at control points xk on the interval [a, b].
Considering Weierstrass’s approximation theorem and substituting the polynomial Θ(xk, a1, ..., an) ≈
p(xk) in Eq. (2.57), gives the interpolation condition

p(xk) = yk. (2.58)

A practical example for applying interpolation is the evaluation of function values at locations that
does not coincide with the collocation points of the solution. In cBEM this is used to locally increase
the number of control points in parameter space (upsampling), so that the kernel function f(x) can be
approximated at higher‐orderm

f(xn) ≈ f(xm)Nm,n with xn ≥ xm (2.59)

whereNm,n is the basis function containing the interpolation weights. The set of weights for a new data
point represent its basis polynomial and the matrix of interpolation weights, Nm,n, describe the basis
change from the original to the new points.

The Lagrange and Newton form are two basic structures that can be used for the evaluation of the
interpolation problem with polynomials, see De Boor [41]. Following Voss [176], the Lagrange form of
the polynom p ∈ Πn

p(x) :=
n∑

k=0

f(xk)lk(x) (2.60)

with the Lagrange basis polynomial

lk(x) =

n∏

i=0,k ̸=i

x− xi

xk − xi
(2.61)

with lk(xl) = δkl for k, l = 0, ..., n.
The Newton form applies divided differences, computed by the recursion formula [176]

[xk] :=yk (2.62)

[x0, ...., xl] :=
[xl+1, ...., xk]− [xl, ...., xk−1]

xk − xl
(2.63)

with the control points x0, ..xk to find the coefÏcient a so that the function

f(x) = a

n∏

k=0

(x− xk) (2.64)
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can be evaluated. WritÝng the polynomial p at point n can be written as

pn = pn−1 + f(x) = pn−1 + a

n−1∏

k=0

(x− xk) (2.65)

and substituting the divided difference yield the Newton form of the polynomial

p(x) :=
n∑

k=0

[x0, ...., xk]
k−1∏

l=0

(x− xl). (2.66)

The Newton form is more efÏcient in terms of floating point operations and introducing new control
points can be done without calculating the basis completely new as it has to be done for the Lagrange
form. But the increase of the number of control points can lead to erasures in the divided differences.
Here alternative algorithms as the Neville‐Aitken approach can be used, see De Boor [41] for details.
As the Lagrange form does not consider function values explicitly but only the locations of collocation
points, the evaluation of the basis function lk(x) for a constant set of control points is considerably fast.
Furthermore, the condition lk(xl) = δkl ensures that the basis functions are equal to one only at their
corresponding collocation point. Thus, by multiplicating the Lagrange bases with a solution function,
gives the function values at the control points explicitly: The polynomial basis is given in nodal form, in
opposite to the modal description for orthogonal basis functions, see Canuto et al. [26]. This argues for
choosing the control points to match the collocation points.
Both approaches consider the function Θ(r=0). The evaluation of derivatives, r 6= 0 in the polynomial
can be done by the Hermite or Hermite‐Birkhoff interpolation, see e.g. Voss [176].

Error consideration and quantification A leading order error for polynomial approximation are oscil‐
lations of the solution functions increasing at the interval endpoints typically occurring for a high number
of equidistant control points, see e.g. Voss [176]. The so called Runges phenomenon, referring to the
oscillation shape that are similar to that of the interpolated Runge function, can be avoided by account‐
ing unequally spaced control points as e.g. given by the Chebyshev distribution.
A possible quantification for the occurrence of such phenomena is the Lebesgue function [41]

λn :=

n∑

i=0

|li(x)|. (2.67)

It represents the basis polynomial of the Lagrange polynomial. Considering its uniform norm ||T || :=
max |T (x)| : a ≤ x ≤ b and comparing the polynomial Pnf to the function f by the estimate

||Pnf || ≤ ||λn||||f ||, (2.68)

gives a measure of the interpolant to the best approximation Pnf , see De Boor [41]. The Lebesgue
constants for Chebyshev and equidistant control point locations, given as

(2/π) log(n+ 1) + 0.9625 <||λn,C || < (2/π) log(n+ 1) + 1 (2.69)
and

||λn,eq|| < 2n+1/(e(n) log(n)) , (2.70)

shows that the measure grows exponentially for the equidistant spacing, whereas it increases only loga‐
rithmically for the Chebyshev locations with increasing number of control points n. As ||Pnf || must be
even larger as the Lebesgue measure, Eq. (2.68), and large values indicate that the function f can no
longer be approximated by Pnf , the Chebyshev sites are favorably for the interpolation.

The Jackson theorem [41]

|f(x)− p| ≤ cr
( b− a

n− 1

)r
ωs(f

(r),
b− a

2(n− 1− r)
) (2.71)
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yield an upper limit for the quality of the polynomial approximation of function f(x). The modulus of
smoothness ωs takes thereby the continuity of f at its r‐th derivative into account.
To decrease the upper bound in Eq. (2.71), for a given function the term (b− a)/n needs to be become
small. This can be either done bymaking the interval [a, b] small by introducing q subintervals, increasing
n or doing both. Considering the last option and increasing nq, the polynomial unknowns increase with
qn on [a, b] the basis function and the degrees of freedom rise correspondingly. In contrast, by defining
piecewise polynomials on the q subintervals, the basis function and complexity increase only with n for
each of the polynomials [41].

The favorable properties that are related to the definition of piecewise polynomials on subintervals
lead to the use of spline functions. They add continuity requirements at the intersections of the subin‐
tervals so that the support over the interval [a, b] is guaranteed.

Spline functions Originally, the splines refer to thin beams of certain stiffness used typically by naval
architects to find optimal curves for the description of ship hulls, see e.g. Schumaker [149]. By using
lead weights the splines were fixed at control points and formed on the free sections a smooth curve
that represent the condition of the spline’s minimal strain energy.
In the same manner, spline functions refer to the ”best interpolating function” (Schumaker [149], p. 7)
that smoothly connect defined points and underly certain constraints.
Schönberg [146] has introduced the one‐dimensional spline functions to describe two‐dimensional curves
and Holladay [84] and Walsh et al. [178] have improved the theory in terms of minimum curvature and
best approximation property, see Ahlberg et al. [2]. The cubic splines has been investigated by Walsh et
al. [178], Ahlberg et al. [2] and Schoenberg [147]. Three and higher‐dimensional splines with the ability
to represent surfaces, were introduced by Birkhoff & Garabedian [15] and further developed by De Boor
[39] and Ahlberg et al. [3, 2].

Lower order representation of solution and geometry

For lower order representations of the function space, a constant or linear solution is considered. The
geometry is represented by a polygonal mesh formed by quadrilateral or triangular surface elements,
also referred as panels. As constant or linear basis function are used, the obtained convergence rate is
maximal of first order.

Constant and linear panel methods The introduction of panel codes by Hess & Smith [82, 83] allowed
a numerical analysis of BVPs in three dimensions and played, among other disciplines, a significant role
in marine hydrodynamics, see various examples in Sec. (1.2.3).
Hess & Smith have used plane panels with a constant solution and for the verification of their method,
computational results for the velocity distribution have been compared with analytic solutions. Among
other validation cases the authors have made the connection to hydrodynamics and presented the ve‐
locity distribution on two ship hulls.
As the panel method represent a pioneering BEM approach it follows an outline of the method for solv‐
ing integral equations. The unknown quantities are typically the strength of the singularities, commonly
sources and doublets. An integral operator contains the summed influences of the panels to each other
and the integration over the surface according to the BIE. Considering the boundary conditions yield a
linear system from that the strength can be found and the loads on bodies can be derived as described
in Sec. (3.2.4).
Typical applications are the flow around a submerged body or the evaluation of drag and lift coefÏcients
for a wing profile. For the latter, the Kutta‐Joukowski boundary condition is necessary because it applies
a condition to the trailing edge that artificially conserve the circulation around the wing profile.
An overview of the method has been given by Katz & Korobkin [91] and specifications e.g. according to
the sensitivity of the method to the number and location of panels used and the distance of the panels
to each other have been outlined.
The limitations of the panel methods [91] are mainly given by the assumption of potential flow and
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present if viscosity becomes relevant, e.g. if the angle of attack for a wing profile is high. The assumption
of potential flow limits the lower order panel approaches, e.g. when considering the flow around profiles
and vorticity and flow separation become relevant at higher angles of attack. Furthermore, the lower or‐
der representation of geometry due to the polygon mesh and the solution space restrict the accuracy of
the approach. Accounting higher‐order approximations, the accuracy can be improved.

Higher order approximation

Using higher‐order basis functions for the solution allow evaluating an approximative solution of higher
accuracy with lower resolution due to the direct relation between polynomial and convergence order.
As the numerical effort increase with the number of elements, higher‐order basis functions are an im‐
portant factor for the gain of computational efÏciency.
This can be done in panel methods by representing the singularities by higher‐order polynomials. But
those higher‐order panel methods reach a limit in terms of accuracy and applicability as the geometry
representation of arbitrary shaped surface due to a polygon mesh can not guarantee to be free of irreg‐
ularities, see e.g. Katz & Plotkin [91].
Therefor, the account of the higher‐order approximation for both the geometry and the solution is of in‐
terest to reach a high accurate numerical approximation. This is also reflected in the isogeometric ansatz
that considers the combination of Computer Aided Design (CAD) and FEM or BEM, see Beer et al. [10].
In the following, relevant examples of higher‐order approximations are given. By considering Def. (2.1.1),
a sorting in inter‐ and intraelement support basis function is outlined. Starting with the geometry, the
solution function space representation follows.

Geometry The accurate representation of the geometry has to be considered with high priority. A lack
of accuracy in the geometry approximation cannot be compensated for by even the best considered
accuracy in the solution.
With the focus on two dimension, the spline functions and the Bézier curves are relevant for an accurate
discretization and introduced here.

Interelement type basis function The first group, the spline functions belong to the interelement type
basis functions, as they are given by a set of piecewise polynomials defined over a certain subinterval for
that the gradient at the subinterval intersections is considered with a certain continuity requirement.
Thus, their range of validity accounts in general more than one parametric (sub)space.
The basis splines (B‐Splines), introduced by [148], can represent every spline function by a suited linear
combinations. Recurrence algorithms, see De Boor & [40] and Cox [35], can be applied for the evaluation
of the control points. The B‐splines form a minimal subset of the spline function on that certain require‐
ments as smoothness and the degree of the parametrization can be defined.
The Non‐Uniform Rational B‐Splines (NURBS) introduced by Versprille [175] are widely used for geometry
representation. The formulation as rational functions allow the exact representation of analytic geome‐
tries as e.g. the sphere.

Intraelement type basis function The definition and evaluation of the constraints for splines (e.g. for
Hermite cubic splines in two dimensions eight conditions has to be defined) is necessary for the design of
constructible structures. But in the context of free formmodel design, simpler geometry representations
with less constraints would have been favorable.
The Bézier curves fall in this group due to their simple definition by point locations (at least two end‐
points) and its gradients.
Dividing the Bézier Curve in segments (point and corresponding gradient definition), at the intersec‐
tions of the subintervals no continuity requirement is defined which makes them to be members of in‐
traelement supported basis function. Apart from the missing condition, they are closely related to the
B‐Splines. The Bézier curves are defined as linear combinations of Bernstein basis polynomials. The Bern‐
stein basis are used to construct real valued polynomials with integer coefÏcients that have properties
as positivity, symmetry and a maximum that equals one. They have been use for a constructive proof of
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the approximation theorem of Weierstrass.
Introduced by de Casteljau, [42] and Bézier [14, 13] while they worked in the French car industry, these
simpler approximations to the geometry founded the basis for CAD, see Prautzsch et al. [139].
It can be noted that by adding continuity constraints, the composite Bézier curves extend the class of
Bézier curves to interelement type basis functions.
The extension to three‐dimensional geometries and their application to the BEM have been shown e.g.
in Schwarz [150]. The combination of T‐Splines and Bézier patches is reasonable choice and allows the
development of isogeometric BEM.

Solution function space The increase of the convergence order is due to accounting a higher accuracy
for the solution description. Both types of basis functions play a role and possible favorably applications
for the one or the other are given next.

Intraelement type basis function Typically, polynomials of higher degree are accounted for the in‐
crease of the approximation order. They are defined over a certain interval in parameter space and have
intraelement support. For the choice of the polynomial basis, the characteristic of the function of inter‐
est has to be considered. The advantages of the Lagrange basis, see Subsec. (2.1.4), to allow efÏcient
evaluation at constant control points makes them favorable for the farfield approximation of the BEM.
The basis change for the upsampling, see Eq. (2.59), can be simply done as only the new point sites have
to be known.

Interelement type basis function The use of basis functions of interelement type has the advantage
to account the influence of neighboring points. Thereby, basis function of global support can be approx‐
imated which are an essential ingredient of spectral approaches. These considerations gave the basis for
the coupling of the BEM and HOS approach. Of most interest hereby is the Z‐Spline function.
Sagredo [145] has introduced cardinal Z‐Splines which represent higher‐order splines of compact sup‐
port. The Z‐Splines of orderm, Zm(x), are defined by combining the piecewise Hermite‐Birkhoff poly‐
nomials of degree p = 2m − 1 with the finite difference matrix. The account of the finite difference
operator equips the splines with the (m− 1)‐th derivative at orderm.
The most relevant property of the cardinal Z‐Splines in the context of cBEM, is the convergence to the
analytic sinus cardinalis function

sinc(x) =
sin (π(x− j))

π(x− j)
. (2.72)

Apart from its property to represent a perfect filter for signals by avoiding aliasing (see Whittacker‐
Shannon theorem), the sinc functionmight be interpreted as a non periodic, scaled version of the Dirich‐
let kernel

Dn(x) = 1 + 2

n∑

i=1

cos (ix) =

{
sin ((n+1/2)x)

sin (x/2) for x 6= 2πi

1 + n for x = 2πi
, i ∈ Z (2.73)

with real valued variable x and degree p = n, see Canuto et al. [26]. The convolution of the Dirichlet
function with function f(x) yield its Fourier series approximation

(Dn ∗ f)(x) =
∫ 2π

0
f(y)Dn(x− y)dy =

n∑

k=1

f̃(k) expikx (2.74)

with the Fourier transform of f̃ given as

f̃(k) =

∫ 2π

0
f(x) exp−ikx dx. (2.75)

In the HOS approach, Subsec. (2.2.2), Fourier series and the wavenumber vector are accounted for the
evaluation of the κ‐operator, see Subsec. (2.2.2) and Eq. (2.95). In that sense, the Dirichlet kernel repre‐
sent a truncated Fourier series at one discrete collocation point. With their convergence properties, the
use of Z‐Splines as interelement basis functions therefore can mimic the Fourier series approximation
that are accounted in the nonlinear wave propagation method.
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2.1.5 Numerical integration

Numerical integration is essential for the evaluation of BIEs in the BEM and is done by summing up the
single elements’ products of integration weights and kernel function values at certain integration points.
Usually the integration points are given relative to the physical space coordinates in parametric coordi‐
nates. In addition with the integration weights they form a pair of parameters that is applicable to any
boundary element independent of its geometrical description. The transformation between the physi‐
cal and parametric coordinate spaces is described by a mapping rule and can lead to a reduction of the
dimensional order as e.g. in two dimensions the integration over a curved boundary element reduces to
an integration over a straight line.
As main references both the book of Davis & Rabinowitz [37] which include a library for the evaluation
of quadrature rule parameters and Voss [176] have been used.
The definition of points and weights is given by numerous quadrature rules. In the following the focus is
set on the widely used group of interpolative type quadratures.

Interpolative quadrature rules

Interpolative quadratures, see [176, 37] for details, approximate the integral of the kernel function f(x)
by the integral of the polynomial representation p(x) of this function

∫ b

a

f(x)dx ≈
∫ b

a

p(x)dx =
n∑

k=0

wkf(xk) (2.76)

which is given as the sum of the product of integration weightswk and the kernel function values at sub‐
sequent integration point locations f(xk). The integration domain [a, b] is discretized with n integration
points.
The weights wk are found by polynomial interpolation. Employing the interpolation with Lagrange poly‐
nomials yield the weights as

wk =

∫ b

a

lnk (x)dx (2.77)

where the Lagrange basis polynomials lnk are computed on the basis of the integration point locations.
The order of the quadrature ism = p+ 1 = n where p denotes the highest polynomial degree for that
exact integration is yielded. The polynomial interpolation allows to locally increase the integration order
by increasing the number of integration points. By computing the corresponding basis polynomials and
concatenating with the function values at the collocation points, the higher‐order approximation for the
integral is found. The upsampling is relevant for the integration of the kernel function in the near and
self regime because close to the singularity a sufÏcient accurate integration requires a higher resolution
of the kernel function.
The error of the approximation of the interpolative quadrature rule is given by [37]

E(f) =

∫ b

a

f(x)dx−
n∑

k=0

wkf(xk)

=

∫ b

a

(f(x)− p(x))dx

(2.78)

and the evaluation of quadrature parameter sets so that the error E becomes minimal is essential in
constructing quadrature rules.
There are different methods to define the integration point distribution and integration weights, and two
examples of interpolative quadrature rules are described next.
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Newton‐Cotes type quadrature rules The Newton‐Cotes formulas are a family of quadrature rules with
equally spaced integration points [176, 37]. The integration weights are found by Lagrange polynomial
interpolation. Thus, for any number of integration points n ∈ N a subsequent set of points and weights
can be provided.
The rules can be formulated in closed or open form, where the closed formulation imply that the interval
endpoints are accounted as integration points and allow the explicit access to the endpoint values, which
might be of relevance, e.g. for continuity requirements and singularity handling. As an example the C0

continuity interelement requirement can be named, where the closed form is applied to fix the endpoint
values of the neighboring elements to the same values. Vice versa, the values can also be defined as
free.
In contrast, the open formulas does not include the endpoints of the integration interval. Consequently,
the integral value include the interval end points by extrapolation. This estimate of the end point value
might lead to errors if the function have singularities at the boundaries of the interval, but can be favor‐
able if the derivative of the function is singular at the end points. Then, the non singular extrapolated
function values represent the near regime estimate of the singular derivative and a reasonable value is
found without evaluating the singularity explicitly [37].
Typical examples of closed Newton‐Cotes quadratures are the Trapezoidal (n = 1), the Simpson’s (n = 2)
and the Simpson’s 3/8 (n = 3) rule. The Trapezoidal rule exactly integrates polynomials up to first order
(equivalent to integration order 2) and the two Simpson’s rules up to cubic order. For the open formulas
there exist rules for the corresponding orders, e.g. the midpoint rule (n = 0) exactly integrates up to
linear polynomial order and the Milne’s rule (n = 4) up to cubic polynomial order, see [176, 37].
The error for Newton‐Cotes formula according to Eq. (2.78) with the equidistant spacing of the integra‐
tion points h, with the 2n‐th derivative of the kernel function f is given by

E = ekh
2n+1f (2n)(ξ) for a < ξ < b (2.79)

if f ∈ C2n in [a,b]. The vector ek contains constant factors for odd and even number of integration
points for each k [37].

As in polynomial interpolation with equidistant control point distribution, Runge’s phenomenon is
observed if the number of integration points is high.

Gauß type quadrature rules A relevant task in terms of maximizing the accuracy of integration rules is
to find quadratures which allow an exact integration for the highest possible polynomial degree. This is
p = 2n− 1 because a quadrature with 2n unknowns (n points + n weights) can never exactly integrate
a polynomial of degree p = 2n, see e.g. Davis & Rabinowitz [37].
The Gauß quadratures use polynomial weights and non equidistant points so that indeed an exact in‐
tegration value can be numerically computed up to the maximal possible polynomial degree. These
quadratures are open formulas and their set of integration pointsare symmetric with respect to the cen‐
ter of the integration interval and the weights are equal at each pair of symmetric points.
The accounted polynomials p have to be orthogonal to the solution space of the weight function w(x)
and can be found by solving Eq. (2.55). Accounting the orthonormal polynomial p̆n with positive leading
coefÏcient kn, the integration weights are given as

wk = −kn+1

kn

(

p̆n+1(xk)
∂p̆n

∂x
(xk)

)−1
(2.80)

at the integration points xk so that exact integration

b∫

a

w(x)p(x)dx =
n∑

k=1

wkp(xk) (2.81)

for polynomials up to order p = 2n− 1 can be realized [37].
A number of orthogonal polynomials exist and their choice of application depend on the characteristics
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of the weight and the kernel function. Three examples for Gauß quadratures with different specification,
see for details Davis & Rabinowitz [37], are introduced next, namely the Gauß‐Jacobi, the Gauß‐Legendre
and the Gauß‐Lobatto quadrature.
The Jacobi polynomials are orthogonal to the weight function

w(x) = (1− x)α(1 + x)β (2.82)

with α, β > 1 on the interval [‐1,1]. This quadrature can be used for kernel functions with interval end
point singularities.
Withα = β = 0, theweight function becomesw(x) = 1 and the corresponding orthogonal polynomials
are the Legendre polynomials. The Gauß‐Legendre quadrature is themost classical Gauß quadrature and
lead to the exact integration of polynomials of highest maximal degree p = 2n− 1.
If the interval endpoint values, f(−1) and f(1), are known, the closed Gauß‐Lobatto quadrature [37]
(also Lobatto quadrature)

1∫

−1

f(x)dx ≈ a
[
f(1) + f(−1)

]
+

n−1∑

k=2

wkf(xk) (2.83)

can be applied. The polynomials are orthogonal to w(x) = 1 and an approximate integration can be
found for kernel functions f(x) ∈ C2n−2 and exact integration for polynomials up to degree p = 2n+1
is possible. The basis structure of Gauß rules with preassigned values is of the form

b∫

a

f(x)dx ≈
m∑

k=1

akf(yk) +
n∑

k=1

wkf(xk) (2.84)

where the first term contains predefined integration points yk. The unknown parameters ak, wk, xk are
evaluated under the assumption to yield exact integration for maximal possible degree, with m + 2n
unknowns this is p = m+ 2n− 1. The Radau quadrature is of the same structure but account only one
of the endpoint values [37].
The above polynomials are usually defined to be orthogonal to the weight function over the interval [‐1,
1], but can in general normalized to any other integration interval by a linear mapping.

The error of the n‐th Gauß type quadrature according to Eq. (2.78) including the weight function can
be quantified by accounting the 2n‐th derivative of the kernel function and the coefÏcient kn

En(f) =

∫ b

a

w(x)f(x)dx−
n∑

k=0

wkf(xk)

=
1

(2n)!k2n
f (2n)(ξ) for a < ξ < b

(2.85)

if f(x) ∈ C2n in [a,b]. Another option is the application of the Konrod extension to increase the number
of integration points and find the error as the difference of two integral evaluations of varying order. The
method of Konrod increases the number of integration points of a givenn‐point Gauß rule to n+1which
gives an exact integration for polynomials of degree p = 2n+ 1 and reuse the Gauß point rule of lower
order [37, 176].

As disadvantages of the Gauß type quadratures, the characteristic of the weights and points of being
irrational numbers and that a change of integration points requires a complete new evaluation of inte‐
gration points and weights can be named. By using modern computational capacities and routines as
the Newton‐Raphson methods (usually for Gauß‐Legendre, extension of the classical Newton‐Raphson
root finding method) or the Golub‐Welsch approach (use three term recurrence relation, formulation of
eigenvalue problem) to find the quadrature parameters, these disadvantages do not have a high priority
anymore. Additionally and as outlined above, the Konrod extension could be used as a more favorable
option due to accounting the previous computed quadrature parameter sets for the evaluation of the
new ones [37].
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2.1.6 BEM formulation

The two main BEM formulations, the collocation and the Galerkin form are introduced next. A compari‐
son of the two approaches and a recent overview of the symmetric Galerkin method are provided in the
book of Sutradhar et al. [162].

Collocationmethod Collocation approaches account collocation points as locations for the solution. As
the solution has to exactly fulfill the BIE at these sites, this method satisfy the equations in the strong
sense. The collocation points are related to the boundary elements, the latter approximate the geometry
and the first are the references for the solution. A typical choice is to consider them one‐to‐one, so that
the grid points represent discretization and solution concurrently.
The evaluation of the integral kernels by quadrature rules require the distribution of additional integra‐
tion points over the elements. The integral values have to interpolated from the integration sites to the
collocation points.
For the Collocationmethod the solution function space requires to beC1 continuous. The obtained BIOs
are not symmetric due to the integration only the source domain is considered.
The Collocation method is used for spectral approaches, see e.g. Canuto et al. [26]. Also the variables in
the HOS method are evaluated at collocation points.
A specific Collocation approach is given by the Nyströmmethod. Here the same sites for collocation and
integration points are considered. The collocation points are interpreted as point charges with strengths
equal to the integration weights, see Bremer [22]. By choosing specific weights, Bremer & Gimbutas
[23] have shown that the integral evaluation results in a quasi double integration over the boundary ele‐
ments and thus can reduce the requirements for the boundary. Schwarz [150] has applied the Nyström
approach to a frequency BEM.

Galerkin method In the Galerkin approach, see Sutradhar et al. [162], the solution of the BIE is consid‐
ered to be fulfilled in the weak form. Instead of satisfying the solution at every point explicitly, the weak
sense provides the solution of the BIE as weighted average. The weighting is realized by using suited ba‐
sis functions of compact support as test functions. The consideration of both trial and test function for
the boundary domains in the residual function, results in practice in the evaluation of double integrals.
In terms of computational time, this additional integration on the target subdomain makes the Galerkin
implementation in general less efÏcient than the collocation method.
Using the same basis functions for both function spaces (Bubnov‐Galerkin) and considering the symme‐
try property of the Green function, see Eq. (2.47), the obtained BIOs are symmetric as well. Also for
mixed BVPs and the related block matrix system, the symmetric Galerkin BEM and the symmetry proper‐
ties hold for BIOs representing both the eigen and the coupling influence of the Dirichlet and Neumann
boundary domains. For the coupling parts, the off diagonal operators, precisely the symmetry holds for
the operator and its transposed counterpart.
The Galerkin method represents the closest approximation to the exact solution found by projecting it
to the basis function spaces and is thereby of higher accuracy than the collocation method [162]. Con‐
sidering the NDBIE, the solution at the boundary has to be of continuity class C0 which lowers the re‐
quirements for the approximation of geometry and solution compared to the collocation method and
the functions does not require being continuous differentiable across the elements.
Furthermore, the limit to the boundary approach and the related direct desingularization allows to apply
the same evaluation procedure for all kernels and even weakens the singularity, see Bonnet & Guiggiani
[19]. An overview of the symmetric Galerkin approach and its application in various research fields is
given in Bonnet [16]. The symmetry property is an important feature that allows the interpretation of
the BIOs in more physical manner and analogous parts in FEM and BEM can be identified. This allows a
straightforward coupling of the two approaches, combining their particular advantages.
Also in spectral methods, the weighted residual form is considered, typically as Petrov‐Galerkin formal‐
ism, where different basis functions for the trial and test function solution spaces are used [26].
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2.1.7 Desingularization of singular integral kernels

The singular property of the fundamental solution and the occurrence of even singular versions of it in
CBIE and NDBIEmakes the evaluation of the BIOs challenging. Therefor desingularization approaches has
to be used so that the singularities are either weakened or the expression become regular. The desingu‐
larization is relevant in the self and adjacent element regime and most challenging for the Hypersingular
BIO. Various methods exist for the desingularization. An overview is provided by Sladek & Sladek [156]
and Guiggiani [71] for the Collocation method, by Bonnet [18, 19] for the Galerkin method and by Faria
[57] for a recent overview containing also desingularization approaches for the Galerkin and Nyström
methods. In the following a selection of methods is given which aims to represent the typical strategies.

Cauchy Principal Value and Limit to the boundary approaches As general methods for the desingular‐
ization of singular integrals the CPV method and the limit to the boundary approach can be named and
are described next. In the CPV method a vanishing, symmetric region with radius ε around the singular
point is considered for strongly singular integrals. By integrating over the intervals [‐a, ε] and [ε, b], the
integral over the singular region is decomposed in two parts. Applying the limiting process, ε → 0, the
integral can be computed by trivial means. The CPV ansatz extract thereby the ε region around the singu‐
lar point from the integration and replace the singular integral by an analytic expression. The inherently
positive denominator of r−2 kernels is not centrally symmetric and the CPV method cannot employed
for this type of singularity because the singular value diverges for positive and negative values of r → ∞,
see Sutradhar et al. [162].
The limit to the boundarymethod assumes that the solution over the boundary is continuous and include
a vanishing neighborhood in the integral kernel. The limiting process is performed by considering the ex‐
terior and interior part around the boundary. The limit is taken after integration and yield to an analytic
equation for the singular part. The approach has two advantages over the CVP, no region has to be ex‐
tracted, and the approach is independent in terms of symmetry consideration of the kernel function and
thus can be applied for all types of singularities. Based on this method, the desingularization in general
symmetric Galerkin BEM is done. It’s suited for straight elements, see for the SGBEM e.g. Balakrishna et
al. [8, 9] and Gray et al. [62]. Furthermore, the methods allows an efÏcient calculation of all gradients of
the boundary quantities by considering the equations of the exterior and interior trace in common, see
[162].

Indirect methods In the group of indirect or regularization methods falls the integration by parts (e.g.
Sirtori et al. [155] and Frangi [58] for the SGBEM) and the method based on the application of the Stokes
theorem (e.g. Bonnet [17] for the SGBEM). In these class of approaches the singularity is reduced which
simplifies the evaluation of the BIEs.
The interpolation of densities based on polynomials allows the regularization in terms of boundedness
and singularity order and is applicable to Collocation, Galerkin andNyström approaches and independent
on kernel and dimension, see e.g. Pérez‐Arancibia [137] and Faria et al. [57]. A general regularization
technique for the Galerkin method and based on the requirements for the Green function has been
introduced by Bonnet [16]. Here an analogous to the FEM stiffness matrix is derived for the BEM and the
potential energy of the densities is used for the evaluation of regularized operator matrices.

Direct Desingularization For the here presented work, the direct desingularization approach was used.
As in the limit to the boundary approach, a vanishing region around the singularity was accounted. On
this region, a Taylor expansion in parameter space was performed. This separates the previously singular
integral in an analytical part with explicit expressions and a regularized integral part that was suited for
numerical quadrature. One of the main advantage of this method was the provision of an exact solution
for the singular integral parts. For the collocation BEM this method has been developed for strongly and
hypersingular integrals by Guiggiani & Gigante [72] and Guiggiani et al. [73, 70], respectively.



38 CHAPTER 2. THEORETICAL BACKGROUND

Direct approach for 2D Galerkin BEM

For the two‐dimensional symmetric Galerkin BEM a direct approach suited for hypersingular kernels has
been developed by Bonnet & Guiggiani [19] and is described in the following. This approach is exact and
conserves the symmetry. Themethod has required essentially assumptions for the fundamental solution
and continuity requirements for the density function. Related to the first requirement, the nonsingular
factor Vi,j(e, r, y) (fundamental solution has been decomposed in a singular part (r−2 for hypersingular
kernel in two dimensions [19]) and a nonsingular part) has had to be bounded in the limiting case (r = 0),
had symmetry properties and had to vanish for the radial derivative. Secondly, the solution functions have
had to fulfill interelementC0 continuity for boundarieswith corners and have had to be in the limiting and
weighted integral formC0,κ (Hölder) continuous over the element, which have lowered the requirements
compared to the collocation approach for thatC1,κ continuity is necessary. The direct method has been
based on performing the limiting process on both theweighted BIE and the as a whole considered double
integrals, which have been relevant conditions for conserving the symmetry. Furthermore, the boundary
on that the BIE acts has been approximated by elements that are accounted for the double integration
by means of the Cartesian product of source and target domain and its continuity might contain local
irregularities in form of corners and contains the elements. The weight function has assumed to have
compact support and belong to the source element domain that contains the singular point.

As in the approach for the collocation BEM, the aim has been to derive a regular and an analytical
part for the singular integral, which is done by the approach of Bonnet & Guiggiani [19] in (here defined)
six steps, namely the kernel function decomposition and fundamental solution definition, the weight‐
ing of the BIE and Taylor series term substitution, the conduct of the limiting process, the geometrical
discretization, the derivation of the desired expressions for self and adjacent influence cases and the
analysis of the occurring free terms. Some of these steps are described in the following.
The Taylor expansions of the potential and its gradient have been added and subtracted to the weighted
vanishing region BIE part (either CBIE or NDBIE), have been sorted regarding the derivative order of the
terms and then have been accounted for the limiting case (ε→ 0). The resulting integral parts either have
given the desired contributions including a solid angle part or have vanished for the limiting part. The
geometry has been discretized bymeans of geometrical basis functions, also referred as shape functions,
resulting in a description of the surface by the global coordinates η and ξ. The derivation of geometri‐
cal parameters as normal, tangent and determinant of the Jacobian in the global parameter space has
served as the basis for the farfield integration. For the self and adjacent regime, a parametric coordinate
space has been used.
Considering the self regime case, the coordinate transformation from global to parametric coordinates
(u,v) has been done after separating the square regime in two triangular regions and by applying both an
afÏne and a triangular‐to‐square transformation (Duffy‐like transformation). Whereas the singular cases
(η=ξ) have appeared in a band around the diagonal in global coordinate space, the transformation have
yield the shift of the singular cases along to coordinate axis u (v=0). In this coordinate space, a tensor
quadrature rule have been used for numerical integration. By considering the Jacobi determinant of the
transformation, the nonsingular factor of the hypersingular kernelfunction in parametric coordinates has
been derived for the two triangular subregions and has been expanded in a first order Taylor series in v
around v = 0. For the terms, explicit expressions have been given. These have been substituted in the
hypersingular integral in parametric form and have yielded the integral parts that have been either eval‐
uated analytically or numerically. Appearing terms that have been in the order of O(ε−1) and O(ln ε)
canceled each other due to the assumptions of interelement continuity.
The derivation of the direct neighboring elements desingularization has been based on the same struc‐
ture. Here the singular case has appeared, if the neighboring elements have shared an endpoint. Ac‐
counting the adjacent and transposed adjacent case, the singular point has been transformed by a Duffy
mapping to a line along to one of the coordinate axis with the advantage of suiting again to the tensor
Gauss quadrature rule. The Jacobian has applied to the nonsingular factor of the hypersingular kernel
weakens the singularity about one order so that the strongly singular kernel functions have been already
regularized by this transformation. A zero‐order Taylor expansion of the nonsingular factor has been sufÏ‐
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cient and substituting this into the parametric hypersingular integral version has given the desingularized
terms for the neighboring elements. It has to be noted, that the two adjacent and self cases has to be
accounted in common to ensure that the unbounded free terms have canceled out each other. The arise
of unbounded and bounded free terms in the direct evaluation of singular integrals has been shown for
the Collocation and Galerkin approach and has been assigned to the specification of the limiting process,
see Guiggiani [70] and Bonnet et al. [20]. The unbounded terms have vanished, if certain assumptions
(also referred as canceling conditions), e.g. in terms of continuity, have hold for the application of the
corresponding BIE. In Bonnet and Guiggiani, the unbounded free terms have been derived and have been
newly shown for the hypersingular BIE. The cancellation conditions for these terms have been outlined to
be the interelement continuity of both the basis function for the potential and the tangent vector. Explicit
expressions of these terms have been given for the isotropic and anisotropic problem. The bounded free
term has a certain value if the boundary is smooth in terms of the tangent (normal) vectors. For disconti‐
nuities of the tangent vector, as it appears e.g. for corners (e.g. [70], [58] for the Collocation approach),
the bounded terms have had to be evaluated explicitly and Bonnet & Guiggiani [19] have presented the
integral terms for the two‐dimensional Galerkin approach. A more detailed discussion on the free term
considered for cBEM can be found in Subsec. (3.3.2).

2.2 Hydrodynamics

2.2.1 Potential Flow and Linear Wave Theory

The main variable that is used to describe the wave dynamics and kinematics in the Potential Flow The‐
ory, see e.g. Clauss et al. [32], is the velocity potential ϕ. The field of this scalar variable sufÏciently
describes the fluid flow as its gradient gives the velocity field, and the pressure field by considering the
time derivative additionally. The descriptiveness of this variable might be increased by considering the
direct relation to the stream function: the velocity potential’s isolines are perpendicular to the stream
lines of the flow. By considering the Laplacian of the velocity potential for two‐dimensional problems

∆ϕ =
∂2ϕ

∂x2
+
∂2ϕ

∂z2
= 0 (2.86)

the fluid is described as non‐viscous and the flow as incompressible and irrotational. This three assump‐
tion define the characteristics of the Potential Flow Theory that differentiate to the Euler equation by
the non‐vorticity.

The velocity potential, see e.g. Mei et al. [115], is given by

ϕ(x, z; t) = − η̂g
ω

expi(kx−ωt+ϕ) expkz (2.87)

with the wave amplitude η̂ = ε/k, the wave steepness ε and the phase shift φ between single waves.
To describe a bulk of fluid in a domain of interest, the boundary conditions are essential. Especially

the conditions at the free surface are crucial as they give the velocity potential and the surface elevation,
which are linked to the formation of surface gravity waves. Both the dynamic (pressure condition at the
free surface) and kinematic (motion is only tangential to the free surface boundary) boundary conditions
describe the free surface behavior and are given by

∂ϕ

∂t
+ gη +

1

2
(∇ϕ∇ϕ) + pa

ρW
= 0 (2.88)

∂η

∂t
+
∂η

∂x

∂ϕ

∂x
− ∂ϕ

∂z
= 0 (2.89)

at the free surface z = η(x; t), see Mei et al. [115]. The Nabla operator of the veloctiy potential in two
dimension is∇ϕ = gradϕ = (∂φ

∂x
, ∂φ
∂z
)T and pa is the atmospheric pressure at the free surface, ρW the

water density and g the gravity of earth.
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At the bottom and walls of the accounted fluid domain, the fluid flows only tangential to the surface
so that the derivative of the velocity potential normal to the boundary surface vanishes

∂ϕ

∂n
= 0. (2.90)

Under the assumption of small amplitude and thus low steepness waves, that are given at large
wave length to wave height, λ >> H , and large water depth to wave height, D >> λ, (deep water
condition, also kD >> 1) ratios, the free surface variables are sufÏciently represented by their values
at the linearized free surface, represented by the still water level z = 0. This approach is referred as Airy
theory, Airy [4], or Linear Wave Theory (LWT) and the still water variables are found by the linearization
of Eqs.(2.88), see e.g. Clauss et al. [32],

∂ϕ(x, 0; t)

∂t
= −gη(x; t) (2.91)

∂η(x; t)

∂t
=
∂ϕ(x, 0; t)

∂z
. (2.92)

The linearization of thewave dynamics allows applying the principle of superposition of single regular
waves with different wave frequency, which is of interest to represent natural, irregular sea states. For
the composition of such wave systems, the amount of energy at every wave frequency gives the sea
state specific wave spectrum. To switch between the representation in frequency and space domain,
the Fourier transform can be applied under the assumption of linearity. The Fast Fourier Transform (FFT,
Cooley & Tukey [34]) allows to perform the convolution very efÏciently and evaluations of wave‐body
interaction for different frequencies can be done with small computational effort. This gives the RAO
and in addition with the sea state specific wave spectrum, the motion of ships can be determined in a
statistical manner.

It has to be noted that for nonlinear wave dynamics the interaction between the single regular waves
is a relevant mechanism and the superposition principle is not any more applicable. The FFT can not
applied to fully resolve the wave dynamics and mode coupling between the wave components has to be
considered.

The linearized Potential Flow Theory is a sufÏcient approximation for a wide range of applications in
hydrodynamics for ships and offshore structures. To frame the range of its applicability first the validity
of the potential flow assumption and second the low steepness criterium has to be reviewed for the
considered cases. The latter is dominated by the wave to fluid characteristic whereas the first accounts
additionally the dimensions of the considered body. Some nondimensional parameters help to quantify,
if the first order theory is applicable.

Non dimensional wave parameters The potential flow for wave‐body interaction can be considered
(the viscosity of the flow can be neglected) either if the characteristic length of the structure a compared
to the wave length λ, 2aπ/λ (diffraction parameter), is sufÏciently large or if the ratio of drag to inertia
forces is small. The latter criterium is quantified by the Keulegan‐Carpenter number, Keulegan et al. [92],

KC =
u0T

2a
(2.93)

with the velocity amplitude u0 and the wave period T . This ratio of drag to inertia force ratio becomes
for deep water the ratio of the circumstance of the particles’ motion orbit to the structural dimension
KC = πη̂

2a , see e.g. Clauss et al. [32].
In certain ranges of the diffraction parameter and KC number the Potential Flow Theory is extended

by terms that consider e.g. the missing effect of viscosity, see e.g. Chakrabarti [27].
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Wave variables To introduce some relevant variables for describing surface gravity waves in space and
time, the wavenumber k = 2π

λ
and the angular wave frequency ω = 2π

T
linked by the linear dispersion

relation

ω =
√

gk tanh(kD) (2.94)

are named. The dispersion of waves, an essential characteristic for surface gravity waves, describes the
changing wave velocity at different wave frequencies and give the velocity quantities of phase speed
cp = ω

k
and the group velocity on that the wave energy is transported cgr = ∂ω

∂k
. For deep water, the

group velocity becomes cgr = g
2ω =

cp
2 .

2.2.2 High‐Order Spectral method

The HOS method, developed by Dommermuth & Yue [53] and West et al. [184] independently, is a nu‐
merical approach based on Potential Flow Theory that allows to evaluate nonlinear wave dynamics up to
an arbitrary both order of nonlinearity n and number of wave modesm. The approach is a direct evalu‐
ating method for the Zakharov equation [194] and the mode coupling approach, and solves the Laplace
equation by considering an initial BVP. The efÏcient computation is realized by evaluating the nonlinear
products of the wave variables in physical space and calculating the derivatives by the FFT (linearly scal‐
ing with order n and mode m), also referred as pseudo spectral approach. In this context, the surface
Laplacian∆x = (∇2

x +∇2
y) is of significance as it relates the vertical derivative of any function f(x) to

the Fourier transform of the function f̃(k) in wavenumber space. This has been represented in West et
al. [184] by the vector identity

κ2f(x) =−∆xf(x)

=

∫

(k2x + k2y)f̃(k) exp
ik·x d2k

(2.95)

with κ = ∂
∂z

and the wavenumber vector k, which has given two options for the calculation of the
second vertical derivatives (either by FFT or by using finite differences). The favorable one for the efÏcient
numerical evaluation of κ has been outlined by West et al. [184] to be the FFT as it has first used also for
odd vertical derivatives and second the finite difference evaluation has shown to differ significantly from
the FFT result at higher frequencies.

The relevant quantities of interest are the free surface velocity potential ϕS = ϕ(x, z = η, t) (here
for a two‐dimensional computational domain) and the surface elevation η for that nonlinear evolution
equations, see Zakharov [194], are established. This is done by applying higher‐order expansions and
identifying the nonlinear wave‐wave interaction as eigenfunctions in the spectral domain.

Based on the Taylor expansion in the vertical coordinate around the still water level, the free surface
velocity potential ϕS can be computed from the linearized (z = 0) modal velocity potential ϕm by

ϕS(x; t) =
∑

m

∑

n

ηn

n!
κnϕm(x, 0; t). (2.96)

As in mode coupling approaches, the linearized velocity potential ϕm(x, 0, t) is given, under the
assumption that the Dirichlet free surface condition is satisfied in each modem, by

ϕm(x, z; t) =
∞∑

p

ϕmp (t)ψp(x, z). (2.97)

in terms of the free (linear, non coupled)wavemode expansion ormodal amplitudesϕmp (t) and the global
eigen or basis functions ψp with the number of wave modes p. Depending on the fluid constraints, the
basis functions have specific formulations, for deep water in two dimensions it yields

ψp = exp(|K|pz + i|Kp|x), (2.98)
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whereKp denotes the modal wavenumber vector, see Mei et al. [115] for details.
By applying the chain rule to the surface velocity potential, Eq. (2.96), for the time and space deriva‐

tives

∂ϕS

∂x
=
∂ϕ(x, η; t)

∂x
+
ϕ(x, η; t)

∂z

∂η

∂x
(2.99)

∂ϕS

∂t
=
∂ϕ(x, η; t)

∂t
+
ϕ(x, η; t)

∂z

∂η

∂t
(2.100)

and substituting the obtained equation into the coupled dynamic and kinematic boundary conditions,
Eq.(2.88), the evolution equation for the modal variables ϕS and η gives

∂ϕS

∂t
= −gη − 1

2

∂ϕS

∂x

∂ϕS

∂x
+

1

2

(

1 +
∂η

∂x
· ∂η
∂x

)

W2 +
pa

ρW
(2.101)

∂η

∂t
= −∂η

∂x

∂ϕS

∂x
+

1

2

(

1 +
∂η

∂x
· ∂η
∂x

)

W (2.102)

in terms of the vertical velocity on the free surface [115]

W =
∂ϕS(x; t)

∂z
=
∑

m

∑

n

ηn

n!

∞∑

p

κn+1ϕmp (x, 0, t)ψp(x, 0). (2.103)

As the Laplace equation has a solution if the dynamic and kinematic boundary conditions on the free
surface are known, the surface elevation and surface velocity potential are used to calculate the modal
amplitudes of certain orders and subsequently the vertical velocities. By substituting the results in the
coupled evolution equation, the boundary condition at certain time instant are obtained. In contrast to
Eq. (2.88), the standard time evolution of the potential and the elevation, Eq. (2.101) contains only free
surface quantities and integration in time yield directly the free surface variables at the new time step.

Linear water waves are represented by harmonic functions, for which the series expansion is the
Fourier series and the eigenfunctions are sines and cosines. The expansion coefÏcients are constant and
represent the amplitudes of independent waves. In contrast, the expansion coefÏcients are non con‐
stant in nonlinear systems, see West et al. [184] and Dommermuth & Yue [53]. The nonlinearities are
interpreted as scattering and couplings of the freemodes. The series of nonlinear products of modal am‐
plitudes, represents the nonlinear version of the Hamiltonian and affect the amplitudes and the phases
of the linear waves. Compared to the harmonic changes in the linearized system, the nonlinear variations
are characterized by much slower time scales.

According toMei et al. [115], the number of free wavemodes typically accounted in the HOSmethod
are O(1000) compared to O(10) free modes accounted in the Zakharov equation [194] and the mode
coupling approach. But other than in the mode coupling models, the HOS method does not treat the
resonant and non resonant interaction separately. Furthermore, the spectral approach converges up to
a wave steepness of ε ≈ 0.357 ≈ 0.8 × (0.142 × π), thus breaking wave are not in focus. For the use
of the spectral approach necessarily the periodic boundary conditions are a relevant limitation and the
occurrence of aliasing errors has to be considered.

Nevertheless, the approach is a well established tool for modeling broad banded ocean waves and
analyzing nonlinear wave dynamics.
An open source version of the HOS method, HOS ocean, has been published by Ducrozet et al. [54].

2.2.3 Wave‐body interaction

The interaction of wave and body dynamics has been studied extensively throughout the twentieth cen‐
tury in terms of experiments, analytical models and numerical codes. The understanding of the coupled
dynamic system from analyzing experiments and getÝng solution for mathematical simplified models for
the dominant mechanisms were focused on the first half of the century. With increasing computational
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power the design of numerical codes came on the table, see Sec.(1.2.3) and until today either the geo‐
metrical dimension (larger and more complex geometries) or the degree of freedom (more complex and
more physics) were increased. This gave new questions on more specific problems and their solution
brought an even more specific understanding to the problem.

The focus in this thesis is on the development of a two‐dimensional linearized solver as described
by the research hypothesis. The hydrodynamic problems that have been accounted for its validation
represent simplified and specific cases. The identification of such cases will be done in the following
section.

Newman [129] has described the mechanisms of wave‐body interaction and has detailed the pro‐
cedure of solving the wave‐body interaction problem. The equation of motion is taken here as starting
point. On the left side of the equation, the body motion is represented in terms of acceleration, ve‐
locity and displacement. Specific to the problem and the considered complexity, the body parameters
as mass, damping and stiffness in addition with the analogous hydrodynamic coefÏcients added mass,
damping and hydrostatic restoring are accounted. Sorting the coefÏcients to the corresponding motion
component completes the body related part of the motion equation.

On the right side, the excitation forces that cause the body motion appears. These forces can be
caused by waves, wind and other external forces as crane loads, shallow water effects or current. The
excitation forces are categorized in terms of their effect to the coupled wave‐body dynamics. The first
component, the Froude‐Krylov force, reflect the effect of the undisturbed wave on the body. The radi‐
ation component represent the wave system that appears from the motion of the body. The diffraction
part covers the modification of the incident wave due to the presence of the body. Excitation forces
that depend on both radiation and diffraction components are of second order and treated as nonlinear
effects.

Linearization Under the assumption of small amplitude motions, the equation of motion (EoM) can be
linearized. The radiation and diffraction problem can be accounted as individual contributions. In the
case of a steady‐state oscillatory motion without current or forward speed, the memory effect of the
pressure fields vanishes.

This makes both the radiation and the diffraction problem favorable for validation test cases with
cBEM. They are outlined in more detail below.

Wave radiation and diffraction

The radiation problem, see e.g. Newman [129], is represented by the forced oscillation of a rigid body
around its equilibrium position in calm water. The motions of the body induces waves that are radiated
away from the body. The radiated waves amplitude decrease with increasing distance from the body and
represent the damping of the bodies induced kinetic energy due to the surrounding water.

The radiation excitation load on the body surface can be decomposed into an inertia and pressure
load component. The acceleration related inertia component is proportional to the addedmass, a portion
of mass that is added to bodies mass and equal to the mass of the displaced body. The first pressure load
depends on the velocity induced damping of the body. The second component is the restoring due to
hydrostatics. The induced pressure loads due to radiation can be seen aswork on thewettedbody surface
to restore the stable equilibrium respectively damp the body motion. The radiation load is independent
on the incident wave characteristics, but depend on the geometry of the body and acts due to themotion
of the body in the fluid. The evaluation of the force components is done by accounting the complex force
transfer function (transfers excitations to forces) for radiation which is found by summing the coefÏcients
for frequency dependent addedmass and damping, multiplied with the related complex wave frequency
component, and the restoring coefÏcient.

The diffraction of the incoming waves, see e.g. Newman [129], by the presence of the fixed body in
its equilibrium position cause a disturbance of the surrounding wave system and describes the diffraction
problem. It results in a diffraction excitation load on the submerged body surface. The magnitude of the
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force in each motion component/mode depend on the wave amplitude and the complex force transfer
operator for diffraction which is a function of the encounter frequency and the wave length. The fre‐
quency of encounter is found by the wave frequency and bodies speed, and its direction relative to the
main wave field.

Frequency and time domain approaches

The linearized equations for the wave‐body dynamics are often computed with frequency domain ap‐
proaches, see e.g. Price & Bishop [140] and for applications to ocean engineering Clauss et al. [32].
Using the principle of superposition, the reaction of the body (left hand side of EoM) due to single wave
frequency components (right hand side of EoM) can be added. For the left side the body parameters
and the hydrodynamic coefÏcients must be known. These can be found either by model tests or for sim‐
ple geometries by tabulated coefÏcients, but nowadays most commonly by numerical methods, e.g. the
BEM.

The RAO represent the unit amplitude ratio of motion reaction to excitation and is found by inverting
the EoM’s left hand side to the excitation force operator. The RAO gives a very efÏcient tool as the (square
of the) motion response can be statistically determined by concatenating the square of the RAO with an
irregular wave spectrum. As the evaluation with the RAO is very efÏcient, the approaches are widely
used in marine hydrodynamics.

Considering nonlinear dynamics in the interaction of waves and body motion, the assumption of
summing up regular wave components to form irregular sea states is not valid anymore. The equation
of motion has to be integrated in time so that the nonlinear wave‐wave and wave‐body interactions can
be appropriately resolved.



Chapter 3

Development of the coupled Boundary
Element Method

The outcome of the introduction section indicated that the BEMs applied to marine hydrodynamics fo‐
cused on:

‐ the radiation and diffraction analysis of ships and structure in calm water (frequency do‐
main, linearized),

‐ the seakeeping analysis of ships with forward speed in steady and regular waves (frequency
domain, linearized),

‐ ships in forward speed in irregular and steep waves with nonlinear response of the ship
(time domain, nonlinear wave (non)linear body interaction),

‐ numerical wave tanks for investigation of steep and overturning waves (BIEMH, highly non‐
linear wave dynamics, Euler‐Lagrange time stepping, either wave paddle and damping zone
or periodic BCs),

‐ the nonlinear wave‐body interaction in numerical wave tanks (BIEMH, nonlinear wave linear
body interaction, Euler‐Lagrange time stepping, either wave paddle and damping zone or
periodic BCs).

and lack :

45
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‐ a direct coupling formalism of HOS and Galerkin BEM for the computation of mixed BVPs,

‐ an explicit account and handling of discontinuities in boundary domains by incorporating
the symmetric Galerkin approach,

‐ an iterative solving procedure for a coupled problembased on symmetricmatrices and block
matrix inversion,

‐ the direct desingularization of singular kernels for mixed BVPs including the case of the Hy‐
persingular BIO,

‐ a basis for real time capable computations of wave‐body interaction in three dimensions,

‐ a concept of a time domain, nonlinear solver for deterministic wave and motion prediction
on the basis of radar measurements and

‐ a flexible approach with that a more wider spectrum of applications can be covered.

In the global hypothesis, a solver is accounted that close these gaps. With the development of cBEM,
the necessary basic requirements for the realization of the global hypothesis, formulated in the research
hypotheses, were tested in two dimensions.
In the following, an overview of the concept, the development and implementation steps as well as on
the verification procedure of operators and methods is presented. The detailed descriptions of the main
parts of the solver are given thereafter.

3.1 Overview of the cBEM development

Recalling the hypothesis that a real time capable deterministicmotion prediction solver can be developed
on the basis of a coupled BEM approach, themain questionwas how to efÏciently solve for bodymotions
in a realmarine environment. It was assumed that the sea state exceeds the linear conditionswhichmade
the incorporation of a solver that captures nonlinear deterministic wave dynamics necessary. The input
for the wave solver would be based on radar measurements so that the information of the sea state at a
location within the radius of 1‐2 km from the ship are implicitly given for the waves that are propagated
to the location of the ship. For the realization of a wave and motion prediction that meet the industry
requirements, the approach would require to solve faster than real time.
With this inmind, an approachwas chosen that computes the dynamics of waves and bodies in a coupled
solver. With the body in the free surface, a new boundary domain was formed containing the immersed
body and the free surface. The discontinuous parts of the boundary domains were no longer considered
in the BIOs.

Definition 3.1.1. (Discontinuity of a boundary, DCB, FSB.) A boundary discontinuity is a subset of a bound‐
ary Γdisc ⊂ Γ that contains connected elements. The discontinuous boundary (DCB) is surrounded by
their complement subset ΓC = Γ \Γdisc. Considering the water domain to be discontinuous, the bound‐
ary ΓC is referred as free surface boundary (FSB).

This requires the treatment of the boundary intersection and primarily made specific desingulariza‐
tion methods for BIOs of the mixed BVP necessary.

Level 1: Free Surface BEM (fsBEM) As the HOS method is an efÏcient approach for nonlinear wave
dynamics of arbitrary order and suited for wave steepness below the breaking limit (see Subsec. (2.2.2)),
this method had been chosen for wave propagation. The computation domain of spectral approaches
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Figure 3.1: Schematic overview of cBEM development with selected steps.
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are usually discretized by equidistantly spaced collocation points and limited by lateral borders on that
periodic boundary conditions are defined. The HOS method solves for the dynamic and kinematic free
surface boundary conditions by considering free surface quantities and applies series expansions to find
the velocity potential and the surface elevation at the still water level z = 0. Taking the velocity potential
and its normal derivative as Cauchy data into account, the incorporation into the BEM framework seems
to be straightforward and raised the first research question, if the BEM solution and the first order HOS
solution are equal under the assumption of linearity. By assuming the free surface as Dirichlet boundary,
the NDBIE had to be solved. This made the assembly of the Hypersingular and the Adjoint BIOs neces‐
sary and the evaluation of neighbored element‐element (adjacent) and element‐element (self) influence
required desingularization techniques. For the development of the BIOs, the frequency domain BEM
developed by Schwarz [150] could be accounted as a reference and used as basis for the development
of the new BIOs.
It was shown that the HOS operators with global support can be replaced by BIOs. The local basis func‐
tions allowed to consider the separation of the water boundary domain in a free surface and a discon‐
tinuous part. This would not have been possible with the global continuous basis functions built into
the HOS approach. The Z‐Splines, see [145], with interelement support have been employed as basis
functions due to their consistent approximation of discrete Fourier series components.
The discontinuity in the boundary changed the assembly of the BIOs significantly. In general the BIOs
(matrices of size n x m) represent the influence of each target domain (or field) point n to each source
domain point m. With the discontinuity, a part of the boundary was not considered so that this part did
not contribute to the influences. In this context, the elements, at which the water boundary was cutted,
required special treatment, because one part of these elements belonged to the discontinuous part and
the surrounding part to the free surface domain. As interelement basis functions had been used, this
was specifically difÏcult because the influence of overlapping elements had to be accounted. To account
the overlapping contributions at the intersecting elements, the adjacent and self regime evaluation were
modified. With this tools the evaluation of one BIO for the free surface and one for the discontinuous
surface part was possible and the second research hypothesis could be tested.

Level 2: Direct cBEM formulation and continuous cBEM testing Until this step, only the free surface
had been accounted and the addressed task was to solve a Dirichlet BVP by using the NDBIE. In the
next level, the coupled solving of wave‐body interaction came into the focus. In a first step, the cBEM
was formulated. The treatment of the body boundary as Neumann problem and the water boundary as
Dirichlet problem resulted in the use of both the CBIE and the NDBIE.
The resulting block matrix system of the mixed BVP included in total eight BIOs, one of each kind in the
LHS and the RHS blockmatrix. The BIOs were separated in four influence types, first and second the body
to body (B2B) and water to water (W2W) influencing BIOs, third the water to body (W2B) and fourth the
body to water (B2W) BIOs. The last two types covered the coupling between the two boundaries and
were thus referred as Coupling BIOs. The boundary conditions were the free surface velocity potential
and the normal derivative of the body potential and as unknown densities the normal derivative of the
free surface velocity potential and the body potential were accounted.
The block inversion of the LHS operator matrix applied the Schurcomplement and operator identities
which required symmetry of the blockmatrix. As in general the collocation BEMdon’t ensure a symmetric
operator assembly, the symmetric Galerkin method, see Subsec. (2.1.6), was employed. The weighting
of the BIEs with the local basis functions required the integration of both the target and the source
domain function space. In contrast to the collocation approach, the Galerkin method fulfills the solution
not strictly at the collocation points, but over the element in the integral sense. This results in more
accurate solution as the linear combinations of boundary quantities by means of the BIE represent the
best approximation to the exact solution, see [162]. Moreover, this lowered the requirements for the
approximations functions to beC0 continuous and allowed the account of the intersection points on the
element so that the boundary discretization did not need to be rearranged.
The assembly of the BIOs in the symmetric Galerkin formulation was performed with special care on the
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desingularization of the Hypersingular BIO. The initial testing of the Galerkin BIOs were performed in a
Body BEM and could be directly used for the B2B BIOs in cBEM. Correspondingly, the W2W BIOs had
been reformulated as Galerkin BIOs which required modifications in the assembly. Then the setup of the
Coupling BIOs followed where the belonging of the target and source domain to different boundaries
required newmethods. In the first step, the submerged body had been considered where both the body
and water surface were accounted as continuous. This step requires only the farfield assembly of the
Coupling BIOs as the body was assumed to be sufÏciently dived and not in the near influence regime of
the free surface elements.
For the operator development, the symmetry of the BIOs was used as a fast check on the consistent
assembly. For the sophisticated verification, the LWT equation was employed as analytic reference. By
prescribing the velocity potential at the free surface this allowed the derivation of all Cauchy data for the
mixed BVP.

Level 3: Discontinuous cBEM For the surface piercing body the assembly of the Coupling BIOs becomes
more complex, because the body intersect with the water surface which results in discontinuities in ge‐
ometry function space (normal and tangent vector are discontinuous) and in neighboring elements of
body and water domain. The free surface excluding the discontinuous part and the submerged body
geometry form the new boundary. The evaluation of the truncated body geometry and the intersected
water boundary as well as the corresponding reduction of the BIOs gave rise to modified approaches for
the discretization and the operator assembly.
The weakly and strongly singular Coupling BIOs in Galerkin formulation are regularized in the adjacent
regime, because the (Duffy‐like) mapping in parametric coordinate space decreases the singularity about
one. In contrast, the desingularization of the Hypersingular BIO is necessary for the neighboring regime
and gave the subject of the next large development step.
As the structure of the cBEM was too complex for checking the correct treatment of the discontinuous
Coupling BIOs, a simplified test environment had been chosen as intermediate step for the development
of the desingularization technique for the Hypersingular BIO. A test case from Bonnet & Guigianni [19]
that have provided an analytic reference for the hypersingular integral, had been chosen to verify the
desingularization technique. The test case had been extended to the case of adjacent elements of dif‐
ferent basis function type (one of inter‐, one of intraelement type) and to the analysis of the influence
of the nearfield integration order.
The implementation of the Coupling BIO assembly in the cBEM framework followed and testing with the
analytic reference from the LWT was done. The use of inter‐ instead of intraelement basis functions at
the water surface limited the support of the basis function to one element and made the error analysis
more comfortable because the overlapping influence of neighboring elements was avoided. The account
of the basis functions of interelement support as representation for the free surface boundary has the
advantage of approximating the spectral basis function, see Subsec. (2.1.4). Thus a mapping from one
to the other function space representation has been implemented as postprocessing step in the matrix
assembly.
By using the box geometry and defining the ratio of body and water elements to one, the discontinuous
cBEM solution converged with a reasonable order to the LWT reference. This firstly proved the concept
and the implementation of the Coupling BIO assembly including the adjacent regime desingularization
of the Hypersingular BIO.
The change of the element size to an arbitrary element ratio ξ and the corresponding corner treatment
needed further research. It pointed out that theC0 interelement continuity requirement plays a signifi‐
cant role, because the endpoint values are of high relevance in the evaluation of the Galerkin type free
terms. The use of closed Newton Cotes quadratures with fixed endpoints in an interior problem test case
with disk geometry showed correct results with changing element ratio. Considering the box geometry,
which added discontinuities in the normal vectors due to the corners, showed again incorrect results.
A general problemwhen usingC0 interelement continuous basis function is the evaluation of corner val‐
ues in the case of a normal derivative (Neumann) solution space. As the corner represents a discontinuity
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in the normal vectors of neighboring elements, the limiting value at the corner is not unique, because for
the computation the corner neighboring elements could be accounted with the consequence to find dif‐
ferent results. To overcome this, discontinuous (open) quadrature can be used as the endpoints are not
explicitly accounted, but their values are given as extrapolation from the collocation points interior of the
element (see Subsec. (2.1.5)). Following, the use of different continuity requirements for the Neumann
and Dirichlet solution space (potential and normal derivative) allowed at least to satisfy the continuity
requirements partly.
The strategy gave the correct solution for the box test case with varying element ratio. By comparing
this with the solution found by accounting open quadratures for both Dirichlet and Neumann solution
space it was figured out that adding an element ratio related term that to the free term expression gave
converging results for only using open quadratures.

Level 4: Time integration and hydrodynamic test cases As the time domain analysis is one of the key
characteristics of the cBEM, the explicit Runge‐Kutta scheme was implemented for integration of the
time dependent (non autonomous) quantities. The verification of the implementation was done with a
fixed body geometry so that only the linear wave dynamic equations were integrated with time. For this
the LWT reference was employed and by showing that the transient cBEM solution for the submerged
body test case propagated the wave with constant wave form, the implementation of the time stepping
scheme was proven. Also, the discontinuous cBEM was verified with the same test.
The time integration scheme was analyzed in terms of linear stability. By computing the eigenvalues of
the dynamic system, the eigenvalues‐times‐timestep could be plotted in the complex plane and compar‐
ing with the stability region of the explicit Runge‐Kutta scheme of accounted order indicated if the time
stepping was stable for the chosen time step.
The applicability of the solver to hydrodynamic problems accounted foremost the radiation and diffrac‐
tion problem. These cases have been theoretically and experimentally well investigated and suited lit‐
erature could be found for setÝng up the test cases. The numerical results obtained with cBEM were
compared with the literature and finally allowed to state about the accuracy of the solver.

3.2 Description of cBEM

The cBEM solver required the development of various methods for the pre‐, post‐ and processing part
of the program. In the following subsection an introduction and description of these methods follows.
Previously, the mathematical foundation of the cBEM is presented.

3.2.1 Mathematical formulation

The BIOs play a significant role in the evaluation of BIEs and were of main priority in the development of
cBEM. Following the procedures described in Sec. (2.1.2), the BIOs were defined as

Sγ1ϕ(x) =

∫

Γ
G(x, y)

∂ϕ(y)

∂ny
dΓ(y)

Dγ0ϕ(x) = −
∫

Γ

∂G(x, y)

∂ny
ϕ(y)dΓ(y)

Aγ1ϕ(x) =

∫

Γ

∂G(x, y)

∂nx

∂ϕ(y)

∂ny
dΓ(x) = −D′∂ϕ(x)

∂nx

Hγ0ϕ(x) = − ∂

∂nx

∫

Γ

∂G(x, y)

∂ny
ϕ(y)dΓ(y) .

(3.1)
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wherein the definition of the trace and conormal derivative of the trace operator were defined as

γ0ϕ = ϕ

γ1ϕ =
∂ϕ

∂n
,

the target and source domain were represented by x and y and ∂Ω = Γ is the boundary of the domain
Ω on that the Laplace equation∆ϕ = 0 is defined on. The Green Function was chosen to be

G(x, y) =
1

2π
log |x− y| , (3.2)

see Subsec. (2.1.3) for details.

Formulation of cBEM

The mixed BVP
−∆ϕ(x) = 0 for x ∈ Ωc

γext0 ϕ(x) = gD,W (x) := ϕS(x) for x ∈ ΓW,D

γext1 ϕ(xB) = gN,B(xB) :=
∂ϕS(xB)

∂n
for xB ∈ ΓB,N

(3.3)

and the representation equation for the limiting caseΩ 3 x̂→ x ∈ Γ gives

ϕ(x̂) =ϕ0 −
∫

ΓW

G(x̂, yW )γext1 ϕS(yW )dsyW +

∫

ΓW

γext1,yW
G(x̂, yW )gD,WdsyW (3.4)

−
∫

ΓB

G(x̂, yB)gN,BdsyB +

∫

ΓB

γext1,yB
G(x̂, yB)γ

ext
0 ϕB(yB)dsyB (3.5)

which yield the corresponding coupled CBIE (cCBIE)

γext0 ϕ(x) = ϕ0 + (I/2−D)γext0 ϕS(x) + SLγ
ext
1 ϕS(x) + (I/2−DL)γ

ext
0 ϕB(x) + Sγext1 ϕB(x) (3.6)

and the coupled NDBIE (cNDBIE)

γext1 ϕ(x) = +Hγext0 ϕS(x) + (I/2−AL)γ
ext
1 ϕS(x)−HLγ

ext
0 ϕB − (I/2−A)γext1 ϕB(x) . (3.7)

Substituting the boundary condition for the Dirichlet and Neumann boundary domains, ΓW,D and ΓB,N

respectively, gives the formulation of the direct cBIE,Gl. (3.8),
(
(AL + I/2) HL

SL (−DL + I/2)

)(
∂φS

∂n

ϕB

)

=

(
H A
−D S

)(
gD,W

gN,B

)

. (3.8)

Formulation of fsBEM

The consideration of the free surface alone, gave the Dirichlet BVP

−∆ϕ(x) = 0 for x ∈ Ωc

γext0 ϕ = gD,W (x) := ϕS(x) for x ∈ ΓW,D

(3.9)

with the free surface velocity potential ϕS . The BIE Eq. (3.9) was calculated by using the NDBIE

γext1 ϕ(x) = Hγext0 ϕS(x)−
(
σ(x)I −A

)
γext1 ϕS(x). (3.10)

By reordering and substituting γext1 = ∂/∂nx the linear system Eq. (3.11)
(
A+ σ(x)I

)∂ϕS(x)

∂nx
= HgD,W (x). (3.11)

was found. In the linearized cBEM approach, the free surface was considered to be flat (vanishing normal
vector in x direction) with the consequence that the Adjoint BIO vanishes. The two‐dimensional version
of the solid angle gives for complete elements σ(x) = 1/2 and was found all other cases by integration
over the corresponding element part.
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Figure 3.2: Free surface and body geometry, intersection points and consideration for kernel evaluation.

3.2.2 Routines for preprocessing

The preprocessing steps include the definition and discretization of the geometry and the function space
as well as the handling of the data sets.

Discretization geometry

The discretization of the geometry required the definition of related properties as shape, size, orienta‐
tion and location in global coordinates of the accounted geometries. By accounting the discretization
parameters as e.g. the number of elements and the number of collocation points per element and a
suited geometry representation as outlined in Subsec. (2.1.4), the approximative form of the geometry
surface was found on that the collocation point and element related variables as the normal (and tan‐
gent) vectors and the element size could be computed.
As the water surface was considered to be flat due to the assumption of linearization, Subsec. (2.2.1),
no specific geometry representation was chosen here, and the geometry related parameters could be
found by trivial methods. For the body surface the representation functions were based on Bézier curves
which gave a high accurate surface approximation.
Special parameters had to be considered for the discontinuous cases. In fsBEM, the discontinuity region
was defined explicitly in global coordinates and allowed a straight forward evaluation of the variables at
the surface intersections as the size of the element parts related either to the discontinuity or to the free
surface region and specific flags for an efÏcient operator assembly. In cBEM, these variables were found
by accounting the intersection of the water and the body surface, Fig. (3.2), and the relative position of
the geometries were relevant.
On the basis of the intersection parameters the truncation of the body and the cut out of the discon‐
tinuous region from the water surface yielded reduced operators and formed the new mixed boundary
domain.

Discretization solution space

For the discretization of the solution space the choice of basis functions and quadrature rule was of rel‐
evance. The integration was generally done by the Gauss‐Legendre quadrature. The solution space of
the body was approximated by basis functions of intraelement support for the standard farfield integra‐
tion. The upsampling to a higher number of integration points employed the Lagrange polynomial basis
function which then were concatenated with the farfield integration values.
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In the case of the water surface, the consideration of Z‐Splines, see Subsec. (2.1.4), as basis function
allowed the local approximation to the continuous periodic functions with global support that are ac‐
counted in the HOS method. The influence of the Z‐Splines depend on the accounted order and was
mostly chosen as two which limited the support to four neighboring elements. For the assembly, the
concatenation of the integration values with the Z‐Spline basis function had to be evaluated and needed
special treatment on the lateral boundaries when theMethod of Farfield Extension or periodicity was ac‐
counted. Because the interelement basis function approach considered neighboring elements, the value
given at one element was equal to the sum of overlapping portions of its neighbors. This complicated
the assignment of values to the element and made the error analysis more difÏcult.
Therefore, an alternative approach was applied, the mapping to the Z‐Spline function space, which al‐
lowed the subsequent evaluation of the interelement operator version on the basis of the previously
assembled intraelement operator sub matrices.

Data handling

The use of various user defined constants in different code subroutines gave rise to the use of containers
in which the constants were collect and simple access was guaranteed. Such containers were used e.g.
for the group of physical, geometry and time stepping related constants and variables.

3.2.3 Routines for processing

The integration of the Green kernel function and its derivatives under considering the influence of each
collocation on each collocation point is one of the main tasks in the core part of the solver, to which as
well the time stepping and the solution evaluation belong.

Operator assembly

SetÝng up the BIOs contains the integration of weakly to hypersingular kernel functions in all influence
regions which include the definition of the fundamental solution or its corresponding derivatives and the
choice of basis function, the use of images and the decision which BEM formulation is used.
The BIOs contain the influences between collocation points and are assembled as matrices in that row
and column dimension represent the target and source domain respectively.
The symmetric Galerkin approach accounts both the source and target domain for integration. The in‐
tegration of a pair of collocation points requires the evaluation of a double integral that in addition with
the concatenation of the source and target domain basis functions resulted in a submatrix. The assembly
of all point pair contributions gave then the complete BIO.
The singular property of the kernel function required to distinguish between the influences in the far‐ and
nearfield (more than two element distances) and the adjacent‐ and self‐regime influences. Whereas in
the far‐ and nearfield integration as well as the upsampling of the integration order the standard double
integration, similar for all operators, could be applied, the adjacent‐ and self‐regime evaluation required
operator specific desingularization methods. By adding these influences, the final and complete opera‐
tors were set up.
The size of the operators varied firstly due to the number of elements and collocation points and sec‐
ondly by the type of influences. The B2B and W2W BIOs gave square matrices whereas the Coupling
BIOs resulted in non‐square matrices.
Using basis functions of interelement support for the water domain made the account of overlapping
influences necessary, see Parag. (3.2.2).
For the boundary conditions of the water domain in the lateral direction (x‐coordinate), the Method of
Farfield Extension was applied.

Definition 3.2.1. (Images, Method of Farfield Extension.) Images are a virtual extension of a boundary
domain. The Method of Farfield Extension is referred as k‐times copying the source boundary domain in
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both the positive and negative direction of the extended coordinate(s), where im = x is referred as the
x‐th image. The central image, im = 0, is the original boundary domain. The Method of Images can be
used to approximate the solution obtained with periodic boundary conditions. Therefore, the boundary
domain is extended in the direction of the periodic dimension/coordinate.

This allowed to satisfy the periodic boundary condition of the HOS approach with the free space
fundamental solution. The number of images NIm was chosen to a case specific values for that the
solution converged. The farfield influences of the extended domains were added to the corresponding
entrances of the BIO. Apart from the adjacent evaluation at the last and first elements on the images,
im = −1 and im = 1, the self and adjacent regime influences only relate to the central image.

Figure 3.3: Images in the range of im ∈ [−2, 2] for the Hypersingular W2W BIO. The central image im = 0 is
shown in gray with the domain boundaries represented in light red. The black dots at both positive and negative
end of the images range denote the possible extension of the images to both sides of the domain. The bottom
figure illustrates the periodic boundary condition for that the domain boundaries are connected.

Solving procedure

The linear system Eq. (3.8) could be solved either by block matrix inversion which required the symmetry
of the LHS matrix or by applying the LU decomposition. Both methods are explained hereafter.

Block matrix inversion Considering the formula for block matrix inversion and by using the inverse of
the Schur complement

K−1 =
(
(DL − I

2
)− 2SLHL

)−1 (3.12)

the inversion of the LHS blockmatrix gave

(
∂φS

∂n

ϕB

)

=

(
−I/2 HL

SL (DL − I/2)−1

)(
−H −A
−D −S

)(
gD,W

gN,B

)

(
∂φ
∂n

|W
ϕ|B

)

=

(
−2− 2HLK

−1SL2 +2HLK
−1

−K−12SL K−1

)(
−H −A
−D −S

)(
gD,W

gN,B

)

(3.13)

(
∂φ
∂n

|W
ϕ|B

)

=

(
2H+ 4HLK

−1SLH− 2HLK
−1D 2A+ 4HLK

−1SLA− 2HLK
−1S

2K−1SLH−K−1D −2K−1SLA−K−1S

)(
gD,W

gN,B

)
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Following Miller [116], the inverse of the Schurcomplement was computed by

K−1 =(D − I
2)

−1
L − 1

1 + trace
(
2SLHL(D − I

2)
−1
L

)(D − I
2)

−1
L 2SLHL(D − I

2)
−1
L

=(D − I
2)

−1
L − 1

1 + trace
(

( I
2

2 − 2D2)(D − I
2)

−1
L

)(D − I
2)

−1
L ( I

2

2 − 2D2)(D − I
2)

−1
L

(3.14)

wherein the identity for Single layer and Hypersingular BIOs Eq. (2.28.1)

SH =
(I

2
+D

)(I

2
−D

)

=
I2

4
−D2. (3.15)

was applied. The normal derivative of the free surface could then computed by

∂φ
∂n

|W =
(
2H+ 4HLK

−1SLH− 2HLK
−1D

)
gD,W+ (3.16)

(
2A+ 4HLK

−1SLA− 2HLK
−1S

)
gN,B

and the potential on the body

ϕ|B =
(
2K−1SLH−K−1D

)
gD,W +

(
−2K−1SLA−K−1S

)
gN,B (3.17)

LU decomposition The LU decomposition, see e.g. [176], is a solving procedure for linear systems with
square matrices. In the algorithm, a matrixA is decomposed in a lower and upper matrix, L and U , and
with the permutation matrix P , the linear system can be rewritten as

Ax =b

LUx =Pb . (3.18)

A solution can be found by first solving for y in Ly = Pb with forward substitution and second solve for
x in Ux = y by backward substitution. The decomposition of the matrix in a lower and upper triangular
matrix is usually found by Gaussian elimination.
For regular matrices A, P equals one. If A contains singular principal submatrices, the LU decomposi‐
tion fails and the entrances inA have to be inter changed (pivoting). These operations on A are saved in
the permutation matrix P with that the modified matrix can be reordered to the original matrix. If not
only the rows of A are modified (partial pivoting), the matrix is full pivoted which requires an additional
permutation matrix to save the column operations.
The LU decomposition in addition with the substitution and considering partial pivoting requires 2

3n
3 +

O(n2) floating points operations with n the size of the matrix, and is slower than solvers for more struc‐
tured matrices as the diagonal or the triangular solver, but twice as fast as the QR decomposition applied
to non‐square matrices as here the Gaussian elimination fails and the Householder transformation is re‐
quired.

Time integration

The evaluation of the time domain solution in cBEM was realized by the implementation of the explicit
Runge‐Kutta time integration scheme. The evaluation of linear wave dynamics with non‐stiff equations
allow using an explicit method. As usual in explicit methods, the new time step variables are computed
on the basis of a previous state. The Runge‐Kutta scheme is based on a Taylor series expansion of variable
time around the previous state and the accuracy is increased by considering higher order terms in the
expansion. Intermediate stages at discrete times are calculated representing the local slope respectively
the expansion term of the considered dynamic equations in time. After evaluating all terms, they are
weighted, summed andmultiplied by the time increment and added to the variable of the previous state.
This last step represent the Taylor expansion. The Runge‐Kutta first order (RK1) scheme also referred
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as Euler Explicit and the Runge‐Kutta fourth order (RK4) scheme were implemented in cBEM. For the
intermediate stages, the wave dynamics and the rigid body motion had been accounted. In the case of
a fixed body, only the former was considered.

The implementation is illustrated by taking the RK4 scheme, the discrete time tn and considering only
the target variable y to be integrated in time. Then the four slopes ki at the discrete times tn, tn + dt/2
and tn + dt are given by

k1(c) = f(tn, yn, c(tn))

k2(c) = f(tn + dt/2, yn + dt/2k1, c(tn + dt/2))

k3(c) = f(tn + dt/2, yn + dt/2k2, c(tn + dt/2))

k4(c) = f(tn + dt, yn + dtk3, c(tn + dt))

.

(3.19)

The variable c represents a boundary condition for that an analytical solution exist and a fourth order
Taylor series expansion given by

c(tn) = c(tn) (3.20)

c(tn + dt/2) = c(tn) +
∂c(tn)

∂t
(dt/2) +

∂2c(tn)

∂t2
(dt/2)2

2
+
∂3c(tn)

∂t3
(dt/2)3

6
(3.21)

c(tn + dt) = c(tn) +
∂c(tn)

∂t
dt+

∂2c(tn)

∂t2
dt2

2
+
∂3c(tn)

∂t3
dt3

6
(3.22)

has been applied to get the corresponding accuracy at each RK stage.

Linear stability analysis for time integration scheme

The analysis in terms of linear stability was used to indicate if the applied Runge‐Kutta order and the
resulting stability region matched with the cBEM problem and the considered time discretization. There‐
fore, the eigenvalues of the linear dynamic equation were evaluated by considering the characteristic
equation det(T − λI) = 0 with T given in case of a fixed body and LWT by

T =

(
∂2φ
∂t∂η

∂2φ
∂t∂φ

∂2η
∂t∂η

∂2η
∂t∂φ

)

=

(
0 LHS−1RHS
gI 0

)

(3.23)

with the cBEM operator LHS−1RHS. By checking if λdt was within the stability region of the Runge‐Kutta
scheme, the time discretization and order of the time integration were indicated to be sufÏcient for a
stable computation in time domain.

3.2.4 Routines for postprocessing

For the analysis of the cBEM solution the postprocessing routines are essential and introduced in the
next paragraphs.

Evaluation of analytic reference

The existence of an analytic reference was of high relevance for the development of cBEM, because it
enabled to prove that the solutionwas consistent and accurate and to demonstrate the verification of the
implementedmethods. As the BEM is in general a highly accurate numerical method, the solution should
converge to the analytic reference at a convergence order that is in line with the error convergence order
of the quadrature rule and the solution function and geometry representations, see also Subsec. (2.1.4).
As analytic reference for cBEM the velocity potential Eq. (2.87) linearized to its free surface quantity is
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used. In this case ϕS = ϕ(x, z = 0; t) and considering deep water and a single wave (φ = 0), the
velocity potential and its normal derivative ∂ϕS/∂n

ϕS(x; t) = − η̂g
ω

expi(kx−ωt)

∂ϕS

∂n
(x; t) =

〈(

Re(−ik η̂g
ω

expi(kx−ωt)), Re(−k η̂g
ω

expi(kx−ωt))
)T

, nW

〉 (3.24)

were accounted. Therein, 〈., .〉 denotes the scalar product and nW the unit normal vector of the water
surface.
For the development of his numerical wave tank, Xü [188] have used a similar approach for the error
analysis, see Sec. (1.2.3).
The projection of the free surface solution to the submerged part of the body, as well gave the potential
and its normal derivative

ϕB(xB, zB; t) = − η̂g
ω

expi(kxB−ωt) expkzB

∂ϕB

∂n
(xB, zB; t) =

〈(

Re(−ik η̂g
ω

expi(kxB−ωt) expkzB ), Re(−k η̂g
ω

expi(kx−ωt) expkzB )
)T

, nB

〉

(3.25)

with the coordinates of the collocation points on the body surface (xB, zB) and the unit normal vector
at the body surface nB . The knowledge of the complete Cauchy data made it possible to use them in
cBEM as boundary conditions and analytic references for the solution.

Error evaluation and convergence testing

The evaluation of the error in cBEM for vector valued variables was usually done with the relative error
of the L2‐norm || · ||2 = (

∑

i(·)2i )1/2, that reads

EL2 =
||x− xref ||2
||xref ||2

=

√
∑

i(|xi − xi,ref |)2
∑

i |xi,ref |2
(3.26)

wherein xref denotes the vector valued analytic reference and x the solution vector of cBEM. For the
Galerkin approach the error is integrated over the boundary of interest yielding

∫
(
EL2

)
dΓ =

√
∑

i(|xi − xi,ref |)2wiJi
∑

i |xi,ref |2wiJi
(3.27)

with the Jacobian J and the weights of the quadrature rule w.
The error evaluation was performed only on elements that related to the considered BVP. In the case

of the exterior free surface piercing problem, the elements in the region of the discontinuity were not
considered, and the errorwas only computed for the remainingwater and the submergedbody elements.

By plotÝng the error over the refined quantity in a logarithmic scaled coordinate system, the conver‐
gence order O(E) is given by the slopemE of the line through the error points. For two error points,
e1(x1, y1) and e2 = (x2, y2), the convergence order is given asO(E) := mE = log(y2/y1)/ log(x2/x1).

Evaluation of loads on the body

The forces that act on the body were found by integrating the pressure p over the bodies wetted surface
ΓB,wet and concatenating it with the unit normal vector of the body hull nB

F =

∫

pnBdΓB,wet. (3.28)
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For the evaluation of the pressure the Bernoulli equation (conservation of momentum)

0 = −p− pa

ρw
+
∂ϕB

∂t
+ gzB +

1

2
∇ϕB∇ϕB (3.29)

was applied in its linearized form 1
2(∇ϕB)2 = 0 and by assuming that the atmospheric pressure pa van‐

ishes. This was done on the basis of the new time variables right after the evaluation of the time stepping
scheme during the processing of the cBEM. As the body potential was considered as unknown density
in the cBEM, it contains the information of the transient free surface velocity potential and can be di‐
rectly used for the pressure evaluation. For the hydrostatic component gzB the submerged part (wetted
surface) of the body was accounted by the vertical collocation point coordinates zB . The unsteady part
in the Bernoulli Eq. (3.29) could be computed by taking the previous value of the body potential into
account and applying the first order forward finite difference scheme

∂ϕB

∂t
=
ϕt+1
B − ϕtB
dt

. (3.30)

This first order accurate account of the instationary part lead to inaccuracies in the solution as only the
two subsequent solutions are accounted.

A higher order time integrationwas realized as a postprocessing step. By using the saved body surface
potential in the second order forward, central and backward Finite Difference schemes

∂ϕB

∂t
=
−3

2ϕ
t
B + 2ϕt+1

B − 1
2ϕ

t+2
B

dt

∂ϕB

∂t
=

1
2ϕ

t+1
B − 1

2ϕ
t−1
B

dt

∂ϕB

∂t
=

1
2ϕ

t−2
B − 2ϕt−1

B + 3
2ϕ

t
B

dt

, (3.31)

the instationary forces at each time step could be calculated after the computations.

3.3 Evaluation of self and adjacent regime influences

The singular kernels in cBEM were desingularized in the self‐and adjacent‐regime by applying the direct
approach introduced by Bonnet & Guiggiani [19], see the description in Parag. (2.1.7). This method was
accounted directly in cBEM for the standard case as in the continuous fsBEM and cBEM setups and in
a modified or extended manner in the discontinuous Dirichlet and mixed BVP. The new developments
are highlighted in the following and starts with the discontinuous Dirichlet problem before coming to the
coupled discontinuous problem. Here the hypersingular kernel was considered first as its desingulariza‐
tion is most challenging. For the cBEM approach also the evaluation of the weaker kernel functions is
described, and the modification are compared to the standard direct approach.

3.3.1 Direct desingularization in discontinuous fsBEM

In the case of a discontinuous Dirichlet boundary and considering linearized wave dynamics, see
Parag. (3.2.1), only the Hypersingular BIO was of interest. A modified approach was required at the
elements that hold the intersection because neighbored parts of the boundary did not remain to the
same domain with the consequence that their influences had to be assembled in two separate operators.

Definition 3.3.1. (Intersection, IatE, IinE, IE) Let Γdisc be a two‐dimensional discontinuous boundary do‐
main, then an Intersection is referred as the point that remains to both the adjacent boundaries and the
Intersection Element (IE) is the element that contains the intersection. Two scenarios of intersection can
be distinguished: the Intersection at Endpoint (IatE) represent the case of coinciding intersection and el‐
ement endpoint and the Intersection in Element (IinE) case mention that the intersection point lies within
the element.
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It can be noted that the definition of IatE has the consequence that the full element is assigned to
one domain. In contrast, the element is separated in two parts that are assigned to different boundary
parts for the IinE case.

Self case at intersection element Considering the IatE case, the same treatment as in the standard case
was used and only the assignment to the correct BIO had to be accounted.
For the IinE case, first the geometric properties of the intersection element parts had to be evaluated.
To compute the self regime contribution between the collocation points (self_inE), two options were
possible. At the element part neighbored to the singularity, the integrationwas performed by distributing
integration points over the accounted part, mapping to parametric coordinates and applying the direct
approach for self influence. The corresponding second element part contributionwas found as difference
of the self regime influence of the complete element (standard case, self_std) and the element part
neighbored to the singular point, see Fig. (3.4). The two element contribution were then written to the
BIOs of the corresponding domain.

Figure 3.4: Method for the evaluation of the self influences, self_std and self_inE, in the IinE case shown for the
discontinuous and free surface operators, CO and WMC, at the West and East intersection elements between the
collocation points j and j+1. The gray shadowed element part is considered, the arrow denotes the evaluation to
the singular point (red circle).

Adjacent‐regime case at intersection element For the IatE case either the adjacent (A) or the trans‐
posed adjacent (TA) neighbor did not remain to the same boundary part as the intersection element.
The influence of this neighbor element was evaluated with the standard method, but accounted in the
operator of the corresponding other domain. This gave two contributions to each of the DCB and the
FSB.
The IinE adjacent cases were evaluated by following the self‐influence evaluationwith the difference that
in total six contributions at the intersection element had been accounted, three for each of the DCB and
the FSB. The number of six came due to considering the intersection point, and it left and right neighbors
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as source elements, then the constellations were

s=IE‐1: TA (t=s+1, FSB) A (t=s‐1, FSB)
s=IE : TA(t=s+1, DCB) A(t=s‐1, FSB)
s=IE+1:TA(t=s+1, DCB) A(t=s‐1, DCB)

where s and t are the source and target points, respectively.

Figure 3.5: For theW2B and the B2W type Coupling BIOs, the adjacent influence evaluation is sketched bymeans of
coordinate and basis function definitions. The latter include Nxi, Neta and their backward counterpart, the former
account v, η and ξ and their direction.

3.3.2 Direct desingularization in discontinuous cBEM

The discontinuous coupled approach required modified adjacent desingularization techniques for the
Coupling BIOs due to the not inherently same solution function space and same geometry discretization
of the boundaries forming the mixed BVP as well as due to the discontinuity of the geometry function
space in terms of the tangent/normal vectors. A different solution function space was e.g. given by
applying basis functions of interelement type on the one and intraelement type on the other bound‐
ary. A leading order difference in geometry was represented by an element ratio χ of the two boundary
discretizations that differs from one. The discontinuity of the geometry function space was caused by
corners at the intersection of the boundaries. Conclusively, the modified approach had to account po‐
tentially varying basis functions and discretization parameters and had to include an appropriate corner
handling.
Note that only the direct desingularization approach for the adjacent cases was relevant as in the Cou‐
pling BIOs the elements of source and target domain never coincided.
In the following the approaches for weak and strong singular kernel functions are presented before the
hypersingular case is considered.

Weak and strong singular integrands By applying the transformation in parametric coordinates with
the Duffy mapping, the weak and strong singular kernel function indeed does not require a desingular‐
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Figure 3.6: Method for the evaluation of the adjacent influence for Coupling BIO in exemplary IinE cases. The
definitions at the boundary elements for the West and East intersections are given for the singular and the regular
part of the integral kernel contribution. Marked by the red circle, the singularity in the element is highlighted. The
coordinates v, η and ξ as well as the source and target basis function N_T and N_S as well as there redirection are
shown for the four cases.

ization for the adjacent cases. This is due to the reduction of the singularity about onewhen themapping
is applied. The regularized integrals and the main steps for the evaluation of the Coupling BIOs similar to
the direct approach are highlighted. They include some slight modifications that come from the adaption
to the accounted mixed BVP and the above stated consequences as flexibility in terms of geometry and
solution function space.
After the mapping to parametric coordinates, routine specific parameters were defined. The specific pa‐
rameters are e.g. the position of the singular point, the used basis function, the number of integration
points or geometric properties of the accounted elements. These parameters varied for the accounted
boundary parts and intersection points (West or East IE) and the adjacent cases (transposed adjacent
or adjacent) so that a case depending arrangement for the approach was chosen. A relevant geometry
property was also the numbering of elements and collocation points, which possibly affected the direc‐
tion of the parametric coordinate definition used for the two‐dimensional domain integration. Based on
the routine specific parameters the integration of the kernel functions was performed.
The assignment of the influences to the corresponding operators and location was done afterwards also
under account of the specific definitions, as e.g. the basis function type for that the overlapping of influ‐
ences have to be considered.

Hypersingular integrand The desingularization of the hypersingular kernel function accounts the eval‐
uation of Galerkin specific expressions for the unbounded and bounded free terms that are specifically
relevant for the occurence of corners and varying geometrical discretization parameters.
The development of the modified direct approach accounted a flexible choice for the discretization of
solution function space and geometry as well as both the IatE and IinE case. As the testing in the cBEM
environment was difÏcult in terms of error attribution, the test case and the analytic reference for the hy‐
persingular kernel of Bonnet&Guiggiani [19] had beenused. After implementationof the test case, it was
extended to match with the intersection case in cBEM. This included the use of inter‐ and intraelement
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basis function in the same test case setup and the account of both the adjacent and Transposed adjacent
case which was given by considering the West and East intersection in the mixed BVP. In Figs. (3.5) and
(3.6), the main considerations for the IatE and IinE cases for the Coupling BIOs are visualized. The choice
of the basis function for the specific cases, the definition of the direction of the coordinates and the
consideration of regular or singular contributions are shown for both the adjacent (A) and its transposed
(TA) case. The convergence to the analytic solution, see Subsec.(3.4.2), proves the developed concept.

Free term evaluation For the evaluation of the free terms in cBEM, the expression for isotropic ele‐
ments, introduced by Bonnet & Guiggiani [19]

ϕ(z)ψ(z)DA = ϕ(z)ψ(z)
( 1

2π
+

(1− χ2) ln(χ)− 2χβ′ sin(β′)
4π(1 + χ2 − 2χ cos(β′))

)

(3.32)

with the element ratio of adjacent elements χ, the enclosing angle β between the adjacent elements,
and the trial and test functions, ϕ and ψ, was considered. In the following, first the basis of this free
term expression is introduced and second the analysis of the expression in terms of the discontinuous
geometry representation and an element ratio different from one is presented.

In Bonnet & Guiggiani [19], the free term at singular end point y = z for the adjacent part DA

considering an isotropic problem is given by

ψ(z)ϕ(z)DA = Πsing, adj +ΠFT, adj+self +Πendp, self (3.33)

and contains three parts, namely the analytic part related to ln(|R|) = ln(sA) of the singular adjacent
integral on the neighbor element E’,Πsing, adj,

Πsing, adj =

∫ 1

0
QA(u, 0) ln(sA(u))du

= ϕ(z)′ψ(z)
1

2π

∫ β′

0

cos(2ω − β′)
sin(β′)

ln(|sA(ω)|)dω

= ϕ(z)′ψ(z)
1

2π

∫ β′

0

cos(2ω − β′)
sin(β′)

ln
(∣
∣

2aa′ sin(β′)
a sin(ω)− a′ sin(ω − β′)

∣
∣

)

dω ,

(3.34)

the free term contribution at the shared endpoint of both the adjacent and self parts,ΠFT, adj+self,

ΠFT, adj+self =
1

2

[

H+(E) +H−(E′)
]

=
1

2

[

H′
i(−π, 0, z)n′i −Hi(0, 0, z)ni−

− ψ(z)ϕ(z)

∫ β′

0
{Hi(θ, 0, z)ni +Hi(π − θ, 0, z)n′i}

cos(θ − β′)
sin(β′)

dθ
]

,

(3.35)

with

Hi(ω, 0, z) =
1

2π

(

sin(ω)ti(z) +
(
1− cos(ω)

)
ni(z)

)

, (3.36)

as well as the endpoint terms of the self parts of elements E and E’,Πendp, self,

Πendp, self =−
(

F (z, 0) ln(2a) + F ′(z, 0) ln(2a′)
)

=− 1

4π

(

ψ(z)ϕ(z) ln(2a) + ψ′(z)ϕ′(z) ln(2a′)
)

.
(3.37)

The prime indicates quantities of the neighbor element E’, n , t and a are the unit normal, the natural
tangent and the unit tangent vectors and the superscripts + and − give the left and right side on the
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boundary to the shared element endpoint z. The self regime type free termsH are given by considering
the hypersingular kernel functions H(ω, ε, z) in the vanishing neighborhood ε = 0 and the endpoint
values F (z, 0) are considered for the third free term partΠendp, self.
For the formulation of the free terms, the solution space of ϕ is required to be C0 continuous over the
elements, also referred as interelement C0 requirement. This implies the use of basis functions and
quadrature rules that account the interval end points of the parametric coordinate space. By defining
the values at the shared end points of adjacent elements to coincide, the interelementC0 requirement is
satisfied. An appropriate basis function are e.g. the closed, end‐point continuous Newton Cotes formu‐
las, see Subsec. (2.1.5). The requirement of interelement continuity is also relevant for the cancellation
of the ln(ε) terms which appear in the derivation of the self and adjacent hypersingular integral contri‐
butions.
Reviewing the origin of the contributions of the free terms, the first term, Πsing, adj, comes from the
adjacent contributions and is one part of the analytically evaluated singular integral parts. The explicit
expression for QA(u, 0) in Eq. (3.34) is derived on the basis of the second cancellation requirement of
the ln(ε) terms. Whereas this explicit expression just depend on the enclosing angles of the tangent
vector and simplifies to unity if the second cancellation requirement holds, the ln(sA) term depend on
both the element ratio and the enclosing angle.
The second part ΠFT, adj+self represents a symmetric Galerkin specific free term. This term vanishes if
the tangent vector of the elements have interelement C0 continuity (geometric function space require‐
ment), see [19]. Consequently, this term is non zero if one of the element endpoints is a corner, because
the tangent vectors are no longer continuous over the adjacent, corner sharing elements.
The third term,Πendp, self, originating from the hyper singular integral formulation of the self case, contain
the endpoint values of the source element and the element ratio.

Error analysis and derivation of new free term formulation The analysis of the free term in cBEM in‐
dicated that with an element ratio of one and a discontinuous geometry representation, the solution
of cBEM converged to a reasonable small value. With changing the element ratio, the solution became
incorrect. Accounting the interelementC0 continuity requirement and applying a corresponding quadra‐
ture rule in a test case environment, the solution converged for an arbitrary element ratio and a discon‐
tinuity but only for a Dirichlet BVP. For a Neumann BVP or a mixed BVP the solution function is defined
at least partly by the normal derivative of the potential ∂ϕ/∂n. The incorrect result was assumed to
originate from the non‐unique normal derivative at the corners due to the normal vector discontinuity.
Consequently, a continuous quadrature that explicitly considered non‐unique end point values gave in‐
correct results. As this case had worked for an element ratio equals one, the use of discontinuous basis
function could overcome this problem, because instead of explicitly accounting and fixing the endpoints,
in the discontinuous quadrature rules as Gauss‐Legendre, the endpoints are extrapolations of the para‐
metric coordinate interval interior collocation points. (A different solution is to split the corner point as
done in other BIE approaches, see Sec. (1.2.3), or in the symmetric Galerkin BEM, see e.g. Sutradhar et
al. [162].)
Having this in mind the idea was to separate the solution function spaces of the potential ϕ and the
normal derivative of the potential ∂ϕ/∂n and apply continuous and discontinuous quadrature rules re‐
spectively. This allowed a comparison to the original cases.
The account of ln(χ) as additional term in the free term evaluation, Eq. (3.32), gave the correct solution.
The new free term formulation is therefore given by

ϕ(z)ψ(z)DA = ϕ(z)ψ(z)
( 1

2π
+

ln(χ)
4π

+
(1− χ2) ln(χ)− 2χβ′ sin(β′)
4π(1 + χ2 − 2χ cos(β′))

)

(3.38)

As the additional term had vanished obviously for χ = 1, it was overseen until the element ratio was
changed to an arbitrary value.
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3.4 Verification of developed methods

In this section the developed methods that have been described in the previous sections are tested
according to suited analytic reference solutions. By showing that the results of cBEM had reasonable
small error and expected convergence order to the reference, the developed methods, specifically those
used for the operator assembly and desingularization, had been verified. The proof of the consistent
implementation in cBEMwas essential and gave the basis for applying cBEM for hydrodynamic problems.

3.4.1 Verification fsBEM

The first development stages included the implementation of the fsBEM solver which was used to prove
the first two research hypotheseswhich states that a suited BEMapproach converge to the first order HOS
solution (RH1) and that a boundary separated in two parts can be treated by assembling two operators
and their union gives the results in the same order of accuracy as with the continuous approach (RH2).
The related research questions addressed the BIE method, the BIO desingularization and the accuracy of
the approach. The answers to these questions and the verification of the approach were shown under
the assumption of linearity by evaluating the result of the fsBEM and compare it to the first order HOS
solution

∂ϕS

∂n
=W = −κϕS (3.39)

with the κ‐operator, see Eq. (2.95) and West et al. [184], Eq. (17). The equality ∂
∂n

= ∂
∂z
, was valid as

the evaluation is on the linearized free surface z = 0. The minus sign came from the normal definition
in negative z‐direction which is opposite from that accounted in West et al.’s approach.
The property of this reference solution to rely on a trigonometric function, by defining ϕS correspond‐
ingly, allowed an error analysis with nominimal error limit due to the inability of any polynomial to exactly
approximate trigonometric functions.
In the following, the test cases for the continuous and the discontinuous fsBEM are described and the
results presented.

Continuous water boundary

The formulation of the BIE and the desingularization of the Hypersingular BIO were most important for
the set up of the continuous fsBEM. To be consistent with the numerical HOS approach of West et al.,
where the normal derivative is solved for at every subsequent nonlinear order, the NDBIE, Eq. (3.11),
was chosen to evaluate. The desingularization of the Hypersingular BIO was done according to the direct
approach for symmetric Galerkin BEM following Bonnet & Guigianni [19]. By the application of basis
functions of interelement support by means of second order Z‐Spline the appropriate approximation of
the spectral HOS basis functions was given.

Considering the linearized free surface domain, with a normal component only in the direction of the
second coordinate, the Adjoint BIO equals zero so that the final BIE resulted in

γ1ϕS = 2Hγ0ϕS . (3.40)

Outline of the problem The paramters for the continuous fsBEM test case are defined in Tab. (3.1).
Following the Dirichlet BVP Eq.(3.9) illustrated in Fig. (3.7), the free surface potential was used as Dirichlet
datumand the Laplace solution had to be satisfied in the exterior domain. At the lateral boundaries of the
free surface, the Method of Farfield Extension was applied to approximate the periodic boundary condi‐
tion. The integration order for the adjacent and self influence evaluations were chosen toNint,adj = 20
andNint,self = 10 respectively.
The error was analyzed by accounting the wave length and the domain size as constant so that an in‐
crease of the number of elements yielded a decrease of the element size and a higher resolution of the
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Table 3.1: Parameters of free surface, discontinuous boundary and computations for verification of continuous
fsBEM.

Free Surface Discont. Boundary Comp. Param.

λ 10 discont. 0 NW [10, 30, 50, ..., 230]
ε 0.015 West ‐
D 105 East ‐ NIm 10

Figure 3.7: Test case fsBEM continuous with the free surface boundary shown by the black line. The arrows on the
left and right end of the boundary mark the application of the Method of Farfield Extension.

geometry (h‐refinement). The auxiliary lines in the lower left part of the convergence studies shown be‐
low indicate the slope for the second and fourth order error decay and should help to quickly determine
the order of convergence to the analytical solution.

Results and discussion The error between the fsBEM solution of the Neumann datum at the free
surface and the first order HOS solution are presented in Fig. (3.8) by means of theEL2 error norm over
the increasing number of free surface boundary elements (h‐refinement). The convergence order of the
error is O(E) = −4 and corresponds to the integration order expected from the use of Z‐Splines of
second order for the solution representation. The minimal errorEL2,min ≈ 6.3 ·10−6 was reached after
a grid spacing of dxW = 0.125 and corresponds to the error that is induced by the hypersingular kernel
approximation. The results indicate that the first research hypothesis could be proven by the fsBEM. Fur‐
thermore, the applied assembly of the symmetric Galerkin Hypersingular BIO including desingularization
and the use of interelement basis functions, the chosen BIE formulation, the geometry evaluation and
the application of the Methods of Farfield Extension could be verified with the reasonable small error
between the first order HOS solution Eq. (3.39) and the associated convergence order.

Discontinuous water boundary

The account of a discontinuity on a boundary was of high relevance for the development of the cBEM
because it allowed the setup of a mixed BVP containing the free surface domain and the truncated body
boundary domain (only submerged body) that replaced the discontinuous water boundary part. From
the prove of the first research hypothesis it followed that the global HOS approach was accurately ap‐
proximated by a local BEM operator. The property of compact support allowed the account of truncated
boundaries because the element related influences had been explicitly evaluated and assembled. A trun‐
cation of a modal basis function as applied in spectral methods was not an option because there is no
solution to continue the function, the requirements on smoothness were not fulfilled anymore and the
property of global support would directly affect the rest of the collocation points in terms of the changing
contribution associated with the truncation.
The main complexity for the discontinuous fsBEM was the desingularization of the Hypersingular BIO in
the presence of the discontinuity, described in Sec. (3.3.1).

Outline of the problem The testing of the developed symmetric Galerkin method was done on a
similar test set up as for the continuous approach but with accounting a discontinuous part, see Fig. (3.9).
The parameters for the water domain, the discontinuity as well as the simulation parameters are given
in Tab. (3.2). The positions of the westish (left) and the eastish water boundary intersections define
the coherent, inner discontinuous part and the remaining free surface part of the water domain The
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Figure 3.8: Convergence of continuous fsBEM to first order HOS solution. The error according to the L2 error
norm with grid refinement on the water surface for the cBEM solution and the analytic reference is shown by the
blue circles. In the south west part of the figure, the red dashed and dash dotted line represent the slope for
convergence ordersO(E) = −2 andO(E) = −4.

Table 3.2: Parameters of free surface, discontinuous boundary and computations for verification of discontinuous
fsBEM .

Free Surface Discont. Boundary Comp. Param.

λ 10 discont. 1 NW [10,20,40,80]
ε 0.015 West 0.2 λ
D 105 East 0.8 λ NIm 10

Figure 3.9: Test case fsBEM discontinuous with the discontinuous water boundary domain part highlighted in red
and the free surface part in black.

influences that corresponded to the elements of the free surface and the discontinuous boundary part
were assembled in two individual Hypersingular BIOs,HFSB andHDCB .

Results and discussion The summation of the operators that represent the two separated domains
yielded the full domain operator

H = HFSB +HDCB (3.41)

which was accounted for the Neumann datum. The error EL2 was evaluated by considering the first
order HOS solution, Eq. (3.39), as reference and the results with h‐refinement are shown in Fig. (3.10).
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Figure 3.10: Convergence of the error of the Neumann datum at the free surface boundary (blue circles) compared
to the first order HOS solution for the discontinuous fsBEM. Slopes for two convergence orders are shown in the
south west part of the figure.

Both the convergence of the error and theminimal error level are equal to that shown for the contin‐
uous fsBEM and verified the procedures that had been developed for the handling of the discontinuous
boundary part, including the geometric evaluation of the boundary intersections and the desingular‐
ization approach for the Hypersingular BIO. This proved RH2 as the reunion of the two set of boundary
elements before solving the fsBEM gave the same results as accounting the complete set of the boundary
elements.

In addition to the results with Z‐Splines, the test cases had been repeated with Lagrange basis func‐
tions that are of intraelement support. The farfield integration order was chosen to four, in line with the
order of the above analyzed interelement basis functions. The result in terms of the L2 error norm are
shown in Fig. (3.11) in that the left panel represents the continuous and the right panel the discontinuous
free surface. Compared to the results with Z‐Spline solution approximation, given in Figs. (3.8) and (3.10),
the error at the lowest resolution dxW = 1 was smaller. As the order of the error decay was same, the
minimum error was reached already at a grid resolution ofNW = 50. This led to the conclusion that the
increase of the influence region of the basis function requires a higher resolution compared to intraele‐
ment basis functions. It has to be noted that the error at the lowest resolution with interelement basis
functions already represent a reasonable small accuracy level for hydrodynamic problems.
Theminimumerror is same for both types of basis functions and confirmed that the small error originates
not from the solution approximation but from the maximal accuracy that can be found for the integral
kernel with the chosen parameter set (integration order for the influences of adjacent and self regime).

3.4.2 Verification cBEM ‐ Stationary solver

The formulation and set up of a monlithic coupling approach for wave and body dynamics defined the
next development stage. As the cBEM solves a mixed BVP, the direct formulation, Eq. (3.8), employs all
BIOs. Additional to the Hypersingular W2W BIO, therefore the B2B and the Coupling BIOs were neces‐
sary. The former ones were taken from the frequency domain BEM developed by Schwarz [150] and
modified to the symmetric Galerkin approach. The assembly of the Coupling BIOs considered different
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Figure 3.11: Results with intraelement basis functions for the decay of the error (blue circles) between continuous
(left panel) and discontinuous fsBEM and first order HOS solution.

discretizations of the solution function space of the Neumann and Dirichlet boundary in terms of using
inter‐ and intraelement type basis functions, see Subsec. (3.2.3).
The considered analytic reference solution was derived from the LWT, see Subsec. (3.2.4). By prescribing
the Neumann datum at the body surface and the Dirichlet datum on the free surface the corresponding
unknown densities could be evaluated. By this way of defining the boundary conditions the body was
treated as invisible for the free surface wave and allowed the verification of the approach in the absence
of wave radiation and diffraction. As for the HOS solution, the error of the cBEM solution with respect
to the analytic LWT could theoretically decay to machine precision so that a reached error limit would
identify another dominant error source.
Again the continuous problem was considered first before stepping forward to the discontinuous case.
The latter included the development of an adjacent desingularization procedure and formed the next
large development stage.

Continuous cBEM ‐ Submerged body test case

As the fully submerged body with sufÏcient distance to the free surface was accounted, the following
tests addressed the verification of the Farfield assembly of Coupling BIOs, the direct BIE formulation
chosen for the cBEM and the method’s implementation.

Outline of the problem The general test case setup is illustrated in Fig. (3.12). The distance between
the center of the geometry (xc, zc) and the linearized (z = 0) free surface boundary ΓW,D is denoted by
h and the edge length of the rectangular geometry by a. The mixed BVP is defined by Eq. (3.3) and the
boundary conditions are of Dirichlet type at the free surface and of Neumann type at the body boundary
ΓB,N .
The parameters of the case are given in Tab. (3.3) and include the body parameters, the free surface and
the simulation parameters. The number of body boundary elements per edge length increased with the
number of water boundary elements.

Results and discussion The results are shown by means of the errorEL2 between the analytic refer‐
ence and the cBEM solution, see Figs. (3.13) and (3.14). Corresponding to the formulation of the mixed
BVP, the Neumann and the Dirichlet datum are analyzed at the free surface and at the body surface,
respectively.
TheNeumann error over decreasing free surface element size is presented in Fig. (3.13). The convergence
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Table 3.3: Parameters of free surface, rectangular geometry and computations for continuous cBEM.

Free Surface Body Comp. Param.

λ 10 a/2 1 NW [10,20,40,80]
ε 0.015 a/h 0.4 NB per edge [5,10,20,40]
D 105m (xc, zc) (5, ‐5) NIm 10

Figure 3.12: Test case submerged body.

order is consistent to the expected integration order from the Z‐Splines. The convergence characteristic
is similar to that shown for the fsBEM including the minimum error which was also here considered rep‐
resenting the accuracy of the BIO evaluations.
Figure (3.14) show the solution of the Dirichlet error over increasing number of body elements. The rate
of convergence decreases before the error reach a minimum which is about one order of magnitude
higher than for the water surface.
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Figure 3.13: Convergence of the free surface error in cBEM (blue circles) with respect to the LWT reference with h‐
refinement at the water domain. The submerged rectangular cylinder was considered. Slopes for two convergence
orders are shown in the south west part of the figure.

The small errors and the reasonable convergence orders with decreasing element size for the solu‐
tions at both the body and the water surface verified the cBEM and the developedmethods including the
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Figure 3.14: Error for the Dirichlet datum (blue circles) at the submerged rectangular body surface with increasing
number of body elements. As reference the LWT solution was considered.

assembly of all eight BIOs. This proved the RH3 for that firstly the coupled solver had been considered.
The replacement of the Z‐Splines by Lagrange polynomials is presented in Fig.(3.15). The lower er‐

ror niveau for the solution at the free surface as well as the faster achievement of the minimal error
is visible in the left panel and consistent with the results for fsBEM using intraelement basis functions.
In the right panel, the constant error with h‐refinement at the body surface, highlights that the error is
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Figure 3.15: Error decaywith intraelement basis functions for the submerged rectangular geometry. The numerical
solution of cBEM (blue circles) was compared with the reference solution from LWT. In the left panel the solution
of the Neumann datum at the free surface is shown over the number of elements on the water domain. The right
panel shows the Dirichlet datum at the body surface over body elements.
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not dominated by the approximation of the solution, but by an either geometry‐, assembly‐ or setup‐
related, more dominant error. As the error is constant from the beginning, which was not the case when
interelement basis functions had been used for the free surface, the periodic definition of the Z‐Splines
and the Method of Farfield Extension could give a discrepancy at lower resolution. For the intraelement
approximations, the definition of periodicity was not necessary so that the lower error at higher grid
spacing is comprehensible.
The matching results for both types of basis function approves the approach of the interelement basis
functions for the cBEM.

For the surface piercing case, adjacent and near influence kernel evaluation for the four Coupling
BIOs were required.

Verification cBEM ‐ Near and adjacent‐regime of coupling operators

The testing of the coupling kernel evaluations in the near and adjacent regime, see Sec. (3.3.2), required
a simplified test environment that allowed the verification in the case of the Hypersingular BIO.
For this, a test case introduced in Bonnet & Guiggiani [19] was considered. It gives an analytic reference
for Hypersingular BIO in symmetric Galerkin formulation that was found by the analytic integration of
the kernel. The solution depend solely on the element ratio χ and the enclosing angle β. The account
of the corner and the variable element size in the setup, represented the intersection elements in cBEM
already quite well.

Outline of the problem To take basis functions of interelement support into account and to ana‐
lyze the influence of a nearfield element, the original test case was modified and used as sketched in
Fig. (3.16).
The highlighted case in Fig. (3.16), exemplary show five W elements resulting from four W elements to
account the interelement influence of the Z‐Spline basis functions of second order (adjacent elementWIII
with influences on WII to WV) and one additional element for switching to the nearfield element (here
WII with influences on WI to WIV). On the element BI an intraelement basis function was chosen for that
three collocation points was considered as in the original set up in [19]. The boundary data are given

Figure 3.16: Test case desingularization for Coupling BIOs (hypersingular, adjacent case, nearfield influence).

as linear functions (dashed gray line). The collocation point values are indicated by the colored quaders,
where red and blue denote the relation to the B and W boundary elements.

Results and discussion The verification of the implementation of the Hypersingular BIO can be shown
by Figs. (3.17) where the absolute error of the Hypersingular integral value |(Href −H)| is plotted over
the integration order of the Adjacent element on the left panel. The decay of the error up to 1 · 10−8

at a sufÏciently large integration order at the adjacent (WIII) and near element (WII), NInt,adj = 5 and
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NInt,near = 12 indicated the correct implementation. The right panel in Fig. (3.17) represents the error
at varying integration order at the near and adjacent element. It is shown that a minimum number of
integration points on both the near and adjacent element is required (NInt,adj > 8, NInt,adj > 3 ) for
a sufÏciently small error. In Tab. (3.4) the results of the convergence study are presented and the errors
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Figure 3.17: Results of test case for direct approach. Left figure represent error (red circles) for near‐regime inte‐
gration order of 12 and corresponding convergence to the analytic reference with increasing adjacent order. Right
figure shows absolute error for different integration orders of the adjacent and near‐regime element.

for the Hypersingular BIO with respect to the reference given in Bonnet & Guiggiani [19] for varying
integration orders of the near and adjacent element are given. Additionally, the integrated values of
the Single, Double and Adjoint Boundary Integral Operators are presented. As the verification of the
Hypersingular BIO was in focus in Bonnet & Guiggiani [19], these explicit values for the weaker singular
BIOs in connection with this test case are firstly presented to the author’s knowledge. The verification

Table 3.4: Error of integrated value of Hypersingular BIO to reference given in [19] and integrated values of other
BIOs for various integration orders.

Integration order |H −Href | S D A
Near Adjacent

2 2 0.401 ‐0.164437312929550 0.003103390475837

‐D
4 4 0.081 ‐0.164544356950061 0.002876039154965
8 8 0.001 ‐0.164541112820128 0.002909644415416
16 16 4.215E‐08 ‐0.164541113932961 0.002909632358876
32 32 1.399E‐13 ‐0.164541113932968 0.002909632358646

of the adjacent desingularization method for the Coupling BIOs allowed to step forward to the testing of
the discontinuous cBEM.

Discontinuous cBEM ‐ Surface piercing body test case

The discontinuous cBEM test case marked a significant step in the development of cBEM as thereby the
target set up, themodeling of a surface piercing body in waves was checked. The account of the problem
as mixed BVP and the application of a direct BIE approach in symmetric Galerkin formulation, cBEM,
represent an innovative numerical approach in terms of tailored desingularization methods, treatment
of the free surface discontinuity and the coupled account of the free surface boundary and the body
boundary.

Outline of the problem The formulation of the problem is given in Eq. (3.3) and the computational
details, the wave and body specification are listed in Tab. (3.5). The test case to the exterior problem
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Table 3.5: Parameters of free surface, rectangular geometry and computations for discontinuous cBEM test case.

Free Surface Body Comp. Param.

λ 32 a/2 4 NW [32,64,128,256]
ε 0.015 a/h ‐ NB [4,8,16,32]·2
D 1 · 105m (xc, zc) (16,0) NIm 10

Figure 3.18: Test case cBEM with surface piercing body.

is sketched in Fig. (3.18) and provides the definitions of the normal vectors and the boundaries. For the
lateral boundary conditions of the free surface again the Method of Farfield Extension was used.

Results and discussion As reference, the analytic LWT solution was used and the Dirichlet and Neu‐
mann datum were defined on the free surface and body boundary domain respectively.
For the Neumann datum at the free surface, the comparison to the previous plots indicate a larger error
for dxW = 1 and a lower convergence order aboutO(E) = −2. Both are related to the here considered
mixed boundary domain representing the union of the free surface ΓW,D and body boundary ΓB,N , see
also Fig. (3.18). The truncation of the boundary domain and the consideration of the Dirichlet‐Neumann
corners increase the error and lowers the integration order. But still the error at the free surface and the
body surface, Figs. (3.19) and (3.20) respectively, is low.
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Figure 3.19: Results of cBEM for the Neumann datum at the free surface in terms of the L2 error norm shown by
blue circles for the surface piercing body.
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Figure 3.20: Results of cBEM for the Dirichlet datum at the body surface in terms of the L2 error norm shown by
blue circles for the surface piercing body.

The Dirichlet datum at the body surface is only slightly influenced by the h‐refinement of both the
water and body boundary and reach already at a lower resolution the error level ofEL2,min = 3 · 10−4.
As this is one order ofmagnitude higher than the error level shown for the submerged body test case, also
here the neighboring Dirichlet‐Neumann boundaries and the related evaluation influenced the solution.

TheMethod of Farfield Extension affected the solution which is shown in Fig. (3.21). The decrease of
the number of images caused a decrease in the convergence order and an increase of the errorminimum
when considering the interelement basis functions, presented in the left panel. The latter can be seen
from the right panel as well. Here the shift towards higher L2 errors clearly indicate the sensitivity to
the choice of the number of images. Conclusively, the number of images set the error niveau and their
choice remain a balancing between efÏciency and accuracy.
Employing basis function of intraelement support for the solution approximation of the free surface, did
not affect the error for the body solution, shown in the right panel of Fig. (3.22). In contrast, the error
for Neumann solution at the free surface shows no convergence with h‐refinement for this type of basis
function and the error at higher grid resolutions is larger compared to the solution found with Z‐Splines.
It was concluded (with respect to this case) that the application of interelement basis function and the
related convergence with h‐refinement yielded lower error solutions at the cost of a higher number of
elements. The account of the neighboring elements’ influences (increase of the region of compact sup‐
port) explained the favorable convergence characteristic for this basis function type. The reasonably
small error for the initially unknown Dirichlet and Neumann datum, shown in Figs. (3.20) and (3.19),
highlights the valid implementation of all eight BIOs for the discontinuous cBEM approach. This step
marked a relevant proof of concept and allowed to close the stationary assembly development and step
forward to the transient case.

3.4.3 Verification cBEM ‐ Time domain solver

In the following section, the verification of the time stepping in cBEM is tested and the transient solu‐
tions computed are presented and analyzed. The governing research questions was the stability of the
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Figure 3.21: Error for different number of images for the Neumann datum (left panel) and Dirichlet datum (right
panel). The blue colored circles representNIm = 10, the magenta trianglesNIm = 5 and the dark gray squares
NIm = 3.
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Figure 3.22: Error decay with intraelement basis functions for the surface piercing rectangular geometry. The
numerical solution of cBEM (blue circles) was compared with the reference solution from LWT. In the left panel the
solution of the Neumann datum at the free surface is shown over the number of elements on the water domain.
The right panel shows the Dirichlet datum at the body surface over body elements.

implemented RK4 method, see Subsec. (3.2.3) and Eq. (3.19), for the time integration of the considered
wave dynamics.
The investigations were made by using again the analytic LWT reference, Eqs. (3.24) and (3.25). At every
time step, the Neumann condition on the submerged body surface had been defined accordingly to the
updated free surface boundary condition so that the body was defined to be transparent for the wave.
To be consistent with the fourth order time stepping scheme, a Taylor expansion was used to compute
the Neumann value at the three time stages of the RK4 scheme, see Eq. (3.20).
The time domain results of the continuous and discontinous cBEM are analyzed next bymeans of stability
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and accuracy.

Continuous transient cBEM ‐ Submerged body test case

Submerged cylinders in unsteady potential flows and their effect on the free surface are treated in a
variety of standard test cases for hydrodynamic solvers. The evaluation of the forces in the diffraction or
radiation problem, e.g. Ogilvie [133], or the stationary wake behind the body in a current flow, e.g. Tuck
[166], are three typical examples and are used for the validation of cBEM in Sec. (4). The analysis of the
transient solutions of these problems in terms of stability and accuracy are therefore of relevance for the
targeted application of cBEM to hydrodynamics.
Outline of the problem For the verification in time domain a single wave with wave length equal to the
length of the computational domain was considered. The parameters used for the simulations are shown
in Tab. (3.6)

Table 3.6: Parameters of free surface, body and computations for continuous transient cBEM.

Free Surface Body Comp. Param. Comp. Param. Time

λ 64m r 1m NW 64 dt 1E‐2
ε 0.015 r/h 0.2 NB 16 tsim 20
D 10E5 (xc, zc) (32,‐ 5) NIm 10 RK order 4

Results and discussion In Fig. (3.23) the free surface elevations at five time stepswithin the simulation

Figure 3.23: Results of cBEM discontinuous in terms of free surface elevation in space domain at five distinct time
steps (light to dark indicate the time evolution). The body is located below the free surface at xc = 0.

time of tsim = 20 s are presented. It is shown that the shape and the amplitude of the free surface did
not change with time which implies that the computation of the time integrated wave variables and the
update of the body Neumann condition according to LWT worked. As the surface elevation was directly
evaluated by the RK4 scheme, this result indicate the stability of the time domain solver.
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Discontinuous transient cBEM ‐ Surface piercing body test case

The prove of the stability for the transient solver in the surface piercing case is of even more interest as
the discontinuous case depict the target application of cBEM, the analysis of ship motion in time domain.
As derived from the results of the stationary solver, the accuracy of the solution was slightly reduced due
to the truncation of the boundary domain and the solution behavior was more unclear for the time
integration.

Outline of the problem For the verification of RH5, the test computational setup was chosen similar
to the continuous transient test case with some changes in the discretization parameters, see Tab. (3.6).
The characteristic length to domain length ratio was a/λ = 1/8 which represent a relative high value

Table 3.7: Parameters of free surface, body and computations for discontinuous transient cBEM.

Free Surface Body Comp. Param. Comp. Param. Time

λ 32m a/2 2m NW 128 dt 7.81E‐3
ε 0.015 a/h ‐ NB 32 tsim 10
D 10E5 (xc, zc) (16, 0) NIm 10 RK order 4

of this ratio. In more realistic scenarios, the boundary domain will be extended as higher wave length
are relevant to capture and cause a decreasing ratio. On the other hand, the fictitious resolution of
the discontinuous boundary part a/dxW = 16 is moderate and could be reduced down to a ratio of
a/dxW ≥ 2mZS as this ensures that enough ghost elements for the interelement basis functions are
given.

Results and discussion The results in terms of the free surface elevation in space domain are given

Figure 3.24: Surface elevation in space domain for cBEM discontinuous at five distinct time steps (light to dark
indicate the time evolution). The body is located in the middle of the computational domain and its horizontal
dimension is illustrated by the gray rectangle.

in Fig. (3.24) at five discrete time steps. As in the case of the submerged body, the surface elevation was
constant over the simulation time and represent the stability of the transient solution for the surface
piercing body.
The accuracy was analyzed by evaluating the error at the body andwater surface at the shown time steps,
see Figs. (3.25). The upper panel displays the difference of the normal derivative of the LWT reference
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and the cBEM solution in terms of the L2 error norm. After an increase of the solution in the first to
measures, the error stayed below 10−2 on relatively constant level. The error of the Dirichlet value at
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Figure 3.25: L2‐error for the normal derivative of the velocity potential at the free surface (top) and the potential
at the body surface (bottom).

the body surface is on a comparably small level as the free surface quantity error, also it shows slightly
more deviations between the discrete measuring points.
The step from the stationary error (t=0) to the next measure was explained by the account of the actual
velocity potential as free surface boundary condition. The error decrease represents the error due to the
time integration.
Conclusively, the presented results highlight the proof of research hypothesis RH5. The time stepping
allowed stable computation of the dynamics accounted in cBEM and gave accurate results which are
valuable in the modeling of wave‐body interactions.
By proving the time integration scheme, the development steps subjected to this thesis were finalized
and the testing of cBEM in the field of hydrodynamics is presented in the next chapter.



Chapter 4

Validation of cBEM for hydrodynamic
applications

In the following section, the results of the validation of cBEM according to hydrodynamic problems of
academic character are presented. The problems were restricted to two dimensions (assuming infinites‐
imal long cylinders in long crested waves), the intersection occured at element end points, and the am‐
plitudes of the structure or body (hereafter referred as body) motions and the free surface elevation
were assumed to be small which allowed the application of the linearized solver. The motivation was to
demonstrate the applicability of cBEM to standard problems arising in marine hydrodynamics as well as
to illustrate the accuracy and the stability of the coupled solver.

The solution was obtained by using the basis functions of interelement support for the water domain
and intraelement basis functions for the body domain. By using the Z‐Splines for the free surface the re‐
sults were directly linked to the HOS solution as this basis functions approximated the global functions
used in the spectral method, see Subsec. (2.2.2). The integration orders had been held constant for the
test cases and chosen to four for the farfield of both domains, see also Tab. (4.1) that summarize the inte‐
gration orders for the near and self regime evaluation as well. For the time integration, the RK4 scheme
was applied including the linearized dynamic and kinematic boundary condition for the free surface. The
force evaluation was performed by using second order FD scheme, Eq. (3.31), for the integration of the
body potential in time.

At the boundary of thewater domain, the periodic like boundary conditionwas applied throughout all
test cases by using theMethod of Farfield Extension.This test case setup differed from standard numerical
wave tanks that include a wave imposing and wave energy damping boundary condition. As the solution
at the free surface was influenced by incoming and outgoing waves, the computational domain had been
chosen sufÏciently long and the results were obtained before waves reenter the computational domain.

79
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The main considered hydrodynamic cases represented the modification of the free surface in terms
of wave radiation and diffraction due to the presence of the submerged and the surface piercing body.
For the analysis of the accuracy of the solver, well‐established literature had been chosen and used as
guideline for the design of the test cases. The comparison of the cBEM solutions with the results from
the literature is presented and discussed throughout the next paragraphs.

Table 4.1: Integration orders for free surface, body and coupled BIOs used for the validation testcases.

Free Surface Body Coupled

Far W2W 4 Far B2B 4
FarUp W2W 20 FarUp B2B 20 FarUp Coupl. 20
Adja. W2W 20 Adja. B2B 20 Adja. Coupl. 20
Self W2W 10 Self B2B 10

Limitation of comparitive studies In the following the numerical results foundwith cBEMare compared
with the results from the literature. The reference results from the publications were extracted with
the tool xyscan. This was indicated as a reasonable method because the analytical solutions were not
available to the specific problems. Nevertheless, it should be noted that the extraction of the values
might include smaller errors so that in the consequence here presented reference values might deviate
slightly from the values in the papers.

4.1 Submerged body

The submerged body was tested in terms of wave diffraction and radiation as well as in an opposing
uniform flow. The theoretical solutions related to these problems in two dimensions have been investi‐
gated over a long period. The related reports and the obtained results were well suited as reference for
numerical approaches as cBEM, because the various mechanisms of wave‐body interaction have been
analyzed and reported in a detailed manner. The test cases for the diffraction and the radiation of waves
due to a submerged circular cylinder was done according to the paper of Ogilvie [133], whereas for the
uniform flow test case paper of Tuck [166] and Scullen & Tuck [152] was considered.

Figure 4.1: Forced oscillation and Diffraction testcase for submerged body.

4.1.1 Forced oscillations

Starting with the radiation problem of waves due to a harmonically oscillating body in small amplitudes
around a fixed position, brings the papers of Ursell [168, 169] and Ogilvie [133] on the table. By using
mulitpole distribution that represent the submerged body and accounting the velocity potential as a su‐
perposition of symmetric and anti‐symmetric part, Ursell applied the method of infinite determinants to
solve the algebraic system to find a solution for the velocity potential. Accounting a pulsating source, a
solution for the radiation problem have been found. Ogilvie [133] has extended the approach of Ursell
[168] and applied it to the three problems accounting a fixed, a forced and a freemoving, neutrally buoy‐
ant, submerged circular cylinder. The derivation of the second order force and its evaluation in the three
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test cases has been in the focus of the work. Furthermore, and most relevant for the cBEM validation,
was the investigation of the first order force and its added mass and damping part at different body sub‐
mergence depth to wave length and characteristic length scale to wave length ratios, expressed as 2kh
and ka respectively. The wavenumber k, the submergence depth or the vertical distance between the
bodies center and the still water level z = 0, h = zB,c, and the characteristic length of the circular
cylinder a = rB have been varied and the hydrodynamic coefÏcients were shown. At this point it might
be asked, why the analytical value for the added mass and a circular cylinder section, Aij = ρπr2B (see
e.g. Patton, 1965) was not considered first. The investigation of Ogilvie have accounted the case of a
cylinder approaching the free surface and indeed with increasing submergence the results approach the
analytical values. From this perspective the presented solution in Ogilvie [133] represent a good test case
for the accuracy of cBEM in the narrow submergence regime.

Added mass
The concept of added mass in hydrodynamics refer to a virtual mass equivalent to the portion of water
that is displaced due to the motion of the body, see Ursell [167], Weinblum [183] and Newman [129]. It
is the component of the hydrodynamic force that is in phase with the body’s acceleration. In the differ‐
ential equation describing the body motion, this virtual mass is added to the body mass. The notation
Aij describe the added mass caused by the mode i and reacting in direction j. The added mass Matrix A
include all uncoupled and coupled contributions and simplifies by considering e.g. the symmetry of the
body or the coincidence of the centers of rotation and gravity.

Damping coefÏcient
The hydrodynamic force part in line with the velocity is referred as damping. For an applied force to a
body in water which is initially in its equilibrium position, the resulting body motion is reduced with time
according to the damping coefÏcient of the dynamical system. The damping is highest if the velocity is
maximal and vanish in the position of maximal amplitudes as the body velocity reach zero. Correspond‐
ingly to the added mass, the damping coefÏcientsDij are defined and form the damping matrix D.

The contributions for the hydrodynamic coefÏcients and considerations for simplifications and van‐
ishing of certain coupling components are given e.g. in Mei et al. [115] for two‐ and three‐dimensional
problems.

Outline of the problem The computational setup was chosen with respect to the parameter range of
2kh and ka used in Ogilvie [133]. For the derivation of the wavenumber, the oscillation frequency was
used under the assumption that a wave of angular frequency ω = ωosc induce the same motion to the
body. In Tab. (4.2) the relevant parameters for a radius of a = rB = 1m are presented and it’s shown
that the submergence to wave length ratio was in the range of 2kh ∈ [2, 10] and the radius to wave
length was ka ∈ [0.2, 0.4, 0.5, 1.0, 2.0]. The computational parameters are given in Tab. (4.3). As no

Table 4.2: Parameter space accounted for the test case of a fixed body forced to harmonically oscillateswith angular
frequency ωosc submerged at depth h.

ka ωosc =
√
gk [rad/s] |h|2kh=2 [m] |h|2kh=4 |h|2kh=6 |h|2kh=8 |h|2kh=10

0.2 1.401 5 10 15 20 25
0.4 1.981 2.5 5 7.5 10 12.5
0.5 2.215 2 4 6 8 10
1.0 3.132 1 2 3 4 5
2.0 4.429 (0.5) 1 1.5 2.0 2.5

hydrostatic components were accounted (body fixed at its center of gravity), the equation of motion for
the forced oscillation was given by

Aij
d2z

dt2
+Dij

dz

dt
= Fij (4.1)
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Table 4.3: Parameters of the free surface, body and computations in the submerged circular cylinder radiation test
case of .

Free Surface Body Forc. Oscill. Comp. Param. Comp. Param. Time

LW 64m r 1m ẑ 0.02 NW 128 dt 10−2s
ρW 1000kg/m3 r/h var. Mode z NB 16 tsim 20s
D 105m (xc, zc) (32,h) ωosc var. NIm 10 RK order 4

wherein z = ẑ cos (ωosct) is the displacement of the circular cylinder with amplitude ẑ and Fij is the
instationary part of the hydrodynamic force.
For the evaluation of the added mass and the damping coefÏcient, the phase angle ϵ between the force
and the oscillation velocity was evaluated in terms of

ϵ =
nTdt

Tosc
2π , (4.2)

with the number of time steps representing the phase difference nT , the oscillation period Tosc. From
that the contributions for added mass and damping are found by

Azz = sin(ϵ)
Fzz

ω2
oscẑ

(4.3)

Dzz = cos(ϵ)
Fzz

ωoscẑ
(4.4)

as for the case of hydrodynamic force and velocity being in phase, ϵ = 0, π, 2π, the added mass van‐
ished and only the damping component remained. Correspondingly, for a phase shift of ϵ = π/2, 3π/2
the damping part vanished and the hydrodynamic force due to the instationary pressure contribution
was only added mass. In frequency domain, the added mass is the real part of the hydrodynamic force
whereas the damping component is the imaginary part.

Results and discussion The results of the time domain simulation for distinct submergence to wave
length ratios and the corresponding absolute values of Ogilvie results [133] for the addedmass are shown
in Fig. (4.2) and for the damping coefÏcient in Fig. (4.3). The results obtained from the time domain sim‐
ulation with cBEM fitted well to the absolute values of the theoretical results from Ogilvie, shown by
the rhombuses and connected by the dashed lines. The reduction of the added mass by approaching to
the free surface and the increase of the effect with increasing body length scale are well reproduced by
the numerical results. In contrast to the approach of Ogilvie the free surface was explicitly discretized
which gave a more restrictive limit for approaching smaller 2kh values as the body was assumed to be
submerged.
The decrease of the added mass from the analytical value ρA was due to the free surface that affected
the pressure distribution on the body surface, when the submergence depth was considerably small. Ac‐
counting the streamlines around the body and of the waves propagating symmetrically from the position
of the body, this was explained as the streamlines were modified close to the free surface due to the
decrease of the amount of fluid above the body. Due to the increase of the surface section, on that the
pressure change occurred, the decrease of the added mass became more significant for bodies of larger
radius. The damping part of the hydrodynamic force acting on the cylinder is shown in Fig. (4.4). The
numerical results from cBEM vary from the absolute results of Ogilvie especially at vanishing damping
coefÏcients that occur for larger body submergence. Here, the decreasing capability of the free surface
to damp the body motion is reflected and only the added mass cause the instationary force on the cylin‐
der in the case of forced oscillation.The deviations of the numerical cBEM results are an indicator that
the temporal discretization was to coarse in the simulations so that the phase difference of the harmonic
velocity oscillations and the hydrodynamic force was not refined appropriately. Nevertheless, the results
are satisfactory when damping became more dominant. In this case, the inertia of the body motion and
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Figure 4.2: Added mass for forced oscillation
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Figure 4.3: Damping coefÏcient for forced oscillation

the gravitational field, determining the dynamic free surface boundary condition, came in conflict. For
certain submergence depth and body dimension the gravitational force dominated which resulted in an
increase of the motion damping. These combinations of wave and body parameters indicated a strong
interaction between the body and the free surface. For the design of wavemaking devices orWECs these
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parameter combinations might be accounted favorably.
Summarizing the findings of this validation case, the time domain simulation with periodic like boundary
conditions on the water domain was successfully applied for this test case. The procedure for evaluat‐
ing the hydrodynamic coefÏcients was introduced and the cBEM results for the added mass were well
comparable to Ogilvie’s theoretical results. For the damping coefÏcient, the results were shown to be
sensitive to the chosen discretization, which was indicated by the deviations from the theoretical values
in the range of vanishing damping. Due to the time domain simulations (in frequency domain it’s sim‐
ply the differentiation of the real and imaginary part), the evaluation of the phase difference between
the force and motion signal, Eq. (4.2), was crucial to find the hydrodynamic coefÏcients, Eq.(4.3). By
these equations, it became obvious that the temporal discretization especially for small damping values
(ϵ → nπ/2 ⇒ cos(ϵ) → 0) was relevant as the gradient of the cos functions was high near nπ/2 and
thus sensitive to the phase angle ϵ. In contrast, the added mass was evaluted by the sin function and the
small gradient around nπ/2 made it less sensitive to the temporal discretization. It followed, that the
damping parameter was well suited as indicator for a sufÏcient time discretization.

4.1.2 Diffraction

Dean [44] has shown firstly that a submerged cylinder cause nowave reflection for the case of an incident
wave propagating upon the cylinder. Instead, it has been shown that the transmitted wave has a phase
difference to the incident wave. He has used an infinite set of linear equations from that a solution for
the unknown free surface velocity potential has been found. Ursell [168] has obtained similar results by
applying the multipole approach and also Ogilvie has shown the pure transmission characteristic of the
waves in the presence of a submerged circular cylinder in his first considered case in Ogilvie [133].

Outline of the problemOgilvie’s results [133] in terms of wave diffraction were considered as second
test case for the validation of the cBEM. Again, the decrease of the submergence depth was accounted
as the test case parameter in addition with the ka ratio. The parameter space of the derived test case
was chosen in terms of the submergence height as already done in the forced oscillation test case, see
Tab. (4.2) . In order to realize the analysis of the diffraction problem in the cBEM environment, regular

Table 4.4: In variation of the number of waves to realize the ka parameter range in the wave diffraction test case.
The depth of the body was chosen according to Tab.(4.2)

ka 0.2 0.4 0.5 1.0 2.0

nWaves/LW 2 4 5 10 20

Table 4.5: Parameters of free surface, body and computations in test case diffraction due to submerged circular
cylinder.

Free Surface Body Diffraction Comp. Param. Comp. Param. Time

LW 63m r 1m k var. NW 126 (252) dt 10−2s
ρW 1000kg/m3 r/h var. ε 0.015 NB 16 (24) tsim 20s
D 105m (xc, zc) (32.5, h) NIm 10 RK order 4

wave trains of various wave length according to Tab .(4.4) were defined as initial boundary condition for
the velocity potential of the free surface. The initial body Neumann boundary condition was defined
according to the analytic linearized free surface potential, see Sec. (3.2.4) and Eq. (3.25), which implied
that the body initially did not affect the wave dynamics. Within the first number of time steps, the body
Neumann boundary condition was progressively decreased linearly to zero. After this initial ramp that
the fixed body affected fully the free surface waves. The computational parameters that have been used
for the test case are summarized in Tab.(4.5).
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The investigated variables chosen for the comparison with the results from Ogilvie, were the maximum
of the first order hydrodynamic force on the fixed circular cylinder and the phase shift between the force
and the incident wave. For the evaluation of the phase lag, the procedure described in the previous
subsection had been applied, see Eqs. (4.2) and (4.3), and only the instationary part of the pressure
integrated over the cylinder was accounted as hydrodynamic force.

Results and discussion In Fig.. (4.4), the phase difference between incident wave and force are shown
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Figure 4.4: Phase shift between incident wave and maximum of first order hydrodynamic force according to cBEM
and Ogilvie [133].

with respect to the submergence depth. The numerical and theoretical results match well. The effect of
body depth and radius to the phase shift is demonstrated clearly and indicate the influence of the body
to thewave system. Coming closer to the still water level, the influence of the bodywas strong, the phase
speed of the wave decreased, and consequently the transmitted wave had a larger phase lag behind the
cylinder, see Ogilvie [133]. Ogilvie has compared this effect with a wave approaching in shallow water.
This influence of the body to the wave system above is also indicated by the amplitude of the hydrody‐
namic force, presented in Fig. (4.5). For the larger body dimension ka = 2, the force reach a maximum
and decay with high gradient. The same occurs for ka = 1 as shown in Ogilvie [133]. This was again
caused by the influence of the free surface on the body and was explained as the small fluid layer on
top of the body cause significant deceleration of the fluid on the upstream side from the cylinder center
axis and an acceleration to the other side. The previously dominant vertical force due to the free surface
dynamics was therefor compensated by increasing horizontal forces in this limiting case.
The cBEM results and the corresponding results fromOlgilvie werewell comparable over all body towave
length ratios and submergence depths. The increase of the hydrodynamic force on the cylinder surface
due to the wave above was well approximated. Also the decay of the force in the case of large body to
wave dimension near the free surface was represented accurately.
A convergence study was made for the case of ka = 2, shown in Tab. (4.6) and indicated that especially
for the phase difference ψ − ψref , the refinement in time and space was necessary to find the appro‐
priate values. With respect to the amplitude of the hydrodynamic force the refinement became more
important at smaller submergence depth which was due to the higher influence of the free surface do‐
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Figure 4.5: cBEM computational results for maximum hydrodynamic force and corresponding results from Ogilvie
[133].

main. The higher temporal and spatial resolution led to amore accurate result and allowed an evaluation
closer to the free surface shown by the results in the range 4 < 2kh < 6 in Fig. (4.5). To put the differ‐

Table 4.6: For ka = 2 the effect of time and space resolution to the values of force amplitude and phase difference
are shown and compared to the reference values obtained from the diagrams given in Ogilvie [133].

dxW dt ψ − ψref
F̂−F̂ref

2πρW gη̂/k

2kh=6
0.5 1E‐2 53.22‐14.66 0.14‐0.11
0.25 1E‐2 17.74‐14.66 0.14‐0.11
0.25 1E‐3 16.73‐14.66 0.11‐0.11

2kh=8
0.5 1E‐2 40.52 ‐ 2.44 0.061‐0.059
0.25 1E‐2 7.60 ‐ 2.44 0.063‐0.059
0.25 1E‐3 4.56 ‐ 2.44 0.061‐0.059

ences between the computational and reference values of the phase difference dψ = ψ − ψref , given
in Tab. (4.6), in the context of the used approach, one find that e.g. the difference in phase at 2kh = 8,
dψ|2kh=8, was related to a difference in time of≈ 8.5× 10−3 s (as dψ|nT=1 =

2πnTdt
T

180
π

= 0.254◦ and
dψ|2kh=8/dψ|nT=1 ≈ 8.5). This small time range compared to the much larger period of the incident
wave of T = 1.419 s, indicated a reasonable accuracy for this case.

Notes on further findings in Ogilvie [133] Ogilvie’s results have indicated other phenomena that occur
for the considered hydrodynamic problems and in the regime of small submergence depth. One is the
sign change of the added mass for specific ka values and for small submergence depth. In these cases,
the mass of the cylinder reduces due to the added mass and the force on the body decrease so that
moving the body in the fluid becomes easier. Another one is related to the investigation of the radiation
problem in terms of circular motion. Here, the results of Ogilvie have indicated that for counterclockwise
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rotation, the waves propagate only to the left side from the vertical cylinder axis and vice versa for the
clockwise rotation. This has been explained by accounting for the antisymmetric and symmetric surface
elevation due to the horizontal and vertical oscillation respectively. The combined circular motion has
resulted in a phase lag of the generated waves that has caused a destructive interference of the radiated
waves to one side of the cylinder. On the corresponding other side, the constructively interfered wave
components have radiated away from the cylinder.

4.1.3 Uniform flow

In addition to the radiation and diffraction problems, the uniform flow around a fixed submerged circular
cylinder was investigated. Early contributions for the analysis of the problem in terms of wave resistance
and theoretical solutions has been made e.g. by Lamb [102] and Havelock [77, 78, 79]. Both authors
have applied the method of images in that the body has been represented by a suited distribution of
source and dipols. Tuck [166] has considered higher‐order terms for the evaluation of wave resistance
and wave lift. Scullen & Tuck [152] have taken further nonlinear mechanism into account and presented
the ratios of wave and oscillation amplitudes of Stokes waves and nonlinear surface elevations of the free
surface past the submerged cylinder for different Froude numbers.

Outline of the problem In the following analysis, the surface elevation of the linear problem for dif‐
ferent Froude numbers was considered and the cBEM results were compared to the linear solution of an
internal method for the evaluation of drag and lift around submerged profiles validated by the method
of Scullen & Tuck [152].
To consider the uniform flow, the stream terms were added to the linear dynamic and kinematic free
surface boundary condition, Eq. (2.91) yielding

∂ϕs

∂t
= −gη − τu

∂ϕs

∂x
(4.5)

∂η

∂t
=
∂ϕs

∂z
− τu

∂η

∂x
(4.6)

with the current velocity u = (u, v) and the spatial derivatives ∂
∂x

. For the derivatives, a finite difference
scheme of fourth order with an up‐ and down‐wind stencil at the domain boundaries and the central rule
in the rest of the domain was applied to the wave variables .
The uniform stream was achieved over an initial gradual increase of the velocity normal to the body
surface and accounted in the Neumann Boundary condition

gN,B =< u, nB > . (4.7)

The ramp was defined as an S‐Curved blend‐in function that follows the modified tangens hyperbolicus
function

τ = (tanh (t/dt− nTτ )/s+ 1)/2 (4.8)

with the actual time step t/dt and the number of time steps nTτ at the center of the ramp. The factor
s was used for scaling the tanh function. The number of time steps was chosen here to nTτ = 100 and
the scaling factor to s = 25. The function Eq. (4.8) asymptotically reach one for time steps larger than
2nTτ and was therefore used over the whole simulation time in contrast to the linear initial ramp used
for the diffraction problem, Subsec. (4.1.2) that was applied to Eq.(4.5) only for the time of the ramp.
For the test case the Froude number Fr = u√

gh
was varied yielding to different current velocities u. The

parameters for the test case and the computations are given in Tabs. (4.8) and (4.7).
Results and discussion The cBEM results in terms of the surface elevation in the neighborhood of

the submerged cylinder are presented in Fig.(4.6)‐ Fig.(4.8) for the three considered Froude numbers.
The space domain results for Froude number Fr=0.4, Fig. (4.6) show deviations to the reference. Nev‐
ertheless, the amplitudes of the surface waves are similar and also the wave length is In Figs. (4.7) and
(4.8) the surface elevation at four distinct time steps are shown. By presenting the earlier stage of the
simulation and the steady state solution in the two top and bottom panels respectively, the transition to
the steady state solution is demonstrated. The results of cBEM are well comparable to the reference.
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Table 4.7: Parameters of free surface, body and computations in test case uniform flow around a submerged
circular cylinder.

Free Surface Body Comp. Par. Comp. P. Time

LW 256m r 1m NW 512 dt 0.5 · 10−2s
ρW 1000 kgm−3 r/h 0.2 NB 24 tsim var
D 105m (xc, zc) (LW /2, ‐5) NIm 10 RK ord. 4

Table 4.8: Froude number, corresponding stream velocity u and varied simulation time for the uniform flow test
case.

Fr u = Fr
√
gh [m s−1] tsim [s]

0.8 5.60 75
1.0 7.00

50
1.2 8.40
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Figure 4.6: Normalized surface elevation at distinct time steps for Fr=0.4. Linear solution is shown by grey circels
and cBEM results in green solid line. The circular cylinder is horizontally located at x = 0.

4.2 Free surface piercing body

For the validation of the surface piercing body, the radiation of waves due to forced body oscillation were
analyzed and the results compared with literature are presented below.
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Figure 4.7: Normalized surface elevation at distinct time steps for Fr=0.8.

The radiation problem of bodies on the free surface in two dimension have been solved theoretically
e.g. by Ursell [167], see Subsec. (1.2). By using polynomial sets, Ursell have found solutions for the BVP
of a forced harmonic oscillating circular cylinder for different oscillation frequencies. The added mass
coeffficients as well as amplitude ratios of radiated waves and oscillation have been presented.
Vugts [177] have conducted experiments with cylinders of various cross‐section and the eigen and cou‐
pled modes of sway, heave and roll motion. The results for amplitude ratios, added mass and damp‐
ing coefÏcients have been compared with computations based on linearized equations for that Ursell’s
approach have been applied to arbitrary shaped cylinders, see De Jong [43]. Furthermore, the wave
diffraction have been investigated experimentally. The horizontal and vertical wave excitation forces,
the wave excitation moment and the phase angle between incident wave and hydrodynamic forces have
been compared with the approaches of Newman [124] and Motora [117]. Motora have corrected the
Froude Krylov force to obtain an approximation for the excitation force of the diffracted waves whereas
Newman extended the farfield approximation, introduced by Haskind [76] and based on the damping
coefÏcient, to two dimensions.

Outline of the problem For the comparison with the cBEM results, the forced oscillation test case in
heave and sway modes were conducted with a rectangular cylinder with a breadth to draught ratio of
B/TB = 2. The oscillation frequency was varied so that a non dimensional frequency range comparable
to the one used in the experiments of Vugts was reproduced, see Tab. (4.9). The analysis of the results
was done in terms of the amplitude ratio of the radiated wave and the oscillation amplitude, the added
mass and the damping coefÏcient.
The amplitudes of the radiated waves were found by considering a stationary surface elevation in a rea‐
sonable distance from the body (≈10m to 20m). The hydrodynamic coefÏcients for added mass and
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Figure 4.8: Normalized surface elevation at distinct time steps for Fr=1.2.

Table 4.9: Parameter space of forced oscillation test case with free surface piercing rectangular cylinder.

ωnd = ω
√

B/2g 0.5 0.75 1.0 1.25 1.75

ω [rad/s] 1.566 2.349 3.132 3.915 4.698

damping were evaluated as in the case of the submerged body, Subsec. (4.1.1) and the phase angle ϵ
between the oscillatory velocity and the hydrodynamic force was applied according to Eq. (4.3) to find
the coefÏcients for the radiation problem. The simulations had been performed with the computational
parameters shown in Tab. (4.10).

Results and discussion The comparison of the cBEM results based on time domain computations
and the experimental and computational results presented in Vugts are shown in Figs. (4.9)‐(4.11) for
the heave motion. The amplitude ratio for the heave mode, given in Fig. (4.9), shows a good match to
the experimental values obtained from Vugts. Compared to the computational results, the amplitude
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Table 4.10: Parameters of free surface, body and computations in test case of free surface piercing rectangular
cylinder forced to harmonically oscillate.

Free Surface Body Forced Oscill. Comp. Param. Comp. Param. Time

LW 128m a=B/2 1m ŷ, ẑ 0.02m NW 256 dt 10−2s
ρW 1000kg/m3 T 1m Mode y,z NB 16 tsim 20s
D 105m (xc, zc) (64, 0) ωosc var. NIm 10 RK order 4
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Figure 4.9: Ratios of the amplitudes of surface elevation and oscillatory motion for heave motion over normalized
angular frequency. Numerical results from cBEM (red filled circs) and computational (light gray circs and dotted
line) as well as experimental results (small cirs) from Vugts [177] for rectangular cylinder on the free surface with
breadth to draught ratio ofB/TB = 2 are shown.

ratios are slightly smaller at the higher frequencies. In the computations for the amplitude ratios of the
rectangular geometry, Vugts have accounted two parametrizations for the geometry. One was related to
the best section fit and the other to a Lewis form, here the latter was considered as the best fit was more
specific to the conducted experiments. The related computational results, as well have shown small de‐
viations at higher frequencies and thus indicated a sensitive behavior to the geometry parametrization
in this frequency range. Keeping this variances in mind, the mentioned differences between the cBEM
results and the results of Vugts could considered as explainable and were still within an acceptable ac‐
curacy range. In Fig. (4.10), the cBEM results for the added mass are again well comparable to the
experimental results but fit especially at higher oscillation frequencies better to the computations given
in Vugts.
A small departure from the results of Vugts at higher oscillation frequencies can be identified for the
damping shown in Fig. (4.11). This was, as discussed in Subsec. (4.1.1), due to the sensitivity at small
phase angles between the signal of the hydrodynamic force and the oscillation velocity. The effect of an
increase of the spatial resolution about factor two is demonstrated here by comparing the cBEM results
for dxW=0.5m (blue crosses) and dxW=0.25m (red filled blue circles). The differences became more
significant as the angular oscillation frequency increased.
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Figure 4.10: The addedmass in heavemode is given over a normalized frequency range for the rectangular cylinder
with B/TB = 2. The experimental and computational results of Vugts [177] are shown in comparison with the
numerical cBEM results.
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Figure 4.11: The variation of the damping coefÏcient with normalized angular frequency is presented for the heave
motion and according to results from cBEM and results given in Vugts [177]. The cylinder is of rectangular cross‐
section and the breadth to draught ratio isB/TB = 2.
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As for the heave motion, the results in sway mode had been compared with the literature reference. The
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Figure 4.12: Amplitude ratios of surface elevation and oscillatory motion for sway motion over normalized angular
frequency. Numerical results from cBEM and computational as well as experimental results from Vugts [177] are
shown for the rectangular cylinder on the free surface withB/TB = 2.

increase of the amplitude ratio with oscillation frequency, presented in Fig. (4.12), shows a good match
to the experimental and computational results that have been given by Vugts [177]. The deviation at
the highest frequency might be related to the sensitivity of the computational results with respect to the
accounted geometry in Vugts [177] and discussed above for the amplitude ratio in heave.
The cBEM results for the addedmass and the damping coefÏcient, given in Figs. (4.14) and (4.14) respec‐
tively, indicate a good agreement to the computational results. The experimental results deviate from
that, especially for the damping coefÏcient the experiments show an offset to the computations. Vugts
has explained the devitaions of experimental to theoretical results by the effect of viscosity in terms of
skin friction and eddy formation along the rectangular geometry in the experiments and has shown that
for higherB/TB ratios the deviations decrease as the viscous effects are less dominant for the damping
at smaller submergence depth [177].
In summary, the numerical results of cBEM were well comparable with the results of Vugts [177] for the
considered modes and frequency range. The hydrodynamic coefÏcients and the amplitude ratios were
captured with good accuracy by the introduced evaluation methods, see Eq. (4.3). Thereby, a consis‐
tent procedure for testing the linear time domain solver with frequency domain results was presented.
Limitations for the comparison of these approaches were indicated at higher frequencies for the ampli‐
tude ratios and the damping coefÏcients. The location of the gauges and the influence of the spatial and
temporal discretization played a role. Considering these aspects, the comparison of time and frequency
domain result might be used as indicators for sufÏcient grid resolution in future investigations. These
results confirm that cBEM is well suited for analyzing the interaction of waves with a surface piercing
body forced to small amplitude motions. Based on this, future steps can address the analysis of forces in
rolling and coupled modes, and the consideration of DoF’s in body motion.
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Figure 4.13: The addedmass in Sway mode is given over a normalized frequency range for the rectangular cylinder
with B/TB = 2. The experimental and computational results of Vugts, [177] are shown in comparison with the
numerical cBEM results.
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Figure 4.14: The variation of the damping coefÏcient with normalized angular frequency is presented for the sway
motion and according to results from cBEM and results given in Vugts [177]. The cylinder is of rectangular cross‐
section and the breadth to draught ratio isB/TB = 2.



Chapter 5

Final discussion and conclusions

The thesis is completed by giving a final discussion on the results in terms of the research hypotheses. It
follows the conclusion and finally, possible further development steps and perspectives for future appli‐
cations are outlined.

5.1 Final discussion

The final discussion on the accomplished results is done by reviewing the research hypotheses.

Review on research hypotheses

The motivation of this work is represented by the global hypothesis which is based on the research gap
derived from the literature review, see Sec. (1.3). To realize the BEM solver, addressed in the GH, in the
future, some novel concepts required proof of validity and new numerical methods. These tasks were
separated into the research hypothesis RH1‐RH6 and gave the frame for this thesis and the development
of cBEM. The two‐dimensional solver cBEM is the proof of concept and the foundation for the targeted
three‐dimensional BEM solver.

RH1: By replacing the κ‐operator of global support with a Hypersingular BIO, the BEM solution
converges to the first order HOS solution.
In the HOSmethod, κ represents the operator onwhich the evaluation of the nonlinear velocity potential
and the vertical velocity at the free surface are based on, see West et al. [184]. After substituting the
variables in the modified nonlinear free surface boundary condition, the integration in time gives the
updated free surface velocity potential and surface elevation. The κ‐operator of the velocity potential
is evaluated by using the FFT justified by assuming the vector identity related to the surface Laplacian
[184]. It states that the squared κ operator and the surface Laplacian of the velocity potential as well as

95
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the product of the wavenumber vector with the potential’s Fourier transform are equal, see Eq. (2.95).
As it has been described by West et al. in [184], the use of only the FFT is favored over a combination of
the FFT and the Finite Difference Method as it remains stable over the full wavenumber spectrum. The
application of the FFT brings high efÏciency, but also the limitation in terms of the global, continuous,
modal basis functions used for the approximation of the solution space.
Because of this limitation, RH1 asks for a BIE formulation that represents the first order HOS approach,
and the second applies a BEM approach to solve it. In the view of solution function space approximation,
this represents the replacement of global basis functions by basis functions of compact support. This
step was of relevance as it was the first proof of the concept and the basement for the next development
steps. The NDBIE, Eq. (3.11), was considered for this problem and compared with the first order HOS
solution, Eq. (3.39), indicated the representation of the κ‐operator by the Hypersingular BIO in the BIE
formulation. As this operator represents the influences of the water domain on itself, the assembly of
the BIO included the self‐, adjacent‐, and far‐regime evaluation of the hypersingular kernel function. The
symmetric Galerkin approach incorporated the integration of both source and target domains and the
modifications in the solution evaluation. To approximate the periodicity, theMethod of Farfield Extension
was applied.
In Subsec. (3.4.1) the convergence of the fsBEM solution to the first order HOS solution is demonstrated.
The order of convergence and integration were the same and consistent with the polynomial degree of
the second order Z‐Spline function.
This represents both the validity of the BIE formulation and verified the fsBEM solver and the related BIO
assembly. The proof of the ability of the interelement basis functions of compact support (Z‐Splines) to
approximate the solution obtained with the basis functions of global support, prepared the ground for
the account of the free surface discontinuity.

RH2: Let Γ be a boundary with a discontinuous manifold Γd ⊂ Γ (:= a set of connected elements
where no solution function is defined on) then there exists a method that can assembly two operators
one for the discontinuous domain Γd and one for the rest of the boundary domain ΓFS = Γ \ Γd so
that the union of the two operators gives a solution that is equal to the solution of the full domain.
The consideration of a subset of connected elements referred to as discontinuity inside the water bound‐
ary domainwas the next step for that a numerical solutionwas searched. This stagewas of high relevance
for the surface piercing body application. It introduced the theoretical method and contributed to the
practical handling of the discontinuity and how it affected the solution. The involvement of the complex
Hypersingular BIO represented a reliable test of the approach.
The separation of the discontinuous part from the free surface domain was modeled by truncating the
basis function of compact support at the twooccurring intersection points. A newmethodwas developed
for the evaluation of the self, adjacent and far regime in symmetric Galerkin formulation. The evaluation
of the Hypersingular BIO was modified in such a manner, that for both subdomains individual operators
had been assembled. The truncation of the water domain required the description of the position of the
discontinuity for that new variables had to be introduced and evaluated in the preprocessing.
The BIE and the solving procedure were the same as used for RH1, with the difference that for the eval‐
uation of the fsBEM, the sum of the free surface and discontinuous part of the Hypersingular BIO had
been considered. After the assembly of the operators and the incorporation in the BIE formulation, the
linear system was solved and the error between the first order HOS solution and the numerical results
were evaluated.
It is shown in Subsec. (3.4.1), that the convergence for the truncated fsBEM was similar to that obtained
for the continuous fsBEM. The verification of the methods related to the interelement basis functions
proved the second hypothesis RH2.

RH3: Assume a mixed BVP that contains two separate boundary parts on that either a Dirichlet BVP
or a Neumann BVP are defined and consider that a reference solution exists that employs a sufÏciently
differentiable analytic function to find the complete Cauchy data of the problem. Then the solution of a
suited BIE system can be found by accounting for the Dirichlet and Neumann boundary data at the cor‐
responding boundary parts and the error between the solution and the analytic Neumann and Dirichlet
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datum of the reference is sufÏciently small and converges at considerable order with increasing reso‐
lution.
After the two first hypotheses had been proved, the mixed BVP came into focus intending to solve hy‐
drodynamic problems associated with submerged bodies interacting with waves. For the verification of
RH3, the direct cBEM formulation, Eq. (3.8), was derived. This allowed the straightforward use of the
evaluated densities without any postprocessing.
The eight BIOs represented the W2W, B2B, and coupled influences and had been individually assembled
before being put in place in the cBEM block matrix. As the body was in this step considered to be sub‐
merged, no intersection of the boundaries occurred and only the farfield influences had to be taken into
account for the Coupling BIOs. For the continuous water surface, the Hypersingular BIO assembly devel‐
oped in RH1 was applied.
For the verification of the procedure, a suited reference solution was found by considering the analytic
solution related to LWT, see Eqs. (3.24) and Eqs. (3.25). This procedure allowed to derive all densities at
the boundaries and their employment as Neumann and Dirichlet boundary conditions at the body and
water domain. Furthermore, the incorporation of the trigonometric function allows, as in RH1 and RH2,
a reliable convergence analysis concerning the polynomial basis functions because nominimal error limi‐
tation occurs due to the inability of the polynomial bases to represent the trigonometric function exactly.
The comparison of the numerical solution with the analytical solution indicated a reasonable error decay
with h‐refinement and proved the formulation of the coupled approach and the assembly of the BIOs in
the symmetric Galerkin formulation.

RH4: Assume a mixed BVP that contains a combined boundary with a Dirichlet BVP and a Neumann
BVP boundary part and consider that a reference solution exists that employs a sufÏciently differen‐
tiable analytic function to find the complete Cauchy data of the problem. Then the solution of a suited
BIE system with the Dirichlet and Neumann boundary data as boundary conditions at the correspond‐
ing boundary parts exists and the error between the solution and the analytic Neumann and Dirichlet
datum of the reference is sufÏciently small and converges at considerable order with increasing reso‐
lution.
RH4 faced themost typical problem that will be addressedwith cBEM, the free surface piercing body. The
considered discontinuity of the water boundary rose the complexity of the evaluation of the BIOs. Along
with the submerged part of the body surface, a new boundary was formed and neighboring elements of
Dirichlet and Neumann type asked for an adjacent regime evaluation method for the Coupling BIOs. The
highest complexity was associated with the Hypersingular BIO. The testing of the developed approach
was done with an analytic reference introduced in [19] andmodified to account for interelement support
and nearfield influence, see Subsec. (3.4.2). Based on this method also the weak and strongly singular
kernels had been evaluated.
The verification of RH4 accounted again for the analytic LWT reference with which the boundary condi‐
tions could be defined and the cBEM solutions compared.
The error of the Neumann solution at the free surface was shown to decrease with second order and in
the order of O(10−3) at the higher grid resolutions. This was reasonably small for the targeted appli‐
cation. The reduction of the convergence order and the increase in the error level originated from the
account of the newly formed Dirichlet‐Neumann boundary. The analysis of error influencing factors and
their reduction should be accounted for in future studies.
The lower error on the body surface with an increasing number of body elements was subjected to the
fact that intraelement basis functions were applied at the body boundary domain. The nearly constant
error indicated that a lower accuracy limit was reached, not dominated by the representation of solution
or geometry. The dominant factor for this error was related to the evaluation procedure of the combined
Dirichlet‐Neumann boundary.
By representing the solution of the cBEM method and showing that the obtained error was small, the
RH4 was verified. Thereby, the stationary cases, where the proof of concept of the BIOs and the fsBEM
and cBEM had been in focus, were completed and opened the field to the transient solver.

RH5: The application of the explicit Runge‐Kutta time integration scheme for the wave dynamics
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allows stable computations with high accuracy for submerged and surface piercing bodies in regular,
small amplitude waves.
The evaluation of a transient solutionmade the integration of the variables in time necessary for that the
explicit Runge‐Kutta scheme to be employed. In this scheme, the wave variables had been updated by
considering the linear kinematic and dynamic boundary conditions at the free surface. For the proof of
the hypothesis, the LWT reference solution was considered again and gave the updated boundary con‐
ditions at the body surface. To have a consistent accuracy with the time stepping scheme, the boundary
conditions were evaluated with a Taylor expansion of the corresponding order.
The stability of the transient cBEM solutionwas demonstrated by showing the constant shape of thewave
in the space domain at distinct time steps. The accuracy was analyzed in terms of the time evolution of
the error between the Cauchy data and the analytic reference. It was shown that the error reached a
reasonably small error level around the error varied with small deviations.
For the practical use of the solver, it’s of interest to identify the stability of the solution before the sim‐
ulation started. This was realized by analyzing the linear stability of the dynamic system from which the
eigenvalues of the wave dynamic system were derived, see Subsubsec. (3.2.3). By the multiplication of
the eigenvalues with the time step, a comparison with the stability region of the Runge‐Kutta time inte‐
gration schemewas possible. This helped to identify insufÏcient discretization for resolving the dynamics
right after the operator assembly and gave the possibility to cancel the simulation to improve the choice
of the corresponding parameters.
The error evolutionover a reasonable time range showed that the error stayed in a range aroundO(10−2)
from that the sufÏcient stability and accuracy of the time stepping scheme was concluded. This verified
RH5 and allowed to use cBEM for practical applications.

RH6: The monolithic coupling including the wave and body dynamics in the time domain by using
a direct BIE formulation for mixed BVPs (incorporation of all BIOs) in symmetric Galerkin formulation is
realizable and gives accurate results in hydrodynamic applications.
The use of cBEM for the analysis of typical two‐dimensional hydrodynamic problems completed the lev‐
els of development considered within this thesis. The last research hypothesis, RH6, states the ability of
cBEM to compute the dynamics of waves and their interaction with the body in hydrodynamic applica‐
tions.
To prove the statement of RH6, the wave radiation due to a forced oscillating cylinder and the influence
of the body onwaves had been tested and comparedwith references from the literature. For the analysis
in the time domain, evaluation methods for the hydrodynamic forces and coefÏcients had been imple‐
mented. The time stepping scheme was extended for the treatment of forced small amplitude motions
of the body.
In the region of small submergence depth, it was found for the radiation problem that the hydrodynamic
coefÏcients were well evaluable by cBEM, but were sensitive to the discretization parameters specifically
for the damping coefÏcient. The use of this test case as an indicator for grid refinement could be consid‐
ered in the future use. Also in the diffraction problem, the change of the phase of the transmitted wave
due to the submerged fixed cylinder at rest and the amplitude of the hydrodynamic force agreed well
with the theoretical values.
The uniform flow around the submerged cylinder was compared with the result of a linear solver by
means of the resulting surface elevation. In the regime of subcritical Froude number deviations were
indicated, but the comparability in terms of amplitude and wave length was good. For higher Froude
numbers the results were promising. The account of the stream terms in the free surface boundary con‐
ditions and a suited ramp for the Neumann body condition were shown to be successfully implemented.
For the surface piercing geometry, the comparison with computations indicated good accuracy as well.
The considered oscillation in heave and sway mode and the resulting amplitude ratios as well as the
added mass and the damping coefÏcient were treated well by cBEM.
Conclusively, the validation of cBEM in terms of different hydrodynamic applications and accounting sub‐
merged and surface piercing cylinders showed good comparability with the references over the range of
accounted parameters and thus proved the last research hypothesis.
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5.2 Conclusion

The presented work describes the development and testing of the novel symmetric Galerkin BEM solver
cBEM that incorporated the HOS equations for the monolithic coupling of wave and body dynamics. This
required the consideration of a discontinuity in the water domain that formed with the body boundary a
mixed BVP. A solution for the coupled approach was found by a direct formulation that considered new
evaluation methods for BIOs.
The review and categorization of previous literature on the topic of BEMs in the research field of hydro‐
dynamics allowed the identification of the research gap and the derivation of the global hypothesis. For
the scope of this work, six specific research hypotheses had been pointed out and framed the develop‐
ment of a two‐dimensional linear solver version.
Based on integral equations, the formulations for the free surface solver, fsBEM, and the coupled solver
cBEM were derived. The employment of BIOs required to evaluate weak, strong, and hypersingular ker‐
nel functions in the far‐, near‐ and self‐regime.
The favorable inversion with symmetric matrices, the lower requirements for continuity on the boundary
domains, and the higher flexibility in the evaluation of surface intersections represented the arguments
for the choice to the application of symmetric Galerkin formulation in cBEM. The integration of both
source and target domain was considered for the assembly of the BIOs and the direct approach of Bon‐
net & Guiggiani [19] was applied for the desingularization of the kernel functions.
By expanding parametric coordinates in the Taylor series around the singularity, in this approach the hy‐
persingular kernels have been decomposed in an analytic part and a numerically integrable part so that
regular expressions were found for the self and direct neighbor influence for all types of singularity.
The incorporation of the HOS method in the BEM approach required approximating the spectral basis
functions by locally valid representations. This was possible by employing Z‐Splines [145] as basis func‐
tions which by construction meet this requirement. Thus, the continuous functions were replaced by
solution representations of compact support.
The periodic boundary conditions were approximated by the Method of Farfield Extension. Here the
computational domain was extended virtually and allowed the influence evaluation at a far distance.
The solution remained valid only on the original domain, but by considering the extended farfield influ‐
ences at this domain, a periodic‐like solution could be found.
Showing that the solution of the integral method converged to the first order HOS solution proved the
related hypothesis. The use of the HOS formulation in a BEM gives the basis for considering the nonlinear
method without relying on spectral functions. It introduced the flexibility that was required for formu‐
lating a coupled approach for wave and body dynamics and allowed to consider a discontinuous surface
as a boundary domain. In the context of this work, a discontinuous surface was referred to as a bound‐
ary domain that contained connected internal elements which did not belong to the rest of the domain.
The assembly of independent BIOs for this part and the rest of the water domain and their subsequent
summation to full domain BIOs resulted in the same solution that was obtained in the continuous case.
Hereby, the necessary proof for stepping forward to the coupled approach was given as the main con‐
cern was about how to implement a HOS like BEM with a body inside the water domain.
The mixed BVP accounted for the body and water domain and was formulated in terms of a direct BIEM.
The occurring coupling BIOs, representing the influence of water on the body and its reverse, had to
be assembled. In the case of a surface piercing body, the union of the free surface and the submerged
part of the body formed a mixed boundary domain. At the intersection points of the continuous original
boundaries, Dirichlet and Neumann boundary parts are directly connected, and sharp geometries had to
be considered. These locations required adjacent regime evaluation for the Coupling BIOs. Their devel‐
opment, implementation, and testing was major task as all kind of singular kernels had been considered
and applications with other methods were possible only under restrictions.
For the analysis of the coupled motions in the time domain, the integration of the dynamic variables in
time was added in cBEM. The Runge‐Kutta scheme was chosen and the Taylor expansion terms up to the
fourth order were used. The time stepping approves to be stable for the mixed BVP with submerged and



100 CHAPTER 5. FINAL DISCUSSION AND CONCLUSIONS

free surface piercing geometries. The simulations in the time domain allowed us to validate the solver in
terms of academic (two‐dimensional) test cases. Here the radiation and the diffraction problem, as well
as a uniform flowwere in the focus of the submerged body cases and the forced oscillations in heave and
sway motion had been considered for the surface piercing body. The comparison with the literature in
terms of hydrodynamic coefÏcients, and wavemodifications due to the body and free surface elevations,
showed accurate results that proved the ability to apply cBEM to marine hydrodynamics.
A recurring question was how to verify the developed methods. For the verification, analytic solutions
were foremostly used, either by accounting for the first order HOS or LWT equations, or considering pub‐
lished work. Only with these reference solutions, the testing in cBEM and the proving of the hypotheses
was feasible. Even small deviations from the correct BIE formulation, incorrect parts in the operator as‐
semblies, or the desingularization of self and adjacent regime influences failed the test. Only with fully
consistent approaches reasonably small errors were reached which indicated the correct implementa‐
tion. With the LWT equation, all densities at the water surface were available and could be derived at the
body surface. By defining the body boundary data consistent with the free surface boundary conditions
an optimal test setup for the approach was found that also gave a strong test case for the transient solver.
The limitations of the here developed cBEM solver are at first the account of only two spatial dimensions
and linearizedwave dynamics. The bodymotion is considered to be of small amplitude and occurs around
an equilibrium position which yields a solution without solving the rigid body motion and updating the
BIOs. Furthermore, cBEM was implemented in a non optimized test environment and consequently, an
analysis of the optimal ratio between accuracy and efÏciency was not in focus.
The focus of this thesis was the proof of basic hypotheses to realize an innovative BEM solver. For this,
the use of the HOS approach for integral equation approaches was realized so that an efÏcient solution
of wave propagation with subsequent integration of nonlinear terms is achievable. The consideration
of surface discontinuities and the presentation of associated highly accurate solutions represents an in‐
novative step in the research field. Hereby, a way to integrate the HOS‐like approach in a BEM solver is
found. The potential of such an approach was presented by obtaining accurate time domain solutions
with cBEM.
cBEM includes a toolbox on that basis a wide field of applications in marine hydrodynamics could be
reached. Plausible future applications for the solver are highlighted and their potential in research and
industry is described in the next section. Themissing steps in the actual solver for accomplishing the spe‐
cific approaches are outlined, and from that the main future development stages in cBEM are derived.

5.3 Future perspectives

The potential of cBEM in the field of Marine Hydrodynamics can be manifold. This reflects the idea out‐
lined in the introduction of not commitÝng to one of the three main BEM streams, but allowing a more
flexible choice of scope.
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The field of potential applications of cBEM include:

• hydrodynamic analysis in numerical wave tanks,

• modeling of fluid‐structure interaction in an open ocean environment,

• support in the design of ships, boats and structures,

• and deterministic wave and motion prediction.

Concerning the first field, the boundary conditions for the wave board, the wave energy absorp‐
tion, and the bathymetry are not considered yet in the actual solver. By their inclusion in the solver,
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experiments in model scale could be prepared with cBEM and a direct comparison with wave tank mea‐
surements would be feasible. A possible application could be the analysis of wave‐ice interaction for the
water boundary would be partly modified to consider bending, inertia, and compression of the modeled
ice and would give in addition to the free surface a new mixed BVP.
With the implementation in three dimensions, the account of nonlinear terms, and the use of computa‐
tionally highly efÏcient methods an even more relevant test setup would be available and short crested
sea states could be considered.
The successive increase of complexity in the numerical wave tank would open cBEM to a wide research
area for the analysis of nonlinear wave‐body dynamics, see Sec. (1.2), and introduce it as a competitive
solver in the field of BIEMHs.

The application of the solver in the open ocean environment requires the nonlinear HOS approach
and the implementation in three dimensions. Ducrozet et al. [54] have introduced an open source HOS
solver for open ocean simulations and the wide use of such approaches in the research field indicates
the interest in realistic sea state modeling.
With the ocean environment, a setup for analyzing the seakeeping behavior of ships in the open sea
would exist. Recently, Choi et al. [29] have presented a coupled HOS‐CFD approach and have indicated
the potential of the approach in the field of the analysis of ship and nonlinear wave interaction.
In contrast to coupling approaches that account for different solvers, a three‐dimensional cBEM solver
would have the potential to solve the mixed BVP more efÏciently, because the monolithic coupling ap‐
proach accounts for the complete problem at once and no transition between two solutions of different
solvers would be required. Investigation for that typically nonlinear RSGF methods are used, e.g. wave
resistance evaluation could be extended as the incorporation of the HOS method allows for testing ship
maneuvers in deterministic sea states. The analysis of operations under speed, with the ship at a rest
and during dynamic positioning, would be feasible and could support the planning and optimization of
ship operations.

These environmental test setups are of relevance from the perspective of digital twins and software in
the loop (SiL) applications. The role of digital twins as a mirror image of real ships plays an increasing role
in testing different load cases, optimizing ship performance, and planning ship routes. By using highly
accurate geometry approximations, the performance of complex ship hulls and structures can be well
analyzed and cBEM represents an optimal environment for testing the digital twins.
The embedding of cBEM in SiL test benches will be reasonable as the fast interaction of the solver and the
experimental setup will be viable due to high computational efÏciency. A possible SiL experiment could
be to include cBEM in a study on the operating limits of machines. The hydrodynamic loads determined
with cBEM from different sea state scenarios could be transferred to a hexapod. The operation of the
machine mounted on the hexapod could then be analyzed for varying wave heights or roll accelerations,
and limits for the trouble‐free operation could be derived.

The performance of a design should be known best before the start of the construction phase of
the ship. All previous facets for the use of cBEM could be used in the very early project phases, e.g. in
cooperation with hull optimization tools, to test different designs and then in accompany by a model
test to choose the final candidate. The support in the design phase would be in principle beneficial for a
wider range of ship classes and offshore structures and could be useful for different stakeholders in the
maritime industry.

The prediction of waves andmotions by a deterministic approach, see e.g. linear methods of Naaijen
et al. [118] and Kusters et al. [101] for commercial applications and of Clauss et al. [31], Kosleck [98] and
Fucile [60] in the field of research, is probably the most innovative field for that cBEM would be applica‐
ble and that is a target within the global hypothesis. The term ’deterministic’ in the context of sea state
prediction accounting for the phase resolving ability of the method and intends the use of observations
for the input to wave propagation methods.
Three main concerns make innovations towards nonlinear methods in this field very challenging. First
the reconstruction of wave properties from the radar signal and second the coupling of wave and body
dynamics in a nonlinear time domain approach. Third, the computation of wave inversion, propagation,
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and motion response faster than real time, to end up with a true prediction, has to be realized.
A novel method for the nonlinear reconstruction of waves has been introduced in Desmars et al. [48, 49],
where a grid based method has been used in that the wave variables have mapped to the radar observa‐
tions and have propagated in space and time by accounting the nonlinear HOS equations. For the second
challenge, cBEM gives the optimal basis approach as it considers wave and body dynamics in a coupled
approach. The incorporation of the HOS procedure in the BEM environment was proved by this thesis.
The holistic concept would use the regular HOS grid as the HOS method has shown to be favorable com‐
pared to other methods, see Klein et al. [95], due to its efÏciency and the consideration of nonlinear and
broad banded ocean waves. The HOS grid would be thus used as the central element in the approach
where the reconstruction and propagation lands and the motion solver starts. The applicability of accel‐
eration techniques and the use of GPU give rise to expect that also the third challenge can be handled
and computation times faster than the simulation time can be realizable with the holistic approach.
The potential of this approach for the offshore and ship industry is high. Nowadays most applied statis‐
tical approach account for the significant wave heights with a safety factor and use the wave forecast for
deciding operability. Alternatively, linear methods for wave and motion prediction are available and in
use, see e.g. Naaijen et al. [118] and Kusters et al. [101].
Replacing these methods with a nonlinear holistic physic‐based approach, give the chance to assess the
situation at the location with higher accuracy compared to the linear prediction methods. Both the
security and the days of operations per year could be increased, yielding an optimization of offshore
operations.

Coming back to the future development steps, the implementation of the method in three dimen‐
sions and the use of acceleration techniques are most relevant and give the track to many applications
in the context of marine hydrodynamics.

With the proof of the research hypotheses, the conceptual foundation for the three‐dimensional
BEM solver is finalized and cBEM can be used as a platform for further developments. The conceivable
steps in the short to medium term period are categorized into four parts, namely the
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ts 1 account of rigid body dynamics,

2 the implementation in three dimensions,

3 the utilization of acceleration techniques,

4 and the account of nonlinear phenomena.

Stage one implies first the incorporation of a motion solver in cBEM. The body’s acceleration is eval‐
uated by the equation of motion accounting for the body characteristics, hydrodynamic coefÏcients, and
hydrostatic restoring. Employing the time integration scheme will yield the velocity at the body surface.
Therefore secondly, the relative positions of the free surface and body geometries will be updated and
the BIOs will be assembled newly. Under the assumption of small motions, this concerns only the near
and adjacent Coupling BIOs. The consideration of the body dynamics requires a review of the stability
and accuracy of the solver before this task is completed.

By the future development step two, the approach is extended to three dimensions. This fore mostly
requires a numerical method that handles the free surface discontinuity. The efÏcient evaluation of
the Dirichlet‐Neumann intersection of the mixed BVP, represented by a closed curved line in three di‐
mensions, with the constraint to not significantly decrease the accuracy will be a challenging task and
represent a relevant step toward the global hypothesis. The desingularization of the BIOs will be a further
complex task that has to be completed for the successful implementation in three dimensions.

The highly efÏcient computation of hydrodynamic problems is a key specification of the new solver.
To realize time saving computations up to real time capability, the use of acceleration techniques is re‐
quired. The FMM and pFFT techniques are well integrable in BEM environments and represent potential
methods for cBEM. The applicability of these approaches for the discontinuous solver has to be checked
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and necessary modifications have to be accomplished before implementation in cBEM will follow. The
efÏciency of the solver could then be highlighted by suited benchmark tests and checked for real time
capability.

The last task for the proof of the global hypothesis is the account of nonlinear mechanisms related to
wave dynamics and the interaction between waves and bodies. This is assumed to significantly increase
the accuracy first in modeling wave physics due to the account of the correct wave shape, the Stokes
drift, and the interaction between wave components. Second, the small resistance of the floating body
to roll motion cause sensitive reactions to wave excitation in this mode and results typically in nonlinear
motions. As these considerations play a relevant role in the ship’s safety, the accurate modeling of these
cases is of special interest and might be applied in the design process.
As a first step, the increase in accuracy will be obtained by accounting for the actual wetted body surface.
The incorporation of the nonlinear equations for the wave dynamics will follow. This requires the indirect
BEM approach and the use of the HOS method in a postprocessing step. The consideration of nonlinear
body motion will be included thereafter and parameterized models for capturing viscous effects might
be considered.

Alongside these larger development stages, the optimal ratio between efÏciency and accuracy has
to be found. The definition of benchmark cases and their systematic analysis for varying computational
parameters and characteristic numbers will allow a detailed study of the error influencing parameters
and the identification of the ideal setup for highly efÏcient simulations.

By reviewing these stages according to the global hypothesis, the consistency of this conjecture is
indicated and approved for future developments.
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