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ARTICLE INFO ABSTRACT

Keywords: This paper presents a three-dimensional formulation of the Localized Novel Implicit Iterative Particle Shifting
ALE-SPH (L-NIIPS) method within the Arbitrary Lagrangian-Eulerian Smoothed Particle Hydrodynamics (ALE-SPH)
Localized implicit iterative particle shifting framework to minimize particle concentration gradients, thereby improving the regularity of the particle

Advection correction step
Parallel computing
Industrial application
Pelton turbine

distribution. A multi-node parallelization approach is introduced for the L-NIIPS approach to efficiently handle
complex 3D cases. The methodology also incorporates wall contribution terms into the Advection Correction
Step (ACS) formulation to ensure consistent transport of physical quantities through the boundary integral
method, thereby eliminating pressure oscillations near solid boundaries and yielding noise-free pressure fields.
Through numerical evaluation, optimal L-NIIPS parameters are identified that strike a balance among accuracy,
computational cost, and particle distribution regularity, proving robust across different flow configurations
and eliminating the need for case-specific tuning. Validation is performed using established SPH benchmarks,
including the Taylor-Green Vortex (TGV), moving square box, and 2D/3D impinging jets on a flat plate
and further assessed through a demanding 3D Pelton bucket simulation. Results confirm that the proposed
methodology significantly enhances accuracy and smoothness of the physical fields while maintaining a
manageable computational overhead, making it suitable for industrial applications.

1. Introduction (PSTs) to achieve high-order accuracy with reduced dissipation and
suppressed tensile instabilities [6].

Furthermore, the integration of Riemann solvers into SPH was first
introduced by Monaghan [7]. Later, the Godunov SPH (GSPH) method
was proposed by Inutsuka [8] to enhance shock-capturing capabilities

Smoothed Particle Hydrodynamics (SPH) is a particle-based mesh-
less method, originally formulated for astrophysical problems by Gin-

gold et al. [1], and Lucy [2]. In practice, standard SPH schemes suffer and ensure exact conservation across particle interfaces, and was fur-
from a lack of zeroth-order consistency and various numerical insta- ther improved by Parshikov and Medin [9]. Cha and Whitworth [10],
bilities, such as particle clustering, tensile instability, and difficulties as well as Puri and Ramachandran [11], incorporated approximate Rie-
in handling shock waves. To mitigate some of these limitations, the mann solvers to strike a balance between accuracy and computational
Arbitrary Lagrangian-Eulerian SPH (ALE-SPH) framework was pro- efficiency. The main advantage of this formulation is that stability is
posed by Vila [3] and later extended to the Weakly Compressible achieved without introducing any artificial viscosity parameter. Never-

SPH (WCSPH) context by Oger et al. [4]. This approach offers ad- theless, Riemann-solver SPH schemes tend to be excessively diffusive,
even when employing Godunov’s flux based on the exact Riemann

solver [3].

The integration of high-order reconstruction techniques into ALE-
SPH frameworks marked a significant advancement toward achiev-
ing higher-order spatial accuracy. Cleary and Monaghan [12], us-
ing the Monotonic Upstream-Centered Schemes for Conservation Laws

vantages over purely Lagrangian SPH, particularly in cases involving
strong deformations and complex interface dynamics. More recently,
Michel et al. [5] introduced the Renormalized High-Order Diffusive
SPH (RHOD-SPH) scheme, which combines a non-conservative pressure
gradient, Riemann solvers, and advanced Particle Shifting Techniques
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(MUSCL) reconstruction commonly employed in finite difference meth-
ods (FDM) [13], demonstrated that such approaches elevate conver-
gence from first to second order in smooth regions. Subsequent ex-
tensions by Avesani et al. [14,15] and Michel et al. [16] introduced
WENO techniques for enhanced accuracy [17,18]. Nogueira et al. [19]
presented a novel SPH scheme based on Moving Least Squares (MLS)
reconstructions [14,20], combined with a posteriori Multi-dimensional
Optimal Order Detection (MOOD) [21,22], resulting in an efficient,
stable, and low-dissipation SPH formulation. However, despite these
efforts to reduce numerical diffusion in the ALE-SPH framework, global
error analysis reveals that the convergence rate remains below second
order and exhibits an early saturation effect.

Additionally, another challenge in SPH arises from anisotropic par-
ticle distributions due to its Lagrangian nature [4,23-25]. Particle
Shifting Techniques (PSTs) address this issue by relocating particles
to restore a more uniform distribution, either through velocity correc-
tions [4,23,26-28] or position modifications [24,25,29-34]. Recently,
Michel et al. [28] proposed a PST formulation based on relative ve-
locities to overcome limitations of Fick’s law [25,35]. Despite these
advances, achieving consistently uniform particle distributions remains
a challenge for the explicit shifting methods as they cannot guarantee
global minimization of particle concentration gradients. Consequently,
Rastelli et al. [34] introduced the Implicit Iterative Particle Shifting
(ITPS) method, which minimizes particle concentration gradients glob-
ally but faces challenges related to computational cost and stability.
Recently, Ghazi et al. [33] proposed the Novel Implicit Iterative Particle
Shifting (NIIPS) approach, which reformulated the IIPS using neighbor
interactions to address the stability in particle distribution, while their
localized version (L-NIIPS) reduces computational cost and constrained
the shifting magnitude.

The correction of the physical quantities after particle shifting varies
across methodologies. Xu et al. [24] and Suchde et al. [36] maintain
strict conservation of mass and momentum by avoiding any post-
shifting treatments. Taylor-series expansion methods, which linearly
approximate physical quantities after shifting using local gradients,
are commonly employed [25,31-33]. However, these methods often
suffer from a lack of conservation. ALE-based approaches, such as those
proposed by Sun et al. [26] and Antuono et al. [27], apply explicit
correction terms to account for the convective transport. Although
implementation details may vary across different studies, this structure
is inherently limited by two main disadvantages: the introduction of
a one-step delay in the coupled update of particle positions and field
variables, and the requirement for a careful integration of the post-
shifting terms directly within the SPH solver. To tackle these problems,
Rastelli et al. [37,38] introduced Advection Correction Steps (ACS) and
Moving Least Squares (MLS) re-interpolation strategies; however, both
approaches introduced pressure field oscillations, and the MLS method
proved to be computationally expensive.

Building on these observations, this work extends the L-NIIPS for-
mulation [33] to three dimensions. Furthermore, to enable efficient 3D
simulations, a parallelization strategy is proposed based on multi-node
execution. The Advection Correction Step (ACS) [38] is employed to
update the physical quantities as the post-shifting treatment. However,
the ACS formulation is modified in this study to ensure accuracy also
near the boundaries discretized with the boundary integral method,
which is integrated into the ALE-SPH framework implemented in AS-
PHODEL [39,40], an in-house solver developed by the Andritz Hydro
company for simulating Pelton turbines. Although SPH has been widely
applied in various industrial contexts [41-50], this work places par-
ticular emphasis on Pelton turbine simulations, which hold particular
relevance in hydraulic machinery [40,41,51-58]. Moreover, a numeri-
cal investigation is conducted on the predefined threshold for particle
uniformity and the limitation on shifting magnitude. This investigation
facilitates a balanced compromise between numerical accuracy, com-
putational cost, and particle uniformity within the domain, thereby
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allowing users to employ the proposed method without the need for
extensive parameter tuning across different cases for the L-NIIPS.

This paper is organized as follows. First, the governing equations
of the ALE-SPH framework are introduced, formulated in terms of a
Riemann problem. Next, a detailed derivation of the three-dimensional
L-NIIPS method is presented. The subsequent section describes the
parallelization strategy for solving the linear system arising from L-
NIIPS, which is employed to compute the shifting vectors. Further-
more, the Advection Correction Step (ACS) is discussed, serving as a
post-shifting treatment of the physical quantities in the presence of
boundary integral method. Finally, the results of two-dimensional and
three-dimensional simulations are reported in the last two sections,
respectively.

2. Governing equations

The Arbitrary Lagrangian-Eulerian (ALE) approach was first in-
troduced into the WCSPH framework by Vila [3] to discretize the
Euler equations for fluid flow simulation. In ALE, the conservation
laws are expressed for a control volume that moves with its own
velocity, v, called the transport velocity. The ALE-SPH formulation
presented in this work is implemented in ASPHODEL [39,40], an in-
house tool developed by Andritz Hydro company for simulating Pelton
turbine flows [41,42,53,59,60]. The formulation is based on midpoint
integration of the transport velocity v,(r;;), obtained by solving a local
Riemann problem at the particle interfaces:
dr;
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In the presented formulation, r;, ®;, p; and v; denote the position,
volume, density and velocity of particle i, while pﬁ, pg , and vg, denoted
with the superscript E, represent the pressure, density, and velocity at
the interface between particles i and j. In three dimensions, the velocity
vector is given by v = {u,v,w} and the index j denotes a particle in
the neighborhood of particle i. For simplicity, in the above system of
equations the boundary terms are excluded. Moreover, the gravitational
acceleration is represented by the vector g. In this work, the approxi-
mate Primitive Variable Riemann Solver (PVRS) is employed [61,62]
which is a linearized solver where the Jacobian matrix is taken as
constant and corresponds to a certain mean state between the left and
right states, associated with particles i and j. Moreover the Wend-
land C6 kernel [63] is employed, as recommended in [33,34] for its
stability and smoothness properties. To improve spatial accuracy, the
Monotone Upstream-centered Scheme for Conservation Laws (MUSCL),
originally proposed by Van Leer [13], is adopted using the minmod
slope limiter [64].

The governing equations in Eq. (1) are integrated in time with
the third-order Runge-Kutta (RK3) scheme [65]. The fluid flow is
assumed to be weakly compressible, with density variations constrained
to around 1% [66]. As a result, the mass and momentum conservation
equations are closed using an equation of state, typically the barotropic
Tait equation:

2 4
5 (2) -]
Y Po

Here, y = 7 represents the polytropic exponent for water, while ¢,
po> and p, correspond to the reference speed of sound, density, and pres-
sure, respectively. To ensure weak compressibility, the reference speed
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of sound is chosen as ¢, ~ 10||v||, where ||v|| is the reference velocity. In
the present study, it is defined as the prescribed inlet velocity for cases
involving a jet, while for all remaining cases it is explicitly stated. This
choice results in a Mach number Ma = ||v||/¢, of approximately 0.1,
aligning with the assumptions of a weakly compressible regime. Such a
formulation imposes a restriction on the time step, determined by the
Courant-Friedrichs-Lewy (CFL) condition. Therefore, the simulation
time step 4r is constrained by the CFL condition as follows:

h.
At:CFL-In_in(—'). 3
i\ e+ vl

Here, the parameters are defined as follows: the smoothing length of
particle i is h; = 24, where 4 is the particle spacing, and the CFL number
is prescribed a value of 0.2. Additionally, solid boundaries are treated
using boundary integral method [54], combined with interface-based
Riemann solvers [40], which ensure robust performance for complex
geometries, such as Pelton buckets, where the surfaces exhibit high
curvature and thin structural features.

3. Localized novel implicit iterative particle shifting (L-NIIPS)

In this work, the Localized Novel Implicit Iterative Particle Shifting
(L-NIIPS) method, originally proposed by Ghazi et al. [33] for two-
dimensional simulations, is extended to three dimensions. To the best
of our knowledge, this is the first derivation of an implicit iterative
particle shifting approach to fully three-dimensional formulation. The
L-NIIPS approach allows users to specify a maximum allowed shifting
magnitude and relies on a localization procedure that identifies (flags)
particles eligible for shifting when their value of 4 - |VC| exceeds the
prescribed threshold L. (VC)y,, or when they are neighbors of such
particles [33]. The shifting procedure is triggered when the global
indicator L (VC), defined as the maximum value of 4 - |VC;|, ex-
ceeds the pre-defined threshold L (VC)y,. The process continues until
this condition is no longer met or the prescribed maximum shifting
magnitude is reached.

The gradient of particle concentration in 3D is represented as a
generic function of particle coordinates:

VCX,Y,Z),
where,

X=0p X X)) Y=YV L2=0(20,000, 245000, 2,),

are the coordinate arrays of all fluid particles in the x-, y-, and z-
directions, respectively. Each triplet (x;,y;,z;) denotes the position of
particle i, and n is the total number of chosen (flagged) particles
in the system by the localization procedure. The aim of the implicit
iterative particle shifting technique is to compute a new set of particle
coordinates

X =& X %)y Y=GpoeesFioen Ba)s 2= (Egsesy Zjp oy )

such that the concentration gradient VC is minimized for each particle.
Since the implicit shifting formulation is purely geometric, aiming to
determine particle positions such that VC ~ V1 = 0 [33,34], it is
inherently independent of the flow dynamics and physical parameters
of the test case. This condition promotes a well-distributed particle ar-
rangement throughout the simulation regardless of the flow complexity.
Following this, the main objective of the shifting method is to:

oC; dC; 0dC;

Vq@ﬁi):(h-g,h>@YZ)=Qi=Lm% “@
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Moreover, the gradient of particle concentration VC;(X,Y,Z) using
the first-order Taylor-series expansion for particle i is expressed as:

J
VX Y. 2) V(X Y. Z) + ) % [VC(X.Y.Z)| 6x;
& ox;

9
+ Z %, [VCi(X. Y. Z)] 6y, 5)

~.

J
[Z}

Z 5 [VC(X.Y.Z)] 6z;.
Where 6x; = X; — x;, 6y; = j; — ;, and éz; = Z; — z; represent the
components of the shifting vector for particle j. Using this notation, Eq.
(5) can be decomposed into its directional components. For example,
along the x-axis, the corresponding contribution reads:
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Similarly, the expression for the y-axis can be written as:
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And for the z-axis, the corresponding expression becomes:

J
oo 5 )
v.G(X,Y,Z)~ V,C;(X, Y, Z) + Z{ aTj [V.C/(X.Y.Z)| 6x,
S ———

ejj

d
+ Y L |v.c(X,Y,Z)| 5y,
1%[1’ oy ®
—_—

8ij

M~

-~
Il

9

1 0z;

\_....W____J
Jij

M~

+ [V.C,(X.Y.Z)| 6z

~.
Il

It is important to highlight that in Egs. (6) and (7), the terms g; s bijs
and d;; ; have already been defined along the x- and y-axes in [33] for the
two-dimensional formulation of the L-NIIPS. In contrast, the final terms
in both equations (e¢;; and g;;), as well as the entire Eq. (8), result from
the extension of the method to three dimensions. Considering that the
VC components in three dimensions can be approximated using SPH
spatial interpolation, the expression along the z-axis is given by:

K
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Here, K denotes the number of neighboring particles within the
kernel support of particle i, with x;, = x; — x;, yix = ¥ — ¥ and
Z;x = Z; — Zx- By systematically expanding the terms on the right-hand
side of Eq. (8) and applying in Eq. (9), the first term becomes:
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Substituting these identities into Eq. (5) and applying the condition
defined in Eq. (4) yields:

V,C; = Za,jﬁx +Zbu5yj +Ze 0z;
v,C = Zb,.j 5x; + Zd,,- 8y, +Zgi,52j
J J J
V.Ci= Y ey dx;+ Y g6y + Y £ 62;
J J J

Eq. (13) is a system of linear equations of size dn x dn, that can
be written in the form of Eq. (14), where dn is equal to the number of
flagged particles (n) multiplied by the number of spatial dimensions (d,
i.e. 2 or 3) in the L-NIIPS approach (see the equation in Box I).

x-direction
y-direction (1 3)

z-direction

The system presented in Eq. (14) represents a system of linear
equations of the form A 6r = B, where A is a sparse matrix containing
the second derivatives of the kernel function, ér is the unknown shifting
vector, and B is the right-hand side vector containing the gradient
of particle concentration. The system is solved iteratively inside the
Newton-Raphson (NR) iterations using a BICGSTAB solver to obtain
ér. The ¢ terms in Eq. (14), originally introduced by Ghazi et al. [33]
for the x- and y-directions in two dimensions, are here extended to the
z-direction as follows (see the equation in Box II).

4. Parallelization procedure of the L-NIIPS

In SPH simulations with a large number of particles, parallel com-
putation is crucial for efficiency, especially in three-dimensional cases.
Implementing the implicit iterative shifting techniques, which requires
solving a linear system of equations, demands special considerations to
ensure compatibility with the parallel structure of the solver.

When solving the linear system Aér = B in a spatially parallel
environment, the sparse system matrix A, the shifting vector ér and
the right-hand side vector B are distributed among the available CPU
processes. Each processor (P;) handles a local matrix A, € RW*N,
which corresponds to a block of dn; rows of the global matrix A €
RN*N_ Here, dn; denotes the number of flagged particles multiplied by
the spatial dimensions (d, i.e. 2 or 3) in the sub-domain assigned to
process P, and N = ¥ | dn;. The right-hand-side vector follows the
same distribution logic, while the solution vector is needed in full in
each process. This row-wise distribution is illustrated in Fig. 1.

Communication is required at each iteration of the BICGSTAB solver
to exchange data corresponding to the matrix—vector products, which
can represent a bottleneck (see Algorithm 1). In this work, all par-
allel operations are performed with the Message Passing Interface
(MPI) protocol (AllGather() and AllReduceSum() in Algorithm 1) to
maintain the same parallelization strategy as in the in-house Andritz
solver, ASPHODEL. Local matrix and vector operations utilize the Eigen
library [67].
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Box II.

Algorithm 1 Parallel BiCGSTAB Solver

Require: Sparse matrix A/°?/| right-hand side B/*?, tolerance tol =
0.01, maximum iterations maxIter = 100

Ensure: Approximate solution x (representing ér, not to be confused
with the solver residual)

1: Initialize x =0
2: Compute initial residual: ry = B/°¢? — Alocdl .x ¢ =1,
3: Initialize search direction p, = r,, auxiliary vector v, =0
4: Initialize scalars: pgg =1, a =1, 0 =1
5: for i =0 to maxIter do
6: p =Al1ReduceSum(tr;) > Global dot product across all
processes
7: if i > 0 then
8: = ﬁg > Compute scalar for updating p
: pi=r;+p(P;_ —wv;_y) > Update search direction
10: end if
11: pf“’b"l = AllGather(p,) > Gather full vector p from all
processes
12: v, = Alocd . pf”’b”’ > Matrix-vector product with distributed
matrix
13: a = p/A11ReduceSun(tTyv,) > Compute step size scalar «
14: s;=r;,—av; > Compute intermediate residual

15: if \/ AllReduceSum(ss;) < tol then > Check convergence
with residual norm

16: X=X+a- p;'?’l”b”l > Update solution
17: return x

18: end if

19: ¢ = Al1Gather(s,) > Gather full vector s
200t = Alocal . g8 > Matrix-vector product for correction

_ AllReduceSum(t]s;)

21: = FllReduceSunt Tty > Compute scalar @

22:  x=x+a- pf"’b“’ +w- sf“’b”’ > Update solution vector

23: ri =Ss;—ot > Update residual vector

24 if \/AllReduceSum(rl_TJrlrm) < tol then > Check
convergence

25: return x

26: end if

27: Pold = P > Update p,q for next iteration

28: end for

5. Preliminary tests

In order to evaluate the effectiveness of the proposed three-
dimensional shifting formulation together with the parallelization pro-
cedure for constructing the linear system of Eq. (14), distributing
it across processors (see Fig. 1), and solving it with the BiCGSTAB
solver described in Algorithm 1, a confined cubic domain of size
Ix1x1m? (L = 1) is considered. One million fluid particles are
initialized inside the box, which is bounded by solid wall particles,
corresponding to a spatial resolution of 4/L = 0.01. The initial particle
positions are randomly perturbed in all three directions by 20% of A.
Subsequently, the three-dimensional L-NIIPS algorithm is activated to
assess its capability of recovering a uniform particle distribution. Tests
were conducted on the University of Parma cluster, where each node

is equipped with a dual 16-core AMD EPYC 7282 processor running
at 2.8 GHz. Each test involved 250 Newton-Raphson iterations. In
this preliminary assessment no limitation is imposed on the shifting
magnitude, as the Navier-Stokes equations are not solved.

As shown in Fig. 2, a strong scaling comparison is carried out
using 1, 2, 4, 8, and 16 processors to assess the efficiency of the
parallelization strategy. The results are based on the average CPU
time recorded over the 250 Newton-Raphson iterations. Increasing
the number of processors yields a speedup close to the ideal trend.
In particular, the simulation with 8 processors achieves a speedup of
6.81, while that with 16 processors reaches 12.73, both relative to the
serial run. These results confirm the good scalability of the proposed
parallelization procedure.

Furthermore, Fig. 3 illustrates the effectiveness of the proposed
three-dimensional formulation together with the accuracy of the par-
allelization procedure. The value of L (VC) is measured at each
Newton—Raphson iteration using 16 processors. Starting from a highly
perturbed initial particle distribution, where L (VC) = 0.186, the
proposed shifting method reduces this value to L (VC) = 0.00406
after 250 iterations, thereby demonstrating the capability of the three-
dimensional L-NIIPS formulation to recover a uniform particle dis-
tribution. Moreover, the red triangles represent the same quantity
obtained from the serial simulation, confirming the accuracy of the
parallelization procedure, as no differences are observed between the
results obtained in serial and with 16 processors.

6. Advection correction step (ACS)

To preserve the stability of the numerical scheme, the shifting vector
obtained by solving the linear system in Eq. (14) is used to update
the physical quantities through an Advection Correction Step (ACS).
This correction procedure, originally proposed by Rastelli et al. [38], is
derived from a fictitious time step applied to the ALE formulation in Eq.
(1). A detailed derivation of the ACS formulation is provided in [38].
The advantage of this method over other post-shifting treatments lies
in its non-intrusive nature, as it can be applied independently of
the specific approximation adopted for the governing equations and
SPH solver (e.g. Eq. (1)). Instead, it can immediately account for the
change of the physical quantities due to the advection fluxes using the
following equations:

or, =1, -1, (Position variation)
D, —w; =, Z(&rj —or)- VW, o

@ (Volume flux)

jer
@;p; — w,p; = — W, Z(p,- v, +p; or;)- VW, @, (Mass flux)
jer
@,5,V; — w,p,V; = —, Z(p, Vv, ® 61, +p;V; ® 6r;)-VW,;0;.  (Momentum flux)
jer

(16

In this formulation, indices i and j € F refer to fluid particles, @;, j;,
and V; represent the updated volume, density, and velocity of particle i
after the shifting procedure. However, the implementation of this post-
shifting treatment by Rastelli et al. [38] resulted in pressure oscillations
near solid walls when using the boundary integral method. Therefore,
this formulation requires modification through the introduction of addi-
tional terms to accurately incorporate the influence of wall boundaries
into the ACS update.
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Consider the ALE-SPH formulation of Eq. (1), where the Riemann
solution at the particle interface, tD,.’f. = (pg , ﬂij ,vg.), is replaced by the
particle-centered quantities p;, p;, p;, pj, V;, and v;. Incorporating the
boundary integral terms and omitting gravitational and pressure forces
in the momentum equation, Eq. (1) becomes:

dr;
— =V,
dt 0i
dw; ,
o S Z(VOJ —vo) VW, 0; + o, Z(VOI—VO,) n,; W, o,
JEF JjEW
d(w;p;)
ar =—w; Z (P,(Vi = Vo) +p;(v; — VOj)) VW, ;
) jeF
- w; Z (l’i(vi = Vo) +p;(v; _VUj)) -ny; W, a);,
JEW
d(w;p,V;)
# =T, z [pivi ® W = Vo) +p;V; ®(v; — VOj)] VW, o,
JjeF
/
- w; z [pivi ® (Vi = Vo) +p,V; ® (V; — V()j)] ;W o).
jew

7)

In this equation, indices j € W denote neighboring wall parti-
cles, and o', represents the area of the corresponding surface element
(segment) when the boundary integral method is used. The vector n;;
indicates the wall normal, oriented from wall particle j toward fluid
particle i. Let us now consider this formulation at a fictitious time step
Ar*, during which the physical time of the simulation is frozen [38], and
the only movement occurs through the shifting vectors. Consequently,

2 and —L  respectively, as follows:

j ’
@)+ o; Z <At* _A_t*> s Wi o),

we can replace v; and vy; w1th

dw; ér, Or;
oY (- 3) ™
jer

d(w;p;) Sr; or;
a = L\ g ) Ve
jeF
or, 6rj ’
-o 2 (p‘At* pfAt*>'n’/W"/“’j’
JjEW
d(w;p;V;) or;
—' a)z p,V,® +p”®A_ti VW, w;
JEF
—o; Z (/’:V, ® —+pv,® — ) ny Wiy o).
JjEW

(18)

By canceling the fictitious time step Ar* from both sides of the
equations, the fluid—fluid interaction becomes identical to that obtained
by Rastelli et al. [38]. Considering only the fluid—-wall interactions,
the wall contribution terms in the induced advection by the shifting
procedure can be expressed as follows:

_ _ ’
@D — w; = w; Z(Srj —or;)n; W @,

JjEW
@; p; — w; p; = —W; Z(p,- or; +p; or;)-my; W,-jco;,
JjEW
- - - /
@; p; Vi — @i p; Vi = —®; Z (pivi®6r,+p;v; ®0r;) my Wi; o;.

JjEW
19



M.A. Ghazi et al.

It is important to note that in the above formulation, ér; refers to
the shifting vector associated with wall particles. Since wall particles
are not shifted in the L-NIIPS procedure, their displacement vector is
zero, i.e., ér; = 0. Although these particles are not shifted, they do
influence the system through the vector B and the ¢ terms located on
the diagonal of the A matrix in Eq. (14). As a result, the contributions
from wall particles in Eq. (19) can be combined with those in Eq. (16),
leading to the following formulation for ACS including the boundary
integral treatment. Given that ér; = 0 for wall particles, the resulting
expression simplifies accordingly and yields the following complete
form of equation for ACS:

@ —w; = o, Y (6, = 6r) - VW, 0, + o, Y (=6r) -0, W, o,

jer jew
@;p; — @;p; = —; Z (pi6r; + pjor;) - VW, 0, — @, Z it - ;W w;,
JEF jew
DT = @ipy; == Y (pVi @ 1, + 9V, ® b1;) - VW, o
jer

Fluid contribution
/
- E piv; ® or; -n; W, w;.
jew

Wall contribution

(20)

In this equation, the wall contribution terms account for the inter-
action between fluid and wall particles during the ACS update. These
wall contribution terms ensure that the influence of wall particles is
accurately incorporated into the ACS update, even though the wall
particles themselves remain fixed and are not subject to shifting. The
benefits of incorporating wall contributions will be demonstrated in the
results section. It is also noted that the L-NIIPS approach is consistently
applied with the complete formulation of ACS in Eq. (20), unless stated
otherwise.

7. 2D results

In this paper, three test cases are evaluated in 2D: the Taylor—
Green Vortex (TGV), the moving square box [68], and an impinging
jet. The TGV case is employed to assess the performance of the L-NIIPS
approach in conjunction with the ACS in scenarios involving highly
distorted particle distributions. To investigate the influence of a moving
object and wall boundaries, the moving square box scenario serves as
an appropriate benchmark. Additionally, an impinging jet simulation is
conducted to evaluate the robustness of the method under high-impact
conditions on a flat plate in the presence of a free-surface condition.

7.1. 2D Taylor-Green vortex (TGV)

In fluid dynamics, the TGV represents a decaying vortex flow that
admits an exact solution to the incompressible Navier-Stokes equations.
This test case provides a suitable benchmark for assessing particle
shifting methods, as it continuously generates strong vortical structures
that induce significant particle disorder. Consequently, the shifting
procedure must remain actively enabled throughout the simulation
to maintain particle distribution regularity. However, in this work,
the reference solution of weakly compressible approximation recently
derived by Antuono et al. [69] is employed. The computational domain
is periodic with side length L = 1 m. The reference velocity U is
set to 1 m/s, and the reference density p is 1 kg/m’. The weakly
compressible approximation of the analytical solution for TGV [69] is
given as follows:

u=uy+eu + Oeh),
v = vy + v, + OE?), (21)
p=po+ep; + O,
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Here, ¢ = Ma? < 1. Moreover, uy, vy, and p, represent the
incompressible analytical solutions for velocity and pressure, while u,,
v, and p, denote the weakly compressible correction terms [69]. The
incompressible analytical solution, assuming unit length, unit reference
velocity, and unit density, is given as follows:

uy = F sin(2zx) cos(2zny),

vy = —F cos(2zx) sin(2zy), (22)
2
Po = FT [cos(4rmx) + cos(4xy)] .

Where F = exp(—8x2vt), x and y denote the spatial coordinates,
and v represents the kinematic viscosity. Additionally, the weakly
compressible correction terms in Eq. (21) are defined as follows [69]:

3
u, = vaF?sin(4zx) — f—? sin(2zx) cos(2zy) [cos(4rzx) —5cos(4rny) + 5] +O(v),
v, = vaF?sin(4xy) + 11:_6 cos(2zx) sin2zy) [—5 cos(4zx) + cos(4ry) + 5] +0O(®v),
4
P =— [ —5cos(4zx) — Scos(4ry) + cos(8zx) + cos(8xy) + 12 cos(4xx) cos(4xy)

_F
T o4
—cos(8zx) cos(4ry) — cos(4xx) cos(8xy) ] +0O(v).

(23)

Using this reference solution enables an accurate comparison be-
tween the results obtained from the weakly compressible solver and
the analytical solution proposed in Eq. (21).

In order to evaluate the performance of the L-NIIPS method with
ACS formulation, the impacts of the shifting magnitude limitation, and
the threshold value L (VC)y, are analyzed. The maximum shifting
magnitude obtained by the L-NIIPS method is important as it is directly
used in Eq. (20) to update the physical quantities with the ACS proce-
dure. Moreover, the selection of an appropriate threshold remains an
open question, as no general guideline has been established by existing
implicit iterative shifting methods in the literature [33,34,38]. In all
cases reported in Table 1, the percentage of mid-point pressure error
at (0.5L, 0.5L), together with the L,-norm of pressure, L,(p), and the
L,-norm of the velocity in the x-direction, L,(u), are presented at the
non-dimensional time tU/L = 1.0. The L,-norms are computed as

follows:
n SPH analyt 2
_ 1 p; D
s Ly(p) = " Z (W) s

i=1 max

2
analyt
u‘SPH - y
analyt
max

Lw=4|1Y

i=1

analyt analyt : :
where u5" and pi’' denote the maximum analytical values of the

velocity and pressure, respectively, and » is the total number of fluid
particles. In all cases, the particle spacing is set to 4/L = 0.01, and the
flow is assumed to be inviscid. To evaluate the influence of the shifting
parameters, three different limitations on the shifting magnitudes, 2%,
5%, and 10% of A are considered. Regarding the threshold value, the
analysis begins at 0.001 and increases by a factor of 4. This choice
is motivated by the observation that the L-NIIPS typically provides a
L (VC) 2-3 times bigger than the threshold due to its localization
mechanism and the imposed limit on the shifting magnitude [33].
Among the listed cases in Table 1, Cases 1 to 4 exhibit the lowest
errors, while Case 6 shows the highest deviation from the analytical
pressure and velocity. Furthermore, Cases 1 and 4 perform similarly,
indicating that increasing the threshold from 0.001 to 0.004 does not
significantly affect the error in the physical quantities. This indicates
that threshold values within the investigated range provide satisfac-
tory numerical accuracy. In contrast, larger thresholds, such as those
employed in Cases 5 and 6, lead to a noticeable degradation of the
solution accuracy. Regarding the maximum shifting magnitude, smaller
values are preferable, as they improve accuracy when coupled with the
ACS formulation, which explicitly depends on the shifting magnitude
(see Eq. (20)). Conversely, excessively large shifting magnitudes may
induce spurious perturbations and consequently affect the accuracy of
the computed physical quantities.
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Table 1
Inviscid TGV. Comparison of different shifting setup based on errors in physical
quantities at tU/L = 1.0 for 4/L = 0.01.

Case Threshold Shifting Pressure L,(p) L,(u)
Limit (%A4) Error (%)

Case 1 0.004 2 2.7 0.0298 0.0037
Case 2 0.004 5 5.2 0.0341 0.0039
Case 3 0.004 10 6.6 0.0365 0.0038
Case 4 0.001 2 3.1 0.0303 0.0033
Case 5 0.016 2 10.2 0.0539 0.0052
Case 6 0.064 2 15.1 0.1638 0.0107

Moreover, to confirm the low pressure error observed in Case 1,
measured as only 2.7% at the midpoint, the pressure field for all
cases at the non-dimensional time U/L = 1.0 is shown in Fig. 4. As
illustrated, Case 1 and 4 continue to yield the most accurate pressure
field all over the domain, effectively capturing both high and low
pressure regions.

In Fig. 5, a comparison is made between Cases 1-4 in terms of
the computational cost, as they all provide acceptable pressure errors
relative to the analytical solution. The CPU time for each case is
normalized by the CPU time of the simulation without shifting (No-
Shifting). This is intentional, as different explicit shifting procedures
reported in the literature [26,28,30] are computed within the SPH
particle—particle interaction loops, and their additional computational
cost is either negligible or typically limited to about 5%-10% [33]
compared to the No-Shifting case. As observed, Case 4 with 0.001
threshold significantly increases the computational cost up to 61%, as
the L-NIIPS method requires a higher number of Newton—-Raphson (NR)
iterations per time step and also the localization procedure identifies
(flags) a larger number of particles for shifting in the domain due
to the strict value of threshold. Consequently, the resulting system of
linear equations in Eq. (14) becomes larger. Among the tested config-
urations, Case 1, which applies a lower shifting magnitude, exhibits
the lowest computational cost, with only a 42% overhead relative to
the simulation without shifting. However, it is important to note that,
as a general remark, the CPU time and overall computational cost can
vary significantly depending on the structure of the source code (in our
case, ASPHODEL); the implementation details of neighbor searching;
loop structures; and the construction and solution of the linear system
in Eq. (14).

Additionally, in Fig. 6, the value of L (VC) is shown for Cases 1-4,
demonstrating that the L-NIIPS method is capable of maintaining a
well-distributed particle arrangement. Moreover, it is observed that
using lower shifting magnitude (like in Case 1) does not significantly
affect particle uniformity or increase the value of L (VC).

Furthermore, the pressure error can be defined as:
”pSPH _ panalyt H

Ep = W’ (24)
and is evaluated in Fig. 7 at the midpoint of the domain considering
four spatial resolutions (4/L = 0.02,0.01,0.005,0.0025) at the non-
dimensional time (U /L = 1.0, for Case 1 and Case 4. As shown, the
observed order of convergence for both cases is close to 2, which is
the theoretical order of convergence of the SPH operators at contin-
uous level. It should be noted that at coarse resolutions, both Case 1
and Case 4 yield comparable performance. However, having a lower
threshold, as in Case 4, results in a slight improvement in error values at
higher resolutions compared to Case 1 (with a threshold set as 0.004).
This negligible improvement, although, comes at a significant overhead
in computational cost (see Fig. 5).

As a general remark, the calibrated pair, including a threshold of

0.004 and a maximum shifting magnitude equal to 2% of 4, is adopted
for all subsequent simulations. Although these values yield satisfactory
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results, they could be slightly adjusted according to the desired bal-
ance between accuracy and computational efficiency. Nevertheless, it
is strongly recommended to remain within the investigated range of
Cases 1-5 in Table 1.

The TGV test case has also been simulated with Reynolds number
Re = 100, specifically to assess the effectiveness of L-NIIPS with
ACS in improving the accuracy of the viscous operator. Fig. 8 shows
the obtained velocity magnitude field (Fig. 8(a)) and pressure field
(Fig. 8(b)) obtained from the simulation, which demonstrates good
agreement with the analytical solution.

Moreover, to enable a direct comparison with existing studies in the
literature, Fig. 9 presents the volume error E, for the viscous case at a
spatial resolution of 4/L = 0.0025, computed as:

Zoo g,

12

E (%) = X 100. (25)

Although the ALE formulation in Eq. (1) does not inherently con-
serve volume, the combination of L-NIIPS and ACS achieves the low-
est volume error in the domain compared to previously published
results [26,30,70,71].

7.2. 2D moving square box

In this section, a moving square box test case is considered. The test
involves a square box of side length L = 1 m placed inside a rectangular
domain (10m x 5m). The box starts from rest and accelerates for 1 s
to reach a constant velocity U = 1m/s, after which it continues to
move at this velocity. This test case is particularly important as it
allows investigation of the L-NIIPS and ACS formulation in the context
of confined domains, specifically, the interaction between the moving
box and the surrounding wall boundaries. The simulation is performed
using a spatial resolution of A/L = 0.02, Reynolds number Re = 100,
and reference density p = 1 kg/m>. For the L-NIIPS parameters, the
threshold is set to 0.004 and the maximum shifting magnitude is limited
to 2% of A.

To assess the performance of the L-NIIPS setup, specifically, the ef-
fects of the threshold and maximum shifting magnitude, in the presence
of wall boundaries, Fig. 10(a) shows the value of L (VC) throughout
the simulation and Fig. 10(b) focuses on the box at the non-dimensional
time tU/L = 5.0. Owing to the presence of sharp edges, the figure
demonstrates that the L-NIIPS method provides a well-distributed par-
ticle arrangement around the moving box. The value of 4 - |VC| for all
particles near the box remain within the predefined threshold range,
with no gaps or clustering near the walls.

Fig. 11 presents the reference results provided by SPHERIC (SPH
rEsearch and engineeRing International Community) [68] for the non-
dimensional velocity and pressure fields at the non-dimensional time
tU /L = 5.0 with an incompressible assumption. These reference results
serve as a reliable benchmark for evaluating the performance of the
proposed methods introduced in this study.

Consequently, Fig. 12 compares the velocity magnitude and pres-
sure field obtained with different formulations. The first row presents
the IIPS with ACS results obtained by Rastelli et al. [37], which exhibit
significant pressure noise. This behavior is mainly attributed to the
instability of the IIPS formulation in particle distribution [33], the large
shifting magnitudes, and the adoption of ACS formulation excluding
the wall contribution terms in Eq. (20). The second row shows the
simulation of L-NIIPS with ACS, again without considering the wall
contributions terms in Eq. (20). While this treatment ensures a smooth
velocity field, it produces noticeable pressure oscillations near the walls
and leads to a loss of symmetry in the solution. Finally, the third
row (L-NIIPS + ACS) by adopting the complete formulation of ACS
demonstrates the most accurate results compared to the benchmark
data from the SPHERIC validation tests (Fig. 11). To the best of the
authors’ knowledge, this solution provides the closest match to the
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SPHERIC results [68] in terms of both velocity and pressure fields, with
a nearly symmetric pressure distribution.

Furthermore, after confirming the smooth and noise-free pressure
field achieved by the L-NIIPS scheme with ACS (Fig. 12(f)), we evaluate
the mass and volume conservation properties within the domain, since
the introduction of wall contribution terms in Eq. (20) through the
boundary integral approach may not be strictly conservative. Since this
is a confined test case involving continuous particle shifting around
the moving box, it provides an appropriate framework to monitor
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Inviscid TGV. Snapshots of the pressure field at the non-dimensional time U /L = 1.0 for 4/L = 0.01.

the impact of the wall contribution terms in Eq. (20) on mass and
volume conservation. The mass error is computed using an expression
analogous to Eq. (25) as follows:

Z:‘l:l m;

my

E, (%) = — 1.0| x 100, (26)

where m; is the mass of particle i, and m, is the total initial mass
of fluid particles. As illustrated in Fig. 13(a), when implementing the
complete formulation of ACS, the total mass increases slightly over the
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course of the simulation. As discussed in relation to Eq. (20), the wall
contribution terms introduced in the ACS are essential for producing
a smooth pressure field. However, they lead to a minor increase in
the total mass, which reaches approximately 0.0062% by the end of
the simulation at the non-dimensional time U /L = 5.0. This deviation
remains negligible and does not introduce any effect on the physical
behavior or numerical accuracy of the scheme.

10

A/L

Inviscid TGV. Convergence analysis of the mid-point pressure error at the non-dimensional time tU /L = 1.0 for Case 1 and 4.

In contrast to mass, volume is not inherently conserved in the ALE-
SPH formulation and is not directly affected by the shifting procedure.
Nevertheless, as shown in Fig. 13(b), the shifting process helps maintain
low volume errors, as also demonstrated in the TGV test case (see Fig.
9). For the moving box case, the volume error reaches a maximum of
0.0022% during the simulation and reduces to 0.0004% by the final
time step at the non-dimensional time tU /L = 5.0.
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Fig. 8. Viscous TGV. Snapshot of the velocity field (left) and pressure field (right) at the non-dimensional time tU/L = 1.0 for Re = 100, 4/L = 0.01 and
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Fig. 10. Moving Square Box. Particle distribution evaluation.

Finally, in terms of computational cost, Fig. 14 shows that the
simulation incorporating the shifting method is approximately 29%
more expensive compared to the simulation performed without any
shifting (No-Shifting).

7.3. 2D impinging jet

The application of a jet perpendicularly impinging on a flat plate

is investigated in this section. This case is associated with an implicit
analytical solution derived by Taylor [72] for the pressure and velocity
distribution at the flat plate. This free-surface problem serves as a foun-
dational test case for simulating flows interacting with rigid structures,
such as those found in various types of hydraulic turbines. Fig. 15
illustrates the domain configuration and geometric parameters. The
colormap represents the pressure coefficient obtained by the L-NIIPS
and ACS formulation with a maximum shifting magnitude limited to 2%

11
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Fig. 11. Moving Square Box. Snapshots of the velocity (left) and pressure (right) fields using a Navier—Stokes finite difference solver provided by SPHERIC [68]

at the non-dimensional time tU /L = 5.0 for incompressible flow.
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Fig. 12. Moving Square Box. Snapshots of the velocity (left column) and pressure (right column) fields at the non-dimensional time U /L = 5.0 using different

approaches.

of A, and a threshold set to 0.004 for a spatial resolution of H/A4 = 40
at the converged state in time (tU/H = 75.0). For the cases involving
a jet, the pressure coefficient is defined as:
)4

= 0.50U2%° @7
where p denotes the pressure, p is the reference density, and U is the
jet velocity. In this study, p = 1000 kg/m?, U = 100 m/s, and the jet
diameter is H = 0.04 m.

Furthermore, Fig. 16 illustrates the particle distribution and the
value of h-|VC]| for each particle shortly after impact (Fig. 16(a)) at the
non-dimensional time U /H = 4.0 and at converged state in time (Fig.

12

16(b)) at tU/H = 75.0 for a resolution of H /A = 40. The results demon-
strate the method’s strong capability in maintaining particle uniformity
with most particles adhering closely to the predefined threshold.

Additionally, Fig. 17 presents the pressure distribution at the non-
dimensional time tU/H = 75.0 for H/A = 40, where the ACS for-
mulation is applied according to the L-NIIPS procedure, excluding
the wall contribution terms in Eq. (20). The resulting pressure field
clearly demonstrates the significant influence of these wall terms in
comparison to Fig. 15 where the complete ACS formulation is used.
Their omission leads to noticeable pressure noise, highlighting the



M.A. Ghazi et al. Computers and Fluids 313 (2026) 107066

0.008 —=—L-NIIPS + ACS 0.003 —=—L-NIIPS + ACS
--+--L-NIIPS + ACS (without wall contributions) --»--L-NIIPS + ACS (without wall contributions)
0.006 o
— . 0.002
mg 0.004 w
0.001
0.002
0 0
0 1 2 wL 3 4 5 0 1 2w 3 4 5
(a) Mass error (b) Volume error
Fig. 13. Moving Square Box. Mass (left) and volume (right) error monitoring.
1.5
—=—L-NIIPS + ACS
—No-Shifting
Q
£ 1
-}
Ay
Q
=]
(5]
=
s
£0.5
s}
Z.
0
0 1 2 3 4 5
tU/L
Fig. 14. Moving Square Box. Relative CPU time comparison.
4.0 - 1.00
Inflow Section
3.51
0.80
3.0
23] 0.60
s Q
~ 2.01 L)
>
igl 0.40
Outflow Section
1.0+
0.20
0.5+
0.0+ 0.00

-1 0 4
x/ H

Fig. 15. 2D Impinging Jet. Setup and geometric parameters obtained by L-NIIPS + ACS at the converged state in time tU/H = 75.0 for H/A = 40.

necessity of including wall contribution terms in the ACS for obtaining 20,40, 80, over the non-dimensional time interval tU/H € [25.0,100.0]
physically consistent pressure distributions. using L-NIIPS with ACS. The results demonstrate that the pressure

Moreover, at the stagnation point (x/H =0, y/H = 0), the mea- signal progressively converges toward the analytical solution as the
sured pressure is shown in Fig. 18 for three different resolutions: H /4 = resolution increases. Notably, for the finest resolution (H/4 = 80),
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Fig. 16. 2D Impinging Jet. The value of A - |VC]| for each particle after impact (left) and at the converged state in time (right) for H /A = 40.
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Fig. 17. 2D Impinging Jet. Pressure field obtained by L-NIIPS + ACS (Without wall contribution terms) at the converged state in time tU/H = 75.0 for H /A = 40.

convergence occurs earlier than in the coarser cases, reducing spurious
pressure oscillations even from the non-dimensional time tU/H
25.0. In particular, the simulation with H/A = 80 demonstrates close
agreement with the analytical solution, yielding an error of 3.1%
at tU/H 100.0, with minimal oscillations and improved accuracy
compared to the results reported in [38], however, the remaining
oscillations originate from the acoustic waves arising from the weakly
compressible nature of the solver.

Finally, Fig. 19 presents the pressure distribution along the flat
plate (x/H € [-2.0,2.0]). The numerical results, obtained by time-
averaging the pressure field over the non-dimensional interval tU/H €
[25.0, 100.0], show excellent agreement with the analytical solution [72,
73], particularly at the highest resolution (H/4 = 80). Remarkably,
even at the coarsest resolution (H/4 = 20), the results retain a good
level of agreement with the analytical profile, highlighting the robust-
ness of the proposed numerical approach. Furthermore, the root mean
square error (RMSE), evaluated in terms of the pressure coefficient C,
at the pressure probes shown in the figure with respect to the analytical
solution, is defined as

M
RMSE = \J L Z (lem _ Canalyt>2
M 1 i i ’
where M = 13 represents the total number of pressure probes. The

i=
corresponding RMSE values are 0.0368, 0.0197, and 0.0116 for the
resolutions H /A = 20, 40, and 80, respectively. These results further
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confirm the progressive convergence of the solution and the high
accuracy achieved while refining the resolution.

8. 3D results

To evaluate the effectiveness of the proposed methods in three
dimensions, we consider two benchmark problems: a 3D impinging
jet and a 3D static Pelton bucket. In both cases, particle shifting is
performed using the L-NIIPS method, while physical quantities are
updated with the complete ACS formulation. The 3D impinging jet
serves as a validation of accuracy, after which the focus shifts to the
Pelton bucket to further assess the method’s performance in a more
complex geometry. All shifting parameters are kept consistent with the
2D test cases, namely a threshold of 0.004, and a maximum shifting
magnitude of 2%4.

8.1. 3D impinging jet

In this section, a 3D impinging jet on a flat plate is simulated. The
jet, with a velocity U = 20 m/s directed along the z-axis, impacts a
horizontal plate located in the x—y plane. The jet diameter is set to H =
0.03 m, the spatial resolution is chosen as H /4 = 40 and the reference
density p is 1000 kg/m>. Fig. 20 demonstrates the effectiveness of the
proposed 3D formulation of L-NIIPS with ACS in maintaining particle
uniformity close to the threshold (Fig. 20(a)) and producing a smooth
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Fig. 18. 2D Impinging Jet. Comparison of the pressure signal at the stagnation point for three different resolutions H/4 = 20, 40, 80.
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Fig. 19. 2D Impinging Jet. Pressure distribution along the flat plate for three different resolutions H /A4 = 20,40, 80 over the time interval tU/H € [25.0, 100.0].

(a) Particle distribution (b) Pressure field

Fig. 20. 3D Impinging Jet. The value of A - |VC]| for each particle (left) and pressure field (right) at the converged state in time tU/H = 50.0 for H/A = 40.

and stable pressure field (Fig. 20(b)) at a converged state in time approach. A direct comparison is provided with the experimental re-
tU/H = 50.0. sults of Kvicinsky [51,52] and with the SPH simulations of Michel

Moreover, Fig. 21 shows the pressure distribution along the flat et al. [28], who employed a multi-invariant shifting technique, at
plate at the given resolution, obtained using the L-NIIPS with ACS the non-dimensional time tU/H = 50.0. This comparison is carried
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Fig. 22. 3D Impinging Jet. Comparison of the pressure field at the converged state in time tU/H = 50.0 with experimental and CFX4.3® results [51].

out at three different cross-sections along the flat plate: y/H = 0,
y/H = 027, and y/H = 0.53 (from left to right) with 100 equally
spaced pressure probes at each section. The results demonstrate good
agreement with the experimental data, particularly in capturing the
peak pressure region, and show reduced oscillations compared to the
simulation results reported in [28].

Finally, Fig. 22 presents the pressure field on the flat plate at the
non-dimensional time tU/H = 50.0, compared with the experimental
and CFX4.3® results reported by Kvicinsky [51]. The comparison con-
firms the smoothness of the predicted pressure distribution and shows
excellent agreement in both high and low pressure regions with the
experimental data.

8.2. 3D static pelton bucket

To further assess the proposed method, we simulate a static Pelton
bucket impacted by a water jet of velocity U = 19.61 m/s directed along
the z-axis. The jet diameter is H = 0.03 m, with a spatial resolution
of H/A = 60, and the reference density is set to p = 1000 kg/m>. The
bucket surface, provided by Andritz Hydro company, is discretized with
106,021 wall particles at the same resolution. The simulation proceeds
until a converged state is achieved, after approximately 2 ms of physical
time, yielding around 515,320 fluid particles. Although Pelton turbine
casings are typically asymmetric, the casing is excluded in this study to
isolate and analyze the flow behavior near the bucket. To reduce the
computational cost, a symmetry plane is applied to halve the domain,
with appropriate boundary conditions enforced using fictitious fluxes,
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following the ghost particle approach introduced by Colagrossi and
Landrini [74].

Fig. 23 illustrates the particle-based representation of the bucket at
a spatial resolution of H /A = 60, where the non-dimensional mass of
the solid-wall particles (w’/4?) is shown via the colormap. As evident
from the figure, the particle distribution is locally refined in regions
with sharp edges to better capture the bucket curvatures. Moreover,
to enable a detailed comparison of pressure distribution on the bucket
surface, three vertical and three horizontal lines equipped with pressure
probes are placed, following the experimental configuration proposed
by Kvicinsky [51].

For comparison, an additional simulation is carried out within a
purely Lagrangian framework, without employing any particle shift-
ing procedure (No-Shifting case). Apart from this, all aspects of the
simulation setup are kept identical to those in the shifting case. Fig.
24 displays the value of h - |VC| for each fluid particle in a clipped
cross-section at x/H = —1.32, comparing the No-shifting case (left
column) and the L-NIIPS with ACS (right column) at three key stages:
immediately after jet impact (Fig. 24(a)), after the jet exits the bucket
(Fig. 24(b)), and at the converged state in time (Fig. 24(c)).

This comparison highlights the effectiveness of the 3D formulation
of the L-NIIPS in maintaining a uniform particle distribution throughout
the simulation. The values of h - |[VC| remain close to the defined
threshold, indicating well-controlled particle regularity, and signifi-
cantly outperforming the No-Shifting case. It is worth noting that in
Fig. 24(c), some splashed particles appear to rejoin the water sheet near
the trailing edge of the bucket. These particles originate from geometric
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Fig. 23. 3D Static Pelton Bucket. Non-dimensional mass of the solid-wall particles and location of the pressure probes for H /4 = 60.

features and do not affect the pressure field or overall flow behavior,
as will be further confirmed in the following.

Furthermore, Fig. 25 compares the performance of the proposed
method for L-NIIPS with ACS at different resolutions (H /A = 60,30),
as well as for the No-Shifting case, all evaluated against experimental
data [51,52] obtained from pressure probes described in Fig. 23 at the
non-dimensional time tU/H = 13.05. For the numerical simulations,
25 equally spaced pressure probes are inserted between each pair
of experimental probes (allowing for a more detailed assessment of
the smoothness and average behavior of the pressure distribution). As
illustrated in Figs. 25(a), 25(c), 25(d), and 25(e), the L-NIIPS method
with ACS shows good agreement with the experimental measurements.
In contrast, Figs. 25(b) and 25(f) reveal a slight overestimation of the
pressure, although the overall trend remains consistent with the exper-
imental results. It is worth noting that, according to the experimental
study reported in [51], one of the pressure sensors was identified as
malfunctioning, as highlighted in Fig. 25(d). Moreover, increasing the
resolution from H /A = 30 to H/A = 60 improves the computed pressure
coefficient and eliminates oscillations. In contrast, the No-Shifting case
exhibits significant oscillations in the pressure coefficient, while the L-
NIIPS with ACS (H /4 = 60) maintains a smooth and consistent pressure
coefficient profile across all defined probe lines.

Consequently, to validate the previously discussed results, Fig. 26
depicts the pressure field at the non-dimensional time :U/H = 13.05.
The first row shows the pressure field within the fluid domain, while
the second row presents the distribution on the bucket. Results are
reported for the No-Shifting case (left column) and the L-NIIPS with
ACS approach (right column), both evaluated at a resolution of H /A =
60. The L-NIIPS with ACS approach clearly yields a smoother pressure
field, with well-distributed gradients and reduced numerical oscilla-
tions, especially at the bucket surface. In contrast, the No-Shifting case
exhibits visible artifacts and irregularities, particularly near the central
region of the bucket. These results reinforce the performance of L-NIIPS
with ACS in capturing the pressure distribution.

Finally, Fig. 27 presents the computational cost for the resolution
H /A = 60, showing that the simulation using L-NIIPS with ACS is 52%
more expensive compared to the No-Shifting case. It should be noted
that the flat line in the plot at the beginning of the simulation is due
to the use of an accelerated phase of the simulation before the fluid
impacts the bucket.
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9. Conclusion and future works

This work introduced the three-dimensional formulation of the
Localized Novel Implicit Iterative Particle Shifting (L-NIIPS) algorithm
as a robust particle regularization technique within the Arbitrary
Lagrangian-Eulerian Smoothed Particle Hydrodynamics (ALE-SPH)
framework. The method effectively addresses key limitations of both
explicit and existing implicit shifting schemes by solving a localized
system of linear equations to maintain a uniform particle distribution
throughout the domain. For the first time, an implicit iterative shifting
technique is applied in three dimensions, and combined with a pro-
posed multi-node parallelization strategy enabling efficient large-scale
3D simulations. The Advection Correction Step (ACS) incorporating
wall contribution with boundary integral method was also introduced
yielding significant improvements in pressure field smoothness. More-
over, a numerical investigation of the L-NIIPS method coupled with
ACS was conducted to determine suitable shifting parameters, including
the threshold value and the maximum shifting magnitude, in order
to balance computational cost, numerical accuracy, and stability. The
results indicate that low threshold values (e.g., 0.001) decrease com-
putational efficiency, whereas higher values (above 0.01) may induce
pressure oscillations. Regarding the maximum shifting magnitude, al-
though relatively large values (e.g., 10% of A) can still yield acceptable
results, smaller values are generally preferred to ensure higher accuracy
in the prediction of physical quantities.

The combined L-NIIPS and Advection Correction Step (ACS) ap-
proach was validated against a range of canonical benchmarks. In
2D flows, including the Taylor-Green Vortex, moving square box,
and impinging jet the method produced minimal numerical error and
noise-free pressure fields. In 3D, the impinging jet further confirmed
the robustness of the methodology, demonstrating the capability of
the 3D L-NIIPS formulation with ACS in providing a uniform particle
distribution and accurate pressure distribution. Finally, the 3D static
Pelton Bucket simulation showcased the method’s industrial applica-
bility, successfully handling complex geometry and free-surface flow
while incurring only moderate computational overhead.

Future work may focus on assessing the performance of L-NIIPS with

different kernel functions, in multiphase flow applications and vari-
able resolution simulations. In addition, extending the linear solver to
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time instants for H /A = 60.
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GPU architectures represents a promising direction to further enhance
computational efficiency.
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