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Static Friction Coefficient 
Depends on Geometry
Classical theories state that the friction coefficient is independent of geometry, depending 
only on the real contact area determined by roughness. However, experimental evidence 
shows significant differences between static and dynamic friction coefficients. Recent 
models introduce an energetic theory for friction, analogous to the Griffith theory for frac
ture, resulting in a constant dynamic friction coefficient at heavy loads but a larger static 
coefficient at low loads. We show that, for power-law punches, the ratio of static to dynamic 
friction coefficients at low normal loads is higher for flatter profiles and, in principle, 
grows unbounded at zero load. This may explain the observed variability in friction 
ratios. The model’s predictions align well with recent experimental results.
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1 Introduction
Friction is a ubiquitous phenomenon presented at interacting 

interfaces in relative motion, spanning from the atomic scale to 
earthquake faults extending over thousands of kilometers. The 
classical laws of friction, initially proposed by Amontons and 
Coulomb (if not Leonardo da Vinci), state that the friction force 
is proportional to the normal load, but independent of the shape 
of the contacting bodies.2 The distinction between static and 
dynamic (or kinetic) friction coefficients was later proposed by 
Euler through experiments using inclined planes, by means of 
the observation that just above the critical angle of static friction, 
the velocity of the sliding solid is not very small because of the 
dynamic friction reduction. Rabinowicz [2] conducted more sys
tematic experiments, attributing to the reduction of friction in the 
transition from stick to sliding to the interfacial energy of metals 
and providing a method to measure this frictional energy. In partic
ular, by impacting a small ball of mass m0 into a stationary block of 
mass M0, a critical distance is found such that the block is set into 
motion right down the plane, and this is related to the frictional 
energy. Although the difference between static and dynamic coef
ficients of friction is generally minor for dry metals, in some cases, 
it has been reported also quite high, although the references do not 
show when this difference was large (see, e.g., the RoyMech data
base3). In the mechanics of earthquake faults, this difference has 
been reported to reach values as high as 10, prompting Rice to 
refer to such interfaces as “strong but brittle” [3].

The concept of fracture mechanics was introduced into contact 
mechanics for the study of adhesion and friction as early as the 

1970s [4–8], in particular for friction providing valuable explana
tions for failures where the shear stress does not reach the expected 
limiting strength throughout. Studies on natural faults typically 
revert to fracture mechanics, where the slip-weakening law repre
sents a simplified case compared with more elaborate friction laws, 
such as the rate-state law [9,10], which, however, is still under 
debate owing to numerous variants. Energy-based model of friction 
also suggests a size effect in frictional behavior [11,12].

In continuum mechanics models based on the Amontons– 
Coulomb law, the Cattaneo–Mindlin model assumes the geometry 
of a Hertzian contact to address the quasi-static stick-slip transition 
[13,14]. Under the full-stick assumption, the model necessitates a 
singular shear stress at the contact boundary, while the normal 
pressure approaches zero, thus leading to an unbounded friction 
coefficient and violating the Amontons–Coulomb law. Conse
quently, the classical Cattaneo–Mindlin model identified shear 
traction through a clever superposition of a full-slip solution with 
a correction term, the latter enforcing the boundary condition of 
constant tangential displacement. This is akin to a shear analog 
of the Dugdale–Barenblatt cohesive zone model in fracture 
mechanics [15,16]: The “cohesive” (slip) zone is subjected to the 
tangential stress, which relieves the shear stress concentration at 
the “crack tip” (the stick zone edge). This result was extended by 
Ciavarella and Jäger to arbitrary geometries [17–19], highlighting 
that the correction term within the stick zone is always proportional 
to the pressure distribution for a correspondingly reduced normal 
load. Similar results were also introduced for harmonic loadings 
with more complicated superpositions [20]. The classic Catta
neo–Mindlin solution has a single value of friction coefficient 
given by the Amontons–Coulomb law. Although the fracture 
mechanics-based approaches have proven highly effective in 
addressing adhesion–friction coupling problems [4,8,21,22], our 
primary interest lies in scenarios where surface roughness sup
presses adhesion—such as in hard bodies where roughness is insuf
ficient to disrupt frictional energy.

To resolve the quasi-static transition from stick to slip, the Grif
fith fracture model [23] and the classical singular solutions for 
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shear cracks in fracture mechanics were applied to the frictional 
contact problem for a spherical geometry by Ciavarella [24]. 
This model indicates a sudden transition to slip when the stick 
zone reduces to a certain critical size relative to the overall 
contact area. The static friction coefficient observed prior to 
sliding can be significantly higher than the kinetic friction coeffi
cient, governed by an elastic instability analogous to the pull-off 
instability in adhesive contacts. Additionally, for a given frictional 
fracture energy, it implies that the static friction coefficient depends 
on the specimen size and normal load, while the dynamic friction 
remains constant.

Recently, Peng et al. [25] reported very detailed experiments 
observing static-to-dynamic friction ratio reduction as normal 
load increases to the transition from single-asperity to multi- 
asperity contact interfaces. They observed that below a certain 
normal load threshold, the macroscopic friction coefficient 
becomes independent of the normal load. This is explained as fric
tion behavior reverting to measurements at the nanoscale by atomic 
force microscopy (AFM) under single-asperity contact limits. They 
modeled this behavior by accurately characterizing surface rough
ness and using a simple frictional model with two parameters— 
static and dynamic friction coefficients—both inferred experimen
tally. Although this model effectively reproduces experimental 
observations, it relies on AFM measurements and a full numerical 
implementation. By contrast, Ciavarella [26] modeled the drop of 
friction coefficients ratio also using two parameters—a dynamic 
friction coefficient and a friction energy—both extrapolated from 
macroscopic experiments. This approach offers the advantage of 
a closed-form analytical formulation. The friction ratio drop with 
increasing normal load for the case of soft materials with macro
scopic adhesion is also predicted by Xu et al. [27] using an adhe
sive friction model for rough surface contact.

In this article, we extend a modified Cattaneo–Mindlin model 
incorporating Griffith–type friction by accounting for the influ
ence of surface roughness through a fracture energy that varies 
linearly with local contact pressure. We predict that at low 
normal loads, the ratio of static to dynamic friction coefficients 
reaches a value that is strongly affected by the contact geometry, 
although eventually there is divergence to infinite coefficient at 
zero load. This provides a plausible explanation for the experi
mentally observed difference between static and dynamic friction 
coefficients.

2 The Model
Consider an axisymmetric punch in contact with a substrate 

under a normal load P and subjected to a tangential load Q, as 
shown in Fig. 1(a). Within the contact area A of radius a, in 

addition to the pressure distribution p(x, y), frictional shear stress 
q(x, y) will be present to balance the tangential load Q.

2.1 The Friction Model With Griffith Theory. The basic 
idea of Cattaneo–Mindlin superposition [13,14] is to find a shear 
stress distribution such that the displacement in the stick zone 
becomes constant, and only outside the stick zone, the relative 
motion happens, as prescribed by congruence of displacements. 
Therefore, the friction in the slip zone would follow the Amon
tons–Coulomb law with dynamic friction coefficient f , but the 
friction inside the stick zone is required to have a correction term 
q∗(x, y). The friction stress distribution can be expressed as 
follows:

q(x, y) = fp(x, y) − q∗(x, y); (x, y) ∈ Astick

q(x, y) = fp(x, y); (x, y) ∈ Aslip
(1) 

where Astick denotes the region without relative slip and Aslip

denotes the region where relative displacement occurs. The 
global loads will be related by

Q = fP − Q∗ = f (P − P∗) (2) 

where P∗ = Q∗/f represents the correction term in the stick zone 
given by the Cattaneo–Mindlin model. In the spherical indenter 
example, by analogy with fracture mechanics, the correction 
term includes a singular shear stress at the stick-slip boundary 
r = c [24]:

q∗(r) = f q0

����������

1 −
r
c

􏼐 􏼑2
􏽲

−
q′0���������

1 − r
c

( 􏼁2
􏽱

⎡

⎢
⎣

⎤

⎥
⎦, r < c (3) 

which has a similar form of pressure distribution as that in the 
Johnson–Kendall–Roberts (JKR) theory [4]. In this case, we 
denote the correction load as P∗JKR as follows:

P∗JKR = P∗AL − P∗A (4) 

where P∗AL and P∗A represent the adhesiveless and adhesive normal 
load by analogy with the JKR solution [4], respectively. It should 
be emphasized that, although the mathematical form is almost iden
tical to that of the JKR theory [4], this model is derived for shear 
traction instead of pressure distribution. Accordingly, the condition 
for the shear traction distribution at the edge of the stick-slip zone 
is that the mode-II energy release rate GII reaches a critical value 
Gc, which corresponds to the frictional fracture energy γ defined 
later in this article. For example, consider a sphere punch of 

(a) (b)

Fig. 1 Schematic of the model. (a) A three-dimensional axisymmetric (or two-dimensional) rigid punch is brought into contact 
with a substrate under an external load. The normal component of the load P produces a contact region A with radius a. The 
tangential component of the load Q gives rise to frictional shear stress within the contact area. (b) The shapes of power-law 
punches used in this study.
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radius R in contacting with a plane substrate. The composite 
modulus E∗ is defined as follows:

1
E∗

=
1 − ν2

1

E1
+

1 − ν2
2

E2
(5) 

where E1 and E2 are the Young’s modulus, and ν1 and ν2 are the 
Poisson’s Ratio of contacting bodies. The corrective load 
P∗AL = 4E∗c3/3R in the Hertzian case and the adhesive term 
P∗A =

�����������
16πγE∗c3

􏽰
for 3D axisymmetric case, where γ is the fric

tional surface energy, are applied via Eqs. (2) and (4) to the 
global friction coefficient:

fs
f

=
|Q|
fP

􏼒 􏼓

max
=1 −

P∗JKR

P
(6) 

It is noted that in Eq. (6), the normal load P depends solely on the 
contact radius a, whereas P∗JKR is associated with the stick zone 
radius c. Hence, for a given normal load, we define the stick 
zone radius corresponding to the maximum friction force as the 
critical radius cc.

2.2 The Pressure-Dependent Friction Energy. It has been 
suggested that the frictional fracture energy directly depends on 
the real contact area for rough surface contact, which is governed 
by the normal load and constitutes only a small fraction of the 
nominal contact area [28]. As the normal pressure increases, 
more asperities coming into contact enlarges the real contact 
area, thereby enhancing the frictional fracture energy. Alterna
tively to the real contact area explanation, Papangelo et al. [22] 
observe that the friction fracture energy in a cohesive model per
spective is the integral of the shear traction as a function of the 
slip displacement, and shear traction is proportional to the friction 
coefficient at the given slip displacement and the pressure. Hence, 
the variation of the frictional fracture energy along the stick-slip 
boundary is given as follows:

γ′ =
p c( )
p0,ref

γref (7) 

where p(c) is the pressure at the stick-slip boundary, p0,ref is the 
reference pressure at the contact center, and γref is the arbitrarily 
chosen reference friction energy at the reference pressure. This 
has found validation against the experiments [25] by Ciavarella 
[26]. In the following derivation, we will choose appropriate cor
responding reference load Pref for the simplicity of the expres
sion. To avoid potential confusion, all quantities corrected for 
pressure dependence in this article will be denoted with a 
prime (′).

3 Solution to Partial Slip Contact
3.1 The Three-Dimensional Solution

3.1.1 Hertzian Sphere Contact. The frictional force for the 
Hertzian contact is given by Eq. (17) in the previous study [24]:

Q
fP

= 1 −
c
a

􏼐 􏼑3
1 − 2

cc

a
a
c

􏼐 􏼑3/2
􏼔 􏼕

(8) 

where cc is the constant such that

cc

a
=

������
3πγR

P
3

􏽲

(9) 

The friction ratio fs/f is given by its peak value at c = cc:

|Q|
fP

􏼒 􏼓

max
=1 +

cc

a

􏼐 􏼑3
=1 +

3πγR
P

(10) 

According to Eq. (7), the pressure-dependent friction energy in 
Hertzian contact is given as follows:

γ′ =
p0

p0,ref
γref

����������

1 −
c
a

􏼐 􏼑2
􏽲

(11) 

Replacing Eq. (11) into Eq. (9) yields

c∗c
a

=
�������
3πγ′R

P
3

􏽲

=

��������������������������

3πγrefR
P

p0

p0,ref

����������

1 −
c
a

􏼐 􏼑2
􏽲

3

􏽳

=
Pref

P

􏼒 􏼓2/9

1 −
c
a

􏼐 􏼑2
􏼔 􏼕1/6

(12) 

where Pref = 3πγrefR and (p0/pref)3 = P/Pref .
4 Replacing cc/a in 

Eq. (8) with Eq. (12), we have Q/fP as a function of c/a (with a 
single parameter P/Pref):

Q
fP

= 1 −
c
a

􏼐 􏼑3
+2

Pref

P

􏼒 􏼓1/3

1 −
c
a

􏼐 􏼑2
􏼔 􏼕1/4 c

a

􏼐 􏼑3/2
(13) 

The friction force distribution Q/fP after pressure-dependent 
correction reaches its maximum value (i.e., the friction ratio) at 
the corrected critical radius c′c, which can be numerically solved 
by taking extremum point from Eq. (13):

d
dc

Q
fP

􏼒 􏼓

= 0 (14) 

3.1.2 Axisymmetric Power-Law Punches. Consider a punch 
with power-law profile given by g0(r) = Crk as shown in 
Fig. 1(b). When a normal load P is applied, the applied force is 
related to the contact radius a by P = E∗Ckak+1B(k/2 + 1, 1/2)
(see the Appendix), where E∗ is the composite modulus. The adhe
siveless correction term should have the same form as the normal 
load, but with the contact radius a replaced by the stick zone 
radius c as follows:

P∗AL = E∗Ckck+1B
k
2

+ 1,
1
2

􏼒 􏼓

(15) 

The corresponding adhesive correction term is P∗A =
�����������
16πγE∗c3

􏽰
. 

By substituting the power-law punch solution into the load expres
sion Eq. (4) and normalizing by the normal load, we obtain

P∗JKR

P
=

P∗AL − P∗A
P

=
c
a

􏼐 􏼑k+1
−

�����������
16πγE∗c3

􏽰

E∗Ckak+1B k
2 + 1, 1

2

( 􏼁 (16) 

The critical size of the stick zone cc is attained when the correc
tive load P∗JKR reaches its maximum:

c
k−1

2
c =

3M
2(k + 1)

, where M =
��������
16πγE∗
√

E∗CkB k
2 + 1, 1

2

( 􏼁 (17) 

We normalize the critical radius cc using power-law punch solu
tion Eq. (A1) as follows:

cc

a
=

1

P
1

k+1

3
��������
16πγE∗
√

2(k + 1)

􏼔 􏼕 2
2k−1 1

E∗CkB k
2 + 1, 1

2

( 􏼁

􏼢 􏼣 3
(k+1)(2k−1)

(18) 

By using Eqs. (16) and (18), the ratio of apparent static coeffi
cient over the dynamic one can be written as follows:

Q
fP

= 1 −
P∗JKR

P
= 1 −

c
a

􏼐 􏼑k+1
1 −

2(k + 1)
3

cc

a
a
c

􏼐 􏼑k−1/2
􏼔 􏼕

(19) 

4Note that c∗c denotes the corrected value of cc, where we applied the pressure- 
dependent fracture energy γ′ instead of the constant value γ, but does not refer to 
the corrected extremum point.
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The first estimation of friction coefficients ratio is attained at 
c = cc:

Q| |
fP

􏼒 􏼓􏼌
􏼌
􏼌
􏼌
max

=1 +
2k − 1

3
cc

a

􏼐 􏼑k+1
=1 +

2k − 1
3
·

Pref

P
(20) 

where Pref includes constants in Eq. (18). The pressure-dependent 
frictional energy can be written as follows using Eqs. (A1) and 
(A3)

γ′ = γref
p0

p0,ref
mk,3D

c
a

􏼐 􏼑
= γref

P
Pref

􏼒 􏼓k−1
k+1

mk,3D
c
a

􏼐 􏼑
(21) 

where mk,3D s( ) describes the pressure distribution over the stick 
area and is given by Eq. (A4). By substituting Eq. (21) into 
Eq. (18), we have

c∗c
a

=
Pref

P

􏼒 􏼓 k
k+1( ) 2k−1( )

mk,3D
c
a

􏼐 􏼑􏽨 􏽩 1
2k−1

(22) 

By replacing cc/a in Eq. (19) with Eq. (22), we obtain

Q
fP

= 1 −
c
a

􏼐 􏼑k+1
+

2(k + 1)
3

Pref

P

􏼒 􏼓 k
2 k+1( )

mk,3D
c
a

􏼐 􏼑􏽨 􏽩1/2 c
a

􏼐 􏼑3/2
(23) 

3.1.3 Results. In Fig. 2, we plot the change of critical stick 
zone radius c′c with increasing normal load P. It is shown that 
most of the contact area constitutes the stick zone at slight 
normal load, i.e., limP→0 (c′c/a) > 0.8, and the proportion of the 
critical region within the contact area decreases as the normal 
load increases.

The comparison of friction drop as a function of normal load is 
reported in Fig. 3 without (dashed line) and with (solid line) the 
pressure-dependent correction for k = 2, 4, 6, 8 (k = 2 is also 
referred as Hertzian). The ratio of friction coefficients at small 
normal loads is significantly decreased when pressure-dependent 
corrections are taken into account, but it remains true that flatter 
geometries have greater static friction.

3.2 The Two-Dimensional Solution

3.2.1 Hertzian Cylinder Contact. The frictional force for the 
2D Hertzian contact is given by equation (47) in the previous 
paper [21]:

Q
fP

= 1 −
c
a

􏼐 􏼑2
1 − 4

cc

a
a
c

􏼐 􏼑3/2
􏼔 􏼕

(24) 

where cc is the extremum point such that

cc

a
=

������
πRE∗

16
6

􏽲

·
γ1/3

P1/2
(25) 

The maximum friction coefficients ratio is reached at c = cc:

|Q|
fP

􏼒 􏼓

max
=1 + 3

cc

a

􏼐 􏼑2
=1 +

3
P

���������
πE∗Rγ2

16
3

􏽲

(26) 

However, the frictional fracture energy γ is considered as a cons
tant. The pressure-dependent friction energy for 2D Hertzian 
contact is given as follows:

γ′ =
p0

p0,ref
γref

����������

1 −
c
a

􏼐 􏼑2
􏽲

= γref
P

Pref

􏼒 􏼓1/2
����������

1 −
c
a

􏼐 􏼑2
􏽲

(27) 

where we applied (p0/p0,ref)
2 = P/Pref for the 2D Hertzian contact. 

By substituting Eq. (27) into Eq. (25) and choosing the appropriate 
reference load Pref , we obtain

c∗c
a

=
Pref

P

􏼒 􏼓1/3
����������

1 −
c
a

􏼐 􏼑26

􏽲

(28) 

Equation (24) is revised accordingly

Q
fP

= 1 −
c
a

􏼐 􏼑2
+4

Pref

P

􏼒 􏼓1/2
����������

1 −
c
a

􏼐 􏼑24

􏽲
c
a

􏼐 􏼑1/2
(29) 

3.2.2 Power-Law Punches. For a 2D power-law punch with 
profile g0(x) = C|x|k, Papangelo and Ciavarella [21] reported the 
friction force as follows:

Q
fP

= 1 −
c
a

􏼐 􏼑k
1 − 2k

cc

a
a
c

􏼐 􏼑k−1/2
􏼔 􏼕

(30) 

and the corresponding friction ratio as follows:

|Q|
fP

􏼒 􏼓

max
=1 − (1 − 2k)

cc

a

􏼐 􏼑k
(31) 

where the critical radius as follows:

cc =
1

kC

���
γ

2E

􏽲
Γ k

2

( 􏼁

Γ k+1
2

( 􏼁

􏼢 􏼣 1
k−1/2

(32) 

The contact radius with respect to the normal load is given by

a =

������������������
2P

CkE
��
π
√

Γ k
2 + 1
( 􏼁

Γ k+1
2

( 􏼁
k

􏽳

(33) 

To apply the pressure-dependent friction energy correction, we 
assume

γ′ =
p0

p0,ref
γrefmk,2D

c
a

􏼐 􏼑
(34) 

Fig. 2 The critical stick zone radius c′c/a corrected for 
pressure-dependent friction energy as a function of normal 
load P for 3D axisymmetric power-law punches

Fig. 3 Friction drop as a function of normal load without pres
sure dependency (dashed line) versus with pressure-dependent 
correction (solid line) for 3D axisymmetric power-law punches
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where mk,2D(s) is the Gauss hypergeometric function of argument 
s2:

mk,2D(s) =
1
��
π
√

􏼢
Γ k−1

2

( 􏼁

Γ k
2

( 􏼁 2 F1 1, 1 −
k
2

;
3 − k

2
; s2

􏼒 􏼓

·
�������
1 − s2
√

+
��
π
√
|s|k−1 tan

kπ
2

􏼒 􏼓􏼣

The 2D power-law punch load and pressure have the form P ∝ ak

and p0 ∝ ak−1 [21], and hence, we have (p0/p0,ref)
k = (P/Pref)

k−1. 
By substituting Eq. (34) into Eq. (32) and dividing by Eq. (33), 
we obtain

c∗c
a

=
Pref

P

􏼒 􏼓 1
2k−1

mk,2D
c
a

􏼐 􏼑􏽨 􏽩 1
2k−1

(35) 

Equation (30) is revised accordingly

Q
fP

= 1 −
c
a

􏼐 􏼑k
+2k

Pref

P
mk,2D

c
a

􏼐 􏼑 c
a

􏼔 􏼕1/2

(36) 

3.2.3 Results. The corrected critical radius c′c is shown in 
Fig. 4. It is shown that part of the contact area becomes the stick 
zone at very small normal load, which is quite similar to that of 
the 3D axisymmetric case, but it has a smaller limiting value.

To compare friction drop as a function of normal load, we plot in 
Fig. 5 both the solution without (dashed line) and with (solid line) 
the pressure-dependent correction for k = 2, 4, 6, 8 (k = 2 is also 
referred as Hertzian). Slightly different from the 3D axisymmetric 
case, the friction coefficients decreases less than 3D case when fric
tion energy pressure dependency is considered.

3.3 Experimental Validation. By capturing the results of the 
friction drop by Peng et al. [25] as a function of normal load, we 
report in Fig. 6 the experimental data (mean values, scatter is 
also due to tests involving three sets of roughness) with 100 s 
(yellow dots, Pref = 0.18 mN) and 10 s (green dots, Pref = 0.08 mN) 
holding time, and with blue continuous line, the result from the 
present model for 3D Hertzian punch. The blue dashed line repre
sents the prediction without pressure-dependent correction. The 
experimental data are fitted in the same way as that by Ciavarella 
[26]. Notice that there is a set of data [25] with less holding 
time (10 s) before applying frictional force, which corresponds to 
a smaller real contact area. Hence, in accord to our pressure- 
dependent theory, the friction energy is expected to be smaller, 
and accordingly, it is correct to expect smaller static friction coeffi
cient, as found in experiments.

4 Discussion
Inspired by the ideas presented by Ciavarella [24], the present 

model further extends the results of Papangelo and Ciavarella 
[21], which is validated by experimental observations by Peng 
et al. [25] as shown in Fig. 6. We compare the friction reduction 
of indenters with different profiles in three-dimensional axisym
metric and two-dimensional cases. By considering the pressure 
dependence of fracture energy in friction, we can predict an 
unbounded friction coefficient at very small loads, governed by 
the geometry of the contacting body, thereby challenging oversim
plified classical friction models. The actual friction coefficient at 
such minimal loads will depend on frictional behavior at the nano
scopic scale, which could be determined, for instance, through 
AFM measurements, as demonstrated by Peng et al. [25]. Our 
model employs only two parameters: the fracture energy for fric
tion γ and the kinetic friction coefficient f , using the Griffith con
dition to determine the initiation of sliding, while actually 
assuming an infinite local static friction coefficient for the stick 
zone.

Extensive theoretical and experimental research has been 
devoted to the study of friction coefficients, notably by the group 
of Jay Fineberg, who have investigated transient rupture fronts 
propagating dynamically along frictional interfaces. Their work 
consistently demonstrates that fracture mechanics concepts 
remain applicable to friction, even under transient dynamic condi
tions [28–31]. Ben-David and Fineberg [31] demonstrated that fric
tion coefficients can be significantly altered by minute changes in 
the loading geometry—on the order of a fraction of a degree—indi
cating that the friction coefficient may not be an intrinsic material 
property. Kammer et al. [32] applied linear elastic fracture 

Fig. 4 The critical stick zone radius c′c/a corrected for 
pressure-dependent friction energy as a function of normal 
load P for 2D power-law punches

Fig. 5 Friction drop as a function of normal load without 
pressure-dependent (dashed line) versus with pressure- 
dependent correction (solid line) for 2D power-law punches

Fig. 6 Friction drop as a function of normal load P with differ
ent holding time t as given in the study by Peng et al. [25] 
versus 3D Hertzian punch with (solid line) and without 
(dashed line) pressure-dependent friction energy with fitted 
Pref = 0.18 mN for t = 100 s and Pref = 0.08 mN for t = 10 s
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mechanics to friction problems to explain the observed nonlinearity 
in the growth of precursor lengths as a function of the applied force. 
Our model is fully consistent with the findings of the Fineberg 
group, particularly regarding the geometric dependence reported 
by Ben-David and Fineberg [31]. While their study focused on var
iations in punch inclination, we examine symmetrical indenter pro
files and employ half-space theory to model the contact, making 
direct quantitative comparison with their experimental configura
tion infeasible. Moreover, as far as we understand, they did not 
study the influence of the normal load, leaving uncertain the limiting 
value of the ratio between static and dynamic friction coefficients.

Recently, Tada and Persson [33] reported that the global 
maximum static friction force FB may not be a constant: its varia
tion arises from the competition between local slip displacement λel
and asperity size λasp. For slight local slip λel ≪ λasp, global sliding 
requires breaking all asperity contacts simultaneously, thus the 
global static friction force reaches its maximum value. Conversely, 
when the local slip λel is large, asperity contacts are progressively 
broken and renewed during loading process, hence the global static 
friction force becomes equal to the dynamic friction force Fk. In 
addition to its dependence on surface roughness (the asperity size 
λasp), since the local slip is related to material deformation, the 
global maximum friction force also depends on the elastic 
modulus, sample size, and sliding velocity.

Our theory is based on a fracture energy, and as such, it requires 
a minimum size of contact area to be valid. For example, this scale 
may well be the 100 nm indicated by Gao and Yao [34] below 
which tips achieve their theoretical strength. This may prevent 
some of the points in the experiments of Peng et al. [25] to be cor
rectly modeled. In this case, when contact becomes really that of 
very few asperities at nanoscale, the friction prediction of the 
AFM should be more appropriate, if available.

Although the present model predicts the dependence of the fric
tion coefficient ratio on geometry, the available experimental data 
[25] can only validate the case of Hertzian geometry. This limita
tion could be addressed through future experimental validation 
based on power-law punch geometries.

5 Conclusion
We have demonstrated that, within the framework of the “Grif

fith” theory of friction, there can be very pronounced dependence 
of the ratio between static and dynamic friction coefficients on 
the contact geometry—contrary to classical friction theories, 
which assert that the friction coefficient is geometry independent. 
In particular, the model developed for 3D Hertzian punch is vali
dated by experimental observations.

Our formulation incorporates the influence of the real contact 
area through a pressure-dependent frictional fracture energy. We 
have examined a power-law contact profile, as it provides a 
simple yet clear means of representing the transition from a more 
blunt to a flatter contact geometry. Many engineering and naturally 
occurring contacts closely approximate a flat geometry. Within our 
simplified friction model, the ratio of static to dynamic friction 
depends on the normal load as well as the power-law exponent: 
flatter profiles yield higher friction ratios, with the limiting value 
of this ratio potentially being very large. This characteristic may 
account for the considerable variability observed in experimentally 
reported friction coefficients. Furthermore, the geometric depen
dence derived here is based on a nondimensionalized quasi-static 
analysis, rendering the conclusions independent of elastic 
modulus, sample size, and loading rate.
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Appendix: The Axisymmetric Power-Law 
Punch Solution

By assuming an axisymmetric power-law punch has the profile 
g0(r) = Crk, we can derive the adhesiveless contact solution with 
equations (5.27) and (5.28) in the textbook by Barber [35]:

P = 2E∗
􏽚a

0

r2g′0(r) dr
��������
a2 − r2
√ = E∗Ckak+1B

k
2

+ 1,
1
2

􏼒 􏼓

Δ = a
􏽚a

0

g′0(r) dr
��������
a2 − r2
√ = Ckak 1

2
B

k
2

,
1
2

􏼒 􏼓 (A1) 

The auxiliary function h(t) and its derivative can be obtained by 
integrating equation (5.26) in the textbook by Barber [35]:

h(t) =
E∗

π
t
􏽚t

0

g′0(r) dr
��������
t2 − r2
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􏼒 􏼓
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E∗
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2

,
1
2

􏼒 􏼓

(tk − ak)

h′(t) =
E∗

2π
Ck2B

k
2

,
1
2

􏼒 􏼓

tk−1

(A2) 

The pressure distribution can be derived from equation (5.24) in 
the textbook by Barber [35]:

p(r) =
􏽚a

r

h′(t) dt
��������
t2 − r2
√ =

E∗

2π
Ck2B

k
2

,
1
2

􏼒 􏼓

ak−1 · mk,3D
r
a

􏼐 􏼑
(A3) 

where

mk,3D(s) =
1
2

Γ
1 − k

2

􏼒 􏼓

·

��
π
√

Γ 1 − k
2

( 􏼁 sk−1 − 2F̃1
1
2

,
1 − k

2
;

3 − k
2

; s2

􏼒 􏼓􏼠 􏼡 (A4) 

and s = r/a ∈ [0, 1]. Further, the regularized hypergeometric func
tion 2F̃1 is related to the Gaussian hypergeometric function by 
2F̃1(a1, a2; b; z) = 2F1(a1, a2; b; z)/Γ(b).
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