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Abstract. The Material Point method is a suitable numerical method to simulate large
deformations often occurring in geotechnical engineering. The Double-Point MPM (2P-MPM)
extends the simulations for water-saturated materials. In the present work, a coupled dynamic
formulation is used to account for coupled wave propagation in porous media in addition to large
deformations. The computational cost of 2P-MPM is expensive because information between
material points and grid nodes must be approximated at each time step. In conventional 2P-
MPM formulations, linear shape functions are used for this approximation, leading to well-
known grid crossing and loss of contact problems. We use the moving least square approximation
for the 2P-MPM to handle these problems better. In addition, a parallelization approach is
shown to improve the computation time, especially for large boundary value problems. The
developed methods can be combined with non-saturated materials, such as fluids and dry soil,
to simulate complex geotechnical issues. The performed computations of wave propagation
and large deformations using the proposed methods show improved convergence behavior and
increased efficiency.

1. Introduction

The 2P-MPM was proposed by [20] to simulate water-saturated porous materials. Therefore,
the Standard MPM [18] was extended for two phases by introducing two sets of material points
representing the solid and liquid phases. The coupling of both phases was modeled by a drag
force, which serves as a momentum exchange term in the corresponding formulation. In contrast
to the Single-Point MPM (1P-MPM) for saturated materials presented by [1], where a single set
of material points represents the solid and liquid phases, the number of material points increases
in the 2P-MPM leading to higher computational costs. This disadvantage is accepted to simulate
both phases better in their individual movements. In addition, the increased computational time
can be reduced by using parallelization techniques like vectorization of the data and efficient
neighbor searching on regular grids. One of MPM’s most significant sources of inaccuracy is the
permanent transfer mapping of information between material points and nodes. The Moving
Least Square Method (MLS) gave the possibility to mitigate the numerical error of the mapping
and became a common approach for meshfree methods [5]. The MLS has also been successfully
applied to 1P-MPM [19]. Following the same ideas, we use the MLS to 2P-MPM, where we
have two instead of one set of material points [9]. Combined with different weighting functions,
the accuracy of the proposed method is evaluated for a coupled wave propagation benchmark
[9] using a random distribution of material points.
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2. Coupled dynamic formulation

Strong Form The coupled formulation is based on the mass and linear momentum conservation
of the liquid and solid phases. The resulting equations are closely related to Biot’s Poroelasticity
[6, 7] and the formulation presented in [12]. These formulations’ detailed derivation and
comparison can be found in [9]. The governing equations for the velocity fields of both phases
can be written as,

Dvy

nsps = div (o') — nsgrad (pg) + nspsb — 4 (1a)
Dfv _
ngpy th = —nysgrad (py) + ngpsb +£f4. (1b)
with B
fd = fd =+ Py grad(nf) (2)
and
fq= 7n?% (vi—vs) . (3)

An overview of the used variables, parameters, and constants is given in the following table.

Table 1. Parameters, constants and variables for the coupled formulation

Variables and  Description

Parameters

Ng volume fraction (soil)
ny volume fraction (fluid)
Ps grain density

ps fluid density

o’ effective stress tensor
Py pore fluid pressure

b body force

fq drag force

7 dynamic viscosity

K intrisic premeability
Cy compressibility (fluid)

In addition, an expression for the pore fluid pressure is obtained from the mass conservation
and a linear compressibility assumption for the pore fluid.

Oy __ 1
ot ’rlfo

(grad (ng) - (vi —vg) + (1 —nyg) div (vy) + nediv (vf)) (4)

Weak Form To obtain the weak form of equation la and 1b we multiply both equations by the
vector-valued test function du and integrate over Q° and Qf with Q@ = Q* U Q/. The domains
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Q° and Qf are occupied by soil and the pore fluid, respectively. Under the assumption of a
negligible spatial variation of the porosities n, and nf, we obtain [9],

/S {nsps Dl;:s -5u} dQ = /é [(fa" +nspr) : V&u} dQ (5a)

+ / [nspsb - du]dQ — / [fq-du]dQ
s QsnQS

+ / [(0'/ - nspr) n- 5u] ds,
Qs

Dfo
/Qf {nfpfﬁ . 6u} dQ) = /Qf [npfl s Vou] dQ (5b)
+/ [nfpfb~(5u]dﬂ+/ Fd-éu] dQ
Qf QsnQf
+ / [(=nspfI)n - duldS.
aaf

Discrete Form Using the MPM discretization [18] we obtain a system of equatlonb which can
be written in matrix form as in [2, 20]. The nodal accelerations (&)} and (af) at time ¢ and
node ¢ are used here as the unknowns,

(M) @)t = (£)! — (67)) ~ (Fa)! = (£ (62)

(]-v-[lfump)z (A ) (fczt)i (f’mt) + (Fd) (ff)ﬁ 7 (Gb)

with the nodal masses and forces

Nsp Npp
Mlump Z MspNi (Xsp) lump Z mppNi(Xsp) ,
sp=1 fp=1
Nep
(fet); = Z MspN; (Xsp)b(x sp / Ni(x) (o' — ngpr) ndS,
sp=1
Nyp
e’”t )i = Z mppNi(xgp)b(x;,) / Ni(x)(—ngpfI)ndS,
fr=1
) Nsp Ngp
(£")i = Z V:S'Po.lsp grad(N;)(xsp) — Z (L= nsp)pepVip grad(No) (xp) ,
sp=1 fp=1
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] Nfp
(£7")i = = > nppVippsI grad(Ni)(x,)
fr=1

(Fa)i

Np, pr
my,N
=303 PN gy )N ) (Vs — Vi)
i=lfp=1 TP

In the discretization of equation 6a and 6b, we used the nodal shape functions N;, which in the
Standard MPM are chosen as triangular hat functions. Later we will replace these with MLS
shape functions to increase the method’s accuracy.

Time Integration To integrate equation 6a and 6b in time, the explicit forward Euler scheme
is used for the nodal momentum vectors (miv), for the solid and (mv); for the liquid phase.

(miv)HA = (miv)! + Atf (9a)

S
(miv)5"3 = (miv)} + Atf} (9b)

The pore pressures at the material points according to equation 4 are also obtained by finite
differences discretization. While a forward difference discretizes the time derivative of the pore
pressure, the velocity fields on the right-hand side can be evaluated either at time ¢ or ¢ + At,
which can be obtained from equation 9a through division by the nodal masses. Here we use the
velocity fields at time ¢ + At, corresponding to the semi-implicit Euler method.

pAt = (10)

At
nyCy

(grad (ngp) - (v§ — vi) 4+ (1 — ng) div (vy) + ngdiv (vy) )

As the quanteties in equation 10 are evaluated at material points and the velocity fields in
equation 6a and 6b are nodal values, an approximation of the divergence is needed. This is
achieved by utilizing the nodal shape functions.

Nn
div(v,) ~ Z grad(N;)(xp) - vi (11)
i=1
Again, the spatial variation of the porosities is considered to be negligible, and therefore,
grad (ng,) ~ 0 in equation 10 is assumed.

3. Parallelization
A parallelization concept is briefly presented here to improve the computational efficiency of the
method introduced in the previous section. For more details, the reader is referred to [9].
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Neighbor searching Similar to meshfree methods [5] searching algorithm is needed in MPM
to identify the domain of influence of each material point. While in many meshfree methods,
this domain is related to the compact support of the kernel functions, in MPM it is linked to
the element size and the compact support of the nodal and material point shape functions.
Therefore we need to know in which element the material points are located in each time step.
We consider a regular rectangular mesh in the following.

Example:

ceil (x/AX)n! = 10

floor(y, /Ay) =2

MP is located in element 8 (10-2)

O 0]
elem.1]elem.6 n
' N
. = = ) e QA am
clem.2) Transformation: -1 -
AR e &= 20, -x)/AxI -1 "
" : L n=2[(y, -y, V/Ayl-1 |
T [0 I3
| Ay
| |
| |
1
NS )\ [ 5 Q)] | (1-m
% hTad

Figure 1. An example to determine the location of the material point MP and its local
coordinates taken from [9]. In the case of Standard MPM, the information of the material
point MP is mapped to the four nodes of the element where MP is located.

In figure 1 an example is shown to determine the location of a material point in a rectangular
mesh using the ceiling and floor functions. As the compact support of the nodal shape function
in the Standard MPM is equal to the neighboring elements of the considered node, only four
nodes are influenced by the shown material point. Vice versa, the information of a node will
be mapped to all material points located in its adjacent elements. Replacing the linear shape
function with a quadratic B-Spline, which will later be used in the MLS, will increase the region
of influence, as shown in figure 2.

Keeping data like the coordinates of each material point in array form allows performing
the ceiling and floor commands in parallel and obtaining a multi-dimensional array including
all relevant nodes. The presented searching algorithm, in combination with a vectorized
implementation in MATLAB, can be found in [9]. Compared to a sequential implementation, a
speedup of more than 25x was obtained for the investigated benchmarks in [9].

4. Moving Least Squares

Using linear shape functions in the Standard MPM leads to some numerical issues that will
be addressed here. The linear hat function implies a C°— inter-element continuity. Therefore
differential quantities like stress or pore pressure are discontinuous at the element interfaces. This
leads to an unphysical jump when a material point moves from one element to another. This
well-known issue is called grid crossing and can be mitigated by the introduction of smoother
shape functions. Therefore [4] proposed to smooth the shape functions using the convolution
of rectangular and linear shape functions, which led to a new quadratic B-Spline type of shape
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Figure 2. The region of influence of node ¢ for a quadratic B-Spline is shown in (a). If a
material point is located inside the dark or light gray area, non-zero values will be mapped from
node 4 to it. In (b) the opposite mapping is considered. If a material point is located in the red
area, its information will be mapped to the nine red-marked nodes. The same holds for the blue
area.

function. In [17] the linear shape functions were replaced by higher-order B-Splines to overcome
the girdcrossing problem. In the present work, we will use the MLS shape functions first
introduced for MPM in [19]. The MLS [15] can approximate an arbitrary function u given
by a set of n values u = (u1 uy...u,)" at x by

n

MBS (x)u=> oMS(x)u; with MS(x) =w(x—%)p' XM '(x)p(X:),  (12)
i=1 —/_::c(x)t
T

where p(z) = (1 z y...zyz...)" is a vector representing a polynomial basis of chosen order and
w(x — X;) is the weighting function centred at X;. The matrix M(x)is formed by the weighting
functions and the polynomial bases evaluated at the given values [5]. The derivatives of the
shape functions ®MLIS(x) can be found according to [11, 16].

To show the increased accuracy of MLS, we follow an example from [9] and reconstruct the
MATLAB function peaks

ef(m‘Fl)z*yQ

2(z,y) = 3 o~ (W) -z (x — 1)2 _ -

+e PV (104° — 22 +10¢%),  (13)
from a scattered set of material points on a regular grid. We apply different weighting functions
and the constant polynomial basis p(x) = (1). Therefore the case of linear B-Splines corresponds
to the Standard MPM. The relative Ly—error is evaluated to compare the results.

The improved approximation accuracy of MLS with smoother weighting functions is shown in
figure 3. In addition to B-Splines of different order, the Wendland function according to [15]
was applied.

Different choices of weighting functions allow us to change the continuity and compact support
of (I%VILS(X), which helps to mitigate the gird crossing noise as well as a different issue often
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Figure 3. (a) The scattered data set(red) and the nodes(blue), where the approximation is
evaluated as shown. (b) The relative Lo—error between the approximation uy, and the exact
function given by equation 13 is compared for different weighting functions.

referred to as numerical fracture or loss of contact. As mentioned in the previous section, the
region of influence is determined by the compact support of the shape functions. Once two
material points move away from each other, further than this region, no interaction between
them is left. This means that mesh size and the choice of weighting functions determine the
fracture behavior of the material and not some constitutive model. To enlighten this issue, we
use the Method of Manufactured Solutions(MMS) [13]. In particular, the example given in [19].
Therefore a solution for the displacement field of the form

(X, Y1) = <u1> _ (B sin(mX) sin(cwt)) (14)

U2 Bsin(nY") sin(cnt)

with homogeneous boundary conditions is assumed. The necessary body forces are calculated
and applied from these assumptions in calculating the numerical solution. The amplitude B
can be chosen differently to mimic small and large deformations. For the case B = 0.05 and an
element size of h = 0.125 as shown in [9], the Standard MPM develops a vertical and horizontal
crack, as shown in the following figure.

In figure 4, the formation of a numerical crack in the Standard MPM is shown. The material
along this crack loses the self-contact and behaves like a torn cloth. A convergence analysis for
different weighting functions and polynomial bases is carried out in the following. The error is
a time-averaged discrete Lo error, where Tl is the number of time steps and n,, is the number

of material points.
Tn

n;
1 1
error = — E — E vy = vy mmsllz | - (15)
In o=\ =1

The reader is referred to [9] for material parameters and further details of the convergence
analysis.
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Figure 4. Numerical fracture in the Standard MPM solution for an amplitude of B = 0.05 and
an element size of h = 0.125.
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Figure 5. Comparison of MMS and numerical solutions for the case B = 0.05. dark blue:
Standard MPM; green: Cubic B-Spline with p(x) = (1zy)! for nodal velocities + cubic B-
Spline with p(x) = (1); light blue: Wendland weighting functions with p(x) = (1) for nodal
velocities + quadratic B-Spline with p(x) = (1) for all other variable.

The results in figure 5 show the improved convergence properties of MLS shape functions.
Different combinations of weighting functions for the reconstruction of different fields, e.g.,
velocity, mass, stress, etc., decrease the error even further.
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5. MLS for 2P-MPM

In this section, we use the MLS shape functions to improve the accuracy of the 2P-MPM. The
main difference between the application of MLS to 1P-MPM and 2P-MPM is that now the
mapping from material points to nodes is performed on two separate scattered sets of material
points. In the following, we consider the example from [9], which represents a coupled wave
propagation of a shock in a saturated column on two scattered sets of material points, one
for the solid and one for the liquid phase. Different weighting functions were investigated in
combination with the constant polynomial basis p(z) = (1). In figure 6 the results for different

) (a) (b)
2 ——eff. stress 1
—*—pore pressure
—_ —total stress
g 1 0.5
wv
wv
o
% 0 0
o]
g 1 0.95 0.9 1 0.95 0.9
o (0) (d)
<
S
9]
=05 0.5
©
wv
o]
<< 0 0
1 0.95 0.9 1 0.95 0.9
Distance [m]

Figure 6. Comparison of different weighting functions for MLS: (a) Linear B-Spline, (b)
Quadratic B-Spline, (c) Cubic B-Spline and (d) Wendland with p(x) = (1). The discontinuity
or shock propagates from left to right, increasing the stress and pressure to non-zero values. The
total stress(black) is obtained as the sum of the effective stress(green) and pore pressure(blue).

MLS variations are shown. The analytical solution and detailed benchmark description can be
found in [9, 10]. Again the application of MLS shape functions shows an improved convergence
behavior, which is particularly clear as the total stress of the analytical solution is exactly 1
Pa behind(left) the shock. The case of linear B-Splines, corresponding to the Standard MPM,
shows large oscillations in the effective stress with a maximum amplitude of over 2 Pa.

In many applications of 2P-MPM, non-vanishing gradients of porosity are considered in contrast
to the shown wave propagation example. This is often used in erosion and sedimentation
processes where the change of porosity serves as a transition criterion. Examples of such
applications can be found in [2, 3, 8, 14, 20]. Considering a non-vanishing porosity gradient
leads to additional terms in the coupled formulation, which were assumed to be negligible for
the wave propagation case. The MLS could also approximate the varying scalar porosity field
and its vector-valued gradient field analogous to mass and velocity, respectively. In general, the
MLS replaces the linear shape functions of the standard MPM with shape functions that have
a better approximation quality for scalar and vector-valued fields. From this point of view, the
presented method should also work for other formulations than those presented here. This will
be investigated in more detail in the future.

6. Conclusions
The presented application of MLS to MPM improved the accuracy and overcame common issues
of the Standard MPM as grid crossing and numerical fracture or loss of contact. In particular, the
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application to scattered sets of material points decreased the numerical error significantly. The
extension to 2P-MPM showed similar behavior for shock propagation in saturated material.
While different MLS approaches showed only small oscillations due to the scattered set of
material points, the Standard MPM deviated strongly from the analytical solution. In addition
to the accuracy analysis, a parallelization approach was suggested to improve the computational
efficiency of MPM.
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