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ABSTRACT

A Batchelor vortex is prescribed as an inflow boundary
condition for high-fidelity fluid dynamics simulations to
investigate the influence of upstream vortex motions on
the vortex evolution downstream. This configuration em-
ulates the unsteady motions of a lifting surface that induce
small perturbations to the initial state of a trailing vortex
and can evolve into large three-dimensional deformations
downstream. The computational campaign characterizes
the downstream evolution of a canonical trailing vortex
model subject to low-amplitude periodic oscillations of the
center position over a range of Strouhal numbers. Peri-
odic oscillations of the vortex center position in one or two
simultaneous directions introduce curvature to the trailing
vortex system, whose self-induced rotation creates non-
planar sinusoidal deformations of the vortex in the stream-
wise direction at long times that deviate from the well-
known planar rotation of linear theory. Phase snapshots of
this canonical streamwise vortex configuration prescribed
harmonically at the inflow boundary are expected to elu-
cidate the unsteady character of a real trailing vortex gen-
erated by a propellor or control surface in the absence of
wake effects. Growth of the vortex perturbation amplitude
is not observed in the present computations, in contrast to
available experimental data, which suggests that pure trans-
lational motions of a single vortex are not sufficient to ex-
cite perturbation amplitude growth.

Vortex dynamics

1 INTRODUCTION

The unsteady evolution of trailing vortices is highly rele-
vant to hydrodynamic and aerodynamic engineering appli-
cations. The interactions of an unsteady trailing vortex with
downstream bodies can produce significant unsteady load-
ing and are generally undesirable, which motivate an im-
proved understanding of vortex evolution that is critical for
load anticipation and control (Garmann and Visbal, 2015).
In pursuit of this goal, Fishman and Rockwell (2018) in-
vestigated the onset and development of orbital motion of a
trailing vortex subject to small-amplitude heaving motions
over a range of Strouhal numbers. The small-amplitude
heaving motion of the airfoil perturbs the location and flow

characteristics of the trailing vortex, which may undergo
significant changes as the vortex evolves downstream. At
low Strouhal number, the motion of the vortex remains
nearly uni-directional with small variations in axial ve-
locity along the vortex core. The geometric excursion of
the vortex also shows no amplification as it advects down-
stream, which is in stark contrast to the vortex behavior
at high Strouhal numbers. At high Strouhal number, Fish-
man et al. (2017) found the trailing vortex excursion am-
plitude increases by up to a factor of 10 in the stream-
wise direction, with pronounced variations in axial velocity
along the core and increased curvature in the vortex topol-
ogy. The increase in vortex curvature is strongly associ-
ated with changes in axial velocity deficit and vorticity, as
changes in these parameters affect the swirl ratio, g. The
swirl ratio ¢ measures the ratio between vortex strength
and axial velocity deficit, and is mathematically defined
as ¢ = To/(2mroAu) where T'y is the vortex strength,
ro is the vortex core radius, and Aw is the axial velocity
deficit. Leibovich and Stewartson (1983) demonstrated that
a Batchelor vortex is unstable when g < \/2, which for a
vortex with fluctuating circulation strengths and axial ve-
locity deficit can create locally unstable regions along the
length of the vortex.

A complementary computational effort was performed by
Garmann and Visbal (2017), where low-amplitude, high-
frequency oscillations of a NACA0012 wing were shown
to alter the initial state of the trailing vortex as it leaves
the wing. The vortex is laterally displaced throughout the
oscillation cycle of the wing, leading to the pronounced bi-
directional motion of the vortex, where the vortex also un-
dergoes significant fluctuations in axial velocity deficit and
axial vorticity magnitude. The amplification of vortex de-
formations downstream corresponded to enhanced orbital
motion of the trailing vortex, which can be characterized
by non-planar sinusoidal deformations of the mean vortex
centerline.

The present research seeks to further characterize the far-
field evolution of a perturbed trailing vortex subject to time-
varying initial conditions. Specifically, the present compu-
tational work seeks to clarify which features of the vor-
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tex evolution are due to its translational movement at the
point of generation, or may be the result of time-dependent
changes in the vortex state or flow details extended to the
vortex when generated. The topological changes to the
vortex trajectory are explored, where the vortex is subject
to small periodic translations of the vortex center position
only. Variations in vortex strength and axial velocity deficit
are not considered in the present paper to focus solely on
the role of vortex translation and its effects on trajectory
amplification.

2 NUMERICAL PROCEDURE

The governing equations of fluid motion to be solved are
the three-dimensional, compressible Navier-Stokes equa-
tions. These equations are cast into strong conservation
form after a general time-dependent coordinate transfor-
mation from Cartesian space (z,y, z,t) to computational
space (£, 7, ¢, 7) and are written as
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where the vector of dependent variables is
" @)
and Re is the characteristic Reynolds number. The govern-
ing equations are written in terms of non-dimensional vari-
ables, where p is the density, u, v, and w are the Cartesian
components of the velocity, and e is the specific internal en-
ergy. All variables are normalized with respect to their ref-
erence values except for pressure, which is normalized by
twice the freestream dynamic pressure po, U2 . Definitions
for the inviscid and viscous fluxes, F, G, H and FU, Gv,
fIv are not shown here for brevity, but can be found in Tan-
nehill et al. (1997), for example.

1
Q=7 [p, pu, pv, pw, pe

Solutions to Equation 1 are obtained by the implicit ap-
proximately factored finite-difference algorithm of Beam
and Warming (1978), where efficiency in the solution pro-
cedure is gained via the improved diagonalization of Pul-
liam et al. (2020). Numerical errors due to the factorization
and diagonalization procedure are then eliminated by the
use of Newton-like subiterations.

Spatial derivatives are computed by sixth-order compact
finite-differences, and an eighth-order low-pass filter is ap-
plied to the solution variables at each time step to elimi-
nate high-frequency solution components of which may be
poorly resolved due to the mesh size (Visbal and Gaitonde,
1999; Visbal and Rizzetta, 2002). This implicit large-eddy-
simulation (ILES) methodology provides a uniform com-
putational approach across flow regimes where the equa-
tions and methodology are unchanged for laminar, transi-
tional, and turbulent flows. Further details on the present
ILES methodology can be found in Visbal et al. (2003) and
Rizzetta and Visbal (2018).

The solution procedure is carried out using the AFRL
FDL3DI computational fluid dynamics solver, which em-
ploys the described high-fidelity ILES technique. The

ILES procedure is leveraged to provide robust numerical
realization of unsteady flow features that would be other-
wise difficult to measure in an experiment.

3 PROBLEM CONFIGURATION

A simplified vortex model is cast as an inflow boundary
condition to study how small geometric perturbations to
the vortex center position influence downstream evolution.
Figure 1 shows the generic problem setup, where a vortex
advects into the computational domain and is permitted to
evolve in space and time. The selected vortex model is the
Batchelor g-vortex, where the azimuthal velocity profile is
given as

qAu

- r/To

Ug

(1 — exp (—(r/r0)2)) , 3)
with axial velocity
uy =1 — Auexp (—(7‘/7“0)2) ) 4)

where ¢ is proportional to the ratio between vortex strength
I' and the axial velocity deficit, Au (Batchelor, 1964). The
unsteady radial position r is implicitly defined as

r=r(t) = V(@ —ze®))? + (y — )2 ©)

where x. and y. are the time-dependent vortex center
positions, and 7 is the vortex core radius. The vortex
parameters ¢, Au, and 7y may also be treated as time-
dependent, but are considered constant in the present study.

Inflow Boundary

Induced rotation

Figure 1: Representative streamwise vortex with time-
varying inflow center-position. Imposed lateral dis-
placements at the inflow boundary lead to self-induced
rotation of the vortex downstream.

The parameters for the vortex core size in the base pro-
file are in accordance with Fishman et al. (2017) and Fish-
man and Rockwell (2018) at dy = 0.1, where dy is
twice the vortex core radius ry. The vortex core diame-
ter dy is selected as the characteristic length scale, where
the coordinates &, ¢, and Z are the z, y, and z coor-
dinates scaled respectively by dy. The Reynolds num-
ber is in alignment with Fishman and Rockwell (2018),
where their chord based Reynolds number Re. = 15200
corresponds to Reynolds number Rey, = 1520 based
on the vortex diameter. A low freestream Mach number
has been selected as M., = 0.1 to minimize the effects
of compressibility, which are not examined in this study.
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Figure 2: Velocity profiles of the vortex at the inflow
boundary to be used in all computations, where only
the center position is varied.

Figure 2 illustrates the swirl and axial flow profiles, which
are used without change throughout the oscillation cycle
for all frequencies considered. The Strouhal number is de-
fined by St = fdy/Uw, where f is the frequency of oscil-
lation and Uy, is the freestream velocity. The present set
of Strouhal numbers are within the range of experiments
carried out by Fishman and Rockwell (2018), where their
Strouhal number was defined with the length scale speci-
fied as the chord length ¢ (Stq, = 0.15%.).

The vortex center coordinates at the inflow boundary oscil-
late in phase according to

Zeo(t) = Ay sin (27 St,T) 6)
Yeo (t) = —Ay cos (2mSt,T), 7
which positions the vortex at £ = 0 and § = —A,/dy at

T=0.

Table 1: Parameters for uni- and bi-directional vortex
motion with constant flow profile.

Ar/do Ay/do Str Sty q AU do
- 0.3 - 001 2 02 0.1

- 0.3 - 0025 2 02 0.1

- 0.3 - 005 2 02 0.1

- 0.3 - 007 2 02 0.1
0.4 0.3 0.01 001 2 02 0.1
0.4 0.3 0.025 0025 2 02 0.1
0.4 0.3 005 005 2 02 0.1
0.4 0.3 007 007 2 02 0.1

The non-dimensional = and y amplitudes, Strouhal num-
bers, and vortex flow profiles are provided in Table 1.

4 DETAILS OF THE COMPUTATIONS

Three computational grids were constructed to study the
effect of spatial resolution and establish confidence in a nu-
merically converged solution. The highest frequency case
of uni-directional motion is considered for the grid reso-
Iution study, as this will also be the limiting case for the
selected time step of A7= 0.005 where 7 = tUs/dp.
This selection leads to 2,856 time steps per oscillation
cycle for the highest frequency case. The low value of
AT yields a Courant-Friedrichs-Lewy (CFL) number of

Ncp = 0.0757 based on the medium streamwise grid
spacing and an inflow velocity of unity, and a CFL num-
ber of Ncg = 0.041 based on the maximum swirl veloc-
ity and medium grid spacing across the vortex flow profile.
The low values of CFL number provide confidence that the
simulations are stable with respect to the time step and are
adequately resolved for the evolution of laminar vortices
(Demuren and Ibraheem, 1994).

Table 2: Details of the computational grids. AZcore =
Adgeore is the constant spacing across the vortex core re-
gion normalized by the vortex core diameter, and AZ
is the normalized spacing in the streamwise direction.
The constant spacing in the vortex core region extents
+5d, from the (x,y) origin on each streamwise plane,
where the spacing is then slowly stretched out to the far-
field boundaries 800d, away. The total points for the
coarse, medium, and fine grids are 11,844,150 points,
51,418,800 points, and 135,136,800 points, respectively.

Mesh Ng ny  Ne AZcore AZ
Coarse 281 281 150 6e-2 0.133
Medium 414 414 300 3e-2 0.066
Fine 548 548 450 2e-2 0.044

Table 2 shows the level of refinement and spatial res-
olution for the coarse, medium, and fine grids, respec-
tively. The medium grid is uniformly twice as re-
fined as the coarse grid, and the fine grid is 1.5 times
as refined as the medium. The grid is constructed in
Cartesian coordinates with a refined region in the vicin-
ity of the vortex, which is then stretched out to the

far-field boundaries to minimize excessive grid points.
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Figure 3: Center positions for the highest frequency
St= 0.07 uni-directional motion case were considered
for the grid convergence study. Convergence is demon-
strated for the normalized  and § coordinates along
the streamwise direction at a select instant in time,
7 = 300.
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The primary quantity of interest is the location of the
vortex center position as a function of streamwise posi-
tion, hence examining its convergence with the varying
grids is paramount. The vortex center position is se-
lected as the local pressure minimum on each streamwise
plane. Figures 3 and 4 show the center position as a
function of streamwise distance at a select instant in time
and as a periodic function on select streamwise planes.
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Figure 4: The periodic traces of the vortex center posi-
tions are shown to be converged for the uni-directional
case St= 0.07 at two streamwise planes. The coarse
grid under predicts the magnitude of orbital motion at
increasing streamwise distance.
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Figure 5: Integrated quantity of enstrophy over the en-
tire computational domain with respect to time shows
the system ramp down to steady-state for all grids con-
sidered, where convergence is demonstrated for the
medium grid.

The integrated quantity of enstrophy is also measured to
ensure global convergence of the flow field, where Fig. 5
demonstrates convergence for the medium grid. The en-
strophy, £, is computed numerically from the vorticity field
w over the entire computational volume V according to

5:/(w-w) av. ®)
%

From 7 = 0 to 7 = 200, the flow field adjusts to a periodic
state as the inflow perturbations propagate to the outflow
boundary. After the initial flow profile reaches the outflow
boundary, the energy entering and leaving the system re-
mains constant, which yields the ramp down to a constant

value for the enstrophy. Quantities such as the turbulent
kinetic energy may also be considered; however, this study
considers laminar vortex profiles with no added noise. The
enstrophy of the system is proportional to the decay in ki-
netic energy of the system, which achieves equilibrium af-
ter the initial transient. The medium grid is confidently
selected for the remainder of the studies herein.

5 RESULTS

This section presents results for a series of simulations de-
tailed in Table 1. The parameters for the present set of
simulations are inspired by Fishman and Rockwell (2018),
where a NACAOO12 wing heaves at varying frequencies
with a constant amplitude of 3% the airfoil chord length.
The 3% chord length parameter is the basis for the uni-
directional motion amplitude in the y-direction, which cor-
responds to amplitudes of 0.3 times the vortex core diam-
eter. Fishman and Rockwell (2018) also observed lateral
excursions of 4% of the airfoil chord during the oscilla-
tion cycle for their highest frequency case, which corre-
sponds to 0.4 times the vortex core diameter. Results are
delineated by its phase, ®, in the unsteady cycle of the im-
posed vortex motion. The phases are relative to the time
origin 7 = 200, where each phase increment corresponds

to one eighth of an oscillation period advancement in time.
05 05

Zc Zc
[—2=0-=2=327---2="79.6 2 = 120.4]

Figure 6: Traces of vortex center position at various
downstream locations for both uni-directional (left) and
bi-directional (right) motion at St= 0.05. The vortex
traverses the elliptical paths in the counter-clockwise
direction on each downstream plane, where the axis
of the elliptical paths rotate clockwise with increasing
streamwise distance.
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Figure 7: Traces of vortex center position at various
downstream locations for both uni-directional (left) and
bi-directional (right) motion at St= 0.07.

The characteristic paths for each Strouhal number consid-



ered are qualitatively similar, where periodic traces of the
vortex center position are only shown for the two highest
Strouhal number cases for illustrative purposes. Figures 6
and 7 show the periodic traces of the vortex center posi-
tion at various downstream locations for the two highest
Strouhal number cases. For uni-directional motion, the el-
liptical trace of the vortex rotates in the clockwise direc-
tion at each successive streamwise plane, which can be
attributed to the self-induced rotation of a curved vortex
(Hama, 1963; Bliss, 1970). The minor axis of the elliptical
paths traced out by the vortex increases with downstream
distance, and is more prominent at higher frequencies. The
induced lateral motion of the vortex is a function of stream-
wise distance, where the cases of higher frequency achieve
greater rotation sooner. For bi-directional motion, the vor-
tex traces out elliptical paths in the counterclockwise di-
rection on a constant downstream plane, where the major
axis of the ellipses rotates in the clockwise direction with
downstream distance. The path tracing direction of the vor-
tex and the rotation of the elliptical axis with streamwise

distance is consistent across uni- and bi-directional cases.
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Figure 8: Local radial distance away from the origin,
denoted by 7., per streamwise plane for uni- and bi-
directional motion at Strouhal numbers 0.05 and 0.07.

The prescribed oscillations at the inflow boundary are cen-
tered at the origin, hence radial displacements from the
center of oscillation of the vortex center position are eas-
ily attainable at each streamwise plane. Figure 8 shows
the local radius of the vortex center position as a func-
tion of streamwise distance at an arbitrary moment in
time. The experimental results of Fishman and Rockwell
(2018) indicate that amplification may occur for the higher
Strouhal number case; however, amplification is not ob-
served in the current study. For all cases, the peak ra-
dial displacement from the origin either remains constant
or decreases with streamwise distance. As the Strouhal
number increases, the radial displacement tends to decay

with streamwise distance. For bi-directional motion, we
observe a decrease in displacement amplitude and then a
subsequent increase back towards the imposed displace-
ment values. The vortices do not experience displace-
ments greater than the prescribed motion at the inflow,
which is in contrast to existing experimental work. The
absence of amplification may be due to the constant flow
profile of the vortex imposed in the current study, where
experiments show large fluctuations in axial velocity deficit
and circulation strength throughout the oscillation cycle.
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Figure 9: Line graphs of vortex center position

A three-dimensional representation of the vortex center po-
sitions at an arbitrary moment in time after reaching steady-
state motions is shown in Fig. 9. The line graphs of the vor-
tex center positions show that the center location method
produces a stable vortex center and illuminates the basic
topology of the vortex. As the Strouhal number increases,
the self-induced rotation of the vortex becomes more evi-
dent for the uni-directional cases. The vortices rotate in the
sense opposite of the vortex circulation, resulting in a non-
planar deformation of the vortex centerline. Figures 10 and
13 provide three-dimensional representations of the vortex
structure in terms of isosurfaces of Q-criterion at different
phases of the oscillation cycle. The Q-criterion formulation
of Hunt et al. (1988) is used in this work, where positive
values of () indicate a flow region where flow rotation is
greater than the rate of strain. For a constant value of Q-
criterion, () = 0.05, the isosurface tapers with downstream
distance as the vortex loses strength due to viscous dissi-
pation. The axial velocity contours on the isosurfaces indi-
cate fluctuations in magnitude along the length of the vor-
tex. The axial velocity is not constant for a given value of
Q-criterion, where the lower values of axial velocity are bi-
ased towards the outer edge of the elliptical path the vortex
traces. This behavior is consistent across contours for both
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uni- and bi-directional cases, where the effects are most
significant for the bi-directional case at St = 0.07. The
greater variations in axial flow at the higher frequencies is
in qualitative agreement with the experiments of Fishman
et al. (2017), where higher frequency motions induce fluc-
tuations in axial velocity throughout the oscillation cycle.

|
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Figure 10: Isosurfaces of ()-criterion ()= 0.05) for uni-
directional vortex motion at St= 0.025 colored by axial
velocity.

w/Uso

Figure 11: Isosurfaces of ()-criterion (QQ= 0.05) for
bi-directional vortex motion at a Strouhal number
St= 0.025 colored by axial velocity.
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Figure 12: Isosurfaces of ()-criterion (()= 0.05) for uni-
directional vortex motion at St= 0.07 colored by axial
velocity.

w/Uso

Figure 13: Isosurfaces of ()-criterion ((Q= 0.05) for bi-
directional vortex motion at St= 0.07 colored by axial
velocity.

Figures 14-17 provide further detail on the axial flow across
the vortex core at various streamwise locations, where the
axial velocity (scaled by the freestream Mach number,
M., = 0.1) is plotted along the z-axis. The y-plane for
each downstream location corresponds to the y-coordinate
of the local pressure minimum at the given downstream lo-
cation, providing the flow profile across the vortex core.
For all cases, as the vortex evolves downstream, the mag-
nitude of the axial velocity deficit decreases and the char-
acteristic width of the flow profile increases, which is the
expected behavior for steady Batchelor vortices (Batche-
lor, 1964). As the vortex moves downstream and under-
goes its respective oscillation cycle, regions of acceler-
ated flow beyond the freestream value outside of the vor-
tex core are found. This effect becomes more pronounced
with the higher Strouhal number cases, where the change
in curvature of the vortex is much greater when compared
to the lower Strouhal number cases. Uni-directional mo-
tion of the vortex at St = 0.01, for example, shows ef-



fectively no deviation of axial flow throughout the oscil-
lation cycle. For bi-directional flow in Fig. 14, the mag-
nitude of the axial velocity deficit remains relatively con-
stant but is shifted laterally due to the imposed motion.
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Figure 14: Axial velocity for uni- and bi-directional mo-
tion St= 0.01

Z o1 — 0.1

153

< 0.095 0.095

=

5 009 0.09

Z 0.085 0.085
0.08 0.08

04 02 0 02 04 04 02 0 02 04

Z o1 0.1

1=

= 0.095 0.095

~ 009 0.09

Z 0085 0.085
0.08 0.08

E 0 02 04 04 02 0 02 04

£z 01 0.1

g

= 0.095 0.095

=

5 009 0.09

Z 0085 0.085
0.08 0.08

0.2 0.4 -0.4 -0.2 0 0.2 0.4
z
®=0 o =r/4 d=7/2 —P=3r1/4
—P=7—0=57/4—P=31/2—P="Tr/4

Figure 15: Axial velocity for uni- and bi-directional mo-
tion St= 0.025
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Figure 16: Axial velocity for uni- and bi-directional mo-
tion St= 0.05
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Figure 17: Axial velocity for uni- and bi-directional mo-
tion St= 0.07

Contours of axial velocity are shown in Figs. 18 and
19 for the highest Strouhal number case St = 0.07
for uni-directional motion and bi-direction motion respec-
tively. The contours are taken 25 core diameters down-
stream from the inflow plane and are sequenced at equal
phases in their oscillation cycles. Similar to the isosur-
faces in Figs. 10-13, the axial velocity deficit is more
pronounced towards the outer edge of the elliptical path.
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Figure 18: Contours of axial velocity during different
phases of the oscillation cycle for uni-directional motion
at St= 0.07.
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Figure 19: Contours of axial velocity during different
phases of the oscillation cycle for bi-directional motion
at St= 0.07.

6 CONCLUSIONS

A parametric sweep of oscillation frequency is carried out
for prescribed uni- and bi-directional motions of a stream-
wise vortex, whose constant velocity profile is imposed as a
translating inflow boundary condition in an otherwise uni-
form flow. The Strouhal numbers considered range from
St = 0.01 to St = 0.07, which are the approximate low
and high values explored in experimental and computa-
tional works of Fishman and Rockwell (2018) and Gar-
mann and Visbal (2017), respectively.

Consistent across all cases is the self-induced rotation of
the vortex trace in the clockwise direction as the vortex
moves downstream, which is opposite to the circulation
of the vortex. In a given downstream plane, the vortex
traverses its periodic path in the counterclockwise direc-
tion. At low Strouhal number for uni-directional motion,
the imposed vertical motion induces clockwise rotation as
the vortex moves downstream; however, the plane of os-
cillation only rotates a few degrees by the time the vortex
reaches the outflow due to the long wavelength of the mo-
tion. As Strouhal number increases, uni-directional motion
promotes lateral displacements that are more apparent with
increasing streamwise distance. Pronounced vortex curva-
ture at higher Strouhal numbers corresponds to greater vari-
ations in the flow field and the vortex center traces.

For the current set of parameters of constant flow profile
vortices subject only to small translations, self-induced am-
plification of the vortex trajectory is not observed. Pure
translations of the vortex with a fixed flow profile lead
to non-constant flow profiles as the vortex evolves down-
stream, but this adjustment by the flow field is not sufficient
to replicate the growth observed for experimental trailing
vortices generated by moving bodies.
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