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ARTICLE INFO ABSTRACT
Keywords: Nanoporous gold (NPG) made by dealloying exemplifies materials with random bicontinuous microstructures
Nanoporous that can be approximated by leveled-wave type models. As a distinguishing feature, the characteristic length
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scale — often quantified by the “ligament size” L — of NPG may be tuned over several orders of magnitude while
the microstructural geometry retains a high degree of self-similarity. It is therefore essential to have at hand
accurate procedures for determining the size by experiment and to match it to analogous size metrics of model
scenarios. Working with a set of NPG samples of widely different size, we compare ligament size distributions
determined by analysis of scanning electron micrographs to those of the leveled-wave model. The model is
representative of various material types with random bicontinuous microstructures. The size distribution is
remarkably uniform over the cross-section of experimental samples. Furthermore, the distribution evolves
self-similarly upon coarsening, and the normalized distribution width agrees closely to that of the model.
A measure for size determined by the electrochemical capacitance ratio method correlates well with L. This
supports a protocol for converting between the two measures. As a dimensionless factor characteristic of the
microstructural geometry of random dual phase microstructures, the product of L and the specific surface
area is found consistent between experiment and model. The findings suggest conversion factors between the
various metrics, and they advertise the combination of NPG and the leveled-wave model as a showcase for
characterizing the characteristic length scale of random bicontinuous microstructures.

1. Introduction dependent on the specific surface area or on the size of the ligaments.

Not surprisingly, the ligament size is reported in most studies in the

Nanoporous gold (NPG) made by dealloying exhibits a bicontinu-
ous microstructure, in which the characteristic length scales can be
tuned between few nanometers and micrometers [1-3]. The material
is distinguished by its structural uniformity and definition, and by the
reproducibility of its preparation [4,5]. Thereby, it provides a showcase
and a convenient model system for random network materials. The
microstructure of such materials exhibits a substantial complexity. A
recent review [6] advertises phase fraction, connectivity, tortuosity,
surface curvature, grain size and chemical heterogeneity as descriptors
which are each relevant for distinct aspects of the materials behavior.
Given 3D reconstructions, even more (and more complex) aspects of the
microstructure may be accessible and serve for classification — these
include Minkowski functionals [7], principal curvature correlations [8]
and ring structures of graph theory [9]. Yet, by far the most prominent
descriptor of the NPG microstructure is its characteristic length scale.

Length scales are of particular relevance for NPG, since func-
tional [10-14] and mechanical [15-18] properties are substantially
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field. Yet, not every study uses the same metric for size. This raises the
question, how can sizes reported in different studies be compared?
The just mentioned question is rarely addressed, and conversion
schemes have not in all instances been established. This concerns
specifically the comparison between the mean ligament waist diameter,
Ly, as obtained from scanning electron micrographs (SEM) — the most
common approach [19-24] — and an effective size, L,, estimated as
inversely proportional to the specific (per volume) surface area a. The
latter parameter is accessible through various techniques, including
electrochemical approaches [23,25-30], gas adsorption [26-28], and
the analysis of 3D tomographic reconstructions [31-34].
Electrochemical approaches to a appear particularly attractive,
since NPG is routinely prepared by corrosion in aqueous environment,
often under electrochemical control. Characterizing the ligament size
by electrochemical techniques is then a comparatively simple exten-
sion of the preparation approach. Furthermore, the characterization is
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nondestructive and it probes the entire NPG specimen rather than a
local spot.

The electrochemical approach relies on inferring the net surface
area, A, of a specimen from its net capacity, using a reference value
for the area-specific capacitance or pseudo-capacitance. The reference
value for capacitive double layer processes is notoriously sensitive to
experimental detail and so should not be used for quantifying A in
absolute numbers [35]. The value for oxygen sorption is believed to
be more robust, yet oxidation/reduction cycles are known to induce
coarsening and so change the very feature that is to be character-
ized. In fact, double layer capacitance ratio experiments are accepted
for the relative comparison of area-of-surface values, provided that
experimental details are meticulously kept comparable [35].

SEM data probe only a small fraction of the sample volume and this
might not be representative in case there was significant macroscale
heterogeneity. Furthermore, the counting statistics requires attention
— how many ligaments need be analyzed for a representative average
value? As an imaging approach, SEM analysis supports protocols that
address these issues.

The interrelation between different size metrics of random struc-
tures depends on their microstructural morphology. Based on the
morphology of early-stage spinodal microstructures, the leveled-wave
model [36,37] is distinguished by matching elasticity [37], strength
[38], and the reduced topological genus [33,37] of NPG with lig-
ament size as the only free parameter [6]. The model also applies
to such different materials as spinodally decomposed solid solutions,
porous glasses such as vycor, as well as some microemulsions and
polymer blends [39]. The structural similarity between these different
materials classes, including dealloyed nanoporous metals, emphasizes
the interest in NPG as a model system for random bicontinuous mi-
crostructures. Various size metrics for the leveled-wave model have
been explored [37], yet the mean ligament waist diameter, as the key
parameter in experiment, is not among those metrics.

Here, we explore interrelations between the various size metrics
of NPG. Working with experimental samples spanning more than one
order of magnitude in ligament size and with a set of leveled-wave
structures generated numerically, we analyze the ligament diameter
distribution based on images of the microstructure and the specific
surface area based on electrochemical capacitance experiments or on
closed-form solutions for the model. The excellent correlation between
SEM-based ligament size and electrochemically determined specific
surface area suggests an experimental protocol for the capacity-based
estimate of the mean ligament diameter. We assess the results by
comparison with the ligament diameter distribution of the leveled-wave
model. Our analysis of that model extends the range of parameters
for which the model can be linked to experiments on random network
materials in general and specifically on NPG.

2. Scaling between ligament size and specific surface area

The quantities of primary interest in our study are a characteristic
mean ligament size, Ly, and a (volume-) specific surface area, a.
Operationally, Ly is determined based on a sample of the diameters of
many ligaments at their waist in an analysis of SEM images of fracture
surfaces of NPG [20]. The mean of that sample is identified with Ly,.
The specific surface area is defined as the net area of surface in a body
of NPG, divided by the net volume of the solid phase. From the various
approaches (see above) towards measuring «, our study focuses on the
most commonly employed one, which is based on the electrochemical
capacitance ratio method [35].

Inasmuch as the microstructure evolution of NPG during coarsen-
ing can be approximated as self-similar, the specific surface area can
be expected to be inversely proportional to any measure, L, for the
characteristic ligament size. In other words,

al =C¢C (€D)]
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with the scaling factor ¢ a dimensionless constant that depends on the
definition of L and on the morphology of the microstructure but is
independent of its characteristic length scale.

Specifically, ¢ must be expected to vary with the solid volume
fraction, ¢, of NPG [27]. Practically all experimental studies of NPG
have 0.2 < ¢ < 0.5, and most restrict attention to the even smaller
regime 0.25 < ¢ < 0.35. Those restricted ranges will be emphasized in
our discussion.

Geometric models for NPG suggest expectations for the numerical
value of €. In the simplest model, the network structure of NPG is
approximated as an array of monodispersed cylindrical struts. This
immediately suggests € = 4, and in fact the estimate

L, =4/ @

for a ligament size measure based on «a is often used [25,32,40].

A more realistic representation of the microstructure of NPG is
provided by the leveled-wave model. The model’s « relates to its
characteristic wavelength, 4, and to ¢ by [37]

erf 712 — 1)%. 3
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Furthermore, interference functions of leveled-wave structures have

maxima at wave number g, = 2z/4, which implies the characteristic
spacing, L, between neighboring ligaments through [37]

L=123x2r/qy=1234. (€3]

L also manifests itself as the position, on the distance axis, of the first
maximum of the microstructural autocorrelation function.

Contrary to « and L, the mean ligament diameter, Ly, at the waist
in leveled-wave structures escapes a closed-form analysis. A related
parameter can be obtained by an approach from granulometry [41].
To obtain this size measure, L, each material point in the solid phase
is associated with the diameter of the largest sphere that contains the
point and that fits entirely within the solid; L; represents the mean,
over all points, of that diameter. By numerical analysis of leveled-wave
structures with 0.2 < ¢ < 0.5, Soyarslan and coworkers found [37]

Lg ~ A(0.53¢p +0.41). 5)

Combining Egs. (3) and (5) with a straight-line fit in the same interval
of ¢, one finds that the product ¢; = aLg satisfies

C; ~ 4.86-3.48¢ (6)

to within 0.01 or better.

¢; in Eq. (6) varies between 4.0 and 3.6 for 0.25 < ¢ < 0.35. The
values of €y = aLy, for that model are expected smaller. This follows
since it has been pointed out that L; is biased towards the thickest
regions in the microstructure [42]. By referring to the thinnest regions,
Ly, is systematically smaller.

How do experimental findings compare to the above considerations?
Brunauer-Emmett-Teller (BET) adsorption studies by Detsi et al. [27]
achieve good consistency by suggesting ¢ = 3.7. It has been advertised
that BET studies of NPG may contain artifacts, as the material tends
to coarsen during the heating cycles that are required for removing
physisorbed water, a prerequisite for meaningful BET data [26]. The
adsorption would then not probe the original sample state, and the
area value as well as € might emerge erroneously low. Yet, the ¢ value
of Detsi et al. is confirmed by the BET data of Tan et al. [28], which
strengthens the result. It is noted that the sample size required for BET
analysis ([26] recommends ~1g of NPG, [27,28] each use ~250mg,
compared to ~8 mg/specimen in the present work) is not available in
the routine studies of dealloyed nanoporous metal that are the target
of our work.

Detsi et al. [27] also observed € ~ 10 based on electrochemical ca-
pacitance measurements. The authors argue in favor of their BET value,
based on possible artifacts in their capacitance data. The other extreme
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of values for ¢ comes from a study by Jeon et al. [34]. Analyzing the
surface area in 3D tomographic reconstructions of NPG, that study finds
¢ = 1.0. None of the two extremes is readily reconciled with the present
understanding of the geometry of the NPG microstructure.

3. Materials and methods
3.1. Sample preparation

Ingots of the master alloy Ag;sAu,; were prepared by arc melting
the 99.995% pure constituents. The ingots were sealed in evacuated
quartz tubes, homogenized at 1173 K for 120 h and wire-drawn to
1 mm diameter. Intermediate annealing at 1073 K for 600 s was carried
out for recovery after every 20% reduction in diameter. A diamond wire
saw served to section the wire into 2 mm long cylindrical master alloy
samples. Finally, the master alloy was annealed at 1073 K for 2000 s
in Ar.

A three electrode setup with a Ag/AgCl pseudo reference electrode
(0.47 V vs. the standard hydrogen electrode, SHE) and a potentiostat
(PGSTAT-302N) were used in all electrochemical processes. The pseudo
reference electrode was calibrated with respect to SHE in the same elec-
trolyte that was used for electrochemical processes. Potentials reported
in this article are with respect to SHE.

Dealloying used a constant potential of 1.22 V in 1M HCIO,
(99.99%) and was stopped when the current decayed to 10pA. The
potential 1.32 V was then applied for 1200 s to further reduce the
content in Ag. Next, we executed 20 potential cycles in the interval
0.07—1.57 V in a fresh 1M HCIO,. That latter procedure — hold and
potential cycles — was repeated once, with the last cycle terminating at
0.77 V to achieve an adsorbate-free surface. Finally, the samples were
rinsed in ultrapure water and dried in air.

Coarsening was induced by isothermal anneals in an infrared fur-
nace (ULVAC MILA-5000) at a vacuum <10~ mbar. After the anneal,
samples were again immersed in 1M HCIO,; they were first exposed to
the potential 1.32 V for 1200 s and then to 20 potential cycles in the
interval 0.07—1.57 V. This served to remove Ag, which accumulates
on the ligament surfaces after coarsening [43,44]. The last cycle was
terminated at 0.77 V to achieve an adsorbate-free surface.

The mass density was measured by recording sample dimensions
with an optical measurement microscope, computing the volume and
combining that information with the sample mass. The solid fraction
was obtained by dividing through the mass density of the massive alloy,
accounting for the (very small, see Results) residual Ag content.

3.2. Measuring the capacity

Our electrochemical characterization was based on the capacitance-
ratio method in 1M HCIO, (99.999%). That electrolyte is weakly ad-
sorbing on gold; it is also commonly employed in the preparation
of NPG and so is a natural choice for the characterization. Samples
were cleaned and dried after preparation (dealloying and in some cases
annealing) and were then exposed to fresh electrolyte for the charac-
terization. The electrolyte was thoroughly purged with Ar (99.9999%)
prior to the capacitive cycles.

The mean (over the absolute values in anodic and cathodic scans)
current, I, relates to the net capacity, C, and to the electrode potential
scan rate E according to C = I,/E. We inspected I, in the center of a
narrow potential window around E = 0.82V. We applied scan rates
spanning two orders of magnitude, plotted I, versus E, verified linear
behavior and obtained C from the slope of the straight line (through
the origin) of best fit according to C = dI,/dE.

As an intermediate step in the data reduction, we found it con-
venient to convert the experimental capacity data to volume-specific
capacitance, c,, according to

c_cr
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where V, p and m denote the net solid volume, the mass density of the
solid phase and the sample mass, respectively. Our data analysis used
the mass density of Au with residual Ag, here p = 19.22 g/cm’.

The capacitance ratio method relates the surface area, A, to C and
to the reference capacitance, c¢*, of a planar Au surface under otherwise
identical experimental conditions by A = C/c*. This implies

cV
= (€)]
and, in view of Eq. (1),
1

L=c*¢l=3
c c

v
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v

Here, § = €c* is a conversion factor that relates the volume-specific
capacitance of a porous specimen to its ligament size.

In principle, the a of our specimens could be determined using
Eq. (8), and the value of the geometric constant ¢ would then follow
from the Ly, and Eq. (1). Yet, the high sensitivity of the reference capac-
itance values c* to the electrode potential and surface crystallography
(see Section 5.2) inflicts a substantial uncertainty in this approach.
Here, we therefore use Eq. (9) to directly determine the conversion fac-
tor §. It is emphasized that this approach does not require knowledge
of ¢*. Thus, we establish a link between electron-micrograph-based and
electrochemistry-based analysis of ligament size.

3.3. Electron microscopy

For investigation in the scanning electron microscope (SEM), spec-
imens were fractured across the diameter after making a sharp notch
with a scalpel. A Zeiss Supra 55VP FEG SEM, equipped with an Oxford
X-Max 20 SDD Energy Dispersive X-ray (EDX) detector, was used to
characterize the morphology and elemental composition on the fracture
surfaces. Secondary electron images were taken at the accelerating
voltage of 10 kV, using in-lens detector at a working distance of 3 mm.
EDX microanalysis was performed at the accelerating voltage and
working distance of 15 kV and 8 mm, respectively. The software ImageJ
(v1.53k) [45] was used to measure line distances in the micrographs.

3.4. Generating numerical renderings of the leveled-wave model

Microstructures for studies of the leveled-wave model were based
on algorithms described in [37], implemented in an algebra program
(Wolfram Mathematica 11.3). A Gaussian random field in a simulation
box of edge length b was generated by superimposing plane waves
with wavevectors, q; = 2zb~'{h;,k;,[;} with {h,k, [} integers. The
wavevectors were of identical magnitude, with H = y/h> + k> + 17 =
const, and all compatible {h,k,/} were used. The wavelength was
A = 2z/|q| = b/H. Individual waves had random phase shifts. Two
separate realizations of the model were generated with H = \/E (96
independent wavevectors) and \/ﬁ (168 wavevectors), respectively.
For each realization, the Gaussian field was mapped onto the vertices
of a simple cubic lattice (simulation box) of 100 x 100 x 100 voxels.

Renderings of each structure were generated as contour graphs
interpolating the random field at discrimination levels chosen for the
desired solid volume fraction [37]. Their spatial scale was set by A. The
renderings were exported as 2D images and processed further by the
identical image analysis procedures as the experiment. For each solid
fraction, at least 5 renderings — each with a different set of random
phase shifts — were examined, so that ~500 ligament diameters could
be collected.
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Fig. 1. Scanning electron micrographs of nanoporous gold at various states of annealing. (a) as dealloyed, (b) annealed at 573 K for 300 s and (c) annealed at 673 K for 2 h.

Measured line distances marked in white.
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Fig. 2. Collections of measured ligament diameters are plotted in histograms with number of measurements as a function of ligament diameters for (a) as dealloyed and annealed

specimens at (b) 573 K for 300 s and (c) at 673 K for 2 h.

Table 1
Solid fraction and its variation during annealing. For two exemplary samples, table
shows ligament size, L, and solid fraction, ¢, in as-dealloyed and annealed states.

State L [nm] @ [no units]
Sample As dealloyed 41 0.27 £0.01
A Annealed 673 K1 h 200 0.29 +0.01
Sample As dealloyed 35 0.26 +0.01
B Annealed 773 K 2 h 360 0.30 +£0.01
4. Results

4.1. Residual ag fraction and solid fraction

We have investigated 17 samples in as-dealloyed or annealed states,
with ligament sizes that turned out to cover the range ~20—400 nm.
EDX analysis shows average residual silver contents 0.9at%, and the
as-dealloyed mass density was found in the interval ¢ = 0.25 — 0.28.
Samples were found to densify slightly during annealing. Exemplary
data is shown in Table 1. Our findings were compatible with solid
fractions in the interval ¢ = 0.28 + 0.03 in all states, as prepared and
annealed.

4.2. Mean ligament size from electron micrographs

The microstructure of cross-sectional fracture surfaces was taken
as representative of the bulk of our samples. For each sample, we
analyzed several scanning electron micrographs from one cross-section.
In each micrograph, the diameter of the waist of each unambiguously
identifiable ligament was measured, and the number of micrographs
was chosen so that at least 1000 diameters were recorded for each
specimen. Three exemplary micrographs, representative of different
annealing conditions, are shown in Fig. 1; the examples cover the entire
range of ligament sizes considered in this study. The white lines mark
the diameters. The histograms in Fig. 2 represent the distribution of
ligament sizes for the samples of Fig. 1. The bin sizes of the histograms
were selected according to Scott’s rule [46].

When sizes are normalized to their mean, the evolution — as the
mean size increases — of the shape of the distribution provides an
indication of the degree of microstructural self-similarity during coars-
ening. Here, we explore this issue. Rather than working with any
specific model — such as the Weibull distribution [22] - for the size dis-
tribution, our analysis remains model-independent and, in that sense,
uses unbiased statistical moments. Specifically, for each set compris-
ing N ligament diameters L;, we inspect the nth moments of the
distribution,

1 n
(L= ; L, (10)

or combinations thereof, and the standard deviation,

o=/~ 2 (L= (L)’ an

Obviously, the conventional notion of mean SEM ligament size has
Ly =(L);.

Fig. 3 shows the standard deviations of our size distributions, plot-
ted versus Lyy; note the log-log scale. The data exhibits a quite precisely
linear correlation, with /Ly = 0.303 + 0.007.

Importantly, we find the characteristics of the ligament size distri-
butions quite precisely independent of the mean size, throughout the
entire range of ligament sizes. This is at least consistent with the notion
that the NPG morphologies remain self-similar during coarsening in
that range of ligament sizes. Note that this range sensibly covers the
ligament sizes of the majority of experimental studies in the field of
NPG.

Besides the width o of the size distribution, one may also ask for
the confidence interval, +5Ly, for the mean Ly, of the distribution.
Specifically, we are interested in the uncertainty due to of the finite
number of ligaments that were gauged. We base our estimate of § Ly, on
the bootstrap standard deviation [47]. From the data set with N sizes,
many (here at least 1000) random samples of size N, were collected,
allowing for multiple occurrence of individual data. Each sample was
analyzed for (L), and the standard deviation of the set of results
identified with §Ly,. We obtained 6Ly /Ly =~ 0.009 for all samples,
suggesting that the accuracy of our Ly is not limited by counting
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Fig. 3. Standard deviation, o, of the ligament size distribution plotted versus the
mean ligament size, Ly,. Note logarithmic axis scales. Solid line: best fit with linear
correlation; numerical correlation factor is indicated.

statistics. In fact, we found the bootstrap analysis to show a relative
accuracy of 5% in 6Ly /Ly already with only 30 ligaments gauged.
This suggests that the analysis of electron micrographs provides a quite
efficient way of estimating the characteristic microstructural length
scales of NPG, provided that the area analyzed is representative for the
entire region of interest in the sample. That issue will be inspected next.

4.3. Heterogeneity on fracture surfaces

For any given NPG specimen, how homogeneous is the size distri-
bution over the fracture surface? Our analysis contains information on
that issue, since we explored several (typically 12-20) SEM frames dis-
tributed over the cross-section of any given sample. The data in Fig. 4
show the statistics explored separately for each individual frame, for
five representative fracture surfaces (in other words, for five separate
NPG specimens).

Each NPG specimen is represented, in Fig. 4a, by a group of data
with an individual color. Each group displays a statistical analysis of
several SEM frames. The circles are centered at the individual mean
ligament sizes L\fV of each frame, and the vertical lines represent the
corresponding standard deviation ¢/. Horizontal error bars (located
within the circles, as the uncertainty is very small) represent the
bootstrap standard deviation 5L{,v.

For the samples of Fig. 4a, ¢ compiles measures for the variability
in size, in each case normalized to the respective Ly,. Specifically,
orange bars in the figure represent the average, over all frames of
a cross-sectional surface, of the standard deviations in the individual
frames. Conversely, green bars represent the standard deviation of the
frame-wise mean size values. The former value may be considered as
representing the inherent size-distribution width of NPG. It is seen to
substantially exceed the variation in the mean size values between the
different frames. That implies that the dominant contribution to the
size distribution width is inherent, and that heterogeneity across the
fracture surface is comparatively minor.

The yellow bars in Fig. 4c represent the bootstrap standard de-
viations from entire fracture surfaces (all frames). These are small,
indicating that the mean size is measured precisely. Yet, the distribution
width (as just discussed) is much larger.

The violet bars in Fig. 4c represent the mean bootstrap standard
deviations from individual frames. These are larger than the all-frame
ones, simply because of the lesser counting statistics. Yet, they are
typically smaller than the frame-by-frame variation in mean size, in-
dicating that the above-mentioned finding on a small but noticeable
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heterogeneity across the fracture surface is real, not an artifact of
counting statistics.

While the just-mentioned statements appear sensibly valid for all
specimens, one may note that those specimens which were subjected
to annealing exhibit slightly more macroscopic heterogeneity.

4.4. Characterizing size by cyclic voltammetry

Fig. 5(a) presents overview of cyclic voltammograms (CVs) for
specimens with different Ly,. The graphs show the total current in each
sample, for samples with comparable total mass. The current magnitude
decreases as Ly, increases, in agreement with the expected decrease
in surface area. Oxidation/reduction reactions take place at potentials
>0.9 V, while capacitive charging dominates at E < 0.9 V. For our
capacitance measurements, we selected the region of least capacitance
and least Faraday current, namely the potential window 0.82 + 0.05V
indicated by the gray box in Fig. 5(b).

Fig. 6(a) shows capacitive CVs for an Ly = 71nm specimen at
different E. It can be seen that the voltammograms and all scan rates
are featureless, as expected for capacitive processes. The square aspect
at the lowest scan rates suggests negligible transport limitations there.
Furthermore, the symmetry of those CVs suggests small (note the
logarithmic current axis and the extremely small net current magnitude
there) Faraday current contributions. In our analysis of the capacitive
current, these were compensated by averaging over anodic and catholic
scan directions.

Fig. 6b exemplifies our graphs of the currents I. (see Section 3.3)
versus E, here for the specimen of Fig. 6a. A linear fit through the
origin is in excellent agreement with the data, which spans more than
one order of magnitude in E. Linear regression provides the slope of
the fit line, which in turn implies the net capacities C, as outlined in
Section 3.3.

Fig. 7(a) shows how the volume-specific capacitance, c,, varies as
the function of Ly,. In log-log representation, the data agree well with
a straight line of slope —1, as is expected if the net capacity scales with
the area of surface, which in turn scales inversely with the ligament
size. The bold line in the figure is a straight line of best fit, constrained
to slope —1, confirming the just mentioned observation.

We have determined § from the straight line of best fit to the
data of Fig. 7(a) with number average ligament sizes Ly, in the ab-
scissa. The bold line in the figure is a straight line of best fit with
slope —1; its Pearson correlation coefficient of —0.97 confirms the
inverse correlation between capacitance and the measures for ligament
size from SEM. In Fig. 7, the propagated error from cy is not larger
than the size of the circles representing the experimental data points.
Obviously, the scatter around the fit line considerably exceeds that
standard deviation (see Section 5.4). We hypothesize that the scatter is
due to heterogeneity, over the sample volume, in ligament size. This
implies that the confidence limits for our fit parameters are set by
the standard deviation of their residuals. In that sense, the constant of
proportionality for conversion between the two approaches to ligament
size is § = 192 + 10 pF/cm?, when number average ligament size Ly is
the parameter of interest. The shaded region in the graph represents
that confidence interval.

4.5. Relations between measures of ligament size

Our value of § is indirectly based on the volume-specific surface
areas a from the volume-specific capacitance data of Fig. 7.

Note that the histograms of Fig. 2 illustrate that the ligament size
distribution has a finite width. The net values of volume, V, and of area,
A, in a nanoporous sample may then be expressed as weighted averages
over the ligament size distribution. Assuming ligaments of different L
to be geometrically similar, one has

A ZH Wy,

a=70<zL?— 12)

(L);’
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data, grouped by sample (colors). Circles: mean ligament size, L@: vertical lines, ligament size standard deviation ¢/; error bars (inside circles): bootstrap errors (SL(,V. (b) Example
for electron micrographs, here for two different locations on same fracture surface, selected for maximum difference in local mean ligament size (dashed lines connecting to panel
(a)). Specimen annealed at 573 K for 120 s with Ly = 82.3nm. (c) Data for samples of panel (a). Color-coded histogram bars represent: orange: mean of the standard deviations
in the individual frames; green: standard deviation of the frame-wise mean size values; violet: mean of bootstrap standard deviations for individual frames, and yellow: bootstrap
standard deviations from entire fracture surface (all frames). All data is normalized to respective Ly,. (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)

where the summations are over all ligaments, as in Eq. (10). Eq. (12)
suggests an area-weighted mean ligament waist diameter, (L), defined
as
YA L, (L
(=20 - s as)
zA; (L)

as a natural variable determining the area of surface. Averaging over all
experimental data of our study, we find (L), /Ly = 1.17. For a Gaussian
size distribution with the standard deviation of our Fig. 3, the analytical
value would be 1.165, practically identical.

In the spirit of Egs. (12) and (13), (L), is expected to relate to a
and to the capacitance by

G _3a
. :

Y

(L= 14
where ¢, and §, represent scaling factors for use with the area-
weighted average ligament size.

We have determined §, as the straight line of best fit to the plot
of capacitance versus (L), in Fig. 7(b). It is re-emphasized that the
area-weighted size must be preferred when one aims at a meaningful
comparison with L,. The correlation factor emerges here as §, =



S. Bapari et al.

Acta Materialia 260 (2023) 119333

10 T T T T T T T T T T T T T T
a) ]
St i
< -
0 4
E
e ]
~
_5 b =
_tw !
ol W33 | 04l H313mm : i
B 1055 0m Bl 10550 :
M 236.60m ] —0.6| M 236.60m ! -
715 1 1 1 1 1 1 1 1 1 1 1 11
00 02 04 06 08 10 12 14 1.6 0.2 0.4 0.6 0.8

Egug [V] Egur [V]

Fig. 5. Overview of cyclic voltammograms in 1M HCIO, for samples with different ligament size. Full range of potential is shown in (a); current variation at the more cathodic
potentials is shown enlarged in (b). Gray box denotes capacitive region around 0.82 V that was used for capacitance ratio measurements. Scan rate £ = 10mVs~'. (For interpretation

of the references to color in this figure legend, the reader is referred to the web version of this article.)

1 0.5
b)
10*2 -
\ -+~ . B oos 04 r 7
10°F - RO
04 el ear R~ B o003
104 F e P
— i 0.02 — o3l i
< [ | <« 0.3
g 107 ¢ 1 [l ool g
-5 ]
—-10 Il o0.005 '_; 02
e Tiad | i@ o002 7
¥ Slope= 8.65 + 0.09
3 E E
-10 | o.o01 R? = 0.999
07 - =~ 3 [l 0.0005
J0tf = 4 [ 0.0003
S EE S R B o000 . . . . )
076 078 080 082 084 086  0.88 000 0.0l 0.02 0.03 0.04 0.05
Ege [V] E [V/s]

Fig. 6. (a) Example for evolution of cyclic voltammograms with potential scan rate, E, in the potential regime selected for capacitance ratio measurements. Net electrode current
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Fig. 7. Variation of the experimental volume-specific capacitance, c,,
Symbols: data; line: straight line of best fit, illustrating linear correlation.

225 + 12 pF/cm?. This is higher than Fy in panel (a) of Fig. 7. Quite
generally, (L), > Ly, which can be understood as an example for

with the electron-microscopy derived mean ligament size, Ly, (a) and area-weighted ligament size, (L), (b).

Chebyshev’s inequality [48], (L); > (L),(L),, and as a consequence of
larger ligaments receiving more weight in the area-weighted averaging.
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Fig. 8. Renderings of leveled-wave structures. Examples for solid fractions ¢ = 0.265 and 0.35. Golden contour: outer surface of solid phase; blue: inner space of solid phase.
Measured line distances marked in white. Scale bars are indicated in units of the wavelength A. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)

4.6. Ligament diameters of leveled-wave structures

As the leveled-wave model provides links between various metrics
for size, it is of interest to connect our Ly, —a relation to that model. We
have numerically determined Ly, of leveled-wave renderings — such as
the examples in Fig. 8 — for four solid fractions in the range 0.25—
0.35, applying the identical image evaluation procedures as for the
experiment.

The ratio of mean distances between the ligament centers L, Eq. (4),
to Ly is plotted in Fig. 9a as a function of solid fraction. The ratio
decreases with increasing solid fraction; this reflects the thickening of
the ligaments and the narrowing of the intervening pore channels at
higher ¢.

As an analogy to the analysis of experimental data in Fig. 3, Fig. 9b
shows the model’s /Ly as a function of solid fraction. Within the
confidence limits of our evaluation, the scaled distribution width ap-
pears independent of the solid fraction. Furthermore, at ¢/ Ly, = 0.30,
the normalized width actually agrees precisely with the experiment.
This provides one more instance where the leveled-wave model closely
emulates experimental NPG.

Lastly, our numerical analysis supplies a value for the scaling factor
¢y = aLy for leveled-wave structures. This is obtained by combining
the numerical Ly with « as obtained from Eq. (3). In view of the
discussion in Section 4.5, we evaluate both scaling factors, €y = aLy
for use with the mean ligament size and ¢, = a(L), for use with the
area-weighted average size. Fig. 9c shows that these quantities emerge
as €y = 3.03+0.02 and ¢, = 3.53 + 0.03; these coefficients are again
independent of ¢ within the confidence limits of our data.

5. Discussion
5.1. Ligament sizes from electron microscopy and from electrochemistry

One aim of our study was identifying a conversion rule that affords
measuring the ligament size of NPG based on an electrochemical-
capacitance-ratio based approach. We found a highly significant cor-
relation between volume-specific capacitance and ligament size, sup-
porting that both approaches consistently characterize the same mi-
crostructural feature. Reduction of the experimental data can produce
values of the SEM ligament sizes Ly, and (L), as well as the volume-
specific capacitance c,, and this does not require choosing a reference
capacitance value. Our analysis applies to experiments that use the
same electrolyte and potential as in the present study.
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Fig. 9. Evaluation of leveled-wave ligament sizes for renderings with different solid
fraction ¢. (a), ratio of characteristic spacing between neighboring ligaments centers, L,
over mean ligament diameter L. (b), ligament-size distribution width ¢ scaled to Ly,.
Dashed horizontal line: mean value. (c¢), number- and area-weighted scaling factors,
Cy (blue) and €, (red), respectively. Horizontal lines: mean values. Ligament size,
distribution width and scaling factor were independently determined for each of at
least five renderings at the solid fraction in question; data points show mean (symbols)
and standard deviation (error bars). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)



S. Bapari et al.
5.2. Ligament size distribution

Analyzing dimension of microstructural features from micrographs,
such as Ly in our study, is ubiquitous in materials science as a
method for characterizing the size distribution. For NPG, Ly, at the
external surface has been found smaller compared to the bulk [23,25].
This suggests measuring Ly, on fracture surfaces that represent the
bulk microstructure, especially if one aims at a comparison with L,
from electrochemical characterization, which probes the entire sample
volume.

The standard deviation of the ligament size scales with the size
according to /Ly = 0.303 + 0.007. This suggests somewhat more
narrow distributions than those of Badwe et al. [22]. Those authors
report /L = 0.35, based on skeletonization of 2D micrographs com-
bined with a Euclidean distance transform. That approach averages
over the entire microstructure, including the thicker regions in the
nodes where ligaments meet. Our approach of measuring Ly, at the
waists of ligaments systematically discards the nodes, and this may
explain the narrower distribution in our study. With that in mind, we
tend to qualify the two studies as well consistent.

Significantly, the leveled-wave model has /Ly, = 0.300 + 0.005,
in precise agreement with the experiment. Since the model is free of
heterogeneity by construction, the agreement supports the notion of
the size distribution width as inherent.

5.3. Microstructural heterogeneity

The SEM data may be discussed with regard to two types of hetero-
geneity. Firstly, the variance of the ligament size within the smallest
regions of interest, namely single SEM micrographs, relates to the
inherent size distribution of the NPG microstructure, with a standard
deviation of 0.303Ly,. Secondly, there is a small but noticeable macro-
scopic heterogeneity along the sample cross-section, as it is exposed
along a fracture surface. This effect is enhanced in the coarsened
specimens, suggesting a relation to the processing procedures. Yet, we
found that the inherent distribution width is considerably higher than
the variation in L due to the heterogeneity.

The constant relative width of the size distribution would seem
to suggest self-similar coarsening. Yet, studies of the mechanical be-
havior of coarsened NPG have established important deviations from
self similar coarsening [49], in the form a gradual loss in network
connectivity. Direct analysis of the connectivity in numerical simulation
of coarsening supports the finding, specifically for NPG with solid
fraction ¢ < 0.30 [50]. At initial values of ¢ = 0.26 — 0.27, our samples
are just within the non-self-similar range. We speculate that the loss
in connectivity, which strongly affects the mechanics, leaves an at best
weak signature in the ligament size distribution.

5.4. Scaling factors € — values and a sensible upper limit

For the scaling factors € of leveled-wave structures, we report €y, =
3.03 and ¢, = 3.53. Those values are smaller than the ¢ = 3.7 suggested
for experimental NPG [27]. We take this as an incentive to inspect the
range of permissible values for the €.

As outlined in Section 2, idealized networks made of monodisperse
cylindrical ligaments of diameter L have ¢ = 4. For experiments with
more realistic ligament shapes of nonuniform diameter, and measuring
L at the thinnest cross-section, ¢ = 4 is an upper limit: as all remaining
regions then have larger diameter than L, their individual areas per
volume are less and so the net a L for each ligament segment is less than
4. A more formal analysis in the Supporting Information (SI) confirms
this statement. The expected value of a is further reduced since the
nodes where ligaments meet also contribute an increased local diameter
and a locally reduced area per volume.

The nodes and the convexity of the ligaments are not the only
microstructural features imposing an upper bound. Consider a network

Acta Materialia 260 (2023) 119333

of cylindrical ligaments with a Gaussian size distribution of median L,
and standard deviation ¢. The moments of Section 4.2 are then well
approximated' by

(L) = Ly, (15)
(L), = L3 (1+(c/Ly)?) . (16)
(L); = L (1+3(c/Ly)) . an

With Ly = (L);, with (L), = (L);/(L),, with 4 the upper limit for
aL of each ligament (see above), and with « « (L),/(L); for the
distribution one immediately finds

(L), (L)s
¢y = a(L 4-—= 2 =4, 18
AT e < W, e
— (L), _ 1+ @)L
Cw = aLly < 4<L>3 (L), _41+3(ﬁ/L0)2 . 19

The o-dependent term in Eq. (19) is always <1. This reflects that
(L), < (L), since number-weighted averaging gives less weight to the
larger sizes in the distribution. Specifically for the present structures
with ¢/Ly = 0.300 + 0.005, Eq. (19) implies

Cw <3.43+0.03. (20)

Within its narrow error margin, the upper bound value for ¢y, of
Eq. (20) is confirmed when the number- and area-weighted average
sizes are computed from our empirical size histograms rather than the
Gaussian distribution.

To summarize, the convexity of ligaments in NPG together with
the definition of Ly in terms of diameters at the narrowest section
imply € < 4 for each individual ligaments, and the width of the
size distribution along with the scaling of « with an area-weighted
average imply that the number-weighted ¢ must again be smaller.
Eq. (20) presents the ensuing upper bound when the normalized size
distribution width o /Ly is that of NPG or of the leveled-wave model.

In their analysis of the ligament shape in the 3D tomographic
reconstructions of experimental NPG by Hu et al. [33], Richert and
Huber [51] have explicitly confirmed that the overwhelming majority
of ligaments is convex in the sense of a single thinnest cross-section
near the center of the ligament. Thus, area per volume of individual
ligaments may be expected quite noticeably <4, and the actual value
of ¢y, may be expected noticeably below the upper bound Eq. (20).

We note that our numerical values of ¢y and ¢, for leveled-wave
structures are consistent with the above bounds. By contrast, as ¢
in [27] is based on a number-weighted mean ligament size, its value
3.7 conflicts with Eq. (20). This suggests that the ¢y, value of NPG may
be closer to that of the leveled-wave model than what is suggested by
the data in [27].

Since «a is uniquely defined, the ¢ for various size metrics of one and
the same structure scale with the value of the metric. Thus, comparing
the € provides the corresponding conversion factors. Table S1 in the SI
compiles the € of the leveled wave model.

How is the comparison between SEM- and capacitance-based data
in the present work compatible with leveled-wave data for ¢? Our
leveled-wave value is €, = 3.53+0.03. In conjunction with ¢* = §, /€,
(see Eq. (9)), this implies ¢* = 63.7 + 2.3 uF/cm?. Measurements on
single-crystalline gold electrodes at our value of Egyp exhibit smaller
¢*, in the range 25 — 45pFem™2 [52,53]. Yet, data for polycrystalline
Au in 0.5MHCIO, at Eqyg = 0.82V [54] put the capacitance at
¢* = 64pFcm™2, which agrees amazingly well with our observation
for leveled-wave data. In other words, even though the reference
capacitance values per se are not known with sufficient confidence

! The approximation resides in replacing the physical lower bound L = 0
by the analytically more convenient L = —oo in integrals over the weighted
normal distribution. For ¢ in the order of the present value 0.3, the ensuing
relative error in the moments is < 107%.
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and precision to afford an independent determination of the dimen-
sionless scaling parameters ¢ in our experiment, our observations are
not inconsistent with agreement between the scaling parameters of the
leveled-wave model and experimental NPG.

6. Conclusions

Working with a set of samples spanning the ligament size range from
20 to 400 nm, our study explores measures for the ligament size in
nanoporous gold (NPG).

Even though our investigation of the ligament size distribution by
scanning electron microscopy is based on at least 1000 size readings
for each sample, we find that — for the present, narrow distribution
— counting as few as 30 ligaments affords estimating the mean size
to within 5%. Heterogeneity over the cross-section of our millimeter-
sized samples is detectable, yet the major part of the size distribution
width is expressed at any location and so appears to be intrinsic to the
NPG microstructure. Indeed, the practically identical value is found in
the leveled-wave model, which is free of mesoscale heterogeneity by
construction.

We find that a normalized standard deviation of the size remains
invariant during coarsening, and that the net volume-specific double
layer capacitance (per volume of the solid phase) is inversely propor-
tional to the ligament size as determined from scanning electron micro-
graphs. Both observations are consistent with a self-similar geometry,
independent of the ligament size. This, together with the numerical
agreement in the size distribution widths, qualifies experimental NPG
and the leveled-wave model as closely matched microstructures.

Studies of the mechanical behavior of NPG have established that the
connectivity within the network of ligaments may drastically change
during coarsening, and this is confirmed by numerical simulation of
coarsening. Clearly, therefore, not all aspects of the microstructural
evolution of NPG are consistent with self similarity. Yet, those devi-
ations appear not to significantly affect the ligament size distribution.

It is challenging to accurately determine absolute values of the
specific surface area by electrochemical approaches, since reference
capacitance values must be expected to depend sensibly on the exper-
imental conditions. Our protocol for converting experimental volume-
specific capacitance data of NPG into equivalent ligament size values
avoids this problem, as it is calibrated against SEM data rather than
capacitance data for planar gold surfaces. Size and inverse specific
surface area of NPG are found linearly correlated over the entire range
of sizes investigated, with a narrow confidence limit. This qualifies the
present protocol as robust for characterizing nanoporous metals.

The product, €, of size and specific surface area is a dimensionless
parameter characteristic of a microstructural morphology. For leveled
wave structures, we find the numerical value €, ~ 3.5, consistent with
our discussion of upper bounds. The remarkable similarities of the NPG
structures to the model suggest that this value may also be expected for
NPG. This is not inconsistent with the electrochemical characterization
and with reported capacitance data for polycrystalline Au under similar
experimental conditions.

These observations add support to our protocol, suggesting nonde-
structive electrochemical characterization as a practicable alternative
to the destructive investigation of the bulk ligament size of NPG by
scanning electron microscopy. They also lend further support to the
combination of NPG and the leveled-wave model as a showcase for
investigating the microstructure of random network materials.
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