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This paper investigates the question of the existence of non-

linear wave-ice interaction with the focus on nonlinear wave

propagation and dispersion of waves. The scope of this in-

vestigation is to provide a better understanding of ice and

wave conditions required to observe nonlinear wave effects

under level ice.

Direct numerical simulations of nonlinear waves in solid

ice are performed within the weakly Nonlinear Schrödinger

Equation framework, by using the theoretical findings from

Liu and Mollo-Christensen’s 1988 paper.

Systematic variations of wave and ice parameters address

the impact of the mechanical ice properties and ice thickness

on traveling waves of certain wave lengths. The impacts of

parameters characteristics on nonlinear focusing and wave

dynamics, as well as possible constraints regarding physical

consistency, are discussed. It is presented that nonlinear fo-

cusing in level ice occurs theoretically. Hereby, distinctive

areas of validity with respect to nonlinear wave focusing are

∗Address all correspondence to this author.

identified within the parameter study, which strongly depends

on the material properties of the level ice.

The results obtained in the parameter study are subsequently

used to investigate wave focusing under level ice. Therefore,

an exact solution of the NLSE, the Peregrine breather, is uti-

lized. The analytical solution for level ice is compared to the

open water solution and accompanied by direct numerical

simulations. These investigations show that nonlinear wave

focusing can be predicted under level ice for certain param-

eters. In addition, the agreement of the direct simulations

and the analytic solution verifies the numerical approach for

nonlinear waves in solid ice.

Introduction

The climate in cold regions is subjected to changes

where waves and ice increasingly interact. Extratropical

storm tracks are an important driver for the weather and wave

conditions in the Northern hemisphere. The change of these
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tracks, caused by a poleward shift and intensification of the

North Pacific cyclones and a southern extension of the North

Atlantic storm tracks, is represented in recent climate mod-

els, see e.g. Harvey [1].

Furthermore, the climate changes towards a state with in-

creasing global sea surface temperature, which is well known

and exposed for example in the US Climate science spe-

cial report [2] and the Intergovernmental Panel on Climate

Change report [3]. This directly affects the seasonal sea ice

distribution in the arctic and antarctic regions. The seasonal

variability of sea ice concentration and the changes of wave

field impacting drivers promotes the increase of the wave-ice

interaction.

Li et al. [4] use buoy and altimeter data, as well as numeri-

cal simulations to investigate the wave climate in the Arctic

sea. The results indicate that the significant wave height and

the retreating ice coverage are positively correlated. This is

mostly due to the extended fetch area which is available due

to the decreased Arctic ice sheet. If the ice area decrease

further in the future, the authors project a more frequent oc-

currence of large waves by an increase of the growth rate of

the significant wave height.

However, the trend and governing parameters of wave-ice

interaction are not yet uniquely defined. Contrary to the pre-

vious studies, the research of Morim et al [5] shows a ro-

bust projected decrease of the significant wave height in the

North Atlantic region in the seasonal analysis. The coher-

ent, using a multi-method ensemble of global climate pro-

jections and community driven study applies a high emission

scenario. From the results it can be concluded that climate

model driven uncertainties cause mainly the differences in

current wind-wave climate projections.

Stephenson, et al. [6] predict significant increase of maritime

transportation with low ice class ships along all relevant Arc-

tic sea routes, namely the Northern sea route, the Northwest

passage, the Arctic Bridge and the North Pole route. Espe-

cially in the US, Russia, Greeceland and Canada, the access

to the countries exclusive economic zones via low ice class

ships raise in a range of 5% to about 30%. The sea trade and

its capability on the Northern sea route is reviewed in detail

by Liu and Kronbak [7].

Consequently, the knowledge in the field of naval architec-

ture and ocean engineering in terms of ship design and con-

struction, structural analysis and hydrodynamics for ships

and marine structures in ice environment has to increase sig-

nificantly. New methods for the quantification of the quality

of arctic ship design are provided by von Bock und Pollach

et al. [8]: to compare different ship designs, the authors in-

troduce the ship merit factor in ice.

For the approximation of wave propagation in well defined

parameter regimes, the superposition of linear waves can

be used. A physical consistent, high-order accuracy model,

however, needs to take high-order terms into account. By the

mathematical occurrence of nonlinear terms, the physical oc-

currence of interactions between the superposed linear wave

contributions is represented which allows to take e.g. steep

waves and breaking events into account [9, 10].

Until now, the process of nonlinear wave propagation in an

ice covered environment is not completely understood. The-

oretical investigations of nonlinear wave events in ice was

done by several researchers. For example Liu and Mollo-

Christensen [11] studied nonlinear wave effects theoretically

on the basis of the RV Polarsten report. Further investiga-

tions, whether nonlinear effects occur with respect to waves

in ice, were done by Collins et al. [12] and Kohout et al. [13].

Whereas Collins et al. analysis is based on the report of RV

Lance, Kohout et al. used the report of the icebreaker Au-

rora Australis. But neither the way of propagation, nor the

change in distribution of the wave energy nor the incidence

of nonlinear wave events has been completely clarified.

This paper connects both research fields by giving in section

2 and 3 a review in wave theories and ice material theories,

presenting a numerical technique to investigate wave-ice in-

teraction and discussing results of a parameter study in sec-

tion 4. The conclusions are given in section 5.

Wave Theory

The Euler equation, describing fluid motion by pressure

and volumetric forces in the absence of shear stress (inviscid

fluid flow), is the starting point for wave theory. Under the

claim of irrotational flow,

∇×u = 0, (1)

the velocity vector field u = (u(x,z, t),w(x,z, t))T is conser-

vative and represents a potential field [14, 15]. Assuming

that the velocity components are continuous and the domain

is simply connected, Schwarz’s theorem can be applied and

the scalar velocity potential φ(x,z, t) is given by

∇φ = u. (2)

Substituting the velocity potential in the solenoidal flow as-

sumption results in the Laplace equation

∇ ·∇φ = ∆φ = 0 (3)

which is generally used to describe wave motion, e.g.

Whitham [16] and Kundu [17]. For surface gravity waves

a phase-discontinuity, the free surface, is present and bound-

ary conditions have to be formulated.

For potential flows the nonlinear boundary conditions in the

sense of dynamic and kinematic constraints can be defined

by using the surface’s elevation ζ = ζ(x, t) and the velocity

potential.

The dynamic boundary condition is formulated in terms of

Bernoulli’s equation which can be derived from integrating

the Euler equation assuming incompressible and irrotational

flow and balancing along a streamline at the free surface.

The kinematic boundary condition originates from the Eule-

rian specification on the surface elevation.
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At the free surface the nonlinear dynamic and kinematic

boundary conditions yield

∂φ

∂t
+

1

2

(

∇φ
)2

+gζ = 0 (4)

∂ζ

∂t
+

∂φ

∂x

∂ζ

∂x
=

∂φ

∂z
. (5)

Furthermore, a boundary conditions at the bottom (z = H)

have to be defined in terms of a Neumann condition for the

velocity potential. Assuming a horizontal, impermeable bot-

tom profile, the condition is necessarily and sufficiently de-

fined by

∂φ

∂z
|z=H = 0 . (6)

The Laplace equation can be solved by using the method of

separation of variables and applying the combined surface

boundary conditions, Eqs. (4) and (5), and bottom bound-

ary condition, Eq. (6). The elevation at the surface ζ results

from the free-surface condition. The velocity vector is de-

rived from Eq. (2).

Starting with regular, sinusoidal waves the main character-

istics are the wave length (or wave number), the frequency

(or period) and the amplitude. Adding waves of different

frequency and amplitude, one is able to reconstruct irregular

waves. The principle of superposition is fundamental for the

linear wave theory. With the use of Fourier transformation,

complex sea states in time domain can be divided into their

linear components in frequency domain. The inverse Fourier

transformation converts the solutions in frequency domain

back into time domain [18]. One important advantage of the

frequency space is the representation of the wave by ampli-

tude and phase in terms of Euler’s formula and the resulting

very efficient calculation of derivatives [15].

Nonlinear theory

With nonlinear theory more complex wave processes

can be described. For steep, surface gravity waves, it is nec-

essary to take the interactions between the superposed linear

wave components into account. This can be done by apply-

ing a weakly nonlinear approach. In this context, weak im-

plies the physical reduction of wave dynamic’s nonlinearity.

The first research on nonlinear wave theory was done in

the 19th century, e.g. by Gerstner [19] and Stokes [20].

For deep water, weak nonlinearity and a narrow banded fre-

quency range, the NLSE [21] appears, for shallow water,

the Korteweg-deVries and Kadometsev-Petviashvili equa-

tions are found. In the present paper we want to focus on

the one dimensional nonlinear Schrödinger equation in space

domain (NLSE).

Space NLSE

By applying the method of multiple scales to the Eu-

ler equations, the nonlinear wave equations are derived, see

Davey and Stewartson [22] and Holmes [23]. The time and

space scales of the variables in the differential equations are

expanded by slowly varying and independent time and space

variables. By this, a scale separation is introduced which

increases the degree of freedom in the differential equation

system. The additional unknown variables of different scales

can be closed by asymptotic approximations.

Thus, the expansion of the complex envelope A(x, t) is used

to approximate the surface elevation on infinite water depth

ζ =
(

|A|− 1

8
k2

0|A|3
)

cos(θ)+
1

2
k0|A|2cos(2θ)+ (7)

+
3

8
k2

0|A|3cos(3θ)+h.o.t

with the carrier wave number k0, see Onorato et al. [24].

Equation (7) represents an approximation to the third order

Stokes waves on deep water, if the complex envelope A(x, t)
is constant in time and space.

The angle θ is defined with the nonlinear dispersion relation

Ω and the arbitrary wave phase ϕ as

θ = k0x−Ωt +ϕ , Ω = ω0

(

1+
k2

0|A|2
2

)

. (8)

The phase ϕ is a function of t and x and related to the com-

plex envelope as

ϕ(x, t) = arctan(ℑ[A(x, t]/ℜ[A(x, t)]. (9)

The advantage of the additional scales is the ability to remove

secular (nonperiodic) terms in the expansion series. This is

done by the definiton of wave’s amplitude and phase. In Eq.

(7) it’s shown that different wave modes occur, the phases

and amplitudes of the higher, bounded harmonics depend on

the primary, free wave mode (terms related to cos(θ)).
For infinite water depth, the multiple scale method results

in the NLSE, see Zakharov [21]. In 1D+t dimension, see

Onorato et al. [24] and Osborne [10], the equation is given

by

i
(∂A

∂t
+ cg

∂A

∂x

)

−α
∂2A

∂x2
−β|A|2A = 0 (10)

with

α =
ω0

8k2
0

and β =
ω0k2

0

2
(11)

The nondimensional form of the NLSE in moving frame of

reference, see [24], is given by

i
∂A∗

∂t∗
− ∂2A∗

∂x∗2
−BFI2|A∗|2A∗ = 0 (12)
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with the nondimesional time, envelope and space variables

marked with asterisk. The Benjamin-Feir index is given by

BFI = 2k0a0(∆k/k0)
−1 , (13)

assuming a characteristic length scale L ∼ ∆k−1
NLSE , where

∆kNLSE is the typical bandwith for the wave length spectrum

of surface gravity waves. The Benjamin-Feir index, respec-

tively the ratio of nonlinearity and dispersion is an important

parameter for the quantification of nonlinearity and instabil-

ity of the NLSE, see Serio et al. [25].

In this study, the NLSE is solved by applying the pseu-

dospectral split step Fourier method [26, 27], separating the

calculation of linear and nonlinear part. While the nonlinear

part is solved in time domain, the solution of the linear part

is calculated in frequency domain after applying a Fourier

transformation. The main advantages compared to standard

finite difference schemes is its easy implementation and its

computational efficiency.

Intense wave events

As a consequence of nonlinear wave interaction extreme

wave events may occur. One of the main process driving

these events is the modulational instability. Under the condi-

tion of anomalous dispersion, the perturbations of the wave

envelope induces the amplifications in the amplitude and

height of the wave signal [28]. In Benjamin and Feir [29]

the instability of an open water, progressive wave of finite

amplitude, the Stokes wave, is analyzed in terms of a ba-

sic wave train and a disturbing progressive wave pair which

is characterized by small perturbations in wave number and

side band frequencies. For arbitrary water depth the limit is

found to be k0H > 1.363, whereas for k0H < 1.363 the waves

are stable.

In the unstable case, the focusing regime is reached, whereas

the stable case is characterized by reaching the defocusing

regime, see Whitham [9].

The instability of the wave is also covered by the ratio of the

coefficients characterizing the nonlinear and the dispersive

term (
√

|β|/α) (from now on ’focusing ratio’), see e.g. [25]

for a discussion on arbitray water depth.

The limitation of focusing and defocusing regimes of deep

water waves in ice are represented by limiting curves instead

of a constant k0H value. These curves represent where the

focusing ratio equals zero and gives the functional depen-

dence of ice thickness and wave number with respect to the

investigated ice material properties. Thus, the discussion on

the instability of open water waves in finite depth can be ex-

tended in this study to the instability of deep water waves in

ice. Whereas the open water waves are limited by the water

depth, the instability of the deep water waves in ice are lim-

ited by ice material and wave characteristics.

In the case of surface gravity waves the main consequence of

weakly nonlinear interaction is the change in the wave speed

(anomalous dispersion) regarding to the linear theory [30].

Nonlinear waves in ice

In the study of Liu and Mollo-Christensen [11] the prop-

agation of waves in ice covered water was analyzed which

has been mainly motivated by observations of the RV Po-

larstern. The observations indicated that ice on the water sur-

face substantially affects the dynamics of the water waves.

Under the assumption of potential flow and linearization,

the dynamic boundary condition at the ice-bounded surface

changes to

−ρw(
∂φ

∂t
+gζ) = Pice(d) = (ΓB +ΓC +ΓI)ζ. (14)

The ice material properties and corresponding spatial and

temporal derivatives are represented by Γ. The individual

contributions of Bending, Compression and Inertia are rep-

resented by

ΓB = δ
∂4

∂x4
ΓC = γ

∂2

∂x2
ΓI = ι

∂2

∂t2
, (15)

with the flexural rigidity δ, the compressive rigidity γ and the

length scale of submerged ice portion ι

δ = Ed3(12(1−ν2))−1 , γ = Pd , ι = ρid. (16)

Under normalization with the water density, the ice material

properties Bending, Compression and Inertia

B = δρ−1
w , C = γρ−1

w , I = ιρ−1
w , (17)

can be derived, see Liu and Mollo-Christensen [11].

The Young’s modulus of ice E, the thickness of the ice plate

d, the compressive stress P, the dynamic Poisson’s ratio for

ice ν, the density of water ρw and ice ρi are discussed in Sec.

’Sea Ice’. By accounting for these properties, the dispersion

relation yields

ω0 = (gk0 +Bk5
0 −Ck3

0)
1
2 (1+ k0I)−

1
2 . (18)

In Liu and Mollo-Christensen [11] the NLSE coefficients for

ice covered surface are given by

α =
1

8ω3
0(1+ Ik0)4

(

g2(1+4Ik0)

−6gBk4
0(5+8Ik0 +4(Ik0)

2)

+2gCk2
0(3+2Ik0 +2(Ik0)

2)−3(Ck2
0)

2

−(Bk4
0)

2(15−20Ik0 +8Ik2
0)
)

(19)

β = k0

ζ2
12g0

(ζ2
1k2

0cp,0

·
(

g+127Bk4
0 −10C0k2

0 −3Ck2
0)

−36k0ζ2cp,0(10Bk4
0 −C0k2

0)

−2k0φ2(7g+187Bk4
0 −25C0k2

0)
)

(20)
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with the first and second-order amplitude approximations of

the surface elevation ζ1, ζ2, the velocity potential φ2and the

phase velocity cp,0 = (g0/k0)
1/2, with g0 = g+Bk4

0 −C0k2
0

and C0 =C+Ic2
p,0. The order-specific amplitudes result from

expanding the quantities φ,ζ and cp, substituting into the

nonlinear, ice-cover affected, surface boundary conditions

and the Laplace equation and solving according to the power

of nonlinearity [11].

Sea Ice Properties and Conditions

Ice is a non-homogeneous and anisotropic material,

however, due to the complexity of its properties and a lack

of knowledge in certain areas, its properties are often simpli-

fied for engineering matters [31]. Moreover, a description of

the complexity in depth may also not be necessary for many

matters.

Here, the ice properties are referred to with their relevance

for wave-ice interaction. Starting with the density, that can

vary over a wide range with an approximated average value

being ρi = 910kgm−3 [31]. Further relevant parameters are

the elastic modulus, E, the brine volume νb and the Poisson’s

ratio ν. As summarized in Timco and Weeks [31] many prop-

erties are expressed by a semi-empirical function of the brine

volume, which is the entrapped unfrozen saline liquid within

the ice. The latter reduces the effective bulk material in the

cross-section and therewith the nominal strength parameters.

The brine volume is a function of the sea water salinity Sw,

and the sea ice temperature Ti, which is between −0.5 ◦C
and −22.9 ◦C [31]. Therefore, the brine volume depends on

the geographic region of interest and is defined according to

Frankenstein and Garner [32]

νb = Sw

49.185

|Ti|
+0.532. (21)

The elastic modulus in GPa can be defined according to

E = 10−0.0351νb (22)

According to illustrations in Timco and Weeks [31] and Eq.

(22) a value of 9 GPa is considered as an appropriate estimate

for first year ice.

With respect to the stiffness of an ice plate and its bearing ca-

pacity (plate modulus) also the Poisson’s ratio is a parameter

of significance. In wave related problems addressed in this

paper creep related effects are not accounted for and there-

with the dynamic value of ν = 0.33 is used [31].

Traditionally, in addition to elastic modulus and thickness,

also the flexural strength is taken as a characteristic to clas-

sify an ice sheet’s property. The flexural strength σ f can be

expressed as a function of the brine volume [33]

σ f = 1.76−5.88
√

νb . (23)

With respect to ship resistance, values from 500 kPa [34] to

600 kPa are typically used for first year winter ice.

Sea ice is subjected to wind forces that either introduce

movements or generate compressive stresses in the ice.

Those can reach values of the compressive strength of P =
0.5MPa to P = 5MPa [31], if the ice would not buckle be-

fore and create a ridged ice field.

For this study we make use of the values, which are provided

by Liu and Molle-Christensen [11] and coherent to above de-

fined parameter ranges: the ice density ρi = 922.5kgm−3,

the Young’s modulus E = 6GPa, the Poisson ratio ν =
0.33 and the compressive strength P = 5.1MPa.As shown

the parameters are coherent to previously defined parameter

ranges.

Results and Discussion

In this section, first the ice thickness and wave number

range, limited by rules of physical consistency, are identi-

fied in a parameter study. Secondly, representative results of

the comparison between the Peregrine breather solution us-

ing NLSE with either open water, see Eq. (11), or ice bound-

ary condition, see Eq. (19), are presented.

Parameter study

Weakly nonlinear, narrow banded waves can be suffi-

ciently described by the NLSE. The occurrence of nonlinear

wave events and their generation principle depends strongly

on the wave group properties, namely carrier wave number

k0, group velocity cg and carrier angular frequency ω0.

These are represented by the Benjamin-Feir index, Eq. (13),

where the first contribution on the right hand side depends

on the wave spectrum’s bandwidth. The focusing parameter

(β/α) gives the ratio of nonlinear and linear coefficients.

This ratio represents the dependency of wave speed on

amplitude and the changes in wave’s dispersion. If this ratio

is negative the wave groups are stable and the solutions are in

the defocusing regime with occurrence of dark solitons and

vortex structures [35]. A positive ratio implies instability,

the solutions are of focusing type. Here, the nonlinear

interactions between the wave modes cause a concentration

of local energy and the unstable wave groups can form to

extreme waves [24].

If the water surface is covered by solid ice, the wave

dynamics differ from open water conditions. In the study

of Liu and Mollo-Christensen [11], the flexural and the

compressive strength and the length scale of submerged ice

portion, referred to bending, compression and inertia, are

taken into account for wave propagation.

In the following, the influence of the angular frequency,

the ratio of group and phase velocity and the focusing ratio

by varying wave number and ice thickness are analysed.

Nonlinear focusing waves are localized by the occurrence

of positive focusing ratio and physical consistent wave

dispersion and propagation parameters. Furthermore, the

role of material’s contributions regarding the nonlinear wave

dynamics in ice covered water can be analyzed.

In Tab. (1) the investigated cases in terms of accounted

ice properties are summarized. The first block refers to
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Table 1: Variation of assumed ice properties, Bending,

Compression and Inertia and corresponding figures. For ’1’

the appropriate term is taken into account, for ’0’ the term is

set to zero.

case B I C Figures

I 1 0 0 (1.a), (3.a)

II 0 1 0 (1.c), (3.b)

III 1 1 0 (1.e), (3.c)

IV 0 0 1 (2.a), (4.a)

V 1 1 1 (2.b), (4.b)

the case of sole bending, sole inertia and the combination

of both contributions. Properties regarding bending and

inertia are of interest when investigating strength and failure

mechanisms of an ice plate. In addition to this, the impact of

compression due to ice ridge dynamics was analyzed [11].

Case IV represents the case where only compression affects

the wave dynamics. The last case merges all properties and

represents the reference case originally introduced by Liu

and Mollo-Christensen [11].

Angular frequency and velocity ratio

In Figs. (1) and (2) the angular frequency (Subfigs. (1.a,

c) and Subfigs. (2.a, c, e)) and the group to phase velocity

ratio (Subfigs. (1.b, d) and Subfigs. (2.b, d, f)) are shown for

the cases I to II and for the cases III to V, see Tab. 1.

For physical consistency the focus in the plots is put on small

positive values of angular frequency and velocity ratio satis-

fying

ω0 > 0

cg

cp

> 0 .
(24)

The main idea of the following figures is to visualize the va-

lidity range for simulations of ice covered nonlinear waves

using the NLSE.

Excepting the inertial contribution, values in the observed

range are not shown in the upper right part of the figures,

where small wavelength and high ice thickness is presented.

Most of the values change at small wave numbers over the

bandwidth of ice thickness and at small ice thickness over

the bandwidth of wave number. Results of both, angular fre-

quency and the velocity ratio, are similar, but for the velocity

ratio the values of interest occur in a narrower range of ice

thickness and wave number. This leads to the assumption

that cg/cp is the critical constraint of Eqs. (24).

In detail, the sole bending contribution for the angular fre-

quency, Subfig. (1.a), shows dω
dd

= 0 for small wave numbers

over the described characteristic area. In the reduced equa-

tionit becomes obvious that a small ice thickness and wave

number yields the open water condition of angular frequency.

The areas of open water condition are most present in the

bending contribution, due to the proportionality of highly

powered ice thickness and wave number (∝ d3,∝ k5
0).

In Subfig. (1.b) the velocity ratio is shown. In a similar char-

acteristic range described for the angular frequency, the open

water value cg/cp = 0.5 is reached. With equally increasing

wave number and ice thickness the value increases.

The figures representing the sole inertia plot, Subfigs. (1.c)

and (1.d) looks different. In the whole parameter space the

values of both wave parameters are relevant and valid. The

angular frequency for sole inertia contribution,

ω0,I =
( gk0

1+ Ik0

)1/2

=
( g

1/k0 +ρid/ρw

)1/2

, (25)

is characterized by the counteracting impact of wave number

and ice thickness. If the inertia term vanishes (small d), again

the open water solution is reached. But, due to the place in

the denominator, the increasing inertia I = (ρid)/ρw causes

a decrease of angular frequency at constant wave numbers

with higher gradient for small waves and thicker ice. For

fixed ice thickness the angular frequency increase due to the

decreasing denominator caused by its vanishing 1/k term.

The velocity ratio reduces to

cg,I

cp,I
=

gk0

2(1+ k0I)2(ω0,I)3/2
, (26)

see Subfig. (1.d). In the upper right part of the figure the

velocity range decrease to a level below the open water con-

dition. This implies that inertia only marginally affect the

deviation of the velocity ratio to the open water value. The

superposition of sole flexural rigidity and inertia results in

Subfigs. (2.a) and (2.b). The figures are highly correlated to

the previously discussed sole bending figures. This redraws

the dominant impact of the bending contribution due to the

high power dependency on wave number and ice thickness.

The inertia contribution only marginally varies the gradient

of the velocity ratio within the characteristic range.

In Subfigs. (2.c) and (2.d) sole compression is represented.

The values of angular frequency and velocity ratio is smaller

in magnitude and validity range. The compression term is

subtracted from the gravitational contributionFor increasing

wave number and ice thickness both the frequency and the

velocity ratio reaches zero. In contrast to previously dis-

cussed figures (bending and inertia contribution), where the

values increase along the diagonal axis, the valid range is

limited by a sharp zero-contour line.

Superposing all contribution, in fact, results in subtracting

the compressive rigidity from the bending and inertia contri-

bution. Subfigure (2.e) represents an area equal zero, respec-

tively a non-valid range regarding Eq. (24). The inner limits

of this area are defined by the compression, the outer limit is
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a: Angular frequency Bending, case I
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b: Velocity ratio Bending, case I
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c: Angular frequency Inertia, case II
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d: Velocity ratio Inertia, case II

Fig. 1: Angular frequency (Subfigs. (a, c)) and ratio of group velocity to phase velocity (Subfigs. (b, d)) in parameter space

of normalized wave number and ice thickness. Sole bending (Subfigs. (a, b)) and inertia contribution (Subfigs. (c, d)) to the

wave parameters are shown. The angular frequency is limited to 0 to 2.0 the velocity ratio is in the range of 0 to 1.0. The

range in which the wave number is varied, ∆k, is given by {k0 ∈ R : 0m−1 < k0 ≤ π/10m−1}. The ice thickness interval ∆d

is defined to {d ∈ R : 0m ≤ d ≤ 2m}.

given by the inertia and bending contribution.

The corresponding result for the velocity range is more dras-

tic. Nearly the complete sole compression properties are

present and only a narrow, slightly-larger zero band at high

ice thickness remains from the bending and inertia contribu-

tion.

Focusing ratio

As already mentioned a positive focusing ratio indicates

the high likelihood of nonlinear focusing waves. Conse-

quently the restriction

β

α
> 0 (27)

has to be taken into account in addition to the constraints pre-

sented in Eq. (24) for the choice of the wave number and the

ice thickness in the NLSE simulations.

In Figs. (3) and (4) the contributions of ice properties are

shown in order of Tab. (1). As in the parameter study for

angular frequency and velocity ratio shown, the relevant and

valid values are in a similar figure area. The parameter analy-

sis points out that the nonlinear wave-ice interaction based on

the coefficients provided by Liu and Mollo-Christensen [11]

is only valid in a narrow range of ice and wave properties.

The limitations are given by the constraints Eqs. (24) and

(27).

For simplicity, a schematic subdivision is introduced in Sub-

fig. (3.d) using subquadrants, corresponding to wave and ice

characteristics.

Subfigure (3.c) shows the superposition of sole bending and

inertia contribution, Subfigs. (3.a) and (3.b). In subquadrant
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a: Angular frequency Bending and Inertia, case III

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

b: Velocity ratio Bending and Inertia, case III
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c: Angular frequency Compression, case IV
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d: Velocity ratio Compression, case IV
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e: Angular frequency Bending, Inertia and Compression, case V
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f: Velocity ratio Bending, Inertia and Compression, case V

Fig. 2: Angular frequency (Subfigs. (a, c, e)) and ratio of group velocity to phase velocity (Subfigs. (b, d, f)) in parameter

space of normalized wave number and ice thickness for cases III-V. Shading represents non-valid areas regarding Eq. (24).
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a: Focusing ratio Bending, case I
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b: Focusing ratio inertia, case II
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c: Focusing ratio Bending and Inertia, case III
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smaller waves

lower ice thickness

long waves

higher ice thickness

long waves

lower ice thickness

smaller waves

higher ice thickness

d

k

d: Definition of significant areas

Fig. 3: Focusing ratio

√

|β|
α in parameter space of normalized ice thickness and wave number. In Subfig. (d) relevant sub-

quadrants are defined regarding wave and ice characteristics. The ratio is shown in the range of 0 to 1.0. Shading represents

non-valid areas regarding Eq. (27).

A the focusing ratio of the sole inertia contribution increases

due to the higher ice thickness. In the case of the combined

bending and inertia contribution and the sole bending contri-

bution, spots of high focusing ratio lie on significant curves.

The values are much larger than one. This implies that a fixed

functional dependence on ice thickness and wave length trig-

ger the instability of the nonlinear interactions. According to

sole compression, Subfig. (4.a), the spots of high focusing

ratios exist along two curves. Apart from this curves the fo-

cusing ratio increases in subquadrants A and D indepently

from ice thickness.

In the superposition of bending, inertia and compression con-

tribution, the three previously discussed significant curves

are presented, see Subfig. (4.b). The high value areas are

mostly spread in the range of small ice thickness and along

the whole range of wave numbers, subquadrants C and D.

The occurence of the focusing spots increase with increasing

wave number and decreasing ice thickness. Reaching sub-

quadrant B, again the curve of superposed bending and iner-

tia contribution can be identified. In subquadrant A, at small

waves and higher ice thickness, nonlinear focusing doesn’t

appear.

General comments on the parameter study

Compared to the sole concern of bending and compres-

sion, inertia only slightly impact the overall contribution.

Reviewing Liu and Mollo-Christensen [11], it’s found that

the definitions for the compression proportion are given in

terms of ice pack compression and the bending contribution

is correlated to the ice plate properties. So both contributions

are inherently defined in terms of larger dimensions. In con-

trast inertia, given by the, comparably small, water density

ratio, scales only linearly with ice thickness. Physically an

interpretation in terms of a two scale separation of the ice

properties in the presence of wave dynamics seems obvious.
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a: Focusing ratio Compression, case IV
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b: Focusing ratio Bending, Inertia and Compression, case V

Fig. 4: Focusing ratio

√

|β|
α in parameter space of normalized ice thickness and wave number for sole compression and

accounting all ice properties provided by Liu and Mollo-Christensen in [11]. The ratio is shown in the range of 0 to 1.0. The

wave number bandwidth and the ice thickness are same as in Fig. 1.

Bending and compression are related to forces acting on

large scales of the ice plate, whereas inertia is related to the

hydrostatics of the ice, which can be reduced to the length

scale of the submerged ice portion.

Furthermore, Liu and Mollo-Christensen concluded in their

study that the pack ice compression is highly relevant for

wave energy concentration. They argue that this is forced

by both the mechanisms of very small group velocity and

high nonlinear modulational instability due to the pack ice

compression. The occurence of both small velocities and

high focusing ratios (which are correlated to modulational

instability, see Sec. ’Intense wave events’) is also indicated

by the results of the parameter study. Explicitly, the

contours of significant large positive values in the focusing

ratio (Fig. (4b)) and the contours of small velocity ratios

(Fig. (2f)) occur in the same area in the parameter range.

The dominant role of compression is also represented

in the results. Comparing the figures of all ice material

properties (Figs. (2e), (2f) , (4b)) with the sole contribution

of compression (Figs. (2c), (2d), (4a)) and the contribution

of combined bending and inertia (Figs. (2a), (2b) , (3c)), the

dominance of compression to ice properties is evident.

The sign reversals of nonlinear and dispersive terms in the

NLSE (negative focusing ratio), also observed by Liu and

Mollo-Christensen, correspond to the introduced limitations

(Eqs. (24) and (27)). In our study we pointed out that the

sign reversals in the focusing ratio are correlated to the non

physical negative wave number and velocity ranges. This is

shown by the similarity of ’non-valid’ (chessboard marked)

regimes in the velocity ratio, the angular frequency and the

focusing ratio.

Advanced approaches

Alternatively, the elastic deformation of the ice plate

could be formulated in terms of the dynamic equation of

motion with forcing by the nonlinear dynamic boundary

condition of the waves. The terms of inertia, damping and

stiffness could be defined by the small scale material prop-

erties of flexural and compressive rigidity and inertia. The

damping of the ice plate could be derived from the inertia

and stiffness of the plate and eigenfrequencies could be

analyzed regarding wave’s angular frequencies. Furthermore

the attenuation of the wave due to viscous effects resulting

from wave-ice interaction has to be quantified and accounted

in terms of introducing a corresponding coefficient, see for

example Marchenko et al. [36] and Guyenne et al. [37].

The nonlinear boundary conditions for the waves may be

reviewed in terms of identifying the ice plates bottom with

wave’s surface elevation. This holds, if the ice plate is

assumed to be thin. For larger length scales, the dependence

of wave kinematic’s on the water depth is significant.

Thus the bottom of the mainly submerged ice plate is not

necessarily exposed to the surface condition of the wave, but

to smaller orbital motions below the water surface.

NLSE time domain simulation with open water and ice

boundary condition

For some specific nonlinear wave events the NLSE has

analytic solutions. These events are divided in categories of

nonlinear wave groups, two of this are the breather and the

envelope solitons. The Peregrine breather is one breather so-

lution, which was initially derived by Peregrine [38] and is

given in terms of the linear and nonlinear NLSE coefficients
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a: Open, deep water

b: Ice covered, deep water

Fig. 5: Analytic solution of Peregrine Breather in open, Subfig. (a), and ice covered water, Subfig. (b), for normalized x-t pa-

rameter space {x(λ)−1 ∈R : −2.0×102 m(λ)−1 ≤ x(λ)−1 ≤ 2.0×102 m(λ)−1} and {T ∈R : −2.0×103≤T ≤ 2.0×103 }.

Light and dark dotted lines in Subfig (b) marks location of tstart and ttarget .

by [39]

A(x, t) = A0 exp
(

− iβA2
0t
)

·

·
( 4(1− i2βA2

0t)

1+4β2A4
0t2 +2β/αA2

0(x− cgt)2
−1

)

. (28)

In open water wave tank experiments, e.g. Chabchoub et

al. [40], the occurence of the Peregrine breather could shown

experimentally.

In this section the Peregrine breather, see Eq. (28), is dis-

cussed by the comparison of the open, deep water condition,

see alpha and beta Eq. (10), and the ice-covered, deep wa-

ter condition given by Liu and Mollo-Christensen [11], see

Eq. (19). As initial condition of the NLSE the surface el-

evation at initial time (space series) is necessary, which is

calculated by the analytic equation of the Peregrine breather.

Direct numerical simulations are performed and the results

are compared to the exact solutions in order to verify the nu-

merical procedure.

Peregrine breather in open water

The space series of the open, deep water cenvelope is

presented in Subfig. ((6).a) for two discrete time steps. The

NLSE simulation coincide with the analytic Peregrine solu-

tions. The elevation and envelopes represents the character-

istic and excepted shape of the Peregrine breather.

Peregrine breather in ice covered water

In this section the space series of the Peregrine breather

and the corresponding NLSE simulations in ice covered wa-

ter are shown in Subfig ((6).b).

For the simulation, the values for Young’s modulus, the den-

sities and the Poisson ratio were taken from Liu and Mollo-

Christensen [11]. Note that compression is suppressed in

this simulation setup, which results in different wave number

and ice thickness compared to the ones provided by Liu and

Mollo-Christensen [11]. To find the corresponding values,

we use Fig. (3.c), choose k0/∆k = 0.586 and find the corre-

lated ice thickness to be d/∆d = 0.0303. The wave group en-

velopes of the analytical solution and the direct simulations
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a: Open water solutions for |ζ| in interval {x(λ)−1 ∈ R : 1.0×104 m(λ)−1 ≤ x(λ)−1 ≤ 2.0×104 m(λ)−1}

-150 -100 -50 0 50

0

0.5

1

1.5
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2.5

3

3.5

b: Ice covered water solution for |ζ| in interval {x(λ)−1 ∈ R : 1.0×104 m(λ)−1 ≤ x(λ)−1 ≤ 2.0×104 m(λ)−1}

Fig. 6: Comparison of open water, Subfig. (a), and ice covered, Subfig. (b),), deep water condition NLSE simulation and

exact solution of Peregrine breather by means of, with respect to wavelength, normalized envelope of the wave group at

wave number k0 = 0.1841m−1, wave steepness ε = 0.05 and ice thickness d = 0.061m. The properties for ice are defined

with the flexural rigidity and the length scale of submerged ice portion, the compressive strength is equal to zero. The

timestep of simulation is dt = 0.1s. The blue, dashed lines represent exact solution, black dotted lines gives elevation of

NLSE simulations.

coincide (6.b)) verify the implemented numerical procedure

based on the split-step method. Although the surface con-

dition in the ice-case differs strongly from the open water

condition, the Peregrine breather characteristics are compa-

rable.

In Fig. (5) both the open and ice covered solution for the an-

alytic Peregrine solution are represented. Under the same

normalized temporal and spatial domain it’s figured out that

the ice covered solution is located in a narrower space and

time range.

Conclusion

In the first part of the paper, relevant aspects of wave

theory and ice material theory are reviewed and the present

work is put into the theoretical framework. The ice boundary

condition given by Liu and Mollo-Christensen [11] is intro-

duced and discussed in the context of the space nonlinear

Schrödinger equation.

A parametric study is used to analyze the effect of flexural

rigidity, compressive stress, and ice thickness to the wave

dispersion, ratio of group to phase velocity, and the ratio of

the two NLSE coefficients. By looking at the properties in-

dependently and in combination, the influence of each pa-

rameter is figured out.

First, the parameters are limited to physical consistency,

which entails only positive parameters. The range of the pa-

rameters is limited to order of one. Under this constraints,

the range of ice thickness and wave numbers leading to valid

specifications decrease. Mostly, small waves and high ice

thickness leads to values which are either not valid in terms

of the constraints or larger than order of one.

In terms of the wave specifications, the velocity ratio shows

narrower areas of valid values in the investigated parameter

space and is thus assumed to be the more critical parameter

compared to the angular frequency.

In terms of the focusing ratio, the superposition of all con-

tributions results in a figure where significant curves of high

focusing ratios occur. These curves represent the valid and

relevant curvature for nonlinear focusing waves. The cor-

responding ice thickness and wave number give the control

parameters for the NLSE simulation setup.
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By comparing the sole contributions with respect to the three

observed parameters angular frequency, velocity ratio and

focusing ratio, it is visualized that inertia’s impact is small

compared to the contributions of bending and compression.

This can be explained by the scale separation, which is pro-

vided by the ice properties’ definition in Liu and Mollo-

Christensen [11]. For the focusing ratio one can claim ad-

ditionally that by the interaction of bending and compres-

sion the nonlinear instability diminishes locally in areas of

smaller wave length.

Furthermore, the deviation from the open water values are

analyzed. The different functional relations of the wave pa-

rameters, with respect to ice thickness and wave number, in-

dicate that the deviations to the open water solutions increase

at certain combinations of wave number and ice thickness.

This certain combinations represent the critical ice thickness

and wave length at which the ice plate influence the wave

dynamics.

In the second part of the presented results, the Peregrine

breather is simulated with the NLSE under open water and

ice covered water condition. The validation of the results is

done by comparing the existing analytical solution and the

NLSE simulations. For assuming both open and ice bound-

ary condition the space series coincide with each other. The

Peregrine breather characteristic can be reproduced under

the presence of ice. Comparison between direct numerical

simulations and the exact solution verified the numerical ap-

proach. Thus, this numerical procedure can be used for sys-

tematic numerical investigations on different wave system

where exact solutions are not available. The control param-

eters for the ice covered simulation, wave number and ice

thickness, are chosen with the figures from the parameter

study, so that the defined constraints are fulfilled. The oc-

curence of the analytic surface elevation and envelope of the

Peregrine breather verifies the choice of the control parame-

ters for likely nonlinear focusing. By this, the results of the

parameter study are exemplarily illustrated.

Finally, the analytic solutions of the open and ice bounded

Peregrine breather are shown in the space-time domain. The

increase in time for the evolution of the breather solution due

to the ice cover is demonstrated.

For subsequent research, the material properties and their

definitions, provided in Liu and Mollo-Christensen [11],

have to be reviewed. Especially the attenuation of the waves

have to be represented by a refined model. The relevance

of compression in the absence of large scale ridge formation

has to be evaluated. Smaller scale processes and their impact

on the overall material behavior have to be taken into ac-

count. Furthermore a systematic investigations with realistic

sea states has to be applied.
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tio of group velocity to phase velocity (Sub-
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