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Abstract
Numerical methods play an important role when predicting structural failure
in industrial applications. Among various methods, the phase-field modeling
(PFM) seems to be a very promising approach. By introducing an additional
phase-field variable, it can account for crack initiation, crack propagation,
dynamic crack branching and more. However, it needs a very fine mesh espe-
cially along the propagating crack path.When utilizing boundary-fittedmethods
such as the finite element method, this can lead to a large amount of elements
and thus, results in huge systems of equations. In order to overcome this issue,
immersedmethods like the finite cellmethod (FCM)have beendeveloped,where
the mesh is independent of the geometry, which results in a fast and simple pre-
processing. In this work, the FCM is applied to the PFM in order to simulate
quasi-static brittle fracture of structures with complex geometries. Furthermore,
the non-negative moment fitting (NNMF) is employed in order to accelerate
the finite cell computations. The proposed methods are tested on a numerical
example in order to demonstrate the strength of the NNMF.

1 INTRODUCTION

The phase-field modeling (PFM) is very efficient when simulating failure such as fracture. It has been applied in different
fields such as brittle fracture [1], ductile fracture [2], mixed-mode fracture [3], and dynamic fracture [4]. In contrast to
the extended finite element method – another approach for simulating fracture – the crack is described smoothly, by
introducing an additional scalar function called the phase-field. It interacts with the mechanical problem due to two
mechanism, which are (I) thematerial degradation and (II) the strain energy driving force. In order to capture the solution
in the vicinity of the crack path, a very fine mesh is required.
The finite elementmethod (FEM) is very popular for structuralmechanical problems. It utilizes a boundary-conforming

mesh in order to discretize the structure. However, a very fine mesh is needed for fracture computations [1], which leads
to huge computational costs and therefore, still remains a big challenge.
In recent years, immersedmethods have gainedmore attention in the scientific community. They provide simplemesh-

ing strategies and thus, are qualified in order to circumvent the FEM drawbacks (Figure 1). Among different immersed
methods, the finite cell method (FCM) is a well-known approach [5]. It utilizes a Cartesian grid in order to discretize
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F IGURE 1 Different meshing approaches in structural mechanics: boundary-fitted methods (FEM) versus immersed method (FCM).
FEM, finite element method.

the structure, employing high-order hierarchical shape functions on each of the so-called “finite cells.” Furthermore, the
multi-level hp-refinement can be applied in order to refine the FCM mesh towards the crack path [6, 7]. One advantage
of the FCM is the possibility to utilize different geometry descriptions, such as level-set functions, boundary representa-
tion (B-rep, e.g., STL), voxel models, trimmed curves, or constructive solid geometries. Due to the non-conforming mesh
however, discontinuities in the integrands of the stiffness matrices and load vectors occur, when the finite cells cut the
domain boundary. This issue has been tackled by different integration schemes [8].
Usually, space-tree methods (such as quadtrees in 2D and octrees in 3D) are employed for the numerical integration,

which are very robust and accurate [5]. However, they lead to a huge amount of integration points (IPs) and thus, are
very expensive. On the other hand, moment fitting schemes are very promising, leading to a reduction of the integration
effort [9]. In particular, the non-negative moment fitting (NNMF) has been proven to be very efficient for nonlinear FCM
computations [10]. The idea is to derive an individual quadrature rule for each cut finite cell, where positivity of the
weights is preserved.
In this work, the NNMF scheme is employed in FCM simulations of brittle phase-field fracture with the aim of reducing

the computational effort, while the accuracy ismaintained. Different numerical examples are investigated in order to show
the efficiency of the proposed approaches.
The paper is structured as follows: Section 2 describes the theory of the PFM. Section 3 gives a brief introduction into

the FCM as well as into the NNMF. In Section 4 numerical examples are studied. Finally, conclusions are provided in
Section 5.

2 PHASE-FIELDMODELING OF BRITTLE FRACTURE

2.1 Basic formulation

The PFM is suited in order to simulate quasi-static brittle fracture. The main idea is to describe the crack by a smooth
function, known as the phase-field 𝑠(𝒙). It acts as an indicator, that is, in the domain with no damage, 𝑠 = 0, while in
the region where the crack occurs, 𝑠 = 1. In between, there is a transition zone, that is, 0 < 𝑠 < 1, which is controlled by
the length-scale parameter 𝓁. A structure is described by the domain Ω, on which body loads 𝒃 are acting. Furthermore,
displacements 𝒖̄ are prescribed on the Dirichlet boundary Γ𝐷 and tractions 𝒕̄ are applied on the Neumann boundary Γ𝑁 .
The crack is represented by the boundary Γ𝑐 (Figure 2A). According to ref. [11], the total potential energy is given as

pot(𝒖) = ∫
Ω⧵Γ𝑐

Ψ𝑒(𝒖) dΩ + ∫
Γ𝑐

𝐺𝑐 dΓ −

(
∫
Ω

𝒃 ⋅ 𝒖 dΩ + ∫
Γ𝑁

𝒕̄ ⋅ 𝒖 dΓ

)
= el(𝒖) + s − (𝒖) .

(1)
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F IGURE 2 Concept of the PFM. Crack represented by (A) sharp boundary Γ𝑐 , (B) smooth phase-field function 𝑠. PFM, phase-field
modeling.

Here, the first term denotes the elastic energy el, where Ψ𝑒 is the strain energy density. Since a linear elastic material
is assumed in this work, Ψ𝑒 =

1

2
𝝈 ⋅ 𝜺. Here, 𝜺 are the strains and 𝝈 = ℂ 𝜺 the stresses, with the elasticity tensor ℂ. The

unknown displacements are described by 𝒖. The second term denotes the fracture surface energy s, where 𝐺𝑐 is the
fracture toughness. Finally, the last term describes the work done by the external loads  . So far the crack has been
described by the sharp boundary Γ𝑐. When utilizing the PFM, the crack is represented smoothly by the phase-field 𝑠
instead (Figure 2B). To this end, the regularization, as introduced by refs. [1, 12], is applied to the total energy, resulting in

pot(𝒖, 𝑠) = ∫
Ω

𝑔(𝑠) Ψ𝑒(𝒖) dΩ + ∫
Ω

𝐺𝑐

(
𝑤(𝑠)

2𝓁
+
𝓁

2
∇𝑠 ⋅ ∇𝑠

)
dΩ −

(
∫
Ω

𝒃 ⋅ 𝒖 dΩ+ ∫
Γ𝑁

𝒕̄ ⋅ 𝒖 dΓ

)
= el(𝒖, 𝑠) + s(𝑠) − (𝒖) .

(2)

Here, the elastic energy includes the degradation of the material, where 𝑔(𝑠) = (1 − 𝑠)2 + 𝜅 is the degradation function
(with stability parameter 𝜅 ≪ 1). Also the fracture surface energy is regularized, where 𝑤(𝑠) = 𝑠2 denotes the dissipation
function. The variation of Equation (2) leads to

𝛿𝒖(𝒖, 𝑠, 𝛿𝒖) = ∫
Ω

𝑔(𝑠)𝝈(𝒖) ⋅ 𝜺(𝛿𝒖) dΩ −

(
∫
Ω

𝒃 ⋅ 𝛿𝒖 dΩ+ ∫
Γ𝑁

𝒕̄ ⋅ 𝛿𝒖 dΓ

)
= 0 , (3)

𝛿𝑠(𝒖, 𝑠, 𝛿𝑠) = ∫
Ω

𝑔′(𝑠)Ψ𝑒(𝒖)𝛿𝑠dΩ + ∫
Ω

𝐺𝑐

(
𝑤′(𝑠)

2𝓁
𝛿𝑠 + 𝓁∇𝑠 ∇𝛿𝑠

)
dΩ = 0 . (4)

In order to consider that only tensile stresses contribute to the crack development, a strain energy split into tensile and
compressive parts based on the volumetric-deviatoric decomposition is utilized [13]. Unfortunately, this violates the linear
structure of the sub-problems later on. However, this issue is solved by utilizing the hybrid approach proposed by Ambati
[14]. Furthermore, it has to be ensured, that damaged regions do not recover, that is irreversibility has to be enforced. To
this end, a history-field is applied in this work [15, 16], which is given as

(𝒙) = max
𝑖

{𝑖−1(𝒙), Ψ
+
𝑒 (𝒙)

}
. (5)

It stores themaximum value of the tensile part of the strain energyΨ+𝑒 in each integration point. Finally, the solution of the
coupled problem is explained in the last sub-section. Formore details about the phase-field approach and its discretization
with FEM and FCM, the reader is referred to refs. [1, 6]. The weak forms (Equations 3–4) are discretized, resulting in the
residuals

𝑹𝒖(𝒖, 𝑠) = ∫
Ω

𝑔(𝑠)𝑩𝑇𝝈𝑣(𝒖) dΩ −

(
∫
Ω

𝑵𝑇 𝒃 dΩ+ ∫
Γ𝑁

𝑵𝑇 𝒕̄ dΓ

)
, (6)

𝑹𝑠(𝒖, 𝑠) = ∫
Ω

2(𝒖)𝑵𝑇
𝑠 (𝑠 − 1) dΩ + ∫

Ω

𝐺𝑐

(
𝑵𝑇
𝑠
𝑠

𝓁
+ 𝓁𝑩𝑇𝑠 ∇𝑠

)
dΩ . (7)
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F IGURE 3 Staggered solution scheme for the coupled elastic and phase-field problem.

Here, the displacement field is approximated as 𝒖 = 𝑵𝑼 and the strains in Voigt notation as 𝜺𝑣 = 𝑩𝑼, where 𝑵 is the
shape function matrix, 𝑩 the strain-displacement operator and𝑼 the unknown solution vector of the displacements. The
stresses in Voigt notation then are computed as 𝝈𝑣 = 𝑪𝜺𝑣, where 𝑪 is the elasticity matrix. Furthermore, the phase-field
is approximated as 𝑠 = 𝑵𝑠𝑺 and its gradient as ∇𝑠 = 𝑩𝑠𝑺, where 𝑵𝑠 is the shape function matrix, 𝑩𝑠 the gradient matrix
and 𝑺 the unknown solution vector of the phase-field. The solution of the nonlinear coupled problems (Equations 6)–7)
is addressed in the followings.

2.2 Solution scheme

In order to solve the nonlinear coupled problem, an implicit staggered solution scheme (Figure 3) is utilized, which treats
the coupled problem as an alternate minimization problem [12]. It divides the whole problem into two sub-problems:
the phase-field problem (Equation 7) and the elastic-field problem (Equation 6). In general, these sub-problems are non-
linear, which are solved by the Newton–Raphson method during each iteration, leading to a huge computational effort.
Fortunately, this issue can be overcome, when these sub-systems become linear in terms of the current unknown (𝒖 in
Equation 6, 𝑠 in Equation 7). This is the case for linear elasticity of the elastic-field problem as well as a quadratic degrada-
tion function for the phase-field problem, which are assumed in this work. The following twomechanisms are responsible
for the coupling:

1. material degradation
2. driving force

In contrast to monolithic solution schemes, staggered approaches are more robust and lead to smaller systems of
equations [1]. Due to these advantages, staggered schemes are employed in this work.
The implicit staggered solution scheme works as follows: After the initialization, it solves the phase-field problem

first (with 𝑖,𝑗 as an input), and uses the output 𝑠𝑖,𝑗+1 as an input for the elastic-field problem. Once the elastic-field
problem is solved, resulting in 𝒖𝑖,𝑗+1 and the history-fields (𝑖,𝑗+1), its output is sent again as input to the phase-
field problem. These steps are repeated until convergence is achieved, that is the residuals 𝑟𝑠 = ‖𝑹𝑠(𝒖𝑖,𝑗+1, 𝑠𝑖,𝑗+1)‖2 and
𝑟𝒖 = ‖𝑹𝒖(𝒖𝑖,𝑗+1, 𝑠𝑖,𝑗+1)‖2 both lie below a tolerance 𝜀. This solution scheme is summarized in Algorithm 1.

ALGORITHM 1 Implicit staggered solution scheme

1: Initialize 𝑠0, 𝒖0 → 𝑖,0

2: for 𝑖 = 1,⋯, 𝑛steps do
3: Set load
4: Initialize 𝑠𝑖,0, 𝒖𝑖,0 → 𝑖,0

5: for 𝑗 = 1,⋯, 𝑗max do
6: Solve phase-field problem (Equation (7))
7: Solve elastic field problem (Equation (6)) & update history-field
8: Compute residuals (𝑟 ∶= max{𝑟𝑠, 𝑟𝒖})
9: if converged (𝑟 < 𝜀) then
10: break
11: end if
12: end for
13: end for
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F IGURE 4 Concept of the FCM. Mesh refinement of the crack utilizing the multi-level hp-refinement [6, 7]. FCM, finite cell method.

3 FINITE CELLMETHOD

3.1 Basic formulation

The main idea of the FCM is to embed the physical domain Ω into a simple-shaped domain Ω𝑒, which can be meshed
easily with a Cartesian grid (Figure 4). The fictitious domain Ω𝑓 = Ω𝑒 ⧵ Ω is then penalized by the indicator function

𝛼(𝒙) =

{
1, 𝒙 ∈ Ω

𝛼0, 𝒙 ∈ Ω𝑒 ⧵ Ω ,
(8)

where 𝛼0 ≪ 1 is a small parameter ensuring stability inΩ𝑓 [17]. Now, an arbitrary function 𝑓(𝒙) should be integrated over
the physical domain Ω. Due to FCM concept, this is now expressed as

∫
Ω

𝑓(𝒙) dΩ = ∫
Ω𝑒

𝛼 𝑓(𝒙) dΩ . (9)

This approach is applied to the integrals above in order to simulate the coupled elastic and phase-field problem with
FCM. These integrals are discontinuous due to 𝛼(𝒙), which have to be treated carefully. There exist several methods to
solve this problem [8]. One commonly used integration scheme is the adaptive space-tree method (quadtree in 2D / octree
in 3D) [5]. They are very robust and accurate, but lead to a huge number of IPs and thus, are very expensive. In order
to overcome this issue, moment fitting schemes [9] have been developed, which derive a special quadrature rule (points
and weights) for each broken finite cell and thus, strongly reduce the overall number of IPs. These IPs are reused for each
iteration and load step of nonlinear and/or coupled problems. However, the simulations then are not robust anymore and
even can becomeunstable, because of possible negativeweights and that the IPs lie in the fictitious domain [10]. Therefore,
in order to overcome these drawbacks and take the advantages of both schemes (robustness of space-trees, efficiency of
moment fitting), the NNMF has been developed recently [10], which will be briefly explained in the followings.

3.2 Non-negative moment fitting

The NNMF derives a special quadrature rule for each broken finite cell, similar as the standard moment fitting. However,
all IPs are located in the physical domain and also are constrained to be positive (𝑤𝑖 ≥ 0). In general, moment fitting
schemes express a function 𝑓(𝒙) in terms of𝑚 basis functions 𝑓𝑗(𝒙), 𝑗 = 1,… ,𝑚. In this work, hierarchical shape func-
tions based on integrated Legendre polynomials are utilized. Given an unknown set of 𝑛 IPs, each with a weight 𝑤𝑖 and
position 𝒙𝑖 , then the following relation holds

𝑛∑
𝑖=1

𝑤𝑖 𝑓𝑗 (𝒙𝑖) = ∫
Ω

𝑓𝑗(𝒙) dΩ, 𝑗 = 1,… ,𝑚. (10)

Here, the positions 𝒙𝑖 as given, while the moments 𝑤𝑖 are unknown. This linear system of equations can be written as

𝑨𝒘 = 𝒎 , (11)

where
𝐴ji = 𝑓𝑗 (𝒙𝑖) (12)

𝑚𝑗 = ∫
Ω

𝑓𝑗(𝒙) dΩ . (13)
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F IGURE 5 Concept of the NNMF scheme. The stabilization points are computed by the 𝛼-stabilization [17]. NNMF, non-negative
moment fitting.

F IGURE 6 Cube with cylindrical hole. (A) Setup of the problem, (B) FCMmesh with phase-field solution 𝑠, and (C) displacement
solution 𝑢𝑦 . All solutions are visualized at the last load step (displacement level: 𝑢̄𝑦 = 0.0112).

There exist several ways how the moments 𝑚𝑖 can be computed. In this work, the adaptive space-tree method is
employed in order to compute𝑚𝑖. TheNNMF is illustrated in Figure 5. Themajor steps of theNNMFare given as follows:

1. Distribution of IPs in physical domain
2. Setup moment fitting system of equations (computation of moments)
3. Solve constrained optimization problem

First, the IPs are distributed in the physical domain with the help of adaptive space-trees [10]. Next, the moment fitting
system in Equation (11) is set up, as explained before. Finally, the constrained optimization problem

min
𝒘

‖𝑨𝒘 −𝒎‖2
s.t. 𝑤𝑖 ≥ 0

(14)

is solved using a non-negative least squares solver [18]. In addition, IPs are distributed in the fictitious domain for
stabilization purposes. Further details about the NNMF scheme can be found in ref. [10].

4 NUMERICAL EXAMPLE: CUBEWITH CYLINDRICAL HOLE (3D)

In this benchmark, a cube with a cylindrical hole under increasing uniaxial tension is investigated (Figure 6A). The
proposed FCM phase-field approach as described previously is utilized in order to simulate the problem. A mesh with
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TABLE 1 Parameters used in the benchmark.

Parameter Value Parameter Value

Geometry 𝐿 1.0 mm FCM setup 𝑛𝑥 × 𝑛𝑦 × 𝑛𝑧 10 × 10 × 2

𝐵 0.2 mm 𝛼0 10
−6

𝑅 0.2 mm  3
Material 𝐸 210 000 kN∕mm2 𝑘ref 2

𝜈 0.3 Phase-field 𝓁 0.05 mm
𝐺𝑐 2.7 N∕mm 𝜅 10

−6

Boundary
conditions

Δ𝑢̄𝑦 0.0008 mm Solver setup 𝑛steps 14
𝑢̄𝑦(𝑖) 𝑖 ⋅ Δ𝑢̄𝑦 𝑗max 100

𝜀 10
−3

F IGURE 7 Comparison between the octree and NNMF. (A) Load-displacement curve, (B) iteration history.

10 × 10 × 2 finite cells and multi-level hp-refinement with a refinement level of 𝑘ref = 2 is utilized (Figure 6B). For the
sake of simplicity, all geometry, material and numerical (FCM, phase-field, solver setup) parameters are listed in Table 1.
Here, 𝐸 denotes the Young’s modulus of the structure, 𝜈 the Poisson ratio, 𝐺𝑐 the fracture toughness, 𝓁 the length-scale
parameter and Δ𝑢̄𝑦 the displacement increment. The prescribed displacement 𝑢̄𝑦 rises linearly with the increasing load
step 𝑖. Furthermore, 𝛼0 and 𝜅 are the stabilization parameters, 𝑗max the maximum number of staggered iterations and 𝜀
the tolerance.
This example demonstrates that crack initiation can be well predicted by the PFM. When looking at the phase-field

solution at the last load step (𝑖 = 𝑛steps) in Figure 6B, it reaches it maximum at the center plane (𝑦 = 𝐿∕2), where failure
is observed. This is also reflected in the displacement solution 𝑢𝑦 at the last load step (𝑖 = 𝑛steps) in Figure 6C, which is
discontinuous at the same surface (𝑦 = 𝐿∕2).
Now, a quantitative study is performed, where the different integration schemes – the octree and the NNMF – should

be compared. For both schemes, the tree-depth is given by  = 3. For the octree, 𝑛𝐺 = (2𝑝 + 1)
3 IPs per subcell are

utilized. The number of moments for the NNMF is given as𝑚 = (4𝑝 + 1)
3, which are computed by the octree. The load-

displacement curve (Figure 7A) shows an increasing load at larger displacement levels for both methods, until the load
suddenly drops. This happens when the structure is fully damaged. Here, the NNMF yields the same results as the octree.
Also the number of iterations is very similar between both methods (Figure 7B), where differences are negligible. The
number of iterations is in an acceptable region (<30), and reaches high values (∼60) only at the critical load steps, that
is when the crack starts to propagate. From Figure 7B, it seems as if the computational effort would be similar between
both integration schemes. However, the NNMF is around five times faster than the octree (see Table 2). The reason for
this is, that the octree needs a very high number of IPs, which can be highly reduced by the NNMF. Here, the NNMF
reduced the total number of IPs by a factor of 10. This benchmark reveals that the NNMF is suited very well for FCM
fracture computations.
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8 of 9

TABLE 2 Computational effort of the octree and NNMF. For each quantity 𝑓 (in each column),
the ratio is given as ratio = 𝑓Octree

𝑓NNMF
.

Integration scheme Number of integration points Simulation time

Octree 840 024 21 min, 16 s
NNMF 85 144 4 min, 25 s
Ratio 9.9 4.8

5 CONCLUSIONS

In this work, an immersed computational framework for brittle fracture based on the FCM and PFM has been presented.
Furthermore, the NNMF has been employed in order to further accelerate the computations. The proposed approach
provides a fast meshing and thus, simplifies the pre-processing. It has been studied on a numerical benchmark. Here, fast
and accurate results were obtained by the NNMF, which therefore is a promising approach.
In the future, it is planned to circumvent the mesh refinement at the crack path by enrichment of the Ansatz space.

First research has been already conducted in this field, see for example, in ref. [19], and it is gaining more attention in the
scientific community.
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