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The present study utilizes highly resolved Lagrange particle tracking measurements to analyze the time-
dependent three-dimensional fluid dynamics in the wake of air bubbles rising in quiescent bidistilled water.
Two bubble sizes are studied with regard to the velocity fields and the temporal evolution of the generated

vorticity in their wakes. The range of bubble sizes is of particular interest, as it corresponds to other recent stud-
ies. The bubbles are reconstructed in three dimensions to determine the bubble rise trajectory and the bubble
shape. The analysis of the aforementioned measurements, particularly the calculation of the Q-criterion, supports
prior numerical findings of a wake mode exhibiting secondary vortex loops. Additionally, the energy spectra of
the velocity fields and their temporal evolution are analyzed, providing a unique experimental dataset for the
validation of numerical simulations and the further study of bubbly flows.

1. Introduction

The investigation of multiphase flows, particularly bubble dynamics
in fluid systems, is a crucial area in fluid mechanics due to its relevance
in various industrial and scientific applications such as chemical reac-
tors and environmental studies (Schliiter et al., 2021). Understanding
the behavior of freely rising bubbles is especially important, as their mo-
tion and wake dynamics influence mass transfer, mixing efficiency, and
fluid structure interactions in larger multiphase systems. Single rising
bubbles have been extensively studied to explore bubble-induced flow
patterns and instabilities, as well as to provide fundamental insights into
gas-liquid interactions (Clift et al., 1978; Magnaudet and Eames, 2000).
A considerable amount of research has focused on the complex rising
behavior of the bubbles using both, simulation and experiment, e.g.,
Cano-Lozano et al. (2016), Lee and Park (2022), Chang et al. (2023)
among other important work.

Especially the complex zigzagging or helical/spiraling rising behav-
ior of slightly non-spherical, elliptical bubbles has intrigued the commu-
nity and motivated also research of the fluid flow that the bubble induces
in the liquid. In Cano-Lozano et al. (2016) a phase diagram of the dif-
ferent bubble path styles observed in dependence on Bond (E6tvos) and
Galilei numbers was obtained by precise DNS simulations. Additionally,
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also detailed flow field wake structures of the different bubbles are re-
ported in this reference. In response to that work experimental research
has been conducted studying the bubble rise behavior and the induced
bubble wake simultaneously for single bubbles (Chang et al., 2023) and
even for bubble chains (Lee and Park, 2022).

In general three main research foci dealing with single bubble rise
can be found in literature: First, studies considering the complex bub-
ble rise and its shape deformations (bubble wobbling) by analyzing
the bubble trajectory and shape (Tomiyama et al., 2002; Lunde and
Perkins, 1998; Kong et al., 2019) and sometimes also the surrounding
fluid flow (Cano-Lozano et al., 2016; Chang et al., 2023; Lee and Park,
2022; Hoque et al., 2022). Second, studies concerned with the induced
flow structures in the bubble wake regarding vorticity and drag forces
(Hayashi et al., 2025) and their mutual interaction and share in (bub-
ble induced-) turbulence (Xu et al., 2025; Ma et al., 2022; Salibindla
et al., 2021). Third, studies determining the influence of bubble size,
wobbling path and ambient turbulence or vortex effects on overall mass
transfer (Hayashi et al., 2025; Huang and Saito, 2017b; Huang et al.,
2025; Jin and Schliiter, 2019; Jin et al., 2023; Bork et al., 2005; Kameke
etal., 2019a). A fundamental challenge of all studies concerned with the
fluid flow around the bubbles is the precise experimental measurement
of three-dimensional (3D) flow structures. Traditional measurement
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techniques such as Tomographic Particle Image Velocimetry (Tomo-
PIV) often face limitations in spatial resolution and accuracy, partic-
ularly in dense particle fields or when dealing with small-scale phenom-
ena (Adrian, 1991).

One of the most significant recent advances in the measurement of
fluid flows is the development of the Shake-The-Box (STB) algorithm
(Schanz et al., 2016, 2021), a state-of-the-art Lagrangian Particle Track-
ing (LPT) method. STB combines iterative particle position refinement
with temporally resolved image recording from various angles, offering
highly accurate 3D trajectory reconstruction even in dense particle con-
ditions (Schanz et al., 2016). This technique leverages temporal infor-
mation and predictive particle motion models, significantly improving
the robustness and precision of the tracking and velocity determina-
tion compared to conventional Particle Tracking Velocimetry (PTV) or
Tomo-PIV. To the authors knowledge, only a few previous studies use
this algorithm or a comparable one (Tan et al., 2019, 2020) for the mea-
surements of the full 3D velocity fields around rising bubbles in quies-
cent liquid (Chang et al., 2023; Xu et al., 2025) or in induced turbulence
(Xu et al., 2025; Salibindla et al., 2020, 2021).

In this work, the STB algorithm is applied to study the wake of sin-
gle freely rising bubbles in great detail. In contrast to the formerly re-
ported measurements, which use shadowgraphy and high-power LEDs
to obtain particle images, here, fluorescent particles and laser illumi-
nation are used. This technique has the advantage of producing very
bright particle images with a high signal-to-noise ratio and allows reduc-
ing the tracer particle size in comparison to the reported works (Chang
et al., 2023; Xu et al., 2025; Salibindla et al., 2020, 2021) by a fac-
tor of 2.6 (from dipeer =50 pM tO dippeer = 19.02 pm). The smaller
the tracer particles become, the more reliable is the assumption of pas-
sively following tracers also for the smallest scales of fluid motion which
are aimed to be resolved. Especially when going to low Kolmogorov
lengths of only », = 38um as reported by Salibindla (Salibindla et al.,
2020) or even lower. Here, it is estimated that the Kolmogorov length
of the bubble induced fluid motion is of the order of m = 10um when
calculated from the maximal energy dissipation rate close to the bub-
ble. The particle Stokes number of the used fluorescent tracer parti-

. d2 .
clesis St = g 5—" L Re~ 3 10~4, when calculated as in Ouellette et al.
s

(2008) on the basis of the bubble rise velocity as a characteristic veloc-
ity and the bubble equivalent diameter as a characteristic length scale
L, also for Re calculation. The fluorescent particles can be assumed to
be neutrally buoyant because their density is p = 1050kgm™ and thus
very close to that of water at measurement conditions (p = 997 kg m™).
Highly resolved 4D-PTV measurements are performed to obtain the
three-dimensional unsteady velocity and vorticity wake generated by
the wobbling ellipsoidal bubbles of comparatively small sizes, namely
equivalent diameters dy, = 2.45mm and d;, = 2.62mm in bidistilled wa-
ter, as have been studied experimentally with regard to mass transfer
(Huang and Saito, 2017b,a; Huang et al., 2024, 2025; Kexel et al., 2021;
Kameke et al., 2019b) and wake dynamics (Chang et al., 2023; Lee and
Park, 2022). Also, bubbles of these sizes have been reported to have
a maximal mass transfer coefficient (Huang and Saito, 2017a; Motar-
jemi and Jameson, 1978). Further, it has recently been reported from
a numerical study that bubbles in this range exhibit a very intricate
wake mode with secondary vortices (Cano-Lozano et al., 2016) and are
thus especially interesting from a fluid dynamic perspective. To the best
of the authors knowledge, these secondary vortices have not been con-
firmed by experiments yet. Albeit they are most likely of the same struc-
tures as the horse-shoe like vortices detected in the concentration wake
of rising bubbles of a similar size reported by Huang and Saito and oth-
ers (Huang and Saito, 2017a; Kameke et al., 2019b; Bork et al., 2005).
The literature that is most often compared to in this article is summa-
rized in Table 2. Emphasis was also laid on the correct estimation of
the bubble size, since uncertainties have been reported when compar-
ing 2D and 3D derived equivalent diameters (Chang et al., 2023). Thus
a very early bubble rising state and a hypodermic needle tip is applied
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in this work, similar to Huang and Saito (2017a) who reported a high
reproducibility of the bubble rising paths and shape deformations when
different bubbles are launched under the same conditions. Due to the
early bubble rising state, the bubble volume could be determined reli-
ably when the bubble still has a spherical shape just after detachment.
Mass transfer itself, however, was not part of this study since a bubble
of ambient air was used in ambient air saturated bidistilled water.

The performed analysis of the bubble wake vortices and the bubble
trajectory contributes to the first two research foci mentioned above,
namely the investigation of the complex bubble rise and the bubble in-
duced flow structures. To further address how the single bubble wake
could influence bubble turbulence, the velocity fields in spectral space
are analyzed by calculating the energy spectrum. The goal of this work
is to provide some experimental data for algorithms that apply bub-
ble forcing for bubble induced turbulence (BIT) simulations. Further-
more, to address the third focus, the obtained experimental data, the
resulting particle tracks and the derived velocity fields, can in the fu-
ture be used to study mass transfer rates and chemical reactions in the
bubble wake for different mass transfer and diffusion coefficients. The
Lagrangian particle data of the discussed experiments is made freely ac-
cessible to the community along with this publication for further studies
(https://doi.org/10.15480/882.16589).

This study is organized as follows, in Section 2 the experimental set-
up and the measurement procedure and data analysis is detailed. In Sec-
tion 3 the measurements are analyzed regarding the velocity and vor-
ticity in the bubble wake as well as the spectral distribution of energy.
The implications of the findings are discussed in detail and are related
to existing results in literature. In Section 4 the main contributions of
the work are summarized. Importantly, the aim is to provide detailed
experimental data that can be used as a reliable reference for numeric
studies.

2. Experiments
2.1. Experimental setup

The experimental setup is shown schematically in Fig. 1. The applied
laser source is a high-power, dual-cavity Nd:YLF laser (Photonics Indus-
tries International, Inc., United States), with a pulse energy of 2 x 30 mJ
at a repetition rate of 1kHz, a maximum repetition rate of 10kHz per
cavity and emitting at a wavelength of 527 nm. The intensity of the laser
depends on the operating current, ranging from 18 to 40 A, and the
adjustment of the build in attenuator. In this study the laser is oper-
ated at 38 A and 90 % opened attenuator. An electronically controlled
shutter controls the pulse frequency which is set equal to the image
recording frequency of 800 Hz. The laser beam is directed onto volume
optics via laser mirrors (Nd:YAG Mirror, Thorlabs). Volume optics con-
sisting of module A and module C (LaVision GmbH, Germany) are used
to expand the punctual laser to an illuminated volume required for the
4D-PTV measurement. Modules A and C of the volume optics each con-
tain a cylindrical lens that expands the laser by a factor of 5 in vertical
and horizontal direction, respectively. For each cylindrical lens, a corre-
sponding focusing lens collimates the laser again. The illuminated vol-
ume is truncated by an aperture to a measurement volume with a height
(y-direction) of 50 mm and a depth of 11 mm (z-direction), ensuring an
homogeneous light volume across the entire width (x-direction) of the
experimental vessel.

The applied reactor consists of glass panes and has a squared base of
150 x 150 mm? and a height of 250 mm. It is filled with 2.5 L of bidistilled
water containing fluorescent, monodisperse polystyrene (PS) particles
with a diameter of d;,cer = 19.02 pm (microParticles GmbH, Germany).
The particles have minimized dye leaching behavior and are suspended
in DI-water, thus an influence on the surface tension can be neglected,
which has been confirmed by tensiometric measurements using a BP50
bubble pressure tensiometer (Kruess, Germany). The water temperature
is approximately constant during the measurement at 22 + /- 1 °C, at
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Fig. 1. Scheme of setup (top) and scheme of the camera arrangement (bottom) as viewed from the direction of the incoming laser light volume.

an ambient pressure of p,;, ~ 1024 mbar. For the generation of bub-
bles with highly repeatable volumes, two different Sterican hypodermic
needles from B. Braun Melsungen AG (Melsungen, Germany) with outer
diameters of 0.5 mm and 0.6 mm and corresponding inner diameters of
0.26 mm and 0.41 mm are used for the smaller and the larger bubble,
respectively. The needles are positioned centrally in the reactor, and
their facet grind ensures uniform bubble formation and detachment. The
gas flow rate for bubble formation is controlled using a syringe pump
(Legato 200, kdScientific, Massachusetts, USA). The bubbles are gen-
erated at a frequency of 0.58 Hz for the smaller needle diameter and
0.50 Hz for the larger one.

The measurement volume in this study has a size of L, x L, X L, ~
35x 47 x 11 mm?, where L, corresponds to the width of the overlap of
the field of view of the image sections captured by the four cameras, L,
is defined by the extent of the laser light volume and L, results of the
overlap of field of view of all four cameras and the illuminated volume.
L, is therefore smaller than the laser light volume height due to the
restricted fields of view from the cameras. Two different measurement
volumes are studied, an upper volume and a lower volume, both of the
commented size. The lower volume is located directly above the needle
tip, so that the bubble wake could be investigated directly starting from
the detachment of the bubble from the needle. For the evaluation of the
data the needle tip is set to the world coordinate origin. All space coor-
dinates shown in the figures are in reference to this coordinate origin.

Four Phantom VEO 640L (Vision Research Inc., United States) high-
speed cameras with 1600 X 2560 pixel?> are arranged in orthogonal
planes with respect to the direction of the incoming laser light. The
cameras record the illuminated volume at oblique angles rather than
perpendicularly, as shown in Fig. 1. Two of the cameras are located on
each side of the reactor so that the camera pairs are aligned in opposite
directions. Their positioning differs slightly in angle, up to a maximum
of 20° to the plane perpendicular to g. Each camera is equipped with a
Milvus 1.4/50 from Carl Zeiss AG (Oberkochen, Germany) with a focal
length of 50mm and an aperture range of f/1.4 to f/16. In addition,
a magnification ring with a thickness of 20 mm is mounted in between
each camera and its lens in order to achieve a suitable resolution down to
20.3 um/pixel which roughly corresponds to the diameters of the tracer
particles, even though these appear on average as white blobs on ap-
proximately 3 x 3 to 5 x 5 pixel?. To adjust the focal plane inclination,

Scheimpflug-adapters are used on each camera. To prevent laser light
to directly enter the cameras, e.g. by reflection on the bubble surface,
four high-pass filters (90 % transmission for 4, > 540nm) are installed
directly on the lenses.

2.2. Calibration

A 3D calibration is performed to map the real world object space
(x,, z) to the images on the four camera chips (x;, y;),i €(1,2,3,4). A
calibration target (model 058-5, LaVision GmbH, Germany) with dimen-
sions of 58 x 58 mm? is aligned with the laser volume and positioned at
the center of the light volume for the adjustment of the focal plane of
each camera. The target is then moved to four additional positions, two
towards camera 1 and two away from it with a distance of 4.25mm
between each pair of calibration planes while taking images at all five
target position with all cameras. The camera images are then calibrated
using the DaVis 11.0 software (LaVision GmbH, Germany). Optical dis-
tortion and perspective effects are modeled using a third-order polyno-
mial, and interpolation is applied between recorded target planes.

In the next step, volume self-calibration (VSC) is performed to opti-
mize the previously performed calibration based on the particle images
(Wieneke, 2008, 2018). The VSC is performed using the brightest parti-
cles first and the perspective calibration is corrected using the disparity
vectors. This process is an iterative procedure that is terminated by the
user when both, the mean and the maximum disparity, are less than
0.1 voxel corresponding to approximately 2 um. The final mean reso-
lution is 49.3 pixel/mm or 20.3 um/pixel, with a maximum fit error of
0.063 pixels, corresponding to 1.3 um. Finally, the optical transfer func-
tion (OTF) of the particle images is calculated. This allows, after the
perspective correction of the VSC, to significantly reduce the effects of
potential distortions caused by a shallow depth of field or distortion by
the optics used on the reconstruction of virtual camera particle images,
thus enabling a more accurate evaluation of the particle positions espe-
cially in depth (z-direction) (Schanz et al., 2013).

2.3. Measurement procedure

The 4D-PTV measurements are performed with the objective of con-
ducting a precise analysis of the trajectories of the tracer particles in
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Fig. 2. Representation of the generated images of bubbles in bidistilled water with suspended fluorescent tracers. (a) Accumulated image of the bubble at different
times (Ar = 0.01s) with white LED illumination. (b) Single image of a bubble rising illuminated with the white LED. (c) A different bubble and fluorescent particles
illuminated with laser light. (d) Overlaying images (b) in transparent green and (c) in black and white. This shows that different bubbles always rise along the same

path.

the bubble wake. The measurements are carried out and analyzed us-
ing the DaVis 11.0 software with the STB module, following the steps
outlined below in more detail. MATLAB (Matlab, 2024) is used for
further image processing, graphical representation, and evaluation of
the data. With a slight modification of the experimental set up, it is
also possible to record a bubble without the particles. Instead of the
laser light, two white LED panels serve as illumination from above
and from the side (same direction as the laser) in order to be able to
record the bubble contour on all four cameras. Fig. 2 shows the pre-
processed images of a bubble and the suspended particles. When us-
ing the LED illumination only the bubble becomes visible, as in Fig. 2
(a) and (b), while the laser illuminates the particles and the bubble, as
in (c).

In the subfigure (a) an accumulated image of the same bubble rising
through the measurement volume as recorded by camera 1 is shown. The
accumulated image is generated by superimposing every eighth frame,
corresponding to a temporal spacing of A7 =0.01s between consecu-
tive images. In image (b) a single processed snapshot of the bubble rise
is shown. For noise reduction and outline detection the background is
subtracted using MATLAB. Images like these are later on used for the
bubble shape and path reconstruction from all four cameras. In (c) an
image of particles and a bubble is shown. The background is subtracted
and the intensities of the particles are normalized and intensified using
DaVis. In image (d), the two different bubble images (b) and (c) are su-
perimposed (bubble from (b) in transparent green). This shows that the
bubbles look almost identical and rise along the same trajectory in the
reactor during each experimental run. It should be noted that images
(b) and (c) show two different bubbles on the same rising height, gen-
erated under identical conditions and recorded at the same frame rate
of 800 Hz.

The further evaluation of the measurements is divided into two sub-
sections, the reconstruction of the bubble trajectory and its shape (2.4)
and the representation and reconstruction of the Lagrangian paths of
the tracer particles using STB from which the velocity and vorticity
fields are derived (2.5). The results of both analyses are then overlaid.
Thereby, the velocity, the vorticity and other quantities from the liquid
phase can be linked to the bubble behavior and the course of the bubble
trajectory.

2.4. Reconstruction of bubble trajectory and bubble shape

The reconstruction of the rising bubbles enables a detailed analysis of
their shape, size, and motion. Each camera view of the LED-illuminated
bubble is processed individually in MATLAB. At each time step images
are smoothed and thresholded to generate binary masks, from which
bubble contours and centroids are extracted. The resulting centroid po-
sition trajectories for each camera are smoothed applying a smoothing
spline and reconstructed into a 3D bubble trajectory via triangulation,
using a custom MATLAB code and the DaVis calibration function. Bub-
ble shape reconstruction is performed in two complementary ways, from
a 3D reconstruction of the bubble and from the average of the 2D cam-
era images. For the 3D bubble shape reconstruction the 2D contours
are projected into 3D object space along their respective lines of sight
using the DaVis calibration. Tube-like volumes are generated for each
camera view using MATLAB’s alphaShape function, and their intersec-
tion defines the bubble volume. A 100 x 100 x 100 bounding grid is used
to identify interior points, whose convex hull yields a closed 3D surface
mesh for further analysis and visualization.

While the described method enables the volumetric reconstruction
of the bubble, its accuracy is limited by the almost collinear camera
positions imposed by the reactor geometry. This results in reduced res-
olution in the z-direction, particularly affecting surface details causing
the bubble to have a rhombus shape when viewed from the z-direction.
Nevertheless, the reconstruction reliably captures the bubble’s overall
dynamics. The equivalent bubble diameter is then calculated from the
3D mesh. To do so, the reconstruction is projected onto the (x, y)-plane,
and an ellipse is fitted to the projection. The bubble is approximated as
an oblate ellipsoid with principle semi-axes a, b, ¢, with ¢ = a > b. This
provides a practical means to compute the volume equivalent diame-
ter (dy, = 2v/a2b) along the bubble rising trajectory. However, as can be
observed in Fig. 2 (a) the bubble shape deviates from an ellipse due to
surface shape oscillation and out of plane rotation, yielding an error
in the equivalent volume. Therefore, the following analysis utilizes the
equivalent diameter of the bubble at the moment of detachment from
the needle tip when it still is of nearly spherical shape.

Alternatively, the bubble shape is estimated directly from the 2D
image data by fitting an ellipse to each camera view individually and
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calculating the volume from the resulting major and minor axes, again
under the assumption of rotational symmetry. The equivalent bubble
diameter is then obtained by averaging the four diameters calculated
from each camera perspective with the mean resolution for each cam-
era. While this method is computationally simpler, it does not account
for projection distortions and resolution correction for the movement of
the bubble in y-direction that are necessary because of the tilted angle
of the cameras with regard to the calibration target. However, the bub-
ble wobbling frequency is more clearly pronounced using this 2D-based
procedure and therefore it is used for the calculation of the bubble semi-
axes shown in Figs. 3 (d), (f) and 4 (d), (f). The two values of the bubble
equivalent diameter right after bubble detachment from the 2D and 3D
based reconstructions are dy,;, =2.58mm and d,3;, =2.32mm for the
smaller bubble and dy,;, = 2.60mm and d;;;, = 2.64mm for the larger
one. These values are averaged for each bubble size to yield the values
as stated in Table 2. The standard error of this two measurements gives
the stated measurement uncertainty. The uncertainty in equivalent di-
ameter from these two different reconstruction methods is considerably
larger than the mean standard deviation of different bubbles of the same
size along height which, for both methods, is below 0.022 mm, since all
bubbles rise nearly identical. The resulting equivalent diameters serve
as the basis for evaluating dimensionless numbers such as the E6tvos
(Eo), Reynolds (Re), Morton (Mo), and Galilei (Ga) numbers, defined
below.

2.5. Particle tracking using Shake-the-Box (STB)

Tracer particle trajectories are analyzed using the advanced variable
Time-Step Shake-The-Box (VT-STB) method. This approach extends the
STB method developed by Schanz et al. (2021), Schroder and Schanz
(2023) and improves tracking accuracy in highly dynamic flows with
a wide range of particle velocities, such as a bubble rising in a qui-
escent liquid. In conventional STB methods, the coexistence of slow-
and fast- moving particles causes tracking ambiguities and ghost parti-
cles. VT-STB addresses this issue through an iterative tracking procedure
with variable time steps, enabling more reliable particle trajectory re-
construction.

Particle trajectories are recorded at a frame rate of 800 Hz within
a processed volume of 1685 x 2159 x 470 voxels. For each bubble rise,
approximately 1000 time steps after bubble detachment are stored. The
VT-STB method first applies larger time steps to track slow-moving par-
ticles located far from the bubble. The time step is then progressively
reduced to capture faster particles in the bubble wake, while intensities
of previously reconstructed particles are removed from the camera im-
ages. This iterative approach improves tracking accuracy by reducing
incorrect particle assignments and reliably identifying both slow- and
fast-moving particles.

The accuracy of reconstructed 3D particle positions in Lagrangian
particle tracking methods such as STB is closely related to the quality
of camera calibration and the consistency of particle image projections
across all views (Wieneke, 2008). Several sources of error are evalu-
ated and considered during processing. First, the calibration error is es-
timated from the calibration procedure using a 3D calibration as men-
tioned above. This calibration error is then further reduced by applying
Volume Self-Calibration, where the lines of sight from all camera im-
ages of a single particle are drawn using the calibration information.
If there were no calibration errors, these lines would intersect at a sin-
gle point in object space (world coordinates). However, due to effects
such as vibrations and misalignment, a so-called triangulation error in
object space remains, and the various lines of sight enclose a small vol-
ume. The true particle position in object space can then be estimated
as the center of this volume. If this new particle position is backpro-
jected to the camera images using the calibrated mapping functions,
a disparity vector to the original intensity peak in each camera image
can be drawn. The backprojection error quantifies the mean squared
difference between the backprojected 3D particle position and the ac-
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Table 1
Average particle position uncertainties of the data sets in all three dimensions.

Data Av. uncertainty x Av.uncertainty y ~ Av. uncertainty z
d, = 2.45mm low FOV 0.38 um 0.57 pm 2.3 pm
dy, = 2.45mm high FOV  0.29 um 0.50 pm 2.1 pm
d, = 2.62mm low FOV 0.24 pm 0.38 pm 1.5 um
d, = 2.62mm high FOV 0.35 um 0.60 um 2.5 pm

quired 2D image position for each camera. By minimizing this backpro-
jection error through adjustments of the mapping functions, the calibra-
tion can be further improved, reducing the maximal triangulation er-
ror to below 0.1 voxels (Wieneke, 2008, 2018; LaVision GmbH, 2023).
The position uncertainty for each particle at each time step can also
be derived from the so-called "Shake" step in the Shake-the-box algo-
rithm. Here, the extrapolated particle position in world coordinates is
perturbed slightly ("shaked") to minimize the residual intensity peaks in
each camera image. The remaining uncertainty is then quantified by a
residual value (Schanz et al., 2016). According to the methodology de-
scribed by Schanz et al. (2016) and based on the optical configuration
used in this study with approximately 0.017 particles per pixel, the typ-
ical positional error resulting from the Shake-the-Box algorithm should
be below 0.002 pixels which corresponds to 0.041 ym and is thus of the
order of the maximal fit error from the calibration and the maximal er-
ror reported in the Volume Self-Calibration. The resulting value reflects
the local fit quality and serves as a lower bound for the true positional
error under ideal conditions (Schanz et al., 2016; Gesemann, 2015). In
practice, however, additional error sources might add to the overall un-
certainty such as image noise, particle overlap, and tracking ambiguities
(Gesemann, 2015; Sciacchitano et al., 2013). Consequently, actual 3D
particle position uncertainties are often one or two orders of magnitude
higher, ranging from 5 to 20 ym depending on the optical setup and flow
conditions (Bhattacharya and Vlachos, 2020).

The DaVis software estimates a position uncertainty for each particle
position at each timestep. The position uncertainties given by DaVis in
this study are lower than these estimates from literature (Bhattacharya
and Vlachos, 2020) but are approximately one order of magnitude
higher than the error estimated with synthetic data from STB (Schanz
et al., 2016). To derive a positional uncertainty the DaVis software ap-
plies a polynomial least-squares fit along each particle trajectory, with
the uncertainty corresponding to the confidence intervals of the fitted
coefficients (Schroder and Schanz, 2023; Janke and Michaelis, 2021).
The average uncertainties of all tracks in each of the three spatial di-
mensions are reported in Table 1.

2.6. Processing of tracks and derivation of velocity field

The needle tip is set as the reference point (x,y, z) = (0,0,0) in the
3D object space by adding an offset to the trajectory data of the tracer
particles. A gaussian filter of a kernel size of 6 time steps is applied
in MATLAB to further smooth the trajetory measurement data (built-
in function smoothdata). Tracks that are shorter than 9 time steps are
disregarded.

To reduce remaining interruptions in the particle tracks, a track ex-
trapolation and reconnection algorithm is developed in MATLAB. Exist-
ing tracks are extrapolated forward and backward in time over 7, =5
time steps using first-order polynomial fits based on the n =13 start
or end points of each track. The extrapolation is performed indepen-
dently for each spatial dimension. Extrapolated positions are compared
to identify plausible connections between track ends and beginnings. A
matching score, defined as the sum of squared differences between ex-
trapolated positions across all spatial dimensions, is evaluated against
a dynamic threshold. This threshold is based on the 99™ percentile
of past prediction errors and scaled by a factor of five to account for
uncertainty and noise. Only connections below this threshold are ac-
cepted. Track pairs are iteratively evaluated, selecting the pair with the
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minimum matching error. Once connected, missing segments are filled
using third-order polynomial interpolation, and the original fragmented
tracks are removed.

The reconnection quality is assessed by visual inspection, revealing
successful reconnections particularly in regions shadowed by the bub-
ble in the laser light volume. The procedure increases track continuity
and raises the number of tracks spanning the full measurement duration
(~ 1s) by about 10 %. Particle velocities along the reconstructed trajec-
tories are computed using a fourth-order central difference scheme. To
enable the resolution of velocity gradients in the bubble wake and the
derivation of quantities such as vorticity and the Q-criterion at spatial
resolutions of a few hundred microns, remaining erroneous tracks with
implausible velocities are filtered out. For this purpose, particle posi-
tions at each time step are used to generate a tetrahedral mesh via MAT-
LAB’s Delaunay triangulation. Tracks with velocities deviating by more
than 5¢ from the mean velocity of neighboring particles are discarded.

Finally, particle velocities are smoothed independently in each
spatial direction using the MATLAB smoothing spline routine csaps
with a smoothing factor of s, = 0.9999925. After processing, approx-
imately 65,000-70,000 trajectories are obtained per time step, of which
20,000-22,000 span the entire duration of recording. These trajectories
are then used to reconstruct the Eulerian velocity field and its gradi-
ents, yielding a 3D velocity field #(x, y, z,7;) for each time step, from
which vorticity and the Q-criterion are derived.

In particular, the scattered velocity data from all tracer particle tra-
jectories is interpolated for each time step using again Delaunay tri-
angulation to connect the scattered track coordinates to derive a 3-D
function F; for each velocity field component & = (u, v, w)T that satisfies
u= F,(x,y,z) on the scattered particle positions (x, y,z). The same is
done for the remaining velocity components v and w (built-in MATLAB
function scatteredinterpolant). The functions F; are then evaluated at dis-
crete cartesian grid points using a linear interpolation scheme. Here, the
resolution of the grid can be deliberately chosen, but the real resolution
depends on the density of the reconstructed trajectories. For the gained
data the average volume per particle is around 0.24 mm? and thus the
average resolution in each direction res,,, = (0.24mm?)!/3 ~ 0.62mm.
For the resulting Eulerian velocity field a slight oversampling is how-
ever beneficial and the grid resolution is chosen to be a third of res,,,;,
namely resg,,, = 0.2mm. In this way, even the flow behind the smaller
bubble is well resolved with 15 different velocity values along the major
axis a of the bubble where 24 ~ 3 mm.

3. Experimental results and discussion
3.1. Bubble rise velocity, trajectory and shape

Figs. 3 and 4 illustrate the representative rise of bubbles with equiv-
alent diameters of d;, = 2.45mm and d;, = 2.62 mm respectively, directly
from their detachment points at the needle-tip onward. The bubble’s
center, as projected from all camera perspectives, was used to trace its
world coordinate trajectory as described in Section 2.4. Immediately af-
ter detachment, it is evident that the bubble has an almost spherical
contour in both cases, and all principal axes are of equal size. However,
as it rises, its shape shifts from a spherical contour to an ellipsoidal one.
Furthermore, throughout the entire ascent, the bubble’s shape continu-
ously changes, exhibiting characteristic wobbling motion, causing peri-
odic changes of the ellipsoidal principal semiaxes (so called mode 2.0
oscillations) and its rise velocity (see Figs. 3 and 4 (a), (d) and (f)). The
frequency of this wobbling is around f,, = (68 = 3) Hz for the larger bub-
ble and f,, = (89 + 1) Hz for the smaller bubble which fits the observa-
tions by Lunde and Perkins (1998) for ellipsoidal bubbles of similar sizes
rising in quiescent water. In this work, the wobbling frequency is deter-
mined in two ways: Firstly by analyzing the frequency of the semiaxes
aspect ratio wobbling using a Fourier transform as shown in Fig. 3 (f) and
secondly by evaluating the frequency by hand, counting the number of
oscillation maxima and dividing by the time difference. From this com-
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parison the uncertainty of the measurement was estimated. Lunde and
Perkins compare their experimental results to numerical work (Meiron,
1989) and develop a simple model for the shape oscillations of spheroids
expanding the analytical expression of Lamb (2009) for spherical bub-
bles. The derived formula

Fug = 1OV 16V - /(22 + D151 /0, /(- @y /27 @

that is also used in Kong et al. (2019) results in fwme0 = (78.74 + 0.80) Hz
and f, = =(89.40+0.13)Hz for the values of ellipticity along rising
height for the larger and the smaller bubble investigated. Here, & =

3
S(d‘:# is the ellipticity and o; and p, are the surface tension and the
density of clean water at experiment temperature. As also noted in Kong
et al. (2019) the bubble undergoes additional oscillations due to detach-
ment from the needle tip in the beginning of the bubble rise. These are
pronounced during the acceleration phase of the bubble for the first
~ 15 mm of the rising trajectory and are thus not used for the determi-
nation of the wobbling frequency. While the prediction of the bubble
wobbling frequency of the smaller bubble is in very good agreement
with theory, the frequency of the larger bubble is lower than expected.
An experimental value that is lower than the predicted one was also
observed by Lunde and Perkins (1998) themselves for larger bubbles.

Focusing on the bubble’s rising path, the bubble center initially fol-
lows a nearly vertical ascent over the first ~ 15 mm for the larger bubble
and the first ~ 20 mm for the smaller one. The behavior of both bubbles
is comparable to the linear ascent section (LAS) observed by Huang and
Saito for clean water experiments (Huang and Saito, 2017b,a) and the
values obtained in recent experiments with a similar bubble size (Lee
and Park, 2022). Acceleration occurs over this interval, as shown in the
bubble’s (x, y)-positions in Figs. 3 (b) and 4 (b) and their velocity profiles
Figs. 3(c) and 4 (c). Beyond this point, the ellipsoidal bubble begins to
deviate from its linear rising path. The first inversion section ends with
the inflection point, where the x(y)-function has its steepest slope (indi-
cated by the red dot in Fig. 3(b) and 4(b)). The bubble’s rise is not only
characterized by a zigzag motion in the (x, y)-plane but also by a slight
translation in the z-direction (Figs. 3 (e) and 4 (e)). This movement in-
dicates the beginning of a flattened spiral motion as expected from the
phase diagram from numerical work (Cano-Lozano et al., 2016). Thus,
with the applied setup, comparable bubble trajectories to those in the
experiments of Huang and Saito (Huang and Saito, 2017b) are achieved,
especially for the larger bubble which is to expect, as the inner diame-
ters of the hypodermic needles are very similar (0.40 mm in Huang and
Saito (2017b,a) and 0.41 mm in the present study). Although the bub-
bles investigated by Huang and Saito (2017b,a) have a slightly higher
equivalent diameter of d;, = 2.9 mm than the larger bubble d;, = 2.62 mm
analyzed in this study, the end of the linear ascending section was lo-
cated at approximately the same position. The first inversion section, the
first inflection point and the second inversion section for the uncontam-
inated water case are slightly lower in Huang and Saito (2017b,a) when
compared to the smaller bubble with d,, =2.45mm in this study, but
highly similar to those of this study’s larger bubble with d,, = 2.62 mm.
It is also observed that the rising behavior of five independently as-
cending bubbles is nearly identical, as also previously reported (Huang
and Saito, 2017a). To provide evidence for the repeatability of the bub-
ble rise trajectory, the first inflection points of five different rising bub-
bles of dy, = 2.45 mm are analyzed. The standard deviations of the inflec-
tion point positions are found to be (s,,0,, ;) = (0.045,0.090,0.17)mm,
which is only 2-7 % of the equivalent diameter of the smaller bubble
size. The percentage variations are similar for the larger bubble. The
comparability of the contours and the associated semiaxes of different
bubbles has been discussed in Section 2.4. The good comparability is
also visually emphasized by Fig. 2 (d), that shows that the bubble con-
tours of two randomly selected bubbles of the same size at the same
rising height exhibit an almost identical shape.

The equivalent diameter dy, measured as described in 2.4 is used for
the evaluation of the dimensionless numbers such as the E6tvos number
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Fig. 3. (a) Accumulated image of the bubble rise at different times for the smaller bubble of d, = 2.45mm as viewed from camera 1 for both measurement heights.
(b) The bubble centroid trajectory reconstructed in the object space from all four camera views and projected to the (x, y)-plane for plotting with first inflection
point as red dot. (c) Absolute- (green dotted), vertical- (blue line) and x-direction- (red dashed) bubble velocity, all slightly smoothed, to suppress the influence of
the wobbling. (d) The mean principal semiaxes (blue and red) are obtained here as a mean value from ellipsoidal fits to all four camera perspectives from which the
equivalent radius is obtained (green). The equivalent radius for r, = 1.225mm is indicated by a faint vertical black line. Oscillations can be clearly observed along
the full bubble rise. (e) Shows the movement of the bubble center in the z-direction (depth) and confirms the beginning spiralling motion. (f) The aspect ratio of the
semiaxes ¢ shows the same periodic changes as the semiaxes. The raw data (red dotted line) is compared to smoothed data (blue cont. line) and the difference of
both (green line) is shown as oscillations around zero. The frequency of these oscillations is analyzed to be f,, = (89 + 1) Hz using a Fourier transform, see text.
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Fig. 4. (a) Accumulated image of the bubble rise at different times for the larger bubble of d;, = 2.62 mm as viewed from camera 1. (b) The bubble centroid trajectory
reconstructed in the object space from all four camera views and projected to the (x, y)-plane for plotting with first inflection point as red dot. (c) Absolute- (green
dotted), vertical- (blue line) and x-direction- (red dashed) bubble velocity, all slightly smoothed, to suppress the influence of the wobbling. (d) The mean principal
semiaxes (blue and red) are obtained here as a mean value from ellipsoidal fits to all four camera perspectives from which the equivalent radius is obtained (green).
The equivalent radius for r, = 1.31 mm is indicated by a faint vertical black line. Oscillations can be clearly observed along the full bubble rise. (e) Shows the
movement of the bubble center in the z-direction (depth) and confirms the beginning spiralling motion. (f) The aspect ratio of the semiaxes & shows the same periodic
changes as the semiaxes. The raw data (red dotted line) is compared to smoothed data (blue cont. line) and the difference of both (green line) is shown as oscillations
around zero. The frequency of these oscillations is analyzed to be f,, = (68 + 3) Hz using a Fourier transform, see text.
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Fig. 5. Tracer particle trajectories with the velocity magnitude shown in a color gradient for a bubble equivalent diameter of d,, = 2.45 mm. The particle trajectories
shown here are those that are retrieved from the DAVIS software without any further postprocessing. The slow, barely moving particles are shown in light gray to
improve the visualization of the moving ones. Some outliers of particle trajectories that are erroneously detected in the DAVIS software and have a high velocity
(red) albeit the neighboring particles are almost still (gray) can also be observed. These outliers are subsequently filtered out using a custom made MATLAB script
(not shown). The figure is to be read from the lower left to the upper right. The timestamps indicate the elapsed time after bubble detachment in the corner of each
image. Note that the data in the lower panel and the upper panel are not from the same measurement but from measurements under the same conditions but with

different field of views as detailed above.

(Eo), Reynolds number (Re), Morton number (Mo) and Galilei number
(Ga). The Eotvos
Ap-g-d?
Eo= ——2, @
(o2
number quantifies the balance between buoyancy and surface tension
forces, where Ap is the density difference, g the gravitational accelera-
tion, d,, the equivalent bubble diameter, and ¢ the surface tension.
The Reynolds number

_ |ﬁrise| dy-p
U

Re 3

characterizes the ratio of inertial to viscous forces, with |i | as the
terminal bubble rise velocity, p the fluid density, and u the dynamic
viscosity.

The Morton number

Ut A
Mo=4 1 2P )
pe-o

relates fluid properties to interfacial behavior. While the Galilei number
32
Ga= "t ®)
H
expresses the ratio of the influence of gravitational and viscous forces.
To facilitate comparison between the present measurements and val-
ues reported in the literature, Table 2 summarizes the relevant dimen-
sionless numbers for each study compared to in this paper, together
with the terminal rise velocities |i.| and bubble equivalent diameters
d,, where available. In addition, comparison with the work of Clift
et al. (1978) shows that the terminal rise velocities measured in this
study agree well with those reported for bubbles in uncontaminated,
clean systems (cf. Supplementary Information), which also indicates the
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Fig. 6. Tracer particle trajectories with velocity magnitude shown in a color gradient for a bubble equivalent diameter of d, = 2.62mm. The particle trajectories
shown here are those that are retrieved from the DAVIS software without any further postprocessing. The slow, barely moving particles are shown in light gray to
improve the visualization. The figure is to be read from the lower left to the upper right. The timestamps indicate the elapsed time after bubble detachment in the

corner of each image.

Table 2

Dimensionless numbers and comparison to similar studies.
Authors dy,/mm ligsel /ms™  Eo Re Mo[107"']  Ga
this work 2.45+0.1 0.321 0.810 822 2.14 397
this work 2.62+0.1 0.295 0.926 808 2.14 439
Lunde and Perkins (1998) (exp.) 2.4 0.326 - 991 - -
Huang and Saito (2017b,a) (exp.) 2.98 0.303 1.20 1012.1 1.66 -
Cano-Lozano et al. (2016) (num.) Case 5 - 0.55 - 1.11 350.2
Lee and Park (2022) (exp.) 2.46 0.334 0.82 821 - -
Lee and Park (2022) (exp.) 2.62 0.350 0.94 912 - -
Chang et al. (2023) (exp.) 24+0.1 0.320 0.80 760 2.56 367

slightly decreasing terminal rise velocity for the larger bubble despite
the growing bubble diameter in the observed bubble size regime.

3.2. Particle tracks and velocities

The analysis of the tracer particle trajectories derived from the 4D-
PTV measurements provides valuable insight into both the motion of the

tracer particles and the general flow field induced by the rising bubble
(Fig. 5 and Fig. 6). On average, more than 67,000 particles were de-
tected and analyzed in each image. Notably, approximately one third of
these particles are followed throughout the entire measurement dura-
tion (~ 1s), representing the flow over the full observation period. The
remaining particles are only tracked for shorter intervals, as they either
left or entered the measurement volume during the recording or were
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Fig. 7. Temporal evolution of the total vorticity magnitude Y,  _|®|(¢) in the wake of rising bubbles with diameters of 2.45 mm (red dashed line) and 2.62 mm

X.),Z

(blue dash-dotted line). (a) Time derivative of the vorticity magnitude i ZXW |@|(1); the pink solid line indicates the estimated linear growth rate during the early
development phase. The corresponding linear growth is highlighted by the black dashed line in (b) and the rescaled black dashed lines in (c). (b) Time evolution
of the total vorticity magnitude ¥ |@|(). () Vorticity scaled by the bubble diameter d, and terminal rise velocity u,;,. as a function of the non-dimensional
time 7 - u. /dy. (d, e) Three-dimensional visualization of isosurfaces of the y-component of the vorticity (red for o, =17 s~! and blue for o, =-7 s~1) in the wake of
the rising bubbles with diameters of d, = 2.45mm (¢ = 0.0725s after bubble detachment) (d) and d, = 2.62mm (¢ = 0.1013 s after bubble detachment) (e) when the
generation of secondary vortices starts. Black arrows indicate every second in-plane velocity vector and the background color map shows the velocity magnitude |5|
in the central (y, z)-plane. The approximate vortex core spacing is annotated below the vortices.

lost by the STB algorithm for some time steps. Five repetitions of the vorticity fields. These are computed from Eulerian velocity fields that
experiment for each bubble size and recording volume showed so little are reconstructed from the Lagrangian particle trajectories obtained via
variations that only one dataset of tracer particles of each experimental 4D-PTV.

setting is shown here.

For both bubble sizes, tracer particles are displaced upwards by the
direct influence of the ascending pushing motion of the bubble. As the 3.3. Vortical structures in the bubble wake
bubble continues to rise, a recirculating region becomes evident, with

particles being drawn back into the bubble’s wake. Within this region, The rising bubbles feed energy into the flow and produce vorticity
numerous small-scale, circular trajectories are observed, indicating the in the flow. Vorticity is the local rotation of the fluid parcels and the
presence of rotational or swirling flow components. A clear accelera- vorticity field is calculated by @(x, y, z,1) = V X 8(x, y, z,1). The vortic-
tion of the particles in the positive y-direction, the direction of bubble ity field is computed from the interpolated velocity fields obtained via
ascent, is observable in the immediate wake region behind the bubble. the 4D-PTV measurements as described above. As long as the bubble
The tracer particles are somewhat slower than the bubble’s rise velocity, rises through the field of view, it is expected that the overall vortic-
reaching velocities of up to 0.12m/s. ity increases, since a body moving in a viscous fluid generates vorticity
When the bubble begins to rotate and drift laterally in the positive on its surface (Legendre, 2007). Furthermore, in this experiment the
x-direction, the particle trajectories undergo significant changes. New bubbles are the only source of vorticity and fluid motion in general.
flow patterns appear, characterized by particle paths deviating from the Fig. 7 illustrates the temporal evolution of the total vorticity magnitude
primary ascent direction of the bubble at angles approaching 90 degrees. Yry.z |6(1), calculated by summing vorticity of all voxels, in the wake of
Over time, these trajectories evolve into intricate, spatially extended the rising air bubbles with diameters of d, = 2.45 mm (red dashed lines)
structures that indicate the development of vortices or, at minimum, and d,, = 2.62mm (blue dash-dotted lines).
strong lateral shear and rotational flow. It is evident that particle veloc- Fig. 7(a) shows the time derivative of the total vorticity magnitude,
ities within these features remain elevated over extended periods and % Y y.z |6l(1), highlighting the rate of vorticity production after bub-
that the structures are interconnected. As a result, particle trajectories ble detachment. The magnitude of the vorticity of each time step shows
can be seen to form part of multiple of these specific high velocity flow fluctuations and is therefore smoothed with a Gaussian using the built-
regions. in MATLAB function smoothdata with a window width of 30 time steps.
A comparable behavior is observed for both bubble sizes, with the During the early phase of the bubble ascent, approximately from ¢t = 0s
distinction that the number of velocity-enhanced structures varies de- to t =0.1s, a positive derivative is observed that can be approximated
pending on the bubble diameter. While these features strongly sug- by a constant a.,,; complying with a linear increase in vorticity (see
gest vortex-like dynamics in the Eulerian velocity field the identifica- magenta line in panel (a) and black lines in panel (b) and (c)). This be-
tion of actual vortices in the velocity field requires the evaluation of havior is consistent with the perpetual formation of vortex structures in
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Fig. 8. Development of the vortex structures in the wake of the bubble, visualized using the Q-criterion. The bubble (d;, = 2.45mm) is shown in green but it is not
clearly visible in all images due to the vortex surrounding it and because for the rightmost panels the bubble has left the measurement volumes already. The Q-values
were calculated from 3D interpolated velocity fields and smoothed with a Gaussian filter. The vortex structures are represented as Q-isosurfaces (Q = 3s72), colored
by the interpolated w,. The figure is to be read from the lower left to the upper right according to the timestamps after bubble detachment in the corner of each

image.

the near wake of the bubble after detachment. To estimate the vorticity
that is produced directly on the bubble interface at each moment, this
constant vorticity production rate can be integrated in time

flow
= A const At = @const * Tlow (6)

te]
inter face
which results in ¥, rqc, || = 1.85x 10°s™! for the smaller bubble
and Y ierface |®] = 2.15x 103 s7! for the larger bubble, where tq,,, =
7 - dy/|uyse| is the average time it takes for a fluid parcel to pass the
bubble (¢4, = 0.012s and tq,,, = 0.014 s for the smaller and larger bub-
ble respectively). Another approach to extract the generated vorticity
at the bubble from the measured data is to consider the interfacial vor-
ticity at the bubble surface in each moment as was recently done for
numerical data and spherical bubbles with different surfactant contam-
ination levels (Hayashi et al., 2025). However, this interfacial vortic-
ity cannot be approximated for this dataset yet, as the bubble inter-
face is currently not sufficiently well resolved in the z-direction. Despite
this limitation, the obtained value of the overall vorticity generated in
every moment can serve as a basis for comparison and validation for
numerical simulations and, to the best knowledge of the authors, has
not been measured experimentally before considering all three vortic-
ity components. In principle, the average drag force can be deduced
from the vorticity by correlations of the maximal vorticity at the bubble
surface and the drag force, as was derived by numerical studies for el-
lipsoidal bubbles with uncontaminated surfaces (Legendre, 2007). The
study from Legendre showed that the maximal vorticity of ellipsoidal
bubbles at the bubble surfaces is a multiple of that of a spherical bubble
(up to ten times higher) and depends on the aspect ratio of the ma-
jor and minor axis of the ellipsoid and the bubble Reynolds number.
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The increase in vorticity is attributed to the increase in surface curva-
ture for larger aspect ratios. A comparison of the vorticity produced at
the bubbles at each moment, as calculated above, with the theoretical
prediction of Legendre shows that it exceeds the theoretical value by a
factor of ~ 2. For the comparison, it is assumed that the maximal vor-
ticity calculated by the correlations given in the reference is found at
each point of a sphere with the equivalent diameter of the studied bub-
bles which surely is an overestimation and further increases the discrep-
ancy to the showcased measurements. However, the high value might
also be an effect of a slight surfactant contamination at the bubble sur-
face due to unintended impurities from laboratory conditions (no clean
room). The effect that surfactants increase the vorticity production at
the bubble has recently been shown numerically for spherical bubbles
by Hayashi et al. (2025) and previous work (Pesci et al., 2018; Weiner
et al., 2019; Weiner, 2020). To the knowledge of the authors, no experi-
mental measurements have been performed that evaluate the produced
vorticity at the bubble surface for rising ellipsoidal bubbles in quiescent
water. The performed measurement analysis provide a procedure for
comparing the experimentally derived data to numerical results in the
future.

Fig. 7(b) presents the total vorticity ¥ _|®|(r) as a function of
time for both bubble sizes, revealing a clear linear increase in the wake
vorticity following bubble detachment. The slope from the pink line
in Fig. 7(a) is highlighted by the dashed black line in 7(b). The total
vorticity reaches a maximum at ¢ ~ 0.148 s for the smaller bubble and
t ~ 0.153 s for the larger bubble, which correspond to the moments when
the bubbles exit their respective measurement volume. Following this
point, the total vorticity begins to decrease, as also the associated vor-
tex structures are advected out of the observation domain and start to
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Fig. 9. Development of the vortex structures in the wake of the bubble, visualized using the Q-criterion. The bubble (d;, = 2.62 mm) is shown in green. The Q-values
were calculated from 3D interpolated velocity fields and smoothed with a Gaussian filter. The vortex structures are represented as Q-isosurfaces (Q = 3s72), colored
by the interpolated w,. The figure is to be read from the lower left to the upper right according to the timestamps after bubble detachment in the corner of each

image.

decay. Notably, the larger bubble (2.62 mm) generates more vorticity
than the smaller one, in correspondence with the increased wake vol-
ume and slower bubble rise.

Fig. 7(c) displays the same total vorticity data as (b) but in a di-
mensionless representation: time is normalized by the bubble equiv-
alent diameter d;, and terminal rise velocity u;,, and the vorticity is
scaled by d, /u,;,. (Legendre, 2007), yielding the dimensionless vorticity
Yy.z 161(®) - dy /uyige. This normalization allows for a comparison with
existing literature (Legendre, 2007) and supports a generalizable inter-
pretation of the wake dynamics. Both bubbles also exhibit an initial
linear increase in normalized vorticity. However, the increase in nor-
malized vorticity in (c) is considerably steeper for the larger bubble and
two different slopes arise due to the non-dimensionalisation, highlighted
by two different dashed lines. Interestingly, in the dimensionless repre-
sentation the larger bubble reaches the maximal vorticity ahead of the
smaller bubble.

Fig. 7(d) and (e) provide three-dimensional visualizations of the
wake flow fields at times when the generation of secondary vortices
start for the d, =2.62mm and d, = 2.45mm bubble, respectively. Red
and blue isosurfaces represent the y-component of the vorticity, indicat-
ing the presence of counter-rotating vortex structures as reported before
for the streamwise vorticity for a zig-zagging bubble in silicone oil (Zenit
and Magnaudet, 2009). The black arrows on the background slice depict
every second central (y, z)-plane velocity vector, while the color code
illustrates the velocity magnitude |5| in the same central plane. The in-
dicated vortex core spacing of approximately 1.6 mm and 1.4 mm for the
smaller and larger bubble, respectively, somewhat contradicts prior ob-
servations which report that the wake morphology scales with bubble
size (Cano-Lozano et al., 2016). However, the two bubbles studied here
have very similar dimensions and therefore, the vortex core spacing is
also similar.
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Knowing about the evolution of the total vorticity a more detailed
look at the vortex structures that form behind the bubble is desirable.
Identification of vortex structures in turbulent flows plays a central role
in fluid mechanics and aerodynamics. One of the most commonly used
methods is the Q-criterion, which was introduced by Hunt et al. (1988).
It is based on a mathematical analysis of the velocity gradients and en-
ables an versatile and numerically efficient detection of vortices. The
Q-criterion compares vorticity and strain rate and can be described with
the formula (Jeong and Hussain, 1995):

0 =3 (121 - I5IP) @)

Here, the symmetric strain rate tensor .S describes local deformation,
while the antisymmetric vorticity tensor Q represents local rotation. In
vortex regions, the vorticity magnitude dominates over the strain rate
magnitude, i.e.,

lel” > 11s1?

As a result, a positive Q-criterion (Q > 0), indicates a vortex. Despite
its broad application, it must be acknowledged that the Q-criterion, like
the other second generation vortex detection methods, exhibit certain
limitations in its applicability, especially when looking at the rather ar-
bitrary threshold values. To overcome those shortcomings third gen-
eration vortex identification methods were introduced, expanding the
potential for vortex detection in turbulent flows (Liu et al., 2016, 2018;
Dong et al., 2019; Liu et al., 2019). However, here the focus is primarily
on vortex visualization and therefore, the Q-criterion is used for sim-
plicity as in recent literature (Cano-Lozano et al., 2016; Lee and Park,
2022; Chang et al., 2023). Furthermore, the location and existence of the
vortices is independent of the threshold value of Q for the data shown
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Fig. 10. The energy spectrum in [k,, k] is shown on the left panels for different time steps of the same bubble rise of the smaller bubble (d;, = 2.45mm) during its
rise from the needle tip (from upper left to lower right, timesteps in corner of each subplot with regard to bubble detachment). The energy in k-space is divided by
dL? = dx - dy - dz to keep the units of m?s~2 of a squared velocity. The energy spectrum is calculated in 3D-space from the velocity for each time-step and then a
summation over the third dimension z (depth) is performed for better clarity of the visualization. On the right tiles the corresponding velocity magnitude fields of

the same time step are shown, also summed over z, Y, |J|/mm s~!

as long as it is positive and larger than zero, while the size of them
grows steadily when the threshold is lowered. The vortex cores remain
also unchanged when using the 4,-criterion, another second generation
vortex identification method introduced by Jeong and Hussain (1995).
Also, since the bubble rises in quiescent liquid, there was no strong shear
flow which is known to bias the second generation vortex identification
methods. For subsequent studies, however, the third generation vortex
identification methods can further clarify the details of the vortex for-
mation, evolution and merging, broadening the scope of the application.

Figs. 8 and 9 represent regions where the Q-criterion exceeds a
threshold of Q = 3572, revealing vortex cores for the smaller and the
larger bubble, respectively. In the lower panels, the wake structures
up to the second inversion section can be observed while in the up-
per panels, the structures from the second inversion section onwards up
to a third inversion section can be seen. For the five equal recordings
of equally produced bubbles of the same size it was observed that not
only the bubble trajectory is almost identical, but also the formation of
the vortex structures shows very similar behavior. During the bubble
rise, a vortex and high vorticity is always measured in the direct vicin-
ity of the bubble. Vortices in the wake of the bubble reach their evolved
form only after the bubble has risen further. These vortices can be de-
scribed as torus- or ring- shaped. Vortex structures in the wake of rising
bubbles were also identified in the experiments conducted by Chang
et al. (2023) and Lee and Park (2022). The measurement by Chang et
al. were performed at a height of 200 mm above the needle tip and in-
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as a color code. The bubble is drawn in turquoise color.

volved slightly smaller bubbles with a diameter of 2.4 mm where a total
of five individual vortices determined by the Q-criterion were observed,
albeit less clearly. The measurements of Lee and Park (2022) also used
this slightly smaller bubble size and measured the two dimensional ve-
locity field right after bubble detachment. However, likely due to their
single plane measurements only the cut through four vortex rings can
be detected in between the first and the second inflection section. In
their measurements at 200mm above the needle tip there are only 3
vortex rings distinguishable. However, this can be an effect of the out
of plane movement of the bubble. In comparison, the high-resolution
and three dimensional measurements reported in this article allow for
a more detailed characterization of the vortex rings, particularly in the
early stages of bubble rise. In the first inversion section seven vortices
(dy, = 2.45mm) and five vortices (d,, = 2.62mm) are identified, respec-
tively, all marked in roman numbers in Figs. 8 and 9 in the rightmost
panels. In the second inversion section, both bubble sizes cause five vor-
tex structures which corresponds to the count of Chang’s study (Chang
et al., 2023).

When examining the vortices generated in the wake of the smaller
bubble in Fig. 8 the regularity in form and distance of the vortices is
immediately apparent. The vortices of similar size rise in a chain one
behind the other and do not interact with each other. Thereby, the vor-
tices move slowly apart from each other and towards negative x-values
to the left upper corner. This behavior causes them to be very persis-
tent in time. In contrast, the vortices produced by the larger bubble
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Fig. 11. The energy spectrum in [k, k ]

is shown on the left panels for different time steps of the same bubble rise of the larger bubble (d;, = 2.62mm) during its

rise from the needle tip (from upper left to lower right, timesteps in corner of each subplot with regard to bubble detachment). The energy in k-space is divided by
dL’ = dx - dy - dz to keep the units of m?s~2 of a squared velocity. The energy spectrum is calculated in 3D-space from the velocity for each time-step and then a
summation over the third dimension z (depth) is performed for better clarity of the visualization. On the right tiles the corresponding velocity magnitude fields of
the same time step are shown, also summed over z, ), |5|/mm s~' as a color code. The bubble is drawn in turquoise color.

of dy =2.62mm behave differently: The vortex structures are notably
larger and exhibit irregularities and more vortex-vortex interaction. As
a result, the vortices are more challenging to distinguish and separate,
and show some merging over time and are thus less persistent in time.
More precisely, vortices 2 and 3 merge, after interacting with each other,
at time 7 = 0.2988 s after bubble detachment. Nevertheless, it can gen-
erally be stated that the absolute value of the vorticity in the wake of
larger bubbles is significantly higher and the size of the vortices and the
mean distance in between the vortices are larger.

Cano-Lozano et al. (2016) studied the details of the vortices arising in
the bubble wakes using the A,-criterion, introduced by Jeong and Hus-
sain (1995), for very similar dimensionless numbers numerically. Espe-
cially their case 5 bubble with a similar Galilei number of Ga = 350 and
a slightly lower E6tvos number of Eo = 0.55 shows very similar wake
vorticity configurations as reported here for the smaller bubble. They
call the observed vortices "secondary vortex loops" with a wavelength
in between the different loops A that is slightly higher than the spac-
ing between the two vortex threads. Cano-Lozano et al. (2016) attribute
the secondary vortex loops to a coupling between the bubble deforma-
tion and the wake dynamics which causes a transient asymmetry in the
vortex threads. Their hypothesis is supported by the ratio of the typical
secondary vortex loops structure wavelength to the equivalent bubble
diameter to be A/dy, ~ 1.21. To determine this value for the two bubble
sizes investigated here, the vertical distances between two consecutive
vortices are measured. Since Cano-Lozano et al. did not specify how they
determine the vortex structure wavelength or at what time after vortex

14

formation the distances were taken, thus the average vertical distance
(only in y-direction) between two vortices from the first inversion sec-
tion is used here. This yields a vortex loop distance of A = 2.74 mm for
the smaller bubble with d, =2.45mm and A =2.75mm for the larger
bubble with dy, = 2.62 mm, which are nearly identical and similar to the
vortex distances in y-direction for the single rising bubble in Lee and
Park (2022) which seems to be A ~ 2.5 mm when determined from their
figures. However, the vortex distances of the larger bubble wake vary
more, which is not captured by the mean value. The corresponding ra-
tios A/d, are A/dy, = 1.12 for the smaller bubble and A/d, = 1.05 for the
larger bubble. The value obtained for the smaller bubble is very close
to that reported by Cano-Lozano et al. (2016). Moreover, the vortex
structures observed in the present measurements and in Cano-Lozano
exhibit nearly identical patterns, which do not interact with each other
in the bubble wake. In contrast, for the larger bubble, the merging of
two vortices is already observed. The experimentally obtained data are
in strong agreement with the numerical results of Cano-Lozano et al.
(2016) and demonstrate that the phenomena of secondary vortex loops
can be found consistently in both numerical simulations and experimen-
tal observations.

3.4. Spectral analysis of the wake structures

The spectral analysis of the velocity field gives some insight into
the temporal and spectral evolution of the kinetic energy. Figs. 10 and
11 show the energy spectrum in 3D-space calculated from the velocity



A.v. Kameke et al.

field for the lower measurement volume (up to the second inflection
section) for the smaller and the larger bubble size, respectively. Three
of the time steps shown are those also chosen for Figs. 5, 6, 8 and 9.
One more timestep, before the bubbles detach (negative time) and two
more time-steps after the bubbles have left the field of view are fur-
ther considered. The energy spectrum and the corresponding velocity
magnitude field are summed up over the third dimension z (depth) for
better clarity of the visualization and inspection of the main velocity
structures.

To begin with, the high velocity regions in the bubble wake, observed
in the particle tracks can also be appreciated in the velocity magnitude
fields. These areas of high velocity become increasingly pronounced af-
ter the bubble has left the field of view. They correspond to the vor-
tex cores of the previously analyzed vortices. For the smaller bubble of
d,, = 2.45 mm equivalent diameter, these areas of high velocities are, as
the vortices in Fig. 8, very ordered. The imprint of these structures in
the energy spectrum are the highest peaks indicated by green dots (two
peaks because of the Fourier-space symmetry) in Fig. 10, middle pane,
right. The corresponding peak wavelength of these structures that gather
the energy, is calculated from the values of k, and k, of the peak to be
4p =3.93mm. This wavelength determined from the energy spectrum
corresponds roughly to the distance s, in between the centers of the
vortex rings in Fig. 8 at time ¢ = 197.5ms after detachment, which has
been determined to be s, = 3.64 mm. The slight deviation in between 4,
and s, might be caused by the summation of the energy spectrum in z,
while the vortex cores in Fig. 8 are considered in a single plane. At suc-
cessive times, the vortices drift further apart from each other, towards
the upper left corner of the image towards negative x-values. This is also
observed in the areas of high velocity and it is reflected in the increas-
ing wavelength of the peaks and the corresponding high velocity struc-
tures in time. At = 347.5ms after bubble detachment the wavelength
of the peak is A, = 4.50 mm. Also in Fig. 10, the persistence of the vortex
structures for the small bubble can be appreciated, since the structures
barely change in shape over time and no vortex interaction or merg-
ing can be distinguished, even after the bubble left the measurement
volume.

For the larger bubble of d,, = 2.62 mm equivalent diameter, the occur-
ring velocity structures are considerably more disordered. The vortices
II and III cannot be distinguished from each other in Fig. 11 and vortex
IV is only distinguishable at timestep ¢ = 197.5 ms, where the bubble has
just left the field of view. Also, more peaks appear than for the smaller
bubble, indicating that the energy is distributed across more structures
with different wavelengths. This corresponds to the fuzzy appearance of
the high magnitude velocities. As for the smaller bubble due to increased
separation but additionally due to merging, the distances between the
structures become larger for longer times after bubble detachment.
At timestep ¢ = 197.5ms the first peaks appear. Here, the wavelength
of the velocity field structure with the most energy is 4, = 6.02mm.
This is considerably higher than the value of the mean distance
in between the centers of the vortex rings in Fig. 9 at the same
timestep, which has been determined to be s, = 4.35mm. However,
this is most likely an effect of the summation of the energy spectrum
in z-direction which impedes a distinction of vortex ring II and II
in the energy spectrum. As for the smaller bubble, the vortex rings
start to drift apart towards lower x-values and higher y-values. This
causes the peak wavelength to progressively increase with time from
4p=5.01mm at time ¢=122.5ms after detachment to A, =7.06 mm
at time 7 = 347.5ms. The magnitude of the velocities also rapidly de-
creases. The analysis of the energy spectrum of the wake of the
rising bubbles allows to quantify the energy distribution across the
velocity field structures. These energy spectra could be used as an ex-
perimental basis to generate a spectral forcing source term in Fourier-
space (Eswaran and Pope, 1988) to add the effect of bubble wakes
to a flow without having to calculate the individual bubbles. This
would provide a way to efficiently simulate bubble induced turbulence
numerically.
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4. Conclusion

This work presents temporarily resolved 3D Particle-Tracking Ve-
locimetry measurements of single rising bubbles with equivalent diam-
eters of d, =2.45mm and d, = 2.62mm in quiescent bidistilled water.
The flow is seeded with tracer particles of diameter d,, .., = 19 um yield-
ing a very small Stokes number of St ~ 3 - 10~*, ensuring flow following
behavior. Particle motion is evaluated from bubble detachment to a ris-
ing height of 80 mm using the Shake-the-Box algorithm implemented in
DaVis. In addition, the 3D bubble shape and rise dynamics are mea-
sured to relate bubble motion to the induced flow. On the basis of the
performed experiments and the subsequent velocity field analysis the
following results can be summarized:

(1) The performed measurements enable a precise determination of ve-
locity fields and its gradients and thus the analysis of the evolving
vorticity and energy formation in the bubble wake flow. The ob-
tained data can aid validation of numeric approaches.

The secondary vortex loops predicted by numerical investigations
from Cano-Lozano et al. (2016) have been confirmed experimentally.
The vortex loops are more persistent and ordered for the smaller bub-
ble which suggests that they occur only within a narrow parameter
range and that slightly larger bubbles already alter the system dy-
namics. Here, a detailed numerical study could be of further interest.
This work is the first experimental analysis of the total vorticity pro-
duction by ellipsoidal bubbles, exceeding the predictions for clean
bubbles stated by Legendre (2007).

The analysis of the energy spectra during the bubble rise provides
a basis for numerical studies to design a realistic forcing term, that
reflects the way that bubbles induce energy into the bulk flow.

(2)

3

(€3]

In future work, the determined resulting particle tracks and the de-
rived velocity fields can be used to study mass transfer in the bubble
wake. Also, the flow data can be compared to existing studies on the
mass transfer of bubbles with comparable dimensionless parameters.
Moreover, the concept of coherent Lagrangian structures occurring in
bubble wakes, as in Kameke et al. (2019a), can be extended to freely
rising bubbles. Further emphasis can now be placed on improved recon-
struction of the bubble shape and flow measurements in bubble swarms
where third generation vortex detection methods, as stated by Liu et al.
(2019), should be considered for more precise evaluation of interacting
vortex structures.
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