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 a b s t r a c t

The behavior of a linear time-invariant system can be characterized entirely by measured input–output 
data that spans the vector space of all possible trajectories of the system relying on the fundamental 
lemma by Willems et al. However, useful a priori knowledge of the system is usually neglected. We 
propose a novel method for incorporating prior knowledge, specifically, known pole and zero locations, 
into a data-driven representation by constructing filters that pre-process the measured input–output 
data. To this end, a physics-informed data-driven predictor is introduced, where trajectories are 
obtained as linear combinations of the columns of a filtered block-Hankel matrix. We explicitly derive 
the output prediction error and show how leveraging prior knowledge reduces the impact of future 
noise realizations on output predictions and improves the accuracy of the initial state that is inferred 
from past data.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

In recent years, research attention in systems and control 
shifts from model-based methods towards data-driven approa-
ches (Dörfler, 2023). Classical predictive control techniques such 
as model predictive control (MPC) aim to compute an optimal 
control policy based on output feedback, while minimizing an 
objective function and satisfying input–output constraints (Rawl-
ings et al., 2017). Their performance depends critically on the 
deployment of an accurate model of the underlying system. Such 
model can be obtained from first principles, e.g., by modeling 
an electrical circuit using the constitutive relations to obtain dif-
ferential equations. However, due to system complexity and un-
certainties in many practical applications, obtaining such model 
from first principles is costly, or even infeasible. The fundamental 
problem of finding a model from measured data, known as sys-
tem identification, was first introduced by Zadeh (1956) and has 
become a well-established research field (Ljung, 1999). Instead of 
relying on detailed knowledge of the underlying physics, system 
identification methods generate models that match measured 
input–output data. More recently, there has been growing in-
terest in learning controllers directly from data without relying 
on an explicit parametric model. Instead, a data-driven frame-
work is employed, which characterizes all possible trajectories 
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of an unknown system using measured input–output data. The 
framework has its origin in the behavioral systems theory for 
discrete-time linear time-invariant (LTI) systems and is known 
as the fundamental lemma by Willems et al. (2005). From the 
behavioral perspective, a system is not described by a difference 
equation relating inputs and outputs, but rather by the linear 
subspace of all input–output trajectories it can generate. This 
data-driven system representation is well-suited for the design 
of data-driven predictive control (DPC) schemes (Coulson et al., 
2019; Yang & Li, 2015), where the system’s dynamics are con-
strained to the vector space of all input–output trajectories that 
belong to the system.

While data-driven methods circumvent the need for an accu-
rate model, partial a priori knowledge is often neglected. Prior 
knowledge, such as pole and zero locations, can be obtained 
through empirical observations or derived from first principles. In 
particular, pole locations are directly associated with the system’s 
dynamic behavior.

Several extensions of the fundamental lemma have been pro-
posed, some of which leverage prior knowledge of the sys-
tem. Berberich and Allgöwer (2020) use knowledge of basis 
functions to extend the fundamental lemma for certain classes 
of nonlinear systems. Zieglmeier et al. (2025) introduce a semi-
DPC scheme, which is constrained by a parametric submodel in 
parallel with a data-driven submodel, capturing the known and 
unknown dynamics, respectively. However, separate initialization 
of each model remains challenging in practice. Li et al. (2024) 
address this by assuming a parametric model that, while imper-
fect, approximates the entire input–output behavior of the system 
rather than only a subset of its dynamics.
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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The main contribution of this paper is the design of filters 
based on prior knowledge, such as known pole and zero locations, 
and the integration of this knowledge into a data-driven system 
representation by applying the filters directly to the available 
data. In contrast to traditional filtering methods, which apply 
the same filter to both input and output signals to preserve 
the input–output relationship (Ljung, 1999), our approach in-
tentionally modifies this relationship to embed known system 
properties. We formulate a data-driven predictor (DDP) based on 
the fundamental lemma and provide an explicit derivation of the 
resulting prediction errors. To the best of our knowledge, this is 
the first work to introduce such an approach.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the model structure, notation, and essential 
theoretical concepts. A method to incorporate prior knowledge 
into data-driven system representations is presented in Section 3, 
which is followed in Section 4 by a derivation and explanation 
of the output prediction error. To further highlight the impact of 
prior knowledge, Section 5 illustrates simulated output predic-
tions and errors. Section 6 provides some final conclusions and 
directions for future work.

Notation: Standard symbols are used throughout: the zero 
matrix is denoted by 0, the identity matrix by I , and a sequence 
of zeros of length T  by 0T . The ℓ2-norm is written as ∥ · ∥2, the 
Frobenius norm as ∥ · ∥F , and the Moore–Penrose pseudoinverse 
as (·)†.

2. Preliminaries

Following Ljung (1999), we consider a discrete-time multiple-
input, multiple-output (MIMO) LTI system in innovation form 

xk+1 = Axk + Buk + Kek
yk = Cxk + Duk + ek,

(1)

where xk ∈ Rn, uk ∈ Rnu , ek ∈ Rny , and yk ∈ Rny  are the 
state, input, innovation noise and output vector, respectively. The 
discrete-time index is denoted by k ∈ Z≥0. The matrices A ∈ Rn×n, 
B ∈ Rn×nu , C ∈ Rny×n, and D ∈ Rny×nu  represent the system, 
input, output, and direct feedthrough matrix, respectively. The 
innovation ek is a Gaussian random variable with zero-mean. The 
Kalman gain K ∈ Rn×ny  and the covariance Σe of the innovation 
are obtained from the solution of the stationary discrete-time 
algebraic Riccati equation (DARE).

By introducing Ã = A − KC and B̃ = B − KD, the innovation 
form in (1) is transformed into predictor form: 
xk+1 = Ãxk + B̃uk + Kyk
yk = Cxk + Duk + ek,

(2)

where the state does not explicitly depend on innovations.
We denote a stacked vector of T  consecutive input samples 

starting at time î by uî,T ∈ RnuT  and a block-Hankel matrix of 
depth L constructed from the sequence uî,T  by

UL =

[
Up
Uf

]
=

⎡⎢⎣ uî · · · uî+T−L
...

. . .
...

uî+L−1 · · · uî+T−1

⎤⎥⎦ ∈ RnuL×(T−L+1),

with p, f ∈ Z>0, referred to as the past and future horizons, 
respectively, such that L = p + f . Similarly, the matrices YL ∈

RnyL×(T−L+1) and EL ∈ RnyL×(T−L+1) are constructed from the 
sequences y

î,T
 and eî,T . 

Definition 1.  We say that a sequence uî,T  is persistently exciting 
(PE) of order L if rank(U ) = n L.
L u

2

Consider the block-Toeplitz matrix

T(B,D) =

⎡⎣ D 0 0 ··· 0
CB D 0 ··· 0
...

...
...

...
...

CAf−2B CAf−3B CAf−4B ··· D

⎤⎦ ,

with T(B,D) ∈ Rnyf×nuf , and similarly T(K ,I) ∈ Rnyf×nyf . The 
extended controllability matrix is defined as
K(B̃) =

[
Ãp−1B̃ Ãp−2B̃ · · · B̃

]
∈ Rn×nup,

and similarly K(K ) ∈ Rn×nyp. The notation is simplified by in-
troducing K =

[
K(B̃) K(K )

]
∈ Rn×(nu+ny)p. Furthermore, the 

extended observability matrix is given by

Γ =
[
C⊤ (CA)⊤ · · · (CAf−1)⊤

]⊤
∈ Rnyf×n.

2.1. The data-driven predictor

Let an nth-order minimal system be given by the innovation 
form in (1). We derive a DDP, following the steps outlined by van 
Wingerden et al. (2022). 

Assumption 2.  The output data y is noise-free.

Assumption 3.  The past horizon length p is sufficiently large 
such that ∥Ãp

∥F ≈ 0.

Note, that in the noise-free setting, there exist a deadbeat 
observer gain Kdb, such that ∥Ãp

∥F = 0 for all p ≥ n. With 
Assumptions  2 and 3, the system satisfies the well-known data 
equations 

y
i+p,f

= Γ K
[
ui,p
y
i,p

]
+ T(B,D)ui+p,f

Yf = Γ K
[
Up
Yp

]
+ T(B,D)Uf ,

(3)

in which the data sequences start at time i and î, respectively. 
The initial state is obtained by multiplying past input–output data 
with the extended controllability matrices K. The multiplication 
with Γ  and T(B,D) gives the zero-input and zero-state response, 
respectively.

By moving the outputs y
i+p,f

 and Yf  in (3) to the right-hand 
side and introducing a column selector g ∈ RT−L+1, we write 

[
Γ K T(B,D) −I

]⎛⎜⎜⎝
⎡⎢⎣Up
Yp
Uf
Yf

⎤⎥⎦ g −

⎡⎢⎢⎣
ui,p
y
i,p

ui+p,f
y
i+p,f

⎤⎥⎥⎦
⎞⎟⎟⎠ = 0f . (4)

Lemma 4 (Willems et al., 2005).  Consider recorded input–output 
trajectories uî,T  and yî,T  of an nth-order controllable LTI system, 
where the input data uî,T  is PE of order L+n and suppose UL and YL
to be constructed from that data. Then, ui,L and yi,L are trajectories 
of the system if and only if there exists a g such that ⎡⎢⎣Up

Uf
Yp
Yf

⎤⎥⎦ g =

⎡⎢⎢⎣
ui,p
ui+p,f
y
i,p

y
i+p,f

⎤⎥⎥⎦ . (5)

Lemma  4 is known as Willems’ fundamental lemma and implies 
that the data matrix has nuL+n linearly independent columns that 
span the trajectory space of the system and (4) simplifies to (5).

If the past input–output sequences ui,p and yi,p are known, 
(5) gives a unique relationship between future input and output 
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trajectories. Therefore, we will refer to (5) as implicit DDP. Fur-
thermore, for a given future input sequence ui+p,f  the output can 
be explicitly calculated by first solving for the column selector 

g =

[Up
Uf
Yp

]†⎡⎣ ui,p
ui+p,f
y
i,p

⎤⎦ . (6)

Since the data matrix is usually wide, i.e., it has more columns 
than rows, the column selector g is generally not unique and 
the Moore–Penrose inverse, denoted by (·)†, yields the solution 
with minimum ℓ2-norm. Next, the future output trajectory is 
reconstructed from linear combinations of the columns of the 
data matrix

y
i+p,f

= Yf g.

In the implementation of DPC, the system dynamics are typically 
enforced by the implicit DDP defined in (5), making an explicit 
output prediction unnecessary (Coulson et al., 2019). However, 
the explicit prediction can be useful for analyzing the accuracy of 
the DDP.

3. Encoding prior knowledge

In the noise-free setting, there exists a deadbeat observer gain 
Kdb that places all poles of Ã at the origin. By propagating n
steps backwards in time through the predictor form in (2), the 
autoregressive model 

yk =

n∑
i=1

(
Ξ

(y)
i yk−i + Ξ

(u)
i uk−i

)
+ Ξ

(u)
0 uk (7)

is derived, with the coefficient matrices Ξ (y)
i = CÃi−1Kdb, Ξ (u)

i =

CÃi−1B̃, and Ξ (u)
0 = D. The deadbeat observer guarantees that 

∥Ãp
∥F = 0 for all p ≥ n and the current output is expressed in 

terms of the current input and past n inputs and outputs. 

Lemma 5 (Coefficient Structure).  An LTI system can be represented 
by (7), such that

(i) the output coefficient Ξ (y)
i  is a diagonal matrix and the vth 

diagonal entry corresponds to the negative ith coefficient of 
the characteristic polynomial (CP) of the vth output channel 
for i = 1...n and v = 1...ny, and

(ii) for single-input, single-output (SISO) systems, the coefficient 
Ξ

(u)
i  corresponds to the ith numerator coefficient of the trans-

fer function

Proof.  We consider a SISO LTI system with the CP

χ (z) = zn + a1zn−1
+ · · · + an−1z + an.

Without loss of generality, we assume that the system is given in 
observable canonical form by the matrices

Ao =

⎡⎢⎢⎣
0 0 · · · 0 −an
1 0 · · · 0 −an−1
...

...
. . .

...
...

0 0 · · · 1 −a1

⎤⎥⎥⎦ , Co =
[
0 0 · · · 0 1

]
.

The observer gain Kdb that places all poles of Ã at the origin is

K =
[
−a −a · · · −a

]⊤

db n n−1 1

3

and we write the coefficient matrix Ξ (y)
i = CoÃi−1Kdb as

Ξ
(y)
i =

[
0 · · · 0 1

]
⎡⎢⎢⎢⎢⎣
0 0 · · · 0 0

1 0
. . . 0 0

...
. . .

. . .
. . .

...

0 0 · · · 1 0

⎤⎥⎥⎥⎥⎦
  

Ã=Ao−KdbCo

i−1⎡⎢⎢⎣
−an

−an−1
...

−a1

⎤⎥⎥⎦ .

With the shift property of Ã it follows that Ξ (y)
i = −ai. By 

representing the system in observable block-companion form, 
the proof can be extended to MIMO systems, and the diagonal 
structure of Ξ (y)

i  follows naturally. □

We introduce the shift operator q, such that yk−1 = q−1yk, and 
rewrite the autoregressive model in (7) as(
I −

n∑
i=1

Ξ
(y)
i q−i

)
yk =

(
Ξ

(u)
0 +

n∑
i=1

Ξ
(u)
i q−i

)
uk.

The matrix polynomials defined by Ξ (y)
i  and Ξ (u)

i  determine the 
poles and zeros of the system. We assume that a subset of sp
system poles and sz zeros is known a priori and factorize the cor-
responding matrix polynomials into known and unknown parts 

(
I −

n−sp∑
i=1

Ξ
(y)
i q−i

)(
I −

sp∑
i=1

Ξ̃
(y)
i q−i

)
yk

=

(
Ξ

(u)
0 +

n−sz∑
i=1

Ξ
(u)
i q−i

)(
I +

sz∑
i=1

Ξ̃
(u)
i q−i

)
uk.

(8)

Here, Ξ̃i and Ξ i represent the known and unknown coefficients, 
respectively. By Lemma  5, the known output coefficients Ξ̃ (y)

i  are 
diagonal matrices and contain the coefficients of the CP of the 
known poles. For SISO systems, the input coefficients Ξ̃ (u)

i  relate 
to known zero locations. The known part of the system in (8) can 
be applied as filters to the input–output data and the filtered data, 
denoted by (·)′, is given by 

u′

k =

(
I +

sz∑
i=1

Ξ̃
(u)
i q−i

)
uk

y′

k =

(
I −

sp∑
i=1

Ξ̃
(y)
i q−i

)
yk.

(9)

To initialize the input and output filters, it requires sz and sp past 
input and output samples, respectively. Furthermore, we define 
the sparse block-Toeplitz filter matrices

Q (u)
=

⎡⎢⎢⎣
Ξ̃

(u)
sz ··· Ξ̃

(u)
1 I 0 ··· 0

0 Ξ̃
(u)
sz ··· Ξ̃

(u)
1 I ··· 0

...
...

...
...

...
... 0

0 0 0 Ξ̃
(u)
sz ··· Ξ̃

(u)
1 I

⎤⎥⎥⎦
and

Q (y)
=

⎡⎢⎢⎢⎣
−Ξ̃

(y)
sp ··· −Ξ̃

(y)
1 I 0 ··· 0

0 −Ξ̃
(y)
sp ··· −Ξ̃

(y)
1 I ··· 0

...
...

...
...

...
... 0

0 0 0 −Ξ̃
(y)
sp ··· −Ξ̃

(y)
1 I

⎤⎥⎥⎥⎦ .

Equivalently to (9), filtered input–output trajectories are obtained 
by

u′

i+sz ,L−sz = Q (u)ui,L

y′
= Q (y)y ,
i+sp,L−sp i,L
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where Q (u)
∈ Rnu(L−sz )×nuL and Q (y)

∈ Rny(L−sp)×nyL have sz
and sp less block-rows than columns, respectively, which reflects 
the initialization of the filters. Depending on the length of data 
trajectories, the size of the filter matrices may vary.

By applying the filters to the implicit predictor in (5), we 
introduce the physics-informed data-driven predictor (PI-DDP)

[
Q (u) 0
0 Q (y)

]⎡⎢⎣Up
Uf
Yp
Yf

⎤⎥⎦ g =

[
Q (u) 0
0 Q (y)

]⎡⎢⎢⎣
ui,p
ui+p,f
y
i,p

y
i+p,f

⎤⎥⎥⎦
or equivalently with the filtered past data matrices U ′

p−sz ∈

Rnu(p−sz )×(T−L+1) and Y ′
p−sp ∈ Rny(p−sp)×(T−L+1)⎡⎢⎢⎣

U ′
p−sz
U ′

f
Y ′
p−sp
Y ′

f

⎤⎥⎥⎦ g =

⎡⎢⎢⎣
u′

i+sz ,p−sz
u′

i+p,f
y′

i+sp,p−sp
y′

i+p,f

⎤⎥⎥⎦ . (10)

The key difference to the standard DDP in (5) is that future data 
sequences u′

i+p,f  and y′

i+p,f
 of the PI-DDP in (10) are coupled 

through the filter matrices with past data sequences. Given past 
input–output data, the implicit PI-DDP gives a unique relationship 
between future filtered inputs and outputs. Since the remaining 
system has a reduced order of n − sp, the PE requirement on the 
filtered input data also reduces to order p + f + n − sp.

4. Output prediction errors

In Sections 2 and 3, we derived exact DDP and PI-DDP under 
Assumptions  2 and 3. However, practical settings often violate 
these assumptions. In this section, we extend our analysis by 
explicitly deriving the output prediction error that arises when 
these assumptions are relaxed. Considering noise and short past 
horizons, the data equations in (3) are extended to 
y∗

i+p,f = y
i+p,f

+ Γ Ãpxi + T(K ,I)ei+p,f

Y ∗

f = Yf + Γ ÃpXî + T(K ,I)Ef ,
(11)

in which (·)∗ indicates that Assumptions  2 and 3 no longer hold, 
xi is the system’s state at time i, and Xî =

[
xî · · · xî+T−L+1

]
contains the initial states of the columns of the data matrix.

4.1. Standard predictions

First, we consider the standard case without prior knowledge 
and rewrite the implicit DDP from (5) in terms of the data 
equations in (11):⎡⎢⎢⎣

Up
Uf
Y ∗
p

Y ∗

f − Γ ÃpXî − T(K ,I)Ef

⎤⎥⎥⎦ g =

⎡⎢⎢⎣
ui,p
ui+p,f
y∗

i,p

y∗

i+p,f
− Γ Ãpxi

⎤⎥⎥⎦ .

In order to predict the noise-free output, we assume that ei+p,f =

0f . The matrix Y ∗

f  contains the available output data for which 
Assumptions  2 and 3 are relaxed and y∗

i+p,f
 corresponds to the 

true future output. The terms from future noise and conver-
gence of the state observer contribute to the prediction error and 
are therefore moved to the right-hand side. The explicit output 
prediction 
Y ∗

f g = y∗

i+p,f
+ T(K ,I)Ef g + Γ Ãp(Xîg − xi)  

error

(12)

is obtained from linear combinations of the output data. The 
prediction consists of the true output y∗  and two error terms. 
i+p,f

4

The first one arises from future innovation noise and relates di-
rectly to Assumption  2. The multiplication with the block-Toeplitz 
matrix T(K ,I) gives the zero-state response from future noise. Since 
Ef  contains zero-mean Gaussian innovation noise, the expected 
value of the error energy is minimized together with the ℓ2-norm 
of g . For the implementation of a DPC scheme, our result suggests 
an ℓ2-norm regularization of the column selector g . The effect 
of such regularization on the implicit DDP is further discussed 
by Klädtke and Darup (2023).

The second error term arises if the past horizon is too short 
for the observer to converge, i.e., ∥Ãp

∥F ̸= 0, and relates to 
Assumption  3. The multiplication with the extended observability 
matrix Γ  gives the zero-input response from the state observer 
error after p time steps.

4.2. Physics-informed predictions

Similarly to the extended data equations in (11), we express 
future filtered outputs in terms of the outputs for which As-
sumptions  2 and 3 hold and terms that arise by relaxing these 
assumptions 

y′∗

i+p,f
= y′

i+p,f
+ Q (y)Γ Ap−spxi + Q (y)T (K ,I)

[
ei,p
0f

]
Y ′∗

f = Y ′

f + Q (y)Γ Ap−spXî + Q (y)T (K ,I)

[
Ep
Ef

]
.

(13)

By truncating the first p − sp block-rows of T(K ,I), we define

T (K ,I) =

⎡⎢⎣CAp−sp−1K · · · I · · · 0
...

. . .
. . .

. . .
...

CAf+p−2K · · · CAf+sp−2K · · · I

⎤⎥⎦ .

Since the filter matrix Q (y) initializes future filtered outputs with 
the past sp filtered outputs, past noise influences the future out-
put predictions. Next, we replace the outputs in the PI-DDP in 
(10) by the outputs in (13):⎡⎢⎢⎢⎢⎣

U ′
p−sz
U ′

f
Y ′∗
p−sp

Y ′∗

f − Q (y)
(

Γ Ap−spXî + T (K ,I)

[
Ep
Ef

])
⎤⎥⎥⎥⎥⎦ g

=

⎡⎢⎢⎢⎢⎣
u′

i+sz ,p−sz
u′

i+p,f
y′∗

i+sp,p−sp

y′∗

i+p,f − Q (y)
(

Γ Ap−spxi + T (K ,I)

[
ei,p
0f

])
⎤⎥⎥⎥⎥⎦

and the filtered output prediction follows to: 

Y ′∗

f g = y′∗

i+p,f + Q (y)Γ Ap−sp (Xîg − xi)

+ Q (y)T (K ,I)

([
Ep
Ef

]
g −

[
ei,p
0f

])
.

(14)

To unfilter the output prediction, we rewrite the output filter in 
(9) as 

y′
= y − φ y − φ y , (15)
i+p,f i+p,f up i+p−sp,sp lo i+p,f
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with the upper triangular matrix φup ∈ Rnyf×nysp  and the lower 
triangular matrix φlo ∈ Rnyf×nyf  given by

φup =

⎡⎢⎢⎢⎢⎣
Ξ̃

(y)
sp ··· Ξ̃

(y)
1

...
...

...
0 ··· Ξ̃

(y)
sp

...
...

...
0 ··· 0

⎤⎥⎥⎥⎥⎦ φlo =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ··· 0 ··· 0 0

Ξ̃
(y)
1

... 0
... 0 0

...
...

...
...

...
...

Ξ̃
(y)
sp

... Ξ̃
(y)
1

... 0 0

...
...

...
...

...
...

0 ··· Ξ̃
(y)
sp ··· Ξ̃

(y)
1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The unfiltered output, derived from (15) is
y
i+p,f

= (I − φlo)−1y′

i+p,f
+ (I − φlo)−1φupyi+p−sp,sp

and depends on the filtered output and the past sp unfiltered 
outputs for initialization. The unfiltered PI-DDP, denoted by ˆ(·), 
is obtained by using the past outputs y∗

i+p−sp,sp
 for initialization 

and applying (15) to the output prediction in (14): 
ŷ
i+p,f

= y∗

i+p,f
+ T(K ,I)Ef g + Γ K(K̃ )(Epg − ei,p)

+ (I − φlo)
−1 Q (y)Γ Ap−sp (Xîg − xi)

(16)

in which K(K̃ ) ∈ Rn×pny  is defined, such that

(I − φlo)
−1 Q (y)T (K ,I) =

[
Γ K(K̃ ) T(K ,I)

]
.

Due to space limitations, the full simplification is excluded. The 
prediction in (16) consists of the true output y∗

i+p,f
 and three error 

contributions from future noise, past noise, and the convergence 
of the state observer.

The error arising from future noise equals that of the standard 
DDP in (12) and is minimized together with the ℓ2-norm of the 
column selector g . However, the PI-DDP in (10) admits smaller 
norm solutions for g compared to the DDP in (5). This follows 
from the observation that every solution g to the standard DDP 
also satisfies the PI-DDP. Moreover, the null space of the filtered 
data matrix is larger than that of the unfiltered data matrix, which 
provides additional flexibility to further reduce the norm of the 
solution g in the PI-DDP.

In contrast to the standard DDP, the prediction of the PI-DDP 
is affected by past noise realizations. The matrix K(K̃ ) determines 
how past noise is affecting the error of the state observer and 
multiplying with Γ  gives the zero-input response from that error.

The third error contribution accounts for the convergence of 
the state observer. 

Lemma 6 (Orthogonality of Γ  and Q (y)).  Let Q (y) be an output 
filter matrix designed with a subset of sp ≤ n known poles of an 
nth-order LTI system. Then, the row space of Q (y) is orthogonal to 
a sp-dimensional subspace of Γ , which forms a basis of the free 
responses associated with the known poles.

Proof.  Consider an nth-order SISO LTI system and the output 
filter matrix Q (y), derived from sp = n poles. Since every row of 
Γ  can be expressed by the first row multiplied with a power of 
the matrix A, it is sufficient to prove that the first row of Q (y) is 
orthogonal to Γ , i.e.,[

−Ξ̃
(y)
n · · · −Ξ̃

(y)
1 I 0 · · · 0

]
Γ = 0

−Ξ̃ (y)
n C − · · · − Ξ̃

(y)
1 CAn−1

+ CAn
= 0.

With Lemma  5 we write

anC + · · · + a1CAn−1
+ CAn

= 0

and by the Cayley–Hamilton Theorem, every square matrix satis-
fies its own characteristic polynomial

C
(
a I + · · · + a An−1

+ An)
= 0.
n 1

5

The proof can be extended to MIMO systems and partial informa-
tion of the poles by representing the system matrix A in Jordan 
normal form. □

Since the product of Q (y) and Γ  occurs in the error in (16), 
Lemma  6 implies that the convergence error associated with the 
states of the known poles is mitigated. The space of zero-input 
responses from those states is orthogonal to the row space of 
Q (y). If all pole locations are known, it follows that Q (y)Γ = 0, 
and the third error term is completely eliminated. As a trade-
off, past noise realizations affect the initialization of the output 
prediction. This trade-off is similar to the difference between a 
Kalman observer and a deadbeat observer. If the system is given 
in innovation form, the state estimate of the Kalman observer is 
independent of past noise realizations similar to the DDP in (12). 
However, for poles close to the unit circle it may require large 
past horizons to converge. In contrast, a deadbeat observer has a 
finite settling time but the state estimate explicitly depends on 
past noise realizations.

The error expressions in (12) and (16) suggest that prior 
knowledge is beneficial, if the known poles are located close to 
the unit circle and the Kalman observer would need long past 
horizons to converge. Furthermore, the impact of future noise 
is reduced whenever the PI-DDP admits smaller norm solutions 
of g than the regular DDP. This is the case when the system 
is excited close to the eigenfrequencies of the known poles, 
i.e., when a large part of the input–output trajectories resides in 
the null space of the filter matrix. While prior knowledge of zero 
locations, encoded in the filter matrix Q (u), does not explicitly 
affect the output prediction error, it may lead to smaller ℓ2-norm 
solutions of g , thereby reducing the prediction error.

5. Numerical example

We consider the 5th-order model of a floating wind turbine 
given by Hegazy et al. (2025), which relates the pitch angle of 
the rotor blades to the rotor speed

G(z) =
−0.052(z − ζ1)(z − ζ2)(z − ζ3)(z − ζ4)
(z − λ1)(z − λ2)(z − λ3)(z − λ4)(z − λ5)

,

with the following poles and zeros:
λ1,2 = 0.98 ± 0.16i, λ3,4 = −0.82 ± 0.45i, λ5 = 0.72,
ζ1,2 = 0.99 ± 0.16i, ζ3,4 = −0.84 ± 0.47i,

and a minimal representation (1) given by A, B, and C . The Kalman 
gain K  and the covariance Σe are calculate from the DARE with 
a process noise covariance of 10−2 and a measurement noise 
covariance of 10−1. It is reasonable to assume prior knowledge 
of the dominant poles at low frequencies, which can be obtained 
through first-principles modeling. Fig.  1 shows the mean and 
standard deviation of the DDP and PI-DDP with prior knowledge 
of the conjugated pole pair λ1,2 across 1000 noise realizations, 
sampled from a Gaussian distribution, in blue and red, respec-
tively. The filter matrix Q (y) is calculated from the CP of the 
known poles with Ξ̃ (y)

1 = 1.96 and Ξ̃ (y)
2 = −0.986. The column 

selector g is calculated by the Moore–Penrose inverse similar to 
(6).

The true output is represented by a dashed yellow line. The 
first p = 8 data samples are used to initialize the system and 
the future horizon length is f = 20. The data matrices are 
constructed from T = 500 input data, uniformly sampled from 
the interval [−100 100]. At the time of prediction, the system 
is excited within the range of the data at a frequency close to 
the eigenfrequency of the known poles, i.e, 40−1 of the sampling 
frequency.
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Fig. 1. Mean and standard deviation for output predictions of a floating wind 
turbine and 1000 noise realizations.

Fig. 2. Error energy for varying past horizon lengths.

The PI-DDP shows improved performance compared to the 
standard DDP. While the standard deviation is slightly larger, the 
mean value aligns with the true output.

Fig.  2 shows the average prediction error energy correspond-
ing to the predictions in Fig.  1 for varying past horizon lengths.

The solid lines represent the total prediction error, the dotted 
lines the error from future noise realizations, and the dashed lines 
the error arising from the initialization. For short past horizon 
lengths, the error mostly arises from the initialization of the 
system. Here, the PI-DDP achieves better results. For increasing 
past horizon lengths, both initialization errors approach zero and 
the difference is mainly driven by the error arising from future 
noise. It is consistently smaller for the PI-DDP compared to the 
DDP, caused by a smaller ℓ2-norm solution of g . Since the system 
is excited close to the eigenfrequency of the known poles, the 
ℓ2-norm of the vector g is significantly smaller for the PI-DDP 
compared to the DDP. Moreover, the remaining unknown states 
are not excited and the initialization errors corresponding to 
these states are small. If the system is excited at eigenfrequencies 
far away from the known poles, the accuracy of the prediction 
increases less and the error arising from the initialization of the 
unknown dynamics might increase.

6. Conclusion

We presented a method to incorporate prior system knowl-
edge into data-driven models by filtering input–output data using 
known pole or zero locations. Prediction errors with and without 
prior knowledge are explicitly derived. While prior knowledge of 
zero locations does not directly affect the output prediction, prior 
knowledge of pole locations mitigates the convergence error of 
the corresponding initial state and reduces the impact of future 
noise. Thus, prior knowledge of poles close to the unit circle 
allows to use shorter past horizon lengths.
6

Future work includes to further investigate the impact of 
prior knowledge on the initialization of the remaining unknown 
dynamics and on the reduced PE requirements on the input 
data. Additionally, the proposed method offers possibilities to in-
clude prior knowledge into various data-driven predictive control 
methods such as DeePC and SPC (Coulson et al., 2019; Favoreel 
et al., 1999).
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