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ZUSAMMENFASSUNG

N der vorliegenden Arbeit werden Regelstrecken als Lineare parameterverinder-
Iliche (LPV)-Systeme betrachtet, die einen hohen Aufwand in der Modellierung
sowie der Synthese und Implementierung entsprechender LPV-Regler aufweisen
konnen, weil sie entweder stark nichtlinear gekoppelte Systeme mit vielen Pa-
rametern darstellen, oder aus einer grofien Anzahl verteilter, interagierender
LPV-Subsysteme bestehen. Fiir komplexe LPV Systeme der ersten Klasse wer-
den systematische Werkzeuge zur exakten mathematischen Modellierung mit ver-
ringerter Komplexitdt bereitgestellt und deren gewinnbringende Verwendung im
Rahmen von erweiterten LPV-Reglersynthesemethoden behandelt. Der grundséatz-
liche Ansatz beruht dabei auf einer Uberfiihrung nichtlinearer Differentialgle-
ichungen in eine Deskriptor-LPV-Zustandsraumdarstellung, einer automatisierten
Parametrierung und moglichen Approximation mit Hilfe einer Hauptachsentrans-
formation. Einfliisse auf den Rechenaufwand wihrend der Synthese und Im-
plementierung werden identifiziert und durch mathematisch equivalente Umfor-
mulierungen reduziert. Die Methoden werden an den nichtlinearen Modellen eines
industriellen Roboters und eines Control Moment Gyroscopes (CMG) validiert. Dabei
gelingt es, LPV-Regler fiir die exakten und fiir die approximierten Modelle zu
synthetisieren und mit niedrigem Implementierungsaufwand experimentell zu va-
lidieren.

Des Weiteren wird zunédchst ein allgemeines Framework fiir die Formulierung
verteilter LPV Systeme eingefiihrt. Ein Aufstellen der Synthesebedingungen fiir
ein solches verteiltes System erlaubt die Reduktion der Synthesekomplexitdt durch
strukturelle Randbedingungen auf Entscheidungsvariablen. So lassen sich Bedin-
gungen formulieren, die in ihrer Ordnung der Komplexitit der eines einzel-
nen Subsystems multipliziert mit der Anzahl unterschiedlicher Subsystemdy-
namiken entsprechen. Die Diagonalisierbarkeit der Interaktionsmatrizen wird
durch Transformationen gewdhrleistet, die zu virtuellen symmetrischen oder nor-
malen Interaktionsmatrizen fithren. Da solche Matrizen durch unitdre Transfor-
mationen diagonalisiert werden konnen, wird die direkte Komplexitdtsreduk-
tion der Synthesebedingungen durch eine Kongruenztransformation bestimmter
Matrixungleichungen und somit die Berticksichtigung zeitvariabler, gerichteter
Topologien ermdoglicht. Die vorgestellten Methoden werden sowohl an einem
numerischen Beispiel als auch anhand der Formationsregelung nichtlinearer
Quadrotor-Helikopter in der Simulation validiert.






SUMMARY

HE present work considers plant representations in the framework of linear
Tpammeter—varying (LPV) systems that may involve a high degree of complexity.
This class contains nonlinear systems that lead to high costs in modeling, synthe-
sis and implementation of associated LPV controllers on the one hand as well as
systems consisting of a large number of LPV subsystems interconnected through a
possibly time-varying topology on the other hand. For complex LPV systems of the
tirst kind, the contribution of this thesis consists in the development of systematic
tools for mathematically exact modeling with reduced complexity and the subse-
quent efficient exploitation by extended LPV synthesis methods. The fundamental
approach follows a translation of nonlinear differential equations into a descriptor
state space LPV representation, parameterization and possible approximation by
means of a principle component analysis. The synthesis conditions and implemen-
tation are analyzed in terms of their respective computational effort and reduced by
mathematically equivalent modification. The methods are validated on nonlinear
models of an industrial robot and a Control Moment Gyroscope (CMG). LPV con-
trollers are synthesized for both the exact as well as the approximated models and
experimentally implemented with low computational costs.

Furthermore, a general framework for the representation of distributed LPV sys-
tems is introduced. A straightforward formulation of synthesis conditions for the
entire system allows reducing the synthesis complexity via the introduction of
structural constraints on decision variables. In this vein, synthesis conditions are
formulated whose complexity ranges in the order of a single subsystem times the
number of different subsystem dynamics. The diagonalizability of interaction ma-
trices is achieved by a transformation that leads to virtual symmetric or normal
interaction matrices. Such matrices can be diagonalized by unitary transformations,
which allows the direct congruence transformation of synthesis conditions for the
consideration of time-varying, directed topologies. The presented methods are eval-
uated against state-of-the-art techniques and validated in a numerical example as
well as in a simulated leader-follower-based formation of a group of heterogeneous
nonlinear quadrotor helicopters interconnected through arbitrary directed topolo-
gies.






KURZZUSAMMENFASSUNG

Der Entwurf von Reglern fiir komplexe nichtlineare Regelstrecken im Frame-
work Linear Parameterverinderlicher (LPV) Systeme fiihrt zu hohem Modellierungs-,
Synthese- und Implementierungsaufwand. Zugleich kénnen Regelstrecken durch
eine verteilte Struktur dhnlicher interagierender LPV-Subsysteme eine hohe Kom-
plexitdt erlangen. Die vorliegende Arbeit behandelt Methoden zur Modellierung
komplexer LPV-Systeme, sowohl im Sinne nichtlinearer, als auch verteilter Regel-
strecken, und beinhaltet verbesserte Entwurfswerkzeuge, die zu niedrigerem
Synthese- und Implementierungsaufwand fiihren.

ABSTRACT

The controller design for complex nonlinear systems using the framework of linear
parameter-varying (LPV) systems often leads to high costs in modeling, synthesis
and implementation. Interconnected LPV subsystems also yield complex systems.
This thesis presents methods for the modeling of complex LPV systems, in the
sense of nonlinear as well as interconnected subsystems and introduces improved
controller synthesis tools that lead to reduced synthesis and implementation costs.
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INTRODUCTION

<Though the road’s been rocky,
it sure feels good to me.>

Bob Marley

ten be updated and improved at little cost. Systems can be designed with

a highly integrated control system in mind that is in fact essential for op-
eration. In classical control, systems are often engineered in such a manner that a
suitable control strategy for the entire operating envelope can be devised by means
of simple analysis and synthesis tools’. This would typically involve the design of
separate, cascaded subsystem controllers in a hierarchical order.

That means that higher level controllers rely on the closed-loop performance
provided by lower level controllers. While such a systematic, sometimes iterative
approach is attractive and can lead to robust designs, in engineering <interactions
are essential> [9] and can be exploited to improve performance. Taking interactions
into account introduces complexity into the system modeling, design and controller
synthesis phase, as elaborated in the following quote of Astrom and Kumar.

NOWADAYS, modern control systems are implemented digitally and can of-

<There is a general tendency that engineering systems are becoming more
complex. Complexity is created by many mechanisms: size, interaction and
complexity of the subsystems are three factors that contribute.>

Astrom and Kumar [9], p. 28

1 As in the original meaning of the greek words: &v&Avoill — analysis: «decomposition>; cvvBeoL(
— synthesis: «combination>.



2

| INTRODUCTION

In this thesis, the «mechanisms> considered that induce complexity of a sys-
tem are the following two: Intricate nonlinear behaviour of lumped systems, the
interconnection of a potentially very large number of subsystems, or a combination
of the two, result in systems of a high degree of complexity that require special
techniques for control.

The linear parameter-varying (LPV) framework has been proven to be a suitable
tool for dealing with measurable changes in the plant dynamics and nonlinear
couplings via <gain-scheduling> controller design in a systematic fashion [134].
The attractiveness of the framework not only resides in its systematic synthesis
tools, but also in the closed-loop stability and performance guarantees that come
along with them. However, in many cases the available tools fail to appropriately
scale with the complexity of the LPV systems considered and are intractable to
apply.

Figure 1.1b illustrates the benefits of taking into account intricate nonlinear cou-
plings in controller designs over neglecting them via linearized models. The con-
sidered plant is a control moment gyroscope?, which exhibits strong nonlinear cou-
plings between the controlled angles q; and q4, cf. Fig. 1.1a. As apparent, cross-

[
\

a3 [°]

EEEE:?::%

50

a4 [°]

RN S

0 5 10 15 20
Time t [s]
(a) A control moment gyroscope.  (b) Simulation results of reference tracking.
( ) Nonlinear LPV controller designed by
the methods of this thesis.
( ) Hoo-LTT controller.
(----- ) Reference trajectory.

Figure 1.1: [llustrative example of benefits of linear parameter-varying vs. linear time-
invariant control on the basis of a control moment gyroscope.

coupling effects are significantly decreased while the rise times are at least main-
tained. Furthermore, the reference of the linear control loop had to be reduced to
avoid instability.

Furthermore, when dealing with identical or similar systems interconnected
through a possibly time-varying topology, a suitable synthesis algorithm would
have to take into account dynamic interactions and potential loss of interconnec-

2 The control moment gyroscope will be introduced in detail in Chap. 4, Sect. 4.7.



1.1 HISTORICAL BACKGROUND |

tion in the same instance. As it turns out, essential methods borrowed from LPV
controller synthesis can be employed to cater to this need.

In the course of this thesis, practical methods will be developed that lead to gain-
scheduled controllers for plants with complicated nonlinear couplings which can
be implemented with low computational cost. This can be attained by improved
synthesis methods taking into account the accurate plant dynamics, or by novel,
systematic approximation and modeling methods. If such subsystems modeled in
the LPV framework are connected to form an interconnected LPV system on a
larger scale, methods are developed whose computational effort during synthesis
does not scale with the number of subsystems.

The remainder of this chapter provides a brief historical background of LPV
systems in Sect. 1.1, motivation and objectives in Sect. 1.2, a detailed list of the main
contributions as well as an outline of this thesis in Sect. 1.3 and 1.4, respectively.

1.1 HisToRrRICAL BACKGROUND

THE systematic design of controllers that are able to guarantee stability and a high
level of performance for nonlinear and time-varying (TV) plants has been an ac-
tive field of research since at least from the beginning of the 1970s [E83]. Research
has shifted from focusing primarily on optimality to also taking into account robust-
ness against parameter variations [120]. If these parameters can be measured online,
gain-scheduling can be performed, which classically involves the interpolation or
switching between linear time-invariant (LTI) controllers designed independently
on a set of operating points [85]. This controller design approach is well-known
to only provide rigorous stability and performance guarantees for sufficiently slow
parameter variations [136]. However, it is still widely used in practice—often suc-
cessfully.

The seminal work of Shamma [133, 135] first introduced the paradigm of LPV
models for the systematic analysis and design of gain-scheduled controllers. LPV
models are introduced as linear state space models whose matrices depend on
time-varying parameters. The dynamics of an LPV system are therefore linear but
time-varying [138]. Special classes of nonlinear systems which can be naturally
covered by the LPV framework [138] are, e.g., hybrid dynamical systems [121]
and jump linear systems/switched linear systems [22]. The suitability of the LPV
framework for the control of general nonlinear systems arises from the fact that non-
linear state space models can be brought into the so-called quasi-linear parameter-
varying (Q-LPV) form [83-85], in which parameters can be functions of the states, in-
puts or outputs, instead of only exogenous signals. In light of this, LPV models are
often derived from systems described by nonlinear differential equations that are
obtained from physical relations, e. g., by balancing generalized flows or potentials.
Such equations may yield transcendental, rational or polynomial terms in the states,
inputs and outputs, which are covered by parameter variations. Such endogenous
parameter definitions have become popular to tackle a variety of nonlinear control

3
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problems. See Sect. 3.2 for a survey. This approach is relatively straightforward
for systems, whose component parameters, like inertias, stiffnesses, inertances, re-
sistances, etc., are state-dependent. Hard nonlinearities such as stiction, hysteresis
or saturation are more difficult to handle, as are systems with nonlinearly coupled
modes. The success of controller synthesis for the latter depends on the non-unique
choice of LPV parameters, see, e. g., [E47, E69].

For the above systems, LPV controller synthesis is attractive as a straightforward
extension of LTI control methodologies, such as sensitivity shaping and modeling
tools. Early synthesis methods were limited to slow parameter variations [137] but
over the years methods have been derived that allow arbitrarily fast parameter
variations, [3, 5, 6, 124, 125, 129, 130, 161, 164]. Incorporating knowledge on bounds
on the parameters’ rate of variation can be used to reduce conservatism and has
been explored, e. g., in [3, 163].

Even though the LPV methodology has been introduced over 25 years ago [133,
135] and is nowadays theoretically well-founded, the LPV methodology still ap-
pears to be not be widely used in industrial applications. It is also stated that LPV
methods are difficult to apply to plants of industrial complexity due to considerable
computational burdens [E21] potential numerical issues during synthesis [E83] and
the lack of systematic LPV modeling tools [E60]. As mentioned above, this thesis
aims to contribute to resolving some of these issues.

1.2 MOTIVATION AND OBJECTIVES

DESPITE extensive studies in LPV control, few methods can be applied
systematically—or only with severe drawbacks—to design controllers for com-
plex LPV plants. Consequently, this thesis essentially deals with the analysis and
control of systems with a high degree of complexity using and extending available
LPV methodologies. Since in this thesis complexity may arise from both intricate
nonlinear ordinary differential equations of lumped LPV systems as well as from
the interconnection of a potentially very large number of LPV subsystems, the the-
sis is structured in two parts for which the main motivational aspects are listed as
follows.

1.2.1  Part [—LPV Control of Complex Lumped Systems

As the data from a preliminary survey suggests [59]° only few experimentally val-
idated controller designs are reported for plants with seven or more scheduling
parameters. In this survey, an attempt at a decision tree for LPV controller syn-
thesis is made for complex LPV systems, which is shown in Fig. 1.2. This tree
focuses on the major available standard output-feedback (OF) LPV controller syn-
thesis techniques, whose association with the respective LPV modeling frameworks
is depicted in Fig. 1.3. The decision tree is to be traversed by evaluating questions

3 Presented in extended form in Sect. 3.2
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about the associated numbers of parameters and block sizes indicated by n,, ns,
ng and npa as well as the convexity of the range of admissible parameter values
p. Here, it is assumed that an LPV model with general parameter-dependence on
the parameter vector p is available and suitable rational or affine representations
in terms of the parameter vectors 6 and 0, respectively, can be found. While it may
well be claimed that this assumption holds in general, the methods used to arrive
at rational, affine or even at the general LPV representation are highly non-trivial
to begin with. The matter of conservatism is further deeply entwined with the cho-
sen parameterization due to so-called overbounding in the parameter space and
relaxations used during synthesis. The question of whether a particular approach
delivers the required performance is posed at the very end, as it is hard to predict.
Following the approach to prefer simpler solutions, the only given answer is to
switch to parameter-dependent Lyapunov functions (PDLFs) in case of excessive
conservatism. Thus it may be argued that the decision tree in fact lacks feedback: A
mechanism and a systematic approach in case the available tools reach dead ends
in terms of excessive conservatism or excessive implementation complexity.

General
LPV Model
N $ Y

N

Gridding-Based
LPV Synthesis

low
implement.
complexity
required

LFT
LPV Model

low
implement.
complexity
required

Y
aram.

Y

‘ Rational

Affine
LFT-LPV Model

LET-LPV Model

_____________________________________

Measuremen
of parameter rate:

N Y available

LFT-LPV Synth. LFT-LPV Synth. Affine/poly.
w/ FBM w/ D/G Scalings Synthesis -
primal or dual
Lyapunov function
pafameter-dependent

Lyapunov function
pafameter-dependent

primal and dual J

Figure 1.2: A first attempt at a decision tree for LPV controller synthesis for complex LPV
systems.
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Gahinet et al., '96
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Figure 1.3: Standard OF LPV controller synthesis techniques associated with the respective
LPV modeling frameworks.

LPV MODELING AND MODEL COMPLEXITY ASSESSMENT

The decision tree of Fig. 1.3 is the result of an empirical analysis of the model com-
plexities and associated synthesis techniques in [59] and is further supported by
preliminary research that led to the results presented in this thesis. In order to be
applicable by control designers, a suite of tools is required that can—at least to a
certain degree—provide an a priori assessment of model, synthesis and implemen-
tation complexities. Such tools quickly lead to an attempt to unify the modeling ap-
proach, in order to maintain comparable quantifiers for complexity. Even though
the mere number of scheduling parameters may bear limited meaning as a mea-
sure of complexity, it is still desirable to be able to derive parameterizations with a
minimum number of parameters.

Systematic LPV modeling tools have been proposed in [E6o, 146], which allow
to arrive at LPV models from nonlinear differential equations. While in [E60] a
more rigorous mathematical language is employed than in [146], the work in [E60]
focuses on affine LPV model representations only, which were believed to yield
low-complexity controllers. This is not entirely untrue, but a rigorous enumeration
of complexity figures for a quantitative comparison has not yet been performed.

Therefore, one of the goals of this thesis is to introduce novel systematic methods
for arriving at general and rational LPV model factorizations and embed these in
an extendable framework that essentially allows to characterize all possible factor-
izations. As a consequence, an algorithm is provided that can be tuned towards
low-complexity LPV models or in favor of maintaining coupling terms.

LPV MODEL APPROXIMATION

The method of parameter set mapping (PSM) as introduced in [79] has been proven
to be capable of providing good approximations of relatively complex models [E37].
However, as formulated initially, it relies on simulation-based or experimental data
of trajectories that traverse the entire operating envelope of interest. This necessi-
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tates the availability of a controller that can provide closed-loop stability and an
appropriate amount of performance in this range. Accordingly, the LPV controller
design is limited to the purpose of improving performance instead of enlarging the
available range of operation, which can be amended by methods that are not based
on data. In addition, the application of PSM to rational, so-called linear fractional
transformation (LFT)-based LPV models usually has the undesirable effect of actu-
ally increasing the model complexity in terms of the parameter block dimensions,
denoted n in Fig. 1.2. Consequently, a further goal of this thesis is to provide novel
methods for the approximation of rational LPV models.

SyNTHESIS METHODS OF LOow COMPLEXITY
The design of the decision tree shown in Fig. 1.2 mainly stems from the fact that
complexity in LPV controller synthesis grows exponentially with the number of
scheduling parameters. This holds true for conditions based on a so-called grid-
ding for general parameter-dependency, full-block multipliers (FBMs) for LFT-LPV
representations as well as conditions for polytopic LPV models. In these cases this
ultimately limits the number of parameters that can be considered to only a few.
The thesis thus further focuses on model representations and improving synthe-
sis conditions, such that the increase in synthesis complexity with the increase in
model complexity is less severe. It is aimed at illustrating the benefits on a plant, for
which it was previously impossible to consider exact LPV plant representations in
modeling and synthesis. As a result of the research efforts presented in this thesis,
the decision tree will be revised in the conclusions of Sect. 11.2.

1.2.2  Part II—Control of Interconnected LPV Systems

In interconnected systems theory it is often desired to reach a global, common goal
by means of local interaction and information processing. The underlying ratio-
nale is to aim for resilient systems in a sense that is often stated to transcend the
control theoretic term <robustness>. At the dawn of the age of cyber physical sys-
tems (CPSs)—a term coined <to describe the increasingly tight coupling of control,
computing, communication and networking> [9]—the requirement on a system to
be <«resilient> includes the ability to recover and withstand the influence of hos-
tile and malicious actors [119]. In view of the research field of «glocal control>4,
hybrid systems are the next evolutionary step from robust systems [118], meaning
that, e. g., even social components play an important role not to be dismissed dur-
ing the design of such a distributed system. However, it appears as though more
issues on the lower levels of control still need to be resolved, to which this thesis
aims to contribute.

Despite a wealth of research, it is still robustness against failing communication
links, failing subsystems, heterogeneity in the subsystem dynamics, or any combi-
nation of these that needs to be adressed further. For instance, distributed control

4 Global control by local interactions.
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systems should ideally be scalable, s.t. the introduction of additional agents or
subsystems does not require the complete redesign of the control structure. In es-
sence, it is desired to combine the universal applicability of the methods presented
in [80] with the scalability of the methods proposed by [98]. Figure 1.4 visualizes
the essential approach on the example of a multi-agent system (MAS): A synthesis
framework is sought that can handle heterogeneous, nonlinear subsystems with
physical or virtual time-varying and directed interconnections, while offering syn-
thesis complexity in the order of a single subsystem. Each type of subsystem is
associated with a respective type of controller, while the entirety of controllers in-
herit the interaction topology of the interconnected plant. Even though, this prob-
lem is easy to grasp, it becomes arguably more interesting in the face of physical
interconnections between the agents.

0 HH
|
o 7%

Figure 1.4: An exemplary heterogeneous MAS with nonlinear dynamics and a visualiza-
tion for synthesis conditions with complexity in the order of a single subsystem.
Circles of different shades indicate heterogeneity in the subsystems. Connect-
ing lines indicate interaction, and the fact that each circle has a superimposed
companion illustrates that each subsystem has its own local controller.

A GENERAL FRAMEWORK FOR INTERCONNECTED SYSTEMS MODELING

A particular goal of this thesis resides in proposing a framework for the model-
ing of interconnected systems that encompasses the universal applicability of the
one defined in [80], i. e., freedom in defining virtual (communication) and physical
couplins, while allowing for the exploitation of graph theory [109] to limit/reduce
the complexity of synthesis and analysis conditions to yield scalable distributed
controller synthesis methods.

ARBITRARY, DIRECTED AND SWITCHING INTERCONNECTION TOPOLOGIES

Owing to the limitations incurred by particular decomposition methods, e. g., [97],
synthesis conditions that provide optimization over a performance index and still
allow for arbitrary, directed and switching interconnections with low conservatism
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are not readily available. The thesis therefore also contains improved methods for
this purpose and relates them to existing ones.

NONLINEAR AND HETEROGENEOUS SUBSYSTEM DyYNAMICS

The efficiency of many tools for interconnected systems is achieved by considering
identical subsystems, e. g., [24]. However, real-world systems usually involve some
degree of heterogeneity, which may arise from changed dynamics or locally varying
operating points. A goal of this thesis is therefore to address this issue and extend
synthesis methods accordingly.

ScALABLE AND CONVEX SYNTHESIS CONDITIONS

Methods for cooperative controller synthesis that allow the addition of new agents
at any time, e. g., [115], rely on non-convex optimization, since they are posed as ro-
bust control problems. A further goal of this thesis is to investigate to which extent
the methods proposed in this thesis can be applied to turn distributed controller
synthesis into convex optimization problems and therefore simplify the synthesis
process.

1.3 MAIN CONTRIBUTIONS

THE main contributions of this thesis are listed below—structured in two parts
according to the considered mechanisms that incur increased complexity.

1.3.1  Part [—LPV Control of Complex Lumped Systems

Within this thesis, contributions to the LPV control of complex lumped systems are
devoted to the development of a systematic modeling framework by extending the
automated derivation of LPV factorizations from intricate nonlinear ordinary differ-
ential equations (ODEs) and by proposing descriptor representation-based compact
LFT-LPV parameterizations. The highlights are summarized in the following items:

* A tool for the detailed analysis for the a priori assessment of synthesis and
implementation complexity for each of the respective major LPV modeling
frameworks is summarized in Sect. 3.1 in Tabs. 3.1-3.4 on pp. 83-84 and
pp- 89—90, respectively.

* A versatile and tunable heuristic approach to the LPV factorization of nonlin-
ear vectors occurring in state space representations is presented in Sect. 4.3
on pp. 105. It employs a mathematical nomenclature to allow for further, po-
tentially more rigorous optimization criteria to be applied to it.

* An explicit compact LFT parameterization of descriptor LPV models is devel-
oped in Sect. 4.4 on pp. 117, which allows for automatic LPV parameterization
and approximation by employing Lma. 4.2 on p. 126 and associated corollar-

9
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ies presented in Sect. 4.5 on pp. 123. The procedure is summarized in Alg. 4.1
on p. 137.

¢ In Chap. 5, a reduction of synthesis and implementation complexity for both
output-feedback and state-feedback LPV controller synthesis by improved lin-
ear matrix inequality (LMI) conditions is achieved via Cor. 5.1 on p. 160 and
Prop. 5.1 on p. 172, respectively.

The methods are applied in detail to the LPV modeling (Sects. 4.6 and 4.7) and
control (Chap. 6) of a three-degree of freedom (3-DOF) robotic manipulator and
a four-degree of freedom (4-DOF) control moment gyroscope (CMG). Preliminary
results w.r.t. the robotic manipulator have been experimentally validated in [E48],
whereas novel experimental validations of the extended methods are presented for
the CMG in this thesis. Using the above methods, for the first time controllers that
guarantee closed-loop stability and performance are synthesized directly based on
the exact model of the CMG, while reductions in synthesis time reach up to 90 %.

1.3.2 Part II—Control of Interconnected LPV Systems

The core methods developed within this thesis associated with the synthesis of
distributed controllers are summarized in the following highlights:

* A compact modeling framework is developed in Chap. 8 on pp. 249 that
allows for a wide range of interconnected systems with both physical and
virtual interconnections.

¢ Propositions 9.1, 9.2 and 9.3 on pp. 253-259 are developed as solutions to
Prob. 9.1 on p. 251, which consists in finding an equivalent representation of
any interconnection matrix that involves a normal matrix.

¢ Based on these, in Chap. 9, the analysis result for heterogeneous groups of
interconnected LPV subsystems in Thm. 9.2 on p. 263 can be reduced in com-
plexity by applying Lma. 9.1 on p. 266. The lemma formalizes the congruence
transformation on the associated LMIs, in order to obtain decoupled condi-
tions in Thm. 9.3 on p. 269.

* Scalable existence conditions for distributed LPV controllers are presented in
Thm. 9.6 on p. 272 that can be solved efficiently as standard gain-scheduling
problems. This as the approach poised for applying recently developed ad-
vanced techniques in LPV gain-scheduling using dynamic multipliers to it.

¢ Application examples presented in Chap. 10 indicate both the relatively low
conservatism that may be introduced via the proposed methods and the ben-
efits over existing methods. Section 10.2.1 establishes the performance norm-
optimal formation control problem subject to directed and time-varying in-
terconnection topologies as well as LPV agents as a convex (gain-scheduling)
synthesis problem, instead of as a non-convex robust control problem.
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In summary, methods are developed that allow for the synthesis of distributed
controllers for

¢ interconnected heterogeneously scheduled LPV subsystems,
* subsystems with heterogeneous dynamics,
¢ interconnections that are both virtual and physical,
¢ directed and switching interconnection topologies.
Furthermore, the developed synthesis tools have the following properties:
¢ Synthesis complexity in the order of a single subsystem,

¢ Synthesis conditions posed as a convex optimization problem in terms of
LMIs,

* Guaranteed stability and upper bounds on the achievable control perfor-
mance.

The synthesis techniques presented herein consequently combine the universal ap-
plicability of the approach presented in [8o] with the scalability of the methods
proposed by [98].

1.4 THESIS OUTLINE

HE thesis is structured as follows, cf. Fig. 1.5: After the introduction in Chap. 1,
TChap. 2 continues with the presentation of the fundamental concepts in LPV
theory that are relevant for both of the subsequent parts. From here the reader may
continue with either Part I or Part II. Part I is dedicated to the development of meth-
ods for synthesizing LPV controllers for complex lumped systems, while Part II fo-
cuses on the distributed controller synthesis for interconnected LPV systems. Both
parts start with an investigation of the current state of the art in Chap. 3 and 7,
respectively, to further illustrate the focus and direction of the research presented
in this thesis. The advances in both areas are to a large extent enabled by the de-
velopment of improved modeling tools and new perspectives proposed in Chap. 4
and 8. The new, extended or modified representations are then exploited in the sub-
sequent Chap. 5 and 9, where advances in the synthesis tools are presented. Before
the consolidation of the results in conclusions and an outlook in Part III, applica-
tion examples for both lumped systems and interconnected systems are discussed
in Chap. 6 and 10.

11
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LPV SYSTEMS — REPRESENTATIONS AND CONTROLLER
SYNTHESIS

<There is nothing so practical
as a good theory.>

Kurt Lewin, Marrow, 1969

sociated synthesis techniques. Sect. 2.1 defines and reviews terminology and

methods w. r. t. general, LFT-based and affine/polytopic LPV representations.
Sect. 2.2 reviews the fundamentals of LPV system stability and performance analy-
sis by convex optimization. Sect. 2.3 illustrates the extension to well-known con-
troller synthesis methods associated with the respective types of LPV representa-
tions.

A special in-depth treatment is provided for the construction of LPV controllers
in conjunction with multiplier-based LFT-LPV controller synthesis using constant
Lyapunov functions under special consideration of structural multiplier constraints.
This material lays the groundwork for the subsequent development of synthesis

methods in

THIS chapter introduces the basic theory of LPV model realizations and as-

Part I, allowing for the efficient synthesis of LPV controllers that result in low
computational load during online implementation,

Part II, allowing for the efficient synthesis of distributed LPV controllers that in-
herit the interconnection topology from the interconnected system.
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2.1 STATE SPACE REPRESENTATIONS OF LINEAR PARAMETER-VARYING SYSTEMS

N the following LPV model representations are reviewed in the order of increased
Irestrictions on the type of parameter dependency. General LPV systems are intro-
duced in Sect. 2.1.1, followed by LFT-LPV systems that allow for rational parameter
dependency in Sect. 2.1.2. Affine representations are introduced in Sect. 2.1.3 and
a discussion on the parameter reduction technique denoted «parameter set map-
ping> follows in Sect. 2.1.4.

2.1.1  General Representations

An LPV system is defined as the combination of a mathematical system represen-
tation, e. g., in state space form, and a set of admissible parameter trajectories.

Definition 2.1 (Parameter Variation Set [160])

Given a compact set p C IR™, the parameter variation set F, denotes a set of piecewise
continuous functions mapping R™ into p with a finite number of discontinuities in any
interval.

Remark 2.1 This thesis’ notation widely follows [160], s.t. p(t) € F, denotes time-
varying trajectories, whereas p € p denotes a vector in a compact subset of R™».

Definition 2.2 (General LPV System [133])
A dynamic system that can be written in the form

i] _ [A(p(mﬁp(p(t))] H

z| [Cp(p(t)  Dpp(p(t)) ] |w
p(t) € gpl

T, : (2.1)

is called a <general LPV system>, where r € R™, w € R™, z € R"#, are the state, input
and output signal vectors of the system, respectively, and the system’s state space model
matrix Tp(p(t)) € @ (R™e, R(Mtnz)x(mxtmwl) gpith

T (6l0) = [A(p(ﬂ)%p(p(t))] , (23)

is a continuous matrix-valued function of the parameter vector
Tp (p(t)) c CO(Rnp’ ]R(md—n,j ><(nx+nw)).

Furthermore, continuous, measurable quantities p(t) that range in some set of continuous
admissible trajectories F, are denoted as <scheduling signals.
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The parameter vector

o(t) = [o1(t), p2(0), .., pn, (8)] € p C RM, (2.3)

may be associated with bounded rates of change if the admissible trajectories are
piecewise continuously differentiable. Denote the rate of change of the parameter
vector

1) = 0(t) = [01(1) 0alt), .., 00, (1)] €0 CR™, 2.4

where o denotes a compact subset of the vector space R™e.

Definition 2.3 (Rate-Bounded Parameter Trajectory Set [160])
The set I denotes a set of admissible rate-bounded trajectories

Fg = {p(t) € €'(R",R™) ] (p(t),o(t)) € (px 0), YVt > 0} : (2.5)

Let the input-output operator associated with T, be denoted T,,. It is obtained via

R _ | Ale) | Bp(p(t)
) g _ 6
p(P(1) = <Tn * Tp(p(1)) [ep(p(t)) | Dpp(p(t)) >

The following definition is introduced to consider LPV systems with bounds on the
parameters’ rate of change.

Definition 2.4 (LPV System with Rate-Bounded Trajectories [160])
An LPV system T, as defined in (2.1) associated with bounds on the parameters’ rate of
change is denoted

792 {To(p(1) | p(t) € FT}. (2.7)

Remark 2.2 Note at this point that the system T3 may explicitly depend on o(t), e.g.,
when it represents the closed loop of an LPV system and controller, where the controller has
been synthesized by methods that result in explicit dependence of the controller’s system
matrix on o(t) [3, 160].

LPV systems can be used to represent nonlinear systems through the notion of
quasi-LPV systems

Definition 2.5 (Quasi-LPV System [160])

An LPV system Ty, or T as from Defs. 2.2 or 2.4 is denoted a <quasi-LPV> system, if the
parameters are functions of the system’s endogeneous signals, such as states, inputs or
outputs.

p(t) = p(t,z(t), w(t), z(t)). (2.8)

Consequently, an LPV system whose parameters only depend on exogenous signals is
referred to as a pure LPV system.

17
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it is possible to find more explicit characterizations of the compact sets, such as
hyperboxes

hyp (p) = {p(t) | o, < ps(t) <7, Vie{l,...,n,}} > pand (2.9)
hyp (o) = {G(t) ‘ o; < oi(t) <oy, Vie {1,...,np}} Do. (2.10)

Furthermore, the convex hulls conv (p) and conv (o) denote the smallest convex
sets containing all admissible parameter vectors. Consequently,

(p x o) C (conv (p) x conv (o)) C (hyp (p) x hyp (o)) .

e
bt o
w {Ip z w 45—’ Tp 45’ z
(a) General LPV plant 7. (b) Gener;1— —Ijl;\_/—;l;r;t— ;1_5: ;rl_i_r—ljcerconnec—

tion of the parameter-dependent sys-
tem state space model matrix T, and
integrators.

Figure 2.1: General LPV plant.

As evident from Fig. 2.1a, the symbol 7}, is used in diagrams to denote the LPV
system associated with the admissible set of trajectories. An LPV representation
such as (2.1) is denoted general, since no further requirement on the parameter-
dependency is imposed. The parameters are assumed to be directly measureable
online and may appear in the system’s state space model matrix as arguments
of any arbitrary nonlinear function. More restrictive assumptions on the kind
of parameter-dependency, e.g., rational dependency, facilitate the convexification
of analysis and synthesis conditions by rendering tools such as the full-block §-
Procedure applicable [125]. As will be seen later, this usually comes at the expense
of one or multiple of the following items:

¢ Increased conservatism due to overbounding [79],

* Increased synthesis complexity due to additional decision variables in LMI-
based conditions [E48, 60],
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¢ Increased modeling effort and ambiguity /non-uniqueness in LPV representa-
tions [58, 78].

While these may appear as discouraging downsides, so-called LFT-based LPV rep-
resentations are able to offer significant advantages in synthesis and implementa-
tion complexity, especially when the number of parameters is large. A quantifica-
tion of the incurred increase in complexity is presented in Sect. 3.1.

2.1.2 Linear Fractional Representations

For the purpose of rewriting an LPV system (2.1) with general dependence on the
parameters p(t) in the form of an linear fractional representation (LFR), transcen-
dental functions are required to be covered up by newly introduced parameters.
This new set of parameters will be denoted LFT parameters and is collected in a
vector d(t) ranging in an admissible compact set denoted & C IR™s.

5(t) = [61 (1), 62(1), ..., ZSn&(t)}T €8 CR™. (2.11)

Associated bounded rates of change are denoted

) T
B(t) =n(t) = [m(t), M2(t), ) Thng (t)] en CR™, (2.12)
where 1 denotes a set of admissible rates.

Remark 2.3 Transcendental functions <transcend> algebra in the sense that they cannot
be expressed in terms of a finite sequence of the algebraic operations of addition, multiplica-
tion and root extraction [147].

To obtain an LFT-LPV representation from a general LPV representation, intro-
duce the nonlinear, continuous and continuously differentiable injective mapping

L

270 € @' (p,R™), p(t) — fP7°(p(t)) = 5(t). (2.13)

Remark 2.4 Note that here the mapping f°~% € €' (p, R™) is only required to be contin-
uous and continuously differentiable on the domain p.
The rates of the LFT parameters can be obtained via

_ dd(p) d

n(t) =5(t) = P = d—pf"%(p(t))c(t). (2.14)

After the definition of the mapping f°~%, an LFR of the LPV plant is given by the
following.
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Definition 2.6 (LFT-LPV System Representation [5])
The model (2.1) rewritten in the form

pa|=|Ca Daa Dap||qal-
z Cp : Dpa Dpp | [ W

qa = A(8(t))pa, 8(t) € Fs

Tp : (2.15)

is called an <LFT-LPV systems, where qa € R™a, pp € R™a denote the parameter
channel of the system. The parameter 5(t) is restricted to a set of admissible trajectories F
and the parameter block A(8(t)) is a continuous matrix-valued function of the LFT param-
eter vector 5(t)

A(5(t)) € CO(R™, R™a*"pa ),

Note that due to the LFT approach, time-varying parameters and constant model
matrices are separated. By defining the system’s state space model matrix as

LA Ba B
Ts = |Ca  Daa Dap (2.16)
eP ‘ ®PA ®PP

the input-output operator Ty is obtained via

: Al By By
Ts = gInp *Ts = [Ca | Dan DAp . (2.17)
Cp | Dpa Dpp

Figures 2.2a and 2.2b illustrate the separation of constant/dynamic LTI and

Ts

: A ] :
___________ T ! L= i
| s | | | Ui [ fpa
E A E :qA r i PA:
1da Pa| : |
! Ts ! | Ts '

w = W —

____________________________________________________

(a) LFT-LPV plant as an interconnection (b) LFT-LPV plant as an interconnection
of the LTI plant Ts and the parameter of the constant system state space
block A(t). model matrix T, integrators and the

parameter block A(t).

Figure 2.2: LFT-LPV plant.
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parameter-dependent parameter block. The parameter-dependent input-output op-
erator

o Gl o)
_|A ‘ Bp Ba B B
“ e, [Dop | [Doa A1) (1-Dasa(3(1))  [en | D]

in turn recovers the LPV representation J5, when it is associated with the set of ad-
missible trajectories Fs. The general LPV representation T, is obtained if the LFT
parameters are substituted by using the mapping 5(t) = f*7°(p(t)) and consider-
ing the set of admissible trajectories F,. In fact, the set of admissible trajectories F
is derived from ), in the sense that

Fs = {5(p(t) = (p(1)) | (1) € Fp } (2.19)

As before, the LFT-LPV system T; as defined in (2.15) associated with bounds on
the parameters’ rate of change is denoted

TVE (A * Ty | 8(t) € F1}, (2.20)

where the set F is the set of admissible rate-bounded trajectories
F0 = {5(t) € @'(RT,R™) ] (5(t),n(t) € (8 x 1), Vt > o}. (2.21)

The parameter block may typically assume block-diagonal form

ne
Alt) = di%g(si(t)lré,i) ,
i=

for which then ng, =n,, = ZI‘:{’] 15 i. However, the techniques presented in [124,
125] allow fully populated parameter blocks, which will play a central role in this
thesis. Furthermore, such representations can yield non-square parameter blocks.
Throughout the thesis, it is required that the LFR is well-posed, i.e., (I —DaaA(t))
is invertible for all admissible parameter values.

As before, with §; =mini>i(t), 5 = = maX>o 0i(t), N, = mingso ni(t) and
N, = maxe=oni(t), Vi € {1,...,ns}, it is possible to find hyperboxes

hyp (8) = {8(t) | & () <&, Viefl,...,ns}} D 6and (2.22)
hyp (n) = {n ‘r_y <mit) <1, Vie {1,-..,115}} 2. (2.23)

The convex hulls conv (8) and conv (1) again denote the smallest convex sets con-
taining all admissible trajectories of the LFT parameters, s. t.

(6 xm) C (conv (8) x conv (n)) C (hyp (8) x hyp (n)).

It is apparent that the compact sets § and n are obtained by (2.13) and (2.14). Conti-
nuity on p and continuous differentiability of (2.13), together with the compactness
of both p and o guarantee the compactness of 6 and n.
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Definition 2.7 (Mixed General/LFT-LPV System Representation [161])
The model (2.1) rewritten in the form

(2.24)
da =A(5(t)pa, S(t) € FL, p(t) € FY

is called a <Mixed General/LFT-LPV system=, where qa € R™9a, pp € R™a denote the
LFT parameter channel of the system defining rational dependence on the parameter 5(t)
via the continuous matrix-valued function

A(5(t)) € °(R™, R™aa"Ma).

The parameter 5(t) is restricted to the rate-bounded set of admissible trajectories F} and is
assumed to be disjoint from the parameter p(t), which in turn is restricted to rate-bounded
set of admissible trajectories F.

Definitions of state space system matrix and input-output operator follow from
analogy.

2.1.3 Affine/Polytopic Representations

A special case of LFT-LPV representations are systems, which are affinely depen-
dent on the parameters. For the purpose of rewriting an LFT-LPV system (2.15) in
the form of an LFR with affine parameter-dependence, again new parameters need
to be introduced to cover rational functions. This new set of parameters will be
denoted affine parameters and is collected in a vector 6(t) ranging in an admissible
set denoted © C IR™o,

0(t) = [em, 0,(t), ..., Gne(t)]T €0 CR™. (2.25)

Associated bounded rates of change are denoted

0() =v(t) = [vi(1), valt), ..., vne(t)F €vCR™, (2.26)

where v denotes a set of admissible rates.

To obtain an affine LPV representation from an LFT-LPV representation, intro-
duce the nonlinear, continuous and continuously differentiable injective mapping
from & to R™®

L

278 c @1(§,R™), 3(t) = P70(5(t)) = 0(1). (2.27)
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Consider the derivation of affine parameters as a concatenation of the map-
pings 7% and 279, s.t.

00 _ <f6%6 o fp%f)) € @2(p,R™),
p(t) s £270(p(t)) = £ <fp_>6(p(t))> 2 0(t). (2.28)

The rates of the affine parameters can be obtained via

de(d) .

_ de(s) ds(p)
s W= Tap

v(t) = 0(t) = % do

n(t). (2.29)
Again, the mapping f>~? is not unique but always injective.
Denote an LFT-LPV plant with affine parameter-dependency by

pe|=[Ce: 0 Dep||de|-
z Cp i Dpe Dpp| [ W

qgo =0(6(t))pe, 6(t) € Fo

(2.30)

where qg € R™e, pg € R"Pe denote the modified parameter channels of the sys-
tem and Fy represents the set of admissible trajectories. Note that the affine nature
of the plant is evident from Dgg = 0.

As before, ©(t) is a continuous matrix-valued function of the affine parameter
vector 0(t), ©(0(t)) € €°(8, R™e o), and may typically assume diagonal form

O(6(t)) = dTilgg(Gi(t)Ireli) , (2.31)

i=1

for which then ng = Y _1'°, 7o ;. Again, full parameter blocks can be considered, but
in the light of a reduced implementation complexity, the diagonal structure is ad-
vantageous, [57]. Define symbols Ty and Ty associated with the system’s state space
model matrix and input-output operator as before, respectively. The parameter-
dependent input-output operator

_ [ A(8(D) | By(or)
O To = Cp(0(t)) | Dpp(0(1))

eventually recovers the LPV representation Ty, when it is associated with the set of
admissible trajectories Fg. The general LPV representation T, is obtained if the pa-
rameters are substituted by using the mapping 0(t) = f*°(p(t)) and considering
the set of admissible trajectories Fs. The affine LPV system Ty as defined in (2.30)
associated with bounds on the affine parameters’ rate of change is denoted

(2.32)

2 {e(0(t) «To | B(t) € Fy}, (2.33)
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where the set Fy is the set of admissible rate-bounded trajectories
y={om) e € R R™) | (8(t),v(t) € (8 x ¥), ¥t >0} (2.34)

With the extreme values 0; = miny>( 0;(t), 0; = max;>o 0;(t), v; = mingo vi(t)
and V; = max;>o vi(t), Vi € {1,...,ng}, it is possible to find hyperboxes

hyp (8) = {6(t) | 6; < 8;(t) <8;, Vie{l,...,ng}} 2 0 and (2.35)
hyp (v) ={v(t) | v; < vi(t) <V, Vie{l,...,ne}l} D v. (2.36)

The convex hulls conv (0) and conv (v) again denote the smallest convex sets con-
taining all admissible trajectories of the LFT parameters, s. t.

(0 xv) C (conv (8) x conv (v)) C (hyp (0) x hyp (v)).

Analogously to (2.32), the parameter-dependent state space model ma-
trix Tp(p(t)) = O(t) x Tg can be computed. An alternative exists in representing
this state space model matrix as an affine function of the parameters 6;(t)

AL inl
Ze [e = .

i=1 pi i ~ppi

Cp(8(t)) : Dpp(8(1))

A(B(1)) | Bp(8(1)) ] _

GPO ®pp0

From this affine decomposition, a matrix polytope can be constructed from a fi-
nite number n, of «vertex matrices>. Each admissible state space model matrix
can be constructed from a weighted sum of these vertex matrices by deriving the
barycentric coordinates &y, V1 € {1,...,ny} from the corresponding polytope in the
parameter vectors 0(t). For this purpose, let 6, V1 € {1, ..., n}, denote the vertices
spanning the polytope in the parameter range, i.e., the convex hull conv (6), s. t.

conv (0) =conv (6, L€ {l,...,n})
A Ny Ny
= {Z by | oq =0, Z o =1 } . (2.37)
1=1 =1

Denote the corresponding matrix polytope by

x>0, Zoq—]} (2.38)

conv (S, Le{l,...,ny}) = {Z Sy

(2.39)

Note that the parameter signal vectors p,,; that map into the parameter vertices 6
via

eV,]. = fp%e(pv,l)/ l € {1/ L /TLV}/
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do not necessarily belong to the admissible range p, since the vertices are required
to form a convex region in terms of 0, whereas neither p nor © are required to
denote convex sets. This results in so-called «overbounding> [79].

A formula for determining the barycentric coordinates «, V1l € {1,...,n} for a
parameter vector 6(t) ranging in a simple polytope is given in [158], detailed in
App. A.6 on p. 324.

2.1.4 Parameter Set Mapping

LPV controller synthesis may prove intractable in face of a large number of param-
eters or excessive overbounding. A systematic, but heuristic technique to approx-
imate any given set of parameters by a set containing fewer parameters has been
proposed [79] and is generally denoted PSM. Since the method is based on a princi-
ple component analysis (PCA), it also provides the option to change the coordinate
base of the parameters without approximation. The technique has so far been ap-
plied to affine LPV models, e. g., [E36, E37, E44, E45, 57, E46, E6o, 76, 110], and will
be developed here in this venue.
The objective of PSM is to find a linear (approximating) mapping

970 c @19, R™), 0(t) — fO7%(0(t)) = d(t). (2.40)

that maps the plant’s parameter vector 6(t) € R™ into a (reduced) parameter
vector ¢(t) € R", ng < ng. In [E6o, 79], normalization of the parameters 0 is
assumed, s.t. [6;| < 1,1 € {1,...,ng} and the parameters have zero mean w.r.t. the
data on which PCA is performed.

More specifically, the linear map can be written as

$(t) =UnUB(t), UeR™ e, uu' =1 (2.41)

g o 1
where with U = [uy], Uy = diag (Z ugjl)
=1

i=1

is used for normalizing the new parameter set, s.t. [p;i| < 1,1 € {1, .. .,n¢}. Since
the mapping is static, one may easily obtain compact sets for the new parameter
set and it’s rate of variation

O(1) = [01(8), 0a(t), ..., bny ()] € G SR, (242)
B0 = () = [1(6) balt), ..., by ()] € SR, (243)

If the matrix U has been obtained, the original parameters 6(t) can be substituted
for via

() = UTUY d(1), (2.44)
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which allows to rewrite (approximate) the LPV system (2.30) with the input-output
operator

T (0() = _g}l)((cb( ))) (¢(t))]

Ao
Cpo 2)19100

2.1.4.1 Obtaining the Mapping by Principle Component Analysis

In order to obtain the projection U, a data matrix = is constructed, containing hori-
zontally concatenated sampled parameter vectors 6. In [79], it is proposed to obtain
the parameter vector samples by recording experimental trajectories, which limits
the applicability to stable plants or unstable plants stabilized by some preliminary
controller. In the second case, such a controller needs to be able to operate the plant
in all relevant operating conditions, a requirement that may in some cases only be
tulfilled by a suitable nonlinear controller to begin with.

An alternative is presented in [57], which relies on sampled parameter vectors
obtained from a gridding of the set of admissible trajectories ¥, of measurable
signals that comprise the general LPV parameters. A more pragmatic, but possible
conservative way exists in gridding the compact set of admissible parameter vectors
p instead.

The data matrix is therefore constructed from the finite set of parameter vector
samples p(1), ..., p("a) covering the operating range:

==o(p) ... 8(p)]. (245)

If p ranges in a hyperbox, the number of samples from gridding each parameter
pi, 1 € {1,...,mn,}, over ng evenly spaced grid points is ng = ng". A singular value
decomposition of the data matrix

VT

- e 00| .2

== [Uq, Ue} 0 540 XQT , (2.46)
0

yields U = [qu, Ue] T, if no approximation is desired and U = U, if an approxima-
tion is sought that represents the given data well enough based on the significant
singular values in L. In such a case the corresponding data matrix in terms of
samples of the new parameters ¢ is =y, = Zd,Vdf :
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2.1.4.2 The Effect on the Order of Linear Fractional Representations

Denote the corresponding (approximated) LPV plant in LFR form by

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Po|=[Co 0 Dap||qo|-
® . z @ : D D W (2-47)
p : <p® ~pp

do = @(t)pe. G(t) € Fy

While the affine representation of the input-output operator is reduced in complex-
ity, since the summation goes from 1 to ng < ng, the size of the LFT parameter
block @ (¢(t)) € @°(R™, R™®*"®), in diagonal form

g
®(t) = diag(di(t)Lr, ;) ,

i=1
—hence the order of the LFR—is increased, s.t. ngp > ng. To see this, first note that
for affine parameter-dependence the minimum order of an LFR results from the
rank of the matrix coefficients [166]. The increase in order due to PSM ensues from
the fact that for each 6;(t) that is substituted from (2.48) by

Z u]luN] (2.48)

a linear combmatlon of matrices each of rank I, is turned into

Z 0 ( [1®P1

Cpi Dppi

ng Mo

=) D UjiuN

i=1 j=I1

e . B
- Z (b] Z u]l [ 777777 . 7riﬁbipf}:7

Cpi |

At Bpi

ep,i  Dppii

Ai - By

A

R , (2.49)
Cpj | Dpp;

where now the rank of the new matrices in (2.49) is given by

_ A 0B
min rg; <rank | 50 APLL ) =1y <,
ie(1,...mo) Coi Dppi

because in general u;; # 0. This simple insight illustrates that LFT-LPV synthesis
based on LPV plants approximated via PSM can in fact become more complex.

A simple trick to prevent such an increase in the size of the parameter block
follows from the observation that many entries uj; are in fact very close to zero. By
letting for some small ¢ < 1

gy = W ,Iuij!>€’ (L)€ ({1,....np} x{1,...,mp}),
0 ’ ’u'L]|<5
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the numerical rank of the matrices in (2.49) is usually significantly reduced, s.t.
ng < ne. The additional approximation error incurred by this procedure can be
easily checked and is usually small [E45].
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2.2 ANALYSIS OF LINEAR PARAMETER-VARYING SYSTEMS

IN this section, the necessary tools for stability and performance analysis of LPV
systems are reviewed. Sects. 2.2.1 and 2.2.2 develop the notions of Lyapunov sta-
bility as well as the induced £;-norm as stability and performance frameworks,
respectively. Sect. 2.2.3 is devoted to the full-block §-Procedure (FBSP) as a tool
to render parameter-dependent matrix inequalities solvable by a finite number of
LMIs. Eventually, Sect. 2.2.4 presents analysis results for the stability and perfor-
mance of LPV systems that can be verified by semi-definite programs (SDPs).

2.2.1  Stability Analysis of LPV Systems

For LPV systems the locations of the poles of the LTI systems obtained by freezing
the parameter values do not provide a conclusive statement about the stability of
the LPV system [4]. Lyapunov arguments are therefore employed to obtain suffi-
cient conditions for the stability of LPV systems. Since LPV representations can
be used to define nonlinear and/or time-varying system behaviour, speaking of
<stability> as a system property require justifying assumptions. First, consider a
general parameter-dependent, autonomous, nonlinear and time-varying system

i(t)  =1f(tz(t),p(t)),

with 0="f(t,5p(t)),  =h(tEp(t)), Vt € R".

(2.50)

with the nonlinear functions f(t,z(t),p(t)) € €°(R* x R™ x p, R™) as well as
h(t,x(t),p(t)) € € (R* x R™ x p, R™).

Remark 2.5 Explicit dependence on time in (2.50) could as well be absorbed in the param-
eter p(t). Further, even in equilibrium p(t) may be time-varying, if it does not affect the
state equilibrium.

Definition 2.8 (Stability [156])
An equilibrium T of system (2.50) is stable if for every €; > O there exists an eo(g;) > 0,
s. t.,

1z(0) %<& = |r(t)—F] <&, VteR™.

Definition 2.9 (Attractiveness [156])
An equilibrium T of system (2.50) is attractive if there exists an ¢; > 0, s. t.,

[x(0) =l <& = limy(t) =F.

t—o00

Definition 2.10 (Asymptotic Stability [156])
An equilibrium ¥ of system (2.50) is asymptotically stable if it is both stable and attractive.
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Figures 2.3a and 2.3b illustrate these stability concepts. Note that an intuitive
description of trajectories of asymptotically stable equilibria can be given by curves
that

¢ converge to the equilibrium, and

¢ stay within a certain distance of the equilibrium before.

(a) Definition of stability. (b) Definition of attractiveness.

Figure 2.3: Definitions of stability and attractiveness [156].

Definition 2.11 (Derivative of a Function Along a Trajectory [156])
Let V(t,z(t), p(t)) € €' ((R* x R™ x p),R). Then

ov(-)
ot or(t)

AV (t,x(t), p(t), p(t)) f(t,x(t), p(t)) +

is called the <derivative of V along the trajectories of (2.50)>. As a short-hand notation
V(t,x(t), p(t)) = V(t,x(t), p(t), p(t)) is often used.

Let the equilibrium state ¥, w.l.o.g., be the origin, ¥ = 0. The following is a
preliminary result for the convenient characterization of stability of LPV systems
by matrix inequalities.

Theorem 2.1 (Lyapunov Stability [156])
Consider system (2.50). The equilibrium F is stable, if there exists a function
V(t,x(t),p(t)) € e! ((R* xR™ x p),R) and a constant r, s.t., vVt € R*

V(t,x(t),p(t) >0, Vr#0
and

. A
V(te(t),p(t) <0, VreB,={reR™||[] <1}
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The equilibrium is asymptotically stable, if

V(tr(t),p(t) <0, YreBNO}2{reR™ ||t <, r#0}.

0

Theorem 2.1 provides only a sufficient condition in general, but can be shown to
be also necessary for LTI systems [156]. Furthermore, it is a local result, in the sense
that a positive constant r is required, s. t. the conditions of Thm. 2.1 are satisfied in a
ball with radius r. For LTT systems global (asymptotic) stability coincides with local
(asymptotic) stability of the origin and one can take the limit lim; o, B, = R"™.

When considering the LPV system T, as defined in (2.1), with w(t) =0, in the
case that A(p(t)) is non-singular for all times, = 0 is the only possible equilib-
rium. By making this assumption in the following, stability will be referred to as
a property of an LPV system, even though for nonlinear systems, stability is in
general not a system property, rather than the property of a trajectory or point in
state space.

Parameter-dependent quadratic Lyapunov functions are employed to arrive at
the well-known result for parameter-dependent asymptotic stability of the LPV
system T over p X @.

Definition 2.12 (Parameter-Dependent Quadratic Lyapunov Function)
A function V : (R™ x p) — R

V(x(t), p(t) =x(t) ' X(p(t))z(t), Ypep

with the <Lyapunov matrix> X(p(t)) € €'(p,S™), X(p(t)) = 0 is called a <parameter-
dependent quadratic Lyapunov function.

First introduce the definition of the derivative of X(p(t)) along the trajectories
of (2.1) by defining the function X : (p x o) — S™

X (p(t), olt) & 5 Btlott) = 3 5o

I X (p(t))

(
Remark 2.6 It can be shown that the conditions of Thm. 2.2 in fact guarantee exponential
stability [E19], i.e., with a small value ¢ > 0 and ol < X < BI one can show that

x]12< e 5" |xo||3 where ro = £(0).

Theorem 2.2 (Parameter-Dependent Stability of LPV Systems [160])
The system Tg as defined in (2.1), with w(t) = 0, Vt > 0, is asymptotically stable over
p X o if there exists X(p) € €'(p,S™), X(p) = 0, s.t.

:

" [ox (0, 0) X(p)

DC(p) 0 <0, V(p,0)€(pxo) (2.51)

L&)
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L
Proof: Consider the parameter-dependent quadratic Lyapunov func-
tion V: (R™ x p) — R

V(r,p)=1r'X(p)r =0, Vpep

Considering this along solutions of the system 7,, one may write

£(t)

g(t)] <0 (2.52)

Observe that along solution trajectories X(p(t)) = 0X(p(t), o(t)), as well as
i(t) = A(p(t))z(t), s.t., by Def. 2.11 this yields

From here, observe that V(x(t), p(t)) <0, Vr(t) € R™, g(t) #0, if (2.51) holds. m
Another notion of stability often encountered in the context of LPV systems is
the notion of «quadratic stability> [17].

Theorem 2.3 (Quadratic Stability of LPV Systems [17, 160])
The system T, as defined in (2.1), with w(t) = 0, Vt > 0, is asymptotically stable over p if
there exists X € S™, X = 0, s. t.

0 X

<0, Vpe )
x 0 pEDP (2.53)

I
A(p)
L

The test for quadratic stability in Thm. 2.3 is not only recovered by considering

a constant quadratic Lyapunov function V(r) = ' Xr in the first place, but also
follows quite naturally, if the parameters p(t) are allowed to vary arbitrarily fast,
i.e., o = R™. In this case 0X(p, o) can become unbounded and (2.51) can only be

satisfied, if X(p(t)) 2 % is chosen independent of p, i.e., X € §":. Then 0X(p, o) =0,
since 0X (p(t)) /0p(t) = 0. If the parameters p(t) are assumed constant, however, the
Lyapunov matrix can still be parameter-dependent and 0X(p, o) in (2.51) simply
vanishes due to o = {0}.

Remark 2.7 The term <quadratic stability> somewhat arbitrarily draws from the fact that
it is derived based on a quadratic and constant Lyapunov function V(x) = r' Xz. In some
literature, e.g., [17], this is in fact used as its definition, which allows to coin (2.53) a
necessary and sufficient condition for quadratic stability.
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The above arguments can be drawn upon for each individual parameter p;(t),
i e {l,...,np}, s.t. single parameters can be allowed to vary arbitrarily fast or be
constant, while the rate of change of others is constrained by known bounds [E19].

For Q-LPV systems, i. e., when the parameters are functions of endogeneous sig-
nals r(t), w(t) or z(t), the Lyapunov stability conditions are again local conditions
in the sense that statements about stability only hold true within bounds on the
state ¢(t) that imply (p(-), o(-)) € (p x o).

Remark 2.8 A mixture between constant, switching or smoothly time-varying parameters
occurs naturally in the context of the control of interconnected LPV systems. Such scenarios
are considered in Part II of the thesis.

2.2.2  The Induced L£,-Norm as a Performance Measure

The following definitions are introduced to facilitate the introduction of the in-
duced £;-system norm as a performance measure in LPV system analysis and
controller synthesis.

Definition 2.13 (Vector Norm)
For a vector z = [21,22, e, zn} €RY, zi € R, Vie{l,...,n}, the p-norm, p € N is
defined as

A v
Izl = D_lal” |
i=1
The Euclidean norm is obtained for p = 2 and denoted as
Izl = vz'z.

Remark 2.9 The superscript attached to the L;-signal spaces, denoting the dimension of
the vector valued signals, is often omitted if clear from the context.

In this thesis, the primary performance specification considered will be in terms
of the induced £,-gain, as system norm induced by the £;-signal norm.

Definition 2.14 (£,-Signal Norm [160])
For a signal z(t) : R* — R", the L,-norm is defined as

1z(t)]], 2 \/Jo 2T (1)z(1)dT.

Definition 2.15 (£,-Signal Space [160])
A signal z(t) : RY — R™ is said to be in the space L3, i.e., z(t) € LY, if ||z(t)||, is finite.
The space L is therefore defined as

B2 (1) : Rt —» R" | z(t)[l; < oo} .
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Definition 2.16 (Induced £,-System Norm [112, 125, 160])
For a parameter-dependent stable system Tg : Ly v+ L; as defined in (2.1) with zero initial
condition r(0) = 0 and with input w(t) and output z(t), the induced L£,-norm is defined

as
A |z(t)][,
= sup sup ey

||

e,

A condition for an upper bound on the induced £;-system norm |[T,||,, <visa
special case of a more general constraint on the input and output signals in the
form of an integral quadratic constraint (IQC) [3, 104, 112].

T Twiw] Qe Se] [wit)

TIEE‘OL [z(t)] S5 Ro| |z(t) | 45 ° (254
For the special choice

_ Qe Sp| _ T O

-

one arrives at the relation Hz(t)H% <y Hw(t)H%.

Remark 2.10 The induced L£;-system norm reduces to the H,-system norm, if the sys-

tem T, = T denotes an LTI system. The Hoo-norm can then be defined by ||T]|, 2
SUp oy O (Tlj).

2.2.3 The Full-Block 8-Procedure

Both parameter-dependent stability and performance criteria can be combined into
a single condition. For this purpose, the full-block 8-Procedure is first introduced
as a tool to combine various conditions. It is then specialized for later application
on matrix inequalities with outer blocks that depend rationally on parameters.

In the theorem stated below and interpretations following a behavioral approach,
the family of subspaces W(p) C R" is the system with signals ¢, from which
V(p) € €°%(p,89"™) selects interconnection variables that are constrained to reside
in 8(p). Continuous parameterizations are given in terms of p € p. The resulting
<perturbed> system is denoted B(p). Further U € RP*™ and Q(p) € C%(p,SP) are
used to form an implicit negativity condition that is supposed to hold on B(p), i.e.,
for all perturbations of W(p) [123].

Theorem 2.4 (Full-Block S-Procedure [125])
Let the family of subspaces W(p) C R™ depend continuously on p € p, where p is a
compact set. Let further U € RP*™, V(p) € C%(p,89*™) and Q(p) € C%(p,SP). Define

B(p) 2 W(p) | V(p) € 8(p)}.
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(i) The condition
u'Q(pUu=<0 on B(p), Vpep (2.56)
holds iff there exists a multiplier M with
M=0 on 8(p), Vpecp (2.57)
which satisfies

U'Q(pU+V(p)"™MV(p) <0 on Wi(p), VpE€p. (2.58)

(ii) Suppose there exists a subspace Wy (p) with
U'Q(pU =0 on Wo(p) C W(p) (2.59)
and dim (VW) (p) +dim (8(p)) > q. Then Conds. (2.57) and (2.58) imply

VWy(p) ®8(p) =R9 Vpep (2.60)

0

Proof: The theorem and its proof are presented in full detail in [125] for the case

that Q € SP, V € RY*™ are constant and W(p) and consequently Wy(p) denote

tixed subspaces, rather than families of subspaces parameterized by p. However,
the statements hold in full analogy and only item (i) is proved again:

(i) First show that Conds. (2.57) and (2.58) imply Cond. (2.56). For this purpose
choose any ¢ € B(p) with ¢ # 0. Since ¢ € W(p) conclude from (2.58)

¢'UTQ(PIUC < —¢"V(p) 'MV(p)C Vo € p.
Due to V(p)C € 8(p), one has

M=0 on 8(p) <= ¢'V(p)'MV(p)C >0, Vpep,
from which it follows that

C'UTQ(p)UC <0 Vpep.

|

It may seem counter-intuitive that the full-block §-Procedure is presented here
with possibly parameter-dependent Q(p) € C%(p,SP), V(p) € €%(p, R and the
family of subspaces W(p) C R™, as it is widely used with the main purpose of
turning a parameter-dependent inequality (2.56) into a parameter-independent in-
equality and an inequality with more easily tractable parameter-dependency on
the multiplier. As will be seen later, the additional parameter-dependency is intro-
duced to facilitate a formal and unified view on the full-block 8-Procedure as a
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tool to combine multiple constraints on a system’s signals. This is illustrated by the
derivation of the well-known Bounded Real Lemma.

Furthermore, it might be desired to carry over only some of the parameters in p
to the «multiplier condition> (2.57), while others remain in the «nominal condi-

tion> (2.58). For this purpose, partition p = [p]T, pﬂ ! with py € py, p2 € p; and
consider, e.g., Q(p1), W(p1), V(p1) and 8(p;), in order to require Cond. (2.57) to
hold Vp; € p; and Cond. (2.58) Vp, € p,. Different schemes, e.g., gridding the
parameter range or the introduction of further multipliers, can then be employed
individually to test the conditions.

An alternative representation of the space B(p) is found in the theorem’s proof
in [125] as well as in [124, 163]:

B(p) = {¢.c Wlp) | V(p)C € ker(8*(p)) },

where <kers denotes the Kernel and 8 (p) = I —Tlg(p) denotes the complementary
space of 8(p), since Tlg(p) in turn denotes the orthogonal projector onto 8(p). The
basic difference in the representation thus resides in whether an implicit descrip-
tion of a constraint is available that relates signals to remain in an image or kernel
space. This is precisely the difference in approaches Scherer on the one hand and
Iwasaki et al. on the other hand took in their work [66, 125].

The full-block §-Procedure can be specialized and compactly presented for linear
fractional parameter dependency. In the following lemma, the separation of param-
eters into some that are supposed to remain in the nominal condition and others
that only carry over to the multiplier condition is made explicit. This result has
been employed in, e. g., [161, 163].

Lemma 2.1 (Full-Block 8-Procedure for LFRs [163])
Given parameters p and O, each confined to a compact set, i.e., p € p and & € 6. The
quadratic matrix inequality

B(p,8) Q(p)B(p,8) <0, V(p,5)€ (px8) (2.61)
with Q(p) € €°(p,SP) and

Wn(

B(p,?) :A(S)*[

Wai (p

0

(2.62)

holds iffthere exists a multiplier M, s. t.

HT [M 0 ] Wii(p) Wiz(p)

,,,,,,,,,,,,,,, I 0 <0, Vpep (2.63)

=0, V5€s. (2.64)
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0
Proof: In analogy to Thm. 2.4 define

P
I 00
W 010
W11 (p) Wiz(p)
W(p) £im I 0 , S(é)éim< Alé) )

Wi1(p) Wa(p)

s.t. the image

im(B(p,é)) =W (p) + War(p)A(S) (I—Wii(p)A(8))

d € & can simply be represented by

pl_[Wii(p) Wiz(p) || g
im(B(p,3)) = B(p,9) : L] w&mmvwﬂm]LJ’pep
q= A(é)p, ded

as illustrated in Fig. 2.4. Straightforward substitution into (2.58) results in
Conds. (2.63) and (2.64). [ ]

———————————————————————————————————

Figure 2.4: LER of B(p, §).

As a predecessor, the normal 8-Procedure (SP) [17] fulfills virtually the same
purpose as the FBSP with the drawback that conservatism is incurred, since only a
single scalar multiplier is introduced per additional quadratic constraint.

Theorem 2.5 (S-Procedure [17])
Let Qo, Q1, ..., Qp be quadratic functions in the variable ¢ € R™,

QO & Wil + 2w Cv, i€{0,...,p},

where W; € S™. Then

Qo(0) <0 for CeBg{CelR“lQi(CKO,ie{O,---,p}}, (2.65)
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holds if there exist my > 0,1 €{0,...,p}, s.t.

P
Qo(¢)— ) miQi(Q) <0 for CeRM™ (2.66)

i=1
If p =1, Cond. (2.66) implies (2.65), provided that there exists some (y that satisfies the
strict inequality Qq(Co) < O. |
Proof: The proof can be found in [4]. u

The FBSP will prove to be a central tool in this thesis. Its usefulness in con-
vexifying parameter-dependent linear matrix inequalitiess (PDLMIs) with complex
parameter-dependency will be used to render complex synthesis and analysis prob-
lems tractable. The generality of the FBSP approach over the normal SP further
allows to trade complexity in solving SDPs versus conservatism, by the imposition
of structural constraints on the multipliers.

2.2.4 Stability and Performance Analysis

2.2.4.1 The Parameter-Dependent Bounded Real Lemma

The parameter-dependent Bounded Real Lemma (PDBRL) presents the main tool
for LPV system analysis and controller synthesis. It is the origin of extending well-
known LTI system analysis and synthesis methods to the parameter-dependent
case. In the following, a formal derivation via the FBSP and dualization will be
reviewed, followed by a discussion on the major obstacles in solving the LPV sys-
tem analysis problem by convex optimization. This establishes the primary tools
necessary to advance to the synthesis of LPV controllers.

Theorem 2.6 (PDBRL [E19, 160])
The system T3 as defined in (2.7), is asymptotically stable over p x o and has an induced

Lo-norm bounded from above by vy if there exist a positive definite, symmetric matrix
X(p) € €'(p,S™), X(p) = 0 and y > O that satisfy

X(p 0 ———————————————— PI(p) <0, V(p,0) € (p x 0) (2.67)

L

Proof: It is the aim to combine the Conds. (2.52) , (2.54), i.e., more specifically
using (2.55). Classically, performance constraints are considered in the context of
robust stability analysis and small gain arguments [166]. For this purpose consider

. . . . A
Fig. 2.5 as the uncertainty interconnection, where y € § = R*, s.t. [|Ap]]2 < v
and w(t) = Apz(t). Using the bound on the uncertainty, observe that

w(t) 'w(t) =z(t) Ay Apz(t) < v 2z(t) 'z(t).
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Such an inequality lends itself for direct use with the 8-Procedure, but here it is
desired to investigate how the full-block 8-Procedure can be applied.

Figure 2.5: Uncertainty representation for performance.

Therefore, take

r
u:IOOOI’ Céz‘c’V:OOIO],
0100 w 000 I
z
I 0
W(p) < im ““g"> el 8(6)é8(v)=1m< o),
ep(p) iDpp(p) )
s 90X (p,0) X(p)
Q(p) (o) 0 |”

s. t. by the full-block 8-Procedure for Conds. (2.52) and (2.55) to hold it is required
that
-
[
which satisfies

ool nio)* [ atn] 0 wer oo

Observe now that a particular (parameter-dependent) choice for M that always
guarantees (2.68) is M = I' = diag (—yI,y_1 I), which also satisfies condition (2.55).
|

Aol o0 wyes (2.68)

Remark 2.11 How to prove the PDBRL based on inductive trajectory arguments is
shown in, e.g., [E19, E83]. A constructive proof for the parameter-independent case is
given in [112] based on Finsler’s Lemma and the 8-Procedure.

A dual version of the Bounded Real Lemma can be obtained by applying
Lma. A.6, respectively, Lma. A.7—both on page 321— on Cond. (2.67). This con-
cept of duality is essential to the derivation of convex controller synthesis methods,
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in which the controller parameters are first eliminated from both primal and dual
LMI formulations. Dualization of matrix inequalities quadratic in nature, as those
shown above, appears a purely «mechanical> exercise. This is the motivation for
representing LMIs in this way, rather than in expanded form, which is—in turn—
more suitable for applying the Schur complement. The following theorem presents
the dualized Bounded Real Lemma.

Theorem 2.7 (Dual PDBRL [E19])
The system T as defined in (2.7), is asymptotically stable over p x o and has an induced
Lo-norm bounded from above by <y if there exist a positive definite, symmetric matrix

Y(p) € €'(p,S™), Y(p) = Oandy > O that satisfy
—A'(p) —C; (p)

RECEECCTNN (BN
1Y) 0Y(p,0) | ||t -0,
R 9(p) 99 (pG)F‘ —BT(0) =D/ (p)
0 I
V(p,0) €(pxo) (2.70)

L
Proof: The proof follows from direct application of Lma. A.7 on page 321 and by

defining Y(p) 2 o (p). A useful technicality to observe—due to Eq. (A.1) given
on p. 315 in the appendix—exists in

0X(p,0) X(p)| | O Y(p) | _|T O
x(pp) Op [H(p) ay(pﬁ a)] B [o 1] ' (2.71)
]

2.2.4.2 Solving the Analysis Condition

Obtaining a solution to the PDBRL and therefore proving both asymptotic stability
and an upper bound on the induced £;-gain of system T7 essentially requires
to minimize the performance index y subject to finding a matrix-valued positive
definite function X(p) > 0. Thus, when considering «LPV system analysis>, it is
formally referred to the following problem definition.

Problem 2.1 (LPV System Analysis)
To certify asymptotic stability and an upper bound vy on the performance channel w — z of
the LPV system T solve

min vy subject to (2.67). (2.72)
X(p)=0

]

In order to efficiently solve Prob. 2.1, remedies for the following obstacles have
to be found.
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LYAPUNOV MATRIX ANSATZ

The Lyapunov matrix may have an arbitrary dependence on the parameter p. Since
the analysis condition is only sufficient, no statement about the system’s stability
can be made, if a particular Ansatz does not lead to a feasible solution to the matrix
inequality.

CONVEXIFICATION

Condition (2.67) has to be evaluated on infinitely many points in the parameter
range. A heuristic approach exists in evaluating a sufficiently dense grid over p.
Since 0X(p, o) is affine in o, it suffices to check only extremal values of the param-
eters’ rate of change.

SIGMONIAL INEQUALITY

Condition (2.67) is a «sigmonial> matrix inequality in y. A simple Schur comple-
ment would be required to render it affine. However, the choice I' = diag(—yzl, I)
tulfills the performance IQC, as well. The sigmonial choice will prove useful in the
projection-based controller synthesis approach explained in Sect. 2.3.

As will be seen later, the Ansatz for the Lyapunov matrix has a great impact
on the complexity of the semi-definite programming problem to be solved. Some
systematic approaches have been presented in [E19, 65]. However, to the best of
the author’s knowledge, their suitability is based on simple heuristics, such as
mimicking the plant’s parameter-dependency.

In order to be able to convexly solve Cond. (2.67), methods based on the different
LPV modeling paradigms

(a) general LPV representations,
(b) LFT-LPV representations,
(c) affine/polytopic representations,

as well as a mixture of the above have been devised.

While general LPV representations usually prescribe the application of gridding,
affine LPV representations can yield matrix inequalities that can be solved in the
vertices of the parameter ranges. The associated techniques are explained in more
detail in Sect. 2.3, where the synthesis approaches are considered. A detailed ap-
proach for a convexification of the analysis condition (2.67) based on the FBSP is
presented next, which can be applied if LFRs of both system matrices and a qua-
dratic Lyapunov matrix Ansatz are considered. The more general result obtained
analogously to [163] using a PDLF is presented first.
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Theorem 2.8 (PDBRL w/ Multipliers, PDLF [E46, 163])
The system Ty as defined in (2.20), is asymptotically stable over & x 1 and has an induced
Lo-norm from w — z bounded from above by vy if for a quadratic function

X(8) = (5) 'XQ(5) € €'(5,5™), X(8) =0Vs €S,

with Q(é) = Ag (5) * Q”Qu c @l (8, R™x M)
91 9

there exist X =X € S™, M =MT, N =N" and vy > 0 that satisfy

Mo .
J o | [Bn B
” o Lo =0 (2.73)
""" F By Bn
T Q1 Q1
H N:x 1 0|0, (2.74)
| Q1
T I .
bt I Y 0, V6 €6 :
[. 0 =0, V6 € (2.75)
T :
Il <0 vses (2.76)
° Ag(é) ’
where
By B
B(5) =U(8)G(5) = Ap(6) % B;BZ' (2.77)
_ [su(em)
A‘B — - A(é) 7
Q) 0 |
0Q(8,m) Q(8) . Ui U
5 = |t I :A 6, 7 .
(o ol maEm e [y @79)
_ o1
1 0 ,
A(3) Bp(5) S Sn
G(8) = | FA T PAYL = A(8) % [ 212 :
@) = |22 —age)« [0 8 (279

65(8) Dy ()

Upy Un2S21 UnaS2o

=10 Sn S | (2.80)
Uzt UGy UzaS22
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0

Proof: The proof is immediate from the quadratic construction of the Lyapunov
matrix and application of Lma. 2.1 on p. 36. The derivation of (2.78) and (2.79),
respectively, are given in App. B.1 on p. 325. u
In some applications, transcendental functions may incur excessive amounts of
overbounding, when covered in a rational parameterization. In such cases, it may
be desirable to pull out only those parameters that fit well into the LFT framework,
while others remain in the LFT system matrices as general parameters, according to
Def. 2.7. The following result ensues from applying the FBSP w.r.t. the LFT channel
of such a mixed general/LFI-LPV representation, while keeping the parameter-
dependency of the Lyapunov function restricted to the general LPV parameters

p(t).

Theorem 2.9 (PDBRL w/ Multipliers, Mixed PDLF/PiDLF [161])

The system Ts as defined in (2.15), is asymptotically stable over p x o x & and has an
induced Lj-norm bounded from above by vy if there exist f)C(p) e C(p,S™), X (p) >0,
M =MT" and v > 0 that satisfy

e
T X0 56 Sl < lexo)
l: TM A(I5) =0, V5e€S. (2.82)
with
I 0
a(p,51 = A0 Bo(0:8) | _ g [38281
Cp(p,8) Dpp(p,d)
(Daa(p) Calp) Dap(p)]
911(0)%912(0) ° I °
[92]@)922(‘))] = BAO(P)AE)P)”BPI(P) : (2.83)
L Dpa(P)  Cp(P) Dpp(p)d
0

Proof: The proof follows from applying the FBSP on Cond. 2.67 from Thm. 2.6
with respect to an LFT interconnection of a subset of parameters, in which the
plant is rational. u

For completeness, the dual version is also presented.
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Theorem 2.10 (Dual PDBRL w/ Multipliers, Mixed PDLF/PiDLF [161])

The system Ts as defined in (2.15), is asymptotically stable over p x o x & and has an
induced Lj-norm bounded from above by 7y if there exist H(p) € C'(p,8™), H(p) =0,
N =NT and y > 0 that satisfy

N ;
] e CEE R TR R ERICEPERE FEPEREES I 0
. 0 Y(p) v (p, o)
3 3 F(p) Haa(e) | = O, (2.84)
® : 0 y N P AN AN
[ ] ,,,,, 13(9)‘5(PU)F_1 5631 (p) Fra(p) €(pxo)
—1|— !
-
[’] N _AI(ZS) <0, Vbes. (2.85)
with
—A"(p,8) —€;(p,) |
I 0 T Hir(p) Hiz(p)
H(P, )= | oo =—A"(8) x|l RN
(p.8) —1’3;(9,5) —@gp(pﬁ) O [5{21(9) - Ha(p)
0 I
Dan(p) —Ba(p) —DpalP)
g —CA —AT cl
[ﬂm (0)9{12(9)] _ %(p) I(p) %(p) (2.86)
H K R RPN
A NOR NOE R0
0 0 I
L
Proof: The proof follows from applying Lma. A.7 on page 321 to Conds. (2.81)
and (2.82). Observe that N = M~" and Y(p) = X~ (p). [

When the plant is purely parameterized within the LFT framework and a
parameter-independent Lyapunov function (PIDLF) is chosen in the conditions of
the previous theorems, a simplified special case is obtained as follows.

Theorem 2.11 (PDBRL w/ Multipliers, PiDLF [125])

The system T as defined in (2.15), is asymptotically stable over & and has an induced L ;-
norm bounded from above by vy if there exist X = X" € S™, X =0, M =M" andy > 0
that satisfy

7 MODC S11 Sn2
[] I 0 [=0 (2.87)
L4 3 X0 S B S
: T 921 92
. |
” M[A (5)] ~0, Vses. (2.88)

with Gy, 1,j € {1,2} from (2.83), where the vector of general LPV parameters p(t) is empty.
L
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Proof: The proof follows from taking Qy (5) = I, in Thm. 2.8. [ |
Again, for completeness, the dual version is presented.

Theorem 2.12 (Dual PDBRL w/ Multipliers, PiDLF [125])

The system T as defined in (2.15), is asymptotically stable over & and has an induced £ ;-
norm bounded from above by vy if there exist Y = Yl es™, Y= 0, N=N"andy > 0
that satisfy

T OH """" I 0
) : :
[] Hy1 Hip| =0 (2.89)

<0, Vbes. (2.90)

with Hy;, 1,5 € {1, 2} from (2.86), where the vector of general LPV parameters p(t) is empty.

[]
Proof: The proof follows from applying Lma. A.7 on page 321 to Conds. (2.87)
and (2.88). Thus, observe that N =M and Y = X~". [ |

2.2.5 Multiplier Constraints

As mentioned earlier, the benefit of applying the FBSP mainly resides in separating
parameter-independent from parameter-dependent conditions, the latter of which
being only quadratic in the parameter blocks.

For illustration, we consider multiplier conditions of the form (2.88) and partition
the multiplier into a 2 x 2 block matrix conformable with the dimensions of A. For
the subsequent discussion, however, potentially complex-valued parameter blocks
are considered. Thus, the multiplier conditions are of the form

o vty Myl 1
bl I AL B R -0, V€3, (2.91)
H [M]Tz M2z | |A(8)]
b N‘g Niz| | -A"(3) <0, Vses. (2.92)
ol [N, Np I |

The concepts presented here extend naturally to the dual multiplier condition or
parameter blocks composed from multiple subblocks. Since the set & is not nec-
essarily convex, the evaluation of the multiplier condition is usually performed
on the hyperbox or convex hull containing §. In addition, the imposition of in-
ertia or structural constraints potentially facilitates an efficient evaluation at the
cost of increased conservatism. Note that due to the fact that 0 € {A(8) | € 8}, one
has M;; = 0, Ny < 0.
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Furr-BLock MULTIPLIERS

Full-block multipliers avoid any structural constraints on the multipliers. Concavity
constraints (or convexity constraints in the dual multiplier condition (2.92)) intro-
ducing low conservatism can be formulated if the following set is considered [E19,

125],
A | Qe
ALR = Z LjAj (6) R]T A)’ (5) < A) , (293)
j=1

where A; are compact sets that define size and structure of the blocks A;(5) and
L, R have full column rank. The following result is due to simple convexity argu-
ments.

Lemma 2.2 (Evaluation of Multiplier Conditions [125])
Let A(5) € Arg. Then

]

implies the satisfaction of the condition for A(8) € conv (ArR) and in particular
Cond. (2.91), if

My My,
M, Mz

=0, VA(S) € Arr. (2.94)

L' MplLj <0, Vjie{l,...,Na}. (2.95)

L
The decomposition using matrices L and R; of full column rank is non-unique
and may affect the conservatism introduced via the concavity constraints. In prac-
tice, evaluating (2.94) is performed on on the vertices of conv (A).
The set Ary is rather general and more explicit descriptions are common in the
literature, e. g., [5, 124]. Consider the following example.

Example 2.1 (Block-Diagonal Parameter Block Decomposition)
Consider a parameter block in block-diagonal form
Na
A(5) = diag(4;(5)) € CO(R™, R™a*"ra), (2.96)
j=1

for which A; € @°(R™s, R™4a3*™Pad ) and thus ng, = Z]N:A] Ng,jandn,, = Z]N:ﬁ My, j-
This block can be written as

Na
A(%) =) LiAL,
=1
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where

Na 1 ,j=1
L =col(8iiln,,, ), 8= .
= 0 , otherwise.

Note that the blocks A;(8) may or may not have a structure with repeated parameters & on
the diagonal as in Ex. 2.2. O

If the parameter block takes the form of a diagonal matrix with repeated param-
eters, the decomposition simplifies. Consider the following example.

Example 2.2 (Diagonal Parameter Block Decomposition)
Consider a parameter block of the typical form

ng
A(3) = diag(8;Ir,;) € C°(R", R™a*"4), (2.97)
i=1

for which np = Z?:f’] 15,i. This block can be written as

ng
A(S) =) &L,
i=1
where

ng
L =col(8jilry;),  8ji= |
= 0 , otherwise.

In this case Npo = n. O

While Exs. 2.1 and 2.2 provide illustration on how to construct decompositions
of a parameter block that result in different concavity constraints, an often used
limiting case exists in choosing L; = I, an and N = 1, which simply results in

My < 0.

Such a simple inertia hypothesis clearly allows to evaluate Cond. (2.91) on conv ()
or hyp (8) independently of the actual structure of A and with the only requirement
that A(ZS) is affinely dependent on the parameters 6;, i € {1,...,1n;s}. In this case
evaluating the multiplier condition on hyp (8) amounts to 2™ LMI constraints.
This inertia hypothesis appears to be essential for a practically valid construction
of a controller’s parameter block, as will become evident later [125, 143].
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In the following, the term «full-block multiplier> will refer to imposing only the
inertia constraints M;; > 0 and M;; < 0 on the multiplier, if not stated otherwise.

D/G-scALING CONSTRAINTS
D/G-scaling (D/G-S) constraints impose structural requirements on the multiplier,
characterized by the following set.

Mo (4) 2 {M _ [ﬁ m e Slinatnay),

MiypA =AMy, My A =AMy,

YA € A (2.98)
My =-M{,, My =-—My, } ?

Remark 2.12 The name <D/G-scalings> is owed to the application of these constraints in
u-theory, e. g., in [39, 53, 130].

It is easy to verify that in the case of normalized bounds on real-valued param-
eters |8 <1, Vi € {1,...,ng}, multipliers belonging to the set Mp g (A) trivially
satisfy matrix inequalities of the form (2.91), where inertia hypotheses are implied
by 0 € A.

A scaled version of D/G-S due to [130], takes into account bounds on 6;, i €
{1,...,ms} ranging in a hyperbox hyp (8). For this purpose, assume bounds on the
parameter values &; € [§;,8;] C R, with

O; =mindi(t), o; =maxdi(t), Vie{l, ..., ngt,
t>0 t>0

The following two sets characterize the corresponding multipliers.

W (4) 2 {M: [S” S”] [M : 259

S12 S» 0 My M, 0

0 J\/[u] |

W) <)
s = [Sf‘ 51?] =

_ZéigiITs,i (§1 + 81) ITB,i]
1) ¢ !
S5 Sy

(éi "_gi)ITs,i —2I 54
vk 1) e{1,2} x{1,2},
ViG{],...,TL@}

Su= Cfil_%g (5183) ,
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jA\rD/G (A) (2.100)

SinS N1 0 0N
Q{N: [~n ~12] [ 1 ]+[ T 12]
S12522] [ 0 Np N, 0

S(i)—1 _ Sga) §%12) _ B 2115,1 (§1 +_Si)IT6,i
W SW| T B8 | (8 + 8Ty, 2881,

vk, 1) e{1,2} x{1,2},

~ ngs (1
Skl = dia S(l) ,
i_1g< “‘> Viell, ... ng

Remark 2.13 Since diagonal LFT parameter blocks can always be normalized, it may ap-
pear superfluous to introduce scaled multiplier conditions. However, in the context of dis-
tributed controller synthesis detailed in Part 1I of this thesis, such an approach is beneficial.

Figures 2.6a and 2.6b illustrate the concavity and convexity constraints for the
primal and dual multiplier conditions, respectively.

(a) Concavity of primal multiplier (b) Convexity of dual multiplier

constraint for parameter b;,
where the multiplier constraint
reduces to M(8) = —28;8;+
2(8;+5;)8;—257 > 0.

constraint for parameter O,
where the multiplier constraint
reduces to N(5) =28;5;—2(8;+
8;)81+282 < 0.

Figure 2.6: Concavity and convexity of primal and dual multiplier constraints for parameter
d;.

Lemma 2.3 (D/G-scaling [130])
Under the assumption of a diagonal parameter block of the form

ng
A((S) = diag(éilrm) c eO(]Rné’]RnAXnA)’
i=1
and bounds on the parameter values &; € [8;,8;] C R, with

5, =mind;i(t), & =maxsi(t), Vie{l,...,ng},

>0 >0
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the choice of multiplier structure M € Mp g (A) decouples Cond. (2.91) into the ng
trivially fulfilled conditions

h M I -0, Vo € [§USJ , (2.101)

° Oilrs ; vie{l,..., ns}.
(1) (1) (1) (1)

T ) (1) W7 ’ (2.102)
S12 522 0 My, M; 0
with

s . .

My = d1a1g <Mg?> =0, ]\/[gl]) € §reixTei
i=

ng . .
M]z = diag (Mgg) = —M;I—Z’ Mglz) c RTS’iXTﬁli.
i=1

For the structural choice on the dual multiplier N € Np 6 (A), the dual multiplier
condition is decoupled to the ng trivially fulfilled conditions

T _
H ND [—5i11rs,i] ~o, Y€ l[sus], (2.103)

o Vi€{1,...,n5},
(i) gi) (i) (1)
N — [Sgl) ng)] [NH (?)] 0 - Niz (2.104)

1) z(1 i i ’ :

S12521 L 0 Ny N0

with
s (D) () - @rgixrss
i=1

_ T}B (1) — T (1) TsiXTs i

L

Proof: Only the fulfillment of the primal multiplier is proven and since the decou-
pling resulting from the structural constraints is obvious, it suffices to consider a
parameter block with only a single parameter 6 resulting in a multiplier condition

b

Since My > 0, an expansion yields the condition

—255My; (8 +8) My + My

(8 +8) My — My, —2My b1

[I] 0, Vs e [5,3].

~285+2(8+8)6—28% =0, V5¢€[5,5],

which has both roots at § and §, constant curvature and is positive in between. ®



2.2 LPV SYSTEM ANALYSIS |

Example 2.3 (Commutativity w/ Block-Diagonal Parameter Blocks)
Consider again a parameter block in block-diagonal form (2.96). Note that any parameter
block of this form commutes with matrices composed as

Na @) (W)
My = d1ag<3\/[kl InA_> , My €ER,
i=1 t

rendering the multiplier actually diagonal. Furthermore, the skew-symmetry requirement
on My, enforces My, = 0. O

The commutativity requirement on the blocks My; and A imposes a sparsity
pattern My that depends on the shape of A. Also consider the following example.
Commutativity with respect to diagonal parameter blocks forces fewer multiplier
variables to be zero.

Example 2.4 (Commutativity w/ Diagonal Parameter Blocks)
Consider again a parameter block of the typical form (2.97). Note that any parameter block
of this form commutes with matrices composed as

My — dT-15 M(i) M(i) Gr5,iXTs,i
k= diag( My |, K €9
i=1

For diagonal parameter blocks, such constraints will prove beneficial in LFT-LPV
synthesis based on PIDLFs, since they allow the controller’s parameter block AX(§)
to be simply chosen as a copy of the plant’s parameter block, i.e., A¥(8) = A (3).
Block-diagonal parameter blocks will most likely lead to an excessive amount of
conservatism due to the commutativity requirements.

Note also that commutativity constraints emerge naturally from the channel-wise
application of the FBSP (Thm. 2.4) or SP (Thm. 2.5) [123], i.e., taking into account
each parameter 6, i € {1,...,ns} with its repetition one at a time.

D-sCALING CONSTRAINTS

D-scaling (D-S) constraints impose stronger structural requirements on the multi-
plier, by requiring the off-diagonal blocks to be zero. While being more conservative
for real-valued diagonal parameter blocks of the typical form (2.97), e. g., shown on
p- 47, they allow for complex-valued parameter blocks

A(8) = d]igg(éilrm) € @(C™s, Craxma), (2.105)

i=1
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D-S constraints are characterized by the following set.

Mp(A) £ {M = [M” 0

c S(TLPA-i-TLqA),
0 My

M A =AMy, My = —Mp, VA € A} (2.106)

Again, it is easy to verify that in the case of normalized bounds on complex-valued
parameters [0;| < 1, Vi € {1,...,ng}, multipliers belonging to the set Mp (A) trivially
satisfy matrix inequalities of the form (2.91), where inertia hypotheses are implied
by 0 € A.

It is possible to formally define shifted D-Ss, as well. A scaled version of D/G-S
due to [130], takes into account bounds on 6;, i € {1,..., s} ranging in a hyperbox
hyp (6). The following two sets characterize the corresponding multipliers.

o A S11812| [ My O My 0
Mp(A) =M = Mp(A),

0 My
(1) (V)
gli) — [Sﬁ 5112] _ [(5iz,r — 8¢ iy 5i,c1r51

i) () . _
i];z 8212- V(kélic)lziﬂ 2} x {11%2} (2.107)
Sw =diag(s/), © SR
i vie(l,..., ng
N S11 S N7 O
ND(A) 4 N — ~H ~12 11 N1|—] Nis GMD(A),
12522 | 0 Ny Niz N2z
S(l)_] _ [ggll) SSIZ)] _]T [ ITM 6i,CIT5,i ]
&) &i)]| T 52 2 2
Sglz) Sg) O 5i/CIT5,i _(61,r - 5i,c)1f5,i (2.108)

Vi(k, 1) e{1,2} x{1,2},
Vi G{],...,leg}

The geometric interpretation of the parameterization of the scalings becomes ap-

Im 5,;

Figure 2.7: Ball region constraints for parameter ;.

parent by noticing that they confine each §; to balls with radius §; , and center §; .
The corollary below follows from Lma. 2.3.
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Corollary 2.1 (D-Scaling [130])
Under the assumption of a diagonal parameter block of the form

n
A(5) = diag(8ily, ) € €(CMs,CMaxMa),
i=1
and bounds on the parameter values |8; — &; | < 8iy, with &, diy € C, the choice of mul-
tiplier structure M € Mp (A) decouples Cond. (2.91) into n trivially fulfilled conditions.
For the structural choice on the dual multiplier N € Np (A), the dual multiplier condi-
tion is decoupled into ns trivially fulfilled conditions. O
Proof: The proof follows directly from Lma. 2.3. [ |

D/G*-scALING CONSTRAINTS

Analogously to D/G-S constraints that require the parameters to be purely real,
D/G*-scaling (D/G*-S) constraints can be defined that require a zero real part for
complex parameters. For this purpose, consider parameter blocks of the form

s
A(8) = diag(8ily,;) € CO(GR™, jR™ ™). (2.109)
i=1
D/G*-S constraints are characterized by the following set.

Mp6- (A) A\ {M _ [ﬁn ﬁu] € §Mpatnas)
12 M22

MipA =AMy, My A =AMy,

T - VAe A (2.110)
My =M,,, My = —Mpy,

As before, it is easy to verify that in the case of normalized bounds on the param-
eters 5] < 1, Vi €{1,...,ns}, multipliers belonging to the set Mp - (A) trivially
satisfy matrix inequalities of the form (2.91), where inertia hypotheses are implied
by 0 € A. The difference to D/G-S resides in the off-diagonal blocks required to be
symmetric instead of skew-symmetric. Due to the conjugate transpose of the scalar
purely imaginary parameters, terms associated with the off-diagonal blocks cancel.

A scaled version of D/G*-S, takes into account bounds on 6; € jR, i €{1,...,ng}
ranging in a hyperbox hyp (8). For this purpose, assume bounds on the parameter
values §; € j [Qv SJ CjR, with

5 =minIm§;(t), & =maxIms;(t), Vie{l,...,ng},
t>0 t>0
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The following two sets characterize the corresponding multipliers.

. A S118512| [ My O 0 My,
o/c-(4) { [512 522] [ 0 Mn] [Mu 0 ] ‘
Myy My,
€ Mpc+(A),
[Mu Mzz] o/c+(4)

(1) ¢()

i) — [Sﬁ sz] _
(1) ¢()
S12 52

(éi +gi)1f5,i _ZITé,i
vk D e{l,2} x{1,2},
Vie {1,...,n5}

Si's Nyp 0 0 N
{N: [~n ~1z] [ 1 ]+[ 12]
S12822| | 0 Ny N2 0

2] crtc ),

_zéigill‘s,i (§1 + gi)ITa,i]

S = C{%%(&g?) ,

1>

Np g+ (A)

N2 N

g g s
g~ _ 313 S‘? — 1 g @+ 8Ty,
gglz) gg e O)Trg;  28:8ilry;

& T Vi(k 1) e{l,2} x{1,2},
Sm:dlag@&))’ .( ) edl, 2} x{1,2}
i=1 VIEU,...,TL@}

Corollary 2.2 (D/G*-Scaling)
Under the assumption of a diagonal parameter block of the form

A(5) = dTilgg(éiIrél.l) IS (i‘o(]']Rna,]-]RnAan)’
i=1

and bounds on the parameter values &; € j [8;,8;] C jR, with

5, =minIm§;(t), & =maxIms;(t), Vie{l,...,ng},
>0 >0

(2.111)

(2.112)

the choice of multiplier structure M € Mp G+ (A) decouples Cond. (2.91) into ns trivially

fulfilled conditions.

For the structural choice on the dual multiplier N € Np G+ (A), the dual multiplier

condition is decoupled into ng trivially fulfilled conditions.
Proof: The proof follows directly from Lma. 2.3.

L]
]
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2.3 GAIN-SCHEDULED LINEAR PARAMETER-VARYING CONTROLLER SYNTHESIS

N this section, the previous analysis results are extended to synthesis through
Ithe derivation of existence conditions resulting from the elimination of the con-
troller parameters. Closed-loop representations are introduced in Sect. 2.3.2 and the
controller elimination approach is detailed in Sect. 2.3.2. Sects. 2.3.3-2.3.5 treat the
special cases of gridding-, polytopic- or multiplier-based solution of the associated
LMIs and the implications w. r. t. controller construction.

2.3.1 Closed-Loop Representations

Consider an open-loop LPV system in general LPV representation of the form

x| | Alp(t))  Bp(p(t)) Bu(p(t)) ||x
o ) 12|=|Cp(p(t)  Dpp(p(t)) Dpu(p(t)) | [w
pr Y Cy(p(t)) Dyp(p(t)) Dyu(p(t)) u (2.113)
p(t) € F7,

where x € R™, u e R™,y € R", w € R, z € R™, are the open-loop state, con-
trol input, measured output and performance signal vectors of the system, respec-
tively. The definitions of the symbols as from Sects. 2.1.1-2.1.3 for the system’s state
space model matrix Py (p(t)) and input-output operator P, (p(t)) extend naturally
to this representation. The system is illustrated in Fig. 2.8a.

Consider as well an LFR of the open-loop LPV system, illustrated in Fig. 2.8b,

Pal_|Ca Daa Dap Dau| | g
fpg : z Cp DpA Dpp Dpu w (2.114)

Y Cy : Dya Dyp Dyuf [ u
| qa=AP(t)pa, 8(t) € FY,

TLP TLP
where gy € R4, pp € R™Pa.

m
____________ T
194 PAl
w - - 7 i - 1
P W—ar—w Py
P ! 5 -z
u —> —y u —+—e vy

__________________________

(a) Generalized plant in general LPV rep- (b) Generalized LPV plant in linear frac-
resentation Pg. tional representation P{.

Figure 2.8: Generalized plant.
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Consider an output-feedback LPV controller of the form

K| _|AK(p(1), (1)) | BY(p(1)) ||x*
Ko u CE(P(’L)) DEy () ||y (2.115)
o(t) € 59,

u|=[cK DK, DX\ || y
pil [Ci DR, Dial Ldk

qk = AK(t)pK, 8(t) e FY,

(2.116)

where qX € ]RHEA, pK € R™a. As apparent from Eq. (2.115), the controller is gen-
erally allowed to depend also on the parameters’ rate of change o. Thus an LFR
of the controller incorporates a parameter block AX (6(t),n(t)) that is a continu-
ous matrix-valued function of the LFT parameter vector (t) and the associated
rates n(t).

AR (5(1),m(t)) € (5 x 1, R™a ™4,
The interconnections
To = Ppx %G, Ty =Py K3 (2.117)

denote the closed loop as illustrated in Figs. 2.9a—2.9b for general and LFT-LPV
representations.

An explicit formula for the parameter-dependent closed-loop state space matrix
linear in the controller matrix K, (p) can be obtained for plants with Dy (p) = 0.

(2.118)

(z I 0 ] (2.119)
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For LFRs, obtaining the closed-loop state space matrix linear in the controller
matrix K5 can be obtained by less restrictive assumptions on the plant. Specifically,
for plants for which Dy, = 0, one has

A By By
Ts = Tos +WsKsVs = |Ca  Dan Dap (2.120)
eP : ®PA ®PP
(A0 Ba 0 By | [0By 0]
00:00 0 |LOO
= [Ca0 Dar0 Dap| + [0Day 0] x
00 00 0 [0oo01
Cp 0 Dpa 0 Dpp| |0 Dpu 0]
A" By BR|[oT1i00 o0
Cl Dy Dia| |Gy O iDyA 0 Dyp (2.121)
CR Di,DRal [00i O T ©

The closed-loop parameter block is therefore

A7(e)

€ CO(8 x 1, R™aaXMpa),
AK(0) (8xn )

A(3(t),m(t)) =

_ P K _ P K
wherenpA =n,, +ny, andnqA =MNg, TNy,

____________ L
i qa PA i
____________ LA W Py 2
w —‘—>; P9 —*; z i u y ;
! ! | Ks |
P u Y LK |
E :K:g i E da Pa E
(a) Closed-Loop interconnection of gen- (b) Closed-Loop interconnection of gener-
eralized LPV plant and LPV con- alized LPV plant and LPV controller
troller in general LPV representa- in LFR T7.

tion ‘J’g .

Figure 2.9: Closed-Loop interconnection of generalized LPV plant and LPV controller.
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2.3.2  Controller Elimination and Explicit Solutions

A particular approach to LPV output-feedback or state-feedback controller synthe-
sis is based on first eliminating the controller variables and obtaining conditions on
the existence of stabilizing controllers that guarantee some degree of performance
for the entire range of parameters. After such existence conditions have been solved,
the controller parameters can be obtained by algebraic manipulations or by solving
additional LMI problems.

For the purpose of the presentation of these techniques, consider the following
assumptions on the plant [163].

(A2.1) Parameter-Dependent Stabilizability:
The pair (A(p), Bu(p)) is parameter-dependent stabilizable for all p(t) € F§.

(A2.2) Parameter-Dependent Detectability:
The pair (A(p), Cy(p)) is parameter-dependent detectable for all p(t) € Fp.

(A2.3) Full Output Gain Rank:
The matrix [Cy (p) Dyp (p)} has full row rank for all p(t) € FJ.

(A2.4) Full Input Gain Rank:
The matrix [BI (p) Dgu(p)} has full row rank for all p(t) € Fy.

(A2.5) Strictly Proper System:
There is no direct feedthrough in the control channel, i.e.,

Dyu(p) =0.

(A2.6) Absence of Performance Feedthrough:
There is no direct feedthrough in the performance channel, i.e., Dpp(p) = 0.

Ass. (A2.1)-(A2.4), guarantee the existence of a stabilizing output-feedback LPV
controller. Ass. (A2.5)-(A2.6) simplify the controller formula presented later on.
The following theorem provides conditions on the existence of a stabilizing gain-
scheduled output-feedback controller that guarantees a certain performance of the
closed-loop system.

Theorem 2.13 (Controller Existence Conditions [3, 163])

Under Ass. (A2.1)~(Az2.4), there exists a controller X7 that renders the closed-loop sys-
tem T3 as defined in (2.7) asymptotically stable over p x o with an induced L;-norm from
w — z bounded from above by y > 0, if there exist R(p) € C(p,5™), S(p) € C'(p,5™)
with R(p) = 0, S(p) = O that satisfy ¥ (p, o) € (p X ©)

I
Lr(p, G):Nl—gr(p)[:] “R(p) 0 Agp)BpI(p) Ngr(p) <0, (2.122)
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o Sk
£s(p,0) =N{ (P)H 5(9)35(;0) ,,,,,,,,, —Bi(p)—DS(p) Ns(p) =0, (2.123)
T p pp
0 I

as well as Vp € p

Lys(p) = [R(Ip) S(Ip)] =0, (2.124)
where

Nk (p) = ker ([Cy(p) Dyp(p)]). (2.125)

Ns(p) = ker ([BL () Dpu(0)])- (2.126)

[]

Proof: The proof follows from the application of Lma. A.8 on page 321, using both

Cond. (2.67) and its dual (2.70). Partition X(p) from Cond. (2.67) and Y(p) from

Cond. (2.70) with dimensions compatible with the block matrix A(p) from (2.118)
as

X(p) = [R(p) N (p)], Y(p) =% (p) = [5(9) 31(9)]

Ri(p) Ra(p) i (p) Sa(p)

and observe that only both upper left blocks of the Lyapunov matrices remain after
eliminating the controller. Condition (2.124) results from the coupling condition
on the primal and dual Lyapunov matrices X(p)Y(p) = L. To see this, employ the
congruence transformation

ol § ook i)

Si(p) © 0 R{(p)
s. t.
Td X(p)Ts = Tg Y(p) Tk = S(Ip) R(Ip)] - 0.

|

Under the Ass. (A2.5) and (A2.6), the following formulae can be used to contruct

the output-feedback controller X7 [161, 163] once a solution to the conditions of
Thm. 2.13 has been obtained, s. t. both R(p) and S(p) are known.

(i) Let M(p)NT (p) =I1—S(p)R(p) and define

F(6) =~ (Du(p)Dpule)) (vBL()S™(0) + Dpu(0)Cy(0)), (2127

L(p) == (YR () Cy (p) + Bo(0) Dy () (DJp(p)Dmo(p))_1 , (2128)
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(ii) Using these definitions, the state space matrix Kg(p, o) is constructed from

A¥(p,a) = =N (6) ( = R(2)25(p) ~N(p)oM (9
)

)
p)> M T(p), (2.129)

Ly

By(p) =N""(p ) ( )L(p), (2.130)
Ci(p) =F(p)S(p)M " (p), (2.131)
DX, (p) =O. (2.132)

In the state-feedback case, Ass. (A2.2) is not required due to the full informa-
tion on the system’s state. Consequently, Ass. (A2.3) is trivially fulfilled, as are
Ass. (A2.5) and (A2.6). Thus, further assumptions on the plant are

(A2.7) Cy(p(t)) =Tand Dyp(p(t)) = 0.

In [160], more strict assumptions on the plant matrices are made, s.t. the general-
ized plant has the form

Po(p(t) = [CP"‘ 0 H : (2.133)

While this simplifies the solution and is in general not difficult to fulfill, a more
general solution with a state-feedback gain formula as from Eq. (2.127) can be
obtained as follows.

The following theorem provides conditions on the existence of a stabilizing gain-
scheduled state-feedback controller that guarantees a certain performance of the
closed-loop system.

Theorem 2.14 (State-Feedback Controller Synthesis [160])

Under Ass. (A2.1) and (A2.4)-(A2.7), there exists a state-feedback controller gain F(p)
that renders the closed-loop system T as defined in (2.7) asymptotically stable over p x &
with an induced L-norm from w — z bounded from above by 'y > 0, if there exists
S(p) € @' (p,S™) with S(p) = O that satisfies

—~AT(p) —C; (p)
[ o s(p) b
Ng (p)” S(p) 3S(p,0) || _Bi(p) ”””” 8 ”””” Ns(0) 0, wp'(p) % o)
r P y
0 I
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where
Ns =ker ([BL (o) Dpu(e)])-
The parameter-dependent state-feedback gain is then given by Eq. (2.127). O
Proof: The proof can be found in App. B.2 on p. 327. u

The problem of synthesizing an estimator gain L(p) is the dual problem to syn-
thesizing a state-feedback gain F(p) and is performed using the primal matrix in-
equality Cond. (2.122) and the observer gain formula (2.128). The required associ-
ated dual assumption on the plant matrices is then

(A2.8) By(p(t)) =0and Dpyu(p(t)) =1

2.3.3 Gridding-Based Synthesis

In gridding-based LPV synthesis approaches [3, 160] the inequalities (2.122)—(2.124)
are solved on a set of points covering the parameter signal range and their associ-
ated rates of variation p x o. An evenly spaced grid can be chosen, but also addi-
tional points can be added by the designer, where a higher density is required. Note
that the terms 0R(p, o) and 3S(p, 0) and accordingly the matrix inequalities (2.122)-
(2.123) are affine in the parameters’ rate of change o using a PDLF Ansatz, s. t. only
the extremes need to be checked.

The technique is applicable to LPV plants with general parameter-dependency,
requiring neither polytopic nor LFT representations. Since the gridding is not re-
stricted to convex regions, model elements such as look-up tables (LUTs) can be
readily incorporated in the design. Accordingly, the Lyapunov variable can be pa-
rameterized by general parameter-dependency. Since this approach does not pro-
vide any rigorous guarantees for closed-loop stability and performance, the analy-
sis inequality (2.67) is usually checked on a much denser grid a posteriori. It, how-
ever, suffices to perform eigenvalue tests, instead of solving semi-definite programs
again, [73].

If this analysis step fails, the grid density is increased (at least locally) and the
synthesis step is repeated. An iteration between analysis and synthesis is conducted
until local guarantees are established on a sufficiently dense grid.

The implementation of the controller is computationally inexpensive, but may
require large amounts of memory, in order to store the local controllers. The im-
plementation scheme may consider an interpolation or a switching between local
controllers. In general, this approach is limited to few scheduling signals because
of the exponential increase in grid points, hence memory requirements or interpo-
lation complexity. Closed-form controller formulae can be applied instead, shifting
the complexity to online computing. Especially in the light of microprocessors lim-
ited in precision and/or computing power, the gridded LUT-based implementation
is attractive, but applies to the other synthesis methods as well. I. e., also controller
matrices K5 or K5 derived from polytopic and LFT-based controller representations
can be gridded in terms of the scheduling signals p and implemented in LUTs.
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If observer-based state-feedback synthesis is performed, parameter-dependent
state-feedback matrices of both observer and controller can be computed online
each essentially by a single matrix inversion without the need to store multiple con-
trollers in memory [E83-E85]. Via a loop-shaping approach frequency-dependent
characteristics as in the output-feedback case can be achieved, while observer and
state-feedback gains can be synthesized sequentially via projection or a linearizing
change of variables each at the cost of approximately the analysis problem (2.67)
instead of the two projected LMIs. This can—in some sense—alleviate the relatively
high complexity of the gridding approach.

2.3.4 Polytopic Synthesis
If the system PJ as defined in (2.113) admits an affine/polytopic LPV representa-
tion Py with

A(6(t)) | By(8(t)) By
Po(0(t)) = [Cp(0(t)) | Dpp Dpu
CU DUP 0

and the parameter-dependence of the Lyapunov variables R(6) and S(8) is
dropped at the expense of conservatism, the existence conditions (2.122)—(2.124)
can be solved in the vertices 6y, 1 € {1,...,ny} of the convex hull conv () that in-
cludes the parameter set 0 [6]. If the conditions are solved on the hyperbox hyp (0),
one has ny, = 2"o.
If R(6) and S(B) are chosen to depend affinely on the parameters 6, a multi-

convexity approach [42] can be used to introduce additional constraints

0? 0’ :

aeizLR(e,v) =0, aeizilg(e,v) <0, ie{1,...,ng}. (2.135)
These conditions allow to still solve the inequalities on a finite set of vertices [42]. If
the performance channel, or more specifically matrices B, (6(t)) and Cp(6(t)) are
parameter-independent, the multi-convexity constraints can be reduced to

aa_; (3R(@,v) + RO)A() + AT(B)R(E)) =0, i€ (l,...,mal,
_aa_; (aS(e,v)+S(6)AT(9)+A(9)S(9))#0, te{l,..., ne}.

Matrix inequalities (2.122)—(2.123) will be affine in v and assuming that n, < ng
of the parameters have a non-zero rate of change and/or are considered in the
parameter-dependent Lyapunov function (PDLF), the number of vertices increases
ton, = 2Me v,

The controller is computed online as a weighted sum of the vertex controllers,
which may be obtained explicitly. So-called overbounding may occur, i.e., guaran-
tees are provided for portions of the scheduling signal range, that are not physically
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admissible. In many applications, the parameter polytope can be optimized to ei-
ther cover the parameter set more closely and/or use less vertices than incurred by
naively considering a hyperbox.

2.3.5 Multiplier-Based Synthesis

By means of the FBSP and a quadratic Ansatz for PDLFs, the controller existence
conditions of Thm. 2.13 can be formulated as a convex optimization problem as
follows.

Theorem 2.15 (Controller Existence Conditions, PDLF [163])

Under Ass. (A2.1)—(A2.6), there exists a controller X given by Egs. (2.127)—(2.132) that
renders the closed-loop system T3 as defined in (2.20) asymptotically stable over & x 1
with an induced Ly-norm from w — z bounded from above by v > 0, if there exist

R R S S RS RS
M € $M™atmas), N e 8™a™aa), P e 8™ a™ax) and for quadratic functions

RQR(8) € €'(5,8™), R(5) ~0Vse s,
SQs(8) € €'(5,8™), S(8) ~0Vs €S,

Qr(5) = Ag(8) » | X1 QW12 ¢ @15 Rrexmy)
|Qr21 Qr22]

Qs (5) = Ag(8) x | 231 Q12| ¢ @15, R
|Qs21 Qs

there exist R € S™R, S € S™S and 'y > 0 that satisfy

M ]y
. T oRT Br11 Br12
Lrm = [] R0 I 0 =0 (2.136)
L i | Bror Braz
I
T N ———————— R I 0
° 0 S
LsN = [.] S0 Bsi1 Bsiz| -0, (2.137)
""" r_1 Bs21 Bso22
_VPrﬁ 7777777777777777 —
J'l RO Bgs,11 Brs,2
Lrsp = [] 0SS I 0 =0, (2.138)
ol iV Y
OT| [Bgrs21 Brs22
10]
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and
- _T I
[ J
Lm(dm) = || M| =0, V(8mn) € (8xm) (2.139)
e =] ABR(a,m]
o] a5, (5
Ln(8,m) = °I'N BS(I’H)] <0,V (5mn) e (8§xn) (2.140)
[ J
i I
Lp(8) = |° P[ ——————————————— ] <0,V6€ b (2.141)
M Brs (6)
where the definitions of the outer factors is given in full detail in Sect. B.3 in the appendix.
L
Proof: The proof follows from application of the FBSP on the conditions of
Thm. 2.13 [163]. |

The somewhat complicated formulae for the matrix inequalities in Thm. 2.15
allow to prove the existence of a gain-scheduled controller via the parameter-
independent matrix inequalities (2.136)—(2.138) and the multiplier conditions (2.139)
and (5.13) that are now only quadratic in the parameters. Before detailing how to
solve these parameter-dependent matrix inequalities efficiently, simplified condi-
tions for the case, when only some of the parameters are treated via an LFR and
multiplier techniques are presented, while the Lyapunov variables are dependent
on general parameters. The following result follows from first applying the FBSP
on the PDBRL with respect to parameters pulled out in an LFT interconnection and
the subsequent application of the Parameter Elimination Lemma A.8.

Theorem 2.16 (Controller Existence Conditions, PDLF [161])

Under Ass. (A2.1)~(Az2.4), there exists a controller X7 that renders the closed-loop sys-
tem T3 as defined in (2.7) in mixed general/LFT-LPV form as given in (2.24) asymptot-
ically stable over p x o with an induced L;-norm from w — z bounded from above by
y > 0, if there exist R(p) € €'(p,S™), S(p) € €'(p,S™) with R(p) = 0, S(p) = 0 and
M e SMa sl N € §Maa*™wa) gt satisfy

LR,M(D, G):NRT,M(p) [:] aR(p, G) R(p) (2.142)

X I 0 NR,M(p) <0, V(p, G)
""""""""""""""""""" € (px o)
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N ‘
T ————————
Lsn(p, o) =Ngn(p) H S(O ) ass ((pp)c) (2.143)
S LR R r_]
I 0
< |Gsn(p) Gspale) [Nsn(o)-0, "0
Gs21(p) Gs22(p)
_ [R(p) I
Lrs(p) = 1 s(p) ~0, Vpep, (2.144)
- T
LM(&) = _:_ Apl(é) ~— O, Vo € 6 (2145)
- _T T
on(d) = || N _Apl(é)] 20, Vses (2.146)
where
Newi(p) = ker ([Dya(e) Cy(p) Dyp(o)]) (2147)
Ns (p) = ker (DA, (p) Bl(p) Dpu(e)])- (2.148)
and
(Daa(p) Ca(p) Dap(p)]
6n(e) Ge(0)] _ | 510 AGe) B
i R EXCRRYCICE 220
| Dpa(p)  Cp(p) Dpp(p).

~Daa(p) —BA(p) ~Dpal0)]
: —Ch ~AT —C/!
Ganlp) Gsu)] _| "5 A PG

Gg 21 (p) Gg zz(p) S O """""""""" I """""""" 0 """" ( 2.150)

e ~Dap(p) —By(p) —Dpp(p)

0 0 I
]
Proof: The proof follows from application of the Parameter Elimination
Lemma A.8 on page 321 on the conditions of Thm. 2.9 and its dual [161]. [ ]

The result of Thm. 2.16 is easily specialized to the fully PIDLF case [125] and
is presented for completeness. Instead of Ass. (A2.5) a milder assumption can be
used on the LFT-LPV plant representation:

(A2.9) There is no direct feedthrough in the control channel, i.e.,
Dy = 0.
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Theorem 2.17 (Controller Existence Conditions, PiDLF [124, 125])
Under Ass. (A2.9), there exists a controller Kg that renders the closed-loop system Ty as de-
fined in (2.15) asymptotically stable over & with an induced Ly-norm from w — z bounded

from above by vy > 0, if there exist R,S € S™ with R >0, S > 0 and M € S[nEA+nEA),
N € 8Maa*a) that satisfy

M -
. Tl ORT Gr11 Graz
LrMm = Ng[] R0 I 0 |Nr=<0, (2.151)
[ ] : [ B
""" F Gr21 Gr22
_N 1 ’ -
s I 0
[ ) . .
Lsn =Ng |- i i Gs,11 Gs12|Nr> 0, (2.152)
[ ] : S O S B DS
""" ] Gs21 Gs
RO
Lrg = =0, 2.1
RS [o s] (2.153)
and
- AT
Lm(8) = |2 M [IP ~0, V5€6 (2.154)
[}
_._T _APT
Ln(8) =[] N|-© B <0, Vo€ (2.155)
[ ]
where
and Grij, Gsij, 1, € {1,2} from (B.6) and (B.8). ]

Proof: The proof follows from application of the Parameter Elimination
Lemma A.8 on page 321 on the conditions of Thm. 2.11 and its dual Thm. 2.12
[125]. [ |

The resemblance of the conditions of Thm. 2.17 with the conditions of Thm. 2.15
for the special case that PIDLFs are used is striking. However, note that due to the
fact that the Parameter Elimination Lemma A.8 and FBSP are applied in reversed
order as compared to Thm. 2.15, the elimination of the controller is performed via
parameter-independent kernel matrices. Consequently, an even larger reduction in
the size of the multiplier conditions is achieved than when considering PIDLFs in
Thm. 2.15. A further advantage resides in the fact that from the multipliers M and
N as well as from the Lyapunov variables R and S, the closed-loop multiplier M
and Lyapunov matrix X can be reconstructed by algebraic manipulations. Under
the constraint that FBM are chosen, these algebraic reconstructions allow to find a
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parameter block AX(5) that renders the multiplier condition in Thm. 2.11 fulfilled,
while the controller matrices can be obtained by solving matrix inequality (2.87).
After a Schur complement this boils down to an LMI in the controller variables.

2.3.5.1  Controller Construction in the PDLF Case

Since Thm. 2.15 simply results from the application of the FBSP to the projected
PDBRL of Thm. 2.13, the closed-form formulae (2.127)—(2.132) apply directly.

2.3.5.2  Controller Construction in the mixed PDLF/P1IDLF Case

The controller construction in the mixed gridding/multiplier-based synthesis
framework presented in Thm. 2.16 [161] consequently requires a mixture of the
techniques for the algebraic reconstruction of the closed-loop multiplier M and the
construction of the controller’s parameter block A¥ (AP) with the algebraic compu-
tation of controller variables. The result of a special case from [161] is highlighted
here, which provides the additional important result that an LFT-LPV controller
can always be chosen to depend affinely on its parameter block, if the generalized
plant has affine dependence on the parameter block, as well. The explicit result can
be found in App. B.4 on p. 330.

The details of the algebraic reconstruction of the closed-loop multiplier M do not
differ from the fully PIDLF case and are presented in the subsequent section.

2.3.5.3 Controller Construction in the PIDLF Case

Formulae (2.127)—(2.132) simplify considerably for PIDLFs and can be completely
devoid of matrix inverses if the matrices Dpy(p) and Dyp(p) related to the perfor-
mance channel are parameter-independent. A symbolic preprocessing might there-
fore yield controller formulae that are inexpensive to evaluate in each instant.

However, it may be often desirable to impose further optimization criteria on con-
troller variables, such as minimizing the spectral radius of the matrix A¥ in an LFR,
Obtaining an explicit LFR of the controller by solving matrix inequality (2.87) for
the controller variables therefore provides means for systematic implementation
and further optimization within the limits of the existence guarantees. In order
to do so, the closed-loop Lyapunov matrix X and multiplier M need to be recon-
structed.

RECONSTRUCTION OF THE CLOSED-LOOP LYAPUNOV MATRIX

From the relation of the Lyapunov variables R and S to the closed-loop Lyapunov

matrix X and its inverse Y

R e oy —y= [S o],
e o

X =
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the closed-loop Lyapunov matrix is reconstructed as

Y —

R Z
yal (ZT(R_S])Z)—1] =0, (2.156)

where the columns of Z form an orthogonal basis of im(R — S [125]. In fact, any
non-singular matrix Z would be valid, but experience suggests better numerical
behaviour with an orthogonal matrix. Since from (2.153) and by a Schur Comple-

ment argument (R —S~') = 0, one can observe that from Lma. A.1 on page 315, the
(1,1)-block of X~ is indeed

(R— ZZT(R—s )zzT)] _s.

RECONSTRUCTION OF THE CLOSED-LOOP MULTIPLIER

Quite analogously to the reconstruction of the closed-loop Lyapunov matrix, the
closed-loop multiplier has to be obtained. However, instead of a simple positive-
definiteness requirement, the closed-loop multiplier has to fulfill a closed-loop
quadratic matrix inequality, which contains a further unknown—the controller’s
parameter block that implements the actual scheduling policy. In the following, it
is detailed how this policy is influenced by closed-loop multiplier reconstruction,
which in turn is influenced by structural constraints imposed during the solution
of the existence conditions.

Lemma 2.4 (Reconstruction of the Closed-Loop Multiplier)
Let the elements of M and N satisfy the existence conditions (2.151), (2.152) and (2.154),
as well as the inertia hypotheses associated with FBM

M]]}O, M22—<0, N]]-<O, sz%O,

Then, a reconstruction of the closed-loop multiplier

-1

My My 1 N1 Ny

M= =N"'= (2.157)
[M]TZ sz [NTZ N2

that satisfies

ST E— o -0, V6 €8, (2.158)
A% (5)

for a suitable choice of AX(8) is given by

e

M=V v, (2.159)
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where T is a suitable non-singular matrix and

Ih, 0 00

yo | 0 0l 0

0I,, 00

0 0 01,

0
Proof: Observe that

wvw = (Mo ww = [N 0
[ ] [ ] [ J [ ]

s.t. any extension

WNY = (WMY) ! = <[ITT] [7\14 (M—ll\l‘)_1 [ITD1

using a non-singular matrix T fulfills the duality constraints. The proof of the exis-
tence of a suitable parameter block of the controller A¥(8) associated with a suitable
matrix T is provided by the following lemmas. ]

Lemma 2.5 (Parameter Block Construction, FBM [E21, 124])
Under the hypotheses of Lma. 2.4, the selection of T = [T1 Tz} ,s.t. Ty and T, satisfy

N oo ]

T . 1 .

T, <<M N ) 0 M >T1 <0, (2.160)
-1 Ve |

T <<M_N_1> - Nt)” 8 ) -0, (2.161)

permits the choice for the controller’s parameter block

—1

Uy WL+ AP Uy,
AX(8) = =Wy + [ Wy VT 1 1 , 2.162
<) 2 [ 21 ]2} Wn—i—AP V11 Wis ( )
where
- A -un Uy,
M1 —MpMI M, = U = =0,

22 12 _u;rz uzz

1A Vi V2

| Y12 V22

My ML =W = Y Wl

A Wi W1z]
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L]
Proof: The proof is given in App. B.5 on p. 332, providing some additional insight
over the one shown in [124]. [ |

The inertia hypotheses guarantee the existence of an explicit formula for the pa-
rameter block AX(8) as opposed to the more general controller scheduling policy
presented in [125]. This is therefore regarded the practically valid approach [142,
143]. In constrast, in the face of relaxed inertia hypotheses resulting from condi-
tions proposed in Lma. 2.2, the controller’s scheduling function is formulated as
an orthogonal projector onto some potentially varying eigenspace, which may be
difficult to compute online. This indicates that the particular choice of the con-
troller’s parameter block (2.162) is by no means unique. An even more general
representation, albeit involving more complex computations, is presented in [143].

The controller’s parameter block presented in Lma. 2.5 (an LFR) requires comput-
ing an inverse online, which consumes additional processing power. Hence, simpler
choices of parameter blocks may be desired. The following lemma provides condi-
tions that make the choice AX(5) = AP () admissible.

Lemma 2.6 (Parameter Block Copy [74])
Under the hypotheses of Lma. 2.4 and the additional conditions

Mip I , Mz I <0, (2.163)
I Ny I N22_
T -
° T I
l. (M N ) A" (o) =0,V €8, (2.164)

the selection T = M — N~ permits the choice for the controller’s parameter block

AR () = AP (5) (2.165)
L
Proof: The proof is given in App. B.6 on p. 334. [ ]

It is evident from the proof that the crucial condition to satisfy is indeed (2.164),
which is non-trivial since it involves the inverse of N. However, it can be shown
that D/G-S constraints together with the coupling conditions (2.163) guarantee the
satisfaction of (2.164) [74] as shown in the next corollary.

Corollary 2.3 (D/G-S Constraints [74, 130])
If the multipliers M and N satisfying Conds. (2.151), (2.152), (2.154) and (2.155) are
coupled as in Cond. (2.163) and, in addition, satisfy the structural constraints

MEMD/G(A), NGND/G<A),

Condition (2.164) holds and the choice A¥(8) = AP (8) is admissible, if || AP|| < 1. O
Proof: Observe that the coupling conditions (2.163) imply the inertia hypotheses

Mi; =0, M»$ <0, Nj1 <0, Nx»p=0,



2.3 GAIN-SCHEDULED LPV CONTROLLER SYNTHESIS |

as well as My; — Ny = 0. It is easy to show that the structural constraints imposed
on N imply that N~! inherits these structural constraints as well [E21]. Expand
Cond. (2.164) to obtain

My — Ny + AP AP (Mg — Ny,) = 0. (2.166)
From the D/G-S constraints, one indeed has

My — Ny =— (M1 —Nyp),
which renders (2.166) satisfied for all A” with |AP| < 1. [ |

Corollary 2.4 (Shifted D/G-S Constraints)
Assume a diagonal parameter block of the form

ng
AP (8) = diag(8;1,,,) € CO(R™s, R™a*Ma), (2.167)
i=1
and bounds on the parameter values &; € [8;,8;], with

5, =mind;(t), & =maxdi(t), Vie{l,...,ns}.
>0 >0

Then the multipliers M and N satisfy Conds. (2.152), (2.154) and (2.164) admitting the
choice A*(8) = AP (3), if they are coupled as in Cond. (2.163) and, in addition, are chosen
as

M e Mp,g(A), NeNpg(A),

0
Proof: First note that
ns - ns - -
dis(shing) (s i)
N-! = i=1 i=1

Consequently, the same line of argumentation as in Cor. 2.3 applies with the addi-
tion of scalings and a constant term as in the proof of Lma. 2.3. u

SUMMARY: FuLL-BLock MULTIPLIERS VS. D/G-SCALINGS

In LFT-LPV controller synthesis with PIDLFs as per [125], FBMs and D/G-S con-
straints are alternatives, between which the control engineer may choose according
to the requirements on the control system design. For complex LPV systems, FBMs
may be prohibitively complex in terms of synthesis and implementation complex-
ity, even though they may strongly decrease the incurred conservatism. Tab. 2.1
compares advantages and disadvantages with respect to the two choices.
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Table 2.1: Comparison of LFT-LPV-based FBM and D/G-S-based synthesis with PIDLFs
based on the methods published in [125].

____________ LA R S
| | | K
1oda PA | Poda Pa i
LU y | Pu y
E K E s K s
K Ko i Ko
boda Pa ! G Pa |
D/G-S |\ FBMs ' —— i

Controller parameter block
x is an LFT in terms of the
plant’s parameter block.

Controller parameter block
can be copied from plant.

Multiplier conditions need
to be evaluated in vertices of
matrix polytopes, the
number of which increases
exponentially with the
number of parameters.

Low synthesis complexity as
v multiplier vertex conditions x
are trivially fulfilled.

x  Conservative in general. ¥ Reduced conservatism.

Rendered overly
conservative for full

Can handle full and
parameter blocks due to
X . . non-square parameter
commutativity requirements.
blocks.

Only really suitable for
diagonal parameter blocks.




Part I

LINEAR PARAMETER-VARYING CONTROL OF
COMPLEX LUMPED SYSTEMS

The application of the linear parameter-varying (LPV) modeling and
controller synthesis methodology to complex lumped plants, i.e., non-
distributed systems that result in intricate mathematical representations,
is a challenging task. The first part of this thesis introduces methods
that facilitate the derivation of low complexity LPV representations in

a compact modeling framework and their subsequent exploitation in
tractable synthesis algorithms.






LINEAR PARAMETER-VARYING CONTROL — A SURVEY OF
COMPLEXITY AND APPLICATIONS

«Examine the contents,
not the bottle.>

The Talmud

troller synthesis methods reviewed in Chap. 2. For this purpose, in Sect. 3.1

quantities are proposed from which the intricacy of a particular controller
synthesis algorithm and the subsequent online controller implementation can be
assessed. The result is a tool set consisting of formulae compiled in comprehensive
tables that allow the a priori assessment of

THIS chapter aims at investigating <complexity> induced by the LPV con-

(i) implementation complexity in terms of the required number of arithmetic
operations in each sampling instant and the number of scalar variables to be
stored,

(ii) synthesis complexity in terms of the number of decision variables and the
total size of the linear matrix inequality (LMI) to be solved.

The quantities can be evaluated once an LPV model of the desired type is avail-
able and the associated synthesis method is decided upon.

In Sect. 3.2, the chapter continues to survey literature reporting experimental or
high-fidelity simulation-based validations of LPV control schemes and investigates
the complexity of the respective problems. The survey is an empirical and quan-
titative statement that reflects open questions in the design of LPV controllers for
complex plants.
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3.1 COMPLEXITY IN LINEAR PARAMETER-VARYING CONTROL

HE choice of the modeling framework and associated synthesis techniques affect
Tboth the complexities encountered during implementation and synthesis. In
this section the involved complexity is analyzed, in order to generate numerical
indicators for benefits and drawbacks of the individual approaches a priori. In the
following, results from a thorough investigation of LPV controller synthesis and
implementation complexity, conducted in [58], are presented.

For the sake of simplicity, signal and parameter values are assumed to range
inside a hyperbox, which in most cases will mark an upper bound on the complex-
ity. Furthermore, the discussion is restricted for the most part to the synthesis and
implementation of state space output-feedback LPV controllers (2.115) of full order
X =n,)).

Four types of complexities are considered: The number of arithmetic operations
to compute a value A, which at some point is referenced to be computed by a
certain formula A = f(x), is denoted a[A]. The multiplications, additions, divisons,
etc., involved are assumed clear from the context by the explicit formula f(x).

Similarly, the number of scalar values required to store the variables, from which
A can be computed, is denoted by m[A] and acts as a measure for memory require-
ments. Furthermore, the size of an LMI £ < 0, or £ > 0, is written as s[£] and is
provided only in terms of one dimension, since LMIs are symmetric and square.
The associated number of decision variables is given by d[£]. If, e. g., £ solely con-
tains the matrix variables X, Y, one may also write d[£] = d[X] + d[Y].

The notational shortcut

A
Mgbed = Na +Np +MNe +Ng
is used, with
a/b/ C/ d S {X/u/UzW/Z,A/{}/ ° . '}/

s.t., €.8., My = Ny + Ty OF Myuapy = N + Ty + 1K + My

Both the computational costs and memory requirements of elementary matrix
operations are listed in Tabs. A.1 and A.2. These provide the basis of the following
complexity assessment and will be frequently used without further reference.

Preliminary results of this section have been previously published in [58]. Several mistakes are corrected and
non-square parameter blocks are considered.
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3.1.1  Implementation Complexity

3.1.1.1  General Complexity

Updating the states and calculating the outputs is assumed to consume the same
amount of arithmetic operations for each output-feedback-based method, which
amounts to

a [[XKT, UT]T} < (M + 1) (2(ny + ny) —1) (3.1)

arithmetic operations once the state space matrices of the controller at a particular
time instant are available. In contrast, a state-feedback controller requires

aful < ny(2n, —1). (3.2)

once the state-feedback gain matrix F(p), as from (2.127) has been computed.

If the projection approach considered in Thm. 2.13 is applied, formulae (2.127)-
(2.132) have to be used for the implementation of parameter-dependent Lyapunov
function (PDLF)-based controllers, independent of the LPV framework (polytopic,
linear fractional transformation (LFT)-based, gridding) considered. The reason
for this resides in the fact that the construction of the closed-loop Lyapunov
matrix X(p)—even if carried out symbolically—results in a rational parameter-
dependence and a convex search for the controller variables is only possible by
again solving a gridded LMI problem based on Thm. (2.6).

The case where the controller depends on rates of change is considered prac-
tically undesirable and therefore the analysis is restricted to Egs. (2.127)—(2.132)
when the Lyapunov variable S is chosen parameter-independent, whereas R(p)
may be chosen parameter-dependent. A straightforward factorization is then
M(p) =I1—S(p)R(p) and NT(p) = 1. The opposite choice results in similar com-
plexity. Computing the resulting formulae then amounts to

alKo(p)] < a[Pp(p)] +a[F(p)] +a[L(p)] +2[M(p)]
+a[AK(p)} +a[BK( )} +a[CE(p)} .

For implementation, the generalized plant model matrices in (2.113) are required
and it is assumed that their evaluation can be performed efficiently enough, such
that the cost in arithmetic operations is negligible. The actual memory and evalu-
ation costs then depend on the parameterization of R(p). For the remainder, the
intuitive heuristic choice for the Lyapunov function basis is chosen that aims at re-
flecting the parameter-dependency of the plant. Therefore a[R(p)] will depend on
the framework, the plant is modeled in. Once R(p) is constructed online, however,
its inversion requires

a [M_T(p)] ~a [R_1 (p)] < 2hnd
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operations. Note that this complexity is absorbed in a[F(p)]. Furthermore, one has
a[M(p)] < ny+2nd. In the following enumeration of complexities care has been
taken to maintain an economic sequence of operations, s.t., e.g., the inversion of
M (p) is considered in a[A¥(p)], but notin a[CK(p)], as an efficient implementation
will store the result of the inversion for multiple uses.

a[F(p)] < 2nin,+2/3(nd + ) 4y (2ng—1)ng
2N ey (2N, — 1)y +myg (2ng—1)ny
a[L(p)] < 2nny+m(2ny—1)ny+1n,my, +2n§nw—i—2/3ni
a [AK (p)] < 7n)2(+nxnw+nxnz+nx(2ny —1)(ny +ny)
+(Mx +12) (Zny— 1)+ (2n—1) (5ny + ;)
+n,2((2nw—1 )+2/3ni
a [Bg(p)] < My (2ny—1)ny

a [Cﬁ(p)] < Ny (2ny—1) (ny + 1)

In addition to evaluating the Lyapunov variable online, which costs a[R(p)], this
results in a total number of arithmetic operations to evaluate the controller’s state
space matrices from (2.127)—(2.132)

alKy(p)] < 4/m3 + (6myy +2my,, — 2)n?
+ My + Mz (2ny — 1) + 2nyn, — mygyw + 4nyny, + 1)y

+2n,n? + annﬁ +24m3 4 2/3n;3. (3.3)

In many cases the performance channel related matrices will be parameter-
independent. If in addition, Cy(p) is also parameter-independent, L(p) € R™*™
can be computed offline and the number of required computational steps is re-
duced. The same applies to the alternative practical case, where R(p) instead of
S(p) is chosen constant and performance channel and input matrices are parameter-
independent.

The memory requirements to store the plant matrices of general dependency on
the scheduling signals are approximated by (Dpp = 0, Dyy = 0)

m [Pp(p)] ~ (nX+nZ+ny)(nX+nW+nu)_nznw_nynu.

Furthermore, m[S] = m[S_q =ny(ny+1)/2. For the remainder, the memory re-
quirement mly] will be neglected. Thus the total required scalar variables to be
stored amount to

m[K,(p)] = m[Py(p)] +2m(S] +m[R(p)]
~ Ny (T + 1) + () (g gy )
—n,n,, —nyny + m[R(p)]
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A particularly efficient implementation can be performed for state-
teedback LPV controllers. It is possible to evaluate the state-feedback gain

F(p) =— (vBL(p)R(p) "+ Cp(p) ) by
a[F(p)] <a[R(p)] +24m3 + nu(2ny, — 1Ny +nyny.

Here, only two plant matrices and a single inversion need to be calculated, which
makes up the main computational load [E85].

3.1.1.2 Polytopic LPV Controllers

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS

Polytopic LPV controllers synthesized based on parameter-independent Lyapunov
functions (PIDLFs) can be implemented by the interpolation of the state space ma-
trices of the linear time-invariant (LTI) vertex controllers. Therefore, one has:

A¥(p) Bi(e) | _ 5",
b (p)] _1—21 1Ko (8y,1)- (3-4)

Ko(6) = Ci(p) Duy

The associated number of arithmetic operations is
a[Ke (e)} < (zne—H - 1)(nx+nu)(nx+ny)/ (3.5)

which results from scaling each of the n, = 2"0 vertex controllers by the respective
oy and then calculating the controller as a weighted sum by 2™ — 1 matrix additions.
In addition, the algorithm given in [158] to compute the barycentric coordinates
from the affine parameters 0 requires approximately

alad < nyaloq] = 1y (O(ng) +nd+ng— 1) .

When the parameters range in a hyperbox, the computation of the involved deter-
minants is always one, which yields

ala] < 2™ <n5+n9—1>.

In contrast, the Matlab implementation of the command polydec requires

ng
alod < Z (alti] +alcil)
i=1
1— 2n9+1

? = 2n9+2 + 3119 — 2,

=3ng+2

: . . : _qntl
with alti] =3, alci] = 2" and using the geometric series Y I jal = =& a+ . Note
that this is only valid for parameters ranging in a hyperbox, but also that it is

always less costly than the algorithm proposed by [158].
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Storing the controller matrices in the n, = 2"® vertices requires
m[Ko(0)] & 2™ (ny + 1) (ny + ny). (3.6)

If either an offline preprocessing can be applied, which converts the convex coordi-
nates back into the affine LPV parameter coordinates, or the synthesis for an affine
LPV plant is carried out using multiplier-based LFT methods with additional con-
straints, [E21, E45, 57, E46], the exponential growth can be reduced to linear growth
and barycentric coordinates need no longer be computed online:

a[Ke (e)] < zne(nx+nu)(nx+ny)/
m[KG(e)] ~ (n6+1)(nx+nu)(nx+ny)-

In the subsequent summary, it will be assumed that the implementation of affine
controllers is carried out in this more efficient way.

PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS

Using PDLFs in conjunction with the multi-convexity approach results in a con-
troller which is no longer affine in the parameters 6, but rational. Therefore, the
explicit formulae (2.127)—(2.132) have to be used, the complexity of which has al-
ready been discussed. Assuming the Lyapunov matrix has been parameterized as

S
R(p) =R+) 0i(p)Ri, nf=s—r (3-7)
i=r
its online construction requires
a[R(p)] <2nfnZ, m[R(p)] = ' <n}§ + 1) Ne(ny +1)
operations and stored scalars, respectively.

3.1.1.3 LFT-Based LPV Controllers

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS
The computation of LFT-based controllers is of polynomial order:

alKs(8)] < nEA <anA—1> (nx+ny)+2n§A(nx+ny)(nx+nu)
. a WK (8) |+a Ak (5) (3.8)

where WX (8) = AX(8)(I—DX,AX(5))71, AK(8) € R™42*™a . For the computation
of WX(§), note that due to the <push-through rule, it follows that

WK (5) = AK(8)(1— D5AA(5)) " = (1— A% (5)DEy)"AK(8),
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which allows to choose the size of the matrix of which an inverse is to be com-

puted between ng X ng , and n'é L X n‘é - For non-square parameter blocks, this

can significantly reduce the computational burden. Accordingly, one has

.
K2 K K (2, .,K2
Mpa (znqA_1)+npA ( /3nPA+1>
K K K K K
a [‘PK (6)} < +nQAnpA (anA_1) rTqp 2 Mpa (3.9)
T 1k (onK K (2/0K2 11 39
Naa ( Mpa— )+nQA </3nQA+ )
K K K K K
. NG A (anA—l) Mga < Mpy

Note that for PIDLF-based synthesis of LFT-LPV controllers using a full-block §-
Procedure (FBSP) approach, the LFT channel sizes of the controller are usually

inherited from the plant, thus n‘é L= nz , and ng L= ng A
Memory requirements amount to
m[Ks ()] < (nx+n§A+nu)(nx+n§A+ny)+m [AK (6)} . (3.10)

The terms a[AX(8)] and m[AX(8)] arise due to the scheduling block A¥(8) being
constructed as an LFT based on AP (8) as detailed in Lma. 2.5 on p. 69 [124]. The
computation of the controller’s parameter block therefore requires

K P _P 2/, (P P 3
a [A <6>] S anAnpA+ /3(nqA +nPA)
+(2nEA+nEA) (2(n2A+ngA)—1)ngA. (3.11)

Due to the symmetry, the inversion can possibly be performed more efficiently,
which has been neglected here. Taking into account the symmetry of the matri-
ces Uy and Vi1 from Eq. (2.162) in Lma. 2.5, however, the memory requirements
amount to

m[AK(é)] :7(nEA+nEA)((nEA—knEA)—H). (3.12)

As detailed in Lma. 2.3 on p. 49, at the price of increased conservatism the choice
AX = AP can be made admissible [E21] by additional constraints on multipliers.
Neglecting the cost of evaluating AP, both memory requirements and arithmetic
operations are then negligible.

PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS

In the case of PDLFs and LFT-based synthesis methods, the Lyapunov variable can
be parameterized in a multitude of ways and an affine parameterization is most
likely not the best choice. Therefore, consider an ansatz which—in a sense—mimics
the rational parameter-dependence of the plant [66]:

R(p) = Qg (8)RQ(3)

T
L] Ro RA
° R—Ar 0

(3.13)

AP(5) (1—DasAP(8)) ' Cal’
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with R € S(n"JrngA) . For controller implementation, evaluating (2.127)—(2.132) is
required and the complexity again follows from (3.3) with

alR(p)] < nzA <2ngA—1> N+ <2nEA+1> n2+a [\1/"(6)] ,
with a [‘PP (5)] < ngi (ZnEA—1>+ngA <2/3ngi+1) .

Storing the Lyapunov variables requires

m[R(p)} =hn(ne + 1)+ (nEA +ngA>2. (3.14)

However, the evaluation of Ks(5) can possibly be performed more efficiently via
tirst evaluating (2.127)—(2.132) offline symbolically [E69]. It may then be put into
LFT form by tools available in the Control System Toolbox of Matlab or the lin-
ear fractional representation (LFR)-toolbox available from the German Aerospace
Center (DLR) [52]. In this case, it is difficult to predict the size of the parameter
block AX(8), which will no longer match the size of the block A" (5). Then again
both (3.8) and (3.10) apply, but with nf #nf and nf, #np .

3.1.1.4 Gridding-Based LPV Controllers

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS

Gridding-based LPV controllers can be implemented online by the formu-
lae (2.127)—(2.132). For PIDLFs the computation simplifies drastically, as, e.g., the
factorization problem and many multiplications can be performed offline. However,
as shown in [59], very few experimental results using the gridding technique with
P1DLFs have been reported.

Apart from using the explicit formulae, it is also possible to store precomputed
controllers on some parameter grid, which does not necessarily need to match the
one used to solve the synthesis LMIs. If an evenly spaced grid of ng points per
parameter dimension is assumed, the required memory amounts to

m[Kp(p)} :ngp(nx+nu)(nx+ny)~ (3.15)

It is clear that an interpolation for intermediate grid points requires a number of
arithmetic operations in the same order as in the polytopic case:

a [Kp (p)} < (an—H — Dy +ny) (ny + le).

This approach, which resembles the complexity of classical gain-scheduling tech-
niques, can therefore quickly become intractable and control engineers might opt
for switching between controller parameters or the above mentioned closed-form
formulae instead.
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Table 3.1: Implementation complexity of LPV controllers in terms of arithmetic operations
vs. synthesis technique.

Technique Arithmetic operations
PDLF Total In parts
x a[Kp(p)] —aM™T] —a[R7T]  a[M~T] ~a[R7'] < ¥sm5
Grid.
oy a[Ks (p)] +2[R(0)] a[R(p)] = 2nn
FBM  a[Ks(5)] +al¥l +a[AK(8)]  al¥) =nf (2nf,—~1)+nb, (3ani+1)
D/G-S  a[Ks(8)] +al¥] a[AR(8)] = 3ng,np, +2smp 2o
x HanA+npA)(2mp p )ngA
LFT
D/G-S a[Ke(8)] alKs(8)] —n U™ ((ZnP —1)+2my)
w/ © a [Ke (9)} = nzomxu<2mxy + 1)
y a[Ko(p)] +a[R(3)] a[R(8)] =g, (2np,—=1) it (2ng, +1) 3
+al¥]
Polytopic: a[Kg ()] + alad alod =2M0%2 4 3ng —2
x a[Ka(0)] = (27! = T)myumigy
Foly. Affine: a[Ko (0)] 2[Ko (6)] = 2nomsimng
v a[Ko(p)] +a[R(0)] a[R(6)] = 2ngng

a[Ko(p)] = %403 + (6muy + 2my; —2)n2 + (N + Mz (2ng — 1) 4+ 2nyn,

— Muyw + 4y + 1)1y + 210, + 2nynd + 230 + 2303

PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS

When a PDLF with affine parameter dependence is used, the LMIs need only be
evaluated at the extrema of the parameter’s rate of variation, since these still enter
the LMIs in an affine way. This amounts to doubling the grid points, but requires
an interpolation at least in terms of the variation in the rate of change.

3.1.1.5 Implementation Complexity — Summary

Tabs. 3.1 and 3.2 summarize LPV controller implementation complexity for the
different synthesis methods by giving an overview of the required number of arith-
metic operations to calculate the controller’s state space system matrix K in its
respective LPV representations and the associated requirements on the memory,

respectively.
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Table 3.2: Implementation complexity of LPV controllers in terms of memory requirements
vs. synthesis technique.

Technique Memory requirements

PDLF Total In parts

m[Py(p)] +4mRI+m[M~T] m[R] = ‘/znx(nx+1)

X
mM~'] =
Grid. .
y m[Py(p)] +m[R(p)] +2mIS]  m[R(p)] = "/anx(nx +1)(n§ +1)
m(S] = /any(ne +1)
FBM m[Ks(5)] +m[AX(5)] m[AK(®)] = 7mgn e (mgnye +1)
x D/G-S m[Ks ()] m[Ks(8)] = M WMyl
LFT D/GSw/ © m[Ke(e)] m[Ke(e)} = xqeu xp@y mégpg

m[Py(p)] +m[R(8)] +2miS]  m[R(8)] = "oma(me+ 1) 42,

v daPa
m(S] = ]/an(nx +1)
Polytopic: m[Kg(0)] m[Kg(0)] = 2"0myumyy
X
Poly. Affine: m[Kq(0)] m[Kg ()] = (ng + 1) myumyy
v m[Pp(p)] + m[R(8)] +2miIS]  m[R(6)] ='/omc(ny+1)(n§+1)

m(S] = ]/an(nx +1)

m [PP (p)] = Myzy Mynwu — Nz — Ny My
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3.1.2  Synthesis Complexity

In the following both the total size of the LMI resulting from the diagonal con-
catenation of multiple LMI conditions and the number of decision variables are
assessed.

3.1.2.1  Polytopic LPV Synthesis
Synthesis complexity is first assessed for PIDLFs.

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS
The size of the LMIs £g(p) (2.122) and £s(p) (2.123) is determined by (dependency
on o is dropped due to PIDLFs)

s[Lr(p)] = (nx + My —my) +n, and
s[Ls(p)] = (N + Nz — ) + Ny,

Note that in order to solve the LMIs a Schur complement with respect to 117 has to
be taken each, which accounts for the additional terms n, and n,,. The dimensions
of the basis forming the null spaces Ng(p) and Ng(p) are due to the assumptions
on the full row rank, which means that it is derived by the number of columns
minus the number of rows, respectively.

Furthermore, if evaluated in a hyperbox the number of LMIs grows with O(2m¢).
Together with the Lyapunov variable coupling condition of size 2n, the total size
of the LMI amounts to

270 (2(ny + Mgy + M) — (y + 1)) + 21y

The associated number of decision variables of the existence conditions are limited
to the Lyapunov variables R and S and amount to ny(ny 4+ 1). When solving for
the controller in the vertices, one may again obtain m[Kg(0)] from (3.6), although
closed-form formulae (2.127)—(2.132) can also be used, as performed in the Matlab
implementation hinfgs.

PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS

The parameterization of the Lyapunov functions has a strong impact on the syn-
thesis complexity. Assume again that while S(6) =S is chosen constant, R(0) is
parameterized as (3.7). The number of decision variables therefore increases to
N(ny + 1)1+ /zng). Furthermore, the LMI (2.122) has to be evaluated on 2mo+ng
vertices when considering the extremal values of (6, v) € 8 x v. The multi-convexity
approach further introduces ng additional LMI constraints of size rank (Ng) + n,.
The second multi-convexity constraint is not required if only R(6) is parameter-
dependent. Furthermore, as above, it is assumed that B, is parameter-independent,
s.t. only LMIs of size ny are introduced.

85
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Additionally, the coupling (2.124) needs to be verified on the 2" vertices. In
conclusion the total size of the LMI is

<2ne+n§> (nx +ny +Mn; — nu)

2™ (M + Ty + 1z —1y) R 276

3.1.2.2 LFT-Based LPV Synthesis

A core advantage in the synthesis of LPV controllers based on the LFT paradigm
and the FBSP consists in a decoupling of parameter-dependent from parameter-
independent LMIs. In addition, the multiplier conditions are quadratic in the pa-
rameters and therefore easily convexified by inertia hypotheses (multi-convexity)
even in the case of rational parameter-dependence of the plant.

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS
After application of the Schur complement, the nominal LMIs Lrm (2.151)
and Ls N (2.152) are of the size

s[Lrm) = (N + 14 +nEA +nEA —ny)+n, and

s[Lsn] = (ny +nz+ngA +TISA —Ny) + Ny,

which is again derived from the dimensions of the null spaces as explained above.
The Lyapunov variable coupling condition Lgs (2.153) is again of size 2n, and the
multiplier conditions £ (8) (2.154) and £y (8) (2.155) are both of size nj +nf .

With the multi-convexity constraints associated with full-block multiplier (FBM)
as detailed in Lma. 2.4 on page 68, the multiplier conditions Ly (8) (2.154)
and £n(8) (2.155) have to be evaluated at vertices of the convex hull conv (8) of
the parameter range. Assuming a hyperbox, one has 2"* LMI constraints on each
multiplier and a total size of the concatenated LMIs of

2(2nx—|—nw—|—nl—i—n],]?A —I—nzA) — (ny + 1) —FZT“*“(THEA —i—nEA).

As before, the Lyapunov variables require ny(ny + 1) decision variables and the
major increase is due to the size of the multipliers, which can be structurally con-
strained. The FBMs M and N each require (ng s ng A)(Z(n]E AT nz ,) + 1) decision
variables. The use of D/G-scalings (D/G-Ss) and the associated commutativity re-
quirement on all blocks of M and N with A" (8) essentially reduces the number of
decision variables to the case, in which several multiplier conditions involving only
a single parameter are solved simultaneously. Then, the individual multiplier block
sizes are inferred from the parameter’s repetitions, leading to a total of

ns e

D malrsi+ D +rslrsi—1)=2) 155

i=1 i=1
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decision variables for M and N. Consequently parameter blocks have to be square,

s.t. one may define n} 2 np N n . Without a priori knowledge of the number

of repetitions, the limiting cases can be considered: Take ng — n? A, Which leads to
i =1, 1€{1,...,n5} and therefore the number of decision variables collapses to

2n;s. If ng — 1, D/G-Ss are lossless [105], since a FBM is implied. This yields anz
decision variables for both multipliers. Note that D/G-Ss render the multiplier
conditions trivially fulfilled, s.t. the total size of the LMI reduces to

Z(an+nw+nz+n2) — (ny +ny). (3.16)

When solving for the controller variables, the number of decision variables ad-
heres to m[K;(8)] from (3.10). Again, closed-form formulae (2.127)—~(2.132) can also
be used.

PARAMETER-DEPENDENT LyAruNoOv FUNCTIONS

Consider again the approach to mimic the plant’s parameter-dependence in the Lya-

punov variable, more specifically the choice shown in Eq. (3.13), which introduces

m[R(p)] ="anx(ne+1) + (), +nf )? decision variables, as obvious from (3.14).
When non-constant null spaces Ng (6) and Ng (5) are considered, the sizes of the

resulting parameter blocks associated with the outer factors in (2.73) and (2.74)

result from

M rxn_r)

g<aAP,AP,AP,A",AP> eR AR

(Tl Rs XM Rs)

g<AP AP> cR ,

di
diag(-a"',~A"") € R"ad s
Ag, = dia

and are upper bounded by

_ P _E.P
_SnPA, ngx _5nqu
_ _ 9P
nps anA, Ngs = anA,
_ _ 9P
npis = 2npA, nqzs = 2nqA

At the cost of an increased number of states n,, in this approach it will usually
be beneficial to pre- and postfilter, reducing the problem to the sizes

noR —4n A TR —4nqA,
P

My = Maar Moy = Mpa
For this case, LMIs (2.136)—(2.138) jointly have the size
2Nty +mz) — (Ny )1 g +1s +(Ngrs 21y )

:Z(nx—l—nw+nz)—(ny+nu)—i—5nzA—|—nEA+2nx.
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In order to evaluate the multiplier conditions (2.139) via FBMs, also the rates of
change have to be taken into account for conditions on M, which requires the
formulation of 22" LMI constraints. In total the multiplier conditions form an LMI
of size

20 (2" g s +Mprs) = 2 (2™4ng +ny +ng,)

containing
(NG, +1p,)Bng, +1p,)+1)

decision variables. Again, using D/G-S, the multiplier conditions are trivially ful-
filled and the number of multiplier related decision variables reduces to

ng ng ns
E 2 § 2 E 2
3 Té,i + (3?5/1) =12 1’5,1,

when treating rates of change independently and regarding the repeated AP-block
structure as a single block with three times the repetitions for each parameter ;.

3.1.2.3 Gridding-Based LPV Synthesis

PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS

For ng equidistant grid points between the minimum and maximum value of a
scheduling signal, the number of LMI constraints grow with O(ng"). The size of
the LMIs derived from (2.122) and (2.123) is identical to the polytopic case by a
Schur complement, which leads to a total size of the LMI of

nrgl" (2(ny + My + 1) — (Ny + 1)) + 20 (3.17)

As before, the only decision variables of the existence conditions are the Lyapunov
variables R and S and amount to ny(n. + 1). When solving for the controller in the
grid points, one needs to solve for ngp -m[Ky(p)] variables as obtained from (3.15).
More typically the closed-form formulae (2.127)-(2.132) are used, which further
reduce in online complexity for constant Lyapunov functions.

PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS

As in the previous approaches, the parameterization of the Lyapunov functions has
a strong impact on the synthesis complexity. Assume again that while S(p) = S is
chosen constant, R(p) is chosen parameter-dependent. Following the heuristic to
mimic the plant’s parameter-dependence, it appears a natural choice to consider
the parameterization (3.7), which leads to ny(ny + 1)(1 + ! /znéR) decision variables.
However, the Lyapunov matrix can also be chosen to depend on the scheduling
signals p directly. In any case, the rates of change n or ¢ do not have to be gridded,
since they enter the matrix inequality in an affine manner. Therefore, LMI (2.122)
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Table 3.3: Synthesis complexity of LPV controllers: No. of dec. vars vs. synth. tech.

Technique Number of decision variables
PDLF Total In parts
9 d[R] +d[S] d[R] =d[S] = "/any(ny + 1)
Grid.

y d[R(p)] +dIS] d[R(p)] ="k + (n§ +1)

d[R] +dIS] +dM] +d[N]  d[R] =dIS] = "/ans(ny +1)
FBM dM] =d[N] = /zmquP(mP P+1)
x

d[R] +d[S] +d[M] +d[N]  d[R] =d[S] ="/ my(ny+1)
D/G-S dM] =d[N] = Zln:bl T%,i
2ns < dM] < ZTIZZ

L d[R(5)] +dIS] A[R(S)] = Vol + 1)+ a2y
FBM +dM] +d[N] +d[P]  d[S] =/amy(ne+1)
dM] —Zm r P[4m Pqh +1)
J d[N] = [}— /zmquP[mP p+1)
d[R(5)] +dIS] d[R(8)] = amx(ny+1) +nb?
1
D/GS +dM] +dIN]+d[P]  d[S] = "/any(ny+1)
diMl =10y 1% 2,
dIN] =d[P] = Y% 13,
y d[R] +d[S] d[Rl =dIS] = "any(ny + 1)
Poly
y d[R(6)] +dIS] d[R(0)] ="/nx(ne + D(n§ +1)

has to be evaluated on Z“En grid points, whereas LMI (2.123) is still only con-
sidered in ng grid points. For affine parameterizations of the Lyapunov variable,

the coupling (2.124) needs to be verified on 2" vertices, whereas—perhaps more
typically—it is gridded over the ngp grid points. In conclusion the total size of the
LMI is

anngp (2(ny + 14y + 1) — (ny +1)) + M tn, (3.18)

3.1.2.4 Synthesis Complexity — Summary

Tabs. 3.3 and 3.4 summarize LPV controller synthesis complexity.
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Table 3.4: Synthesis complexity of LPV controllers: LMI size vs. synth. tech.

+ S[LRS(P)D

Ls (p)] = Myzw — N

Technique Size of LMI (existence conditions)
PDLF In parts
ng’ (s[r(p)] +5[Ls(p)]) s[£r(p)] = Mxzw — 1y
x S[LS (p)] = Myzw — N
Grid. s[Lrs(p)] = 2ns
ng (28s[2e(o0,0)] +5[es ()] s[Lk(0,0)] = My

! [
[

Lrs (p)] =2ny

sLOg ml +s[Ls NI+ s[Lgs]
+2" (s[Lm (8)] +s[Ln(8)])

S[LRrM} = quZzw Ty

S[LS,N] =m,._pr

Xphzw M

s[Lrs] = 2ny
s[Em(8)] =ngr,s[En(8)] =n,e

slOr ml +slLs NI+ s[Lgs]

S[LR,M} = MyAPzy — Ty
S[LS,N] = MyAPzw — N

S[LRS] = ZTLX

slOrml +slLs NI+ s[Lrs pl
+2255[ L (5,m) ]
+27 (s[Ln(8)] +5[Lp(5)])

s[LrM] = TMzw —0—4an — 1y

s[LsN] = My g -y
s[Lm(8,1)] :4nqz, s[£p(3)] =ngr
s[Lrs,p] = 21y +1ge, s[Ln(d)] =n,r

s[Lrm] +s[Ls,N] + s[Lrs,p]

s[Lrm] = My + 4n2 —ny,
S[LS,N] = Mz + TIZ — T,

S[Lks/p] =2n, + TLZ

2 (s[£r(0)] +5[£s(0)])

s[Lr(0)] = Muaw — 1y
5[£5(8)] = Muzw — My, slLrs) = 2nx

LFT
N
X
Poly
N

2metngg [£r(6,V)]
+2M0s[£s(0)] +2m0s[Lrs(8)]
+nhs [%LR(G, V)]

S[%LR(S,V)} =My
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3.2 FIELDS OF APPLICATION AND ASSOCIATED METHODS

THE following survey of LPV control applications associated with the respective
fundamental modeling and controller design methods—polytopic, multiplier-
based and gridding-based—is extended from [59]. It has been updated to include
the most recent publications and serves the purpose to assess the range of appli-
cations, the associated model complexity and synthesis method used to solve the
control problem.

As previously reported in [59], experimental LPV control applications reported
in the literature are ranging over a wide array of different subjects from robotic
manipulators to micro-systems and various academic examples. In aerospace ap-
plications, even though many simulation results are available, relatively little ex-
perimental work is reported. This is likely due to the high effort and risks in-
volved, e.g., in undertaking actual flight tests, and the possibly classified sta-
tus of the respective military flight test reports. However, in this field and also
other fields dealing with highly complex systems, the usual controller validation
procedure involves so-called high-fidelity (HI1FI) simulations—sometimes also de-
noted «industry-grade simulations>—as an intermediate step in-between «desk-
top analysis> and experimental validation. In aerospace applications, HiFr simula-
tions are often performed in the form of pilot-in-the-loop (PIL) experiments with
highly accurate flight simulators, see, e.g., [H7]. Due to the high requirements on
their accuracy, HiF1 simulation-based validations are included in this section’s sur-
vey. References pointing to HiFI simulation-validated results are distinguished by
the letter <H> preceding the reference number, whereas experimental work is in-
dicated by an <E>. «Low-fidelity> simulation results are not explicitly identified.

In the following, a chronological overview over the range of applications using
the different synthesis techniques is given. Figure 3.1 shows a time-line, listing and
classifying results by year and synthesis technique.

One of the more recent lines of research involved the control of the F-16 Variable
stability In-flight Simulator Test Aircraft (VISTA), a highly maneuverable aircraft
with relaxed airframe induced stability [H1, H3]. Civil research focuses more on
safety issues and has spawned fault-tolerant controller and fault detection and
isolation (FDI) filter designs in the LPV framework. The Advanced Fault Diagno-
sis for Sustainable Flight Guidance and Control (ADDSAFE)" project incorporates
HiFr simulations of Boieng aircraft to validate these schemes [Hy4, H16, H28, H29,
Hs1].

Wind energy systems, for instance, can be validated using the Fatigue, Aerody-
namics, Structures, and Turbulence (FAST) software [68], a freely available HiF1

http://addsafe.deimos-space.com/

Preliminary results of this section have been previously published in [59]. The survey is extended to include
the entire list of publications for 2014.
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Figure 3.1: Time-line of application results validated by experiments or HiFr simulations
and milestones in theoretical LPV research.
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Figure 3.2: LPV control results validated by experiments or HiF1 simulations grouped by
application type.

simulator developed by the National Renewable Energy Laboratory (NREL)* and
certified by Germanischer Lloyd Wind Energy3.

Figure 3.2 proposes a classification of the different types of applications and ar-
ranges them by the related number of publications. Especially the field of aerospace
applications carries a wide range of different applications, listed in Tab. 3.5. Work
on the National Aerospace Association (NASA) HL-20 Re-Entry Vehicle was em-
bedded as a highly nonlinear benchmark system into the LPV Modeling, Analysis
and Design (LPVMAD)# research project. The project was divided into two phases,
where the second phase comprised the validation of data-based modeling and val-
idation tools [96, 144] as well as integral quadratic constraint (IQC)-based analysis
and LPV-LFT synthesis methods on a HiF1 simulation model [67] and its final re-
sults are reported in [H21]. In the first phase, these techniques where tested on
simpler simulation models, see, e.g., [94, 96, 108, 150, 152], which are therefore not
included in this categorization. A more detailed overview of the project and the
challenges of LPV tools in space applications can be found in [95].

Among the miscellaneous mechatronic applications one finds very different sys-
tems, listed in Tab. 3.6. Work on active magnetic bearings (AMBs) is listed sep-
arately in Fig. 3.2 due to the extensive line of research. The academic examples
include the items listed in Tab. 3.7.

The first HiF1 simulation-based validations of LPV controllers is reported in 1996
[H19], whereas the first experimental validations date back to 1999 [E20, E56]. In
[E56] both polytopic and small-gain theorem-based LFT-LPV controller synthesis
techniques are applied to the well-known academic example of an arm-driven in-

2 http://wind.nrel.gov/designcodes/simulators/fast/
3 http://www.gl-group.com/glwind/
4 Funded by the European Space Agency under ESA-ESTEC contract 20565/07/NL/GLC
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Table 3.5: Aerospace applications.

e Airplanes [E80-E82], [H2, H3, H5, H7, H8, H14, H19, H22, E73, H23,
H28, H29]

Hypersonic Vehicles [Hz24, H2y]

Re-Entry and Launch Vehicles [H21]

Satellites [E34, E50]

Turbofan Engines [H6]

Unmanned Aerial Vehicles (UAVs) [E72]

Table 3.6: Mechatronic applications.

Wind Energy [H11, H12, H18, H25, H26]

Agricultural Open Canal Systems [E15], [Ho]

Active Vision Systems [Eg3]

CD Players [E20, E21]

Control Moment Gyroscopes [E1, Eg4]

Drilling Systems [E53, E58]

Electro-Hydraulic Servo Systems [E100]

Electro-Magnetic Actuators [E26]

Flexible Ball Screw Drives [E35]

Magneto-Rheological Dampers [E68, E86, E87], [H13]
Hydro-Kinetic Turbines [E32]

Induction Motors/Generators [E13, Egs]

Injection Molding Machines [Eg1]

Laser Printers [E17]

Micro-Systems [E16]

Active Noise/Vibration Control [E7, E8, E11, E12, E23, E39-E41, Ego0]
Container Crane Load Swing [E47, E69]

Shape Memory Alloys/Ionic Polymer Metal Composites [E59, E63]
Wafer Scanners [E33]

Web Server Performance Control [Eg2]

Table 3.7: Academic examples.

Active Vibration Control Test Bench [E24, E88, E89]
Arm-Driven Inverted Pendulum [Es6, E57, E62, E7o]
T-Inverted Pendulum [E76]

Twin Rotor MIMO System [E77]

Quadruple Tank Process [E3]
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verted pendulum, whereas [E20] implements a FBM-based LFT-LPV design on
micro-processor hardware for a compact disc player. The underlying theory of LFT-
LPV controller synthesis with FBM, however, is first publicly reported in 2000 [124].

In [E73], gridding-based LPV controller synthesis is carried out for the single-
input single-output (SISO) pitch control problem of the Vectored thrust Aircraft
Advanced flight Control (VAAC) Harrier airplane. The paper focuses less on tech-
nical details, but rather on in-flight experience and testing carried out in what was
stated to be <one of the most successful first test flights performed by Defence
Evaluation and Research Agency (DERA)> to date>.

Poryroric APPROACH

Judging from the sheer number of related publications, the polytopic LPV con-
troller synthesis approach is most popular among the three considered here. Ac-
cordingly, the range of applications is large, including AMB systems [E6, E29, E30,
E64-E66, E101, E102], robotic manipulators [E36-E38, E44, E74, E75, E104, E105],
engine control [E60, E61, Egg, E111], miscellaneous mechatronic systems [E15-E17,
E26, E32, E47, E53, Eg1, E100], vehicle motion control [E22, E25, E43, E51, E52, E55,
E78], academic test benches [E3, E56, E57, Eyo, Ey6, E77], noise canceling head-
sets and vibration control test benches [E9g-E12, E24, E39, E41, E89, E9o], aerospace
flight control [E81, E82] and computer sciences [E92].

MULTIPLIER-BASED LFT APPROACH

At around the time of the first polytopic and small-gain theorem-based LPV con-
troller validations, LFT-LPV synthesis with FBM was successfully applied in [E20],
validating simulation results shown in [26]. Even though the number of applica-
tions of the multiplier-based LFT-LPV synthesis approach has been relatively small,
noteworthy experimental results with industrial relevance were published between
2001 and 2014. These include CD players [E19, E21], induction motors [E13, E95],
engines [E27, E28] and a wafer stage [E33]. More recently, the application of LPV
techniques in robotics has been considered, both as an example on which to vali-
date methods to handle LPV models of high complexity experimentally [E44-E46,
E48] as well as with explicit industrial grade control objectives in mind [E81, E85].
In the field of active noise cancellation headsets and vibration control the LFT ap-
proach as per [5] is also followed [Ey, E8, E11, E23, E24, E88]. Very recently LFT
techniques have also been applied in the control of wind turbines [H12].

GRIDDING APPROACH

The gridding-based approach was well-known at least from the publication of [3,
160] and experimental results in flight control [E73] were reported as early as 2000
with impressive results. Aircraft motion control was again considered in [E8o] and
[E81]. Apart from that, relatively few experimental publications making use of the
gridding approach exist, for reasons mentioned above. Among them are automated

5 Authors’ note: Full meaning of acronym added by the author.
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lane guidance [E42], automated driving via visual feedback [E43], robotics [E79,
E83, E84, E103], engine control [E54, E109, E110] and the control of a control mo-
ment gyroscope [E1, Eg4]. The comparably high amount of HiFr simulation val-
idated control designs, however, indicates its usefulness in the highly nonlinear
aerospace related control problems. Further recent applications include oxygen sto-
chiometry regulation in fuel cells [E14] and wind turbine control [H18].

Examples of Methods Applied for Reduced Scheduling Order

As discussed in from Sect. 3.1, large numbers of scheduling signals/parameters
or a large number of repetitions in the parameter block of an LFR induce a high
amount of LMI constraints, decision variables, online computational load and mem-
ory requirements. The synthesis complexity induced by the scheduling order varies
heavily between the major synthesis approaches (polytopic, multiplier-based and
gridding). In addition, the complexity incurred strongly depends on the choice of
the LPV model, since even within one of the frameworks of polytopic, LFT-based
or general LPV models, the representation is most often not unique. For instance,
[E48] exploits FBMs, which allow for full/block-diagonal parameter blocks of the
plant model’s LFR. Without any approximation, this reduces the multiplier size
and therefore the number of decision variables in such a degree that the LFT-LPV
synthesis method outperforms the other methods in terms of both low synthesis
and implementation complexity. In this respect, the number of parameters can only
be taken as an indication of the synthesis and implementation complexity involved,
but not as a rigorous measure.

Tab. 3.8 categorizes the reported literature in a matrix, comprising the employed
synthesis technique and the complexity in terms of the original scheduling order
(number of parameters in the polytopic and LFR, or measured signals in the grid-
ding framework) of the original model. The details in the respective references
reveal that even though the polytopic approach appears to be capable of deal-
ing with a high scheduling order similar to the LFT-based methods in terms of
the number of related publications, approximate models of reduced scheduling or-
der are generally required. In fact, a controller design for a three three-degree of
freedom (3-DOF) robotic manipulator reported in [E45] is the only report of a con-
troller affinely scheduled on 16 different parameters without approximation, which
is achieved using D/G-S [E21]. In all additional work reported in the polytopic high
scheduling order range, approximations are involved.

The gridding approach has not been used for models with a high number of
scheduling signals. However, it should be noted that the number of parameters
required when turning a general LPV model into an LFT-based or polytopic rep-
resentation may be much higher than the number of actually measured schedul-
ing signals. A polytopic LPV model of the control moment gyroscope® that will
be the subject of Sect. 6.2, e. g., requires 15 different parameters, despite being al-

6 http://www.ecpsystems.com
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Table 3.8: Publications sorted by synthesis technique and number of sched. parameters/sig-

nals.
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No. of Scheduling Parameters/Signals

Low (1-2)

Medium (3-6)

High (7+)

Synthesis Technique

LFT

Poly.

Grid.

(E:33)/(H:3)

[E6, E9, E10, E15-E17, E22, E25,
E26, E29, E30, E32, E47, E51-E53,
Es55-E57, E64-E66, Eyo, E81, E82,

Eg1, Eg2, E98-E102], [H7, H11,

His]

(E:19)/(H:13)

[E1, Es5, E14, E34, E35, E42, Es5q,
Es9, E68, E71, E73, E8o, E83, E86,
E87, Eg4, E107, E109, E110], [H2,
Hj3, H6, H8, Hi4, H1i5, H18-H22,

Hz26, H30]

(E:14)/(H:3)
[Ex3, Ez9-E21, E24, E33, E56, E57,
E63, E69, E83, E85, E93, Eos],
[H1i2, H21, H23]

(E:15)/(H:4)
[E3, E11, E12, E39, E41,
E43, E60, E61, E75, Ev6,

E78, E89, Ego, E104,
E111], [Hg, H13, His,
Hj32]

(E:5)/(H:1)
[E28, E43, Ey9, E83,
E106], [H15]

(E:9)/(H:0)
[E7, E8, E11, E23, E27,
E28, E62, E83, E88]

(E:6)/(H:2)
[E36-E38, E44, E74,
E77], [H28, H29]

(E:5)/(H:0)
[E2, E44-E46, E48]

Table 3.9: Publications sorted by dynamic order and number of sched. parameters/signals.

No. of Scheduling Parameters/Signals

Low (1-2)

Medium (3-6)

High (7+)

Dynamic Order
High (10+) Medium 4-9) Low (1-3)

(E:18)/(H:4)
[E4, E13, E15, E26, E32, E47, E54,
Es5, E59, E72, E92, Egs, Eg8, E100,
E107-E110], [H6, H8, H14, H23]

(E:41)/(H:15)

[E1, E14, E19-E22, E29-E31, E34,
E35, E42, E51-E53, Es6, Es7,
E63-E71, Ey3, E80-E83, E85-E87,
Eo1, Eg3, E94, Eqg, E101, E102,
E111], [H2, H3, H7, H8, Hi0-H12,
His, H18-H22, H25, H26]

(E:5)/(H:1)
[E6, E9, E10, E24, E33], [H30]

(E:2)/(H:2)
[E6o, E61], [Hg, H32]

(E:20)/(H:2)
[E3, E7, E8, E11, E12,
E23, E27, E39-E41, E43,
Eys, Ev6, E78, Evg, E83,
E88, Ego, E104, E106],
[H13, H1s]

(E:11)/(H:0)
[E7, E8, E11, E12, E23,
E28, E39, E41, E88-Eqo]

(E:1)/(H:0)
[E2]

(E:9)/(H:2)
[E36-E38, E44-E46, E48,
E74, E77], [H28, H29]

(E:2)/(H:0)
[E45, E46]
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ready considerably simplified by freezing some signals and a linearization of the
nonlinear model about a moving operating point, [E1]. The number of schedul-
ing signals eventually used in real-time experiments is then reduced to two by the
above-mentioned approach which is justified by a significant increase in perfor-
mance, although stability and performance guarantees are rendered void. In [Ey9],
a choice of affine scheduling parameters is made, s.t. for frozen parameters the
state space model represents two decoupled second order systems and two syn-
thesis problems are solved in a two loop configuration with only a single and two
scheduling parameters, respectively. The gridding approach is used, despite the
low number of affine scheduling parameters.

In some works, such as [E36, E37, E44-E46], on the control of a robotic manip-
ulator the complexity issues arising due to a high number of polytopic or LFT
scheduling parameters are tackled by employing the principle component analy-
sis (PCA)-based reduction of the parameter set [79] detailed in Sect. 2.1.4. The
resulting approximate model is then used for designing the controller with tremen-
dously reduced synthesis complexity. In [E45], this is combined with multiplier-
based synthesis methods for models with affine parameter-dependence. D/G-Ss
are used to cope with the otherwise intractable synthesis complexity and to achieve
a low implementation complexity. For the controller synthesized based on the ap-
proximate model, stability and performance guarantees are established via a pos-
teriori analysis performed in the LFT framework, [E37, Eq4-E46], i.e., by applying
the FBSP on the closed-loop analysis LMI condition. In [E45], both full scheduling
order and reduced scheduling order controller designs with guarantees are pre-
sented and compared in terms of their implementation complexity. In [E85] only
the base axis of an industrial manipulator is considered, whereas in [E81] it is phys-
ically motivated to design separate LPV controllers for axis one and the axis pair
two/three, comprising only a single and three scheduling parameters, respectively.

In other complex mechanical structures, such as a twin-rotor multiple-input
multiple-output (MIMO) system [E77], parameters that are only slightly varying
are simply fixed based on physical insight and exploratory experiments. State
feedback synthesis is performed, which remains tractable even for eight polytopic
scheduling parameters. In [H23] approximations based on physical insight are used
to reduce the scheduling block’s size of the LFR from 201 x 201 to 7 x 7.

The modeling of harmonic multi-sine disturbances in the generalized plant
framework usually introduces two LPV scheduling parameters per frequency [E12,
Ego], which can lead to a very high number of scheduling parameters if many
disturbance modes are superimposed. In [E12, Ego] it is assumed that the distur-
bance frequencies are harmonically related and a second order Taylor expansion
of sine and cosine terms are used as an approximation to reduce the number of
independent scheduling parameters to two, independent of the number of frequen-
cies considered. Despite the approximation, the closed-loop performance shows an
effective reduction of noise.
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The gain-scheduled controller design in [E34] for the in-orbit control of the en-
gineering test satellite (ETS-VIII) spacecraft is based on a simplified LPV model
and preliminary work is presented in [48]. Near symmetry in the singular values is
observed and accordingly only half the parameter range is considered. A residual
model covering the high frequency modes is then regarded as an additive uncer-
tainty. Novel matrix inequalities are formulated that allow the Lyapunov variable
to be constrained on a finer grid than that of the synthesis LMIs. This results in
only two controllers to be interpolated. The underlying ideas are a restriction of
the closed-loop PDLFs to a special form, where the (2,1), (2,2) and (1,2) blocks
are all identical, a parameter-independent controller input matrix, dilated LMIs
and spline approximations [103] to reduce the LMI to a finite number.

Tab. 3.9 categorizes the reported results in a matrix comprising the dynamic or-
der (number of states) and the scheduling order of the original model. Considering
the low number of publications, it becomes evident that the synthesis of LPV gain-
scheduled controllers for plants of both high dynamic and high scheduling order
is a field for future research.
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<We shape our tools and afterwards our
tools shape us.>

Marshall McLuhan

implementation complexity is induced by properties of the model. This chap-

ter investigates methods to arrive at equivalent LPV model representations
with properties that are more favorable w.r.t. controller design. For this purpose,
Sects. 4.1 and 4.2 first provide the problem formulations and the special model
class that are dealt with in this chapter:

THE previous chapter has shown most of the LPV controller synthesis and

(i) The derivation of LPV representations from nonlinear ordinary differential
equations (ODESs) (Sect. 4.3),

(ii) Optimal rational or affine parameterization of LPV representations (Sect. 4.4
and 4.5).

The chapter is concluded with the novel modeling tools being applied to two non-
linear plant models of moderate and high complexity, respectively. First, Sect. 4.6
deals with the LPV model generation of a 3-DOF robotic manipulator of type
Thermo CRS A465. Then, LPV models of various complexity levels are derived
for a control moment gyroscope (CMG).
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4.1 PROBLEM FORMULATION

IT is well known that representing nonlinear systems in the LPV framework is
highly non-unique. This non-uniqueness mostly arises from multiple options of
turning arbitrary nonlinear implicit system representations of the form

0="F(x,x,u), (4.1)
y =g(x,u), (4.2)

into system (differential) equations linear in the states and inputs. However, even
in the case that a—potentially even unique—solution to this task is obtained, the
introductory chapters have illustrated that the choice of LPV modeling framework
and associated synthesis methods as well as the parameterization approach within
such a framework introduces further options.

Consequently, the following two problems can be formulated.

Problem 4.1 (LPV System from Nonlinear Implicit System)
Based on the implicit nonlinear ODE (4.1) and the output equation (4.2), find a general
LPV system representation. OJ

Problem 4.2 (LPV System Parameterization)
Based on a general LPV system representation, find a parameter set admitting a rational or
affine LPV system parameterization with a minimal number of parameters. O

In the following sections, the above two distinct problems are investigated sep-
arately and solutions are proposed that aim for a systematic modeling approach
using full parameter blocks in an LFT-LPV controller synthesis approach. Combin-
ing both solution approaches to Probs. 4.1 and 4.2 is aiming at reducing the amount
of ambiguity in the derivation of LPV models suitable for efficient controller syn-
thesis. As a standing assumption, LPV models of reduced complexity are desired
to render controller synthesis tractable and possibly less conservative. The issue of
finding LPV realizations optimal w.r.t. conservatism is only touched.

Problem 4.1 is discussed building on tools developed in [146, Sect. 7.4.2, p. 187]
and specializing them for the case of nonlinear mechanical systems. Subsequently,
Prob. 4.2 is considered, assuming that a general non-singular descriptor LPV rep-
resentation has been derived based on a solution of Prob. 4.1.
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4.2 MEcHANICAL LPV SysTEMS

AN automated tool for generating and assessing affine LPV models is proposed
in [77]. The algorithm directly identifies all possible affine representations and
assesses the incurred overbounding and the number of parameters as a means of
ranking models in terms of their supposed suitability for synthesis.

In contrast, the algorithm proposed in [146, Sect. 7.4.2, p. 187] translates first
principle nonlinear differential equations into so-called LPV kernel representations
(LPV-KRs) of the form

n i

ZAi(th/q/.q/“-)@ =0, (43)
i=0

which are closely related to descriptor forms.
In this chapter, the class of systems governed by a nonlinear differential equation
of the form

J(a,t)4 +k(d,9,t) = g(d,9,t) + T(q, t)u, (4-4)

is considered, where J(q,t) € R"*™ with J(q,t) > 0 is the generalized mass ma-
trix, k(g, q,t) € R™ is the vector of generalized Coriolis, centrifugal and gyroscopic
forces and g(q,q,t) € R™ is the vector of applied forces. The control forces and
torques are collected in u € R™, which are projected onto the directions of gener-
alized coordinates q by T(q,t) € R™a ™,

Remark 4.1 So-called scleronomic systems are systems devoid of an explicit dependence
on the time t [131]. The system description (4.5) also covers the non-scleronomic case, since
the time may be hidden in the parameters.

Under the assumption that both q and g are measurable signals, it is the goal to
rewrite system (4.4) in a compact LFT-based LPV representation. The dependence
of the generalized forces and the generalized mass matrix on the state variables q
and g as well as the explicit time dependence in (4.4) can be considered as parame-
ters collected in p(t) € Fy.

J(p)a+k(p) =g(p) +T(p)u,  p(t) € Fy. (4-5)

Using the shorthand notation k(p) = k(p) — g(p), (4.5) is commonly rewritten as
a system of first order differential equations, i.e., as a nonlinear state space model
in the form
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In order to render (4.6) linear in the state—and therefore an LPV representation—a
factorization

k(p) =D(p)d+K(p)q (4.7)

needs to be found. If obtained, the nonlinear differential equation reads as

J(p)d+D(p)a+K(p)a=T(p)u,  p(t) € Fy (4-8)

and a general LPV representation can be written as

g 0 I 0 q
o Jlal={=T 7 (e)Ke) =T (e)D(p) T (0)T(e) ||
%9 |y I 0 o " (4.9)
p(t) € 373.

Such differential equations arise in the modeling of holonomic dynamic multi-
body systems in tree structure [131, Chap. 2, p. 18] or any kind of systems that, e. g.,
by the electrical-mechanical analogy, are modeled by generalized inertia, damping
and stiffness and whose states and inputs correspond to quantities of generalized
forces, velocities, displacements [15, Sect. II].

Using physical insight—which is already essential during first principles
modeling—heuristic algorithms, as well as rigorous mathematical tools, the pur-
pose of this chapter is to present a systematic approach to obtaining compact LFRs
of nonlinear mechanical systems. As opposed to the methods proposed in [77, 146],
some aspects of physical insight alleviate the ambiguities when obtaining LPV mod-
els based on (4.4). Furthermore, the techniques proposed in Sects. 4.4 and 4.5 of this
chapter will allow systematic rational as well as affine LPV parameterization with
a minimum number of parameters and an immediate option to approximate based
on model coefficients only.

In fact, due to a novel PCA-based approach to obtaining a set of LPV parameters
proposed in Sect. 4.5, once a parameter block of a suitable LFR has been extracted,
the ambiguities in LPV modeling are mainly reduced to the factorization (4.7). Since
the term J(p)§ turns out naturally from first principles modeling, maintaining the
maximal order of derivatives is not an issue, as opposed to the algorithm proposed
in [146, Sect. 7.4.2, p. 191]. An attempt at representing also all of the lower time
derivatives of the generalized coordinates then boils down to populating K(p) and
D(p) as fully as possible. Such a heuristic will possibly result in a better represen-
tation of the inherent coupling at the cost of a larger number of LPV parameters.
A trade-off can be found by only applying this heuristic on rows of the system
matrices which the control input does not enter directly.
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4.3 FACTORIZATION OF THE VECTOR OF GENERALIZED FORCES

IN this section, an algorithm is proposed to obtain a factorization—or rather a set
of candidate factorizations—as in (4.7). The following assumptions are made

(A4.1) The vector k(p) is polynomial in ¢, q and transcendental terms.

Ass. (A4.1) is justified for mechanical systems represented by the form of the

Newton-Euler Equations and their projections onto the generalized coordinates q
via D’Alembert’s principle, which eliminates reaction forces and torques as well as
coordinate transformations by rotation. L. e., any rational parameter dependency is
assumed to be easily covered by functions, in which k(p) is polynomial. The tran-
scendental terms in q raise the issue of so-called non-factorizable terms, for which
the solutions proposed in [146, Sect. 7.4.3], are adopted to render k(p) polynomial
in q:

e Substitution of sin(q) = sinc(q)q,

¢ Taylor approximation and elimination of constant terms.

Under the Ass. (A4.1) the multiple possibilities of factorizing k(p) essentially
reduce to the various options of pulling out a generalized coordinate q; or velocity
g; from the individual monomial terms into the state vector, while the remainder
of the monomials is turned into a parameter-dependent matrix entry in K(p) and
D(p), respectively.

4.3.1  Constructing All Possible Factorizations

For the purpose of factorizing
k(o) = [K(p) D(o)] [j] (410)
first construct a decomposition in terms of a monomial basis my (x) : R™ — R™mx

i
in the states x = [qT qT] € R™ with the required degree. Separate the vector of

monomials into univariate and multivariate monomials, m{ (x) and m®(x), respec-
tively.

1’1’12/1 (X> mzj] (X)
mi) = | ™20 |, ey - | 0
ne (%) (Y

Preliminary results of this section have been previously published in [Eq9]. The results are extended by a

treatment of the optimization based derivation of selector coefficients for the factorization.
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which reads as

ki(p)

k(o) = : _ |qu pm my (q)

k(o) N (o) k(o)) [mxm(q)],
&) ] | Kii(e) Kize) - Kin, ()

o= o || R,
_]inq (p) Knﬂ] (P) Knrr;z(P) kﬁl,nmm (p)

and an identically structured k" (p) € R™ ™%, Note that the required maximum
degree of monomials can be reduced, if substitutions similar to sin(q) = sinc(q;)q;
are only performed, where otherwise the term would not be factorizable, i. e., when
no generalized coordinate or velocity is part of the product. This, however, also
forecloses factorization options.

With respect to mechanical systems, this reasoning is somewhat related to the
preference of pulling out generalized velocity coordinates ¢ as opposed to gener-
alized position coordinates q. Consequently, the majority of parameter-dependent
terms will appear in the generalized damping matrix D (p). Such a preference may
be justified by the following arguments:

(i) Since usually position measurements are less corrupted by noise or in some
applications are more readily available than velocity measurements that
may require numerical differentiation, the fundamental requirement of exact
knowledge of the LPV parameters during online computation is more likely
to be fulfilled.

(ii) The number of possible matrix/state vector factorizations of the vector of gen-
eralized forces is reduced. This, however, comes at the risk of not enumerating
potentially well suited parameterizations.

Collecting the different possible factorizations (4.10) can now first be treated on
the level of each vector coefficient/monomial pair for each row i

(E{?(p),mxmlj(xn , (4,3) €e{1,...,ng} x {1,...,nmr)?}.

For each of these pairs, the options result from possibilities to pull out a single state
variable xi, k € {1,2,...,n,}, contained in m} (x) and multiplying the remaining
monomial into the coefficient

my; (%)

KG(p) = K5 () =2, ke (120 m). (4.11)

| >

Accordingly, E?k(p) can be a summand in the (i, k)™ entry of [K(p) D(p)}. For
the coefficients associated with the univariate monomials, there exists only a single
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obvious factorization—the one based on the single state variable the respective
monomial is composed from.

For a formalized discussion on the construction of a possible factorizations with
regard to the multivariate terms, consider the notation

{mg,lj (X>J _ %k(x), if xy is a factor of me,j (x),
XK 0 otherwise.

Denote the number of admissible combinations n., s.t. 1 € {1,2,...,n.} and intro-
duce selector vectors associated with choice 1, the i row and j™ monomial,

w_[.o .o ) V& B 7
G = [Cm Cij2 « - cijnx} ’ ¢y = cila]g<cijk> ’
with
115 m
n _ L\ _ W n e | ™ () _
; G = LT (Qﬁi]. ) =1 ¢ =0, if {T =0. (4.12)

Note that by this construction

nx m™ (x)
my (x) = Z c;l})( {%J Xk
k=1

_ Hm’é‘g](X)J Lmﬁ:‘gz(X)J Lm‘i EX)H el
= {%J ellx

where the following shorthand is used:

502 =) [0 - [50)

Consequently, the i" row is parameterized by the selector matrix via

t(o) = 355060 |50 oo |5 el s
j=1 _

where —mxm (X) = gﬁig —mxm’j (X)
pe -1 X ’
] i

By taking into account constraint (4.12), the matrix QEU thus yields the decision
variables to construct any possible factorization of the i row k(p).
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Cﬂ Nx cian MmN

Figure 4.1: Composition tree for constructing the i row of {K(p) D(p)] resulting from

multivariate monomials.

Figure 4.1 illustrates the decomposition of k(p) in terms of selector gains cgll the
m; () J
Xk :

column coefficients qu (p) and the factored monomials L

Consider Exs. 4.1 and 4.2 for illustration.
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Example 4.1 (Van der Pol Oscillator)

For illustration, consider the Van der Pol Oscillator [71] a stable oscillator usually described
by a state dependent damping coefficient and an exciting stiffness term. The governing
differential equations can be written in the form

g+k=u,  k(q,q) =b(1-¢*)g—aq.

The monomial decomposition of vector k reads as

k(g,9) =b(1—¢*)a—q

I
|
op
|
T
0

From this, only —bq?q contains a multivariate monomial that results in multiple options
for factorization. Parameterizing this multivariate term in terms of the selector matrix as
per (4.13) yields

v
~ . . C
k™(q,q) = —b [qq qz} [”1 cm]
112

q (L )

] ;oG tap=1
q

Due to the constraint cg?] + cglﬂz =1, all LPV factorizations can thus be parameterized by
a scalar ¢ = cg?

H R

1 € [0,1], resulting in
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Example 4.2 (Pendulum With Variable Length)

For illustration consider a container crane that is essentially modeled as a pendulum with
variable length [E69]. The pendulum length and angle are denoted x and q, respectively.
The pendulum length x has first order dynamics, s.t. the resulting governing differential
equations can be written in the form

X
b3

Before constructing the monomial decomposition, the sine term is factored as sinc(q)q,
which results in

4| g

X u X

K(p) = |Prsinc(a) 0iby 2| |x
0 1.0 0] |ax
ax

0
()
‘12 "
€113 q
Rm(p) = (022 0%40 p) o 0| |4
00 0x04q| (O X
()
¢122 X
0
(v
| $124

(11)2 + cg?s = 1and cglz)z + c%12)4 =1, all LPV factorizations can thus

be parameterized by scalars ¢; = cgl])z €[0,1] and ¢; = cglz)z € [0,1], resulting in

1 q 0 —1 0 0 q 0
X | n bysinc(q) bacix+2cx ba(1—c¢1)g 2(1—1c2)4] |4 _ 0
1 X 0 0 0 —1 X 0

bz Lx 0 0 0 1 X u
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4.3.2 Evaluating Factorizations

The above parameterization yields infinitely many factorizations due to the degrees

of freedom in choosing cgl)( In fact, due to the constraint (4.12), for the i row and

j th monomial, n, the allowed coefficients cgl){ yield the part in the positive quadrat
of the surface of the unit sphere in an n,-dimensional space associated with the
vector 1-norm, illustrated in Fig. 4.2a for the three-dimensional case.

When strengthening the constraint (4.12), by additionally requiring

cS]l e {1,0}, (4.14)

the decision set becomes a finite set, as illustrated in Fig. 4.2b.

0]
13

)

Cij3 c

(a) Exemplary decision set of the CS]){ as the (b) Exemplary decision set of the cgl)c as
positive quadrat of the surface of the the extremal points of the surface of the
unit sphere associated with the vector unit sphere associated with the vector
1-norm in a 3-dimensional space. I-norm in the positive quadrat in a 3-

dimensional space.

Figure 4.2: Illustration of decision sets in the LPV factorization process.

While in [77], possible overbounding in the parameter range incurred by a par-
ticular LPV parameterization is used as the major selective property for affine LPV
models, the algorithm in [146, Sect. 7.4.2] priorizes the resulting number of LPV
parameters and preservation of dynamic order for each row of the nonlinear dif-
ferential equation. The last aspect corresponds to the aforementioned priority of
pulling higher order derivatives w.r.t. each degree of freedom into the state vector
instead of having them as a parameter in the K(p) and D (p) matrices.

Based on some such heuristic rules, the introduction a further weighting matrix

nml’)?
Wi:dla]g<[aijl aij2 .- aianDI
):

with ay = Eh b # (4.15)

0, otherwise,
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can yield a framework for an a priori specification of an objective measure. By taking
the product, one has the matrix

i (Y -t _ (U 7
Qi€ A2l eee Qng Gy
aprc) aipc) Qi ¢V
Wi(,:{l) _ 214421 22427 .- 2ny Yo, )
1 . . .
s ny . e s (U
i 1nm?1 i“mg?] 1nmr{12 inmr)? 2 -0 Gingmny inmr)gmx_

which inherits the sparsity pattern from W;, cf. (4.15).

The coefficients ajj can be perceived as design parameters that under some
objective measure incur a penalty for a particular entry in row i and column k. The
following objective measures are proposed:

PENALIZE SPARSITY, FINITE DECISIONS

Following the heuristic that fully populated plant matrices increase the capability
of a representation to represent couplings for frozen parameter values, sparsity in
the resulting factorization is penalized. For this purpose define L as a nym X nym
lower left triangular matrix full of ones. This matrix is used to penalize terms
accumulating in a certain column by producing a cumulative sum of the rows of

Widl). Summing over both columns and rows yields a single objective measure.
If decisions are constrained by (4.14), the lowest objective measure indicates the
desired factorization.
The corresponding optimization problem can be formulated as
min 1} (LWiQ:(”) Tn, st (4.14). (4.16)

L mi! v
ijk

PENALIZE SPARSITY, INFINITE DECISIONS

For the case of infinitely many combinations of coefficients according to con-
straint (4.12), the number of factorizations can no longer be enumerated and as-
signed to an objective measure. In this case, the largest singular value of WiQigU ,
subject to (4.12) can be taken as a measure of the uniformity by which coeffi-
cients are distributed due to the factorization. For illustration, consider ajn, =1,
VG, €{1,...,nmn} x{1,...,ny}. Then,

The corresponding optimization problem can be formulated as

min © <Wi€§l]> , s.t. (4.12). (4.17)
&
PROMOTE SPARSITY

In case, coupling terms are already sufficiently represented by the nominal system
matrices, penalizing sparsity can lead to unnecessary complex LPV representations.
In such situations, the usual decision constraint (4.14), [77, 146], is superior to re-
duce the number of parameter-dependent terms.
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Thus, the following optimization problem is proposed

n}%x 1Im&n (LWiQiU) Th, st (4.14). (4.18)
ijk

Consider Ex. 4.3 for illustration.

Example 4.3 (Pendulum With Variable Length, cont’d)
Reconsider Ex. 4.2 on p. 110. In the spirit of [E47, E69], the angular velocity q and angle
q is to be regqulated to zero.

1 q 0 —1 0 0 q 0
X g + bisinc(q) bacyx+2cx  ba(1—c1)g 2(1—¢3)q q _ 0
1 x 0 0 0 —1 x 0
bsd Lx 0 0 0 1 X U

If both ¢1 = ¢ = 1 are chosen, the angular mode is always decoupled from the pendulum
length.

1 q 0 —1 0 0 q 0
X ¢} + bisinc(q) box+2x 0 0 q — 0
1 X 0 0 0 —1 x 0
b3 X 0 0 0 1 X u,

On the other hand, if both ¢ = ¢ = 0 are chosen

1 4 0 1 0 0] Iq 0
X g + bisinc(q) 0 bag 249 q _ 0
1 X 0 0 0 —1 X 0
bsd Lx 0 0 0 1 X u

the pendulum appears as undamped for frozen parameter values. Consequently, to preserve
coupling through x in the (2,4)-term, sparsity in the resulting factorization has to be pe-
nalized. However, as x > 0, it is also desirable to penalize sparsity to the extent that local
damping in q via the (2,2)-term is maintained. For this purpose, a high penality a;;3 = 1
may be imposed on the third column for all monomials, whereas a particularly low penalty
ajj4 = 0.1 is imposed on the fourth. The remaining penalties for the second column are set
to ay52 = 0.5. From

m _ |0as2 a3 0 0
0 a1220a24] |0
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one therefore has when following the optimization problem (4.16)
o (LW1 cf,ﬁ”) Tn.

_ [1 1} 1 0] |0 ajae agp3(l —cq) o
0 aine 0 aia(1—c)

—_— ) ) —d

=2 1] amzer +amsl —ar)
|a12262 + a1 (1 —¢2)

= 2ay12¢1 + 2a713(1 —¢1) + a1pe2 + ajpa(1 —c2).

=q+2(1—c)+ %Cz—i— 1]—0(1 — ).
The minimizing solution is obviously ¢; = 1 and ¢; = 0. For more complex problems such
an optimization can also be performed by the Matlab function <fmincon>. Note, that this
factorization has been used effectively in real-time, experimental active damping control of
a container crane test rig [E47, E69].

With equal weights aijc = 1, optimization (4.17) returns ¢; = ¢ =/ using <fmin-
con>. This solution reflects an equal distribution of monomial terms: Two terms weighted
by 1/ in the second column and one term each weighted 2/3 in the third and fourth column.
While not necessarily resulting in the best control performance, such factorizations of high
complexity preserve both coupling and damping/stiffness terms and can be used to check
feasibility of a control problem as a preliminary step. O

4.3.3 Further Considerations

The above approaches are only heuristics, intended to help systematize the tedious
and error prone factorization procedure. Based on the above factorization, further
heuristics—or possibly even rigorous methods—can be developed. As mentioned
in [146], obtaining a tractable number of LPV terms is only one dimension of the
LPV parameterization issue. It appears, however, difficult to rigorously connect
more control-oriented objective measures, such as stabilizability and detectablility
for all frozen parameter values.

As an initial step towards this direction, consider the following condition on
stabilizability of an LTI system in non-singular, i.e., Ey is invertible, descriptor
form

X] - (4.19)



4.3 FACTORIZATION OF THE VECTOR OF GENERALIZED FORCES |

Lemma 4.1 (Stabilizability of a Descriptor LTI System [88])
The system P from (4.19) is stabilizable iff

[SExx . qu] has full row rank Vs € C". (4.20)

[]
Proof: The proof follows immediately from premultiplying the well-known con-
dition

[SI —A Bu} has full row rank Vs € C*

by Exx and the fact that rank (MN) = rank (N) for all matrices M of full column

rank. |
By <«local stabilizability>, we will denote the fact that all LTI systems, resulting

from all possible frozen parameter values of an LPV system, are stabilizable.
Formally, we have for the LPV plant

79 [EXXO(P)?] [;

o(t) € F¢

=0 ol (40

the following definition.

Definition 4.1 (Local Stabilizability of LPV Systems)
The LPV system Pg from (4.21) is said to be locally stabilizable, if it is stabilizable for all

fixed p € p.
Consequently, one can formulate the following corollary.

Remark 4.2 Unlike the gridded evaluation of stability conditions on the basis of matrix
inequality conditions, common as an a posteriori check in the gridding LPV synthesis
approach, continuity arguments do not prevail with respect to rank conditions, which are
discontinuous.

Corollary 4.1 (Local Stabilizability of a Descriptor LPV System)
The system P from (4.21) is locally stabilizable iff

[SExx(p) - Fxx(p) qu(p)]
has full row rank ¥V (s, p) € C* x p. (4.22)

Analogously, one may define <local detectability> as follows.

Definition 4.2 (Local Detectability of LPV Systems)
The LPV system PJ from (4.21) is said to be locally detectable, if it is detectable for all

fixed p € p.
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Formally, the following corollary provides a rank condition to check for local
detectability.

Corollary 4.2 (Local Detectability of a Descriptor LPV System)
The system P from (4.21) is locally detectable iff

[sExx(p) - Fxx(p)]

Cy(p)

has full column rank V (s, p) € C* x p. (4.23)

L
The conditions of Cors. 4.1 and 4.2 may be difficult to check in general, but for

practical purposes, it may often be sufficient to evaluate it on a sufficiently dense
grid for a constant s = 0.

The descriptor-like form of the rank conditions may further simplify the evalua-
tion by avoiding rational terms.
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4.4 A FULL-BLOCK LINEAR FRACTIONAL TRANSFORMATION-BASED LINEAR
PARAMETER-VARYING PARAMETERIZATION OF DESCRIPTOR MODELS

IN the following, explicit LFRs of general LPV models will be derived based on
a non-singular descriptor form. These LFT-LPV model representations are devel-
oped making use of full LFT parameter blocks as opposed to diagonal ones usually
assumed in the literature, e. g., [5, 161, 163].

Potential benefits of full parameter blocks have been hinted at in [53, Chap. 4.4,
p- 58] and [125]. Their usefulness in synthesis will be explored in Chap. 5, whereas
the following sections of this chapter focus on LFRs of small size. The next chapter
will continue with the automated rational or affine parameterization of the result-
ing full parameter blocks by a minimal number of parameters.

4.4.1  Non-Singular LPV Descriptor Representation

Consider models of physical plants governed by an LPV differential equation in
non-singular descriptor form

o e o ]

[Euyx(p) Eyy(p)
F(p) é Fxx(p) qu(p) E]R(nx—i-ny]x(nx—i—nu)’
_FUX(p> Fyu(p)

with E(p) non-singular. Both matrices have arbitrary dependency on p € F5. Con-
sider Ex. 4.4 to appreciate nonlinear mechanical LPV systems as a special case of
system representation (4.24).

Remark 4.3 The attribute <non-singular> is derived from restricting E(p) to invertible
matrices only and therefore prohibiting any kinds of algebraic constraints.

Preliminary results of this section have been previously published in [57, E46, E48, 60]. The results are ex-
tended by the derivation of more general and compact representations. Experimental validation of the methods
is published in [60].
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Example 4.4 (Mechanical Descriptor LPV System)
Clearly, mechanical LPV systems as introduced in the previous sections are a special case
of (4.24) when written in the form

1 0 :0|[q 0 1 q
0J(p) :0[|d|=|—K(p) —=D(p) : T(p)||qa]-
o. ) |-2A\FLL A A AR DAL
9910 o 1 |y I 0 0 ||u (4-25)
p(t) € Fg,
with g € R™, g € R, u € R™. O

Introduce LFRs for the parameter-dependent matrices E(p) and F(p) of the form

E(p) = Folo) +A¢ (6) = Ac(6) §>VEV(<;’)>], (429
F(0) = Flo) +36(5) = 0} + |0 F<(p)] 42)

The masking matrices V(p), We(p) and Wi (p) can be used to select parameter-
dependent blocks Ag (p) and Af(p) that are potentially smaller in size than their
nominal matrices Eo(p) and Fo(p), respectively. For generality, the nominal ma-
trices remain parameter-dependent and even the masking matrices could contain
parameters, consequently allowing a combined gridding and multiplier-based syn-
thesis approach as per [161], if, e. g., some parameters are difficult to treat in the
LFT framework.
Define

Y(6) 2 [ac(o), Ar(p)], Y(p) RMr <M (428

and require the following assumptions to hold.
(Ag.2) A parameterization is chosen that satisfies 0 € {Y | pE p}
(A4.3) The matrix Ey (p) is non-singular for all p € p.

Ass. (A4.2) is required for multiplier-based synthesis as per [125]. It guarantees that
the inertia hypotheses on the multipliers as from Lma. 2.4 lead to the existence of
an explicit formula for the parameter block of the controller given in Lma. 2.5 on
page 69. Consequently, consider an admissible nominal operating point py € p, for
which Y(po) # 0. Then clearly

T(0) = () =¥ (p0) ) + 7 (e0),
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where (Y(p) — Y(po)) defines the new block Y(p) and Y(po) can be shifted into

the nominal system matrices Eo(p) and Fo(p).

In the case that Ass. (A4.2) cannot be satisfied for any physically admissible
parameter p € p, the compact set of admissible parameters may be extended at
the cost of introducing overbounding and consequently conservatism in controller
synthesis. It can therefore be assumed that Ass. (A4.2) holds. Ass. (A4.3) restricts
the class of descriptor systems to not include algebraic constraints, s.t. a standard
state space representation can always be derived.

4.4.2 Compact Rational LFT-LPV Parameterization

From compact LFRs associated with coprime factor representations [44], an LFR of

Go(p) = E7'(0)F(p) = (EotBe(p)) ' (Fotdr(p))

can be found as

Gp(p) = [AE(P) AF(pﬂ *f 0o 1 : (4.29)

Using (4.29), it is straightforward to obtain the system representation (4.31) as an
LFR with non-square parameter block Y'(p).

%o : Yy Cy  Dyr Dyu] [ u (439
gy =Y (p)py, p(t) € Fp,

Dyy Cy Dyy ~WeEy 'V —WeEy TR

By A By|=| 0 W |, (4-31)

Dyr Cy Dyu E'V o B 'R

x| A BA Bu]lx

5:9 [ EQDZA B:j " (4.32)

qr =A(p)pa,  p(t) € Fy,
0 Ca Dpy 0 Cp Dpy
Br A By, |=[By A B,| (4-33)

Dy/\ Cy Dyu Dy Cy Dyu
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Example 4.5 (Mechanical Descriptor LPV System, cont’d)
For the special case (4.25), introduce LFRs for the parameter-dependent matrices J(p),

K(p), D(p) and T(p) of the form

. 0 W
) = (0)+ B1(0) = o)« [ 0 439
_ A 0 Wi
(o) = (0)+ o) = (o) |9 M |, (439
D(p) =Do(p) +Ap(p) = Ap(p) » Vi Dolo)|” (4.36)
T(p) = To(p) +AT(p) = AT(p) * v, To(p)] . (4-37)
Define
[0 ;
V= VJ ’ WE:[OWIO}/

0 W = diag(Wx, Wp, Wr),

1 0 0 0 I 0
Eo(p) = [0Jo(p) 10|, Folp) = |—Ka(p) —Do(p) | To(p) | -

0 0 T I 0 0

4.4.3 Compact Affine LFT-LPV Parameterization

An alternative representation can be derived by considering the parameter block
A(p) e R™MA*™A, with

>

A(p) 27 (0) * Wa=T(p) + {D?wg]z} , (4.38)

where, in order to minimize n, ,, a case distinction should be made:

é { [CT DTu:| W(p) if Ny + Ny < MNpy

ITLPY if ny+nye>ng,.
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Using this for an alternative compact representation yields the system descrip-
tion (4.33), which is affinely dependent on the compact non-square matrix A(p).
Accordingly, in the system matrices, make the case distinction

AW (p if ng+n,<n
[CA DA = () o o (4-39)
[Cy Dyu} if ny+ne>ng,.

The matrix W(p) € R™«™)*MA contains an orthogonal basis of the space comple-
mentary to ker [C A D /\u] and satisfies W(p)W' (p) = Iy, 4n,)- This construction

allows to generate parameter blocks /\(p) with n, , < ny +ny for the case that col-
umns of the system matrix G, (p) are parameter-independent. For the typical case
that all plant parameters are located within Ag(p) and Ag(p), s.t. all masking and
nominal matrices are constant, the construction of W is a simple task.

In contrast to (4.33), the representation (4.31) is rational in Y'(p). In view of me-
chanical model structures as shown in (4.25), the block Y'(p) clearly separates gen-
eralized inertia, stiffness, damping and input gains, which facilitates a systematic
affine or rational parameterization of Y (p) by inspection. Due to the relation of
both parameter blocks made explicit in (4.38), this also gives rise to a rational pa-
rameterization of /\(p) in terms of parameters in which 'Y(p) is affine or rational. A
tully affine parameterization can be derived based on the reformulation of Eq. (4.38)
as

A(e) = (1+Ae ()WeEe V) Y (o) Warz (440)

obtained by simple manipulations. Using

Alp) = ﬁﬂ(p) (4-4)
with

d(p) = det (T1+A¢ () WeEo V) (4.42)
and where

A(p) = adj (1+A (p) WeEo™'V) Y (p) Warz, (443)

the term d(p) can be identified as a common denominator and the problem reduces
to parameterizing A(p). The next section will formally introduce such a systematic
approach of parameterizing LPV models.

Figures 4.3a—4.3c illustrate the parameterizations of the LPV system and their
relation. Note that the sizes of the parameter blocks Y (p) and A(p) may differ. For
the special case of mechanical systems, consider Ex. 4.6 for illustration.
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S S

| Ap) | | v (o) |

A PA iqyv pri
e S e 1)

(a) LFT-LPV plant as an interconnection of (b) LFT-LPV plant as an interconnection of
the general LPV plant G A (p) and the pa- the general LPV plant G (p) and the pa-
rameter block A(p). rameter block Y (p).

______________________________________

qa PA

______________________________________

(c) LFT-LPV plant as an interconnection of the general LPV
plant G (p) and the parameter block A(p) represented as an
LFR in the block Y (p) and the parameter-dependent matrix

Wa (p).

Figure 4.3: LFT-LPV plant model representations with compact parameter blocks.

Example 4.6 (Mechanical Descriptor LPV System, cont’d)

For the special case (4.25), and LFRs for the parameter-dependent system matrices intro-
duced as in Ex. 4.5, note that the worst-case sizes of the parameter blocks Y (p) and A(p)
as obtained from Eq. 4.28 and 4.38, respectively, are

Y(p) € ]an><(3nq+nu)’ /\(p) € anx(an+nu),

where q € R™a. For constant input gains, e. g., T(p) = In,, both parameter blocks attain
the same size: g X 3ny. O
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4.5 SEMI-AUTOMATED PARAMETERIZATION

THE parameter blocks Y(p) and A(p) have thus far been considered in terms
of their dependency on the general LPV parameters p, which are usually con-
sidered to consist of the directly measurable signals, cf. Sect. 2.1.1. For their use
in multiplier-based LFT-LPV synthesis approaches, parameter sets in which the
parameter blocks are rational are required.

4.5.1 Usage in an LFT-LPV Synthesis Approach

From Lmas. 2.2 and 2.5, i. e., under the inertia hypotheses on full multiplier blocks,
the multiplier conditions encountered in Thms. 2.15 and 2.17 can be evaluated on
the vertices of matrix polytopes conv (Y) and conv (A), respectively, where

Y= {Y(p) | p€p}, (4.44)
A2 {A(p) | pep}. (4.45)

In practice, the vertices of the matrix polytopes are derived from a set of param-
eters in which the respective parameter block is affine. Such an approach allows
fully populated parameter blocks, such as A(p) or Y(p) derived above. Therefore,
methods to systematically parameterize Y'(p) or A(p) affinely are required.

Since the number of vertices usually grow exponentially with the number of
parameters, synthesis complexity may be rendered intractable for large numbers of
affine parameters. Chap. 5 will detail methods that benefit from the use of compact
full parameter blocks, while also using knowledge on their underlying rational
parameterization.

4.5.2 Affine and Rational Parameterizations

Parameterizations of the blocks Y(p) and A(p) in LFR form with standard diagonal
parameter blocks are developed to maintain the underlying rational parameter-
dependency. In this regard, consider a mapping from measurable parameters to a
parameter set that renders Y'(5) polynomial in §, denoted

4

270 € €'(p, R™), p(t) = P7°(p(t)) = 5(1),

Preliminary results of this section have been previously published in [60]. The results are extended by a more

comprehensive parameterization algorithm.
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It allows for a parameterization of /\(p) rational in §, which yields

Waqi sz]
Y(8) = Ay (8) % [ AT VAL AL(8) x Wy, 46
(8) = Av(8) |:WA21 Wrs 7(8) *Wa (4.46)

Av(8) = diag <éi(t)1rgi>

A(5) = A (5) * [XAH.XM] — AN(8) % Va, (4.47)
A21 Va2
ng
An(8) = diag (8:(t)1, ),
i=1 &

Note that due to (4.38) Ax(8) = Ay (3).
In order to develop affine parameterizations, a mapping

L

270 e ' (p,R™), p(t) — 279 (p(t)) = 6(t),

which renders /\(p) affine in the parameters 0 and a further mapping rendering
Y(p) affine in the parameters v,
270 e €' (p, R™), p(t) = 27" (p(t)) =v(t),

is required. Such mappings allow to construct LFRs of the form

T =[] =) o
Y (v) = diag(ui(0)L, ).
A(8) = ©A(0) % {V(Sz]\\;z;j = O, (0) x Vo, (4-49)

g
O (0) = diag(0;(t)1ry,)
i=1
Figures 4.4a and 4.4c show decompositions that choose the rational plant repre-
sentation based on Y (p) as a starting point. Figure 4.4a illustrates the case, where

a parameterization Y (v) is found by means of a mapping v 2 o (p) that renders
the parameter block affine in the parameters v. Pulling out these parameters into
standard LFR with diagonal blocks is performed using (4.48). Figure 4.4c depicts
the case, where Y (8) is rationally parameter dependent and (4.46) is employed to
generate a diagonal feedback block Ay (8).

Figures 4.4b and 4.4d illustrate the same ideas for decompositions that choose
the affine plant representation based on A(p) instead.
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___________ S IR B

)l ) L eael A

§ L Gol(o) |  Golo)

| ! | 4

N N

i Gr(p) E | Ga(p) |
L -y v Y

(a) LFT-LPV plant Gy (p) in interconnec- (b) LFT-LPV plant G (p) in interconnec-

tion with the affinely parameterized tion with the affinely parameterized
parameter block Y'(v). The block Y (v) parameter block A(6). The block A(6)
in turn is decomposed by the LFT in turn is decomposed by the LFT
T(v) =Yy (v) * Wy A(0) =OA(6) * Veo.

9 9o

__________________________________________________

/ol /ol
EqYL Gy(p) jpv : EqAL GA(p) jPA :
e - “ "y

(c) LFT-LPV plant G+ (p) in interconnec- (d) LFT-LPV plant G (p) in interconnec-

tion with the polynomially param- tion with the rationally parameterized
eterized parameter block Y(8). The parameter block A(3). The block A(3)
block Y'(8) in turn is decomposed by in turn is decomposed by the LFT
the LFT Y'(8) = Ay (8) * Wa. A(8) =AA(D) * Va.

Figure 4.4: LFT-LPV plant models with full parameter blocks parameterized as LFRs with
diagonal parameter blocks.
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4.5.3 Tools for Automated Parameterization

To automate the process of parameterization, consider the following lemma as the
main tool for the subsequent discussion.

Lemma 4.2 (Polynomial Basis)
Consider a function

N:& — R™*™2,§ — N(§)

with polynomial dependence on the parameter vector
T
5= [5182...50,] €8

Let the vector of monomials m(5) = [ml (8) mz(8) ... mn, (6)]T occurring in N()
admit the decomposition
N(8) =N (m(3) @ In,)
N = [N] N2

(4.50)

ny Xnmn
Nnm:| c IR 1 m 2,
Ni = [nm ni ni,nz} € R™M M2,

ni; G]Rm, iG{],Z,...,TLm}, ] E{],Z,...,nz}.

.
Then a vector p(8) = [p1 (8) p2(8) ... pn, (6)] contains a minimal number ny of poly-
nomials that admits a decomposition

N(©) =P (p(5) ® In,)
P=[p P

(4.51)
Pn i| c RTH annz
p 4

Py = [Pi,] Pi2 .- pi,nz} € RM*"2,
piy €RM, ie{1,2,...,np},j€{1,2,...,n2}.

with np < Ny is given by p(8) = V' 'm(5), where V € R™*™ and P are derived from
the singular value decomposition (SVD)

mi M21 ... Mnpgd
n(E) 2] m(e) =l [ [V mee)
LNin, M2n, - -- Mg,
-Pm P21 - Pnpa
_ PT,Z P22 --- pn.p,z p(5) _ UZp(é).
| P1n2 P2ny -+« Prpma
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0
Lemma 4.2 essentially provides a systematic way to obtain affine parameteri-
zations of polynomially parameter-dependent parameter blocks. The new affine
parameters are simply defined from the polynomial terms. By first normalizing the
monomial basis, a polynomial basis derived via Lma. 4.2 will not be biased, since
all weights are shifted into the coefficient matrices the PCA relies on. In return,
after obtaining a polynomial basis, its normalization facilitates further modeling
steps.

Remark 4.4 An affine decomposition of N(8) into coefficient matrices Ny and monomials
m (8) can be easily performed using standard symbolic tools in Matlab.
The following proposition formalizes the normalization of the monomial basis.

Proposition 4.1 (Normalization of Monomial Basis)
Consider a function

N:& — R ™2, 5 — N(9)

with polynomial dependence on the parameter vector & € 6. Furthermore, consider the
decomposition in terms of a monomial basis m(8) as from Lma. 4.2.
Let the vector of shifted (e. g., normalized) parameters be given as

1N

62 .
= | Bin= e (Bi—bi), i€{1,2,...,ms),

iR

OnsN
where in the case of normalization, one has

1 - 1 - .
Sr=5 (8;—8;) and 61022(5i+§i),16{1,2,...,n5}.

Express the vector of monomials occurring in N(§) as
m(3) = Mym(8y) +m(8),
which admits the decomposition

N({) =N My @ I,) (m(dn) @ In,) + N (m(80) ® In,)
=Ny (m(dn) @ In,) +No

0

Since for the parameterization of parameter blocks Y(e) or A(e), each column

corresponds to a specific state, state derivative or plant input, it can be appropri-

ate to weight each column with the respective maximum bounds or range of the

admissible state or input trajectories. If such information is available a priori, it can

be used to reduce the bias of the singular value decomposition via the following
corollary.
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Corollary 4.3 (Weighted Polynomial Basis)
In addition to the conditions of Lma. 4.2, consider an invertible weighting matrix W used
to weight the function N (8) by right multiplication

Ny :8 = R™*™2 81— Ny (8) = N(8)W
Due to the decomposition of Lma. 4.2, one may write
N(é) :M(Inm ® W) (Inm X W7]> (m(é) & Inz) (452)
— N, (m(5) L) w!

and a vector of polynomials py (8) resulting from the weighted coefficient matrix that ad-
mits a decomposition

N(8) = Pu (In, @ W) (pus(8) © 1) (453)

is obtained by application of Lma. 4.2 on Ny (8). O
Proof: The application of Lma. 4.2 simply results in

Nw(8) =Py, (pw(3) @ In,)

which by

yields the result. [ |

Note that the polynomial basis terms in the vector of polynomials p(5) derived
from applying Lma. 4.2 to a polynomial matrix are ordered by descending magni-
tude of the singular values. The following corollary provides an unbiased means
to approximate a given matrix polynomial.

Corollary 4.4 (Polynomial Basis Approximation)
Consider the decompositon (4.51) in terms of
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derived by Lma. 4.2 applied on the decomposition (4.50). Further assume that the monomial
basis is normalized according to Prop. 4.1. Then, an approximation

N:§ — R, 5 N(§)
of N(8) is given by

N(8) = N(E) =P (p(5) ® In,)

E = [P1 Py ... Pnﬁ] e RM>npnz,
0
Proof: Omitting the (insignificant) last n, —np singular values in the procedure
of Lma. 4.2 yields the result. [ ]

Remark 4.5 It may happen that the first ny polynomials in p(8) only depend on a subset
of parameters, collected in the vector §, which—in turn—takes only admissible values from
§Cs.

4.5.4 Parameterization Procedure

In the following, a procedure for parameterizing LFT-LPV systems is proposed.
The procedure can be denoted as «semi-automated>, because it relies on an ini-
tial choice of parameters in which the descriptor system matrices are polynomial.
Although this choice may have a non-negligible effect on the resulting complexity
and performance, it has to be performed on a level that still offers a high amount
of transparency to the engineer and can thus be easily performed manually. The
subsequent automated parameterization procedure then provides a guideline in ob-
taining models and approximations thereof of intermediate to low complexity. This
renders the objective of finding a small parameter set in the initial manual defini-
tion of polynomial parameters less important, which allows to strengthen the focus
on retaining couplings and reducing overbounding by the selection of parameters.
The procedure is first explained in detail, after which it is summarized in Alg. 4.1
and illustrated in a matrix-type classification of the resulting models in Fig. 4.6.

4.5.4.1  Polynomial Parameterization of Y (p)

The block T(p) is formed and masking matrices V, Wy and Wr are defined se-
lecting only parameter-dependent blocks. For subsequent application of Lma. 4.2
and Cor. 4.4 with minimum bias, choose equally weighted entries in the mask-
ing matrices—preferably identities. The choice of a polynomial parameterization
of Y'(p) presents the foundation of subsequent rational or affine parameterizations.
A parameter set 6 can be selected manually even for complex systems, simply
covering all transcendental terms or introducing taylor expansions with sufficient

accuracy.
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Subsequently, Ass. (A4.2) is satisfied via a shift based on some admissible op-
erating point pp, which also guarantees that the nominal system retains physical
meaning.

Therefore, first decompose Y'(p) as a linear combination of monomials mj(3),

Y(E) =7 (ms(8) @ In,, ), m(8) € R™,

where the parameter vector 5 contains all transcendental and non-transcendental
terms from which the monomials are constructed without taking into consideration
that each parameter in § should be allowed to take zero as a value. Since it is the
goal to enable LFT parameterizations of V(e ) with diagonal parameter blocks,
such as those given in Eq. (4.46) that contain zero in their compact set of admissible
values, the shift based on py should be performed on the level of the parameters 9,
rather than on the level of the monomials. Consider Ex. 4.7 for illustration.

Example 4.7 (Admissible Diagonal Parameter Blocks)
Assume that p = [p1 pz] and py = [O O] Further assume |p| < [71 71] /4 and that a

particular monomial as part of the matrix Y (p) is

m(p) = cos(p1) cos(p;)
= (cos(p1)—1) (cos(pa)—1)+(cos(p1)—1) + (cos(pz)—1)+1.

In view of Ass. (A4.2), an admissible LFR of m(p) is

01 1
01 « oo 01 é cos(py) — 1
62 S cos(pa) — 11|~

m(p) = 1
11 1

On the other hand, the LFR
1

o

m(p) = [51 52]* o

51| & |cos(p1)
01 0 L cos(pz) |

is impractical, since both cos(p1) and cos(p;) cannot become zero. Finally, the choice

m(p) = 5+ [(]’1] , 8= cos(pr)cos(pz) 1,

may appear attractive, but in the case of multiple occurrences of cos(p1) and cos(py) in
other entries of matrices related to Y (p), such a choice can forcefully hide the underlying
coupling. ]
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Consequently, in the monomial vector mg(§), substitute

1>

8i(p) = 8i(p) +8i(po), 8i(p) =8i(p) —8i(po), i€ {1 ..., m5}.

This can yield a larger vector of monomials ms(8) € R™s, Tm; > N, in the

=

shifted parameters and produces a constant term and a modified decomposition
mgz (S) = Mymg (5) + mg (8(p0)), My € R"ms *Mms
T(8) =X (ms(8) @ In,, ) + Yo,

where Y =Y (MO ® I“m)’ Yo=Y (mg (§(po)) ® I“w)‘ Attribute the offset Y to
the nominal system matrices Ey and Fy, which then guarantees

0 {7(s)|5(0) =r(p), pE 0}

Example 4.8 (Shifting of a Monomial Vector)
Consider the nonlinear term

m(p) = cos(p1) cos(pz) + sin(p1) cos(pz),

and its decomposition into constant coefficients and monomial vector

= 01 cos(p1)

m(p) = Tmg(8) = [1 1] [2],  [82] 2 |cos(pa)
253 15| Lsin(er)

3 1

With py = [pw pz,o}T = [O 0] T, one obtains

A d1 3:51—3:51,0 ) Z:51,0 1
b= 18| = 02 =020/ 8(po) = 020 | = 1
03 83 — 93,0 93,0 0
o
5,080 0 10] | 22 81 08
m(p) = [1 1] 20 01,0 5 | + | 010920
0 0 8001 |, 820830
102
_6263_

= [82,0 810020 1 1] m; (8) + 82,0(51,0 + 830) = Yms (8) + Ym; (5(po))-
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Performing a normalization instead of a shift about some nominal operating
point pp € p may be tempting at this stage, but in many cases this will result in the
constant offset Y,y and therefore the nominal system matrices will not correspond to
a physically admissible system in terms of the compact set of general parameters p.
This is unavoidable, but a deliberate choice can be made to keep the offset resulting
from normalization performed later in the LFT parameter block instead of shifting
it to the nominal system matrices. Consider Ex. 4.9 for illustration.

Example 4.9 (Normalization of a Monomial Vector)
Consider the nonlinear vector-valued function

| sin(p)
m(p) = lcos(p)] , el < 7m/2,

and the ranges of the trigonometric terms
sin(p) € [-1,1], cos(p) € [0,1].

The normalized new parameters

s 2 [S1lp)| _ sin(p)
52(p) 2(cos(p) —0.5)
produce a constant offset after substitution that does not correspond to any particular
m(po), where py € [—m/2,7/2]. Thus

_ | &1(p)
m@)_lﬁxm

0

+
0.5

Consequently, for the remainder, it is assumed that such a transformation has
been performed and subsequently a normalization according to Prop. 4.1 is ap-
plied,

T(on) = Yn (ms(on) ® Ty, ) + Vo (4-54)

where Yy, now results from the normalization and remains part of the parameter
block. In the following, the subscript y will be dropped for simplicity of notation.
The set of parameters 6 therefore represents a rational parameterization that admits
an LFR of the form (4.46), with a parameter block Ay (5) that satisfies

0 {Ar(8)|8(0) =7(p), p < p}.

Remark 4.6 Note that in general an SVD will yield fully populated matrices Vy, and Vy in
Eq. (4.55). Thus, the approximate parameter vector O usually depends on the full parameter
vector 8. Eliminating entries close to zero in the coefficient matrix Vi can yield simpler
parametric dependencies v (d), possibly omitting some general LPV parameters altogether.



4.5 SEMI-AUTOMATED PARAMETERIZATION | 133

4.5.4.2  Affine Parameterization of Y (p)

Application of Lma. 4.2 on the normalized monomial decomposition of Y(§)
from (4.54)" and a subsequent normalization of the polynomials yields a normal-
ized polynomial decomposition based on the vector of polynomials in 6,

Vo

A
0=y
v

m;s(8) € R™, (4-55)

where Vi, € R™ ™ and Vy; € R™ ™% are obtained by Lma. 4.2 and contain the
coefficients with which the monomials are linearly combined. The polynomials are
defined as the set of parameters v in which Y'(v) is affine. The constant offset Y,
remains unchanged and the affine decomposition is

Y) =7, <v(6) ® Inm) + Y.
Using Cor. 4.4, an approximation Y () can be defined up to a desired accuracy.
For this purpose, discard the lower rows of (4.55) corresponding to non-significant

singular values according to Cor. 4.4. Let these rows correspond to the coefficient
matrix Vi. Then, the vector of approximate parameters is

0(8) = Vyms(8) € R™. (4.56)
By resubstitution, an approximation V(8) can be obtained as well.

4.5.4.3 Rational Parameterization of A(p)

Due to (4.38), A(8) is directly available. Similarily, approximations A(8) and A (D)
can be obtained from the respective approximations V().

4.5.4.4 Affine Parameterization of A(p)

From (4.41), observe that A(v) is polynomial in v, s.t. a decomposition

Av) = ﬁﬁ (mo(v) @ In,, ) -

can be found. A set of affine parameters is constructed from

m, (V) € R™, (4-57)

1 Recall that the subscript n has been dropped.
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where the coefficient matrices Vy € R™"0*" v and V5 € R™6 ™" are obtained by
application of Lma. 4.2 and Cor. 4.4, respectively, on the monomial decomposi-
tion without the denominator. By discarding singular values associated with Vs—
possibly due to the reason that they are particularly small—an approximating set
of parameters can be obtained via

A T T .

O(v) = Wvé m, (v) € R™. (4.58)
An alternative approximate, fully affine parameterization can be obtained by ap-
plying Lma. 4.2 on A(0), which yields yet another parameter set ¢.

4.5.5 Summary

The procedure described in the previous sections allows to systematically construct
a set parameterizations of a plant model with different trade-offs between param-
eter complexity and incurred overbounding. Based on the results, a priori assess-
ments of the incurred synthesis and implementation complexity can be performed,
s. t. the most suitable plant representation may be selected for use in, e. g., the LFT-
LPV controller synthesis framework as per [125].

Figs. 4.5a and 4.5b illustrate the chain of LFT interconnections for the case that
some general LPV parameters have been taken to remain in the masking matrices
V, Wg, Wt or the nominal matrices Ey and Fy.

The diagram shown in Fig. 4.6 presents a summary of the above transformations.
The boxes show the respective system descriptions as LFTs of a parameter block
and an input-output operator G, (p). The parameter-dependence of the operators
arises specifically from possible parameter-dependency of the masking or nominal
matrices. However, it is suppressed in the diagram.

The representations are categorized on two axes: The horizontal segments in-
dicate whether the respective LFRs denote rational or affine dependence on the
parameter block. The vertical segments categorize the type of parameterizations of
the parameter blocks and the structure of the block. For instance, in the represen-
tation V() Gy, the parameter block Y (8) is polynomially dependent on §, while
Y(5) Gy is a rational function in the block Y'(3).

The segments that indicate affine dependence of the parameter blocks on some
parameters are of particular interest. As mentioned above, affinely parameterized
parameter blocks render the evaluation of multiplier conditions as per Lma. 2.2,
i.e., based on LMIs in the vertices spanning the corresponding matrix polytopes,
applicable. In an LFT-LPV synthesis setting based on PIDLFs, Lma. 2.5 is then ap-
plied to construct the controller’s scheduling block. Hence, the smaller the affinely
parameterized parameter block, the less costly the implementation of the controller,
cf. Eq. (3.11). Note, however, that the required number of LMIs increases exponen-
tially with the number of parameters.

When full parameter blocks are considered the commutativity requirements im-
posed by D/G-S, cf. Lma. 2.3 and Exs. 2.3 and 2.4, introduce a high amount of con-
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(a) LFT-LPV plant GA(p) in interconnection with the parameter
block A(8,p). The block A(5,p) is decomposed by the LFT
A(5,p) = (Av(8) * Wa) * WA (p).

_____________________________________________________

qa G/\(p) ——PA i

(b) LFT-LPV plant GA(p) in interconnection with the parameter
block A(v,p). The block A(v,p) is decomposed by the LFT

AV, p) = (Tv (V) * Wy) « Wa (p).

Figure 4.5: LFT-LPV plant models with diagonal parameter blocks and different options in
the parameterization hierarchy.

servatism. Recall that by Lma. 2.6, the use of D/G-S constraints permits to choose a
copy of the plant’s parameter block as the controller’s scheduling function. The use
of D/G-S constraints is therefore advised only for diagonal affinely parameterized
parameter-blocks.

In subsequent sections, it will be shown that the application of the full-block §-
Procedure on multiplier conditions—thus introducing an additional so-called mul-
tiplier stage—will allow a more efficient approach to controller synthesis with both
low implementation and synthesis complexity. By combining compact, full param-
eter blocks and FBMs in the first multiplier stage with diagonal parameter blocks
and D/G-S in a second multiplier stage, low conservatism and compact controller
scheduling functions can be achieved without the need to solve a large number of
LMIs.

For this purpose, the dash-dotted lines in Fig. 4.6 denote the use of LFRs from
Eqgs. (4.46), (4.47), (4.48) or (4.49) to arrive at standard parameterizations with diago-

135



136 | CompacTt LFT-LPV MODELING

Type of Dependence of Plant on Parameter Block
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Figure 4.6: Visualization of Alg. 4.1.
(—) Thin solid lines indicate manual operations.
(-----) Dashed lines show immediately available transformations via Eq. (4.38).
(------) Dash-dotted lines indicate the use of standard Matlab tools to transform
an LFR with a full parameter block to an LFR with diagonal parameter block.
() Dotted lines indicate a resubstitution using the functional dependence of
a parameter set on another, e. g., on the measurable parameter set p.
(—) Thick solid lines indicate the application of Lma. 4.2 or Cor. 4.4.

nal parameter blocks that are possibly better suited for evaluation in some synthesis
LMIs, e. g., to employ an additional multiplier stage as will be detailed in the next
chapter.

Finally, Alg. 4.1 summarizes the suggested parameterization procedure detailed
in Sect. 4.5.4. The individual phases of the algorithm are indicated in Fig. 4.6.

4.5.6 Discussion: Relation to Parameter Set Mapping

The technique presented in Lma. 4.2 and Cor. 4.4 has a close relationship to the
parameter set mapping (PSM) technique proposed in [79], cf. Sect. 2.1.4. However,
it holds the following advantages.
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Algorithm 4.1 Rational and affine full-block/diagonal parameterizations from a
general descriptor LPV plant model.

(A) Manual Initialization:
1 Define V, Wg and WE:
e Choose param.-dep. rows and columns of E(p) and F(p).
2: Define parameters § covering all transcendental nonlinear terms.

(B) Automated Nominal Shift and Normalization:
Shift about a nominal operating point py by application of Prop. 4.1.
Define Ey and Fp with dependence on p if desired.
Define Y (§) while normalizing the parameter vector 5.

® N R

(C) Automated Rational Parameterization and Approximation:
Define Y (v) via Lma. 4.2 and normalization of v by Prop. 4.1.
Define Y(¥) and () by application of Cor. 4.4.

Form /\(v), /\(f)), /\(6) and /\(8) from Y(o) via Eq. (4.38).

RN R

(D) Automated Affine Parameterization and Approximation:
Define A(v) and d(v) by Eq. (4.43) and (4.42).
Define A(6) and /~\(é) by applying Lma. 4.2 and Cor. 4.4 on A(v):
e First reattach the denominator d(v) to 6.
e If A(v) has constant parts, append 1/d(v) to 6.
¢ Normalize 0 by Prop. 4.1.

N R

4.5.6.1  Obtaining the Affine Parameter Set

While the PSM technique has been proposed to approximate a parameter set by
a set containing fewer parameters or to rotate the parameter set coordinate basis
with the purpose to reduce overbounding, the technique proposed here provides an
automated derivation of a new set of parameters ordered by significance in which
a polynomial matrix is affine. The typical manual and error prone derivation of
affine parameters is thus avoided.

4.5.6.2  Minimality and Overbounding

The parameter set derived by application of Lma. 4.2 yields a minimal number
of affine parameters, reducing hidden coupling and overbounding. Furthermore,
an intimate relation to the rational parameterizations is easily retained by the ap-
proach, which will prove useful in extended synthesis conditions detailed in Sect. 5.

4.5.6.3 Approximation of LFRs

When PSM is applied to a given parameter set on which a parameter block de-
pends, e.g., affinely, the old parameters are replaced by linear combinations of
the new ones. In general, the order of an LFR will therefore increase, which can
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sometimes be avoided by setting coefficients to zero that are already very close to
zero, cf. Sect. 2.1.4.2. PSM is therefore not an adequate tool for the approximation of
LFRs. In contrast, approximations based on Cor. 4.4 do not only reduce the number
of parameters a matrix depends on, but also reduce the order of the corresponding
LFR with diagonal parameter block. With the novel technique, an approximation
of the affine parameter set is as simple as omitting parameters starting from the
highest index. This is due to the coordinate basis which is already rotated to re-
flect parameter directions of decreasing influence. Consequently, when following
the parameterization procedure detailed in Sects. 4.4 and 4.5 any approximation
based on Cor. 4.4 will yield a plant model with less deviation from the nominal
case, ultimately yielding the nominal plant model if the full set of parameters is
discarded.

However, the approximating quality of the approach shares the disadvantage
with the PSM approach that no guarantees exist that an approximate LPV repre-
sentation retains the dynamic characteristics relevant for control purposes. These
could, e. g., be quantified by the degree of variation in frozen parameter pole loca-
tions.

4.5.6.4 Data Free Approach

Apart from plant coefficients, the proposed method acts only on the respective pa-
rameter block, which represents a deviation from nominal dynamics. This deviation
is then efficiently parameterized affinely or approximated based on the influence
of monomial terms. In contrast to PSM, the approach therefore completely avoids
data generation, which would require gridding the parameter range or recording
experimental trajectories.
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4.6 ExamrLE — ComrAcT LFT-LPV MoODEL OF A 3-DOF RoBOTIC MANIPULATOR

OR illustration, consider the example of a 3-DOF robotic manipulator, where
Fthe dynamics of joints one qi, two q; and three g3 are modeled [E45]. Figure 4.7
illustrates the robot, whereas Fig. 4.8 pictures the joint coordinate frames of interest.
From the Denavit-Hartenberg (DH) convention result the joint coordinates q1, G
and §3. The so-called <ready position> of the robot is defined as §; = 5§ and §3 =
—1t. The coordinate frame used in the model’s nonlinear differential equations are
relative to this ready position, while joint three is also adjusted to a fixed reference
frame with respect to the horizontal, as follows:

AT A
Q2=Cu—§, g3 = q3 + T+ qa.

The angle q3; 2 Gz + 7 is shown in Fig. 4.8 for illustration. The dimensions of the
workspace result from L; =50mm, [; =305mm and L3 =330 mm.

Table 4.1: Kinematic limits of the Thermo CRS A465 3-DOF robot.

Angle Range [°] Angle Range [°] Vel. Range [°s ']
qi [=170,...,170] qi  [=170,...,170] qr [=100,...,100]
> 0,...,180] ©® [—90,...,90] G [=80,...,80]
i [-235,...,—45] q  [-145,...,225] g [=150,...,150]

(a) DH convention-based coor- (b) Modified coordinate frames and angular velocities.

dinate frames.

4.6.1  Nonlinear LPV Model

Using the Euler-Lagrange formulation, the rigid-body dynamic model of the three-
link manipulator is obtained as a 6"-order system with three inputs and three
outputs governed by a differential of the form

J(p)d+k(p) +ke(p) =T
The vector k. (p) denotes the vector of Coulomb friction terms
bigsign(qr)

ke(p) = | bresign(ar) | , (4-59)
boosign(qs)

Preliminary results of this section have been previously published in [60]. The results are extended by consid-

ering additional models and a more detailed complexity analysis.




140

| CompacTt LFT-LPV MODELING

Figure 4.7: Isometric view of the 3-DOF robot model.

L3

Figure 4.8: Side view of the 3-DOF robot model.

which are neglected in the LPV model and will be compensated for separately in
the controller implementation by redefining the inputs as

R T bigsign(dy)
u=1—ke(p) = |12 | — | bresign(qy)
T3 byosign(d3)
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The vector of generalized forces is given as

. ki(p)
k(p) = [ka2(p) |~ (4.60)

ks (p)

(

ki1(p) = b1gr+(basaco+bacass) 4192+ (bssac3+baszes) 4143
ka(p) = <2bnSzCz+2b1283C3 —1/2b3 (s2¢3 +C253)) g

+1/2b3 (c253—52¢3) 45 + brodz
+1/2b3 (s2c3—c283) 45+ bgsy +bes3

ka(p) = <2b1zS3C3—1/zb352C3> g3+"/2b3 (cas3—s2c3) 43
—b15G2+b15G3+bos3

Due to the predominant trigonometric terms and the typical substitution
sin (p) = sinc(p)p, along with a preference to pull out generalized velocities ¢;,
i=1,2,3 into the state vector, the factorization of the generalized forces is not am-
biguous, except for the first row of the generalized damping matrix, which contains
multiplications of distinct generalized velocity variables. A factorization rendering
D(p) fully populated is chosen for increased coupling at frozen operating points
leading to the mechanical system of LPV differential equations (4.61).

Abbreviations: b3s283 + becl + brcs + bs 0
A
sy = sin(q;i) 0 1/3b3(cac3+5283) +bis  '/2b3 (cacs +5253) +b14
ciécos(qi) 0 1/3b3 (cac3 +5283) + by bie
by (baszco +bszcasz) g1 (bszsacz + bgszcz) g
4 | (2b11s2c2 + 2biaszcs — '/2b3s (s2c3 +c283)) a1 '/2bs (cas3 —sac3)dz +bio '/2bs (s2c3 —czs3) a3
L (2biaszes — '/2basacs) g1 '/2b3 (c2s3 —s2c3) 42 — bis bis
0 0 0] |an T1 bigsign(dr) u
+ 10 bgsa/qz bess/az||az| = |T2| — |biesign(dz) | = [u2 (4-61)
|0 0 bos3/q3 T3 bosign(ds) us3

The coefficients by, k € {1,...,20}—given in Tab. B.1 in App. B.7 on p. 335—have
been estimated experimentally on a real plant and details on the procedure applied
to the two-degree of freedom (2-DOF) case are provided in [E37].

4.6.2  Parameterization

With the parameters § from Tab. 4.3b covering up all transcendental and trigono-
metric terms, thus rendering the matrices polynomial in §, the generalized inertia,
stiffness and damping matrices are decomposed into parameter-dependent and

-
nominal parts. The nominal operating point pg = [O, 0,0,0, O] is chosen, about
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Table 4.2: Measurable signals and LPV parameters.

01 2 a0z 51 =sin(py) O 2 sinc(p;) 51 2 1.0 8, ¢ £29 5¢—1.9
P2 é qd3 Sz é sin(pz 57 é P3 52 é 1.7 82—0.7 67 é 0.6 57
03 24 55 2 cos(p1) s 2 pg 53 22.08;—1.0 8g 2 0.785
04 2 a2 54 = cos(pa) d9 2 05 54 £1.28,—0.2 8o 205 8o
05 2 a3 55 2 sinc(p1) 55 255 d5—4.5
(a) Measurable (b) Parameters . (c) Parameters 6.
signals.

which the parameters are shifted to include zero. Therefore, further constant terms
are shifted into the nominal matrices, which are then defined as

A [bstbetbs 0 0 A Jooo by 0 0
IOZ 0 1/2b3+b13 /2bs+b1a |, Kg=]000 0 bip 0 ].

0 1/,b34+b17;  big 000 0 —bjs bis

A
, Do=

The constant nominal matrices Ey and Fj are thus defined in accordance with Ex. 4.5
and by observing that Top = I. Similarly, masking matrices are defined to form Wk,
Wr and V. Observe that the first column of the generalized stiffness matrix K(p) is
parameter-independent, which allows to define

T(E) = [Ac(8) Ar)| e R

Subsequently, a normalization is applied, s.t. [5;| < 1,1 =1,2,...,9. The resulting
constant terms that appear due to the offsets associated with the normalization are
chosen to remain in the parameter block Y (§) in accordance with Alg. 4.1.

The parameter block Y (8) is then decomposed into a linear combination of 30
monomials in 8. Lemma 4.2 and further normalization according to Prop. 4.1 is then
applied to obtain affine dependence of Y'(v) in n, = 10 parameters v. Normalized
singular values of the vectorized monomial decomposition are given in Fig. 4.9a.

4.6.3 Approximation and Summary

An approximation is chosen by selecting all normalized singular values greater
or equal 6 x 1072 and a set of the first ny = 2 parameters remains, leading to
a maximum absolute entry-wise error of 1.41 x 1072 in the coefficient matrix. It
turns out that this approximation renders Ag and Ax—the part of Af corresponding
to the generalized stiffness matrix—parameter-independent, s.t. the approximate

parameter block can be reduced to a square 3 x 3 matrix, V' (0) é—AD (), in which
the plant is now affine.
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From this approximation, approximate parameter vectors ¢ and $ are inferred by
resubstituting the respective functions 0(5) or 0(p). Accordingly, the approximate
plant is only dependent on q;, q3 and ¢;.

10 10
0.8 \ 0.8 \
_06 _ 06
z | Z
0.4 14 0.4 |-
02 i 0.2 \

1 3 5 7 9 11 13 15 1 3 5 7 9 11 13 15
i i

(a) Singular values of the mono- (b) Singular values of the

mial decomposition of Y (8). monomial decomposition of
d(v)A(v).

Figure 4.9: Singular values of the monomial decomposition of Y(§) for constructing a ra-
tional and an affine robot model.
(—) Weighted normalized singular values (Cor. 4.3);
(-----) Unweighted normalized singular values.

Tab. 4.3 summarizes the resulting parameter blocks and relations. The repetitions
of the respective parameters in a diagonal parameter block are given as vectors 1°.
For the repetitions resulting from approximations the vectors r* indicate omissions
by zero repetitions. For instance, 18 identifies that Av(8) does not depend on &5, 8¢,
dg and &9. Thus, according to Tab. 4.3b, angular velocities ¢, and 43 do not need to
be measured online for implementation of any controller synthesized based on the
approximate model in terms of ¥ or §, respectively.

From the definitions of Y(8), Y(v) and V(0), parameterizations A(5), A(v)
and /\(f)) follow from (4.38). Then, Lma. 4.2 is applied to the polynomial matrix
d(v)A(v) by first canceling the common denominator. Fig. 4.9b again shows the
corresponding singular values, which leads to ng = 15 parameters without approx-
imation.

Choosing the first ny = 2 parameters yields a maximum absolute entry-wise
error of 2.91 x 1072 in the coefficient matrix. It again turns out that this approx-
imation renders Ag and Ak parameter-independent, and the approximate matrix

A(6) 2 Ap (8) even retains the same sparsity pattern as Y (). Accordingly, con-
trollers based on this latter approximation do not require online measurement of
g2 and 43, as before.

Note that in the work documented in [E45], affine parameterizations of both Y (v)
and A(0) have been performed by error-prone manual inspection. Furthermore, a
tully affine parameterization has previously only been found with 16 parameters.
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Table 4.3: Parameter block sizes and no. of repetitions for the 3-DOF robot.
Full Sched. Order Size Red. Sched. Order Size

A A

Y(8) =Av(8) xWa 3x8 T(OB)=Ay(§)«xWr  3x3
Y(U)ZYY(U)*WY 3x8 A(Q)ZQ/\(Q)*V@ 3x3
A)=0A(0)xVo 3x8 TO)=Vy(0)xWy  3x3

Diagonal Blocks  Size Repetitions 1;

Yy (v) 18x18 ™ =[2221321311]

Yy (0) 4x4 1t =[2200000000]

Av(9) 31 x31 r*=[368711311]

Av(3) 15%x15 1=[333300300]

OA(0) 31x31 r9=[222231133133122]
OA(0) 4x4 9=0220000000000000]

For assessing implementation complexity, Tab. 4.4 lists the number of arithmetic
operations to calculate the parameter vectors or blocks from the measurable signals
for each of the models. The numbers of operations is enumerated in an optimized
way, i. e., by a hierarchical approach it is generally less costly to first compute, e. g.,
the parameter vector v(p) and insert it into T(v) = Y(v(p)), instead of evaluat-
ing Y(p) directly. However, this does not hold true in the case a[A(p)], where it
turns out less costly to use the parameterization in terms of v. Furthermore, the
symbolic expressions are first rewritten in Horner scheme to reduce the amount of
necessary coefficients and operations. The number of arithmetic operations associ-
ated with the diagonal parameter blocks A, (¢) and A, (e) is identical to the number
of operations required to evaluate the respective parameter vector, since diagonal
concatenation is assumed to not incur additional complexity.

Table 4.4: Number of arithmetic operations for computing and scalar variables for storing
parameter blocks and vectors for the robot model.

Parameter Vectors
ale]/(m[e]) ale]/(m[e])

5(p)  15/(14)  8(p) 7/(8)
v(p)  188/(79)  0(p) 56/(30)
B(p) 825/(281) O(p)  174/(48)

Parameter Blocks
ale]/(mle]) ale]/(mle])

Y(p) 245/(120)  Y(p) 75/(52)
Alp)  886/(306) A(p)  90/(57)
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4.7 ExamMrLE — CompACT LFT-LPV MoDEL OF A 4-DOF CONTROL MOMENT
GYROSCOPE

ONSIDER the example of a four-degree of freedom (4-DOF) CMG manufactured

by ECP Systems?. The CMG exhibits strong inherent nonlinear coupling and is
a considerably more challenging plant to control than the 3-DOF robotic manipula-
tor considered in the previous section. LTI control methods have thus far been only
capable of stabilizing the plant in a limited angular range [89].

The CMG consists of an actuated flywheel ((¢7, q1)) located in a gimbal mounting.
The second gimbal ((4,, q2)) is also actuated, while gimbals three ((43, q3)) and four
((44,q4)) are not. The latter two mark the angular outputs to be controlled. Each of
the gimbals is linked to its previous by a rotational joint perpendicular to its axis.
Figure 4.11 illustrates the kinematic setup.

Previous attempts at applying LPV control methods to the CMG have been based
on a model linearized about a moving operating point in terms of the flywheel’s
angular velocity ¢, and the angles of both gimbal two and three, q; and g3, respec-
tively [E1, 1, Eg4]. Validation results for the linearized model indicated a good fit
with respect to the full nonlinear model for typical trajectories and both simulation
and experimental results revealed very good control performance. However, the
purpose of this section is to discuss the application of the systematic modeling and
approximation tools detailed in Sects. 4.3 to 4.5 on the basis of the full nonlinear
model of the CMG. It is the purpose to illustrate that these tools are applicable
to highly nonlinear plants and can yield exact models and good approximations
that render both controller synthesis for high performance and low implementation
complexity tractable as well as the design of controllers that provide strict stability
and performance guarantees.

Table 4.5: Kinematic limits of the CMG.

Angle Range [°] Vel. Range [rads™'] Accel. Range [rads?]
a1 [—180,...,180] an 30, ...,65] G [—10,...,10]
a2 [—25,...,25] a2 [—2,...,2] 42 [—10,...,10]
a3 [—75,...,75] a3 ~2,...,2] 43 [-7.5,...,7.5]
q  [-180,...,180] A4 [-2,...,2] Ga [-7.5,...,7.5]

(a) Angular limits of the CMG. (b) Limits of the angular velocities and accelerations of the CMG.

2 wWww.ecpsystems.com

Preliminary results of this section have been previously published in [E49]. The results are extended by

considering additional models and a more detailed complexity analysis.
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Figure 4.10: Isometric view of the 4-DOF CMG.

4.7.1  Nonlinear LPV Model

A set of nonlinear differential equations is obtained via the modeling tool Neweul-

M? [75] and takes the form of a rigid-body dynamic model of 8"-order with two
inputs and two outputs

J(@)d+k@a) =T()r, (4.62)

-
where § 2 [CH, q2, d3, q4] . The full model is given in (4.63) below.

Abbreviations: b 0 bicz byszcs | | dn
S = sin(q;) 0 b3 5 0 —bss3 ?2
A bicz 0 szz + by —bssrcocs | | g3
ci = cos(qi) bisac3 —bzsy —brsycocs —bzsﬁcg+b5s§—|—b6 Ga
b1z 1:<1 (4,9) big 0
4 |bradz| Ez (ﬁ,d) _| 0 by [m] (463)
bis543 k3 (4,49) 0 0] [w
bi5d4 k4 (4, 4) 0 0

k1 (8,d) = b1 (c2030284—82G283—5253d3G4) ,
k2(&,d) = b1 (s291G3—€203¢1G4) + b2 (Czcésmﬁ—cmq%)
—bsc3d3Ga-+b7(1—253)c333G4+2bocsc3d344,
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) = by (52534144 —5241G2) + (b +b7) 33284 +b1153¢345

=~
[08)
—~
ar
Eoli

+b1o <2C%C3C'IZC'14—282C2<'42Q3—S3C%C3q421)

k4(,d) = by (c2c3a192—52533193) +b25283¢245—2b1153¢3d3G4

+2byg <C%C3Q2<'J3+52C2C§QZQ4+S3C%C3Q3Q4> +b12¢30293,

Figure 4.11: Schematic view of the 4-DOF CMG [113].

A schematic overview of the CMG is given in Fig. 4.11. Tab. B.2 in App. B.8 on
p- 336 lists the physical and grouped parameters with their respective values. The
moments of inertia I,, Jo, K¢ of bodies A, B,C,D about the directions indicated in
Fig. 4.11 have been identified experimentally in [E1].

4.7.1.1  Full Model Representation

A gridded analysis of some possible state space representations according to
Cor. 4.1 on p. 115 reveals that in certain frozen local joint configurations the system
is not locally stabilizable in the sense of Def. 4.1. This forecloses the factorization
of the vector of generalized forces ﬁ(q,q) into generalized damping and stiffness
terms, linear in the states. However, to circumvent the issue of stabilizability, it
turns out that eliminating the states connected to the flywheel (g1, q;), by solving
the second differential equation from (4.62) for §; and substituting into the remain-
ing three, renders the system locally stabilizable. Using the new vector of general-
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-
ized coordinates q = [qz, a3, q4} , the resulting nonlinear differential equations are
given in (4.64) below.

1:<z(q,<1) ”» 0
](Q)fi‘F 153 (4q9)| = T(Q) [uz] — | bizc2qr |, (4.64)
k4(d,q) by3s2¢341

k2(d,q) = by (c2036144—8261G3)+b2 <52CZQ§—52C2C§C'1421)
—b14¢2+bsc3dsda+by(2s5+1)c3d385—2bocsicadzda,

k3(d,9) = by (SzéhQz—Szczqms—Sz%fhQ4+C%C3<'12C'I4—5253C2Q3Q4)
+b1o (SaC%C3q421+252C2C12C'13—2C§C3C'I2C'14)
—b1543—b7c3d2d4—bsc3drda—brrsscsqs,

ks(d,q9) =y <SZSBQ1Q3_C2C3QIqZ_S%CquéB+SZC2C§QZQ4_S§SSCSQ3Q4>

PAN <—C%C3QzQ3—SzCzC§Q2Q4—SSC5C3Q3Q4>

—b15G4—b12033293+2b1153C33G4— 252530243

The generalized inertia and input matrix are

b3 0 —b383
I(q) = 0 (by +b2)s%+b4_b1 — (b1 +ba)srcocs |,
—bssz —bssscocs — (b1 +b2) (1 *S%)S%+b58%+b6
0 by7
T(q) = —bieC2 0
—b1682C3 0

Terms involving only sine, cosine terms and ¢; result from the elimination of the
flywheel states. These are not factorizable in an LPV sense [146] but lie in the range
space of the parameter-dependent input gain matrix, which allows a cancellation
by redefinition of the first input as

4.7.1.2  Partial Feedback Cancellation

In order to reduce the LFT-LPV model complexity used for synthesis, a partial
cancellation of nonlinear terms directly accessible through the control inputs can
be performed. For this purpose define

Uy F 2 k2(§,§) +ua (4.65)
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Similarily to the full model representation the flywheel states (g1, q1) are eliminated.
The resulting nonlinear differential equations are given in (4.66) below.

0
J(@)d+ |kar(a,q) | =T(a) H (4.66)
kar(4,q) Har

k3,r(d,a) = b1 (s24142—5283G144) +b1o (SsC%C%ﬁ+282C2QZQ3—2C%C3C'IZC'I4>
—b15d3—b7c3d284—bsc3dads—birs3czd],
kar(d,a) = by (2838143 —C2c34192)+2b1o (-C%CSQZC'B—SzCzC§Q2Q4—S3C%CSQ3Q4)

—b1544—b12034243+2b1153¢3G344—b25283C243.

4.7.1.3 Linearization About Moving Operating Point

An approach to simplify the nonlinear differential equations even further is pur-
sued in [E1, 1, Eg94] by linearizing Eq. (4.62) about a moving operating point given
by

a an a G 0

_A|q LA |G 0 - A |q 0

a= 1%, 4= | = , §= |2 = (4.67)
qa3 (OF] O d3 O
d4 Q4 0 d4 0

. . . s A . - > A . .
Denote this operating point ¢ = [qT, ', 4§, u], whereas ¢ = [qT, ', 4§, u]
collects the state variables and derivatives as well as the inputs. The Jacobian lin-
earization is then derived by

. 0k(4,q)

@8] 5z, %G
e

T ot (4.68)
l

4 4
where 0C 2 {— z After subsequent elimination of the state deviations with respect
to the flywheel (947, 0q) the differential equations take the form given in (4.69)

below.

o]l

bia 00 0 s3-—C2C3
I(q) aq + 0 bis O +a]b] —S7 0 s383 aq — T( ) |:
0 0 bys C2C3—S783 0

4.7.1.4 Factorization of the Vector of Generalized Forces

Each of the parameter dependent terms in the vector of generalized forces has
at least a single angular velocity that can be pulled out as a state variable. Con-
sequently, the heuristic approach of preferring generalized velocity variables as a
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state is pursued, whereas the remainder of each term is considered an LPV param-
eter. This reduces the size of the full-block parameter matrix, since only the gen-
eralized damping matrix will be populated. Consequently, the resulting descriptor
LPV models will take the form

p R R —

q;, as
Iz q4 E ; 44
? <l a2

J(p) : .| = :

gg O B (>Iz q3 q3 (470)
3 dq ds
Y | Y]
p(t) € F7.

For the subsequent factorization, two approaches are chosen from the ones con-
sidered in Sect. 4.3.2:

(i) Penalize sparsity, finite decisions, cf. (4.16) on p. 112,

(ii) Promote sparsity, finite decisions, cf. (4.18) on p. 113.

More specifically, the selector vector entries c&l are limited to {1, 0} and the objective

measure is either (i) minimized or (ii) maximized, according to (4.16) and (4.18),
respectively.

Despite the highly nonlinear nature of the plant, approach (ii) is expected to
yield adequate results, since in the gridding-based gain-scheduling approach pre-
sented in [Eg4], the synthesis is performed on the strongly simplified plant for-
mulation (4.69) with good control performance. On closer inspection, the model
based on a linearization about a moving operating point simply lacks some of the
nonlinear terms of the full model representation. Promoting sparsity in the general-
ized damping matrix will therefore possibly retain the relevant nonlinear coupling
terms, while adding the full model description in a way that preserves guarantees
as well as induces a significantly lower complexity during synthesis.

On a related note, the application of Lma. 4.2 on p. 126 as introduced in Sect. 4.5
is expected to yield fewer affine parameters derived from the polynomial terms, if
sparsity during factorization is promoted.

As a consequence, five model representations are derived:

1. full model, penalized sparsity (FMax)
2. full model, promoted sparsity (FMIN)
3. PFC model, penalized sparsity (PFCMax)
4. PFC model, promoted sparsity (PFCMIN)

5. moving operating point (MOP)
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The model matrices are explicitly stated in the Egs. (4.72) (FMax/FMIN), (4.71)
(PFCMax/PFCMIN) and (4.69) (MOP).

For simplicity, all trigonometric terms are preserved and only after the factor-
ization, they are substituted by polynomial expansions to reduce conservatism, as
detailed next.

J(a)d+ (Dmor (4, a) + Dprcmax/pEcvin (6,9) ) @ = T(q) [Ej p (4.71)

o

0 0 0 0 0
Dyvor(d,9) = {0 bis 0 | +d1by | —s; 0 s2s3],
0 bis C2C3 —5283 0

o
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0 0 0

44(2b10+b7+bg—2b1os3)c

0

CGa (b11—b10(1—53)) s3¢c3

: _ —2§3b1082C2
Dpremvin (6,9) = U
43b2saszcr
2C|4b1052Cz(1*S§) +244 (bm(]fs%)fbn)%c; 0
S 442(2b19+b12—2b10s3)c3
. _ |aa(2b10+b74+bg—2b10s3)c3 —2d2b1082¢2 - 44 (b11—b1o(1—83)) s3c3
Dpremax (4,9) = ; ' by ( 2) ,
43(2b1p+b12—2bj0s5)c3 242b108202(1 —s3)
z 4244 (b1o(1—83)—b11) s3¢3 ?
.. . . . i
1(@)a+ (Dyion(@9) + Drviuyrnan (6.6 a =T(a) |, 472
2
b]4 0 0 0 Sy —C2C3
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0 0 b]5 C2C3 —S528S3 0
_ - - ) - _
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44 (2b10—2b114+ (b1 —2b10)s3) s3¢3
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L E +a3basaszcr ]
[ 44 (2bo—2(b7 + by)s3 i
+b7—bg)c3 dabasycy (1—53)
. . 3028202

da (b7+bg+(2b10—b1)(1—53))c
ez (b1 —2big)sacy

dabiszszca  Ga (b11—b1o(1—53))s3c3

Demax (Qz q) =

44 (2b10—2b1q
: +(b1*2b1o)S%) $3C3 —sz(b1—2blo)52C2U—S§)
: +q3basaszca

43 ((2b1o+b1)s3+b12)c




152

| Comract LFT-LPV MODELING

4.7.1.5 Polynomial Expansion of Trigonometric Terms

Due to the limited angular range, trigonometric terms are considered to be exactly
represented in terms of polynomials. For this purpose, sine and cosine functions
are developed by polynomials with appropriate degrees and monomials that match
a Taylor series expansion. Consequently, the best fit is obtained by the polynomial
approximations

)~ 0.99078 qz,
q3) ~ —0.15138 q3 +0.99445 93,

) = —0.49313 Q2 +0.99987 q2,

) ~ 0.03852 q3 —0.49822 q3 4 0.99986.
Over the considered angular range given in Tab. 4.6a, the average accuracy in-
creases by about a factor of two as indicated in Tab. 4.6 and visualized in Fig. 4.12.
In light of the above expansions, squared cosine terms are substituted by their re-

spective squared sine terms, i. e., cos 2(e) = 1 —sin?(e), to allow for fewer repetitions
in an LFR.

Table 4.6: Comparison of polynomial expansions of trigonometric terms for the CMG.

Avg. Expansion Error

Sine/Cosine Term Taylor Expansion Polynomial Fit

sin(q) 1.09 % 0.81 %
sin(q3) 0.60 % 0.25%
cos(q>) 0.03 % 0.01 %
cos(q3) 0.26 % 0.01 %

4.7.2  Parameterization

With the parameters § from Tab. 4.8a and the polynomial expansion of the trigono-
metric terms, the matrices are naturally rendered polynomial in the parameters 9,
which are identical to the measurable LPV signals p. The model (MOP) based on a
linearization about a moving operating point is considered to be scheduled by the
real-time signals, of which only pj, p; and p3 remain due to the approximation.
The generalized inertia, stiffness and damping matrices are decomposed into
parameter-dependent and nominal parts after performing a shift about the nominal

-
operating point py = [O, 0,45,0,0, O] , about which the parameters are shifted to

include zero. The constant nominal matrices E and F are thus defined in accordance
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Figure 4.12: Polynomial approximations of cosine and sine terms.
(—) Polynomial approximation;
(----- ) exact trigonometric function.

with Ex. 4.5. Similarly, masking matrices are defined to form W, Wr and V.

Subsequently, a normalization is applied, s.t., [6;| < 1,1 =1,2,...,6. The result-
ing constant terms that appear due to the offsets associated with the normalization
are chosen to remain in the parameter block Y (§) in accordance with Alg. 4.1 on
p- 137. The resulting set of parameters is defined in Tab. 4.8b.

The parameter block Y'(3) is then decomposed into a linear combination of mono-
mials in  for each of the modeling options. Lemma 4.2 and further normalization
according to Prop. 4.1 are then applied to obtain affine dependence of Y (v) in the
new parameters v. The normalized singular values of the vectorized monomial de-
compositions of each modeling option are given in Fig. 4.13. Cor. 4.3 is applied to
weight the columns with the expected maximum magnitude of the respective states.
For comparison, the unweighted normalized singular values are also shown.

As evident from Fig. 4.13, the differences resulting from promoting or penalizing
sparsity in the generalized damping matrix mostly reside in the maximum number
of affine parameters. Furthermore, the set of singular values resulting from model
(MOP) closely resembles the ones of the models (PFCMax) and (PFCMIN). The
latter three models appear to be already quite accurately modeled by only a single
parameter v if a weighted singular value decomposition according to Cor. 4.3 is
used.
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Table 4.7: Measurable signals and LPV parameters for the CMG.

A

m=b=q 81 =2.29%;
- A -

P2 =02 =03 5, =0.76 5,
AN AN =

P3 = 53 =q 53 = 0.07 53—3.0
AN N =

Py =04 =q2 84 = 1.0004
. _ A .

Ps = 05 ~ a3 05 ~ 0.50 b5

Pe =06 = 86 = 0.50 8¢

(a) Measurable signals. (b) Parameters d.

4.7.3 Approximation and Summary

An approximation is chosen by selecting the two largest normalized singular val-
ues each, since a significant drop in magnitude is observed below. The maximum
absolute entry-wise errors range between 1.851 x 10~ and 2.15 x 10! in the coeffi-
cient matrices of the respective models. In contrast to the approximation resulting
from truncating polynomials in case of the 3-DOF robot detailed in Sect. 4.6, the re-
maining two parameters contribute to generalized inertia, damping and input gain
matrices, s.t., the resulting parameter blocks are reduced in size, but the overall
plant parameterization remains rational.

Table 4.8: Parameter block sizes for the CMG model.
Full Sched. Order Size Red. Sched. Order Size
F/MOP PFC

Ay(S)*WA 3X6 2x6
Ay(f))*W/\ 3x4 2x4
Ay(f))*Wy 3x6 2x6

Y(8) =Ay(8) xWa 3x7 Y(3)
Y()=Ty(v)*Wy 3x7  A(D)
AL) =Ty(L)*Wp 3x5 T(0)

From the approximations, the approximate parameter vector d is inferred by
resubstituting the function 0(5). It is observed that in both of the cases where
sparsity is penalized (FMax, PECMaXx), the plant matrices become independent of
2.

Tab. 4.8 and Tab. 4.9 summarize the resulting parameter block properties in terms
of size and repetitions given as vectors r°*. Again, for the repetitions resulting from
approximations the vectors * indicate omissions by zero repetitions. As evident
from the tables, the numbers of repetitions for the approximate parameter blocks
represented in terms of the parameters & increase. Note that the commonly avail-
able tools for the exact reduction of LFRs of Matlab [149] as well as the n-D (Kalman
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Table 4.9: Parameter block information for the CMG models.

Model Block

Par. No. Repetitions r;
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Figure 4.13: Singular values of the monomial decomposition of T(é) for the respective
CMG models.

(—) Weighted normalized singular values (Cor. 4.3);
(-----) Unweighted normalized singular values.

like) decomposition or the generalized Gramian approach [13, 14, 25, 93] available

through the ONERA LFR Toolbox, do not yield any further reduction in repetitions
than the ones reported in Tab. 4.9.

For assessing implementation complexity, Tab. 4.10 lists the number of arithmetic
operations to calculate the parameter vectors or blocks from the measurable signals
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for each of the models. The numbers of operations is enumerated in an optimized
way, i. e., by a hierarchical approach it is generally less costly to first compute, e. g.,
the parameter vector v(p) and insert it into Y'(v) = Y (v(p)), instead of evaluating
Y(p) directly. The number of arithmetic operations associated with the diagonal pa-
rameter blocks A, (¢) and A, (e) is identical to the number of operations required to
evaluate the respective parameter vector, since diagonal concatenation is assumed
to not incur additional complexity.

Table 4.10: Number of arithmetic operations for computing and scalar variables for storing
parameter blocks and vectors for the CMG model.

Parameter Vectors
ale]/(m[e]) by Model
PEC F MOP

Min Max Min Max

) 6/(7) 6/(7) 6/(7) 6/(7) 4/(4)
) 6/(7)  6/(7)  6/(7)  6/(7)  4/(®)
) 477/(160) 477/(153) 572/(186) 637/(204) 197/(73)
) 126/(51) 126/(43) 141/(47) 143/(47) 60/(22)

5(
8
v

(

0

o O O O

Parameter Blocks

Y(p) 537/(196) 537/(193) 652/(237) 718/(256) 254/(112)
Y(p) 138/(62) 138/(55) 156/(62) 156/(60) 75/(37)







SYNTHESIS OF LINEAR PARAMETER-VARYING
CONTROLLERS FOR COMPLEX SYSTEMS USING
MULTIPLIER-BASED SYNTHESIS

<Any product of the mind is a reaction
of the past, a synthesis of what is old.>

Barry Long

with small-in-size LFT parameter blocks and automated parameterization was

investigated. The purpose of this chapter is to exploit this modeling frame-
work, in order to reduce both synthesis and implementation complexity of LPV
controllers.

In light of this, a two-stage multiplier approach to LFT-LPV synthesis is intro-
duced in Sect. 5.1 as an effective method to evaluate multiplier conditions associ-
ated with the small-in-size LFT parameter blocks by finitely many LMIs irrespective
of the underlying type of parameterization. Using this approach, implementation
complexity remains constant and it is discussed in which cases it is lower than the
one incurred by standard approaches.

Furthermore, improved LFT-LPV state-feedback controller synthesis conditions
are derived in Sect. 5.2 that make use of the descriptor framework. As a conse-
quence, decision variables are reduced and the evaluation of FBM-based conditions
is simplified.

IN the previous chapter the derivation of descriptor LPV plant representations
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5.1 A MULTI-STAGE MULTIPLIER APPROACH TO LFT-LPV SYNTHESIS

FTER the proposition of parameterizations for an LPV plant in Sect. 4.5, the
Afollowing result is introduced to facilitate the discussion on their efficient use
in synthesis. For this purpose, the application of Lma. 2.1 on primal and dual mul-
tiplier conditions occurring in the context of LFT-LPV synthesis is made explicit.

Corollary 5.1 (Two-Stage FBSP)
Consider a matrix-valued function A(p, 8) represented via the LFR

A(p,8) = Aa(8) *

Wii(p) Wi2(p)| C @0(px s, RiManxral),
Wi (p) Wa(p)

where the parameter vectors p and & are confined to compact sets, s.t. p € p C R™ and
5 € 8§ C R™, and where Ap (6) e CO(s, RMaan X“PAA)). Further, let M € SMaatmpal
N e SMaa®™™a), The quadratic matrix inequalities

T -
° I
S MU =0, V(p,d)epxd -1
[. A(od)] (p,8) €p (5.1)
L TLAT(p,8)]
°N_§Q)<va&€w6 (5-2)
[ ]

hold iff there exist M € SM™aaa™ran), N € 8 ana™™van) that satisfy

. Wi1(p) Wiz2(p)
° M I 0
b I e A [ (O S R 0,V )
“ [ M] 5 I - pPEDP (5.3)
Wai (p) Waz(p)
T I A
[ ] ]
UM 0,Voeéd .
[. AA(é)_ < € (5.4)
e L[ Wii(e) Whi(e)
° N : I 0
D R T S R ~0,VpeEp (5.5)
o NI [=WiL(p) =W, (p) >3
0 I
T I A
o ]
PN 0, V6 € 8. 6
. Ag(é)_ - € (5.6)

Preliminary results of this section have been previously published in [57, E46, E48, 60l. The results are

extended by a more comprehensive treatment of the complexity reduction achieved.
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[]
Proof: Observe that
_ (Wi (p) Wiz(p)
= Ap (D) * 0 I ,
A(p,d
(e ) W21 (p) Wal(p)
‘ R4 () Wa(e)
—AT , 5 H 21
(8]~ aLE) |- Wi(e) ~W(o)
- i 0 I
The equivalence follows from Lma. 2.1 applied to Conds. (5.1) and (5.2). [ |

Here, the application of Cor. 5.1 is proposed in conjunction with LFT-LPV-based
controller synthesis using PIDLFs and an LMI-based construction of controller vari-
ables. Reconsider the comparison of D/G-5- and FBM-based synthesis in Tab. 2.1
on p. 72 and recall that in this framework, the scheduling policy of the controller is
essentially determined by the type of multiplier constraints that are used:

* D/G-scalings allow to choose the controller’s parameter block as a copy of
the plant’s parameter block as per Lma. 2.6 on page 7o0.

* FBMs require the online computation of the controller’s parameter block as
per Lma. 2.5 on page 69.

Essentially, Cor. 5.1 can be applied for two distinct reasons that may also be
exploited in combination:

1. REDUCTION OF SYNTHESIS AND IMPLEMENTATION COMPLEXITY

Despite the more elaborate computation of the controller’s parameter block,
compact LFT-LPV plant parameterizations with full parameter blocks can
yield controllers that are less costly to implement. However, FBM-based syn-
thesis conditions may yield intractable synthesis conditions. Corollary 5.1 can
be used to recover the benefits of D/G-S-based synthesis listed in Tab. 2.1
on p. 72, by employing FBM in the first and D/G-S in the second multiplier
stage.

2. REDUCTION OF CONSERVATISM
In case the use of either D/G-S constraints or FBMs in the first multiplier
stage is prescribed, e.g., if reduced implementation complexity is required
or the online computation of matrix inverses is to be avoided, underlying
parameterizations can be used to reduce overbounding associated with the
parameterization in the first multiplier stage.

The following sections provide details on the above reasons.
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5.1.1  Reduction of Implementation Complexity via Full-Block Multipliers and Full
Parameter Blocks

One of the benefits of applying Cor. 5.1 becomes apparent by noticing that only
the first multiplier stage determines the construction of the controller’s parameter
block.

Therefore, appreciate that the more involved computation of the controller’s pa-
rameter block AX(AP(8)) as an LFT of the plant’s parameter block AP () due to the
choice of FBMs, may in fact be computationally less expensive than the standard
LFT-LPV-based controller synthesis using a plant parameterization with a diagonal
parameter block. A prerequisite for this to happen, is a sufficiently compact size of
the plant’s parameter block.

For this purpose, let the parameter block of the plant be denoted AP () and let
there exist an LFR

(M pxn_p)

Wi Wi e (s, R 94" Pa’), (5.7)

AP (6) = AZ (6) * [Wz] W,

with a diagonal parameter block AZ (6) e C(s, ]R(“ZX“Z)). Provided the incurred
conservatism is not prohibitively excessive, it is clear that the parameter block
A} (8) may be used directly in a D/G-S-based synthesis approach, rendering the

controller’s parameter block AX(5) = A% (8). As an alternative, assume that the
synthesis multiplier conditions can also be solved using AP (8) and FBMs directly.

We now aim at comparing the implementation complexities following from the
two plant parameterizations and multiplier constraints denoted by both

a[Kp/cs(8)] and a[Kesw(8)]

that yield the total number of arithmetic operations required to compute the state
space matrices of the respective controller in each time instant, as derived from
Eq. (3.8) on page 8o.

Consequently, in the case of D/G-S, it remains to evaluate

a[Kp/cs(8)] < (nh (2nf—1)+2n}(ne + 1)) (n+1y)
+a [\1/]'_5)/@_5(5)]

with a [‘PE 1G-S (6)] < ZnZZ (2nf—1)4+nk (2/3n22—|—1> and where

K e -1
W .5(8) = AR (8) (1- DR AL (5) )

In contrast, when using FBMs the complexity indicator a[KFBM (6)} takes the
form of the full set of Egs. (3.8), (3.9) and (3.11), where the size of the controller’s
parameter block takes on the size of the plant’s parameter block, n'é L= nf and

K P aa
Mpa = Mpa-
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Example 5.1 illustrates—for the special case of square mechanical LPV plants—
that even for moderately sized diagonal parameter blocks, the implementation of
scheduling functions resulting from FBM-based synthesis can be less costly.

Example 5.1 (Impl. Complexity for Square Mechanical LPV Plants)

Consider the case of LPV control of a mechanical system as developed throughout Exs. 4.4
and 4.5 with ng degrees of freedom, n, = ny = ng and a standard S/KS weighting
scheme with parameter-independent first order shaping filters, s.t. ny = 4ng. If second
order shaping filters are used, we have ny = éng, while a standard four-block problem with
first order input disturbance and reference filters yields n, = 8n,.

Let the modeling approach detailed in Chap. 4 yield generalized inertia, stiffness, damping
and input matrices, ] (p), K(p), D(p) and T(p), fully populated with parameter-dependent
entries. Such a setup yields a worst-case full non-square parameter block of size ng x 3ng,
which is derived from the case distinction given in Eq. 4.39 on page 121 and illustrated in
Ex. 4.6.

Take as a decision variable

E(ng,n}) < sign (a[Kp/cs(6)] —a[Kenn (6)]) (5:8)

where for some value pair (ng,nk), &(ng,nh) = 1 indicates that FBM-based synthesis
yields controllers that are less costly to implement than D /G-S-based controllers scheduled
on the diagonal parameter block and the value &(ng,n}) = —1 means the opposite. Then
Fig. 5.1 illustrates the decision for all value pairs (ng,n}) with

ng€{1,2,...,24} and nXe{1,2,...,50}.

As indicated, the slope of the decision border increases if more elaborate sensitivity shaping
schemes are employed. The particular pairs (ng = 3,nk =31) and (nq = 3,n} = 18) lie
in the vicinity of the LFT-LPV modeling example of a 3-DOF robotic manipulator pre-
sented in Sect. 4.6, indicated by a black box, cf. Tab. 4.3 on p. 144. Grey boxes indicate
the approximate models that have been derived. The drastic reduction of diagonal parameter
block sizes due to the approximation results in D/G-S-based controllers to be actually less
costly during implementation.

0

Remark 5.1 Note that the assumptions made in Ex. 5.1 are conservative: If a diagonal
parameter block of small size can be found, chances are that the system matrices are also
not fully populated with parameter-dependent entries and thus even smaller full parameter
blocks can be found by using masking matrices.

In order to compare the potential benefits of using the full-block parameteriza-
tion in conjunction with the parameter-block A(e) with the full-block representa-
tion in terms of Y'(e), consider the following example.
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4-Block problem  5/KS, 27 order filters S/KS
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Figure 5.1: Comparison of implementation complexity for a square mechanical LPV plant:
D/G-S using diagonal parameter blocks vs. FBMs using full non-square parame-
ter blocks against increasing size of the diagonal parameter block and increasing
number of degrees of freedom.

Example 5.2 (Impl. Complexity for Square Descriptor LPV Plants)

Consider the case of LPV control of a physical general descriptor system as developed from
Eq. (4.24) with n physical states, 7, = ny = ny and a standard S/KS weighting scheme
with parameter-independent first order shaping filters, s. t. ny = 3n,.

Let the modeling approach detailed in Chap. 4 yield matrices, E(p) and F(p) fully pop-
ulated with parameter-dependent entries. Such a setup yields a worst-case parameter block
A(e) of size 2ny x 2ny. Alternatively, the block A(e) with size 2n, x 3ny on which the
plant depends rationally can be used.

Take again (5.8) as the decision variable. Figure 5.2 illustrates the potential benefit of
using the parameterization in terms of A(e) for the first FBM-based multiplier stage. The
grey line indicates the border line above which D/G-S-based synthesis yields controllers
with less implementation complexity, when A(e) is used. The black line corresponds to
Y (o), which in this example is larger and thus leads to a lowered border line for the decision.

A comparison with Fig. 5.1 from Ex. 5.1 in turn illustrates the potential of using the

masking matrices to pull out only parameter-dependent parts into the parameter block.
L

Recall that from Lma. 2.5 on p. 69 the parameter block A¥(AP(8)) can be written
as an LFT

N APT(é)] :W*ZP(())’

Wy Wa,

A¥(AP(5)) = [Vzn le )
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Figure 5.2: Comparison of implementation complexity for a square descriptor LPV plant:
D/G-S using diagonal parameter blocks vs. FBMs using full non-square parame-
ter blocks against increasing size of the diagonal parameter block and increasing
number of degrees of freedom.

while it is in fact more efficiently evaluated in the form (2.162). Instead of comput-
ing AX(AP(8)) and the LFT of the controller state space matrices separately, the

controller matrices can also be expressed as an LFT in terms of AP (8) directly, as il-

lustrated by Fig. 5.3. Defining n% 2 ng At ng ,, the resulting cost of implementation
can be assessed by

a [I?FBM (6)} < (ng <2n%—1 > +2n§(nX + nu)> (nx +1y)

+a [‘{/EFBM (6)]

with a [‘PEFBM (6)] < anz <2n2—1)+n% <2/3n%2+1) and where

Wi (5) = 47 (5) (1—DEZVAT(6)) .

5.1.2 Rendering Full-Block Multiplier-Based Synthesis Tractable

Sect. 5.1.1 showed that in many cases FBM-based LFT-LPV synthesis yields con-
trollers that are less costly to implement, given a sufficiently compact parameter
block can be found. However, solving FBM-based multiplier conditions in the ver-
tices may not always be tractable. In this case Cor. 5.1 can be applied in conjunction
with an LFR of the full parameter block, parameterized via a diagonal parameter
block, of the form (5.7).
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__________________________

__________________________

(a) LPV control loop with LFT-LPV con- (b) LPV control loop with LFT-LPV
troller Kgpy(8) in interconnection with controller Kppy(8) represented as
FBM-based parameter block AX (AP (5)) Kepn (8) = Krpw (8) » W.
expanded as an LFT W x AP (3).

Figure 5.3: LPV control loop with LFT-LPV controller K(§) in interconnection with FBM-
based parameter block A¥ (AP (3)).

In such a case, the results of Chap. 4, more specifically those of Sect. 4.5, provide
a range of parameterization options to choose from for use in the second D/G-5-
based multiplier stage. Proper normalization allows to use the standard non-shifted
D/G-S-constraints, which render the multiplier conditions trivially fulfilled.

5.1.3 Reduction of Conservatism

The use of D/G-S-constraints in the first or second multiplier stage is conservative
in general. Examples 5.1 and 5.2 also illustrate the adverse effects of large diago-
nal parameter blocks on the implementation complexity. The case of FBM-based
synthesis with the corresponding parameter block of the controller not being con-
sidered prohibitively complex a priori is discussed first.

5.1.3.1 Quvercoming the Limits of Affine Parameterization of Full Parameter Blocks

In standard LFT-LPV synthesis with diagonal parameter blocks, the choice between
different rational parameterizations is affected by a trade-off between implementa-
tion complexity and conservatism. In contrast, the implementation complexity due
to the use of full parameter-blocks of constant dimensions is not dependent on the
complexity of rational parameter-dependent terms occurring in such a block. More
specifically, the implementation complexity resulting from a block Y(e) remains a
constant, independent of the choice of parameterizations Y () from (4.46) or Y (v)
from (4.48) on pp. 124. Sect. 5.1.2 showed that such parameterizations can be used
to omit the formulation of multiplier conditions in vertices of the matrix polytope,
in order to render FBMs tractable.
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As long as the incurred synthesis complexity permits, the second multiplier stage
should therefore be based on a parameterization of the compact full parameter
block that exhibits the least amount of overbounding. In LFT parameterizations,
such a choice often results in the least amount of parameters with the largest
amount of repetitions. In such cases, it might even happen that controller syn-
thesis based on a compact parameter block and FBM-based multiplier constraints
solved in the vertices of a matrix polytope derived from an affine parameterization
of the parameter block, turns out to be more conservative than using a rational
parameterization with very little overbounding and D/G-S in the second (or first)
stage.

Practical examples of parameterizations that incur a high amount of overbound-
ing are sine and cosine terms of a common angle that need to be separately cov-
ered by newly introduced affine parameters, even though a Taylor expansion of
sufficient accuracy can be found. The Taylor expansion approach might yield a
high order polynomial in a single variable, while the repetitions of two different
affine parameters are few. Clearly, in the affine parameterization the information
on the common argument of the sine and cosine terms is lost and might incur
excessive converatism, while, in turn, a diagonal parameter block of the Taylor
expansion might lead to intractable implementation complexity using first stage
D/G-5S-constraints. The solution to such a kind of problem resides in moving the
D/G-5-based multiplier conditions with the Taylor expansion parameterization to
the second stage, in order to reduce conservatism, while retaining the small-in-size
FBM-based first multiplier stage, for the purpose of keeping implementation com-
plexity as low as possible.

5.1.3.2 Avoiding Online Inverses by Diagonal Affine Parameterization in the First
Multiplier Stage

In practice, hardware restrictions may often permit the implementation of con-
trollers that require the computation of a matrix inverse online. In such cases, it
is mandatory to obtain a particularly simple scheduling law, such as an affinely
scheduled controller. In order to obtain such an affinely scheduled controller using
LFT-LPV controller synthesis methods, the following steps need to be taken:

(i) Affinely parameterize the LPV plant, e. g., by using the methods described in
Sect. 4.5.4.4, or Alg. 4.1, respectively.

(ii) Obtain an LFR with a diagonal parameter block ©x (6) that contains the affine
parameters 0 from (4.49).

(iii) Perform D/G-S-based LFT-LPV controller synthesis. According to [161], a con-
troller scheduled affinely on ©4 () is guaranteed to exist, if the controller ex-
istence conditions are satisfied. As an alternative, designs may also be based
on approximate parameter blocks.
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However, as mentioned earlier, affine parameterizations usually involve an in-
creased number of LPV parameters that are handled as independent and therefore
incur overbounding. It is thus desirable to evaluate the synthesis conditions based
on underlying rational parameterizations, which may incur a much tighter compact
set with respect to the physically admissible range. For this purpose, resubstitute
the affine parameters 0 by their functional dependence on, e.g., the parameter set
d using the mapping

L

270 c @l(s, R™), 8(t) — P70(5(t)) = 0(1).
This leads to an LFR
O (0) = AZ(8) * Han Haz) o gogs, R™a8 ™8y, (5.9)
Uaz1  Uaz
= AH(8) * Ua,

a%(5) = diag(5:(t)Lo )
(] i:1g i 51/’
with which Cor. 5.1 can be applied.

5.1.4 Summary

The introduction of a second multiplier stage is a particular way to provide an
exact relaxation, in order to evaluate the multiplier condition of the first stage. Or
relaxations—exact or possibly approximate ones—, such as sum-of-squares (SOS)-
based methods can be employed [27, 63]. However, the use of the FBSP appears to
be attractive due to its simplicity. The application examples of Chap. 6 will provide
insight on the conservatism and complexity incurred.



5.2 IMPROVED LFT-LPV STATE FEEDBACK SYNTHESTS |

5.2 IMPROVED LFT-LPV STATE FEEDBACK SYNTHESIS CONDITIONS

FIRSTLY, FBSP-based methods to turn LPV state-feedback controller synthesis as
per Thm. 5.1 into a convex optimization problem are reviewed.

5.2.1 Standard LFT-LPV State Feedback Synthesis Conditions

Theorem 5.1 (SF Controller Synthesis, extended from [160])
Under Ass. (A2.1) and (A2.4)—(Az.7), there exists a state-feedback controller gain F(3)
given by Eq. (2.127) on p. 2.127, i.e.,

F(5) =~ (DJu(8)Dpu(8)) (vBI(8)S(5) + DL(6)Co(5))

that renders the closed-loop system T3 as defined in (2.20) asymptotically stable over & x 1
with an induced Ly-norm from w — z bounded from above by vy > 0, if there exist

N € 8mpatda) p e 8iMa*maa) and for the quadratic function
$(5) =Q"(5)SQ(5) € €'(5,8™), S(8) =0V €8,

with

QH Q12 1 ngxn
0) =Ap(d C' (5, IR™s M
Q(8) =Aq(8) x [Qm sz] ee'( )

there exists S € S™s and 'y > 0 that satisfy

N
T R
[ ) . .
LN = [] SO B11 Bya| >0, (5.10)
[ ] . N R
""" | Bo B
T 1 o Qun Qun
Lp = : PS] 1 0|0 (5.11)
-4 L Qzn Qu
o] . [Ag(s,
En(em) =[] N B(I“)] <0,V (8,1) € (8 xn) (5.12)
- :
[ ]
Co(8) = |*| Pt 0, V5 €8 :
p(3) .| [AQ(S)] < € (5.13)

Preliminary results of this section have been previously published in [E49].
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where

L e r R N i
01
Ag(5,7m) = -AU(é'n)AG(é)
-AT(5) ¢} (6)
G(8) = —Bg(é) """" g """" Ns(8) = Ag(6) * [g; g;j
0 I

Ns(8) =ker ([B](5) DL.(5)])
B B Uy Up2Goy U262
[B”B”] =|0 G G 519
A | Uy UGy UxGop

L

Theorem 5.1 presents verifiable conditions to synthesize the state-feedback gain

from Eq. (2.127). By essentially following [163], i.e., in order to construct the LFR

of the outer factor B(8), LFRs of the Lyapunov basis functions U(5) via Eq. (B.3) on

p- 327, the nullspace Ng(8) via Lma. A.4 on p. 319 and subsequently G(8) by mul-

tiplication of LFRs via Eq. (A.2) on p. 318 need to be obtained. For descriptor LPV
systems, however, the complexity incurred by this construction can be reduced.

5.2.2 LFT-LPV State Feedback Synthesis Conditions for Descriptor LPV Systems

The following proposition presents an alternative construction based on a class of
descriptor LFT-LPV systems. For this purpose, first recall the considered class of
physical plant models given in Eq. (4.24) on page 117. Ass. (A2.7) and (A2.5) on an
associated generalized plant configuration imply the following conditions on the
physical plant model.
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(As5.1) The full set of physical states is measurable, i. e., the plant model §7 from
Eq. (4.24) fulfills

E(p) é EXXO(p) Exyl(p)] EIR(nx+ny)><(nX+ny)’

F(p) é Fxxl(p) qu(p)] e RMxtny)x(netny)

(As.2) The plant matrix Eyy (p) fulfills Eyy (p) =0.

Ass. (As.1) yields a strictly proper state space representation with identity as the
output gain.

H _ [Ex,ﬂ (p) o] [(Fxx(p) —Eu(p)) Fw<p)] H

y 0 I [ 0 u
p(t) € Fp

(5.15)

W.1.0.g., Ass. (A5.2) can be fulfilled by redefining Fy (p) as the difference occurring
in (5.15).

Within this setup and under the otherwise standard state-feedback setting com-
pleted by Ass. (A2.6) and (A2.7), the generalized plant

x| | Alp) : Bp(p) Bu(p) ||x

PO . z|=|Cp(p)  Dpp(p) Dpulp) | |W

T W Cy(p) i Dyp(p) Dyu(p)] [u
p(t) € F7,

Ew(p) 10 O] [%] [Fulp) Fo(p) Faulp) || x
. 0 I 0| |z|= Cp(p) 0 Dpu(p)||w
Poiyl o o 1|y I 0o 0 |[u (5.16)
olt) € 5,

where x € R™, u e R™,y € R™, we R"W, z € R"=,

W.l.o.g., in the generalized plant description (5.16), the performance channel
input gain matrix Bp(p) is restricted to a descriptor-like structure E! (p)Fp(p).
For standard sensitivity shaping schemes, e.g., the S/KS configuration, such an
assumption can be made, since, if the matrix E,y is really only a source of the phys-
ical plant being modeled in a descriptor framework, one has Eg (p)Fp(p) = Fp(p).
In such a case, the entries in By, (p) denote input gains to prefilters of the reference
or output disturbance low-pass filter, which are required due to Ass. (A2.6), and
which will not be affected by the physical inertia. In a four-block shaping scheme,
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in turn, input disturbances are usually supposed to directly act on the plant inputs.
Then, the descriptor representation appears quite naturally. In any case, if so re-
quired, the input gain can be defined as Fy(p) = EXX(p)Fp (p), in order to eliminate
the effect of the inertia.

Proposition 5.1 (Compact Full-Block LFT Parameterization)
For the generalized plant representation given in Eq. (5.16) and parameter-dependent plant
matrices of the form

Exx(P) = Exxo(P)+Ae () = Ae(p) * |27 (5.17)
Fax (P) = Fxxo(P) +Arx (p) = Arx(p) * ) (5.18)
(5.19)

,p(p)), the conditions of
r(p) of the outer factor

L
Proof: First observe that a parameter-dependent kernel representation of Ng(p) in
Eq. (2.134) on page 60 can be found in

Ns(p) = ker ([BL(0) Dpu(0)])

- e ([0 o)
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due to the non-singularity of Eyxy(p). This results in the outer factor

B0 o 01
0 I
FL(o) —CT(o)
Ex(p 0
e e N 7 .
Ry o | o
0 I

which is affine in Ag(p) for which then an LFR can be easily constructed. This
concludes the proof. |

Proposition 5.1 provides means to more compactly define the outer factors in
Thm. 5.1 for use with full-block multipliers, while still separating the parameter
blocks Ag (p) and A (p). In contrast, directly constructing the LFT parameterization
of the nullspace Ns(p) along the lines of [163], i.e., by application of Lma. A4
on p. 319, results in an LEFR of higher order, as the inverse of Fxx(p) needs to be
considered. Compared to that, the approach proposed in Prop. 5.1 merely requires

an LFR of ker ([qu(p), Dgu(p)} ), which for many mechanical systems may even

be constant.
Due to the diagonal concatenation, it is also expected that the approach of [163]
leads to a larger parameter block when converted to a diagonal parameter block.

5.2.3 Summary

The above results provide a simple method to effectively exploit descriptor models
with non-singular generalized inertias. They do not easily extend to cover the sin-
gular case, see, e.g., [102]. However, compared to other methods for non-singular
descriptor models, for which a detailed overview is presented in [0], the methods
provide benefits simply due to the manipulation of the synthesis conditions and
involve no modification during implementation.

The above methods are also enabling a simplified use of full-block multipliers:
As the outer factors are linear in both the parameter blocks A and Af, an affine
parameterization of these blocks is sufficient to allow for a small-in-size multiplier
condition that is checked in the vertices spanning the convex hull of the parameter
range. This potentially reduces overbounding and the number of decision variables
over the standard approach using diagonal parameter blocks and D/G-scalings.

An extension to the output-feedback case is obvious, since the projections used
in the primal LMI do not even involve the inverse of the generalized inertia. Thus,
no improvement is to be expected.
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APPLICATION EXAMPLES

<Tell me, I'll forget.
Show me, I'll remember.
Involve me, I'll understand.>

Chinese Proverb

with both low synthesis and implementation complexity. Reduced as well as

HIs chapter presents two case studies for the LPV control of complex plants
Tfull scheduling order control approaches are presented for:

(i) The low-complexity output-feedback LPV control of a robotic manipulator
(Sect. 6.1),

(ii) Experimental real-time state-feedback and output-feedback LPV control of a
control moment gyroscope (Sect. 6.2).

The two case studies build on the modeling framework introduced in Chap. 4
and the improved synthesis tools derived in Chap. 5 and illustrate the obtained
benefits.

With respect to the robotic manipulator, high-performance full scheduling order
control is rendered tractable with low implementation complexity further reduced
over previous results, [E45]. A controller for the CMG is synthesized based on the
exact model for the first time, while the novel approximation scheme results in a
state-feedback control scheme of particularly low complexity.
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6.1 A THREE-DEGREES-OF-FREEDOM ROBOTIC MANIPULATOR

IN the following, a case study in LPV control of the Thermo CRS A465 robotic
manipulator is conducted. Sect. 6.1.1 outlines the problem setup and Sect. 6.1.2
briefly introduces a computed torque control (CTC) reference design. Sects. 6.1.3
and 6.1.4 illustrate the improvements obtained by employing a two-stage multiplier
approach to PIDLF-based output-feedback (OF) LFT-LPV controller synthesis tech-
niques w.r.t. both synthesis and implementation complexity associated with full
and reduced scheduling order models. A summary is provided in Sect. 6.1.5.

6.1.1  Problem Setup

Position control of rigid robotic manipulators is widely considered a problem for
which satisfactory industry-standard, high-performance solutions exist [128, 140].
Cost efficiency has sparked research pursuing high performance control of flexi-
ble manipulators, e.g., [E83]. The latter is an ongoing field of research and while
LPV control has already been successfully implemented even for such an advanced
control problem, the purpose of considering LPV control for a rigid robotic ma-
nipulator in this thesis is less based on a desire to compete with the standard
approaches, but to showcase the ability of the LFT-LPV control framework to cope
with a system of high complexity. Furthermore, the advances in reducing imple-
mentation complexity of LFT-LPV controllers will be emphasized. In light of this,
feedforward compensation is deliberately omitted at this point. Regardless, a CTC
design will be presented first for reference.

Remark 6.1 Experimental results with two-stage multiplier approaches using a slightly
less advanced modeling approach have been presented in [E48]. The results presented here
use a four-block sensitivity shaping design and significantly faster reference trajectories over
[E48, 60] to highlight the capabilities of the controller designs.

6.1.1.1  Choice of Reference Trajectories

The reference trajectories are chosen to drive the robotic manipulator of type
Thermo CRS A465 to its allowed specified limits in terms of the angles and an-

Preliminary results of this section have been previously published in [E48, 60]. The results are extended by
benchmarking against a computed torque control design and an improved tuning as well as a more detailed

complexity analysis. The methods introduced in Sect. 5.1 have been validated experimentally in [E48].
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gular velocities with a ten percent safety margin. For this purpose, the reference
trajectories are essentially designed by sinusoids

A — .
T'qi(t) = al(t)ql SIn(wit)/
wi =1 87], wr :287], w3 :2871,
61 - 1500, az - 800, a3 — 1700.
For smooth initial and final parts of the trajectories, the amplitude is multiplied

by ramp signals shown in Fig. 6.1. The trajectories are further modified in order to
satisfy

cos <%qu) L; +sin (%r%) L3 > L.

Cf. Fig. 4.8 on p. 140 for reference to the lengths involved. Finally a low-pass filter
is applied.

1 I\
88 / \\\
0
0 5 10 15 20 25 30

Time t [s]

Figure 6.1: Reference trajectory phase-in factors «; for the robot.

6.1.2 Computed Torque Reference Controller Design

The CTC reference design is based on the results summarized in [20], where the
particular control law—commonly referred to as «<computed torque feedback con-
trol> [20]—takes the form of a particular parameter-dependent state-feedback (SF)
control law

ucre, ms = J (p) (F+ups) + D(p)a + K(p)a. (6.1)

Due to the fact that all nonlinear generalized damping and stiffness terms are
directly accessible through the input, they are effectively being canceled if they
are known accurately enough.

Under the assumption of perfect cancellation of nonlinear terms, the system is
reduced to a double integrator system

G—17%=upp, (6.2)
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where the sole purpose of the remaining feedback control action ugg consists in
rejecting potential deviations from the reference trajectory. CTC in the form of (6.1)
is a feedback control law, as opposed to the case, where generalized velocities and
positions are precomputed and therefore form a feedforward control law

ucte, rr = J(pr) (F+ups) + D (pr) T+ K(pr)T. (6.3)

Here, p:(t) denotes the precomputed trajectory of the scheduling parameters asso-
ciated with the planned reference trajectory r(t). The design choices, advantages
and disadvantages associated with implementing a CTC controller in either feed-
forward or feedback configuration have been discussed extensively in the literature,
see, e. g., [20, 92, E83, 145]. For the purpose of this thesis, the feedback configuration
is chosen for better a comparison with the LPV reference control scheme.

6.1.2.1 LTI-H, Controller Design

The control input ugp can take many forms, such as proportional integral derivative
(PID) control

t
UFB = er—f—KDé—f—KIJ edr. (6.4)

However, for the purpose of this thesis, an LTI-H, controller design is used that
employs the same shaping scheme as the one that will be used for the subsequent
LPV controller designs. The robot model is considered exact and no further uncer-
tainty modeling is performed.

The generalized plant configuration depicted in Fig. 6.2 is used throughout the
section, with shaping filters defined as

3 3
Ws(s) = diag(Ws;), Wks(s) = diag(Wksi) ,
i=1 i=1
. 2
Wsi(s) = 52132353“, ie{l,2}, Wksils) = 50%,
WS3(S) - 521323534-1’
3 3
Vy(s) = diag(Vgi), Vi(s) = diag(V4i),
i=1 i=1
Vdi(s) = 55_}_]0/ Vri(s) = %/i € {1/3}/
Vi (S) - S—HO'

The synthesis results and implementation complexity of the CTC reference con-
troller will be listed in the following enumerations for the respective LPV controller
designs for comparison. Band-limited white noise with a power matching the ex-
perimental setup is added to the feedback signals, in order to assess the noise
attenuation of the controllers.
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____________________________________________________________
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Figure 6.2: Generalized plant configuration for OF controller synthesis for the robot.

6.1.3 Full Scheduling Order Output-Feedback Linear Parameter-Varying Control

The purpose of the following full scheduling order OF LPV controller designs is
to showcase the ability of the modeling framework presented in Chap. 4 and the
modified two-stage multiplier LFT-LPV synthesis methods presented in Chap. 5,
Sect. 5.1 to handle LPV plants of high scheduling complexity, while achieving low
implementation complexity.

The generalized plant configuration including the shaping filters used during
synthesis is adopted from the CTC LTI-H, controller design, cf. Fig. 6.2.

Controller designs are carried out via three different approaches:

(i) FBMs: PIDLF-based OF LPV controller synthesis as per Thm. 2.17 on p. 66
using FBMs in a single multiplier stage,

(ii) FBMs + D/G-Ss: PIDLF-based OF LPV controller synthesis as per Thm. 2.17
using FBMs in the first and D/G-Ss in the second multiplier stage via the
application of Cor. 5.1 on p. 160,

(iii) D/G-Ss: PIDLF-based OF LPV controller synthesis as per Thm. 2.17 using
D/G-Ss in a single multiplier stage.

FBMs require the construction of a controller parameter block A according to
Lma. 2.5 on p. 69, which incurs additional online computations, whose complex-
ity needs to be assessed. In contrast, D/G-Ss allow the controller to be scheduled
by a copy of the plant’s parameter block according to Lma. 2.6 on p. 70. Here,
method (ii) is used to combine the benefits of FBMs and D/G-Ss from Tab. 2.1 on
p. 72 in terms of synthesis complexity and the possibility to consider fully popu-
lated parameter blocks of small size. Method (i) is used to illustrate the achieved
benefits and method (iii) acts as the standard reference method for LFT-based LPV
controller synthesis.
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6.1.3.1 Synthesis and Simulation Results

Tab. 6.1 lists synthesis, simulation and complexity results for full scheduling or-
der control of the robotic manipulator. The method and the associated parameter
blocks—introduced in Sect. 4.6, Tab. 4.3 on p. 144—are indicated in the left columns.
The diagonal parameter block used in the second multiplier stage can be inferred
from Tab. 4.3 or the argument of the respective parameter block. The RMSEs for
each joint as well as their average is given. The control effort is quantified via

Synthesis complexity is reported in terms of the synthesis time t[e], number of de-
cision variables d[e] and total size of the LMI s[e] for both the controller existence
conditions and the LMI-based synthesis of the controller parameters (in parenthe-
ses).

Table 6.1: OF controller synthesis options for the robot models with various full scheduling
order parameterizations.
o/ (e): The first value indicates quantities associated with the LMI-based existence
conditions, cf. Thm. 2.17, p. 66, using—in some cases—a two-stage multiplier
approach, cf. Cor. 5.1, p. 160, whereas values in parentheses indicate quantities
associated with the LMI-based derivation of controller parameters.

OF Control/Synth. Performance

RMSE [°] Synthesis Complexity

Syn. Blk. v g1 q2 q3 Avg Ey, t[e] d[e] s[e]

FBMs  Y(V) 0.91 0.064 0.040 0.061 0.055 2.60 374.45/(26.5s) 733/(1157) 11468/(131)

0.87 0.059 0.039 0.057 0.052 2.60 10.7s/(17.6s) 809/(1157)  348/(131)
1.32 0.083 0.074 0.062 0.073 2.60 12.8s/(29.1s) 883/(1157) 452/(131)

Y(8) 0.93 0.054 0.039 0.056 0.050 2.60 16.5s/(17.2s) 1075/(1157)  452/(131)

A(8) 0.90 0.051 0.039 0.052 0.047 2.60 16.3s/(20.45) 1075/(1157)  452/(131)
FDBI/VS_; Y(v) 0.88 0.059 0.039 0.058 0.052 2.60 10.0s/(27.9s) 809/(1157)  348/(131)

Av)

A(0)

Ay (8) 0.94 0.058 0.062 0.074 0.065 2.60 17.35/(736.9s) 943/(3540) 408/(233)
D/G-Ss  Yy(v) 1.08 0.070 0.077 0.079 0.075 2.61 83s/(114.4s) 677/(2162)  304/(181)
OA(0) 2.10 0.129 0.175 0.139  0.148 2.61 16.5s/(372.4s) 751/(3540) 408/(233)

CTC Y(p) 1.00 0.058 0.053 0.086 0.066 2.64 35s  300/(810) 84/(54)

As apparent from Tab. 6.1, controllers based on a parameterization in terms of
d or v perform slightly better than the CTC controller at mildly reduced control
effort. A deterioration of performance is visible for controllers based on the fully
affine parameterization in terms of 0. The based parameterization in terms of
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has a slight advantage over the automated parameterization rendering Y affine in
v. Differences in performance are more clearly revealed in D/G-S-based synthesis,
while the use of FBM appears to alleviate some of the conservatism.

In all LPV control cases, the two-stage multiplier approach achieves the fastest
total synthesis time (below 42 s), whereas the other approaches show significantly
increased synthesis complexity at reduced or comparable performance levels.

6.1.3.2 Implementation Complexity

Tab. 6.2 lists the implementation complexity of each synthesized controller in terms
of the required arithmetic operations ale] and scalar variables m[e] to be stored. The
complexity is divided into computing/storing the plant’s parameter block (Blk.),
the controller’s parameter block A¥( e ) as a function of the former, the opera-
tions to perform the LFT of the controller parameter block with the constant state
space system matrix (LFT), as well as the remaining operations to compute the
controller’s time-varying state space matrices (Matrices) together with the memory
requirements of the controller parameters. The number of arithmetic operations
ale] and memory requirements m[e] for the respective blocks are listed in Tab. 4.4
on p. 144. In each case, the most effective implementation is chosen. Therefore,
the choice of parameterization in the second multiplier stage has no effect on the
resulting implementation complexity. The complexity of the CTC controller is ap-
proximated by computing/storing the parameter block Y (p) and storing the state
space matrices from LTI-H, synthesis. As obvious from Tab. 6.2, the CTC controller
implementation is the least costly. Some additional computations are incurred due
to the use of the parameter block A(e), despite the fact that the LFT is not required,
since the controller can be synthesized to be affine in its parameter block. However,
in conclusion, the use of FBMs in conjunction with small-in-size fully populated
parameter blocks has a significant advantage over the conventional D/G-S-based
synthesis approach.

Figure 6.3 shows the simulation results of reference tracking control of the ro-
botic manipulator using a full scheduling order OF LPV controller synthesized
by a two-stage multiplier approach using the parameterization via A(§) (method
(ii)). When compared to the results obtained by CTC the controller outputs appear
less aggressive. In fact, a close zoom-in on the trajectories and controller outputs,
cf. Fig. 6.4, indicates slightly reduced deviations from the reference command as
well as fewer oscillations in the control signals. The comparison also includes an
OF LPV controller synthesized by a standard single-stage D/G-S approach using
the affine parameterization via A(0).
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Table 6.2: Implementation complexity for OF controllers synthesized on full scheduling or-
der robot models.

No. of Arith. Ops./Mem. Req.

Blk. AK(e) LFT Matrices Total

Syn. BlKk. ale] mle] ale] alel ml[e] ale] mle] ale] mle]

FBMs  Y(v) 245 120 3311 924 276 6210 1140 10042 2184

FBMs Y(e) 245 120 3311 924 276 6210 1140 10042 2184
+D/GSs  A(e) 886 306 3311 924 — 6210 1140 10407 2370
Avy(d) 15 14 — — 137130 106950 3538 244095 3552

D/GSs Yy(v) 188 79 — — 26586 48060 2160 74834 2239
OA(0) 825 281 — —  — 51057 3538 51882 3819

CTC Y(p) 245 120 — — — — 810 245 930
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Figure 6.3: Simulation results of reference tracking control of the robotic manipulator using
a full scheduling order OF LPV controller synthesized by a two-stage multiplier
approach using the parameterization via A(8).
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Figure 6.4: Comparison of simulation results of reference tracking control of the robotic
manipulator using full scheduling order controllers.
(—) OF LPV controller synthesized by a two-stage multiplier approach using
the parameterization via A(§).
(—) Combined CTC-OF LTI-H, controller.
(—) OF LPV controller synthesized by a standard single-stage D/G-S ap-
proach using the affine parameterization via A(6).
(-----) Dashed lines indicate the reference trajectory.
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6.1.4 Reduced Scheduling Order Output-Feedback Linear Parameter-Varying Control

The purpose of the following reduced scheduling order OF LPV controller designs
is to showcase the ability of the modeling framework presented in Chap. 4 and the
modified two-stage multiplier LFT-LPV synthesis methods presented in Chap. 5,
Sect. 5.1 to approximate LPV plants of high scheduling complexity with simpler
ones, while achieving low implementation complexity and maintain high control
performance. The synthesis methods (i)—(iii) from Sect. 6.1.3 are again applied and
evaluated.

6.1.4.1 Synthesis and Simulation Results

Tab. 6.3 lists synthesis, simulation and complexity results for reduced scheduling
order control of the robotic manipulator. The associated approximate models with
their respective parameter blocks are derived in Sect. 4.6 and listed in Tab. 4.3 on
p- 144. The data for the evaluation of control performance, synthesis and imple-
mentation complexity follows the figures detailed in Sect. 6.1.3.

Table 6.3: OF controller synthesis options for the robot models with various reduced sched-
uling order parameterizations.
o /(e): The first value indicates quantities associated with the LMI-based existence
conditions using—in some cases—a two-stage multiplier approach, cf. Thm. 2.17,
p. 66, and Cor. 5.1, p. 160, whereas values in parentheses indicate quantities asso-
ciated with the LMI-based derivation of controller parameters.

OF Control/Synth. Performance

RMSE [°] Synthesis Complexity

Syn. Blk. Y a1 q2 g3 Avg. Ey t[e] d[e] sle]

FBMs  V(0) 0.50 0.031 0.029 0.034 0.031 2.62 5.4s/(14.85) 643/(992) 376/(121)

FBMs ~ YV(8) 0.50 0.027 0.022 0.031 0.027 2.62 63s/(17.8s) 733/(992) 304/(121)
+D/GSs (D) 0.48 0.022 0.030 0.034 0.029 2.64 6.95/(28.65) 659/(992) 216/(121)

/s Av(8) 0.51 0.025 0.072 0.060 0.052 2.60 20.3s/(117.9s) 691/(1892) 280/(169)
-OS A
Yy(0) 0.48 0.023 0.054 0.051 0.042 2.65 6.25/(20.2s) 617/(1056) 192/(125)

CTC  Y(p) 1.00 0.058 0.053 0.086 0.066 2.64 355 300/(810) 84/(54)

The FBM-based controllers of reduced scheduling order achieve significantly im-
proved performance over the full scheduling order controllers at only slightly ele-
vated control effort. All reduced scheduling order LPV controllers perform better
than the CTC design at reduced or lower control effort. The figures indicating
the synthesis complexity are still consistently higher than the LTI-H{,, CTC design.
However, they are reduced over the full scheduling order cases.
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Differences between the parameterizations in terms of & and 0 appear to show
improved performance for the latter. When visualizing the amount of overbound-
ing induced by the respective parameterizations, cf. Fig. 6.5, it becomes obvious
that evaluating 0 over all admissible o incurs a larger amount of overbounding
than evaluating 0 over all admissible v. The reason resides in the fact that in the
course of the automated parameterization as per Alg. 4.1 on p. 137 in Sect. 4.5, the
extrema of each newly introduced set of parameters are determined via a dense
gridding of the measurable set of signals. Due to this approach, the conservatism
introduced initially by covering transcendental terms as parameters 6 is slightly
amended.

V2

2t v(p) pep

Figure 6.5: Compact sets of admissible values of the parameters v and v, resulting from
different parameterizations of v(e).

6.1.4.2 Implementation Complexity

Tab. 6.4 lists the implementation complexity of each synthesized controller in terms
of the required arithmetic operations a[e] and scalar variables m[e] to be stored.
The reduced number of arithmetic operations and memory requirements for the
respective approximate blocks is again taken from Tab. 4.4 on p. 144.

By selecting a D/G-Ss-based reduced scheduling order controller synthesized via
the parameterization in terms of the parameter block YT+v(0), the implementation
complexity is reduced to about a third of that of the least costly full scheduling
order controller. The CTC design still requires significantly less implementation
effort, but results in twice the average root mean square error (RMSE).
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Table 6.4: Implementation complexity for OF controllers synthesized on reduced schedul-
ing order robot models.

No. of Arith. Ops./Mem. Req.

Blk. AX(e)  LFT Matrices Total
Syn. BlK. afe] mle] ale] ale m[e] ale] mle] ale] mle]
FBMS &) 75 52 468 294 111 5310 990 5679 1336
(+ D/G-Ss)
Av(§) 7 8 — — 15315 37350 1890 52972 383
D/G-Ss . ..
Yy(®) 56 30 — @ — — 3294 924 3350 954
CTC Y(p) 245 120 — — — — 810 245 930

6.1.5 Summary and Discussion

LPV controller synthesis for both full and reduced scheduling order plant represen-
tations is successfully conducted yielding very good performance. The two-stage
multiplier approach for PIDLF-based OF LPV controller synthesis as per Thm. 2.17
using FBMs in the first and D/G-Ss in the second multiplier stage via the applica-
tion of Cor. 5.1 on p. 160 significantly reduces the implementation and synthesis
complexity in almost all cases.

FuLL SCHEDULING ORDER CONTROL

The application of systematic modeling tools from Chap. 4 for exact, low complex-
ity model representations makes it possible to synthesize controllers that can pro-
vide closed-loop stability and performance guarantees. In a previous publication
[E37], this was considered impractical. Furthermore, the conservatism introduced
through the automated affine parameterization of the block Y (e) is seemingly re-
duced over the manual parameterization approach presented in [E48].

The proposed methods reduce the number of arithmetic operations for online
implementation by 96 % from 244 095 to 10407, when comparing the best perform-
ing controllers synthesized via the standard D/G-S-based LFT-LPV approach to
the novel two-stage multiplier approach. Control performance is maintained (even
slightly improved), while the respective associated total time consumed during
synthesis is reduced by 95 % from 754.2's to 36.7s.

In conclusion, the option for full scheduling order synthesis with the best per-
formance, synthesis and implementation complexity is found to be an OF LPV
controller synthesized by a two-stage multiplier approach using the parameteriza-
tion in terms of A(5). The synthesis and complexity analysis results clearly show a
disadvantage of fully affine parameterizations and a synthesis approach that aims
for affine scheduling via D/G-Ss for plants with a high number of parameters. The
benefits in implementation complexity due to the small-in-size full parameter block



188

| APPLICATION EXAMPLES

representations render the seemingly more intutitive gains from affine scheduling
void.

REDUCED SCHEDULING ORDER CONTROL

The application of systematic modeling tools from Chap. 4 and novel approxima-
tion methods introduced in Sect. 4.5 yield approximate, low complexity model
representations that appear to maintain relevant plant information for high perfor-
mance control. The conservatism of the design is reduced, which may be either a
result of the truncation of scheduling parameters that are less relevant for the con-
trol problem or better numerical conditions due to the reduction of the synthesis
complexity.

The implementation complexity of the FBMs-based controllers is reduced by
about a half over the full scheduling order case. However, the conventional D/G-5-
based LFT-LPV synthesis using the parameterization in terms of the automatically
derived affine parameters 0 is now less costly to implement. This is mainly a con-
sequence of the approximation rendering the generalized inertia matrix parameter-
independent, thus resulting in a fully affine plant parameterization.

The loss of closed-loop stability and performance guarantees can be amended
by recovery via an a posteriori analysis along the lines of [E46]. In this work, an
iterative approach at solving the associated bilinear matrix inequalities (BMIs) for
performance optimization has been performed successfully for the case that only
2-DOF are controlled. The method of parameter set mapping [79] was used to
obtain an approximate plant model. Due to the fact that the performance using the
novel approximation in the venue of Sect. 4.5 does in fact yield improved control
performance, such an iteration is not expected to result in further improvements
without the use of PDLFs. In light of this, the proposed methods can be regarded as
an efficient tool to synthesize high performance, low complexity initial controllers
for structured LPV control with a pre-specified scheduling policy.

Tab. 6.5 summarizes the above-mentioned synthesis options and compares exper-
imental control performance, synthesis complexity in terms of the total solver time
as well as implementation complexity for online computation of the controllers’
state space matrices. The results are grouped by full/reduced scheduling order
and ordered by increasing performance.

The state-of-the-art CTC design outperforms all LPV controllers in terms of im-
plementation complexity. It is assumed that by some retuning, the performance
disadvantage may be reduced. However, the proposed LPV control methodology
can also be applied for plants, in which only a partial cancellation of nonlinear
terms via feedback or feedforward control is possible. In light of this, the methods
achieve a significant improvement in terms of both synthesis complexity and im-
plementation complexity that approaches the CTC methodology. A combination of
both approaches to the extent possible therefore promises to result in an efficient
high performance controller design methodology. The CMG is a plant that allows
such an approach and will be considered in the next section.
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Table 6.5: Summary of synthesis results obtained for the robot model. Tracking accu-
racy from simulation results, solver time and implementation complexities ares

shown.
Perf. Syn. Impl.
%Crlaee‘;' Block Syn. RMSE [°] Eyu  tle] ale]  mle]

Ful  Avy(8) OF-PIDLF, FBM+D/GS  0.050  2.60 33.7s 10042 2184
Ty (

13) OF-P1DLF, D/G-S 0.042 265 26.4s 3350 954

Red. PPN
Y(d) OF-PIDLF, FBM+D/G-S  0.027  2.62 24.1s 5679 1336
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6.2 A FOUR-DEGREES-OF-FREEDOM CONTROL MOMENT GYROSCOPE

IN the following, experimental real-time LPV control of a laboratory scale control
moment gyroscope will be investigated. Sect. 6.2.1 will outline the problem setup
and matters of investigation. Sects. 6.2.2 and 6.2.3 consider the application of SF
LPV control techniques on both full and reduced scheduling order models, whereas
Sect. 6.2.4 considers OF LPV control based on the reduced scheduling order models.
A summary is provided in Sect. 6.2.5.

6.2.1 Problem Setup

Reconsider the LPV model representations of the CMG derived in Sect. 4.7, pp. 145
for use in both OF as well as SF control settings.

Throughout the sections, the controller designs are based on the following con-
trol objectives:

(i) Guaranteed closed-loop performance and stability,
(ii) Fast reference tracking in gimbals three and four,
(iii) Fast input disturbance rejection,
(iv) Low synthesis and implementation complexity.

Item (i) will only be strictly guaranteed for synthesis results based on the full
scheduling order models under the assumption that the models are exact. How-
ever, the suitability of the controllers synthesized based on the reduced scheduling
order for a posteriori analysis in the venue of [E45] will be discussed. In connection
to items (ii) to (iv), the CMG will prove an illustrative example of a trade-off be-
tween potentially conservative full scheduling order control and high performance
reduced scheduling order control. W.r.t. synthesis complexity, a comparison be-
tween standard LFT-LPV-based state-feedback and improved conditions derived
in Sect. 5.2 that exploit a descriptor-style LPV model representation will illustrate
significant advantages. However, the best performance is still achieved by reduced
scheduling order controllers.

Tab. 6.6 provides an overview about the respectively synthesis options that will
be conducted. Each of these can in turn be performed on one of the factorization/-
modeling options FMax/FMiN, PFCMax/PFCMiIN and MOP.

Preliminary results of this section have been previously published in [E49]. The results are extended by
considering additional models and synthesis options, complete experimental validation and improved achieved

performance.
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Table 6.6: Synthesis options conducted on the CMG models.
OF SF
D/G-S FBM Std.,, Thm. 5.1 Impr’d., Prop. 5.1

Sched. Nfodel Block  PiDLF  PIDLF  PIDLF PDLE  PIDLE PDLF
Order
FMax Ay(é) X X X v X N
FMin Av(é) X X X v X v
Full
PFCMax Ay (d) X X X v x v
PFCMin Ay (D) X X x v x v
prcMv - V(D) X v X X X x
Red. PFCMmv Y (D) v X v v v v
mMor  Avy(8) x x v x v

Quantitative performance criteria assessed in the following will consist of the
rise times in both gimbals three and four, t;q, and t.q,, respectively, as well as the
total average RMSE. In addition, the control effort will be accounted for by

6.2.2  Full Scheduling Order State-Feedback Linear Parameter-Varying Control

State-feedback controller synthesis is considered for the full scheduling order plant
model of the CMG. L. e., synthesis will be based on the exact plant representations
FMax/FMIN and PFCMax/PFCMIN. For minimum conservatism, parameteriza-
tions in terms of the respective blocks A(8) are used.

6.2.2.1 Generalized Plant Configuration and Controller Implementation

A standard S/KS weighting scheme—borrowed from [Eg94]—is employed for the
generalized plant in state-feedback configuration, which is depicted in Fig. 6.6. The
shaping filters

We(s) = |VS3 . Ws(s) = | Vs ,
Wgy Wis2

Wes(s) =451, Wisi(s) =5-10° 588

Wg4(S) = 40%, WKSZ(S) =5 1055_’_82—’_3%/

are used, which have been derived after fine tuning.
The augmentation of the CMG plant model by dynamic weighting filters requires
the implementation of these filters as part of a dynamic controller of which only
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_____________________________________________________________

Figure 6.6: Generalized plant configuration of the SF gain controller synthesis for the CMG.

the time-varying state-feedback gain F(5) is synthesized by convex optimization.
For implementation, the shaping filters” output gains are set to identity, s.t. their
respective states are fed to the state-feedback gain. Consequently, the resulting
state-feedback-based dynamic controller is implemented as indicated in Fig. 6.7.

The access to the state vector of a dynamic system is indicated by the diagonal
line crossing the border of the block.

_______________________________________________

_______________________________________________

Figure 6.7: Implementation scheme of the SF gain controller for the CMG.

6.2.2.2  Design of the Parameter-Dependent Lyapunov Function

Based on prior attempts at controlling the CMG [Eg4], a PDLF is expected to be
required. Indeed, the attempt of synthesizing a state-feedback controller with a
PIDLF based on the exact plant models fails and is discarded. The following basic
parameterization of the Lyapunov matrix is used.

S(8) =Q"(5)SQ(5) € €'(5,8™), S(8) =0V5 €S,

3 3 5. QT
— 500+Z 8 + [SiTO 0} +Z1 % (%Z%‘) g] (6.5)
i=1 j=

Sio
0
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This structure is achieved by the factorization

01l 6 np 21 g 0 S11:512 513 S1o
A |0 Gy np 5 |LcO A | o §985538
Q(é) o 5 InX xny [ nyg . S= 22 S23 SZO , (6.6)
3G xnP 03 Ing 0 ¢ ¢ 933930
Lnp | L] * * * Sw
R™ ™ ie{1,2,3},j=0,

R, 1,5 €{1,2,3},i #],

where S;; €
i=je{1,23},

GynG
n, xn
S x X,

(S, i=§=0

Tests on possible parameter-dependencies of the Lyapunov function are per-
formed based on the model PFCMin with full scheduling order and a state-
feedback synthesis performed by improved LMI conditions as per Prop. 5.1. During
synthesis D/G-scalings are used to render the synthesis problem tractable. In each
case, the parameter-dependency is restricted to the part of the Lyapunov matrix
corresponding to the physical states, as defined in (6.6). Figure 6.8 illustrates the
results in terms of the achieved performance indices y versus all combinations of
including the parameters ;, i € {1,2,3} in a PDLF of the form (6.6). Here, e. g., —0;
indicates that 6; is not included. It turns out that parameters p; = q, p2 = q3 and
p3 = G, cf. Tab. 4.7 on p. 154, contribute significantly to an improved performance,
which is in accordance to the findings in [E94], where the approximate plant model
based on a linearization about a MOP is considered.

—d; 1Y)
e 41.7 10.2 O
O
9.6 6.0C> 8
S(e)
—83
12.0
& 6.6 O
16.5 g
o O "

Figure 6.8: SF synthesis results in terms of the achieved performance index y for different
PDLF parameterizations for the CMG PFCMIN plant model with full scheduling

order.

Based on these findings, the effects of considering only the part of the Lyapunov
matrix that corresponds to the physical states and the inclusion of mixed /quadratic
terms is further investigated. The results are presented in Tab. 6.7.
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Table 6.7: SF synthesis results using the improved synthesis conditions from Prop. 5.1 in
terms of the achieved performance index vy for different PDLF parameterizations
for the CMG PFCMIN plant model with full scheduling order.

SF Control/Synth. Performance

Mixed/Quadr. Gen. Plant Y trq3 trq4 RMSE Eu t[.} d [.] S[.]

Terms States
v v 57 33s 24s 17.8 1.6 15.1min 5100 342
X 6.0 35s 26s 18.2 1.4  25min 3099 248
% v 71 42s 29s 19.5 1.3 12.1min 4080 342
X 71 42s 29s 19.5 1.3 2.8min 2979 284

As apparent from Tab. 6.7 the inclusion of quadratic and mixed terms has a
strong beneficial effect on the control performance without significantly affecting
the synthesis time or number of decision variables. This is in contrast to the claim
mentioned in [Eg4], which may be explained by the additional conservatism in-
duced by D/G-scalings that is alleviated through a more complex PDLF parame-
terization. In fact, the increase in decision variables is only small compared to the
number incurred by the multiplier-based synthesis technique.

Moreover, the benefit of including parameter-dependencies in the portions of the
PDLF that correspond to generalized plant filter states is negligible compared to
the strongly increased synthesis complexity. W.r.t. the implementation complexity
assessed by the evaluation of the number of arithmetic operations a[F(5)] necessary
to compute the state-feedback gain in each time instant, the restriction of the PDLF
according to (6.6) is negligible.

6.2.2.3 Improved vs. Standard State-Feedback Synthesis

Throughout the above-shown sets of synthesis data (Tab. 6.7), SF synthesis con-
ditions improved for descriptor LPV systems according to Prop. 5.1 have already
been used. To indicate the potential in reducing the number of decision variables,
size of LMIs and, consequently, synthesis time, various SF controller synthesis op-
tions are compared in Tab. 6.8. For this purpose, the PDLF is selected as (6.6) and
D/G-Ss are used to evaluate multiplier conditions.

As expected, control performance is not affected by the use of the improved
conditions. Synthesis complexity, however, is strongly reduced. Tab. 6.9 lists the
relative reductions, revealing that in average the number of decision variables, size
of LMIs and synthesis time is reduced by 43.4 %, 17.6 % and 88.9 %, respectively.

Tab. 6.10 lists synthesis data for the cases that a PDLF with mixed/quadratic
terms and parameter-dependency w.r.t. all generalized plant states is used in con-
junction with the PFCMin CMG model. Even though, the major part of the synthe-
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Table 6.8: PDLF-based SF controller synthesis options for the various CMG models of full
scheduling order.

SF Control/Synth. Performance

Synth. Model PDLF vy tg, tq, RMSE Ey tle] de] sle]

EMax 4.6min 3495 260
Av(8) < 61 35s 29s 183 1.3
FMin 5.1min 3604 266
Prop. 5.1
PFCMax 3.1min 3294 254
Av(8) < 6.0 35s 26s 172 1.5
PFCMIN 25min 3099 248
FEMax 39.2min 6459 320
Av(8) < 61 35s 29s 183 1.3
FMin 46.7 min 6610 326
Thm. 5.1
PFCMax 28.3min 5745 304
Av(8) < 6.0 35s 26s 172 15
PFCMIN 22.7 min 5214 294

Table 6.9: Reduction in synthesis complexity due to application of Prop. 5.1 for the PDLF-
based SF controller synthesis for various full scheduling order CMG models .

Relative Reduction

Model Block dle] s[e] t[e]
FMax Avy(5) 459%  19.8%  884%
FMIN Ay (d) 44.5 % 18.4 % 89.1%

PFCMax Ay(8) 427% 165%  89.1%

PFCMIN Av(6) 40.6 % 15.6 % 88.9 %

Average 43.4% 17.6% 88.9%

sis complexity is incurred through the use of fully parameterized Lyapunov matrix,
the improvements still amount to 68.4 % reduction in synthesis time.
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Table 6.10: Comparison of SF controller synthesis options for the PFCMiNn CMG model of
full scheduling order with fully PDLF.

SF Synth. Performance Reduction

Model Block Std., Thm. 5.1 Impr’d., Prop. 5.1
Y 5.7 57
PFCMIN Ay (5) t[e] 47.7 min 15.1 min 68.4 %
dle] 7549 5100 32.4%
s[e] 388 342 11.9%

6.2.2.4 Implementation Complexity

Due to the generalized plant configuration and model structure, most of the gener-
alized plant matrices are parameter-independent and it remains to compute

—1
F(8) = — (DpuPpu)  (YBL(8)S7(5) + DLCp).- (6.7)
The input gain matrix Bu(é) only contains non-zero entries in the third to fifth

-1
row. The leading term — <Dgquu> amounts to a constant, scalar gain and the

term DguCp is zero except for a diagonal 2 x 2 matrix in the last two columns.
The implementation complexity is therefore approximately assessed by considering
a[F(p)] ~a[s (o).

A look-up table (LUT)-based implementation can trade the number of arithmetic
operations against memory. It turns out that storing the state-feedback gain in 45
different grid points (810 scalar variables) from taking three for 67 and 9;, as well as
tive for 83, respectively, results in consistent control performance, although rigorous
closed-loop guarantees are rendered void.

In order to further reduce the memory requirements, the SF controller synthesis
using a PDLF dependent on 87 and §; only can also be considered. As indicated
in Fig. 6.8, the drop in performance by omitting 63 from the Lyapunov matrix
parameterization is not severe. At the cost of increased synthesis effort, a PDLF with
parameter-dependence included also in portions associated with the generalized
plant states may partially recover the performance deterioration. Tab. 6.11 indicates
that by this reasoning a performance index of y = 6.17 is attained and rise times
lower accordingly. Consequently, storing the SF gain in g different grid points (162
scalar variables) from taking three for §; and 9;, results in adequate performance.

Tab. 6.12 provides a comprehensive list of both required arithmetic operations
and stored scalar variables for the full scheduling order SF controllers. Both the
cases when the parameter-dependent Lyapunov matrix is constructed and inverted
online (Comp.), as well as a look-up table-based implementation (LUT) are consid-
ered. The inversion of the 9 x 9 Lyapunov matrix requires 486 operations not con-
sidering positive definiteness. Due to mixed/quadratic parameter-dependencies in
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the matrices, an additional 495 (for a PDLF dependent on 81, 6, and 63) and 225 (for
a PDLF dependent on §; and §, only) operations are required for the construction

of the matrix to be inverted.

In conclusion, controllers based on the PEFECMiIN CMG model involve a negligible
amount of extra implementation complexity due to the partial feedback cancella-
tion at significantly reduced synthesis effort and slightly improved performance.
If a fully parameterized PDLF dependent on 87 and &, only is used in conjunc-
tion with the PFECMin CMG model, a slight deterioration in performance is traded
against significantly reduced LUT-based implementation complexity.

Table 6.11: SF synthesis result comparison for reduced implementation complexity using
the improved synthesis conditions from Prop. 5.1 in terms of the achieved per-
formance index vy for different PDLF parameterizations for the CMG PFCMIn
plant model with full scheduling order.

Gen. Plant

SF Control/Synth. Performance

PDLF States trq;  trqs RMSE E,. t[e] dle] s[e]
v 57 33s 24s 17.8 1.6 15.1min 5100 342

51,82, 63
X 6.0 35s 26s 182 1.4 2.5min 3099 248
v 6.2 36s 28s 18.7 1.4 9.7min 4218 270

51,82, 763
X 6.6 38s 29s 19.0 1.2 2.7min 2779 208

Table 6.12: Implementation complexity for SF controllers synthesized on full scheduling

order CMG models.
No. of Arith. Ops./Mem. Req.
Parameters SF Gain PFC Total

Type PDLF Model als] mle] afe] mis] ale] mle] ale] mle]
s T Av(8) 4 4 98 300 — — 989 304

1,02, 03
Comp. FC Ay (8) 4 4 985 300 73 6 1062 310
81,82, —83 PECAy(8) 2 2 711 378 73 6 786 386
FA(8) 4 2 — 80 — — 4 3812

51,682,083
LUT FCAy(8) 4 2 — 810 73 6 77 818
51, 8,, 63 PFC Ay(é 4 2 — 162 73 6 77 243
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6.2.2.5 Simulation Results

Figure 6.9 depicts an exemplary closed-loop simulation using a SF controller syn-
thesized based on the full scheduling order CMG PFCMIN model and a PDLF
dependent on 67, 8, and 083 in portions associated with the physical states includ-
ing mixed/quadratic dependence. As apparent from the results, all scheduling pa-
rameters remain within the prespecified bounds and the control performance is
satisfactory. Further performance data is listed in Tab. 6.8 on p. 195.
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Figure 6.9: Simulation results of reference tracking of the CMG with full scheduling order.
(—) Solid lines indicate signals.
(----- ) Dashed lines indicate the reference trajectory.
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6.2.2.6 Experimental Validation

The SF controllers synthesized via improved LMIs and based on the full sched-
uling order CMG models PFCMIN and FMIN are tested in real-time experiments,
cf. Fig. 6.10. Tab. 6.13 lists the achieved performance indices.

Table 6.13: Experimental performance for SF controllers on the full scheduling order CMG.

Exp. SF Ctrl. Perf.
Model trqs  trq, RMSE  Ey

PFCMiN Ay (8) 3.46s 2.63s 181306 2.1659
FMin Avy(8) 3.52s 2.89s 182056 2.1997
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Figure 6.10: Experimental results of reference tracking control of the CMG using a SF con-
troller synthesized based on the full scheduling order CMG PFCMIN model.
(—) Solid lines indicate signals.
(-----) Dashed lines indicate the reference trajectory.
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6.2.3 Reduced Scheduling Order State-Feedback Linear Parameter-Varying Control

The previous section showed that for the CMG satisfactory control performance
can be achieved by synthesizing a state-feedback controller based on the full non-
approximate plant model. The incurred implementation complexity matches the
one obtained in [Eg4], which used the approximate model obtained through lin-
earization about a moving operating point (MOP) in order to render the gridding-
based LPV controller synthesis tractable. As a comparison, in this section LPV con-
troller synthesis is based on the approximate plant model of the CMG derived in
Sect. 4.7, p. 145, for the purpose of reducing both synthesis and implementation
complexity. In this section state-feedback controller synthesis is considered and a
generalized plant configuration identical to the one described in Sect. 6.2.2.1 and
depicted in Fig. 6.6 on p. 192 is used.

6.2.3.1  Choice of Lyapunov Functions and Shaping Filters

It turns out that the approximate plant model of the CMG derived in Sect. 4.7,
p- 145, in terms of Y+ (0) does not require a PDLF during synthesis to achieve
feasibility and good performance. Thus, besides reducing the synthesis effort by
an approximate plant model, the implementation complexity of the resulting con-
troller is also reduced. However, the shaping filters have been retuned to

ng WKS]
WS(S) - s WKS(S) - ’
[ W54] Wis2
W3 (s) = 144, Wigi(s) = 3-10° 55555,
Was(s) =141, Wisa(s) = 1-10* 5555,

in order to achieve the best control performance.

Due to the low complexity of the reduced scheduling order model, a PDLF is
expected to not incur strongly increased synthesis complexity. Consequently, the
following parameterization is chosen

A S11ng e A |S11312 500
Q(U) - 62171)(3 xnb [/ S=1| e S2nSu|, (6.8)
I“)‘Z [ ] [ ] SOO
R™>™, ie{1,2},j=0,
GynG . . .,
where Si; € R, 1,5 e (1,2}, 1 75,
i .

G

gniomd - i=je{l,2},

PP . .
\STIXXTIX, 1:] :O
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Again, a retuning to

Ws3 Ws
Wsls) = , Wisls) = ,
[ WS“] Wks2
Wes(s) =551, Wisi(s) =5- 10755582,
Wea(s) =354, Wisa(s) = 610251557,

is performed for optimizing the resulting performance in the cases where a PDLF
is used.

The approximate model based on linearization (MOP) requires PDLFs, in order
to yield acceptable results [Eg4]. Therefore, a PDLF dependent on &7, &, and 63
in portions associated with the physical states including mixed/quadratic depen-
dence as in Sect. 6.2.2 is used. Consequently, implementation of a controller based
on the CMG MOP model is as costly as the controllers synthesized based on the
tull scheduling order models (partial feedback cancellation (PFC)/full model (F))
derived in this thesis. Controller synthesis schemes based on the CMG MOP model
therefore serve the purpose of reducing the synthesis complexity.

6.2.3.2 Synthesis Results and Complexity

Tab. 6.14 lists data on the synthesis complexity with respect to the models of re-
duced scheduling order. While synthesis based on the novel approximation takes
less than a second due to PIDLFs, synthesis time based on the MOP model is sig-
nificantly reduced by application of Prop. 5.1. However, the use of PDLF w.r.t. the
CMG PFCMIN model also incurs significantly less synthesis complexity than in the
case of the CMG MOP model, while the performance characteristics are improved.

Table 6.14: SF controller synthesis options for CMG models of reduced scheduling order.

SF Control/Synth. Performance

Synth. Model PDLF vy tq, tiq, RMSE E, tle] de] sle]

4 53 24s 25s 173 1.6 71s 579 112

PFCMiN Yy (0)
Prop. 5.1 X 174 34s 27s 172 15 07s 54 32
MOP  Ay(8) 58 34s 28s 180 13 1.0min 2033 212
o N 53 24s 25s 173 16 74s 579 112

PFCMin Yy (D)
Thm. 5.1 X 174 34s 27s 172 15 08s 54 32
MOP  Ay(d) 58 34s 28s 180 1.3 5.8min 3597 256
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6.2.3.3 Implementation Complexity

For PIDLFs, no inverse is required for the computation of the state-feedback gain

F(5) = — (DpuDpu) - (YBL(8)S™ +DLCp). (6.9)

Consequently, a symbolic expression can be found that requires a minimum num-
ber of arithmetic operations during online implementation. The SF gain resulting
from P1DLF-based synthesis w.r. t. the reduced scheduling order model PFCMIN is

F(U) _ 1.10 0.00 0.00 0.12 0.00 —0.23 0.00 2.10 0.00
0.00 0.34 —0.04 0.00 0.11 0.00 —0.07 0.00 0.82

v2-107° —27.0 0.0 0.0 —3.0 0.0 5.5 0.0 4.1 0.0
3.3:103v,—1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

] . (6.10)

As apparent from (6.10), the SF gain is nearly constant. In contrast—as mentioned
above—implementing the controller synthesized based on the MOP model is as
costly as the full scheduling order controllers. Comparable performance is only
achieved, if the Lyapunov matrix is chosen to depend on &1, §; and 83. As before,
the controller can be stored in a LUT using 810 scalars. Recall that in constrast
to this, the PDLF-based controller synthesized with the reduced scheduling order
CMG PFCMIN model is only scheduled on two parameters, vy and v;. It turns
out that a look-up table implementation with 162 scalars is sufficient for main-
taining the controlled response. However, the parameters v (p) and vz(p) need
to be computed online, which amounts to a[0(p)] = 126 arithmetic operations,
cf. Tab. 4.10 on p. 157. An additional a[ug(p)] = 73 operations are required for the
PFEC. Tab. 6.15 lists a comprehensive enumeration of both required arithmetic ope-
rations and stored scalar variables for the reduced scheduling order SF controllers.
Both the cases when the parameter-dependent Lyapunov matrix is constructed and
inverted online (Comp.), as well as a look-up table-based implementation (LUT)
are considered. The inversion of the 9 x 9 Lyapunov matrix requires 486 opera-
tions not considering positive definiteness. Due to mixed/quadratic parameter-
dependencies in the matrices, an additional 495 (MOP) and 225 (MOP) operations
are required for the construction of the matrix to be inverted. As before, the num-
ber of arithmetic operations required to compute the SF gain is approximated by
a[F(p)] ~a[S7'(p)] due to the constant performance channel matrices.

In conclusion, a LUT-based implementation is considerably more efficient in all
cases. While the PDLF-based online computations in both PECM1N and MOP cases
are within the same order, the LUT-based implementation in the PFCMIN case
shows a clear advantage. However, since ¥ is a function of all six measurable sig-
nals, a gridding has to be performed in terms of 07 and ¥,. This prevents further
considerations to trade online computations versus LUTs. The PIDLF-based con-
troller with SF gain (6.10) may also be approximated by the nominal constant SF
gain for even further reduced implementation complexity (not shown).
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Table 6.15: Implementation complexity for SF controllers synthesized on reduced schedul-
ing order CMG models.

No. of Arith. Ops./Mem. Req.

Parameters SF Gain PFC Total

Type PDLF  Model  ale] mls] ale] mie] als] mle] afe] mle]

x  pEcMn Yy (0) 126 51 11 16 73 6 210 73

Comp. > (o
omp . PFCMin Yy (D) 126 51 711 190 73 6 910 320
MoP Ay (3) 4 4 981 300 — — 985 304
X  pEcMw Yy (0) 126 51 — 54 73 6 199 111

LUT o (o
. pFCMy Yy (D) 126 51 — 162 73 6 199 219
mor Ay(d) 4 4 — 810 — — 4 814

In light of the simulation results and synthesis complexity shown in Tab. 6.14,
both PDLF- and P1DLF-based controllers synthesized based on the PEFECMin CMG
model are superior to the one synthesized based on the MOP CMG model.

6.2.3.4 Experimental Validation

Tab. 6.16 lists quantities that indicate the experimental control performance for
the respective controllers. From this evaluation, the PDLF-based SF controller syn-
thesized based on the reduced scheduling order CMG PFCMIN model performs
significantly better than the other controllers, which show similar performance.
The experimental results are in accordance with the simulation results shown in
Tab. 6.14.

Table 6.16: Experimental performance for SF controllers on the reduced sched. order CMG.
Exp. SF Ctrl. Perf.
PDLF Model trqg;  trqs RMSE Ey

y PFCMin Yy (D) 249s  254s 168 2.1
MOP Ay(8) 338s 276s 17.9 1.9
x PFCMin Yy (D) 3.42s 2.81s  17.1 2.1

Figure 6.11 shows experimental results of reference tracking control of the CMG
using the PIDLF-based SF controller synthesized based on the reduced scheduling
order CMG PFCMIN model. For comparison, Fig. 6.12 indicates the improvement
in performance via the PDLF-based SF controller synthesized based on the reduced
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scheduling order CMG PFCMIN model. As apparent, the decreased rise time in g3
comes at the price of increased cross-coupling effects.
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Figure 6.11: Experimental results of reference tracking of the CMG using a SF controller
synthesized based on the reduced scheduling order CMG PFCMiIn model.
(—) Solid lines indicate signals.
(-----) Dashed lines indicate the reference trajectory.
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Figure 6.12: PDLF vs. PIDLF: Comparison of experimental results of reference tracking con-
trol of the CMG using a SF controller synthesized based on the reduced sched-
uling order CMG PFCMIN model.

(—) Black lines: PDLF-based SF controller.
( ) Gray lines: PIDLF-based SF controller.
(-----) Dashed lines indicate the reference trajectory.

6.2.4 Reduced Scheduling Order Output-Feedback Linear Parameter-Varying Control

The previous sections illustrated the synthesis of SF controllers for both full and re-
duced scheduling order models. It has been shown that—with tractable effort—SF
controllers providing closed-loop guarantees can be designed either by considering
exact complex models or by synthesizing controllers that render a posteriori analysis
for recovering closed-loop stability and performance guarantees particularly sim-
ple [E45]. These designs resulted in satisfactory control performance.

The synthesis of OF controllers is more involved, as it generally requires twice
the number of LMIs and hence decision variables. Furthermore, implementation
complexity is increased in both PIDLF- and PDLF-based synthesis over the SF case.
However, OF control schemes are conceptually appealing as they integrate the op-
timization of state observation and filtering into the controller design process. For
this reason, in the following, an OF controller is designed for the CMG PFCMIN
and FMIN model.

6.2.4.1 Generalized Plant Configuration and Implementation Complexity

The best output-feedback controller synthesis results have been obtained by a four-
block design [141], which takes into account input disturbances explicitly and pro-
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-
vides the angular velocity states x4 = [qz, s, q4] as additional feedback signals

over the controlled variables yq, = |:q3, q4} . The corresponding generalized plant
configuration is shown in Fig. 6.13.

d

Figure 6.13: Generalized plant configuration for OF controller synthesis for the CMG.

The shaping filters are tuned to

W53(S) WKS] (5)
W = ’ W - ’
s(s) [ Wasls) ks(s) Wisa )
Was(s) = 23555, Wisi (s) = 1005525,
Waa(s) = 3 58357, Wisa(s) = 10035625,
Vy(s) = | V() Vai(s) =5,
Vaa(s) |’ Vyp(s) = 10.

In contrast to the SF design, the OF controller does not require manual aug-
mentation by dynamic weighting filters and the controller dynamics are explicitly
synthesized through convex optimization. The output-feedback controller is syn-
thesized via the LFT-LPV synthesis technique presented in [124] by using FBMs
and D/G-S directly due to the low number of parameters in the reduced sched-
uling order parameter set. Consequently, the controller’s scheduling function will
vary and be based on the approximate plant’s parameter block. Based on the results
from Sect. 3.1 the implementation complexity for the OF controllers is assessed a
priori in Tab. 6.17 for both the CMG PFCMIN and FMIN model. Synthesis complex-
ity is not assessed a priori, as it is expected to be tractable for all reduced scheduling
order cases. Details and sizes w. r. t. the respective blocks for the CMG PFCMIN and
FMIN model are given in Tabs. 4.8 and 4.9 on p. 154.

As apparent from Tab. 6.17, the implementation complexity resulting from OF
controllers synthesized based on the CMG PFCMiN model is the lowest. Any con-
troller design based on the CMG FMIN model would therefore have to show in-
creased performance to be preferable.
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Table 6.17: Implementation complexity for OF controllers synthesized on reduced schedul-
ing order CMG models.

No. of Arith. Ops./Mem. Req.

Y(p) AK(T)  LFT  Matrices PFC Total

Syn. Model afe] mle] ale] mle] ale] ale] mle] ale] mle] ale] mle]

bjas M Y(0) 141 47 — — 538 2480 336 — — 3159 383
pFeMiv V(D) 126 51— — 271 1856 300 73 6 2326 357
U V(0) 156 62 1764 630 210 1584 308 — — 3714 1000
pFCMiv V(D) 138 62 1277 504 87 1056 286 73 6 2631 858

Note, however, that a LUT-based implementation incurs about the same complex-
ity for each controller. In this case the computation of the reduced scheduling order
parameters 0 requires a[0] = 126 (PFCMIN) or a[0] = 141 (FMIN), respect1vely For
each grid point, 176 scalars need to be stored, Wthh amounts to ng® - 176 scalars
in total for a regular gridding. Since ny = 2 and ng = 3 leads to 1584 scalars, while
for four grid points the number of scalars to be stored already exceed the number
of online arithmetic operations for implementation as the LFT-based controller.

6.2.4.2 Synthesis Complexity and Simulation Results

Tab. 6.18 lists data on the synthesis complexity and nonlinear simulation results
w.r.t. the reduced scheduling order OF controllers in closed loop with the full
nonlinear model'. As apparent from the data, synthesis options based on the CMG
PFCMIN model perform better with the same multiplier constraints. Furthermore,
a significant improvement of FBMs over D/G-Ss can be observed in the case of
both models.

6.2.4.3 Experimental Validation

Tab. 6.19 lists the experimental results of both OF controllers synthesized based on
the reduced scheduling order CMG PFCMIN model with FBMs and D/G-Ss. Some
downtuning was required to maintain stable closed-loop behaviour during the ex-
periments, since the high performance achieved in g3 incurred more pronounced
coupling effects than during simulation. The FBM-based controller still achieves
a significantly shorter rise time in q3, whereas differences in t;q, diminish. The
increased RMSE is due to stronger coupling effects. However, the FBM-based con-

For a fair comparison the shaping filters for all but the FBM PFCMIN case were relaxed to Ws3(s) =

% szo3b7053, Wiy (s) = %%, i.e., allowing for some overshoot that, however, does not occur.

This significantly improved the results.
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Table 6.18: OF controller synthesis options for CMG models of reduced scheduling order.
o/(e): The first value indicates quantities associated with the LMI-based exis-
tence conditions, cf. Thm. 2.17, p. 66, whereas values in parentheses indicate
quantities associated with the LMI-based derivation of controller parameters.

OF Control/Synth. Performance

Syn. Model Y trq; trq, RMSE Ey t[e] dle] s[e]

/G M Ty (0) 111 3.6s 57s 212 1.1 1.1s/(3.2s) 117/(338) 102/(120)
PFCMin Ty (D) 89 25s 3.6s 18.9 1.3 0.9s5/(3.9s) 107/(302) 94/(112)

BM My Yy(0) 33 25s 25s 164 1.7 1.0s/(3.8s) 181/(325) 134/(152)
prcMin Ty (D) 27 08s 21s 151 1.9 1.1s/(5.85s) 163/(308) 126/(144)

troller shows less excessive control action. This is confirmed in a comparison of the
experimental signals in Fig. 6.11.

Table 6.19: Experimental performance for OF controllers on the reduced scheduling order
CMG plant.

Exp. OF Ctrl. Perf.
Synth. Model trqs trq, RMSE Ey

D/GS PECMw V(D) 20s 26s 166 25

FBM  PFCMin V() 125  26s 157 2.1

6.2.5 Comparison and Summary

LPV controller synthesis for both full and reduced scheduling order plant represen-
tations is successfully conducted yielding satisfactory performance. In all cases the
use of the PFCMin CMG model has resulted in the best or equal performance as
well as synthesis and implementation complexity characteristics. In the following,
the results of this section are summarized and discussed.

FuLL SCHEDULING ORDER STATE-FEEDBACK CONTROL

The application of systematic modeling tools from Chap. 4 for exact, low com-
plexity model representations makes it possible to synthesize controllers that can
provide closed-loop stability and performance guarantees. Synthesis complexity is
significantly reduced, when the standard synthesis conditions as per Thm. 5.1 are
combined with the improved outer factor representations for descriptor LPV sys-
tems via Prop. 5.1. In the case of the CMG, the reduction in complexity amounts
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Figure 6.14: Comparison of experimental results of reference tracking control of the CMG
using an OF controllers synthesized based on the reduced scheduling order
CMG PFCMIN model with FBMs and D/G-Ss (transparent overlay).
(—) Solid lines indicate signals.
(-----) Dashed lines indicate the reference trajectory.

to an average of 88.9% in synthesis time at maintained performance levels. Via
the use of PFC and the possibilities of the automated factorization and descriptor
LPV modeling framework, the solver time is therefore reduced from a worst case
of 46.7 min to 2.5 min. Several PDLFs are investigated and a trade-off between syn-
thesis and implementation complexity at only minor differences in performance is
discussed. In conclusion, the best options for full scheduling order synthesis are

(i) Best Performance/Synthesis Complexity: SF controller synthesis based on the
PFCMIn CMG model with a PDLF parameterized in parts associated with
physical plant states in 67, 6, and 63 with mixed/quadratic terms,

209



210

| APPLICATION EXAMPLES

(ii) Best Performance/Implementation Complexity: SF controller synthesis based
on the PECM1IN CMG model with a fully parameterized PDLF in 81, §; and 63
with mixed/quadratic terms.

REDUCED SCHEDULING ORDER CONTROL

The application of systematic modeling tools from Chap. 4 and novel approxima-
tion methods introduced in Sect. 4.5 yield approximate, low complexity model rep-
resentations that maintain relevant plant information for high performance control.
In the case of the CMG, the automated affine parameterization of the small-in-size
descriptor LPV parameter blocks yields exact models that appear to be too con-
servative to be used for synthesis. However, conservatism is reduced in the course
of approximation by truncating parameters from parameter blocks that appear to
contribute only negligibly to the relevant nonlinear characteristics. Closed-loop sta-
bility and performance guarantees are rendered void if these models are used for
synthesis, but may be recovered analytically, verified experimentally or via simu-
lations. Synthesis complexity is significantly reduced, which facilitates the tuning
process. In the case of the CMG, the reduction in complexity amounts to synthesis
times well below 10 s in all cases making use of the novel approximations. In con-
trast, the quantitative characteristics of synthesis and implementation results using
an approximation based on a moving operating point essentially range in the order
of the newly obtained full scheduling order results described above, while—strictly
speaking—not providing closed-loop guarantees.

The low complexity plant representations permit further design choices in the
trade-off between performance versus implementation complexity: While a PIDLF-
based SF controller can maintain the performance levels of the full scheduling order
controllers at very low synthesis and implementation complexity, both PDLF-based
SF and PIDLF-based OF controllers achieve significantly better performance at the
cost of increased implementation complexity. The PIDLF-based OF controllers incur
an implementation complexity of approximately twice the number of arithmetic op-
erations and stored variables compared to the PDLF-based SF controllers, the use
of FBMs results in the best performance of all controllers tested in both simula-
tion and experiments. In conclusion the best options for reduced scheduling order
controllers are

(i) Best Performance/Synthesis Complexity: OF controller synthesis based on
the approximate PFCMiNn CMG model with a PIDLF and FBMs,

(ii) Best Performance/Implementation Complexity: SF controller synthesis based
on the approximate PFCMin CMG model with a PIDLF.

Tab. 6.20 summarizes the above-mentioned synthesis options and compares ex-
perimental control performance, synthesis complexity in terms of the total solver
time as well as implementation complexity for either LUT-based implementation or
online computation (Comp.). The results are grouped by full/reduced scheduling
order and SF/OF control approaches and ordered by increasing performance.



Table 6.20: Summary of synthesis results obtained for the PFCMin CMG model. Experi-
mentally validated rise times, solver time and implementation complexities are
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shown.
Perf. Syn. Impl. Cmplx.
LUT Comp.
Sched. Block Syn. trq, trq,  tlel  ale] mle] ale] mlel
Ful Avy(d) SE-PDLF, (8,,5,) 3.6s 28s 97min 77 243 786 386
u
Av(d) SF-PDLF, (51,55,65) 3.5s 26s 25min 77 818 1062 310
Y~ (0) SF-PIDLF 34s 27s  07s 199 111 210 73
Red Yy (0) SE-PDLF, (vy,v2) 24s 25s  7.1s 199 219 910 320
ed.
Yy(0) OFPIDLE,D/G-Ss 20s 2.6s  48s —  — 2326 357
Y(0) OFPIDLF, FBMs  12s 2.6s  69s —  — 2631 858
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Part II

CONTROL OF INTERCONNECTED LINEAR
PARAMETER-VARYING SYSTEMS

The centralized control of complex systems that are derived from the
composition of a multitude of individual subsystems is often suscepti-
ble to failures, inefficient or even intractable. The second part of this
thesis extends the linear parameter-varying (LPV) control methodology
to enable the synthesis of resilient distributed control schemes that can
handle heterogeneous LPV subsystem dynamics as well as arbitrary, di-
rected and time-varying interconnection topologies at synthesis com-
plexity levels in the order of a single subsystem.






STATE OF THE ART IN INTERCONNECTED SYSTEMS
CONTROL

</’ kvmpleks/, adjective.
Consisting of many different and
connected parts.>

Microsoft Bing Search Engine

trol of interconnected systems, this chapter first defines and reviews impor-
tant terminology, as well as basic graph theoretic fundamentals in Sect. 7.1.
Section 7.2 then continues with a brief survey on distributed controller synthesis
approaches. Special emphasis is put on classifying literature with respect to subsys-
tem and topology properties considered as well as specific features of the associated
synthesis approach, e. g., scalability.
The informed reader may skip to Tab. 7.1 on p. 228 for a concise summary over
the related publications and a rough classification of the present work.

! s an introduction to the extensive field of research on the analysis and con-
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7.1 INTERCONNECTED SYSTEMS

ANY complex systems can be regarded as assemblies of subsystems intercon-
Mnected through some topology. The entirety of such an interconnected system
usually has a high number of states, inputs and outputs, for which classical con-
troller synthesis approaches are intractable. Therefore, the common approach to
most methods that can handle interconnected systems resides in the exploitation
of the interconnection topology’s structure and similarities between subsystems.

As a means of denomination, consider the following terminology.

«Distributed System (DS)>: A distributed system (DS) is a system with spatial
states, such as a system that can be represented by partial differential equa-
tions (PDEs).

<«Interconnected System (IS)>: An interconnected system (IS) is a general term
for a set of subsystems combined or coupled through some topology.

<«Multi-Agent System (MAS)>: A multi-agent system (MAS) is a subclass of ISs,
for which the subsystems are «agents>. Such agents are required to be au-
tonomous in the sense that they are not coupled but incorporate their own
actuation and sensing capabilities and usually work towards achieving some
goal. Their interconnection serves the purpose of information exchange only.

«Spatially Interconnected System (SIS)>: A spatially interconnected system (SIS)
is a subclass of ISs, for which the subsystems incorporate spatial states inher-
ently or through discretization and there exists coupling in the spatial states.

Remark 7.1 In a game-theoretic interpretation, agents might also have diverging interests
[139].

In this thesis, the terms <information exchange> and «<communication> are used
to describe the transmission of non-physical data only, as opposed to physical cou-
pling, which allows the exchange of energy and thus interconnection in terms of
subsystem states. As such, the author is well aware that information exchange
through some sort of wireless networks is usually subject to time-delays. How-
ever, time-delays are not covered in this thesis. Figure 7.1 visualizes the possible
intersections in the system classes defined above.

Remark 7.2 Over the available literature, the terminology employed is often inconsistent.
E.g., [24], assume regular grid topologies when considering SIS. Figure 7.1 provides an
attempt to showcase possible extensions.

For the purpose of modeling ISs and DSs, essentially two approaches have
emerged for system representations that are then associated with certain distrib-
uted controller synthesis methods.

(i) Systems interconnected through an arbitrary, finite topology,

(ii) Systems interconnected through a regular, infinite or periodic, grid topology.
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Figure 7.1: Classes of interconnected/distributed systems.

While methods related to systems interconnected through an arbitrary topology
usually exploit graph theory to describe the interaction between subsystems, see,
e.g., [40, 97], systems that are regularly interconnected over a grid topology are
often described using shift operators to maintain information about a subsystem’s
location in the interconnection array, see, e. g., [24].

7.1.1  Examples

In order to develop an almost intuitive understanding of the terminology intro-
duced above, consider the following examples for the respective sets and intersec-
tions.

(a) DS \ IS: A flexible beam or plate that is considered by continuous, i.e., non-
discretized PDEs is an example that is found to be in the set of DSs but is not
an IS, cf. Fig. 7.2a.

(b) DS N SIS: If such a flexible beam or plate is discretized in space, e.g., based
on the positions of piezo patches acting as both actuators and sensors [90], the
system can be considered a DS and an SIS, cf. Fig. 7.2b.

(c) (DS N IS) \ SIS: If a distributed system is not discretized in space, but some
other dimension, e.g., time or a different abstract dimension, the system can
be considered a DS and an IS but not an SIS. By slightly abusing terminology,
these systems may also be discretized in space, while the actual distance is not
a matter of interest. Examples can be found in virtual network topologies, or
even distributed algorithms, cf. Fig. 7.2c.

(d) (SIS \ DS) \ MAS: An example for an SIS that is not modeled from discretizing
a DS and does not involve autonomous agents is a train, where only the lead-
ing car is powered and the following wagons are connected, e.g., via spring-
damper systems, cf. Fig. 7.2d.
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(e) SIS N MAS: A fleet of quadrotor helicopters that are physically coupled, e.g.,
via ropes or rigid links can be regarded as an MAS that is also an SIS. Another
example can be found in swarm-like algorithms that use virtual agents to solve,
e.g., NP-hard problems [64], cf. Fig. 7.2e.

(f) MAS \ SIS: A physically decoupled fleet of quadrocopters that exchange infor-
mation on their position to achieve some formation is a pure MAS, cf. Fig. 7.2f.

(g) IS\ (DS U SIS U MAS): An IS that is neither a DS, SIS, or MAS must incorpo-
rate entities that are incapable of acting on the environment on their own, are
distributed in a non-spatial sense and do not result from the discretization of a
continuum. As an example, consider a distributed algorithm with entities that
can directly influence another autonomous entity, which amounts to a virtual
coupling, cf. Fig. 7.2g.

N N\ e —

—
/

eToE

X1

(a) DS\ IS. (b) DS N SIS. () (DSNIS)\ SIS.  (d) (SIS \ DS) \ MAS.

. 7%4;\7&
7 7
@7@;%@\@

(e) SIS N MAS. (f) MAS \ SIS. (g)IS \ (DS U SIS U
MAS).

Figure 7.2: Examples of classes of interconnected /distributed systems.

7.1.2  Basic Graph Theory

Graph theory has become a useful tool for the purpose of describing networks
among agents [40, 109]. In addition, the framework of «decomposable systems> in-
troduced in [99] as well as the even more general framework introduced in [80],
is facilitated by graph representations of the considered interconnections. Only the
concepts most relevant for understanding the contents of this thesis are presented
here. The interested reader is referred to [109] for an in-depth coverage of graph
theory.
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7.1.2.1  Definitions

First, a set of the most relevant definitions is presented that establishes graph the-
ory as a fundamental mathematical framework to represent interaction between
subsystems.

Definition 7.1 (Weighted and Directed Time-Varying Graph)
A weighted and directed time-varying graph (TVG) is defined as a triple

S(t) = (v, E(t), W(t)), (7.1)

consisting of a set of h vertices, V ={vy,...,vn}, h € H C N, a time-varying set of edges
E(t) €V x V and a time-varying set of associated weights W(t) € Rd(E1)),

In the above definition, the vertices vy, k € H, correspond to the subsystems,
where the index set H={1,2,...,h} collects the indices of all subsystems. An edge
e = (vi,vj) € &(t), (1,j) € H x H, indicates a connection from subsystem 1 fo j
with weight wy;(t) € W(t). All weights wy;(t) are assumed nonnegative, piecewise
continuous and bounded functions of time, i.e., wi;(t) € {0}U[a, b], ¥ (i,j) € Hx H,
vt € R and 0 < a < b. Consequently, ej; = (vi,v;) € E(t) iff wyj(t) > a. W.Lo.g.
self-loops are disallowed.

Remark 7.3 To formally accommodate cases, in which the number of subsystems may be
unknown a priori or time-varying, consider h a number of arbitrary size, already including
those subsystems that will eventually join the interconnected system.

Definition 7.2 (Weighted Adjacency Matrix of a TVG)
A time-varying weighted adjacency matrix </ (t) is associated with a weighted and directed
time-varying graph G(t). It is defined as

(1) A Jwilt), ifei= (vi,vj) € E(t), )

0, otherwise.

For each time instant, the weighted adjacency matrix @7 (t) completely charac-
terizes a given graph G(t) and consequently its variation over time. Since permu-
tations of vertices do not alter the spectral properties of the weighted adjacency
matrix .o7(t), all results of this thesis are invariant over different enumerations of
vertices.

A special case of Def. 7.1 is an <undirected> graph.

Definition 7.3 (Weighted and Undirected Time-Varying Graph)
A weighted and undirected TV G is defined as a graph according to Def. 7.1, where

Wi)'(t) = Wji(t), A (l,]) eHXxH, Vt e R (73)

An important observation for undirected graphs consists in the fact that o7/ (t) =
" (t), Vt € RT. The set of neighbors of a subsystem k at some time t € R" is
defined as follows.
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Definition 7.4 (Index Set of Neighbors of a Vertex in a TVG)
The set of indices of neighbors of a vertex i at time t is denoted as

Hi(t) 2 {k € H | wi(t) > . (7.4)

Consequently, the set of vertices that mark neighbors to vertex k is given by

N;(t) 2 {vi € V| k € Hi(t)}. At a particular time instant t, a «directed path> is a
sequence of distinct directed edges from &€(t). A directed graph G(t) is <strongly
connected> at time t, if it contains a directed path from every vertex to every other
vertex. A <directed spanning tree> is said to exist at time t, if there exists a vertex
vi—denoted the <«root>—, from which there is a directed path to every other vertex.
<Weak connectedness>, in turn, denotes the existence of an undirected path from
every vertex to every other vertex. A <rooted directed spanning tree> at time t of
a graph G(t), is a subgraph, where every vertex has exactly one parent except for
the root, which has no parent, but has a directed path to every other node.
The «in-degree> and <out-degree> of vertex vy are defined as

h h
df(t) £ ) wiglt), dPi(1) 2 Y wilt) (7:5)
j=1 j=1

A graph is called <balanced> at time t if di"(t) = du!(t), Vk € H. Consequently,
an undirected graph is also a balanced graph for all times.
A diagonal in- and out-degree matrix can be defined as

. h . h
(1) £ diag(dif(1)),  7°"(1) = diag(di™(1), (7.6)
k=1 k=1

respectively. For most purposes and if not stated otherwise, the in-degree matrix
. . . . . A ;
will be considered and written in short-hand notation as 2(t) = 2™(t), as well

as di(t) 2 d%?(t), k € H. Consequently, one may obtain 21 (1) by application of
Cor. A.1 on p. 316.

The (combinatorial) graph Laplacian matrix is defined using the in-degree matrix
and the adjacency matrix.

Definition 7.5 (Graph Laplacian [109])
The graph Laplacian matrix ¥ (t) is defined as

I 2 (1) - (1), (7.7)
ie.,
S wit), ifi=jand card (Ni(t)) #0,
ffij(t) = —Wij(t), ifj € Hi(t), (7.8)

0, otherwise.
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The Laplacian matrix can be normalized by various ways. Here, a row normal-
ization by means of the in-degree is presented.

Remark 7.4 Row-normalizing the Laplacian or adjacency matrix usually requires each
subsystem to know the number of incoming signals during implementation. Knowing the
number of recipients on the other hand is generally undesired.

Definition 7.6 (Normalized Graph Laplacian [154])
The normalized graph Laplacian matrix /N (t) is defined as

) E D) (2(t) — (1)), (7.9)
ie.,
1, ifi=jand card (Nji(t)) #0,
INij(t) = § —card (N (1)), ifj € Ni(1), (7.10)
0, otherwise.

As a consequence, define the row-normalized adjacency matrix as oi(t) 2
2t(t)«/(t). Note that for undirected graphs, the adjacency matrix </ (t) is sym-
metric, whereas symmetry is lost after normalization. This also holds true for the
Laplacian and its row-normalized version.

Furthermore, for graphs where the in-degree of each vertex is nonzero,
2T (t)2(t) = I, s. t. in this case

IN() = I — (1), AN (1) = I — AN(t). (7.11)

Let the symbols & (5(t)), @/n(G(1)), £(S(t)) and £n(S(t)) denote the sets
of all admissible (row-normalized) adjacency and Laplacian matrices associated
with a given time-varying graph G(t), respectively. In the following, the association
with the graph will be dropped in notation, despite the fact that a particular graph
relevant to some specific problem formulation needs to be considered.

7.1.2.2  Spectral Properties

Denote the set A(A(t)) as the union of the sets of momentary eigenvalues A(A(t))
of a time-varying matrix A(t) € C™*™, Vt > 0. By construction, the row sums of the
combinatorial and row-normalized Laplacian are zero, from which it follows that
1y is their right-hand eigenvector corresponding to the zero eigenvalue.

By Gersgorin’s circle theorem [43], the spectrum of the normalized Laplacian
matrix fulfills

A(ANE) C{AeClIA=11< T}, (7.12)
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whereas, in the case of graphs with all vertices having non-zero in-degree, one has
due to (7.11)

A(an(t)) c{AeCIA<T}. (7.13)

For the combinatorial graph Laplacian, however, one has

A(S(t A A—din| < din, din = dir(t) ¢, .
(#)c {rec|n-T <@, F = max drin) 714

and for the unnormalized adjacency matrix

A (t AeC | A <dh, din = diM(t) ¢ - .
(@) < {rec|n x| 715

For undirected graphs, the above statements (7.14) and (7.15) apply when restrict-
ing the spectrum to be real, A € R.
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7.2 DISTRIBUTED CONTROLLER SYNTHESIS APPROACHES

IN the following distributed controller synthesis approaches are surveyed. First
a classification is introduced that allows to relate the existing literature to the
contributions of this thesis.

7.2.1 Classification

An overview of some existing approaches for the synthesis of distributed con-
trollers is presented. The overview does not claim to be exhaustive, but covers
the most prominent work, while neglecting certain extensions.

An attempt to classify the achievements in terms of their applicability to certain
classes of distributed control problems is made. Such a classification can only be
regarded as a crude outline and is restricted to the actual results stated in the
respective publications, rather than the potential outlined or implied. The latter are
therefore considered open research directions, some of which are catered to in this
thesis.

The classification is divided into three main categories that regard admissible
properties of the subsystems, of the topology through which these are interconnected
and specific features of the respective synthesis approach. In the following, the cate-
gories and subcategories are briefly discussed.

7.2.1.1  Subsystem Properties

Admissible subsystem properties are evaluated based on whether nonlinear sub-
systems can be handled (mostly in LPV form). It is distinguished between the
admissible type of LPV parameter-dependence, i. e., polytopic (Poly.) or LFT-based.
It is further indicated, whether subsystems are allowed to incorporate <heteroge-
neous system dynamics> (HD) and/or may be <heterogeneously scheduled> (HS).
Heterogeneous dynamics refer to differences in the state space system matrices,
whereas heterogeneous scheduling (HS) refers to different LPV scheduling policies.
A system may be allowed to also have both heterogeneous subsystem dynamics
and scheduling (HDS). Furthermore, it is considered whether or not subsystem in-
teraction may be restricted to be purely virtual as, e.g., in most MAS setups, or
may exhibit physical coupling.

7.2.1.2  Topology Properties

Admissible topologies are categorized based on directedness, graph structure and
time-variance. Topologies may be allowed to be fully directed (Full) or directed
under the restriction of diagonalizability (Diag.). Furthermore, topologies may also
be limited to be directed only between prespecified groups of subsystems (Grp.).
The limiting case, when groups are considered to consist of single subsystems is
discussed below.
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The allowed structure of the topologies is distinguished between arbitrary (Arb.)
structures usually based on graph representations and the tools from graph theory
and regular (Reg.) structures that make use of shift operators to represent mostly
infinite or periodic interconnections.

The time-varying nature of topologies is classified by the way, in which allow-
able sets of topologies are defined. Graph representations may be allowed to range
within a set that is implicitly (Impl.) described, e. g., by the range of eigenvalues of
the interconnection matrix. Alternatively, topologies may be allowed to explicitly
(Expl.) range within a specific predetermined set of distinct graphs.

7.2.1.3 Properties of the Synthesis Method

The synthesis method is classified by the kind of feedback (FB) considered, namely
output-feedback (OF) or state-feedback (SF). Depending on whether nonlinear sub-
systems are covered by the respective method, the classification also indicates
whether the synthesis method is considered in a gain-scheduling (GS) or robust (RB)
control fashion.

After synthesis, the guarantees available through the synthesis algorithm are
listed as stability (Stab.) and performance (Perf.) guarantees separately. Finally, the
degree of scalability of the approaches are estimated in the sense as how much syn-
thesis complexity increases with the number of subsystems. Here, (--) indicates
that synthesis complexity scales at least polynomially with h, while (-) indicates
a linear increase. A single plus (+) indicates synthesis complexity scales favorably
with increasing number of subsystems, while ultimately the consideration of arbi-
trarily many subsystems will still lead to complexity issues. While the latter cer-
tainly also holds true for the evaluation with two plusses (++), in these cases the
respective priors of the method allow for virtually infinite subsystems.

7.2.2  Survey

The following brief survey aims to highlight noteworthy research in the area of
both multi-agent systems and interconnected systems.

7.2.2.1  Multi-Agent Systems-Related Work

Fax and Murray [40] consider homogeneous interconnected linear time-invariant
(LTI) subsystems, interconnected by a time-invariant interconnection topology.
They make use of graph theory by modeling the interconnection by the graph
Laplacian. A signal transformation in the form of a Schur transformation is ap-
plied that turns the graph Laplacian into upper triangular form, which eventually
allows to analyze cooperative control loops for their stability by conditions that
incorporate the complexity of only a single agent. Thus, stability can be analyzed
for h decoupled systems, each of the dimension of a single agent differing only
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in the graph Laplacian eigenvalues. After transformation, the approach therefore
essentially consists in a robust controller synthesis problem.

Seyboth, Schmidt, and Allgower [132] present a similar approach, modified for
homogeneous interconnected LPV systems. The idea of the signal transformation
is applied here for the case of homogenous scheduling to decouple the system,
s.t. analysis and distributed scheduled controller synthesis for achieving consen-
sus can be done for h decoupled systems. The work of [132] does not, however,
present convexly verifiable conditions for heterogeneous scheduling and limits the
heterogeneously scheduled parts of the agents’ system matrix to those that do not
contribute to the interaction. Neither Fax and Murray nor Seyboth et al. consider
performance in their conditions and consequently do not reveal the fact that lower
and upper performance bounds, in terms of the H.-/induced £;-gain, depend on
the condition number of the signal transformation matrix [34, 100].

In [117], analysis results for general interconnected systems with infinite intercon-
nection time-delays is presented based on an £1-norm condition. This is extended
to controller synthesis in [116].

Non-holonomically constrained subsystems may be encountered in MASs, e. g.,
when the agent network consists of wheeled vehicles or jet planes. A variety of
publications consider the case of interconnected non-holonomic agents and present
specialized solutions that do not draw from a general framework, [29, 31, 101]. In
[165] the framework of LPV systems is used to model non-holonomic agents, while
a similar LPV formulation is already successfully applied in the distributed control
framework of [54] in [107].

7.2.2.2 Interconnected Systems-Related Work

Bamieh et al. [11] consider homogeneous regularly interconnected LTI subsystems
that can be described as PDEs. A Fourier transform is used to block diagonalize
the systems from a regular array interconnection. Thus, the infinite dimensional
control problem can be solved by finite algebraic riccati equations (AREs), param-
eterized over frequency. The resulting controller does not necessarily inherit the
interconnection of the plant, but the influence decays exponentially with spatial
distance. Thus, by spatial truncation a desired degree of decentralization can be
traded off against a loss in optimality.

The framework of «decomposable systems> has been introduced by Massioni
and Verhaegen [99]. Homogeneous interconnected LTI subsystems are considered,
interconnected by a time-invariant and diagonalizable interconnection topology.
Using a signal transformation, similar to [40], a diagonalization of the interconnec-
tion matrix is achieved that allows to render the synthesis particularly efficient, as it
can be reduced to the complexity of the order of only a single subsystem. However,
this results in a restriction to time-invariant topologies. Controllers are not only syn-
thesized for stabilization, but performance is considered in an H.-norm optimal
framework via the Bounded Real Lemma (BRL), cf. Thm. 2.6 on p. 38. Furthermore,
interconnections are allowed with respect to all signals of the generalized plant,
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effectively enabling to consider physically coupled system. Solutions are given in
terms of Riccati equations [99] as well as linear matrix inequalities (LMIs) [100],
the latter of which are derived by the full-block 8-Procedure (FBSP), cf. Thm. 2.4
on p. 34. This results in convex conditions for distributed state-feedback controller
synthesis for interconnected homogeneous LTI subsystems with low complexity.
An extension to heterogeneous subsystems has been proposed and conceived by
Massioni in [98] simultaneously and independently to the present thesis and re-
lated associated research [55, 56, 61]. The authors” modeling framework remains
confined to the class of decomposable systems, but instead of a signal transforma-
tion, a singular value decomposition (SVD) of the interconnection matrix is con-
sidered. Possibly conservatively, the proposed approach guarantees stability and
performance through the use of D-scaling (D-S) constraints for scalar repeated
time-varying interconnection matrices {(t) and it is discussed that the involved
multiplier condition holds for both £(t) and —£(t). The method is developed in the
discrete-time LTI case.

A more general framework is proposed by Langbort, Chandra, and D’Andrea
[80], where distributed output-feedback controller synthesis is considered for in-
terconnected heterogeneous LTI subsystems on the basis of individual intercon-
nection operators, assembled in a diagonal linear fractional transformation (LFT)-
based feedback block with possible repetitions. This allows arbitrary, directed and
time-varying interconnection topologies at the price of high synthesis complexity.
Although not explicitly stated, nonlinear subsystems can be represented by exploit-
ing self-loops, effectively resulting in LFT-LPV subsystem descriptions. By struc-
tural constraints on Lyapunov and multiplier matrices, the synthesis conditions
can be decoupled into conditions for each subsystem. As stated in [80], large scale
systems may result in intractable conditions as complexity increases quickly with
the number of subsystems.

Stemming from the field of SIS, [24] presents a special case of the work detailed
in [80], where instead of heterogeneous LTI systems homogeneous ones are con-
sidered. Furthermore, the interconnection is restricted to regularly structured ones.
The representation of the interconnection as an LFT with diagonal block as in [80]
and with the same structural constraints on the Lyapunov and multipliers leads
again to a decoupling of the synthesis conditions. Due to the homogenous nature
of the subsystems and the regular interconnection, only a single set of conditions of
the complexity of a single subsystem needs to be solved. Langbort et al. [81] extend
[24] to regularly structured but finite interconnections, e.g., finite grid structures.
For this purpose, boundary conditions are introduced. It is proven that in case of
spatially reversible boundary conditions, the analysis and synthesis conditions for
the finite system are equivalent to the infinite case, s.t. the results from [24] can be
applied.

Dullerud et al. and Wu, [32, 162], extend [24] to heterogeneous interconnected
subsystems with regularly structured interconnections. While in [32] general het-
erogeneous interconnected subsystems are considered, [162] restricts the subsys-
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tems to be heterogeneously scheduled LPV subsystems. The latter work has re-
cently been extended by reducing conservatism through parameter-dependent Lya-
punov functions (PDLFs) and D/G-scaling (D/G-S) in [90, 91].

7.2.2.3 Contributions

The contents of Part II of this thesis mainly draw from the publications [54-56, 61].
The objective of the research, whose results are presented in the following, consists
in extending the ideas presented in [97] to provide and allow for

¢ LPV subsystems that are both heterogeneously scheduled and have heteroge-
neous dynamics,

e arbitrary directed and switching interconnection topologies,
* a high degree of scalability,

¢ synthesis conditions that are posed as a convex optimization problem in terms
of LMIs, providing guaranteed upper bounds on the achievable control per-
formance and guaranteed stability,

* physical and virtual interconnections.

As a result, the presented methods are applicable to the general class of ISs, while
exploiting graph theory to render synthesis conditions significantly less complex
than the comparably general techniques presented in [80]. In addition, they are not
restricted to regularly structured interconnection topologies as in [90, 162]. By com-
bining the results of this thesis with work published in [38], also explicit topology
models can be taken into account.

7.2.3  Summary

Tab. 7.1 provides an overview of selected distributed controller synthesis ap-
proaches. This thesis” contributions are listed at the bottom for comparison’.

1 The subsystem property HS of the work [132] is provided by necessary and sufficient conditions
that can be checked a posteriori only. All other indicators are assessed in terms of what properties
and guarantees are provided immediately after the proposed synthesis algorithm.
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Table 7.1: Overview about distributed synthesis approaches.

Subsystems Topologies Synthesis

NL Het. Cpl'd. Direct. Struct. TV Meth.  Guarant. Scal.

Arb. Reg. Impl. Expl. FB GS  Stab. Perf.

Bamieh et al., [11] X X e Full X ¥ X X SF LTI X X +

wolt6e]  LFTHS ¥ Ful X ¥ X X OF G5 ¥ Y ++
Liuetal, f9o]  LFT HS <  Full X ¥ X X OF GS ¥ < ++
DAndreactal, [24] X X N Full X ¥ X X OF LT Y N
Dullerud et al., [32] X HD Ful X ¥ X X OF LTI ¥ < ++
Langbortetal, [8o]  LFTHDS ¥ Full ¥ ¥ < < OF G ¥ ¥ -
Massioni, [o7] X X N Diag ¥ ¥ X X SF LT ¥ X 4+
Massioni, [98] X HD ¥ Ful Y ¥ Y X SF/OFLIL ¥ N  ++
sepbotnetal, [132]  PolyHS* X  Diag. ¥ X X SF G5 X X+
mizetal, [16] X X X Rl YN NOX OF LT Y N+
Fichler et al., [38] LFT X ¥ Ful ¥ ¥ X ¥ OF Rs ¥ X +
Hoffmamnetal, [54]  LFT HS ¥ X ¥ ¥ ¥ X OF G ¥ ¥+
Hotfmannetal, [55,56] LFTHDS ¥ Grp. ¥ ¥ ¥ X OF G5 ¥ ¥+
Present Work, [61] LFTHDS Ful ¥ ¥ ¥ ¥ OF GS ¥ < ++
Legend

NL nonlinear (NL) subsystem dynamics allowed by type: LFT-LPV, polytopic LPV
Subsystems Het. heterogeneous subsystem dynamics (HD), scheduling (HS) or both (HDS) allowed
Cpl'd. Physically coupled subsystems allowed

Full Fully directed topologies allowed

Directed topology Diag. Only diagonalizable directed topologies allowed

Grp Directed topologies between groups of subsystems allowed

Arb. Arbitrary topologies allowed

Structured topology Reg. Regularly structured topologies allowed

Impl. Time-varying topologies are implicitly (conservatively) allowed

TV topology Expl. Time-varying topologies can be explicitly (less conservatively) considered
. FB  output-feedback (OF) or state-feedback (SF) synthesis method
Synthesis method . .
GS  gain-scheduling (GS), robust (R8)-LTI or LTI controller
Stab. Stability guaranteed after synthesis
Guarantees

Perf. Performance guaranteed after synthesis

Scalability Degree in which synthesis complexity scales with the number of subsystems




A COMPACT MODELING FRAMEWORK FOR
INTERCONNECTED LINEAR PARAMETER-VARYING
SYSTEMS

<Entities must not be multiplied
beyond necessity.>

John Punch, 1639,
<lex parsimoniae>,
or «Occam’s Razor>

for the modeling of a rather general class of interconnected LPV subsys-
tems. Sect. 8.1 introduces this framework by formally defining heteroge-
neous LPV subsystem representations and their interconnection (Sect. 8.1.1), the
interconnected closed-loop (Sect. 8.1.2) and considered classes of interconnec-
tions (Sect. 8.1.3), followed by a note on the density of diagonalizable matrices
(Sect. 8.1.4).
The chapter continues with a discussion on special cases of the general frame-
work in Sect. 8.2, most notably the class of <decomposable systems> [97] and some
extensions.

THE contents of this chapter are devoted to establish a compact framework

Preliminary results of this chapter have been previously published in [36, 54—56, 61].
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8.1 GENERAL INTERCONNECTED LINEAR PARAMETER-VARYING SYSTEMS

FOR the purpose of aligning the framework of interconnected LPV system repre-
sentations with results presented in the subsequent sections, an MAS with the
sets G1 and G; as groups of leaders and followers, respectively, will be considered
for motivation. The framework will naturally extend to both a larger number of
groups as well as the special case of a single group of interconnected subsystems.
Despite the motivational MAS setup, physical interconnection between the subsys-
tems is explicitly allowed within the framework.

In the following, each subsystem’s dynamics will be defined within the LPV
framework, as well as the entirety of the systems interconnected through an opera-
tor .Z.

8.1.1 Interconnected Linear Parameter-Varying System Representation

Define G as a partition of the set of subsystem indices H, i.e., G = {G1,G,, ..., Gg}
contains pairwise disjoint sets with U?:1 (G¢) = H and cardinalities card (H) = h
and card (Gf) = hg,Vf =1,...,9, g < h. The set Gf C H contains the indices of
subsystems belonging to group number f € IN. For further notational purposes,
define the column vector

h 1, keG
er = col(81(k)) , with 81(k) = ", GicH

0, otherwise
i.e., a vector with ones in the rows corresponding to the indices in G and zeros
. . . . AL
otherwise. Associate the matrix E¢ via Ef = diag(e¢).

Consider Ex. 8.1 as the above-mentioned leader-follower configuration.

Remark 8.1 Choosing a virtual agent as a leader is an intuitive way to impose a reference
for the center of gravity of a formation.

Example 8.1 (MAS with Two Groups of Agents)

Consider an example, cf. Fig. 8.1, where G ={G1, G2} ={{1,2,3},{4,5,6,7}}. Note that
particular to this configuration, subsystems are interconnected with directed signal flow
between and undirected communication within the groups. Further, observe that from the
definitions, one has

e = Ia | B= B 0L o 2% g, 2|0 O
O4x1 0 04 Tax 0 Iy
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Figure 8.1: Exemplary interconnection of two groups of agents.

Consider LPV subsystems Py, k € G¢, whose state space models depend on the
respective group of subsystems G¢ to which the subsystem index k belongs. That
means, for all k € Gy, Py is described by the following state space representation

] | Ar Bra Bri Brp Bru [ ]
Pr| [Cra: Draa Drai Drap Drau| | ax qx
di|=| Cti * Dria Drii Drip Deiu || vk |=Pr v |
Pr: Zi Ctp : Dpa Dipi Dipp Dipu || Wk Wi (8.1)
LYk _Cf,y Df/yA Df,yi Df,yp 0 | Uy | 1y

\

ai=Ar(80))p Bl €T,

where x € R"x, py e R™"r, qgeR™"a, dy e R™4, v e R™Mv, zi e Rz, wy e R™Mow,
yk € Ry, e R™w and &y € R™# is the LPV parameter vector. Within each group,
the signal sizes are identical. For the purpose of simpler notation, introduce for
each subsystem symbols associated with channel sizes n,, = n¢,, Yk € G¢, where
e represents the respective channel.

The scheduling parameters of the k™' subsystem are collected in a vec-
nfs
tor Ox(t) = go}(ékli(t)) with all admissible parameter values and rates ranging in
1=
compact sets 8¢ and ny, Vf € {1,..., g}, respectively. The parameter block Ay is an
analytic matrix-valued function of the scheduling signal vector

Ag(t) = éf(ék(t)) CRMS ey R™MX M

and may typically assume either a block-diagonal form

nf,s
Ax(t) = diqu@k,i(t)lm) , keGy,

i=
or a general full parameter block as considered in Part I. The framework therefore
does not preclude the consideration of complex LPV subsystems, as the synthesis
methods based on full block parameterizations and the resulting efficient LFT-LPV
controller implementation will apply on a subsystem level. A block diagram of a
single LPV subsystem is shown in Fig. 8.2.

Recall that the state space model matrix P¢ from (8.1) is related to the symbol
representing the dynamic LTI system as Py = %Inf,x * Ps, k € G¢. As before, the
symbol Py, in turn, represents the LPV system as an input-output map given by
Pr = Ar(t) %Py, &1 (t) € 8k k € H.
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__________________________

Figure 8.2: LPV subsystem representation.

The interconnected LPV system in its general form can be considered as being
<heterogeneous> in two distinct ways:

HETEROGENEOUS SCHEDULING: Within each group f, the parameter block retains
the same structure, i. e., functional dependence on the scheduling parameters
Ok € &f via A¢ (ék). Furthermore, the parameter values are confined to the
same compact sets 8¢ for all entities in the group. In contrast, the schedul-
ing parameters &y (t) may be elements of individual admissible trajectories
H’Q/k, and may therefore take individual values at time instant t for differ-
ent subsystems k from the set of all subsystems H. This local dependence of
each subsystem on its individual parameters will be denoted <heterogeneous
scheduling>.

HETEROGENEOUS DyNAamiIcs: The fact that the system descriptions in terms of the
state space matrices Py may vary between groups will be considered as <het-
erogeneous dynamics> of the LPV subsystems.

The entirety of the subsystems is regarded as a system of h interconnected sub-
systems as shown in Fig. 8.3a, denoted

([x] [A Ba Bi By Bul[x] [
Pl |Ca Daa Dai Dap Dau| | g q
2. d|=|G Dia Dii Dip Dy ||V |=P | v ], 8.2)
z Cp ? DpA Dpi Dpp Dpu | |W w
LY | _Cy DUA Dyi Dyp 0 | | U | U
\ q = Ap, v=2(d), 5(t) € Fy, ZL(t) € Fg,
where
h h h
x=col(xi) €R™, p=col(p)€R™, q=col(qi) €R™,
h h N
d:cg%(dk) R4, vzgo}(vk) €R™, z:]so%(zk) cR"z,
" " h
w=col(wy) ER™, y=col(yy) eR™, u=col(uy) eR™,
= - -
A=diag(Ay) € R™*"a,

k=1
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T
: | |
[ v |
W1 —> fp] — Z i i

u — — Y3 w AE—> P 45” z
wp— Pp —— zn T T

Up— ™ — " Yn u y
(a) Interconnected LPV system com- (b) Interconnected LPV system in com-
posed of LPV subsystems. pact representation.

_______________________________

______________________________

(c) Interconnected LPV system as an LFR in both param-
eter block and interconnection operator.

Figure 8.3: The interconnected LPV system.

Via the above signal definitions, it can be inferred that the state space matrices
of (8.2) consist of block-diagonally concatenated subsystem matrices from (8.1).
Due to the heterogeneity in the subsystem dynamics, each matrix A, B, ..., in (8.2)
can be written in the form

g
M=> (Er @ My)

f=1
Any coupling between the subsystems is therefore solely represented by the in-
terconnection signals dy and vy, Vk € H and an interconnection operator .. In
analogy to the LPV representation related notation, the interconnection operator
can be regarded as both an element of a function space of admissible <topology
variations> Z(t) € F g as well as being confined to a compact set of admissi-

ble operator values, i.e., . € £, which may be, e.g., real-valued matrices, s.t.
g g RT‘L\; ><T‘Ld.

Remark 8.2 In this thesis, the introduction of bounds on the rate of change of the inter-
connection matrix is dispensed with, as the focus of the developed methods is on switching
topologies.

Definition 8.1 (Topology Variation Set)
Given a compact set 2, the topology variation set F ¢ denotes a set of piecewise continuous
functions, mapping R into £ with a finite number of discontinuities in any interval.
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Note that, even though the coupling information is represented by an LFT com-
prising an interconnection operator and respective signals, such an interconnection
needs not be solely virtual, i.e., a communication of information over networks. In
fact, the system representation allows state, input and output signals to be included
in the interconnection, which enables the modeling of physical couplings as well.

Again, denote the dynamic LTI system P = %Inx x P and the LPV representa-
tion P = A(t) » P. Further, the interconnected LPV system is denoted & = . xP.

h
The scheduling parameters are collected in a vector 5(t) = g?%(ék(t)) with all ad-

missible parameter values and rates ranging in the compact sets

NN y
8:6]X62X...X69:f71(6f), N="11 XM X...xXT7y4 fz<1(ﬂf)-

1>

Accordingly, the admissible trajectories are ranging in the set
1 M 1 N A (g
Fy=Fgy x T, x . x TP 2 X (72,)-

Several block diagram representations of the entire interconnected system (8.2) are
depicted in Fig. 8.3 for illustration.

8.1.2 The Interconnected Closed-Loop System

Consider controllers associated with Py given by Ky = %Inf * Ky, K = A]‘E(t) * Ky,
k € Gy, with '

K K K K
]| Af By Bri Bra |[[XE X
K TRK K K
Uy [ Cf,u } Df,uy Df,ui Df,uA Yx —K; Yx
, K| = | oK | 1K K Pk K|— K|’
Ky : dllz Cfi @ Driy Dfii Dria "1]<< V1]<< (8.3)
K K K PK
P Cfa i Diay Dfai Diaa | L9k A
K _ AKaK n
| qQ = ALpy, ok(t) € Fy 1

K K K K K
where xk e R™x, pk e R" 0, gk e R"a, Ak eR™a, vEeR™v, k € G¢ and concate-
nated signals

K

h h
xK=col (xff) ER™,  p*=col (pf) €R™,
K_ hl K nk K_ hl K nK
q —gg](qk)elR i, d —1321(dk)eIR a
h h
K :E(_)} (V) e R™, AK =diag(Af) € R™ ™4,

k=1
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Each controlled subsystem is described by Py x K. The entirety of interconnected
controllers is denoted

u | _ Co Dﬁy DEi DLKLA Yi_kg|VY

g (a1 CE Dy D D ||V e (8.4)
p] [CX D}, Dj Dia] La"® q"
g =A%pK, VK =2KaN), KeF], LXeF.

\
Again, denote the dynamic LTI system K = %In§ =K and the LPV representa-
tion X = AKX(t) x K. The interconnected LPV controller is denoted .# = X x X.

The complete interconnected system is simply formed by .7 = & x ¥, such that
after permutation of channels one may write

;

gl |A L Ba Bi By ||x
pl_{Ca:Daan Dai Dap | |q
0 Ci » Dia Dii Dip |0 '
7. 121 LG Dpa Dpi Dpp | [w (8.5)
T=To+WKV
g = AKpK, WK=K (2,.2%) e Fo x Fg,
where
_ X _|P _ 4
r=1 K eR™, p= K €R™, q—[qK] €RM,
0= d R™, b=|"|€R™
= | k| ER™ o= :

Ultimately, it is the goal to synthesize a set of interconnected controllers that
use only local information and a communication topology .#X to achieve a cer-
tain global objective. Irrespective of any potential physical couplings between the
subsystems, the interaction between the controllers will turn out purely virtual,
i.e., it will consist of information that will be communicated among the respective
controllers. In most applications, e. g., when the topology is determined by commu-
nication links limited by maximum transmission distance—consider, e.g., a prox-
imity graph—the controllers should inherit the topology of the plant, i.e., X = .&,
F%, = F o and consequently LK = £, which is assumed in the following.

For strictly proper plants P, the closed-loop state space model matrices are linear
in the controller:

A By B By

T=Ty+Wkv = %8 Paa Dai Dap (8.6)
Ci i Dia Dy Dyp
Gp 9}?4\ gpi Dpp
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(A0 By O B0 By] [0By 00]
00 00 00 0 I 0 00

Ca0 Dan0 DaiO Dap| [0Da,00
r=100:00 00 0 ]+]000I
Ci0 Dia0 DjO Dip| [0Dp 00
0000 00 04 (0010
[Cp 0 Dpa0 DpiO Dpp] [0 Dpy 00]

I 00 00 0
0 Dya0 Dyi0 Dy
0 00 01 0
0 01 00 0

0

CE Dlliy DEi DEA C
K K K K
G Diy D Dia
Cih DRy DAi DAa

, (8.7)

The interconnected closed-loop configuration is visualized in Figs. 8.4a-8.4c.

8.1.3 Classes of Interconnections

The subsystems are interconnected by an interconnection topology, modeled by the
operator . as shown in Fig. 8.3. Denoting .# a general interconnection operator
allows for a wide range of different system theoretic, structural and graph theoretic
properties. In the following, the discussion will be limited to specific subclasses.

8.1.3.1 System Theoretic Classification

In general, one may allow .Z to be a linear/nonlinear, static/dynamic and time-
invariant/-varying operator to encompass all cases considered in [80], as illustrated
in Fig. 8.5. The major difference to the present work is a structural one: It resides
in the fact that the interconnection operator .# is not restricted to be diagonally
structured, consequently allowing a more compact interconnected system repre-
sentation. Thus note that the above formulation of interconnected LPV systems
includes the one proposed in [80].

However, the discussion will be limited to the cases, when .Z is static, linear, real-
valued and possibly time-varying, as indicated by the gray box in Fig. 8.5. Formally,
the following assumption is made.

(A8.1) Real-Valued, Static, Linear and Time-Varying Interconnection:
The interconnection operator .Z is static, linear, time-varying and ranges in a
compact set, i.e.,

Z(t,d) Rt x R™ 5 R™, (t,d)—v2.2(t)d,

where Z(t) : RT — % Cc R™W" ™ VYt ¢ RT.

However, the modeling framework—and to some extent the results discussed
below—also apply to a wider class. For instance, nonlinear operators can also be
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(b) Interconnected closed-loop LPV sys- (c) Interconnected closed-loop LPV system as
tem in compact representation. LFRs in both parameter block and inter-
connection operator.

Figure 8.4: The interconnected closed-loop LPV system.

treated in a quasi-linear parameter-varying (Q-LPV)-fashion by considering the in-
terconnection operator a function of the interconnection input or output signals,
v or d, respectively. Certain (potentially nonlinear) operators that can be modeled
by integral quadratic constraints (IQCs) and handled by multipliers in the form
of D/G-S [80, 104] can already be considered by the techniques presented in this
thesis, as well. Furthermore, along the lines of [36], the interconnection operator
can sometimes be factorized, s.t. a real-valued matrix . € .Z emerges as the es-
sential item to bear information on connectivity, while other operators incorporate
dynamics, such as time delays.
For brevity of notation, time dependency will often be dropped.
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=
& k|
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nonlinear
linear
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dynamic

Figure 8.5: Classes of interconnection operators.

8.1.3.2 Structural Classification

Restricting the interconnection operator to exhibit special structural properties is
the key to considerably reduce the complexity of the synthesis approach presented

later on—more specifically—by imposing similar structural properties on multi-
plier decision variables.

For this purpose, first assume that the operator .Z’(t) can be partitioned as

21 (t) Zia(t) - Ln(t)
L) = .i”z! (t) Z2a(t) s -fzr:x(t) ) (8.8)
L (t) Za(t) - - Zn(t)
with . Z;(t) : RT — £ CR™7™™, (1,j) € H x H.
The following structural properties of the interconnection are assumed.

(A8.2) Square Interconnection Operators .%;;:
An invariant number of interconnection in- and output channels is assumed,
: A
e, ng=nrg=mn¢,, f=1,...,9

(A8.3) Scalar Repeated Interconnection Operators:

A single scalar interconnection operator {;;(t) encodes each connection be-
tween two subsystems, i.e., Z;(t) = €;(t)In,,, with £;(t) : R — £ C R.

Under the Ass. (A8.2) and (A8.3), one can write

b (t) () - Gn(t)
L) = U(t) ® Lo, with ¢(t) = |21 20t (Y]
Chi(t) fha(t) -+ Chn(t)

0t): RT — € C RV (8.9)
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The compactness of the set £ is implied by the compactness of a set £, in which
the real-valued, time-varying matrix £(t) remains for all times.

8.1.3.3 Graph Theoretic Classification

The fundamental graph theoretic property used for classification in this thesis re-
sides in «directedness>. Methods that can cover matrix representations .Z(t) of
directed or undirected graphs will be developed. More specifically, assume scalar
repeated interconnection operators according to (A8.3) and a partitioning of £(t)
based on the definition of subsystem groups

lgG, (1) LgG,(H) -+ LG, (t)
{t) = eczg(t) lg,G, (1) ﬂczqg(t) ) (8.10)
Gyer (V) Lo, (1) - Loyc, (t)

eGiGj (t): Rt — (’,GiGj - RM<h

The transformation of matrix inequalities that allow to arrive at conditions with a
complexity in the order of a single subsystem usually require the interconnection
matrix to be diagonalizable or normal as technical assumptions. For this purpose,
introduce the following notation.

(A8.4) Diagonalizable Matrix, { € K%Xh:
A real diagonalizable h x h matrix is an element of the set

eth 2 {B c R ‘ JF, s.t. FUF=A'is diagonal}.

(A8.5) Normal Matrix, ¢ € €™
A real normal h x h matrix is an element of the set

eyt = {ee R® ( 3F, F' = F', 5.t F'tF = Ais diagonal |

The definition of sets that regard the matrix representations of the interconnec-
tion topologies as elements of function spaces then follows as:

(A8.6) Arbitrary Interconnection, {(t) € EFEHX{‘:
A matrix representation of an arbitrary time-varying (TV) topology is an ele-
ment of the set

g = e [y iR 5 RO,

(A8.7) Symmetric Interconnection, {(t) € Hf?gh:
A matrix representation of a symmetric TV topology is an element of the set

Fysh 2 {e(t) ‘ (t): R — thh}.
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(A8.8) Skew-Symmetric Interconnection, {(t) € .‘}"hXh

A matrix representation of an anti-symmetric topology is an element of the
set

Fysn £ {e(t) ( (t): RT — AShXh}.

(A8.9) Groupwise Symmetric Interconnection, {(t) € Q’Z‘é}%

A matrix representation of a topology that is symmetric within groups is an
element of the set

3’?&% = {ﬂ(t) partitioned as (9.11) ‘

(GG, (1) € Frs ™, wr = 1,...,9}.

It is obvious that a TV topology that is undirected can be written as an element
of the set 37?5”‘. As a relaxation, a topology that is undirected within and poten-

tially directed between groups can be written as an element of the set ﬂf?é}é In this
case, it will be shown that one may always rewrite the interconnection as a fully
symmetric matrix by the introduction of virtual interconnection channels. How-
ever, even for undirected topologies, symmetry is lost after (row-) normalization of
the corresponding Laplacian or adjacency matrix. In distributed formation control,
the use of the (row-) normalized Laplacian matrix in distributed formation control
problems is attractive from the point of view of an a priori knowledge on the ei-
genvalue locations being within a circle with radius one about the point 1 +j0, the
Perron disc, irrespective of the number of subsystems involved. In light of this, the
definition of the further following sets will be useful.
(A8.10) Diagonalizable Interconnection, {(t) € I}'hXh.

The matrix representation of a diagonahzable topology is an element of the
set

Fyh £ {E(t)‘ (1) : R — egxh}.

(A8.11) Normal Interconnection, {(t) € Sf?ﬁh:
The matrix representation of a unitarily diagonalizable (normal) topology is

an element of the set

g 2 {ew] e R - gt

h><h hxh hxh hxh hxh hxh hxh hxh
Note that ?eGS ) - S’e,D . The sets ?ZS'?Z’GS' H’.z,N, gj.st'

and ff?ﬁ are defmed accordmgly, implying scalar repeated interconnection opera-
tors with an interconnection channel width n . When clear from the context, the
superscript indicating the matrix dimensions is omitted.
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8.1.3.4 Summary

After having established the fundamental constraints to linear, static, scalar re-
peated interconnection operators, the remaining classes are found to consist in
dynamic/nonlinear interconnections. Of these, time-delayed interconnections are
of special interest, for which preliminary work is presented in [36].

The representation developed above is more compact than the one in [80], since
the operator . is not required to be (block-)diagonal. In cases where a subsystem’s
output signals are received by different subsystems, or linear combinations of sev-
eral subsystems’ output signals are received via a single input channel by another
subsystem, this effectively decreases the size of the system matrices. Otherwise,
output and input signals would have to occur repeatedly in d and v.

8.1.4 On the Density of Diagonalizable Matrices over the Set of Complex Matrices

While the set of diagonalizable (or simple) matrices £}“" is dense over the set of
complex-valued matrices C"", [50], the set of normal matrices KRTXh is not dense
due to the requirement on the existence of a unitary transformation, or equivalently

teyh={eeq™ve=tw}.

Density in the mathematical sense means that the Lebesgue measure of the re-
spective complementary set is zero. With respect to the question of density of di-
agonalizable matrices, loosely speaking, this means that from a large set of random
matrices, the probability that a matrix is non-diagonalizable is zero. Even more
practically, this means that any given matrix in C"*" can be approximated arbi-
trarily closely by a diagonalizable matrix. Similar to popular lines of reasoning
with respect to non-singular matrices, which are also dense over C"*" [51] a per-
turbation argument could thus be employed to assume diagonalizability of any
interconnection matrix w.1. 0. g.

Most approaches use some kind of transformation on the interconnection matrix
to reduce the complexity of the analysis or synthesis problem. While for stability
analysis, it may be sufficient to consider, e. g., a Schur decomposition, [40], which
always exists, the consideration of performance in an efficient analysis/synthesis
problem of low complexity requires some form of diagonalization, see, e.g., [54,
56, 97]. The approach presented in [97] makes use of a signal transformation to
decouple subsystems. However, even if such an argument on the density of diago-
nalizable matrices would be employed, the signal transformation method used in
[97] would possibly suffer from arbitrary large deteriorations in the tightness of the
performance bounds, which are determined by the condition number of the associ-
ated transformation matrix. Close to non-diagonalizability, such a transformation
may become ill-conditioned.

In subsequent sections, results will be presented that employ a transformation
on multiplier conditions associated with the interconnection. Such a transformation
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on an LMI dispenses with the idea of a signal transformation, while maintaining
both a guaranteed upper bound on the performance level and further also allowing
time-varying interconnections. This transformation is required to be a congruence
transformation to preserve the symmetry of the LMI. As a congruence transforma-
tion consists of unitary matrices, the interconnection matrix is therefore required
to be normal. It will be shown that by the introduction of virtual interconnection
channels, this can always be achieved.
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8.2 SpPECIAL CASES AND EXTENSIONS

THE rather general framework for representing interconnected LPV subsystems
is motivated by exploiting graph theory for a compact representation of the
interconnection similar to the work of [97], while maintaining the flexibility of
the LFT-based modeling approach presented in [80]. As such, «decomposable sys-
tems> emerge as a natural special case of the proposed modeling framework. Sys-
tems with regular grid topologies will also be shown to be a special case.

Remark 8.3 In [97, 99, 100], diagonalizability of a constant { is assumed, instead of con-
sidering a Schur decomposition as in, e.g., [40], for the purpose of including performance
optimization in addition to stability as a synthesis objective.

8.2.1  Decomposable Systems

Massioni et al. [99] introduced the notion of «decomposable systems> in the con-
text of an interconnected LTI system, whose system matrices are structured as a
decentralized and an interconnected part. In order not to introduce unnecessary
limitations, the notion of «decomposable systems> is straightforwardly extended
to cover time-varying interconnections. For this purpose, first consider the follow-
ing definition.

Definition 8.2 (Decomposable Matrix [99])
Given a TV diagonalizable topology {(t) € ??Xh - ?Egh, a matrix M(t) : Rt —
R s said to be <decomposables, if for all t € RY there exist MY, Ml € R™™, s. ¢,

M(t) =TI ® MY+ ¢(t) @ ML (8.11)

Superscripts d and o' identify the local and the interconnected portions of a
decomposable matrix. While being slightly informal, the notation & will indicate
that a matrix is decomposable. The special case when the interconnected part is
zero is included in that notation.

Due to the assumption that {(t) is diagonalizable for all t € R", one may find a
time-varying, invertible matrix F(t), s.t.

(F(t) @ I) " Mt) (Ft) @ In) = I, ® MY+ A(t) @ ML (8.12)

As a straightforward extension from [99], consider the following definition of a
<decomposable LFT-LPV system>.
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Definition 8.3 (Decomposable LFT-LPV System, extended from [99])
Consider the system

([X] [A®_ Balt) Bp(t) Bult)][x *
) Pl_ (\VEA(’C) § I?AA(t) I?Ap(t) l?Au(’t) al_p, 4],
R Z (V:p(t) l?pA(t) l?pp(t) Dpu(t) W w (8.13)
§) [Cy0) Dyalt) Dyp®) 0 J|u i
q=Ap, 5€8

System (8.13) is called <decomposables, iff all of its system matrices A(t), Ba(t), ..., are
decomposable matrices.

The approach presented in [97, 99, 100] exploits the so-called «decomposition
property> by introducing signal transformations of the form X = (F(t) ® I)% to
obtain a modal decomposition of system (8.13). As an immediate consequence, a
time-varying transformation F(t) would lead to the introduction of its time deriva-
tive into the system description. A signal transformation approach thus precludes
time-varying interconnections. Furthermore, the same signal transformation (now
considered constant) on the LFT-LPV parameter channel requires homogeneous
scheduling as

qg=(Fo ) TAFe I)p =Ap,

where it has been assumed that the interconnected part of A, is zero, Al = 0.
However, in order to identify the system representation (8.13) as a special case
of (8.2), first consider a reordering of the system signals to obtain

P=1, ® P4 e(t) @ P! = Wy PqV¥,,,

* x

Yuly = (;] 7 WJCQ = 13 (8.14)
w z
U Y

Such a permutation can be derived by means of Lma. A.3 on p. 317. As a result, the
interconnection matrix can be extracted via an LFT, s. t. the system can be rewritten
I, ® P4 I, ® Pt

as
Cy|_ Cu
P:{|d r 0 v | (8.15)

g=4p, 8€6, v=(t) ®@I,)d Lt eF.

Since usually not all signals contribute to the interconnection of the entire system
and consequently some, if not many, system matrices will have an interconnected
part equal to zero, the dimension of the interconnection channel n ¢ can often be
drastically reduced. When reverting the signal permutation (8.14) in (8.15) a special
case of the interconnected LFT-LPV system (8.2) is obtained in the sense that
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¢ the subsystems have homogeneous dynamics,
¢ the interconnection is of scalar repeated nature according to Ass. (A8.3).

Apart from that, the results in subsequent sections will show that by avoiding
the above-mentioned signal transformation

¢ the subsystems may be heterogeneously scheduled,

5 h
i.e, A =diag(Ay),
k=1

¢ the interconnection may be time-varying.

Furthermore, by dispensing with the rather artificially restricted notion of «de-
composable systems>, i.e., by directly formulating the interconnected system
within an LFT framework via concatenation of individual subsystems, heteroge-
neous dynamics may be allowed in the modeling stage. As it turns out, heterogene-
ity in both dynamics and scheduling can be easily handled also in the analysis and
synthesis conditions.

8.2.2  Systems Interconnected Through a Regular Grid Topology

Regular grid topologies in ng dimensions can be modeled by choosing ¢ accord-
ingly from an interconnection of h = H?:g] hy subsystems, where h,, to hy, are the

numbers of subsystems in the—possibly virtual—x; directions, i € {1, 2,..., ng}, re-
spectively. Consequently, an undirected grid graph G can be regarded as a graph
Cartesian product, cf. Fig. 8.6,

Gg =91 xG2%...5Gn, (8.16)

of Ng undirected path graphs G; of lengths h,, i € {1,2, e ,ng} [49]. The spectra

e

Figure 8.6: Graph Cartesian product of two path graphs to form a grid graph.

of the combinatorial graph Laplacian and the adjacency matrix of a path graph G;
are [18]

A(S(G)) = {)\EIR ‘ Aj =2 —2cos (whl) j e{],Z,...,hi—l}},

i

A (o (Gi)) = {AG]R ‘ Aj = 2 cos <7Thij+1)' j e{],Z,...,hi}}.
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For simplicity, consider a two-dimensional grid array, ng = 2 and hy = h; = hg.
Then, the adjacency matrix of the grid topology can be computed by [70]

A (Gg) = (G1) ® In, +In, ® &(G2) (8.17)

For A1; and A,; denoting the eigenvalues of </ (G;) and </ (G;), respectively, the
corresponding spectrum of 7 (Gg) is then given by

A(H(Gg)) ={AeR | Ag =Nidy, i€{l,..., ), je{l,... ot}

from which the maximum and minimum eigenvalue can be easily inferred. Sub-
sequent normalization of the Laplacian or adjacency matrix, however, recovers the
immediate knowledge of the eigenloci to reside inside the unit, or Perron disc,
respectively.

8.2.3 Multi-Topology Systems

Multi-topology systems can simply be realized by relaxing Ass. (A8.3) to the more
general case of multiple scalar interconnection operators

(A8.12) Multiple Scalar Repeated Interconnection Operators:
Multiple scalar interconnection operators {;;(t) encode each connection be-
tween two subsystems, i. e.,

ng
ﬁj(t) = dlag(em(t)) ,With Em(t) ‘R™ = R.
1=1

A reordering of the interconnection channels then yields a block diagonal intercon-
nection operator. Such a framework may be useful for the following cases, amongst
others:

* A combination of representing physical coupling as well as communication
interaction in scenarios, such as (d) and (e), shown in Figs. 7.2d and 7.2e on
p. 218,

¢ Separate topologies for formation control and general distance keeping (colli-
sion avoidance) in MAS settings,

¢ Fault-diagnosis and isolation for systems with redundant interconnection
channels.









SYNTHESIS OF DISTRIBUTED LINEAR
PARAMETER-VARYING CONTROLLERS FOR
INTERCONNECTED HETEROGENEOUS SUBSYSTEMS

«The welfare of each is bound up in the
welfare of all.>

Helen Keller

tributed LPV controllers for heterogeneous systems interconnected through
arbitrary directed and time-varying topologies.

In Sect. 9.1, it will be shown how directed topologies can be normalized, i.e.,
time-varying, directed interconnection matrices can be represented as a combina-
tion of matrices with the property of being diagonalizable by a unitary transforma-
tion. This requires the introduction of virtual interconnection channels, which do
not contribute to the control objectives, but allow to pull out a symmetrized'—or
more generally, normalized—interconnection matrix in an LFR.

In Sect. 9.2, this technique is applied in the context of multiplier-based synthesis
conditions.

THIS chapter aims at developing a capable framework for the synthesis of dis-

1 In the publications [55, 56] the term «symmetrification> was adopted initially. The authors noticed
only later that the proper english term is «symmetrization>, a notion encountered in various math-
ematical publications and—in its core—related to the idea presented in this thesis.

Preliminary results of this chapter have been previously published in [54-56, 61].
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9.1 SYMMETRIZATION AND NORMALIZATION OF DIRECTED INTERCONNECTION
ToOPOLOGIES

HE interconnection operator .’ will be considered as a parameter block within
Tan LFT-LPV robust gain-scheduling analysis and controller synthesis frame-
work. Within that framework the use of D/G-S [E21] allows to copy the plant’s
parameter block to the controller as described in Lma. 2.6 and Cor. 2.3 on pp. 70
and 70, respectively. Symmetry of the parameter block and its commutativity with
the scalings are necessary conditions for this. This allows to let the synthesized dis-
tributed controllers inherit the interconnection topology from the plant representa-
tion. Furthermore, normal real-valued interconnection matrices provide a guaran-
tee for the existence of a diagonalizing transformation and real eigenvalues of .Z,
s. t. the synthesis problem can eventually be transformed to an LFT-LPV controller
synthesis problem with a diagonal parameter block, cf. Sect. 9.2. More generally, a
real-valued interconnection matrix is required to be «<normal>, thus diagonalizable,
for such a diagonalizing transformation to exist. If an appropriate structure is im-
posed on the multiplier matrix variables and in addition, the Lyapunov matrices
are chosen to be structured as well, the synthesis complexity can be reduced to be
of the order of a single subsystem. In order to guarantee stability and performance
in the face of time-varying interconnection topologies, knowledge about the ad-
missible range of eigenvalues of the normalized interconnection matrix is required.
Furthermore, the masking matrix structure due to the normalization is required to
be invariant.

For this purpose, consider a real-valued, static, linear and possibly time-varying
interconnection operator that is given by the matrix {(t) derived from a scalar re-
peated structure. Further, let {(t) represent a directed topology;, i.e., {(t) € fﬁtﬂﬁh. It
is the objective to find a representation

0(t) = Vel ()W = T(t) » 8 AWEI , where I(t) € FM, (9.1)
0 ’
with VW, = I, (9.2)
and VW, = I. In general h > h. Consequently, one has
] ~ 0 W
L) = Ve Z(OWg = () | 2, (9:3)
Vg 0

. A &7
where Z(t) € 3’2;; = 3-'2}15 and VoWgy =T, Ve =V @ I, Wy = W ®
I ,. Denote A and A the sets of unique admissible eigenvalues of the possibly time-
varying interconnection matrices (unnormalized and normalized) and let the sets

be defined by the respective union of the sets of unique momentary eigenvalues
A(ﬂ(t)) and A(E(t)) for all time instants. L. e.,

A2 ACw),  AZ | AQw). (9-4)

VteR+ VteR+
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Note that in general A # A, whereas due to the scalar repeated structure of the
interconnection

A=AS | A(ZWL), A=AZ |J AZ2W). (9.5)
VteR+ VtelR+

Analogously, consider set o of unique admissible singular values of the possibly
time-varying interconnection matrix and let it be defined by the union of the set of
unique momentary singular values X ({(t)) for all time instants. Le.,

AN

o= |J Z(tw)= | AT ®uw) (9.6)
VteR+ VteR+

o=22 |J 2(2) = |J AL 020). (9.7)
VteR+ VteR+

With regard to the question of finding a time-varying normalized interconnection
matrix (t) in accordance with the time-invariant transformation given in (9.1) with
the constraint (9.2), the following problem is formulated.

Problem 9.1 (Normalization of an Interconnection Matrix)
For an interconnection operator Z(t) = {(t) ® I, i.e., satisfying Ass. (A8.1), (A8.3),
with U(t) € FyR", find a representation (9.1), satisfying (9.2). O

The usefulness of the identity condition (9.2) will become clear in Sect. 9.2. As
a prerequisite, the transformation given in (9.1) is first attributed to the constant
state space matrices of the LFR of the closed-loop system, illustrated by Fig. 9.1. In
conjunction with assuming that the controller inherits the interconnection topology,
i.e., X = %, a normalization of the form (9.3) allows to define augmented closed-
loop matrices by

T=To+ WKV =Wg (Tog+WKV) Vg,

or more specifically

A By B Byl 1o | Lo
7— |Ca Daa ®~Ai Dap I I

Ci ®1A Dii Dlp L® W.ff L® VZ

Cp i Dpa Dpi Dpp I I
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This is illustrated in Fig. 9.1. The interconnected closed-loop system, augmented by
a normalized interconnection matrix is therefore defined as

gl |A Ba B By ||x
p|_|Ca: Daa Dai Dap | |a
0 el DiA ®11 Dip b
T=To+ WKV
q = Ap, V=24,  b5eF]
K K., K K 23K 2 hxh
[ g =aRpK, K =2dY, ZeFYR,
where
5|2 [erns, 5|7 | emne
=|+x| € , 0= (| € ,
and
A By By By
T—To+ WKV = |58 Daa Dai Dap 9.9)
Ci & Dia Dii Dip
ep ®pA Dpl Qpp
(A0 By O B0 By] [0By 00]
Ca0:Daa0 Dpi0 Dap 0D, 00
T=]00: 00 oo 0O |+1[0 0 0I
Ci0:Djp 0 Dj0 Dy 0 Dy, 00
00: 00 00 0 0 0 I0
[Cp 0 Dpa 0 Dpi 0 Dpp] 0 Dpy 00
AS By BE BR([o1 00 00 0
C! DinN:)ﬁDiA 00 00:0T1:0
CR D§,DAiDia|LOO O I:00: 0

For the purpose of reordering the interconnected system according to the hetero-
geneous subsystem dynamics, one can find further permutations, s. .

7 F T . Cea Dian Diai Dia : .
Pow o, = 3k o |G D D DS o,
S Cri i Dria Diii Diip | 5

Cip: Dipa Dipi Dipp
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] K% 0 [ % 0
K ZK
A ] Ve A Wy
AK AK
q — | p ol g — | p |0
T T
W —— — Zz w > Z
[j
jK
3 A ] 3
AK
[,
g
w z

Figure 9.1: Interconnected LPV system structure with normalized interconnection topology.

with
oo [ A Bea B Bep |1
- 1 Cra: Draa Diai Drap 1
L ® Weg, Cti i Dria Drii Dyip LeVyg
L 1Crp Depa Dipi Depp L I
W;f Te Ve,

Note that since G contains only pairwise disjoint sets, using suitable permutations
Wy ;W1 = I one can write

9]

T = (‘PTJ To“’{z) + (WTJ WWIIZ) (WKJKW 112) (WKJ W1T’2> ’

Il
Me

Er @ (W (Tro+ WiKiVi) Vg, ).
-I v
T¢

_,,
Il

In the above equations, W, and V¢, denote corresponding portions of the mask-
ing matrices W¢ and V¢ introduced during normalization.

9.1.1 Symmetrization of Groupwise Directed Topologies

When considering groups of subsystems with undirected interconnections within
and directed between the groups, one can find a symmetrized representation of the
scalar interconnection operator { as follows:

Proposition 9.1 (Groupwise Symmetrization [55, 56])
Let the interconnection operator £(t) = {(t) ® In, be real-valued, static, linear and
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possibly time-varying, of scalar repeated structure according to Ass. (A8.1) and (A8.3) on
p. 236 as well as subdivided into blocks corresponding to groups as in (9.11) on p. 254. L. e.,
l(t) € ?Rég satisfies Ass. (A8.9) on p. 240. From the partition G = {G1,Gy,...,Gg} of
H, this means

lgG, (1) LG, (H) -+ Lo, (t)
((t) = |teai (t) lg,G, (1) o le,G4(H) | (9.11)
Gyn (V) LG,Ga(t) -+ LG,Gy (1)

EGiGj (t) : R™ — eGiGj - RN

Then one can find operators {(t) € TZ‘SXh with Wy, Vy,, s. t.

(1) = I(t) »

0 W| 4., v
Vi o]’ e(t)_;efmf(t), (9.12)

with VW =1Tn, Ve =Y 2 1 Vo, We =3 7 | W,,, and where h = gh and masking ma-
trices &¢ € IR9*Y indicate the block-matrix position of the operator s on the diagonal.
Consequently, U(t) € Fyg" O

Proof: The proof follows by mathematical induction. Dependence on time is omit-
ted for brevity.

Basis
Assume g = 2. A possible symmetrization can then be derived as
(G,G, ¢ 0 Wl [ o M
0 — [G1G1G1G2] —Tx 2] — [ 1 ] % I, (9.13)

where ¢; = {] = [EG1G1AEG1G2] , L=t = [.eng] i

Note that V;W; = I;,.

INDUCTIVE STEP
Assume that for g groups a symmetrization has already been derived as

(=10 (9.14)

0 wy| Tesgt
Ve 0 ' (S ?Eéh’
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with h = gh and VW, = I,. Consider a further group, s.t. there are g + 1 groups
in the interconnection matrix £; containing an additional h(y, ) subsystems, i.e.,
hi.(g+1) = h + h(g41)- Then, one can write

; : {G1Gg )
[ 0 ~We] {656 441
0, = Vi 0 1
U S {GyGigin)
{G(41)G1 {G(411)G2 {G(411Gg | {G(g11)Gigun)
— ﬁ ,,,,,,, eGPgGgH]
EG9+1G1:9§€G9+1G9+1

Ve 0 ] [ z Weﬂchcw] [W«o fffff ]

€+ = : :
0 ilh(9+1) €Gg+1G1:g\/€§ €G9+1Gg+1

and observe that a symmetrization exists in

IR 4
0 = [EH ]* S L | R T
teal ||V ][Zg E(E } 0
110 Tng., f=1-f =(g+1) ]
- W 0]
0 0 Inig
— [EH ] % We 0
2 0 Ih(9+1)
Ve0O 0 0 0
[000Ly,, 0 0

Consequently, one may employ the short-hand notation

€+ = E+ * O : W€+
Vi, O
1 Wils, G
where €, =1(] ; = G Wi ].—'9———9——*—‘——

L G]:gGg—H ¢
[ N\ TpT

=0 =] A i,\,/,‘%,,g@gf@lgg,

+2 +,2 . :
Gy 1Grig VEi £Gg1Gyi

Note that as before V,, W, = Ih]:(gﬂ). [ |

Remark 9.1 It will become clear in Sect. 9.2.3.1 that the technical assumption VW, = Iy,
is due to Lma. A.9 and Cor. A.2 in the appendix.
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By observing
g
2= (lgug® ) ® (6 @ Ln,) (9.15)
f=1

Accordingly, we have

9
2 =w2v =y, (Z & ® .zf) \a
f=1

9 g
=Y <Z & ® (4 ® 1n3)> Y =D 4@ (& @ Iny).

f=1 f=1

M

g
VoW = Er @ (v @ Iny) =

Er ® Vg (9.16)
=1 =1
9 9

YWy = ZEf ® (W, @ Ing) = ZEf ® Wy, (9.17)
=1 f=1

9.1.2 Optimal Symmetrization and Conservatism

Note that the symmetrization, i.e., the choice of both the masking matrices W and
V; and the symmetric virtual interconnection operators {¢ is not unique.

Example 9.1 (Leader-Follower Setup I)

In a leader-follower configuration where communication is undirected within, but directed
between both groups G ={G1, G2}, a 2 x 2 block partition for the interconnection operator
may be imposed, which can be decomposed as

i In
- [€G1G1€G1Gz] - [E1 . ] * 0 |, (9.18)

where i) = 1] = |:eG1G1eG1.G2:| , =0 = l'.‘gzcl} .

T . .
66, {6,646, G,

Here {g,c,, {c,G, encode undirected communication among leaders or followers, respec-
tively. The off-diagonal blocks encode directed communication between groups. In this

case, one has & = [1 o] , & = [01], wy, = [1 1]T, Wy, = [1 1}T, vy, = [1 0] and

v, = [O 1]. Note that matrix entries given by e denote symmetric block matrices that drop
out. L]
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Example 9.2 (Leader-Follower Setup II)
As for the agents depicted in Fig. 8.1 on p. 231, communication from followers to leaders is
now disallowed. With scalar repeated identity interconnection operators one has

(011:0000]

1010000

1100000 5 -

S R )

0100011 {G,G, 6,6, lc,G, i lc,a,
1001101

000.1110]

0 0 I ® Iny,
19 Ine E2 ® Iny, E1 @ Iny, 0
T T
Here, one has wy, = [1 1] , Wy, = [] 0] PAUNES [O 1] and vy, = [1 0]. ]

The degrees of freedom during symmetrization should be used to minimize con-
servatism, by using as few as possible different virtual symmetric interconnection
operators {;. Note that in Ex. 9.2 only a single virtual interconnection operator is
necessary with two repetitions. This allows for fewer multiplier constraints in the
LMI conditions and consequently less conservatism. Furthermore, the completion
of the virtual symmetric interconnection operators should not extend the range of
eigenvalues. In fact, an LMI optimization problem can be formulated for minimiz-
ing the range of eigenvalues of any virtual interconnection operator {;(=) over the
resp. symmetrically completing entries collected in the decision variable matrix =,
where £;(Z) is linear in = and is otherwise known a priori.

minA —A >0, st Aly < €(2) < Al (9.19)

O]

If all possible topologies are known, between which there occurs switching, the
optimization problem (9.19) can be solved in each of these independently.

Note that in the leader-follower setup, the bounds on the eigenvalues can al-
ways be preserved. To see this, recall that for symmetric matrices ¢ € S™™" one
has |Ai(¢¢)| = oi({s), with i=1,...,h. The problem can therefore be posed as a
norm-preserving matrix dilation problem. Again, symmetrically completing entries
are collected in = and one has [166]

T T
min T 0 Lo, E[I o] o [ |'ea ).
= l,G, lc,G, {g,c,

|

+
0
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9.1.3 Normalization of General Directed Topologies

When considering unstructured subsystems with directed interconnections, one
can find a symmetrized representation of the scalar interconnection operator { as
follows:

Proposition 9.2 (Normalization I)
Let the arbitrary interconnection operator £ (t) = £(t) ® In,, with {(t) € H’EHXJ‘ be
real-valued, static, linear and possibly time-varying as well as of scalar repeated structure
according to Ass. (A8.1) and (A8.3) on p. 236.

Then one can find matrices Wy, Vy, s. t. with the operators

0 Wyl 50 [t —CT(1) A
Ve 0 ] , Lt) = [ET(t) () ] € Fyn (9.20)

with ViWy = Iy, h = 2h. O
Proof: For each { € ¢, the matrix { is normal, since {f" = T'%. In fact, it is easy to
check that if a parameterization is introduced, such as

E . CSE —CASET
6S€T Easl ’

from the normality condition it follows that cg = s = cag = €pas. A particular
choice with vg, vag, wg, wpg € R is

V= [\;glh VASIh} , W, = [XZSI{‘J , (9.21)
which requires

VsWs +Vvaswag = 1, (9.22)
and yields

= b vl [ [

= vewgl —vgwagl | +vaswsl ! +vagwagt,

which in addition to (9.22) requires

vasWs —Vswpg = 0. (9-23)

By setting wg = vg and wags = vag, (9.22) is the sole constraint. Let wag = vag = 0
to simply introduce virtual zero channels. [ |
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Proposition 9.3 (Normalization II)
Let the arbitrary interconnection operator £ (t) = £(t) ® I, with {(t) € H’E]Eh be
real-valued, static, linear and possibly time-varying as well as of scalar repeated structure
according to Ass. (A8.1) and (A8.3) on p. 236.

Then one can find matrices Wy, Vy, s. t. with the operators

(1) =44 (1) = cs (L) + €7 (1)), (9:24)
Las(t) = —Las(t) = cas (1) =L (1)), (9.25)
where cg, cpg € R, one has
=7 OWE T(+) — ls(t) hxh
0t) =4€(t) » Ve 0 ] , AL(t) [ EAg(t)] € EFe,N , (9.26)
with VW, = I;, h = 2h. O

Proof: Firstly, since for each { € ¢, T € (’,EIXE C K%XF‘, i(t) e ?E‘KIF‘. A particular
choice with vg, vag, wg, wpg € R is

Vi = [VSIh VASIh} , We= [VZVZ’SI?J / (9-27)
which requires

VsWs +vaswag = 1, (9.28)
and yields

{= [vs Ih VASIh] [Kg %s] [X;SI?J

= VgWgCg (E + €T> +VaAsWASC AS (E — €T> .

From the required conditions

VgWsCs +vasWasCas = 1,

VsWsCs —vasWascas = 0,
follows vgwgcg = vagWasCag = % and with (9.28), it follows that cpg = 2(;5—5_1 [ ]

It is possible that only particular portions of the interconnection matrix are non-
symmetric and require normalization. In such a case, the normalization can be
chosen such as not to overly increase the size of the virtual interconnection matrix
over the actual one.

Definition 9.1 (Degree of Asymmetry [87])
Given an interconnection matrix {, define the <degree of asymmetry> as the maximum
singular value of { s = % (e—¢"), ie., as

_ A

ns = 0llas) = sup [[lasx]> (9-29)
Ixll=1
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By defining (s 2 I (¢+¢"), note that
l=lg+lps and L' =lg—lps.

According to [87], {as thus captures the difference between ¢ and {'.
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9.2 APPLICATION OF STANDARD MULTIPLIER-BASED GAIN-SCHEDULING
TECHNIQUES THROUGH PROBLEM TRANSFORMATION

IN the following, it is assumed that an an arbitary interconnection topology is
present, i.e., {(t) € H’?Iﬁh according to Ass. (A8.6). It is assumed that Prob. 9.1 has

been solved. If £ is normal in the first place, i.e., { € El}{fh, the trivial transformation
Vi = Wy = I}, h = his used and the state space system matrices remain unchanged,
i.e., T = T. Note that in any case, 7 and .7 exhibit identical input-output behavior.

The following theorem is a rewritten version of the FBSP-based parameter-
dependent Bounded Real Lemma (PDBRL) with parameter-independent Lyapunov
function (PIDLF) for interconnected LPV systems.

Theorem 9.1 (Analysis of Interconnected LPV Systems [55])

The system 7 as defined in (8.5) is asymptotically stable over & and for all admissible
interaction topologies £ € F o C F o g normalized according to a solution to Prob. 9.1,
s.t. 2 eF @ N, With L, gain on the channel w — z bounded from above by

g
Y < max x(ve), v¢>0,f=1,...,9

if there exist Mx € 8™, Mp € S"=t™w, My € S ™ gnd M; € S™ 1™ that satisfy

(A Ba By By |
I 0 0 O
e PO
o | Mx Ca Daa Dai Dap
° M O I 0 0
A ~ PV ~ T ~ —< O, (9.30)
. M; Ci Dia Dy Dyp
. MpJlo 0 T 0
Cp Dpa Dpi Dpp
000 0 I |
I
! I
bl K v IS » K 727
”Ml F =0, v(.,zﬂ,z ) c @< #, (9.31)
K
I
N
° I
[] M| -0, Vb€, (9.32)
° A
AK
J 11 0
My = Z L®E)® Mp, Mep= |t , (9-33)
=1 0 —ysl
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Proof: Following [125], the theorem simply states a closed-loop analysis condition
for the complete interconnected system, in which both the LPV parameter block,
as well as the interconnection matrix have been taken into account via respective
full-block multiplier conditions and in which each of the respective different het-
erogeneous subsystem dynamics is associated with a performance index vs. u

The following corollary is a useful ingredient for obtaining the controller param-
eters with the proper sparsity structure imposed by a normalization in accordance
to Prob. 9.1. It relies on the fact that imposed matrix structure can be reverted by
considering the respective matrix inequalities on a certain subspace.

Corollary 9.1 (IS Analysis Restricted to a Subspace [55])
Under the assumption that there exist My € S™, My € SM=Mw, My € St
and M; € S™ % that satisfy Cond. (9.30) of Thm. 9.1, the conditions

(A Ba By By |
I 0 0 O
S SN
o [Mx Ca Daa Dai Dap
hd Ma OI ,,,,,, 0 ,,,,,, O <0 (9.34)
. M; Ci Dia Di Dyp ’
. Mpl|O0 0 I 0
Cp Dpa Dpi Dpp
000 0 I |
I
' I
bl £V IS K K
L]Ml 5 =0, v(.z,.z ) c L x LK, (9.35)
gK
hold true. O

Proof: Condition (9.34) is merely Cond. (9.30) restricted to the subspace spanned
by W, while Cond. (9.35) is Cond. (9.37) restricted to the subspace spanned by
(I ® V). More explicitly, one has

.
5 2K

(L@ V)| 2| (L@ V) -0, V(2,2 e2x"
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.
with M; = H M diag((ly ® Vg), (L ® Wg)) and

(A Ba By By |
I 0 0 O
I T
o | My Ca Daa Dai Dap
I
wplf | e[l oy,
b M ¢ Dia Dii Dip
. Mpjjo0 0 I o0
Co Dpa Dpi Dpp
0 0 0 I |

Conds. (9.34) and (9.35) are obtained, due to VoW = I, . For a general formu-
lation of this result, consult Cor. A.2 on p. 322 in the appendix. u

9.2.1 Reduction of Analysis and Synthesis Complexity via Structural Constraints on the
Multipliers

In Theorem 9.1 the analysis of an interconnected LPV system is considered via
matrix inequality constraints of the size of the entire interconnected system. Such
problems may be tractable for interconnected systems, where only a few subsys-
tems are involved. By imposing particular constraints on the structures of both
multipliers and Lyapunov variables, the complexity of the analysis conditions can
be drastically reduced. If the subsystems involved are allowed to be heterogeneous,
this amounts to a separation into several conditions only slightly coupled via the
interconnection multiplier. By using the formalism to distinguish between groups
of subsystems that share common dynamics introduced in (8.1) in Sect. 8.1.1 on
p- 8.1.1 redundant conditions are revealed and can be eliminated.

Theorem 9.2 (Analysis of Het. Grps. of LPV Systems [55])

The system 7 as defined in (8.5) is asymptotically stable over & and for all admissible
interaction topologies £ (t) € F o C F o g normalized according to a solution to Prob. 9.1,
s.t. P(t) e F PN with £ gain on the channel w — z bounded from above by

vérﬁxm), ye>0,f=1,...,9
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if there exist My x € S™x, Mg, € SM=tMw, M o € S ¥ 0 and Mg € SMat™es that

satisfy forall f=1,...,9

[ A Bia By pr-
I 0 0 0
S I PO
o [Mix Cra Dran Drai Deap
| 2 01 0 0|,
. M Cri Dria Drii Diip '
. Mepl 0 0 T 0
Crp Drpa Depi Dipp
0 0 0 I |
I
' I
”m L -0, (2,2 ez x 2",
° Z
K
I
N
° I
[] Mf,A ””””””” >~ O/ v5k € 6f/
Ay
A

f=1
12 ) 120 T 127
X . X¢ Rf,lT R¢ Sf,iT Sf,iT
o XE K| g R R S S
fX= |y Ty R A , M= P L G 17
Xi X Sti Sfi Qri Qg
12 2 12 2 127 2
Xy X Sf,i St fi Qf,i

(9-36)

(9-37)

(9-38)

(9:39)
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Proof: By imposing the multiplier structures

M

Mp=) (L®Ep)® Mp, (9-40)
f=1
9

Mx = Z (T4xa ® Ef) ® My, (9-41)
f=1
g9

Ma =) (laxs ® Ef) ® Mya, (9-42)

i
N

and (9.39) on the conditions of Thm. 9.1 and suitable permutations—cf. Lma. A.3
on p. 317— Cond. (9.30) of Thm. 9.1 on p. 261 can be written in the form of (9.43)
below.

T
°
'.' g Mg x
N
i (e Mo (9-43)
*l L= "
b — M
° P
4 r < 7 _ -
As Bea Bei Bep 0000
1.0 0.0 1000
g €ra Dian Deai Diap 0000
0 I 0 0 0I00
X E Ef®@ [ SRR +L ® < 0.
Cri Dria Drii Deip 0000
= 0.0 1o 0010
Ctp Dipa Dipi Dipp 0000
o o o 1 | Looo 1] )

Condition (9.43) decouples into h independent conditions, of which g are distinct
by construction of the multiplier variables. Each of these is of the form shown in
Lemma A.9, Eq. (A.12) in the appendix. u

Theorem 9.2 provides analysis conditions that are attractive due to a significant
reduction in complexity—at the price of increase conservatism. The conditions are
of the size of single LPV subsystems coupled via the interconnection multiplier
condition. In Thm. 9.2 each group of distinct subsystem dynamics is explicitly al-
lowed to be analyzed in terms of a group specific multiplier M;; associated with
the interconnection. Cond. (9.37) remains of the size associated with the entire in-
terconnected system, constituting the coupling.

Eichler et al. [38] elaborate on the application of the FBSP on the interconnection
multiplier condition along the lines of Cor. 5.1%. This allows to consider explicit
LFT-based models for the interconnection matrix .#(t) and a more explicit defini-
tion of admissible topologies. In these cases, the complexity of both synthesis and
analysis scales strongly with the number of subsystems. However, further structural

2 The result of Cor. 5.1 has been developed in cooperation with A. Eichler as a straightforward exten-
sion. Its application has been investigated simultaneously in the field of interconnected systems by
A. Eichler and in the field of LPV control by C. Hoffmann.
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constraints on the second multiplier stage amend this and rather large numbers of
subsystems can be considered at the price of some conservatism. The interested
reader is referred to [38] for details, whereas this thesis focuses on maintaining
scalability of analysis and synthesis conditions under time-varying interconnection
topologies.

9.2.2 Diagonalizing Transformation on Multiplier Matrix Inequalities

In the following, two lemmas are presented that allow to consider arbitrary in-
terconnection topologies in analysis and synthesis problems of reduced complexity.
The reduction is achieved by straightforward structural assumptions on multipliers
associated with the interconnection. The results are presented in a rather general
context, whereas their usefulness to further reduce the analysis complexity associ-
ated with Thm. 9.2 is formalized afterwards.

Lemma 9.1 (Diagonalizing Transformation)

Let the normal interconnection topology £ (t) = (t) ® I, with {(t) € 9’2;1}1 be real-
valued, static, linear and possibly time-varying as well as of scalar repeated structure ac-
cording to Ass. (A8.1) and (A8.3) on p. 236. Further consider the associated compact set
of admissible interconnection matrices £ € € C €y and the associated set of admissible
eigenvalues (9.4)

i.e., for each time instant £(t) has eigenvalues Ay € A C C, k = 1,...,h. Then the
following two inequalities are equivalent

- AT
L ® R Ih®S—r

I, ® S Ih®Q

L ;
G | [E Z] [;Ff] < 0, VA € A.
ny

(1) P

[Ih“«ff] =0, Vet

[]

Proof: Consider a unitary diagonalizing transformation F*{F = A, which is guar-

anteed to exist, since { € £ C fkfh, for all t € R*. Note also that F*¢'F = A*. Thus
for each ¢ € £ with Z =F ® I,,,,, one has that (i) is equivalent to

e g

*

IhooRI,®ST
Ih®SIh®Q

Ihng

Z>0.
€®In$
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Due to F* = F!, the inner matrices Z cancel after commuting with the structured
multiplier. Consequently,

18 *
2|0l |2 LLoRLL,®S"||z Thn, a
° ZI| LS ®Q L €®Ing
— ol |, ® RI} ® ST Ihng c 0.
o [ ®STL ®Q ||[A® I,
h
Since A = diag(Ay), the last inequality is equivalent to
k=1
o T
LIRS e | 0, k=1,...,n,
o [SQ || Ay
which is the same as satisfying (ii). |

Remark 9.2 As discussed in Sect. 8.1.4, the set of normal matrices is not dense over Chxh
and therefore poses a non-negligible restriction on the allowable interconnection matrices.
This necessitates the application of Props. 9.1, 9.3 or 9.2.

The arguments of Lma. 9.1 fail for the more general case of diagonalizable matrices
et C CBXh, since the diagonalizing transformation would then amount to a similar-
ity transformation F~UF = A, rather than a congruence transformation. Accordingly, one
would have F*{"F~* = A*. The congruence transformation is required, however, to main-
tain the hermitian nature of the matrix inequality. In the way, the proof is formulated above,
the issue becomes most obvious when considering the transformed multiplier

Z]l TheornwesT|[z] [FFoRrR FFasT

Zl [ L STh ® Q L FF®S FF® Q
%_Ih@)RIh@ST

L ®SlL®Q |

Corollary 9.2 For the case of A C IR, necessity in Lma. 9.1 is lost, if only the extrema of A
are checked. O

Corollary 9.3 For the case of A C C, necessity in Lma. 9.1 is lost, if vertices of the convex
hull conv (A) of A are checked. O

Lemma 9.1 can be applied to interconnected systems, for which a solution of
Prob. 9.1 has been used to obtain the system representation (9.8) with a normalized
scalar repeated interconnection matrix .Z(t) = {(t) ® I, . in LFT-based feedback.
It is an extension of the lemma proposed in [55, 56], in which only symmetric inter-
connection matrices have been considered that, e. g., are the result of the application
of Prop. 9.1.
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An alternative to the normalization of interconnection matrices along the lines
of Prob. 9.1—or more specifically Props. 9.1, 9.3 and 9.2—has been proposed by
Massioni in [98]. At the price of limiting the multipliers associated with the inter-
connection matrix to D-scalings, an SVD-based diagonalization technique does not
require the introduction of virtual interconnection channels.

Lemma 9.2 (Diagonalizing Transformation via SVD [98])

Let the arbitrary interconnection topology £ (t) = {(t) ® In,, with £(t) € H’E]Eh be
real-valued, static, linear and possibly time-varying as well as of scalar repeated structure
according to Ass. (A8.1) and (A8.3) on p. 236. Further consider the associated compact set
of admissible interconnection matrices £ € £ C ¢&*™ and the associated set of admissible
singular values (9.6)

o2 |J ()
VteR+

i.e., for each time instant {(t) has singular values oy, € 0 C R, k = 1,...,h. Then the
following two inequalities are equivalent

- _T —
. ° [ ®R 0 Ihng
i =0, Vlel
W ° 0 Ih ® Q Z
ST .
i) |° RO Iny >0, Vo € 0.
° 0 Qf |oln,

L]
Proof: For each { € €, consider an SVD { = UZVT where VIV =1 U"U=1I Thus
with Zy =U ® I, and Zy =V ® I, one has that (i) is equivalent to

:

By application of a congruence transformation Zy =V ® I

-
L ®R 0

0 Li®Q

Ihn;g

urv’ @1 - 0.
Ny

ny. it follows that

T T ar .
o |Zv I, ® R 0 VAY Ihng .0
o Zu 0 ILoQ Zy||Z ® Tny ’
T - - -
— o [[L,®R O Ihng < 0.
] 0 I ® Q_ _Z X Ing_

h
Since X = diag(oy), the last inequality is equivalent to
k=1

.
RO e | Lo k=1. . n
o 0 Q O'klng ’ ’ 7Yy

which is the same as satisfying (ii). |
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Corollary 9.4 Necessity in Lma. 9.2 is lost, if only the extrema of o are checked. O

A possible significant disadvantageous effect of the limitation to D-scalings in
Lma. 9.2 exists in the fact that any multiplier shiftings as per Lma. 2.3, or Cor. 2.4 for
use in synthesis, respectively, are disallowed. D-Ss without shifts therefore require
to consider ball-shaped regions about the origin, which may be potentially very
conservative.

In contrast, Props. 9.3 in conjunction with Lma. 9.1 separates the real and imagi-
nary parts of eigenvalues associated with interconnection matrices and fully allows
the use of D/G-scalings and D/G*-scalings—introduced in Cor. 2.2 on p. 54—, re-
spectively. Proposition 9.2 does not introduce such a separation via symmetric and
skew-symmetric parts, but offers a general normalization. The resulting complex
eigenvalues could then be covered by D-scalings shifted along the real axis. It has
to be investigated, whether the introduction of virtual channels or the change in
eigenvalue locations due to any method aligned with Prob. 9.1 introduces further
conservatism than the method proposed by [98], given in Lma. 9.2.

Further advantages and disadvantages with respect to the separate methods will
be considered in the examples.

By application of Lma. 9.1 on the conditions of Thm. 9.2, conditions can be
formulated, whose purpose resides in turning the multiplier condition (9.37) of
Thm. 9.2 on p. 263, formulated on the entirety of the interconnected subsystems,
into a smaller one by restricting the multiplier Mf,i = 3\7[0,1, vf e {1,2,...,9}, i.e,
rendering it the same for all of the different subsystems.

The following theorem formalizes this fact.

Theorem 9.3 (Efficient Analysis of Het. Grps. of LPV Systems [55])

The system 7 as defined in (8.5) is asymptotically stable over & and for all admissible
interaction topologies £ (t) € Fo C FoR, LK) € 37_]} C ?_‘;/R normalized according
to a solution to Prob. 9.1, s.t. Z(t) € Fgy, L) € ?_‘},N, with L, gain on the
channel w — z bounded from above by

Ygr]{léX('Yf), ’Yf>01f:]/'-'lg

if there exist M x € S™ie, Myp € Sz tMw, Mg € SMp T
and Mo; = Ms; € S™3T™e structured as in Thm. 9.2, that satisfy for all f = 1,...,g,
Conds. (9.36) and (9.38), as well as

T I :
®| 5 3 5 S 3K
* | Fog | ~0, v(AAK) eAxAY, |
“ "I\ (A 3¢) erx (9-44)
AKT
0
Proof: Follows immediately from Lma. 9.1. |

Similarly, the application of Lma. 9.2 on the conditions of Thm. 9.2 leads to
conditions reduced in complexity based on the singular values associated with
the interconnection matrix. In this case, no normalization is required.
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Theorem 9.4 (SVD-Based Analysis of Het. Grps. of LPV Systems)

The system 7 as defined in (8.5) is asymptotically stable over & and for all admissible
interaction topologies £ (t) € Fo C FoR, ZX1) e 3-'1} C S:Ef,JR with £, gain on the
channel w — z bounded from above by

9
v<ma1X(vf), ve>0,f=1,...,9

if there exist Mg x € S™x, My, € ShztMtw Ng p € SNt a structured as in Thm. 9.2
and Mo; = My; € ST structured as

that satisfy for all f =1,...,g, Conds. (9.36) and (9.38), where Vy = Iy, and Wy = 1y, as
well as

-
[‘] Mo |~ Ll 0, V <cr, 0‘K> € o xcX, (9-45)
o ol
of1
L
Proof: Follows immediately from Lma. 9.2. |

9.2.3 Interconnected Controller Synthesis

Pursuing the transition from analysis to conditions for the synthesis of intercon-
nected LPV controllers is straightforward: Starting with the conditions of Thm. 9.3,
a dualization and subsequent elimination of the controller via Lmas. A.7 and A.8 on
p- 321, respectively, yields matrix inequalities that are essentially of the form shown
in Thm. 2.17 on p. 66. These conditions are the standard PIDLF/FBSP-based LFT-
LPV controller synthesis conditions [124, 125], which offer a novel gain-scheduling
perspective on the synthesis of interconnected LPV controllers. For completeness,
the resulting synthesis conditions are presented in the following.

Theorem 9.5 (Interconnected Controller Existence Conditions)

There exists a distributed controller % that renders the closed-loop system 7 as defined
in (8.5) asymptotically stable over & and for all admissible interaction topologies £ (t) €
F o C F o r normalized according to a solution to Prob. 9.1, s. t. 2t) € Hfj,N, with £,
gain on the channel w — z bounded from above by

v<rﬁa1xwf), ve>0,f=1,...,9
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if there exist the primal multipliers Myx € SMx, Mgy € SM=Mw, Mg € SMpTMa
and Mg; € S™a ™5 as well as the dual multipliers N¢x € S™x, Nfp € SHztiw,
NfIA € Sp Mg and Nf,i S Snf/ajLnf"?, with

1

—1 0 I 0
Mf,p: Yt , Nf,p: Yt ] )

0 —ysl 0 —5-1

that satisfy forall f=1,...,q,

A Bra Bri Bip ]
I 0 0 0
T TTTrrmmrmmmme o mrremerorenes
o [Mex Cr,a Draa Drai Deap
I
NT | Mra O L0 0 Ny <o,
] Mt Cti Dria Drii Dyip
. Mipfj 00 1 0
Cf,p Df,pA f)f,pi Df,pp
0 0 0 I |
[ 1 0 0 0 ]
_AfT ,,,,,, CfTA_Cle ,,,,,,, CfTP
o] [Nex S
T | Nia “Bia Diaa “Pria TPrpaly Lo
Ne N 0 0 I 0 ’
¢ Nepl| =By —Diai ~Dei —Dipi
0 0 0 I
__Bfop DfoAp _Dlep - fT,pp_
RIS | [T
IV i[l =0, TN ] -0, VZe2, (9.46)
° <z ° I
— _T -
° 1 ° Al
MfA """ >—0, Nf’A """ k. %O, \VlékESf, (9.47)
_o_ Ax o_ I

g 9
Mi = Z (12><2 (] Ef) ® Mf’i, Ni = Z (12><2 & Ef) ® Nf,i’
f=1 f=1

where

11 12

M L Mf,i Mf,i NP

fi— M}z—r M%Z 7 fi—
i i

11 12

N f,iT N fi
12 22
N f,i N f,i

7
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and further

NM = ker( |:Cfly Df,yA Df,yi Dfryp:| ),

\n ke 57, D D Dip])

L]
Proof: The proof follows from application of the Parameter Elimination
Lemma A.8 on p. 321 on the conditions of Thm. 9.2 and its dual [125]. [ |

Conditions 9.46 can be reduced in size by application of either Lma. 9.1 or
Lma. 9.2 at the cost of coupling the matrix inequalities by the same multiplier
associated with the interconnection. Alternatively, two-stage multiplier approaches
can be applied for explicitly modeled time-varying interconnection matrices [38]. In
the following, only the result following the from diagonalization of a normalized
interconnection according to Lma. 9.1 is presented.

Theorem 9.6 (Efficient Intercon. Controller Existence Conds.)

There exists a distributed controller ¢ that renders the closed-loop system 7 as defined
in (8.5) asymptotically stable over & and for all admissible interaction topologies £ (t) €
F o C F o r normalized according to a solution to Prob. 9.1, s. t. L) eF PN with £,
gain on the channel w — z bounded from above by

Y < m%xm), ve>0, f=1,...,9
if there exist the primal multipliers Myx € SMx, Mg € SM=Mw, Mg € SMpTMa
and Mo; = M;g; € SMa™v a5 well as the dual multipliers Ngx € S™x,
N¢p € SMztniw, Nea € SMeta and Noz = Ng; € S™a™0, structured as in
Thm. 9.5, that satisfy for all f =1, ..., g, all the Conds.of Thm. 9.5, except for Cond. (9.46)
exchanged by

U T
~ I o | A
® Mol | =0, ° No,i A =0, VAEA, (9-48)
) Al ° I
L
Proof: Follows immediately from Lma. 9.1. |

9.2.3.1 A Convex Solution to Special Structured Controller Synthesis Problems

In comparison to the standard PIDLF/FBSP-based LFT-LPV controller synthesis
conditions, a subtle technical difference appears in the way, the controller needs to
be constructed. To begin with, the use of multiplier constraints like, for instance,
D/G-Ss, is prescribed that allow the controller to receive a copy of the plant’s
parameter block—and hence inherit the interconnection topology—according to
Lma. 2.6 on p. 70. A symmetrization or normalization along the lines of Props. 9.1
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9.3 or 9.2, however, alters the parameter block that is copied to the virtual sym-
metrized or normalized one. In order to be able to revert the symmetrization or nor-
malization for the controller, structural constraints on the controller’s state space
matrices need to be imposed, which take the form of a repeated sparsity structure
in the controller matrices. Such structural constraints would normally render the
problem non-convex. However, Cor. 9.1 on p. 262 already provides the solution. The
insight that the existence of a controller of this particular structure is guaranteed
is based on Lma. A.g9 in the appendix on p. 322. It turns out that the null spa-
ces used for eliminating the controller variables in Thm. 9.5 indeed take the form
shown in Lma. A.9. By Cor. A.2 (appendix, p. 322), the conditions of Cor. 9.1 with a
modified multiplier associated with the interconnection emerge and the controller
parameters can be obtained by convex optimization.

9.2.3.2 Alternative Controller Constructions — Shaping the Topology

As noted earlier, it is from Lma. A.9 and Cor. A.2 that the technical assumption
Wy Ve =1 arises. If this assumption and consequently the approach to revert the
symmetrization or normalization w.r. t. the controller’s interconnection topology is
dispensed with, the interconnection topology to be implemented with the distrib-
uted control scheme can be shaped by the control designer. For instance, assume
that a normalization according to Prop. 9.2 has been constructed. Then a controller
can be synthesized that inherits the interconnection matrix

(1) —eT(t)]

Ky 2 54 —
“t)‘”t)_lmt) )

As long as a symmetrized or normalized topology is constructed from operators
that carry interpretable meaning, such as {(t) or 7 (1), the actual real-time distrib-
uted controller implementation is tractable. For this purpose, the controller param-
eters are derived for the augmented channel widths, i.e., in this case twice the
interconnection channel size. From

) 10

K [E(t) —eT(t)] _ [1 00—1] () 01
eT(t) L) 0II 0 LT (1) 10|’

eT(t)]| |01

it is obvious that the distributed controller implements an undirected interconnec-
tion topology even for possibly directed topologies in the interconnected plant rep-
resentation.

9.2.4 Discussion

In essence, the above results offer a convex solution to the synthesis of distributed
LPV controllers for heterogeneous LPV subsystems interconnected through arbi-
trary topologies. The essential tools stem from a shift in perspective that allow the
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exploitation of well-known LFT-LPV gain-scheduling controller synthesis methods.
The output-feedback case is discussed, but, e.g., [98] shows that state-feedback
synthesis is easily possible, as well. In fact, while in [98] output-feedback synthesis
is still handled iteratively, but with small-in-size representations of the intercon-
nection, in [80] output-feedback synthesis is performed by convex optimization,
but with large-scale interconnected system representations. Therefore, the present
work can be regarded as a combination of the advantages of both works.

In the next chapter, the benefits of the novel alternatives to handle arbitrary and
time-varying interconnections will be assessed in application examples.









10

APPLICATION EXAMPLES

<We are all dependent on one another,
every soul of us on earth.>

George Bernhard Shaw

trollers, the following chapter presents application examples for the synthe-

S FTER establishing the theory for the efficient synthesis of distributed con-
sis of distributed controllers via the methods developed in this thesis:

(i) The distributed control of a heterogeneous marginally stable LTI system
(Sect. 10.1),

(ii) The leader-follower formation control and reference tracking problem using
nonlinear quadrotor helicopter models, (Sect. 10.2).

The first example illustrates the applicability of the methods for unstable systems
as well as showing the relatively little conservatism that may be introduced through
a distributed control scheme as compared to a centralized one. Furthermore, it is
shown that the novel methods can be less conservative than existing ones available
for LTI systems. The second example highlights new capabilities: Formation control
of nonlinear LPV models are considered using directed and switching topologies
in a scalable framework is synthesized using convex optimization.

Preliminary results of this chapter have been previously published in [45, 61].
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10.1 A DISTRIBUTED HETEROGENEOUS MARGINALLY STABLE SYSTEM

AN academic example is borrowed from [98]." In the following, the setup of the
numerical example is detailed in Sect. 10.1.1 and achievable performances in
distributed control is analyzed in Sect. 10.1.2.

10.1.1  Setup of the Numerical Example

The original example is posed in a discrete-time state space representation and
can be found in the appendix in Sect. C.1. For the purpose of alignment with
the continuous-time presentation of the results of this thesis, the example has
been converted by a bilinear transformation—known as the Tustin approximation—
assuming a sampling time of 0.1s. The resulting distributed LTI system is com-
posed from two groups of systems—a system containing an integrator and a system
in the form of an undamped oscillator.
The subsystems have the form

Py : = 0 , (10.1)
Zk Cf,p Df,pi Df,pp Df,pu Wk

Ykl LCry Diyi Dryp 0 Uk

where xx €R%, di €R3, v eR3, z eR3, w eR?, Yk € R*, u €R2. The respective
matrices are

A = 0 O,Azz 09.27/
10.26 —0.51 —9.27 0

0 0 10 —4.64 0 9.27
Bii= , Bi= ,
10.26 0 —-5.17 927 0 4.64

o _[ 100000 o _[2270000
WP = 597 0 0 00" % 463 0 0 0 0|’

10 0 9 0
B == 7 B = 7
T {—5.17 01 2 [4.64 o}

and for f =1, 2,

1
10 01 0(1)
Cf,i: 01}, Cf,p: 00], Cf,y = 00 s
00 00
00

Dy = O3, Dtip = O3zx5, Dtiu = O3x2,

The explicit set of system matrices is not provided in [98], but it has been kindly provided in its
entirety by Paolo Massioni upon request.
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0 0
Df,pi = O3x3, Df,pp = O3xs, Df,pu = (1T 0|,
01
00 0 0100 0
00 0 0010 0
Dy Dyyo = 0.1 ,
W= 11 0 0 fup 00010
01 0 0000 1

Df,yu = O4x2-

Note that due to the conversion to continuous-time, the heterogeneity in the sys-
tem matrices over the original discrete-time versions presented in the appendix in
Sect. C.1 increases.

Each group is assumed to consist of h¢ agents, s.t. h = h;y +h; and H =
{1,2,...,h}, G = {G1,Gy}, with G; = {1,2,...,hi}and G, = {hy+1,...,hy}. The
complete interconnected system P is thus composed from block-diagonal matrices
of the form

9
M=) (Er® My).
f=1

In [98], hy = h; = 5 is imposed, consequently rendering P a 20" order system with
20 inputs and 40 outputs.

An interconnection matrix derived from scalar-repeated, real-valued, directed
and row-normalized Laplacian matrices is considered, s. t.

A
g(t) = fN(t) ® Is.
Due to Gersgorin’s circle theorem [43], the spectrum is known a priori to be confined

to the Perron disc given in (7.12) on p. 221 for an arbitary number of subsystems.

10.1.2  Performance Comparison: Distributed Vs. Centralized Control

The following example is based on a preliminary study published in [56]. The
discussion will be extended in various ways:

¢ Comparison of distributed control performances against achievable perfor-
mance through centralized control,

¢ Comparison of performances for the methods to normalize arbitrary directed
interaction topologies,

¢ Comparison with recent results published in [98].
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10.1.2.1 Centralized Reference Controller Design

As a reference, centralized H,-norm optimal controllers are computed for vary-
ing sizes of the respective groups h; = card (Gy) = hy = card (G;) € {1,2,...,10}
and 100 randomly generated interconnection matrices each, in order to serve as
an indication of potential loss in performance versus an increasing number of sub-
systems. The overall system order thus ranges between four and 40. A centralized
control strategy achieves a relatively constant control performance ranging in the
interval [1.0031,1.0444]. Figure 10.1 depicts the resulting performance indices over
the number of subsystems in each group.

1.045

~
/ \\

/ T

1.04 v

1.035

1.03
hi=h

Figure 10.1: Centralized control performance index in terms of the achieved closed-loop
Hoo-norm.

10.1.2.2 Normalization

In the following, the distributed formation control system’s performance will be
evaluated under the different cases that

(i) Normalization, as per Prop. 9.2,
(ii) Normalization, as per Prop. 9.3,
(iii) Direct SVD-based diagonalization as per Lma. 9.2 [98]

is used. Normalization, as per Prop. 9.2 is performed by defining

IN(t) =) |
0t) £ Alt) = [Ih 0] L%EJT fg((t)) ] M

Normalization, as per Prop. 9.3 is performed by defining

§
IOEWNCESE N [ﬂN{t)EjN(t) fN(t)—OfN(t)T] H'
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Tab. 10.1 lists the ranges of eigenvalues and singular values of the interconnec-
tion matrices versus normalization and SVD-based diagonalization obtained from

10,000 randomly generated interconnection matrices for the cases of hy = h; €
2,...,30].

Table 10.1: Ranges of eigenvalues and singular values of the interconnection matrices and
versus normalization and SVD-based diagonalization in the numerical example
borrowed from [98].

Eigenvalues Sing. values

Re (o) Im (o)

Row-normalized Laplacian #y(t)  [0.000,2.000] [—1.000,1.000] [0.000,2.750]

Method
(if) Normalization, Prop. 9.2 [—1.100, 2.650] [—2.650,2.650] [0.000,3.750]
(iif) Normalization, Prop. 9.3 [—1.200,5.000] [—2.250,2.250] [0.000,4.550]
(iv) SVD-based, Lma. 9.2 [0.000, 2.750]
Im (A) Im (A)
3 3t
""""" Re (M) Re (M)
1 I 3 -1 .L‘ K 3
B : A
(a) (1) Normalization, (b) (ii) Normalization,
Prop. 9.2. Prop. 9.3.

Figure 10.2: Ranges of eigenvalues and singular values in the complex plane for the origi-
nal and the respective normalizedinterconnection matrices.
(wem) Black lines indicate the original range of singular values.
(----- ) Dashed black lines indicates the Perron disc..

(mmmm) Fat grey lines indicate the range of eigenvalues of the normalizedinter-
connection matrices.

10.1.2.3 Distributed Controller Synthesis Results

Tab. 10.2 lists the achieved performance indices for the respectively groups versus
the methods applied to render the distributed controller synthesis problem effi-
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ciently solvable according to the results presented in Chap. 9. The employed con-
troller synthesis machinery essentially relies on the analysis results of Thm. 9.3 for
the cases (i)—(iii) and Thm. 9.4 for case (iv) and the respective extension to synthesis
made explicit in Thm. 9.6 for the cases (i)-(iii).

Table 10.2: Achieved performance indices in the numerical example versus normalization
and SVD-based diagonalization.

Method Performance vy Rel. Perf. Loss %
f=1 f=2
,,,,,,,,, Centralized controller  Ye=1.0444
(i) Normalization, Prop. 9.2 1.0562  1.0346 1.1%
(ii) Normalization, Prop. 9.3 1.0675  1.0467 2.2%
(iii) SVD-based, Lma. 9.2 1.0928  1.0766 4.6 %

For reference, Tab. 10.2 states the worst case performance achieved by a central-
ized controller and the respectively relative loss in performance due to the dis-
tributed control approach. The relative loss is considered w.r.t. the performance
indices of the first subsystem type, 1, since it is consistently larger than vy, in all
methods (i)—(iii). Note that in contrast to the distributed controllers, the centralized
controller does not provide guarantees for time-varying interconnection topologies.

As evident from Tab. 10.7, the best performance is achieved by normalization
method (i) (Prop. 9.2), where the virtual interconnection channel is set to zero.
No difference is observed, if the virtual channel is constructed via the choice

W, = % [Ih, Ih] ! and V; = [Ih, Ih}. Normalization method (ii) (Prop. 9.3), which
separates real and imaginary eigenvalues by splitting the interconnection matrix
into two virtual interconnection matrices—one symmetric, one skew-symmetric—,
results in a drop in performance by a factor of 2, while with the SVD-based method
(iii) (Lma. 9.2) [98] the performance drops by a factor of 4.2. Overall, the considered
methods appear to involve only mild conservatism w.r.t. the present problem.

10.1.2.4 Comparison of Achieved Performance for Specific Topologies

In the present example, relatively little conservatism is introduced by using a dis-
tributed control approach with synthesis complexity on a subsystem level, which
allows for time-varying interconnection matrices. In the following, it will be investi-
gated how the achieved performance of the respective approaches (i)-(iii) correlates
to the data for specific interconnection matrices.

A configuration with h; = hy = 5 is considered with 55 randomly generated, di-
rected, row-normalized Laplacian matrices representing the interconnection topolo-
gies. The results are depicted in Figs. 10.3
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Figure 10.3: Performance indices y; and vy, max/min real and imaginary parts of the
normalized interconnection matrices vs. the index of the randomly generated
Laplacians ordered by performance achieved by method (i), Prop. 9.2.
(—) Black solid lines: Method (i), Prop. 9.2.
( ) Grey solid lines: Method (ii), Prop. 9.3.
(----- ) Black dashed lines: Method (iii), Lma. 9.2. Instead of the real part, the
maximum singular value is indicated.

For each of the interconnection matrices { normalized by methods (i) or (ii), i.e.,
according to Props. 9.2 or 9.3, respectively, both the maximum and minimum real
and imaginary parts of the eigenvalues are presented. With respect to method (iii),
only the maximum singular value is provided. The performance index achieved
for subsystem type 1 is consistently larger than the one for type 2,1i.e., y1 > v2. In
addition Fig. 10.3 shows the degree of asymmetry as defined in Def. 9.1 on p. 259.

10.1.3 Discussion

The numerical example indicates that the method of normalization has the potential
of introducing less conservatism than the SVD-based method proposed in [98].
The latter is employed in this thesis in the framework of a convex optimization
problem for the synthesis of distributed output-feedback controllers by the use of D-
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scalings. In [98], at the time of publication, the author admits to not have knowledge
about a convex solution to the distributed output-feedback problem and an iterative
approach for the solution of bilinear matrix inequalities (BMIs) is followed. The
published results state an increase by 6 % in terms of the performance index of
a distributed output-feedback controller w.r.t. the performance achieved by the
centralized controller, which is roughly in accordance with the figure of 4.6 % stated
in this thesis. Presumably, the difference can be attributed to the iterative approach,
the discrete-to-continuous-time conversion and LMI solver settings, resulting in
slight numerical inconsistencies.

For the normalization method (i) (Prop. 9.3) D-scalings are required due to the
complex eigenvalues of the virtual interconnection matrix resulting from normal-
ization. The ball in which the eigenvalues may reside can be shifted about the
real axis. The fact that the normalization allows the diagonalization according
to Lma. 9.1, which relies on a unitary transformation, explicitly allows for non-
zero off-diagonal blocks in the multiplier resulting from such a shift. In contrast,
Lma. 9.2 relies on the SVD and therefore prescribes zero off-diagonal blocks under
all circumstances. Consequently, the multiplier conditions are posed in such a way
that not only the range from zero to the maximum singular value, but also the
reflection to the negative real axis is considered [98]. Presumably, this is the rea-
son for the stronger decrease in distributed control performance of the SVD-based
method (iii) (Lma. 9.2).

The comparison of the respectively methods for specific interconnection matri-
ces documented in Fig. 10.3 reveals that method (i) is consistently providing lower
performance indices that methods (ii) and (iii). Figure 10.3 depicts almost constant
performance indices yj = v; in the case of method (i). While method (iii) also pro-
vides almost equal performance for both subsystem types, the performance indices
vary much stronger with method (ii). The index y; achieved by method (ii) is in
some cases larger and in some cases smaller than the one achieved by method (iii).
All methods, however, show a relatively consistent decrease in performance with
decreasing real and imaginary eigenvalue ranges. Furthermore, there appears to
be a reciprocal correlation between the achieved performance indices and the de-
gree of asymmetry, which is in accordance with [127]. In this work, performance
improvements via asymmetric weights on interconnections are discussed. The data
presented here suggests that method (i) is more resilient to drops in performance
that are due to symmetric interconnections. Method (ii) on the other hand involves
a part of the virtual interconnection that is always symmetric, which may account
for the stronger deterioration in performance.
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10.2 A LEADER-FOLLOWER FORMATION OF QUADROCOPTERS

s an example that draws from MASs—an important subclass of interconnected
Asystems control that can be handled with the proposed framework and tools—
the leader-follower formation control and reference tracking control problem is in-
vestigated for a fleet of nonlinear quadrotor helicopter models and a virtual leader
agent. The problem is thus posed as the synthesis of an interconnected control
scheme considering heterogeneous LPV subsystem dynamics.

The nonlinear LPV model is first derived in Sect. 10.2.1, after which achievable
performances in distributed formation control is analyzed in Sect. 10.2.2.

10.2.1 LPV Modeling of a Quadrotor Helicopter

Quadrotor helicopters are frequently employed in MASs-based research as they
provide a platform for testing cooperative control schemes that is often associated
with a multitude of real world applications. The quadrocopters” dynamics are not
subject to non-holonomic constraints—a research field that is interesting in its own
right. In fact, some of the methods proposed in this thesis, including symmetriza-
tion as per Prop. 9.1, have already been successfully applied in [107] to cooperative
ground vehicle control, in which a rolling disc acts as a simple agent model with
non-holonomic constraints.

Linearized quadrocopter models are often used in publications associated with
MASs, as smooth and steady formation flight does often not involve aggressive
maneuvers. In [o, 46], however, the potential of gain-scheduled LPV control for
quadrocopters has been demonstrated. In this section, an LFT-LPV model of a
quadrocopter is developed for use in conjunction with the methods presented in
Chap. 9 in a cooperative control setting. Despite the fact that the afore-mentioned
methods can easily handle physical couplings, the focus on the subsequent simula-
tion examples will be on the demonstration of including LPV subsystem dynamics
into the distributed synthesis problem, as well as offering a «gain-scheduling per-
spective> on the synthesis of formation control schemes.

10.2.1.1  Nonlinear LPV Model

Consider the quadrocopter model illustrated in Fig. 10.4. In this thesis, the angular
limits shown in Tab. 10.3 will be considered. In [0, 46], it was shown that enlarging
the angular limits up to 60° strongly benefits from PDLFs and improved agility via
high-performance LPV controllers can be achieved. As the methods presented in
this thesis are currently limited to PIDLFs, or static multipliers, respectively, smaller
angular limits are considered.

A set of nonlinear differential equations is taken from [16], where the generalized
coordinates are identified as the position (x,y,z) and the orientation (q1,q2,93)
in standard yaw-pitch-roll convention. The inertial coordinate system is denoted
(x1,%2,%3), whereas the body coordinate system is denoted (X;,X;,X3). The direc-
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Table 10.3: Angular limits of the Quadrocopter.

Angle Range [°]

a1 [—40,...,40]
%@ (40, ...,40]
i [-180,...,180]
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Figure 10.4: Isometric view of a quadrocopter.

tions of both of the angles q> and g3 do not correspond to the axis directions—a
convention which has been adopted from the definitions of the commercial quadro-
copter Hummingbird designed by Astec. As mentioned in [o, 46], the hub forces
and moments defined in [16] are omitted due to their small magnitude and the
difficulty involved in their experimental identification.

The force in the inertial frame can be calculated as

4
u = Ry, (q1)Rx, (02)Rx; (q3)U, U = Zui/

i=1

with
10 0 cos(q2) 0 sin(qz)
Rx, (a1)= {0 cos(q1) —sin(qi1) |, Rx,(q2)= o 1 0 |,
[0 sin(q7) cos(qq) | —sin(q2) 0 cos(qz)

[cos(q3) —sin(q3) 0]
Rx;(93) = [sin(q3) cos(q3) 0.
0 0 1]
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The resulting nonlinear differential equations of the dynamic model of 12™-order
with four inputs is given in (10.2) below.

m 0 0 0 0 0 X1
Abbreviations: g TT(; 0 g g g Xz
AN m X3
i = si i 10.2
Si N sin(qi) 0o 0 0 Ju o olla ( )
“a= COS(CH) 0 0 0 0 ]22 0 qZ
0 0 0 0 0 Js3 43
0 —(cyspc3+s1s3) 0 0 O
0 (c1s283 —s1c3) 0 0 O v
0 _ (C1C2) 0 0 0 112
+ S - ~ 7
(J22 — J33)4243 01 0 0 i3
(]33 - ]11)Q1q3 0O 0 1 0 Ty
(Ji1 — J22)4262 — mg 0O 0 0 1

The moments of inertia I,, and mass m are taken from [122] to reflect realis-
tic values for the Hummingbird quadrocopter model. Tab. 10.4 lists the identified
values.

Table 10.4: Physical and grouped parameters of the quadrocopter [122].

Parameter Value Parameter Value

m 0.64000kg by =m 0.64000

J11 0.004 20 kg m? by, = Ji1 =J.2 0.00420

Ja2 0.00420kgm? bz =mg 6.27840

J33 0.008 15kgm? by not used
9.81000kg m/s?

l 0.28000m

10.2.1.2 Input Transformation and LPV Model Representation

Define the input vector as

A
U= |u u u3 ug

= [U%—mg, Lty —13), Uty —1T4), ba(—Ty +1p — 13 +ﬁ4)] ,

where u;, uz, us represent torques about the axis q1, g2 and g3, respectively, and 1 is
the distance from the quadrocopter’s center of gravity to a rotor. A shift in the first
input direction about the gravitational force is suggested in [82] to make u; = 0
the input associated with steady hovering. In the LFT-LPV model derived in the
following, it also makes couplings between states explicit [o, 46].

By making the assumption that the inertial coordinate system rotates on the x3
axis along with the quadrocopter, one can set q3 = 0. The rotation around the
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x3 x axis is further assumed to be controlled by some other control loop, which
eventually reduces the quadrocopter model to 10 states and 3 inputs. Consequently,
the nonlinear differential equations simplify to (10.3) below.

m 0 0 0 0 X1 —c1s2 0 O

0 m 0 0 0 X2 —8 0 0 u] +mg mg

0 om 0 Ol =|ae o o Uy — 1o, (10.3)
0 0 0 Ju 01 |dn 0 1 0 us 0

0 0 0 0 J.nllé 0o o0 1

An LFT-LPV model is obtained by employing the Taylor approximations

, 1
sin(q) ~ q — gq3, cos(q) = 1—

In [o, 46], relative modeling errors of the magnitude of the differential equations
in X, %, and %3 w.r.t. the magnitude of u; of about 5% at the angular limits are
reported.

As it turns out, control performance for a single quadrocopter increases by choos-
ing a factorization approach that penalizes sparsity, according to Sect. 4.3.2 [0, 46].
The model is simple enough to perform a manual factorization, instead of solving
the problem given in (4.17) on p. 112. Since a maximum of two states are multiplied
with each other, weights of % are chosen to introduce as many coupling terms as
possible.

The resulting rational model can be represented in general LPV form as given
in (10.4) below. For simplicity, a motor model is not included.

q°.

N —

by 0 0 0 0f[x 0 0 0 laran (Tai—1)] [«
0 by 0 0 0f]x 0 0 0 —1 0] |x
0 0 by 0 of|xs|+b3fo 0o 0o Fad-Da (Fad—Daz||x
0 0 0 by Ofla 0 0 0 0 q1
0 0 0 0 bylla: 0 0 0 0 0] |Laz
(3 —1)az 0 0
—-q1 0 O g
= |1—3af—ja3+zafa3 O O |waf, (10.4)
0 1 0 us
0 0 1

10.2.1.3 Parameterization

With the parameters & from Tab. 10.6a and the polynomial expansion of the trigono-
metric terms, the matrices are naturally rendered polynomial in 8. Even though a
full-block LFT-LPV parameterization detailed in Sect. 4.4 would result in a parame-
ter block of size 3 x 3 and hence would reduce the computational burden online, a
standard parameterization with a diagonal parameter block is used. The diagonal
parameter block turns out to be of size 8 x 8 with repetitions listed in Tab. 10.6b.

Note that the commonly available tools for the exact reduction of LFRs of Matlab
[149] as well as the n-D (Kalman like) decomposition or the generalized Gramian
approach [13, 14, 25, 93] available through the ONERA LFR Toolbox do not yield
any further reduction in repetitions than the ones reported in Tab. 10.6a.
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Table 10.5: Measurable signals and LPV parameter block information for the quadrocopter.

1 = qa Block Size Par. No. Repetitions r;
5 2 g A(B) 8x8 myg=2 1°=[3,5
(a) Measurable signals. (b) Parameter block information for the quadro-

copter model.
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10.2.2 A Leader-Follower Formation Control and Reference Tracking Problem
The following example is based on a preliminary study published in [56]. The
discussion will be extended in various ways:

* Consideration of a high-fidelity LPV agent model,

¢ Comparison of performances for the methods to normalize arbitrary directed
interaction topologies,

¢ Comparison with recent results published in [98].

10.2.2.1  Problem Setup

Consider a leader-follower setup with a single leader and five followers. Agent 1
assumes the role of the virtual leader with an integrator model H;(s) = 1/.15 in each
of the three degrees of freedom with state space model detailed in (10.5). However,
to simplify, the reference for the altitude, i. e., the x3 \ direction will be held constant
at 0.

1| [03xs i Ian
Hy: d (Y =238 33 (10.5)
Yr| I3 O3x3| |w

The agents” model Hy, k=2,3,...,6 is taken as the LFI-LPV quadrocopter
model from the previous Sect. 10.2.1. The positions are to be controlled in a dis-
tributed fashion and the individual agents’” coordinates are denoted

T T
Yk = [XLk/ X2,k X3,k} | [CH,k/ qzk}

for the position and orientation, respectively. Figure 10.5 shows the generalized
plants used for synthesis. Shaping filters

5 s+ 0.1
_ I _ STUL
Ws = oo ad Wisk= 350003

are used to consider tracking and to penalized the control input.
The interconnection matrix is chosen as

o 0

lfczc;] (t) EGZGZ(’E)]

In the following, the distributed formation control system’s performance will be
evaluated under the different cases that

(i) Normalization, as per Prop. 9.2,

(ii) Normalization, as per Prop. 9.3,
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(a) Leader, k = 1. (b) Followers, k € {2,...,6}.

Figure 10.5: Generalized plant configuration for the leader-follower distributed control con-
figuration of a group of quadrocopters with virtual leader.

(iii) Direct SVD-based diagonalization as per Lma. 9.2 [98]

is used.

As a practical consideration, it is assumed that the position information of each
agent is simply broadcasted, which implies that the individual agents have no
knowledge about the number of recipients. In contrast to this, each agent has in-
formation about the number of incoming transmissions to process. In terms of a
graph theoretical interpretation, this means that the interconnection matrix may
be row-normalized, but not column-normalized. In [56], simultaneous row- and
column-normalization is considered to allow the use of symmetrization. However,
in order to maintain scalability this technique is not considered.

Consequently, the interconnection {(t) is constructed as a time-varying row-
normalized adjacency matrix @/A(t), where {g,g,(t) is chosen, s.t. the leader is
either sending information to the first two or last three followers and the matrix
{G,c, (t) is time-varying and ensures connectedness between the followers. The in-
terconnection is set to randomly switch every 5s.

10.2.2.2 Normalization

Tab. 10.6 lists the ranges of eigenvalues and singular values of the interconnec-
tion matrices versus normalization and SVD-based diagonalization obtained from
randomly generated interconnection matrices. As in the previous Sect. 10.1, Nor-
malization, as per Prop. 9.2 is performed by defining
A ANt —aat)" | [T
(t) =an(t) = |1 O .
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Normalization, as per Prop. 9.3 is performed by defining

A+ AT 0 ] H |

() =AY = [ 11 L) [ 0 A (t)— ()T

Table 10.6: Ranges of eigenvalues and singular values of the interconnection matrices and
versus symmetrization/normalization and SVD-based diagonalization in the
quadrocopter formation control problem.

Eigenvalues Sing. values
Re (o) Im ()
£(t) [—1.000,1.000] [ 0.000,0.000] [0.000,1.600]

Method

(i) Normalization, Prop. 9.2 [-1.000, 1.125] [—1.125,1.125] [0.000, 1.600]
(if) Normalization, Prop. 9.3  [-2.000,2.000] [—1.000,1.000] [0.000,2.000]

(iii) SVD-based, Lma. 9.2 [0.000, 1.600]
4Im (A) Im (7)
1] 1 |
\ Re (A) . | . Re(y)
1 1 2 T2
(a) (i) Normalization, Prop. 9.2. (b) (ii) Normalization, Prop. 9.3.
Im (o)
] -t
i 1 Re (0)

1

(c) (iii) SVD-based, Lma. 9.2.

Figure 10.6: Ranges of eigenvalues and singular values in the complex plane for the origi-
nal and the respective normalizedinterconnection matrices.
(we) Black lines indicate the original range of eigenvalues/singular values.
(mmm) Fat grey lines indicate the range of eigenvalues of the normalized inter-
connection matrices.
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10.2.2.3 Distributed Controller Synthesis

Tab. 10.7 lists the achieved performance indices for the respectively groups ver-
sus the methods applied to render the distributed controller synthesis problem
efficiently solvable according to the results presented in Chap. 9. The employed
controller synthesis machinery essentially relies on the analysis result of Thm. 9.3
for the cases (i) and (ii) and the respective extensions to synthesis made explicit in
Thm. 9.6. Case (iii) relies on Thm. 9.4 and its respective extension to synthesis.

Table 10.7: Achieved performance indices versus symmetrization/normalization and SVD-
based diagonalization in the quadrocopter formation control problem.

Method Performance

f=1,k=1 f=2%k=23,...,6

(i) Normalization, Prop. 9.2 1.126 3.299
(i) Normalization, Prop. 9.3 1.791 4.158
(iii) SVD-based, Lma. 9.2 4.824 7.059

As evident from Tab. 10.7, the best performance by the normalization method
(i) (Prop. 9.2), where the virtual interconnection channel is zero. If the virtual

channel is constructed via the choice W, = % [Ih, Ih]T and V, = [Ih, Ih}, the
performance index drops to 3.0176. Normalization method (ii) (Prop. 9.3), which
separates real and imaginary eigenvalues by splitting the interconnection matrix
into two virtual interconnection matrices—one symmetric, one skew-symmetric—
, already shows a significant deterioration in performance, while the SVD-based
method (iii) (Lma. 9.2) [98] results in an even stronger loss of performance.

10.2.2.4 Simulation Results

A formation reference wy(t) = r(t)ry, for k € {2,...,6} is fed to the followers with
Hm=0110",13=[-1=10"T,14=[-110",r5=[1 =107, 74 =1[010]". Itis de-
activated when the leader is not to be tracked (r(t) = 0), in order to let the follow-
ers perform a rendezvous maneuver. The response of the interconnected system
[x1x(t) Xx2(t)]" is shown in Fig. 10.8 for controllers synthesized based on normal-
ization method (i) (Prop. 9.2). It can be observed, that in the interval [35,45] s, the
followers stop tracking the leader and rendezvous. For comparison the simulation
results for controllers synthesized with the SVD-based method (iii) (Lma. 9.2) are
shown in dotted lines. As apparent from the plot, the tracking accuracy deteriorates
significantly as a result of the higher performance index. Finally, Fig. 10.7 shows
the position of the subsystems in Cartesian coordinates.
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Figure 10.7:

Figure 10.8:
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Interconnected system response in Cartesian coordinates. Leader-follower con-
figuration of a virtual leader and LPV quadrocopter models. Coordinates
(x1,x (1) x2,k ()] 7.

(—) Virtual leader agent, normalization method (i) (Prop. 9.2).

(—) LPV quadrocopter follower agents, normalization method (i) (Prop. 9.2).
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Interconnected system response. Leader-follower configuration of a virtual
leader and LPV quadrocopter models. Coordinates [x 1 (t) x2x(t)] .

(—) Virtual leader agent, normalization method (i) (Prop. 9.2).

(—) LPV quadrocopter follower agents, normalization method (i) (Prop. 9.2).
( ) LPV quadrocopter follower agents, SVD-based method (iii) (Lma. 9.2).
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10.2.3 Discussion

10.2.3.1  Decomposition Methods

The normalization method (i) (Prop. 9.2) strongly benefits from the potential to
render the newly introduced virtual interconnection channel completely zero. D-
scalings are required due to the complex eigenvalues of the virtual interconnection
matrix resulting from normalization. The ball in which the eigenvalues may re-
side can be shifted about the real axis. The fact that the normalization allows the
diagonalization according to Lma. 9.1, which relies on a unitary transformation, ex-
plicitly allows for off-diagonal blocks in the multiplier resulting from such a shift.
In contrast, Lma. 9.2 used in method (iii) relies on the SVD and therefore prescribes
zero off-diagonal blocks under all circumstances. Consequently, the multiplier con-
ditions are posed in such a way that not only the range from zero to the maximum
singular value, but also the reflection to the negative real axis is considered [98].
Presumably, this is the reason for the relatively bad performance of the SVD-based
method (iii) (Lma. 9.2).

The separation of real and imaginary eigenvalues in normalization method (ii)
(Prop. 9.3) requires the application of both D/G-Ss and D/G*-scalings (D/G*-Ss)
for the symmetric and skew-symmetric virtual interconnection matrix, respectively.
This results in a sparsity structure of the interconnection multiplier that is similar
to the D-Ss required in normalization method (i) without a shift. In method (ii),
however, only the D/G-S can be shifted. The ball, in which the union of the sets of
real and imaginary eigenvalues is inscribed, is therefore a larger one, which may
account for the slight loss in performance. However, it may be possible to achieve
better performance by adjusting the coefficients involved in the normalization.

10.2.3.2 Comparison with Standard Approaches

The example illustrates that a formation control problem with arbitrary, time-
varying topologies and with LPV agents can be efficiently solved as a convex
optimization problem, whereas existing approaches, e.g., [115], essentially con-
sider non-convex robust controller synthesis. It is in light of this that the <«gain-
scheduling perspective> on the synthesis of distributed formation controllers is
stressed.

As depicted in Fig. 10.9¢, in the novel formation control configuration, the con-
troller is provided with an additional channel that corresponds to communication
between the subsystem controllers. The generalized plant configuration is posed in
such a way that the formation error e¢ is not a direct feedback signal received by
the controller. This is in contrast to the configuration shown in Fig. 10.9a, which
corresponds to a robust formation control framework [115].

In the present thesis, controller coefficients synthesized via LMIs determine what
information is exchanged in-between controllers. This configuration is chosen in
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the present example, as can be inferred by inspecting the generalized plant from
Fig. 10.5.

While this makes for a less transparent control scheme, it allows to synthesize
distributed controllers using convex optimization, instead of by, e. g., iterative tech-
niques, such as p-synthesis [10]. The essential—and frankly, simple—ingredient
consists in the introduction of a dedicated interconnection channel for the con-
troller. One may, however, still provide e; as a direct feedback signal as depicted
in Fig. 10.9b. Such a configuration might aid in improving the performance of the
formation control loop, but results in twice the information to be processed for
interaction.
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(b) Closed-loop configuration for «gain-scheduled> interconnected controller
synthesis with direct feedback of the formation error.
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(c) Closed-loop configuration for «gain-scheduled> interconnected controller
synthesis without direct feedback of the formation error.

Figure 10.9: Closed-loop configurations for cooperative control of MASs.



Part III

SUMMARY, CONCLUSIONS AND OUTLOOK

The novel methods detailed in Part I and II have been shown to be
effective and lead to more efficient controller designs for complex non-
linear systems. This part summarizes the results, draws conclusions and
presents further possible research opportunities.
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SUMMARY AND CONCLUSIONS

techniques taken and extended from the field of linear parameter-varying (LPV)
control is examined. In particular, the items considered that induce «complex-
ity> into a system are twofold:

IN this work the analysis and control of systems of high complexity by means of

* A lumped system is complex in the sense that a number of nonlinear effects
leads to an LPV representation with many parameters, rendering standard
synthesis approaches as well as controller implementations costly and/or
time consuming.

* An interconnected system is complex in the sense that it consists of a poten-
tially large number of interconnected subsystems that may be nonlinear and
heterogeneous in their dynamics, rendering centralized control schemes as
well as synthesis conditions that scale with the number of subsystems ineffi-
cient or intractable.

As the items are divided into areas with regard to the modeling of and controller
synthesis for complex lumped and interconnected systems, the results of this thesis
will first be summarized separately in Sect. 11.1. After that, conclusions are drawn
in Sect. 11.2.
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11.1 SUMMARY

HE following provides a brief overview about the advances and proposed meth-
Tods of this thesis.

11.1.1  Part I—LPV Control of Complex Lumped Systems

Figure 1.2 in Sect. 1.2 on p. 4 marked a first attempt at a decision tree guiding con-
trol designers to the successful synthesis of LPV controllers for the cases in which
model and implementation complexity is an issue. This perspective once again il-
lustrates that many of the obstacles still present in LPV theory have their source in
the domain of modeling and realization [E60, 146]. An analysis of the synthesis and
implementation complexity induced by the respective modeling approaches, com-
plemented by an extensive survey on practical applications in Chap. 3, comprises
both quantitative and empirical evidence of the complexity issues in the field of
LPV control. As a result, a set of tools derived from an elaborate enumeration of
quantifiers for implementation and synthesis complexity allows the a priori assess-
ment of the most suitable combination of modeling and synthesis techniques for
a given problem. Such complexity figures are easily derived if all types of model
representations—general, linear fractional transformation (LFT)-based and affine—
are available. This preliminary research culminates in the summaries given in Ta-
bles 3.1 and 3.2 on pp. 83 and 84 as well as Tabs. 3.3 and 3.4 on pp. 89 and 9o, for
implementation and synthesis complexities, respectively.

Modeling is often the most time consuming aspect of controller design, This issue
has sparked the development of a semi-automated modeling framework. Motivated
by challenging examples in the form of a three-degree of freedom robotic manip-
ulator and a four-degree of freedom control moment gyroscope, a novel modeling
framework for systems governed by systems of nonlinear, second order ordinary
differential equations (ODESs) is first derived in Chap. 4. This tool heavily draws
from descriptor representation approaches and the possibility to exploit these in
multiplier-based synthesis frameworks using the full-block $-Procedure (FBSP). An
approach for automated factorization into LPV form presented in Sect. 4.3.1 and
Alg. 4.1 on p. 137 that provides semi-automated rational or affine parameteriza-
tions are inspired by previous research and issues that remained unsolved in [E6o,
146]. A particular open question has consisted in the necessity for data-free approx-
imation tools, for which a solution is proposed in this thesis in terms of a singular
value decomposition (SVD)-based approximation of the coefficients associated with
a monomial basis of the parameter block of the model. These developments have
essentially been driven by Prop. 4.2 on p. 126.

In light of the possibilities of multiplier-based LPV synthesis tools—especially in
conjunction with the use of full-block multipliers (FBMs)—Chap. 5 introduces tech-
niques that exploit the novel modeling framework, in order to reduce complexity in
synthesis and implementation for both parameter-independent Lyapunov function-
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based output-feedback and parameter-dependent Lyapunov function-based state-
feedback controller synthesis. Two key enablers are responsible for these improve-
ments. Corollary 5.1 on p. 160 is used as a means to convexly evaluate small-in-
size, FBMs-based scaling constraints to keep implementation complexity low in
LFT-LPV output-feedback (OF) controller synthesis. Proposition 5.1 on p. 172 sig-
nificantly reduces multiplier sizes in cases where the generalized inertia matrices
incorporate complex parameter-dependency.

Application examples are thoroughly discussed in Chap. 6 that reveal reduc-
tions in synthesis time of up to 90 %, while maintaining full closed-loop stability
and performance guarantees in case of the control moment gyroscope (CMG) due
to proper application of the novel and improved methods. Even without the im-
proved synthesis conditions, the novel modeling framework allows the synthesis
of controllers based on an exact model of the CMG. Such a controller design has
not been reported before. Similar achievements are obtained for the robotic ma-
nipulator in an OF control setting, while for both plants the novel approximation
method results not only in reduced synthesis and implementation complexity, but
also significantly improves the control performance.

11.1.2 Part II—Control of Interconnected LPV Systems

Part II of this thesis first provides an overview about the associated synthesis tech-
niques for interconnected system control in Chap. 7. This part furthermore illus-
trates the results of this work as a synthesis of ideas from multiplier-based distrib-
uted controller design [8o0] and graph theory [109]. The combination is facilitated
by an embedding into a compact modeling framework in Chap. 8 that encompasses
known subclasses, such as «decomposable systems> [99].

By rigorously exploiting degrees of freedom in the multiplier-based analysis and
synthesis conditions, Chap. 9 provides efficient synthesis conditions for the design
of distributed control schemes for virtually and/or physically coupled, heteroge-
nenous and nonlinear LPV subsystems interconnected through arbitrary directed
and switching topologies. The tools rely on imposing structural constraints on mul-
tipliers only where necessary, in order to keep the induced conservatism low. At
the heart of these methods are proposed solutions to Prob. 9.1 posed on p. 251. A
particular one is Prop. 9.2 on p. 258, which formulates the method to introduce
virtual interconnection channels in order to arrive at a normal interconnection ma-
trix. Such matrices are unitarily diagonalizable, which allows the application of
congruence transforms directly on the matrix inequalities that constrain the inter-
connection multiplier, see Lma. 9.1 on p. 266. This approach is an alternative to
more restrictive methods proposed in the literature, e.g., [100], and circumvents
issues that require topologies to be constant and undirected as well as subsystems
to be homogeneous. For the novel methods to be effective, full advantage of prelim-
inary research on the choice of scalings and the consequences for the controller’s

301



302

| SUMMARY AND CONCLUSIONS

parameter block in an LFT-LPV control setting has to be taken. This background is
provided in-depth in Sects. 2.2.5 and 2.3.5.

Chap. 10 presents simulation examples illustrating that the novel methods intro-
duce less conservatism than the ones proposed in [98]. While the first example con-
sists in a fictitious system of marginally stable plants with interconnections in the
states, the second one is a nonlinear multi-agent system setting purely set up with
only communcation interconnections. In the literature, such problems are seldomly
solved using essentially the same set of methods as distributed control problems,
but are often tackled by dedicated techniques. The implications of this unification
will be discussed in the concluding remarks.
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11.2 CONCLUDING REMARKS

THE proposed methods of this thesis and achievements in the corresponding
examples have various implications for the respective fields. In what follows,
the relevancy and impact of this thesis is discussed.

11.2.1 A Set of Tools for Efficient LPV Synthesis

LPV synthesis techniques have been shown to be of high relevance for control prob-
lems that require a capable framework for performance specifications and rigorous
closed-loop guarantees. Such guarantees only hold in so far as the model can be
deemed to be exact, which in turn often induces high levels of complexity. This
thesis provides elegant methods to directly use such exact models in a streamlined
and coherent modeling and synthesis framework with tractable effort. The scope of
plants for which LPV methods can be applied is therefore significantly broadened,
which opens new control opportunities for researchers from a variety of disciplines,
such as the chemical and process industry.

Furthermore, the degree of automation within the proposed modeling and pa-
rameterization framework is dramatically increased. This lowers the level of ambi-
guity within the LPV paradigm and reduces the amount of manual errors as well as
the involved modeling effort. The underlying mathematical tools are surprisingly
simple, such that further extensions and combinations with optimization criteria
appear feasible and lead to future research directions.

11.2.2 A Novel Decision Tree for LPV Modeling

The initial decision tree depicted in Fig. 1.2, Sect. 1.2 on p. 4 is revised in Fig. 11.1.
As part of the integrated approach of modeling and synthesis—most notably—the
decision tree now includes feedback, or more precisely, the visualization of iterations
in the design phase. Decisions, as required due to the heuristic factorization algo-
rithm, can be revised in cases of excessive model complexity. With the underlying
descriptor structure in mind, parameter dependence is kept polynomial or affine
in the generalized inertia and system matrices. The coherent framework allows ap-
proximations for each type of parameter-dependency, which is an option in the
case of excessive conservatism or implementation complexity.

In conclusion, the synthesis and modeling methods proposed in this thesis have
mostly replaced the traditional LFT-LPV formulations using diagonal parameter
blocks for complex systems by the more compact full parameter block represen-
tations. Retaining models in the latter form until the eventual controller synthesis
has been proven to enhance the number of design options and «tuning knobs> for
the control designer. Polytopic representations are rendered nonpreferential allto-
gether, while gridding-based synthesis retains justification due to the ability to
consider non-convex parameter regions. However, in the case of many parameters
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to be measured, it is ruled out. LPV controller design is thus rendered both more
straightforward and more flexible at the same time.
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Figure 11.1: An updated decision tree for LPV modeling and controller synthesis for com-
plex LPV systems.
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11.2.3 Convexification of a Robust Control Problem

In Part II of this thesis, distributed controller synthesis is elegantly posed as a
problem solvable via standard LPV techniques. A leader-follower-based formation
control scheme provides further insight into the implications of the generality of
the proposed framework: A change in perspective leads to the conclusion that a
formation control algorithm can be perceived as a «scheduled> controller instead
of as a robust one. The «scheduling> in this instance takes the form of the intercon-
nection topology—an entity that does not need to be known explicitly, but happens
to allow controllers equipped with an additional interconnection channel to com-
municate among each other by broadcasting. If proper care is taken in the problem
formulation, i.e., for instance the topology is modeled via a row-normalized ad-
jacency matrix, the distributed formation algorithm is scalable in the sense that
agents might be added at any time.

The implications of this convexification are possibly quite large and the effective-
ness in further distributed control scenarios is currently under investigation.
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some of which are described below. The items are divided into ideas with
regard to the modeling of and controller synthesis for complex lumped and
interconnected systems.

THE results of this thesis lead to a wealth of further research opportunities,
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12.1 PART [—LPV CoNTROL OF COMPLEX LUMPED SYSTEMS

PART from the natural need for further experimental validation of the tech-
Aniques proposed in this thesis on additional plants, such as, e. g., a copolymer-
ization reactor [2], the following items appear to be promising directions that may
lead to significant improvements.

OrTIMIZATION-BASED LPV FACTORIZATIONS

The formalism for characterizing all LPV factorizations via selector coefficients in-
troduced in Sect. 4.3 may be the first step towards optimization-based derivations
of LPV models. For instance, for plants of moderate complexity, yet difficult-to-
factorize nonlinear ODEs, cf. Ex. 4.2 on p. 110, such a set of selector coefficients can
be used as decision variables directly in LPV controller synthesis algorithms—an
idea loosely based on [19, H25]. Such synthesis conditions turn out non-convex in
the form of bilinear matrix inequalities (BMIs). However, non-smooth optimization
techniques [7] may be employed. The results might provide further insight into the
conservatism incurred by the non-uniqueness of LPV factorizations and may mark
a first step from heuristics towards more rigorous methods.

UTILIZATION OF THE COPRIME FACTOR STRUCTURE

The exploitation of coprime factorization-like structures used in Props. A.1 and A.2
in the appendix on p. 319 for the modeling tools proposed in this thesis proved to be
vital for the reduction of synthesis and implementation complexity. It also suggests
a deeper mathematical connection to existing model order reduction techniques,
e.g., [86], and further ways to utilize them. While it is relatively straightforward
to add those parts omitted by the parameter block approximation procedure as
unstructured uncertainties for use in a mixed gain-scheduled robust controller syn-
thesis framework, or in less computationally expensive a posteriori stability and
performance tests, more sophisticated methods may be developed that provide a
priori guarantees for closed-loop stability and performance, for instance, based on
the so-called v-gap [157].

AUTOMATED COPRIME FACTORIZATION

For general LPV plants in which the coprime factorization does not emerge natu-
rally from the explicit knowledge of the generalized inertia matrix, an automated
algorithm for deriving a coprime factorization may be developed, based on [12].
Such an approach might further increase the degree of automation and reduce the
amount of ambiguities in the LPV modeling phase, while extending the applicabil-
ity to an even wider class of systems that is not restricted to second order nonlinear
ODEs. Together with an optimization-based LPV factorization as described above,
such an approach could yield fully automated and efficient LPV modeling and syn-
thesis tools that are attractive for use in industry and challenging control problems
in research.
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APPROXIMATE RELAXATIONS ON MULTIPLIER CONDITIONS

An aspect that has not been explicitly explored in this thesis—although the SVD-
based approximation of parameter blocks can be viewed as such—is the approxi-
mate relaxation of the multiplier conditions for use in synthesis. Crude approaches
could consider the evaluation of vertices spanned by only some of the parame-
ters in which the parameters are affine, followed by an a posteriori check (gridded
or vertex based) of only the multiplier condition. Further approaches can involve
sum-of-squares (SOS) or Pélya’s relaxations for polynomial matrix inequalities [27].

IMPROVED OUTPUT-FEEDBACK SYNTHESIS

Based on the results of Sect. 5.2, the dual problem of designing (gain-scheduled)
observers for LPV plants can be explicitly worked out in a similarly improved
manner. As pointed out in [E83], observer-based state-feedback control makes
for a highly structured, systematic output-feedback controller design process. The
tindings from this thesis suggest that such an approach is also beneficial both in
terms of synthesis and implementation complexity when compared to parameter-
dependent Lyapunov function (PDLF)-based OF controller synthesis as per [163].
However, the fully improved PDLF-based OF controller synthesis conditions mak-
ing use of the plant’s descriptor structure as in Prop. 5.1 on p. 172 can be worked
out and applied straightforwardly for further investigation.

DyNAMIC MULTIPLIER-BASED OUTPUT-FEEDBACK SYNTHESIS

The use of dynamic D/G-scalings (D/G-Ss) promises to significantly reduce the
amount of conservatism in gain-scheduled output-feedback controller synthesis
at the cost of a significantly increased controller order [126]. The usefulness of
the two-stage multiplier approach presented in this thesis mainly draws from the
possibility to use FBMs in the first stage, which allows for small-in-size scheduling
blocks of the controller. As both a theoretically and mathematically demanding
question, it is still unclear how to solve gain-scheduling problems with dynamic
FBMs. However, it may be of interest to investigate to which degree the use of
dynamic D/G-Ss in a second multiplier stage can reduce conservatism without
affecting implementation complexity. More straightforwardly, it is interesting to
assess the increase in implementation complexity due to the methods proposed in
[126] and compare these with the standard PDLFs-based methods.
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12.2 PART [I—CONTROL OF INTERCONNECTED LPV SYSTEMS

N addition to the obvious experimental validation of the techniques proposed in
this thesis, the following items appear as attractive directions for future research.

VALIDATION FOR DISTRIBUTED SYSTEMS

The methods for interconnected LPV controller synthesis developed in this thesis
have been validated via a fictitious numerical and a realistic multi-agent system
(MAS)-based simulation example. While showing promising results in both cases,
an evaluation on a distributed control setting, such as the vibration control of a
beam or plate, should be performed. The results can then be benchmarked against
methods specialized for regular-grid topologies, e. g., [9o, 162]. Since the latter are
well-advanced in the sense that they have been extended to employ PDLFs [9o]
further research might be required. Some examples are given below.

DyNaMIC MULTIPLIER-BASED SYNTHESIS

The effectiveness and applicability of dynamic D-scalings and D/G-scalings [126]
for distributed controller synthesis can be investigated using diagonalization tech-
niques based on normalization. A significant improvement in performance is ex-
pected in scenarios in which the interconnection topology is known to be fixed.
This is often the case in the above-mentioned regular-grid topology-based formula-
tions of distributed systems resulting from spatial discretization. In this line of re-
search, the drawback of the proposed method to always implicitly consider switch-
ing topologies can be alleviated and a rigorous comparison with tools based on
PDLFs that are limited to fixed regular-grid topologies can be performed.

SHAPING THE CONTROLLERS’ INTERCONNECTION TOPOLOGY

In this thesis, a technical assumption on the masking matrices is imposed that
guarantees the normalization to be revertible and consequently allows the synthe-
sis of controllers that inherit the interconnection topology from the plant. If this
technical assumption on the masking matrices is dispensed with, alternatives to
the normalization techniques of Props. 9.2 and 9.3 can be developed that shape
the interconnection topology of the controller in desired ways, cf. Sect. 9.2.3.2—a
question that has been raised in [155]. As indicated in the comparison performed
in Sect. 10.1.2.2 on p. 280, the conservatism incurred may vary and needs to be as-
sessed systematically, in order to show the benefits of, e. g., an undirected controller
interaction as opposed to the inherited directed one.

DESIGN OF LPV INFORMATION FLOW FILTERS

The methods developed in this thesis have been applied on the illustrative example
of gain-scheduled formation control of a fleet of quadrotor helicopters. For MASs,
the information flow filter (IFF) approach [115] is often preferable, since the design
of consensus-based formation and local reference tracking control of the agents
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can be separated. However, such a separation is only an approximation for the case
of agents subject to non-holonomic constraints. Research is already underway to
integrate the non-holonomically constrained dynamics within an LPV representa-
tion using a simple rolling disc model [106, 107]. Such an approach can be used
to design formation controllers that take into account the constraints via the meth-
ods developed in this thesis, while high-performance, potentially PDLF-based local
agent controllers are designed separately. As a result, the formation control of air-
planes and cars can be considered and efficiently implemented, hence individual
control loops can be maintained separately.

INTERCONNECTION TIME-DELAYS

In interconnected systems control, communication links are often subject to vari-
able time-delays, due to transport delays or non-ideal networking structures [111].
By employing an integral quadratic constraint (IQC) framework, based on [36], fur-
ther research can yield synthesis algorithms that extend the work of this thesis to
explicitly consider time-delays in the interconnection with known upper bounds.
The synthesis framework presented in [151] appears to be straightforward to adapt,
while a collection of IQC multiplier parameterizations for time-delays is presented

in [114, 153].
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APPENDIX

The appendix contains auxiliary mathematical tools and technical mate-
rial, as well as detailed proofs.






AUXILIARY MATHEMATICAL MATERIAL

A.1 GENERAL NOTATION

. A A .
The symbol 1, denotes an n x m matrix of ones; 1, = 1,1 and I, = diag(1y).
Vertical and horizontal concatenation of matrices with conformable dimensions
is denoted by

col(My) = [M7 ... M7 rdwivi) = [My ..My

A.2 ArLGeEBRAIC Toors AND MATRIX CALCULUS

Lemma A.1 (2 x 2 Block Matrix Inversion [166])
Consider a non-singular square matrix M of the form

M= |Mn M My € V1, My, € ™
My My
Then with

N = <Mzz — MMy} M1z> B ,

-1
L= <M11 — MMy, Mz1) p
one has

My + M MiaNMyMy] =M MyaN

—1
M = =
—NMy M, N

L ~LM;;My;)
—MyEMaL My, + My MMMy,

U

Lemma A.2 (Derivative of a Matrix Inverse [166])

Consider a matrix-valued function M(t) : R — C™*™. The derivative of its inverse is given
by

dM(t)

— M (t)TM*‘ (t). (A.1)

dM1(t)
dt
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Definition A.1 (Moore-Penrose Pseudoinverse [166])
Consider a matrix M € C™ ™, Its Moore-Penrose Pseudoinverse (pseudoinverse) M is
unique and fulfills the following conditions

(i) MMM =M,
(i) MIMMT =M,
(iii) (MMT)* = MM,
(iv) (MIM)* = MTM..

It can be defined via
MT £ lim(M*M + eI) "' M* = lim M*(MM* + ¢I)~
e—0 e—0

Corollary A.1 (Pseudoinverse for Singular Diagonal Matrices)

From Def. A.1, it follows that the pseudoinverse of a singular diagonal matrix M =
n

diag(myy) is given by

i=1

n O, / J— O,
M' = diag (m&) . ml = if ma

- gh 1 .
i=1 my, otherwise.
L
A.2.1  The Kronecker and Khatri-Rao Product
The operator ® denotes the Kronecker product. Ie., with

A= [aij] € C“AxmA, aj € C and block-matrix structures

A = [Alj] c CnAxm/\/ AU c Cnf\xm;\’
B = [Bij] c CanmB, Bij c Cn}?xmfl
anB---a;B

A®B= :

an] B' ° 'ant

The operator ® denotes the Khatri-Rao product.

A1 @ Byp--- A @ B
A®B= : .. :

An] X Bn1' : 'Anm & Bnm
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Lemma A.3 (Kronecker/Khatri-Rao Permutation)
Let a matrix N and a pair of permutation matrices Y, and Y be given, such that

Z @ Myy-Z ® Mg Mir---Mig
$®Mp1"'$®Mpq Mp]"'Mpq
M- --Miq
YNV =2 @ | & b
M, -Mpq

where My; € CPi*4i, ¥ € C™M. Then W, V4 are given by

¢ h Oryt; Ly
Y¢ =row | diag : ,fe{p q}
j=1 1 Oy t; Ly s

where &; is the Kronecker delta and

Iixi O} /ifi<j/
Ii><j = Iigi] ,lfi >,

_Iixi] Jfi=]

U

Remark A.1 Lemma A.3 can be understood as transforming a particular Khatri-Rao prod-
uct, i.e. one where the left factor is a block matrix with identical blocks, into an equivalent
Kronecker product.

A.3 LINEAR FRACTIONAL TRANSFORMATIONS

Definition A.2 (Upper linear fractional transformation (LFT) [166])
Let M be a matrix partitioned as

M= M M
Mz Mo

c C (an +n; o ) x (nw,1 +nw,2)

Then an upper linear fractional transformation with respect to A € C"w.1>"z1 is defined as
the map

M(A) = Ax M : Qa1 XMty Cle2 X2
with

M(A) =AxM = Ax ; =Mz + M2 A(I—M11A) "Mz,
Mz My

provided that the inverse of (1 — My1A) exists.
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Definition A.3 (Lower LFT [166])
Let M partitioned as in Def. A.2. Then a lower linear fractional transformation with respect
to A € C"w2*Mz2 is defined as the map

M(A) = M x A : Cz27Mw2 1y CMz1XTwl
with

My My,

M(A) = M xA =
My My

* A =M1 + MpA(L—MpA) My,

provided that the inverse of (1 — MjaA) exists.

Figures A.1a and A.1b provide graphical representations of both upper and lower
LFTs.

__________________________________________________

__________________________________________________

(a) Upper LFTs. (b) Lower LFTs.

Figure A.1: Linear fractional transformations.

Remark A.2 Compact graphical representations for LFTs are commonly employed. The
respective channel sizes can then be inferred from the context.

LAy s
SO
Cr A B

(a) Upper LFTs.  (b) Lower LFTs.

Figure A.2: Compact representations of linear fractional transformations.

Often, the feedback interconnection shown in Figs. A.1a and A.1b is made with
a time dependent matrix A(t). For simplicity of notation, time dependence is regu-
larly dropped, e.g., A = A(t).

A multiplication of two LFTs is another LFT [166]

(Amx M) (An % N) = [ Aw M Mazi ) (4N Niz
M1 M2 Nz1 N2
Av 0 My MiaNy MigpNg,
= |™M * ) (A.2)
0 An ‘
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where Ay, Ay as well as M, N have appropriate dimensions.
The inverse of an LFT [166] can be computed by

: —1
Ax |Mn M
Mz My

M11—M12MZ£M21—M12M££]
while it is assumed that the inverse of M, exists.

=Ax (A.3)

M3, My, My

Lemma A.4 (Nullspace of a linear fractional representation (LFR) [163])
Consider an LFR in the form

M(A) =AxM = Ax

Mz My

where My; € CM=1XMw1 My, € CM=21XMw2 My € Chz2XMw,1
Myy € CM=2*"w2, Assume that My, has rank n,, < n,,2, s. t.

M, = U [z o} e

Partition V = {V] Vz}/ with V; € C'=2XMz2 V, € CnW,zx(nW,z—nz,z)_ Then, the
nullspace of M(A) is *
L]

Compact LFRs can be derived for matrices parameterized reminiscent of coprime
factor uncertainty representations [44].

—V1ZTU*My; Vv

ker (M(A)) =im (A*

Proposition A.1 (Left Coprime Factor LFR)
For matrices My, No, Am, An € CY" with My non-singular, the term
(M0+AM)*1 (No+AN) can be written as an LFR as

My —My"Ng
(Mo+Am) ™! (N0+AN):[AMAN]* o I : (A.4)
Myt MG'No

1 Note that there is a sign error in [163], which leads to the (2,1) entry of the LFT matrix to be
Vi 2 TU*M,;.
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Proposition A.z2 (Right Coprime Factor LFR)
For matrices My, No, Am, An € CY™ with Ny non-singular, the term
(Mo+Am) (N0+AN)*] can be written as an LFR as

1 AN N0 NG!
Mo+Am) (No+AN) ' = 0 Q| A.
(Mo+Am) (No+AN) vt | EMoNGT T MN; ! (A.5)
L
Figure A.3 establishes a block diagram interpretation of Prop. A.1.
—Mal —= Am
AN
AN AM
N M
No )U_ M ’ °
(a) Left coprime factorization [166]. (b) Intermediate step to establish plausibility
of Prop. A.1.
Ao
| {_Mo] 0} |
i 0 I i
UL s
e e

(c) Left coprime factorization as an LFR.

Figure A.3: Left coprime factorization. Transformation into LFR.

A.4 MANIPULATION OF MATRIX INEQUALITIES

The symmetric/hermitian completion of blocks of a matrix M partitioned into n x
n blocks is denoted by e, s.t.

My My - My My My - My
M, Mz Moy e Mp My

* £ oo Man e o M

n 2n

The notation sym (M) denotes M + M, herm (M) denotes M + M*, respectively.
For a matrix M to be positive (semi-)definite, we write

M>=0, or M=0, and M <0, or M<0
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for M to be negative (semi-)definite.

Lemma A.5 (Complex Matrix Inequalities)
For a complex-valued hermitian matrix L € H™ ", the following two matrix inequalities
are equivalent

RelL —ImL

) L=ReL+jiImL s 0 ii
¥ ) W mL Rel

= 0 (A.6)

U

Lemma A.6 (Dualization Lemma [125])
Assume R is a nonsingular matrix and 8 a subspace with ingR|g = 0, i.e., STRS is non-
singular for any basis S of 8. Then in (R|g) + in (R_] |SJ_) =in(R). O

Lemma A.7 (Dual Quadratic Inequalities [125])
Consider the matrix inequality in K

T
Im

T4+WTKV

I

<0 A.
T+ WKV (A7)

with A € R™™, in(R) = (m,0,n). Therefore S = R exists. Then, due to Lma. A.6 on
page 321, (A.7) is equivalent to

T

—(T+WTKV)" S

In

—(T4+WTKV)T

= 0 (A.8)
In

Lemma A.8 (Parameter Elimination Lemma [125])
Inequality (A.7) is solvable iff

.
v I?] R | vt <o, (A.9)
T T T
and W |77 ] S [_T ]WL =0, (A.10)
Ih In
with R =S, ]

The next lemma follows from the Elimination Lemma [125], cf. Lma. A.8, and
can be regarded as a particular solution to the problem of recovering eliminated
parameters for structured problems.
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Lemma A.9 (Parameter Elimination for Structured Problems [56])
The quadratic matrix inequality

T

I I
T T (A.11)
W(A'XB+C)V W(A'XB+C)V
in the unknown X is solvable iff
I | I
Ly/L LyL] <o,
[WB v } WCV| |WCV [WB v }

wWCVv) T

e PO [ foe] o

where VW = 1, W, V' have full column rank and B =ker(B), At =ker(A),
V5L —ker(V), W = ker(W'). O

Corollary A.2 (Solution on Subspace [56])
Assume VW = Land W, V' have full column rank. The feasibility of the quadratic matrix
inequality

-
T ! T ! (A.12)
W(A'XB+C)V W(A'XB+C)V
in the unknown X, implies the feasibility of
- T T
o | i WOolmWory 1 1< (A.13)
A'XB+C| |0 W 0 W |A'XB+C
L

Proof: Definiteness on a subspace is implied by definiteness on the entire space.
Thus (A.13) is simply (A.12) pre- and postmultiplied by W' and W, respectively.
|

A.5 EsTIMATES FOR COMPUTATIONAL COSTS

The big O notation is used to describe complexities. More specifically, a[f(x)] €
O(g(x)) means that there exists m > 0 and x;, such that |a[f(x)] | < m|g(x)], Vx > xo.

Tab. A.1 lists upper bounds on the number of arithmetic computations, denoted
by al-], for elementary matrix operations. Similarly, the number of scalar variables
to be stored m[], which is used as a measure for the memory requirements, is
displayed in Tab. A.2.
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Table A.1: Complexity of matrix operations.

Operation Sizes alA]
Multiplication A =BC B e R™™, C € R™P n(2m—1 )p
n
Scaling A:diag(bi) C bieR, C e Rvm nm
i=1
Addition A=B+C Be R™™M, C e RW™ nm
Inversion* AIBil B e ]Rnxn’ %TL3

*Gauss elimination provides an upper bound for the cost.

Table A.2: Memory requirements of matrix types.

Matrix structure Sizes m([A]

Full A A € R™m, nm
symmetric A=AT A eR™", YMlk=n(n+1)/2
Skew-sym. A = —AT Ac R™ ™, ZE;]] k=n(n-1)/2
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A.6 BARYCENTRIC COORDINATES FOR POLYTOPIC MODELS

For determining the barycentric coordinates «;, V1l € {1,...,n,} for a parameter vec-
tor 0(t) ranging in a simple polytope is given by [158]

a o) et (g0
= , & (0) = L ,
s 5a(00) = T (00— 0(0)

where J| denotes the set of indices k, such that the facet normal to v contains vertex
Oy, and iova(vk) denotes the horizontal concatenation of the respective vectors.
S

x(6) (A.14)

Remark A.3 A <simple polytopes is a polytope whose vertices are adjacent to a number
of edges or facets that is exactly the dimension of the space the polytope is defined in, e. g.,
card (J1) = ng [158].

0, det (row(vk)> ‘ Ov1 f B2
7 Ot 19571 hyp(0)
v,3 I -
0 g I )
v,1 s -
.
63/ Pl Ov6
ev’i 9] ev,S eV,7

(a) Barycentric ~ coordinates (b) A hypercube resulting from
from parameter. three parameters.

Figure A.4: Examples of barycentric coordinates.

Figure A.ja shows an example and a geometric interpretation. Fig. A.4b shows
an exemplary hyperbox of eight vertices resulting from three parameters.

Under the assumption that the parameters are taken to reside in the hyper-
box hyp (0), the computation of the barycentric coordinates can be performed more
efficiently. In the Matlab function polydec this is performed iteratively according to
Alg. A.1.

Algorithm A.1 Barycentric coordinates from parameter 0(t) varying in a hyper-

cube hyp (0).
Initialization:A
1 Define co = 1.
Iteration: i «+— 1, number of iterations ng
2: Compute t; = %);%, ci = [ci,1 (1—1;), ci,1ti]-
Return:

3: Extract barycentric coordinates from c,,, = [oq , 00, e, ocnv}.
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B.1 AUXILIARY MATERIAL FOR THEOREM 2.8
Quadratic LFR of Lyapunov Matrices

The result for an LFR of the outer blocks in a quadratic parameter-dependent Lya-
punov function (PDLF) shown in [163] is given without proof. The following shows
how the result is obtained. Observe that for

X(8) = 9(5) ' xQ(5)

factorizations of the matrix blocks related to the Lyapunov matrices occurring in
the Bounded Real Lemma can be obtained as

X (5,m) X(5)] o) o | [ox][ ao6) o
L X(8) 0 | |29(5m) Q(8)| |X 0] |92(m) Q(d)]

0 x(5) a(5) 22(5,m)] o x] [2(s) 09(5,n)
X(8) 9%X(8,m) 0 9(s) X0 0 Q)

Then, given

Qi1 912

Q(d) =A%
) Q1

] = Q0+ A (I—Q11Ag) ™ Uiy,

and using (A.1) one has for

d . B . _
—0(5) = 9 (A+A(I—=214) " 2A) (1-2014) " 0

= 0y (I—AQ) TA(I—01A) 19y,

which gives

00(8,m) = Oy (1—AQy;) ' dA(1-0114) ' Oy (B.1)
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Using

Q1 (I—AQy) ™" = Qy (A*

; 1
0 I Q1 =A% Q
—O1q I Q

0 0 9 9
911911 0 0
Q2 Q7 0 0

(I—913A) ' Qpp = <A*

and by (A.2), one can obtain

oA
09(,n)=| A
A

From here it is easy to see that

[0 0 Qpp Q120 ]
oA Q11911 0 0 Qp

]: A |*]0 09 910
A 0 0 Q3 920

(92191 0 0 Qp

[0 0 Q0 Q]
0A Q17 Q11 0 Q1,0

A Q19 0 920

[0 0 Q1 0 Q9

Compact LFR of Lyapunov Matrices

A more compact LFR of the outer blocks in a quadratic PDLF than those shown in
[163] can be obtained as follows. First observe that

0 Q 0
09(8,m) = Z ai x19n 0 Q.
0 Q9 O
From here, the LFR of the outer factor of the quadratic PDLF can be written com-
pactly as
0 QH 0 9
Q(é) 0 _ 0 A N 911 0 Q]z 0 (B.2)
09(5,1n)Q(3) A 0A Q1 0 92 0

0 97 0 9»
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To see this, expand

[aQQ ((5)11)9?6)] N [nggij " [Q(? Q(;

y [1—9”A —0;;0A

0 A
A 0A

0 le]

0 [-011A

Qy 0
- +
)
o (1-911A) 7" (1I—-917A)71Q110A(1-211A) !
0 (I-9y4)7!

| 09n|
Q12 0

which—considering (B.1)—yields the proof. Similarly, one can show that

91, 0

0 Q1A
Q1A 9Q710A

0 Qn 0 Qp
Q(8)aQ(s,m)| _ oA A| (21 0 913 O (B.3)
0 9(8) A O] (95 0 9 0 '
0 Q1 0 9»

B.2 PROOF OF THEOREM 2.14

First observe that from

Nw(p) = ker (|1 0] ) = H

Condition (2.122) simply reduces to the requirement y > 0 and just the dual
Cond. (2.123) remains. Note that a parameter-dependent kernel representation
Ng(p) can be found in

Ns(p) = ker ([B(p) Dpu(0)])

) I (81(0))' Do)
- (on) ' Bl) I
I O )]

N 1 p) I

51
Observe that Ng ; (p)Ns2(p) = I and define
W =W" =Ng;(0)Ns;1(p)
-1

= Bu(0) (Dgu(p)Dpu(p) ) Bi(p).
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Using this representation of the kernel, expand Cond. (2.134) to obtain

J o Sl
” S(p) 38(p,0) . (B-4)
: F_]
—A'(p) = Cp (p)Ns1(p) —A'(p)Ns2(p) —Cp (o)
S S S Nsa(p) 0
~B/ (p) —Bj, (p)Ns2(p) ’
Ns 1 (p) I

From the state-feedback gain

F(p) = — (Ppu(p) Dpu(p))

< (vBL()S ™ (0) + DJu(p)Cp(p) ),

one has
Dpu(p)F(p) =7vNs,1(p)S(p ) Cp(p),
Bu(p)F(0) = —YWS(p) "’ ( )Cp(p)-

Thus, inserting the closed-loop matrices into Cond. (2.70) yields

J1 o Sk
” S(p) 38(p,0) . (B:5)
Sl
~AT(p) = C5 (9)Ns1(p) +vS(p) "W —¥S(p) "N, (p)
X e . O >0
—B, (p) 0
0 I

In order to show equivalence between Conds. (B.4) and (B.5), apply a congruence
transformation by multiplying (B.5) from the right by

To(p) = [ I Ns,Z(P)]

Ns,1(p) I

and from the left by TJ (p), respectively. This concludes a simple sketch of the
proof.
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B.3 AUXILIARY MATERIAL FOR THEOREM 2.15

Bgr(8) = Ugr(8)GRr(8)NR(8) = Ap, x BR”BR12 , A, € RMA X5, )
Br21 Br22
| Qe(8) 0 |
0 5, o) u u
U(s) = | ORI Qr() | _ 5, o |Urit Urn
10 Ug21 Ug22
_ o
Aug
ABR = AP
AP
1 0 -
Ge() = | A0) Bp(®) | _ ap, |Gra1 Griz|
0 I |Gr21 Gr22
[Cp(8) Dpp(d)
0O 1 0
G G :
[GR,H GR,]Z] ~ By A By, (B.6)
R21 Gr22 0 0
Dpa Cp Dpp
(5) = e ([ (5) Dy (5)]) = 47 [NE11 21,
Ng21 Ng22
Ug 11 Ug,12Gr21 Ug,12GR22NR 21 Ug 12Gr22NR 22
Brir Bruz| _ | O Ggr11 GrizNr2t  Gr12Nr2
Br2t Bra2| | 0 0 Nenm o Neiz
Ug 21 Ur22GRr21 UR22GRr22NR 21 Ug22GRr22NR 22
Bs(8) = Us(8)Gs(8)Ns(8) = Apy » | 251 PS12| Ay e R M) (By)
Bs21 Bs2
[Qs(5) 9Qs(8,m)
0 o) u u
Us(s)= | 0 Qs(O)i | = ay, w [Ysm Usn
10 Usor Us2
_ o
A
Agg = —APT

329
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p ,
I 0 T |Gs11 G
Gs(8) = |~y D =—AP & |23 5’12] ,
—B, (8) —Dyp(9) Gsa1 Gsz
0 I

= 01 0 (B.8)

Gs21 Gso22

Ns(8) = ker (|B[(8) DJ,(8)] ) = A"«

VA
Ns21 Ns22

Us 11 Us12Gs 21 Us12Gs 22Ns 21 Us 12Gs 22Ns 22

Bsi1 Bsiz| _ | 0 Gsm Gs12Ns21 Gs2Nsp2
Bsa1 Bsp2) | O 0 Nspm  Nsip
Us 21 Us 22Gs 21 Us 22Gs2oNs 21+ Us 22Gs 22N 22
(Qr(8) 0 |
0 ) B B
Bgs(8) = 0 Qs(3) = Apgg * | R LRI
I 0 Bgs,21 Brs,22
0 I

Ap,, = diag(Ag, Ag) € RMA A
Qr11 O Qr12 O
[BRSMBRs,u] _|Qr2t 0 Qrz:2 O
Brs21 Brs22 0 Qs,zf 0 Qs2
o 0 I 0
o 0 0 I

B.4 CONTROLLER CONSTRUCTION FOR THEOREM 2.16

Theorem B.1 (Mixed General/Affine LFT-LPV Controller [161])
Under Ass. (A2.1)—(A2.6), and given that the conditions of Thm. 2.16 are satisfied for a
mixed general/LFT-linear parameter-varying (LPV) plant,

o affine in the parameters 5(t), i.e., Daa(p) =0,

* with performance channel independent of 5(t), i.e., Dap(p) =0, Dpa(p) =0, and
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Dau(p)
Dpu(p)

and given a reconstructed closed-loop multiplier M according to Lma. 2.4, there exists a
controller X773 affine in the parameter block A* (AP) constructed via the following steps

(i) Let M(p)NT (p) =1—S(p)R(p)
(i) Solve for BX(p) and C¥(p)

] and [Dy A(p) Dyp(p)} full column and row rank, respectively, Vp € p,

| Cy(p) ]
,,,,,,,,, o
0 Dr(p)| [BX (o) __ |Ba(p)R(p)
D;: (p) M [ . = A 0 ’ (B.9)
B, ()R (p)
L Cp(p) E
B, (p)
,,,,,,,,, o
ooy [em]__| 56
DL() | [ - ] Ca(6)5(0) -
0
[Co(p)S(p) ]
T T
Dr, (p) = Dg%(p)(I)Dy%(p)g , Dry(p) = gDAg(p)?DPB(p)],
My, 0 MMy, 0
v 0 —I 0 0
MM, 0 M 0
0O 0 0 —yI
(iii) Set
AX(p,0) =R(p)3S(p) +N(p)dM ' (p) — AT (p) (B.11)

+(R() [Ba(o) © Bo(o)]
Pl 90w 0] (100 o)) )

0o I 0 P

A

+B%(p)

20" (([Balo) 0 Bole) ] S() [Ch0) 0 CJ0)]

DL.(p) 0 D}Iu(p)] )T

+C (e) 0o I ©




| AUXILIARY MATERIAL FROM PART |

A¥(p,0) =N~ (o) (A¥(0,0) ~R(0) [Bu(p) 0] (o) (Ba2)
~8%(6) | 1P| 5(6) < RE)A()S(0) )M (),
[B5(p) BX(p)| = N""(0)B (o), (B.13)
gggg; =C* ()M (p), (B.14)
DEy DEA : _
o 2 -o
L]
Proof: Details of the proof can be found in [161]. [ |

B.5 PROOF OF LEMMA 2.5

The extension is derived based on the requirement that the closed-loop multiplier
condition and its dual should be fulfilled.

*

I
0, Vo €9, B.16
A(S) - € (B.16)

—A(9)
I

) <0, Vo €.

I
A(3)
N[
I

Additional inertia requirements on the closed-loop multiplier are given as

My <0, Nipp=0. (B.17)
Note that due to the requirement 0 € {A(8) | 6 € &}, My; > 0 and Np; < 0 are
implied.

However, as opposed to the reconstruction of the Lyapunov matrix, the positivity
and negativity constraints are more involved. From the inertia hypotheses one has

T [ ny O 7
(1 D] 3]
”T ([ITT] [1\14 (M—]I\J1)_1] [IT]> IT;A § =<0,

L 0N
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from which by application of Schur complements (2.160) and (2.161) follow.
To construct the controller’s parameter block observe that

*

I My My I
=0, Vb€,
A(é) M1TZ My A(é)

is equivalent to

Mit +MpA(3) +A*(3) M, A*(d)
A() —My;

A congruence transform results in

=0, Vo € 8.

N
I 0| [Myr+MppA(8) +A*(8)M], A*(5) I 0
My 1 A(S) Mo | [ -Myp I
[ M = MG M, AT (8) + MMy,
| A(8) + My MY, —My;
i * T
_ U A(E)+WhH
A(8)+W v
[ Uty Upo W;r] + AP W;
CoUp W Wh WhLAS
Wi +4A7 Wy, 1 Yy V12
Wr1 Wi+ A VTZ V1

Wn+A" Yy 0 Wi Vi
T T 3 T K|~ 0,
Uy, Wy, : Uz Wy +A
W)1 Vi, i Wu+aA vy,
while a further Schur complement results in
Uzo sz + AK*
Wy +AK Yy,
11
B U, wy, Uy WY + AP Uy Wy, 0.
Wn V| (Wi +4AP Yy Wiz V12

In order to render this inequality fulfilled by eliminating the off-diagonal blocks,

choose (2.162).
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B.6 PROOF OF LEMMA 2.6

Define

NH N12

N = | 1T
Ny, No,

4

Consider the (1,1) and (2, 2) blocks of

My — N3 Mz — Ny
o M3, — N2

7

M—N4=[

and observe that due to (2.163)
1T ) ! —1
M11—<N11—N12N22N1z> =M —Njp =0,
1
My — (sz—NEN#Nu) =< MZZ—NZZ] < 0.

This results in

Mip My —Ny

= - - =0,
M1 —Npp Mg —Nip |

My = Mz My — ]Slzz <0,

which can be shown by Schur complements leading to the equivalent conditions
N1; = 0 and Ny, < 0, which are true due to the dual of Cond. (2.154). Inserting the
reconstructed closed-loop multiplier into Cond. (2.158) gives

———————————————— [ =0, Vd ey,

A%(8)

which by choosing A¥(8) = AP(8) and (2.164) allows the application of a Schur
complement to obtain

*

Nfl

I
0, Vo €59,
N (5)] —ovee

which holds by assumption.
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B.7 PARAMETERS OF THE ROBOTIC MANIPULATOR

The grouped parameters of the 3-DOF robotic manipulator model used in Sect. 4.6
and Sect. 6.1 are taken from [47] and are listed in Tab. B.1. Here, Ij1,, 1221 and
I3, are the moments of inertia, m, and a, are the mass and length, M;,, and
M; ,, are the first moments of inertia in direction of the respective axis Oy, — x1p,
and O, —x,, where Oy, is the origin, and I, n and f,, are the motor moment of
inertia and viscous friction coefficient of the n'f link respectively. The notation is in
accordance with the modified Denavit-Hartenberg convention. More information
on base parameters of manipulators can be found in [72].

Table B.1: Estimated inertial and friction parameters of the 3-DOF robotic manipulator
(with non-SI units) [47].

Parameter Value
b1 =Ty 0.4701
by =2(mza3— T2+ 1)) 0.1094
b3 =Mjza; 0.0151
by =2(I13—1223) 0.0591
bs; =m;3 (l% + I3 +10n2+1331  0.0626
b6 = 11],2 — 122,2 — mga% 0.0229
by =1Ins—Ing -0.0054
bg = —(My2+ axms)g -0.0051
bo =—Mj;39 0.0097
bio =12 0.7741
by =" Inp—Ina—mza3)  0.2345
b1 =1 (Ip3— I 3) 0.0731
bi3 =mza3 + I33, 0.1991
b]4 = 133,2 0.0603
bis =13 0.7218
big =1I333+ I3 0.1033
b7 = —1Imn3 0.0906
big = fc 1 0.2814
b]g = fC,Z 0.1610

by =fc3 0.3249
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B.8 PARAMETERS OF THE CONTROL MOMENT GYROSCOPE
The physical and grouped parameters of the 4-DOF control moment gyroscope

(CMQ) listed in Tab. B.2 and used in Sect. 4.7 and Sect. 6.2 are kindly provided by
the authors of [1].

Table B.2: Physical and grouped parameters of the CMG.

Parameter Value Parameter Value
Ka 0.0670kgm? by =]Jp 0.0273
Ig 0.0119kgm? by =Ip—Jc—Jp+Kc -0.0135
I8 0.0178kgm? bz =Ic+Ip 0.0240
Kg 0.0297kgm? by =Jg+Jc+Jp 0.0681
Ic 0.0092kgm? bs = Ig+Ic—Kg—Kc¢ -0.0306
Jc 0.0230kgm? bg = Ip+Ka+Kp+Kc 0.1335
Kc 0.0220kgm? b; =Ip—Jp -0.0125
Ip 0.0148kgm? by = Ic—Jc+Kc+Ip 0.0230
b 0.0273kgm? by =Kc—Jc -0.0010
Kp 0.0148 kg m? bio = Jc—Kc—Ip+Jp 0.0135
fy1 0.000187Nms/rad by = Jc—Ic—Ip—Ig+Jp+Kp 0.0441
fy2 0.0118 Nms/rad by =Kc—Jc—Jp—Ic -0.0375
fv,3 0.0027 N ms/rad b13 = fv,1

fV,4 0.0027 N ms/rad b14 = fv,Z

T 0.666 Nm b5 =fy3

T 2440Nm big =T,

b17 =T
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c.1 DiscrReETE-TIME NUMERICAL EXAMPLE FOR SECT. 10.1

In [98], Massioni proposed a numerical example for a distributed linear time-
invariant (LTI) system composed from two groups of systems—a system containing
an integrator and a system in the form of an undamped oscillator. The original sys-
tem is proposed in discrete-time and the full matrices have been provided upon
request. For completeness, they are reproduced here.

The subsystems have the form

P - di(n) | _| Cri: Dgii Deip Deju || vi(n) , (C.1)
zx(n) Cip i Dipi Drpp Dipu | |Wi(n)
Yx(n) Cry D i Df,yp 0 ug(n)

where xx €R%, di €R3, v eR3, z, €R3, wy eR, yr €R?, u€R? and n € N is
the discrete time instant as a multiple of the sampling time T, i.e., t = nT;. The
respective matrices are

A1=] O,Azz 0.6 0.8,
1 0.95 —0.8 0.6

and for f =1, 2,

00 1 10000 10
B.: ,B — ,B == 7
i L 0 o} fp {o 00 0 01 fe {o o}

W [

Cf,i: 01 ICf,p: 00 /Cf,y: 00 s

00 00
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Dy = O3, Dtip = O3zx5, Dtiu = O3x2,

0 0
D pi = O3x3, Dpp = O3x5, Dfpu= |1 0},
01
00 0 0100 0
00 0 0010 0
Dy =  Diyp = 0.1 ,
fWi= 17 0 0 fup 0001 0
010 0000 1

Df,yu = Ogx2-

The matrix Dyp, has been scaled by ]]W, in order to shift the lower bound on the
achievable Hy,-norm to 1.
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AMB
ARE
ADDSAFE

CTC
CMG
CPS
DERA
2-DOF
3-DOF
4-DOF
BRL
BMI
DH
D/G-S
D/G*-S
D-S
DS
DLR
FAST
FBSP
FBM
FF

FB
FDI

F
FMax
FMin
GS
HD
HDS
HiFi
HS
IFF
1QC
IS

LFR
LFT
LMI
LPV
LPV-KR
LPVMAD
LTI
LUT
MAS

active magnetic bearing ............ ... ... il 93
algebraic riccati equation............. ... ... 225
Advanced Fault Diagnosis for Sustainable Flight Guidance and
CoNtrol. .« ..ot 91
computed torque control ............ ... ..o 176
control moment gyroscope ... 336
cyber physical system ............... ... 7
Defence Evaluation and Research Agency .......................... 95
two-degree of freedom ............. ... i 141
three-degree of freedom............... ... .. ...l 96
four-degree of freedom................ ... oo 145
Bounded Real Lemma. ... 225
bilinear matrix inequality .................. .. .o 308
Denavit-Hartenberg .....................o oo 139
D/G-scaling . ......ooiii 309
D/G*-scaling. ... 295
D-scaling. ... ..o 226
distributed system ......... ... ... 216
German Aerospace Center ... 82
Fatigue, Aerodynamics, Structures, and Turbulence ................ 91
full-block 8-Procedure. ........ ... ..o 300
full-block multiplier........... ... ... o i 300
feedforward

feedback .. ... ..o 224
fault detection and isolation ..., 91
fullmodel........ ..o 201
full model, penalized sparsity...................ooiiiiii 150
full model, promoted sparsity........................ooo 150
gain-scheduling ............ ... ... ... 224
heterogeneous subsystem dynamics........................... ..., 228
heterogeneous subsystem dynamics and scheduling............... 223
high-fidelity .......... ... . 91
heterogeneous scheduling.............................. L 223
information flow filter.......... ... .. 310
integral quadratic constraint................ ... 311
interconnected system............... ... 216
linear fractional representation................... ... ..o 319
linear fractional transformation ................. .. ... oL 317
linear matrix inequality ........... ... ... oo 226
linear parameter-varying.....................oiiiiiii 330
LPV kernel representation..........................oool 103
LPV Modeling, Analysis and Design ............................... 93
linear time-invariant ...............i i 337
look-up table....... ..o 196

multi-agent system........... ... oo o 310
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MIMO
MOP
NASA
NL
NREL
ODE
OF
PCA
PDE
PDLF
PDBRL
PDLMI
PFC
PFCMax
PFCMin
PID
PIL
PSM
PiDLF
q-LPV
Rb
RMSE
SF
SISO
SIS
SDP
SOS

SP
SVD
TV
TVG
VISTA
VAAC

multiple-input multiple-output................ ... 98
moving operating point............... ... o 150
National Aerospace Association.........................oooiaee. 93
nonlinear ........... ... i 228
National Renewable Energy Laboratory ........................ ... 93
ordinary differential equation.................. ... oo 300
output-feedback........... ... 301
principle component analysis ... 98
partial differential equation................. .. ... 216
parameter-dependent Lyapunov function ......................... 325
parameter-dependent Bounded Real Lemma ...................... 261
parameter-dependent linear matrix inequalities .................... 38
partial feedback cancellation ................. .. ..ol 201
PFC model, penalized sparsity ...........................ooL 150
PFC model, promoted sparsity............................o 150
proportional integral derivative ................. ... ... 178
pilot-in-the-loop ... 91
parameter set mapping............. i 136
parameter-independent Lyapunov function........................ 261
quasi-linear parameter-varying......................oiiiiii. 237
TODUSE . . ot e 224
rOOt MEAN SQUATE @TTOT . . ..ottt ittt it i e, 186
state-feedback........ ... . 224
single-input single-output............. ... ... 95
spatially interconnected system ................... ... 216
semi-definite program.............. ... ... 29
SUM-Of-SQUATES. . .. ...t 309
S-Procedure .. ... ..o e 37
singular value decomposition................. ... oo 300
Hme-varying ... 239
time-varying graph .............. ... .o 219
Variable stability In-flight Simulator Test Aircraft................... 91

Vectored thrust Aircraft Advanced flight Control................... 95
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LINEAR ALGEBRA

AxM
M x A
M>=0M:3>=0
M<0,M<0

1n><m
A
1n = ]n><1

I 2 diag(1n)
A®B
A®B

Re (a)

Im (a)

tr(M)

adj(M)

rank (M)

dim (M)

in (M)

Upper LFT.

Lower LFT.

Positive (semi-)definiteness.
Negative (semi-)definiteness.

Matrix of ones with dimensions n x m.

Identity matrix of dimensions n x n.

Kronecker product.

Khatri-Rao product.

Real part of some complex number a € C.

Imaginary part of some complex number a € C.

Trace of matrix M.

Adjoint of matrix M.

Rank of matrix M.

Dimensions of matrix M, s.t. if M € C™*™ dim (M) = (n, m).

Inertia of a matrix M, s.t. if with n_, ng, n4 being the eigenvalues with nega-
tive, zero and positive real part, respectively, in (M) = (n—, ng, n4).

Projection.
Eigenvalue.

Singular value and matrix of singular values, s.t. an SVD of a matrix M yields
M = Uxv*.

Spectrum of matrix M.
Set of singular values of matrix M.
Transpose and conjugate transpose of a matrix.

Inverse and pseudo-inverse of a matrix.
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A,B,C,D/A,B,CD/ A BE,D

i=1

diag(M;)

System, input, output and feed-through matrix of an open-loop/closed-

loop/specially denoted state space model, respectively.
Diagonal concatenation of matrices My, My, ..., Mn.

Vertical concatenation of My, My, ..., My, s.t. My is on top.

Horizontal concatenation of M1, My, ..., My, s.t. M is left-most.

SPACES, SETS AND MAPPINGS

N, N+t

Z

RAXm

R+

Cnxm

gn

Hn

AS™

AL
jRxm
€°(F1,FF,)
C*(F4, F2)

AxB
conv (A)

hyp (A)

Set of whole numbers {0, 1,2, 3, ...} and set of whole numbers without zero.
Set of integers, i. e., set of whole numbers with additive inverses.

Set of real-valued n x m matrices.

Set of non-negative real-valued scalars.

Set of complex-valued n x m matrices.

Set of real-valued symmetric n x n matrices.

Set of complex-valued hermitian n x n matrices.

Set of real-valued skew-symmetric n x n matrices.

Set of complex-valued skew-hermitian n x n matrices.

Set of purely imaginary-valued n x m matrices.

Set of continuous functions mapping from some field [Fy into another IF;.

Set of k-times continuously differentiable functions mapping from some field IF4
into another IF;.

Typical typeset for a set.
Cartesian product of the sets A and B.

Convex hull of the set A, i.e., a set conv (A) 2 A containing A, but enlarged to
form the smallest possible convex set.

Hyperbox of the set A, i.e., a set hyp (A) 2 A containing A, but enlarged to form
a convex set that contains all combinations of maximum and minimum values of
independent dimensions.
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SPACES, SETS AND MAPPINGS, CONT D
4 7

im(M) Image or column space of a matrix M. Instead of a space, it can also denote a
matrix containing a basis of the image space, i.e., if N = im(M) € C™**™, then
Jee C™,s.t. M = Na.

ker(M) Kernel or null space of a matrix M. Instead of a space, it can also denote a matrix
containing a basis of the null space, i.e., if N = ker(M), then MN = 0.

SIGNALS AND SYSTEMS

P, PP Generalized plant—LPV system, input-output operator, system matrix.

I, T1,T Closed-loop plant—LPV system, input-output operator, system matrix.
X, K, K Controller—LPV system, input-output operator, system matrix.

9,G, G Physical plant model—LPV system, input-output operator, system matrix.

o, Gp, Gg  Physical plant model associated with the parameter set and rates (p, o)—LPV
system, input-output operator, system matrix.

G= [}C\«Hﬂ Rosenbrock notation. G(s) = D + C(sI — A)~'B.

(p,0), (5,m), (6,V), (b, ¥), (v, )

LPV scheduling signals and associated rates of change. Typically denoting param-
eters (from left to right) that incur general, rational or affine parameter depen-
dency. The last tupel denotes parameters in which a system’s inertia, damping
and stiffness matrix is affine.

(p, o), (8,1),(6,v), (b, }), (v,0)

Compact set of admissible values of the signal p(t) and compact set of admissible
values of the rates of change o(t) of the signal p(t) as well as for parameters 5(t),
0(t), d(t), v(t) and associated rates n(t), v(t), ¥(t), ¢(t).

?pIFS/?9/?¢/Tv/?g/?2/ \e//g’$/:}‘1c)

(t) or
r ((t).

Set of admissible trajectories of the signal p(t), or parameter 5(t), 6(t
(

(t),
v(t), respectively, and with bounds on the respective rates n(t), v(t), P (t) o

s=0+jw  Complex frequency variable, Laplace operator.

o, W Real part of complex frequency variable o and frequency w .

Ly Space of n-dimensional signals square integrable over t € [—o0, o0].
111y Vector p-norm. 1t p = 2, || - 2 = || |-

-2 Induced £;-norm.

x(t) State vector.

r(t) Closed-loop state vector.

u(t) Input vector.

y(t) Output vector.
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wit)
z(t)

qe(t)
Pe(t)

Performance input vector.

Performance output vector.

LFT input vector w.r.t. the parameter block associated with e € {A,0, D, Y, A}
LFT output vector w.r. t. the parameter block associated with e € {A,©, ©,Y, A}
Interconnection input vector.

Interconnection output vector.

Equilibrium of signal x(t).

Deviation 0x(t) 2 x(t) —%(t) of signal x(t) from the equilibrium %(t).

MISCELLANEOUS SYMBOLS

m(e), mj(e)
p(e), pj(e)

k(e), kij (o)
kijk ()

M

Vector of monomials m(e) and j™ monomial m; (e) as the j™ entry.
Vector of polynomials p(e) and j polynomial p;(e) as the j entry.

Matrix k(e) resulting from factoring out a monomial vector from the vector of
generalized forces. Matrix entry ki;j (o) for i row and j'" monomial.

Matrix entry kijx(e) of LPV representation, resulting from multiplication of
kij (o) with the k'h state.

th

Selector coefficient CSL of the 1™ choice for the ith row, j monomial and k™

.. A My
state. Selector coefficient vector cg.l) 2 row (c“]]()
j ket \ U

Tx
Selector coefficient matrix QS = diag(cg]l) of the 1™ choice for the i row and
k=1

MNm
i monomial. Selector coefficient matrix thl) 2 diag (Qﬁf?) of the 1™ choice for
j=1
the ith row.
a a1 & ) a/b, ifbisa factor of a
5] 5] = .
0, otherwise.
. ) L . C L A dx(t)
x(t) Time derivative of signal x(t), i.e., X(t) = =5
COMPLEXITY
a[M] Number of arithmetic operations necessary to calculate M.
m{M] Number of scalar variables necessary to store M.
d[L] Number of decision variables in LMI £.
s[L] Size of LMI L.
t[K] Synthesis time associated with the controller K.
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INTERCONNECTED SYSTEMS

5(t) Time-varying graph G(t) = (V, E(t), W(t)) defined as a tupel of a vertex set V, a
time-varying edge set £(t) and a time-varying set of weights W(t).

H Set of subsystem indices.

Hy Index set of neighboring subsystems to subsystem k.

Nk Vertex set of neighboring subsystems to subsystem k.

G Partition G = {G1,G3,...,Gg} of subsystem indices. The index sets G¢, f = 1,...,g,
associate some subsystem index k € H with a group index f.

dy In-degree matrix.

er Column vector with zeros everywhere and ones in the entries, whose indices corre-

spond to the ones in the set Gy.

Es Matrix with zeros everywhere and ones in the entries on the diagonal, whose indices

. N JAN
corresponds to the ones in the set G¢. Formal definition: E¢ = diag(es).
Z,%  Interconnection matrix or operator and its normalized version, respectively.

¢, ¢ Interconnection matrix with scalar entries, s.t. ¥ = { ® I and its normalized version,
respectively.

o/, /N  Adjacency matrix; row-normalized adjacency matrix.
&, YN Graph Laplacian; row-normalized graph Laplacian.
2 (S(1), #n(S(),#(S(1), £n(S(D)

Sets of admissible (row-normalized) adjacency and Laplacian matrices associated with
a time-varying graph G(t).

Z, ¢

Compact sets of admissible interconnection operator values.

3:313:’2

Sets of admissible topology variations.
hxh phxh
eD ’ eN

Sets of diagonalizable and normal matrices of size h x h, respectively.

hxh hxh hxh hxh hxh hxh
94&,11% 4 3:2 S 7 Ste,As 4 ?e,c,s' g:B,D 4 EFE,N 4

Sets of admissible topology variations, where the time (R™) is mapped into arbitrary,
symmetric, skew-symmetric, groupwise-symmetric, diagonalizable and normal matri-
ces of size h x h, respectively.

M Decomposable matrix.

F Diagonalizing transformation.
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A (A), A (A) Range of admissible eigenvalues of a possibly time-varying interconnection ma-
trix £ () and its normalized version, respectively.

o (%) Range of admissible singular values of a possibly time-varying interconnection
matrix { (%).

d,9,d,9,v,0,90

Interconnection output and input channels for the open- and closed-loop system
and their counterparts due to normalization.

Opg Degree of asymmetry.

MATRIX INEQUALITIES

L LMI identifier.
N Matrix containing the basis of a null space.
V, oV Lyapunov function and derivative along a trajectory.

X, 0X, X, 0X Open- and closed-loop Lyapunov matrix X and X as well as their derivatives
along a trajectory.

Y, 0Y,Y,0Y  Dual open- and closed-loop Lyapunov matrix Y and Y as well as their derivatives
along a trajectory.

R, S Lyapunov matrices R and S of primal and dual projected BRL matrix inequality
conditions, respectively.

Qr (o), Parameter-dependent outer factor Q(e) of quadratically parameter-dependent
Lyapunov matrix R(e) = Q (¢)RQg (e).

U(o) Parameter-dependent outer factor of some quadratically parameter-dependent
matrix inequality.

I Performance multiplier/IQC coefficient matrix.

M, M Multiplier in primal matrix inequality condition. The notation M refers to a
closed-loop analysis condition.

N, N Multiplier in dual matrix inequality condition. The notation N refers to a closed-
loop analysis condition.

P, P Multiplier in parameter-dependent Lyapunov matrix positive-definiteness condi-
tion. The notation P refers to a closed-loop analysis condition.

M, N Higher-stage multipliers in primal/dual matrix inequality conditions.

R, S, Q Block-matrices of multipliers.

. Symmetric completion in a symmetric matrix, i. e., [M” M ‘2} = [M‘T‘ M”] and

e My M 12 M,

HT QN =NTOQN.









LIST OF SUB-/SUPERSCRIPTS AND MODIFIERS

clrol

P

uw

Yy

ArO,r D/ YA

e

T

Closed-loop, open-loop.

Performance channel.

Input channel.

Output channel.

LFT-LPV channel w.r.t. the parameter block A, ©, ©, Y or A.
Error signal channel.

Reference signal channel.

Interconnection signal channel.

Vertex.

Grid.

Nominal value.

Normalized value.

Weighted value.

Monomial vector with univariate and multivariate monomials.

Approximated signal x, system P or matrix A.
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