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Abstract

This thesis studies the problem of position estimation in wireless networks with sparse in-
frastructure from a stochastic perspective. To narrow down the subjects in that wide space,
the important terms of the previous sentence will be deciphered in more detail. Position
estimation refers to the ability to conclude the geometric location of a network node from
a number of noisy measurements. In this thesis, only self-positioning is considered, i.e.
nodes attempt to estimate their own locations. In wireless networks. the noisy measure-
ments are derived from the radio signals that are received from one or more transmitting
nodes. Typical measurements are distances or angles to the transmitting nodes. Some
nodes, so-called anchors, have global knowledge of their positions. Anchors are usually
considered as part of the infrastructure of a wireless network. Measurements with respect
to anchors translate the relative position information into a global reference frame. If re-
ceiving nodes with unknown positions, so-called agents, attempt to estimate their positions
unambiguously, they generally require measurements to multiple anchors. Networks that
employ only a small number of anchors per unit area are classified as networks with sparse
infrastructure. Simple positioning methods such as trilateration or triangulation fail in
these networks and more sophisticated positioning strategies are required. Most of these
strategies require tools from the domain of statistical signal processing. In that domain,
the stochastic models of the measurement errors are used to determine position information
that inherently contains the uncertainties of the positions of agents. These uncertainties
are quantified by probability distributions.

Two approaches have been considered in this thesis. Both enable unambiguous posi-
tioning in wircless networks with sparse infrastructure, and they rely heavily on statistical
signal processing. Particularly, the framework of belief propagation was considered in both
approaches. The first approach that was studied compensates the lack of anchors by co-
opcration among agents. In particular, agents derive cooperative distance measurcments
from the signals received from other agents in addition to those from anchors. Cooperative
measurements must be considered carefully, since other agents — in contrast to anchors
— have imperfect position information. In the second approach that was studied, large
antenna arrays are used to overcome the lack of infrastructure by deriving numerous mea-
surements from the received signal of a single anchor. These measurements include angular
measurements like the angle-of-arrival and angle-of-departure. Moreover, every multipath
component of the received signal can be harnessed in these approaches, providing even
more measurements. With such a large number of measurements per anchor, agents can
position themselves using only a single anchor.

The contributions of this thesis arc summarized in what follows. Advances in the ficld
of cooperative positioning have been made on the algorithmic frontier. A method has been
developed which allows agents to confine their locations to small areas. This method is
coined polygon outer-approximation, since it constrains the sets of potential positions of
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agents to convex polygons. These convex geometric constraints are valuable since they
restrict the positions of agents to small subsets of the entire search space. Embedding the
constraints into position estimation problems assists the actual estimators by steering their
focus to the relevant regions. The usage of constraints is shown to improve the performance
of cooperative position estimators in terms of accuracy, computational complexity, and
speed of convergence. In single-anchor positioning, theoretical and algorithmic advances
have been made. Analytical studies of the estimation problems in that ficld have revealed
that many other parameters can be estimated on top of the positions of agents. Those
parameters include agent states (orientation and clock offset with respect to the anchor)
as well as the positions of reflecting or scattering objects in the agent’s radio environment.
The research presented in this thesis deciphered these extended estimation problems and
derived fundamental insights into them. One major finding is that non-line-of-sight paths
can increase the positioning accuracy if the antenna arrays of the anchor and agent as
well as the signal bandwidth are large enough. Moreover, the viability of unambiguous
positioning in the absence of the line-of-sight path was proven if enough non-line-sight
paths exist. The theoretical part of the studies has been concluded by the derivation of the
fundamental limit embodied by the Cramér-Rao lower bound. Numerical investigations
of these bounds have revealed that the achievable accuracies of the extended estimation
problems are only reasonable if all measurements (angles-of-arrival, angles-of-departure
and times-of-arrival) are precise, i.e. the measurements contain small measurement errors.
Driven by the theoretical insights, a belief propagation-based estimator has been developed
that allows an agent to jointly estimate its position, orientation, and clock offset with
respect to an anchor along with the positions of reflecting or scattering objects in its radio
environment.

Scenarios where the infrastructure can be expected to be sparse include important fu-
ture wireless networks. In mauny applications in the internet-of-things, data sinks (anchors)
may be deployed sparsely and they will be vastly outnumbered by sensors (agents). Here,
cooperative positioning approaches become relevant. Since most internet-of-things-sensors
are hardware-constrained, low-complexity cooperative positioning algorithms are required.
The polygon outer-approximation algorithm presented in this thesis can help to make co-
operative approaches more tractable. since it adds almost no complexity but relaxes the
estimation problem considerably. Fifth generation millimeter wave networks are another
important area where the infrastructure can be expected to be sparse. There, base stations
(anchors) are going to be deployed densely but their coverage overlap is going to be small
and agents can only communicate with a single base station. Consequently, the results of
the single-anchor positioning paradigi studied in this thesis becone relevant.
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Chapter 1

Introduction

This chapter introduces the problem of position estimation in wireless networks. It moti-
vates the importance of obtaining accurate information regarding the positions of network
nodes whose positions are unknown a priori. In that context, the related challenges and
difficulties will be discussed and the approaches that are considered in this thesis will
be outlined subsequently. The chapter will be concluded with a brief summary of the
remainder of this thesis.

1.1 Motivation

The need for reliable and widely-available position information is ubiquitous. Knowledge
regarding the relative or absolute location! is the foundation of numerous applications.
The most prominent example which relies on position information is navigation. Already
centuries ago, our ancestors had to determine their positions based on coarse maps and
known landmarks in order to safely travel from one place to another. Hundreds of years
ago, maritime traffic demanded the availability of position information to navigate a vessel
over the ocean. Nowadays, autonomous vehicles (including cars, unmanned aerial vehicles
(UAVs), and robots) rely so heavily on position information that they could not be oper-
ated without positioning capabilities. For instance, consider a UAV which is supposed to
gather information from a multitude of spatially distributed sensors. In order to steer the
UAV towards the sensors, the position of the UAV wmust be identifiable. Even outside of
the domain of navigation — in a varicty of applications — position information is cither a
prerequisite or at least provides considerable benefits. Some examples are location-aware
network services or smart home applications. In those domains, position information is
often a key ingredient. For instance, in so-called geo-fencing, a network grants access only
to users inside a certain area. Geo-fencing can be used for cafes or shops to provide net-
work access exclusively to their customers while denying access to users outside of their
properties. In the context of the smart home. the lighting can be automatically turned on
when a user enters a room or music can be re-routed to other speakers as the user moves
between rooms. The spectrum of applications that benefits or explicitly requires position
information seeis alimost infinite, but the availability of such information is often not given
in reality.

!The terms position and location arc used interchangeably. Similarly, the terms positioning and local-
ization are treated as equivalent.
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The following fundamental question arises: What does it take to provide widely-available
and reliable position information at reasonable costs? The abstract term ‘costs” will be
clarified in a bit. But first, the fundamental idea of positioning will be reviewed Centuries
ago, our ancestors were using landmarks like characteristic mountains to determine their
locations. In the early age of maritime expeditions, the main tools for positioning were
the eyes of the navigator, who had to recognize parts of the observed coastline. The
accuracics of these ancient positioning techniques was admittedly very coarse, ranging
from tens of meters to a few kilometers. In recent decades, the availability of highly
accurate position information became integral for many applications. This gave rise to the
installation of a number of radio-based positioning systems like global navigation satellite
systems (GNSSs) and terrestrial positioning systems. While many aspects of radio-based
positioning systems differ greatly from preceding systems, the fundamental concept used
hundreds of years ago remains unchanged. In particular, radio-based positioning systeins
still consider observations with respect to a number of known landmarks/reference nodes
(e.g., satellites or cellular base stations). The positions of these reference nodes are known
and they are usually referred to as anchors. In order to obtain position-related information,
anchors typically transmit known radio signals. The receiving nodes that aim to determine
their own positions (agents) derive position-related observations from their received signals.
Such observations include distances and angles relative to the anchors. Many positioning
problems can be represented in the following unified way. Let the vector z denote the set
of all observations (e.g, distances and angles to one or multiple anchors) and the vector
7 contains all parameters of interest (e.g., the positions of one or more agents). Then,
the problem of position estimation can be formulated as an optimization problem that
minimizes a cost function or maximizes a utility function. For instance,

7 = argmin ¢(n, z), (1.1)
n

where ¢(n,z) is a suitable cost function. Many positioning problems can be translated into
the abstract form in (1.1). With this definition, the term costs mentioned earlier can be
specified. In particular, the costs of obtaining accurate position information are related
to certain mathematical properties of the optimization problem in (1.1) which raise the
following questions:

1. How many observations to how many anchors are necessary in order to obtain an
unambiguous solution to the problew in (1.1)7

2. How difficult is it to solve the problem in (1.1) nunerically?

Aunswering those questions will help to identify the important challenges in radio-based
positioning. For instance, every measurement obtained comes at a certain cost (energy,
system bandwidth, etc.) and every anchor that is deployed by the network is expensive.
Anchors are usually part of the infrastructure of a wireless network and deploying them
is costly in many rcgards. Sctting up anchors and maintaining them requires manual
labor. Moreover, anchors are usually more expensive in terms of their hardware and they
also consume more energy than regular network nodes. From the cost and scalability
perspectives, it becomes very attractive to deploy only a small number of anchors. On the
other hand, anchors are the backbone of localization and deploying only a few of them
reduces the positioning capabilities of the network. Hence there is a fundamental trade-
off in radio-based positioning systems: availability and accuracy versus the sparsity of
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O Agent 1 O Agent 1
¢ Anchor 1 ¢ Anchor 1
¢ Anchor 2 ¢ Anchor 2

y y

Figure 1.1: Toy example - an agent (red circle) attempts to determine its position using
the distance estimates ‘i’qj'—wl‘ j = 1,2 with respect to two anchor nodes (blue and orange
diamonds, respectively). The topology is depicted on the left while a contour plot of the
considered cost function is superimposed on the right. Costs are color-coded, where blue
and ycllow represent low and high costs. respectively.  Unambiguous positioning is not
possible since two intersection points (highlighted by black cllipses) are present. This can
also be seen from the cost function which has two identical minima.

infrastructure. This trade-off raises the following question: What are the possibilities to
deploy networks with exceptional positioning capabilities and sparse infrastructure at the
same time? The research presented in this thesis addresses this question and attempts to
find answers to it.

In order to visualize these challenges, a toy example will be used. It is depicted in Fig.
1.1. The topology is shown on the left, while a corresponding cost function is shown on
the right. In this example, a single agent aims to determine its own location based on the
distance cstimates dqjﬁpl derived from the received signals of the two anchors. The number
of anchors and observations in this example is too small for unambiguous positioning.
Intuitively, each distance estimate dq,—p, translates into a circle that is centered at the
known location of the respective anchor q;. The radius of the circle is given by the distance
estimate. It can be observed that unambiguous positioning is not possible since the circles
intersect in two points. Hence two possible locations remain. This observation is also
confirmed by the corresponding cost function which has two distinet minima. Despite the
simplicity of the previous example, it guides the way towards the answers to the question:
How can one reduce the number of anchors, while still being able to obtain accurate position
information? There are two abstract answers to this question:

1. Gather observations from other agents via cooperation.
2. Incrcasc the number of observations per anchor.

The first answer relates to the field of cooperative positioning, while the second statement
concerns the domain of single-anchor positioning. Both topics fall into the category of
positioning with sparse infrastructure and they will be studied in this thesis. The concept
and research challenges of the two approaches will be outlined in the following.

In cooperative positioning, agents do not only communicate with anchors (infrastruc-
ture) but also with their neighboring agents. In that way, each agent obtains additional
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Agent 1 O Agent 1
Agent 2 O Agent 2

o

O Ag

O Agent 2 est.
¢ Anchor 1
¢{ Anchor 2

O Agent 2 est.
¢ Anchor 1
{ Anchor 2

T x

Figure 1.2: Cooperative positioning - agent 1 has obtained a cooperative distance estimate
(ipg_,pl with respect to agent 2. If the position of agent 2 is known accurately (right), the
coopcrative distance estimate resolves the ambiguity of agent 1. If the position estimate
of agent 2 is poor (left), the distance cstimate is uscless or potentially harmful to the

positioning accuracy of agent 1.

(cooperative) observations. These observations must be treated more carefully than those
from anchors. The reason is that other agents are not perfectly aware of their own posi-
tions. Hence the principal challenge in cooperative positioning is to encode the position
uncertainty of agents. Ouly if their uncertainty is accounted for, cooperative observations
can provide reliable position information. A small example which motivates the main prob-
lem of cooperative positioning is depicted in Fig. 1.2. The cooperating agent 2 is assumed
to have a precise and poor position estimate in the right and left part of the figure, re-
spectively. It can be concluded from the scenario depicted on the right that cooperating
agents can act as anchors if their positioning accuracies are high and they are aware of
that. Hence cooperation relaxes the requirements on the anchor density and increases the
position accuracies of agents compared to non-cooperative networks. On the other hand,
it can be seen that cooperating agents with imprecise position information can cause more
harm than good. Especially, if cooperating neighbors are not aware or do not communicate
their own position uncertainties, the positioning accuracies of swrrounding agents can be
degraded significantly. It can be concluded that encoding and communicating the position
uncertainties of agents are the principal challenges in cooperative approaches. Moreover,
the tractability of approaches which address these challenges is crucial for many practical
applications.

Single-anchor positioning is an emerging field of research which is fueled by the millime-
ter wave (mmWave) massive multiple-input multiple-output (mMIMO) physical (PHY)
layer proposal for fifth generation (5G) cellular communication systems. As the name im-
plies, no more than one anchor is required to determine unambiguous location estimates.
To facilitate this method. the agent must be able to determine angle and distance observa-
tions from the received signal. In contrast to previous transmission techniques, mmWave
mMIMO enables the determination of the delays 7; (hence the distances d; = c7;), angles-
of-departure (AODs) frx ;. and angles-of-arrival (AOAs) rx j of all j =0, ..., J propaga-
tion paths of the received signal. This increases the nmunber of position-related observations
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O Agent
O Anchor

¥ Doint of incidence

xr

Figure 1.3: Single-anchor positioning - in mmWave mMIMO systems, the position-related
parameters (angles and delays) of every propagation path of the radio signal can be ex-
tracted and employed for positioning. This requires estimating the reflection or scattering
points s;,Vj (point of incidence), the orientation «. and possibly the clock offset €. Similar
to cooperative positioning, the uncertainty regarding these parameters must be encoded
properly to obtain a reliable position estimate.

per anchor dramatically. Fig. 1.3 depicts an example where the agent is able to obtain ac-
curate position information based on the received signal from a single anchor. To leverage
the observations from each multipath component, the locations of the reflectors or scat-
terers? (green star in Fig. 1.3) must be estimated jointly with the position of the agent.
Since the AOAs are measured in the local reference frame of the agent, the orientation «
of the agent must be included in the estimation problem as well. A possible clock offset
€ between the anchor and agent can also be included in the estimation problem in order
to relax the synchronization requirements. The key challenge in single-anchor positioning
resembles that of cooperative positioning. In particular, the uncertainty regarding certain
parameters must be encoded properly. In contrast to cooperative positioning, it is not
the uncertainty regarding the positions of other agents but rather the uncertainty of the
points of incidence sj, Vj, the orientation «, and the clock offset e. Hence single-anchor
positioning and cooperative positioning can be treated in a structurally similar way. Be-
yond this observation, many aspects of single-anchor positioning using mmWave signals
with mMIMO technology are not yet, fully understood. Therefore, it is another fundamen-
tal challenge to decompose this complicated estimation problem and reveal its mechanics,
before developing estimators.

1.2 Thesis Organization

The body of this thesis contains three main parts. First, the fundamentals of radio-based
positioning and statistical signal processing will be discussed in a tutorial-style fashion

2The term point of incidence will be used as a unifying cxpression for point of reflection or scattering.
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(Chapters 2-4). Then, the research problems tackled in this thesis will be presented and
their approaches will be described. Chapter 5 presents advances in cooperative positioning,.
Finally, the Chapters 6 and 7 depict the research conducted in the field of single-anchor
positioning.

Chapter 2

This chapter describes some basic positioning principles. The difference be-
tween direct and indirect positioning will be explained. Subsequently, methods
will be reviewed that extract the position-related parameters such as distances
and angles from received radio signals. The canonical position estimation prob-
lem will be revisited and it will be discussed under which conditions it can be
solved unambiguously. Particularly, the lateration and angulation approaches
are reviewed which derive position estimates based on distance estimates and
angular estimates, respectively. Examples are provided throughout this chapter
to illustrate the theory.

Chapter 3

This chapter contains relevant material from the domain of statistical signal
processing. Although this material will be discussed only briefly, it provides the
tools which are required to understand the algorithms and analyses presented in
subsequent chapters. First, a concise overview of the different representations
of probability distributions is given. Subsequently, techniques, which frequently
occur in statistical signal processing, will be discussed. In particular, impor-
tance sampling, resampling, and multiplication of probability densities will be
treated. Throughout this chapter, a running example will be considered which
is used to illustrate the abstract mathematical concepts.

Chapter 4

The tutorial part of this thesis will be concluded in this chapter by reviewing
common belief propagation variants. Since the belief propagation algorithm is
the cornerstone to solving all considered estimation problems in this thesis, its
sample-based, parametrized, and discretized implementation will be explained.
For the sake of illustration, the running example from Chapter 3 will be ex-
tended. It will be employed to visualize the theory of factor graphs as well as
the different variants of belief propagation.

Chapter 5

This chapter contains the first major contribution of this thesis. It presents a
novel cooperative positioning method that employs geometrical constraints in
order to improve the performance of sample-based belief propagation in terms
of accuracy, the speed of convergence, and computational complexity. The
state of the art and the novel aspects of the presented method will be discussed
first. Then, the system model will be described. Another running example
will be introduced subsequently to highlight an important issue of sample-
based belief propagation and to visualize the new methodology that tackles
this issue. Particularly, a method called polygon outer-approximation will be
introduced. This method determines geometrical constraints on the positions of
all agents in a cooperative manner. How these constraints can be embedded in



Thesis Organization

the actual cooperative positioning problem will be discussed afterward. Then, a
numerical analysis will be conducted that highlights the benefits of constrained
cooperative position estimation. Concluding remarks will be given to close the
chapter on cooperative positioning.

Chapter 6

The first part of the research regarding single-anchor positioning will be dis-
cussed in this chapter. Theoretical contributions will be presented that deci-
pher the positioning capabilitics of mmWave mMIMO systems. Before that,
the topic will be introduced and the contributions will be outlined. The system
model and the underlying assumptions will be discussed in the sequel. Then,
two mmWave mMIMO positioning problems will be studied. Both analyses are
conducted based on Fisher information. First, a position, orientation. and map-
ping problem will be examined, where the anchor and agent are synchronized.
Secondly, the previous estimation problem will be extended by an unknown
clock offset between the anchor and agent. A decomposition of the Fisher
information matrix associated with the first problem will prove that non-line-
of-sight (NLOS) paths increase the positioning accuracy in mmWave mMIMO
systems. The Fisher information matrix associated with the sccond problem
will reveal that joint positioning, orientation estimation, synchronization, and
mapping becomes possible. A numerical study follows the theoretical analyses.
This study depicts the performance limits in terms of accuracy and outlines
the potential of mmWave mMIMO systems for single-anchor positioning. The
results of this numerical study will be discussed to conclude the chapter.

Chapter 7

The theoretical insights from Chapter 6 will be leveraged in this chapter. In
particular. a modular and unified estimation framework will be presented which
can tackle a number of single-anchor positioning problems. The chapter starts
with a review of existing estimators and with a list of contributions at the algo-
rithmic forefront. Different estimation problems will be defined subsequently.
Then, the estimation framework to tackle those problems will be presented
based on the toughest of the presented estimation problems, where the anchor
and agent arc not synchronized. Particularly, a graphical representation of the
problem will be derived. It will be outlined that the estimation framework
can be adjusted to any other of the presented problems by simply adding or
removing elements from the graphical representation. A sample-based variant
of the belief algorithm will be proposed and evaluated numerically. Based on
the numerical results, conclusions will be drawn and open problems will be
identified.

Chapter 8

This chapter summarizes the thesis. The major issues of positioning in the
context of sparse infrastructure are briefly reviewed and the presented solutions
to these problems are recapitalized. The main contributions are highlighted in
a compact form and future rescarch directions arc pointed out.






Chapter 2

Basic Principles of Radio-based
Positioning

Radio-based positioning is a comprehensive topic. It includes an enormous number of
aspects which makes a complete description impossible, considering the scope of this thesis.
Nonetheless, the aim of this chapter is to give a broad but still concise overview of the
aspects that will be important for this thesis. In doing so, a multitude of topics will
be touched upon, starting with the definition of the general positioning problem. The
fundamental concepts of direct and indirect positioning are differentiated, where the latter
concept is in the focus. Therefore, strategies for distance and angle-of-arrival estimation
based on the received signal are revisited. In order to transition from these position-
related parameters to position estimates, lateration and angulation are recapitulated and
the necessary conditions to obtain unambiguous position cstimates arc discussed.

2.1 Canonical Positioning Problem

Fig. 2.1 depicts the canonical positioning problem. Radio-based positioning relics on the
transmission and reception of radio waves. The basic principle can be summarized as
follows: One or multiple transmitters with known locations transmit radio signals s;(t), Vj
over a wireless channel. These signals are known to the receiver. Then, the receiver
observes distorted versions of these signals. Based on the received signals r;(t), V], the
receiver attempts to infer its location n = P1-

Radio-based position is almost as old as the discovery of radio-waves itself. In 1904,
the entrepreneur and inventor Christian Hiilsmeyer invented the Telemobiloskop, an early
version of a radar, to determine the position of vessels on waterways. Even though his
groundbreaking idea is more than a hundred years old, its essence remains unchanged and
is still used to solve today’s positioning problems. What Hiilsmeyer realized was that
received radio waves contain spatial information, i.e. the received radio signals contain
information about the relative positions of the transmitters and the receiver.

Most position estimation problems can be written as an optimum paramecter cstimation
problem if all parameters of interest (e.g., the position of an agent) and all observations
(e.g., samples from the received radio signals, distances, or angles) are given by n and z,
respectively:

1) = argmax p(n|z), (2.1)
n
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Figure 2.1: Radio-based positioning - known signals s;(t),Vj are transmitted over the
wireless channel and the receiver attempts to determine an estimate 7 of its own location
7 based on the received signals 7;(t), ;.

where p(n|z) is the a posteriori distribution (short: posterior distribution). For simplicity
and clarity of the explanations, it is assumed in this chapter that the parameter of interest
is the position of a single agent in  and y directions, i.e. n £ pPL = [plﬁmpl’y]T. There
are two fundamentally different paradigms in radio-based positioning; direct and indirect
positioning [GP09]. Fig. 2.2 shows the difference between the two approaches graphically.

In direct positioning, the goal is to determine an estimate of the position of an agent
directly based on the received signal. Since most state-of-the-art receivers are imple-
mented digitally. it is assumed that Z samples have been obtained frowm all J received
signals 7;(t).j = 1,..,J. The samples from the 4™ signal are collected in the vector
rj = [rj1.....rj7) . If all samples from all received signals are stacked in the observation
vector z £ [l Lt
(2.1).

Prominent examples of direct positioning schemes are variants of fingerprinting, where
the received signals to multiple anchors nodes (c.g.. wircless fidelity (WiFi) access points)
are used to infer the position of an agent. The basic principle of fingerprinting is the
following: Fingerprinting consists of two phases. First, a map with a finite grid of an
environment is built (offline stage). For each point on the map, the received signals to all
available anchor nodes are associated with this point and the map is stored in a database.
This data base is typically known to all agents. If an agent attempts to estimate its position
(online phase), the received signals at the agents are compared with the received signals
from the map in the database. The position estimate is given by the point of the database
whose received signals show the highest similarity to the actual received signals of the
agent.

In contrast to dircct positioning, position-related paramcters like distances, angles-of-
departure (AODs). and angles-of-arrival (AOAs) are determined in indirect positioning.
They are estimated based on the samples from the received signals. These estimates are

and n e p1, the optimum direct positioning problem is given by
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then used to determine the position of an agent!. Assume that, e.g., the distance estimates
dj have been derived from all J received signals 7;(t), j = 1,..., J. If the distance estimates
are collected in the observation vector z £ [(il, ...,dAJ]T and n £ p1 is considered, the
maximum a posteriori (MAP)-optimum indirect positioning problem is given by (2.1). The
previous example is a special case of indirect positioning, where only distance estimates
are used. This case is called lateration. For the remainder of this thesis, only indirect
positioning will be considered.

2.2 Estimation of Position-related Parameters

As discussed in the previous scction, the position-related paramecters provide the basis
for indirect positioning. Therefore. this section is dedicated to the review of position-
related parameter estimation. In particular, time-of-arrival (TOA) and AOA estimation
are considered. It should be emphasized that this section does not claim completeness by
any means, but is intended to provide the reader with a coarse intuition of position-related
parameter estimation.

2.2.1 Time-of-Arrival
2.2.1.1 Basic Principle

The TOA of a signal traveling from one network node to another node can be used to infer
the distance between those two nodes.

Intuition

Suppose that both nodes share the same clock and the transmitter includes the time in-
stance of transmission in the package to be transmitted. When the package arrives at the
receiver, the time instance of reception is measured. Then, the traveling time is given by

TFrom the position estimation perspective, the position-related parameters are observations. Strictly
speaking, they arc paramecter cstimates themselves. For the sake of differentiability, position-related pa-
rameters will be referred to as observations or measurements after Section 2.2.

(dircet positioning)

ri(t) Position .
: estimation n
z
Position
estimation

——
(indirect positioning)

r

Position-related] 3 g 0

d, Orx, O1x
parameter
estimation

7‘](7,‘) L

Figure 2.2: Direct vs indirect positioning - in direct positioning, the position is directly
estimated from the received signal (e.g.. by comparing the received signal with stored signals
from a data base), while indirect positioning approaches first obtain estimates on position-
related parameters z (c.g., distances d and angles éRX ,Tx) based on which the position is
estimated.
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Figure 2.3: TOA-based distance estimation - a known signal s(t) is transmitted over a
noisy wireless channel and the receiver determines the TOA estimate ttoa based on the
received signal r(¢). From this estimate and the transmission time tpx, the receiver can
infer the time-of-flight (TOF) Afror and hence the distance d.

the difference of the time instances of reception and transmission. Finally, the distance
can be concluded from the traveling time and the speed of light.

Mathematical description

The transmitting node sends a known signal s(t) over the wireless channel. The time re-
quired to travel from one node to the other is denoted by the TOF Atpop = d/e, where d
is the distance between the nodes and ¢ is the speed of light. The receiver cannot directly
determine the TOF but rather estimates the time instance when the signal arrives. This
time instance is called time-of-arrival and denoted by tpoa. The TOA is then given in
the receivers local time frame. In order to determine the TOF, the receiver must know
when the signal was transmitted. Hence both nodes must have a common clock and the
instance of transmission tpx must be conveyed to the receiver. In that case, the receiver
can determine a distance estimate based on the estimated TOA {104, the known instance
of transmission tx, and the speed of light ¢, i.e.

d=d+cg = cAitop = ¢ (Itoa — l1x), (2.2)

where eq denotes the distance estimation error. A schematic plot is depicted in Fig. 2.3.
Note that the synchronization of transmitter and receiver is a critical issue since every
nanosecond of offset will result in a systematic ranging error of |Ad| =& 0.3 m. The synchro-
nization assumption can be removed at the cost of increased ranging overhead if so-called
two-way protocols are considered [LS02, ZLKOT].

In the following, it will be explained how the receiver can obtain the TOA estimate
tToA using a simple correlation-based TOA estimator [DCFT09]. Notice that a huge variety
of TOA estimators cxists in the literature. For the sake of brevity, only the previously-
mentioned approach is considered since this basic principle is prevalent in almost all other
TOA estimators. The block-diagram of a correlation-based TOA estimator is depicted in
Fig. 2.4. The receiver correlates the received signal® r(t) = s(t — Atpop) + n(t) with the
known transmitted pulse s(¢). i.e. rp5(7) = r(—7)*s(r). The TOA estimate is given by

2Here, an additive white Gaussian noise (AWGN) channel is assumed.
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Figure 2.4: TOA estimator - the received signal (¢) is correlated with the known transmit
signal s(¢). The time instance with the highest correlation yields the TOA estimate 104 .

the time instance corresponding to the maximum absolute value of the correlated signal,
ie. troa = argmax,|r,s(7)]. In an AWGN channel, this estimator yields a maximum
likelihood (ML) estimate and its performance attains the Cramér-Rao lower bound (CRLB)
for large signal-to-uoise-power ratios (SNRs) [Tre02].

2.2.1.2 Main Sources of Error

The accuracy of the TOA estimates is mainly impacted by noise, multipath propagation, in-
terference, and synchronization errors [DCFT09|. Noise perturbs the reccived signal which
generally leads to a random shift of the highest peak of the correlated signal |r,.(7)|.
Hence the TOA estimate fpoa will be distorted in the presence of noise. Interference
due to multipath propagation also causes estimation errors if the multipath components
have a considerable delay spread. In multipath environments, more sophisticated TOA
estimators than the one presented in this section are required [STKO05]. Increasing the
bandwidth makes the multipath components resolvable in the temporal domain which al-
leviates the effect of multipath propagation on the estimation error [PAKT05]. In-band
and out-of-band interference from other systems also cause a degradation of the estimation
accuracy. Moreover, recall that TOA estimation requires perfect synchronization between
the transmitter and receiver. Even after synchronization, remaining clock offscts or clock
drift lead to reduced TOA estimation accuracy. The distribution of the distance estimation
errors depends on the environment and the actual estimators. It can be modeled as Gaus-
sian distribution [YWI08, N. 03], exponential distribution [MB17. VWS12, GWSR11b],
and Gaussian mixture distribution [WLW09]. The standard deviations of the distributions
vary from a few centimeters [MPG15] to tens of meters [BHEO00]. depending mainly on the
transmission environment, bandwidth, and SNR. The distribution of the error becomes
important in the context of Section 5.4.
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2.2.2 Angle-of-Arrival
2.2.2.1 Basic Principle

Fig. 2.5 depicts the schematic of a simple AOA estimator. Consider a transmitter with
a single antenna and a receiver whose uniforin linear array (ULA) consists of Npx antennas.

Intuition

If an impinging plane wave arrives at the receiver under a certain angle, the wave has
traveled different distances to cach of the antenna clements. The actual differences depend
on the antenna spacing Ad and the impinging angle of the wave, which is also called the
angle-of-arrival. Due to the different path lengths, the phases of the received signals differ
from antenna element to antenna element. The AOA is concluded based on these phase
differences and the known antenna spacing Ad.

Mathematical Description
The array response vector is given by

1
exp(j2rAd/ X sin(0rx))

a(0rx) = (2.3)

exp(j2rAd(Nx — 1) /A sin(0rx))

The transmitter sends a known unit-cnergy signal s(t) which is reccived on every receive
antenna. Based on the received signals r;(t).i = 1,..., Ngx on all antennas, the receiver
aims to estimate the AOA Orx. For simplicity, it is assumed that only the LOS path
is present.  The noisy observations on all antennas arc collected in the vector r(t) =
[P1(8), s ” Nk ()] = a(frx)s(t — Atror) + n, where n the noise vector. For digital
processing, it is assumed that @ samples of all individual signal r;,i = 1,..., Ngx with
sampling period Tgample have been obtained. The ¢ sample on the it antenna is denoted
by 7i(¢) and the samples from all antennas at time qTsample are collected in the vector
v(q) — [11(9), - "Nax (¢)]T. Furthermore, it is assumed that the TOF is known® (c.g., by
employing an estimator as described in 2.2.1 prior to AOA estimation). To estimate the
AOA, the received signal on every antenna is first correlated with the transmitted signal
shifted by the TOF, i.e.

Q
a= é Z r(q)s"(q — aation) (2.4)
q=1
1 1 Q
aYs) D 1570 = aanrr) 5 > n(@)s"(a = Garmon)- (2.5)
q=1 q=1

=1

where gat,op 18 the time-discrete index in multiples of the sampling period corresponding
to the TOF. Based on the correlation values a. the receiver determines an estimate of the

3Tf the TOF is unknown, other AOA estimation strategies can be considered that estimate the absolute
phasc difference (induced by the TOF) jointly with the AOA.
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Figure 2.5: AOA estimator - the digital received signals r(q) from all antennas are pro-
cessed in order to estimate the steering vector a. The AOA estimate Orx is given by the
angle of the steering vector a(fgx) which minimizes the Euclidean distance to the estimated
steering vector a.

AOA by identifying the value of Ogx for which a and a(frx) have the smallest Euclidean
distance. i.c. A

Orx = argmin ||a — a(fpx)|| - (2.6)

Orx

Such an optimization problem could be solved, e.g., using a finite grid of angles
Otvial = [01 trial: ** + N rial] - and evaluating the expression ||5 — a(0; trial) || i =1, ..., Ngial-
The optimum angle 9RX is then given by the angle 6; i4ia1 for which the expression Hé — a(0; rial) ”
is minimized. Note that for very precise estimates, the granularity of the grid must be ex-
tremely fine.

2.2.2.2 Main Sources of Error

AOA estimates are impaired by the same sources discussed in the TOA section: Mainly by
additive noise and multipath. The resulting AOA estimation errors are typically modeled
as zero-mean Gaussian with standard deviation og,, ranging from sub-1° [SGD18a] to a
few degrees [AP04], depending on the number of antennas and the SNR.

2.3 Lateration

Lateration refers to distance-based position estimation, where the position of an agent is
determined based on distinet distance estimates with respect to multiple anchors. A special
case of lateration is so-called trilateration, where an agent determines its own position using
the distance estimates to exactly three anchors.

2.3.1 Problem Formulation

Fig. 2.6 (left) depicts the lateration-based positioning problem with one agent and M = 3
anchors in the absence of noise. The position of the agent and the positions of the anchors
are denoted by p; and q;,¢ = 1,..., M, respectively. As mentioned in Section 2.1, the
MAP-optimum solution to positioning problems can be expressed according to (2.1). In
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lateration, the observation vector z summarizes the distance estimates dg; yp,.¢ = 1,..., M
to all anchors, i.e.
1 5 T
z= [dQL—>p1v "”dqzu—?pl] . (27)

The parameter vector i contains only the position of the agent pi, i.e. n = p1. The goal
is to infer the position of the agent given all observations z.

Intuition

In the absence of noise, solving this problem breaks down to finding the intersection of M
circles which are respectively centered around the positions of the anchors with radii equal
to the distances from the anchors to the agent. For general geometric constellations.
the intersection of at least three yields a single point. Hence the sufficient condition
to unambiguously solve the noise-free lateration problem is that the number of distance
estimates to distinct anchors must be larger or equal to three [ZB11], i.e. M > 3. Notice
that, in some special cases, the problem can be solved unambiguously; even if M = 2. An
example is depicted in Fig. 2.6 (bottom).

2.3.2 Lateration in the Absence of Noise

When no noise is present, the distance estimates dg,—p,,7 = 1,..., M becowe equal to the
;i =1,..., M, where g denotes the known position of

true distances dg, 5p, = ”p1 -q;
the i anchor. Then, the positioning problem can be reformulated as a nonlinear system
of equations, where the it distance induces the following equation:

do—pr — \/(pl,x =4 oy — gy ford = L M. (2.8)
Squaring both sides and rearranging the terms yields

(P1x — qu)Q (p1,y - qu)Q

2 2
d’ilv —P1 dQ1 —P1

=1, (2.9)

which is the equation of a circle with mid-point q; and radius dg, p,. If A/ anchors are
considered, the localization problem boils down to finding the intersection of M circles. An
illustrative example is depicted in Fig. 2.6. This nonlinear system of equations can also
be transformed into a lincar system of cquations by subtracting any cquation ¢ like that
in (2.9) from all others (j # 7). As a consequence, M — 1 linear equations result. These
equations have the following form:

* 1 112 2
(G = G + PLy(@ly = 4fy) = 5 (déﬁpl —dyp, + i1 = | ) ;o (2.10)
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Figure 2.6: Laleration cxamples - lateration with M = 3 (top) and M = 2 (bottom)
anchors. Generally, M > 3 anchors arc nccessary to obtain an unambiguous position
estimate. In some special cases (bottom), unambiguous positioning is possible with only
two anchors.
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Figure 2.7: Lateration in the presence of noise - when noise corrupts the received signals,
distance estimation errors eq,p,, Vi result. Intuitively. the uncertainty caused by these
errors results in annular shapes (loosely speaking: donuts). In the presence of noise. there
is not unique solution to the lateration problem in 2.11. Hence a rigorous position estimation
strategy like a least squares approach will be required.

for j = 1,...a—1,i+1,..., M. These equations can be summarized as the matrix vector
product

qu - qik,x q;y - qiy 1 [ dzllﬁpl - dzlﬁpl + qu H2 - ”qTHQ
qi’i"‘ B qu:‘l”‘ ql:y B qz_l’y { o j| = 1 dgli—lﬁpl - d?'ltﬁpl + qu - Hqﬂle
Gix ™ Gt Gy~ Gy PLy 21 a2 e — A2 = e
| G G Sy~ Tty ] L B B [l ]|
A P = b.
(2.11)

Note that the system of equations in (2.11) is linear even though the problem is of nonlinear
nature in its original form. Any two rows of the system of equations in (2.11) solve the
positioning problem. Notice that two columus include the distances to three anchors. The
system can be solved by elementary row operations or matrix inversion, i.e.

p==(ATA) ' ATh. (2.12)

N =

2.3.3 Lateration in the Presence of Noise

Tu the presence of noise, the system of equations in (2.11) does not have a unique solution,
since the true distances are replaced by noisy distance estimates, i.e. dg,5p, — Jqﬁp,.
The consequences are depicted graphically in Fig. 2.7. If noise is present, the positioning
problem in (2.11) needs to be reformulated by replacing the vector b by b. where the jth

— &2+ | -

entry is defined as follows [b]; = (i?]j Lpr
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In general, the noise on the observations gives rise to the introduction of an optimality
criterion like the least squares (LS) criterion:
M 5

p1 = argmin Y (ciqi_,p1 - \/(pLx — i )2+ (pry — q;yp) ‘ (2.13)
Proog

Notice that the optimization problem in (2.13) is a nonlinear least squares (NLS) problem,
whose solution generally requires numerical solvers like the Levenberg-Marquardt [MarG3|
or Trust-Region-Reflective [Sor82] algorithm. However, using the linearized notation of the
problem in (2.11), it can be shown that

p1 = (ATA)TATD (2.14)

provides an optimum estimate in the linearized least squares (LLS) sense [ZB11]. Generally,
the linearized solution in (2.14) and the nonlinear solution obtained by, e.g, the Levenberg-
Margquardt algorithm differ. A numecrical example in the following subscction emphasizes
this difference. Similar to the noise-free case, any two rows in (2.11) provide an LLS
position estimate. However, notice that considering more than two distance estimates
generally increases the positioning accuracy [ZB11].

If the statistics of the noise are known, the MAP criterion can be considered as defined
in (2.1). In the following, the example of zero-mean Gaussian distance estimation noise is
considered. For simplicity, it is assumed that the corresponding variances are identical, i.e.
ag 4,2 =2 K Vi, j. In that case, it can be easily verified that the MAP criterion

d(h"pl dq_)A’p
can be written as the LS criterion in (2.13). Assuming conditional independence of the
distance estimates, the MAP distribution can be written as

~ 2
Mo (dCh*H:n - \/(p1,x—qzx)2+(p1,y—qiy)2)

f(p1]z) ———exp | — f(p1),

(p1]2) 1}1 oot 2 (p1)

(2.15)
where f(p1) is the prior information on the position of agent 1. For simplicity of the
argument, uniform prior information is assumed and hence f(pi|z) < f(z|p1) follows.
Substituting (2.15) into (2.1) yields

; 2
ﬁ 1 (dq,,ﬁpl - \/(m,x — ¢ )%+ (pry — qiy)Q)
pP1 — argmax cexp | — , (2.16)
p1 1 \/27‘1’0’3 !73

Taking the log of the argument in (2.16) and dropping the terms that are constant for the
maximization over p; yields

M )
p1 = arg maxz — (dql—}pl - \/(pl,x — q:«,x)Z + (pry — q;y)Q) . (2.17)
Lo

By changing the signs of cach term under the sum, the maximization is turned into a min-
imization. Comparing the resulting expression with (2.13) reveals that the LS formulation
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has been obtained. In other words. under uniform priors and conditionally-independent
distance estimates which are observed under zero-mean Gaussian noise with identical vari-
ance, the MAP solution to the lateration problem is identical to the NLS solution.

2.3.4 Numerical Example

Cousider the topology shown in Fig. 2.6 (top). All position and distance-related quantities
are given in meters. The coordinates of the anchors are qf = [25,35]T, g5 = [10,20]T, and
q; = [30,20]T. The agent is located at pj = [15,30]T. Hence the true distances between
the anchors and agents are dg, »p, = 11.18, dgq,»p, = 11.18, and dg, p, = 18.03. The
standard deviation of the noisc is o4 = 1. The following distance cstimates have been
observed by the agent: z = [dq, p,, dgs—p1s daspi ] = [8:92,11.71,19.86] .

In the following. the cost function of the NLS problem in (2.13) is examined. The cost
associated with the first term (dg, »p, —|[P1—qi||)? of the cost function in (2.13) is depicted
in dB-scale in Fig. 2.9 (top). This part corresponds to the costs implied by the distance
estimate with respect to the first anchor. Observe that the lowest values are obtained on
the circle which is centered at q; with radius dqlﬁpl. Considering only a single distance
estimate, all points on this circle have identical cost, i.e. no distinct minimum exists and
the position of the agent cannot be deduced unambiguously. Considering all terms of the
cost function in (2.13) (sce Fig. 2.9 (bottom)), it can be scen that a single global minimum
(asterisk in Fig. 2.9 (bottom)) exists. This global minimum is the solution to the NLS
problem and can be determined by. e.g., the Levenberg-Marquardt algorithm. Note that
the LLS solution (’x” in Fig. 2.9 (bottom)) differs from the NLS solution. In this example,
the position estimates of the LLS and NLS problem are given by py s = [13.56,33.35]T
and p1 s = [15.26. 31.74]T, respectively. Therefore, the position errors under the 12-norm
are ep, ;s = Hf)l,LLS — p’{” = 3.64 and ep, s = Hf’l,NLS — p’{” = 1.76. Notice that, in
this example, the optimum solution in the maximum a posteriori sense is directly given by
P1.MAP — P1NLs — [15.26, 31.74]T as argucd in Subscction 2.3.3. Note that the numerical
values of the considered realization are solely provided for reproducibility.

2.4 Angulation

Angulation refers to angle-based position estimation, where the position of an agent is
determined based on the AOA estimates with respect to multiple anchors. In contrast to
lateration position estimation using angulation generally depends on the orientation of the
antenna array of the agent.

2.4.1 Problem Formulations

Fig. 2.8 depicts the angulation-based positioning problem with one agent and M = 3
anchors in the absence of noise. The position of the agent and the positions of the anchors
are denoted by p1 and q;,% = 1, ..., M, respectively. The orientation of the agent is denoted
by a. It is assumed that the agent has obtained the AOAs Orx ;. ¢ = 1, ..., M with respect to
every anchor and these observations are summarized in the vector z = [Orx 1, ..., URrx, M]T.
As mentioned in Section 2.1, the MAP-optimmun solution to positioning problems can be
expressed according to (2.1). In the context of angulation, two conditions are differentiated;

(i) known and (ii) unknown orientation of the agent.
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O Agent 1 ) Anchor 1
{ Anchor 2 ) Anchor 3

Figure 2.8: Angulation with known orientation - the localization problem can be inter-
preted as finding the translation of agent 1 such that the lines corresponding the AOAs
intersect with all anchors q;.
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Figure 2.9: Lateration cost functions - costs in the LS sense in lateration: The costs
related to a single distance estimate (top) show an annular shape and no unambiguous
position estimate can be obtained. Considering the sum of the costs (bottom) related to
three distance estimates. a distinct global minimum exists which is the solution to the NLS
problewm.
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2.4.1.1 Known Orientation - Intuition

If the orientation of the agent is known, the parameter vector contains only the position of
the agent, i.e. n = p1- The goal is to infer the position of the agent given all observations
z. In the absence of noise, this probleim can be interpreted as follows. From the perspective
of the agent, a line with the angle Orx ; + « is drawn for every AOA 0Orx ;. Then, the goal
is to find the translation of the agent such that all lines intersect with the positions of the
respective anchors (see Fig. 2.8). Alternatively, from the perspective of the anchors, a line
through cach anchor is drawn whose slope is determined by the respective AOA Orx ; and
orientation «. The intersection point of all lines represents the position of the agent (see
Fig. 2.10). This scenario requires M > 2 anchors to determine an unambiguous position
cstimate.

2.4.1.2 Unknown Orientation - Intuition

In the case where the orientation is unknown, the estimation problem is more complicated,
since the parameters of interest do not only include the position of the agent but also its
orientation, i.e. n = [plT, . Since one more parameter has to be estimated compared to
the scenario with known orientation, at least three anchors are required to unambiguously
estimate the position and orientation of the agent. The angulation problem with unknown
orientation can be interpreted in a similar way as in Fig. 2.10. Since the orientation is
unknown, the position of an agent is given by the optimum translation and rotation. In
other words, a line based on cach AOA is drawn starting from the agent. Then, the agent
is translated and rotated until all lines intersect with the respective position of an anchor.

O Agent 1 O Anchor 1 )
o Anchor 2 o Anchor 3

xr

Figure 2.10: Angulation with known orientation - if the orientation of the agent is known,
ecach AOA estimate gives a line which connects the respective anchor and the agent. The
intersection of at least two lines provides an unambiguous position estimation.
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O Agent 1
0 Anchor 1
0 Anchor 2

Figure 2.11: Differential AOA - when the orientation of the receiver is unknown, it can be
climinated from the estimation problem by considering the difference of any pair of AOA
estimates. Such a pair enforces the position of the agent to be on the geometric locus
depicted by the red arc.

2.4.2 Angulation in the Absence of Noise
2.4.2.1 Known Orientation - Mathematical Description
When no noise is present, the AOA estimates 9RX¢-,1’ =1...., M become equal to the true
AOAs Orx; = atan2 ((q;"y = p1y) /(G — pl,x)) —a. As a result for the i*" AOA, a line
through qf with slope m; £ {an (HRX,i + a) is obtained (see Fig. 2.10), i.e.

Pry = mi(P1x — i) + Gy fori=1,.., M. (2.18)

Similar to the linearized lateration problem in (2.11), the angulation problem with known
orientation can be formulated as a linear system of equations

my —1 mlqix - qiy
. [ P1x :| .
o DLy ok (2.19)
my —1 —— M1 x — dary
A P = b.

In the absence of noise, any two rows in (2.19) provide an unambiguous position estimate.

2.4.2.2 Unknown Orientation - Mathematical Description

If the orientation itself is unknown, M = 3 anchors are necessary to solve the extended po-
sitioning problem, where the orientation has to be determined as well. To circumvent joint
position and orientation estimation, the extended positioning problem can be reformulated
by considering the differential AOAs, e.g., Orx j — Orx,i,J 7 4. Instead of considering the
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O Agent 1 ) Anchor 1
0 Aunchor 2 O Anchor 3

Figure 2.12: Angulation in the presence of noise - the lines formed by each AOA transform
into cones if the AOA is observed the influence of noise.

absolute AOAs, all AOAs are related to one (arbitrary) AOA, e.g., the i™ AOA. In that
way, the orientation is eliminated from the positioning problem. In particular,

Orx,j — Orx,; — atan2 (gb&) — a — atan2 (qi_*":pl”') +a, Vj/i

;,xfpl,x

A Gy—P @, —:lu'x " C (2.20)
Abrxji = atan2 (W) — atan2 (fll:*m:) I E

Note that the system of equations in (2.20) is nonlinear. The relationship described in
(2.20) for any pair of anchors 7 and 7 represents a geometric locus which circumscribes
all positions p with the angle ARy j; to the anchors j and 4. An example is depicted in
Fig. 2.11. In particular, this locus given by is an arc whose center and radius are cj; and
7ji, respectively. Both quantities are computed from the known positions of the anchors
and the differential angle Afgx ji, using geometric relationships in an isosceles triangle
(dashed triangle in Fig. 2.11). The intersection of any two loci gives an unambiguous
position estimate. Hence considering any two of the M — 1 equations formed in (2.20)
make it possible to determine the position p1 of the agent. Recall that two such equations
correspond to three AOA estimates. Due to the geometric similarity of the loci described
by (2.20) and regular circles, any angulation problem with unknown orientation can be
rewritten as a lateration problem [NNO3a).

2.4.3 Angulation in the Presence of Noise

In the presence of noise, neither the system of equations in (2.19) nor in (2.20) has a unique
solution, since the true AOAs are replaced by noisy AOA estimates, i.e. Opx,; — éRXﬂ-,Vi‘
Iustead, an optimality criterion is introduced with respect to which the position of the
agent is determined. For consistency, the LS criterion is considered again. Intuitively, the
lines formed by the AOA estimates transform into cones as depicted in Fig. 2.12
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2.4.3.1 Known Orientation

If the orientation « is known, the optimum solution in the LS sense is given by

2
a TGy —m
p1 = arg minz Orx,; — atan2 (?—w) —al . (2.21)
P i1 4;x — Plx
Orx,i

Note that the optimization problem in (2.21) has a highly nonlinear objective function
due to the inverse tangent. Generally, no closed-form solution to this problem exists and
numecrical solvers as mentioned in Subscction 2.3.3 have to be employed.

2.4.3.2 Unknown Orientation

If the orientation of the agent cannot be identified a priori, differential AOAs can be
considered as indicated in (2.20). In that case, the LS position estimate is given by

2
M * *
. . 5 Gy — P1y 4y — D1,
p1 = argmin Z AORx,ji — atan2 (iy—v> + atan2 (—Z*y y) . (2.22)
P I 4y~ PLx
Abrx,ji

Like (2.21), the optimization problem in (2.22) is nonlinear and has no closed-form solution.

2.4.4 Numerical Example

Consider the topology shown in Fig. 2.8 with M = 3 anchors. All distance and position-
related quantities are given in meters, while all angle-related quantities are given in degrees.
The coordinates of the anchors are qj = [20, 10]T, q; = [40, —15]T, and qi = [80, —-10)T.
The agent is located at p* = [70,70]T with known orientation o* = 20. Hence the true
AOAs between the anchors and agent are Opx1 = —84.80, Ogpx 2 = —64.44, and Opx 3 =
—37.87. The standard deviation of the noisc is og,, = 1. The following AOA cstimates
have been observed by the agent: z = [éRX,l« éRX{,Q, éRX{B]T = [—82.80, —63.44, —37.37|T.

The cost associated with the third term of the cost function in (2.21) is depicted in
dB-scale in Fig. 2.13 (top). As described by the functional relationship in (2.18), this
term of the cost function produces the lowest costs along the line from anchor 3 to agent
1 with the angle éRxs + a. Considering only the AOA to anchor 3, all points on this line
have identical cost and the position of the agent cannot be deduced unambiguously. Fig,.
2.13 (bottom) depicts the costs associated with all three anchors. Considering all terms
in (2.13), the cost function has a single global minimum (see Fig. 2.13 (bottom)) which is
given by the LS solution. The obtained position estimate is pi nr.s = [69.07. 66.18]" and
hence the position error under the 12-norm is ep, s = ||f)1,NLS -p] || = 3.934. Note that
the numerical values arc solely provided for reproducibility.
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2.5 Summary

The basic principles of radio-based positioning have been revisited in this chapter, empha-
sizing the difference between direct and indirect positioning. Aspects of indirect position-
ing have been elaborated, since the research presented in later chapters focuses on this
field. Indirect positioning refers to a two-step notion where position-related parameters
like angles-of-arrival and distances are derived from the received signal in the first step.
In the second step, the position of an agent is determined based on these parameters. To
that end, a timc-of-arrival and an angle-of-arrival cstimator were discussed. Subscquently,
the paradigms of lateration (distance-based positioning) and angulation (angle-based po-
sitioning) have been recapitulated. In particular, the general problem was revisited and
optimization problems to obtain least-squares position estimates were formulated. Nu-
merical examples have been used for illustration. The essential point is that in lateration
and angulation an agent needs to fuse the information from multiple anchors in order to
determine its own position unambiguously. These requirements may not always be et
in practice, since deploying and maintaining a large number of anchors is costly. Hence
lateration and angulation-based positioning fails in scenarios with sparse infrastructure.
Therefore, alternative positioning solutions will be presented in the Chapters 5 - 7 which
provide accurate position cstimates cven in the presence of very few anchors.
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Figure 2.13: Angulation cost functions - cost in the LS sense in angulation with known
orientation: The costs related to a single AOA estimate (top) are given by a conic shape. In
that case, no unambiguous position estimate can be obtained. If three AOA estimates are
considered the corresponding cost function (bottom) has a single global minimum, allowing
for unambiguous position estimation.
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Chapter 3

Theoretical Background on
Statistical Signal Processing

The field of statistical signal processing has gained considerable attention in the past few
decades. A number of different techniques, including the well-known belief propagation al-
gorithm fall under the umbrella of statistical signal processing. Statistical signal processing
takes a fundamentally different approach compared to many conventional, deterministic
signal processing techniques. Unlike deterministic approaches, statistical signal processing
does not try to optimize metrics such as the Euclidean distance, but rather probabilistic
measures such as the likelihood function or posterior distribution are optimized. In that
way, the uncertainties of the parameters to be estimated are inherently considered. Hence
statistical signal processing has become extremely popular in many inference tasks, since
it provides tractable, high-quality solutions for a varicty of problems.

Irrespective of the considered application, optimum solutions to inference problems
(like MAP) are desirable. However, if inference problems are high-dimensional, the joint
posterior distributions arc often hard to optimize. This is especially true if the posterior
distribution is nonlinear and non-Gaussian. To circumvent estimation in high dimensional
spaces, algorithms like belief propagation determine the lower dimensional marginal poste-
rior distributions in a computationally efficient manner. Estimates are then derived from
the low-dimensional marginals.

This chapter is devoted to recapitalizing a number of basic tools required for statistical
signal processing. First, different representations of probability densities will be reviewed.
Subsequently, two essential operations will be discussed: sampling from densities and mul-
tiplication of densities . Similar to the previous chapter, the goal of this chapter is not
to provide a complete description of all aspects of statistical signal processing, but rather
present a concise overview of the essential aspects that will be required in the upcoming
chapters. A simplistic running example will be used throughout this chapter to illustrate
the concepts to be discussed.
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Running Fvample

Consider a simple one-dimensional (1D) positioning system which is depicted in Fig.
3.1. Tt consists of one agent and two anchors. The agent set is denoted by A = {1},
while B = {A, B} is the sct of all anchors. For notational simplicity, the position
of a node is denoted by® 7;,7 € AU B. The true position of a node is distinguished
by a superscript asterisk, e.g., n; (agent 1) or % (anchor A). It is assumed that the
agent can estimate the distance ciHl‘,i € B with respect to both anchors. The noisy
distance estimates are given by

dis1 = |nj —ni|+eis1. i€B
——

dis1

where d; 1 and e; ;1 arc the true distance and the distance estimation error between
the agent and the i™ anchor, respectively. It is assumed that the distributions of both
ranging errors €;,1,1 € B are independent. Both distance estimates are collected in
the vector z = [da—1,d B_,l]T. Then, the joint likelihood function can be written as

T, ma.np) = f(dasilm, na) f(dpilm, np). (3.1)

Consequently, the joint posterior distribution is

Flm.nanlz) o fldasilm, i) fF(dp—ilm.m) f(m). (3.2)
£f1(m) 2 fa(m)

where ‘o<’ means proportional up to a normalization constant and the perfect prior
knowledge 0(n; —n;),4 € B of anchors was absorbed in the likelihood functions fi (1)
and fo(n1). It should be stressed that fi(n1) and fa(n;) arc shorthand notations for
conditional distributions with varying parameter n;. A uniform prior in the interval
[2,7] is considered, i.e. f3(n1) = U(2,7). The distance estimation errors e4_,; and
ep 1 are assumed to be Gaussian and one-sided exponential, respectively. Hence the
likelihood functions f (d Asi|mL,17y) and f ((i B-1|n1, 1) are Gaussian and one-sided
expounential, respectively.

Since 1D positioning is considered, the distance to an anchor suggests two possible
locations: Left or right of the anchor. For instance, n1 = 0} +da1 or m =
17y —da—1. For simplicity of explanation. it is assumed that the agent knows whether
an anchor is located right or left of it.

The goal of the agent is to determine an optimum cstimate in the minimum mecan
square error (MMSE) sense, i.e.

7)1, MMSE :/Wlf(ﬁl7772777*3|z)d771: (3:3)

where the integral is taken over the entire sample space (support) of 7.

“Note that, in this thesis, the position of a node is gencerally denoted by p; x and p; = [pix, pi,y]T
in 1D and two-dimensional (2D), respectively. For simplicity of the notation, in the Chapters 3 and
4, n; represents the position of the node 7.
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Figure 3.1: Running ezample - An agent attempts to determine an MMSE estimate of its
position in 1D space based on the observed ranges z = [5.5, 7.5]7. The agent (red asterisk)
is located at n{ = 5 and the anchors A (blue diamond) and B (orange diamond) reside
at 7 = 0 and 73 = 12, respectively. It is assumed that the ranging error of day is
zero-mean Gaussian distributed with standard deviation ¢ = 1. while the ranging error of
dp_y1 is one-sided exponentially distributed with mean m = 0.5. The topology. densities
fi(m) and fa(m1). and the uniform prior distribution f3(71) are depicted.

3.1 Representations of Probability Distributions and
Densities

Probability distributions govern the stochastic properties of random variables. Random
variables can be broadly classified into discrete and continuous. In the former case, ran-
dom variables have a finite sample space, i.e. the set of possible outcomes of a random
experiment is limited. An obvious example is a regular dice whose sample space is given
by the set © = {1,2,3,4,5,6}. If the dice is fair, its probability distribution! assigns the
same probability (Pr(1) = Pr(2) = ... = Pr(6) = 1/6) to each possible outcome. In
contrast to discrete random variables, the sample space of continuous random variables is
infinite, e.g, the set of real numbers, i.e. = R. Examples of continuous random variables
are temperatures, distances, positions, etc. Since an infinite number of possible outcomes
cxists, the probability of a particular outcome must be zero to assurc that the probability
of all outcomes adds up to one. As a consequence, continuous random variables are not,

IThe term probability distribution is used for both continuous and discrete random variables. In
contrast, the expression probability mass function (PMF) refers exclusively to discrete random variables,
while the word density implies that a continuous random variable is considered.
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characterized by probability mass functions, but rather by continuous probability densi-
ties. Such densities can be represented in different ways. The following representations of
continuous densities are discussed in the following:

e Discrete representations

1. Discretized representation
2. Sample-based representation

3. Particle-based representation
e Parametrized representations

It should be noted that discretized, sample-based, and particle-based representations are
not explicitly classified as discrete representations in the literature. However, due to the
similarity of these methods, such a classification appears to be meaningful and is adopted
in this thesis.

3.1.1 Discrete Representations of Probability Distribution

Discrete representations capture the essence of continuous distributions by using finite
sets of points. In some cases, these points are also weighted. The goal of these points
and weights is to approximate all statistical moments (such as mean and variance) of a
distribution. The key difference between discretized, sample-based, and particle-based rep-
resentations is the way how these points and possibly weights are chosen. The peculiarities
of these representations will be explained in the following subsections.

3.1.1.1 Discretized Representation

A naive, but simple approach to represeut a coutinuous distribution f(n) is to determin-
istically discretize the entire sample space using Ng points. For illustration, the running
example is considered. In particular, the Gaussian density f1(n1) is discretized in the in-
terval from [0,12] using Ny = 10 and Ny = 50 samples, respectively. The discretized and
continuous probability density function (PDF) arc depicted in Fig. 3.2.

Discretized representations consist of two sets:

1. a set of quantization points H = {17(1)7 cee 77(N=’)} and

2. a set of weights F = {f1,. ., fN)},

The distance An between two adjacent quantization points is given by An = \'r](kfl) - n(k)|

and the k'™ quantization point is given by 7*) = kAn. The unnormalized weight f *) of
the quantization point () is given as the functional value of f (n(k)), ie.

f® = f ™). (3.4)
For mathematical convenience, the weights are often normalized, i.e.
fk)
7o = / (3.5)
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Figure 3.2: Discretized representations of probability densities - a discretized representa-
tion of the continuous density f1(n1) is obtained by determining N equally-spaced quanti-
zation points 7]§k>,Vk in the interval of interest and by determining the weight fl(k) of cach

quantization point nik).

The distribution is then approximated as a finite set of weights F and quantization points
H.

Note that employing this discretized representation requires that the continuous density
f(n) can be evaluated for all 7 in the considered interval. From the example in Fig. 3.2,
it can be scen that the essential shape of the density can be recovered. However, the
shortcomings of this approach can also be noticed: Many quantization points reside in
regions of the sample space where the probability distribution has virtually no mass. In
other words, quantization points are not efficiently utilized. For instance, whenever an
estimate 7 is obtained from the distribution f(n) (e.g., mean value). quantization points
with relatively small weight contribute only little. In case of the mean value, this can be
directly observed:

N
Ty = / nf(n)dn~ Y fFy®). (3.6)
k=1

It can be scen that f (k) directly weights the k™ quantization point n(k). If f ®) is extremely
small, the corresponding quantization point does not change the estimation result notably
and hence carries negligible information from the estimation perspective. This observation
gives rise to a more sophisticated way of representing a continuous density using a finite
number of points.

3.1.1.2 Sample-based Representation

Sample-based representations embody an alternative method of representing a continuous
density in a discrete way. In contrast to the discretized representation, where the quantiza-
tion points are chosen in a deterministic and uniforn fashion, sample-based representations
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Figure 3.3: Sample-based representation of probability densities - a sample-based repre-
sentation of f1(m1) can be obtained by directly drawing samples ngk) from f1(m) if direct
sampling is tractable. The histogram of all samples H suggests that fi(m1) is well repre-
sented. since its shape resembles the density fq(m).

draw the quantization points randomly. Hence quantization points 77(]") are referred to as
samples and the actual set of samples H = {77(1), Cee n(N s)} differs from one realization
to another. More precisely, the characteristics of the density f(n) are represented by a
set of samples which are directly drawn from this distribution. i.e. n(k) ~ f(n), where
'~ is equivalent to: drawn from. Therefore, the inherent advantage of this approach over
discretization is that samples reside in arcas where the continuous probability density has
significant probability mass. Compared to the previous example in (3.6) where the mean
of i was estimated, each sample factors in with a weight of 1/N, rather than f®*):

Ny
. 1 .
mn=/nf(n)dn% > 5" (3.7)
k=1 "

To emphasize the differences of the discretized and sample-based representations, the ex-
ample from Fig. 3.2 is revisited. A sample-based representation H of f1(n1) with Ng = 20
samples, the corresponding histogram of the samples, and the continuous density are shown
in Fig. 3.3. It can be observed that most samples reside in regions where the continuous
density has significant probability mass (close to the mode of fi(m1))-

Even though, the sample-based representation has inherent advantages over the dis-
cretized representation, it is worth mentioning that this technique also has a major restric-
tion. In particular, it is assumed that one can directly sample from the distribution f(n)
in a tractable manner. While this requirement is met for a small subset of distributions
(e.g., Gaussian, exponential, uniform, etc.), direct sampling from arbitrary distributions is
generally difficult. To bypass this drawback, the notion of importance sampling (as will
be explained in Section 3.2.1.1) is often considered. Importance sampling is a key tool for



3.1. Representations of Probability Distributions and Densities 35

}
S
=
m
b
CIRORES
R, (Fm) = {0} }
=z
s
m

Figure 3.4: Particle-based representations of probability densities - a particle-based repre-

sentation Ry, (f1(m)) of f1(m) contains a set of samples {nik;l }ﬁ;l with associated weights
(k) N,
{wfl }kzl'

obtaining particle-based representations of densities. This type of representation will be
discussed in the following.

3.1.1.3 Particle-based Representation
A set of weighted samples is referred to as particle representation and given by

Ny

Ru. (7)) = {uf} (38)
where f(n) is the target distribution, Ny is the number of particles, njp
(k)

with associated weight? w ¥

is a random sample

. The combination of a sample and its weight is referred to

(k)

as particle. In contrast to the discretized approach, the samples 7 i
but random. If the weights are normalized, a particle {w;k’), n}k)} can be interpreted as an
hypothesis, i.e. 77<k> occurs with probability 71;<k). An exemplary particle representation in
the context of the running example is depicted in Fig. 3.4. For comparability, the same
example as in the previous two subsections is revisited. It can be observed that the shape
of the continuous distribution is preserved, while, in contrast to the discretized approach,
the samples are not cqually-spaced. Particle representations will play an essential role
throughout many problems that are considered in this thesis. How they are obtained will
be described in Section 3.2.1.1. It is worth mentioning that sample-based representations

are not deterministic

arc special cases of particle-based representations, in which w;k) = 1/N, Vk.

2Section 3.2.1.1 will explain how the samples n;k) are drawn and how the weights w;k) are determined.
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3.1.2 Parametrized Representation

Densities from the class of parametric distributions f(7; @) can be fully described by a
finite number of parameters 8. The most prominent member from the parametric family
of distributions is probably the Gaussian distribution whose parameters are its mean and
variance. In particular. a univariate Gaussian random variable 7 is completely described

by its probability density function
1 (n —m)?
exp | ———5=— )
2ro? 202

2N (gym,0)

fp;m, 0%) =

where m and ¢? are the mean and variance, respectively. For illustration, consider the
distribution fi(n1) from the running example in Fig. 3.1. Parametrized representations
of densities are by nature very compact, since the number of parameters that is required
to fully describe them is generally small. In case of the univarite Gaussian distribution,
two parameters are sufficient. Note, however, that it is not possible to represent arbitrary
probability densitics in a closed form using a finite sct of parameters. As a matter of
fact, most densities which occur in statistical signal processing cannot be described by
parametrized distributions without errors. Hence alternative representations which capture
the stochastic behavior of the corresponding random variables are needed.

3.1.3 Comparison of Representations

Different representations of continuous densitics were considered. Their characteristics arce
summarized in the following table [LFS*12].

Table 3.1: Characteristics of different representation approaches

Representation  Size of Representation Arbitrary Distributions

Parametric small no
Discretized large yes
Sample-based medium no
Particle-based medium yes

As discussed in Section 3.1.2, parametrized representations typically use only a small
number of parameters in order to describe a density and hence the size of these repre-
sentations is small. On the other hand, arbitrary distributions cannot be represented by
parametrized representations without approximation errvor. Discretized representations are
alternative ways of representing continuous densities. In contrast to parametrized repre-
sentations, they use sets of points to capture the characteristics of the continuous density.
Generally, their size is large when compared to parametrized representations. However,
discretized and particle-based representations arc capable of representing arbitrary distri-
butions without error as the number of points approaches infinity.
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3.2 Frequent Operations in Statistical Signal Process-
ing

A number of different techniques and tools are frequently required in statistical signal
processing. From the perspective of this thesis, the most relevant operations are sampling
from arbitrary densities and multiplication of arbitrary densities. The former task requires
methods like importance sampling and resampling, while the latter is related to operations
like kernel density estimation.

3.2.1 Sampling

As seen in Section 3.1.1.3, it is often necessary to draw samples from an arbitrary proba-
bility density in order to obtain a sample or particle-based representation of a continuous
density. This demands for a rigorous sampling method that can be applied to any distri-
bution.

3.2.1.1 Importance Sampling

Importance sampling is a powerful sampling technique which allows one to determine a
particle-based representation of any probability distribution f(n) [DGAO00]. As mentioned
in the previous section, often it is intractable to directly obtain a set of samples from an
arbitrary probability distribution f(n). From a high level perspective, importance sampling
provides a means to obtain a set of samples from a target distribution f(n) that cannot
be sampled from directly. Instead, it obtains samples from a proposal distribution q(n)
and attaches a weight to each sample. The weight accounts for the mismatch between the
target distribution f(#) and the proposal distribution ¢(n). An example is depicted in Fig.
3.5. Importance sampling consists of two steps:

1. Draw Ny samples nJ(ck) from the proposal distribution ¢(n).

2. Determine the associated sample weights wff).
As mentioned in Section 3.1.1.3, a weighted sample is referred to as particle. The weight
of every particle can be seen as a correcting factor which accounts for the fact that the
sample n(k) is not drawn from f(n), but rather from ¢(n). For clarity, an illustration using
the running example will be considered in the following. Subsequently, a mathematical
description of importance sampling will be provided.

Running cxample: Supposc that one wants to obtain a particle-based representation
of the density f (m) = Si(n1) f2(m). For simplicity of sampling, the proposal distribution
q(m) is Gaussian with mean mg = 5 and variance crg = 1. Fig. 3.5 depicts the density

J(m) and proposal distribution g(n;) in the upper part of the figure. The Ny = 20 samples
{nik}}kN; . and particles {w?, nik}}i\: | are depicted in the lower part of the figure.

In a general sampling probleﬁl, let 7 be a continuous random variable and the contin-
uous density f(n) should be approximated by a set of Ny samples. Assuming that [(7)
cannot be sampled directly, the goal is to obtain a particle representation Ry, (f(n)) of
F(n) using importance sampling. To obtain a particle representation of f(n), first, N
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Figure 3.5: Importance sampling - the continuous density f(m1) = f1(m)f2(m) (solid blue
line) is approximated by a set of particles Ry ( f){w}k)nik;},yzl (blue Dirac impulses).
In order to obtain the set of particles, a proposal distribution g(n;) (red dotted line) is
employed to obtain a set of samples {nik}}gil (red asterisks). The unnormalized weight

zb}k) of each sample is determined using (3.9).

independent identically distributed (i.i.d.) samples {n}k)};y;l are drawn from a suitable
proposal distribution ¢(7). i.c.

k
0~ q(n).

Regarding the choice of the proposal distribution, there arc almost no constraints. In par-
ticular, the proposal distribution can have arbitrary shape as long as sampling is tractable
and its support dominates the support of f(n). i.e. f(n) > 0=-¢q(n) > 0,¥n. To account
for the mismatch between f(n) and ¢(n), a weight 'w(fk) is associated with cvery sample

(k)

Ny The unnormalized weight is computed as follows:

@l = £(®) fa(n™). (3.9)

For mathematical convenience. all weights are normalized such that they add up to one,
ie.

*) )
Wl = —L (3.10)
f N, -

pPma }7)
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Figure 3.6: Importance sampling (mismatched proposal) - if the proposal distribution ¢(n1)
(dashed red line) has considerable probability mass in regions where the target distribution

(k)

f = fitm)fa(m) (solid blue line) has negligible mass, a weight w® of zero or close to

zero will be assigned to many samples (red asterisks). In that case, for a finite number
(k) (k)

of samples Ng. the particle representation {w N f}iv; , (blue Dirac impulses) does not

represent the target distribution well.

As can be seen in the previous example in Fig. 3.5, importance sampling yields a set
of particles which closcly represents the target distribution f(n) in a discrete fashion. As
mentioned earlier, the only constraint regarding the proposal distribution ¢(n) is that its
support dominates the support of the target distribution f(n). If this condition is fulfilled,
a particle representation obtained by importance sampling describes the target distribution
J(n) arbitrarily close as Ny — oo [KTB11].

However, for a finite number of particles, there are some practical implications that
are related to the choice of the proposal distribution. Ideally, the samples n(fk> generated
by the proposal distribution ¢(n) reside in regions of the sample space, where the target
distribution f(n) has significant probability mass. This proposition has the following intu-

(k)

ition. If a sample n o was drawn from a region where f(n) has negligible mass, f (ngck)) ~ 0

and hence w(k) ~ 0. In other words, from the estimation perspective, the particle doces
not, carry information, since its weight is almost zero. If the number of samples is finite,
samples should be used as effectively as possible, meaning that the number of samples
with weights close to zero should be small. This idea can be translated into the following
property of the proposal distribution. The proposal distribution should resemble the target
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distribution closely, i.e. the proposal distribution ¢(n) should have significant probability
mass in regions where the target distribution f(n) has significant probability mass. If the
proposal distribution ¢(n) shows significant probability mass in regions where f(n) has
virtually no mass, a rclatively large number of particles with weights close to zero will be
generated. In that case, a large number of samples is required to accurately approximate
f(n) by a set of particles. Having a large number of particles is generally undesirable, since
the computational complexity of inference algorithms increases as the number of particles
goes up. An example of a poorly chosen proposal distribution is depicted in Fig. 3.6. In
that figure, the example from 3.5 is revisited with a different proposal distribution g(n;).
In particular, the proposal distribution is Gaussian with mean m, = 8 and variance 03 =1
Observe that compared to the proposal distribution used in Fig. 3.5 only the mean value
has changed, but the effect on the approximation accuracy is detrimental. It can be seen
from Fig. 3.6 that the majority of samples has a weight of (alinost) zero, making themn
uninformative from the estimation perspective. More importantly, the region with the
largest probability mass (close to the mode of f (m)) is not covered at all.

From this example, one can deduce that the proposal distribution ¢(n) should resemble
the target distribution f(n) closcly to ensure that the samples n*®) reside in arcas where
f(n) has significant probability mass. A priori, it is not known where the target distribution
f(n) has significant probability mass and hence it is difficult to choose a suitable proposal
distribution ¢(n). As a major part of the contribution of this thesis, a novel method will
be introduced in Section 5.4 which confines the relevant regions where f(n) has significant
probability mass. Based on these confined regions, advanced proposal distributions are
derived. A rigorous description of the method will be provided in section 5.4.

3.2.1.2 Resampling

In the previous subsection, it was discussed how one can obtain a particle representation
of a probability density. From the examples in the Figs. 3.5 and 3.6, it became cvident
that particles can have greatly different weights and often some particles have weights that
are close to zero. In fact, in many applications, including positioning, weights can differ
by multiple orders of magnitude. Recall that samples can be scen as hypotheses and their
weights as the corresponding probabilities. From that perspective, one might be tempted
to retain only the subset of the most relevant hypothesis and discard extremely unlikely
hypotheses. One incentive could be to reduce the overall number of particles in order to
reduce the computational complexity. Alternatively, for a constant number of particles, one
may wish to focus the computational resources only on particles with significant weights.
Both of these goals give rise to a selection strategy of particles which chooses particles
according to their weights. Different approaches can be pursued. The simplest and most
obvious method would be to introduce a likelihood threshold and simply discard all particles
below the threshold and renormalize the weights of the retained particles. This admittedly
simple scheme has two shortcomings: (i) It is generally difficult to sct the threshold and
(ii) the number of remaining particles is difficult to control.

Resampling is a more rigorous selection scheme which determines the set of retained
samples in a stochastic manner. In particular, a particle representation Ry, (f(n)) =
{wﬁk),n}k)}g;‘l is treated as a discrete distribution, where Pr(n}k)) = wjtk). From this
(k)"
f

distribution, N, samples n are drawn resulting in a new particle representation with

equal weights, i.e. {I/ANTT,nJ(Ck)*}QLI. Intuitively, on average, low-weighted particles are
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Figure 3.7: Resampling - a particle representation {chk), nj,w}kN;l with Ny = 6 samples is

considered. Samples nj(ck) are illustrated by disks whose size depends on their weights (high

weight equals large disk). The particle representation {u;ﬁpk), n}k)}sz‘l is resampled resulting
in a new particle representation with NV, = 12 samples whose weight is identical, i.c. 1/N;.
Particles with large weight w(fk) are reproduced multiple times while one particle with a low

weight (rightmost particle) was erased.

discarded and multiple copies of high-weighted particles are generated in a stochastic sense.
From an evolutionary angle, resampling can be interpreted as a version of the survival of
the fittest. where high weights imply high fitness values. For example, consider a sample

O] 0

ur that has an associated weight of w ;= 1078, To obtain on average one copy of this

sample, N, = 108 random samples need to be drawn. In contrast, consider a sample
77;] ),j # 1 that has an associated weight of w}] )~ oL Drawing N, — 10% random
samples from {w}k), n(;k)}gél, would result in (on average) 107 copies of the sample 1753 ),
For clarification, a simple example is depicted in Fig. 3.7.

In order to pursue this selection strategy, one has to be able to draw samples from
an arbitrary discrete distribution. For clarity, the following example is considered. A
particle representation Ry, (f(n)) of the distribution f(n) has been obtained and the sam-
ples and weights are given by {175,1)7 . ,17(;1)} = {0.9,1.5,2.1,2.8} and {u;;l), .. ,wgfg} =
{0.1,0.5,0.3,0.1}. If the particle Tepresentation is interpreted as a probability mass func-
tion, the numerical values of the cumulative distribution function (CDF) are given as
F(1)=0.1, F(2) = 0.140.5= 0.6, F(3) = 0.6+ 0.3 = 0.9, and F(4) = 0.940.1 = 1. Note
that the argument of the CDF is the sample index. In order to resample Ry, (f(n)).
N, iid. samples u® k = 1,... N, are drawn from a uniform distribution U(,1).
Now the drawn values u®) are compared to the CDF. In particular, if «®) < F(1),

a copy of the first sample 77501) is generated. If (1) < u® < F(2). a copy of the
second sample is generated, etc. Fig. 3.8 depicts an example of this procedure for
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u = [u, . «™))T = 0.23,0.72,0.41)". In this example, N, = 3 samples are drawn
from Ry, (f(n)). In particular, 17}1)* = 77}2), 77}2)* = 17}3), and n(fg)* = 77(2). Note that the
outcome of resampling is random, since the entries of u are random. ”f‘hat is, the set of
retained values {1/N,, n;k')* {3[;1 varies even if resampling is executed repeatedly with the
same set of input samples {w(k), n}k)}ﬁil.

From the previous example. it becomes evident that, for finite V,., resampling reduces
the diversity of the samples 7/<k), since samples with small weights are usually erased. In
other words, the cardinality of the set of distinct retained samples is generally smaller
than the cardinality of the original set of distinct samples. On the other hand, the set
of relevant samples (samples with large weight) is increased, since multiple copics of the
relevant samples are retained with high probability. In summary, resampling leads to a
particle representation which concentrates on the particles with large weights at the expense
of reduced diversity of the samples. After resampling, all particles have the same weights.
Typically, though not necessarily. the number of samples after resampling is reduced, i.e.
N, < Ng.

3.2.2 Multiplication of Probability Densities

Frequently in statistical signal processing, densities have to be multiplied in order to fuse
information from multiple observations. In fact, multiplication of densities is such an inte-
gral operation that almost all applications rely on it. For instance, consider the posterior
distribution from the running example in (3.2) which is given as the product of two likeli-
hood functions f(dj 1|71, n;7),1 € {A, B} and the prior f3(11). Without multiplication of
densities, neither MMSE nor MAP estimates on the position n; can be obtained. Multi-
plication of arbitrary densities is not necessarily a simple task. The actual multiplication
method depends on the representations of the distributions to be multiplied, as well as
the representation of the product. Numerous combinations of representations are possible.
For brevity, the discussion of the different combinations in this chapter is restricted to the
following:

1. Discretized input - discretized output
2. Particle-based input - particle-based output

3. Parametrized input - parametrized output
The product f(n) £ Hle fi(n) of an arbitrary number of densities f;(n) can be recursively
defined as the product of two densities, i.e.

F) = fraln) - fr(m), (3.11)

where f;(n) = fi 1(n)fi(n) with fi(n) = fi(n). Therefore, only pairwise multiplication
is considered in this section. For notational convenience, subscripts are dropped and dis-
tributions are distinguished by different letters. In particular, the following problem is
considered

h(n) = f(n) - 9(n)- (3.12)
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Figure 3.8: Resampling example - the particle representation Ry, (f(n)) with sam-

ples {n}l), e 775,4)} ={0.9,1.5,2.1,2.8} and weights {wf,l), . ,wff‘)} = {0.1,0.5,0.3,0.1}
is resampled using N, = 3 samples. For the given sequence {u(l).u(z),u(s)} =

{0.23,0.72,0.41}, samples and weights of the resampled particle representation are given
by {0 0"} = {15,215} and {w{)" 0" W} = (1/N,,1/N,, 1/N, ).
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3.2.2.1 Multiplication of Discretized Densities

Consider that f(n) and g(n) have been discretized as explained in Section 3‘1.1‘1. It is
assumed that the quantization points are identical, i.e. H =H, =H; = {17 77(7\’5)}.
Two sets of weights have been obtained, i.e. F = {f(1), ... &) } and g = {q LgWNIY
If the weights of both sets are stacked in the respective ve(,‘mls f=] j , A )]T and
g = [g(l), R g(N*)]T, the vector of the weights of the product is obtained by the taking
the point-wise product of f and g, i.e.

b= [h® . AT = [f0 @) ) T (3.13)

The discretized representation of the product of f(n) and g(n) is finally given by the set
of quantization points H and the set of weights {h(l), R h(N">}. Observe that any pair
of densities can be multiplied in that fashion, as long as both densities f(n) and g(n) can
be evaluated in the same quantization points. Notice that the weights h do not add up to
one, even if the weights f and g are normalized. Thus, an additional normalization step is
necessary.

3.2.2.2 Multiplication of Particle-based Densities

If the area of nonparametric methods is considered, densities are often given as particle
I'(‘,I)I’(‘,S(‘,Ilthti()Il For the purpose of illustration, consider the previous example, where the
density f(m) J1(n1) f2(n1) shall be (omputed Here, the goal is to obtain a particle
representation Ry, ( fln )) = {u'(k }k 1+ I this example, it becomes evident that
the multiplication is not Qtralghtforward 1f both densities f1 and fo are glven as pautlcle

representations, i.e. Ry, (f1(m)) = {w nlf }k L and Ry, (fo(m)) = {wf , 1f2}k 1
This can be directly seen from Fig. 3. 10 since, in contrast to the discretized case, the
(k) (k) (k)

samples of the particles ) I and ny 7, arc not identical. Because the samples n; I and

nf;g from both sets were drawn independently, they will be distinct with probability one.

To avoid further notational clutter, the abstract problem h(n) = f(n)g(n) is consid-
ered again The particle erquPntationq of f(n) and g¢(n) are given by Ry, (f(n)) =
{wy (k) }k L and Ry, (g(n)) = {wq 777(, }k— , respectively. In order to multiply the
partlde repreqen’ratlon@ of the densities, continuous estimates of the particle representa-
tions (here: f(n) and g(n)) are first obtained using kernel density estimation (see the grey
box at the bottom of the page). After the kernel density estimates f(17) and g(7) of the par-
ticle representations Ry. (f(n)) and Ry, (9(n)) are obtained, the product h(n) = f(n)@(r])
can be evaluated for arbitrary values of 7. Subbequently7 random samples {nh }k | are
drawn from a suitable proposal distribution ¢(7), i.c. 77h ~ ¢q(n). Finally, the weights of
the output particle representations are determined as the product of the (ontinuous den-
sities which are evaluated in the positions of the samples, i.e. w(l‘) f (77}(1]‘ )g (nh ) Fig.
3.9 shows a block diagram of the procedure. The individual parts of the block diagram
will be discussed in more detail in the following paragraphs.



3.2. Frequent Operations in Statistical Signal Processing 45

Obtaining o Kernel Density Estimate of a Distribution

Intuition:
A kernel density estimate (KDE) of a particle representation Ry (f(n)) coats every
particle with a continuous kernel K(n;0k) like a Gaussian kernel.  Kernels arce
(k)

centered at the respective positions of every particle n i

(k)

by the weight wy of the particle. Then, the superposition of all kernels yields

Every kernel is scaled

the continuous kernel density cstimate f (7). An illustration in the context of the
running example is depicted in the upper part of Fig. 3.10.

Mathematical description:

Given a particle representation Ry, (f(1)) = {w 7] ¥ }A , of distribution f(n). a
kernel density estimate using Gaussian kernels Ldll be obtained according to

Zw (1. 52w, (3.14)

where N (n; n](ck), &IZ(DE) is the Gaussian kernel with mean n(k) and variance &%{DE‘
Observe that the mean of the kernel is directly given by the position of the particle
n(k). However, the variance &IQ(DE of the kernel has to be estimated based on the
properties of the particle representation Ry, (f(n)) [Bot07]. The field of kernel den-
sity estimation treats the problem of estimating &I2<DE [Bot07]. Popular algorithms
are, e.g., least squares cross-validation and the improved plug-in method [Bot07]. It
is worthwhile to note that the choice of the kernel function does not affect estimation
accuracy cousiderably, while the choice of the variance 612{DE has a major impact on
the accuracy [Sil86].

Particle-based Multiplication
Importance Sampling

f() Obtam KDE DIdW bamples Determine Weights Ry, (h(n))
H k
g(n) i )

Figure 3.9: Block diagram of particle-based multiplication of densities - the product of the
KDEs f(n) and g(n) is determined via importance sampling.

In order to obtain a particle representation of the product of f (n) and g(n), importance

sampling as described in Section 3.2.1.1 will be employed. First, random samples nhk k=
1, ..., Ny are drawn from a proposal distribution ¢(n). These samples are then weighted

according to
o BO7) 7 ()a (i)
) = = . (3.15)

k k
@ a()
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Figure 3.10: Particle-based multiplication of densities - a particle representation
R, (f(m)) of the product of two particle representations Ry, (f1(n1)) and Ry, (f2(m1))
is obtained by (i) obtaining the KDEs fi(n,) and fo(m1) first and (i) performing impor-
tance sampling subsequently. It can be seen that the exact (true) density f(m1) (orange
dash-dotted line) is well approximated by the particle representation R, (f(71))-

Note that the weights are not normalized. The particle representation of h(n) is then
given as Ry, (h(n)) = {w,(Lk), n}(lk)};:; |+ Where w}(lk) = ﬁl’(Lk) /> j ’II}}(lJ).Vk are the normalized
weights.  The steps of the particle-based multiplication (e)‘(cept for normalization) are
visualized in Fig. 3.10 in the context of the running example.

Since particle-based multiplication employs importance sampling, the same observa-
tions regarding the proposal distributions apply here. In particular, the proposal distribu-
tion g(n) needs to be chosen such that it has significant probability mass where the product
of densities h(n) = f(n)g(n) has considerable mass. Notice that this is a chicken-or-the-egg
problem, since one usually does not know where the product h(n) = f(n)g(n) has signifi-
cant probability mass before evaluating it. To overcome this problem, a major contribution
of this work is a strategy which confines the regions of considerable probability mass. The
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method is coined polygon outer-approximate and is presented in Section 5.4.

3.2.2.3 Multiplication of Parametrized Densities

If the input densities [(1; ;) and g(n;6,) are given as parametrized densities and the
output density h(n; @) should be a parametrized density of a certain class, multiplication
becomes more complicated compared to the discretized case. This can be easily verified
if the running example in Fig. 3.1 is considered, where the densitics fi(m) and fa(m)
are Gaussian and one-sided exponential, respectively. Note that the product of the two
densities is neither Gaussian, nor one-sided exponential. If the output density h(n; 0y) is
from the class of Gaussian distributions, an approximation error is inevitable. It is worth
noting that the error will depend on the choice of the measure. This observation gives
rise to the introduction of a criteria that describes how the mismatch been h(n;6;) and
F(m;05)-9(n; 0y) is measured (a so-called divergence measure) and how the parameters 6y,
are determined.

On a more general scale: Multiplying arbitrary parametrized densities f(n;6;) and
9(n;84) (even if they are of the same type) generally yields a density h(n) which is
neither of the type of f nor of the type of g. Only very few cxceptions cxist. The
most prominent examples are Gaussian distributions, whose product is again Gaussian
[KF09]. In particular, if f(n;mf,a}) = N(n; mf,aﬁ) and g(n; mg,qg) = N(n; mg,ag),
h(n; mp; O';ZL) = N(n;my, 0}21) where my, and oi can be determined in a closed form:

2 2
myoy +mgoy 9 1
—_— and 0

S — (3.16)
' 1/0?+1/0§

mh = 2 2
crerUg

For non-Gaussian distributions f(n;6f) and g(n;6y), tools from the field of variational
inference are often employed to determine h(n; 8;,) as a distribution parametrized in 6y,
Though, the details of the individual methods differ, all methods share a common approach
which will be explained in the following.

Intuition:

Generally, parametrized distributions from a certain family (like the Gaussian family)
cannot represent products of densities exactly but only approximately. The goal of para-
metrized message multiplications is to find a parametrized distribution which resembles
the actual product as closely as possible. Along this road, the family of distributions must
be chosen. Then, the criterion of divergence (e.g., Kullback-Leibler divergence) must be
chosen. In other words. it has to be decided how the closeness of distributions is measured.
Finally, the optimum sct of parameters must be determined such that the highest resem-
blance/lowest divergence results. This procedure is depicted in a block diagram in Fig.
3.11 and in the context of the running example in Fig. 3.12.

Mathematical description:

First, the family of output distributions $ must be chosen. Then, the optimum mem-
ber h(n; O opt) of the fanily £ has to be determined. Optimality refers to a predefined
divergence measure like the Kullback-Leibler divergence. Hellinger distance, y?-distance,
etc. This divergence measure is minimized in order to find the parameters @y, o of the
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Parametric Multiplication

Fm:05)| [ Choose FamilyHChoose Divergence Optimize Parameters (1 O1.opt)

h(n;0n) € 9 D (f(n;07)9(n;0,)|h(1;01)) 0

Figure 3.11: Block diagram of parametric multiplication of densities - by choosing a
family of distributions £ and a divergence measure D(-||-), parametric densitics f(n:0f)
and g(7:0y) can be multiplied by optimizing the paramcters of h(n;60p) such that the
divergence D(f(n:;05)g(n: 0g)||h(n; 01)) is minimized.

optimum member A(n; 8, opt) € H. A rigorous mathematical description goes as follows:
Ohopt = argemillD (f(n:05) - g(n; 0,)[|n(n: 01)) . (3.17)
h

where D (+]]-) is the divergence between the actual product f(n;6f) - g(n: 0y) and the
approximated product h(7; 0p).

For the purpose of clarity, the running example from Fig. 3.1 is revisited. In particular,
the density f(m1) = f1(m;0 1).J2(11; @,) should be computed, which is the product of the
Gaussian density from anchor A, fi(n1) = N (n; my,, 0%). and the onc-sided exponential
density from anchor B, fo = £(n1;my,), where £(-;m) denotes the one-sided exponential
distribution with mean m. Observe that the density f (m) is non-Gaussian, but should be
approximated by a mewmber h(ni; mp, O'IQL) of the family $ of Gaussian distributions. In this
particular example, the variational problem can be written as

Ohopt = dl‘gelﬂiHD (fitmimy,.07,) - falmsmg,)|1h(m;64)) - (3.18)
h

Since any wember h(n1) of the family of univariate Gaussian distributions $ has only two
paramcters (mean my, and variance 0}21), the problem can be reformulated

{mh,opmff;%,opt} = argmin D (.fl(m;mh,ffj%l) folmimp)h(pmp.op)) . (3.19)

0—={mn,0}}

It can be shown that the optimum parameters (under the Kullback-Leibler divergence)
Mp.opt and O’i{ opt of a Gaussian distribution are given by the mean and variance of fi(n1; m h

Ja(msmy,, O'J%Q), respectively [Min05]. Mathematically that means:

M opt, = /m.fl(m;mfﬁﬂfrl) - fa(m; my,, 07,), dn, (3.20)

hopt = - 2 f1(ms ) s 7,)d 3.21

Thopt (M1 — Mpopt) fl(m,mfl,afl) fg(nhmfwafg)( 0. (3.21)

Hence a very simple result can be concluded: If any product of densitics is approximated by

a member of the family of Gaussian distributions, the optimum parameters of the Gaussian
distribution are given by the mean and variance of the product of densities which can be

.’O’fl .
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Figure 3.12:  Parametrized multiplication of densitics - the product f(m) =
f1(m:05) fa(m;0y,) of a Gaussian density fi(m:0p) and a one-sided exponential den-
sity fa(m:0y,) is neither Gaussian nor exponentially distributed. In order to obtain a
paramectrized representation. f (m1) is approximated by the optimum member h(n;; 0p opt)
of the Gaussian family of distributions. The paramecters mp ope and a,zwpt arc chosen such
that the KLD between f(n;) and h(n;; 0p) is minimized.

determined, for instance. by means of numerical integration. Fig. 3.12 visualizes the
Gaussian distribution N (n1; mp ops. 0,2,701“) that optimally approximates the density f (m)-

It should be noted, however, that it is generally difficult to determine the optimum set
of parameters if the target density A is non-Gaussian and/or the divergence measure is not
given by the Kullback-Leibler divergence. In the general case, the optimization problem in
(3.17) cannot be solved in a closed form. Often, the resulting optimization problems are
nonlincar and non-convex which makes it difficult to find globally optimum ecstimates 6),.

3.3 Summary

In statistical signal processing, the representations of probability densities play an impor-
tance role. Popular ways of representing densities are the following.

e Discrete representations

1. Discretized representation
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2. Sample-based representation
3. Particle-based representation
e Parametrized representations

Discrete representations capture the characteristics of a density by a finite set of points
and possibly weights. Discretized representations perform a uniform quantization of the
sample space and distributions are represented by deterministically chosen quantization
points and the associated weights. In contrast to the discretized case, sample-based and
particle-based representations employ sets of random samples to capture the properties of
continuous densities. In addition, particle-based descriptions also assign a weight to each
sample. Paraetrized representations describe densities by a finite (typically smnall) set of
paramcters. The most prominent example is the Gaussian distribution whose parameters
are given by its mean and variance.

Essential operations in statistical signal processing are (i) sampling from arbitrary dis-
tributions and (ii) multiplication of arbitrary densitics.
Importance sampling is a sampling technique which allows one to draw samples from a tar-
get, distribution that cannot be sampled directly. In the first step of that process, samples
are drawn from a so-called proposal distribution for which sampling is tractable. Subse-
quently, a weight is associated with every sample in order to account for the mismatch
between the target distribution and the proposal distribution. For numerical stability.
weights are usually normalized as the last step of the procedure. The outcome of impor-
tance sampling is a so-called particle representation which consists of a set of samples and
weights.
Multiplication of arbitrary densities can be facilitated in different ways, depending on the
representations of the distributions to be multiplied. In general, the multiplication of den-
sities is a computationally expensive operation. For instance, multiplying parametrized
distributions requires solving optimization problems in which the optimum set of param-
eters of the product of densities is determined. It can be summarized that particle-based
representations are difficult to multiply, since they often require obtaining kernel density
estimates of the particle representations and employ importance sampling subsequently.



Chapter 4

Variants of Belief Propagation

This chapter revisits different variants of belief propagation which is an algorithm that
is frequently used in Bayesian inference problems. For that reason. Bayesian inference
problems are briefly revisited. Subsequently, factor graphs are introduced as a means of
structuring such inference problems. This chapter is concluded by recapitalizing different,
variants of the belief propagation algorithm for continuous variables. In particular, dis-
cretized, parametric and sainple-based belief propagation are discussed. For the sake of
illustration, the running example from Chapter 3 is extended as follows.

dA—»l : R
S > dp—1
e >
: d :
o PRI B=2, ,o
* 0 d?—!l et P
Na B! B
< o
d1—>2 :

Figure 4.1: Eutended running example - The agents 1 and 2 attempt to localize using the
distance estimates {dAﬂl,dgﬁl dBﬁg} with respect to the anchors A and B, as well as
the cooperative distance estimates {dp,g dgﬁl} Recall that the true positions of anchors
77,4 € {A, B} are known while the true positions of agents 77, j € {1,2} are unknown.
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Runmning Example - Extension

The extended topology is depicted in Fig. 4.1. In the extended running example an
additional agent with location 75 = 7.5 is considered. It is assumed that agent 1
and 2 coopcrate in the sense that they have obtained the noisy cooperative distance
estimates fll_>2 = 2 and ds—1 = 2.5. In addition, agent 2 has obtained a range
estimate dp_,o = 5 with respect to anchor B. The distributions of the ranging
CITOrS €149, €251. and epg_y9 arc assumed to be zero-mean Gaussian with variance
o2 =1 Considering the additional observations, the vector of all measurements
is given by z = [dA_)l,dBﬁl,dBﬁz,czlﬁg,Jgﬁl]T. All assumptions and numerical
values regarding agent 1 from the original running example are also considered in
the extended example. Assuming conditional independent observations, the joint
likelihood f(z|m1, m2, 7%, 15) can be written as follows
—_——

Ay
=n

f(zn) = f(dasim.na) f(dpilm, np)

Ji(m) J2(m)
J(dp2lnz,mp) f(d2—ilm, n2) (4.1)
f3(n2) Fa(nim2)
fldisalm,m) -
—_—
Ja(m )
Hence the joint posterior of the extended problem is given by
Flz) o< f(daalme mi) f(dpoiln, np)
fi(m) fa(m)
d %) f(d .
f(dp—alm, np) f(d2—1lm. n2) (4.2)
f3(12) Fa(nime)
f(d1sa|ne, m2) fo(m) fr(n2).
—_—
Ja(m.m2)

where the prior distribution of agent 1 and 2 are given by fe(n1) = fr(n2) = U(2,7)
and the priors 6(n; — n}),i € A, B of the anchors A and B have been absorbed in
the densities f1, fa, and f3. The goal of the extended problem is to determine the
marginal posterior distributions f(n1]z) and f(n2|z) of the agents based on which
the position estimates 7; and 72 should be obtained like in (3.3).

4.1 Bayesian Inference

In Bayesian inference, parameters such as the position of a node are treated as realizations
of random variables with known prior distributions. Many problems in the field of po-
sitioning like cooperative positioning or multipath-assisted positioning can be formulated
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as multidimensional Bayesian inference problems. Given a set of observations (e.g., dis-
tances and angles) the goal of Bayesian inference is to infer the unknown parameters (like
positions and orientations of agents) based on the statistics of the observations and the
prior information on the paramecters. For a general problem, where the sct of paramcters
n = [771[, ..,'r[}rv]T shall be inferred based on the observations z, the optimum estimate
Thvap in the a posteriori sense is given by

fivap = argmax f(n|z). (4.3)
"

Using Bayes rule, the posterior distribution f(n|z) can be rewritten as

f(z|n)f(n)
J(z)

where [(z|n) is the joint likelihood function and f(z) is the likelihood of observation z. Ob-
serve that f(z) does not depend on 1 and thus, f(z) can be disregarded for maximization.
Hence the optimization problem can be rewritten as

f(nlz) = o< f(z[n)f(n), (4.4)

=

TIMAP = a,rg:’nax f(zn) f(n). (4.5)

Intuitively speaking, the maxiimum a posteriori (MAP) estimate is given by the point 9yap
which is the best explanation of the observations z while taking the prior knowledge on 1
into account.

Often the problem described by (4.5) is difficult to solve numerically if the dimension
of m is large. In many situations, it is morc tractable to determine cstimates 1; on the
lower-dimensional marginal posterior distributions f(n;|z), rather than the joint posterior
distribution f(n|z), i.e.

MimAp — argmax f(n;(z). (4.6)

7

Note that the marginal posteriors f(n;|z) have reduced dimensions, e.g.

dim(n,) = dim(n) — dim([n3, ..., n 5], (4.7)

which makes it easier to obtain marginal MAP estimates rather than joint MAP estimates.
Mathematically, the marginal posterior of m; is determined by integrating the joint
posterior over all variables other than n;, i.e.

fnla) - / / / / Fnla)dn, . dn_ydn, . dy
(18)

/ f(nlz)d~n;,

(1>

where ~1); denotes the set of all parameters except for 7;. Calculating the marginals
as described in (4.8) is referred to as naive marginalization. If the variables m;, Vi of
the joint posterior show some structure (conditional independence), naive marginalization
performs certain calculations repeatedly [Wym07], leading to a waste of computational
resources. The belief propagation algorithm leverages the structure of the variables in
order to determine the marginal posterior distributions in a computationally efficient way,
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i.e. without redoing calculations [Wym07]. In order to reveal the structure of variables,
the concepts of factorizations and factor graphs will be introduced in the next section.

4.2 Factorizations and Factor Graphs

As mentioned in the previous section, densities can be often factorized. For clarity, the
joint posterior distribution f(n|z) of the running example is revisited:

F(nlz) oc fi(m) fa(m) f3(n2) fa(n, m2) f5(m, m2) fo(m) f7(n2). (4.9)

The posterior is given as the product of seven factors; the priors and the densities f;,i =
1,....,5 and the priors fg, fr. Observe that factorizations are not unique, since another
factorization results by simply lnping together the last two factors:

f(mlz) o< fr(m) fa(m) f3(n2) falm.m2) fs (i, m2) f (n1. m2) (4.10)

where f(m,m) = fo(m) fr(n2). Since different factorizations exist, the structure of the
variables can be either hidden or revealed. Generally, it can be noted that the more factors
a factorization has, the more independence among variables is revealed. This can be directly
seen if (4.9) and (4.10) are compared. (4.9) implies that the priors are independent, while
such an observation does not follow from (4.10).

The most general factorization of a density f(n = [n7.... ,n%]T) is given by
M
Fo) =TT fn(Sm). (4.11)
m=1

where S, C {'r]lT,...,nf{/} is the m* variable subset and f,,(-) > 0 is a real-valued

function. The set Sp, is also referred to as the neighborhood of f,;, and summarizes all
nodes that are part of the argument of f,,. For instance, if the joint posterior distribution
of the running example in (4.2) is considered, it can be seen that Sy = {m}, while Sy =
{m,m2}. There exists always a trivial factorization with one factor fi(-) £ f() and
S = {nf.....ay}

Factorizations of densities can be relatively convoluted, especially if the number of vari-
ables is large and many factors exist. As an alternative to the mathematical description,
factorizations can be represented by graphical models, including so-called factor graphs.
Graphical representations are generally easier to comprehend for humans. There is a one-
to-one mapping between factorizations and factor graphs [Wymo07]. For a given factor-
ization, it is generally straightforward to construct the corresponding factor graph. Once
constructed, various propertics of the factorization can be obtained by simply looking at
the graph. For instance, the concept of connectedness can be directly seen from the graph
by a simple inspection of the graph, i.e. if no parts of the graph are isolated, the graph is
connected.

In the literature, mainly two types of factor graphs exist; conventional and normal
(Forney-style) factor graphs [Wym07]. In this thesis, only conventional factor graphs are
considered. The following recipe describes how a factor graph is drawn based on a given
factorization as in (4.11).



4.2. Factorizations and Factor Graphs 55

Construction of Factor Graphs

The construction of factor graphs is illustrated by an example in Fig. 4.2.

1. For every variable m;,i = 1,....N. draw a circle (variable node) with the
corresponding label n;.

2. For cvery factor f,,m = 1,..., M, draw a rectangle (factor node) with the
corresponding label f,.

3. Tor cvery factor fi,, draw |Sy, | edges which connect the factor node fp, with
the respective variable nodes n; € Sy, .

Figure 4.2: Factor graph exzample - the factor graph of the posterior distribution f(n|z) in
(4.9) is depicted. Factor nodes are given by rectangles, while variable nodes arc represented
by circles.

The factor graph of the posterior distribution of the extended running example is de-
picted in Fig. 4.2. It is worth mentioning that factor graphs are in general undirected
graphs, meaning that edges have no direction. In the context of belief propagation. how-
ever, it is often useful to add directions to edges as will be seen in the following section.
It should also be stressed that the factor graph in Fig. 4.2 does not contain the variable
nodes of the anchors A and B, since they arc not random and their positions arc perfectly
known. These variables can be absorbed in the factor nodes to which they are connected.
For instance, A A

Fi(n) = f(dasilm,na)d(ma —ni) = f(da il my). (4.12)



56 Chapter 4. Variants of Beliel Propagation

4.3 Belief Propagation

Motivation:

Often it is desirable to obtain estimates on the joint posterior distribution, but the opti-
mization task in (4.3) may be intractable. Especially. if the dimensionality of the variables
to be estimated is high, the problem in (4.3) is difficult or even impossible to solve. In
order to obtain estimates on the unknown variables (like the positions of agents), the lower-
dimensional marginal posterior distributions are frequently considered, since it is easier to
determines estimates. These marginals could be determined one by once according to (4.8),
but if there are dependencies between the variables, many intermediate calculations are
done repeatedly. Belief propagation is a popular tool which determines all marginal poste-
rior distributions in a computationally efficient way. Based on these marginals, the ultimate
goal can be achieved: Estimating the values of the unknown variables. In the following,
belief propagation (BP) will be described in a brief manner using the running example.

Belief propagation leverages factorizations, i.e. it makes use of the conditional (in)dependencies
of the random variables, allowing for an efficient computation of the marginal posterior
distributions [Wym07]. To obtain the marginal posterior distributions, messages (densi-
ties) are passed along the edges of an underlying factor graph [Wym07]. At factor nodes,
the outgoing messages arc determined using filtering operations of the incoming messages.
while the outgoing messages at variable nodes are determined as the product of the in-
coming messages. In cycle-free graphs, belief propagation computes the exact marginal
posterior distributions, while the marginal posterior distributions are only approximated
in cyclic graphs [Wym07]. Approximate marginal posterior distributions are also called
beliefs. If the factor graph contains cycles, beliefs are computed iteratively until a conver-
gence criterion is met [Wym07]. In general, couvergence is not guaranteed and difficult to
prove in general [YFWO05]. However, several theoretical studies partially justify the appli-
cation of belief propagation to graphs with cycles [JW03, WF01, YEWO05]. In this thesis,
ouly cyclic graphs are counsidered, since the factor graphs of the localization problems in
this thesis are all cyclic.

Belief propagation is a message passing scheme in which messages are passed along the
edges of an underlying factor graph. Generally, belief propagation is initialized at the leaf
nodes of the graph, i.c. at nodes which have only a single edge!. Then, the sequence of
message updates is determined by the so-called message schedule or simply schedule. At
any node in the graph, outgoing messages are updated based on their incoming messages.
Recall that any factor graph consists of two types of nodes; factor and variable nodes.
Thus, two generic operations are performed.

1. Factor nodes: message filtering is performed.

2. Variable nodes: message multiplication is implemented.
For the sake of clarity, the belief propagation algorithm will be revisited in the context of
the extended running example. It is important to note that in localization, the messages
that are computed and passed along the edges of the factor graph have geometrical inter-

pretations. These properties will be highlighted during the course of this section whenever
it is appropriate.

f the factor graph does not contain leaf nodes, factor nodes with uninformative (uniform) priors can
be attached to variable nodes in order to assurc the existence of leaf nodes.
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Initialization:

As can be seen in Fig. 4.2, the factors fi1, fa, f3, f6, and fr are the leaf nodes. Here, the
following messages are sent and visualized in the factor graph in Fig. 4.3. The superscript
(1) denotes the I iteration. Obscrve that all messages during the initialization process

Table 4.1: Messages transmitted during the initialization.

Leaf Node Transmitted Message

f o () = Film) = F(daco b )
f2 Histon, (m) = f2(m) = f(dponlon. )
fa ﬂ}.v;mo(nz) Fs(m) = F(dpalne )
Js u}S}n.<vzl> Jolm) =U(2,7)

f7 Hp s, (2) = J7(n2) = U(2,7)

are either densities that are related to anchors who have perfect knowledge regarding their
own position or prior information of the positions of agents. For instance, the message

M(f{)—ml = j(d A—1|m. 1) provides information on the position of agent 1 based on the

known position 77 of the anchor and the observed distance d 4—1- 1ts essential information
is that the position of agent 1 is somewhere around the position of anchor A with the
distance (2_4ﬁ1. In this context, 'somewhere’ accounts for the uncertainty of the observed
distance d A1 which is encoded by the ranging error model, i.e. the observed distance d As1
contains a ranging error with a certain distribution. Subsequently, message multiplication
is performed.

Iterative Message Update
It can be seen from Fig. 4.2 that the factor graph contains cycles (e.g., m — f5 — 2 —

Figure 4.3: Transmitted messages during the initialization process - leaf nodes and trans-
mitted messages (see also Tab. 4.1) are marked in red.
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Ja — m). Hence the exact marginals cannot be determined using belief propagation, but
rather approximate marginals are determined in an iterative fashion. Every iteration con-
sists of message multiplication at all variable nodes and subsequent message filtering at
all factor nodes. This procedure is repcated Ngp times. In the context of the running
example, the variable nodes 71 and 72 determine the outgoing messages in the I* itera-
tion as the product of the incoming messages (message multiplication). Message flow is
indicated by black arrows in Fig. 4.2. For clarification, the incoming messages and the
outgoing message are highlighted in the factor graph in Fig. 4.4. Observe that directed

messages are assumed, so that the variable node 1 computes only a single outgoing mes-
O]

m—fs
localization and was originally introduced in [WLWO09] as a means to reduce the amount

of intrinsic information passed along the edges of the graph. The outgoing message of n;
is given by

sage (m) to the factor node f5. The directionality is a peculiarity of cooperative

Figure 4.4: Message multiplication in the variable node ny - incoming messages arc marked
in red. while the outgoing message is marked in magenta.

u,,ﬁ m) = IT fﬁ,,l (m), (4.13)
JES 1

where S_,1 = {1.2,4,5,6}. Note that if no message has been received on an edge (here:
(1-1)

the message Fiosm

assumed.
It is worthwhile to spare a thought on the interpretation of the outgoing message

(m1) is missing), a uniform distribution over the entire sample space is

,uE]ZI) fs (m) in (4.13). The outgoing message is computed based on the product of all

%7_713“(771)&]‘ € 8_,1. Each of the incoming messages u%;lfll(m) can

be seen as the opinion of a distinct expert on the position of agent 1. For instance,
“5‘11—13;1 (m1) is the opinion of anchor A regarding 1 based on the observed distance dasr.
Since the product of all incoming messages is taken in (4.13), the information from all
experts is combined, considering their uncertainty.

incoming messages [
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After the outgoing messages from the variable nodes 1y and 72 are determined, message
filtering is performed at the factor nodes fy and f5 (see Fig. 4.5), e.g.,

) [ o)t = [ b)) mam.  (2.14)

where “5;11) s (m1) is computed according to (4.13). Tt is, again, worthwhile to consider the
interpretation of this operation. Intuitively, the operation in (4.14) generates an expert
opinion in the previously elaborated sense. The message ﬂﬁf? s (n2) contains information
on the position of agent 2 considering the observed distance estimate dy—2 as well as the
position uncertainty of agent 1 which is encoded by the incoming message ,uf]ll) N fa(m)‘

In the extreme case that agent 1 has virtually no uncertainty, H'E]ll) N f.(ﬂl) ~ d(m —ny)

and hence the integral in (4.14) is approximately given by ;L(? —”72(772) ~ f (d}ﬁgmi‘,nr_)).

Now assume that agent 1 has more position uncertainty in the sense that two positions
171 and 7] are possible with equal likelihood. Then, the outgoing message would be
uﬁé)ﬁn_z(ng) ~ 1/2f((i1ﬁg|n}t, ) + 1/2f(d1-2|n;,m2). Extending this idea by adding more
and more candidate positions regarding ;. the solution to the integral in (4.14) is obtained.
Note, though. that the likelihood of all candidate solutions 7y is generally not equal, but it
is quantified by ,uf}ll) ﬁf‘;(m)‘ Irrespective of the actual uncertainty on the position of agent

1, the outgoing message ,u%) —)I/z(n2) to agent 2 can always be interpreted as the expert

opinion of node 1 on the position of agent 2 by taking the observed distance di_ into
consideration. However. the information on the position of agent 2 that is carried by the
opinion of the expert depends on how well the position of agent 1 is known.

0]
ﬂfb‘”b

Figure 4.5: Message filtering in the factor node fs - the incoming message is marked in
red, while the outgoing message is marked in magenta.
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The I'" iteration is concluded by computing the beliefs. Assuming the directionality
described above, the belief in the I*! iteration is given by

I I
oy m) = T ;tffj)_,,,, (m). (4.15)
JES1

In a general setting with non-directive edges, the belief is defined as the product of all
incoming messages
i l
oy () < [ ), ). (4.16)

JES 1

Remark: Note that, in general, the integral in (4.14) cannot be solved in a closed form.
To perform belief propagation for continuous random variables, the filtering and multi-
plication operation must be adjusted such that (i) the integrals appearing in the filtering
process in (4.14) and (ii) the products of densities as in (4.13) and (4.15) can be solved
with reasonable computational effort. In the following, three variants of belief propagation
will be discussed; discretized, parametrized, and sample-based belief propagation. These
variants approximate all densities in belief propagation by discretized, parametrized, and
particle-based representations, respectively. In the following subsections, the adjustments
to the filtering and multiplication operation are presented if the densities are represented
in the aforementioned ways. For clarity of the explanation, the densities in (4.13) and
(4.14) arc considered.

4.3.1 Discretized Belief Propagation

In this variant of belief propagation, all messages are discretized using Ng quantization
points as described in Section (3.1.1.1). The quantization points are chosen such that they
are identical for all messages, i.e. H = {n(l)q cees n(Ns)}. In a practical implementation,
these points must be known to all agents in the network (here: agent 1 and 2). Instead
of the continuous messages (densities), only the weights of the quantization points of the

messages are passed along the edges of the factor graph.

Message Multiplication

The multiplication of messages becomes a trivial operation, since only the weights of the
respective messages are directly multiplied. The procedure is visualized in the context
of the extended running example and it is depicted in Fig. 4.6. Mathematically, the
unnormalized weights f,ﬂ’:fl,s ,Vk of the product of messages are given by

R{CH) (I-1) _ (k)Y (kl-1)
Tl = 11 5o =" = 11 s (4.17)
JES 1 JES 1

(ki—1)
where fﬂf,—»m
Consequently, the message to any factor node is given by a set of weights and the quan-
tization points. An illustration is depicted in Fig. 4.6. Recall the discussion on the
interpretation of the messages from the previous section. It was argued that every incom-
ing message /‘(f[jr);.
ST
agent 1. The uncertainties of the experts are given by the shapes and the spreads of the

(

,Vk are the normalized weights of the incoming message fngh (m = n(k)).

(m) can be seen as an opinion of different experts ou the position of
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(k,0)

Ji

m

(k.1)

7

Figure 4.6: Discretized message multiplication - the message uf;)_} 7 from variable node

m to factor node f5 in the first iteration using discretized belief propagation is depicted.

densities in the respective iterations. An example is depicted in Fig. 4.6. Combining the
opinions of all experts by multiplication yields the belief on the position of agent 1.
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(k1)

fl—lm —f5

n®)

]

(k)

f(CZI%ﬂU

2
integration (32)

P ———
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(k,1)
Hfs—ny

g

2

(1)
> . e O Joma C
variable node 73 in the first iteration using discretized belief propagation is shown.

Figure 4.7: Discretized message filtering - the message p from factor node f5 to the

Message Filtering

Since the incoming message is given by a set of weights and quantization points, the
integral in (4.14) can be solved by means of numerical integration such as the rectangle
or trapezoidal rule of integration [DRO7]. An illustration in the context of the extended
running example is depicted in Fig. 4.7. Using the rectangle rule, the integral in (4.14)

simplifies to
N

! 5 k.l
i) = A0S fldialm = 1®)m) i) (4.18)
k=1

where An is the Euclidean distance between two quantization points and fftk,lli 5= ~,§kllll e j f,(fllll .
0

fs—m

The unnormalized weights corresponding to u (m2) are obtained by evaluating (4.18)
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in the quantization points ny = n®, vk, i.c.

N
bt = i = 1) = 80D il il (019)
k=1

Observe that, in principle, the quantization points n(k) € H of m1 and 12 can be chosen
differently. However, for simplicity, it is assumed that they are identical.

Recalling the discussion on the interpretation of filtered messages and considering Fig.
4.18, it can be seen how integrating over all possible positions of 7 yields the message
which is the expert opinion of agent 1 on the position of agent 2.

It is worthwhile to mention that the complexity of discretized belief propagation is dom-
inated by the filtering operation in (4.19). This operation scales linearly with the number
of quantization points and exponential with the dimension of the random variables to be
integrated, i.c. O(N), where d is the dimension of the random variable. In this 1D
positioning example, d = 1. However, for two-dimensional (2D) and three-dimensional
(3D) positioning, message filtering has cubic O(N?) and polynomial complexity O(N#),
respectively. It can be summarized that, in discretized belief propagation, message multi-
plication is straightforward, while message filtering shows prohibitive complexity for 2D or
3D positioning applications.

4.3.2 Parametrized Belief Propagation

In parametrized belief propagation (PBT), messages and beliefs arc approximated by mem-
bers of the family of parametrized distributions such as Gaussian distributions. The goal is
to obtain a more compact representation when compared to the discretized approach. The
representation is more compact, because parametrized densities can generally be repre-
sented by small sets of parameters. Moreover, parametrized belief propagation also tackles
the problem of computational complexity by making the computations in belief propa-
gation more tractable. On the other hand, many messages in belief propagation cannot
be described arbitrarily closely by such simple distributions like the Gaussian distribution
and approximation errors cannot be avoided. Hence the estimation performance is often
degraded compared to exact message computation.

Most of the required clements of parametrized message computation have already been
discussed in Section 3.2.2.3. The general approach of parametrized belief propagation is
to determine the optimum sets of parameters for every message such that all true (exact)
messages are approximated as closely as possible. In order to pursue this strategy. two
decisions must be taken:

1. The family $ of distributions must be chosen.

2. The divergence measure between the true (exact) message p and the approximated
message [; must be chosen.

Both decisions must be taken in a way that the resulting optimization problems become
tractable while the approximation errors are kept relatively small. Message approximation
of most parametrized belief propagation schemes can be expressed by the following unifying
approach.
f = argmin D(u||h), (4.20)
hes
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Figure 4.8: Parametrized message multiplication - the exact message ,ugllg ’ (m1) (solid
magenta line) from variable node 7 to factor node f5 in the first iteration is approximated
by a Gaussian deusity ,&5}11)H fs(m) (dashed green line) whose parameters are optimally (in
the sense of the minimum Kullback-Leibler divergence) chosen. It can be observed that the
approximating distribution ,&,(711)_) 1, (1) does not represent the exact distribution u;?_) #(m)
closely, since, e.g., it assigns probability mass in regions where the true distribution does
not have any mass.

where $) and D(:||-) are the chosen family of distributions and divergence measure, re-
spectively. Prominent examples from the literature choose the Kullback-Leibler divergence
Dkr(p]lh) as a mecasure of dissimilarity of the distributions g and h [Min05, VWS12,
MSW13]. The family $§) of distributions must be chosen such that the properties (like the
shape or number of modes) of the exact messages can be well represented. This is gener-
ally a hard task, since the shape of the exact messages depends strongly on the problem
at hand. Hence the family of distributions is often tailored to individual problems and not
applicable to other cases.

In the following, the two major operations in belief propagation are discussed when
paramectrized message approximation is applicd. For that purposc. the running example
is considered again and, for simplicity, it is assumed that all messages are approximated
by members of the Gaussian family of distributions. In that case, all messages can simply
be represented by their means and variances. Note that, in general, Gaussian distribu-
tions are not appropriate for general applications and more complex densities are required
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which make the optimization problems more difficult than those described in the following.

Message Multiplication

For consistency, the product of messages from (4.13) is considered. An illustration of the
parametric multiplication procedure is depicted in Fig. 4.8. Note that if the Kullback-
Leibler divergence Dkr,(+]|-) is used and the Gaussian family of distributions is considered,

the optimum parameters mgl) s and (Jf]ll) N f5)2 arc simply given by the mean and variance
of the product of messages, 1.c.
! ' -1
mih)ﬁfs :/ n - H ‘ugc]ﬁgh(m)dm, (4.21)
JES
l l -1
(O-T(’I>—)f5)2 :/(771 — mE]‘>—>,f;,)2 . H lth¢—>3/|(771)(l171' (4.22)

JES1

Observe that the general optimization problem in (4.20) breaks down to solving the two
integrals in (4.21) and (4.22), respectively. Ounly in very few special cases, closed-form
solutions of the integrals exist. Generally, numerical integration is required.

Filtered message

v

(1)
My, 72

Figure 4.9: Parametrized message filtering - the exact message u?ﬁgm (n2) (solid magenta

line) and the approximated message [L;igHQ(nz) (dashed green line) from factor node f5

to the variable node 7z in the first iteration arc depicted. It can be observed that the
approximation error is relatively small when the exact distribution has a shape that can be
well represented by a member of the chosen family $ of distributions.

Message Filtering
(O]

Recall the filtering operation in (4.14). The exact filtered message p Ja—

(m2) is given by
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the integral over the product of the incoming message ,ugl) i fs(m) and the function of the
factor node f5(n1,n2) = f(czl_,gml7 72). Suppose that, similar as in message multiplication,
the filtered message 1’ - (m2) is approximated by a member of the Gaussian family of
distributions and the Kullback-Leibler divergence is chosen as divergence measure. In that
case, the parameters of the approximated filtered message are given by

m;?_m? :/7]2 . /f(dlﬁgml,ng) 'Mi,ll)_,fS(Tll)dUld’]?: (4.23)
! l 5 !
o) = o=l 7 [ St 1l . 20

An illustration in the context of the extended running example is depicted in Fig. 4.9.
Note that the messages in Fig. 4.8 and 4.9 have the same interpretation as discussed in
the previous subsection.

4.3.3 Sample-based Belief Propagation

In contrast to discretized and parametrized belief propagation, all messages in sample-
based belief propagation (SBP) are represented by particle representations. The goal of
the particle representations is to describe the exact messages as accurately as possible
with a finite number of particles. As discussed in Scction 3.1.3. the messages in SBP
are relatively comprehensive compared to parametrized messages. Yet, they are generally
more compact than messages in discretized belief propagation. Recall that a particle
representation consists of a set of samples with associated weights, where the samples are
drawn from a proposal distribution. As discussed in Section 3.2.1.1, the choice of the
proposal distribution has a crucial impact on how well a distribution can be approximated.
This aspect will be stressed throughout the entire section as a motivation for the method
that will be presented in the next chapter.

In contrast to discretized belief propagation, where message multiplication is a com-
putationally simple operation, the multiplication of messages in SBP can embody the
computational bottleneck of this approach. On the other hand, message filtering becomes
lightweight in terms of computations. Both operations (message multiplications and filter-
ing) will be described in the following paragraphs.

Message Multiplication

Since all messages in SBP are given as particle representation, straightforward multiplica-
tion is not possible, as discussed in Section 3.2.2.2. For consistency. the running example
is considered. Here, the product in (4.13) can be written as the product of particle repre-
sentations Ry 4(+), i.e.

“'iz?efs (m) =[] Rw. (u?:,)h (m)) : (4.25)

(768—>1

(1)

fi—=m

To enable multiplication, continuous kernel deunsity estimates f (m) of the discrete
particle-based messages Ry (;L(fl___)lr)“(m)) are obtained. In this thesis only Gaussian
JI

kernels are considered. If Gaussian kernels are used, all continuous kernel density estiinates
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(-1

[ o (m) arc Gaussian mixture densitics (short: Gaussian miztures) with Ny components.
Note that the product of |S_,1| Gaussian mixtures with Ny components is again a Gaussian
mixture. However, the number of components increases exponentially with the number
of messages, i.e. O(Nél's_‘ll) which makes exact multiplication intractable. In order to
circumvent the issue of prohibitive complexity, importance sampling is used, as described
in Section 3.2.1.1. In particular, the exact product of Gaussian mixtures Hj €S ,[Lgclj;lgh (m)
O]

m—fs
from the proposal distribution ¢ (71). An illustration of this process is depicted in Fig.
4.10. In particular, multiplication of particle representations requires the followings steps.

is approximated by a particle representation Ry, (p (171)), whose samples are drawn

(k1)

W . a2
1. Draw Ny samples LI

from a suitable proposal distribution ¢ (7).

. ) . _ (k) .

2. Determine the unnormalized weight 1w,,”, - of every sample based ou the kernel
density estimates (KDEs) of the incoming messages and the proposal distribution.

(k1)

3. Normalize all weights wy,, ", ., Vk.

The second and third steps are elaborated in more detail in the following. After Ny samples

nikl‘fy) | are drawn, the weights of the particles have to be determined. In particular, the
oy £
It

ratio of the product of the kernel density estimates of the messages H} es, 1 f;;lT)Il (m) and
(k1)

the proposal distribution q1(n;) is evaluated in every sample nlk;l, e ie.
sy =5

~(1-1) (k,0)
wf]‘*” [jes. g 01, )
"= k. :
o a(E) )

(4.26)
m—fs
Note that the complexity of adjusting the weights scales with O(|S_1|N2) which makes

SBP a complex algorithm if Ny is large. The unnormalized weights are then normalized as
follows:

aED

(k1) [ I35 A

oy fs jlﬁl . (427)

E (70
J u’llmﬂfs
Finally the particle representation of the product of messages is given by
0 X
RJ\/’S (:urmﬁfs (771)) = {w/l'n’l_)f-) ) 771,/;7“_”5 }kzl (428)

Note that the particle representation of the product of messages is often resampled as
described in Section 3.2.1.2 in order to focus on the relevant particles.

Remark: Tt is worthwhile to recall that the proposal distribution ¢ (1) should be cho-

(1)
JjeS 1 'ufjﬂ'r/l
way, most particles will have a significant weight and only a small number of particles
is sufficient in order to represent the product of messages accurately. Unfortunately, the

product []; s il

sen such that it resembles the product of messages [] (m) closely. In that

-1 - .
) _”>]| (m1) cannot be known before it is actually computed, which makes
J

2Note that an for an unambiguous notation, samples require subscripts to indicate from which message
they originate.
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Figure 4.10: Sample-based message multiplication - the product of the incoming messages,
which are given as particle representations, is determined by applying importance sampling
to the product of kernel density estimates /15‘2)—% (m), V3. First, Ny samples nii‘;ﬁ I (green
asterisk) are drawn from the proposal distribution g¢q(n1) (distribution ¢i(n1) not shown).
The corresponding weights wL’fI’lll 1, are determined subsequently by evaluating the quotient

in (4.26) and normalizing afterwards.

the choice of qi(m) a chicken or the egg problem. In Section 5.4, a method called polygon
outer-approzimation (POA) is presented that allows for rigorous choices of the proposal
distributions by confining the sets of possible locations of agents to subsets of the entire

sample space.

Message Filtering
In contrast to discretized belief propagation, the filtering operation that is performed at
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Figure 4.11: Sample based message filtering - the outgoing particle representation

RN, (,u}ls)_mz(m)) = {wy fjlmv ngk‘éz%m} Ns s determined based on the incoming particle
representation Ry, (:“571 s (7]1)) = {'w,(j: ,Qf,, ]ikﬂlr/i—)f i\f_s and the density f(dy_s2|n1, 72).

In this context, all samples vl(k D o ,Vk of the incoming message are first shifted by the dis-
; (k1)

tance estimate dlﬂg (middle). Then, a random noise term e is added to each sample

Hf5—no
which is distributed according to the measurement noise (bottom). The weights of the out-
. . . . . . (k1) (k1)
going message are given by the weights of the incoming message, i.e. Wiy Sy = Wy Sy - In

other words, the particles in the graph at the bottom are obtained by shifting the particles
in the graph in the middle randomly according to eftkf;llnz.

factor nodes can be simple if the incoming and outgoing messages are given as particle
representations. In particular, the message in (4.14) can be rewritten as follows if the

)

s fs (m1) is given by the particle representation Ry, ( 0 (771)) =

o
incoming mesmge I By £

{ ()] }
Hay— 150 l;l.nlﬂfs k=1°

Nf)_mg 12) /f . 1e) - Zwumafﬁ(n ] ;1,1)14./5)(1771

(kD) (k1) (4.29)
= Zwu,“_.f, f(dlﬂ |771 My 15 2 1M2),

f(hu

J12)

m—fs’
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where §(-) is the Dirac impulse. In that case, a particle representation Ry, <u§? . (772))
(k1)

A L =550

9411, 1S drawn from the density f (d1ﬁ2|nﬁ’j}) P n2) and the weight is directly
sH f5—ng sHny—f5

. . k|l 3 k|l k|l k.l
copied, i.e. né«,ﬂl?s*mg ~ f(d1—>2|77£,tw)ﬁf5; 72) and w;(uglm = wl(fmlf;‘
This procedure is visualized in the context of the running example in Fig. 4.11. Here,
sampling from f (dl_,2|r]§kﬂlv) = 72) simplifies to shifting the incoming sample T)ﬁﬁ . 3
T gy
Cilﬁ? + egj;llw, where eﬁj’_flm is a random sample which is distributed according to the

(k1)

. . k
measurement noise. Hence an outgoing sample 7, l’“ .
§] 512

of the outgoing message can be obtained by direct sampling, i.e., for every sample 7

(k.0)

a sample 7.

by

is given by

(k) (kD)

_ 7 (k1) i
772,;;/5%"2 - 771,,MH,5 + d1—>2 + €y, (430)

—ng?

(k:0)

where ;" s distributed according to the measurement error of di—a. Loosely speaking,

an incoming sample is shifted by the observed distance estimate dio plus a random error
term eﬂi‘flm that simulates the measurement noise.

Remark: Tt is worth noting that there are also other variants of sample-based belief
propagation than the one that was presented in this subsection. The presented variant
performs well (in terms of the estimation accuracy) if no prior information regarding the
estimation parameters is available. In the presence of prior information, an alternative
variant of sample-based belicf propagation can be employed to perform inference. This
variant will be explained in Section 7.3.3.2.

4.4 Summary

In Bayesian inference, the goal is to determine an estimate of a set, of parameters from a
collection of observations (measurements) based on the stochastic models of the observa-
tions and the prior information on the parameters. If the set of parameters is large, the
joint posterior distribution is high-dimensional which makes it difficult to obtain optimum
estimates (e.g., MMSE or MAP). Thus, the lower-dimensional marginal posteriors are of-
ten considered in order to estimate the parameters. A popular method of determining
the marginal posteriors in a computationally cfficient way is belief propagation which is a
message passing algorithm. In belief propagation, messages are passed along the edges of
an underlying factor graph. Messages are updated using two main operations; message fil-
tering and message multiplication. Performing these operations for continuous parameters
is often difficult. since they involve solving integrals that do not have closed-form solutions.
In order to deal with these integrals, different variants of belief propagation have been dis-
cussed. Particularly, discretized, parametrized, and sample-based belief propagation have
been considered. Note that this list is by no mean exhaustive.

Discretized belief propagation determines quantized versions of the exact messages. If the
nuwmber of quantization points is large, the marginal posteriors are estimated accurately.
However, discretized belief propagation suffers from a high complexity and is only suited
for small estimation problems.

3Note that generally a sample is shifted by +di_,» +e§‘];flv2, since agent 2 could be left or right of agent

1. For simplicity, it was assumed earlier that nodes know whether they are left or right of each other.
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In parametrized belief propagation, all messages are approximated by members from a
chosen family of distributions (like the family of Gaussian distributions). A message is
determined by solving the optimization problem which finds the best set of parameters
such that the divergence between the true and approximated messages is minimized. The
divergence is typically measured by the Kullback-Leibler divergence, but generally any
divergence measure (e.g., the Hellinger distance) can be chosen. Parametrized belief prop-
agation suffers from the fact that solving the optimization problems is only tractable for a
relatively small number of families and divergence measures. Due to these restrictions, the
approximated messages can deviate significantly from the exact messages which, in turn,
degrades the estimation accuracy.

Messages in sample-based belief propagation are given by particle representations, i.e. sam-
ples with associated weights. A particle can be interpreted as a hypothesis of a parameter
value whose probability is given by the weight. Drawing these samples is usually difficult,
because it is not known a priori where a message will have significant probability mass.
Hence many samples need to be drawn in order to assure that some of the samples reside
in the important regions of the sample space. The challenge of sampling will be addressed
in Scction 5.4.
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Chapter 5

Cooperative Positioning

In most radio systems with localization capabilities such as global navigation satellite sys-
tems (GNSSs), current Long Term Evolution (LTE) systems or wireless fidelity (WiFi)
systems, self-localization! of agents is based on the reception of radio signals from a set
of anchor nodes with known locations. Cooperative (sometimes also called collaborative)
localization[PAK ™05, WLWO09, ZB11], however, also leverages direct inter-agent commu-
nications to support localization. The main idea of cooperative localization is that agents
help each other determining their positions. In that way, cooperative localization can pro-
vide improvements both in terms of coverage (agents at the edge of the coverage area can
act as anchors) and accuracy (inter-agent communications increase the number of available
measurcments) compared to non-cooperative systems [BWVI1S].

Despite the potential advantages of cooperative localization approaches, implementa-
tions of cooperative approaches are not yet adopted by state-of-the-art communication
or localization systems. In fact, not one of the aforementioned systems has implemented
cooperative localization strategies, despite the fact that some systems already provide the
capabilities for cooperation. LTE is a good example. Since LTE release 14, device-to-device
(D2D) communication modes are included in the standard which allow for a straightfor-
ward implementation of cooperative localization schemes. Although many theoretical stud-
ies have proven the power of cooperative approaches, only very few practical deployments
exist. One of the most compelling reasons is that many cooperative localization algorithins
still suffer from exhaustive complexity burdens. This is especially true in scenarios with
very sparse infrastructure, since the position uncertainties of agents are particularly high
and powerful algorithms are necessary to account for those uncertainties. A major goal of
the work in this thesis is to develop cooperative localization methods that explicitly tackle
the complexity issue of state-of-the-art cooperative localization algorithms.

This chapter starts with a brief background on cooperative localization schemes within
which a variety of existing approaches will be discussed and open challenges will be iden-
tified. This discussion is followed by the specification of the system model that will be
considered throughout the chapter. Section 5.3 will present a running example, in which
an exemplary cooperative network is studied. The running exaiple will be used to explain
sample-based belief propagation for cooperative localization to point out the difficultics of
cooperative localization and to visualize the proposed localization method. It will also be
used throughout all sections of this chapter to explain complicated problems. In Section
5.4, the cornerstone of the proposed cooperative localization approach will be presented.

!The term self-localization refers to the problem of agents attempting to determine their own positions.
For brevity, henceforth the terms positioning and localization will be used in place of self-positioning.
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This section deals with an essential problem in cooperative localization: Where to search
for the positions of agents?. As one of the main contributions of the thesis, a novel coop-
erative algorithm named polygon outer-approximation (POA) will be presented. POA is a
distributed and low-complexity algorithm which constrains the locations of agents to con-
vex polygons. With these constraints, cooperative localization is revisited and reformulated
as a constrained inference problem. The polygonal constraints help reducing the notori-
ously high computational burden of statc-of-the-art cooperative localization algorithms.
A combination of POA and sample-based belief propagation — a two-phase localization
approach — will be presented in Section 5.5. Finally, an exhaustive numerical analysis of
the proposed method will be conducted in Section 5.6 and conclusions will be drawn in
Section 5.7.

5.1 Introduction

Cooperative localization is a problem that has been gaining considerable attention for
already more than one decade. The benefits of collaboration among agents have been in-
vestigated both theoretically and algorithiically. Most theoretical studies are based on
the analysis of the Fisher information associated with the corresponding cooperative local-
ization problem. In this domain, different aspects are investigated such as the fundamental
nature of cooperation and the scaling with the network size [SWW10, GGM11], power allo-
cation [DSW15, DSW18]. anchor placement [JRO6], and neighbor selection [DW12]. Such
insights are helpful as they often reveal guidelines on how to deploy cooperative networks
with exceptional localization capabilities. Even beyond the scope of network design, the
fundamental insights from the Fisher information analyses usually assist the development
of algorithms. As a consequence, many different algorithms have been presented over the
last decade. These algorithms can be broadly classified according to the following metrics:
Algorithis are usually distinguished by their type of signal processing. For instance, the
naturc of signal processing can be deterministic or stochastic. Alternative classifications
such as centralized versus distributed processing? can be considered. Classifications accord-
ing to the measurement types are also possible. For example, range-based versus range-free
algorithms can be differentiated. In this thesis, range-based and distributed algorithms are
considered and the discussed approaches will be distinguished according to their nature of
signal processing. i.e. deterministic or stochastic.

5.1.1 State of the Art

The class of deterministic approaches encloses algorithms such as (weighted) least squares
[GCWO07, SRL02, NJSW15, WCMT11], geometric approaches [GWSR11la, GWSR11b,
GWG13], multi-hop methods [NNO1, NN0O3b, Nic04], and many others. Deterministic ap-
proaches often struggle to account for the uncertainties regarding the positions of agents.
Hence they perform poorly in scenarios with sparse infrastructure, where the position un-
certainties are high. Stochastic approaches inherently take the position uncertainties of
agents into consideration. Almost all stochastic inference-based approaches can be traced

2In distributed processing, agents perform local computations of measurements and share the results
with their neighbors, while centralized approaches gather all measurements at a central computation entity
that processes the entire data and disseminates the results afterwards.
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back to some variants of message passing (belief propagation) algorithms. In the con-
text of localization, messages are probability densities regarding the positions of agents.
This fact ensures that the uncertainties of the positions of agents are accounted for since
probability distributions may have multiple modes (corresponding to multiple possible
positions) and each mode can accommodate a certain spread of the probability mass (cor-
responding to a confidence level regarding the possible position). In contrast to many
other algorithms, message passing-based algorithms often attain the fundamental limits
of cooperative localization[SW10a, SWW10]. The range of stochastic algorithms that is
considered in this thesis is restricted to the class of belief propagation-based approaches
due to their superior localization capabilities in the context of sparse infrastructure.

Existing belief propagation-hased approaches can be broadly classified in the set of (i)
parametric [LFST12, EMH 17, EBHS13, VWS12, LIWWK14, YWE™16]. (ii) sample-based
[SIFW03, IFMWO05, STTT10. SZ13, SZ09, LWGT18], and (iii) hybrid® [MHW13, ZCW*17]
approaches. In parametric belief propagation, the true beliefs and messages are approx-
imated by parametrized distributions as outlined in Section 4.3.2. The parameters are
determined by minimizing some divergence metric between the true belief or message and
the approximating distribution. The main drawback of PBI is that the paramcter de-
termination is only feasible for certain families of distributions [Min01]. Hence complex
distributions cannot be represented arbitrarily closely since the class of applicable distri-
butions is relatively small. In [LFST12], the approximating distributions are members of
the exponential family and the Kullback-Leibler divergence is minimized to determine the
parameters. In contrast to [LFST12], [VWS12, EMHT17, EBHS13, LWWK14, YWE'16]
consider ouly a subset of the exponential family of distributions: Gaussian distributions.
In particular, the beliefs are approximated by Gaussian distributions which inherently im-
ply unimodality of the beliefs (meaning a single possible location). Unimodality cannot
be assuied for networks with sparse infrastructure, unless informative prior information
regarding the positions of the agents is available. In most practical scenarios, however, no
prior information is available which renders the approaches in [VWS12, EMH 17, EBHS13,
LWWK14, YWE™16] infeasible for the problem considered in this thesis.

In sample-based belief propagation, particle representations (sets of samples with associ-
ated weights) are used to approximate the true beliefs and messages as described in Section
4.3.3. The samples are drawn from so-called proposal distributions [SIFW03, IFMWO05,
SITT10, SZ13, SZ09, LWG™T18]. In [SIFWO03, SITT10], every agent considers an arbitrary
incoming message as its proposal distribution. Since all messages are already given by sets
of samples and weights, the samples are readily available and do not have to be drawn
explicitly (a more detailed explanation will be provided in Section 5.3.2). Other proposal
distributions are presented in [SZ13, SZ09]. [SZ13] proposes mixture importance sampling
with reference particles. In this approach. the samples are not taken from a single incoming
message but from all incoming messages. To enhance robustness, a certain percentage of
the samples is sprinkled uniformly over the considered arca. Auxiliary sampling, where
the proposal distribution is augmented with an auxiliary variable, was also proposed in
[SZ13]. The auxiliary variable takes information from anchors into account, resulting in
samples that are concentrated in the areas close to the true locations of nodes. However,
this approach requires a high anchor density. Boxed importance sampling is presented in
[SZ09], where the supports of the proposal distributions are constrained heuristically by
rectangles and samples are drawn within these rectangles. A region-sampling approach is

3Hybrid approaches employ tools from both the parametric and the nonparametric domain.
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proposed in [LWG 18], where samples are drawn from regions that are close to the true lo-
cations of nodes. In order to determine these regions, however, the approach requires prior
knowledge on the positions of the agents and a map of the environment. Both prior and
map information arc generally not available to the agents which restricts the applicability
of the approach in [LWG 18] to relatively special cases.

Hybrid belief propagation approaches employ both particle representations and para-
metrized distributions to represent the true distributions which occur in belief propagation.
Beliefs are represented by particles in [MHW13], while other messages are approximated
by parametrized distributions. A similar approach is chosen in [ZCWT17]. Messages are
represented by members of the exponential family, while beliefs are computed based on
particle representations.

In summary, the belief propagation approaches in the literature suffer from either (i)
high complexity and/or (ii) restricted applicability, since many assmmptions are not nec-
essarily satisfied in practical scenarios. The exhaustive computational burden of SBP
approaches originates from the fact that the necessary number of samples can be pro-
hibitively high. PBP approaches, on the other hand, usually have relaxed computational
requircments but they generally demand prior knowledge on the positions of agents which
is often unavailable in practice. Thus, both SBP and PBP can benefit substantially from
a method which provides constraints on the search space of possible positions of agents.
Such constraints can be interpreted as generated prior information which would render
both SBP and PBP more practical from the computational perspective.

5.1.2 Contribution

Despite the effort of previous works, cooperative positioning in scenarios with sparse in-
frastructure remains to be a hard problem from the computational perspective. Especially
for low-cost devices, state-of-the-art cooperative positioning algorithms often turn out to
be computationally intractable. The essential finding in this chapter is that constraints
on the positions of agents can be leveraged in order to relax the computational burden of
cooperative positioning. To that end, a two-phase approach is proposed:

1. First, a low-complexity and distributed algorithm called POA is employed to deter-
mine sets of polygonal constraints {p;|A;p; < b;} on the positions of all agents
based on the distance estimates d,-_,XAVj,i € S.,jxros of non-line-of-sight (NLOS)
and obstructed-linc-of-sight (OLOS)* links?.

2. Secondly. these constraints are used to determine proposal distributions ¢;(p;),
with concentrated probability mass in the vicinity of the truc locations of agents.
These proposal distributions are harnessed in order to ease the inference problem
that is considered for cooperatively estimating the positions of the agents.

AIn this thesis, the linc-of-sight (LOS) condition means that only the direct path exists but no indirect
multipath components are present. NLOS refers to the channel condition, where the direct LOS path
exists and multiple indirect propagation paths are present as well. The NLOS condition can also include
the case, where the LOS path is visibly blocked but the radio wave penetrates a LOS-blocking obstacle.
OLOS describes channel conditions where multiple propagation paths are present, but the LOS path is
absent (obstructed).

5To avoid notational clutter, the term OLOS is not mentioned in the subscripts of variables that refer
to NLOS and OLOS links.
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Two-phasc Position Estimation
First Phase Second Phase

Polygon Outer- Proposal ¢j |Sample-based 1]
approximation Distribution Belief Propagation

diﬁj I
i€ S_,j

{pj|A;p; < b}

disj
i€ S NLOY

Figure 5.1: Block diagram of the proposed two-phase position estimation approach - dis-
tance estimates dAi_,]-, i € S_yjNLos from NLOS and OLOS links are used to constrain the po-
sitions pj, V5 of agents via polygon outer-approximation. These constraints {p;|A;p; < b;}
restrict the proposal distributions g;, V5 used by sample-based belief propagation.

Fig. 5.1 depicts the high-level overview of the proposed two-phase approach. In the
first phase, the distributed and cooperative POA algorithm derives sets of constraints
{pjlA;p; < b;},Vj on the positions of the agents. These constraints confine the possible
location p; of every agent j and they are used as prior knowledge in the second phase.
In this thesis, sample-based belief propagation is considered during the estimation phase
due to its superior positioning accuracy compared to other cooperative position estimators.
The constraints are employed in order to determine smart proposal distributions.

It is important to note that the second phase in the proposed two-phase approach
does not necessarily have to be SBP. Polygon outer-approximation can be expected to also
improve the performance of other cooperative positioning methods such as least-squarcs
or parametric belief propagation. Possible applications are as follows: The constraints
imposed by POA in the first phase can be used to initialize the numerical solver of a
least-squares estimator or to constrain the range of the parameters in parametrized belief
propagation. Since the positioning accuracy of SBP is generally higher than that of other
methods, only SBP will be considered during the analysis of the two-phase approach.

The following list contains the main contributions of this chapter:

e A distributed algorithm called polygon outer-approximation is developed that con-
strains the positions of agents tightly.

e Based on these constraints, a novel type of proposal distribution for sample-based
belief propagation is introduced that inherently allows for drawing samples in the
vicinity of the truc locations of agents.

e Simulations show that increased localization accuracy, quicker convergence, and re-
duced computation time can be achicved when compared to state-of-the-art cooper-
ative positioning approaches.

5.2 System Model

The problem of cooperative localization is considered in which agents attempt to estimate
their own positions in a distributed fashion based on the distance measurements with
respect to neighboring anchors and agents. First, the network topology will be described.
The measurement model will be elaborated subsequently. The chapter is concluded with
the definition of the position estimation criterion.
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5.2.1 Network Topology

The position of agent j is denoted by n; = Pj £ [Px.j» py,(j]T. It is assumed that all nodes

are static. All agents can determine range estimates d;_, j to all neighboring nodes i € S,
inside the communication range reom. In particular, the index set S—.; of neighbors of agent
Jisgivenby S = {¥i # j | [Ipi — Pjlly < Tcom}. Anchor coverage is assumed to be sparse,
meaning that the number of anchor indices in -5 is small and the majority of agents can
only range with a single anchor. An exemplary topology with sparse infrastructure is
depicted in Fig. 5.2. Anchors and agents are indicated by green diamonds and red circles,
respectively. The communication ranges reom of the anchors are visualized by black circles.
Note that most agents in Fig. 5.2 arc connected to onc or two anchors only, making
conventional distance-based positioning as described in Section 2.3 infeasible. With the
help of cooperation among agents, however, accurate positioning becomes possible as will
be shown in Section 5.6.

100 (-] ‘ O Agent € Anchor ‘
80
60

40

Vertical distance in m

Horizontal distance in m

Figure 5.2: Exemplary topology with sparse anchor coverage (infrastructure)- anchors and
agents are depicted as diamonds and circles. respectively. Black circles indicate the coverage
regions of anchors.

5.2.2 Measurement Model

Distance estimates are given by

A. P . . . . ¢

dinj = |lpi = pjll + €isyj, (5.1)
where ||p; — pj| is the true Euclidean distance between node i and node j. The ranging
crror is denoted by ¢; ;. Distance estimates can be obtained by employing estimators such
as the onc presented in Section 2.2.1. All distance measurcments d;—; arc collected in the
joint measurement vector z in an arbitrary order.
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The ranging error generally depends on the receiver characteristics, including thermal
noise, the distance estimation algorithm, and the environment of transmission. In the
indoor envirommnent, NLOS and OLOS propagation are especially critical [LS02, DCFT09,
JDWO08, FDMWO06]. NLOS and OLOS propagation induce positive biases into distance
estimates [BWV18|. Hence the ranging error depends on the LOS condition of the link
between a pair of nodes. In particular, a reasonable model is

i LOS
Cimj = i (5.2)
’ bj_)j + ni—j NLOS and OLOS,

where n; ,; is the error introduced by thermal noise and b; ,; is the bias introduced by
NLOS and OLOS propagation.

Recall the definition of the LOS, NLOS, and OLOS conditions. LOS means that only
the direct path exists. NLOS refers to the case where the LOS path and at least one
multipath component are present. Note that this case also includes the scenario, where
the LOS path is received after piercing an obstacle and at least one indirect path exists.
Finally, OLOS refers to the situation, where the LOS path is completely blocked and at least
one multipath component is received. The thermal noise error n; ,; is typically modeled
as zero-mean Gaussian distributed. It is worthwhile to emphasize that both NLOS and
OLOS lead to positive biases of range estimates. On the one hand, in the case of NLOS
propagation, it is obvious from physics that the excess delay due to the reduced speed
of the radio wave inside the LOS-blocking material causes a delayed arrival of the radio
wave (compared to the regular LOS condition). On the other hand, in the case of OLOS
propagation, the first arriving path is not the direct path, meaning that the radio wave
has traveled longer compared to the time required to travel the direct path. Hence, in
both cases, the time-of-flight will certainty be longer than the time-of-flight of the direct
path. Consequently, the time-of-flight will be over-estimated which also over-estimates the
distance. In summary, there is a general consensus in the literature that both NLOS and
OLOS propagation lead to positively biased range estimates [BWV18]. Different models
are used for b;_,; like Rayleigh distributed, uniformly distributed or one-sided exponentially
distributed [GC09, YFGZ13]. Especially in the context of ultrawideband (UWB) signals,
ni—; typically takes small values due to the large bandwidth of the signal [MPG15]. Hence
the bias b;,; is generally much larger than then the error n;; due to the thermal noise
if the link is in NLOS or OLOS condition, i.c. b; ,; > n; ;. Conscquently, the ranging
errors of NLOS and OLOS links can be approximated by e;; & b;—;. In other words. for
NLOS and OLOS links, positive ranging errors are observed almost surely and negative
ranging crrors arc extremely unlikely — if they occur at all  MGWW10, WMGW12|. Thus,
for NLOS and OLOS links, the model used in [MB17, VWS12, GWSR11b] is employed
which assumes one-sided non-negative exponentially distributed ranging errors. For LOS
links, zero-mean Gaussian distributed ranging errors are assumed as used in [BWV18].
Therefore, the distribution of the ranging error is given as

N(einji0,07,;) LOS

(5.3)
E(eisji M) NLOS and OLOS,

fleisg) = {

where N(+;0,02.,.) is the Gaussian distribution with zero mean and variance U,? ~,; and

i J
E( )\iﬁj) is the one-sided non-negative exponential distribution with mean 1/ Aisj. For
simplicity, it is assumed that the parameters of links are identical, i.e. 0% = 02.2 S Vi, 7 and
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Figure 5.3: Topology of the running example - the agents 1 and 2 attempt to estimate
their own positions based on the distance cstimates with respect to the anchors A, B, and
C' (dashed lines), as well the cooperative distance estimates (dotted line).

A=A, Vi, .

Remtjzrk: Note that the POA algorithm that will be described in Section 5.4 relies on
the assumption of non-negative ranging errors to determine constraints on the positions of
agents. It should be stressed, however, that the POA algorithin does not explicitly assuine
a model regarding the measurement errors. The only embedded assumption is that the
ranging errors of NLOS and OLOS links are positive and that the condition of the links
can be identified reliably. These assumptions will be discussed in detail in Section 5.4.3.
where a robust version of the POA algorithm will be presented. LOS identification will be
discussed, and the effects of miss-classified LOS condition will be reviewed.

5.2.3 DPosition Estimation

The global goal of every agent j in the network is to determine an estimate p; of its own
position based on all distance measurements cziﬁj, Vi, j taken in the network according to
an optimality criterion like the MAP or MMSE criterion. Let z be the vector of all distance
measurements (iiﬁj,Vi, J, then the marginal MMSE estimate pjvmse is given by

PjMMSE = /ij(Pj|Z)de~, (5.4)

where [(p;|z) is the marginal posterior distribution of the position of agent j. The marginal
posterior distributions of all nodes are approximated by belief propagation as outlined in
Chapter 4. A detailed description of SBP for cooperative localization will be given in the
context of the running example in Scection 5.3.

5.3 Running Example

The exemplary topology shown in Fig. 5.3 is used to visualize the concept of SBP in
the context of cooperative localization. Starting from the joint posterior distribution, the
factor graph will be derived. Based on this graph, the message passing procedure will
be examined mathematically. For the convenience of the reader, mathematical operations
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will be visualized based on the topology of the running example. Finally, challenges of the
estimation procedure will be outlined.

5.3.1 Joint Posterior Distribution and Factor Graph

Let m be the parameter vector of the positions of all nodes in the running example, i.e.
n = [p}",pg,p}pg,pg]lﬂ. For the sake of differentiability, agents are enumerated by
Arabic numbers, while anchors are enumerated by alphabetic characters. It is worthwhile
to mention that the parameter vector can be reduced by the positions of the anchors,
since their values are known. On the other hand, the positions of the anchors can be
considered as part of the paramcter vector by imposing a Dirac distribution as prior, c.g.,
J(pa) = 0(pa—pY), where p is the true (known) position of the anchor. In this chapter,
the latter notion is used. Moreover, all distance measurements are collected in the vector
z = [das1,dp_1,dp_ye.do_so,da—1, diso)T. Note that the distance estimates in z have
arbitrary order and any other combination is also valid. It is assumed that the distance
estimates are independent conditioned on the positions of the involved nodes and that the
prior distributious are also independent. Then, the joint posterior f(n|z) can be broken
up into the following factors:

Flz) o [T i) T Fis(dioslpin py)
J

€S,
=fa1(das1pa. 1) fi1(dpipp.p1) f21(das1 [Pa. P1) (5.5)
x [p2(dp—salPB. P2) fo2(dosalpe. P2) fi2(di—s2|p1. P2)
x fa(pa)f(pB)fo(po) fi(p1) f2(p2),

where f;; (c;liﬁﬂpi, pj) is the likelihood function of the measurement Jiﬁj between node 4
and 7, and f;(p;) is the prior of node j. The index set S—,; contains all neighborsS, c.g.,
8,1 = {2, A. B}. For notational convenience, the set A ,; is introduced which denotes the
set of all anchors inside the communication range of node j, e.g., A1 = {A, B} C S_1.

Based on the factorization in (5.5), it is straightforward to sketch the corresponding
factor graph. Recall that the notion of factor graphs was cxplained in Section 4.2. Fig.
5.4 depicts the factor graph of the factorization in (5.5). Variable nodes are shown as
circular vertices, factor nodes as rectangular vertices, and BP messages are indicated by
arrows. Wireless links are depicted by dotted (inter-agent) and dashed (anchor-agent)
lines according to Fig. 5.4. Solid edges determine intra-agent messages. Observe that,
for compactness of the graph, the factor nodes of the priors are not enclosed in Fig. 5.4.
Generally, it is assumed that agents have no prior knowledge regarding their positions
which can be expressed by a uniform (uninformative) prior. Observe that no messages are
sent towards the anchor nodes, since their positions are perfectly determined. From Fig.
5.4, it can be seeu that the factor graph contains a cycle (p1 — fi2 = p2 = f21 — p1).
Hence the marginal posteriors cannot be determined exactly but only approximately when
using belief propagation.

SNodes within the communication range are loosely referred to as neighbors.
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Aé(m - Ph) ‘{(pB - P*Fe)I,‘S(PB - Ph) *Mpc -P5)

AY
I N, / I
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Figure 5.4: Factor graph of the running example corresponding to the factorization in
(5.5) - the following shorthand notation is used: ji;_y; £ Hpi—fy; and pij—; £ Hfiispj

Operations to be performed by vertices inside of the red frame are determined locally at
agent 1.

5.3.2 Sample-based Belief Propagation for Cooperative Position-
ing

A comprehensive overview of the belief propagation algorithm was already provided in

Section 4.3. Consequently, only the peculiarities of SBP in the context of cooperative

positioning will be highlighted and exemplary messages will be visualized.

It is helpful to develop an intuition of the messages that are sent along the edges of
the factor graph. Messages from variable nodes to factor nodes contain the information
regarding the position of the sending variable node. For instance, the message ,u(lli)lz(pl)
encloses the information of the position of node 1 along with its position uncertainty in
iteration [. However, messages from factor nodes to variable nodes enclose position infor-
mation regarding the receiving node under consideration of the distance estimates to the
sending nodes and their positioning knowledge. For instance, /Jgg _,2(p2) provides informa-
tion regarding the position of node 2. considering the distance estimate di_2 conditioned
on the position information of node 1. Hlustrations that support this intuition will be pro-
vided within the next few paragraphs. To simplify the notation, the iteration superscript
[ is dropped whenever appropriate.

Initialization:

At iteration | — 0, message passing starts at the anchor nodes since they arc the only nodes
with informative prior information. In particular, every anchor broadcasts its position. e.g.,
p- For the sake of explanations, the message passing procedure will be elaborated mostly
for agent 1, but it is analogous for agent 2. The received anchor positions are then fed
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Figure 5.5: Contour plot of n
Pi-

- the message from factor node f4; to variable node

into the factor nodes of the respective distance estimates. For instance, agent 1 receives
the positions p% and p% from the anchors A and B, respectively. These positions are used
to determine the messages fi7, »p,,? € A-1. Recall that messages from factor nodes to
variables nodes are obtained using message filtering, i.e.

I ; !
1Y (0)) :/fij(diﬁj"P%pj)ﬂi,i)ﬁf,j(pi)dpf (5.6)

The integral in (5.6) cannot be solved in a closed form for arbitrary incoming messages
O] ) ; o . JURE ()

”p,%f,j(p‘)‘ Notice, however, that all messages DSy

Dirac distributions as outlined earlier and shown in Fig. 5.4. In this special case, the

)

integral in (5.6) vanishes and the outgoing messages fi g

(p;) from anchors i € A_,; arc

(pj), € A, arc given by
[ ~ ) _
1)y (P1) = Jij(dimsglPF 2y € Assy. (5.7)

Assuming that the link between the nodes ¢ and j is in LOS condition and assuming the
ranging error model in (5.2), the message is given by

0 o = e e -
Hiyom, (P1) = VT 202 ' (5:8)

This message is depicted in the context of the running example for exemplary values
of fii—n‘ and o in Fig. 5.5. Recall the intuition on that message which was provided at the
beginning of this section. The message pyr,, p,(P1) provides information regarding the
position of agent 1. In particular, with the highest likelihood, agent 1 is on any point of



84

Chapter 5. Cooperative Positioning

the circle around the anchor A with radius d 4-1. Note, however, that other radii than

da—s1 are also possible, but they have reduced likelihood. In that way, the uncertainty of
the measurement ervor e;,; is accounted for. This uncertainty translates into a position

uncertainty of node 1 via (5.8), leading to the doughnut-like shape in Fig. 5.8.

40

30

20

10

Vertical distance in m

40

30

20

10

Vertical distance in m

l @ Anchor ©@Agent 1 © Agent 2 ‘

(0/ \ (0)

Hfar—sp Hig—p

0 10 20 30 40 50
Horizontal distance in m

l @ Anchor ©Agent 1 © Agent 2 ‘

.-

Vi C
I AR
1
1
[ M(Pl)—)flz ‘ ‘
A B
0 10 20 30 40 50

Horizontal distance in m

Figure 5.6: Top - contour plot of the messages ;L;?I)le,i = {A, B} to be multiplied.

Bottom - contour plot of the outgoing message l‘&) o fis (p1) from variable node p; to factor

node fia.
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Tterative Message Update (I = 1):
Recalling the topology of the running example, it becomes evident that agent 1 receives
the messages ;L(;’I) . (p1),1 € A1 = {4, B}. Since no message is received from agent 2

1)

during the 1% iteration, the outgoing message (p1) is given as the product of the

Pi—fi2
incoming anchor-messages pgl)_)pl(pl),i €A, ={A B}, ie.
(1)
'uplﬁfu pl H thﬁpl(pl 'qul‘)PI(pl) ‘ufBlﬁpl(pl) (5'9)
€A

The outgoing messages of variable nodes like in (5.9) also constitute the beliefs of the

agents, e.g. bgl)(pl) = Nl(oll)—»fu(pl). Observe that the closed-form solution in (5.8) al-

(1)

frilﬁpl
The product of the two messages. however, cannot be easily described in a closed form?.
Visually this can be understood casily by considering Fig. 5.6 in which the incoming mes-

lows for an evaluation of the messages p (p1), i € {A, B} at arbitrary values of py.

sages /“Lfl (p1),7 € {A. B} (top) and the outgoing message /“Lin)—> ., (P1) (bottom) are
depicted. ﬁle outgoing message has two modes whose shapes cannot be described without
crrors by tractable parametric distributions. The application of nonparamectric tools of-
fers a solution in which the modes are represented by particles. In particular, importance

sampling with a suitable proposal distribution ¢j(p1) can be applied in order to obtain

a particle representation Ry (/ULSI)_> I (p1) ) of the message '“1(011) i fu(pl)A Sampling and

weighting is depicted in Fig. 5.7. Given a set of samples {pgkﬂ hg}]kvjl ~ qi1(p1), the
Moy =
weights wgf;lll 1, Of the particle representation are given by
(0) ( (k1) )

(k,1) o ‘ufllﬂpl plvﬂp1—>f12
wﬂmﬂfu - H (k,1) .
€A a1 (pl Jip )

1—~f12

(5.10)

Note that it is not trivial to find a good proposal distribution g;(p1). In theory (for an
infinite number of samples) any distribution qi(p1) whose support dominates the support
of pip, 1, (P1) results in a particle representation that approximates the true message in
(5.9) arbitrarily closely. In practice, however, poorly chosen proposal distributions will
greatly affect the accuracy of the approximation. For a finite and practical® number of
samples, a poorly chosen proposal distribution can lead to unsatisfactory approximation
accuracy. This issue will be addressed very briefly in the following and more elaborately
in Section 5.4 as a motivation for the proposed polygon outer-approximation algorithm.

Generally, a continuous distribution can be approximated relatively accurately if the
samples of the approximating particle representation reside in areas where the distribution
to be approximated has significant probability mass. In the context of message multiplica-
tion, the challenge of identifying a good proposal distribution refers back to the question:
How can onc draw samples that reside in arcas where the product of messages has sig-
nificant probability mass without computing the product explicitly?. Notice that this is a

"In this context, a closed-form solution refers to a solution which does not include the multiplication of
!
the messages Hgt)l—‘Pl(pl).
: i
8Practical sample sizes range from hundreds to thousands of samples.
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Figure 5.7: Particle representation Ry (,u;l)_ncu(pl» = {w‘(lpllfl‘Z’p§<l‘/;))1~>flz}k:1 of
the outgoing message fip, 5, - samples arc indicated by red dots and their weights arc

cncoded by the size of the respective dots.

chicken-and-the-egg problem. A common way of drawing samples [LEST12] is depicted
in Fig. 5.7. Here, the samples pglfi)ﬁm,
Given the position of an anchor, say anchor A, agent 1 must reside somewhere on the
circle around py with radius dg—1 + €41, where eqq is an error term that emulates
the distance estimation crror. Looscly speaking, the samples are drawn on the ring of the
likelihood function f (cf A-1|P1,P7Y). Mathematically, a sample is generated by drawing two

Vk are drawn based on the following intuition.

auxiliary samples c%ji ~ f(ea—1) and aEi:; ~ U(0,2m) and transforming them according
to
(k1) 5 (k1) (t()s(a(k’l) )
Pl oy, —Pat (dasi+e7) | () (5.11)
' sin(ay”)))

Observe that the majority of particles in Fig. 5.7 have negligible weights and hence they will
be erased with high probability by the subsequent resampling step as elaborated in Section
3.2.1.2. An essential insight of this thesis is that finding good proposal distributions matters
in practice as will be shown in Section 5.6. For instance, smart, proposal distributions allow
for (i) a reduction of the number of particles without reducing the estimation accuracy or
(i) enable higher estimation accuracy for a given number of samples. After resampling,

the incoming message ,usl) . fm(pl) to the factor node fis is a particle representation with
equally weighted particles, i.e.

Ruve (1) _{yNpln 5.12

Ns .U’p‘_)fm(pl) - / S’pl'ﬂpl—‘ln el 3 ( . )
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(k1)

, 9
where the samples T

arc determined via resampling.

. . 1 .
Then, the resampled incoming message uél) . f12(p1) must be processed in order to

(1)

compute the outgoing message p fl Sops (p2). This procedure is visualized in Fig. 5.8. In
particular, the integral in (5.6) must be solved, i.e.

(1) i} 1) .
Iy p, (P2) [ fr2(disolprp2)py, .y (P1)dPL (5.13)
Let pgki) ; denote the k™ resampled particle. Then, the integral simplifies to
3 1712
1 -
1 ~ (] (k1)
Iofiysps (P2) & . Z Jia(disalpyy,, |, P2)- (5.14)
k=1
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Figure 5.8: Particle representation Ry (;Lf“%m(pzw = {wﬂjlgﬁPz7p2$ﬂf12—)P2 bty of

the outgoing message “5”111 pe (p2) - samples are depicted by red dots.

In order to obtain a particle representation Ry (,u;llz —ops (pz)) of the filtered mes-

sage ﬂ% . (p2) in (5.14), one sample is drawn for every likelihood-term in the sum

in (5.14). This can be achieved by drawing the two auxiliary samples egkj?) ~ f(ei52)
(k,1) (k1)
of

and a;",9 ~ U(0,360) for every sample p{ iy The resulting particle representation

(k,1) S th o eoa
1 fipy 10 refers to the K™ original

and resampled particle at the same time. This was done to avoid further notational clutter.

9Note that this is a slight abuse of the notation, since the sample p
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2)

of the outgoing message Fpy—s for (p2) - note that the position of agent 2 is unambigu-
ously identified with the help of agent 1 and the anchor B and C, since the message

b(z)(Pz)Mpz_,fﬂ (p2) is unimodal.

(;/111)1 . is computed according to (5.11). A visualization can be found in Fig.
K 19—=po

1

i Pi1—fi2
particles result (see Fig. 5.8). After all filtered messages are computed, the first iteration

terminates.

where p

5.8. Since the incoming message p (p1) has two modes (sce Fig. 5.7), two circles of

Iterative Message Update (I > 2):

In the second iteration, agent 1 and 2 compute the products of all incoming messages,
including the cooperative messages fof,, p, (P2) and fig,, p, (P1). Note that, in contrast to
the first iteration, the incoming messages from anchors and the other agent are received.
For instance, from the perspective of agent 2, the following product must be computed (see
Fig. 5.9)

1) (1-1) (1-1) (1-1) .
nl) 2 = [T e o) = 60 e Y o) ul N m2). (5.10)
€52 anchor info agent info

Eé:_lgpy(pj).i € A, do not change within differ-
' (1-1)

ent iterations. since the anchor positions are perfectly determined, ie. p Fua—ps (p2) =

(0)
‘uszﬁpz

all incoming messages [t

Bear in mind that anchor-messages g

(p2). Vl. Moreover, they are given in the closed form presented in (5.7). However,

(-1

Foops (pj).i € Soj\ A from other agents are given as particle
representations. Hence qtralghtforward message multiplication is not possible, since the
positions of the samples will be distinct with probability one. In that case, kernel density
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(I-1)
fio—p2
described in section 3.2.2.2. An illustration'® is shown in Fig. 5.9. Using importance sam-

pling, a particle representation of the outgoing message u(l)

cstimates [t (p2).1 € S52\ A of the particle representations must be obtained as

(p2) can be obtained by

P2—fo1
first drawing saimples P(zk,}l,zﬁ“ frow a suitable proposal distribution go(p2) and weighting
sHpa—J21
them according to
(0-1) o (kl-1)
oy lies o Prap,(Po, ) 17
R ( (k1) ) : (5.17)
a2 p2~ﬂp2—>f12

An illustration of the resulting particle representation Ry 4 (p(l) (pz)) (for I = 2) based

Pa—fo1

on the proposal distribution from [LFS'12] is depicted in Fig. 5.10. Notice, again, that
with a poorly chosen proposal distribution, many of the particles have insignificant weights
and do not contribute considerably to the result of the position estimation.

:2 — f12
pling them, the filtering operation in (5.13) must be executed for all resampled messages in
order to complete the I iteration. In this example, unimodality of the beliefs is achicved
after two iterations and hence the positions of agents can be determined unambiguously.
For larger networks, however, more iterations can be necessary to achieve unimodality of
the beliefs of all agents. In general, the procedure of iterative message updates is repeated
Npp times or until convergence is achieved. The main take-away message from this section
is that finding good proposal distributions is of crucial importance for efficient position
estimation in practice as will be shown in Section 5.6.

After computing the outgoing messages ,ugz N and g (not shown) and resam-

5.4 Polygon Outer-Approximation

A common difficulty of most sample-based estimators is answering the question: Which
regions of the sample space contain significant probability mass?. The answer to this ques-
tion is certainly non-trivial, but it is a vital one as pointed out numerous times throughout
this thesis. While in theory (for infinite sample sizes), the requirements imposed on pro-
posal distributions are very loose, practical estimators (with hundreds to thousands of
samples) demand smart proposal distributions in order to utilize the available samples as
efficiently!! as possible. The idea that will be elaborated in the remainder of this section
allows for efficient sampling by imposing geometric constraints on the sample space. These
constraints are embodied by convex polygons giving rise to the name of the approach:
polygon outer-approximation.

5.4.1 Conception of Constraints

In radio-based localization, constraints emerge very naturally due to the radio environment.
Range estimates from NLOS and OLOS links are inherently biased and generally over-
estimate the true distances between pairs of nodes as discussed in Section 5.2.2. The

0For simplicity of the argument, it is assumed that all messages (from agents and anchors) arc given
as particle representations. However, in practice, the closed-form solutions of anchor messages are used
rather than kernel density estimates.

1Tn the context of importance sampling, efficiency refers to the ratio of particles with significant weights
over all particles.
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Figure 5.11: Basic principle - if the links to the anchors A and B are in NLOS or OLOS
condition, agent 1 resides inside the disks that are bounded by the blue circles. Thus, the
position of agent 1 is confined to the intersection of these disks (blue-shaded, eye-shaped
region).

intuitive implication is the following: Assume that the link between agent 1 and anchor
A of the running example is in NLOS condition. Then, the range estimate JAH | over-
estimates the distance between the two nodes and it can be concluded that the position
of agent 1 must be somewhere inside the disk with radius d4_1 centered at p% (sce Fig.
5.11). Mathematically, this constraint can expressed as

dasi > |lp1—pall- (5.18)

Bear in mind that (5.18) assumes that the positive bias b41 due to NLOS or OLOS
propagation dominates the error due to thermal noise ng—q, i.e. bayy > na1. As long
as this assumption holds, a natural constraint from the radio environment gives risc to a
constraint on the sample space. In other words, it would be unreasonable to draw samples
pgk) that reside outside of the disk described in (5.18), since agent 1 must be inside of it.
Supposc that the link to anchor B is also in NLOS or OLOS condition. These constraints
on the position of agent 1 become tighter since agent 1 must reside within the intersection
(eye-shaped region in Fig. 5.11) of the two individual constraints (disks).

The immediate consequence is the following: Suppose the LOS state of a link can be
detected reliably'2, then, the NLOS and OLOS links can be used to impose geometric

12LOS identification can be done using various statistics of the received signal. Particularly, the delay
spread of the received signal can be used to classify the state of the link. Numerous detectors have been
presented in the literature [VB07, MGWW10, GCWI07, BHM98]. The rates for correct classification of
links depend on the scenario as well as the classification method. Correct classification rates of 80% and
larger have been achieved by the approach in [GCWIO7] based on simulated data. Correct classification
rates of 85% and higher were obtained by the method presented in [MGWW10] based on real-world
experiments. A discussion on the implications of miss-classification will be conducted in Section 5.4.3.
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Figure 5.12: Concept of polygon outer-approzimation - the two constrained regions (disks)
are outer-approximated by polygons and the intersection of the polygons (black dash-dotted
polygon) is computed via closed-form operations.

constraints on the locations of agents. Once the constraints are determined, they can
be used as iuputs to the position estimator. For instance, sample-based estimators can
concentrate all samples in the constrained region of the sample space.

Observe that the intersections of arbitrary disks can take arbitrary shapes that are
generally (i) difficult to compute and (ii) impractical to parametrize. In order to bypass
these two complications, the two disks can be outer-approximated by polygons as shown
in Fig. 5.12. Seemingly, the use of polygons instead of circles over-estimates the feasible
area. At the same time. though, polygons are easy to intersect numerically. The vertices
of the intersected polygon can be simply computed as the intersections of two straight
lines. Determining the intersection of two straight lines can be solved in closed-form.
Hence computing the intersections of polygons becomes tractable and the complication (i)
is eliminated. Moreover, the intersections of couvex polygons are again convex polygons
which removes the hurdle (ii) regarding the representation.

For simplicity, the previous discussion was focused on the NLOS or OLOS links between
agents and anchors. The idea of constraining the sample space can also be extended to
cooperative distance cstimates on NLOS and OLOS links between agents. In contrast to
anchors, the positions of agents are not known a priori and the constraints need to be
encoded differently compared to anchors. The main idea of including constraints based on
agent-agent links will be described in what follows. An agent’s location is not given by a
single point but rather by a region (such as the polygon covering the eye-shaped region
in Fig. 5.12). Extending this region by the respective range estimate to another agent,
the extended region materializes into a new counstraint for the other agent. A detailed
explanation of the extension will be provided in the following subsection.
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Figure 5.13: POA flow diagram - after receiving polygons Vj(l_l)J € S ,; from all neigh-
bors. every agent j selects the polygons Vz(lfl),i € SjNLos from NLOS and OLOS links.
Thesce polygons arc scaled by the distance estimates d;—,; and intersected subsequently in
order to compute the updated polygon V;l). Finally, all agents broadcast their polygons

VJ(.I),Vj and repeat the previous steps during the next iteration.

5.4.2 Algorithm Blueprint

In this subsection, the polygon outer-approximation algorithm will be described in detail
using the running example to graphically visualize the operations. The pseudo-code for
the algorithm is shown in Algorithm 1 and a flow diagram is depicted in Fig. 5.13.

POA is an iterative algorithi that incrementally reduces the sizes of the constrained
regions (polygons). The first iteration differs from all subsequent iterations and will be
described in the following subsection. From the second iteration onwards, every agent
7 receives the polygons V1S]71), Vi € S.,; from all neighbors. Then, agent j selects the
polygons from the subset S_,; NLos € S of neighbors whose links are in NLOS or OLOS
condition. These polygons Vl-(lfl), Vi € S_jNLos are extended by the range estimates
(see Fig. 5.16). This operation is called polygon scaling. The resulting (scaled) polygons

are denoted by Vi(?. In order to update its own polygon, every agent j determines the
intersection of the scaled polygons Vi(]l-), Vi € S NLOs: Which results in the convex polygon

V§l). This operation is called polygon intersection. The intersected polygons V(l),Vj are
broadcasted and the procedure repeats. After a sufficient nunber Npg of iterations, the
sizes of the polygons converge. The polygon V;NFS) that each agent has obtained tightly
confines the location of the respective agent j. Using the terminology from the optimization
community, the phrase feasible set will often be used in place of the constrained region.
The first iteration as well as the operations polygon intersection and polygon scaling will
be described in the following subsections.

5.4.2.1 Anchor Polygon Processing

Recall that it is assumed that agents do not have prior knowledge regarding their positions.
Hence only the information from anchors is considered in the first iteration. To start the
procedure, all anchors broadcast their positions pj,Vi. Let A ,jNLos € S—; denote the
set of anchors in the communication range of agent j with positively biased range estimates
cziﬁj, i € A;jNLos- Due to the positive ranging errors, the position of agent j is somewhere
inside the disk with radius (L%j and center p;. Agent j's position can be confined to the
convex feasible set

Bij = {pjlIp; — p;| < divsj} . (5.19)
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Algorithm 1 Polygon Support Outer-Approximation

1: given z
2: for [ =1 to Ngg do
3: nodes j = 1 to N do in parallel
if [ =1 then (first iteration)
receive p;, Vi € A;
for i € A*)]'?NLOS do

N T

Vi(j1> = anchor polygon processing(p;, CZHJ')
- see Algorithm 2 -

8: end for

9: V]m = polygon 'zin,t(:r:s’ection(ijl) Vi€ A nLos)
- see Algorithm 3 -

10: else (subscquent iterations)

11: receive VI(Z_D, Vi€ S,

12: for i € S*)j,NLOS do

13: Vi(]l-) = polygon smlim}(czi%j. V}lil))

- see Algorithm 4 -

14: end for

15: V]m = polygon '1?’/1,2‘/67196(:75’1]071,(Vl(j), Vi € 8, nLos)
- see Algorithm 3 -

16: end if

17: broadcast, V](l)

18: nodes end

19: end for
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To obtain a polygon Vl%l ) this disk is outer-approximated by a polygon with N cdges.
This operation is coined anchor polygon processing and it is visualized in Fig. 5.14. Math-
ematically, a convex polygon with Ng edges is described by an ordered list of Ng vertices
or, alternatively, by the intersection of Ny halfspaces. Both representations will be used
during the description of the POA. For now, the description using vertices is considered.

To generate the vertices of an anchor polygon, the disk with radius d;,; is considered
(see Fig. 5.14). For mathematical convenience, the disk is assuned to be in the origin of
the coordinate system. Obtaining the vertices of the anchor polygon can be done efficiently
in polar coordinates. Subsequently, the vertices are transformed into Cartesian coordinates
and shifted from the origin to the position p; of the anchor. The anchor polygon is denoted
by VL.(,J.I) (see Fig. 5.14).

In more details, Ny, points are generated around the origin with uniform angular spacing
a = 27 /Ng and fixed radius

dliﬁj
Tij = —— =
cos(a/2)

. . . . -1 ~(1
The list of vertices in polar coordinates is given by v< -1)1 = [ao, n(,-]T, ngfg = [+ ao, 7'2']-]T,

ij
. \Nrf]l)NF = [(Ng — 1)a + ayp, ’f'z‘j]T, where ag is an arbitrary angular offset. Every vertex
is then transformed into Cartesian coordinates and shifted by the position p; of anchor
: (1 2 4o h
1. Let Viim = pol2cart(vi;,
shifted vertices arc given by

(5.20)

) denote the m™ vertex in Cartesian coordinates. Then, the

e

ij,m

v 4pf m=1,..Ng. (5.21)

i.j,m

The ordered list of vertices VE?M

constitutes the polygon Vi(jl) = {Vz(Jl)l Vz(;l)2 VE})IVE}'

Note that V].(jl Vs always convex by construction.

Algorithm 2 Anchor Polygon Processing

1: given py. di;
21

2: vertex angular spacing o = §-

3: vertex radius r;; = %

4: for m =1 to Ng do

5: compute vertex \7;2" =[ag+ (m—1) a,ry]"
6: \_ff]l)m = polZcuv't(\?f;Lz)

7: shift vertex Vz(]l)m — \_ff]l)m +p;

8: end for

9: determine polygon Vz-(]-l) = {ijl)lvf]lé 7V1(]1)NL}

5.4.2.2 Polygon Intersection

After agent j has obtained all anchor polygons Vi(jl)

)

j

, Vi € A jNLos, it intersects these

polygons to obtain V If an agent is not connected to any anchor with an NLOS or
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Figure 5.14: Anchor polygon - the feasible set Bp; is outer-aproximated by a polygon
ng with Ng = 6 edges. The vertices of Vgl) are spaced with fixed radius dp_,1/ cos(r/2)
and uniform angle a = 27/Ng, around pj;.

OLOS link, its polygon will be the entire plane which is considered for localization, i.e.

1
V]( ) = {[xmiw ymin}T: [ifmaxe yminy{ [Imaau ymax]T7 [Ilﬂill‘ ylnax]T}~

The polygon intersection operation is a successive application of the Sutherland-Hodgman
algorithm [SH74]. In order to compute the intersection of |A_,; NLog| convex polygons. two
polygons are intersected at a time using the Sutherland-Hodgman algorithm. Subsequently,
the resulting polygon is intersected with one of the | A, ;N1,0s] — 2 remaining polygons.
The order of intersections is arbitrary. The procedure is repeated until all polygons arce
intersected. An example of polygon intersection is depicted in Fig. 5.15. The pseudo-
code for polygon intersection is given in Algorithm 3. Note that beyond the first iteration
(I > 1), every agent j will also take the polygons of neighboring agents into account and
the number of polygons to be intersected increases from | A, npos| to [S-jNLoS|-

Sutherland-Hodgman Algorithm

The intersection of two polygons can be determined efficiently using the Sutherland-
Hodgman algorithm. The Sutherland-Hodgman algorithm selects a convex clipping poly-
gon and a subject polygon; the choice of the clipping polygon is arbitrary if both polygons
are convex. All vertices of the subject polygon are added to an input list. The vertices of
this list are updated as the edges of the clipping polygon are considered subsequently. Sup-
pose that V;;) is the clipping polygon and it is given by a set of vertices (Vf;)m m=1,...,Ng)
or by the intersection of the halfspaces .

T 0 -
{Pj|avi(;>7mp.7’ < C[J‘.m} m=1,.. Ng, (5.22)
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Figure 5.15: Polygon intersection - the intersection of the polygons V,(A11) and Vgl) yields

the polygon, Vl(l). which tightly outer-approximates the feasible sct (eye-shaped region).

Recall that in the first iteration only anchor polygons are considered. Note that increasing
the number Ng of polygon edges tightens the outer-approximation.

: .- 0] 0] ) M _ T
with outward normal vector aV’(JL)MJ_(ij_m Viiim +l)modNE) and ¢, = avi(;),m i

Considering the representation with halfspaces, polygon intersection starts by selecting

0]

an arbitrary halfspace {pj\a]T}(,)mpj < Cifom of the clipping polygon. All vertices of the
ij

subject polygon that reside inside the halfspace are added to an output list. Vertices outside
of the halfspace are not added. Then, the edges of the subject polygon arc traversed. New
vertices are added to the output list if an edge of the subject polygon intersects with the

hyperplane {pﬂa)l;@ i = cg?m . After the entire subject polygon has been traversed,
ig 2!

@

T Pi < C’ij,n} ,n = (m + 1)modNg of the clipping polygon

Vi(;) Kl
is considered. The output list of the previous halfspace m constitutes the input list to
the next halfspace n. After every halfspace of the clipping polygon has been considered,
the Sutherland-Hodgman algorithm terminates and the resulting output list yields the
intersection of the subject and clipping polygon.

It is worthwhile mentioning that the intersection of two convex sets is again convex
[BV04], i.e. polygon intersection preserves convexity. Also note that the number Ng of

the next halfspace {pj|a

vertices of the resulting polygon V;l) generally differs from the original number Ny of ver-

tices. Empirical observations have shown that the number Ng of vertices after intersection
is typically smaller than the original number Ng of vertices and the original number of
vertices is only rarely exceeded. Numerical results which support this claim are provided
in Section 5.6.

Remark: The polygon intersection operation is identical in every iteration. However, in
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the first iteration only anchor polygons Vi(;), Vi € A jNLos arc considered, while polygons

. D . . . .
from anchors and other agents ij) Vi € S_,jNLos are considered in subsequent iterations.

Algorithm 3 Polygon Intersection

: given VI(JD Vi e S—)j.NLOS

: select index of the first neighbor i = S_,;xr,0s(1)

: initialize V" = V}D

. for v =2to |S—>j.NLOS| do

select index of the next neighbor

i =S, nros(v)

6: intersect two polygons according to [SH74]
V;l) = Sutherlund-Hodgman(V;”. VZ(;))

7: end for

BW N

t

5.4.2.3 Polygon Scaling

From the second iteration onward, neighboring agents are also considered. In contrast
to an anchor, an agent ¢ cannot confine its location to its exact position. The position
(

of agent i € S_;jNLos\A—jNLos Is confined to the polygon V,ilfl).l > 2. In order to

generate an additional constraint, the polygon Vi‘(l_l) of agent 7 has to be extended by the
range estimate d;_,; (see Fig. 5.16). To ensure that agent j resides inside the extended
polygon VL.(;), all edges of the polygon Vi(lfl) have to be shifted by CZH,- in the direction of
the outward pointing normal vector aja-n . (orange arrows in Fig. 5.16) of the respective
edge m. Recall that convex polygons can be represented by halfspaces (gray dashed lines
in Fig. 5.16) according to (5.22). The scaled polygon is given by the intersection of the
shifted halfspaces (dotted blue lines in Fig. 5.16). These shifted halfspaces are obtained by

manipulating the right-hand side of all inequalities in (5.22). Since 0517;1) = all;(l_l) El,;ll),
L1 : o b
where vfyl;yl) is any point on the corresponding hyperplane of Vi‘(l_l), the shifted halfspace
is obtained by shifting Vl(z;l) to
—(l ] -1 .
VV(V,'!)YI, = dl—)J . avi(zfl)’m + Vfﬂn ) (525)

The point \77(17)" in (5.23) yields a point on the m™ shifted hyperplane. Hence the mth

shifted halfspace is given by
T . T 0 ,
{pj|avfl—l}77rlpj < C“)n = av,“—“,mviﬂn} . (5.24)

The scaled polygon Vi(]].) is fully described by the set of shifted halfspaces.

In order to obtain a list of vertices of the polygon Vi(o, which is required by the sub-
sequent polygon intersection operations, the intersections of adjacent hyperplanes have to
be determined, i.e., for the m®™ hyperplane, the intersection points with the (m — 1) and
(m+ l)th hyperplane are computed. These intersection points (orange circles in Fig. 5.16)
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Figure 5.16: Polygon scaling - the polygon V}l) (black dash-dotted lines) of agent 1 is
received by agent 2 and it is scaled by the distance estimate di—s2. The received polygon
V{l) is given by Ng = 6 halfspaces (gray dashed arrows), with outward normal vectors
avl(l)j,z' =1,...,6 (dashed orange arrow). To scale the received polygon, each halfspace is
shifted by dl_,z in the direction of its normal vector. The intersections of adjacent shifted
halfspaces (blue dotted arrows) yield the vertices (orange circles) of the scaled polygon )/’g)
(solid orange lines).

constitute the vertices of the scaled polygon Vj(][f). Algorithm 4 shows the pseudo-code for
polygon scaling.

5.4.3 Discussion on the Robustness

Note that the proposed polygon outer-approximation method does not fail, as long as the
NLOS or OLOS links are detected correctly and the NLOS or OLOS bias b;—; in (5.2) is
larger than the error n; ,; due to thermal noise. i.e. b; ,; > —n; ,;. Whenever these two
assumptions hold, the range estimates over-estimate the true distances and POA produces
polygons which are guaranteed to contain the positions of the respective agents. In the
unlikely cases of miss-classification of the LOS condition or if the ranging crror of an NLOS
link is negative, there is no guarantee that the POA algorithm determines polygons within
which agents reside with certainty.

If the range cstimate of a link under-cstimates the true distance significantly and this
link is used in the POA algorithm due to LOS miss-classification, the polygon intersection
step in Algorithm 3 may return an empty set. This would lead to a failure of the POA
algorithm. In order to improve the robustness of POA, additional precautions can be taken.
In particular, a positive constant x could be added to all range estimates to avoid failure of
POA due to miss-classification of the LOS condition or large negative noise spikes. In other
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Algorithm 4 Polygon Scaling

. l— 5 .
1: given Vi( 1>, di—j.0 € S5 NnLos\AojNLOS
2: for m = 1 to Ng do

3: shift hyperplane according to (5.23)

—( 3 -1

Vz('n)n - dl%j : av_(”l);,n + Vl(',m )
4: determine shifted halfspace according to (5.24)

T 0 _ T <

{pj|av<t—1>,mpj SCGm = aV(Lfl).mVi,m}
5: end for
6: determine intersection of adjacent hyperplanes

T 0] T _ =0
{Pj|avgt—uymp1 = Ci.m} n {Pj|av<z—l>ym+1pj = Ci,m+1}

vl =1, ..., Ng

ij,m?

7: determine scaled polygon Vi(]l.) = {VZ(J”17 VEQNE]T}

words, one could add a safety margin to each range estimate in order to assure that the
distance estimates used for POA over-estimate the true distances. To over-estimate the true
distance with high probability. the safety margin & could be chosen based on the standard
deviation o of the ranging error n due to thermal noise, e.g. £ = 30. The rationale behind
this choice is the following: Suppose that a LOS link is miss-classified as a NLOS link. In
that case, the distance estimate of this link could under-estimate the true distance due to
the effect of thermal noise. If the ranging error n is zero-mean Gaussian distributed with
standard deviation o, the probability that the sum of the distance estimate d = d + n and
safety margin k over-estimates the true distance is given by Pr((i +r>d)=1—erfe(k/o).
For k = 30, this probability is Pr(cf +30 > d) ~1—-22-107° The introduction
of such a safety margin improves the integrity of the POA algorithm. Note, however,
that such a safcty margin lcads to polygons of increased size. Since, in casc of UWDB, the
standard deviation of the ranging error due to thermal noise is typically small [MPG15] (few
centimeters), the increase of the sizes of the polygons is insignificant, but the robustness
benefits substantially from the safety margin. This will be shown numerically in Section
5.6.

5.5 Two-Phase Localization

The importance of good proposal distributions has been outlined numerous times through-
out this thesis. Especially for practical sample sizes, smartly chosen proposal distributions
matter. In the previous subsection, a framework has been presented that turns adverse
cffects such as NLOS and OLOS propagation into uscful constraints on the sample space.
These constraints provide valuable information regarding the positions of nodes and have
the potential to improve the performance of position estimators considerably.

The approach that is considered in this thesis consists of a two-phasc approach as de-
picted in Fig. 5.1. In the first phase, POA is employed in order to derive the polygonal
constraints on the positions of the agents. The resulting constraints V}NFS) , Vg are fed into

the position estimator together with all range measurements zfiﬁj, Vi, j. The position esti-
mator considered in this thesis is a sample-based belief propagation estimator as described
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posed proposal distribution ¢;(p;). With constrained proposal distributions, the rclevant
region (close to the true location) can be confined tightly. leading to an efficient utilization
of the samples.

Figure 5.17: Proposal distribution - samples {p drawn according to the pro-

in scction 5.3.2. It is worth noting that this choice is by no means unique. Synergics with
other estimators such as weighted least squares (WLS) or parametric belief propagation
estimators can be expected.

In case of the considered sample-based belief propagation (SBP) estimator, the con-
straints are embedded by constraining the proposal distributions from which the samples
are drawn. As discussed in Section 5.3.2, it is a common choice to take the samples from
one of the incoming BP messages. These sammples are usually not concentrated in the re-
gions around the true locations of nodes. By introducing constrained proposal distributions
whose supports are given by the respective polygons determined by POA, the samples are
inherently in the regions of the sample space with significant probability mass. Hence most
particles end up having considerable weights which leads to increased estimation accuracy
compared to state-of-the-art proposal distributions. By comparing Fig. 5.7 and 5.17, it
can be seen that the constraints on the proposal distribution allow for a better utilization
of the samples.

The polygons provide constraints on the sample space, but no favored region within the
constrained area can be concluded. Hence it is proposed to draw the samples uniformly
within the polygons. Mathematically, the 5% proposal distribution is given by
p; € V;NFS)

L
(Npg)
APJ'FK

4j(pj) = (5.25)
0, otherwise,
where V™) s determined as described in Section 5.4 and Ag.“) is the arca of the 7

polygon. In order to draw samples uniformly inside a polygon,‘ acceptance-and-rejection
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sampling is used. In particular, samples are drawn uniformly from a rectangle which

(Nws) (k1) P i (k) (Nrs)
; by 5 accepted if P s, € Vj .

The area of the rectangle should be small in order to achieve a high acceptance rate. The
acceptance rate is given by the ratio of the areas of the polygon and rectangle

comprises the entire polygon V . A sample p

(Nrs)
_ APJ

R, = —=
(Nes)?
AR;

(5.26)

Nrs) . .
where A% ;b) is the area of the rectangle. Consequently. Ny/R, samples have to be drawn
on average in order to obtain N, accepted samples.
Fig. 5.17 depicts an example in which samples are drawn from the constrained proposal

distribution ¢; (p1). The figure shows the polygon Vl(NFS) of agent 1 (solid red line), the rect-

(k1) }Ns

angle for acceptance-and-rejection sampling (red dashed box), the samples {p Vfin > f
Hpr=fie ) p—q

(red dots), and the messages from anchor A and B (contour plots). In the next section,
an exhaustive numerical analysis will be presented in which both the POA algorithm will
be analyzed in isolation and the combination of the POA and SBP algorithms will be
investigated.

5.6 Numerical Results

This scction contains the numerical cvaluation of the proposed two-phase localization
framework. The section is clustered into three subsections. In the first subsection, the
simulation setup and performance metrics will be discussed. Subsequently, the POA algo-
rithm will be analyzed. The results of the subsection will be used to determine meaningful
parameters for computing the constrained proposal distribution (like the number Ng of
polygon edges and the number Nyg of POA iterations). The third subsection focuses on
the analysis of the proposed two-phase approach.

5.6.1 Simulation Setup and Performance Measures

As reference topology, a common topology from the literature [VWS12, WLW09, LFST12]
is used. This topology emulates a large-scale ultra-wideband network in a 100m x 100m
plane, with 100 uniformly distributed agents and 13 fixed anchors. A circular communica-
tion range of reom = 20 m is assmed. An exemplary scenario is depicted in Fig. 5.2. The
NLOS or OLOS state of a link is randomly chosen according to a Bernoulli distribution
with NLOS and OLOS probability pnpos. During the analysis, different values of pnros
are considered, ranging from pnr,os = 0.6 to pxr,os = 1. This range reflects typical indoor
scenarios. The ranging errors are distributed according to (5.3) with the following param-
eters: Mean ranging error 1/ = 0.38 m of NLOS and OLOS links and standard deviation
o = 0.05 m of LOS links.

During the first part of the analysis, the key metric will be the size of the constrained
region which is measured in m2. Regarding the analysis of the two-phase approach, the
localization accuracy will be measured in terms of the average localization error. Addi-
tionally, the complementary cumulative distribution function (CCDF) of the localization
errors will be investigated. The localization error ¢; of agent j is measured according to
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ej — ”f’g'fI)\IMSE — p7|| where f’;‘fl)VIMSE is the MMSE estimate of the belief in the I it-
eration. For statistical significance, Nye = 200 random network topologies (positions of
agents vary randomly, while anchors are fixed) are considered and position estimates are
collected at every iteration for every agent.

In order to assess the complexity of the sample-based BP algorithm, two analyses will
be conducted. First, the number of operations required for each variant of the algorithin
is considered according to the big-O notion. Then, the actual computation time which is
required will be measured. All computations of the simulation are performed on an Intel
i7-5820k desktop CPU which was exclusively dedicated to the simulation. Three different
aspects of the computation time are considered; the time required to determine the poly-
gons, the time required to determine converged location estimates, and the accumulated
time. Note that the time which is required to determine converged location estimates
depends on the number of iterations required to achieve convergence!®.

5.6.2 Polygon Outer-Approximation
The following aspects arc investigated:

1. The influence of the number Ng of polygon vertices on the area of the polygon and
the speed of convergence.

2. The dependence of the polygon area on the number of NLOS and OLOS links.
3. The computation time of the algorithm.
4. The robustness to negative range estimates.

For comparison, the ellipse outer-approximation algorithm which was presented in [GWG13,
GWSR11a, Gholl] is considered as a benchmark.

Aspect 1): Fig. 5.18 depicts the polygon area in m? against the number Npg of iterations
for a fixed NLOS and OLOS probability of pnrLog = 1. Recall that it is desirable to have
small polygons in order to tightly constrain the positions of agents. It can be obtained
from Fig. 5.18 that the sizes of the polygons decrease, as the number Ng of vertices
increases. Increasing the number of vertices beyond Ng > 16 adds no additional area
reduction. Since additional vertices increase the complexity and communication overhead,
but they do not provide smaller polygons, Ny = 16 vertices will be considered for all
further analysis. In addition, the largest area reduction is achieved in the 2"¥ iteration.
The reduction of polygon area from the 2°? to the 3" iteration is only minor. Using more
than Npg = 3 iterations does not decrease the polygon area notably. In order to limit the
effort of deriving the polygons that are required for the constrained proposal distributions,
Npg = 3 iterations are considered.

Aspect 2): The average polygon and ellipse arca are depicted versus the NLOS and
OLOS probability in Fig. 5.19. Three curves are shown: The ellipse-based, the polygon-
based, and the robust polygon-based approach. In case of the robust polygon-based ap-
proacly, a safety margin of k = 30 is added to every range estimate before performing POA.
Recall that only NLOS and OLOS links are used to confine the locations of nodes. For
instance, if the NLOS and OLOS probability is pxLos = 0.6, only 60% (on average) of the

13The following definition of convergence is used. Convergence is achieved if the average localization
error does not change by more than 5% in the successive iteration.
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Figure 5.18: Average polygon/ellipse area versus the number of iterations - It becomes
evident that after a few iterations (2-3) the average polygon and ellipse area does not
decrease significantly. Moreover, a small number of polygon edges (Ng = 16) is sufficient
to achieve tight polygons.

links are available to determine the polygons or ellipses. It can be seen that the average
sizes of the polygons and ellipses increase as the NLOS and OLOS probability decreases.
The reason is that fewer links are used to confine the locations of nodes. It is important

'
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Figure 5.19: Average polygon/ellipse area versus the NLOS and OLOS probability - as
the NLOS and OLOS probability decreases, fewer links are used to confine the positions
of nodes and the average area increases. The increase of the constrained area of ellipses
is steeper than that of polygons, meaning that the superiority of polygons over ellipses
increases with decreasing pnr,0s-
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Figure 5.20: Computation time versus the NLOS probability - the time that an agent
requires to compute its polygon is only a fraction of the time required for ellipses (= 1/400).
As the number of NLOS and OLOS links increases, an agent has to perform more operations
leading to increasing computation time tps.

to note that the average area of ellipses shows a steeper increase compared to polygons as
the number of NLOS and OLOS links decreases. For instance, for pnr,og = 0.6, ellipses are
approximately three times larger than polygons, while, for pnpog = 1, cllipses arc only two
times larger than polygons. Another important aspect is that the increase of the average
polygon size due to the safety margin of k = 30 is only marginal. Hence increasing the
robustness of POA comes at a small price in terms of the area gain.
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Figure 5.21: Fuilure probability of POA versus the probability of correct NLOS and OLOS
identification - the probability that POA fails due to miss-classification of the NLOS and
OLOS condition is moderately low. The robust version of POA with a safety margin of
Kk = 30 is very resilient to range measurements with negative ranging errors which are
included in the algorithm due to miss-classification of the NLOS and OLOS coundition.
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Aspect 3): Fig. 5.20 depicts the computation time that an agent needs to determine its
polygon or ellipse. The computation time is shown versus the NLOS and OLOS probability
pN1os- The computation of polygous is substantially faster when compared to ellipses. The
rcason is that the computation of cllipses requires solving convex optimization problems,
while the operations required to compute polygons are much simpler (like determining the
intersection of two lines). For instance, if pnros = 0.6, an agent needs approximately
trs = 1 ms to compute its polygon, while approximately tpg = 400 ms arc required to
determine its ellipse. It can also be seen that the computation times of both approaches
increase with increasing NLOS and OLOS probability, since more NLOS links have to be
taken into consideration.

Aspect 4): Fig. 5.21 depicts the probability that agents do not reside inside of their
polygons against the probability of correct identification of the LOS condition. Classifica-
tions of links are performed in a Bernoulli-randowm fashion, i.e. a link is either classified
correctly as LOS with probability F.. or incorrectly classified as LOS with probability
(1 = P.;). Two curves are depicted; one for the standard POA algorithm and one for the
robust POA algorithm with a safety margin of x = 30. It can be observed that almost
all agents reside inside of their polygons regardless of the number of classification crrors.
Hence the robust POA algorithm shows high resilience against miss-classification of the
LOS condition. On the other hand, the standard version of POA is relatively susceptible
to incorrect LOS detections. More and more agents reside outside of their polygons if the
probability of correct NLOS and OLOS identification decreases. The following conclusion
can be drawn from these observations: In practical deployments, where the NLOS and
OLOS states are unknown and have to be detected, the robust variant of the POA al-
gorithm should be considered. It provides high resilience to incorrect NLOS and OLOS
identifications (see Fig. 5.21) and increases the constrained area only moderately (see Fig.
5.19).

5.6.3 Novel Proposal Distribution for Belief Propagation

The impact of the proposal distributions with polygonal constraints on sample-based BP
is studied in this subsection. For comparability, the following benchmarks are considered

1. [SZ13]: SBP with sampling based on an auxiliary variable ("SBP aux.”)

2. [LFS'12]: SBP with sampling based on the incoming message with the lowest entropy
("SBP min.’)

3. [MB17]: SBP with sampling based on elliptical constraints ("SBP ell.”)

=

[LFST12]: paramctric belicf propagation ("PBP’)
5. [SRLO2J: weighted least squares ("WLS’)

Key metrics of the analysis are (i) the speed of convergence, (ii) localization accuracy, (iii)
the computation time, and (iv) the number of samples. For now, it is assumed that the
NLOS and OLOS probability is pnpog = 1, i.e. all links are in NLOS condition. Lower
NLOS probabilities resulting in mixed LOS/NLOS and OLOS conditions are discussed in
Subsection 5.6.3.4. In the first part of the analysis, Vg = 1000 particles are used in all SBP
variants.
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Figure 5.22: Average localization error - the average localization error is depicted against
the number of iterations. The proposed SBP variant converges significantly faster compared
to most baseline algorithms and shows the highest localization accuracy.

5.6.3.1 Convergence and Accuracy

Fig. 5.22 depicts the average localization error against the number of iterations. The
proposed variant of SBP which employs polygonal constraints is termed ‘SBP pol.”. From
Fig. 5.22, two bencfits of the polygonal constraints can be inferred. First, fast convergence
(Npp = 3 iterations) is achieved. By employing the polygonal constraints on the proposal
distributions, prior information is generated that accelerates convergence compared to the
baseline approaches. Only the ellipse-based approach from [MB17] can compete, since the
ellipses generate similar prior information compared to the proposed approach. Secondly,
the proposed method achieves the highest localization accuracy among all competitors.
Hence there is a two-fold benefit of incorporating the proposal distribution presented in
Section 5.5. Those two advantages can be traced back to the following reasons. Quick con-
vergence is achieved, since the polygonal constraints already restrict the possible locations
and, after the first iteration, the beliefs are already concentrated in the regions close to
the true locations of agents. High localization accuracy is achicved. since samples reside in
the important regions of the sample space. Unlike in [SZ13, LFS"12], many particles have
significant weights and contribute to the location estimate.

The CCDF of the localization error allows for a more insightful analysis of the accuracy
than the average localization error. Fig. 5.23 depicts the CCDFs of the localization errors
after convergence. Most baseline approaches ([SZ13] 'SBP aux.’, [LFS*12] 'SBP min.’, and
[LFS*12] PBP) require Npp = 5 iterations to converge, while [SRL02] "WLS’ needs ten
iterations (not shown in Fig. 5.22). The proposed approach (SBP ’pol.”) and [MB17] ’SBP
cll.” converge after Ngp = 3 iterations. It can be observed from Fig. 5.23 that the CCDF
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Figure 5.23: CCDFs of the localization errors of all considered approaches - SBP with
polygonal constraints outperforms all benchmark methods in terms of the localization ac-

curacy.
Algorithms
SBP min. | SBP aux. | SBP ell. | PBP | WLS | SBP pol.
trs in s - - 0.7850 - - 0.0020
teony ins | 16.7189 16.8082 | 10.2384 | 0.6253 | 0.0618 | 10.9575
l.ins 16.7189 16.8082 | 11.0234 | 0.6253 | 0.0618 | 10.9575

Table 5.1: Computation time - average time per node to achieve convergence.

of 'SBP pol.” decreases rapidly in the regime of small errors and especially, large errors
can be mitigated better compared to the baseline approaches. With the help of polygonal
constraints, all baseline approaches are outperformed. SBP with elliptical constrains is the
strongest competitor in terms of accuracy.

5.6.3.2 Computation Time

Table 5.1 depicts the average accumulated computation time ¢. per agent. The accumu-
lated computation time ¢. is broken up into the time tpg that is required to compute the
polygons or cllipses and the time teony required to achieve convergence with the respective
localization algorithm fcony. The sum of both quantities yields the total computation time
te = trs + teony. The convergence observations from the previous discussion are employed
to determine ¢y -

In terms of computation time, WLS shows the lowest cost followed by PBP and the
proposed polygon-based SBP. The following conclusions can be drawn
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Figure 5.24: CDF of the number Ne of wertices after polygon intersection - after in-
tersecting polygons with Ng edges. the resulting polygons have usually fewer edges, i.e.

Ng < Ng.

1. The computation time for POA is almost negligible compared to that of SBP.

2. The increased speed of convergence of SBP with polygonal constraints reduces com-
putation time (. significantly compared to the existing SBP variants.

3. Compared to WLS and PBP, the average accumulated computation time t. of the
proposed approach is still relatively high!?.

To gain some more insight into the first observation, it is worthwhile to review the
cornerstones of the POA algorithm. Note that all operations in that algorithm can be
solved in a closed form. Polygon scaling and anchor polygon processing (Algorithm 2
and 4, respectively) scale linearly with the number of edges, i.e. O(Ng). In terms of
computation, the most demanding part of the algorithm is polygon intersection (Algorithm
3). The Sutherland-Hodgman algorithm scales quadratic in the number Ng of edges [SH74].
Since it intersects only pairs of polygons. the intersection of |S_,; N1,0s| Polygons requires to
execute the Sutherland-Hodgman algorithm |S_,; np,0s| — 1 times. Recall, though, that the
number Ng, of cdges of intersected polygons depends on the input polygons and it cannot
be generalized. Thus, the number of operations required to intersect |S_, ;| polygons cannot
be quantified for arbitrary polygons. However, it has been observed empirically that the
number N of cdges of intersected polygons is typically smaller than the number Ng of
edges of the polygons to be intersected (see Fig. 5.24). Hence Ng &~ Ng usually over-
estimates the number of computations. With this assumption, a conservative scaling of
(9(|Sﬁ]-,NLOS\N]%) is considered for polygon intersection. Overall, POA scales quadratic in
the number of edges and linearly with the number of neighbors, i.e. O(|S—>j,NLOS|N]?;)‘
Considering that Ng < Ng, it is obvious that SBP is much more costly in terms of
computations than polygon outer-approxiimation.

147t is worth mentioning that no parallel computing was implemented in the simulations to reduce the
dependencies on the hardware. However, considerable speed-ups due to parallel computing can be expect
for particle-based approaches, since the computations for all particles can be performed in parallel. The
actual gain duc to parallel computing depends on the hardware architecture on which the algorithms arc
implemented.
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Figure 5.25: CCDFs of the localization errors for different sample sizes - reducing the
number N; of samples reduces the localization accuracy moderately if polygon-based SBP
is considered. With only Ny = 500 samples, the PBP approach from [LFST12] is still
outperformed in terms of accuracy.

Obscrvation 2) makes intuitively sense. since reducing the number Npp of itcerations re-
duces the complexity of SBP linearly. The proposed polygon-based and ellipse-based SBP
algorithms have reduced computational costs compared to the other SBP benchmarks
[LFST12, SZ13], because both require fewer iterations to converge. In particular, a reduc-
tion of approximately 40% (Npp = 3 iterations versus Npp = b iterations) is achieved.
Note that teony of the proposed polygon-based SBP approach is slightly higher compared
to ellipse-based SBP [MB17]. The reason is that in [MB17] samples are drawn directly,
while acceptance-and-rejection sampling is used in order to draw samples that reside inside
the polygons.

Finally, it is worthwhile to mention that, although the computation time of the pro-
posed SBP variant is reduced compared to the approaches in [LFST12, SZ13], the overall
computationally complexity is still relative high which reflects the fact that SBP remains a
computationally intensive algorithm. On the other hand PBP is less computational com-
plex compared to all SBP variants and embodics an attractive alternative compared to
SBP. Yet, PBP shows slightly lower estimation accuracy than the proposed SBP variant.

5.6.3.3 Number of Samples

Fig. 5.25 depicts the CCDFs of the localization errors as various sample sizes are consid-
ered. The convergence observations from Subsection 5.6.3.1 are considered, i.e. polygon-
based SBP converges within three iterations and PBP requires five iterations to converge.
Two observations can be made:

e PBP can perform better than SBP in terins of accuracy if the nunber of samples is
small.
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Figure 5.26: Awvecrage localization error - the proposed polygon-based algorithm outper-
forms the cllipse-based approach in terms of localization accuracy.

e SBP achieves higher positioning accuracy than PBP if the numnber of samples is
sufficiently large.

For large sample sizes (Ng > 500), SBP perforins better than PBP in the regimes of both
small and large crrors. Bear in mind, though, that larger sample sizes result in higher
computation times. Considering the results from Fig. 5.25 and the previous subsection,
the following conclusion regarding the accuracy-computation trade-off can be drawn. For
systems that do not aim to maximize the localization accuracy, it can be sufficient to choose
PBP for cooperative network localization, since PBP is cheaper in terms of computations.
If more computational resources are available, however, polygon-based SBP allows for an
increase of the localization accuracy. The achievable localization accuracy of SBP can go
far beyond what is possible with PBP if the number of samples is large. Compared to other
SBP variants, polygon-based SBP provides a considerably improved accuracy-computation
trade-off, i.e. higher localization accuracy and lower computational costs are achieved.

5.6.3.4 Mixed LOS and NLOS Condition

It has been observed in Subsection 5.6.2 that the sizes of the feasible sets increase as the
NLOS and OLOS probability deercases. This, in turn, affects the accuracy of the polygon-
based and ellipse-based SBP algorithms. The reason is that the sample density in the
regions close to the true locations decreases if the number Ny of samples remains unchanged.
To study the quantitative effects of the increased feasible sets on the localization accuracy,
a scenario with a relatively low NLOS and OLOS probability of pxpos = 0.6 is assumed.
Fig. 5.26 depicts the average localization error versus the number Ngp of iterations. It
can be observed that due to the increased polygons and ellipses both approaches converge
slower compared to the case if all links are NLOS and OLOS (see Fig. 5.22). In particular,
one additional iteration (four in total) is required to achieve convergence. The reason is
that the polygons or ellipses provide less prior knowledge, since their sizes are increased.
In addition, the advantage of polygons over cllipses becomes more apparent, since the gap
between the two approaches widens. In case of pnpog = 1, the average localization errors
of polygon-based and ellipse-based SBP are approximately the same (see Fig. 5.22). On
the other hand, if pnpos = 0.6, the average localization crror of polygon-based SBI is
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approximately 20% lower than that of ellipse-based SBP. The reason is that the sizes of
the ellipses increase faster than those of polygons as the NLOS and OLOS probability
decreases (see Fig. 5.19). As a result, the proposed POA-based approach shows lower
localization crrors when compared to the cllipse-based approach. This can also be scen
from the CCDFs of the localization errors which are depicted in Fig. 5.27. The proposed
approach outperforms the ellipses-based approach in the regime of medium to large errors
(e > 0.5 m).

In conclusion, in practical scenarios, where not all links are in NLOS and OLOS con-
dition, the polygon-based approach performs better than the ellipse-based approach in
terms of accuracy, since the polygons grow slower than ellipses as the NLOS and OLOS
probability reduces.

5.7 Conclusions

This chapter has discussed the problem of cooperative localization in scenarios with sparse
anchor coverage. It has been pointed out that the uncertainties regarding the positions
of ageuts are relatively high if the infrastructure is deployed sparsely. In order to obtain
accurate position cstimates in such scenarios, the considered localization algorithm must
be able to account for these uncertainties. Even though stochastic algorithms meet this
requirement, their complexity is often prohibitive. However, the complexity of many of
these algorithms could be greatly relaxed if the area of search was constrained to small
regions. The obvious question is: How can such constraints be determined?

In many practical scenarios, physical constraints are inherently imposed by the prop-
agation environment due to effects like NLOS and OLOS propagation. To that end, a
method has been proposed in this chapter which leverages these physical constraints and
transforms them into geometrical constraints on the positions of agents. These geometrical
constraints are given by convex polygons which give rise to the name of the method: poly-
gon outer-approzrimation. Polygon outer-approximation confines the positions of all agents
to polygons in a distributed and iterative manner. It is computationally cheap, since all
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Figure 5.27: CCDFs of the localization errors for mized LOS/NLOS condition - duc
to the smaller constrained regions of polygons compared to cllipses, SBI achicves higher
localization accuracy in the regime of ery, > 0.5m.
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operations can be computed in a closed form. Consequently, it is a quick and easy way of
restricting the area of search.

It was shown through simulations that these constraints can significantly improve the
performance of sample-based belief propagation. For instance, they can (i) help to re-
duce the complexity burden considerably, (ii) speed up convergence, (iii) and increase the
localization accuracy. In particular, the proposed polygon-constrained sample-based be-
lief propagation method shows the best complexity-accuracy trade-off among all studied
sample-based belief propagation variants. It is worth noting, though, that the overall com-
plexity of the proposed approach may still be too high for low-cost and low-complexity
devices. For such devices, parametric belief propagation may be more suitable, since it
offers lower complexity at the costs of reduced accuracy. Whenever more computational
resources are available, the proposed polygon-based approach is preferable, as it offers
superior localization accuracy with tractable computational complexity.

However, it should be emphasized that the sizes of polygons increase steadily as the
NLOS and OLOS probability decreases. Thus, in scenarios with extremely low NLOS
probability, polygons can be expected to have relatively large sizes. In such cases, sample-
based belief propagation with polygonal constraints can loosc many of the advantages
(fast convergence and high accuracy) mentioned above. Since a relatively large number of
NLOS and OLOS links is required in order to determine tight constraints on the locations
of agents, the proposed polygon-based cooperative position estimator is particularly suited
for localization in indoor environments. Nonetheless, extensions of the proposed POA
algorithm (similar to its robust variant) can be applied to include also LOS links. If a
positive safety margin, which is large enough to compensate any negative ranging errors,
is added to all links, LOS links can also be used to impose constraints on the positions of
agents. Such an extension renders POA applicable to scenarios with many LOS links as
well.






Chapter 6

Single- Anchor Positioning Part I:
Theoretical Insights

It was shown in the previous section that cooperative approaches allow for accurate posi-
tioning in scenarios with sparse infrastructure. The enabling feature of cooperation is that
every agent has access to a larger number of distinct! measurements (distance estimates)
when compared to non-cooperative techniques. A natural way of extending this idea is to
ask: How can one increase the number of distinct measurements per anchor? Ideally, the
nuber of measurements is large enough so that every agenut needs to communicate only
with a single anchor. One way of obtaining multiple distinct measurements per anchor
is to employ large antenna arrays at the transmitter and receiver which allow for accu-
rate angular estimation. It turns out that fitth generation (5G) cellular communication
networks bear a huge positioning potential. Especially the millimeter wave (immWave)
massive multiple-input multiple-output (mMIMO) proposal in 5G has been shown to have
outstanding positioning capabilities [SGD18b, ASZAT18h, GGD18a, MWBAS18]. In
fact, these studies have revealed that single-anchor positioning becomes possible.

This chapter analyzes the positioning potential of mmWave mMIMO systems theoreti-
cally by means of Fisher information. First, a brief introduction will be given and the state
of the art will be depicted in Section 6.1. Subsequently, the system model will be discussed
in Section 6.2. The following two important cases will be distinguished: (i) Synchronized
and (ii) non-synchronized transmitter and receiver clocks. Analytical Fisher information
studies for both cases will be conducted in the Sections 6.3 and 6.4 in order to reveal the
positioning potential of mmWave mMIMO systems. Numerical examples will be given in
Section 6.5 in order to emphasize the findings of the theoretical analysis. Section 6.6 will
summarize the results of this chapter.

6.1 Introduction and State of the Art

This section gives a brief introduction to the topic of single-anchor positioning in 5G
mmWave mMIMO systems. The state of the art is described subsequently.

IThe word distinct in this context refers to measurements that are obtained under different geometrics.
For instance, distance measurements with respect to neighboring nodes that reside in distinct positions
are called distinct.
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6.1.1 Introduction

Accurate radio-based positioning in networks with sparse infrastructure is a notoriously
hard challenge. One way of compensating for the lack of anchors is to allow for cooperation
among agents as described in Chapter 5. Another way of dealing with low anchor deunsity is
based on the concept of single-anchor positioning. Single-anchor positioning is an appealing
concept, since, in most networks, coverage is usually assured by at least one anchor. Sup-
pose that no coverage holes exist in a network, then agents could estimmate their positions
at any point in space without the need for cooperative approaches or multiple anchors. As
attractive as the concept sounds, contemporary networks do not provide the capabilities
for single-anchor positioning, since the position information (in the Fisher sense) that a
single anchor can provide is insufficient for localization. In future 5G mmWave mMIMO
networks. however, the tide can turn because a single anchor can provide a considerably
larger amount of position information compared to anchors in current radio systems. One
might ask: Where does the potential from 5G mmWave mMIMO systems come from? A
rigorous answer to that question will be given during the course of the chapter.

As a first intuition, it is worthwhile to recall some basic knowledge from the field of
radio-based positioning: (i) Large bandwidth is a catalyst for accurate delay or distance
estimation [CWWO07] and (ii) large antenna arrays are the gateway to precise angle esti-
mation [LCP05, 1LSS09, HSZ'16a]. Future mmWave mMIMO systems will feature both
aspects, since large blocks of bandwidth are available in the mmWave bands and the short
wave length of mmWave signals allows for the deployment of a massive number of anten-
nas in relatively small areas. As a consequence, accurate delay and angle estimates will
be widely available in mmWave mMIMO systems. Hence 5G has the potential to provide
precise position estimates based on a single anchor. Note that the positioning aspect is
just a byproduct of 5G systems whose main purpose of deployment is to advance current
cellular communication systems. Therefore, the expected cost? (in terms of deployment,
maintenance, ete.) of positioning in 5G systems will potentially be lower than that of
contemporary positioning systems. At the same time, though. the positioning accuracy
can be expected to be relatively high. A conceptual cost-accuracy diagram is depicted in
Fig. 6.1.

6.1.2 State of the Art

Very recently. single-anchor positioning has been gaining considerable attention. Research
in this field has picked up a lot of momentum after early studies [WSGD17, GWL"17,
KHC'17, SGD"18a, ASZA"18a] have outlined the potential of mmWave mMIMO sys-
tems for single-anchor positioning. Even though the number of multipath components in
mmWave mMIMO systems is usually small, a key obscrvation was that cvery multipath
component has the potential to increase the achievable positioning accuracy [SGD'18a).
This observation deviates from the common belief that multipath propagation is an adverse
effect which impairs the precision of location estimates, when no prior information regard-
ing the location of the corresponding points of incidence of non-line-of-sight, (NLOS) paths
is available [HSZT 16b, SW10a, SWW10, SW10b, WSD18]. The reason for this paradigm
shift is that the large sizes of the envisioned antenna arrays in combination with the vast
bandwidth envisioned in mmWave mMIMO systems provide substantial amounts of Fisher
information. As a result, multipath components become resolvable in the temporal and

2This is a vague definition of cost which will only be used to indicate the potential of 5G systems.
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Figure 6.1: Abstract cost-accuracy relationship of radio-based positioning - WiFi is ubig-
uitous and hence can be used for position estimation at low costs. The achievable accuracy.
however, is relatively low. GPS is also widcely available and the achicvable accuracy is higher
than that of WiFi. UWD systems have great positioning capabilitics, but they arc usually
deployed in an ad hoc fashion, rendering them costly. 5G has the potential to offer both
high positioning accuracy and low positioning cost.

angular domains and hence the angle-of-arrival (AOA), angle-of-departure (AOD), and
delays of every NLOS path can be estimated precisely [CW18, YZZ18]. Yet, the impact,
of multipath components was only studied numerically and there is a clear lack of the
theoretical understanding.

Considering the large number of observations (triplets of AOA, AOD, and delay for ev-
ery path) which a single anchor can generate, the problem of position estimation has been
reevaluated and extended by parameters such as the orientation of the agent. The funda-
mental limits of position and orientation estimation using mmWave mMIMO in 5G have
been recently investigated in [GGD18b, SGD'18a, ASZA'18a]. In [GGD18b], a single-
anchor localization scheme was considered for indoor scenarios. The Fisher information
matrix (FIM)? of the position and orientation paramcters as well as the FIM of the NLOS
parameters were presented. Based on these FIMs, the position error bound (PEB) and
orientation error bound (OEB) were derived numerically for different array configurations.
It was shown in [GGD18b] that increasing the number of antenna array elements increases
the localization accuracy. In [SGD'18a], the FIM of all observable channel parameters was
presented. Using the geometric relationship of the channel parameters and the position and
orientation-related parameters, the FIM of the position and orientation-related parameters
was derived in closed-form. Moreover, the PEB and the OEB were determined numerically,
and algorithms which attain the previously determined bounds were also presented. It was
shown numerically that even in the absence of the line-of-sight (LOS) path, positioning
with reasonable accuracy is possible. In [ASZA118a], fundamental limits of position and
orientation estimation for uplink and downlink in 3D-space were presented. The FIM of
the channel parameters was derived in a closed form similar to [SGD*18a], which provided

3The achievable accuracy of an estimation problem can be linked to the corresponding FIM via the
information incquality.
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the FIM of the 2D channel parameters. Moreover, the structure of this FIM was analyzed
and it was shown to become block diagonal when the bandwidth and the number of receive
and trausmit antennas are sufficiently large. In contrast to [SGDT18a], which considered
uniform lincar arrays, [ASZAT18a| presented the derivation of the PEB and the OEB in
closed-form for arbitrary antenna array structures. The PEB and the OEB were derived
in a similar manner compared to [SGD118a]. In addition, the influence of different array
types on the PEB and the OEB was investigated. Morcover, differences in the uplink and
downlink were also considered in [ASZA ' 18a).

It is worthwhile to mention that the idea of exploiting multipath information has already
been investigated before the advent of 5G [LMRT15, WML*16, GIWT16]. Preceding
studies have focused on ultrawideband (UWB) signals [LMR 15, WML 16] and signals
of opportunity (SoO) [GIWT16], which embody a class of signals from systems like Long
Term Evolution (LTE) and wireless fidelity (WiFi). However, these approaches ouly exploit
delay estimates and thus, they are subject to certain constraints. For instance, mobility
of the agent is required to obtain unambiguous estimates, a large number of time steps
can be necessary to achieve convergence and consequently, the computational complexity
of the algorithms can be burdensome.

6.1.3 Contribution

Two fundamental estimation problems will be studied in this chapter. First, the role of
NLOS paths will be investigated analytically. The studics in [SGDT18a, ASZA™18a] have
only shown numerically that NLOS paths can increase the positioning accuracy. Important
aspects such as the impact of the underlying geometry are still unclear. To that end,
the equivalent Fisher information matrix (EFIM) which corresponds to the position and
orientation estimation problem in a multipath environment will be derived and decomposed
in a closed form. The results of the decomposition will reveal the impact of NLOS paths
on the position and orientation estimation problem. Secondly, an extended problem will
be analyzed. In the extended problem, it will be shown that an agent can determine its
own position, orientation, and clock offset? based on a single transmission received from an
anchor. Simultaneously, the transiitter can obtain a map of the points of incidence in its
radio environment. The Fisher information matrix corresponding to this problem will be
derived analytically and the respective performance bounds will be computed numerically.
The following list contains the main contributions to the first and second problem:

1. Analysis of the role of NLOS paths in mmWave mMIMO

e An expression for the EFIM of the position and orientation will be derived and
it will be shown that this EFIM can be written as the sum of rank one matrices,
where each NLOS component contributes a distinct rank one matrix to the
EFIM.

e It will be shown that the contribution from each NLOS component increases
the position and orientation information content in the EFIM and thus reduces
the PEB and OEB.

e [t will be revealed that NLOS components provide significant position and ori-
entation information if and only if AOA, AOD, and delay can be estimated
accurately.

4The terms clock offset and clock bias are used interchangeably.
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Figure 6.2: Geometry of the scenario - an agent with unknown position p. orientation c,
and clock offset € attempts to localize itself and determine its orientation using the received
signal from the anchor. The anchor has known location q and orientation ¢. Single-bounce
NLOS paths and a direct path are considered.

e The amount and direction® of information will be presented in a closed form,
showing its relation to the geometry.

2. Analysis of the estimation capabilities in mmWave mMIMO
e The FIM of the position, orientation, and clock offset estimation problem will
be presented in a closed form.

e The feasibility of joint position. orientation, clock offset, and map estimation
will be shown numerical by showing that the corresponding FIM is invertible.
It will be proven that the estimation of the aforementioned quantities becomes
feasible if the LOS path and at least one NLOS path exist.

6.2 System Model

In this section, the geometry of the considered problem will be described. Subsequently,
the transmitter, channel, and receiver models will be specified.

6.2.1 Geometry

Fig. 6.2 depicts the studied scenario. An agent is considered which aims to cstimate its
own location p and orientation a in 2D space, based on the downlink signal received from
the anchor. If the agent and anchor are not precisely time-synchronized, the agent also

5Since Fisher information is a multidimensional concept, information can be represented as eigenvalue-
cigenvector pairs of the (E)FIM [SW10a, SWW10|. The cigenvaluc is referred to as the gain or intensity
of information and the angle of the eigenvector as the direction of information.
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attempts to estimate its clock offset ¢ with respect to the clock of the anchor. The position
q and orientation ¢ of the anchor are perfectly known to the agent. This information can
be piggybacked in the header of a package without increasing the overhead notably or via
dedicated signals: so-called positioning reference signals (PRSs). Even though the analysis
is focused on downlink position and orientation estimation, the estimation could also be
carried out in the uplink as presented in [ASZA118a]. The anchor and agent are both
cquipped with an array of Npx transmit antennas and Ngx receive antennas, respectively.
Their arrays have arbitrary but known geometry. The centroids of the anchor’s and agent’s
arrays are located at the positions® q = [gx, ¢y]T and p = [px, py] T, respectively. The known
orientation of the anchor’s array is denoted by ¢, while a denotes the unknown orientation
of the array of the agent.

6.2.2 Transmitter Model

It is assumed that mmWave signals in combination with massive MIMO technology are
employed. For the sake of the analysis, all signals and systems are assumed in the equivalent
base band. The transmitter transwmits the signal §(t) £ FEoFs(t), where Fy denotes the
energy per symbol, F £ [f1.f2, ..., Tny,] is a precoding matrix with Np transmitted beams,

and s(1) £ [s1(t). s2(L), ..., sns (1)]T is the vector of pilot signals. The pilot signal of the [t
beam is given by
N,—1
sl(t) £ Z dl«,mp(t - ‘ang), (6'1)
m=0

where N, denotes the number of pilot symbols per beam, T is the symbol duration, and
dy m is the m'™ unit energy pilot symbol which is transmitted over the I'" beam with the
unit energy pulse p(t). The pilot symbols dj ,,. VI, m are assumed to be known to the agent.
The I*" column of F contains a directional beam pointing towards the azimuth angle Opr,

f(0pp,) =

1
arx i(0pF,)- (6.2)
VN
Here, arx (+) is the unit-norm array response vector given by [Tre02]

S

1 .
arx(0pr,) TN exp(—j Atxk(0pr,)), (6.3)

where k(fpp ;) = 2f[(ﬁOS(GBFJ). sin(@p,)]T is the wavenumber vector, X is the wavelength,
s . . . . . .

Arx = [uTX’l, uTx 2, - UTX,NTx] is a 2 x N7x matrix which contains the positions of the

transmit antenna clements in 2D Cartesian coordinates in its columns, i.c. the n'™ column

of Arx is given by urx, = [xTX,myTX,n]T- To normalize the transmitted power, the
following conventions are considered: tr (F Hp ) =1 aud || ]()\"T s (H)dt|)? =1, VL.

SFor notational convenience, the position p of the agent has no subscript, since only a single agent is
considered. Morcover, only a single anchor is considered and in order to drop the anchor subscript, its
position q is described by a different letter.
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6.2.3 Channel Model

A radio channel with J + 1 > 1 distinct paths between the anchor and the agent is
considered. In mmWave mMIMO systems, the number of paths is generally small [PK11].
The LOS path - if it exists - is denoted by j = 0, while 7 > 0 corresponds to NLOS
components. It is assumed that the presence of an LOS path is known. Due to the
large path loss in the mmWave band and the high directionality of the antenna arrays of
mMIMO systems, the received power of NLOS paths is significantly lower than that of the
LOS path [RMSS15]. Hence it is assumed that the LOS path can be detected reliably. In
addition, due to the high path loss and the high directionality of the transmitted beams,
NLOS components are assumed to originate from single-bounce scattering or reflection only
[SGD*18a, HSZT16b, GGD18b, DS14]. Scatterers arc objects that arc much smaller than
the wavelength of the signal, while reflectors are objects with specific reflection points
that are much larger than the wavelength of the signal. The reflecting point and the
location of the scatterer are represented by the point of incidence and they are denoted
by s; = [sx, sy‘,j]T. Considering Fig. 6.2, it can be seen that each path is associated with
three distinct channel parameters; AOA, AOD, and delay (TOA). The AOA, AOD, and
delay of the j™ path are denoted by Orx.j, 01xj, and 7, respectively. Note that the AOAs
and TOAs are measured in the local reference frames of the agent. The local temporal
reference frame of the agent is related to the global temporal reference frame of the anchor
via the clock offset e. Similarly, the orientation « of the agent connects the local and global
reference frames of the agent and anchor, respectively. If the clock offset and orientation
are unknown they have to be included in the estimation problem in order to be able to
harness the AOA and TOA estimates.

Remark: Recall the principle of delay estimation presented in Section 2.2.1. A channel
estimator cannot, directly measure the delay of a path. Instead, it estimates the TOA of a
path and concludes the delay and hence the distance from the estimated TOA ETOAJ- and
the time of transmission ipx (c.f. (2.2)). Suppose that the TOA of the 5% path can be
estimated with standard deviation oroa;. If the clock offset between the transmitter and
receiver is known, the standard deviations o, and oroa; of delay estimation and TOA
estimation are identical due to their linear relationship and the fact that the clock offset;
does not contain uncertainty, i.e. or, = oroa,. Hence the terms range, delay. and TOA
will be used interchangeably in the case, where the transmitter and receiver are perfectly
synchronized.

Assuming a narrow-band array model”, the channel impulse response is given by

J
H(t) = Y v/NaxNixhjanx j (0rx j)afy ; (0rx ) x6 (t = 7)), (6.4)
70

H;

where hj = hgj; + jhr; is the complex path gain while arx j(6rx ;) and agrx ;(frx,;)

 path at the transmitter and receiver,
lth

denote the unit-norm array response vectors of the j
respectively. It is worthwhile to emphasize that fgp; determines the angle of the
transmitted beam, while 01x ; describes the angle between the anchor and the ™ point of
incidence. For instance, if Ogp, differs greatly from 0rx j, the I8 heam does not illuminate
the j™ point of incidence. In other words, physical paths that arc not illuminated by

Tt is assumed that Ap.x << ¢/B, where Apayx is the maximum array aperture size, ¢ is the speed of
light, and B is the system bandwidth.
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Figure 6.3: Outline of the Fisher information analysis - in order to analyze the role of
NLOS components the FIM Jy, of the channel parameters is determined from the received
signal and simplified subsequently. Parameters that are irrelevant for positioning are elim-
inated from the simplified FIM Jz which results in a FIM Jz of reduced dimensions. This
FIM is transformed from the AOA. AOD. and delay-domain to the position, orientation, and
point of incidence-domain using the geometric transformation matrix T. The EFIM J 4 w

of the position and orientation is determined based on Jy and decomposed qubsequenflv

beams will not be scen by the agent. Note that atx ;j(0rx, ;) is defined via (6.3), while
agrx,j(0rx,j) can be defined analogously by (6.3) with appropriate subscripts.

6.2.4 Receiver Model

The noisy observed signal at the agent is given by
J
2N VEHFs(t— 1) +n(t), te[0,N.T], (6.5)
j=0

wheren(t) = [n1(t), n2(l), ..., Dy (1)] " is zero-mean additive white Gaussian noise (AWGN)
with power spectral density (PSD) Ng/2 per real dimension. Similar to [FNABT10, VV10],
it is assumed that a low-noise amplifier and a passband filter are attached to every receive
antenna. This assumption might seem restrictive for the practical application, yet it sim-
plifies the analysis of the EFIM. It can be regarded as the receiver architecture which
results in the lowest PEB and OEB.

6.3 Positioning and Mapping with Known Clock Off-
set

This section derives the EFIM of the position, orientation, and map estimation problem as-
suwing that the agent and anchor are perfectly synchronized. In order to reveal the nature
of the estimation problem, the following steps will be performed (see Fig. 6.3). The FIM
of the channel parameters will be derived based on the received signal in (6.5) and it will
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be simplified subsequently. The irrelevant dimensions (from the positioning perspective)
of this simplified FIM will be erased by means of the EFIM. The reduced-dimension FIM
of the channel parameters will then be trausformed in the position, orientation, and point
of incidence domain. The dimensions of the resulting FIM will be reduced another time in
order to derive the EFIM of the position and orientation which will be decomposed in the
final step. It will be shown that the EFIM of the position and orientation can be expressed
as the sum of rank onc matrices.

6.3.1 Definition

Let m be the vector of all channel parameters. i.c.
n £ [0hx. 01x. 7" hi. b T, (6.6)

where the AOAs, AODs, delays., and channel gains are collected in the vectors Orx £

[Orx.0,ORx 1. -, Orx.7) T O = (010, 0T 1, - O7x.)*s T = [10, 71, oo 77] T BR 2 [hR 0, Rty s PR
and hy £ [hr0, P1s ooy hLJ]T. respectively. Given the received signal r(t), the FIM of the

channel parameters can be computed as

Jonxonx Jonx00x 0 JOnxh

T . :
J.,] N Jan).(BTx : o , (67)
. . :
I T

where each entry is determined according to® [Kay93]

s L Optay (1) Opay (1)
et [ R T ) o

and E[] denotes the expectation with respect to the pilot symbols, R {-} is the real part
operator, and p,(t) is defined as the noise-free observation which can be obtained from
(6.5) as

J
pylt) =Y VEHFs(t - 7). (6.9)
j=0

The FIM is related to the estimation error covariance matrix of any unbiased estimator
via the information inequality [Abe93, TB07, TBT13]

E[n—-mm-n"]=3," (6.10)

where 7 is the estimate of 7 and A > B is equivalent to A — B being positive semi-definite.
The inequality in (6.10) is the well-known Cramér-Rao lower bound (CRLB).

8This result holds whenever the signal r(t) is corrupted by AWGN.
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6.3.2 Simplification

The blocks of the FIM in (6.7) obey certain scaling laws when the number of receive and
transmit antennas as well as the bandwidth become sufficiently large®. In particular, it was
shown in [ASZA " 18a, Section ITI-B] that some blocks can be well approximated by diagonal
matrices, while others become zero matrices. The corresponding intuition is the following:
If a block matrix on the diagonal of J,, becomes diagonal. the involved parameters can be
estimated independently of each other. Moreover, if an off-diagonal block matrix becoines
zero, there is no coupling of the involved parameters. Examples will be provided in the
following paragraph, where the results of [ASZA " 18a] that are relevant for this thesis will
be summarized.

Let © denote the Hadamard product and let 174 and 054 be the J+ 1 x J+1 identity
and all-zeros matrix, respectively. The following simplifications of the FIM J5 in (6.7) can
be made [ASZAT18al:

1. Since the AOAs of the different paths are assumed to be distinct, the steering vectors
at the receiver do not interact considerably with each other, i.e. Haﬁx uaRX~UH <

|agxﬁua§xﬂ LH . Vu # v. Hence AOAs can be estimated independently, i.e. J OrxOrx &
Li+1© Jouxonx-

2. The array responsc aryx , and arx,, for different angles Opx ,, and O1x ,.u # v do
not interact considerably with each other, i.e. limpyy 00 a%x UFFHaTXJ, ~ 0. Hence

AODs can be estimated independently, i.e. jg,l,xg,l,x ~1;110Jd0,x0.0x

3. The temporal cross-correlations of different paths vanish as the bandwidth of the
signal becomes large, since the paths can be resolved independently in time, i.e.
Jrr = IJ+1 OJrr.

4. As a consequence of the previous results, the channel gains can be estimated inde-
pendently, i.e. Jhphy = 1741 © Jhghyg and Jnn, = L1 © Jon,-

5. All off-diagonal blocks, except for Jg,yng and Jg,gn,, in (6.7) become zero. It was
shown in [ASZAT18a] that the real and imaginary parts of the jth channel gain
couple only with the AOD of the j*® path, i.e. Jg,xhn = 1741 ©Jgrcny and Jo . n, =

I.I+1 ® J0Txh1 .

Thus, when the bandwidth of the signal is large and the number of receive and transmit
antennas is also large, J;; can be well approximated by

Jouxoux  Os41 Oyp1 Oy Oy
. 0741 Jorx00x 0~J+1 Jorxhn  Jorxh
Jp = 0y 0y Jer Op 05 | (6.11)
0711 g ne 071 Jngng 0741
0701 Jgom Osi1 Osp1r T

Tt was shown numerically in [ASZA*+18a| that the approximation crror of the PEB duc to the simpli-
fication of the FIM is fairly small even under realistic assumptions on the bandwidth (B = 125 MHz) and
the 2D array sizes (Ntx/rx = 12 X 12).



6.3. Positioning and Mapping with Known Clock Offset 125

6.3.3 Derivation of the EFIM of the Position and Orientation

The parameter vector n is reordered for mathematical convenience such that parameters
of the same path are grouped together, i.e.

[I>

72 [al b, (6.12)

where 7; = [Tj,QTXJ,hR,j.th,@RXJ]T. Reordering the parameter vector results in a
permutation of the entries of the FIM in (6.11). The reordered FIM is given by

T3 £ Py, (6.13)
where P, is a permutation matrix of size 5J x 5J which is given by
A .
Pﬂ' = [Pﬂ'.lv seey PTI',J]T7 (014)

Here, Py ; = [eay i, €7 i.€37is€47 i, €] and e; denotes the it unit vector of the standard
basis of appropriate length. Hence the FIM of the channel parameters has the following
structure

Jiy = blkdiag (Jg,. ... I3, ) - (6.15)
The FIM block Jﬁ] of the jth path is given by

0 0]
J
7 br,; b
1
5 & 0| bry o 0 0 16
;= by O % (6.16)
Lj
Torx sm, L
L 0 O UgHX,J J

where the diagonal entries of the reordered FIM matrix of the channel parameters are
abbreviated by the respective 1/6%-terms. The variables br,; and by ; denote the corre-
sponding entries of Jg., h, and Jg .y n,, respectively.

6.3.3.1 Dimension Reduction of the FIM of the Channel Parameters

In contrast to the AOA, AOD, and delay of every path, the channel gains hgj and hy
have no geometric relationship with the parameters in the position, orientation, and point
of incidence domain. The goal of this subsection is to absorb them into the parameters
(AODs) with which they couple. In that way, the dimension of the FIM is reduced and all
remaining channel parameters carry information about the position, orientation, and the
points of incidence.

In particular, the uncertainty of hgj and hyj will be absorbed in the AOD-related
term. For that, the notion of the EFIM will be employed. The EFIM is a measure of
the information corresponding to certain parameters of interest, while accounting for the
uncertainties of other irrelevant parameters.
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Definition 1. Given a parameter vector & = [§1T,§;F]T with corresponding FIM

J J
g 2 | Jee Jec, ] ' i1r
¢ [ Tee, Jet | (6.17)
the EFIM of €, is obtained by [TMN98]
A -1 T .
'121 - '15151 - '15152‘]5252']5152' (618)

Intuitively, the fact that the parameters of €y are not perfectly known, leads to a loss in
information which is quantified by .]5152.]g1£ ng X
282 2

Using (6.16) and (6.18). the EFIM of Jg, n, with respect to frx ; is given by
1 1

_ 2 2 2 2 A >
g"rx,j T 52 - (bR:jOhR,] + bLj(Thu) ) : (0‘19)

Orx,; 0,5

Hence the (E)FIM!Y of the j™ path is given by Ja, 2 Jdiag (1/0/37,, 1/03TX]7 1/03“]),

where 7; = [TjﬁTX:g,‘,@RX,J‘]T. For notational convenience, the sub-FIMs Jg £ Ja,
of the LOS path and of the NLOS paths Jz, £ plkdiag (J,—71,...7.L—7J) are defined.
Consequently, the FIM of all paths is given by

Jﬁ é blkdlag (Jﬁl_os’ J'FI,\Los) . (620)

Intuition: Each o%term reflects how well the respective parameter can be estimated,
e.g., large 030 means that the delay of the LOS path cannot be estimated accurately. Note
that the o’-terms in (6.16) depend on many aspects, including the number of antennas,
beamforming, bandwidth, and recciver location.

6.3.3.2 Geometric Transformation of the FIM of the Channel Parameters

In order to obtain the FIM Jj of the position, orientation, and points of incidence, a
Jacobian transformation of the FIM Jg of the channel parameters in (6.20) is required.
This transformation captures the geometric relationships between the channel parameters
7 = [, --., 7 7] and the position-related parameters f) = pT,a, sﬂlr., STHT, where s;,7 =
1,2,---J denotes the jth point of incidence. For notational convenience and unlike the
parameter vector used in the cooperative positioning problem in Chapter 5, the anchor
q is not part of the parameter vector ). In particular, the FIM of the position-related
parameters is given by [Kay93]

J, & TI;TT, (6.21)

0T
where T £ %TL In order to determine the transformation matrix T, the geometric rela-
tionships between the channel and position-related parameters are depicted in the following

0T here is a slight abuse of the notation here, since the EFIM J5 s denoted by Jz, and it is called
J
FIM. This inconsistency was purposcly introduced to avoid confusion with another EFTM later on.
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list:
oo la=pll (6.22a)
c
- lla—sjll +lls; —pll (6.221)
c
Orx,0 = atan2 <py — qy> (6.22c)
' Px — 4x
0 _ Sy — Ay ;
Tx,; = atan2 | —=——= ), j>0 (6.22d)
Sxj ~ Ox
Orx,0 = atan2 (u) -a (6.22¢)
' x — Px
Orx,; = atan2 <—S‘V’j — py"j) —a, >0, (6.22f)
i Sx,j - pX,j

where € is the known clock offset between the anchor and agent. The partial derivatives
of the channel parameters with respect to the position-related parameters will be required
in later in this chapter. The non-zero partial derivatives are summarized in Appendix A.1.
It is worth to emphasize that € can be included in the estimation problem as a parameter
in the casc where the agent and anchor are not perfectly synchronized. This approach will
be pursued in Section 6.4. For now, the clock offset is assumed to be known. Based on the
geometric relationships in (6.22), the following transformation matrix results.

Lemma 1. The transformation matriz T is an upper triangle block-matriz

0 1 J
OTQ | TT;)) OTQ
; . . A |B

ra | 02| T 23 | 2 , 6.23
: S 0jx3|D |’ (6:23)

O2x3 | O2x3 -+~ TSJ

where [SGD' 18a]
W _ Orj/0p 00rx ;/0p O0rx ;/Op (6.24)
P 87']‘ /aa aeTX.{j /6a 80RXJ- /Ba '

and
Ts, = [ (97']‘/(981‘ BGTXJ/BSJ' angﬂj/(?Sj ] . (6.25)

Proof. The block-matrices in the top row of T are given by

L cos(frx0) —m5iarsin(frx0) — oy sin(f1x.0)
©) ¢ , Ip=dll , Ip=dll ,
Tp' = | +sin(frx,0) To=al cos(f1x,0) To=al cos(f1x0) (6.26)
0 -1
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and, for j > 0.

0 —% (a()s(eRX,j) 0 er SiIl(7T — eRX,j)
TI{ — —% SiIl(eRX,J') 0 _W COS(ORX‘J') 5 (6.27)
0 0 -1

respectively. The diagonal blocks corresponding to the points of incidence are given

[(3()8(9”_[‘)(,]‘) + COS(HRXJ)] _Flsj\l SiIl(@TX,j)

—m SiIl(@RXJ)
[sill(@Tan) + Sill(eRX~.7)]

Ty = 1
s cos(0Tx ;) er‘j“s(@RX:j)

J

(6.28)

Q=0

1
lla=s;ll
for 7 > 0. g

Remark: The units of the position-related and orientation-related entries in the trans-
formation matrix are normalized by 1 m and 1 deg, respectively. By normalization, a
mixed-units FIM Jj of the position, orientation, and points of incidence is avoided after
the transformation. As a result, all entries in the transformed FIM Jj will be dimension-
less and the standard inner product (dot product) can be employed to define the norm
of a vector. For notational convenience, the normalization constants (1 m and 1 deg) are
omwitted.

6.3.3.3 Dimension Reduction of the FIM of Position-related Parameters

Recall that the goal of the analysis is to reveal the impact of different paths on the position
and oricntation estimation problem. In that regard, the points of incidence arce just nuisance
variables and the goal of this subsection is to remove them from the FIM via an appropriate
EFIM formulation.

Lemma 2. The FIM Jy of the position-related parameters is given by

T T T
Jff, — AJﬁLOSA + BJF’NLOSB ‘ BJF’NLOSD (6.29)
DJ;’NLOSBT ‘ DJﬁNLosDT
Proof. Evaluate (6.21) using Lemma 1. O

Defining the parameter vector 7, , 2 pT, 0|7, the EFIM J5, of the position and orien-
: e
tation is obtained using (6.18) and (6.29) from Lemma 2, i.e.

c _ T _ T
Jﬁp'a - AJ"ILOSA + BJ"INLOSB
£A(S) - LOS info gain  £B(S) - NLOS info gain
T Ty—1 T (630)
B BJﬁNLosD (DJﬁNLosD ) DJﬁNLosB :

£B(1) - NLOS info loss

It can be seen that the EFIM J‘n is composed of three terms. The first term A(©)
o

quantifies the information gain from the LOS path. The second term BEG) (uantifies the
information gain from the NLOS components. Finally, the third term BM specifies the



6.3. Positioning and Mapping with Known Clock Offset 129

loss of information which accounts for the fact that the points of incident of NLOS paths
are unknown.
Considering the structure of Jz and T the NLOS information gain and loss can be written

as
J
B ) \T
@ =31, (1) (6:31)
=1
and
J B N
)= > T (1,35, 18) g, (TH) (6.32)
j=1
respectively.

Interpretation: The term in (6.31) reflects the gain of information from NLOS com-
ponents if the points of incident s;, j = 1,2, ..., J were perfectly known. Since each point
of incidence s; has to be estimated as well, the estimation uncertainty leads to a loss of
information which is quantified in (6.32).

6.3.4 Decomposition of the EFIM of the Position and Orienta-
tion

In the following, the terms A and BM = B@) — BM) will be decomposed with the

goal to express the EFIM J" in (6.30) as the sum of rank one matrices. Each rank one

matrix is given by the outel I)I()(hl(T of the unit-norm eigenvector v; that corresponds to

the only non-zero eigenvalue \; of the rank one matrix, i.e. J¢ 5= Z Ajviv T It will be

shown that each rank one matrix of an NLOS path is })()SlthG Semi- deﬁnl‘re Inedmng that

cach NLOS path improves the position and orientation estimation accuracy.
The following matrix template will be defined for notational convenience

cos?(0 + ¢) (=" 9111( Ycos(0)  (—1)"psin(0)

Yom(0.6,0) 2 | (—1)"sin(6) cos(f) sin?(6 + ¢) (- )m+1pcos() . (6.33)
(=1)"psin(6) (=)™ pcos(9) P’
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6.3.4.1 Decomposition of the LOS Information Gain Matrix

Using (6.23), (6.26), and by simple algebra, the LOS information gain matrix A@) i
(6.30) can be easily shown to be

. 1
AD= — = Yo,0(01x.0,0,0)
T0
RE
1 ¢
— 3 Y1001x0,7/2,0)
O’HTXTO ”p a Cl” (6.34)
RE
1

+ ﬁTI,O(GTX,Dﬂr/Z lp—dll).
Thrx 0 lp —dll

A
Proposition 1. The cigenvalues of the matrices AES)7 Ag}). and AE“G) arc given by
@ _ _1
)\R«,O = @, (635&)
1
)\([(;’3) S EEETE—T (6.35b)
T G, Pl
2
¢)_ p—al”+1
@ _ lpal’ 1 (6.350
Thexo P —all
respectively. The corresponding eigenvectors are given by
G .
v%g = [cos(O1x,0), sin(ftx0), O]T, (6.36a)
vl = [=sin(0rx,0). cos(0rx.0), 0] ", (6.36b)
a Q)T T :an
VA,g = Ui;(z [sin(f1x,0). — cos(Brx,0), [Ip —all] (6.36¢)

where v‘(f]) = \/1/(1+ |p—ql®) ensures that v((’()) is unit-norm. All eigenvalues are

positive, since the variance term o2, the distance between two points ||p —ql|, and the speed
of light ¢ are positive by definition.

Proof. See Appendix A.2. d

The following conclusions can be drawn from Proposition 1. Delay, AOD, and AOA
of the LOS path coutribute information to the EFIM. Each of these quantities provides
information in one direction, where the direction is given by the eigenvector of the non-zero
eigenvalue. When the variance of a channel parameter (e.g, U’gTXYO) is finite, information
is contributed to the EFIM. For infinite variance, no information is contributed. This
situation is equivalent to parameters being not observable. Considering (6.35b) and (6.35¢),
it can be seen that the information gain decreases as the separation between the anchor
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and agent increases. For a large separation, AOA provides only orientation information,
since the x-y components of the eigenve(tot in (6.36¢) go to zero. In that case, the amount
of orientation information is given by 1 / Ty o Wcaning that it only depends on the quality
of the AOA estimate. Similarly, the lIlf()IIIldtl()Il provided by the AOD decreases as the
agent moves away from the anchor. These observations reflect the following intuition: As
the distance between an agent and an anchor becomes large, small angular estimation
crrors translate into large position cstimation crrors and hence angular estimates become
less usetul for positioning.

6.3.4.2 NLOS Information Gain

In this subsection, the information gain matrix B(© of NLOS paths is analyzed and de-
composed using (6.23) and (6.27). This decomposition will be done in a similar manner as
compared to the decomposition in the previous subsection.

Lemma 3. The NLOS information gain matriz B(®) is given by

J

1 .
Z ——5Y0,0(0rx,;,0,0) + —Tl,l(eRX,,jvﬂ—/z‘ p—s;ll).  (6.37)
i o3, Ip=s)l?
BY) B
Proof. See Appendix A.3.1. d

Note that the matrices B( ) and B( ) have similar structures as A( ) and A(m
spectively. Hence the elg611leues and elgenve(tors have similar str uctmes as well, dlld are
given by

@ _ 1
2
@ _ lp=sill"+1 .
Orx; 1P~ 8j
and
v%’l) = [cos(@Rxﬂj),sin(GRxﬂj),O]T, (6.39a)
) ) T -
Vi = ol [ sin(Orx ). cos(Orx ). [Ip — s71l] - (6.39b)

respectively. The tern 1)1(4(") A1/ (L4 p—s %) normalizes the eigenvector in (6.39D).

Interpretation: AOA and delay of each NLOS compounent contribute to the EFIM. The
cigenvalues can be interpreted as the achicvable information gains if the points of incidence
were perfectly known. From (6.39a), it can be seen that delay provides only position
information. From (6.39b), one can infer that AOA provides both position and orientation
information. The term in (6.38b) suggests that the information gain of NLOS components
depends on the separation between the agent and point of incidence. For large distances,
the information gain converges to the inverse of the AOA estimation accuracy 1/ U%x ;-
Observe that, in this case, a NLOS component provides mostly orientation information,
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since the x-y components of the eigenvector in (6.39b) go to zero. The interpretation is the
same as in the previous subsection. Note that AOD estimates by themselves do provide
any information. However, it will be shown in the next section that the quality of the AOD
cstimation influences the information loss strongly.

6.3.4.3 NLOS Information Loss

The NLOS information loss matrix BI) is not as obvious to decompose as the gain matrices
A©) and B since it involves multiple matrix-matrix products including the inverse of
a matrix-matrix product as can be seen from (6.32). The result of the decomposition is
depicted in the following.

Lemma 4. The NLOS information loss matrixz is given by

= Zw (@) Y 0,0(01x,0,0, O)+w£43T1 1(0rx,5, /2 lp = s5l1) — /sJB(L)-

(6.40)
j=1

(L) B (L)
B R BA.]

where the weights'! wg“;, ug“; and ys;, and the matriz BS.L) are defined in Appendiz A.3.2.

Proof. See Appendix A.3.2. O

Interpretation: The information loss of each path is composed of three terms. Com-
paring (6.37) and (6.40), it can be observed that the first two terms of every path j have

identical structure. In particular. the delay information gain BS?G) and loss B(Lz differ

only in the weights. The same holds for the AOA information gain B 7) and loss B( )
Hence cach information gain and loss pair has cigenvectors that are pomtmﬂ in the samo
direction. Yet, the eigenvalues have opposite signs. For these terms, net information gains
are immediately given by the differences of the respective weights. However, the third term
has eigenvectors which are not aligned with other eigenvectors.

It will be shown in the following subsection that the combination of the gain BEG)

and loss B( ) matrices of every NLOS component results in a net information gain matrix
which has ()nly a single non-zero eigenvalue.

6.3.4.4 Net NLOS Information Gain
Lemma 5. The net NLOS gain matriz B 2 BG) — B 4 given by

J
V=3 e, Yoolrx.0.0.0) + fs, Y11(0rx 5 7/2, [P — al) +75,BS, (641
j=1
L L
where es; £ ;}m — w%i and Ps; £ m; — wj(4 2
7 ’ RX,j g h
Proof. Applying Lemma 3 and 4, (6.41) is obtained inmnediately. O

UEach weight is a function of (GTXVJ':GRX.j,T],agTXJ,a‘gRX].dﬁ],p,q. s;). To simplify notation, the
arguinents are dropped.
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For compactness of the notation, the following matrices Vs ,j = 1,2,..., J are defined
BW) & Z'j]:l Wy, , where

L X
Ty, 2 65, Yo0(01x0.0.0) + 35, T11(0rxj,7/2. [P —al) + ”/SJBE ). (6.42)

Theorem 1. The net information gain matriz Ws,; of the G NLOS component is rank
one. The only non-zero eigenvalue of Ws; is always positive and given by

\ A 2+ [lp — 5] (1 + cos(A6;)) "
S , 2 2 . ) 75 (043
(1= cos(A0;))c202, + (1 + cos(A0)) (P = sl of + la—s;l*0F )

J

The corresponding unit-norm cigenvector is
€s.; .
- cos(frx,j) — sin(frx )
A € .
Vs; = Us; | = sin(frx ;) + cos(frx ;)| > (6.44)
o y y

I[P — sl

where ;£ O — s and v, = 1/ (1+ cos(30)/(2 + Ip — [ (1 + cos(A6)).

Proof. The details of the proof can be found in Appendix A.3.3. The outline of the proof
is as follows: Using Lemma 5, it can be shown that Wy, is rank one. Rank one matrices
have the property that their only non-zero eigenvalues are obtained by taking the trace of
the matrix [Lau04], i.e. As; = tr (\IIS]). Positivity of Ag; is readily seen. since all terms
in (6.43) are non-negative, i.e. (1 + cos(frxj — 0rx;)) = 0. (1 —cos(frx,; — O1x,5)) > 0,
and all other terms are positive by definition. In order to show that v, in (6.44) is the
corresponding eigenvector, it will be shown that it is in the null space of ()\5713 — \Ilsj). O

Interpretation: Each NLOS component provides one dimensional Fisher information
for all three parameters (p;, py. and «). The information from all NLOS components is
additive. Hence each path contributes to the EFIM which, in turn, increases the position
and orientation estimmation accuracy. In other words, NLOS components in 5G mmWave
mMIMO systems can be employed in order to support position and orientation estimation.
The amount of information contributed by each NLOS component depends strongly on
the geometry (this can be scen from the cos(Af;)-terms in (6.43)), i.c. points of incidence,
which arc located in certain arcas, provide more information than points of incidence in
other areas. The following essential insight can be gained from the denominator in (6.43)
which is given by the sum of weighted channel parameter variances. In order to provide
significant Fisher information. all terms in the sum must take small values. 1f at lcast
one term is large, the overall sum of terms is also large. In that case, the denominator
becomes large which erases the Fisher information. There are two reasons why a term
in the denominator can become large: (i) The variance o2 of a channel parameter (AOA,
AOD, and delay) is large and/or (ii) the separation between the anchor or agent and a
point of incidence is large. Hence the following conclusion can be drawn:

e Ifand only if AOA, AOD, and delay can be estimated with sufficient accuracy, NLOS
components provide considerable Fisher information.
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e NLOS paths. whose points of incidence are far away from the agent or anchor do not
increase the Fisher information notably.

While the first statement might have been intuitively clear to a positioning expert, the
detailed relationship presented in (6.43) and (6.44) are certainty not obvious. The second
finding has the following interpretation: NLOS paths whose points of incidence are far away
from the agent or anchor do not provide significant Fisher information, since their incidence
poiuts contain a lot of position uncertainty. Suppose that the AOD can be estimated with
a certain accuracy. then the point of incidence is somewhere on the line which starts at the
anchor and corresponds to the measured AOD. The further an incidence point moves away
from the anchor, the larger is the positioning error of the incidence point due to an AOD
mcasurcment crror. In other words, small angular crrors translate into large positioning
errors if the incidence points are far from the anchor. Identical considerations can be made
regarding the incidence point, the agent, and the AOA.

The two observations above have substantial impact on the design of position and
orientation estimators that want to employ NLOS paths. In particular, these findings
advocate to ignore NLOS paths which have (i) long path lengths compared to the LOS
path and (ii) whose parameters (AOA. AOD, and delay) cannot be estimated accurately!2.
In both cases (i) and (ii), the expected position and orientation estimation gain would be
only marginal.

Corollary 1.1. The EFIM of the position and orientation is given by the sum of the
outer-products of the eigenvectors weighted by the corresponding cigenvalues, i.e.,

J

T

T 3R () Dt €9
jER,D,A J=1

Proof. From Lemma 1 and Theorem 1, it is known that each matrix in (6.30) is rank
one. Any rank one matrix can be written as the weighted outer-product of the unit-
norm eigenvector which corresponds to the only non-zero eigenvalue [Lau04]. Hence (6.45)
follows. O

6.3.5 Discussion and Implications

Note that the position and orientation of the receiver can be determined accurately if and
only if J% is non-singular. The sum of three rank one matrices with distinct eigenvectors
o

provides a full rank (non-singular) matrix [Lau04]. Hence there are three ways of obtaining
a non-singular Fisher information matrix J% :
b

1. The LOS path exists and its AOA, AOD, and delay are observable.

2. The LOS path is absent, but at least J > 3 NLOS paths with observable AOAs,
AODs, and delays exist.

3. Any combination of the LOS and NLOS paths such that the sum in (6.45) contains
three terms with distinct eigenvectors.

120ne criterion to assess whether the parameters of a path can be estimated accurately is the received
signal-to-noise-power ratio (SNR) of the respective path. As the SNR decreases, the estimation accuracy
of the chanunel parameters generally decreases as well.
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Another key observation that can be inferred from the fact that NLOS paths provide
position and orientation information in the Fisher sense is the following: On top of the
position and orientation of the agent. the points of incidence must be observable if NLOS
paths provide significant Fisher information. This interesting byproduct of harncssing
NLOS paths gives rise to an unforeseen application: simultancous localization and mapping
(SLAM). In particular, an agent can estimate its own location and orientation together
with a map of the points of incidence in its proximity. Even more interestingly, the agent
can estimate all of the aforementioned quantities based on a single transmission burst from
the anchor. In contrast to classical radio-based SLAM [LMR"15, WML*16, GJW'10],
neither mobility of the agent nor long convergence times are necessary.

6.4 Positioning and Mapping with Unknown Clock
Offset

The previous section provided fundamental insights into the problem of estimating the
position and orientation of an agent in a mmWave mMIMO system. It was revealed that
NLOS components can be harnessed for position, orientation, and map estimation. Yet,
these results rely on the assumption that the anchor and agent are perfectly synchronized
in time. Even though, time synchronization is generally a prerequisite for communication
systems, small clock offsets (in the order of nanoseconds) are inevitable. Recall from Sec-
tion 2.2.1 that precise time synchronization is critical for the achievable ranging accuracy.
Every nanosecond of synchronization error translates into a systematic ranging error of
approximately 30 cm.

The common way of mitigating systematic ranging errors due to clock offsets is to
employ two-way ranging protocols [LS02, ZLK07, ASWASG18]. For instance, if the agent
attempts to determine the distance to the anchor, it has to send a message and wait for
the reply of the base station. Then, the agent can calculate the range from the measured
round-trip time which is independent of the clock offset. The issues with two-way ranging
protocols are that they incur delays and two transmissions per range estimate are necessary
which lead to congestion of the wireless network.

An alternative approach to two-way protocols is to incorporate the clock offset into
the estimation problem. Obviously. this increases the difficulty of the estimation problem,
since one more parameter (compared to the synchronized case) has to be taken into con-
sideration. It is also not obvious whether the resulting estimation problem is solvable in
an unambiguous way. In this section, an extended estimation problem will be formulated
and the corresponding FIM will be derived in a closed form. In contrast to the previous
section, the EFIM of the agent states (position, orientation, and clock offset) will not be
derived in a closed form, since the additional parameter complicates the analysis signifi-
cantly. However, necessary conditions regarding the observability'® will be presented and
it will be shown numerically in Section 6.5 that the extended estimation problem (which
includes the clock offset) can be solved unambiguously if the LOS path and at least one
NLOS cowmponent, exist.

This section builds upon the results of the previous section. In particular, the definition
of the channel parameter vector 7 and its FIM J;, from Section 6.3.1 will be reused. The
simplification step described in Section 6.3.2 and the dimension reduction procedure from

13 An estimation problem is called observable if all parameters can be estimated unambiguously.
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Section 6.3.3.1 are also considered. In other words, the analysis starts at the output of the
third block in Fig. 6.3 where the FIM J5 of the reduced channel parameters is considered.
The new parameter vector 97 and the modified geometric trausformation matrix T will be
presented in the following.

The new parameter vector 9 contains all parameters of the original problem and, in
addition, it includes the clock offset e. It is defined as

el aesi, .. s7T (6.46)

As the clock offset € is now part of the estimation problem, the transformation matrix T,
which transforms the FIM Jz of the reduced channel parameters into the domain of the
position-related paraieters, must be modified. Since the transformation of the FIM Jg of
the reduced channel parameters requires determining the partial derivatives of all channel
parameters with respect to all position-related parameters, the coupling of the channel
parameters in (6.22) and the clock offset ¢ must be studied. It can be seen from (6.22a)
and (6.22b) that the clock bias ¢ is only coupled with two channel parameters; the delay
79 of the LOS path and the delays 7;,7 = 1,2....,J of the NLOS components. Hence the
modified transformation matrix T can be obtained by inserting the following row into the
original transformation matrix T

t. 2 [t;{O tEJ]T, (6.47)

where

te; 2 [07/0¢ 007x /0 O0rx ;)0 (6.48)

It is easy to verify that d7;/0c, Vj are the only non-zero entries, i.e.
te; = [1 0 0T (6.49)
Thus, the modified transformation matrix T is given by

T%?) Ti;) Ti!)
N ts’,O te,l te,]
T = 0ax3| Ts, -+ Oaxg |- (6.50)

O2x3 | O2x3 -+ T,

The FIM Jj of the position, orientation. clock offset, and points of incidence can be
determined based on the modified transformation matrix T and the FIM Jj of the reduced
channel parameters. It is given by

J; £ TI;TT (6.51)

Remark: It is hard to draw conclusions from the FIM Jj, since it does not disclose any
obvious structure. However, it is worth reviewing an important property of any FIM: A
necessary condition for an observable estimation problem is that the corresponding FIM
is full rank. The following necessary conditions for non-observability can be derived from
this property.
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Lemma 6. The position, orientation, clock offset, and map estimation problem is not
observable if

1. the LOS path exists, but no NLOS components are present (J =0) or
2. the LOS path is absent and the number of NLOS paths is less or equal to three (J < 3).

Proof. The estimation problem contains 4 +2J parameters and the rank of the FIM Jj is
given by Rank(J;) = Rank(TJ7TT) < min(Rank(T), Rauk(J7)). If the LOS is present,
Rank(J7) = 3(J + 1) and if the LOS is absent, Rank(J5) = 3J. The previous statement
holds, since Jg is a diagonal matrix and the elements on the diagonal are different from
zero. Therefore, Rank(J5) < 4 + 2J if the conditions 1. or 2. are true. O

In the following section, it will be shown numerically that the estimation problem is
observable if the converse of condition 1. from Lemma 6 holds. In other words, the FIM
Ji in (6.51) is full rank and the estimation problem is observable if the LOS path and at
least one NLOS component are present.

6.5 Numerical Results

This section contains numerical examples regarding the theoretical results derived in the
previous sections of this chapter. The Cramér-Rao lower bounds are investigated in differ-
ent scenarios. In particular, the effects of varying geometries are studied and, in addition,
the behavior of the bounds with respect to the channel parameter variances is examined.
The following bounds will be considered. If the clock offset is known (anchor and agent
are synchronized), the PEB, OEB, and the scatterer error bound (SEB) are considered:

-1
PEBgye 2 , | tr ([(J%N> ] ) (6.52a)
‘ 1:2.1:2
-1
OEByme 2 , | tr ([(J,7 ) ] ) (6.52b)
P 3.3
A -1 S o
SEBsyne = \/tr <[(Jn) ]4;4+2.I 4:4+2.I>‘ (652

The bounds presented in (6.52) embody fundamental lower limits on the achievable stan-
dard deviations of the respective parameter estimates obtained by an unbiased estimator.
For instance, the PEB in (6.52a) is the lowest possible position standard deviation that
an unbiased estimator can achieve. Similarly, the SEB in (6.52¢) represents the lowest
possible standard deviation of the estimate of all incidence points that is achievable by an
unbiased estimator. The mathematical relationship is the following: Let s = [sif, e 75}1]
be the vector of all incidence points and s its estimate achieved by an unbiased estimator.

Then, SEBgyme < v/tr(E[(s — 8)(s — 8)T]).
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If the clock bias ¢ is unknown, the bias error bound (BEB) will be considered in addition
to the PEB, OEB, and SEB. Note that the definitions of the bounds in (6.53) differ from
those in (6.52), since they are based on different Fisher information matrices.

[[>

PEBnonsync tr ( [(J'f])il] 1:2}1:2) > (6'533‘)

OEBnonsync = tr ( [(Ji])il] 373) 5 (6.53b)
BEBmJnsync é cy/tr ( I:(J,';l)_l] 4’4) . (653C)
SEBnonsync £ \/tr ( [(Ji’)—l] 5;5+2J’5;5+2J> . (653(1)

6.5.1 Impact of the Geometry

For now, it is assumed that the anchor and agent are synchronized, i.e. the clock offset €
is known. The main result from Section 6.3.4.4 (Theorem 1) revealed that the gain and
dircction of information in the Fisher sense depend exclusively on variances of the channel
parameters and the geometry of the scenario. However, translating the Fisher information
gain provided by an NLOS path into a gain in terms of positioning accuracy is not possible
in a closed form. The rcason is that this translation requires determining the inverse of
an arbitrary 3 x 3 matrix which is not possible in closed-form. Therefore, a numerical
analysis will be conducted. For the simplicity of the analysis, the variances of the channel
parameters will be fixed and different geometries will be considered.

6.5.1.1 Simulation Setup

The considered geometries are depicted in Fig. 6.4. All position-related and angle-related
quantities are considered in meters and degrees, respectively. They contain an anchor and
an agent as well as up to three distinct points of incidence. The anchor is located at
q = [0,0]T, while the agent is positioned at p = [60,60]T. The points of incidence are
located at s; = [40,0]T, s = [10,50]T, and s3 = [70,20]T, respectively. The orientation
of the agent is assumed to be @ = 0. The errors on the observed channel parameters
(TOAs™, AODs, and AOAs) are zero-mean Gaussian'® distributed with the following

14Recall that a channel estimator does not directly measure the delay of a path but rather its TOA (see
Section 2.2.1). From the measured TOA, the delay is inferred via the time tpx of transmission. In the
absence of precise synchronization, the time ¢1x of transmission is not known at the receiver, leading to
highly inaccurate delay estiinates. However, the estimated TOA of a path may still be measured precisely
and hence the standard deviation oroa; of TOA estimation takes small values. Thus, precise ranging is
possible if the clock offset € can be resolved and if the TOAs can be estimated accurately. Also, note
that, in the synchronized case, the standard deviations o, and oroa; of a delay and the corresponding
TOA estimate are identical since no uncertainty regarding the clock offset exists and the error of the delay
cstimate originates solely from the TOA cstimation crror.

5Note that the measurement error statistics differ from those assumed in Chapter 5. The reason is that,
in contrast to the assumptions in Chapter 5, paths are resolvable due to large bandwidth and antenna
apertures.
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standard deviations: coroa; = 0.2 and orxj = orx,; = 1, Vj. Similar error statistics
have been observed in studies on channel estimators [SGD18a].

Remark: Tt is worth noting that the errors on the observations (TOAs and angles)
arc not necessarily Gaussian in practice. So far, the crror statistics arc not sufficiently
studied. Some studies [TVDW17, SGD " 18b] suggest that the distribution of the errors
is zero-mean Gaussian for the considered channel estimators. The standard deviations of
the cerrors depend on many different aspects, including the number of transmit and receive
antennas, the bandwidth, the transmit power, the surface of the scattering or reflecting
object, etc. Taking all of these effects into consideration makes the analysis unnecessarily
obscure and veils the effects that should be shown. Therefore, the standard deviations are
considered as fictional values that are achievable by practical estimators [SGD ' 18h].

6.5.1.2 Results and Discussion

The following list contains the scenarios that will be studied and discussed in this subsec-
tion.

1. The LOS link exists, but no NLOS links are available.

2. The LOS link is obstructed and all points of incidence sg, so. and s3 generate NLOS
paths.

3. The LOS link exists and the point of incidence s; generates an NLOS path.
4. The LOS link exists and the point of incidence sz generates an NLOS path.

Fig. 6.4 depicts the geometries of the four scenarios mentioned above. The PEB of each
scenario is depicted as the title of the respective sub-figure. The normalized eigenvectors
of the corresponding FIMs in the x-y planc arc also shown via colored arrows. The top left
figure depicts the results of scenario 1. The eigenvector Vé{(”g of the LOS range estimate
(c.f. (6.36a)) points in the direction of the line which conncets the anchor and agent.
However, the eigenvectors v([)ﬁ)] and VE\G()) (c.f. (6.36b) and (6.36¢)) of the angular estimates
are orthogonal to that of the range estimates. Since the corresponding FIM is invertible,
a finite PEB of PEBgyne1 = 0.767 is achicved. In other words, the LOS path is sufficient
to determine position of an agent if the anchor and agent are synchronized.

The top right sub-figure demonstrates that LOS-free positioning is possible if the num-
ber of NLOS paths equals three. It is worth noting that the achievable positioning accu-
racy is generally lower compared to the LOS case, i.e. PEBgypc2 = 1.631 > PEBgync 1.
Intuitively, the positioning accuracy has to degrade compared to the LOS case, since the
estimate on the position of the agent is based on the estimated points of incidence. In
contrast, to the position of the anchor, the estimates on the points of incidence inherently
contain some estimation errors and uncertainties. Thus, the positioning accuracy of LOS-
free positioning is generally lower compared to that of LOS-based positioning. How much
the achicvable estimation accuracy degrades, depends on the gcometry of the scenario and
how well the channel parameters of the NLOS paths can be estimated. For instance, if
the geometry of the scenario is unfavorable and the estimation accuracy of the channel
paramcters arc low, LOS-free positioning is still theoretically possible, but the achievable
accuracy can be poor.

The left and right sub-figure at the bottom of Fig. 6.4 reflect the scenarios 3 and 4,
respectively. In both cases, the LOS path and one NLOS path are available. The difference
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Figure 6.4: Position error bound and direction of information - the PEB and the directions
of the eigenvectors of the FIMs from the scenarios 1-4 are depicted. Finite PEBs are
achieved in all considered scenarios.

between the scenarios is the location of the incidence point. As expected, the presence of the
additional NLOS path decreases the PEB in both cases, i.e. PEBgynes = 0.721 < PEBgyne,1
and PEBgyncq4 = 0.632 < PEBgyne,1. It is worthwhile to mention, however, that the point of
incidence s3 leads to a more pronounced decrease of the PEB compared to that of the point
of incidence s1, i.e. PEB3 > PEBy4. In other words, the position of the point of incidence
matters and certain points result in larger reductions of the PEB compared to others. The
specific relationship of the position of a point of incidence and the PEB is yet unknown.
The important message — as shown theoretically in Theorem 1 and numerically in Fig. 6.4
—is that NLOS paths can be harnessed for position cstimation as they reduce the PEB. It
should be stressed, however, that the LOS link already provides high positioning accuracy
and the reduction of the PEB due to the NLOS path is only moderate (here, < 20%). In
other words, it may not always be very rewarding to include the information from NLOS
paths into the position estimation problem if the LOS path exists.
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In summary, it was shown numerically that single-anchor positioning is possible if the
LOS path exists. Moreover, it was presented that NLOS paths increase the positioning
accuracy whenever they complement the LOS path. Though, the increase of the positioning
accuracy is relatively moderate, since the LOS path alrcady provides considerable position
information. Finally, it was shown that unambiguous positioning is possible even in the
absence of the LOS path if at least three distinct NLOS paths exist. Compared to the case
where the LOS path exists, however, the positioning accuracy is degraded.

6.5.2 Impact of the Observation Variances

From the previous subsection, it was observed that the geometry of the scenario has a pro-
found impact on the achievable estimation accuracy. The other important aspect concerns
the accuracy of the channel parameter estimates. One may ask the question: What is the
effect of poor angle or delay estimation on the performance bounds? Or: Which angular
estimate (AOD or AOA) is more important for achicving low performance bounds? Ques-
tions like these will be answered in this subsection. As the results in the synchronized
case differ considerably from the results in the non-synchronized case, both cases will be
analyzed here.

6.5.2.1 Simulation Setup

The geometry from scenario 3 is considered (depicted in the bottom left sub-figure of Fig.
6.4), where g = [0,0/Tand p = [60,60/T. All position-rclated and angle-related quantitics
are considered in meters and degrees. respectively. The point of incidence is located at
s1 = [40, O]T. For the simplicity of the analysis, only one standard deviation will be varied
at a time, while the others remain unchanged. The values of fixed standard deviations are
coros; = 0.2 and orxj = orx,; = 1, Vj. The angular standard deviations are varied in
the range from orx j/orx,; = 0.1 to o1x j/0Rrx,; = 10, Vj, while the scaled TOA standard
deviations from copop; = 0.05 to coroa,; = 2,Vj are considered.

6.5.2.2 Results and Discussion

Fig. 6.5 depicts the PEB, SEB, and BEB versus the standard deviation ogx of the AOAs.
The lett sub-figure depicts the synchronized case, while the right sub-figure shows the non-
synchronized case. Note that the BEB is only defined in the non-synchronized case. If the
anchor and agent are synchronized, two important observations can be made.

1. Precise AOA estimates (opx < 1) increase the position and point of incidence esti-
mation accuracy greatly.

2. Imprecise AOA estimates (ogx > 2) do not affect the position and point of incidence
estimation accuracy considerably.

Observation 1 has the following implication: The positioning and mapping accuracy bene-
fits significantly from highly accurate AOA estimates. Since the AOA estimation accuracy
scales cubic in the number of receive antennas [ASZAT18a], an agent with a large antenna
array can experience highly accurate position and point of incidence estimates. Observa-
tion 2 provides also interesting insights into the estimation problem. Since the PEB and
SEB go into saturation for large'® opx, the AOA estimates can be regarded as non-essential

16Recall that ¢ — oo corresponuds to a non-available estimate on a certain channel parameter.
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Figure 6.5: Error bounds versus AOA standard deviation ogx - synchronized anchor and
agent (left) and non-synchronized anchor and agent (right).

for the estimation problem. The reason is that the AOD and delay of the LOS path resolve
the position of the agent and, when this position is determined, the AOD and delay of
multipath components are sufficient to resolve the positions of the incidence points. In
other words, positioning and mapping can be performed even in the absence of the AOA
estimates. Moreover, the AOA estimates are only helpful if their standard deviations are
relatively low.

A completely different situation can be observed if the anchor and agent are not synchro-
nized (right sub-figure in Fig. 6.5). Two significant effects can be concluded:

1. Accurate AOA estimation is a prerequisite in order to resolve the clock offset. Only
if the AOAs can be estimated accurately, low PEB, SEB, and BEB can be achieved.

2. Mapping can still be performed relatively accurately if the standard deviation of the
AOA is large, but positioning and clock offset estimation is poor.

Observation 1. implies that high-accuracy joint positioning, mapping, and synchronization
can only be performed if the AOA can be estimated accurately. Otherwise, the clock offset
cannot be resolved well and the positioning accuracy suffers dramatically. From the second
observation, it can be deduced that the AOA estimates do not seem to play a critical role
during the estimation of the points of incidence. In other words, AOD and TOA are the
important measurements regarding the point of incidence estimation if the anchor and
agent are not synchronized.

Fig. 6.6 depicts the PEB, SEB, and BEB versus the standard deviation orx of the
AODs. The left sub-figure depicts the synchronized case, while the right sub-figure shows
the non-synchronized case. Compared to the previous analysis of the AOA standard de-
viation ogx, it can be seen that the AODs have more profound impact on the achievable
estimation accuracy. Poor AOD estimation immediately leads to poor positioning and
mapping accuracy. In contrast to the AOAs in the synchronized case, the AODs play a
key role in the estimation of the positions of the agent and the points of incidence. The
reason is that — in the synchronized case — the AOD and TOA estimate of the LOS path
determine the position of the agent unambiguously. However, if the position is known,
the AOD and TOA estimates of the NLOS paths directly provide estimates on the points
of incidence. Hence poor AOD estimates result in poor position and point of incidence
estimates.
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Figure 6.6: Error bounds versus AOD standard deviation orx - synchronized anchor and
agent (left) and non-synchronized anchor and agent (right).

If the anchor and agent arc not synchronized, a similar trend compared to the AOA can be
observed, i.e. accurate AOD estimation is necessary to obtain low PEB, SEB, and BEB.
The reason is that the clock offset cannot be resolved well if the AOD estimation accuracy
is poor.

Fig. 6.7 depicts the PEB. SEB, and BEB versus the scaled TOA standard deviation

coroa. The left sub-figure depicts the synchronized case. while the right sub-figure shows
the non-synchronized case. The samme observations as compared to the Fig. 6.6 can be
made. In particular, a degradation of the TOA estimation accuracy leads to a persistent
increase of the performance bounds in both the synchronized and non-synchronized case.
It is worth mentioning that, in the synchronized case, relatively large TOA estimation
crrors still result in moderate positioning crrors. For instance, if the scaled TOA standard
deviation cotoa = 2 m, the achievable positioning accuracy is approximately 1.5 m. The
reason is that accurate angular measurements can rectify large TOA estimation errors to
some extend.
In the non-synchronized case, the increase of the error bounds is more pronounced as
the TOA standard deviation coppaincreases. It can be concluded that accurate TOA
measuremments are also a prerequisite for resolving the clock offset. Note that, in the absence
of anchor-agent synchronization, the error bounds in Fig. 6.7 flatten out for small TOA
measurement errors. These behaviors of the bounds mean that even large improvements
of the TOA measurement quality will not improve the estimation accuracy cousiderably,
unless the angular estimates become more accurate as well.

In summary, it can be concluded that the achievable estimation accuracy is relatively
sensitive to large measurement errors. However. there is a discrepancy depending on the
synchronization statc of the anchor and agent. If the anchor and agent arc synchronized,
a small increase of measurement errors does not affect the estimation accuracy notably.
Yet, agents that are not synchronized to anchors suffer drastically from an increase in the
standard deviation of the measurement errors. While, in the synchronized case, precise
AOD and TOA measurements are sufficient to obtain high position and map estimation
accuracies. all measurements (TOA, AOD, and AOA) need to be precise in the absence of
anchor-agent synchronization. In other words, a single poor measurement can deteriorate
the estimation accuracy considerably. This observation puts a heavy burden on the joint
position, map, and clock offset estimation problem in practice.
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Figure 6.7: Error bounds versus scaled TOA standard deviation copoa - synchronized
anchor and agent (left) and non-synchronized anchor and agent (right).

6.6 Conclusion

The findings in this chapter provided insights into the problem of position, orientation,
map, and clock offsct cstimation in 5G mmWave mMIMO. It was shown both theorcetically
and numerically that single-anchor positioning is possible in mmWave mMIMO. Beyond
the sole purpose of localization, other states of the agent such as its orientation and clock
offset to the anchor can also be estimated. On top of these agent states, mmWave mMIMO
systems have the capabilities to provide estimates on the points of incidence of the reflected
or scattered NLOS paths which allows for a mapping of the radio environment. Compared
to conventional radio-based positioning systems, mmWave mMIMO systems bear the po-
tential to provide an unprecedented degree of location and situation awareness.

During the course of this chapter, the following insights into the capabilities of mmWave
mMIMO systems have been gained. It was shown that single-anchor localization can
be rendered possible if the LOS path between a synchronized anchor-agent pair exists.
Any single-bounce NLOS path was proven to increase the achievable localization accuracy
compared to LOS-only positioning. This marks a paradigm shift in the domain of radio-
based positioning where NLOS propagation was regarded as a source of perturbation for a
long time. Under certain circumstances (if at least three NLOS paths exist), even LOS-free
positioning becomes possible.

Whenever NLOS paths are harnessed for positioning, estimates on the points of inci-
dence of the NLOS paths are immediate byproducts. Using these estimates, a map with
the relevant features in the transmission environment can be generated. Thus, simultane-
ous localization and mapping can be perforined based on mmWave mMIMO systems that
are used for communication purposes anyways. Another interesting aspect which mmWave
mMIMO signals bring to the table is the fact that precise anchor-agent synchronization
is not necessary if at least one NLOS path complements the LOS path. The clock offset
between the anchor and agent can be resolved by including it in the position, orientation,
and map estimation problem. Clearly, this leads to a complication of the estimation prob-
lem, but (sub-)nanosecond synchronization required for accurate ranging can be mitigated
by estimating the clock offset.

It is worthwhile to mention that all of the above findings have been derived based on
simplified models of the reality which enabled tractable analyses. The findings summarized
above display deep insights into the potential of mmWave mMIMO systems. How this



6.6. Conclusion 145

potential can be exploited in practice, though, remains to be seen. It was already mentioned
carlier that the number of NLOS paths with significant energy is usually small. While it
was shown theoretically that LOS-free localization is possible, it is not obvious how often
three or more strong NLOS paths will be available in actual mmWave mMIMO systems.
In other words, it is not yet clear whether LOS-free localization will be feasible in practice.
Moreover, even if strong NLOS paths exist, it is not guaranteed that estimators will be able
to capitalize on those paths. As a first step towards practicability, feasible estimators are
required that attain the fundamental limits embodied by the performance bounds shown
in this chapter. This step will be taken in the next chapter where a message passing-based
estimator will be presented.
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Chapter 7

Single- Anchor Positioning Part II:
Algorithmic Advances

The theoretical limits of millimeter wave (mmWave) massive multiple-input multiple-
output (mMIMO) systems were explored in the last chapter, where it was shown that a
number of agent states (position, orientation, and clock offset) can be estimated along with
a map of reflecting or scattering objects in the transmission environment. These insights
have the potential to push the boundaries of radio-based positioning to unprecedented
heights. Yet, tractable estimators will be required in order to fully harness the potential
of mmWave mMIMO systems. In this chapter, an estimation framework will be presented
that comes very close to the ultimate performance limits as it attains the Cramér-Rao
lower bounds (CRLBs) in certain scenarios. The presented estimation method is capable
of jointly estimating the position, orientation, and clock offsct of an agent along with the
incidence points of NLOS paths in the radio environment.

The chapter is structured as follows: First, the state of the art will be reviewed and the
novelty of the contribution will be highlighted in Section 7.1. The estimation problem will
be formulated mathematically in Section 7.2. Section 7.3 contains the main contribution
of this chapter where the joint posterior distribution will be presented, the corresponding
factor graph will be developed, and the mechanics of the algorithm will be elaborated. A
numerical analysis of the proposed estimator will be conducted in Section 7.4 and Section
7.5 concludes this chapter.

7.1 Introduction

The previous chapter presented deep insights into the positioning capabilities of mmWave
mMIMO systems. Theoretical analyses showed that many position-related parameters can
be estimated in such systems and theoretical limits regarding the achicvable estimation
accuracy were presented. Yet, much like Shannon’s channel capacity observations in 1948,
knowing the fundamental limits does not imply that it is obvious how they can be achieved.
In fact, designing methods that achieve these ultimate performance limits are not obvious
at all. In this section, state-of-the-art methods will be discussed and subsequently, the
contributions of this chapter will be summarized.
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7.1.1 State of the Art

The domain of high-dimensional mmWave mMIMO positioning problems has evolved
very recently. On a broader scale, concurrent positioning of an agent and the extrac-
tion of features in its radio enviromment have been investigated in the last few years
[LMR ™15, WML*16, GIW "16] under the umbrella of multipath-assisted positioning. Pre-
ceding studies have focused on ultrawideband (UWB) signals [LMR 15, WML 16] and
siguals of opportunity [GIWT16] which einbody a class of signals that includes, e.g., Long
Term Evolution (LTE) and wircless fidelity (WiFi) systems. These approaches were not
derived in the context of mmWave mMIMO systems. Thus, the considered measurements
are restrict to TOA and angle-of-arrival (AOA) estimates. As it was shown in the previous
section, the angles-of-departure (AODs) are required to obtain unambiguous estimates in
a static scenario. In mobile scenarios, the ambiguity of the estimates of these approaches
can be resolved over time. However, long convergence times are usually required and the
computational complexity of the estimators can be high.

The availability of precise AOD, AOA, and delay estimates in fifth generation (5G)
mmWave mMIMO systems has the potential to mark a turning point in the field of
multipath-assisted positioning as shown theoretically in Chapter 6. Yet, positioning and
mapping techniques in that domain are scarce and those that exist are subject to vari-
ous restrictions and limiting assumptions. Current efforts [SGD ' 18b, RG18, TVDW17,
MWB18, WGK™18] consider different estimation problems and take different approaches
to tackle those problems. A mnonlinear least squarcs (NLS) estimator! that determines
the position and orientation of an agent was presented in [SGD " 18b]. Another estima-
tor that tackles the previous problem is based on Gibbs sampling and was proposed in
[TVDW17]. In [RG18], a gradient-assisted particle filter was introduced which estimates
the points of incidence of non-line-of-sight (NLOS) paths in addition to the position of
an agent. However, the orientation of the agent must be known. While the estimators
in [SGD718b, RG18, TVDW17] explicitly rely on the presence of the line-of-sight (LOS)
link, [MWBI18] puts forth a message passing-based estimator that can perform position
and orientation estimation along with mapping of the incidence points entirely based on
NLOS paths. [WGK™'18] presents a belief propagation-based approach that allows for the
joint estimation of the position, orientation, and clock offsct of an agent along with a map
of the features in its radio environment. However, the presented approach does not at-
tain the CRLBs. Except for [WGK™18], none of the discussed estimators considers the
non-synchronized case, where the anchor and agent have a clock offset. However, this prob-
lem is particularly interesting, since including the clock offset into the estimation problem
relaxes the synchronization requirements between an anchor and an agent. Recall that
(sub)uanosecond synchronization is required in order to ewploy delay estimates. Achiev-
ing and maintaining such a high synchronization accuracy between anchors and agents
is generally a heavy burden for any positioning system. Thus, developing estimators for
joint positioning and synchronization can provide various benefits from the positioning
perspective.

1t should be noted that the NLS approach from [SGD™ 18b] was shown to achicve the CRLB if the
anchor and agent are synchronized. Therefore, this problem will not be studied in this chapter.
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7.1.2 Contribution

Even though the field of position estimation in mmWave mMIMO systems is in its early
stages, [SGDT18b] presented an estimator which attains the CRLB in the case where
the anchor and agent are synchronized. Therefore, the research presented in this chapter
focuses on the extended and more complicated estimation problem in which the clock offset
between anchor and agent is unknown. This chapter presents an estimation framework that
is capable of tackling the extended estimation problem. The proposed estimator performs
a variant of sample-based belief propagation. In that way, the marginal distributions
of the agent states (position, orientation, and clock offset) and the points of incidence
are approximately obtained by passing messages along the edges of the underlying factor
graph of the inference problem. Messages are approximated by particle representations as
described in Chapter 3. MMSE estimates are derived from these marginals in order to
conclude the estimation procedure. The following list contains the main contributions of
this chapter.

1. A unified and modular estimation framework will be presented which can jointly
estimate the position, orientation, and clock offset of an agent together with the
points of incidence in its radio environment.

2. Modularity of the framework will be presented in the sense that it can also target
simplified estimation problems by solely deleting nodes and the corresponding edges
from the underlying factor graph.

3. Tt will be shown numerically that the proposed estimator attains the CRLBs in
scenarios where the LOS path and a single NLOS path are present.

7.2 Definition of the Estimation Problem

The estimation of the agent states along with the map of the radio environment is based
on measurements of the channel parameters as outlined in the previous chapter. These
parameters include the ranges d; = cr;, AODs Orx j, and AOAs Oy ; of all received
paths j. Recall that the range estimate of a path can be concluded from the respective
time-of-arrival (TOA) estimate. In the absence of anchor-agent synchronization, the range
estimate can be inaccurate, even though the TOA estimate itself is very accurate. The
reason is the unknown clock offset ¢. Channel estimators for mmWave mMIMO systems
which provide TOA, AOD, and AOA estimates of every path have been recently presented
in [XGJ16, SGDT18b, CW18, YZZ18]. Note that AOD estimation requires knowledge
regarding the beamforming matrix F that was chosen at the anchor, i.c. AOD cstimation
requires the incorporation of overhead. Such information could be included, e.g., in the
header of a data package or in a dedicated signal such as a positioning reference signal
(PRS). The measurements (2, éTX«,‘]ﬁ and HARXJ of those parameters are collected path-wise
in the observation vector L .

Z; = [dj GTX,j*, QRX’J']T (7.1)

where j = 0 indexes the LOS path and j = 1....,J summarize the NLOS paths.
Recall the definition of the LOS, NLOS, and obstructed-line-of-sight (OLOS) channel
states used in this thesis. LOS refers to the channel condition, where only the direct (LOS)

path exists and no indirect (NLOS) paths are present. The NLOS condition includes the
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direct (LOS) path and at least one indirect (NLOS) path. Finnally, OLOS describes the
channel condition, where the direct (LOS) path is obstructed and at least one indirect
(NLOS) path exists.

The estimator to be presented in Scection 7.3 makes it possible to tackle a number of
different estimation problems. The estimation problem that will be studied in detail in
this chapter is the following. Let

7= P aesi s

be the parameter vector of the joint position, orientation, synchronization and mapping
problem. Given the LOS measurements zo and a number of NLOS observations z;, j =
,J as well as their statistical models, the estimation problem can be formulated in
the maximum a posteriori (MAP) sense like in (2.1). However. it is an issuc that the
parameter vector 9 is high-dimensional (dim(f) = 4 + 2J) and the relationships between
the measurements (AOAs, AODs, and delays) and the estimation parameters (position.
orientation, clock offset, and points of incidence) are highly nonlinear. These two issues
render the numerical optimization required for MAP estimation impractical. However, it
is generally tractable to obtain estimates based on the marginal distributions. Prominent
examples are marginal MAP or minimum mean square error (MMSE) estimates. In this
context, the focus is on marginal MMSE estimates as they are easy to determine if the
marginal distributions are given as particle representations. Hence the estimation problem
is defined as follows:

PMMSE = / pf(plzxLos)dp, (7.2a)
AMMSE :/af(a|ZNLOS)d047 (7.2b)
EMMSE :/Ef(€|ZNLOS)d€a (7.2¢)
8/ MMSE :/ij(sj|ZNLOS)dSJ' J=1..J (7.2d)
where znp0g = [z;{ e ,z?]T‘ The marginal distributions in (7.2) are approximated by

the beliefs that are obtained using belief propagation. For instance, f(p|znros) =~ bg)(p),
where bg)(p)is the belief of p in the {* iteration. Note that the necessary conditions for
the estimation problem to have an unambiguous solution are that (i) the LOS path exists
and (ii) at least one NLOS path is present [WGKT18]. Otherwise, the problem is ill-posed.

The simplified version of this problem, where the anchor and agent are synchronized.

has the following parameter 7 = pT,a, sir, siﬂT and is defined as:

DPMMSE :/Pf(P|ZNLOS)dP, (7.3a)
QMMSE :/af(a|ZNLOS)dO<7 (7.3b)

8 MMSE :/ij(sj|ZNLOS)dsj J=1.,J (7.3¢)
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This estimation problem can be shown to have an unambiguous solution as long as the
LOS path exists [WGKT18]. Another interesting problem is the OLOS problem, where the
LOS path is absent:

PMMSE = / pf(plzoros)dp, (7.4a)
AMMSE :/af(a\ZOLos)d& (7.4b)
8/ MMSE :/ij(sj|ZOLOS)dsj i=1.4 (7.4¢)

where zpor08 = [zrlf, .. .,z}]T. As was shown in the last chapter, this problem has an
unambiguous solutioun if at least three NLOS paths exist. However, it was shown in Chapter
6 that the channel parameter measurements must be accurate in order to allow for position
estimates with reasonable accuracy.

Note that many other problem formulations are possible. Yet. they all have one thing
in common. Their solutions require to determine the marginal distributions. A unified and
modular framework based on belief propagation will be presented in the following section.
The problem which will be studied in depth in this chapter is the one defined in (7.2).
Though, it will be emphasized what adjustments to the belief propagation procedure have
to be made in order to transform the procedure for the estimation problem in (7.2) into
approaches for the related estimation problems in (7.3) and (7.4).

7.3 COMPAS: Concurrent Mapping, Positioning, and
Synchronization

The main contribution of this chapter is contained in this section. First, the joint poste-
rior distribution of the estimation problem will be developed and the corresponding factor
graph will be concluded from it. Subsequently, a belief propagation-based algorithm will
be presented that exchanges messages along the edges of the underlying factor graph in
order to determine the approximate marginal distributions. The position-related param-
cters will be estimated based on these approximated marginals. Finally, a particle-based
implementation will be presented.

7.3.1 Joint Posterior Distribution

The cornerstone to develop a belief propagation algorithm is to find a suitable factorization
of the joint posterior distribution as discussed in Chapter 4. In order to factorize the joint
posterior distribution, independencies between the measurements and parameters as well
as inter-parameter independencies must be identified. Using Bayes’ rule, the joint posterior
distribution can be rewritten as being proportional to the joint likelihood times the joint
prior, i.e.

f(nlznvos) o f(znios|n) f(n). (7.5)
Based on this representation, the goal is to further break up the two factors f(znpos|n)
and f(7) in (7.5). Starting with the joint prior distribution f(9), it is reasonable to
assume that the priors of all individual paramecters are independent. For instance, there
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is no reason to believe that the clock offset ¢ and the position p of the agent share a
dependency. Moreover, if the points s;,j = 1,---,J of incidence are simply treated as
poiuts with no spatial extend, they can be assumed independent of the position p of the
agent. Hence the joint prior distribution can be written as

J

F) = fo)fal@)fele) [ ] fo; (). (7.6)

Jj=1

Now, it is time to open the factor f(zxpos|7) of the joint likelihood function and reveal its
structure in the form of an appropriate factorization. Results from the previous chapter
turn out to be helpful here. As discussed in Section 6.3.2, different paths can be estimated
independently which is reflected by the block-diagonal Fisher information matrix (FIM) of
the channel parameters in (6.15). Recall that this block-diagonal structure of the FIM is no
assumption but an inherent property as the bandwidth and antenna array sizes approach
infinity. Hence the joint likelihood function can be written as

f(zj[n). (7.7)

flznr0s|M) =

—

Il
o

J

Moreover, the delay (range), AOD, and AOA of every path j can be estimated indepen-
dently, since the (E)FIM-block defined by (6.16) and (6.19) is diagonal. Based on these
insights and the relationships in (6.22), the joint likelihood function f(z;|7) of the 5™ path
can be further factorized as

J(zoln) =/4,(dolp. €) frx, (6%, [P) SR, (ORX, [P: ). (7.82)

f(Z7|’i]) :fdj(djlp‘,67Sj)fTXj(HTX,j‘Sj)vaXj(eRX,JI'p‘, . S}) ] = 17 s J (78b)
For the compactness of the notation and unlike the factors in cooperative localization,
the anchor position q is not explicitly visible in the factors in (7.8), but it is implicitly
contained. Combining (7.5)-(7.8) yields the following factorization of the joint posterior
distribution:

J(flznLos) o fa, (dolp, €) frxo (0% 01P) frx0 (ORX.0[P. )

LOS information

29;(d; Orx i|p.cve.s;)

J
x [ [ s, (0rx 518)) Fa,(dj[p. €. 85) frux, (Onx . . 5)
L (7.9)
NLOS information

J
% fo(P) fole) (&) [ | £, (59)

J=1

prior information

Note that the factorization of the synchronized estimation problems in (7.3) and (7.4)
can be obtained by simply substituting the unknown clock offset, € with the true clock offset
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Figure 7.1: Fuactor graph of the joint posterior distribution in (7.9) - the factor graph
contains numerous cycles. Thus, several belief propagation iterations are necessary to
approximate the marginal posterior distributions of the variable nodes.

€ in all terms in (7.9). This is equivalent to imposing a Dirac-shaped prior distribution on
€. i.e. fe(e) = d(e —€*). In order to obtain the estimation problem displayed in (7.4), the
LOS factors have to be removed as well. This can be achieved by setting all LOS-related
factors to one, i.e. R

Jao(dolp. €) frx, (01x 0/P) SR, (PRX 0|P: @) = 1.

7.3.2 Factor Graph

From the factorization in (7.9), the factor graph can be drawn. It will help to decipher (7.9),
since the complicated relationships between measurements and paraineters are depicted in
a graphical rather than a mathematical manner. Moreover. the graph will also help to
improve the understanding of the belief propagation algorithm that will be proposed in
the next section. The full graph is depicted in Fig. 7.1.

The factor graph in Iig. 7.1 is depicted in the style of a Tanner graph. The leaf nodes
at the top of the graph can be regarded as the equivalent of the log-likelihood ratios from
the channel output in coding applications. Variable nodes are the equivalent of bit nodes
and the factor nodes at the bottom of the graph can be interpreted as the check nodes in
a Tanner graph. Iterative message passing will be performed between the variable nodes
and the factor nodes at the bottom of the graph.

Observe that the factors fd](dj|p. €,sj) and frx, (éﬁxﬁj\p,a.sj) of every NLOS path
j are lumped together to the factor u(,-(d‘,,éRX‘j|p7 a,¢,s;). This action has been taken
in order to reduce the number of cycles of the graph. Note that even with this counter-
measure, the factor graph in Fig. 7.1 still contains numerous short cycles (e.g., a« = frx, —
p — v; = «). While combining the factors fdj((ij|p, €,8j) and frx; (éRXJ|p, a,s;) reduces
the number of cycles. it also leads to more complicated message update rules, since each
factor node v; has four incoming cdges, i.c. it depends on four variables. The implications
of these factor mergers will be discussed in Section 7.3.3.2.

Observe that the factor graphs of the estimation problems in (7.3) and (7.4) are directly
given by removing the clock offset variable node ¢ and all of its connected edges from the
graph. To obtain the factor graph corresponding to the estimation problem in (7.4), the
LOS-factor nodes frx,. frx, and fq, and their edges must be removed as well.



154 Chapter 7. Single-Anchor Positioning Part 1I: Algorithmic Advances

7.3.3 Algorithm Blueprint

The proposed message passing algorithm will be presented in this section. The message
passing strategy will be discussed first. It consists of two phases; the initialization phase and
the iterative message update phase. Finally, the particle-based implementation proposed in
this work will be elaborated. The algorithm will be described by elaborating the essential
steps based on exemplary messages. Once those steps are understood, it is straightforward
to derive the computation rules of all other messages.

7.3.3.1 Methodology

Initialization:

As discussed in Chapter 4, belief propagation is initialized at the leaf nodes of the graph,
i.e. nodes which have a single edge. In the factor graph in Fig. 7.1, these nodes have been
arranged at the top. Tab. 7.1 summarizes the messages in the initialization phase. Note
that these messages are only computed once and do not change in subsequent iterations.
Fig. 7.2 depicts these messages.

Figure 7.2: Factor graph of the joint posterior distribution in (7.9) - during the initial-
ization phase, messages are sent from the leaf factor nodes at the top of the graph to the
variable nodes in the middle.

Iterative Message Update:
In this phase of the algorithm, the downward messages from the variable nodes to the factor
nodes at the bottom of the graph are computed (see Fig. 7.3). This requires multiplying
the incoming messages from the factor nodes. The computation rules obey the standard
belief propagation conventions explained in Chapter 4. For instance,
o 0) = 0@l el D) [T ) (7.10)
J'#i

For j = 1, this message is highlighted in red in Fig. 7.3 The beliefs (approximated
marginals) are determined as the product of all incoming messages to the variable nodes.
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Table 7.1: Messages transmitted during the initialization phase.

Leaf Node Transmitted Message
o -
frx, M}T>X]_,sl = frx,(Orx.1ls1)
0
fsl N}si—»sl - fsl(sl)
O
frx, Frx s, = J1x,(0rx.87)
0
fSJ N}S?, —sy fSJ (SJ)
0
fe ﬂ;j_;e = fs(e)
i R
frxo IL}T)XOﬁp = frx,(0rx.0lP)

Figure 7.3: Factor graph of the joint posterior distribution in (7.9) - during the iterative
update phase, downward messages are sent from variable nodes to factor nodes.

For instance,

1 0 0
o (o) = u eI,

(i-1) (I-1)

- 7.11
by (p) = u(g)xoﬁp(p)ﬂﬁ)ﬁp(p)u fuxg—p Py, —p(P) Huﬁjil))(p),l > 1. (7.11)
i

When all outgoing messages from the variable nodes are determined (downward mes-
sages), the outgoing messages from the factor nodes at the bottom of the graph to the
variable nodes in the middle can be computed (upward messages). These messages are
also obtained according to the standard belicf propagation conventions explained in Chap-
ter 4. Since two distinct types of factor nodes exist (vj versus fy, and frx,), messages of
two different types have to be determined. Note of course that more than two different
upward messages have to be computed. Yet, the structure of the computations of all other
messages can be reduced to two distinct types. Message related to the node v; are the
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most, sophisticated ones as they contain triple integrals. For instance,

Won®) [ [ [ o005 sl (o, (01 (@)t (712

All other messages related to the factor node v; are determined similarly with appropriate
incoming messages inside of the integral in (7.12). Compared to the message in (7.12), the
messages related to fy, and frx, are much simpler, since only a single integral needs to be
solved. For instance,

)l = [ da(cmn, (o) (7.13)

All upward messages are depicted in Fig. 7.4. The messages described in (7.12) and (7.13)
arc highlighted in magenta (for j = 1) and red, respectively.

Figure 7.4: Factor graph of the joint posterior distribution in (7.9) - during the iterative
update phase, upward messages are sent from the factor nodes at the bottom of the graph
to the variable nodes.

An iteration is completed after the downward and upward messages as well as the beliefs
are determined. This procedure is repeated Npp times until the beliefs on the marginals
required for solving the estimation problem in (7.2) are approximated sufficiently well.
Note that in the first iteration (I = 1), only the messages from the initialization phase
are available to the variable nodes. Hence the downward iessages and the beliefs are
calculated only based on the available messages. For instance. the variable nodes € and

(0) (0)

Famsar _..(€), respectively. Hence the incoming message

« receive the messages () and p

is simply forwarded to all other edges, e.g.. ,ugllw] () = ug,(i)_m(a) = fola). The points

of incidence s;,Vj and the position of the agent have two incoming messages. Thus,

. . . 1
their outgoing messages are given as the product of these two messages, e.g., ,u&,l”,] =

1 P (B) = i, (O olp) fo(P)-

7.3.3.2 Particle-based Implementation

Considering the computations required to determine the messages discussed in the previous
subsection, it becomes evident that neither the filtered nor the multiplied messages can
be determined in closed forms. Hence a variant of sample-based belief propagation is
considered in this section, where all messages are represented by particles. In the previous
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chapters, filtered messages have been approximated by direct sampling and these messages
have been multiplied using their kernel density estimates. Due to the complexity of the
integrals such as in (7.12), direct samnpling becomes relatively difficult. This gives rise to an
alternative way of approximating these messages with the help of particles. Using Monte
Carlo integration instead of direct sampling is one way of solving the problem mentioned
above. This approach will be elaborated using (7.12) as an example. Once the approach
is understood, it is straightforward to gencralize it for other messages.

Observe that (7.12) contains three integrals. These integrals can be solved for an arbi-
trary position pgfjll » by applying three concatenated Monte Carlo integrations. Suppose

that the incoming messages uille, ug’}% ;» and ug)_m] are given as particle representations,

ie.

N,
l kil kil i
Rivs (e (0) = {0} 7 (7.14a)
N,
1 k.l kil *
RN (/’ng)ﬁ'nj (Sj) = {wl(ls lv » 55 MS)H,J }k . (7~14b)
N,
l kil k|l °
Rivs (@) = {ufk? ot} " (7.14¢)
Using (7.14), the integral in (7.12) can be approximated at the position pfﬁ’flp as follows:

) ) ) ) ()
Nwﬂp Py, ﬁp Z W ; %o, Z Whaso, Whteyw,

kR (F 1) (k)
X U](pﬂ/p—)u ‘aHu—n 2 Cpteyo; > S5, A 7d] eRX 7)

(7.15)

While (7.15) approximates (7.12) arbitrarily closely if the number Ny of particles goes
to infinity. the computational complexity of the operation described in (7.15) is O(N1),
rendering it intractable for any practical sample size. One way of circumventing this com-
plexity trap is to resort to an important property of particle representations. Particularly,
a particle representation of multiple independent messages can be obtained by stacking the
individual particle representations [MHW ' 16].

Stacking of Particle Representations [MHW™ 16]

Given the particle representations Ry (ui(m)) = { (k) 7171k }i\/ , and

k (k
Rns(pa(ne)) = {wg ),7)2 )}k , of the messages p1(m) and p2(ng2), a particle
representation of the product py(n1)pa(n2) of the messages can be obtained by
combining the particles and weights, i.e.

® 0 OV

Rys (p1(m)pa(n2)) = {w S T }k717 (7.16)
where w®) = w(k)w(k) / E (k)wgk) In other words, the particles nik) and nék) are
simply stacked on top of each other and their weights w( ) and Wy () are combined

and normalized.
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Using the insights from (7.16), a particle representation RN‘Q(;LEILW (e)ug])ﬁm (Sj)u((ll)ﬁw_7 ()

of the three incoming messages can be obtained as follows:
O] O] O] (k1) (k1) (ki) k) ™
R (/fle—w, (5)/15]%'1'1' (Sj)/ia—w;(a)> = {w—anLeHU » Jl—fzs sy » Qptaso; }k*l ) (7'17)

k.l k.l k,l k) k,l . .
where w(ﬁ’L) wLé_))U st o “’uu_w /> Lt_‘)u uvfls Ly wfm_?” Using (7.17), the integral in
(7.12) can be apploxnnated as follows

) (k 1) k1) (k1) (k) (kD) (KD 5 4
Hoj—p pl’«u —)p Zwﬁm Vj pHp—M 7auaqv‘,v€ué_n,]:Sj#sﬁl,j»dj-ﬂR,X,j)‘ (7.18)

Hence a particle representation of the message ,ug,lj)_,p(p) can be obtained by approximating

the integral in (7.12) by (7.18) and evaluating it in the positions p(k’l) k=1,.., Ng, ie.

Hoj—p>
0} L e Y .
RN Hoy—p(P) ) = 4 Wity s P o oy (7.19)
where wl(f,’llp uf,l)_)p p;i llp /Ek ,UU —p Puv lp) is the normalized weight according to

(k1)
Hvj—p
fp(p). Comparing (7. lo) and (7.18), it can be observed that the complexity of message
filtering has been reduced by two orders of magnitude, i.e. O(N2). Thus, a tractable way
of solving the integrals required during message filtering has been identified.

In order to facilitate easy multiplication at the variable nodes, the s(),mples in which the

(7.18). The samples p( D are dircctly drawn from the prior distribution, i.c. p

/Ju. PP

meqqageq are evaluated <h0111d beidentical. For instance, the sample sets {pl, - op } P {P//@ L op k\/;l
{ # m ﬁp}k 1 and {pu Txe Hp}k 1 should be the same. Then, the belief and the outgoing

messages at the variable node p can be determined by directly multiplying the weights

of the incoming messages with computational complexity O(N;). For instance, a particle
representation of the belief on the position p of the agent can be obtained as

1 kD) (ki
R (W) = [ o >}f )
(kol) _ (ky0) (k.l) (kL) (k.0) (.l (ks l)
where Py = Pi) oy = = P,y = Pjis, o = P, e W, /Zk ;
IIJI()]: b = uffjd{?_‘p fjjilo_w 11 j wfllf_;llp for all samples k. Often, after multlph(,atlon of the

(k,0)

weights, numerous samples pl()k’l) have insignificant weights w,""’. Resampling as described
- 23 - =3

in Section 3.2.1.2 is performed in order to eliminate these low-weight, samples.
Finally, approximate MMSE estimates on the parameters of interest can be obtained

by computing the centroid of the particle representations of the beliefs. For instance,

(kl
pMMsE ~ Z . (7.21)

The entire procedure is summarized as pseudo-code in algorithm 5.
Remark: 1t is worth emphasizing that stacking of particle representations comes at a
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Algorithm 5 COMPAS: Concurrent Mapping, Positioning, and Synchronization

1: given zZnpos
2: for [ =1 to Ngp do
3: if [ =1 then (initialization)
4: receive messages from prior and AOD nodes
- see Fig. 7.2 and Table 7.1 -
else (subsequent iterations)
receive messages on all edges
end if
compute the downward messages from p, €, a, s1,...,.5;
- see Fig. 7.3 and e.g., (7.10) -
9: compute the upward messages from fy,, frx,, V1,---,0J
- see Fig. 7.4 and e.g., (7.18) -
10: compute the beliefs of p, €, a, s;,....8;
- see e.g., (7.20) -
11: determine estimates on p. €, a, Si....,Ss
- see e.g., (7.21) -
12: end for

S

certain expense. Stacking is only asymptotically (Ns — 00) exact. In other words, for a
finite number of particles, stacking of particle representations will incur an approximation
error into the Monte Carlo integration. This error is relatively small if the uncertainty
(spread of the particles to be stacked) is moderate. If the uncertainty is large. stacking
can have a detrimental effect which results in poor approximation accuracy of the Monte
Carlo integral. Hence stacking of particle representations needs to be used carefully and
may require a large number of particles.

7.4 Numerical Results

Algorithm 5 will be analyzed numecrically in this section. As obscrved in Scction 6.5.1,
the geometry influences the achievable accuracy. Hence different geometric constellations
will be considered and the estimation accuracies in these scenarios will be studied. First,
the simulation setup will be described. Then, the results will be presented and discussed
subsequently.

7.4.1 Simulation Setup

For the numerical evaluation, the geometries described in Section (6.5.1.1) will be revisited.
Unless stated differently, all position-related and angle-related quantities are considered
in meters and degrees, respectively. In particular, the anchor is located at q = [0.0]T
and the agent is positioned at p = [60,60]T. The points of incidence are located at
s1 = [40,0]T, sy = [10,50]T, and s3 = [70,20]", respectively. The orientation and clock
offset of the agent are assumed to be a = 0 and ce = 35, respectively. As was shown in
6.5.2, rcasonable cstimation accuracy is only achicved if the standard deviations on the
observed channel parameters are low. Thus, small standard deviations o are considered.
Particularly, the errors on the observed channel parameters (delays, AODs, and AOAs)
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Scenario 1
10 T T T T
—8— Orientation
- —- OEB
8 1
50
()
< 6
;:
2
=i
2

Number Npp of iterations

Figure 7.5: Scenario 1: RMSE of the orientation of the agent - the root-mean-square
error (RMSE) almost attains the orientation error bound (OEB) after approximately 4
iterations.

are zero-mean Gaussian distributed with the following standard deviations: coroa; = 0.2
and orx,; = orx,; = 0.5, Vj [WGK™18]. Relatively broad prior information® is assumed
on all agent states. The prior information on each agent state consists of a mean vector?
m aud a covariance matrix 3. In every realization, the mean vector is randomly chosen
according to the true agent state plus a zero-mean Gaussian offset with covariance matrix
Y. For instance, the mean vector my, of the agent’s position is given by a random sample of
my, = N (mp; p,¥p). Then, the prior information on the position of the agent is given by
fp(P) = N(p;mp, 3p). Numerically, the following values were chosen: X, = diag([9,9]),
¥, = 100 and ¥, = 100. The units of the (co)variances are m?, deg2, and m?, respectively.
It should be stressed that no prior information on the points of incidence is assumed,
ie. Xg, = diag([co.o0]),Vj. For statistical significance, Nyic = 100 realization were
considered. The number of particles was set to Ng = 2000 unless stated differently.

Remark: Tt is worth mentioning that prior information increases the amount of available
Fisher information and thus, the performance bounds are reduced. In particular, the FIM
matrix Jj of all parameters is increased by Jynior = blkdiag(35 L1/%0.1/%, E;l, e E;Jl).
The performance bounds are still calculated according (6.53) but with J 7 = Ji + Jprior
instead of Jy.

2Prior information can be obtained from past time steps via sequential estimation or from additional
hardware. In the former case, past estimates are usually transferred into prior knowledge with the help of
tracking filters [JU04, Cos94, Wan06]. Tn the latter case, devices like Global Positioning System (GPS)-
receivers and gyroscopes can provide coarse prior information on the position and orientation. Rough clock
offset prior information is inherently available since communication systeins require timne synchronization
in general.

3Note that, in case of the clock offset and orientation, the entries of the mean vector m and the
covariance matrix 3 are only scalars.
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7.4.2 Results and Discussion

The estimation accuracies of the position. orientation, and clock offset of the agent as
well as the mapping accuracy will be studied in this subsection. Four scenarios will be
considered. The LOS link is present in all scenarios. The scenarios 1-3 consider a single
point of incidence s; at a time. In the fourth scenario, all points of incidence are present
at the same time. The results will be compared to the performance bounds (position
error bound (PEB), OEB, bias error bound (BEB), and scatterer error bound (SEB)) that
cmbody the ultimate limits regarding the estimation accuracies. Figs. 7.5-7.8 depict the
results where a single point of incidence s; is present. The RMSEs in the iteration Ngp = 0
reflect the standard deviations of the prior distributions. Since no prior information on the
points of incidence is assumed, the corresponding standard deviation is infinite. Thus, the
corresponding (red) curves have no marker at Ngp = 0.

The orientation estimation accuracy of scenario 1 is depicted in Fig. 7.5. Since the
orientation of the agent is not considered as relevant for positioning as the agent’s position
and clock offset, numerical results regarding the orientation will be presented only for
scenario 1. The following observations can be made from Fig. 7.5. The orientation is
almost completely resolved after one iteration. Subsequent iterations do not increase the
orientation accuracy notably. The orientation accuracy in the presence of the LOS link is
very high (sub-1°) and the OEB is almost attained. It should be noted that the results for
the scenarios 2 and 3 are almost identical to that of scenario 1 (not shown).

It can be inferred from the Figs. 7.6-7.8 that the RMSEs converge to the CRLBs
after Ngp > 10 iterations. Though, the largest reductions of the RMSEs are achieved
during the first two iterations. After two iterations, the RMSEs reduce only gradually
until the CRLBs are met. Hence it will often be sufficient to perform only a small number
of iterations (Npp < 5) in order to achieve reasonable estimation accuracy. Considering
that every additional iteration increases the computational complexity linearly and that
the estimation accuracy does not improve significantly beyond Npp > 2, a few iterations
may be sufficient in practice.

Fig. 7.9 depicts the fourth scenario, where the incidence points sq, s9, and s3 are
present. Certain similarities to the previous scenarios can be observed. First, the RMSEs
converge within a fow iterations and the RMSEs of the clock offset and agent position arc
approximately identical. However, it can be seen that none of the performance bounds is
met by Algorithm 5. There are two potential explanations why the proposed estimator
cannot fully harness the available information and reach the CRLBs. Possible reasons are
as follows: There exists a numerical problem due to the stacking of particles or there exists
a systematic problem due to the cyclic? structure of the graph which prevents the beliefs
from converging to the true marginals. The results depicted in Fig. 7.10 suggest that the
reasons for not attaining the CRLBs is an insufficient number of particles since increasing
the number of particles reduces the gap to the performance bounds.

Numerically, the estimation problem becomes more challenging as the number of inci-
dence points increases. From that perspective, it is possible that the number of particles
is insufficient to represent the uncertainties of all three incidence points at the same time.
This can be troublesome especially during message multiplication. Note that the number
ol messages to be multiplied at all agent variable nodes (position, orientation and clock
offset) increases with the points of incidence. Also, recall that a sample will have a signifi-
cant weight after multiplication if and only if the weights of all incoming messages of that

*Every incidence point increase the number of cycles in the graph.
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Scenario 1
10 T T T T
=6— Point of incidence
=8— Clock offset
8 —w— Agent’s position |
-—-- SEB
-—-- BEB
6 --- PEB .

RMSE in m

3 6 9 12 15
Number Npp of iterations

Figure 7.6: Scenario 1: RMSFEs of the position and clock offset of the agent as well as
of the point of incidence s; - the RMSEs on all considered parameters almost attain the

performance bounds after approximately ten iterations.
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Figure 7.7: Scenario 2: RMSE of the position and clock offset of the agent as well as
of the point of incidence s3 - the RMSEs on all considered parameters almost attain the

performance bounds after approximately ten iterations.
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Figure 7.8: Scenario 3: RMSFEs of the position and clock offset of the agent as well as
of the point of incidence s3 - the RMSEs on all considered parameters almost attain the

performance bounds after approximately ten iterations.
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Figure 7.9: Scenario 4: RMSEs of the position and clock offset of the agent as well as all
the points of incidence sj,j = 1,2,3 - premature convergence is observed, i.e. the RMSEs

converge to values that are above the CRLBs.
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Scenario 4 (N, = 10000)
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Figure 7.10: Scenario 4: RMSEs of the position and clock offset of the agent as well as all
the points of incidence sj,j = 1,2,3 - compared to Fig. 7.9, the gap between the RMSEs
and the performance bounds reduces if Ng = 10000 particles are used.

sample are considerable. The more incidence points exist, the lower is the probability that
a particular sample will have a significant weight after multiplication. Loosely speaking,
all points of incidence must agree that a certain sample is relevant. As long as one point
of incidence has the opinion that a sample is irrelevant, a low weight will be assigned to
the sample after multiplication. This behavior can lead to sample impoverishment which
degrades the estimation accuracy.

Another possible explanation for the degradation of the estimation accuracy is that the
corresponding factor graph has a poor structure. It contains many short cycles of length
four. Every additional point of incidence adds multiple cycles of length four. This may
explain the premature convergence in scenario 4, where the number of received paths is
large.

In order to clarify the reason why the CRLBs are not reached, scenario 4 was re-
evaluated with a large number of particles. In particular, Ny = 10000 was considered.
Such a large number of particles is clearly prohibitive for real-time operation on most
state-of-the-art devices. However, the results will help to understand the deficiencies of
the proposed algorithm better. The results are depicted in Fig. 7.10. It can be inferred
from that figure that the gap between the RMSEs and the CRLBs decreased compared
to the results with Ng = 2000 particles. This observations indicates that the reason for
premature convergence is a numerical issue. In order to achicve high estimation accuracics
with a reasonable number N of particles, samples must be drawn in a smart manner.
Similar to the approach presented in Chapter 5, the goal is to use samples efficiently.
Especially from the practical perspective, extensions of the polygon outer-approximation
(POA) algorithm to the single-anchor positioning problem are an interesting field of future
research.
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7.5 Conclusion and Outlook

This chapter presented a message passing-based estimation framework that jointly de-
termines the position, orientation, and clock offset of an agent along with a map of the
incidence points in its transiission environent. First, a variant of sample-based belief
propagation is performed which approximately determines the marginal posterior distri-
butions of the parameters of interest. Then, MMSE estimates are derived from the ap-
proximated marginal distributions. It was shown numerically that the proposed estimator
attains the ultimate performance limits as it attains to the CRLBs. However. achieving the
CRLBs requires some degree of prior information on the states of the agent. In addition,
with the current sample-based implementation, the CRLBs are not reached if more than
one NLOS path is present and the CRLBs are not reached.

The presented estimator embodies a unified and modular framework for different po-
sitioning problems. It can be adjusted to many different estimation problems by simple
adding or deleting nodes in the presented factor graph. Various simpler estimation prob-
lems than the one studied in this chapter can be tackled. For instance, if the agent and
anchor are synchronized, only the variable node of the clock offset and all its edges have to
be erased from the presented factor graph. The message passing strategy, however, remains
unchanged.

From a practical perspective, the proposed estimator provides a way of obtaining accu-
rate position information in the absence of (sub-)nanosecond anchor-agent synchronization.
The estimator performs well with the considered amount of prior information on the states
(position, orientation, and clock offset) of the agent. None of the requirements on the
prior information is extremely restrictive for a practical application, since the necessary
priors are relatively broad. In the context of 5G mmWave mMIMO systemns, it can be
expected that agents (cellphones, vehicles, etc.) are equipped with a GPS receiver and
a gyroscope which provide rough priors on the position and orientation. Even in GPS-
challenged environments, position information with several meters of uncertainty can be
obtained. Coarsc-grained information on the clock offsct is usually available, since symbol-
level synchronization with the anchor is required for communications.

Nonetheless, the proposed estimator still carries a considerable burden in terms of its
computational complexity. The complexity is quadratic in the number of particles. Since
the uncertainties on the parameters are large, the number Ny of samples has to be large
as well, i.e. O(N2). Smart sampling techniques similar to those described in Section 5.4
would be required to reduces the algorithm’s complexity. Alternatively, parametrized belief
propagation or constrained optimization algorithms could be interesting ways to identify
accurate estimators with lower complexity.
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Chapter 8

Summary and Outlook

This chapter summarizes the contents presented in this thesis and discusses future research
directions. During the summary, the main contributions of this work will be highlighted.
Interesting research directions that are outside the scope of this thesis will be outlined to
conclude this dissertation.

8.1 Summary

The theme of this thesis is statistical signal processing for radio-based positioning in the
context of sparse infrastructure. Radio-based positioning refers to the challenges of deter-
mining the unknown positions of network devices (agents) based on the received radio sig-
nals from infrastructure nodes whosc location is perfectly known (anchors). In conventional
approaches, multiple anchors are required in order to determine unambiguous position es-
timates. If anchors are deployed in a sparse fashion, conventional position methods (e.g.,
trilateration or triangulation) fail and alternative concepts are required. In this thesis,
the paradigms of cooperative positioning and single-anchor positioning have been studied.
Cooperative approaches attempt to compensate the lack of anchors by cooperation among
neighboring agents. Single-anchor positioning takes a ditferent route in overcoming the lack
of infrastructure. Particularly, the measurements (angles and delays) from all propagation
paths of the received radio signal are extracted; not only those of the line-of-sight (LOS)
path. Both paradigms theoretically increase the amount of available position information
to an extend that cnables unambiguous positioning cven in the context of highly sparse
infrastructure. However, it is not immediately obvious how precise position estimates can
be achieved by practical position estimators. At this point, the methodology of statistical
signal processing plays an important role. As it was shown throughout this thesis, the
integral part of cooperative and single-anchor positioning is to account for the uncertainty
of all parameters in the estimation problem. In the context of cooperative positioning, this
uncertainty refers to the positions of neighboring agents. However, the positions of reflect-
ing or scattering points of non-line-of-sight (NLOS) paths and other agent parameters (e.g.,
orientation and clock offset) are uncertain in single-anchor positioning. Statistical signal
processing inherently addresses these uncertainties. Particularly, the belief propagation
framework played an essential role throughout this thesis.

Before the research challenges were discussed, a tutorial-style review of radio-based po-
sitioning, statistical signal processing, and the belief propagation framework was presented.
This review built the foundation for the studics presented in this thesis. In the context of
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cooperative localization, the novel paradigm of constrained stochastic inference was pro-
posed. The goal of this approach is to determine geometric constraints on the positions of
agents. Particularly, polygons have been introduced to embody the constraints. A novel
algorithm called polygon outer-approximation was presented that determines these poly-
gons in a tractable and distributed way. It was shown that this algorithm has negligible
computational costs, converges quickly, and provides tight constraints on the locations of
agents. Based on these constraints, it was proposed to formulate the position estimation
problem as a constrained inference problem. In particular, the belief propagation algo-
rithm was combined with polygon outer-approximation. This formulation helped to relax
the notoriously high computational burden of belief propagation. It was shown that the
constrained inference problem can be solved faster and more accurately than the uncon-
strained problem. Nonetheless, the remaining computational burden is still relatively high
and may be intractable for devices with low-cost hardware. This issue will be further
discussed in the next section, where open research problems are presented.

The other big item that was studied in this thesis is the concept of single-anchor po-
sitioning. In contrast to cooperative positioning. single-anchor positioning is an emerging
ficld of study and thcorctical aspects arc not yet fully understood. Hence the rescarch
that was presented in this thesis focused on analytic and algorithmic studies. First, the
role of NLOS paths was reevaluated in the context of millimeter wave (mmWave) massive
multiple-input multiple-output (mMIMO) systems. It was shown that each NLOS path
increases the positioning accuracy of an agent. Moreover, it was proven that positioning
is possible in the absence of the LOS path. From the presented analytical results, it was
concluded that the positions of reflectors or scatterers in the radio enviromment can be
estimated together with the position of the agent. In other words, important features in
the radio environment can be inferred as a byproduct of positioning. It was also shown
that the orientation of an agent and its clock offset to the anchor can be included in the
cstimation problem. These findings led to the conclusion that mmWave mMIMO systems
bear an enormous positioning potential. Motivated by those findings, a belief propagation-
based estimation framework was derived that can jointly estimate the position, orientation,
and clock offset of an agent together with the positions of reflecting or scattering objects
in the radio environment. It was pointed out that this estimation framework can tackle a
number of similar estimation problems by simply adjusting its graphical representation. In
that way, a modular and unified framework was introduced that can adjust to the presence
or absence of the LOS path as well as known or unknown orientations and clock offsets.

In summary, it can be concluded that both cooperative and single-anchor position-
ing enable unambiguous positioning in the context of sparse infrastructure. Cooperative
approaches overcome the lack of anchors by cooperation among agents. The concept of
single-anchor positioning is that multiple measurements, which carry information regarding
the position of an agent, are derived from the received signal of a single anchor. The results
of both approaches arc high-dimensional, nonlincar, non-convex estimation problems that
are tough to solve. In order to successfully infer the parameters of interest, it is essential to
account for the uncertainties of the parameters to be estimated. statistical signal process-
ing — particularly, belief propagation — inherently considers these uncertainties. While the
estimation accuracy of stochastic estimators is unprecedented, their computational burden
is usually high. The main takeaway from this observation is that sparsity of infrastructure
can be compensated via cooperative or single-anchor positioning, but the price that needs
to be paid is high computational complexity.
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8.2 Outlook

This thesis has illuminated certain aspects of radio-based positioning in the context of
sparse infrastructure. Yet, there are still many interesting problems to be studied. A
selection of future research directions will be provided in this section. While the field of
cooperative positioning is already fairly mature. single-anchor positioning with mmWave
mMIMO systems still has numerous unexplored spaces. Hence most of the research chal-
lenges that will be outlined are from the domain of single-anchor positioning.

Unarguably, cooperative positioning has received a lot of attention in the past decade,
but systems that deploy cooperative approaches in practice are still rare. One of the main
reasons is that cooperation among agents still requires relatively complicated algorithms to
provide considerable gains in terms of accuracy. FEven though the combination of geometric
constraints and belief propagation presented in this thesis provides remarkable benefits, the
overall algorithmic burden is still heavy. An important research direction includes studies
of cooperative positioning methods whose computational requirements are by orders of
magnitude lower than those of belief propagation. Certainly, it would be naive to assume
that similar estimation accuracy can be expected with such methods. However, if these
methods can provide reasonable positioning accuracy, the reduction of the computational
burden can outweigh the degradation in terms of accuracy compared to high-accuracy
approaches such as belief propagation. One way of achieving reasonable accuracy with low
computational complexity could be to formulate the cooperative positioning problem as a
constrained nonlinear least squares problem. Such problems can be solved very efficiently
using interior point methods. Yet, the problem is that the unconstrained cooperative
positioning problem is non-convex and has many local extrema. Constraints such as those
delivered by the presented polygon outer-approximation algorithin can assist the interior
point methods to converge to the global minimum or at least, to local minima that are close
to the global minimum. Since polygon outer-approximation and interior point methods
are computationally tractable, this combination could be very intriguing if the achievable
accuracy turns out to be sufficiently high.

On the side of single-anchor positioning in mmWave mMIMO systems, there are nu-
merous open questions. The most obvious research challenge from the context of this thesis
is cooperation among agents. Cooperation is even more challenging, since the position of
an agent is not the only uncertain parameter. Particularly, the uncertainty regarding the
positions, orientations. and clock offsets of neighboring agents must be encoded properly.
With such a high degree of uncertainty, cooperative positioning algorithms are likely to
carry a significant computational burden, rendering them impractical for low-complexity
devices. For more powerful devices, however. they may enhance the positioning accuracy
notably. Another interesting aspect to study is the positioning and mapping capability of
mmWave mMIMO systems in a dynamic setup. When mobility of agents is considered, the
positions of reflecting or scattering objects can be estimated sequentially. This makes it
possible to build a spatially consistent map of the radio environment, where large reflectors
such as walls of buildings can be inferred. The step from a static to a dynamic scenario
brings along another important challenge: How are NLOS paths associated with previously
observed reflectors or scatters? This problem is usually referred to as data association and
it can be performed in a deterministic or stochastic way. Hence data association must
be studied in the context of single-anchor positioning and mapping in mmWave mMIMO
systems. While there are certainly many other interesting research directions, one problem
to study is the synergy of communications and positioning in mmWave 1nMIMO systemns.
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It was discussed earlier in this thesis that in such systems, the communication channel
resembles the geometry of the environment closely. Identifying certain time-invariant fea-
tures in the radio enviromment. such as reflectors, can probably improve certain aspects of
communication systems. Knowledge regarding the transmission environment can simplify
channel estimation and increase the reliable and/or throughput of communication systems.
For instance, redundant information can be transmitted via NLOS paths if the locations
of strong reflectors arc known. Alternatively, the data rate could be increased by trans-
mitting independent information via these NLOS side links. Finally, it is worthwhile to
study an extension of the presented polygon outer-approximation algorithm in the con-
text of mmWave mMIMO systems. Deriving polygonal constraints on the parameters to
be estimated may benefit the proposed belief propagation framework. This list of future
research problems is by no means complete and many other problems exist that deserve
attention. Its sole purpose is to outline a subset of relevant problems.
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Eigenvalues and Eigenvectors of the
LOS and NLOS Information Matrices

A.1 Partial Derivatives of the Channel Parameters

The following list of equations summarizes all non-zero partial derivates of the channel

parameters.
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A.2 Decomposition of the LOS Information Gain Ma-
trix

Since the matrices in (6.34) are rank one, the eigenvalues are given by the traces of the
respective matrices [Lau04]. Hence (6.35) follow. Having obtained the eigenvalues of the
matrices A%’),A(D(’), and AE:’), it can be seen by straightforward algebra that the vectors
v%’g V([%, and fog in (6.36) are in the null space of (/\%q)lg - Af)), ()\(DG)Ig — A(DG)),

and ()\ilG)Ig — A;G)). respectively, i.e.

()\%G>IS - Af)) Vgsg = 03le (AQ&)
(/\(D(;)Ig — A(DG)) V(Dc% = 03><1, (A.2b)
(A1 = AL vl = 0. (A.2¢)

A.3 Decomposition of the NLOS Information Gain
Matrices
Terms B, BE) and BN = B(®) — B which are associated with NLOS paths will be

decomposed in this section.

A.3.1 NLOS Information Gain

The NLOS information gain is given by

B £BJ,; B
TINLOS T (A 3)
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Using matrix-matrix multiplication. the NLOS information gain matrix B@® can be de-
composed as follows
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A.3.2 NLOS Information Loss
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For the compactness of notation, the following shorthand TSJS], S TS]J;,]TST] will be
used. The inverse of a block diagonal matrix is determined by inverting the blocks on the
diagonal. The j™ block is given by

= a | aj b;
Ts;s;, = |:bi dj,] , (A.6)
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Thus, the inverse of the 5™ block is given by
T L = — ! { dj —bj } . (A.13)
~ ‘Ts]s,-‘ bl aj

where ’Ts]s]. = a;dj — b?
The left term Bz, DT and the right term DJ i, OSBT in (6.32) can be evaluated by
straightforward matrix-matrix multiplications. Observe that the left term can be obtained
by taking the transpose of the right term. Due to the block diagonal structure of D, the

following matrix results

T
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BT = : . (A.14)
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~ \T
The following shorthand will be used to abbreviate each block in (A.14): Ts,p L Ts,J 7, (Tg))
Considering (A.13) and (A.14), the NLOS information loss matrix B( can be determined
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by straightforward matrix-matrix multiplication and is given by
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and the matrix B
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A.3.3 Net NLOS Gain

The net information gain matrix of the 5" NLOS component is collected in the matrix
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It will be shown in the following that W, has only onc non-zero cigenvalue by showing
that Wy, is rank one, i.e. W, has only one linearly independent column. By inspection of
the colummns of W, it is straightforward to show that
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where a £ (W 23 = (35, cos(0rx,j) [Ip — sjll + 7, sin(0rx ;) [Ip — s;1) and
b2 Wy |13 = (—Fs, sin(0rx ;) [P — sjl| + s, cos(0rx ;) [P — sj]|). Using simple algebra it
can be seen that

(65,85 —72,) = 0. (A.20)
Hence 9, 1 and g 5 are linearly dependent. All other combinations of the columns of
W, can be shown to linearly dependent in the same fashion. Hence W, is rank one and
has one non-zero eigenvalue. The only non-zero eigenvalue is given by the trace of Ws,
[Lau04] which can be shown to be

As; =€, + 05, (1+ |Ip —s5) . (A21)

Note that the terms €; and fs; in (A.21) are functions of Ogx ;. O1x 4, [|lq —s;|, lIs; — pl,
ORX,j; 0TX.j, and o7, i.e. the eigenvalue in (A.21) is a function of the geometry of the sce-
nario and the quality of the observations (AOA, AOD, and TOA). This results is presented
in a more obvious format in (6.43).

Using the results for es; and fs;. as well as straightforward algebraic manipulations, the
main result of this paper in (6.43) is readily obtained. That being said, it can be shown
that .
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Hence vy, is the eigenvector corresponding to the eigenvalue in (A.21).
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in (4.9) is depicted. Factor nodes are given by rectangles, while variable
nodes are represented by civeles. . . ..o 0oL
Transmitted messages during the initialization process - leaf nodes and
transmitted messages (see also Tab. 4.1) are marked in red. . . .. .. ..
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genta line) and the approximated message p(fls)_m?(m) (dashed green line)

from factor node f5 to the variable node 7y in the first iteration are de-
picted. It can be observed that the approximation error is relatively small
when the exact distribution has a shape that can be well represented by a
member of the chosen family § of distributions. . . . . ... ... ... .. 65
4.10 Sample-based message multiplication - the product of the incoming messages,
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Block diagram of the proposed two-phase position cstimation approach - dis-
tance estimates cziﬁj,i € 8jNLos from NLOS and obstructed-line-of-sight
(OLOS) links are used to constrain the positions pj,Vj of agents via poly-
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proposal distributions ¢;, Vj used by sample-based belief propagation. . . . 77
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