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A B S T R A C T

The paper presents a variational quantum algorithm to solve initial–boundary value problems described by
second-order partial differential equations. The approach uses hybrid classical/quantum framework that is well
suited for quantum computers of the current noisy intermediate-scale quantum era. The partial differential
equation is initially translated into an optimal control problem with a modular control-to-state operator
(ansatz). The objective function and its derivatives required by the optimizer can efficiently be evaluated
on a quantum computer by measuring an ancilla qubit, while the optimization procedure employs classical
hardware. The focal aspect of the study is the treatment of boundary conditions, which is tailored to the
properties of the quantum hardware using a correction technique. For this purpose, the boundary conditions
and the discretized terms of the partial differential equation are decomposed into a sequence of unitary
operations and subsequently compiled into quantum gates. The accuracy and gate complexity of the approach
are assessed for second-order partial differential equations by classically emulating the quantum hardware.
The examples include steady and unsteady diffusive transport equations for a scalar property in combination
with various Dirichlet, Neumann, or Robin conditions. The results of this flexible approach display a robust
behavior and a strong predictive accuracy in combination with a remarkable polylog complexity scaling in the
number of qubits of the involved quantum circuits. Remaining challenges refer to adaptive ansatz strategies
that speed up the optimization procedure.
1. Introduction

Partial Differential Equations (PDE) are ubiquitous for modeling
problems in science and engineering. Areas of application include
structural and fluid mechanics, electrodynamics, thermodynamics, and
quantum physics. Today, sophisticated and dedicated numerical meth-
ods are well-established and widely available in all of those areas.
However, the increasing demands to resolve wider ranges of spatial
and temporal scales with great precision make these simulations ex-
pensive and energy-consuming. Furthermore, chip sizes for classical
Central Processing Units (CPUs) are expected to converge over the next
decade [1] due to the limits of reducing the transistor’s size further,
putting an end to Moore’s Law [2]. In regard to increasing computing
power, Quantum Computers (QCs) promise to address some future
hardware challenges. Two categories for QC-supported PDE solutions

∗ Corresponding author.
E-mail addresses: paul.over@tuhh.de (P. Over), sergio.bengoechea@tuhh.de (S. Bengoechea).

have been proposed. They are either based on the direct encoding of the
PDE solution in a large quantum circuit or on a Variational Quantum
Algorithm (VQA), which evaluates shallow circuits in combination with
classical optimization methods [3].

For the first category, Quantum Linear Solvers (QLS) are applied to
solve the algebraic equation systems derived from the discretization of
linear PDEs. In a pioneering work [4], Harrow, Hassidim, and Lloyd
presented the HHL quantum algorithm to compute the solution of a
Linear System of Equations (LSE). The HHL algorithm promises an
exponential speedup, provided that the state preparation and infor-
mation readout can efficiently be performed on the QC, which is by
no means self-evident. The algorithm works best for non-stiff LSE but
scales worse than classical methods for stiff problems. In Ref. [5], a
modification of the HHL algorithm is applied to solve a LSE originating
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from a Finite-Element Method while the temporal evolution of a linear
PDE is approximated in Ref. [6]. Computational Fluid Dynamic (CFD)
applications are reported in Refs. [7–15]. Steijl and Barakos [7] used
 vortex-in-cell CFD method and employed a quantum Fourier solver
or the Poisson equation. The works of Brearley and Laizet [8] and

Over et al. [9] treat linear transport phenomena described by the
advection and the advection-diffusion equation via a Hamiltonian
simulation. In Ref. [10] and [11] the PDE system is spatially discretized
into a system of coupled Ordinary Differential Equations (ODEs) and
pproximated via a Quantum Amplitude Estimation Algorithm (QAEA)

proposed by Kacewicz [16]. In Ref. [12] and [13], the PDE solution is
spatially approximated with truncated Fourier or Chebyshev series, in
which the unknown coefficients are determined by a QLS. In the study
of Cao et al. [14], the HHL is used to solve the Poisson equation within a
redictor–corrector method to solve the incompressible Navier–Stokes
quation. The approaches mentioned above mostly require a large
umber of qubits devoted to error correction, and the number of
perations associated with the HHL exceeds the capabilities of current
C hardware. Hence, these methods are more suitable for future fault-

olerant quantum machines and less suitable for QCs of the current
oise Intermediate-Scale Quantum (NISQ) generation [3].

The VQA is an alternative category to solve PDE problems and
s dedicated to state-of-the-art NISQ devices [17]. The noise-tolerant

procedure is based on the efficient evaluation of a cost function by
the QC, while the classical hardware optimizes the parameters of the
ansatz circuit that encodes the solution on the QC. As a consequence,
he PDE to solve must be reformulated as an optimization problem.
he main advantage of this approach is the use of a small number of
ate operations, making it more robust to decoherence effects of the
uantum registers that compose the circuits.
VQAs are used in many applications such as the identification of

ground states [17], or solving LSE [18]. Recent applications to fluid
dynamics and related PDEs are, for example, reported in Refs. [19–25].
Burgers’ advection-diffusion equation is studied in Ref. [19] where the
discretized sparse matrix problem is decomposed in a finite series of
unitary operators and solved by the variational quantum solver pro-
posed in Ref. [20]. In Ref. [21], quantum neural networks are trained
with a hybrid VQA to solve systems of nonlinear differential equations
hat model a supersonic nozzle flow. The work of Sato et al. [22] is
f particular relevance for this study and explores the ability of VQAs
o solve the Poisson equation by minimizing the potential energy of
n elliptic PDE. To this end, the dynamics of the Poisson equation can

be linearly decomposed in a series of parameterized shallow quantum
ircuits. The idea of energy minimization from Sato et al. [22] is
xtended to time-dependent problems in Leong et al. [23,24].

The present effort aims to combine the quantum framework de-
cribed in Lubasch et al. [26] with the work of Sato et al. [22].

We focus on a flexible treatment of engineering boundary conditions
on QCs and deploy a Hadamard test-based structure to gain quantum
advantage [27]. The related single-qubit measurements reduce expen-
ive sampling operations to evaluate the results encoded in a quantum
tate and thus the associated loss of efficiency [6,15,21]. Accurate,

flexible, and robust treatment of diverse boundary conditions is crucial
or engineering applications. Despite the importance, a rigorous algo-
ithmic implementation in the context of QC is not trivial, as demon-

strated by the variety of specific approaches proposed in the literature.
he works of Cao et al. [14] and Childs et al. [12] are restricted

to Dirichlet conditions, while a related study of Childs et al. [13]
irrors the solution into the symmetric and antisymmetric sub-spaces

or Neumann and Dirichlet cases, respectively. The mixed boundary
onditions for the Burgers’ equation suggested in Ref. [11] can only be
nforced on classical hardware. The algorithm suggested in Ref. [28]
mposes Dirichlet or Neumann conditions on the discrete wave equation
rior to the derivation of the Hamiltonian operator, i.e., the solutions

in the Hilbert space (trial functions) need to satisfy the boundary
conditions. Suau et al. [3] present a modification of this approach,
2 
where only Dirichlet boundaries are included. For VQA applications,
the boundary conditions in Ref. [21] are included either as part of
the objective function or as an additional constraint on the ansatz
function. The Dirichlet and Neumann boundary operators employed
by Sato et al. [22] do not form unitary operators. This either requires
implementation on classical hardware due to the necessary non-unitary
corrections or measuring the whole quantum register, which in turn
reduces the efficiency.

The paper suggests combining a classical CFD ghost-point technique
ith a unitary decomposition of the boundary operators by modifying

he route proposed in Ref. [22]. The decomposed boundary operators
are subsequently compiled into quantum gates and finally included in
the cost function using a deferred correction strategy. The proposed ap-
proach permits the full-quantum implementation of arbitrary Dirichlet,
Neumann, and Robin conditions without additional constraints on the
trial or ansatz functions.

The remainder of the paper is structured as follows: Section 2
introduces the mathematical model, and the boundary treatment is
escribed in Section 3. Subsequently Sections 4 and 5 outline the
omputational model. The latter also addresses the QC implementation
nd the quantum circuits. Section 6 discusses means to reduce the gate

complexity of the utilized quantum circuits. Section 7 describes the
mployed optimization procedure in brief and Section 8 is devoted

to numerical results. The applications are concerned with steady and
transient heat conduction. Particular emphasis is given to tempera-
ture distributions obtained with various types of boundary conditions,
which are compared to results of classical Finite-Differences (FD).
Final conclusions and future directions are outlined in Section 9.

The presented quantum framework is emulated with IBM’s Qiskit
nvironment [29]. Within the publication, vectors and tensors are

defined with reference to Cartesian coordinates. Note that binary rep-
resentations follow the little-endian convention.

2. Mathematical model

The considered PDE is first introduced and discretized in time.
Subsequently, the PDE is cast into an optimization problem, and the
bjective function is prepared for being evaluated on QC hardware
efore the spatial discretization is outlined.

2.1. Governing equation

The presented approach is restricted to unsteady, spatially 1D prob-
lems. An extension to two- or three spatial dimensions is straight-
forward [30]. For brevity, we use a normalized spatial coordinate
∈ [0, 1] and a time domain 𝑡 ∈ [0, 𝑇 ]. The problems considered herein

are described by an unsteady reaction/diffusion PDE for an unknown
field or state variable 𝑦(𝑥, 𝑡), viz.
𝜕 𝑦
𝜕 𝑡 − 𝜈

𝜕2𝑦
𝜕 𝑥2 − 𝜁 𝑦 𝑝 = 𝑓 in 𝛺T ∶= (0, 1) × (0, 𝑇 ] . (1)

In Eq. (1), the notation 𝜕2𝑦∕𝜕 𝑥2 describes the Laplace operator act-
ng on 𝑦. Moreover, the right-hand side term 𝑓 (𝑥) denotes a time-
ndependent source, 𝑝(𝑥, 𝑡) is a time-dependent potential that is in-
ependent of 𝑦, 𝜁 is a simple (real) coefficient, and 𝜈 refers to the
nherently positive (real) diffusivity. In contrast to previous works
ublished in Refs. [14,22–24,31], the proposed framework to solve

Eq. (1) applies to arbitrary combinations of Dirichlet and Neumann
conditions. The details of the boundary treatment will be outlined in
Section 3.
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2.2. Temporal discretization

The time horizon 𝑇 is discretized into 𝑁t equidistant time in-
stants 𝑡𝑙, where 𝑙 ∈

[

0, 𝑁t
]

and 𝛥𝑡 marks a constant time step. In line
with traditional finite approximation strategies, time derivatives are
approximated by implicit backward FD, e.g., an implicit first-order
Euler scheme or a second-order three-time-level scheme
𝜕 𝑦(𝑥, 𝑡𝑙)
𝜕 𝑡 =

𝑦(𝑥, 𝑡𝑙) − 𝑦(𝑥, 𝑡𝑙−1)
𝛥𝑡

+ (𝛥𝑡) ,

𝜕 𝑦(𝑥, 𝑡𝑙)
𝜕 𝑡 =

3𝑦(𝑥, 𝑡𝑙) − 4𝑦(𝑥, 𝑡𝑙−1) + 𝑦(𝑥, 𝑡𝑙−2)
2𝛥𝑡

+ (𝛥𝑡2).
(2)

The examples included herein use the implicit Euler scheme. This re-
sults in the following modifications of the potential term 𝑝→ 𝑝 − 1∕(𝜁 𝛥𝑡)
and the source term 𝑓 → 𝑓 + 𝑦(𝑥, 𝑡𝑙−1)∕𝛥𝑡, which yields a spatial PDE at
time 𝑡𝑙 in residual form

𝑅
(

𝑦(𝑥, 𝑡𝑙)) = −
(

𝜈
𝜕2𝑦
𝜕 𝑥2 + 𝜁 𝑦 𝑝 + 𝑓

)

= 0 in 𝛺 ∶= (0, 1) . (3)

2.3. Optimal control problem

A weak form of Eq. (3) follows from a weighted residual formula-
tion and reads

∫𝛺
𝑧(𝑥, 𝑡𝑙)𝑅(𝑦(𝑥, 𝑡𝑙)) 𝑑 𝑥 = 0 or

−∫𝛺
𝑧
(

𝜈
𝜕2𝑦
𝜕 𝑥2 + 𝜁 𝑦 𝑝

)

𝑑 𝑥
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑎(𝑧,𝑦)

−∫𝛺
𝑧 𝑓 𝑑 𝑥

⏟⏞⏞⏟⏞⏞⏟
𝐹 (𝑧)

= 0 , (4)

where 𝑧(𝑥, 𝑡𝑙) is a weighting function. For 𝑧 = 𝑦, the solution to Eq. (4)
is equivalent to the solution of the variational problem [32,33] charac-
terized by minimizing an objective function 𝐽 ,

min
𝑦
𝐽 (𝑦) with 𝐽 (𝑦) ∶= 𝑎(𝑦, 𝑦) − 2𝐹 (𝑦). (5)

Mind that the equivalence between the solutions restricts the function
space of 𝑦 to an elliptic 𝑎(𝑧, 𝑦) [32] and that the computed solution is,
of course, only an approximation to 𝑦.

The limited ability to represent arbitrary states 𝑦 on QC hardware,
yields the partition of unity constraint given by the 𝐿2 scalar product
as [34,35]

(𝑦∗, 𝑦)𝐿2 = ∫𝛺
𝑦∗(𝑥, 𝑡𝑙) 𝑦(𝑥, 𝑡𝑙) 𝑑 𝑥 = 1 , (6)

where the asterisk indicates the complex conjugate. Turning our atten-
tion to the variational framework in Eq. (5), the function 𝑦 is made
variable by the control 𝝊𝑙 ∈ Rc+1, 𝝊𝑙 ∶=

(

𝜆𝑙0,𝝀
𝑙
c
)⊺ (c ∈ N), using the

time-dependent ansatz

𝑦(𝑥, 𝑡𝑙 , 𝝊𝑙) = 𝜆𝑙0 𝑢(𝑥, 𝑡𝑙 ,𝝀𝑙c) with
(

𝑢∗, 𝑢)𝐿2 = 1 (7)

to enforce the normalization restriction (6). Suppressing the temporal
index (...)𝑙 and substituting the ansatz of Eq. (7) into the objective
function, one obtains the (time-dependent) minimization problem
min𝝊 𝐽 (𝝊) with 𝐽 (𝝊) ∶=𝑎(𝑦(𝝊), 𝑦(𝝊)) − 2𝐹 (𝑦(𝝊)),

= − 𝜈 𝜆20 ∫𝛺
𝑢(𝑥,𝝀c)

𝜕2

𝜕 𝑥2 𝑢(𝑥,𝝀c) 𝑑 𝑥

− 𝜁 𝜆20 ∫𝛺
𝑢(𝑥,𝝀𝑐 ) 𝑝(𝑥) 𝑢(𝑥,𝝀c) 𝑑 𝑥

− 2𝜆0 ∫𝛺
𝑢(𝑥,𝝀𝑐 ) 𝑓 (𝑥) 𝑑 𝑥 .

(8)

For each time step, this minimization requires the derivatives of the
objective function with respect to the control. The Gâteaux deriva-
tive with respect to the control 𝝊 provides a first-order optimality
condition [34]

𝜕 𝐽 𝛿𝝊 = 𝜕 𝐽 𝜕 𝑦 𝛿𝝊 =

(

∇𝜆0𝐽
)

⋅
(

𝛿 𝜆0
)

= 0 ∀ 𝛿𝝊. (9)

𝜕𝝊 𝜕 𝑦 𝜕𝝊 ∇𝝀c

𝐽 𝛿𝝀c

3 
The partial derivatives of the objective function with respect to the
control are not discussed in the continuous form here. Instead, a
QC-compatible discretized form is developed in Section 7.

2.4. Spatial discretization

The unit interval is discretized by 𝑁p + 2 equidistantly spaced
points 𝑥𝑘, with 𝑘 ∈

[

0, 𝑁p + 1]. As alluded to earlier, the time 𝑡 ∈ [0, 𝑇 ]
is discretized by 𝑁t + 1 equidistant time instants 𝑡𝑙, which leads to
the structured grid depicted in Fig. 1. As indicated by the Figure, we
distinguish between interior points (closed circles) and ghost points
(open circles), which serve to introduce boundary conditions. Similar
to classical finite approximation schemes, variables located along the
spatial boundaries can either be part of the unknowns or separated
from the unknowns. In the latter case, the boundary conditions are
represented by the influence of prescribed ghost point variables on
the interior point approximations. In the case of Neumann or Robin
conditions, this usually involves the additional discretization of the
spatial derivative.

The procedure is as follows: Boundary nodes are assigned to ghost
nodes ( ) and the spatially discretized objective function (8) is eval-
uated for the interior nodes ( ), with the contributions of the ghost
nodes arising from discretized boundary conditions. Thus, the dis-
crete ansatz function vector

(

𝑢(𝑥0, 𝑡𝑙), 𝑢(𝑥1, 𝑡𝑙),… , 𝑢(𝑥𝑁p+1, 𝑡𝑙)
)

= 𝒖𝑙 is
represented using the orthogonal basis 𝒆𝑘, viz.

𝒖𝑙 = 𝑢𝑙0𝒆0 +
𝑁p
∑

𝑘=1
𝑢𝑙𝑘𝒆𝑘

⏟⏞⏟⏞⏟
register

+𝑢𝑙𝑁p+1
𝒆𝑁p+1 , (10)

with the interior to be stored in a register of length log2(𝑁p) as shown in
Section 4. The derivatives of the Laplace operator required to evaluate
the objective function (8) are approximated by
𝜕2𝑢𝑙𝑘
𝜕 𝑥2 =

𝑢𝑙𝑘+1 − 2𝑢𝑙𝑘 + 𝑢𝑙𝑘−1
𝛥𝑥2

+ (𝛥𝑥2) , (11)

which is second-order accurate for an equidistant grid.

3. Discrete objective function and boundary treatment

The objective function (8) consists of contributions from the Laplace
operator 𝑗𝐿, the potential 𝑗𝑃 , and the source term 𝑗𝑆 . The integration

Fig. 1. Illustration of the spatial–temporal discretization on an equidistant grid with
boundary/ghost nodes indicated by open symbols ( ) and interior nodes by closed
symbols ( ).
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over the interior domain in Eq. (8) is fractioned into sub-integrals
around the centrally spaced interior nodes, which are approximated by
a second-order accurate midpoint rule, i.e.,

𝐽 𝑙 = ∫𝛺
(𝑗𝐿 + 𝑗𝑃 + 𝑗𝑆 )𝑙 𝑑 𝑥 ≈

𝑁p
∑

𝑘=1
(𝑗𝐿𝑘 + 𝑗𝑃𝑘 + 𝑗𝑆𝑘 )

𝑙 𝛥𝑥 . (12)

Subsequently, the discretized boundary conditions are introduced.
hese are formulated as corrections to established periodic bound-

ary conditions, which yield augmentations of the discrete objective
function (12). The approach is compatible for an evaluation on QC
hardware and is discussed below using the left boundary (𝑘 = 0) as
an example. The procedure for the right boundary is analogous and is
therefore not discussed in detail. The time index is again deliberately
uppressed for the sake of clarity.

The potential and source term contributions 𝑗𝑃𝑘 , 𝑗𝑆𝑘 to Eq. (12) are
strictly local and therefore do not interact with the ghost point (bound-
ary) values. The contribution of the discrete Laplace operator, however,
s non-local (but homogeneous) and interacts with the boundary. At the

first interior point (𝑘 = 1), the contribution reads

𝑗𝐿1
= −

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢1

(

𝑢0 − 2𝑢1 + 𝑢2
)

, (13)

where 𝑢0 is an unknown that must be closed by the boundary condition.
As already mentioned, the strategy refers to corrections of periodic
boundaries, for which the left ghost point receives the value from the
right interior point and the right ghost point gets the value from the left
interior point, i.e., 𝑢0 = 𝑢𝑁p and 𝑢𝑁p+1 = 𝑢1. The periodic contribution
of the left boundary to 𝐽 reads

𝑗𝑃𝐿1
= −

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢1

(

𝑢𝑁p − 2𝑢1 + 𝑢2
)

. (14)

On the other hand, a Dirichlet condition 𝐷 = 𝑢0 yields

𝑗𝐷𝐿1
= −

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢1

(

𝐷 − 2𝑢1 + 𝑢2
)

. (15)

Aiming to reconstruct the Dirichlet condition (15) from the periodic
approach (14), one arrives at

𝑗𝐷𝐿1
= 𝑗𝑃𝐿1

+ 𝑢1

(

𝜈 𝜆20
𝛥𝑥2

)

(

𝑢𝑁p −𝐷
)

= 𝑗𝑃𝐿1
+𝑢1𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
new J1-contrib. 𝑗𝐷 𝑁1

−𝑢1𝐷

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
source-term modif. 𝑓1

. (16)

In the case of Neumann conditions, the prescribed gradient𝑁 = 𝜕 𝑢∕𝜕 𝑥|0
irst needs to be approximated. The exemplary use of simple first-
rder FD, viz. 𝑁 ≈ (𝑢1 − 𝑢0)∕(𝛥𝑥) to substitute 𝑢0 = 𝑢1 −𝑁 𝛥𝑥 in Eq. (13)
ields

𝑗𝑁𝐿1
= −

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢1

(

(𝑢1 −𝑁 𝛥𝑥) − 2𝑢1 + 𝑢2
)

= 𝑗𝑃𝐿1
+𝑢1𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
new J1-contrib. 𝑗𝐷 𝑁1

−𝑢1𝑢1

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
new J1-contrib. 𝑗𝑁1

+𝑢1𝑁

(

𝜈 𝜆20
𝛥𝑥

)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
source-term modif.𝑓1

. (17)

Note that the contribution 𝑗𝐷 𝑁1
, which neutralizes the periodic term,

occurs for any conditions. The technique can be combined with higher-
order FD to approximate derivative expressions in Neumann or Robin
conditions. To demonstrate this procedure, a central second-order FD
approximates the left boundary at 𝑥0, viz. 𝑁 ≈ (𝑢1 − 𝑢−1)∕(2𝛥𝑥).
The terms 𝑢−1 and 𝑢0 are recursively eliminated by combining the
discrete Laplace operator of Eq. (13) for 𝑥0 and 𝑥1 and the second-order
erivative approximation at 𝑥0. In the case of second-order Neumann,

2
he modifications result in the additional contribution of 0.5𝑢1𝑓0𝜈 𝜆0 to

4 
the source term 𝑓1. Here, the 𝑓0 indicates the extrapolation of the right-
hand side 𝑓 in Eq. (1) to 𝑥0. Analogously, the source term on the right
boundary 𝑓𝑁p is modified by 0.5𝑢𝑁p𝑓𝑁p+1𝜈 𝜆20.

At the right boundary, the corresponding correction terms read

𝑗𝐷𝐿𝑁p
= 𝑗𝑃𝐿𝑁p

+ 𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

(

𝑢1 −𝐷
)

= 𝑗𝑃𝐿𝑁p
+𝑢1𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
new J𝑁p -contrib. 𝑗𝐷 𝑁𝑁p

−𝑢𝑁p𝐷

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
source-term modif. 𝑓𝑁p

and (18)

𝑗𝑁𝐿𝑁p
=𝑗𝑃𝐿𝑁p

+𝑢1𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
new J𝑁p -contrib. 𝑗𝐷 𝑁𝑁p

−𝑢𝑁p𝑢𝑁p

(

𝜈 𝜆20
𝛥𝑥2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
new J𝑁p -contrib. 𝑗𝑁𝑁p

−𝑢𝑁p 𝑁

(

𝜈 𝜆20
𝛥𝑥

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
source-term modif.𝑓𝑁p

.

(19)

Again, the contribution 𝑗𝐷 𝑁𝑁p
, which neutralizes the periodic en-

tries, occurs for both Neumann and Dirichlet conditions, and it is
identical for both boundary locations (𝑗𝐷 𝑁𝑁p

= 𝑗𝐷 𝑁1
). The actual cor-

rection implementation is given in Eq. (20). It employs three terms:
a) the periodic baseline term, (b) corrections based upon combinations
f unknown interior points (𝑗𝐷 𝑁𝑘 , 𝑗𝑁𝑘 ), and (c) modifications of the
ource terms 𝑗𝑆𝑘 arising from known boundary condition values (𝐷 , 𝑁),
iz.

𝐽 (𝜆0,𝝀c) =
𝑁p
∑

𝑘=1
−

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢𝑘(𝝀𝑐 )
(

𝑢𝑘+1(𝝀𝑐 ) − 2𝑢𝑘(𝝀𝑐 ) + 𝑢𝑘−1(𝝀𝑐 )
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗𝐿𝑘 ∶ periodic & interior term

𝛥𝑥

+

(

𝜈 𝜆20
𝛥𝑥2

)

(

𝑢1(𝝀𝑐 )𝑢𝑁p (𝝀𝑐 ) + 𝑢1(𝝀𝑐 )𝑢𝑁p (𝝀𝑐 )
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗𝐷 𝑁1+𝑗𝐷 𝑁𝑁p

∶neutralizing left/right term (Dirichlet & Neumann)

𝛥𝑥

−

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢21(𝝀𝑐 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗𝑁1 ∶ left Neumann cond.

𝛥𝑥 −

(

𝜈 𝜆20
𝛥𝑥2

)

𝑢2𝑁p
(𝝀𝑐 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗𝑁𝑁p

∶ right Neumann cond.

𝛥𝑥

+
𝑁p
∑

𝑘=1
−𝜁 𝜆20𝑢𝑘(𝝀𝑐 )𝑝𝑘𝑢𝑘(𝝀𝑐 )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗𝑃𝑘 ∶potential term

𝛥𝑥 +
𝑁p
∑

𝑘=1
−2𝜆0𝑢𝑘(𝝀𝑐 )𝑓𝑘
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝑗𝑆𝑘 ∶ source term

𝛥𝑥.

(20)

This approach is applied in the sense of the desired boundary conditions
for all time steps and can be adapted to combinations of Dirichlet,
Neumann, Robin or periodic conditions. Equation (20) utilizes a mod-
ified source term 𝑓𝑘 which inheres the additional sources given in
Eqs. (16)–(19). For the example of a Dirichlet conditions on the left
boundary, cf. Eq. (16), the source term modifies to 𝑗𝑆1 = −2𝜆0𝑢1𝑓1,
with 𝑓1 = 𝑓1 + 0.5𝐷 𝜈 𝜆0∕𝛥𝑥2.

The following two sections outline the framework for evaluating
Eq. (20) on a QC. Section 4 describes the VQA framework, which shares
features with Ref. [26]. Subsequently, the quantum circuits used to
calculate the different contributions (𝑗𝐿𝑘 , 𝑗𝑆𝑘 , 𝑗𝑃𝑘 ) to Eq. (20) on a QC
re described in Section 5. The gate complexity of these circuits is
ptimized in Section 6 before they will be used to approximate the

derivative of the objective function with respect to the parameters in
Section 7, which in turn is required to advance the optimization.

Before we continue with the QC implementation of the different ob-
jective function contributions, we remark that the Neumann terms 𝑗𝑁1
nd 𝑗 could also be cast into potential term contributions derived
𝑁𝑁p
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from the reciprocal of the diffusive time scale, i.e., 𝑝̃1 = 𝑝1 + 𝜈∕(𝜁 𝛥𝑥2)
and 𝑝̃𝑁p = 𝑝𝑁p + 𝜈∕(𝜁 𝛥𝑥2).

4. Quantum framework

As outlined above, a quantum register of 𝑛 = log2
(

𝑁p
)

qubits is
required to evaluate the objective function on a QC, cf. Eq. (10). Each
ubit possesses two distinguishable computational states |0⟩ and |1⟩,
hich form an orthonormal basis of a complex Hilbert space and are

requently identified with basis vectors |0⟩ = (1, 0)⊺ and |1⟩ = (0, 1)⊺ [36]
The 𝑛 qubit register spans a Hilbert space whose basis is formed by
ensor products of the computational basis states of individual qubits,

e.g., 𝒆𝑖=0 = |0⟩⊗𝑛 = |0⟩⊗ |0⟩⊗ … ⊗ |0⟩, where ⊗𝑛 indicates an 𝑛-
old tensor product. Thus, the 𝑖th element of the orthonormal basis
an be expressed via the binary representation bin(𝑖) as |bin(𝑖)⟩ = 𝒆𝑖,
ollowing the little-endian convention where the least significant qubit
orresponds to the right-most register position (𝑞1) and the most
ignificant qubit corresponds to the left-most register position (𝑞𝑛),
.e., |𝑞𝑛 𝑞𝑛−1 … 𝑞1⟩. Furthermore, the least significant qubit (𝑞1) is
rawn as the uppermost qubit in the network figures and the lowermost
ubit (𝑞𝑛) indicates the most significant. This encoding enables the
epresentation of the discrete vector 𝒖 by the amplitudes of the quan-
um register, viz. 𝒖 =

∑N𝑝
𝑘=1 𝑢𝑘𝒆𝑘−1 =

∑N𝑝
𝑘=1 𝑢𝑘|bin (𝑘 − 1)⟩ = |𝑢⟩, where

he offset of the indices results from the technicality that the basis
ectors 𝒆𝑘 start at 𝑘 = 0 but the interior unknowns 𝑢𝑘 begin with 𝑘 = 1.
ind that, though complex 𝑢𝑘 are generally allowed, we assume real

olutions of Eq. (1), hence 𝑢∗𝑘 = 𝑢𝑘, and that the time index is mostly
suppressed in this Section to improve the readability.

4.1. Variational quantum algorithm

The VQA methodology aims to minimize an objective function 𝐽 𝑙

given in Eq. (20), by optimizing the control parameters 𝝊𝑙 = (𝜆𝑙0,𝝀𝑙c)⊺
or every time step 𝑙. The hybrid framework utilizes both classical
nd quantum hardware, as displayed in Fig. 2. The function 𝐽 𝑙 is

evaluated on the quantum device, as illustrated by the shaded box in

Fig. 2. Sketch of the hybrid VQA optimization (time dependencies in the optimization
tep are suppressed for the sake of clarity).
5 
Fig. 2, whereas the optimization process runs on the classical hard-
ware that controls the process and iteratively adjusts the control 𝝊.
or a particular set of ansatz parameters 𝝀c, the objective function
s evaluated from dedicated, individual so-called Quantum-Nonlinear-
rocessing-Units (QNPU) for each group of terms in Eq. (20), i.e., for
𝑗𝐿𝑘 , 𝑗𝐷 𝑁 , 𝑗𝑁 , 𝑗𝑃𝑘 , 𝑗𝑆𝑘 , cf. Section 5. An update 𝛥𝝊 is determined by the
optimizer as outlined in Section 7.1 before a new iteration starts.

Figure 3(a) describes two equivalent options of the general layout of
circuits on the quantum device. Grossly speaking, both options consist
of a measuring (aka. ancilla) qubit in the upper ‘‘wire’’ and calculation
ubits in the lower ‘‘wires’’. In general, the qubits are initialized to the
ase state |0⟩. The calculation qubits are then introduced to an ansatz
ircuit called 𝑈 , highlighted in gray in Fig. 3(a). The ansatz 𝑈 can be
enoted by a 𝑁p ×𝑁p matrix composed of an embedded combination
f two-qubit units, i.e., fundamental gates 𝑈̃ (4 × 4), as illustrated in

Fig. 3(b) for six qubits. The particular combination employed in this
research refers to a scalable depth bricklayer topology and shares
ome similarities with machine learning topologies. The benefit of the
ricklayer topology over alternative topologies has been communicated

in Ref. [37].
The employed fundamental gate is displayed in dark gray in

Figs. 3(b), 3(c). It has been suggested by Vatan and Williams [38] and
is frequently labeled SO4. This gate operates in real and imaginary
space, which is rather unusual for engineering applications that aim
for real-valued results [22,23]. Its application promises a richer ansatz
function space that, in turn, supports the use of shallower depth 𝑑 in 𝑈 .
As displayed in Fig. 3(c), the fundamental gate consists of R𝑦, R𝑧 and
CNOT gates, where R𝑦 and R𝑧 are parameterized versions of classical
auli 𝜎𝑦 and 𝜎𝑧 matrices [36], cf. Appendix A.1, and the (… )† symbol

indicates the transposed of the complex conjugate.
Turning back to Fig. 3(a), the result of the ansatz circuit 𝑈 (𝝀c) is the

parameterized state |𝑢(𝝀c)⟩. Subsequently, a particular transformation
matrix 𝑇𝑡 or 𝑇̃𝑡 is introduced in case of boundary contributions 𝑗𝐷 𝑁
and 𝑗𝑁 before the data enters a boundary-specific QNPU. The transfor-
mation essentially modifies the order of qubits in the register |𝑢⟩ where
necessary. As will be shown in Section 6, two implementations are con-
ceivable, cf. Fig. 3(a), by either using highly complex multi-controlled
gates or by employing additional carry qubits.

The prepared state (𝑇𝑡|𝑢⟩ or 𝑇̃𝑡|𝑢⟩) inputs to the main QNPU gate,
ndicated in light gray in Fig. 3(a), through the input port (IP) and
utputs the specific objective function contributions for a group of
erms (𝑗𝐿𝑘 , 𝑗𝐷 𝑁 , 𝑗𝑁 , 𝑗𝑃𝑘 , 𝑗𝑆𝑘 ) through an output port (OP). Finally, the
egister is reversed to its initial order after applying the boundary-

specific QNPU. To this end, the Hadamard test method inherently
reverses the gates in the upper variant of Fig. 3(a). In contrast, the
mplementation example at the bottom of Fig. 3(a) requires the explicit

application of 𝑇̃ †
𝑡 . Note that for periodic conditions, where neither 𝑗𝐷 𝑁

nor 𝑗𝑁 contributions occur, no transformation is needed and 𝑇𝑡, 𝑇̃𝑡, 𝑇̃
†
𝑡

simply degenerates to the identity matrix 𝐼 in line with the upper part
of Fig. 3(a). The use of the Hadamard test [39] is motivated by previous
tudies [27], which indicated quantum advantage with this approach.
ere, rather than assessing the individual contributions at each grid
oint 𝑥𝑘 [39], the integral over all interior points is directly compiled,

for example ∑

𝑘 𝑗𝐿𝑘 , and measured statistically on the upper ‘‘wire’’
by the expectation value denoted by ⟨𝜎𝑧⟩ [36]. This is indicated by
he upper ‘‘wire’’ of Fig. 3(a) that connects to the calculation ‘‘wires’’

through a control port (CP).
Before we discuss the individual QNPUs in Section 5, the measure-

ment strategy implemented here should be described for the sake of
ompleteness. We rely on the density (or autocorrelation) matrix 𝜌ancilla
f the ancilla qubit to approximate the expectation ⟨𝜎𝑧⟩ at the measure-
ent gauge in Fig. 3(a). To eliminate stochastic influences, evaluating

QC-calculated results is usually based on evaluating sufficiently large
samples. However, if the QC is only emulated, as in the current study,
the procedure can be simplified using the trace-out method [36].
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Fig. 3. Illustration of the employed nested VQA circuits.

First, the whole system state |𝜓⟩ (ancilla and calculation qubits) is com-
puted by a state-vector simulation. As we are only interested in the in-
formation contained in the ancilla portion of the state |𝜓⟩, the remain-
der is traced out, and the density operator 𝜌ancilla = TrQNPU{|𝜓⟩⟨𝜓|} of
the ancilla remains. The state-vector simulation thus yields the same
result as the measurement of the ancilla performed on real hardware,
without noise and sampling errors [36].

5. Quantum-Nonlinear-Processing-Units

For the introduction of our library of Quantum-Nonlinear-
Processing-Units (QNPUs), we use a complex number notation.
All QNPUs are highlighted in light gray in the respective figures, which
links them to the VQ circuits depicted in Fig. 3(a). They are adjustable
6 
to an arbitrary equidistant one-dimensional discretization and have
been designed to keep the gate sequence shallow. Quantum gates are
often associated with matrices or matrix operations. Therefore, the
interested reader is referred to Appendix A.2 for a brief introduction
to converting gate sequences into matrices.

5.1. Periodic Laplace operator

The Laplacian is given by the FD stencil in Eq. (11) and partly re-
sembles the classical bit shift operator [36,40] due to shifted products,
.g., 𝑢𝑙∗𝑘 𝑢

𝑙
𝑘+1, 𝑢

𝑙∗
𝑘 𝑢

𝑙
𝑘−1. In contrast to other approaches [22,41] the QNPU

circuit employed herein is based on the adder circuit with a polynomial
caling of the gate complexity, cf. Section 6. Using 𝑛 = 2 qubits,
 half-adder circuit can be used, which consists of one CNOT gate and
n additional Toffoli gate. For 𝑛 > 2, additional (𝑛 − 2) carry qubits

(auxiliary qubits) are required, which results in a full-adder circuit,
cf. [26]. Assuming a periodic state, it can be shown [26] that the
general structure of the discrete Laplace operator is represented by
𝑁p
∑

𝑘=1
𝑢𝑘|bin (𝑘 − 1)⟩ →

𝑁p
∑

𝑘=1
𝑢𝑘+1|bin (𝑘 − 1)⟩ with 1 =

𝑁p
∑

𝑘=1
𝑢∗𝑘𝑢𝑘 . (21)

Mind that an adder QNPU to compute a periodic Laplace operator
has previously been reported by Lubasch et al. [26]. Figure 4 depicts
an example of the employed Laplace QNPU circuit for 𝑛 = 6 qubits
and 𝑛 − 2 = 4 carry bits. The circuit involves 𝑛 − 2 = 4 CNOT gates and
2𝑛 − 2 = 10 Toffoli gates.

5.2. External contributions (potential and source terms)

The computation of external contributions follows from two subse-
quent steps. First, the representation of the discrete linear source 𝑓 𝑙𝑘
and potential terms 𝑝𝑙𝑘 are assembled. This enables computing their
ontributions to the objective function (𝑗𝑆 , 𝑗𝑃 ) in a second step.

For simple, analytically described terms, e.g., 𝑒𝑥𝑝(𝑥) or 𝑠𝑖𝑛(𝑥),
ubasch et al. [26] introduced corresponding gate sequences that
llow such functions to be represented on a QC. Other suggestions

intensively deploy Matrix-Product-State (MPS) techniques, [42–44].
In our case, however, we first solve a prior optimization problem to
represent arbitrary external contributions by quantum gates, taking the
ansatz 𝑈 (𝝀) into account, viz.

̄ 𝑐 = min
𝝀c

(

1 − 𝜆0⟨𝑢(𝝀c)|𝑔⟩
)

with 1
𝜆20

=
𝑁p
∑

1
𝑔𝑙∗𝑘 𝑔

𝑙
𝑘 . (22)

In Eq. (22) 𝒈 = 𝒇̃ or 𝒈 = 𝒑 for the source and the potential term,
respectively. The benefit of this approach is that it re-uses existing
mplementations and also keeps the depth of the resulting circuits

Fig. 4. Exemplary quantum circuit of the discrete Laplacian in the Hadamard test
configuration. The example refers to 𝑛 = 6 qubits and 𝑛 − 2 = 4 carry bits. It requires
𝑛 − 2 = 4 CNOT and 2𝑛 − 2 = 10 Toffoli gates. For 𝑛 = 2 qubits, this circuit is exactly
implementing a half-adder, cf. [26].
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Fig. 5. External contributions on the Hadamard test. The displayed example refers to
Np = 64, 𝑛 = 6 qubits.

shallow. The optimal parameters 𝝀̄𝑐 determined in this way result in the
equired gates 𝑈 (𝝀̄𝑐 ) = 𝑃 and 𝑈 (𝝀̄𝑐 ) = 𝐹 to be used inside the QNPUs
hat compute the potential and the source term contributions to 𝐽 in
q. (20).

The contribution of the potential term 𝑝(𝑥𝑘, 𝑡𝑙) to 𝐽 follows from
∑N𝑝
𝑘=1

[

𝜆20𝑢
∗
𝑘𝑝𝑘𝑢𝑘

]𝑙. The corresponding QNPU circuit is assembled by Tof-
oli gates according to Fig. 5(a). Since the product 𝑢∗𝑘𝑝𝑘𝑢𝑘 is non-unitary,

additional 𝑛 ancilla qubits occur in the circuit [45]. Similarly, the
representation of ̃

|𝑓 ⟩ = 𝑈 (𝝀̄𝑐 )|0⟩ is implemented into the source term
QNPU (light gray) given in Fig. 5(b). Note that thanks to the versatility
of the SO4 ansatz, the minimum depth 𝑑 = 1 is usually sufficient to
reconstruct 𝒇̃ and 𝒑. Instead of the uncontrolled ansatz 𝑈 (𝝀) displayed
in Fig. 3(a), the linearity of the source term requires that 𝑈 (𝝀) is also
ontrolled.

5.3. Boundary conditions

With the intention of developing a quantum equivalent of the
ghost point approach discussed in Section 3, we first elaborate on a

atrix-based representation to facilitate the understanding of the quan-
um implementation. Subsequently, the novel QNPUs for the boundary
reatment in variational quantum simulations are introduced.

The implementation of boundary conditions is based on the correc-
tion of the periodic contributions in the derivative matrix.
To outline the transfer of Eq. (20) into quantum-inspired or true
quantum computations, we restrict ourselves to Dirichlet conditions
imposed for a simple Laplace equation −𝜈 𝛥𝑦 = 0 in the two-qubit case.
Next, let us recover a slightly reduced version of Eq. (20) for this prob-
lem in a matrix-based approach, assuming 𝒖 ∈ C𝑁p and 𝐴 ∈ R𝑁p×𝑁p .
For the sake of clarity, we also define (𝜈 𝜆20∕𝛥𝑥) = 1, viz.

𝒖† ⋅ 𝐴 ⋅ 𝒖 =
(

𝑢∗1 𝑢∗2 𝑢∗3 𝑢∗4
)

⋅

⎛

⎜

⎜

⎜

⎜

⎝

2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

⎞

⎟

⎟

⎟

⎟

⎠

⋅

⎛

⎜

⎜

⎜

⎜

⎝

𝑢1
𝑢2
𝑢3
𝑢4

⎞

⎟

⎟

⎟

⎟

⎠

=2𝑢∗1𝑢1 − 𝑢
∗
1𝑢2 − 𝑢

∗
2𝑢1 + 2𝑢2𝑢∗2 − 𝑢∗2𝑢3 − 𝑢∗3𝑢2

+ 2𝑢3𝑢∗3 − 𝑢∗3𝑢4 − 𝑢∗4𝑢3 + 2𝑢∗4𝑢4 − 𝑢∗1𝑢4 − 𝑢
∗
4𝑢1

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
periodic boundary

.

(23)
7 
Fig. 6. Matrices and their corresponding circuits for two-qubits.

The sum on the right-hand side of Eq. (23) distinguishes between
regular interior contributions and periodic boundary contributions.
In line with Eq. (20), the periodic contributions of −𝑢∗1𝑢4 − 𝑢

∗
4𝑢1 need to

be eliminated by another term in the cost function, viz. 𝐽 =
∑4
𝑘=1 𝑗𝐿𝑘 +

𝑗𝐷 𝑁1
+ 𝑗𝐷 𝑁4

. This is achieved by
𝐽𝐷 𝑁 = 𝑗𝐷 𝑁1

+ 𝑗𝐷 𝑁4
= 𝑢∗1𝑢4 + 𝑢

∗
4𝑢1

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
boundary

= 𝒖† ⋅𝐷 ⋅ 𝒖

=
(

𝑢∗1 𝑢∗2 𝑢∗3 𝑢∗4
)

⋅

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

⋅

⎛

⎜

⎜

⎜

⎜

⎝

𝑢1
𝑢2
𝑢3
𝑢4

⎞

⎟

⎟

⎟

⎟

⎠

.

(24)

The matrix 𝐷 ∈ R𝑁p×𝑁p needs to be unitary for its representation
y quantum gates. This distinguishes the quantum-inspired approaches
rom true QC methods. A QC-compatible representation of 𝐷 follows

from a modification with the basis of its null space removing the zero
eigenvalues and intuitively matching the boundary contributions of
Eq. (24). Accordingly, the unitary matrix 𝐶 ∈ R𝑁p×𝑁p is proposed as

𝐽𝐷 𝑁 = 𝒖† ⋅ 𝐶 ⋅ 𝒖 =
(

𝑢∗1 𝑢∗2 𝑢∗3 𝑢∗4
)

⋅

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 1
0 0 −1 0
0 1 0 0
1 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

⋅

⎛

⎜

⎜

⎜

⎜

⎝

𝑢1
𝑢2
𝑢3
𝑢4

⎞

⎟

⎟

⎟

⎟

⎠

= 𝑢∗1𝑢4 − 𝑢
∗
2𝑢3 + 𝑢

∗
3𝑢2 + 𝑢

∗
4𝑢1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
if 𝒖∈R𝑛

= 2𝑢1𝑢4
⏟⏟⏟
boundary

.

(25)

The unitary matrix 𝐶 only inheres nonzero entries on the antidiago-
nal. The upper and lower corners must have the same sign to neutralize
the periodic contributions of matrix 𝐴. The other terms need to change
sign with respect to the main diagonal for these contributions to be
canceled when the expectation value ⟨𝜎𝑧⟩ is measured. Note that for
the summation of the interior antidiagonal elements, one obtains zero
only if 𝒖 ∈ R𝑛.

The remaining task is to design the circuits that implement the
ransformation described by the matrix 𝐶. To this end, the heuristic
pproach requires another decomposition, i.e., 𝐶 = 𝑇 −1

𝑡 ⋅ 𝐵 ⋅ 𝑇𝑡, where
𝑇𝑡 relates to a permutation operator and 𝐵 to a boundary QNPU, which
both directly translate into quantum gates, cf. Fig. 6.

In general, deriving the gate sequence corresponding to a given
matrix is neither trivial nor unique. The application of heuristic ap-
proaches leads to the gate-level implementation for two qubits outlined
in Figs. 6(c) and 6(d). In contrast to other methods [22,23], the
roposed boundary corrections are represented as unitary circuits and,

therefore, as quantum gates. Further insight into the conversion be-
tween matrix and circuit representation is given in Appendix A.2.
For the sake of completeness, the four qubit version of the circuits in
Figs. 6(c) and 6(d) with the corresponding unitary matrix 𝐶 are also
included in Appendix A.3.
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Fig. 7. Six qubit example of the permutation operator 𝑇𝑡 represented by a sequence
of multi-controlled Toffoli gates, cf. [22].

The extension to an 𝑛 qubit framework implies the multi-qubit
mplementation of the transformation 𝑇𝑡 with a sequence of 𝑛 − 2

multi-controlled NOT gates, cf. Fig. 7. Similarly, the boundary correc-
tions 𝑗𝐷 𝑁 and 𝑗𝑁 consist of 2𝑛 − 1 CNOTS and controlled-Z gates for
an arbitrary number of qubits. Furthermore, one 𝑛 multi-qubit con-
trolled Z gate for both circuits and one 𝑛 multi-controlled NOT gate
for 𝑗𝐷 𝑁 complete the circuits, as illustrated in Fig. 8 for 𝑛 = 6 qubits.

oth circuits shown in Figs. 8(a) and 8(b) use operations that only
manipulate the dynamics at the boundaries. In the interior domain, the
ffect of the operator neutralizes for the expectation value ⟨𝜎𝑧⟩.

The resulting circuits for 𝑇𝑡, 𝑗𝐷 𝑁 , and 𝑗𝑁 in Figs. 7 and 8 inhere
equences of multi-controlled gates, which substantially deteriorate the
ate complexity. In this regard, the most efficient implementation de-
ends on the available QC hardware and its support for multi-controlled
ates. Alternatively, additional carry qubits can be used to obtain more
hallow circuits. This technique is illustrated in more detail in Section 6.

6. Gate complexity

To scrutinize the scalability of the algorithm, the number of single-
(R𝑧, R𝑦,U, . . . ) and two-qubit (CNOT, . . . ) gates per qubit are outlined
in this Section. For this purpose, multi-qubit gates are decomposed
using known identities, which are available, for example, in Qiskit [29].
The scaling of the number of gates involved in the SO4 ansatz with re-
pect to the number of qubits 𝑛 and the depth 𝑑 is reported in Fig. 9(a).

It is observed that the number of gates scales linearly with 𝑛 and 𝑑,
.e., (𝑛 𝑑). The graphs displayed in Fig. 9(b) illustrate the polynomial
elation between the number of gates and the number of qubits for the
8 
adder (𝑗𝐿), the source (𝑗𝑆 ), the potential (𝑗𝑃 ) and the boundary circuits
— the latter using either multi-controlled gates (𝑗𝐷 𝑁 , 𝑗𝑁 ) described
in Section 5.3 or the corresponding modifications described below
(𝑗𝐷 𝑁 , 𝑗𝑁 ). Most QNPUs in Fig. 9(b) depict a favorable complexity.
The polylog complexity of the adder circuit ((𝑙 𝑜𝑔(𝑛)𝑟) ∶ 𝑟 ∈ R)
is due to the very local reach of the FD stencil for approximating
the second derivative. In this case, the resulting circuit conserves the
local property. An analysis of the source and potential QNPUs also
reveals a linear scaling of (𝑛), which underlines the importance of an
efficient state initialization for arbitrary generic functions [15,21,46–
48], cf. Section 5.2. The similarity to the scaling behavior examined for
the SO4 ansatz is obvious and indicates the strong influence of the prior
ptimization of 𝑈 (𝝀c) to determine 𝒇̃ or 𝒑, cf. Eq. (22). The related

overhead in the number of gates with respect to the ansatz is due to
the control operation of the ansatz in both QNPUs (𝑗𝑆 , 𝑗𝑃 ) and the
additional CNOT gates following the 𝑃 gate for the potential QNPU,
see Fig. 5(a). Note that for the values given in Fig. 9, the depth of the
ansatz for 𝑗𝑃 and 𝑗𝑆 is assigned to 𝑑 = 1.

The boundary QNPUs (𝑗𝐷 𝑁 , 𝑗𝑁 ), however, scale polynomially, on
he maximum order of (𝑛5). This was also observed by other re-
earchers when using multi-controlled quantum gates, for example, [22–

24]. The reason for that is the non-locality of the implementation
and the multi-controlled feature, which yields interaction with more
than just the nearest neighbor qubits. In practical applications, e.g., an
implementation on NISQ hardware, there is a demand for circuit
fficiency. To obtain more shallow circuits, additional carry qubits
re used. They implement intermediate information associated with
ND operations by a staggered series of Toffoli gates. The technique

s illustrated for a multi-controlled G gate (MCG) in Fig. 10.
The example consists of 𝑛 = 6 qubits and requires 𝑛 − 2 = 4 carry

qubits to transform the deep multi-controlled gate on the left of Fig. 10
into 𝑛 + 2 Toffoli- and one controlled G gate on the right of Fig. 10.
Mind that after applying G, all carry bits need to be reversed to their
nitial state, i.e., |0⟩.

Applying this concept to the transformation circuit 𝑇𝑡 outlined
n Fig. 7 allows to derive a shallower alternative 𝑇̃𝑡 resulting in a

permutation operator, cf. Fig. 11(a). This Figure also provides the
corresponding circuit for the inverted transformation 𝑇̃ †

𝑡 in Fig. 11(b).
The latter is required for measuring the expectation value ⟨𝜎𝑧⟩ =
⟨0|𝑈†𝑇 †

𝑡 [QNPU] 𝑇𝑡𝑈 |0⟩ as illustrated by the Hadamard-test based struc-
Fig. 3(a). Both 𝑇̃ and 𝑇̃ †
ture in 𝑡 𝑡 are controlled by an ancilla qubit,
Fig. 8. Illustration of the novel boundary correction QNPUs for a 𝑛 = 6 qubits setup.
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Fig. 9. Gate complexity of the employed QNPUs and ansatz gate compilations.

Fig. 10. Equivalent networks using a deep qubit-saving implementation (left) and a
shallow circuit depth approach (right) to realize a multi-controlled gate G.

which follows the same strategy as depicted for the QNPU assembly in
Fig. 3(a).

Introducing the above-mentioned shallow circuit alternatives to
he 𝑗𝐷 𝑁 circuit is straightforward and allows replacing the multi-
ontrolled Z gate by the usage of 𝑛 − 2 carry qubits. As already
utlined at the end of Section 3, the QNPU related to the Neumann

condition (𝑗𝑁 ) shown in Fig. 8(b) can be cast in terms of the potential
QNPU, depicted in Fig. 5(a). A consistent application of shallow circuit
(MCG) strategies yields the complexity graphs for 𝑗𝑁 , 𝑗𝐷 𝑁 marked by
ymbols in Fig. 9. Advantageous differences to the initial implementa-

tion 𝑗𝑁 , 𝑗𝐷 𝑁 , given by lines in Fig. 9, are clearly visible but, of course,
come at the expense of additional (𝑛− 2) carry qubits. The graph displays
an efficient scaling below (𝑛2). In terms of grid-point behavior, the
complexity is of polylog scaling. We again emphasize that the chosen
reduction in complexity, i.e., the number of carry qubits used, depends
on the capabilities of the QC hardware.

7. Optimization strategy

A common denominator of all VQAs is the efficiency of the opti-
ization process. As stated in Ref. [49], this is non-trivial since the
 Q

9 
Fig. 11. Alternative implementations of the forward (𝑇𝑡, 𝑇̃𝑡) and backward (𝑇 †
𝑡 , 𝑇̃ †

𝑡 )
ransformation introduced in Fig. 7.

problem covered by VQA is theoretically NP-hard, meaning that the
optimization is often characterized as non-convex and features multiple
local minima and/or vanishing derivatives [23,45,50]. To update the
controls (𝜆0, 𝝀c) along the route outlined in Fig. 2, we apply the
sequence of a zero- and a first-order method. The combination aims
at a larger sample size to address non-convex functions and higher
accuracy in the vicinity of the minima and might be replaced by a more
sophisticated strategy. The optimization starts with the zero-order ap-
proach and employs an evolutionary Particle-Swarm Optimization (PSO)
algorithm [51] using p particles. In the case of non-periodic BC, the PSO
tep typically involves (1000) iterations, where around p ≈ 100 𝑛 par-
icles are employed. The best candidate initializes the control 𝝊 for
he subsequent first-order classical Gradient Descent (GD) method.
he required derivative of the objective function with respect to the
ontrols ∇𝝊𝐽 (𝝊𝑖) is obtained from the QC and follows the expressions
iven below, cf. Eq. (28) and Eq. (31). Convergence is assessed from
he absolute change of the derivative

𝖼𝗁(∇𝐽 𝑙𝑖 ) = ‖∇𝐽 𝑙𝑖 − ∇𝐽 𝑙𝑖−1‖l2
≤ 10−𝑚 , (26)

where 𝑚 ∈ [3, 7] depends on the number of employed qubits, cf. Sec-
tion 8. The solution is advanced in time as described in Fig. 1 and in
the Algorithm 1. For time steps 𝑙 > 1, the optimal parameters of the
revious step 𝝊𝑙−1 serve as an initial guess for the PSO to reduce the
fforts, as proposed by [22,23].

The whole framework is implemented by an in-house toolbox, with
iskit v.0.42.1 [29] as a quantum backend.
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Algorithm 1 VQ Algorithm

Require: 𝑁t, 𝑓 ,maxitPSO,tolPSO,maxitGD,tolGD
𝑙 ← 1
while 𝑙 ≤ 𝑁t do ⊳ Time Evolution

if 𝑙 = 1 then
𝑓 1 ←

𝑦(𝑥,0,𝝊0)
𝛥𝑡 + 𝑓 1 ⊳ Initial setup of the external contribution

𝝊1 ←
(

𝜆10,𝝀
1
c
)⊺ ⊳ Random initialization of 𝜆10 ∈ [0, 1] and

𝝀1c ∈ [0, 4𝜋)c for all p particles
else

𝑓 𝑙 ← 𝑦(𝑥,𝑡𝑙 ,𝝊𝑙−1)
𝛥𝑡 + 𝑓 𝑙 ⊳ Adjust the contributions

𝝊𝑙 ← 𝝊𝑙−1 ⊳ Propagate previous final control 𝝊𝑙−1
end if
𝝊𝑙 ← PSO(𝝊𝑙) ⊳ Iterate until maxitPSO or tolPSO > ch(∇𝐽 𝑙𝑖 )

(cf. Fig. 2)
𝝊𝑙 ← GD(𝝊𝑙) ⊳ Iterate until maxitGD or tolGD > ch(∇𝐽 𝑙𝑖 )

(cf. Fig. 2)
𝑙 ← 𝑙 + 1

end while

7.1. Derivative computation

The determination of the descent direction is supported by the QC.
To this end, the quantum circuits derived in Sections 4 and 5 are re-
sed, as outlined below. The gradient of the objective function with
espect to the scalar parameter 𝜆0 follows from Eq. (20) and simply

reads

∇𝜆0𝐽 (𝜆0,𝝀c) =
𝑁p
∑

𝑘=1
−
(

2𝜈 𝜆0
𝛥𝑥2

)

𝑢𝑘(𝝀𝑐 )
(

𝑢𝑘+1(𝝀𝑐 ) − 2𝑢𝑘(𝝀𝑐 ) + 𝑢𝑘−1(𝝀𝑐 )
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∇𝜆0 𝑗𝐿𝑘

𝛥𝑥

+
(

2𝜈 𝜆0
𝛥𝑥2

) (
𝑢1(𝝀𝑐 )𝑢𝑁p (𝝀𝑐 ) + 𝑢1(𝝀𝑐 )𝑢𝑁p (𝝀𝑐 )

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∇𝜆0 (𝑗𝐷 𝑁1+𝑗𝐷 𝑁𝑁p

)

𝛥𝑥

−
(

2𝜈 𝜆0
𝛥𝑥2

) (
𝑢1(𝝀𝑐 )2 + 𝑢𝑁p (𝝀𝑐 )

2
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∇𝜆0 (𝑗𝑁1+𝑗𝑁𝑁p

)

𝛥𝑥

+
𝑁p
∑

𝑘=1
−2𝜁 𝜆0𝑢𝑘(𝝀𝑐 )𝑝𝑘𝑢𝑘(𝝀𝑐 )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∇𝜆0 𝑗𝑃𝑘

𝛥𝑥 +
𝑁p
∑

𝑘=1
−2𝑢𝑘(𝝀𝑐 )𝑓𝑘
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

∇𝜆0 𝑗𝑆𝑘

𝛥𝑥 .

(27)

Again, the temporal index has been omitted for better clarity. Compar-
ng Eq. (20) with Eq. (27) reveals

∇𝜆0𝐽 = 1
𝜆0

[𝑁p
∑

𝑘=1

(

2𝑗𝐿𝑘 + 2𝑗𝑃𝑘 + 𝑗𝑆𝑘
)

𝛥𝑥
]

+ 2
𝜆0

[(

𝑗𝐷 𝑁1
+ 𝑗𝐷 𝑁𝑁p

+ 𝑗𝑁1
+ 𝑗𝑁p

)

𝛥𝑥
]

,

(28)

which can be evaluated on the QC. The derivative of 𝐽 with respect
to 𝝀c can also be computed on the QC without deriving a new gate
sequence. The derivative of the objective function with respect to the
control vector 𝝀c follows from

∇𝝀c
𝐽 (𝜆0,𝝀c) =

𝑁p
∑

𝑘=1
∇𝝀c

(

𝑗𝐿𝑘 + 𝑗𝑃𝑘 + 𝑗𝑆𝑘
)

𝛥𝑥

+
(

∇𝝀c
(𝑗𝐷 𝑁1

+ 𝑗𝐷 𝑁𝑁p
) + ∇𝝀c

(𝑗𝑁1
+ 𝑗𝑁𝑁p

)
)

𝛥𝑥 .
(29)

For the quadratic terms 𝑗𝐿, 𝑗𝑃 , 𝑗𝐷 𝑁 , and 𝑗𝑁 , an exact representation
of the derivative is given by the Parameter Shift Rule, cf. [52–54].
The derivative follows using only two additional evaluations of ex-
isting quantum circuits, and the nonlinearity is implicitly considered.
 𝑁
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The linear source term ∇𝝀c
𝑗𝑆𝑘 is approximated with second-order accu-

rate central differences that operate on the complete (linear) objective
function contribution [55], viz.
∇𝝀c

𝑗𝑆𝑘 = −2𝜆0
(

∇𝝀c
𝑢𝑘
)

𝑓𝑘

=
𝑗𝑆𝑘 (𝜆0,𝝀c + ℎ𝒆𝑐 ) − 𝑗𝑆𝑘 (𝜆0,𝝀c − ℎ𝒆𝑐 )

2ℎ
+ (ℎ2) .

(30)

Mind that Eq. (30) has to be executed for all entries of the parameter
vector 𝝀c, and the step size is typically assigned to a constant value ℎ,
depending on the number of control parameters. Applying these tech-
iques yields an expression for the derivative of the objective function 𝐽
ith respect to the control vector 𝝀c that utilizes the existing circuits,
iz.

∇𝝀c
𝐽 (𝜆0,𝝀c) =

𝑁p
∑

𝑘=1

1
2

(

𝑗𝐿𝑘
(

𝜆0,𝝀c +
𝜋
2
𝒆𝑐
)

− 𝑗𝐿𝑘
(

𝜆0,𝝀c −
𝜋
2
𝒆𝑐
)

)

𝛥𝑥

+ 1
2

(

𝑗𝐷 𝑁
(

𝜆0,𝝀c +
𝜋
2
𝒆𝑐
)

− 𝑗𝐷 𝑁
(

𝜆0,𝝀c −
𝜋
2
𝒆𝑐
)

)

𝛥𝑥

+ 1
2

(

𝑗𝑁
(

𝜆0,𝝀c +
𝜋
2
𝒆𝑐
)

− 𝑗𝑁
(

𝜆0,𝝀c −
𝜋
2
𝒆𝑐
)

)

𝛥𝑥

+
𝑁p
∑

𝑘=1

(

1
2
(

𝑗𝑃𝑘
(

𝜆0,𝝀c +
𝜋
2
𝒆𝑐
)

− 𝑗𝑃𝑘
(

𝜆0,𝝀c −
𝜋
2
𝒆𝑐
)

)

𝛥𝑥

+
𝑁p
∑

𝑘=1

(

∇𝝀c
𝑗𝑆𝑘

)

𝛥𝑥 .

(31)

8. Numerical results

This Section describes the application of the VQA to two prototyp-
ical CFD problems, i.e., the steady heat conduction (Section 8.1) and
the transient heat conduction (Section 8.2). Results are discussed for
a range of Dirichlet, Neumann, and Robin boundary-condition combi-
nations. The validation data is obtained from FD-solutions of the PDE
problem. It employs the same discretization as the VQA to approximate
the Laplace operator and the temporal derivative, cf. Eqs. (2) and (11),
espectively.

The predictive deviation of the VQA-solutions 𝑦VQ from FD-solutions
FD is assessed using either the l2-norm 𝜀l2 or the frequently employed

trace distance 𝜀tr, cf. [20,22,41], viz.

𝜀l2 =
√

∑

𝑘
(𝑦FD
𝑘 − 𝑦VQ

𝑘 )2 , 𝜀tr =

√

√

√

√

(

1 − |

|

|

|

∑

𝑘

𝑦FD
𝑘

‖𝒚FD
‖l2

𝑦VQ
𝑘

‖𝒚VQ
‖l2

|

|

|

|

2
)

. (32)

Time-averaged measures are employed to assess the transient heat
conduction and indicated by 𝜀̄l2 , 𝜀̄tr. The number of control variables c
of 𝝀c is also stated in the results tables. A full dataset of the performed
experiments is available via [56].

8.1. Steady heat conduction (Poisson equation)

The first case refers to the steady heat conduction, where the
time derivative in Eq. (1) vanishes, and 𝑦 [K] marks the temperature.
The physical potential 𝑝(𝑥) [1/s] vanishes, and the diffusivity is as-
signed to a unit value 𝜈 = 1 [m2/s]. In the case of pure Neumann bound-
ary conditions, the source reads 𝑓 (𝑥) = 1 for 𝑥 ≤ 0.5 and 𝑓 (𝑥) = −1 for
𝑥 > 0.5. In all other cases, the unit source responds to 𝑓 (𝑥) ≡ 1 [K/s].

ind that singular solutions, e.g., caused by pure Neumann conditions,
re fixed by defining a central zero crossing. The application of the
QA framework to this Poisson problem is presented for the fol-

owing seven scenarios: in-/homogeneous Dirichlet, in-/homogeneous
eumann, mixed Neumann/Dirichlet conditions, Robin conditions, and
eriodic conditions. First and second-order derivative approximations
re applied to Neumann, mixed Neumann/Dirichlet, and Robin bound-
ries. The displayed results are obtained for a coarse grid, featuring

p = 4 interior points (𝑛 = 2 qubits; dashed and dash-dotted lines),
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Fig. 12. Verification results of the VQA application for a periodic steady heat
onduction problem using 𝑁p = 4 (𝑛 = 2, 𝑑 = 1; dashed lines) and 𝑁p = 16 (𝑛 = 4,
𝑑 = 1; solid lines) interior points.

and a finer grid, featuring 𝑁p = 16 interior points (𝑛 = 4 qubits; dotted
and solid lines). The FD-results are depicted by closed (𝑁p = 4) and
pen (𝑁p = 16) symbols.

The periodic case serves as a verification reference and it is dis-
played in Fig. 12. VQA-results were obtained from shallow circuits
𝑈 (𝝀c) using a depth of 𝑑 = 1, cf. Fig. 3(b). Figure 12(a) shows the
convergence of the objective function with the dotted vertical lines
ndicating the transition from global (PSO) to local (GD) optimiza-
ion (cf. Alg. 1). The VQA-results are compared with FD-solutions
n Fig. 12(b) and indicate an excellent agreement with the expected

solution 𝑦𝑘 ≡ 0. The VQA-result improves as the grid is refined.
The latter is also indicated by a reduction of 𝜀l2 from an already
satisfactory value of 10−6 to 10−7, cf. Tab. 1. The reduction goes hand
in hand with lower amplitude but higher frequency wiggles displayed
in Fig. 12(b), which are reflected by an augmented trace distance 𝜀tr
and should be viewed with caution due to the vanishing mean value
for this case.

As indicated in Fig. 13, the VQA predictions perfectly agree with
he FD reference for all Dirichlet, Neumann, Robin, or mixed boundary

conditions and grid resolutions. Furthermore, the first-order accurate
pproximation of Neumann conditions is obviously improved by using
econd-order techniques in both the VQA and the FD-results, cf. for
xample Fig. 13(c). Note that, the increase in the order of accuracy does
ot imply higher computational costs, since the quantum circuits de-
cribed in Section 5 can be employed without additional modifications
nd only the source term 𝒇̃ is adjusted. It is noteworthy to remark that
sing second-order Neumann boundary conditions does not induce a
ubstantial change in the Robin boundary condition experiment, which

is confirmed by the FD results. The required depth 𝑑 increases for non-
periodic conditions on the finer grid. To this end, a depth 𝑑 = 3 is
 g
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sufficient to mimic all investigated boundary conditions in conjunction
ith the finer grid.

Table 1 quantifies the deviation of the VQA-results from the FD-
esults for all cases depicted in Fig. 13. The Table displays a deviation

of 𝜀l2 ≈ 10−6–10−7 for two qubits (𝑁p = 4), disregarding the imposed
boundary conditions. The good agreement of 𝜀l2 for the periodic case,
where no specific boundary condition circuits are required, and the
on-periodic cases reveal that no substantial sensitivity of the attain-

able accuracy is observed when applying the current strategy for a
quantum-based implementation of boundary conditions. For the finer
discretization associated with 𝑛 = 4 qubits, Tab. 1 shows higher values
of 𝜀l2 ≈ 10−3 for the non-periodic boundary conditions and thereby a
less satisfactory agreement with the periodic arrangement. The latter is
attributed to difficulties of finding the global optimum in non-convex
optimization and highlights a bottleneck of the VQA in combination
with versatile ansatz functions 𝑈 (𝝀c), cf. Fig. 3. Moreover, it also
outlines that sufficient accuracy of the ancilla measurements is crucial
for detecting the (global) minimum.

The trace distance 𝜀tr is given in the third column of Tab. 1 and
can be interpreted as point-wise correlation between the quantum- and
the FD-result. The trace distance is related to the convergence to the
global minimum, while the 𝜀l2 measures the expressibility of the ansatz.
Since the two measures address different aspects, considering just one
of them seems insufficient. Moreover, the trace distance sometimes dis-
plays numerical zero values, cf. Tab. 1, which does not necessarily guar-
antee a perfect agreement and also advocates assessing both measures.
n addition to the error measures used to assess the VQA-results, the
rigin of the observed differences in predictive accuracy is also of

importance. Interestingly, the results reported by Sato et al. [22] –
for example – show a much better trace distance compared to the
resent results for periodic boundaries, although the predictive agree-

ment of the current results appears to be slightly better. A key differ-
ence between the current and similar recent efforts, e.g., in Ref. [22],
refers to the employed SO4 ansatz illustrated in Fig. 3(c), which seems
to feature an improved ansatz expressibility but is also harder to train.
urthermore, the number of control variables c given in Tab. 1 roughly

scales as (𝑛 𝑑), which suggests room for future improvements in the
esign of the quantum ansatz circuits towards more problem-specific

strategies [57].

8.2. Transient heat conduction (Heat equation)

The second case deals with the transient heat conduction where
the time derivative in Eq. (3) is treated as discussed in Section 2.
The contributions of the potential term 𝑝(𝑥, 𝑡) [1/s] as well as the
physical source term 𝑓 (𝑥) [K/s] in Eq. (1) are neglected. The diffu-
sivity is again set to a unit value of 𝜈 = 1 [m2/s]. Four different
oundary condition settings are investigated using a constant time step
f 𝛥𝑡𝜈∕𝛥𝑥2 = 1∕(2|𝑛−3|(𝑁p − 𝑛)). The discretizations are the same two
quidistant grids used in Section 8.1, i.e., a coarse (𝑁p = 4) and a fine
rid (𝑁p = 16). All cases studied should reach a steady state, and due
o the different convergence speeds to the steady state, different time
tep numbers are shown for different boundary and initial conditions.

The convergence of the optimizer is controlled by Eq. (26) using a
threshold level of 10−7 for two qubits and 10−4 for four qubits, respec-
tively.

The predicted temperature distributions are depicted in Fig. 14,
where arrows indicate the temporal evolution from the initial to
the final time step, and FD-results are again illustrated by closed
(coarse grid) and open (fine grid) symbols. Mind that a larger scatter
of depth 𝑑, cf. Fig. 3(b), is seen for the employed ansatz 𝑈 (𝝀c) which is

otivated by the complexity of the initial solution as explained below.
Figure 14(a) shows the results obtained for the homogeneous Dirich-

let problem over the first 30 time instants. Since the results for the
wo grids are very similar, we mostly confine the discussion to coarse
rid results for the sake of brevity. The initial solution was assigned
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Fig. 13. Comparisons of VQA-result (lines) and FD-results (symbols) for the steady heat conduction in combination with different boundary conditions on a grid with 𝑁p = 4
𝑛 = 2; dashed or dash-dotted lines & closed symbols) and 𝑁p = 16 (𝑛 = 4; dotted or solid lines & open symbols) interior points. The depth of the ansatz circuit 𝑈 (𝝀c) is 𝑑 = 1 for
𝑛 = 2 qubits and 𝑑 = 3 for 𝑛 = 4 qubits, cf. Fig. 3(b).
Table 1
Deviations of VQA and FD-results in the l2-norm (𝜀l2 ) supplemented by their trace distance (𝜀tr) for results depicted in Fig. 13. The degrees of
freedom (DOF) are indicated by the number of control variables 𝑐.

Boundary setting l2-norm 𝜀l2 Trace distance 𝜀tr DOF c

Interior points 𝑁p 4 16 4 16 4 16

Periodic 1.23 × 10−6 3.26 × 10−7 9.70 × 10−1 1.0 × 100 3 6
Homog. Dirichlet 1.5 × 10−7 2.54 × 10−3 0.00 6.76 × 10−3 3 24
Homog. Neumann (1) 1.37 × 10−8 1.82 × 10−3 6.32 × 10−8 5.05 × 10−3 3 24
Homog. Neumann (2) 5.03 × 10−9 5.53 × 10−3 1.49 × 10−8 1.36 × 10−2 3 24
Inhomog. Dirichlet 8.49 × 10−8 2.83 × 10−3 4.31 × 10−7 7.87 × 10−3 3 24
Inhomog. Neumann (1) 1.68 × 10−6 4.22 × 10−3 1.65 × 10−6 2.55 × 10−3 3 24
Inhomog. Neumann (2) 3.52 × 10−8 5.28 × 10−3 2.58 × 10−8 2.78 × 10−3 3 24
Mixed Neumann/Dirichlet (1) 6.01 × 10−8 8.38 × 10−4 0.00 5.66 × 10−4 3 24
Mixed Neumann/Dirichlet (2) 1.26 × 10−8 4.44 × 10−4 0.00 2.87 × 10−4 3 24
Inhomog. Robin (1) 3.32 × 10−9 1.86 × 10−3 0.00 3.7 × 10−3 3 24
Inhomog. Robin (2) 2.99 × 10−8 2.21 × 10−3 5.16 × 10−8 4.34 × 10−3 3 24
12 
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Fig. 14. Comparisons of VQA-result (lines) and FD-results (symbols) for the transient heat conduction in combination with four different boundary conditions on grids with
p = 4 (𝑛 = 2; dashed lines) and 𝑁p = 16 (𝑛 = 4; solid lines) interior points.
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to 𝑦(𝑥𝑘, 𝑡0) = 1 in the interior, which yields negative heat fluxes at the
boundaries in combination with the imposed homogeneous Dirichlet
boundaries. The Figure indicates an excellent agreement between the
VQA-results and the FD-results. This also applies to the results obtained
for the inhomogeneous Dirichlet problem depicted in Fig. 14(b), where
he initial solution refers to 𝑦(𝑥𝑘, 𝑡0) = 0 in the interior domain, and
 constant heat flux from the left to the right is predicted at the
wentieth time step. An interesting detail refers to the increased depth

of the ansatz circuit 𝑈 (𝝀c), cf. Fig. 3(b). The increase is explained
y the different initial conditions and the related steep solution in the

initial phase that requires a deeper ansatz circuit, even when using
the fairly rich SO4 approach for 𝑈̃ (𝝀𝑖). On the other hand, deeper
circuits are afflicted with more parameters to be optimized, and the
optimization effort could be reduced for lowered depth circuits as the
solution advances to the simpler steady state.

Results obtained for a mixed Dirichlet/Neumann problem are out-
ined in Figs. 14(c) and 14(d). The initial temperature distribution is

assigned to 𝑦(𝑥𝑘, 𝑡0) = 0 in the interior as well as to the Neumann
condition on the right side. The final solution should agree with the
eft side Dirichlet value 𝑦(0, 𝑡𝑙) = 1 in the whole domain. For the coarse
rid, 𝑁t = 100 time instants are displayed in Fig. 14(c). They indicate

a remarkable visual agreement between the VQA-results and the FD-
results over the entire simulation period. In line with the FD-results,
the VQA-results unveil that the temperature on the right increases for
the adiabatic condition until the global heat exchange finally vanishes.
Fig. 14(d) compares the evolution of the solution on the coarse and
he fine grid for the initial two time instants. Results indicate that the

predictive accuracy of the VQA is similar on both grids.
The time evolution of the 𝜀l2 measure is displayed, using a log–log

representation in Fig. 15(a) and a semi-log representation in Fig. 15(b).
 f
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For all cases, the measures remain at a low level. For the homoge-
neous Dirichlet case with 𝑑 = 1, displayed in Fig. 14(a), the error
increases significantly after approximately 10 time steps but remains
small, i.e., under 10−5. In contrast, the ansatz with 𝑑 = 7 that was
used to compute the inhomogeneous steady state solution depicted
in Fig. 14(c) outperforms the trainability in the homogeneous Dirich-
let setting (𝑑 = 1). Despite a general temporal error transport, the
implicit numerical scheme remains stable and does not indicate any
amplification of the error, which is in the range of the error of the
steady-state solution, cf. Section 8.1. As indicated by Fig. 15(a), the
maximum values agree with the results of the steady heat conduction
case provided by Tab. 1. The corresponding Tab. 2 lists the time-
averaged values of the l2-norm 𝜀̄l2 and the trace distance measure 𝜀̄tr.
Since the changes of the solution over time are small, maximum values
of 𝜀̄l2 and 𝜀̄tr are bounded, and the averaged values remain within the
range of the steady state results.

9. Conclusion

The study presents a flexible and general boundary condition treat-
ent for the numerical solution of PDEs on a QC. The strategy is

based on the VQA approach by Lubasch et al. [26]. To this end,
initial–boundary value problems are reformulated as optimal control
roblems where all terms, including the boundary conditions, are cast
nto case-independent QNPUs. The boundary treatment combines ghost
oints with boundary cost function contributions that complement the
bjective function of the control problem. The method relaxes the
equirements for the ansatz functions 𝑈 (𝝀c), which must only be valid
or the interior points that remain decoupled from the boundary points



P. Over et al.

f

o

s

Computers and Fluids 288 (2025) 106508 
Table 2
Time-averaged deviation measures 𝜀̄l2 and 𝜀̄tr for the results depicted in Fig. 14. The degrees of freedom (DOF) are indicated by the number
of control variables c.

Boundary setting l2-norm 𝜀̄l2 Trace distance 𝜀̄tr DOF c
Interior points 𝑁p 4 16 4 16 4 16

Homog. Dirichlet 6.70 × 10−6 - 4.79 × 10−5 - 3 –
Inhomog. Dirichlet 1.84 × 10−8 - 2.77 × 10−7 - 15 –
Mixed Dirichlet/Neumann 8.08 × 10−8 6.10 × 10−3 2.12 × 10−8 4.07 × 10−3 21 60
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Fig. 15. Temporal evolution of the deviation measure 𝜀𝑙l2 for the results displayed in
Fig. 14.

and avoids the use of penalty terms. Verification studies are performed
for steady and unsteady heat conduction problems, covering a variety
of boundary conditions.

The obtained VQA-results reveal an excellent agreement with clas-
sical FD-results. The increase of the circuit depth could attenuate the
optimization efficiency, while multi-controlled gates limit the imple-
mentation on QC hardware [18,22,45]. Analogously to the Laplacian
circuits, improvements in this regard are achieved by replacing the
multi-controlled gates with additional carry qubits. The remarkable
lexibility and accuracy of the proposed approach are thereby comple-

mented by a favorable scaling of the quantum circuits with the number
f qubits.

As for all VQA approaches, the choice of the ansatz is crucial
ince it defines the underlying function space for the PDE solution.

At the same time, the approach can introduce a non-convex property
into the optimization. The hardware-efficient bricklayer topology of
the employed ansatz shows favorable expressibility in terms of small
deviations from FD solutions in noise-less QC simulations. The richer
expressibility of the SO4 ansatz in combination with shallow depths 𝑑 is
advantageous, for example, to express general source terms. However,
the strategy also unveils unfavorable with regard to the case-dependent
increase of control parameters 𝝀c and depth 𝑑, and the related poorer
trainability. The combination of challenging trainability and the non-
convex nature of the optimization can imply serious convergence issues
in tracking the global optimum for larger numbers of qubits.
 g
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Future research will be devoted to encoding first derivatives as a
QNPU operator to represent convective fluxes [58]. In view of ex-
tending the present algorithm to 2D and 3D spatial problems, the
non-convex optimization problem will be addressed by selecting more
ppropriate (trainable, expressible, shallow) dynamic ansatz strategies.
or instance, strategies for avoiding barren plateaus in the cost func-
ion [59] include utilizing classical shadows [60] and convolutional
eural networks [61]. For the time evolution, the use of adaptive ansatz

depths and circuit re-compilation techniques [62] seem promising ways
o save computational cost and increase the range of applications
owards industrial QCFD in the current NISQ era.
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Appendix

In this Appendix, the fundamental quantum gates and the gate
sequence of the quantum half-adder are summarized together with
their corresponding matrix representation. In addition, the matrix gate
conversion for the four qubit version of the circuits in Fig. 6 is also
iven.
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A.1. Fundamentals

The Dirac notation defines 𝝍 = 𝜓 𝑖𝒆𝑖 = |𝜓⟩ (called ‘‘ket psi’’) and
⊺ = 𝜓𝑗𝒆𝑗 = ⟨𝜓| (called "bra psi"). Quantum circuits are accordingly
ssembled by inner (dot/scalar product) and outer products (ten-
or/dyadic product) using the computational basis of a qubit, viz.
0⟩ = (1, 0)⊺ and |1⟩ = (0, 1)⊺. The inner product contracts two identical
oordinates, e.g., in a scalar 𝑧 = 𝝓⊺𝝍 = ⟨𝜙|𝜓⟩ =

∑

𝑘 𝜙
𝑘𝜓𝑘. The outer

roduct instead conserves the sum of the ranks (orders) of the mul-
iplied factors, e.g., in the matrix 𝝓 ⊗ 𝝍T = |𝜙⟩ ⊗ ⟨𝜓| = |𝜙⟩⟨𝜓| →
∑

𝑘
∑

𝑙 𝜙
𝑘𝜓𝑙𝒆𝑘⊗𝒆𝑙. The application of these basic rules allows to derive

various operations, e.g., the fundamental set of one-qubit operations

𝜎0 = 𝐼 = |0⟩⟨0| + |1⟩⟨1| =
[

1 0
0 1

]

, (A.1)

𝜎𝑥 = 𝑋 = |0⟩⟨1| + |1⟩⟨0| =
[

0 1
1 0

]

, (A.2)

𝜎𝑦 = 𝑌 = 𝑖(|1⟩⟨0| − |0⟩⟨1|) =
[

0 −𝑖
𝑖 0

]

, (A.3)

𝜎𝑧 = 𝑍 = |0⟩⟨0| − |1⟩⟨1| =
[

1 0
0 −1

]

, (A.4)

𝑅𝑦(𝜃) = exp
(

𝑖−𝜃
2
𝜎𝑦
)

=
⎡

⎢

⎢

⎣

𝑐 𝑜𝑠
(

𝜃
2

)

−𝑠𝑖𝑛
(

𝜃
2

)

𝑠𝑖𝑛
(

𝜃
2

)

𝑐 𝑜𝑠
(

𝜃
2

)

⎤

⎥

⎥

⎦

, (A.5)

𝑅𝑧(𝜃) = exp
(

𝑖−𝜃
2
𝜎𝑧
)

=
[

𝑒−𝑖𝜃∕2 0
0 𝑒𝑖𝜃∕2

]

(A.6)

nd the two-qubit operations (A.7)

NOT = 𝐼 ⊗ |0⟩⟨0| + 𝜎𝑥 ⊗ |1⟩⟨1| =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤

⎥

⎥

⎥

⎥

⎦

, (A.8)

CZ = 𝐼 ⊗ |0⟩⟨0| + 𝜎𝑧 ⊗ |1⟩⟨1| =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎤

⎥

⎥

⎥

⎥

⎦

. (A.9)

Mind that the shape of the CNOT matrix results from the little-endian
convention.

A.2. Matrix gate conversion

We present two approaches to derive the corresponding matrix rep-
resentation of the two-qubit quantum half-adder in Fig. A.16. The first
echnique, referred to as the ‘‘formal way’’, details each intermediate
tate |𝜙𝑟⟩; 𝑟 ∈ {0, 1, 2} of the circuit while the second scans all the
ossible outputs to construct the matrix representation of the network
y inspection. The latter is restricted to real-valued states and, we
eferred to as the ‘‘fast way’’. The intermediate break-points, indicated
y red dashed lines, serve as orientation in the following computations.
The formal way

|𝜙0⟩ = |𝜓2⟩⊗ |𝜓1⟩ = |𝜓2𝜓1⟩ (A.10)
|𝜙1⟩ = CNOT|𝜓2𝜓1⟩ = (𝐼 ⊗ |0⟩⟨0| + 𝜎𝑥 ⊗ |1⟩⟨1|)|𝜓2𝜓1⟩

= (𝐼 ⊗ |0⟩⟨0|)|𝜓2𝜓1⟩ + (𝜎𝑥 ⊗ |1⟩⟨1|)|𝜓2𝜓1⟩

= 𝐼|𝜓2⟩⊗ |0⟩⟨0||𝜓1⟩ + 𝜎𝑥|𝜓2⟩⊗ |1⟩⟨1||𝜓1⟩

(A.11)

Fig. A.16. Quantum half-adder circuit.
15 
|𝜙2⟩ = 𝐼|𝜓2⟩⊗ (𝜎𝑥|0⟩⟨0||𝜓1⟩) + 𝜎𝑥|𝜓2⟩⊗ 𝜎𝑥|1⟩⟨1||𝜓1⟩

= (𝐼 ⊗ 𝜎𝑥|0⟩⟨0|)|𝜓2𝜓1⟩ + (𝜎𝑥 ⊗ 𝜎𝑥|1⟩⟨1|)|𝜓2𝜓1⟩

= (𝐼 ⊗ 𝜎𝑥|0⟩⟨0| + 𝜎𝑥 ⊗ 𝜎𝑥|1⟩⟨1|)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐴

|𝜓2𝜓1⟩
(A.12)

𝐴 =
[

1 0
0 1

]

⊗
[

0 1
1 0

]

⋅
[

1 0
0 0

]

+
[

0 1
1 0

]

⊗
[

0 1
1 0

]

⋅
[

0 0
0 1

]

=

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⎤

⎥

⎥

⎥

⎥

⎦

(A.13)

|𝜙2⟩ = 𝐴|𝜓2𝜓1⟩ = 𝐴|𝜙0⟩ . (A.14)

The fast way — see from Eq. (A.15) to Eq. (A.18) below.
|𝜙0⟩ = |𝜓2𝜓1⟩ = |00⟩ = (1, 0, 0, 0)⊺
|𝜙1⟩ = |00⟩

|𝜙2⟩ = |01⟩ |00⟩ → |01⟩ ,
(A.15)

|𝜙0⟩ = |𝜓2𝜓1⟩ = |01⟩ = (0, 1, 0, 0)⊺
|𝜙1⟩ = |11⟩

|𝜙2⟩ = |10⟩ |01⟩ → |10⟩ ,
(A.16)

|𝜙0⟩ = |𝜓2𝜓1⟩ = |10⟩ = (0, 0, 1, 0)⊺
|𝜙1⟩ = |10⟩

|𝜙2⟩ = |11⟩ |10⟩ → |11⟩ ,
(A.17)

|𝜙0⟩ = |𝜓2𝜓1⟩ = |11⟩ = (0, 0, 0, 1)⊺
|𝜙1⟩ = |01⟩

|𝜙2⟩ = |00⟩ |11⟩ → |00⟩ .
(A.18)

The underlined statements deliver the information to reconstruct the
ows of matrix 𝐴. By inspection, it is straightforward to extract the
atrix representation in Eq. (A.12).

A.3. Boundary circuit: Matrix and gate representation for four-qubits

The boundary circuits for 𝑛 = 4, and the corresponding transfor-
mation matrix 𝐶 are depicted in Fig. A.17. In the case of more grid
points (or qubits), the different negative signed terms in the interior of
𝐶 do not fall only on the antidiagonal, cf. Fig. A.17(d). Consequently,
at least two matrix configurations work, and thus, the design of circuits
n Figs. A.17(a) and A.17(b) is not unique with respect to the number of

qubits. However, there are three important properties to be respected.
First, the matrix entries are required to be symmetric with respect to the
antidiagonal and the main diagonal. Second, the interior entries need
to have a different sign with respect to their main diagonal-mirrored
counterparts in order to cancel when taking the expectation value ⟨𝜎𝑧⟩.
Last and most importantly, the corners of the antidiagonal have to be
of the same sign to match the periodic entries of the derivative matrix.

Data availability

The data is available via https://doi.org/10.25592/uhhfdm.14123
[56].

https://doi.org/10.25592/uhhfdm.14123
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Fig. A.17. Boundary circuits and matrix 𝐶 for four qubits.
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