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1 | INTRODUCTION

The purpose of this paper is to lift series representations known from scalar-valued functions to vector-valued functions
and its underlying idea was derived from the classical example of the (local) power series representation of a holomorphic
function. Let D, C C be an open disc around zero with radius r > 0 and let (9([[]),) be the space of holomorphic functions
on D,, i.e. the space of functions f : D, — C such that the limit

" zeD,, (1.1)

D) := i
@) lim

heC,h#0
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exists in C. It is well-known that every f € O(D,) can be written as

_ v [0
flz)= r;) o z", zeDb,
where the power series on the right-hand side converges uniformly on every compact subset of D, and f(0) is the n-th
complex derivative of f at 0 which is defined from (1.1) by the recursion

FOi=f and f® = (10 for ne.

By [9, 2.1 Theorem and Definition, p. 17-18] and [9, 5.2 Theorem, p. 35], this series representation remains valid if f is a
holomorphic function on D, with values in a locally complete locally convex Hausdorff space E over C where holomorphy
means that the limit (1.1) exists in E and the higher complex derivatives are defined recursively as well. Analysing this
example, we observe that (D(D,), equipped with the topology of uniform convergence on compact subsets of D,, is a
Fréchet space, in particular barrelled, with a Schauder basis formed by the monomials z — z". Further, the formulas for
the complex derivatives of a C-valued resp. an E-valued function f on D, are built up in the same way by (1.1).

Our goal is to derive a mechanism which uses these observations and transfers known series representations for other
spaces of scalar-valued functions to their vector-valued counterparts. Let us describe the general setting. We recall from
[11, 14.2, p. 292] that a sequence ( f n) in a locally convex Hausdorff space F over a field K is called a topological basis, or
simply a basis, if for every f € F there is a unique sequence of coefficients (lﬁf( f)) in K such that

f=2 M (12)
n=1

where the series converges in F. Due to the uniqueness of the coefficients the map A% : f > 1X(f) is well-defined, linear
and called the n-th coefficient functional associated to ( f n). Further, for each k € N the map

k

Pt F = F, Pi(f) i= ) A5 fns

n=1

is a linear projection whose range is span ( firen f n) and it is called the k-th expansion operator associated to ( f n). A
basis ( f n) of F is called equicontinuous if the expansion operators P form an equicontinuous sequence in the linear
space L(F, F) of continuous linear maps from F to F (see [11, 14.3, p. 296]). A basis ( f n) of F is called a Schauder basis if
the coefficient functionals are continuous, i.e. /lﬁf € F' := L(F,K) for each n € N. In particular, this is already fulfilled if
F is a Fréchet space by [18, Corollary 28.11, p. 351]. If F is barrelled, then a Schauder basis of F is already equicontinuous
and F has the (bounded) approximation property by the uniform boundedness principle.

The starting point for our approach is Equation (1.2). Let F and E be locally convex Hausdorff spaces over a field K where
F has an equicontinuous Schauder basis ( f,,) with associated coefficient functionals (4; ). The expansion operators (Py)
form a so-called Schauder decomposition of F (see [4, p. 77]), i.e. they are continuous projections on F such that

@) PkPj = Pmin(j,k) for all ],k eN,
(i) Py # P;fork # j,
(iii) (Pyf) converges to f for each f € F.

This operator theoretic definition of a Schauder decomposition is equivalent to the usual definition in terms of closed
subspaces of F given in [14, p. 377] (see [17, p. 219]). In our main Theorem 3.1 we prove that (Picidg) is a Schauder
decomposition of Schwartz’ e-product FeE =L, (F,’( E ) and each u € F¢E has the series representation

u(f) = Y u(d)f(fa), fEF.

n=1
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Now, suppose that F = F(Q) is a space of K-valued functions on a set Q with a topology such that the point-evaluation
functionals §,,, x € Q, are continuous and that there is a locally convex Hausdorff space F(Q, E) of functions from Q to E
such that the map

S : F(Q)EE - F(Q,E), ur— [x — u(é,)],
is a (linear topological) isomorphism. Assuming that for each n € N and u € F(Q)cE there is AZ(S(u)) € E with
AE(S()) = u(2%), (1.3)

we obtain in Corollary 3.6 that (S o (Pxeidg ) o S71) . is a Schauder decomposition of 7(Q, E) and

f=)im (So (Peidg ) 057", () = nglzfmfn, f € F(Q.E),

which is the desired series representation in 7 (€, E). Condition (1.3) might seem strange at a first glance but for example
in the case of E-valued holomorphic functions on D, it guarantees that the complex derivatives at 0 appear in the Schauder
decomposition of O(D,, E) since S(u)™(0) = u<5(()”)> forallu € O(D, )¢E and n € N, where 6(()n) is the point-evaluation
of the n-th complex derivative. We apply our result to sequence spaces, spaces of continuously differentiable functions on
a compact interval, the space of holomorphic functions, the Schwartz space and the space of smooth functions which are
2m-periodic in each variable.

As a byproduct of Theorem 3.1 we obtain that every element of the completion F @EE of the injective tensor product
has a series representation as well if F is a complete space with an equicontinuous Schauder basis and E is complete.
Concerning series representation in F ®_E, little seems to be known whereas for the completion F ® . E of the projective
tensor product F ®,, E of two metrisable locally convex spaces F and E it is well-known that every f € F @,TE has a series
representation

fzzanfn®en
n=1

where (a,) € ¢!, i.e. (a,) is absolutely summable, and (f,,) and (e,) are null sequences in F and E, respectively (see
e.g. [10, Chap. I, §2, n°1, Théoréme 1, p. 51] or [11, 15.6.4 Corollary, p. 334]). If F and E are metrisable and one of them
is nuclear, then the isomorphism F & .E = F ®E holds and we trivially have a series representation of the elements of
F ®,E as well. Other conditions on the existence of series representations of the elements of F & E can be found in [19,
Proposition 4.25, p. 88], where F and E are Banach spaces and both of them have a Schauder basis, and in [12, Theorem 2,
p. 283], where F and E are locally convex Hausdorff spaces and both of them have an equicontinuous Schauder basis.

2 | NOTATION AND PRELIMINARIES

We equip the spaces R%, d € N, and C with the usual Euclidean norm | - |. For a subset M of a topological vector space X,
we write acx(M) for the closure of the absolutely convex hull acx(M) of M in X.

By E we always denote a non-trivial locally convex Hausdorff space, in short IcHs, over the field K = R or C equipped
with a directed fundamental system of seminorms ( pa)aem. If E = K, then we set ( p“)aem :={| - |}. We recall that for
a disk D C E, i.e. a bounded, absolutely convex set, the vector space Ep := Un < 1D becomes a normed space if it is
equipped with the gauge functional of D as a norm (see [11, p. 151]). The space E is called locally complete if Ep, is a
Banach space for every closed disk D C E (see [11, 10.2.1 Proposition, p. 197]). For more details on the theory of locally
convex spaces see [8, 11] or [18].

By X we denote the set of maps from a non-empty set Q to a non-empty set X, by yx the characteristic function of a
subset K C Q and by L(F, E) the space of continuous linear operators from F to E where F and E are locally convex Haus-
dorff spaces. If E = K, we just write F’ := L(F, K) for the dual space. If F and E are (linearly topologically) isomorphic,
we write F = E and, if F is only isomorphic to a subspace of E, we write FSE. We denote by L,(F, E) the space L(F, E)
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equipped with the locally convex topology of uniform convergence on the finite subsets of F if t = o, on the absolutely
convex compact subsets of F if t = x and on the precompact (totally bounded) subsets of F if t = y.
The so-called e-product of Schwartz is defined by

Fe¢E :=L,(F},,E) 2.1

where L(F ' E ) is equipped with the topology of uniform convergence on equicontinuous subsets of F’. This definition
of the e-product coincides with the original one by Schwartz [23, Chap. I, §1, Définition, p. 18]. It is symmetric which
means that FeE = EcF. In the literature the definition of the e-product is sometimes done the other way around, i.e. EcF
is defined by the right-hand side of (2.1) but due to the symmetry these definitions are equivalent and for our purpose
the given definition is more suitable. If we replace F., by F/, we obtain Grothendieck’s definition of the e-product and
we remark that the two e-products coincide if F is quasi-complete because then F. }’, = FJ,.. Jarchow uses a third, different
definition of the e-product (see [11, 16.1, p. 344]) which coincides with the one of Schwartz if F is complete by [11, 9.3.7
Proposition, p. 179]. However, we stick to Schwartz’ definition.

For locally convex Hausdorff spaces F;, E; and T; € L(F;, E;), i = 1,2, we define the e-product T,¢T, € L(F,eF,, E ¢E,)
of the operators Ty and T, by

(T1eT)(w) :=TyouoT,, u€FeF,,

where Ti : E{ - Fi, e/ — e'oTy, is the dual map of T,. If T; is an isomorphism and F, = E,, then T,eidg, is also an
isomorphism with inverse T le idg, by [23, Chap. 1, §1, Proposition 1, p. 20] (or [11, 16.2.1 Proposition, p. 347] if the F; are
complete).

As usual we consider the tensor product F @ E as an algebraic subspace of FeE for two locally convex Hausdorff spaces
F and E by means of the linear injection

k k
©:FQ®E - FeE, ) f, ®e, — ly s Zy(fn)en]-
n=1 n=1

Via O the space F ® E is identified with the space of operators with finite rank in FeE and a locally convex topology is
induced on F ® E. We write F ®, E for F ® E equipped with this topology and F @EE for the completion of the injective
tensor product F ®, E. By §(E) we denote the space of linear operators from E to E with finite rank. A locally convex
Hausdorff space E is said to have (Schwartz’) approximation property (AP) if the identity idg on E is contained in the
closure of F(E) in L,.(E, E). The space E has AP if and only if E ® F is dense in EcF for every locally convex Hausdorff
space (every Banach space) F by [13, Satz 10.17, p. 250]. The space E has Grothendieck’s approximation property if idj is
contained in the closure of F(E) in L,(E, E). If E is quasi-complete, both approximation properties coincide. For more
information on the theory of e-products and tensor products see [7, 11] and [13].

A function f : Q — E on an open set Q C R to an IcHs E is called continuously partially differentiable ( fisC 1) if for
the n-th unit vector e,, € R? the limit

f(x+hey) — f(x)
h

ey E - 1
(8%) " f(x) : lim
heR,h#0

E E
exists in E for every x € Q and (8%) f is continuous on Q <(6en) fis C°> for every 1 < n <d. For k € N a func-

tion f is said to be k-times continuously partially differentiable ( fis Ck) if f is C! and all its first partial derivatives
are CK=1. A function f is called infinitely continuously partially differentiable (f is C*) if f is C* for every k € N. For
keN, :=NU {co} the functions f : Q — E which are C¥ form a linear space which is denoted by C¥(Q, E). For € Ng

E
with |B] := ZZ:I B, < k and a function f : Q — E on an open set Q C R? to an IcHs E we set (65") f:=fifB,=0,
and

(aﬁn)Ef(x) c= (aen)E (5en)Ef(x)
B, -times
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if B, # 0 and the right-hand side exists in E for every x € Q. Further, we define

(aﬁ)Ef(x) = <(551)E (aﬁd)E)f(x)

E
if the right-hand side exists in E for every x € Q and set f®) := (6ﬁ ) fifd=1.

3 | SCHAUDER DECOMPOSITION
Let us start with our main theorem on Schauder decompositions of e-products.

Theorem 3.1. Let F and E be IcHs, let ( f ”)neN be an equicontinuous Schauder basis of F with associated coefficient func-
tionals (ﬂ'”)neN andsetQ, : F — F, Q,(f) := A4, (f)f, forevery n € N. Then the following holds.

a) The sequence (Pk)keN given by Py := <Zi=1 Qn>£ idg is a Schauder decomposition of FeE.
b) Each u € F<E has the series representation

u(f)-Zu )I'(fa). [ EF.

¢) F ® E is sequentially dense in FcE.

Proof. Since ( f ,,) is a Schauder basis of F, the sequence ( Zﬁzl Qn> converges to idr in Ly(F, F). Thus we deduce from

the equicontinuity of (f,) that <Zi:1 Qn> converges to idg in L, (F, F) by [11, 8.5.1 Theorem (b), p. 156]. For f’ € F’ and
f € F holds

(Q% © Q) ) = QL (f)(Qu()) = QN AN n) = f (Am (An()f ) fm)
An(f)f/(fn)’ m=n,

0, m #n,

= Aon () 2aDS (fi) = {

due to the uniqueness of the coefficient functionals (/ln) (see [11, 14.2.1 Proposition, p. 292]) and it follows for k, j € N
that

min(j,k) min(j,k)

j k
(Zozo ZQ;>(f')<f>= 2 DS (fn) = 2 QU
n=1 m=1

This implies that

min(j,k)

(PP (u)-quQ‘ ZQf = uo Z Q) = Prin(ju) (W)

n=1 m=1

forallu € FeE.If k # j,wl.o.g. k > j, we choose x € E, x # 0, and consider f; ® x as an element of FeE via the map ©.
Then

k

(Pe—P)(fr®x) = Y (fe®x)oQh=fr®x#0

n=j+1
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since

(fr®x)(f"), n=k,

((fit ®x)0Qh) (") = (£ ® X) (AnC)f" (fn)) = An(fi) f' () x = {0, n+k.

It remains to prove that for each u € FeE
lim P (u) =u
k—oo

in FeE. Let (qlg ) e denote the system of seminorms inducing the locally convex topology of F. Let u € FeE and a € 2.
Due to the continuity of u there are an absolutely convex compact set K = K(u, ) C F and Cy = Cy(u, &) > 0 such that

for each f’ € F/ we have
k
pa((PLw) = u)(f1) = m(u((Z Q. - ide>(f’)>>
n=1

k
< Cosup (Z Qn— ide>(f’)(f)‘
n=1

fekK

k
= Cosup f’<2 an—f>|-
n=1

fexk

Let V be an absolutely convex 0-neighbourhood in F. As a consequence of the equicontinuity of the polar V° there are
C; > 0and 8 € B such that

k
sup, Pa((Pr(w) —u)(f") < CoCy sup q5<2 Quf = f)

In combination with the convergence of <Zi:1 Qn> to idr in L, (F, F) this yields the convergence of (Pk(u)) touin FeE

and settles part a).
Let us turn to b) and c). Since

k
Pr(u)(f") = u<2 Q4(f") > Z u(Z) ' (fn)
n=1

for every f’ € F', we note that the range of Py(u) is contained in span(u(4,) | 1 < n < k) for each u € FeE and k € N.
Hence Py (u) has finite rank and thus belongs to F ® E implying the sequential density of F @ E in FeE and the desired
series representation by part a). O

Remark 3.2. If F and E are complete, we have under the assumption of Theorem 3.1 that F @EE =~ FeE by c) since FeE
is complete by [13, Satz 10.3, p. 234] and F @EE is the closure of F ® E in FeE. Thus each element of F ®€E has a series
representation.

Let us apply the preceding theorem to spaces of Lebesgue integrable functions. We consider the measure space
([0,1],<£([0,1]), 1) of Lebesgue measurable sets and use the notation £P[0, 1] for the space of (equivalence classes) of

Lebesgue p-integrable functions on [0,1]. The Haar system

a2 [0,1] > R, neN,
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given by

1, (2j—2)/2 <x < (2j—1)/2K,
h(x) :=1 forall x €[0,1] and hyy;(x) :=3-1, (2j—1)/2K"1 <x <2j/2K,

0, else,

fork € Nyand 1 < j < 2 forms a Schauder basis of £2[0, 1] for every 1 < p < oo and the associated coefficient functionals
are

A(f) 1= fOoOh,(x) dA(x), feLP[0o,1], nEeN,
[0.1]

(see [20, Satz I, p. 317]). Because LP[0,1] is Banach space and thus barrelled, its Schauder basis (hn) is equicontinuous
and we directly obtain from Theorem 3.1 the following corollary.

Corollary3.3. Let E beanlcHsandlet1 < p < o0. Then (Zﬁ_l An(Dhyeidg ) is a Schauder decomposition of LP[0, 1]eE
- keN
and for each u € LP[0, 1]eE there holds

u(f) = Y u(dn)f'(fn), f'€LPlO1].
n=1

Defining £P([0,1],E) := LP[0,1]eE, we can read the corollary above as a statement on series representations in the
vector-valued version of £LP[0, 1]. However, in many cases of spaces F(Q) of scalar-valued functions there is a more natural
way to define the vector-valued version F(Q, E) of F(Q), see for example the space of holomorphic functions from the
introduction. If F(Q)cE and F(Q, E) are isomorphic via the map S from the introduction, we can translate Theorem 3.1
to the more natural setting F(Q, E) which motivates the following definition.

Definition 3.4 (e-compatible). Let Q be a set and let E be an IcHs. If F(Q) c K@ and F(Q, E) ¢ E® are 1cHs such that
8, € F(Q) forall x € Q and

S : F(Q)EE - F(Q,E), ur— [x —» u(6y)],
is an isomorphism, then we say that 7(Q) and F(Q, E) are e-compatible.

If we want to emphasise the dependence of S on F(Q), we write Sr(q). Several sufficient conditions for S being an
isomorphism are given in [16, Theorem 14, p. 1524].

Remark 3.5. Let Q be a set and let E be an IcHs. If F(Q) ¢ K® and F(Q,E) ¢ E® are IcHs such that &, € F(Q)’ for all
x € Q and
S 1 F(Q)EE - F(Q,E), ur— [x — u(é,)],
is an isomorphism into, then we get by identification of isomorphic subspaces
F(Q)®. E C F(Q)EE C F(Q,E)

and the embedding F(Q) ® E & F(Q,E) is given by f ® e —> [x — f(x)e].

Proof. The inclusions obviously hold and F(Q)eE and F(Q, E) induce the same topology on F(Q2) ® E. Further, we have

F®er [y y(Pel — [x — [y = ¥(Pel(8,)] = [x = F(xel.
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Corollary 3.6. Let F(Q) and F(Q, E) be e-compatible spaces, let ( fn ) N be an equicontinuous Schauder basis of F(Q) with
associated coefficient functionals (/lgf)neN and let A : F(Q,E) — E such that

AESw) =u(2f), ueFQ)kE, (3.1)
foralln € N. Set QE : F(Q,E) - F(Q,E), QE(f) = Af(f)fn forevery n € N. Then the following holds.
a) The sequence (Pf)keN given by P} 1= Zizl QZF is a Schauder decomposition of F(Q, E).

b) Each f € F(Q, E) has the series representation

IEDYAGI
n=1

¢) F(Q) ® E is sequentially dense in F(Q, E).

Proof. For each u € F(Q)eE and x € Q we note that with P, from Theorem 3.1 there holds

k k
(SoPL) w)(x) = (2 ) = u(Z Aﬁ'f(-)fn(x)>

n=1
k
Z (A) fu(x) = 21E<S(u>>fn<x> (PFoS) (u)(x)

which means that SoP), = Pf oS. This implies part a) and b) by Theorem 3.1 a) since S is an isomorphism. Part c) is a direct
consequence of Theorem 3.1 ¢) and the isomorphism F(Q)eE = F(Q, E). O

In the preceding corollary we used the isomorphism S to obtain a Schauder decomposition. On the other hand, if S is
an isomorphism into which is often the case (see [15, 3.9 Theorem, p. 9]), we can use a Schauder decomposition of F(Q, E)

to prove the surjectivity of S.

Proposition 3.7. Let Q be a set and let E be an lcHs. Let F(Q) € K® and F(Q,E) C E® be lcHs such that 5, € F(Q)' for
all x € Qand

S 1 F(Q)E — F(Q,E), u— [x - u(4,)],

is an isomorphism into. Let there be (f,,) . in F(Q) and for every f € F(Q, E) a sequence (lﬁ(f))neN in E such that

f= 2 4%(fn [ EFQE),
n=1

Then the following holds.

a) F(Q) ® E is sequentially dense in F(Q, E).
b) If F(Q) and E are sequentially complete, then

F(Q,E) = F(Q)eE.
¢) If F(Q) and E are complete, then

F(Q,E) = F(Q)E = F(Q)&.E.
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Proof. Let f € F(Q,E) and observe that

k

k
PE(f) i= Y M ()fn =D, [a® (/) EFQQE

n=1 n=1

for every k € N by Remark 3.5. Due to our assumption we have the convergence Pf (f) = fin F(Q,E). Thus F(Q) ®E
is sequentially dense in F(Q, E).

Let us turn to part b). If F(Q) and E are sequentially complete, then F(Q)cE is sequentially complete by [13, Satz 10.3,
p. 234]. Since S is an isomorphism into and

k k
s<@(2 fr mﬁm)) = D2 (NS

n=q n=q

forallk,q € N, k > g, we get that (@( Zﬁzl fn® AE(f))) is a Cauchy sequence in F(Q)eE and thus convergent. Hence
we deduce that

k k S
s(gggo @(Z I ®/15(f)>> = lim Y (500)(fx ®25(N)) = X, (NS =1
n=1 n=1 n=1

which proves the surjectivity of S.
If F(Q) and E are complete, then T’(Q)@EE is the closure of F(Q) ®, E in the complete space F(Q)cE by [13, Satz 10.3,

p. 234]. As lim;_, o, ®< Zi:l fn® /l}f:(f)) is an element of the closure, we obtain part c). O

4 | APPLICATIONS
4.1 | Sequence spaces

For our first application we recall the definition of some sequence spaces. A matrix A := (ak, j) o of nonnegative num-

k,j
bers is called Kothe matrix if it fulfils:

M VkeNIjeN: g ;>0,
(2 Vk,jeN: a;<agjn-

For an IcHs E we define the Kothe space
A®(A,E) := {x =(x)€EN|VjeN, ae: |x|j,:= ilelIN)pa(xk)ak’j < oo}
and the topological subspace
co(A,E) := {x =(xx) €EN|VjeN: kh_{{.loxkak,j = 0}.

In particular, the space ¢y(N, E) of null-sequences in E is obtained as ¢y(N, E) = ¢y(A4, E) with a; ; :=1for all k, j € N.
The space of convergent sequences in E is defined by

c¢(\LE) 1= {x € EVN | x = (x;) converges in E}
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and equipped with the system of seminorms

|xlg :=sup py(xr), x€c(N,E),
keN

for a € 2. We define the spaces of E-valued rapidely decreasing sequences which we need for our subsection on Fourier
expansion by

S(Q,E) := {x =(x) €EY|VjeN, ae U |x|j, :=suppy(xc)(1+ |k|2)j/2 < oo}
keQ

with @ = N4, N4, Z¢. Furthermore, we equip the space EN with the system of seminorms given by

for I € Nand a € 2. For a non-empty set Q we define for n € Q the n-th unit function by

1, k=n,

PnQ - Q- K, gon,Q(k) =
0, else,

and we simply write ¢,, instead of ¢, , if no confusion seems to be likely. Further, we set
P - N K, @ (k):=1, and x, :=08,(x):= klim x, for x e€c(\E).

For series representations of the elements in these sequence spaces we do not need Corollary 3.6 due to the subsequent
proposition but we can use the representation to obtain the surjectivity of S for sequentially complete E.

Proposition 4.1. Let E be an IcHs and let €V(, E) be one of the spaces cy(A, E), EV, s(N, E), S(Ng,E) ors(z4,E).

a) Then <Zn€Q Inl<k 5ngon) is a Schauder decomposition of ¢ V(Q, E) and
= keN

X = 2 X, Pn, X €ECV(Q,E).

neq

b) Then <5°oqooo + Zlfl:l(én - éoo)gon>k€N is a Schauder decomposition of ¢(N, E) and

X = XgoPoo + Z (Xn — X )Pn,  x € c(N,E).

n=1

Proof. Let us begin with a). For x = (x,) € £V(Q,E) let (P}) be the sequence in £V(Q, E) given by

Pi(x) := Z X P

|n|<k

It is easy to see that P}’ is a continuous projection on £V(Q, E), PfPf =P incejy for all k, j € N and Py # Pf for k # j.

Lete > 0,a € A and j € N. For x € cy(A, E) there is Ny € N such that pa(xnan’j) < gforall n > Ny. Hence we have for
X € co(A,E)

|x —Pf(x)|j , =Suppy (xp)an; < sup py(x,)a,; <e
’ n>k n>Ng
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for all k > N,,. For x € EN and | € N we have

[|x —Pf(x)”l,a =0<c¢

for all k > I. For x € s(Q,E), Q = N4, Ng, 749, we notice that there is N; € N such that for all n € Q with |n| > N; we
have
iz
1+ |n)?
—( ) = (1+n)?
(1+|n)?)

)_j/2 <E.

Thus we deduce for |n| > N;

P (%) (14 112)"7 < epe(3) (1 + In2) < elxlysa
and hence
X = PEGO)| = sup pu(xa)an; < sup pu(x,)(1+ In2)"* < elxlyg
L% n>k [n|>N;

for all k > N;. Therefore (Pf (x)) converges to x in £V(Q, E) and

— 1; E _
x = lim P{(x0) = Y X
neQ

Now, we turn to b). For x = (x,,) € ¢(N, E) let (ﬁf(x)) be the sequence in c(N, E) given by

k
ﬁf(x) E XeoPoo T Z(xn — X0 )Pn-
n=1
Again, it is easy to see that P}’ is a continuous projection on c(N, E), Ffﬁf =P incejy for all k, j € N and Py # Ff for

k # j.Lete > 0 and € . Then there is N, € N such that p, (X, — X, ) < € for all n > N,. Thus we obtain

|x _ﬁf(x)Lx = Suppa(xn _xoo) < sup pa(xn _xoo) <¢
n>k n>N,

for all k > N, implying that (P} (x)) converges to x in c¢(N, E) and

X = kh_)n‘}oﬁf(x) = XeoPoo T Z (xn - xoo)qon-

n=1

O

Theorem 4.2. Let E be a sequentially complete lcHs and ¢V(Q, E) one of the spaces co(A, E), EV, s(N%, E), s(Ng,E) or
s(Z%,E). Then

(i) €V(Q,E) = ¢V(Q)EE,
(ii) ¢(\,E) =~ ¢(N)eE.

Proof. The map S¢yq) is an isomorphism into by [15, 3.9 Theorem, p. 9] and [15, 4.13 Proposition, p. 23]. Considering
c(N, E), we observe that for x € c(N)
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5n(x) =Xp 2 Xeo = 5oo(x)

which implies the concergence §,, — d, in c(N);, by the Banach-Steinhaus theorem since ¢(N) is a Banach space. Hence
we get

u(8y) = lim u(6,) = lim S(u)(n) = 6,(S(w))
n—oo n—oo

for every u € ¢(N)eE which implies that S is an isomorphism into by [15, 3.9 Theorem, p. 9]. From Proposition 4.1 and

Proposition 3.7 we deduce our statement. O

4.2 | Continuous and differentiable functions on a closed interval

We start with continuous functions on compact sets. We recall the following definition from [25, p. 259]. A locally convex
Hausdorff space is said to have the metric convex compactness property (metric ccp) if the closure of the absolutely convex
hull of every metrisable compact set is compact. In particular, every sequentially complete space has metric ccp and this
implication is strict (see [16, pp. 1512-1513] and the references therein). Let E be an IcHs, let Q ¢ R¢ compact and denote
by C(Q,E) := C°%Q, E) the space of continuous functions from Q to E. We equip C(Q, E) with the system of seminorms
given by

[flo :=sup p.(f(x), f€CQ,E),
xXeQ

for a € 2A. We want to apply our preceding results to intervals. Let —oo < a < b < c0oand T := (t be a partition of

j)OSan
the interval [a, b],i.e.a =t; < t; < --- < t, = b. The hat functions htTj : [a,b] - R for the partition T are given by

x—t]
— i1 <x<ty,
t—ti
W (x) =4 Liy1—X
509 L <x <ty
tipg —t;
JHL T
0, else,
for2<j<n-1and
i —Xx X —1t,_
. ——, a<x<t, . — =t <x<b,
hy(x) :=4ti—a hy(x) 1= b—t,,
0, else, 0, else.

Let7 := (t”)neNo be a dense sequence in [a, b] with ty = a, t; = band t, # t,, for n # m. For T" := {t,,...,t,} there is

a (unique) enumeration ¢ : {0,...,n} - T" such that T, := is a partition of [a, b]. The functions

(tg(j))ostn

T T T,
gog :=h[01, cplr :=h[11 and ¢ i=h," for n>2

are called Schauder hat functions for the sequence 7 and form a Schauder basis of C([a, b]) with associated coefficient
functionals given by

) 1= flt), 250N 1= f(61) and (0 = ftasr) = 3 AN (tasn),  f € CabD), n21,
k=0
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by [24, 2.3.5 Proposition, p. 29]. Looking at the coefficient functionals, we see that the right-hand sides even make sense
if f € C([a, b], E) and thus we define AZ on C([a, b], E) for n € N accordingly.

Theorem 4.3. Let E be an lcHs with metric ccp and let T 1= (t,),en, be a dense sequence in [a, b] with t) = a, t; = b and
t, # t,, forn # m. Then (Z /1k @n ) is a Schauder decomposition of C([a, b], E) and
keNy

= > 4(Per,  fecda,blE),
n=0

Proof. The spaces C([a,b]) and C([a, b], E) are e-compatible by [15, 5.4 Example, p. 25] if E has metric ccp. C([a, b])
is a Banach space and thus barrelled implying that its Schauder basis (go,f) is equicontinuous. We note that for all
u€C([a,b])eE and x € [a, b]

AES@)x) =u(8,) =u(dy), nefo1}

and by induction

AE (S =u(s,,,) ZAE<s<u>)¢k fns1)

n
5tn+1 Z n+1)

= u(/li'fﬂ), n21

Thus (3.1) is fulfilled proving our claim by Corollary 3.6. O

If a=0,b=1 and 7 is the sequence of dyadic numbers given in [24, 2.1.1 Definitions, p. 21], then (gag) is the
so-called Faber-Schauder system. Using the Schauder basis and coefficient functionals of the space Cy(R) of con-
tinuous functions vanishing at infinity given in [24, 2.7.1, pp. 41-42] and [24, 2.7.4 Corollary, p. 43] a correspond-
ing, weaker result for the E-valued counterpart Cy(R, E) holds as well by a similar argumentation. Another corre-

sponding result holds for the space C([)yg([O 1],E), 0 <y <1, of y-Hélder continuous functions on [0,1] with values

in E that vanish at zero and at infinity if one uses the Schauder basis and coefficient functionals of C[y]([O 1]) from
[6, Theorem 2, p. 220] and [5, Theorem 3, p. 230]. The results are a bit weaker in both cases since [1 2.4 Theo-

rem (2), pp. 138-139] and [15, 5.9 Example b), p. 28] only guarantee that S¢ r) and S 0.1y 2T isomorphisms if E
0,0 ’

is quasi-complete.
Now, we turn to spaces of continuously differentiable functions on an interval (a, b) such that all derivatives can be
continuously extended to the boundary. For an IcHs E and k € N the space C*([a, b], E) is given by

C*([a,b],E) := {f € C*((a,b),E) | (aﬁ)Ef continuously extendable on [a, b] for all 3 € N, 8 < k}

and equipped with the system of seminorms given by

E

flai= sup pa((6°) f()), f € CK(ablE),

x€(a,b)
ﬁENQ,ﬁSk
for ¢ € A. From the Schauder hat functions (qo,f) for a dense sequence 7 := (tn)neN in [a, b] with t, = a, t; = b and
0

t, # t,, for n # m and the associated coefficient functionals /15} we can easily get a Schauder basis for the space C¥([a, b]),
k € N, by applying fa() k-times to the series representation
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O =3 A (f0)pl,  f e k(a,b),
n=0

where we identified f) with its continuous extension on [a, b]. The resulting Schauder basis f Z : [a,b] = R and asso-
ciated coefficient functionals u* : C*([a, b]) = KK, n € N, are

[T = = a), KD = 1), 0<n<k-1,

X plk— L ph
gw=[ [ [ et =2 G). ek
a a a a

for x € [a,b] and f € C*([a, b]) (see e.g. [21, pp. 586-587], [24, 2.3.7, p. 29]). Again, the mapping rule for the coefficient
functionals still makes sense if f € C¥([a, b], E) and so we define u£ on C*([a, b], E) for n € N, accordingly.

Theorem 4.4. Let E be an IcHs with metricccp, letk € N, let T := (t")neN be a dense sequencein [a,b]withty = a,t; = b
0

and t, # t,, forn # m. Then (meo ,uEf,{) is a Schauder decomposition of C*([a, b], E) and

leNy

f=2 mOfr,  feckla,blE).
n=0

Proof. The spaces C*([a, b]) and C¥([a, b], E) are e-compatible by [16, Example 20, p. 1529] if E has metric ccp. The Banach
space C¥([a, b]) is barrelled giving the equicontinuity of its Schauder basis. Due to [16, Proposition 10 b), p. 1520] we have
for all u € C¥([a,b])eE, B € Ny, B < k, and x € (a,b)

(6°) " 5)(0) = u(8,0(37)").

Further, for every sequence (xn) in (a, b) converging to t € {a, b} we obtain by [16, Proposition 19, p. 1529] applied to
K
T := (6F)

lim (67)"s@)(x,) = u( lim 8,,0(3°)").

From these observations we deduce that uf S(w)) = u(,uEf) for all n € N, i.e. (3.1) holds. Therefore our statement is a
consequence of Corollary 3.6. O

4.3 | Holomorphic functions

In this short subsection we show how to get the result on power series expansion of holomorphic functions from the
introduction. Let E be an IcHs over C, z, € C, r € (0, 00] and Q := D, (2,) where D, (z,) C C is an open disc around z,
with radius r > 0. We equip O(Q, E) with the system of seminorms given by

|f|K,0£ .=sup poc(f(z)), f € O(Q’E)a
zeK
for K C Q compact and o € 2. We note that

OQ,E) = {f €C™(Q.E) |3 f = o}
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if E is locally complete where

3 f@) = ()" +i(e)")f@, fec'@B),zeq,

N

E
is the Cauchy-Riemann operator. Moreover, we set (ag) f:=f,

[ean =0 o

E .
(661:) f(z):= }11_1}(1)

heC,h#0

and (ag“)Ef 1= (8(113)E<(5E)Ef> forn € Ny and f € O(Q, E) (see (1.1)). We observe that real and complex derivatives
are related by

8V fim) = i (8P

(6°) f(2) =i (% ) f(z), zeQ, (4.1)
for every f € O(Q,E) and 8 = (8;.5;) € ;.

Theorem 4.5. Let E be a locally complete IcHs over C, z, € C and r € (0, o). Then

£ 5,0 (00)"

> (=)

n=0

is a Schauder decomposition of O(D,(z,),E) and

f= gwé)n—{(m( —z9)", [ €0O(D,(z),E).

Proof. The spaces O(D,(z)) and O(D,(z,), E) are e-compatible by [2, Theorem 9, p. 232] if E is locally complete. Further,
the Schauder basis <( . —zo)n> of O(D,(z)) is equicontinuous since the Fréchet space O(D;(z)) is barrelled. Due to
[15, 4.12 Proposition, p. 22] and (4.1) we have for all u € O(D,(z,) )¢E and z € D, (z)

(82)" s)(2) = u(8.0(32)")

which means that (3.1) is satisfied. Corollary 3.6 implies our statement. O

4.4 | Fourier expansions

In this subsection we turn our attention to Fourier expansions in the space of vector-valued rapidely decreasing functions
and in the space of vector-valued smooth, 27-periodic functions. We start with the definition of the Pettis-integral which
we need to define the Fourier coefficients for vector-valued functions. For a measure space (X,Z, ) and 1 < p < oo let

LP(X,u) := {f : X — K measurable | g,(f) := / |fCO)IP du(x) < oo}
X

and define the quotient space of p-integrable functions by LP(X, ) := &P(X,w)/ { FefPX,w|qp(f) = 0} which
becomes a Banach space if it is equipped with the norm || f1|, := qp(F)l/ P f=[F] € LP(X,u). From now on we do
not distinguish between equivalence classes and their representants anymore.
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For a measure space (X,Z,u) and f : X — K we say that f is integrable on A € £ and write f € LY(A, p) if
xaf € LY(X, w). Then we set

/ FO) du(x) 1= / 2O () du().
A

X

Definition 4.6 (Pettis-integral). Let (X, X, u) be a measure space and let E be an IcHs. A function f : X — E is called
weakly (scalarly) measurable if the function e’of : X - K, (¢/of)(x) := (¢/, f(x)) :=€'(f(x)), is measurable for all
¢/ € E'. A weakly measurable function is said to be weakly (scalarly) integrable if e'o f € £'(X, u). A function f : X - E
is called Pettis-integrable on A € X if it is weakly integrable on A and

de, €EVe €E : (e e)) = /(e’,f(x)) du(x).
A
In this case e, is unique due to E being Hausdorff and we set
[ 160du) i=e.
A

If we consider the measure space (X, Z(X), 1) of Lebesgue measurable sets for X ¢ R¢, we just write dx := dA(x).
Lemma 4.7. Let E be a locally complete IcHs, let Q@ C R? open and let f : Q — E. If f is weakly C', i.e. ¢'of € C1(Q) for

every e’ € E', then f is Pettis-integrable on every compact subset of K C Q with respect to any locally finite measure y on Q
and

Da < / S du(x)> < u(K)sup po(f(x)), ae€U.
K xeK

Proof. Let K C Q be compact and let (Q,%, u) be a measure space with locally finite measure u, i.e. £ contains
the Borel o-algebra B(Q) on Q and for every x € Q there is a neighbourhood U, C Q of x such that u(U,) < .
Since the map ¢’of is differentiable for every ¢’ € E’, thus Borel-measurable, and B(Q) C Z, it is measurable. We
deduce that e’of € L1(K, u) for every e’ € E’ because locally finite measures are finite on compact sets. Hence the
map

I:E > K, Ie):= /(e’,f(x))d,u(x)
K

is well-defined and linear. We estimate

(Nl < uX) sup [e'()| <u®) sup [e'(x)], € €E.
xef(K) xEack(f(K))

Due to f being weakly C' and [3, Proposition 2, p. 354] the absolutely convex set acx(f(K)) is compact yielding
Ie (E,’C), =~ F by the theorem of Mackey-Arens which means that there is ex € E such that

(@ ex) = 1(e) = / (@, f) du(x), ¢ € E.
K

Therefore f is Pettis-integrable on K with respect to . Forax € 2 we set B, := {x EE | p(x)< 1} and observe that
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<e', / f(X)dﬂ(x)>
K

/ ¢/ (f () dux)
K

Pa < /K f(x)du(x)> :252

sup
e’eBg

IA

p(K) sup sup [e’(f(x))]

e’eBg x€K
= u(K) sup py(f(x))
xek
where we used [18, Proposition 22.14, p. 256] in the first and last equation to get from p, to sup, 5. and back. O

For an IcHs E we define the Schwartz space of E-valued rapidely decreasing functions by
S(R4,E) = {f € C*(RUE) VIEN, €U : [flia <o)
where

E )

fle = sup po((9)FG0) (1+1x2) "
xeRd
BeNG,|BI<

We recall the definition of the Hermite functions. For n € N, we set

. . -1/2 d ”_22 -1/2 2
h, : R->R, h,(x) := (2”71!\/;) X — Ix e /2 = <2"n!\/;> H,(x)e™™ /2,

with the Hermite polynomials H,, of degree n which can be computed recursively by
Hy(x)=1 and H,,;(x) =2xH,(x)—H(x), x€R, neN,.

For n = (n;) € N we define the n-th Hermite function by

d d
h, : RS R, hy(x) 1= thk(xk), and H, : R{> R, H,(x) := Han(xk).
k=1 k=1

Proposition 4.8. Let E be a sequentially complete IcHs, let f € S(RY,E) and let n € Ng. Then fh, is Pettis-integrable
on R,

Proof. For k € N we define the Pettis-integral
e = / fOOh,(x)dx
[—k.k]d

which is a well-defined element of E by Lemma 4.7. We claim that (ek) is a Cauchy sequence in E. First, we notice that

there are j € N and C > 0 such that |[H,(x)| < C(1 + |x|2)j/2 for all x € R¢ as H,, is a product of polynomials in one
-1/2
variable. Now, let a« € 2, k,m € N, k > m, and set C,, := <H?:1 2"ini!\/;) aswell as Q. ,, := [—k,k]%\ [-m, m]<.

We observe that ‘ H?:l xi‘ > 1 for every x € Q,,, and
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Pale = em) = sup |¢/ (e = en)|
e’eB;

sup
e’eBg,

/ (@, F(0)) dx
Q

k,m

< Cn/ e ¥*/2dx sup sup e’ (f)H, ()|
Q

km e’eBg xeRd

-c, / P2 dx sup po(fCE)|Halo)|
Q

k,m xeRd

d
[1x

i=1

e I¥1*/2 qx

SCnCIflj,a/

Qk,m
d d

= CuClfljx 2/ xe ¥ 2dx | - 2/ xe /2 dx
[0,k] [0,m]

d d
= 24C,CIf ;4 <(1 —eK2)" (1= /2 >

proving our claim. Since E is sequentially complete, the limit y := lim;_ , e exists in E. From e’of € S (Rd) for every
¢’ € E’ and the dominated convergence theorem we deduce

(e',y) = lim (¢, e;) = lim / e, f(x)h,(x)dx = / (e, f(X)h,(x))dx, ¢ e€FE,
k—o0 k—oo [—k.k]d Rd
which yields the Pettis-integrability of fh, on R with fRd f)h,(x)dx = y. O

Due to the previous proposition we can define the n-th Fourier coefficient of f € S (Rd, E ) by

foo:= [ eomGdc= [ jonmas nen,

if E is sequentially complete. We know that the map

~

F: S(RY) - s(ND), FE() = ( (n))neNg,
is an isomorphism and its inverse is given by

(F9) " 1 s(NY) = S(RY), (F9) (0 1= Y xuh,
neNg
(see e.g. [13, Satz 3.7, p. 66]). It is already known that S(R“) and S(RY, E) are e-compatible if E is quasi-complete by [22,

Proposition 9, p. 108, Théoréme 1, p. 111] (cf. [16, Example 17, p. 1526]). We improve this to sequentially complete E and
derive a Schauder decomposition of S (Rd, E ) as well using our observations on the sequence space S(Ng, E )

Theorem 4.9. Let E be a sequentially complete IcHs. Then the following holds.

a) The map

FE : S(RY,E) - s(NLE), FE(f) := (f(m))

d s
neNy

is an isomorphism, S(R4,E) = S(R%)¢E and
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b) <ZneNd Inl<k ijhn> is a Schauder decomposition of S(RY,E) and
olnl= keN

f=) Jh, [eSRLE).

neNg
Proof. First, we show that the map FF is well-defined. Let f € S(R%,E). Thene’of € S(R?) and
(¢ . FEP) = (¢, fW) = dof(n) = FX(e/of),
foreveryn € Ng and ¢/ € E’. Thus we have FX(e'of) € S(Ng) for every ¢’ € E’ which implies by [18, Mackey’s theorem
23.15, p. 268] that FE(f) € S(Ng,E ) and that FF is well-defined.
We notice that
s(N&,E) = s(N?)eE = S(RY)eESS(RY,E)
-1

(V)

into is the map S s(R) by [15, 3.9 Theorem, p. 9] and [16, Proposition 10 b), p. 1520] since S (Rd) is barrelled. Next, we

where the first isomorphism is S by Theorem 4.2 (i), the second is the map (9“)_18 idg and the third isomorphism

-1
show that Sg(ra)o ( (FX) “eidg )05‘1 .\ s surjective and the inverse of %*. We can explicitely compute the composition
s{Ng

of these maps. By the proof of Proposition 3.7 b) we get that the inverse of Ss (Nd) is given by

0

s is(NGE) 5 s(NDeE, we lim - Y 0(p, @ wy).

s(Ng) Koo nend,|n| <k

Letw € S(Ng,E). Then for every x € R% and e’ € E’

st ((#97) (69)

2 elpew)(((#97) ()

d
neNO

3 (7)) @now,

d
neN;

Z wy,hy, (x)

d
neNO

which gives

(Ss(Rd)°<(*G] “) eidg )°S;(1Nd) )(w)(x) = Zd Wy ().
0 neNO
Let f € S(R%E). Thenw := FE(f) € S(Ng,E) and

| T wa|= 3 e Fomin = 3 ewpoon, = 39" ((e5700) ) =¢or

d d d 0
neNy neNy neNy
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for all ¢/ € E’ resulting in

f= Z wyphy, = 2 gE(f)nhn

d d
neNy neNy

and

<55(Rd)o<(?K) EldE oS 1 >(w)(x)=f(x)

for every x € RY. Thus we conclude

l(SS(Rd)°<(gK) EldE oS 1 >0?E](f) =
-1
yielding the surjectivity of the composition. Therefore Sgga)o ( (FKX) eidg )oS‘(lNd) is an isomorphism with right
5\
-1
inverse ¥ which implies that F* is its inverse. In addition, the bijectivity of Sg(ra)o < (FX) eidg >oS () and S_(Nd)
N
-1

implies that S S(Rd)0< (FX) “eidg ) is bijective and thus Sgga) is surjective. Hence S g is also an isomorphism com-
pleting the proof of part a).

The rest of part b) follows from the isomorphism S(R%,E) = s(NZ, E) via % and Proposition 4.1 a). O

Our last example of this subsection is devoted to Fourier expansions of vector-valued 27z-periodic smooth functions. We
equip the space C* (Rd, E ) for locally convex Hausdorff E with the system of seminorms generated by

e = sup pa( (%) J0)at0= sup po((6°) f). S ec=(ReE),

xeRd? d
BeNd |8I<I BeNG.|8I<!

for K c RY compact, | € Nyand a € 2. By C° (R%, E) we denote the topological subspace of C* (R¢, E) consisting of the
functions which are 27z-periodic in each variable. Due to Lemma 4.7 we are able to define the n-th Fourier coefficient of
fecy(RYE) by

fin) 1= FE(f) := (27r)‘d/ f(x)e ¥ dx, nez4,

[—m,m]d

where (-, -) is the usual scalar product on R?, if E is locally complete.

Theorem 4.10. Let E be a locally complete IcHs over C. Then a Schauder decomposition of C;’T(Rd,E ) is given by
ell >> and
(ZneZd In|<k %n KkeN

f=2 felm),  fece(RLE).

nezd

Proof. First, we prove that C5° (R%) and C° (RY, E) are e-compatible. It follows from [2, p. 228] (cf. [16, Example 18 a),
p. 1528]) that Scoo(Rd) 1 C*® ([Rd)sE - Cm(Rd,E) is an isomorphism. Furthermore, for each x € R% and 1 < n < d we

have 8, = 8,127, in C;’T(Rd)l and thus
Ses ey (W)(x) — SC;;(Rd)(u)(x +2me,) = u(8y — 8yiare,) =0, u € CY(RY)eE

implying that SC§° (rd)() is 27r-periodic in each variable. In addition, we observe that e’of is 27r-periodic in each variable
foralle’ € E' and f € C° (R%, E). An application of [15, 3.26 Proposition (i), p. 17] yields that

SC;)T(Rd) . C;:{(Rd)EE - C;:[(Rd,E)

is an isomorphism, i.e. C° (R) and C° (R%, E) are e-compatible.
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The space C5° (R?) is barrelled since it is a Fréchet space and thus its Schauder basis (¢/") is equicontinuous. By [16
Theorem 14, p. 1524] the inverse of cho (Rd) I8 given by

R : C5 (RLE) = €52 (RY)eE,  f = JoR,,
where J : E — E'* is the canonical injection in the algebraic dual E’* of E’ and

R} : C;;’T([Rd)/ = E™*, y— ¢/ = y(e'of)],

for f € €2 (R%,E). Letu € C2 (RY)eE. Then f := Ses may(u) € Cs° (R4, E) and from the Pettis-integrability of fe=/")
we obtain

R! (%n)(e/) =FC('of) = 27)~ / - <el’f(x)e—i(n,x)> dx

= (e, n)d f(x)e{nX) dx
[~7,7]d

= (e, FE(N)), € €E,

for all n € 7% which results in
u(§5) = S mu(N(85) = T (RH(S5)) = §E() = B (Seg o)
and thus shows the validity of (3.1). Now, our statement follows from Corollary 3.6. O
Considering the coefficients in the series expansion above, we know that the map
FC o (RY) = s(z), FUP 1= (F), s

is an isomorphism (see e.g. [13, Satz 1.7, p. 18]). Thus we have the following relation if E is a locally complete Hausdorff
space over C

€ (RLE) = €2 (RY)eE = s(Z2%)eESs(29,E)

where the first isomorphism is S} the second is the map F ¢ idy and the third isomorphism into is the map Ss(zd)

CR(RA)
by [15, 3.9 Theorem, p. 9]. We can exphc1tely compute the composition of these maps. With the notation from the proof
above we have for every f € €2 (RY,E) and n € Z¢

<Ss(zd)°(%cfid15 )OSCi(Rd)>(f)(n) = Sy(z4) <<%C€id}s ) < CW(Rd)(f)> )(n)
= Ss(z4) (Sggl;’r(Rd)(f)°(8C)t>(”)
Sggl;’rmd)(f)<(%c)[(5”)>

Se ) (D(B7)
= gn()

~

(n).
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Thus the map

~

&F 1 2 (RY,E) > 5(24,E), FE() = ( M), yas

is well-defined and an isomorphism into if E is locally complete. If E is sequentially complete, it is even an isomorphism
to the whole space S(Zd, E ) because Ss(zd) is surjective to the whole space then by Theorem 4.2 (i). Hence we have:

Theorem 4.11. IfE is a sequentially complete IcHs over C, then

~

g 1 G2 (RLE) —» s(2%E), () = (), yur
is an isomorphism and
%E = Ss(zd)o(%ciid}; >OSE§1;([R‘1)’
For quasi-complete E Theorem 4.10 and Theorem 4.11 are already known by [13, Satz 10.8, p. 239].
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