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Summary

In this thesis we study Parameterized Approximation Algorithms for net-
work optimization problems. Approzimation here means that we seek algo-
rithms that are not guaranteed to compute optimal solutions, but merely
solutions which are quantifiably good in the sense of being close to optimal;
Parameterized expresses the fact that we do not wish to solve all instances
of a given problem equally well. Rather we come up with some parameter
measuring the complexity of an instance and then only require that the
algorithm be fast for instances where this parameter is small.
Specifically, we treat three problems:

The Multi-Depot Traveling Salesperson Problem In the traditional
Traveling Salesperson Problem (TSP) we are given a set of cities V' with a
metric distance function d : V x V' — R, and required to compute a cyclical
ordering vy, ..., v, vy11 = v, of the cities (a tour) such that visiting them
in that order minimizes the travel time )} d(v;, v;11). For the Multi-Depot
version (MDTSP) we instead compute a collection of tours such that every
city is visited, and every individual tour starts at one of a set of specified
depot cities D C V.

For this problem we can give for every € > 0 an algorithm that computes
a solution that is at most a factor (3/24-¢) longer than an optimal solution in
time at most (1/£)CUP1oglPD|1/|9() " This continues and improves on a line
of work initiated by Xu and Rodriguez |1] to re-obtain the polynomial time
(3/2)-approximation for TSP first given by Christofides and Serdyukov, and
it is the first better-than-2 approximation algorithm in FPT time.

All-Norm Tree Cover As a variation on the MDTSP we also consider
the setting where the tours should have similar sizes, although for simplic-
ity we do not consider the tours to be cycles but trees. We measure the
similarity of the sizes by taking the vector of tree sizes and considering its
¢, norm. Under this objective we can give a polynomial-time approxima-
tion algorithm achieving constant approximation ratio with respect to all
p-norms simultaneously, and in fact all monotone symmetric norms.

We supplement this result by also giving a constant factor all-norm ap-
proximation algorithm for the setting without depots, as well as proving
APX-hardness for Tree Cover with Depots with respect to any fixed ¢,
norm. Thus our results are optimal up to the exact constant of approxima-
tion achievable.
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The Sparsest Cut Problem In the Sparsest Cut Problem we are given
a vertex set V with two edge sets Eo, Ep C V x V and a corresponding
pair of weights ¢ : Ec — R, d : E- — R,. The goal is to partition the
vertices into two parts X,V \ X such that few edges from E. are crossing
between them, but many from Ep. Formally we seek to minimize

Z o(e) ZeeECﬂé(X) c(e)

e€EcNS(X) z:SGEDM(X) d(e)
The problem is known to be hard to even approximate well in poly-
nomial time in general graphs. However we are able to give a variety of

trade-offs between runtime and approximation quality for the case where
the graph (V, E¢) has treewidth at most some constant k:

e A O(k?)-approximation in time 20%) . |//|O1),

e A O(1)-approximation in time 2°®) . |V/|0(1),

14«
e For any ¢ € (0,1], a O(1/e2)-approximation in time 20(*==) . [V/|0(),

In particular we thus obtain a constant-factor approximation in time
single exponential in the treewidth, resolving a major open question of
Chlamtac et al. who initiated this line of research [2].
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Introduction

A lot of the problems computer science is interested in have been shown
to be NP-hard, even quite early in the field’s development |3} 4]. For these
problems it is believed that no “efficient” algorithms exist, meaning that any
procedure solving such problems in general will need an amount of time that
scales superpolynomially in the size of the problem instance. This would
make it effectively impossible to solve these problems at large scales.

In reality this is not a satisfying resolution of the issue. If we are to
believe P £ NP some problems can not be solved quickly; Nonetheless they
need to be solved in practice. We thus have to figure out where our model of
complexity fails to conform to real world interests in the hope that changing
that model to more accurately reflect reality will also render some problems
tractable again.

Indeed the demands on an algorithm solving a typical NP-hard problem
in polynomial time are very strict. We are asked to come up with one
algorithm that computes the best possible solution to all instances of the
problem. But real-world engineering rarely works that way. Solutions are
designed for concrete instances of problems, factoring in everything known
about the given instance. Engineers also rarely pretend to have come up
with the absolute best solution. If the demands of a customer are met, or if
the given solution is empirically better than all other existing solutions this
is more than enough.

To observe this in the wild it suffices to consider the many commercial
solvers for Integer Linear Programming (ILP) which is nominally NP-hard.
The existing theoretical algorithms for general ILP would suggest that in-
stances with more than 100 variables should not be solvable in reasonable
time frames. However good solvers are regularly able to solve instances with
tens of thousands of variables in mere minutes. But this is not true for all
instances. It is possible to come up with fairly small instances of ILP that
will occupy even a very good solver for days. However thanks to (sadly pro-
prietary) engineering magic these hard instances are not, apparently, the
typical instances such a solver encounters.

Thus it is apparently possible to give solutions to hard problems in a rea-
sonable time frame, just not always. So perhaps it is precisely the rigorous
adherence to optimal solutions to very general problems which has given
rise to the hardness of so many relevant problems, and that consequently
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some of our assumptions have to give.

On the one hand, we may choose not to solve such difficult problems
exactly; very often it is only hard to provide a solution that is optimal,
but if we are willing to settle for a solution whose quality is merely close
to optimal the problem may become tractable again. For such problems
we can then once again provide efficient approximation algorithms which
promise to compute a solution whose quality adheres to some guarantee,
i.e. does not deviate too much from optimality.

On the other hand, if we wish to compute optimal solutions, we may
choose to restrict the instances of our problem that we want to be able to
handle. For many NP-hard problems special cases can be solved efficiently,
and it is only the most general problem that is difficult. Thus characterizing
which properties of an instance render a problem “easy” allows us to devise
parameterized algorithms that exploit these properties to compute optimal
solutions more quickly than would otherwise be possible by restricting the
undesirable (super-polynomial) growth of the run time to some parameter.

It is the intersection of these two approaches that we mostly concern
ourselves with in this thesis. For many problems even such relaxed views
are not enough on their own to render them tractable, and there is a rich
theory of computational hardness in both fields underpinning this. For such
problems we may need to combine both approaches giving rise to parameter-
1zed approrimation algorithms, a unified framework of discussion for which
problems allow us to compute approximately optimal solutions in polyno-
mial time on instances where some parameter has bounded size.
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Preliminaries

We will take a brief moment to introduce formally some of the central con-
cepts used throughout this thesis. For a more in-depth exploration of these
concepts an interested reader should consult some standard textbooks on
the matters, such as Parameterized Algorithms by Cygan et al. [5], Vazi-
rani’s Approximation Algorithms [6], or the excellent surveys of Marx and
Feldmann et al. |7, 8].

Some familiarity with foundational structures such as graphs and some
basic complexity classes will be assumed in the following, but for complete-
ness we will give a few very brief definitions here before moving on to the
more central concepts.

Graphs We call a graph a pair of a finite set of vertices V' and a set
of edges £ C (‘2/) Unless otherwise specified graphs have no loops, i.e.
edges {v,v}, nor do they contain parallel edges, i.e. E is a set, not a
multiset. A graph is said to be weighted if there is a function w : £ — R
assigning weights to the edges. These weights are called metric if they form
a metric, that is if they fulfill the following properties:

e w(e) >0 forall e € F and
e For any closed walk P = ey, es,..., e, we have Zi:ll w(e;) > w(ey).

The second point here is simply the natural extension of the triangle in-
equality noting that G might not have proper triangles. In general any such
metrically weighted graph G can be reinterpreted as a metric space (V, d) by
taking d(v,w) = distg(v,w), where distq is the shortest path distance in G.
This is referred to as the metric closure of G, and we may even perform this
transformation if w was not originally metric.

In this way any weighted graph has an associated (finite) metric space,
and conversely every finite metric space (V, d) can be represented as a metri-
cally weighted graph by taking G = (V (‘2/)) and w = d. This identification
is often useful, since it allows us the flexibility of general metric spaces
while also maintaining some ability to discuss more graph-like objects such
as subgraphs, spanning trees, or connectedness.
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2.1 Parameterized Algorithms

A language L over some finite alphabet ¥ is a subset of all the finite strings
that can be written with symbols from >, i.e. L C ¥*. Then the decision
problem associated to such a language is that of deciding whether a given
string « € ¥* is contained in L. We call P the set of languages for which
a deterministic Turing Machine running in polynomial time can solve the
decision problem, and NP the set of languages decidable in polynomial time
by a non-deterministic Turing Machine. For example L might be the set
of all strings over {0,1} that correspond to primes when interpreted as
binary numbers. The associated decision problem to this language then is
to decide whether a given number in binary representation is prime, which
rather famously was shown to be in P by Agrawal, Kayal and Saxena [9).
We will usually care about the time and possibly the space it takes for a
Turing Machine to decide this, although for convenience we do not work
on Turing Machines directly. Instead we refer to these as algorithms and
describe them in pseudo code so as to allow for a simple translation of the
described procedure into a program on a physical machine.

To allow for parameterization in this framework we extend this notion
of languages to parameterized languages.

Definition 2.1. For some finite alphabet ¥ we call L a parameterized
language if L is a subset of ¥* x N. Given a specific word (z,k) € L we
usually refer to x as the instance and k as the parameter.

This definition can seem fairly abstract, but one may imagine for con-
creteness that L is the language of words (G, k) where G is (a description of)
a graph, and k is the size of a largest independent set in G. In this example
we would then see that the words (G, 1) correspond to the complete graphs,
the words (G, 2) to those who are not complete, but whose complement is
triangle-free, and so on.

In particular this allows us to segment a potentially very hard prob-
lem such as independent set into many subproblems which might be eas-
ier individually. Deciding whether a word (G, 1) is in L is possible with
run time linear in |G|; deciding the same for a word (G, 2) is possible in
time O(n?). Generally, for a word (G, k) we would be able to decide its
membership in L by enumerating all subsets of k vertices and checking
whether they induce an independent set, as well as checking all subsets of
size k+ 1 to see that no larger independent set exists. Doing this is possible
in time O((kil)) C no®),

We can notice that this is a polynomial run time, at least for each
value of k individually. Thus for any small value of & we actually have
a polynomial-time algorithm for deciding whether a word (G, k) is in L.
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This insight gives rise to the first class of efficiency under a parameterized
viewpoint, that of having a slice-wise polynomial-time algorithm.

Definition 2.2. We denote with XP the class of all parameterized lan-
guages L for which there exists a computable function f and an algorithm
deciding whether (7, k) is in L running in time O(|z|/®)). For such algo-
rithms we say that they have slice-wise polynomial run time, or XP run
time.

Such XP-algorithms are more efficient than algorithms running in ex-
ponential time, however they quickly become unusably slow. Even if the
function f grows slowly, such as f(k) = k, we can not expect to be able
to use them for values of k£ much larger than 10 if n is appreciably large.
We therefore really want a stronger notion of efficiency, one where the run
time dependence on the instance size is a uniform polynomial, and merely
the coefficients of that polynomial depend on the parameter. We will call
algorithms with such run time behaviour fized-parameter tractable (FPT).

Definition 2.3. We denote with FPT the class of all parameterized lan-
guages L for which there exist a constant ¢ € R, a computable function f,
and an algorithm deciding whether (x, k) is in L running in time O(f(k)-n°).
For such algorithms we say that they have fixed-parameter tractable run
time, or FPT run time.

This notion of tractability then comes associated with it’s own version
of polynomial-time reductions, i.e. transformations between parameterized
languages that preserve class membership:

Definition 2.4. Let L, L’ be two parameterized languages over the same
alphabet . We call a function f : ¥* x N — ¥* x N a parameterized
reduction from L to L' if:

e f((z,k)) € L' if and only if (z,k) € L,
e f((z,k)) can be computed in FPT time parameterized on k, and

e there exists some computable function g and constant ¢ such that if
f((z, k) = (2, k') we have |2/| € O(|z|°) and k' < g(k).

The definition here is chosen precisely as to allow us to conclude that if L
has a parameterized reduction to L’ and L’ is in FPT, then L is also in FPT.

The folklore example for a parameterized language whose associated
decision problem has such an FPT-algorithm is VERTEX COVER param-
eterized with the size of a solution (see for example [5] for an in-depth
treatment). Given a graph GG and a parameter k the VERTEX COVER prob-
lem asks us to decide whether there exists a set C' of at most k£ vertices such
that every edge of GG is incident to at least one vertex from C'. To solve this
in time O(f(k) - n) we can run the following well known algorithm:
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1. Collect all vertices in G which have degree > k, add them to C, and
delete them from G to obtain a smaller graph G’.

2. Remove all vertices of degree 0 from G’

3. If G’ has more than k(k — 1) vertices, assert that G has no VERTEX
COVER of size at most k and terminate.

4. In G’ enumerate all vertex sets of size at most k& — |C/| and check if one
of them is a VERTEX COVER of G’. If so assert that G has a VERTEX
COVER of size at most k, otherwise assert that it does not.

The algorithm works by observing that any VERTEX COVER of size < k
must contain all high degree vertices, since if a vertex is not contained in
the cover all of its neighbours are. After choosing all such vertices to be a
part of C' we know that in G’ every vertex has degree less than k, so every
further vertex in C' can at most cover edges to k — 1 neighbours. So if G’
has more than k(k — 1) vertices at this point, it is impossible to cover all
edges with only k vertices and we can terminate the algorithm. Otherwise
we know that in the fourth step G’ must be very small, i.e. it can have at
most k(k — 1) vertices. It is then possible to enumerate all subsets of the
vertices of G’ to find a solution by brute force.

We thus see that the outlined algorithm can be implemented to run in
time O(n + k%), thus achieving the promised property of having FPT run
time. In fact it appears to even achieve a stronger property of running
in time O(f(k) + n°) rather than O(f(k) - n®). However it turns out that
demanding run times O(f(k) 4+ n®) in Definition [2.3| does not actually give
rise to a stronger notion of FPT-ness

Observation 2.1. Any parameterized language L that has an algorithm
deciding the membership of words (x, k) in time O(f(k) - |x|°) also has an
algorithm deciding it in time O(g(k) + |z|) for an appropriate constant ¢
and some computable function g.

Proof. Suppose a given instance (z,k) has the property that |z| > f(k).
The promised FPT algorithm runs in time O(|z|*™) on such instances. On
instances with |z| < f(k) it instead runs in time g(k) = f(k)“*'. So indeed
the same algorithm can be considered to run in time O(g(k) +n¢tt). O

This sort of trick playing off the size of the instance against the pa-
rameter might not seem too meaningful, but it is a fairly common motif in
the analysis of FPT algorithms, and give a good hint towards the qualita-
tive performance difference between FPT and XP run times. Any given
FPT algorithm will run in polynomial time even for values of k which scale
sufficiently slowly in |x|, e.g. for k &~ f~!(|z|); The same is not true for
XP algorithms.
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It is then often said that in the context of parameterized algorithms the
class FPT corresponds to P, whereas XP is the analogue of NP. That is prob-
lems in FPT have “efficient” parameterized algorithms, whereas problems
in XP\FPT do not.

Parameterized Complexity

To make this more concrete, we will cast a (very) brief look at the fun-
damentals of parameterized complexity to understand the limits of which
problems can have FPT algorithms. Firstly, there is a class of problems
which are para-NP-hard, short for parameterized NP-hard. These are the
problems that essentially do not benefit at all from the introduction of a
given parameter. For instance one may look here at GRAPH COLORING
parameterized on the number of colors. It is well known that already de-
ciding if a graph is 3-colorable is NP-hard [4], so k-coloring parameterized
against k must be para-NP-hard. This in means that unless P=NP there
can not even be a XP algorithm for this problem, since it would run in n/®*)
which for £ = 3 is a polynomial. These kinds of para-NP-hard problems are
in some sense outside the scope of parameterized algorithms. Their choice
of parameter confers no additional exploitable information onto a problem.

The “interesting” distinction then is whether a problem admits FPT run
times, or only XP run times. To obtain some formal handle on this distinc-
tion Downey and Fellows [10] introduced the W-hierarchy (short for weft),
a nested sequence of supposedly increasingly hard parameterized languages.
The class W[t] is defined to be those parameterized languages whose decision
problem is reducible to the problem of deciding whether a Boolean circuit
from some bounded-depth family has an accepting input with exactly k
variables set to 1, where k is the parameter of the language. The ¢ then
further bounds the number of unbounded-weft]l] gates allowed on any input-
output path in the circuit class. As we increase t then the class of circuits
we can capture grows, thus probably increasing the difficulty of deciding the
existence of an accepting input with & ones. The W|[t]-complete problems
are those that are in W[t| and to which the circuit decision problem can be
reduced.

One can immediately observe that all problems in W(t] are at least in XP;
we can simply enumerate all choices of k input variables and test if setting
some such choice to 1 yields a satisfying assignment. For known inputs
the circuits output value can be computed in polynomial time. However
it is generally believed that already W([1]-complete problems do not admit
FPT algorithmsﬂ Specifically it is known that k-CLIQUE (i.e. CLIQUE

"Where weft is the number of inputs a logical gate has.
20One can quickly observe that the problems in W[0] have FPT algorithms, since
bounded depth and everywhere bounded weft already imply a bounded number of vari-
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parameterized against the size of the clique) is W[1]-complete, for which no
FPT algorithm appears to exist. Similarly the inclusions between different
levels of the W-hierarchy are believed to be strict, i.e. the conjectured
complexity landscape is:

FPTC W[ CW[2] C...

So far there has been no success in directly connecting to P#£NP, except
to the extent that P=NPwould immediately imply the collapse of the entire
W-hierarchy to P. However under more quantitative complexity assump-
tions one can reconnect to non-parameterized complexity theory. Specifi-
cally assuming the Exponential Time Hypothesis (ETH) [11] one can show
that FPT # W([1], giving further moral support to this separation [12].

We shall leave the discussion of parameterized complexity here, even if
it is very much incomplete. We will in the following only use quite a surface
view of the topic, however the interested reader should feel invited to dive
deeper into the topic of parameterized complexity, for instance by using the
book by Flume and Grohe on the topic [13].

2.2 Approximation Algorithms

To understand what an approximation algorithm is we first need to consider
what optimization problems are in general. An optimization problem will
again be a language L over some fixed alphabet > whose words are the
instances of the problem. Additionally there is for each word z in L a set of
possible solutions S, with an associated evaluation function f, : S, — R,.
The goal of such a problem is to compute for a given x a solution s* € S,
that is optimal in the sense that f,(s*) = min{f,(s) | s € S, }f}

For concreteness we can consider L to be the set of all words specifying
some weighted undirected graph G, S the collection of orderings of the ver-
tices of G, and fg(0) the length of a shortest tour visiting the vertices of G
in the order given by o. In this example we then recover the TRAVELING
SALESPERSON PROBLEM (TSP) as our optimization problem.

Optimization problems and decision problems are closely linked. If we
again look at the VERTEX COVER problem we can either consider it as a
decision problem, i.e. deciding whether a VERTEX COVER of size at most k
exists, or as an optimization problem, i.e. finding the smallest VERTEX
COVER. If we can solve the optimization problem this also immediately
gives a solution to the decision version. But the reverse is also true; if we

ables contributing to the output.

3We default here to considering minimization problems rather than maximization.
The same kind of questions also exist for maximization problems, but we omit this for
brevity.
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can solve the associated decision problem for each k we just try all values
for k from 1 to |V(G)|. The smallest value for which the solution to the
decision problem still asserts the existence of a VERTEX COVER of that size
must be the optimum.

These kinds of reductions between optimization and decision work for
many problems, essentially by taking an optimization problem with lan-
guage L and subdividing it into languages

Lo={xeL|3seS,: fu(s) <c}

for any ¢ € R . Solving the decision problem for all L. would then allow us
to find optimal solutions to instances of L. As long as there is a sufficiently
good bound on the number of possible values of f, for a given instance x
this will be possible with polynomial overhead.

Despite their close relationship there is key benefit of considering op-
timization problems over decision problems. Decision problems require a
binary yes/no answer; for an optimization problem it makes sense to talk
about approzimation, i.e. instead of returning an optimal solution to an
instance x we can try to find a s* € S, that is merely close to optimal,
meaning that f.(s*) < amin{f.(s) | s € S,} for some choice of @ > 1.
This viewpoint allows us to generate an infinite number of new approxi-
mate optimization problems, one for each choice of o, some of which might
be tractable even if the original optimization problem was not.

With this viewpoint in mind we can now understand what an approxi-
mation algorithm is:

Definition 2.5. For an optimization problem with underlying language L
and a function o : L — R, we say that an algorithm is an a-approzimation
Algorithm if it computes for each x € L a s* € S, such that

f2(s*) < a(x) min{f.(s) | s € S, }.

In most cases we will want to give a constant « here, independent of the
instance. However we keep open the option of scaling the approximation
ratio with the instance size, since there are approximation problems where
this is necessary (under P#£NP) if one wants to obtain polynomial run times.
For the more usual case of a constant « we refer to it as the approrimation
factor or approximation ratio of the algorithm.

This definition conforms broadly to the basic intuition of approximation
that one might have, and it is by far the most popular way of considering it,
at least in the context of algorithm design. It is however worth noting that
there is an alternative approach using the idea of reducing an optimization
problem to a collection of decision problems can also be used, and it has
been a very fruitful approach in studying the hardness of approximation.
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Definition 2.5 (Alternative). For an optimization problem with underlying
language L and a function o : L — R, a a-approxzimation Algorithm reports

e for a word z € L, that € Ly (s).,
o for a word © € Ly (). that @ & Lo(y).c,
o for a word € La(z).c \ Le © € La(g).c OF & & Lo(g).c-

This might appear to be a slightly odd definition, in particular the al-
gorithm might make incorrect assertions about membership in x € Lq(y).c.
It is useful to imagine that the algorithm is in some way promised that it’s
input is going to be either in L. or not even in & € Ly(y).c, and that it only
needs to distinguish these two settings. If that promise is broken then, the
algorithm is free to report whatever it wants.

This point of view of approximation as distinguishing between being in
a language or being “very far” from the language has seen very nice recent
advances, for example in the context of PROMISE CONSTRAINT SATIS-
FACTION PROBLEMS |14} [15, |16} [17]. So while we will rely on the more
“traditional” definition, this is a viewpoint worth keeping in mind.

Hardness of Approximation

Let us also briefly touch upon the complexity theory for approximation
algorithms. Such a discussion will almost necessarily have to be surface
level, lest we be swallowed in an extremely deep field in its own right.
However we will occasionally need to make use of some of its results, so we
shall at least take a look at the basics.

To understand that some problems can not allow polynomial-time -
approximation algorithms for arbitrarily small values of « it suffices to take
a look at, for example, the BIN PACKING problem:

Given a set of items xy,...,2z, € [0,1] we want to find the smallest
number of bins B; C {1,...,n} such that every item is in some bin, i.e. we
want that | B; = {1,...,n}, and every bin contains items of total volume at

most 1, meaning » jen, Tj < 1. The objective function here is the number
of bins. In particular this means that the objective function is discrete.
However because of this any a-approximation algorithm with o < % will be
able to distinguish whether a given instance can be packed into two bins,
or if at least 3 bins are needed. Since this solves PARTITION it is (weakly)
NP-hard to compute a better-than-(3/2)-approximation for BIN PACKING.

However these kind of ad-hoc reductions to NP-complete decision prob-
lems are severely limiting in proving hardness of approximation for some
problem. Thus much of the theory instead relies on one of the cornerstone
results of theoretical computer science, the PCP-theorem [18]. On possible
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viewpoint of this result is that it shows NP-hardness for a-approximately
maximizing the number of satisfied clauses of some constraint satisfaction
problem (CSPY) for certain values of .

This beautiful result then is the source for a lot of the known hardness-
of-approximation results, and we shall rely on it ourselves to derive some
results in this thesis (see section . In spite of this it is perhaps viewed
as a bit arcane by many researchers in algorithm design. So if nothing else let
this serve as a invitation to read Irit Dinurs new proof of the PCP-theorem
which is thoroughly enjoyable [19).

The Algorithm of Christofides-Serdyukov

We now turn to a concrete example of an approximation algorithm which
we anyways need again. The TRAVELING SALESPERSON PROBLEM asks
us to compute a shortest route for some salesperson that wants to visit a
collection of cities and finally return to their starting point. More formally
we are given a metric space (X, d) consisting of a finite set X representing
the cities as well as distances d : X x X — R, between the cities fulfilling the
triangle inequality, i.e. for all z,y,z € X we have d(x, z) < d(x,y) +d(y, z).
We are then asked to compute a ordering x4, ..., x,, r,11 = 21 of the points
in X that minimizes the tour length, expressed as

Z d(%;, Iiﬂ)-
i=1

The TSP is among the original list of 21 NP-hard problems put forward
by Richard Karp in 1972 |4]. It is thus unlikely that there exists an algorithm
with polynomial run time that solves arbitrary instances of TSP in time
bounded by a polynomial in |X|. Under the stronger assumption of the
Exponential Time Hypothesis (ETH) it can even be shown that TSP cannot
be solved in time 20D [11]. Even when relaxing the requirements to only
computing an a-approximation the problem is known to remain NP-hard
for o < 123/122 due to Karpinski et al. |20].

However the TSP is also host to one of the most well-known approxima-
tion algorithms, independently developed by Nicos Christofides and Ana-
toly Serdyukov in the late seventies |21}, 22]|. It exploits a way to represent
the tours of a metric space (X, d) not as an ordering of the vertices, but
as a connected Eulerian multigraph G = (X, E). The visitation order of
the vertices when traversing an Eulerian tour of G will give a tour of the
metric space, and any tour {x1,...,Z,,1} can then be represented as the
graph (X, {{z1, 22}, {2, 3},...}). This representation as a graph allows

40n may for simplicity imagine here that a CSP is a generalized kind of satisfiability
problem.
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us to separate the TSP into two much easier problems; computing a graph
that is connected, and making sure that it is Eulerian.

To ensure connectedness the algorithm of Christofides-Serdyukov starts
by computing a spanning tree 7" of minimum weight for (X, d), where we
interpret a metric space as a weighted complete graph on X with edge
weights w({v,w}) := d(v,w). Since every optimal TSP-solution Gppr con-
tains a spanning tree of (X, d) after deleting at least one edge we know
that U}(T) S w(E(GopT))

We can then extend this tree T" to be Eulerian by collecting all vertices O
of odd degree in T" and computing a perfect matching M of minimum weight
with respect to d between them using the algorithm of Edmonds [23]|. The
graph (X, E(T)UM) is then connected and Eulerian by construction, and
the weight of the T is at most that of an optimal tour. To bound the
cost of the M we can observe that every TSP-tour contains two disjoint
matchings for every even-cardinality set A of vertices by ordering them
as A = {ai,...,ax} in the order that they appear when traversing the tour,
and then taking either {1, 2o}, {3, 24}, ... or {zg, 23}, {z4, x5}, ... {xk, 21}
as the matching. Since the optimal solution is at least as long as two
disjoint matchings of O the minimum-cost matching M has weight bounded
by 2w(E(Gopr)), allowing us to conclude w(E(T)UM) < 3/2w(E(Gopr)).

This seemingly simple algorithm has nonetheless been the best polyno-
mial time approximation algorithm for the TSP for 40 years and has only
very recently been surpassed by a polynomial-time (3/2—10%)-approximation
due to Karlin et al. [24, 25|, and even then their algorithm is still a (highly
non-trivial) version of the same basic template where we compute separately
a spanning tree and a matching. In spite of this slow progress it is widely
believed that the TSP should admit a 4/3-approximation, and there has
been considerable effort towards proving this [26, 27, 28].

In the meantime the study of such routing problems has branched out
considerably with extensions to settings where we want multiple tours to
cover the metric space jointly |29, 30, |1], we want a path instead of a cycle
[31], or we make some special demands on the metric space such as being
euclidean [32] or being the shortest-path metric of an unweighted graph [33].
It is to one of these special settings that we now turn to.
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Approximating Multi-TSP

Based on joint work with Max A. Deppert and Matthias Mnich [34].

The previously described TRAVELING SALESPERSON PROBLEM represents
an important algorithmic primitive, but it is not usually very adept at mod-
elling the practical concerns of visiting some collection of places in an op-
timal order. In most practical circumstances where large routing problems
have to be solved there will be more than one agent expected to fulfill the
routing requirements. Otherwise, at least for physical agents, the instance
size will necessarily be limited.

This observation gives rise to so-called MULTI-TSP (MTSP). Here we
are given a complete graph G on n vertices together with non-negative
edge weights w : E(G) — Ry and a target number k, and we seck a
collection of cycles C1, ...,y who jointly cover all vertices of G such that
the total sum of edge weights used in those cycles is minimized. There are
then many variations on this basic problem framework which either make
some additional demands on the nature of the cycles, or adapt the objective
function.

A popular direction here is to consider not the sum of all of the edge
weights, but rather the length of the longest cycle in the solution. Relatedly
we might bound the length of the cycles instead of their number and seek a
solution covering all vertices with the fewest cycles. This kinds of problems
are then usually referred to as some kind of VEHICLE ROUTING PROBLEM
(VRP), and enjoy extensive study in their own right.

However they have a very distinct flavour from MTSP, in that the diffi-
culty for MTSP is more in the sequencing problem that arises for the vertices
of each cycle. Meanwhile the difficulty for VRP stems heavily from the need
to partition the instance into roughly equal parts. Thus VRPs typically en-
code BIN PACKING problems very easily and become increasingly difficult
to solve as the number of allowed subtours rises. The same behaviour is not
known for MTSP, and it might well be possible that MTSP is not harder
than TSP. Recent work in this direction was done by Traub et al. [35],
who were able to give an approximation ratio preserving (up to some ¢)
reduction to TSP for problems of this type, including MTSP. However the
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reduction requires an additional overhead of |V|°®) where k is the number
of cycles requested. It is not known that this is overhead is necessary.

In the direction of MTSP itself one of the earliest examples of work is
by Frieze [29], who studied the case where all salespeople start at some
depot, i.e. there is a special vertex d in the graph such that every cycle C;
contains d. On its own, this just reverts to the normal TSP by noting
that the union of all the C; gives on single tour through the graph (after
possibly shortcutting). Meanwhile any solution to TSP can be padded with
empty cycles to give a solution to this variant. To create a distinct problem
then it is additionally necessary to demand that every C; has length at
least 3. For this variant Frieze was able to give a (3/2)-approximation
in polynomial time, i.e. he could essentially maintain the algorithm of
Christofides-Serdyukov for this additional constraint.

Another natural extension of this question is to consider a set D C V(G)
of depots such that every cycle must contain at least one of them, a variant
known as MULTI-DEPOT MULTI-TSP (MDMTSP). In this way we can for
example represent the fact that a company might have multiple fulfillment
centers from which it wants to service its customers. This problem for-
mulation is the backbone for many practical applications in the routing of
personnel or vehicles to job sites |36} 37]. It is on this problem that we will
focus our attention.

Formally we will consider that the MDMTSP takes as input a complete
graph G on n vertices together with metric edge weights w : E(G) — Ry,
as well as a set D C V(G) of d = |D| depots and an integer m > 1 denoting
the number of salespersons available. Now again we are seeking a set of m
pairwise edge-disjoint cycles C', ..., C,, in G whose union covers all vertices
of the graph and such that the sum of the weights of the cycles is minimized,
but in addition each cycle must contain some depot from D. Such set of
cycles is an optimal solution for the MDMTSP instance, and we will denote
the value of some optimal solution by OPT(G, D, w) (or simply OPT if the
instance is clear from the context).

For our purposes we will assume that m = d, i.e. that there is one agent
per depot, and we allow the C; to be empty. This assumption is made for
the following two reasons: on the one hand, the case m > d is negligible as
the objective function (the total weight of all tours) is invariant for multiple
tours starting from a single depot (if weights satisfy the triangle inequality,
it is easy to show that there is always an optimal solution in which at
most one route will start and end at each depot). On the other hand, in
the case m < d we can try each selection of d = m depots by paying a
multiplicative factor of (i) in the run time only. Since we will work in a
fixed-parameter tractability regime with respect to d, this additional run-
time cost is negligible. Thus, any instance of metric MDMTSP is specified
by a triple (G, D, w), where G is a complete graph on n vertices, D C V(G)
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is the set of depots, and w : E(G) — R is a metric.

The polynomial-time approximability of metric MDMTSP is not cur-
rently well understood. Clearly it is at least as hard as TSP, but it is not
clear how much harder it is, if at all. The added complexity arises from the
fact that we not only have to give a good order in which to visit vertices
but we also have to partition the vertices appropriately.

In particular there exists a variant of the Christofides-Serdyukov algo-
rithm |21} [22] for MTSP and MDMTSP, but it no longer yields a (3/2)
approximation in this setting. This extended algorithm initially computes
not a minimum spanning tree, but a k-component forest F' of minimum
weight, possibly such that each component contains at least one depot.
Such a structure is called a constrained spanning forest (CSF). This span-
ner F'is then extended by a matching J between all its odd-degree vertices,
thus yielding an Eulerian graph where every connected component contains
a depot.

The original analysis of Christofides’ and Serdyukov’s algorithms here
relies on all odd-degree vertices of the spanner F' lying on the same tour, so
a parity-correcting edge set J can be computed that weighs at most % OPT.
This argument fails in the setting of multiple subtours, so in polynomial
time we can currently only get an approximation guarantee by using the
spanner F' for J also, thus reverting essentially to the tree-doubling heuristic.
This only achieves a tight approximation ratio of 2 — é for the multi-depot
setting, as shown by Xu et al. [1] (see Figure for a version of their
lower-bound example), because the matching can have weight % OPT.
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Figure 3.1: An instance on which Algorithm [1] achieves approximation ratio
arbitrarily close to 2. Square vertices are depots and all edges have unit
weight. Dashed edges indicate a tour of length d, dotted edges a minimum
CSF with weight d — 1 that requires a join of weight d — 1 to complete.

Similarly, the algorithmic approaches to metric TSP based on solving a
linear program (LP) are also unlikely to give a-approximation algorithms
with o < 2 for metric MDMTSP. To this end, consider the following multi-
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depot version of the subtour-elimination LP, MDMTSP-LP}

minimize E Wele

e€E(G)
subject to Z Te =2, VoeV(G)\ D
e€d(v) (MDMTSP-LP)
> xm>=2  VUCV(G)\D
ecé(U)
z. € [0,2], Ve € E(G)
The following construction in Figure [3.2] shows that MDMTSP-LP] has

integrality gap 2:

Figure 3.2: An instance on which the multi-depot subtour-elimination LP
has integrality gap arbitrarily close to 2. The square vertices are the depots
and all edges have unit weight. The dashed edges are assigned z. = 0.5
by the LP, the other edges . = 1. The LP then has optimum value at
most ¢ + 6, whereas the MDMTSP has optimum value 2(¢ + 4).

To improve the approximation guarantee beyond 2 it is then perhaps
necessary to relax the requirement of polynomial run time. Xu and Ro-
drigues [1] show how to obtain a (3/2)-approximation, at the cost of needing
time n®@ which is polynomial only if the number d = |D| of depots is con-
stant. Another (3/2)-approximation for MDMTSP with run time n®@ fol-
lows from the recent work of Traub, Vygen and Zenklusen [35]. They in fact
show the much stronger result that any A-approximation algorithm for met-
ric TSP also gives a (A + €)-approximation algorithm for metric MDMTSP
with an additional run time factor of n®@#) . Using the recent improve-
ments in the approximability of TSP in polynomial time due to Karlin et al.
[24] this does in fact give an (3/2 — ¢)-approximation in XP time for some
very small €. Beyond these algorithms the state-of-the-art for MDMTSP is
that no a-approximation is known for MDMTSP for any absolute constant
o < 2 which runs in time n¥®.

3.1 Overview of Results

Our main result is a better-than-2 approximation algorithm for metric MUL-
TIPLE TSP on d depots with fixed-parameter tractable run time.
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Theorem 3.1. There is an algorithm that for any given € > 0 computes in
time (1/£)0(d18d).nO00N) g tour T' for any set of n cities with metric distances
and d depots. The algorithm is randomized, and with constant probability
the length of the tour T is at most (3/2+¢) - OPT.

This result significantly improves on the previously best run time n®@

by Xu and Rodrigues [1] at the cost of some small additive ¢ in the approx-
imation factor.

To break through the barrier of 2 on the approximation ratio, we need to
rework the initial spanner F' to be “correctly aligned” with the optimal solu-
tion so that each subtour contains an even number of odd-degree vertices, as
initially proposed by Xu and Rodrigues [1]. We show that an approximate
reworking can be done in time f(d,¢) - n®®" for some suitable function f,
resulting in a (3/2 4 ¢)-approximation. To this end, firstly, we give a reduc-
tion of metric MDMTSP to a related routing problem which is known as the
RURAL POSTPERSON PROBLEM (RPP). In the RPP, we are given an edge-
weighted graph G and a set R of required edges, and are asked to compute a
minimum-weight edge set F' such that RUF is connected and Eulerian. Our
reduction reveals an approximation algorithm with run time O(n® + t) to
compute solutions no worse than 2 OPT +3w(T'), where w(T) is the weight
of a single-person TSP tour 7" through the depots and ¢ denotes the time to
compute 7. Then we use a randomized algorithm of Gutin et al. [38] for the
RPP, and an approximate weight reduction scheme of van Bevern et al. [39],
to construct a (1 + ¢)-approximation algorithm for a variant of RPP with
depots.

We are then in a position to speed up the reworking of the initial spanner
due to two key insights. Firstly, we allow for some misalignment to remain,
as long as it is only due to the presence of some light edges, limiting the
number of edges we have to consider for removal from F. Secondly, we
employ the constructed approximation algorithm for the RPP to complete
our now disconnected spanner to a tour. Doing this provides a large speedup
over the algorithm of Xu and Rodrigues, who first need to guess a set of edges
to reconnect their spanner, and then employ a matching algorithm to obtain
a tour. Using the RPP allows us to do both of these steps simultaneously,
and considerably faster.

An important special case of metric TSP is when the metric w is induced
by the shortest paths in a graph. This version is also known as GRAPHIC
TSP, and has been studied extensively from the perspective of approxi-
mation algorithms [40] 33]. For MDMTSP on graphic metrics, we obtain
a deterministic algorithm with slightly better approximation factor and a
reduced run time.

Theorem 3.2. There is an algorithm that, given any graph G on n vertices
and set D C V(G) of d depots, in time 2¢-n°Y) computes a tour T of length



20 Chapter 3. Approximating Multi-TSP

at most % -OPT.

Finally, we will also be able to transfer these techniques back to the
original setting of MTSP, i.e. we can drop the requirement of fixing every
tour to some depot, instead covering the graph with k arbitrary cycles.

3.2 Formal Problem Statement

Let U be a finite universe. For a weight function w : &Y — R and a mul-
tiset U C U we write w(U) to mean ) ., w(u), where the sum has an
additional summand for each copy of an element in U, i.e. it considers mul-
tiplicities. The disjoint union | J;A; of some sets {4;}; is considered to be
the multiset of all items in the collection. For brevity we often write 2A to
mean A U A.

Definition 3.1. An instance (G, D, w) of metric MDMTSP consists of a
complete graph G, aset D C V(G) of d depots, and a metric w : E(G) — R
on V(G). A multiset of edges T' C E(G) is called a tour of (G, D,w) if

(P1) the multigraph (V(G),T') has even degree at every node in V(G),

(P2) and each connected component of (V(G),T) contains at least one
node from D.

We denote by OPT(G, D, w) the minimum weight of any tour of (G, D, w).
If the instance is clear from the context, we may only say OPT.

Edge sets are generally allowed to be multisets, and graphs can have
parallel edges.

Imitating the general framework of Christofides-Serdyukov |21, 22|, we
first compute an edge set F', called a CSF, that ensures the connectivity
property We then compute an additional set of edges J such that F'U.J

has property (P1)]

Definition 3.2. Let G be a graph and let D C V(G). A Constrained
Spanning Forest in (G, D) is a set F' C E(G) of edges such that the graph
(V(G), F) is acyclic and every connected component of (V(G), F') contains
at least one node from D.

We will make use of the following result.
Theorem 3.3 (Rathinam et al. [36]). Given any graph G on n vertices and

m edges with weights w : E(G) — R and a set D C V(G), a minimum-
weight CSF of (G, D,w) can be computed in time O((n 4+ m)logn).
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Proof. The computation of a minimum-weight CSF for (G, D,w) can be
reduced to computing a minimum-weight spanning tree in a graph G’ with
edge weights w’. The graph G’ is obtained from G by adding a single root
node r connected to every depot by an edge of some weight less than the
weight all other edges in G. Kruskal’s algorithm is guaranteed to choose
these edges for the minimum-weight spanning tree in (G',w’), and after
removing r we are left with a minimum-weight CSF for (G, D, w). O

Proof. For an alternative proof one can also see that the collection of all
edge sets which contain neither a cycle nor a path between two depots
forms a matroid over the universe E(G). The cycles of this matroid are
then precisely the cycles and the inter-depot paths in G.

It is well known [41] that a collection C of subsets of some universe is
the cycle set of a matroid if and only if for any two cycles C1,Cy € C and
any element x € C1 N Cy we find some C' € C such that C' C C; U Cy \ {x}.
For this case of cycles and inter-depot paths this property can be quickly
verified, thus witnessing that the given structure is a matroid. Indeed to
check this property it is enough to consider that, after contracting all depots,
the cycles of this matroid all become proper cycles of the resulting graph.
So the cycle set here is just the cycle set of the graphic matroid of G/D. O

The second proof here might look a bit more complicated than is nec-
essary, but it is useful to keep in mind, since this allows the application
of other more advanced techniques such as optimization over the intersec-
tion of matroids. This is in some way what the algorithm of Frieze [29|
does to find k£ non-empty tours, so if one wanted to recover his result for a
multi-depot setting, this second proof is in fact more useful.

To obtain property one traditionally computes a minimum-weight
matching on the odd-degree vertices of the CSF, as in Algorithm[I} However,

Algorithm 1: MULTI-DEPOT CHRISTOFIDES-SERDYUKOV

Input: A metric MDMTSP instance (G, D, w).
Output: A tour 7" with w(7T") < 20PT.
1 Compute a minimum-weight CSF F for (G, D, w);
2 Let U be the set of vertices with odd degree in F

3 Compute a minimum-weight perfect matching M in G[U];
Result: T:= FUM

this algorithm only achieves a tight approximation ratio of 2 — Cll for the
multi-depot setting, as shown by Xu et al. [I] (see Figure 3.1)), because the
matching can have weight d%.ll OPT. To avoid such an expensive matching,
the constrained spanning forest needs to be rearranged such that there is
again a matching of weight % OPT, as in the work of Xu and Rodrigues [1].
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3.3 Reducing MDMTSP to RPP

In this section we show a reduction from the metric MDMTSP to the RPP.
Recall that in the RPP there is a required set R of edges that a tour should
traverse, rather than a set of vertices.

Definition 3.3 (Rural Postperson Problem). An instance (G, R, w) of RPP
consists of a graph G, aset R C E(G) of required edges, and a metric weight
function w : E(G) — Rs. A solution is multiset J C FE(G) for which
(V,R U J) is Eulerian, and which has only one non-singleton connected
component.l] The weight of a solution J is w(J) = >, ., w(e). The goal
of RPP is to compute an optimal solution, which is a solution of minimum

weight OPT(G, R, w).

There is a polynomial-time approximation algorithm for RPP [42, 43|
which computes a solution J C E(G) such that w(RU J) < 3w(RU J¥),
that is we get w(J) < 3 OPT +3w(R), where J* is some optimal solution.
Due to the first inequality and the unavoidable weight of R, the algorithm is
often referred to as a (3/2)-approximation for RPP. That is, we consider the
weight of OPT to be the whole tour, rather than just the part computed as
a solution to the problem. In that way there is an additional cost of fw(R)
that can be paid.

A similar approximation can also be obtained for metric MDMTSP,
where we can provide a (3/2)-approximation if we allow for some addi-
tional additive term. This observation motivates the following reduction
from metric MDMTSP to RPP.

Observation 3.1. For each instance (G, D,w) of MDMTSP there is an
instance (G', R,w'") of RPP such that any solution to the RPP instance
can be transformed in polynomial time into a solution to the MDMTSP
instance of the same weight.

Proof. First, compute any TSP tour S on the depots in G, that is, on G[D].
Then, for each node v € V' \ D, introduce a second node v', as well as an
edge e, = {v,v'}, and set its weight to w’(e,) = 0. For each edge ¢ € E(G)
set w'(e) = w(e), and set R to be the union of S and two copies of each e,.
The any solution to the constructed instance of RPP corresponds to an

MDMTSP tour for (G, D, w) of the same weight. O

Notice that this reduction, together with the (3/2)-approximation for
RPP, allows us to compute a solution to MDMTSP whose total weight is

!This means that vertices not incident to any edge from R do not need to be visited
by the computed tour. For metric weight functions, however, one can always reduce to
the case where R spans G.
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bounded by %OPT +%w(S ). In particular, if all depots are pairwise close
to each other this is already a better-than-2 approximation.

In Section [3.5) we will in some sense show a stronger result that there is
also a (Turing) reduction from MDMTSP to the special case of RPP where
the graph (V, R) has few connected components, which has been shown by
Gutin et al. to be tractable [38]:

Proposition 3.1 (Gutin et al. [38]). There is a randomized algorithm for
RPP that for any instance (G, R, w), where (V(G), R) has k connected com-
ponents and w takes only integer values, in time 2°%) (n+OPT(G, R, w))°W
produces a solution. With constant probability, the computed solution is op-
timal.

However, as our reduction is only (1 + ¢)-approximate with respect to
the solution qualities, and needs time exponential in d and ¢, we need to
remove the polynomial dependence on OPT(G, R, w) in Proposition [3.1]
To this end, we will adapt an approximate weight reduction scheme by van
Bevern et al. |39):

Lemma 3.1 (van Bevern et al. [39, Lemma 2.12|). Let (G, R,w) be an
instance of RPP with integral weighs, fiz some € > 0, and define the max-
imum weight as f = max{w(e) | e € E(G)}. Then in polynomial time we
can compute a weight function w' : E(G) — Nxq such that

e max{w'(e) | e € E(G)} <2|E(G)|/e,

e and for all a > 1, any J with w'(J) < a OPT(G, R,w") also fulfills
w(J) < aOPT(G, R,w) + €08, as long as J contains at most two
copies of each edge.

Proof. The rounding scheme simply sets w'(e) := |w(e) - 2'5—(5)” for each
edge e of G. This yields the first condition, by definition. For the second
condition, observe that for any J we have

z’:‘-ﬁ / 5'6 / 5'5

g B /
< s s

1< s +eB

Hence, the two weight functions are equivalent up to scaling by a constant
and the addition of at most /. m

Notice that the restriction on J having at most two copies of each edge
is never a problem: whenever a solution to the RPP has three or more copies
of one edge, we can delete two of them to obtain a cheaper solution.

We will combine Proposition and Lemma to obtain an approxi-
mation for k-component RPP whose run time does not depend on OPT.
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Corollary 3.1. There is a randomized algorithm that, for any € > 0, in
time 2% (n + 1Y°W computes a solution J for any instance (G, R,w) of
RPP where (V(G), R) has k connected components. The computed solution
J has the property that, with constant probability,

w(J) < OPT(G, R,w) + emax{w(e) | e € J* U R},
where J* is some optimal solution to the instance.

Proof. We first guess the weight 3 of the heaviest edge in J* U R, where J*
is some optimal solution. There are only |F(G)| options, so the guessing
generates only polynomial overhead. All edges that are more expensive
than  can be removed from the instance to get some graph G’. Now we
apply Lemma|3.1]to get an instance with weights w’ bounded by 2|E(G)|/e
and use the exact algorithm from Proposition to get a solution J to
(G’, R,w') in time 2°® (n + 1) From Lemmm with a = 1 we know
that

w(J) < OPT(G, R,w) +¢f < OPT(G, R,w) + e max{w(e) | e € J* U R},
which proves the claim. O

We will be using this algorithm to complete partial solutions to instances
of MDMTSP. We will need only a slight modification that allows for the
presence of depots as follows.

Definition 3.4. An instance (G, D, R, w) of the DEPOT RURAL POSTPER-
SON PROBLEM (DRPP) consists of an RPP instance (G, R, w) and some de-
pots D C V(G). A solution to an instance of DRPP is a multiset J C E(G)
such that (V, RU J) is Eulerian and each non-singleton connected compo-
nent of (V, R U J) contains at least one depot. The weight of a solution J
isw(J) =) .., w(e). The goal is to compute an optimal solution, which is
a solution of minimum weight OPT(G, D, R, w).

The depot version DRPP can be reduced to the RPP quite easily.

Corollary 3.2. There is a randomized algorithm that computes for any
instance (G, D, R,w) of DRPP where (V(G), R) has k connected components
and any € > 0, in time 2°K8M) (n 4 1)OW ¢ solution J such that, with
constant probability, w(J) < (1+¢) OPT(G, D, R, w) + cw(R).

Proof. Note first that each connected component of (V(G), R) can be as-
sumed to contain at most one depot, so |D| < k. Some optimum solution J*
induces a partition of the connected components of (V(G), R) where each
partition class corresponds to those components connected to some specific
depot. There are at most |D|* € 20(F1°8%) possible partitions, so we can try
each partition, solve the regular RPP instance on each of the | D] classes of
the partition using the algorithm from Corollary [3.1] and return the best
solution we found. ]
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3.4 Intuition for the Algorithm

The algorithm of Xu and Rodrigues |1| executes, at a very high level, the
following steps:

1. Compute a minimum-weight CSF F' for (G, D, w).

2. Guess a set X of at most |D| — 1 edges such that they are in F' but
not in some fixed optimal tour 7.

3. Discard the guessed edges X from F. This leaves at most 2|D| con-
nected components in (V, F'\ X). If we have guessed correctly, every
subtour of T" now contains an even number of odd-degree vertices.
There must exist some edges A from T such that (F'\ X)UA is a CSF
for (G, D) with w((F\ X)UA) < w(T). The value |A| is at most |D|,
so we also guess A.

4. Since A contains only edges from T, every subtour of 7' still contains
an even number of odd-degree vertices with respect to (V, (F\ X)UA).
If we compute an odd-join J for (F'\ X)U A, we have w(J) < £ OPT,
so return ((F\ X)U A) U J.

Since the algorithm needs to guess 2|D| edges in total (in step 2), it can
be implemented in time n®®¥. We modify this guessing step by considering
for discarding (in step 3) only very heavy edges, and by sidestepping the
guessing of A; instead of computing first a connected structure and then a
join we do this simultaneously, using the algorithm for RPP. Specifically:

e In step 2, we only consider edges that are very expensive relative to the
total weight of the forest F'. If the targeted edge e is not in this collec-
tion, we do not delete it but instead use it as part of the augmenting set
A, doubling the edge. This will also fix parity, but requires us to relax
the original w((F\ X)UA) < w(T) tow((F\X)UA) < (1+&)w(T).
The € can be controlled by how expensive relative to F' we allow these
non-deleted edges to be.

e In step 3, we do not actually guess A, we merely use its existence.
We instead solve an instance of DRPP with at most 2d connected
components for which A U J is a solution. Using the algorithm from
Corollary we can compute a (1 + ¢)-approximation for the DRPP
in time f(d,e) - n®Y. We use the solution J’ as a replacement for
AU J knowing w(J') < (1 + e)w(AU J). Combining inequalities for
J and F gives:

w((F\X)UJ) < (1+aw((F\X)UA)UJ) <1 +€);OPT .

An illustration of the augmentation scheme can be found in Figure 3.3
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Figure 3.3: Illustration of the augmenting edges explored by our algorithm.
Blue solid edges represent a CSF, dashed red edges an optimal tour. Note
that the tours of dy and d3 have an odd number of vertices with odd degree
in the CSF. Our algorithm considers two options to remedy this. We either
add two copies (green, dotted) of the edge e to the optimal tour, if e is
considered to be light enough. This joins the tours of ds and ds to a single
tour with an even number of odd-degree vertices. If e is considered too
heavy for this, we remove e from the CSF and replace it with the edge é
(black, dotted). As é comes from the optimal tour, this keeps the weight of
the CSF below OPT and it fixes the parities.
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3.5 Towards Faster Parity Correction

In this section, we give a formal version of the algorithm described in the
previous section, which we state as Algorithm [2l We prove this algorithm
to be a (3/2 + O(e))-approximation for metric MDMTSP in Theorem [3.4]
We will restate and reprove some of the results of Xu and Rodrigues [1]
to ensure completeness of the presentation and to integrate properly our
changes to their algorithm.

To this end we will now fix some notation throughout this section.
Let (G, D,w) be a metric MDMTSP instance with D = {d;,...,d}, an
optimal tour 7', and the minimum-weight CSF F' for (G, D, w) that was
computed Algorithm [ We denote by T; be the connected component
of T containing d;, by F; the subtree of F' containing d;, and U; the set
of vertices in T; that have odd degree with respect to the edges in F. We
take U = |, U;.

By minimality of F', we already know that w(F') < w(T) = OPT. To
extend £’ to an MDMTSP tour, we try to compute a minimum-weight match-
ing between the vertices in U. It is a standard argument from the analysis
of the Christofides-Serdyukov algorithm that if |U;| is even, T} contains two
disjoint matchings for the vertices in U;. So if every U; has even cardinality,
then any minimum-weight matching has weight at most %OPT. But this
is not the case, since a tree F; might contain vertices from many different
tours, so the odd-degree vertices are distributed arbitrarily. To record this
“misalignment” between the trees and subtours we introduce the concept of
an alignment graph.

Definition 3.5 (Alignment Graph). The alignment graph H for (G, F,T)
is constructed as V(H) = D, and

E(H)={{d;,d;} | 3eec Fst. |lenV(L)|=enV(T;)| =1} .
We also define a weight function wy : F(H) — R, as
wy((d;, d;)) := min{w(e)|le € F, |V(T;) Ne| = |V(T;) Ne| =1} .

In the following, we assume that H is connected, otherwise the analysis
holds independently for each connected component.

Now we take D,qq to be the collection of depots d; for which |U;| is odd,
and Ag to be any Dygq-join in H. The join Ay can be used to augment
the original tour 7" to be connected. To do this we transfer the join to the
original graph to ensure that it contains a “cheap” matching.

For every edge e = {d;,d;} € E(Ap), pick an edge in ¢ € E(F)
with w(é) = wy(e) and |eNV(T;)| = |eNV(T};)| = 1. Denote by A the col-
lection of these é. Observe that every node in T'U 2A has even degree, and
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every connected component of the graph contains an even number of vertices
from U. Hence, there exists a U-join J in G with w(J) < Jw(T U 24).

Now notice that, if the edges in A have weight at most cw(F'), this
inequality yields that Algorithm [I] already achieves a good approximation
ratio, specifically

1 3
w(F) +w(M) <w(F)+w(J) < (1+e)w(F) + §w(T) < (5 +e)w(T) .

Based on this observation, we are willing to augment 7" with low-weight
edges from F' to find a low-weight matching. Therefore, we need to distin-
guish between heavy and light edges.

Definition 3.6. Let ¢ > 0. An edge e € F is e-light if w(e) < § - w(F);
else, it is e-heavy.

With this distinction in place, we try to replace the e-heavy edges in A
with some other edges from T'.

Lemma 3.2 (compare [1, Section 2]). Let X C A. Then there exist a set
of edges A C E(T') such that (F\ X)U A is a CSF for (G, D) and we
have w((F\ X)UA) < w(T).

Proof. Consider the forest I’ obtained from T by removing exactly one edge
from each subtour. F’ contains only edges from 7', so it is disjoint from X.
By a standard matroid exchange argument, for each e € X thereisa é € F’
such that F' — e + é is a CSF and w(e) < w(é). This process can then be
iterated to remove all of X. The collection of these é is A, giving

w((F\ X)UA) <w(F") <w(T).
O

This process of replacing augmenting edges from A with edges out of T'
also fulfills the key goal of putting an even number of odd-degree vertices
into every connected component of some augmented MDMTSP solution.
Consider the following lemma, which is in substance a version of a statement
by Xu and Rodrigues [1, Theorem 2.

Lemma 3.3. Let A, X, A be as in Lemma . Then every connected com-
ponent of T'U (A\ X) contains an even number of vertices that have odd
degree in (F'\ X)U A.

Proof. Notice first that the connected components of T'U (A \ X) are the
union of some of the subtours of 7. Since the edges in A belong to some
tour, adding them to F'\ X flips the parity of the degrees of two vertices
on the same tour, so the total parity of odd-degree vertices on that tour
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Algorithm 2: EXTENDED MULTI-DEPOT CHRISTOFIDES-
SERDYUKOV
Input: A metric MDMTSP instance (G, D, w) and a parameter
e > 0.
Output: A tour 7" such that w(7T") < (3/2 4+ ¢) OPT with constant
probability.
Compute a minimum-weight CSF F for (G, D, w);
Let T be the currently best MDMTSP solution, initially 2F;
Let Y be the set of edges in F' which are e-heavy;
foreach X CY, |X| < |D| do
F':=F\X;
If (V, F') contains singleton vertices, attach to each a new
vertex with two parallel edges of length O ;
7 Compute a solution M for the DRPP instance (G, D, F’', w)
using Corollary ;
8 | if w(MUF')<w(T)then
‘ set T = MUF";
10 end

(<IN~ SR VLR VR

11 end
Result: T

does not change. We can therefore restrict ourselves to considering the
odd-degree vertices with respect to F'\ X.

Recall that originally A was constructed from a Dgygqq-join Ag in the
alignment graph H. So X corresponds to some edge set Xy C Apy, and we
know that Ay \ Xy constitutes an (Doaa AlJ,c XHe)—join, where A denotes
the symmetric difference. For multisets, the symmetric difference of some
sets contains an item if and only if it is contained an odd number of times
in their disjoint union. At the same time, removing an edge e € X from F
with corresponding {d;,d;} € Xy changes the degree of one node in V(7;)
and one node on V(7). So, the depots whose tours contain an odd number
of odd-degree vertices with respect to F'\ X are precisely (DOddAUee X €)s
so Ay \ Xy joins them correctly. O

We are now ready to prove that Algorithm [2| returns a (3/2 + O(¢))-
approximation, with constant probability.

Theorem 3.4. The tour returned by Algorithm [2 has a weight of at most
(3/2+ O(e)) OPT, with constant probability.

Proof. Set T" to be the tour returned by the algorithm. Notice that this
is indeed a tour, since there are no singleton vertices due to line [0} i.e.
every connected component will contain a depot. The added vertices and
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edges in line [6] also do not change the solution value, so we may ignore
them for the rest of the analysis. Now let A be the augmenting edge set
for some optimal tour as before and X the set of e-heavy edges in A. We
look at the iteration of the algorithm where that X is considered for re-
moval. From Lemma we know that there exists some edge set A with
w(F\ X UA) < OPT and Lemma implies that there is an edge set J
such that F\ X U AU J is Eulerian, contains a depot in each connected
component, and w(.J) < sw(T'U (A\ X)). Therefore, AU J is a solution to
the DRPP instance (G, D, F',w). Hence, the M computed in the algorithm
fulfills w(M) < (14 e)w(A U J) 4+ ew(F’). Putting all these inequalities
together yields

w(T') =w(M) +w(F\ X)

(w(F) = w(X) +w(A4)) + (%(W(T) +w(A\ X)) + e(w(A) +w(J) +w(F))
(T) + 3@(T) +d- Sw(F) + =(w(A) + w () + w(F))

w(T) + 4ew(T),

IN A

IN
ol w 8

where we use that A\ X contains at most d edges, and all of them are
e-light. [

Notice that this algorithm will give a (3/2 + €)-approximation when
called with £/4 as the parameter of approximation. The additional run
time cost will vanish in the O-notation. The probability of success for this
algorithm is the same as that for the algorithm in Proposition [3.1} Notice
that while that algorithm is called many times, we only need it to succeed
for one specific choice of X. If it fails in one of the other attempts, we do
not care.

It remains to analyze the run time of this algorithm. We see that Y,
the set of e-heavy edges, has size at most g, so there are only (g)d possible
values for X to be tried. Note also that each loop iteration requires the
approximate solution of a DRPP instance with O(d) components which can
be done in time 2989 (n + 1)OW  The total run time of the algorithm
then is (1/¢)0@Psd) . nOW)  showing Theorem [3.1]

3.6 Extension to the Depot-Free Case

It should be noted that all previous analysis can also be used in the case
that no depots are present, i.e. in the case of MTSP.

Definition 3.7. An instance (G, k,w) of MTSP consists of a complete
graph G, a natural number k& € N, and a metric w : E(G) — R, on V(G).
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A multiset of edges T' C E(G) is called a tour of (G, k,w) if
(P1) the multigraph (V(G),T') has even degree at every node in V(G),

(P2) and (V(G),T) has at most k connected components.

Notice that this is essentially the same as Definition we merely
replace the requirement that every connected component of a tour contains
a depot with the one that there are at most £ components. One may imagine
that in this setting we do not yet know where to construct the depots. Thus
we arrange some tours first, and then build a depot on each tour later. If
one is given XP time (parameterized on k), this setting reduces trivially
to MDMTSP by enumerating all possible choices of k depots. However we
want to remain in FPT time, so we can not resort to this. Instead we briefly
see that Algorithm [I| adapts to the setting of MTSP.

The only change we really need to make is to initially compute a k-
component spanning forest F' of minimum weight, rather than a CSF. We
then again isolate all edges which are heavy with respect to some parame-
ter e, and try removing all subsets of < k heavy edges from F'. Finally we
recombine the at most 2k components into at most k£ Eulerian components
using the algorithm sketched out in Corollary 3.2 The only difference here
is that instead of partitioning the connected components into classes such
that every class contains a depot we simply partition into at most k classes.
The analysis in Theorem then follows as before.

Corollary 3.3. The tour that is returned by Algorithm[3 has weight at most
(3/2+ O(e)) OPT, with constant probability.

3.7 Approximating Graphic MDMTSP

In the case where the metric is not arbitrary, but rather the induced shortest-
path metric of an unweighted graph, we can even eliminate the need for
some ¢ in the approximation factor. Here we can provide a deterministic
(3/2)-approximation for MDMTSP with a run time of 2¢ . n©),

Let (G, D) be an instance of graphic MDMTSP, where G this time is
the unweighted graph inducing the shortest-path metric. Note that we can
assume G to be connected. The fact that the metric is induced by G allows
us to construct TSP tours that are not much more expensive than optimal
solutions to MDMTSP, which effectively re-enables the original analysis of
the Christofides-Serdyukov Algorithm.

For a given optimal MDMTSP tour 7', we can extend it to a TSP tour
by introducing at most 2(d — 1) edges. To do this, contract the subtours of
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Algorithm 3: Algorithm MTSP CHRISTOFIDES-SERDYUKOV
Input: A metric MTSP instance (G, k, w) and a parameter £ > 0.
Output: A tour 7" such that w(7T") < (3/2 4+ ¢) OPT with constant

probability.

1 Compute a minimum-weight k-component forest F' for (G, w);

2 Let T be the currently best MDMTSP solution, initially 2F;

3 Let Y be the set of edges in F' which are e-heavy;

4 foreach X C Y, |X| < |D| do

5 F'=F\X;

6 Compute a solution M for the RPP instance (G, k, F’,w) using

Corollary :

7 | if w(MUF) <w(T) then

8 ‘ set T=MUF";

9 end

10 end
Result: T

T, find a spanning tree in the contracted graph, and double all the edges of
that tree. We then see that the solution U M returned by Algorithm
fulfills

w(FOM) < w(T) + S@(T) +2(d 1)) = Su(T) +d—1 .

Notice that the additive term d — 1 is likely to be very small, since we know
that w(T) > n—d. A similar argument can also be made for metrics which
are continuous in the sense that the space cannot be partitioned into two
very distant parts.

Observation 3.2. Let (G, D, w) be an integer-weighted instance of MDMTSP
for which there exists a constant L such that, for all U C V(G), it holds
min{w(u,v) | v € Uyv ¢ U} < L. Then Algorithm 1| returns a solution T
for (G, D,w) with w(T) < 2 OPT(G,D,w) + L(d — 1).

Since we know w(7T') to be in (n — d) also in this case, Algorithm
gives an asymptotic (3/2)-approximation for any constant d and L, i.e. the
constant of approximation is 3/2+0(1). We can even get rid of the additive
term in the graphic case (i.e. L = 1) with some additional run time.

Observation 3.3. There is a deterministic (3/2)-approximation algorithm
for graphic MDMTSP with run time 2% - n®W.

Proof. Let T be some fixed optimal tour. We start by guessing the sub-
set D' C D of depots whose subtours in 7" contain at least one edge, gener-
ating on overhead of 2¢. Then we know that T contains a CSF F’ for (G, D’)
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with weight |E(T)| — |D’|. As before, we connect together all subtours of
the depots in D" with |D’| — 1 edges, and double these edges. We then see
that the tour F'U M returned by Algorithm [1] fulfills

: 1 3
IB(FOM)| < |E(T)| - |D'| + S(B(T)| + 20D - 1)) = SIB(T)| - 1,
and that proves the claim. O

For the special case where we require each depot to have a non-empty
tour, we do not even have to guess the correct subset of depots in Observa-
tion [3.3] yielding a (3/2)-approximation in truly polynomial time.

3.8 Conclusion & Open Problems

We thus see that both metric MDMTSP and MTSP admit a randomized
(3/2 + )-approximation algorithm in time (1/¢)?@ed) . nOW) filling in the
gap between the previously best-known polynomial approximation factor 2,
and the (3/2)-approximation of Xu and Rodrigues in time n®@. However,
there remain a number of natural questions regarding the approximability
of MTSP-type problems.

e Is it possible to derandomize Algorithm[I]? Since we need to solve low-
component-count instances of RPP, we are reliant on the Schwartz-
Zippel Lemma [44, 45] by way of the algorithm of Gutin et al. [38].
The derandomization of the Schwartz-Zippel Lemma is of course a
tempting prospect, but it has resisted such efforts throughout the last
40 years. To find a deterministic algorithm then, both for MDMTSP
and RPP, it is probably necessary to resort to a completely different
approach. However there does not appear to be any reason for these
problems to inherently require randomization, so such an improvement
may well be possible.

e Can the approximation factor be improved from 3/2+¢ to (3/2)7 We
lose some approximation quality both when determining which edges
to delete from the CSF, and when solving RPP. Improving the first
point would require a further refinement of the tree-rearrangement
technique introduced by Xu and Rodrigues [1]|. For the second point,
the RPP algorithm of Gutin et al. would need to be sped up to run in
strongly polynomial time. Again, their algorithm relies on algebraic
techniques for which derandomization appears difficult, so a major
technical innovation for k-component RPP is maybe necessary.
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e Does there exist some polynomial-time a-approximation algorithm for

MDMTSP with a@ < 27 We know from Traub et al. [35] that any a-
approximation algorithm for single-salesperson TSP implies a («+¢)-
approximation for MDMTSP for any constant number of depots, i.e.
in time n®@. For instances with many depots however, the prob-
lem remains intractable. It is of particular interest that two major
technical tools for the classical TSP, Christofides’ Algorithm and the
Subtour-Elimination LP, fail to achieve better-than-2-approximations
in the multi-depot regime (see Figure and Figure . It appears
that to make progress on a polynomial-time algorithm some novel
structural insights would be required.
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All—Zp—Norm Tree Cover

Based on joint work with Kelin Luo, Matthias Mnich, and Heiko Roglin [46].

The analysis for MDMTSP in the previous chapter has specifically concerned
itself with the question of minimizing the total length of a collection of
cycles covering some metric space (V,w). This is a good first model of some
problems, but it leaves many practical concerns unaddressed. If we return
to our very basic motivating example of a set of salespeople trying to visit
some customers an optimal solution to MDMTSP will ensure that the total
time spent is minimized. It may however assign all customers to just one
of the salespeople. We can quite safely assume that this is not a desirable
solution in many cases, and that it is usually preferable to have a roughly
equal workload between the salespeople.

One possible direction to pursue here is that of capacitated VRP [47,
48, 49|, where the capacity of each individual tour is bounded and there is
then some additional global objective to achieve (fewest number of tours,
total weight for some fixed number of tours, etc.). Bounded capacity in
this context means that every tour can only visit some bounded number
of vertices, possibly weighted. However this still may leave our salespeople
a bit dissatisfied; If one of them visits only customers very close to their
starting point while another visits the same number of customers that are
all very far from each other the second salesperson still ends up with a lot
more work.

We therefore may instead ask for a collection of cycles {C;}; -possibly
based at some depots- covering every point of V' while minimizing the
length of the longest such cycle max w(C;). This has been studied as MIN-
Max CycLE COVER [50], and more generally as MIN-MAX {STAR, TREE,
PATH}-COVER [51} 52, 53| where instead of cycles we are looking to get a
collection of stars, trees, paths, or other connected subgraphs. For ease of
presentation we will here focus on the case where we are looking to obtain
a cover using trees rather than cycles, but notice that once such a cover has
been found we can use the tree-doubling heuristic to transform this into a
cycle cover instead loosing a factor 2 in the approximation ratio.

This problem formulation now becomes less of a routing problem and
rather takes on the characteristics of typical clustering problems where we
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are interested in assigning the points of the space to k groups such that the
group sizes are optimal according to some measure; here the size of a group
would be the size of a minimum spanning tree for the cluster.

Historically such clustering problems have been studied for two different
objectives. On the one hand it is interesting to minimize the size of the
largest cluster as in MIN-MAX TREE COVER; one may consider this as the
{s, norm of the vector of tree sizes. On the other hand it is still relevant
that the total weight of the clustering (i.e. the ¢; norm of the vector of tree
sizes) is not too high. To see this consider that an optimal solution with
respect to one of the objectives might be very bad with respect to the other
one, and that this may indeed indicate a poor clustering from an intuitive

viewpoint (see Figure [4.1]).

l+¢ 1
U] U9 ... U Un

(a) The path forms a metric where ev-

(b) A graph on 2k + L — 1 ver-
tices where all edges connecting a ver-
tex wvyi—3 (where ¢ € [k]) and wv;

ery two neighboring vertices in the set
{v1,...,vx} have a distance of 1 + ¢,
while the distance of all other edges is
1. In this case, the optimal solution un-
der the ¢; norm involves removing all
the edges with a distance of 1 + ¢, re-
sulting in an £, norm objective weight
of n— k. However, the optimal solution
for the £, norm has weight less than
n(l+¢e)/k.

(where & < i < 2k + L — 2) to
the center have a length of 1, and
all edges {v2;—1,v2;}icr—1) have some
large length L. In this case, the op-
timal solution under the /., norm in-
volves removing all the edges connected
to the vertices {v2i—1}igx—1], resulting
in an ¢; norm objective weight of kL.
However, the optimal solution for the
£ norm has a weight of k + L — 1.

Figure 4.1: Two instances of the ALL-/,-NORM TREE COVER problem.
Figure is an instance where an optimal ¢; norm solution does not
return a good approximation in the /., norm; Figure is an instance
where an optimal /., norm solution does not return a good approximation
in the ¢; norm.

This phenomenon of there being some trade-off between minimizing the
/1 norm and the ¢, norm of some size vector of a clustering leads us to the
question whether both can be minimized simultaneously, at least up to some
constant factor. l.e. is it possible to find clusterings that are both cheap
globally (in the ¢; norm) but also cheap locally for each cluster individually
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(in the ¢, norm). Extending this question we may even ask if we can
compute clusterings that achieve some uniform approximation guarantee
with respect to any ¢, norm.

Finding such a solution that is approximately optimal with respect to
any way of measuring it gives rise to the following problem primitive:

Definition 4.1 (All-/,-norm clustering problem). An all-¢,,-norm clustering
problem takes as input a point set V', a weight function w : P(V) — Ry,
and a non-negative integer k. The goal is to find clusters Vi,..., V) such
that |, Vi = V' while minimizing

N O D (L) S

pERZlu{OO} /U);

where wj is an optimal solution for k clustering problem under the £, norm
objective. An algorithm guaranteeing a constant a not depending on p in
this context is deemed to be a constant-factor approximation algorithm.

A solution to such an all-norm optimization problem can in some way be
considered to be robust and fair, i.e. it ensures an equitable distribution of
the weights between the clusters without blowing up the total weight or the
maximum weight too much. For example if the points of the space represent
energy prosumers that we want to connect together into some fixed number
of networks it is desirable to have similar sizes of the subnetworks to ensure
stability of each; however building very long and thus expensive connections
only to gain some more balance might be overly expensive, so solutions to
such problems do not need to be optimal with respect to any particular
norm, but rather “good” with respect to all norms. Because of this viewpoint
of a fair distribution of some total load such all-/,-norm approximation
problems have also been considered in the context of scheduling [54, 55, 56,
57), clustering |58, |59], or facility location [60].

One may even extend this formulation beyond just the ¢, norms and
consider all norms. However there is the risk that such problems may not
have reasonable solution, or rather that instance classes exist where o can
not be finite depending on the choice of weight function and the set of
norms considered. Indeed for the set of all norms attaining constant « is
not possible. Consider that there are in particular (semi-)norms that only
measure the absolute value of some particular index of the input vector. For
our TREE COVER problem it is possible to find solutions where any fixed
index is 0, as long as the graph is connected. Approximating all of these
simultaneously to a constant factor then requires a solution whose trees are
all empty, which is impossible in general.

Thus we focus ourselves here to considering the all-/,-norm clustering
problem where concretely the weight w(V;) of each cluster is the weight of



38 Chapter 4. All-/,-Norm Tree Cover

a minimum spanning tree on V; with respect to some metric d on V. We
call this problem the ALL-/,-NORM TREE COVER problem, and denote its
instances by (V,d,w, k). Note that k is part of the input, i.e. we do not
parameterize on the number of clusters.

The choice of trees here is somewhat arbitrary, as a constant factor
approximation with respect to trees also extends to cycles, paths, etc.. We
simply employ trees as a basic connectivity primitive in graphs.

The results we will be able to show do in fact cover the more gen-
eral setting of monotone symmetric norms, including not just ¢, norms
but also Top-f-norms and positive linear combinations thereof. A norm
[ R — Ry is symmetric if it is invariant under permutation of its in-
put coordinates. It is monotone if increasing a coordinate’s value does not
decrease the norm, i.e. if |a| < |b| implies that

flxy, . oia,. . xg) < f(g,...,0, ... xq).

For an in-depth characterisation of such norms refer to Chakrabarty and
Swamy [57], for our purposes it suffices to note that in particular the ¢,
norms are monotone and symmetric, as are for example Top-f-norms.

To mirror the previous work on MDMTSP we also consider a second
setting where every tree should be connected to some specified depot and
refer to this as the ALL-/,-NORM TREE COVER WITH DEPOTS problem
whose instances we denote by (V, d, w, D) where D C V' is the set of depots.
In this context it is assumed that every depot is allowed to be the root of
one tree in the solution, i.e. the number of depots and agents coincide.

Our contributions

Computing optimal tree covers is NP-hard to approximate to within a factor
better than 3/2 even with respect to only the ¢, norm [61], but this setting
does still admit a 3-approximation in polynomial time [52]. Meanwhile for
the ¢; norm it is of course possible to compute optimal tree covers exactly
in polynomial time using for example the algorithm of Bortuvka [62].

Our goal here is to design constant-factor approximations for ALL-¢,-
NorM TREE COVER, that is, for all ¢, norms simultaneously. Since an
exact solution is excluded unless P=NP this is the best we can hope for up
to the exact constant.

Building on the examples in Figure it is clear that simply computing
a constant-factor approximation for one norm objective does not guarantee
a constant approximation for another norm. Indeed the algorithms of Even
et al. [51] and Khani and Salavatipour [52] fail to return a constant-factor
approximation even when considering only the ¢; norm (for an example, see

Figure in Section [4.2).
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Our first main contribution is a polynomial-time constant-factor approx-
imation algorithm for the ALL-/,-NORM TREE COVER problem. The core
of our algorithm amalgamates the strategies of suitable algorithms for both
the ¢; norm and the /., norm. It is well-understood that an optimal so-
lution for the ¢; norm objective can be obtained successively eliminating
the largest edges until precisely £ components remain. This is equivalent
to the algorithm of Kruskal [63|, but run in reverse. On the other hand
the algorithm of Even et al. works by guessing a optimum solution value
R and decomposing the graph into at most k trees of size O(R) as long
as the guessed value was above the true OPT|[51]. We follow essentially
the outline of this algorithm, but we also make sure that (approximately)
the most expensive edges of the graph have been deleted so that we obtain
exactly k trees.

In that sense we refine the algorithm proposed by Even et al. [51] to solve
other norm problems. Notably, our algorithm produces a feasible solution
that is at most double the optimal solution for the ¢; norm and four times
the optimal solution for the /., norm simultaneously.

Theorem 4.1. There exists a polynomial-time O(1)-approzimation algo-
rithm for the ALL-¢,-NORM TREE COVER problem.

We extend this result to the problem with depots. The MIN-MAX TREE
COVER problem with depots was also considered by Even et al. [51], who
gave a 4-approximation algorithm. In this formulation, each tree in a tree
cover solution is rooted at a specific depot. However also here the algorithm
does not guarantee any constant approximation ratio for the ¢; norm objec-
tive. We are able to extend the O(1)-approximation algorithm for the tree
cover problem without depots to the depot setting.

Theorem 4.2. There exists a polynomial-time O(1)-approzimation algo-
rithm for the ALL-{,-NORM TREE COVER WITH DEPOTS problem.

Finally we complement the algorithmic results by showing that we can
not expect approximation schemes, even in the presumably easier setting
(,-TREE COVER WITH DEPOTS where we only want to approximate the
optimum with respect to one specific £, norm.

Theorem 4.3. For every p € (1,00] there exists a constant ¢ such that
(,-TREE COVER WITH DEPOTS is NP-hard to approximate within a factor
c. The NP-hardness holds under randomized reductions.

4.1 Preliminaries

Let us now set up some of the formal definitions. As before we will identify
metric spaces and metrically weighted graphs to allow for an easier treat-
ment of connectedness, trees, etc.. For any such graph G we always keep
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in mind the underlying metric space induced by the shortest-path metric
on G.

We here concern ourselves only with tree covers, which we take to be
defined as follows:

Definition 4.2 (Tree cover). For a graph G, a tree cover is a collection
Ty, ..., Ty of trees for which | J, V(T;) = V(G). We call k the size of such a
tree cover.

Definition 4.3 (Tree cover with depots). For a graph G and a depot set
D C V(G), a tree cover with depots is a tree cover 11, ..., Tip| of G if each T}
contains a unique depot from D.

Notice in particular that there is no expectation of disjointness for the
trees, so this definition does not quite coincide with the notion of a CSF.
However this more relaxed view will simplify the presentation. If disjoint-
ness is required we may assign every vertex to exactly one of the trees
currently containing it and recompute minimum spanning trees for each of
the resulting clusters. This increases the cluster weights by at most a factor
of 2 due to the gap between Steiner trees and minimum spanning trees (see
Lemma [4.1)).

For any connected subgraph H of a graph G, we will use w(H) to denote
the weight of a minimum spanning tree (MST) in the subgraph H. It is
important to note that this weight can be different from the sum of the
weight of the edges of the subgraph H. We then use the ¢, norm (p > 1)
as a measure of the quality of a tree cover. Specifically, the weight of a
tree cover {T1,T5,...} is defined as the ¢, norm of the corresponding tree
weights, that is, w, = (32, (w(T}))")""".

There are two natural optimization questions for tree covers (and for
tree covers with depots) which have been considered in the literature: The
¢;-TREE COVER PROBLEM, where the aim is to minimize the total weights
of the trees, and the /.- TREE COVER PROBLEM, in which the objective is
to minimize the weight of the largest tree within the cover. The ¢;-TREE
COVER PROBLEM admits a polynomial-time algorithm, regardless of the
presence of depots; the /., tree cover problem is APX-hard, again regardless
of whether depots are present or not.

We consider the interpolation between these two problems where we
allow arbitrary ¢, norms:

Definition 4.4 ({,-TREE COVER (WITH DEPOTS )). For a given (com-
plete) graph G = (V,d), some integer k (resp. depots D C V), and a
p € [1,00), find a tree cover T3, ..., Ty (resp. with depots) which minimizes
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We will denote the minimum value of this expression for some instance
as OPT, . just wy ;, where we usually omit k if it is clear from context. All
of the ¢,-variants (except p = 1) are NP-hard, because the proof of hardness

for the ¢..-case works for all values of p > 1 [61].

Definition 4.5 (ALL-p-NORM TREE COVER PROBLEM (resp. ALL-p-NORM
TREE COVER PROBLEM WITH DEPOTS)). Given a graph G = (V,d) and
some integer k (resp. depots D C V), find a tree cover Ty,..., T} (resp.
with depots) which minimizes

max (Z;C:l (w(Ti))p> 1/p

*
p€E[1,00) w,

To distinguish the versions for a fixed p from those for all p we use (¢, k)
(or (£, D) for problems involving depots) to denote the tree cover problem
for a specific value of p. Meanwhile we use (pe(1,00), k) (0 ({pefi,0), D) When
depots are involved) to represent the All-¢,-Norm tree cover problem that
encompasses all values of p € [1, 00). We omit naming the underlying metric
space since it will always be (V, d), unless explicitly stated otherwise.

We will now briefly touch on the gap between Steiner trees and minimum
spanning trees since this argument will be repeatedly exploited:

Lemma 4.1 (Kou et al. [64]). Let (V,d) be some metric space with a termi-
nal set F C V., T a minimum weight (Steiner) tree containing all vertices
from F, and T a minimum spanning tree of (F,d|F). Then we have that

w(T) < (2 =2/|F|) - w(T).

Proof. The easiest way to obtain the result is to take T and use the tree-
doubling heuristic to compute a TSP-tour of F" in (V, d) such that its weight

is bounded by 2-w(7T"). Removing the most expensive edge of that tour yields
a (perhaps not yet minimal) spanning tree 7" in (F,d ‘ ) of weight at most

A

(2 —2/|F|)w(T), allowing us to conclude
w(T) < w(T") < (2 2/|F)uw (D). a

Lemma [4.1] will prove useful as we occasionally want to forget about
some vertices of our instance. This may actually increase overall weights,
since certain Steiner trees become unavailable. However the lemma ensures
that the increase in weight is bounded.

4.2 All-¢,-Norm Tree Cover Problem

Algorithm for the no-depot setting: We show that the TREE COVER
algorithm of Even et al. [51] gives a constant-factor approximation to the
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{,-tree cover problem without depots if it returns k£ trees. The original
algorithm works as follows:

1. Guess an upper bound R on the optimum value of the /., norm tree
cover problem.

2. Remove all edges with weight greater than R and compute a minimum
spanning tree T; for each connected component of the resulting graph.

3. Check that ZLMJ = k, otherwise reject R.
4. Call a spanning tree T; small if w(T;) < 2R.

5. Call a spanning tree T; large if w(7T;) > 2R. Decompose each such
tree into edge-disjoint subtrees T such that 2R < w(T}) < 4R for all
but one residual T in each Componen

6. Output the collection of all small spanning trees, as well as all subtrees
T; created in Step

Even at al. show that this procedure will output at most k trees if
OPT,, < R, although they relax the condition in Stepto > Lw(T +2RJ <k.
For technical reasons however, we need the equality in this spot. Since every
tree has size most 4R, the algorithm evidently gives a 4-approximation in
the (o norm if the correct R = OPT,, is guessed. Otherwise one can use
binary search to find in polynomial time the smallest R for which one gets
at most k trees.

We notice that this algorithm will sometimes compute fewer trees than k&,
causing it to not return a good approximation for the other £,-objectives,
not even for ¢; (see Figure [£.2).

For this reason we need the strengthened property in Step [3] Notice
however that such R does not necessarily exist, for example for the instance
in Figure 4.2 We will describe later how to circumvent this, for now we
assume that such R exists and can be computed in polynomial time.

So suppose that the algorithm has returned & trees 71, ..., T}, where we
simply remove some edges should the algorithm return fewer than £ trees.
This only improves the objective value, so we can assume without loss of
generality that the algorithm already returned k trees. As a warm-up, we
will start by considering only the case that p = 1, i.e., we show that this
algorithm computes a good approximation for (¢4, k) tree cover.

Lemma 4.2. Let T1,...,T} be the set of trees returned by the algorithm for
some R. Then we have

> w(Ti) <20PTy, .

IThis can be done with a simple greedy procedure, cutting of subtrees of this size.
For the details of this algorithm, er to Even et al. [51].
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H, H, H,

Figure 4.2: Example instance where the algorithm of Even et al. does
not return a good approximation in the /;-objective. The instance consists
of n identical copies H; of the 4-star where all edges have length R and
the copies are pairwise at distance 2R. For k£ = 5n — 1, the instance has
OPT, = OPT, = R, but the algorithm will return 2n trees, each with a
size of 2R.

Proof. We observe first that an optimal solution for (¢, k) tree cover can be
computed by removing iteratively the most expensive edge as long as this
does not cause the graph to decompose into more than k£ components, as
this is equivalent to running Kruskal’s algorithm. So the optimal solution
contains no edges of weight greater than R, thus we consider the graph
G' =G —{e|d(e) > R}. Let ks be the number of small spanning trees S;
computed by the algorithm, and let k, be the number of large spanning
trees L;. Then we certainly have > w(T;) < > w(S;) + > w(L;), since the
trees computed by the algorithm are edge-disjoint subtrees of the initial
spanning trees. Further, we have

OPTy > > w(S) + Y w(Li) — (k— ks — k)R,

because the optimal solution will remove k& — ks — k; edges from within the
spanning trees computed by the algorithm, each of weight at most R. But
notice that we can use Step [3| to obtain

k:Z{%+1J+Z{%+1J §k3+kz+2w2(éi),

which implies that (k — ks — k¢)2R < > w(L;). This inequality allows us to
conclude that

> (S w(S) + Y w(L)
> %ZWW : =

Notice that the strengthened version of Step |3 is indeed necessary here.
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We can use a similar technique to show that the solution of the algorithm
actually approximates (¢,,k) tree cover for any choice of p, and with a
constant of approximation independent of p. The key will be to show that
an optimal solution to (¢,, k) tree cover must, as in Lemma , have a
total weight comparable to that of the solution computed by the algorithm.
In a second step, one can then show that the algorithm distributes the
total weight of its trees fairly evenly because the large trees all have sizes
between 2R and 4R.

For the small trees meanwhile we can demonstrate that choosing them
differently from the algorithm will incur some weight of at least R. Thus,
either the algorithms solution has correctly chosen the partition on these
small trees, or the optimal solution actually has an expensive tree not in
the algorithms solution, which we can use to pay for one of the large trees
that the algorithm has, but the optimal solution does not. Notice that, if
the algorithm achieves an equal distribution of some total weight that is
comparable to the total weight of an optimal ¢, solution, it also achieves a
good approximation of OPT, due to convexity of the ¢, norms.

To start with, we will only give a very rough analysis of the quality of the
solution returned by the algorithm, although it already shows a constant
factor of approximation. Thereafter, in Section [£.4] we provide a more
precise analysis of the algorithm to argue that it achieves a smaller constant
approximation factor, specifically a 9-approximation.

Let us fix some p € [1,00) and any (£,, k) tree cover solution T3, ..., Tk
(imagine that it is optimal if you wish). Then let k; be the number of con-
nected components computed by the algorithm that had a small spanning
tree, and call those components Si,...,Sk,. Similarly for the large span-
ning trees, let there be &, components Ly,...,L;,. Now we denote by Fj
the set of edges that are both contained in some T, and in the cut induced
by some S; or L;. In particular all these edges have weight at least R.
We count separately the small T; incident to some edge from Fy, say there
are ks, of them. We will also denote by ko the number of \S; for which one
of the ’fj is a minimum spanning tree, and denote the set of these ’fj as T—.
Note that any small component not counted by ks, or ko is split into at
least two components by the T;. For an illustration of this setting, refer to
Figure

We can now start to measure the total sum of edge weights in the Tj,
Le, >, w(T]) We begin by relating it to the small trees of the algorithm’s
solution that do not agree with the optimum solution.

Observation 4.1. It holds that Y, w(T}) — Y7 cp- w(T}) > key 2.

Proof. We have k;; disjoint vertex sets in G, each incident to at least one
edge of weight at least R present in Ej, so we get |Ey| > k;1/2 from the
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kg

Figure 4.3: Illustration of how the algorithm’s solution and some optimal
solution can be aligned against each other. The algorithm’s partition of
the graph into connected component is indicated by the solid zones, the
further subdivision of the large components by the dotted zones. The trees
of the optimal solution are drawn, and all edges crossing the boundary of a
connected component are marked as dashed.

handshake lemma and thus

. . k.
dow(@y) = Y w(l) = |E|R > 7R,

j TiET:

noting that the trees in 7= do not contain any of the edges from E,. O]

To compare the total weight against the number of large trees we can
use a similar argument as in Lemma [£.2] We again note that the initial
spanning trees have weight at least (k—k;—k;)2R, and any tree cover cannot
remove too many edges from them. The second part of this argument is
no longer true though since it is now possible for a solution to have many
edges between the components of G — {e | d(e) > R}, allowing it to remove
many edges within the components However, careful analysis will show that
this case does not pose a problem, since such inter-component edges are
themselves expensive.

Observation 4.2. We have ) _; w(Ty) > (k—kp—ks1—ks2) R+) 4 cp= w(T}).

Proof. Suppose we delete from the T] all edges from FE,. The resulting
graph will contain k + |E,| trees. We will count only those trees that lie in
a large component L;, of which there are at most k + |Ey| — 2ks + ks 1 + ks 2.
This is because every small component contains at least 2 of the Tj, except
for ks1 + ks many. Now observe that to get a (k+ |Ey| — 2ks + kg1 + ks 2)-
component spanning forest of minimum weight for the L;, we start with the
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initial minimum spanning trees in each component (which have weight at
least (k — ks — k¢)2R) and remove at most (k + |E¢| — ky — 2ks + ks 1 + ks 2)
edges, each of weight at most R. The total remaining weight then is

(k — ks — ko)2R — (k + |Ey| — ko — 2ks + k1 + ks 2)
= (k) - kg - ]CSJ - k’s’2 - ’EgDR

Thus, we can measure the total weight of edges which are part of some T,
and lie in a large component as being at least the total weight the spanning
trees of the L;, minus the edges that may have been removed, and obtain

Zw (1) = > w() = |EfR > (k— ke — ko1 — ko2 — | Ed)R.

TiGT:
= Zw(Tj) - > w() > (k — kg — kg1 — kyo)R. O
J TZ’GTz

Notice that with these two observations, we can almost show some result
along the lines of OPT; ;, > c-k-R for some ¢ € R, since either there are many
large trees, in which case Observation gives us the desired result, or there
are many small trees in which case we can use Observation , unless k; 5 is
large. However, the case that £, is large, i.e., we have computed many of
the trees that are present in the optimum solution, should also be beneficial,
so we maintain a separate record of ko in the analysis to obtain:

Lemma 4.3. It holds that 3_, w(T}) > 2(k — ko) + Y, cp- w(Th).

Proof. We can combine Observation and Observation convexly with
coefficients 1/3,2/3 to obtain

L1 2 R .
Zw(Tj) > 2 [(k — k¢ — kg — kyo)R] + 3 {ks,lﬂ + AZ w(T})
J T,eT=
. R .
— Zw(T]) > 5 (k= ke~ ke2) + AZ w(Ty)
J T,eT=
:>Zw(f)>§k k:SQ—i-Zw
, =6
J TET_

where the final inequality follows from the following reasoning:

w(S;) + 2R w(L;) + 2R
pr— e >
K Z{ 2R JJFZ{ 2R 2 ks + 2k,
and thus

k_ks k ks k_ks
8,2:§+__k82> 72-

k= Ky — 2 s= 9

$,2 —
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The upshot of Lemma K4.3| is then that any tree cover using k trees
with some k; 2 trees in common with the algorithm’s solution will have the
property that the other k — ko trees have an average weight of Q(R).

Theorem 4.4. If the algorithm of Fven et al. returns k trees T, ..., Tk,

we have
[Z(w(ﬂ)p)

i=1

1/p k 1/p

<21 S ot

i=1

for any p and for any tree cover T, of G with k trees.

Proof. From Lemma |4.3| we obtain

Sowld)) = (k- ko) (§) + 3 ity

i=1 FieT=
using convexity of |z|P for any p > 1. At the same time, from the algorithm
it is immediately clear that

k

Y (W) < (k= ko) RP + Y w(Ty),

i=1 T,eT=

because every tree is either identical to one of the Tj, or has weight at
most 4R. Putting these inequalities together yields the statement of the
theorem:

_ (k= k)
S (T)r) T (k= ko) (£) + Xgep- w(Ti)P
(k - ks,2>(4R)p
<
T (k—ksp) (B)
< 24P Il

The whole proof, in particular the result of Lemma [4.3| can be rein-
terpreted to give an even stronger result; Namely that the tree cover re-
turned by the algorithm is approximately strongly optimal, an concept in-
troduced by Alon et al. [65] for analysing all-norm scheduling algorithms.
The point is to show a strong version of lexicographic minimality of the

constructed solution. Formally let T7,...,T) be the algorithms solution
and T1,..., T any other tree cover. Further let the trees be sorted by size

as w(Ty) > w(Ty) > ... and w(T}) > w(Ty) > .... Then {T}} is strongly
optimal if for any 7 we have

J J

S () <Y uld.

=1
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Similarly one can speak of approximate strong optimality if for some ¢ € R>4
we have
J J

S () < e w(),

i=1 =1

This property was also considered as global c-balance by Goel and Meyerson
[66]. Tt is sufficient for our purposes since a solution that is c-approximately
strongly optimal is also a c-approximation with respect to any ¢, norm; in
fact we get a stronger result here, since c-approximate strong optimality
implies a ¢ approximation with respect to any convex symmetric function,
including all monotone symmetric norms. This fact is the backbone of many
all-norm approximation algorithms, for example [55]. Thus we will get a 24-
approximation from this analysis not only for all £, norms, but all monotone
symmetric norms.

Lemma 4.4. Let T1,...,T) be the algorithms solution and Tl, e ,Tk any
other tree cover where w(Ty) > w(Ty) > ... and w(Ty) > w(Ty) > ....
Then we have

J J
> w(l) <24 w(T)Vjiel,. .k

i=1 i=1

Proof. We upper bound the values Z?Zl w(T;) by assuming that all trees
which are not accounted for by the ks, small component trees shared be-
tween the 7; and the Tl have size exactly 4R. This will ensure that the
shared trees are Ty, 41, .., Tp. Similarly we lower bound 7, w(T;) by

allowing a non-descending permutation of the T;. That is we reorder the 7}
such that the first £ — k, 2 trees are not the shared small component trees
with the T;.

It then follows directly that

J J
R A
g w(T;) <j-4R=24(j - E) <24 E w(T;) for j <k — ksa,

=1 =1

as well as
b ka2 j ks 2 i
dMow@+ > w@<Aa ) wh)+ Y, w@

i=1 i=14k—ks 2 i=1 i=14k—ks 2

— Zw(ﬂ)

IN

24 " w(T;) for j > k — kyo. O
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Ensuring k£ trees Recall that the previous analysis relies on the algorithm
being able to find some R such that Step[3|holds, which is not generally true
as per Figure[d.2] We now demonstrate how to modify the algorithm in such
a way that this is avoided. Consider a list ey, ..., e,, of the edges of GG, such
that d(e;) < d(e;) if ¢ < 7, i.e., they are sorted by length with ties broken
arbitrarily. Then we consider separately the graphs G; := (V,{e; | i < j})
for all j € 0,...,m and try to find for each G; an R € [d(e;_1),d(e;)] that
is accepted by the algorithm, where we set d(eg) := 0, and allow the larger
interval [d(e,,), >, d(e;)] for G,,. Note that the intervals can potentially
only contain a single point, but they are not empty.

Now observe that for Gy with R = 0, the algorithm would only accept
this choice of R if k = |V/|. Similarly, for G,, and R = ), d(e;), the algo-
rithm would require £ = 1. We can then show that the k changes by at most
one as we change R or keep R and move from G, to G;4;. Letting k(G;, R)
denote the value of k that would be accepted by the algorithm we have:

Observation 4.3. It holds that k(G;_1,d(e;)) — k(G;,d(e;)) < 1.

Proof. Between G;_; and G only the presence of e; changes. If this does not
change the connected components, we have k(G;_1,d(e;)) = k(G;,d(e;)).
Otherwise there is exactly one connected component C' in G; that is split
into two parts C;, Cy by removing e;. We then see that

o] g . 10 50
e

To see that changing R by a sufficiently small amount changes k(G;, R)
by at most one, consider that there are only finitely many critical points
where k(G;, R) changes at all, and they can be computed in polynomial
time. They are all of the form R = w(C;)/2¢ for some connected compo-
nent C; of G; and £ € 1,...,n. At these points, w(C;)/2R will be an integer,
and so we get |w(C;)/2R] =1+ |(w(C;) —¢e)/2R].

If all critical points are pairwise different, we can just iterate over them
to find some G; and R with k(G;, R) = k.

If on the other hand a point is critical for multiple different components,
assign to each component a distinct weight which can be taken to be arbi-
trarily small, ensuring that all critical points are now different. In effect,
this is equivalent to taking all components where % is an integer and
allowing the expression L%};ﬂzj to also take the value %. One may
check that this does not impact the analysis, since in the analysis we only
need that each component has a minimum spanning tree whose weight is at

least L(—TJ 2R. However, for legibility reasons we will suppress this and

2R
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generally assume that some R can be found with k(G;, R) = k. Combining
with Theorem [£.4] this completes the proof of Theorem [4.1]

4.3 All-¢,-Norm Tree Cover Problem with De-
pots

We now introduce depots to our problem and try to maintain an All-¢,
norm approximation. In fact we will also here show c-approximate strong
optimality of a solution, so this result too can be extended to all monotone
symmetric norms. The basic idea is quite similar to the non-depot case; We
will start by partitioning the metric space into trees of roughly equal size R,
or, if that is not possible, some smaller trees that are however at distance R
to all other trees.

However since now we need to connect to the depots this is no longer
so straightforward. Vertices which are far from all depots will inherently
cause a high weight, no matter where we assign them. To then keep the
balance between tree size and distance between trees we need to catego-
rize the vertices according to their distance to the depots. Specifically we
partition V' into layers Lg, Lq,... where layer L; contains all v € V for
which d(v, D) € [2,2"*1). We then partition each layer individually with
the algorithm of Even et al. [51], but using increasing values of R; = 2" in
layer L;.

To simplify things we adapt the algorithm slightly. Layer ¢ will be par-
titioned according to the following scheme:

2. Remove all edges with weight greater than R; and compute a minimum
spanning tree T for each connected component C' of the resulting
graph.

3. Call a spanning tree T small if w(Te) < 2R;.

4. Call a spanning tree T¢ large if w(T¢) > 2R;. Decompose each such

tree into edge-disjoint subtrees T} such that 2R, < w(7};) < 6R;.

5. Output the collection of all small spanning trees, as well as all subtrees
T; created in Step

Here the decomposition in Step [4| avoids the creation of small trees from
large component by adding such a small tree to a neighbouring large tree
if it is necessary. This worsens the constant we can get, but it simplifies
analysis considerably.
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By running this decomposition for each layer separately we get a tree
cover 7T; for each layer i. However notice that one critical property of the
no-depot setting is missing here; small component trees may not be far from
all other vertices, they are only far from vertices in their layer. We sidestep
this by separating the instance into two parts, the layers of even and odd
indices. For v € L; and w € L;,» we are guaranteed from the triangle
inequality that d(v,w) > d(w, D) — d(v, D) > 272 — 2.2t = 2i+L,

We thus treat the odd and even layer vertices as two separate instances.
This incurs a factor of 2 in the approximation ratio since we now combine
two unrelated instances, and an additional factor 2 because we lose some
points of the metric space so we are constricted to finding spanning trees
on the restricted space rather than Steiner trees in the whole space, see
Lemma [£.1] So for all of the following we assume that all vertices are in
even layers, where the analysis for all vertices being in even layers is fully
analogue (see Figure |4.4| for illustration).

For this partitioning of the space into the trees from {7;} we can show
that any depot-based tree cover {T),}ocp can be restructured as {T”}oep so
as to agree with the partitions, i.e. such that for any ¢ and any T" € 7; there
is a 0 € D for which V(T') C V(T") and w(T,) < ¢ - w(T.).

Lemma 4.5. Let {TO}Oep be any tree cover with depots and {7T;}; the trees
computed in layer i by the partitioning algorithm. There exists a tree cover
with depots {Té}oeD such that for any i and any T € T; there is a o € D for
which V(T) C V(T!) and w(T,) < ¢ - w(T.), where ¢ = 48.

Proof. We will assign every T; to some T, in a way that does not increase
the weight of any tree too much. Consider first a T; generated from some
small component C' in layer L;, and take T, to be some tree containing a
vertex from T}. Then w(T}) < 2-27, and T} contains an edge entering C'. All
those edges have weight at least 27 if they are contained in layer j or coming
from layer j + 2, and 277! if they are coming from layer j — 2. Thus we
can assign T} to T and charge the extra weight against that edge, loosing
a factor 8 at most.

For the large components we need a more careful argument. Let C' be
such a component, {F;}; the collection of subtrees cut from C, and {T,},
the trees T}, containing a vertex from C'. For each T, we look at its edges

X, :={ee€ E(T, | enC # §} which are incident to C. Then we define a
capacity of such a tree as ¢(T,) = |Ad(X,)/27|, where we will choose \ in
a moment. This capacity represents how many of the F; can be absorbed
by T,. Then for any constant choice of A assigning at most ¢(7,) of the F;
to T, will only increase the weight of T, by a constant factor 6 - A, charged
against X,.

To show that such an assignment exists we employ Hall’s theorem. We
allow any F; to be assigned to a T, with which it shares a vertex, so we
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(a) Initial instance, with the depots indicated as boxes and the vertices as dots.
Vertices are precategorised by their distance to the depots.
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(b) In the first step we discard every second layer and cluster each remaining layer
independently. Connected components after removing edges of length > R; are
indicated by dashed lines, the trees extracted within them by solid lines .

Figure 4.4: Mlustration of the initial partitioning step of our algorithm.

construct the bipartite graph of this incidence system and verify Hall’s cri-
terion. Let {F;};ca be some subset of the F;, and {TO}O@B the set of T,
incident to them. We must then show that ) . ¢(T,) > |A|. To do this
define V4 as (J,c 4, V(#3), and consider the number of connected components
we obtain after removing from {7, },cp all edges entering C, and counting
only those components intersecting V4. Call this number k. Then for each
such connected component {TO}OG p contains a Steiner Tree within C.

Again here we exploit Lemma [4.1] as well as the fact that for each of
the k components there is an edge of weight > 27~! entering C. This allows
us to conclude

Z d(X,) > k2771 + %max{(), Zw(FZ) — k273,

0€EB €A
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where we also note that if £ > |A| we could get an assignment with A = 2.
So we have k < |A|, and w(F;) > 2 - 27, thus obtaining:

D d(X,) > kYT + A2 = (A + k)27

o€B

This gives Hall’s criterion for A = 4, concluding our argument.

Thus we can match any trees T in the {7;}; to some T, while only
increasing the weight by a factor at most 24, charged against some edges of
the 7}, incident to 7. Since every edge gets charged at most twice by this
the total increase in weight for each tree is bounded by a factor of 48. [

Notice that Lemma [4.5] allows us to assume that tree covers are aligned
with the partition we compute while only increasing the size of each tree by
a constant factor. This in particular means that we obtain a constant factor
approximation for TREE COVER WITH DEPOTS for any norm for which we
can get a constant factor approximation after assuming such alignment.

Based on the guarantee of Lemma we are now ready to develop an
algorithm for assigning the trees in the 7; to depots. To do so we will
need some additional notation. We partition every 7; into sets {7, }oen
by assigning every T' € T; to a T;, such that d(7,0) is minimal over the
choice of 0. There is another simplification we can now make. For every
tree T in some 7;, we can add an edge {v,0} to T such that v € V(T)
and d(v,0) = d(T,0). By similar arguments as before this increases the
weight of our solutions by at most a factor of 4 since that additional edge
has weight bounded by either w(T'), or the weight of any edge in 6(V (7).
This causes all trees in 7;, to have pairwise distance 0, allowing us to
recombine them without additional weights. Further, it also ensures that
all trees in 7;, have the same weight, up to constant. Specifically any such
tree has weight at least 2! from the edge to o and at most 8 - 2! if it was
a large tree of size 6 - 2° and the edge to o had weight 27+, Giving up on
those constants in the approximation factor we shall therefore also assume
that they all have size exactly 2°.

To recap, after reductions we have a partitioning of the vertices into
trees, each of which belongs to some collection 7;, where any tree in 7;,
has size 2¢ and is at distance 0 to o, but possibly at a much larger distance
to the other depots. We further assume that any solution treats these trees
as immutable, so in a fixed solution {To}oe p there is for every T € ULO Tio
al, containing 7.

We will now try to iteratively match the trees in 7; to depots. To do so we
set a current size R;, initially 1. We then collect all trees of size ©(R;), and
compute a matching between those trees and the depots at distance O(R;)
to them.
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Any leftover trees after this step are paired up and treated as a new tree

of size 2R;. We then update R;,; = 2R; and repeat the process. There are
some additional details to take care of, but in substance this will be enough
to obtain a relatively even distribution of the trees to the depots. For the
full description, refer to Algorithm [} For an illustration see Figure [4.5]

Algorithm 4: Assignment algorithm
Input: A metric (V,d), depots D, trees {7 ,}i, from the
partitioning algorithm.
Output: An assignment of trees to depots
1.1+ 0,R; < 1;
2 Fio < Tio;
3 while {F,}, # 0 for any o € D do
4 Construct a bipartite matching graph H; between the trees in
Fio and the depots;
5 | V(H):=U,epFoUD;
6 | E(H;):={{F,o}|d(F,o) <R},
Compute a maximal matching M; in H; and assign every
matched tree to the depot it was matched to;
8 Remove all matched trees from the F; ,;
9 For every F;, with odd cardinality, assign one tree from F; , to
0;
10 For every non-empty F;, pair up the trees in F; ,; for every pair
Fi, Fy set Fip = Fio \{F1, Fo} U{FL U F,};
11 Fit1,0 = FioUTis1,05
12 Rit1 2Rt 1+ 1;
13 end

Some notes on the algorithm to simplify analysis:

In line 9, the possible additional assignment of a tree from F, happens
only when o was already assigned another tree in line 7. Thus the
additional weight due to this step is an increase of the tree sizes by at
most a factor 2. Loosing this factor we may thus assume that line 7
is never applied.

The recombination of trees in line 10 is free due to the inclusion of
edges to o for every tree from 7 ,.

The load of any depot at the termination of the algorithm depends
only on the last iteration ¢ in which it was assigned some tree, i.e. the
load will be at most 2 - 2¢ by a geometric sum argument.
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(a) First Round of Assignment. (b) Second Round of Assignment.

D -

-

N

(c¢) Third Round of Assignment. (d) Fourth Round of Assignment.
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(e) Fifth Round of Assignment. (f) Final output, with minimum
spanning trees computed over the as-
signed trees for every depot.

Figure 4.5: Illustration of the iterative assignment of trees to depots in the
algorithm. Red arrows indicate when trees are assigned to depots; Blue
dotted potatoes indicate merged trees.

To compare the output of the algorithm to any other depot-based tree
cover {TO}Oe p we will employ the following scheme: For each size R; we will
cut up the trees T}, into parts of size R;. If enough such parts exist we will
then be able to assign every tree of size R; from the algorithms solution to
one such part, thus successfully demonstrating that the algorithms solution
provides a “good” tree cover. So fix an arbitrary depot-based tree cover
T = {’f v}oep and denote by A; the number of such parts we could get
when extracting fragments of size R;, i.e. Aj =) |T,/R;|. The critical
lemma we need then is this:
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Lemma 4.6.

1 -
Ai> > M2

j=it+1

where M; are the matchings computed by the algorithm.

Proof. We split the analysis into two parts, depending on whether the size
of Z;’; 11| M;|277 is largely caused by trees of size > R; being assigned,
or by many trees of size < R;. This will ultimately cause us to lose the
additional factor 3.

First consider some tree 1" of size R;, 7 > i. We are assuming that such
a tree is entirely assigned to some 7, where it contributes 27~ to A;. This
also remains the case if the tree has been recombined and matched at some
iteration later than j. Thus if we only consider such large trees we do in
fact obtain A; > 377, [M;|27". So we can assume that such trees do not
exists and focus instead on the trees which are smaller than R; but are not
yet assigned in iteration .

For these small trees the lemma promises some concentration property.
In principle they are small enough to not contribute to A;. However we
will now show that there are too many such trees, or rather too few depots
to accept them. Thus some depot must either contain many of them, or
they must be assigned to depots further away. Either way they make the
necessary contribution to A;.

Let D; be the set of depots o for which F;, was not empty at the end of
iteration 7. In particular these depots have been assigned some tree during
the iteration. Now in H; let D be the set of depots reachable from D
using an alternating path with respect to M; (i.e. alternatingly using an
edge from M; and not from M;). By maximality of M; all depots in D
were assigned some tree during this iteration; further we know that for
any tree T in F;, that is at distance at most 2 to a depot of D we have
d(T, D\ D) > R;. If not we can find an alternating path to some empty
depot and augment the matching.

So consider T to be the set of all trees which are unassigned after itera-
tion 7 and have size < R;, as well as the set of trees assigned to some depot
in D during iteration i. Now take {T,}ocx to be the set of trees from T
containing any tree from 7. We can observe the following:

> w(T,) =Y w(T)+ Ri-|[A\ DI,

0€EA TeT

where the additional term ;- | A\ D| originates from the fact that any depot
outside of D hasA distance at least R; to the trees in 7. Now consider that
Y orerw(T) = |DIR; + 3772, IM;|27~" (again, we assumed that no trees of
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size greater R; are present in the original partition). We thus obtain

> Lw(@)/2'] = (IDIR; + ) M2~ + Ri-|A\ D|)/R; — |4

0€A j=i+1
o0
= > M|
j=it1

Notice that this argument induces some double counting on the trees of
size > R; since they are both counted for there size but also potentially in
the distances between small trees and far away depots. Thus we need to
give up a factor 2 in the A; to obtain the final statement of the lemma. [

This lemma now guarantees the existence of sufficiently many trees of
some size R; in T to account for the trees of size R; in the algorithms
solution. The only issue here is the factor of % in the lemma statement.
However notice from definition that A;,_; > 2A;, so we shall work instead
with a reformulation of Lemma as:

Ny > > M2

j=i+1

Again we will show approximate strong optimality for the algorithms
solution, so we obtain a constant factor approximation for all monotone
symmetric norms.

Lemma 4.7. For every A C D we can find set B C D with |B| < |A| such

that A
> w(To) <4 w(Ts),

0€EA oeB

where {Ty}oca is the set of trees computed by the assignment algorithm for
the depots in A.

Proof. Fix some A C D and for every o € A set r, to be the iteration of
the algorithm in which 7, was last assigned a tree. Hence w(7,) < 2-2'.
Now we shall demonstrate how to find some comparatively sized trees
among the T,. For every 7, we want to be able to match it to one of the
fragments of size 27~ accounted for by A, _;. However the fragments are
not disjoint between the different A;, i.e. a tree TO of size 2! will contribute
1 to Ay, 2 to A;_1, etc. but we can not use that contribution repeatedly.
To avoid overcounting we thus execute a little trick: Assume without loss
of generality that A,y = Y °°, | [M;[2/~". To do this decrease the sizes of

the 7, until the equalities hold. This only worsens the constant ¢ we can
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get for this lemma. Observe now that

Ai—l — 2 . Az = Z |Mj|2j_i — Z |Mj|2j_i = |Mz|
Jj=t

j=i+1

This means we can partition our 7, as follows: For the final iteration i* of
the algorithm we can extract Ay_; = |M;-| many fragments of size 2 1.
For i*—1 we can then partition each of these into two fragments of size 2¢" 2.
However we can extract an additional Ay — 2+ Aj_ = | M;«_1| fragments,
disjoint from the ones we already have. We continue this argument down-
wards. In this way we partition the 7, into M; disjoint fragments of size 2/~

Now from construction the number of o € D for which r, = 7 can be
at most |M;|. Thus we assign each 7, with o € A uniquely to one of the
fragments of size 277! we are guaranteed. We then take B to be the set of
trees T}, containing one of the chosen fragments. This clearly gives |B| < |A|,
but it also guarantees:

Y ow(@) =) 2t > iZw(%)-

o€B o€A o€A

]

The proof of Theorem now is a direct consequence of Lemma [4.7]
where the computation of the exact constant we can for this algorithm get
is left open. The present analysis suggests some very large number, but
to maintain some presentability it is also highly inefficient. Many of the
reductions made could in principle be omitted at the weight of a much
more detailed analysis.

4.4 Improved Analysis for the No-Depot Set-
ting

Speaking of constants of approximation, we will give an improved analysis
for the approximation ratio attained by the modified algorithm of Even et
al. [51] with respect to our all-¢, norm objective in the non-depot setting
since we can in fact get a reasonably small constant for this setting. This
involves centrally one observation, namely that the previous analysis pays a
considerable portion of its constant of approximation to the fact that there
can be up to g large components, requiring it to give up a factor of 2 in
Lemmal[4.3] However notice that this is only the case if all large components
have a spanning tree of size less than 4R. This can be avoided by pretending
that such components are in fact small. Notice that we only use that all
trees produced by the algorithm have size at most 4R, so this does not
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degrade the analysis, but it will allow us to assume that there are at most %
large components. Plugging this in, as well as rearranging the arithmetic a
bit will yield a much smaller factor of approximation.

Theorem 4.5. There is an algorithm that, given any edge-weighted graph
G and integer k € N, in polynomial time computes a set {T1,...,T,} of at
most k trees covering all vertices of G such that, for any p € [1,00) and tree
cover Ti, e ,Tk we have

(D w(TP)7 <14 w(T)?) 7

Proof. Suppose that the algorithm decomposes the graph into s small com-
ponents of size at most 4R, and ¢ large components of size greater than 4R,
and fix some tree cover Tl, e ,Tk.

Denote by s; the number of small components for which some T, is
a spanning tree, by s; the number of small components which intersect
multiple Ti, and by sz the number of other small components, which are in
particular incident to some edge e of a T} with d(e) > R.

We can make the following observations, analogously to the old analysis:

L Y w(ly) > $R+ g w(T)),
2. S w(Ti) = (k—s—02R— (k—s—{—s3)R+ Y e w(T}),

3. and ¢ < kgs,

where in the final point we now get a factor 1/3 rather than 1/2. We will
now also apply the third inequality immediately, allowing us to get:

S w(@) > (k—s—02R—(k—s—(—s)R+ Y _ w(T})

TiET:
=(k—s—s3—()R+ Z w(T})
TiET=

> Crtls sy 4R 7o)
= (3 —|—33— 51+ S3 AZw(l

T,eT=

2 .
> g(k — s —s3)R+ Z w(Ty) .
T,€T=

To remove the sz, we take a convex combination of this inequality with

~

S w(T;) > SR+ D 4 cp=w(T;) and obtain:
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This gives

1/p

1/p R

D wmy] < | k= s)ARy + 3wy
TiET:
1/p

2 \? 5 \p
<14 |(k—s) <?R) + Z w(Ty)

T,€T=

1/p

<14 [Z w(ﬁ)ﬂ . O

Notice again that the result is actually a lower bound on the average
tree size in any tree cover, excepting those trees that already agree with
the solution computed by the algorithm. So this analysis does indeed give
c-approximate strong optimality.

We can obtain an even stronger bound by exploiting that the number s3
of small components witnessing some edge e with d(e) > R must be small:

Lemma 4.8. Using the same notation as in the proof of Theorem [4.5, if
53 > %(/{—31), the algorithm computes a solution which is an 8-approximation.

Proof. Let T be some tree from an optimal solution to (£, k) tree cover that
contains fully covers a small component, as well as some edge e with d(e) > R.
Then take T7,...,T; to be the spanning trees of those small components
fully covered by T;. We can notice that 7} contains at least j/2 edges of
weight greater than R. Hence, we obtain w(T})? > > w(Ty)P + (3/2)RP.

That is, in the algorithm all trees in the components counted by s3 are
being paid for by the optimal solution, and the optimal solution pays an
additional RP for half of them, which we can use to cover the weight of some
of the algorithms large trees.

So let T3 be the set of minimum spanning trees of the components
counted by s3. We obtain the following bounds:

S w@p = S w@r+ Y wTy+ %R”; (4.1)

7 TeT= TeTs
E— g —
S w@p< Y w@)r+ Y wTy + %(43)? . (4.2
7 TeT= TeTs

Here, Equation follows from the fact that the trees of the algorithm
have average weight < 2R because of Step [3| and so the worst possible
arrangement with respect to any ¢, objective is to have k/2 trees of size 4R.
To obtain Equation , we then additionally exclude the trees counted
by s; and s3 from that computation.
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Together, Equations (4.1)) and (4.2)) yield

Sy k= -
OTCATIE

This proves the lemma.
Interestingly, note that for larger p we can get much better bounds here.
Namely, for s3 > A(k — s1) we would get

1/p 1/p 1/p
\P — — a. —
> w(Ty) < (kf 51 Ss) 4 < (1 >\> e
> w(Ti)P 53 A
Here, we can choose A quite small as p grows, for example for p = 2 we
could already take A = %, obtaining better constants for specific, large
values of p. n

B < 9. 4P < 8P

)| N
Mnid I

Theorem 4.6. There is an algorithm that, given any edge-weighted graph G
and integer k € N, in polynomial time computes a set {11, ..., T;} of at most
k trees covering all vertices of G such that, for any p € [1,00) and tree cover
Ti ,Tk we have

(Z w(Ti)p>1/p <9 (Z w(j})p> 1/p :

Proof. We follow the proof of Theorem [£.5] to obtain

Zw(ﬁ) > ;(k’ — 51— 83)R+ Z w(T;) .

T,eT=

Then by Lemma 4.8 we can assume s3 < (k — s1)/3, otherwise we already
have the statement of the theorem. So we obtain

SSwl) > gl —s)R+ Y w(h)

T,eT=

and thus
Together with

this implies the theorem. O
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4.5 Computational Hardness

To complement the algorithmic results, we also show some lower bounds
and give a short discussion on what kinds of algorithmic improvements are
still possible under these hardness constraints. Specifically, we show:

1. For any p € (1, 00|, problem ¢,-TREE COVER WITH DEPOTS is weakly
NP-hard, even with only 2 trees.

2. For any p € (1, 00|, problem ¢,-TREE COVER WITH DEPOTS with &k
trees is (strongly) W[1]-hard.

3. For any p € (1, 00| there exists some ¢ > 0 such that ¢,-TREE COVER
WITH DEPOTS is NP-hard to approximate within a factor < 1 + ¢
under randomized reductions.

Results 1 and 2 were already essentially presented by Even et al. [51], but
we restate them here for completeness. Note that, given these results, nu-
merous otherwise desirable algorithmic outcomes become unattainable. For
instance, there cannot be polynomial-time approximation schemes for ,-
TREE COVER WITH DEPOTS, nor can we expect exact algorithms when
parameterizing on the number of depots unless established hardness hy-
potheses (P#NP, FPT#WI(1]) fail, Further, the reduction for Item [1] pro-
duces bipartite graphs of tree-depth 3, so parameterization by the structure
of the input graph also appears to be out of reach.

4.5.1 Weak NP-hardness

We will show NP-hardness for /,-TREE COVER WITH DEPOTS by reduction
from PARTITION. In the PARTITION problem, we are given a collection of
integers 1, ..., x,; the task is to compute a solution in form of a subcollec-
tion X C {xy,...,x,} such that 2% o= 3" ;, or to decide that no
solution exists. It is known that PARTITION is (weakly) NP-complete [4].

We transform an instance {z1,...,x,} of PARTITION to an equivalent
instance of /,-TREE COVER WITH DEPOTS by constructing a graph G
where V(G) = {dy,dy} U{vy,...,v,} and E(G) = {dy,d2} x {v1,...,v.},
i.e. G is the complete bipartite graph K,,. We then set D = {d;,d>}
and w(d;,v;) = x;.

One can briefly observe that, for any given subset of the vertices X,
there is a minimum Steiner tree for X that consists of a star centered on
one of the depots, plus possibly one additional edge to connect the other
depot in case {d;,ds} C X. In particular this means that in an optimal
¢,-TREE COVER WITH DEPOTS every tree will contain exactly one depot,
so the optimal solutions correspond to partitions X;UX, of {vy,...,v,} and
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have solution value (D, cx, T)? + (D, ex, 2;)P]*/P. Since the £, norms are
strongly convex for p > 1, the instance (G, D, w, p) then has optimal solution
1

value [2(3 377, 2;)?]"/? if and only if the original instance of PARTITION

admits a solution.

4.5.2 WJ[l]-hardness for ¢,-TREE COVER WITH DEPOTS
parameterized on |D|

The previous construction can be expanded by allowing more than 2 de-
pots, say k > 2. The resulting instance will again have optimal solution
value [k(+ >, x;)P]"/? if and only if there exists a partition of X into k
bins Xi,..., X, such that the items in each bucket sum up to the same
weight. Using this construction we can then solve UNARY BIN PACKING
with & bins which was shown by Jansen et al. to be W[1]-hard when param-
eterized by k [67]. Note here that in the case of unary bin packing we may
assume without loss of generality that all bins must be completely filled by

providing additional items of unit size.

4.5.3 APX-hardness for /,-TREE COVER WITH DEPOTS

Although the earlier constructions are relatively straightforward, determin-
ing a lower bound for the approximability of /,-TREE COVER WITH DE-
POTS requires more work. We proceed by reducing from a variant of maxi-
mum satisfiablitity of linear equations over Fy of arity 3, MAX-E3LIN2 for
short. In this problem, we are given a set of variables x1, ..., z,, as well as
a set of m ternary equations z @y @® z = b with b € {0, 1}. Here, & signifies
addition modulo 2. The goal is to compute an assignment of {0,1} values
to the variables which satisfies a maximum number of equations.

In addressing this problem, Héstad [68], in his seminal work, demon-
strated that for any ¢ > 0, it is NP-hard to distinguish those instances
where (1—&)m equations can be satisfied from those where at most (5 +¢)m
can be satisfied. For our purposes we need to also bound the variable de-
gree. A modification of MAX-E3LIN2 achieving bounded variable degree
was used by Karpinski et al. [20] to show improved lower bounds for the
approximability of the TSP. They proved that MAX-E3LIN2 remains hard
to approximate even if every variable occurs in exactly three equations. In
return they need to allow some equations of arity 2, as well as a degradation
in the approximability lower bound. Specifically they prove the following
theorem.
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Theorem 4.7 (|20], Theorem 3). For every € > 0 there exists a collection
of systems of linear equations with 31m equations and 21m variables over
Fy such that:

e cach variable occurs in exactly three equations;
e 30m of the equations contain 2 variables;
e m of the equations are of the form x ©y @ z =0;

e and it is NP-hard to decide whether some assignment to the variables
satisfies (31 — €)m equations, or if every assignment satisfies at most
(30.5 4 €)m equations.

This regularisation is achieved by taking an instance of MAX-E3LIN2
and replacing every occurrence of a variable with a new, dedicated variable,
and then linking these new variables together by additional equations to
force them to be equal if they correspond to the same original variable. This
increases the size of the system, hence there are 31m instead of m equations.
We will call this problem 3R{2,3}1.2, for 3-regular linear equations of arity 2
or 3 over the binary domain. Its instances are denoted (X,C) where X is
the set of variables and C the set of clauses.

Note: The hardness of approximation for 3R{2,3}L2 presented by Karpin-
ski et al. |20] relies on reducing the variable degree of an instance of MAX-
E3LIN2 by means of a certain type of amplifier graph. They show how to
construct such amplifiers probabilistically in polynomial time, but a deter-
ministic construction is not known. Thus, the reduction only works prob-
abilistically. If one desires deterministic guarantees, we may settle for a
weaker statement by noting that for an instance with m clauses their trans-
formation requires at most one such graph for each i € 1,...m, and the
graph for each ¢ can be chosen independently of the instance and has size
linear in 7. Thus their results also hold in a deterministic setting if we al-
low for polynomial runtime and a polynomial advice string, i.e. assuming

NP Z P/poly rather than P # NP.

For an instance of 3R{2,3}L2 we may construct an instance of ¢,-TREE
COVER WITH DEPOTS by first introducing some gadgets for the variables
and clauses:

e For every variable x, introduce three vertices z, xgy, and z, as well as
edges T, x; for i = 0,1 with weight 3. Add the z;’s as depots.

e For every ternary clause C, introduce vertices C’, Cooo, C110, Cho1, and
Co1p with edges {C', C;} of weight 3. Add the C;’s as depots.
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e For every binary clause C' = x @ y = 0, introduce vertices C , Coo, and
C1; with edges {C’, C;} of weight 2. Add the C;’s as depots. Further
add vertices C%o and Cfn where C’Z is connected only to C; by an edge
of weight 1.

e For every binary clause C' = x @y = 1, introduce vertices C , Co1, and
Cho with edges {C.C; } of weight 2. Add the C;’s as depots. Further
add vertices Cp; and Cio where C; is connected only to C; by an edge
of weight 1.

We connect the gadgets together as follows:

e For every clause C' =2 @y ® z = 0 we connect Cy,p,p, t0 Tty , Yy, and
zp, With a path of length 2 where both edges have weight 1.

e For every clause C' = x @ y = b we connect Cy,p, to xp,, yp, With a
path of length 2 where both edges have weight 1.

An illustration of this construction is given in Figure 4.6l Notice that
there are 106m depots.

The goal of this construction is to represent the original system of linear
equations in the following sense: For every variable z, the vertex & should
be assigned to either zy or z;. As this is relatively expensive, we would like
to not assign any further vertices to that depot. The other depot however
is still free, and should correspond to the variable assignment we want to
choose.

Similarly for every clause C' = x @&y & z = 0 we need to assign C' to one
of the depots in the clause gadget. These correspond directly to the way in
which we would like the clause to be satisfied. That is, assigning C to Con
means that we have set z =0, y = 1, and z = 1 to satisfy the clause.

Now we may note that, if those choices are consistent between a clause
and its incident variables, we will be able to also assign the vertices on
the paths that we introduced between the gadgets. Specifically every such
vertex will be adjacent to a depot that has not yet been assigned any vertex.
We try to assign all of them to the neighbouring C; if it is empty. The
remainder we then assign to the adjacent x;. Since every variable appears
in most 3 clauses, this will leave every tree with size at most 3, if we had
a satisfying assignment to begin with. In fact every tree will have size
exactly 3 in this setting, since the variable degrees are exactly 3.

Conversely, every clause that is not satisfied will cause one tree some-
where to have weight at least 3. For every ¢, norm other than ¢; this imbal-
ance in the tree sizes will then be measureable in the value of an optimum
solution.
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3
r+y+z=0

(a) The gadget for a ternary clause
@y ®dz =0, along with the gadgets
for x,y, z and the respective connec-
tions.

(b) The gadget for a binary clause
xr @y = 0, along with the gad-
gets for z,y and the respective
connections.

Figure 4.6: Illustration of clause and variable gadgets for 3 and 2-ary con-
straints

Completeness

We begin by describing how we can transform solutions to the (31 — &)m-
satisfiable instances of 3R{2,3}L2 to good solutions to the constructed
instances of {,-TREE COVER.

Lemma 4.9. Let (X,C) be an instance of 3R{2,3}L2 in which (31 —e)m
clauses can be simultaneously satisfied. Let (G, D,w) be the instance of
(,-TREE COVER obtained from (X,C). Then

OPT, < [(106 — 25)m3P + (2P + 4P)]'/7

Proof. Let (G,D,w) be the instance obtained from transforming (X,C)
and take f : X — {0,1} to be an assignment to the variables satisfy-
ing (31 — )m|C| clauses.

To construct a tree cover of G' we do the following:

1. For every x € X, assign T to x1_p(y).
2. For every satisfied clause C' =z @y @ z = 0, assign C' to Cta)f ) f(2)-

3. For every satisfied clause C' = z @ y = b with b € {0,1}, assign C to
Cla)f(y)s as well as Cy,p, to Cyp, for any by, b, € {0,1}.

4. For every unsatisfied clause C' = x®ydz = 0, assign C to Cria)f(y)1-1(2)-

5. For every unsatisfied clause C'= z &y = b with b € {0, 1}, assign C
to Cayi—y(y), as well as Cy,p, to Gy, for any by, b, € {0,1}.
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(a) The gadget for a satisfied
ternary clause under variable as-
signment x = 0, y = 1, z = 1
with the selected solution. All trees
have size 3, or belong to the depot
corresponding to a variables assigned
value.
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(b) The gadget for an unsatisfied
ternary clause under variable assign-
ment x = 1, y = 0, z = 0 with the
selected solution. The tree with the
dashed edges will have weight 4, wit-
nessing the fact that the clause was
unsatisfied.

Figure 4.7: Illustrations of the appearance of Tree Cover solutions on satis-
fied and unsatisfied clauses.

6. Finally, assign every of yet unassigned vertex by the following rules:

(a) If it has a neighbouring depot Cr for some C' € C,I € {0,1}"
such that C} has not been assigned C', assign the vertex to this
depot.

(b) Otherwise if it has a neighbour z¢(x) for some x € X, assign it
to this depot.

(c) Finally if it is not assigned by the previous rules, it is incident
to either Cy)pyy1—fz) OF Cp(z)i—s(y) for some clause C'. Assign
it to this depot.

We can observe that because every variable appears in at most three clauses
the application of this rule will cause every depot to be assigned a total
weight of at most 3, except those corresponding to the C that was assigned
C for some unsatisfied clause C; These depots are assigned a total weigth
of 4, consisting of C, possibly C 1, and one additional vertex. However there
are only em such depots.

Noting that the total weight of all trees is 3 - 106 - m, we obtain that the
value of this solution with respect to ¢, is

[(106 — 26)m3P + (2P + 4P)]/P . O

Soundness

We will for clarity conduct the soundness analysis in two stages. First, we
will look at solutions to the ¢,-TREE COVER which are honest in the sense
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that they assign every vertex to a neighbouring depot. These rather closely
correspond to solutions of the original instance of 3R{2,3}L2 so we will
be able to essentially show that if the instance was at most (30.5 + &)m-
satisfiable, there are at least (% — &)m trees of size at least 4 in any honest
solution.

In a second step we then show that one can not gain much by using
a dishonest solution instead. Assigning a vertex to a depot that is not
neighbouring incurs some weight with respect to ¢;, which will drive up the
weights in all other £, norms as well.

Lemma 4.10. Any honest solution {Ty}acp to some instance (G, D, w)
of ¢,-TREE COVER derived from a (31 — c)m-satisfiable instance (X,C) of
3R{2,3}L.2 will have

[Z w(Ta)”

deD

1/p
> [(106 — 2¢)m3P + cm(2P + 47)]V7

Proof. Suppose we are given an honest solution to the ¢,-TREE COVER
instance constructed from an instance of 3R{2,3}L2. We obtain an assign-
ment f to the variables by setting f(x) = 1 if Z is assigned to xg, and vice
versa. Now take any clause C' not satisfied by f and let C; be the depot
which was assigned C'. Then there exists at least one vertex in N(C;)\ {C}
such that it is adjacent to two depots, both of which are already have weight
at least 3 assigned to them. We call the set of all such vertices V. cess-
These vertices must be assigned to one of their neighbouring depots

causing it to have size > 4. We formally detect this by estimating the
following;:

Zmax{w(Td) — 3,0} > |Vewcess| = em.

deD
Noting again that we have } ., w(Ty) > 318m, and that a lower bound
on the ¢, value can be obtained by distributing the total weight as evenly
as possible, under the constraint that ), , max{w(Ty) — 3,0} > cm, we
then see that

[Z w(Ta)”

deD

1/p
> [(106 — 2¢)m3” + em(2” + 47)]'"7 O

Lemma 4.11. Any solution {Ty}acp to an instance (G, D,w) of {,-TREE
COVER derived from a (31 — c)m-satisfiable instance (X,C) of 3R{2,3}L2
will have
v 1/p

> [(106 - 5)31’ + g(%’ + 4p)] .

[Z w(Ty)?

deD
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Proof. We now also have to consider the dishonest solutions, i.e., solutions
where some vertices were not assigned to a neighbouring depot. For each
such vertex there is some increase in the ¢; value of the solution, so there
can not be too many of them. But then most of the instance looks like it is
honest, since for every variable on which the solution cheats it can satisfy
at most 3 additional clauses above what an optimal solution to 3R{2,3}L2
could.

So let Viishonest & V(G) be the set of vertices not assigned to a neigh-
bouring depot. Then we see that ), ,w(Ty) > 318m + |Viishonest| and it
follows that )., max{w(Ty) — 3,0} > |Vaishonest|-

Now suppose we take the set of variables Xgishonest € X Whose corre-
sponding gadget contains a vertex from Viisponest, and similarly Cgaishonest for
the clauses. We now delete from (X, C) all variables in Xgishonest, all clauses
in Caishonest, and finally all clauses containing a variable from Xgishonest- Call
the resulting instance of 3R{2,3}L2 (X’,C’). We notice that C’ still con-
tains at least 31m — 3|Viishonest| clauses. Also, any assignment to X' sat-
isfying a clause C' € C’ will also satisfy that clause in (X, C), irrespective
of how we extend it to X \ X’. Thus any assignment to X' will leave at
least ¢m — 3| Vaishonest| clauses unsatisfied. Thus we have an honest assign-
ment leaving some clauses unsatisfied, so Lemma applies. We see that
we have Y, max{w(Ty) — 3,0} > em — 3| Viishonest |, and thus

Z max{w(Td) - 37 0} Z maX{cm - 3|Vdishonest|7 |V;iish0nest‘} Z ;lm .
deD

This gives the desired relation

[Z w(Ta)”

deD

1/p
1/p
> [(106 - g)m?;p + im(Zp v O

Hardness of Approximation

Lemmas and jointly show that our reduction can, up to a factor
of 4, detect the number of clauses that are satisfiable in an instance of
3R{2,3}L2. Therefore, the gap shown by Karpinski et al. [20] now transfers
also to our setting:

Theorem 4.8. For every p € (1,00) there exists a constant ¢ such that
¢,-TREE COVER WITH DEPOTS is NP-hard to approximate within a factor
c. The NP-hardness holds under randomized reductions.

Proof. Fix some p and ¢ and take an instance of 3R{2,3}L2 from an in-
stance family for which it is NP-hard to distinguish whether the instance
is (31 — e)m-satisfiable or at most (30.5 + ¢)m. Karpinski et al. [20] show
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that such a family exists under randomized reductions. Now suppose, for
sake of contradiction, we had a polynomial-time c-approximation algorithm
for £,-TREE COVER. Apply this algorithm to an instance generated by our
reduction and denote by ALG the value of the computed solution. If the
initial instance of 3R{2,3} L2 was (31 — ¢)m-satisfiable, then we obtain

ALG < ¢- OPT, < ¢[(106 — 2¢)m3” + em/(2” + 47)]'/?

from Lemma [£.9] Otherwise, we have
1 ¢ 1 ¢ 1/
ALG > OPT, > [(106 = 7 + )m3" + (¢ = Dym(2 + 4)]'7 .

So unless P=NP, we must have
€

1 1
c[(106—2¢)m3P+-em(2P+4P)]'/P > [(106—Z+§)m3p+(§—Z)m(zp+4p)]1/p :

Brief computation yields

[(106 — 3 + $)m3P + (§ — £)m(2P + 47)]!/P

>
©= (106 — 26)m3r + em (20 + 47)]Ur
g 3 1
_ (106 - §+5)3 + (5 — D +4) /”> ,
- (106 — 2¢)3P 4 (27 + 4p) ’
where the final inequality follows immediately from the relation 2P+4P > 2.3P,
which holds for all p € (1, 00). O

Notice that this computation does not hold at p = 1, since 2! +4' = 2-3.
Indeed ¢;-TREE COVER is polynomial-time solvable. Further, the compu-
tation requires p to be a real number, so the above reduction does not
yield hardness for /,.-TREE COVER. This should be unsurprising, since
by Lemma there is always a solution whose value with respect to /.
is 4, unless the original instance of 3R{2,3}1.2 was satisfiable (recall that
satisfibility of a system of linear equations over [F5 can of course be checked
in polynomial time.).

APX-Hardness for /..-TREE COVER WITH DEPOTS

Obtaining some hardness of approximation for /,.-TREE COVER WITH DE-
POTS is nonetheless possible and not too complicated. This is already known
due to Xu and Wen [61], however we restate the result here to demonstrate
a reduction that is similar to the one used to prove Theorem [£.8f We reduce
from 3-OCCURRENCE SAT, i.e. SAT where every variable occurs in exactly
3 clauses, which is known to be NP-hard for example due to Berman et al.
[69]. We denote instances of 3-OCCURRENCE SAT as (X,C) where X is
the set of variables and C the set of clauses. For any such instance we con-
struct an equivalent instance of /.- TREE COVER WITH DEPOTS in similar
fashion to before:
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1. For each x € X, introduce vertices xg,z1,& with edges {z;, 2} of
weight 2. Take the z; to be depots.

2. For each clause C = z' Va2V ...2° Vyt V y2--- V yt introduce a
vertex C' and edges {C,z}}, {C,yi} with weight 1.

Any solution to this instance with value 2 with respect to /., will correspond
exactly to a satisfying assignment f of the instance (X, C) by taking f(z) =i
where ¢ is such that & was assigned to x;_;. Note that we do not have to
worry here about the solution “cheating”, since every  must be assigned to
one of the neighboring X;’s, otherwise the solution value is at least 3. Every
clause is then satisfied by the variable to whose depot it has been assigned.

Conversely, any satisfying assignment f can be transformed into a solu-
tion of the {.-TREE COVER instance with value 2. We assign & to z;_ ()
for each variable z € X, and C' to xy(;), where x is a variable satisfying the
clause C' with respect to f. This achieves value 2, since—without loss of
generality—every variable satisfies at most two clauses (otherwise it occurs
only negated /non-negated and can be removed).

Thus, we cannot distinguish instances of ¢,-TREE COVER WITH DE-
POTS with solution value 2 from those of solution value 3 in polynomial
time unless P=NP, so /,.-TREE COVER WITH DEPOTS is NP-hard to ap-
proximate to within a factor g — ¢ for every € > 0.

4.6 Conclusion & Open Problems

The present analysis raises some interesting directions for further research;
In particular it would be interesting to know if the given constants can be
improved. Especially the analysis for the case with depots appears to have
a considerable amount of slack. Finding a simpler analysis of the algorithm
might go a long way to obtain a better constant of approximation.

On the other side it would also be interesting to find good (uncondi-
tional) lower bounds, since our regime allows for these (see for example
fig. [1.1).

Beyond a refined understanding of our concrete setting it would also
be good to extend these kinds of multi-objective optimization problems to
more domains. The presence of unconditional lower bounds in our setting
will prevent this for many kinds of problems, however some weakenings of
our all-norm objective might allow us to step around these lower bounds.
For example in unrelated machine scheduling it is not possible to find an
assignment that simultaneously minimizes all symmetric monotone norms
of the machine load vector up to some universal constant. However this
does not exclude some more relaxed solutions, for example on might be
able to give a small portfolio of solutions such that for each norm at least
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one solution from the portfolio is approximately minimal. Even weaker, we
could try to find a distribution over the solutions such that every norm is
approximately minimal with probability bounded away from 0.

Such relaxed notions of being optimal with respect to many different ob-
jectives could help to provide a theoretical framework for avoiding “overfit-
ting" in optimization problems, where the strictly optimizing for one single
objective may produce unnatural solutions which perform poorly on other
metrics.

Ideas of this sort have seen enthusiastic adoption in Machine Learning in
the form of regularization where the goal is explicitly to produce a solution
which is perhaps not optimal, but approximately optimal with respect to
a variety of objectives. In particular in Machine Learning it is understood
that models with very large weights have probably been overfit, and so one
typically minimizes both the loss of the model and some norm of the model
weights. Doing this gives much better results in practice, as the resulting
models are less likely to be over-specialized to their training data.

By the same token then it will be interesting to understand whether
such a phenomenon can also be found in classical optimization problems
by computing solutions which are good in many different ways rather than
optimal in only one.



Chapter 5

Approximating Sparsest Cut in Bounded
Treewidth Graphs

Based on joint work with Parinya Chalermsook, Matthias Mnich, Joachim
Spoerhase, Sumedha Uniyal, and Daniel Vaz [70].

We now turn away from algorithms for the designing of networks and instead
look at their natural dual formulations, cut problems. The best known dual
pair of network design/cut problem here is probably the min cut/max flow
relationship discovered by Ford and Fulkerson |71] for the single-commodity
flow problem, i.e. the question of routing as many edge-disjoint paths as
possible between two fixed endpoints in a capacitated graph.

Notwithstanding its importance this particular problem is in many in-
stances a rather poor model of the real-world demands in network analysis.
Suppose you are trying to analyse the public transit map of some city —say
Hamburg— to identify weak points in the network that should be strength-
ened. You might be tempted to compute a minimum cut of the network,
i.e. two sets of stations between there are only very few connections. This
will not, however give you a good understanding of where the true weak
points are. It will instead return the information that there is only one
single connection to Stade, a small town about 40km outside of Hamburg
proper. And while the people of Stade would certainly appreciate an ad-
ditional connection, relatively few people would profit from it in total, and
the overall structure of the network would remain essentially unchanged.

The issue of course is that such multi-agent environments are not well-
modelled by single-commodity flows. Instead we need to take into account
that there are different levels of demand for transit between different end-
points of the network, and that a weak point then does not arise merely
from a low capacity between two regions of the network, but from the com-
bination of a low capacity and a high demand.

In order to take these effects into account we therefore consider the
SPARSEST CUT problem, where are given a graph together with capacities
and demands on the edges, and our goal is to find a cut that minimizes
the ratio between the capacities and demands across the cut. For some
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(a) The map of public transit connec-
tions in the Cologne/Bonn area. The
cut runs along the Rhine river and
then swerves west to separate Bonn
from Cologne. Personal experience
suggests that getting from Bonn to
Cologne is indeed difficult at times.
The indicated graph has 5696 ver-
tices, but a treewidth of at most 19.
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(b) The map of public transit con-
nections in Hamburg. The cut
runs precisely along the Elbe river,
with the exception of some (grade-
separated) rail lines extending across
it. The indicated graph has 7077 ver-
tices, but a treewidth of at most 18.
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(c) A sparsest cut in the regional rail network of Germany, highlighting a very
clean North/South divide. The indicated graph has 5515 vertices, but a treewidth

of at most 15.

Figure 5.1: Illustration of uniform sparsest cuts in various real-world trans-
port networks. The edges are colored in red /blue if they are fully contained
on one side of the cut, and black if they cross the cut. Also indicated is
some heuristic upper bound on the treewidth of these networks.
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empirical evidence that this is a credible see Figure[5.1] Formally, we define
it as follows:

Problem Definition In the SPARSEST CUT problem the input is a graph
G = (V, E¢g) with positive edge capacities {cap,} .z, and a demand graph
D = (V,Ep) (on the same set of vertices) with positive demand values

{dem.} . . The aim is to compute the values

ZeEEg(S,V—S) cap,

ZeEED(S,VfS) dem, -

Qg p = min Pep(S),  Pap(S):=

The value ®¢ p(S) is called the sparsity of the cut S. To avoid dividing
by zero here we shall only consider cuts S for which . Ep(S,V—5) dem, is
non-zero and treat all other cuts as having essentially infinite sparsity, i.e.
they will never be the cut of minimum sparsity.

Beyond the the ability of SPARSEST CUT to model many real world
problems in network analysis [72] it is also of great theoretical interest in
both computer science and pure math, in particular in the theory of met-
ric embeddings. Specifically it can be shown that the integrality gap of the
standard linear /semidefinite programming relaxation of the SPARSEST CUT
problems corresponds exactly to the minimum distortion with which arbi-
trary finite metrics/ negative-typeﬂ metrics can be embedded into ¢;.

As the SPARSEST CUT problem is NP-hard [73], the focus has largely
been to study approximation algorithms, specifically through the lens of cre-
ating rounding algorithms for LP /SDP relaxations so as to exploit the close
relationship of their integrality gaps to the theory of metric embeddings.
Over the past four decades several great advances have been made in this
direction. With respect to the integrality gap of the LP Linial, London, and
Rabinovich as well as Aumann and Rabani |74} [75, [76] were able to show
a gap of O(logn) using Bourgain’s Embedding Theorem [77]. Exploiting
the smaller gap between negative-type metrics and ¢; a line of work due
to Arora et al. |78, [79] has yielded a O(y/logn) approximation based on
semi-definite programming.

On the lower-bound side it is known that some dependence on n in the
approximation ratios is unavoidable unless Khot’s Unique Games Conjec-
ture [80] fails |81, 82, 83].

In light of the relevance of sparsest cuts significant effort has been in-
vested into understanding when SPARSEST CUT instances are “easy”’. Of
particular interest here are structural bounds on the capacity graph of the
underlying instance, whereas the demand graph is generally unrestricted.

1A metric space (X,d) has negative type if (X,v/d) embeds isometrically into /5.
Alternatively one can check that the matrix (d(i,7)): jex is positive semi-definite, hence
the relationship to SDP.
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In trees, optimal sparsest cuts can be found in polynomial time (see e.g.,
Gupta et al. [84]). For many other well-known graph classes however find-
ing optimal sparsest cuts is already NP-hard, and thus there are instead
attempts to find constant-factor approximation algorithms in polynomial
time. This has been successful for example for planar, f-outerplanar, bounded-
pathwidth and bounded-treewidth graphs [85, |86} 2, 87, [88].

A more general viewpoint of such a treatment of special cases, the con-
jecture of Gupta, Newman, Rabinovich, and Sinclair [89], postulates that
any minor-free graph metric embeds into ¢; with constant distortion, which
would imply that all such graphs admit a constant approximation for the
SPARSEST CUT problem essentially by rounding a solution to the LP relax-
ation. The conjecture has been verified in various graph classes but remains
open even for bounded-treewidth graph families. Thus exploring further de-
velopments in the direction of SPARSEST CUT approximability for bounded
treewidth graphs [2, 85| is of particular interest.

Beyond this there is also a deep connection between treewidth and the
power of hierarchies of increasingly tight convex relaxations of combinatorial
optimization problems (see, for instance, the work by Laurent [90]), which
we will touch on in more depth in Section [5.4]

In the bounded-treewidth setting, a (problem-independent!) LP round-
ing algorithm performs surprisingly well for many combinatorial optimiza-
tion problems: not only does it achieve optimal solutions for various funda-
mental problems [91, 92|, but it has also led to tight approximation factors
for problems such as GROUP STEINER TREE [93, (94} 95|. In this way, for
these aforementioned problems, such a problem-oblivious LP rounding al-
gorithm provides a natural framework to generalize an optimal algorithm
on trees to nearly-optimal ones on low (perhaps super-constant) treewidth
graphs.

In 2010, Chlamta¢, Krauthgamer, and Raghavendra |2| initiated the
study of sparsest cuts in this low-treewidth regime, where the treewidth of
the capacitated subgraph G is restricted to some integer £ (no restrictions
are placed on the demand graph D). Chlamtd¢ et al. devised a factor-
22" approximation algorithm (CKR) that runs in time 2°®) . n®0) | with k
being the treewidth of the capacitated subgraph G . Later, Gupta, Talwar
and Witmer [85] showed how to obtain a factor-2 approximation (GTW)
with a blown-up run time of n®®); they further showed that there is no
(2—¢)-approximation for any € > 0 on constant-treewidth graphs, assuming
the Unique Games Conjecture. Cohen-Addad, Mémke, and Verdugo [96]
recently matched this lower bound with a factor-2 approximation algorithm
(CMV) with run time 22°” . n®0) | which removes the dependency on k in
the exponent of n, but suffers from a doubly-exponential dependence on k.

Perhaps it is worth noting here that the restriction to bounded treewidth
for the capacity graph is not only of theoretical interest due to its connection



Chapter 5. Sparsest Cut in Bounded Treewidth Graphs 7

to metric embeddings of bounded-width metrics, but it also makes some
sense in application. In practical terms a logistics network will usually
need to be able to route demand between any of its nodes, leading to an
unrestricted demand graph; However it is expensive to install such networks,
and especially to include redundant connections. This should lead to real
world logistics networks being rather sparse. Indeed the treewidth estimates
given in Figure [5.1] seem to support this basic intuition.

It remains an intriguing open question whether one can simultaneously
achieve the best run time and approximation factor. In particular we will
here address the following question:

Does SPARSEST CUT admit a factor-2 approximation algorithm
with run time 200 . pOM)?

Our Results

We present several results that may be seen as an intermediate step to-
wards the optimal result. Our main technical results are summarized in the
following theorem.

Theorem 5.1. For the following choices of functions t and «, there are
algorithms that run in time t(k) -n°W and achieve approzimation factors
a(k) for the SPARSEST CUT problem on graphs of treewidth k:

o t(k) =290 and a(k) = O(k?).
o t(k) =2°"") and a(k) = O(1).
o For any e € (0,1], t(k) = exp(O(E22)) and a(k) = O(1/<?).

For the proof, we refer to Sections to for each of the respective
constructions.

Our first result directly improves the approximation factor of 22" by
Chlamtac et al., while keeping the run time single-exponential in k. Our
second result shows that, with only slightly larger run time, one can achieve
a constant approximation factor. Compared to Gupta et al. our result has
a constant blowup in the approximation factor (independent of k), but has
a much better run time (2°**) instead of n®®); compared to Chlamtac et
al., our result has a much better approximation factor (O(1) instead of 22%),
while maintaining nearly the same asymptotic run time.

Finally, our third result gives us a range of different results trading off
the size of the approximation factor against the run time of the algorithm.
We remark that, by plugging in e = Q(1/log k), we obtain a factor-O(log* k)
approximation in time k°®) . n©M),
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Overview of Techniques

In this section, we sketch the main ideas used in deriving our results. We
assume certain familiarity with the notions of treewidth and tree decompo-
sition, however for completeness the formal definition of tree decompositions
is restated in Section [p.1] Let (T, B) be a tree decomposition of a graph G,
with B being a collection of bags B; C V(G) for all t € V(7). The width
of (T,B) is w(T,B) = maxev () |Bi| — 1, and the treewidth of G is the
minimum width over all tree decompositions of G.

The run times of algorithms that deal with the treewidth parameter gen-
erally depend on w(7, BB), so when designing an algorithm in low-treewidth
graphs G one usually starts with a near-optimal tree decomposition (7, B),
satisfying w(7T, B) = O(k), where k is the treewidth of G. As an example,
the CKR algorithm [2 for SPARSEST CUT runs in time 20*(7-8).n0M) and
gives approximation factor 22", In this setting, it is always desirable to
use a tree decomposition of lowest possible width, even though an increase
in the width would still allow us to obtain the desired run time of 2°0*).p0M)
In particular, with width w(7,B) = O(logn) + (k) the CKR algorithm
runs in time 2006®) . nOM) byt it achieves a poor approximation ratio.

We will exploit this flexibility in the run time component by employing
a different analysis of the CKR algorithm so that its approximation factor
depends on the diameter d of 7. We can then increase the width of a given
decomposition while decreasing its diameter to obtain trade-offs between
the runtime and approximation factor. In hindsight, this analysis is already
present in the original work of Chlamtac et al. and gives an approximation
factor of O(d?), although this is not useful when used naively, since d will
be Q(logn). However, we can use it by modifying the tree decomposition
to obtain a trade-off between runtime and approximation guarantee.

For a simplified example of how to obtain such a trade-off, consider a
path decomposition (P, B). If we combine pairs of bags along the path we
will obtain a new path decomposition whose width is twice that of (P, B),
but its diameter has been halved. Taking this further, if P had diame-
ter O(logn) we could combine subpaths of logn/w(P,B) many bags to
obtain a modified decomposition of width logn + w(P,B) and of diame-
ter O(w(P,B)). We would then still be able to run the CKR algorithm in
time 2°(PB) poly(n), but achieving an approximation ratio of O(w (P, B)?).

Let us now go from this simple example to the general setting, where
instead of path decompositions we deal with tree decompositions. Initially,
we obtain a tree decomposition (7,B) of G of width O(k) and diame-
ter O(logn) by running an algorithm by Korhonen [98] and subsequently
applying an algorithm of Bodlander |99], in time 2°%) . O(n). Combin-

2Going forward we will instead refer to the arXiv version of the paper by Chlamtag
et al. [97], as we need some results that are only present in that version.



Chapter 5. Sparsest Cut in Bounded Treewidth Graphs 79

ing such a tree decomposition with the aforementioned bag composition
argument would already be sufficient to greatly improve the approximation
factor of Chlamtac et al., if it could be extended to tree rather than path
decompositions. While it is possible to reduce the analysis of the CKR al-
gorithm to the case of path decompositions, one cannot simply combine sets
of neighbouring bags in the case of tree decompositions: since nodes may
have many neighbours, this would cause too large an increase in the width.

In fact such a construction has natural limits since low-diameter treewidth
decompositions also imply low-depth tree depth decompositions. Thus a
treewidth decomposition of width f(k) + logn and constant diameter does
not always exist for tree-width-k graphs. However we will still be able to
use a tree decomposition that behaves essentially like this by relaxing our
view of a diameter.

We introduce the concept of “combinatorial diameter” of a tree decompo-
sition. Informally, the combinatorial length of a path between v and v in T
measures the number of “non-redundant bags” that lie on the unique path
in 7 connecting the bags of u and v. We say that the combinatorial diame-
ter A(T, B) of (T, B) is the maximum combinatorial length of any path in 7.
We refer to Section [5.2.1] for formal definitions. The notion of combinatorial
diameter allows us to argue that, by purposefully modifying a tree decompo-
sition, many of the nodes do not impact the approximation factor (i.e. are
redundant) since their bags contain vertices that occur only briefly during
rounding, and thus are in some sense unable to carry information forward
that could degrade performance. Formally, Theorem shows that the ap-
proximation factor of the CKR algorithm can be upper bounded in terms of
the combinatorial diameter as min{O(A(T, B)?), 22"}, Moreover, in the
special case of A(T,B) = 1, the CKR algorithm gives a 2-approximation,
which follows from the arguments of Gupta et al. [85].

With this result at hand it then suffices to construct a tree decompo-
sition (77, B) with simultaneously low w(7, B) and low A(T,B) to obtain
a good approximation algorithm, i.e. one that achieves a O(A(T, B)?)-
approximation in time 2%(7-8) . nOM  Constructing such tree decomposi-
tions is possible using a generalised version of the width/diameter trade-off
sketched for path decompositions, now exploiting the fact that we only need
to decrease the combinatorial diameter, while the actual diameter may stay
large.

This framework is surprisingly powerful, and allows us to construct a
range of different tree decompositions exhibiting different widths and com-
binatorial diameters, which we summarise in Table [5.1l Furthermore, we
can also interpret the existing results by CKR [97], GTW [85], and CMV [96]
in our framework as giving constructions of tree decompositions with dif-
ferent trade-offs between width and combinatorial diameter. Under this
lens, the existing work on approximation algorithms for the SPARSEST CUT
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Lemma Lemma|5.10)] Lemmal5.11{Vq € N; GTW [100 CMV |96
A(T,B) O(k) 3 2q+1 1 1

w(T,B) O(logn+k) O(ogn+k?)  O(logn+qk'*V/?)  O(klogn) O(logn) + 2°®

Table 5.1: A summary of achievable trade-offs between width and com-
binatorial diameter of a tree decomposition for a graph with n vertices
and treewidth k. All of these constructions give rise to O(A(T, B)?)-
approximation algorithms running in time 2*(7-8) . n®W_ For A(T,B) =1
the approximation factor can be shown to be 2, by the arguments in GTW

[35).

problem in the bounded-treewidth regime can then be understood as being
applications of the CKR algorithm to tree decompositions with the right
compromise between width and combinatorial diameter.

5.1 Preliminaries

Tree decompositions Let G be a graph. A tree decomposition (7, B) of
G is a tree T together with a collection B = {B;};cv(r) of bags, where the
bags B; C V(@) satisfy the following properties:

o V(G) = Uz’eV(T) Bi.
e For each edge uv € E(G), there is a bag B; containing both u and wv.

e For each vertex v € V(G), the collection of bags containing v induces
a subtree of T

The width of (T,B) is given by w(7T,B) = max;cy(r)|B;| — 1, and the
treewidth of G is the minimum width of any tree decomposition of G.

Korhonen [98] has shown how to compute a tree decomposition of a
treewidth-k graph that has width 2k in time 2°®) . n, and a procedure due
to Bodlaender [99] allows us to transform any such decomposition into one
that has diameter O(logn) and width at most 6k + 2.

We will also assume that the number of nodes in the tree 7 is bounded
by O(n), by the following simple process: repeatedly delete any bag that
has at most one child and is a subset of its parent; after this process ends,
there are at most n bags with at most one child (since each must introduce
a new vertex), and thus at most 2n nodes in total.

We generally use r to denote the root of T, and p: V(7)) — V(T) for
the parent of a node with respect to root r, where p(r) = r. We sometimes
refer to B;) as the parent bag of B;. Let T  be the set of nodes on the
unique path in tree 7 between nodes i,j € V(T) (possibly i = j). For a
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set X C V(T) of nodes, we use the shorthand B(X) = (J,cx Bi (the union
of bags for nodes in X).

We will treat cuts in a graph as assignments of {0,1} to each vertex,
which we formally denote as X-assignments:

Definition 5.1. Let X be some finite set. We call a map f: X — {0,1}
an X -assignment. We denote by F[X] the set of all X-assignments. For
some probability distribution p over F[X] and set Y C X we define uly to
be the distribution given by

Pr [f=F1=Prlfly =f] vfeFly].

fruly

5.2 Algorithm and Combinatorial Diameter

Our approach is based on the relation between the algorithm of Chlamtac et
al. [97] and our novel notion of “combinatorial diameter”. In Section[5.2.1] we
present the definition of combinatorial diameter. The subsequent sections
give the description of Chlamtd¢ et al. and prove its connection to the
combinatorial diameter.

5.2.1 Our New Concept: Combinatorial Diameter

Let G be a graph and let (7, B) be a tree decomposition of G, where we
say B = {Bi}icv(7):

Definition 5.2 (Redundant bags). Fix s,t € V(T). Let v € V(T) \ {s,t}
be a node with neighbors u and w on the path 7,.;. When B, N B, C B,,
we say that v is (s, t)-redundant.

Intuitively, each redundant node v can be thought of as a subset of u,
since the vertices in B, \ B, occur only in B, within T.,;. As a consequence,
we can show that they do not affect the rounding behaviour of the CKR
algorithm with respect to s and t (therefore “redundant”). It might be
surprising that redundancy depends on the direction of the traversal, i.e. a
node might be (s, t)-redundant but not (¢, s)-redundant. We will be able to
circumvent this by observing that the CKR algorithm is not impacted by
the choice of direction, so the definition will effectively be symmetric in the
sense that if a node is redundant in one of the directions, we may assume
that the algorithm is using this direction.

Definition 5.3 (Simplification). Let (7, 8) be a tree decomposition, and
let s,t € V(T). A simplification of Ty, is a path P which can be generated
from T, by repeatedly applying the following rule:
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Ly

By

Figure 5.2: Illustration of the bags of a redundant node v and its neighbors.
Notice that the vertices in B, are either in B,,, in which case they are already
processed at u, or they are neither in B, nor in B,,, in which case they have
no impact on the rounding algorithm along this path.

Delete an (s,t)-redundant node v with neighbors w,w on the path
Tsest, and add the edge {u, w}. We call this operation bypassing v.

Definition 5.4 (Combinatorial diameter). Let (7, B) be a tree decompo-
sition, and let s,t € V(7). We say Tqy has combinatorial length at most
¢ if it has a simplification of length at most ¢. The combinatorial diameter
of (T, B) is defined as the minimum § such that, for all u, v, the path T,
has combinatorial length at most §.

5.2.2 Algorithm Description and Overview

We will restate here the essential aspects of the algorithm by Chlamtac
et al. [97] since it is central to our approach. The algorithm is initially
provided a SPARSEST CUT instance (G, D, cap,dem) alongside a tree de-
composition (7, B) of G. The goal is then to compute a cut in G that has
low sparsity.

The algorithm starts by computing, for every vertex set L = B; U {s,t}
consisting of a bag B; and a pair of vertices s,t € V(G), a distribution puy,
over L-assignments. The collection of distributions for all sets L satisfies
consistency constraints, that is, any two distributions must agree on their
joint domains, i.e., pp|rn = pr|oar for each pair of sets L, L’ with the
structure above. Such distributions can be seen as an abstraction of frac-
tional solutions in the context of Sherali-Adams linear programming hier-
archies [101].
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If we denote Ipcut(s,t) = Prys,..,[f(s) # f(t)] for any s,t € V(G),
and an arbitrary bag B of B, we can compute the collection of distributions

that minimizes
_ Z{S,t}eEG CaPgs iy |pCut($7 t)

B Z{s,t}eED demy,y - Ipcut(s,t)

(7

We say that « is the cut sparsity predicted by distributions {pr}r. No-
tice that Ipcut is well defined by the consistency requirement, since the
choice of B does not impact the distribution over {s,¢}-assignments. For
ease of notation, we will refer to the implied distribution over some vertex
set X C BU{s,t} by pux, where formally 1x = ppugsy|x-

Such a collection of distributions can be computed in time 20 (7)) .01
using Sherali-Adams linear programming hierarchies restricted to subsets
of the form B; U {s,t} (see Chlamtd¢ et al. [97]). This motivates the
function name lpcut. Additionally, such a linear program is a relaxation of
the SPARSEST CUT problem since the local distributions selecting a fixed
(optimal, global) cut are feasible solutions and thus « is a lower bound for
the minimum sparsity of a cut.

Algorithm 5| obtains a V/(G)-assignment f by rounding this collection
of distributions {y}: starting at a bag By (which is considered the root),
it chooses an assignment for vertices in By by sampling from the distribu-
tion pp,; then, for each bag B for which its parent B’ is processed, it chooses
a B-assignment according to pup conditioned on the assignment for BN B'.
As we will see, this rounding approximately preserves the probability of
cutting a pair (s,t), thus implying an approximation to the problem.

We now recall a number of useful results about the algorithm and the
assignment it computes. Details about the algorithm and the attendant
lemmas can be found in the work of Chlamtac et al. [97].

Denote by A the distribution over V(G)-assignments produced by the
algorithm.

Lemma 5.1 (|97, Lemma 3.3]). For every bag B the assignment f|p com-

puted by [Algorithm J is distributed according to ug, formally meaning that
Prioalfls = ['] = Prpyuy[f* = f'] for all f' € F[B].

A direct consequence of this lemma is the fact that any edge {s,t} of G is
cut by the algorithm with probability Ipcut(s, ). In particular, the expected
capacity of the rounded cut is therefore

Z CaPyg 1y - lpCUt(Sv t) ’
{s,t}€Eq

according to the distributions {p} . However, the same property does not
hold for the demand edges in D, since the Lemma [5.1| only applies to bags
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Algorithm 5: Algorithm SC-ROUND
Data: G, (T, {Bi}icv(r)): {1r}
1 Start at any bag By, sample f|p, from pp,;
2 We process the bags in non-decreasing order of distance from B ;
3 foreach bag B with a processed parent bag B' do
4 Let BT = BN B’ the subset of B on which f is fixed. Let
B~ := B\ BT. Sample f|p- according to

Pr[f|p- = f'] :f*lziB[fﬂBf =f"| flg+ = flp+] Vf € F[B]

5 end
Result: f

of T. Specifically, the bags of 7 do not necessarily contain all of the edges
of D, as we do not assume that D has bounded treewidth.

Denote by algcut(s,t) the probability that the algorithm separates s
and t, that is, algcut(s,t) = Prroa[f(s) # f(t)]. We would like to lower
bound the value algcut(s,t) > clpcut(s,t) for all demand edges {s,t} and
some value ¢ > 0. This would imply that the expected demand of the
rounded cut is at least cZ{SJ/}eED demy, 4y Ipcut(s, t), and having a good
expected demand and capacity is sufficient for computing a good solution
by the following observation.

Observation 5.1 (|97], Remark 4.3). Let {u1}1 be a collection of distribu-
tions and « be the cut sparsity predicted by {pr} 1.

Then if we have that algcut(s,t) > c - Ipcut(s,t) for all {s,t} € Ep and
algecut(s,t) = Ipcut(s,t) for all {s,t} € Eq, we get

Erea | D cappuylf(s) = F(OI == D dempug [£(s) = fO] | <0.

{st}€Eqg {s,t}€Ep

Furthermore, an assignment f is c-approrimate if the value in the expec-
tation above is non-positive, and such a solution can either be obtained by
repeated rounding or by derandomization using the method of conditional
expectations, without increasing the asymptotic run time.

This observation implies that the bottleneck to obtaining a good approx-
imation factor is the extent to which our rounding algorithm can approx-
imate the marginal of py on the individual edges of D. Our main result
relates this marginal to the combinatorial diameter of 7. It can now be
stated as follows:
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Theorem 5.2. Let (G, D,cap,dem) be some instance of SPARSEST CUT
and (T, B) a tree decomposition of G with width w(T,B) and combinatorial
diameter A(T, B).

Then SC-ROUND satisfies algcut(s,t) > Q(W) - Ipcut(s, t) for ev-
ery edge {s,t} € Ep. Thus, we have a factor-O(A(T,B)?) approzimation
algorithm for SPARSEST CUT with run time 20(T:B) . nO1),

The rest of this section is devoted to proving this theorem.

5.2.3 Step 1: Reduction to Short Paths

In this section, we show that when the combinatorial diameter of the tree
decomposition is § = A(T, B), the analysis can be reduced to the case of a
path decomposition of length . We employ the following lemma to simplify
our analysis of the behavior of the algorithm.

Lemma 5.2 (|97, Lemma 3.4]). The distribution over the assignments f is
mwvariant under any connected traversal of T, i.e., the order in which bags
are processed does mot matter, as long as they have a previously processed
netghbor. The choice of the first bag By also does not impact the distribution.

Let {s,t} € Ep be a demand edge. If s and ¢ are contained in a common
bag, then algcut(s,t) = Ipcut(s, t) by Lemmal5.1]and we are done; therefore,
we assume that there is no bag containing both s and ¢. We want to
estimate the probability that s and ¢ separated by the algorithm, that is,
the probability that f(s) # f(t).

The lemma above allows us to reduce to the case in which the algorithm
first rounds a bag B; containing s, then rounds bags B, ..., By_; along the
path to a bag By containing ¢, and finally B,. At this point the algorithm has
already assigned f(s) and f(t), so the remaining bags of 7 can be rounded in
any connected order without impacting the separation probability. Hence,
it is sufficient to characterize the behavior of the rounding algorithm along
paths in T.

Let P be the shortest path connecting a bag containing s to a bag con-
taining ¢; denote such path by P = vv, ... v such that s € B,, and t € B,,.
By Lemma [5.2] we can assume that the algorithm first processes B,,, and
then all other bags B,,, ..., B,,, in this order. Let Bp = {B,, }{_,.

Observe that, except for v; and vy, no other bag of P contains s or t. We
repeatedly apply the reduction rule from Definition until the resulting
path has length at most §. The following lemma asserts that the distribution
of the algorithm is preserved under this reduction rule.

We slightly abuse the notation and denote by A the distribution of our
algorithm on path P starting from v;.



86 Chapter 5. Sparsest Cut in Bounded Treewidth Graphs

Lemma 5.3. Let u,v,w be three consecutive internal nodes on P such that
B, N B, C B,. Let P be the simplification of P obtained by bypassing v,
and let A" be the distribution obtained by running the algorithm on path P,
starting on vy. Then A’ is exactly the same as A restricted to B(P’).

Proof. We can assume, without loss of generality, that u, v, w appear on P
in the order of rounding; for otherwise, we apply Lemma twice: first,
to reverse P, and preserve the distribution A; then, to undo the reversing
of P’ caused by the previous application.

We modify the path decomposition (P, Bp) into a (tree) decomposition
(72, 3) as follows: remove bag v and add two new bags v',v” where bag v’
is connected to u and w with B, = B, N B, and v” is connected to v’
with B,» = B,. This remains a tree decomposition for the vertices in B(P)
since vertices in B, \ B, only occur in the bag B,» (due to our assumption
that B, N B, C By).

Running the algorithm SC-ROUND on T produces exactly the same
distribution as A, since we can first round the bags from s to u, then v’
and v”, and then the bags from u to t. Since B(P') = B(P) \ (By \ By),
we have that by Lemma Alp(py is the distribution of SC-ROUND on

the path P = v;...uw'w...v, obtained by removing v” from 7. Now
since B, C B,, the rounding algorithm in fact does not do anything at
bag v’, so it can be removed without affecting the distribution. We obtain
path P’ as a result, and thus A|p(p is the same distribution as A’. H

This result allows us conduct the rounding analysis on simplifications of
paths. It remains to show that this is beneficial, that is, that the rounding
error can be bounded by the length of the path on which we round. As
in the work of Chlamta¢ et al. [97], we use Markov flow graphs to analyze
that error. However, as the length of their paths is O(logn), they need
to derive a bound depending not on that length, but on the width of the
decomposition. Since we can now bound the length, we only need a small
part of their argument.

5.2.4 Step 2: Markov Flow Graphs

Let P = vy,...,v, be a path with length ¢ and s € B,,, t € B,,. We
run from v; to v, to compute some assignment f. Let A
be the probability distribution of the resulting assignment f. Recall that
algcut(s,t) denotes the probability that the algorithm assigns f(s) # f(t),
and Ipcut(s, t) is the probability that s and ¢ are separated according to the
distributions {pr}r, 1., Priou,,.,,[f(s) # f(1)]. In the second step, we
analyze the probability of algcut(s,t) in terms of Ipcut(s,?). This step is
encapsulated in the following lemma.
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Lemma 5.4. There exists a directed graph H, nodes sg, s1,to,t1 € V(H),
and a weight function wy on the edges, satisfying the following properties:

1. Fori=0,1, we have that Pry a[f(s) =1 N f(t) =1—1i] is at least
an Q(1/0%)-fraction of the minimum (s;,t,_;)-cut of H, where { is the
length of the path P.

2. Fori = 0,1, the value of a maximum (s;,t1_;)-flow in H is at least

Proof(s) =i A f(t) =1—1].

With Lemmal[5.4]in hand, we can now complete the proof of Theorem [5.2]
as follows.

Proof of Theorem[5.9. We run the algorithm of Chlamt4¢ et al. to get some
V(G)-assignment f.

Consider a pair {s,t} € Ep. Using Lemma and Lemma [5.3] we can
reduce the analysis to a path P of length at most 6 = A(T, B), which is a
simplification of a path in 7. Now, by Lemma applied with ¢ = ¢ and
max-flow-min-cut theorem, we get that

algeut(s, t) = Pr[ (s)=0 A f(t)=1]+ Pr [f(s) =1 A f(t)=0]

)
> Q(1/52)(m1ncut(so,t1) + mlnCUt(Shto))

= Q(1/6?)(maxflow(sg, t;) + maxflow(sy, to))

2 QL/F*)(Pr[f(s) =0 A f(t) =1+ Prf(s) =1 A f(t) = 0])
(1/5%)

=Q(1/4% Ipcut(s,t).

Recall that, by consistency of the distributions, the probability of an {s,t}-
assignment is the same for every distribution py s.t. {s,t} C L; for this
reason, we slightly abuse notation and write Pry.,, to mean the probability
according to any distribution containing {s,t}.

We conclude that f separates each pair {s,t} with probability that is a
factor of O(6?) away from lpcut(s,t) as desired. Applying Observation
with ¢ = Q(1/6%), we can obtain (deterministically) an assignment f* that
is an O(d?)-approximation for the SPARSEST CUT instance.

Finally, the run time can be seen to be 2°0®(7:B) . n0() ysing the argu-
ments by Chlamtéc et al. [97], which are summarized as follows: To compute
the distributions {y 1}, we write a linear program containing a variable for
every subset S C L for every considered set L = B U {s,t}. Therefore,
we take subsets of at most O(n) sets, each of size at most w(7,B) + 3,
which totals to O(n) - 2¥(7-B), Both solving the linear program to obtain
the distributions and the rounding procedure are polynomial in the number
of variables, thus leading to the claimed run time. O]
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The rest of this section is dedicated to proving Lemma [5.4f The tools
needed for this proof are implicit in the work of Chlamta¢ et al. [97]. We
restate them for the sake of completeness and in order to adjust it to our
terminology. To start, we will take care of a small technical detail inherent

to the analysis of Chlamtac et al., requiring the LP solution to be symmetric
in 0 and 1.

Definition 5.5. For any set X and X-assignment g we define the marror
of g to be G := 0 o g, where ¢(0) = 1 and o(1) = 0.

Notice that the mirror of an assignment represents the same cut; it
merely exchanges the labels. The approximation factor analysis of Chlamt&c
et al. requires the distributions to be symmetric in their labeling, in par-
ticular Pr[f(v) = 0] = Pr[f(v) = 1] for all v € V(G). They resolve this
by demanding symmetry via the Sherali-Adams LP which can be shown to
not worsen the relaxation. Using the following lemma, we are able to prove
that the rounding analysis also holds in the non-symmetric case.

Lemma 5.5. Let G, (T,{B;}icv(r)), {ir} be the input of[Algorithm 8. Con-

sider the modified decomposition (T ,{B}icv (), where a dummy vertex e
has been added to every bag B!, and the collection of distributions {FHp}
defined as:

«—

Lrogey(d,e = 0) = §HL<9/>7 Lrogey(d,e — 1) = 5/@(9’) Vg € F[L].

Then i has the following properties:

1. Forall L' = LU {e} and ¢’ € F[L'], we have that

—

Pryow, 9 =91 =Pryw, [9 =17

2. If g, g* are random wvariables representing the resulting assignments

Of Tun on Gv (T7 {Bz}1)7 {HL}, and G? (T’ {Bz/}l)v {/7[/},

respectively, then we have

Prlg = ¢'| + Prlg = ¢'] = Pr[g*|ve) = ¢'] + Prlg’|vic) = ¢']
for all ¢ € FIV(Q)] .

The content of the lemma is at its core not very surprising. If we do
not care about the permutation of the labels, we do not care about whether
the algorithm outputs g or §. But if that is the case, the distributions also
should not need to maintain some distinction between the labels. In fact,
one could run the algorithm unmodified, and then permute the labels with
probability 1/2. Clearly, this does not change the distribution over cuts,
and the choice of labels is now symmetric.
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Proof. To make the argument formal, we shall use the value of g(e) to
indicate whether or not we are permuting the labels. By Lemma [5.2] we
can model the rounding algorithm for G, (T, {B}}:), {H 1/} as choosing first
a value for g(e), and then proceeding in the same order as the rounding
over G, (T,{Bi}:),{pr}. With probability 1/2 we get g(e) = 0. Since every
bag contains e, e is always conditioned on, so the symmetrized algorithm
performs exactly the same computations as the original run would. Mean-
while if g(e) = 1, the symmetrized algorithm samples some intermediate
assignment ¢’ with exactly the probability that the original algorithm would
have sampled 5’
As a result,

* / 1 ! 1 g ! !
Prg !wa):g]=§Pr[g=g]+§Pr[9=9] Vg € FIV(G)],

which implies

Prg*lvg) = ¢l + Prlg*lvie) = 9] = Prlg = ¢]| + Prlg = ¢'| V¢ € FIV(G)].
O

Notice that while we could construct the symmetrized /i efficiently, we
do not need to, as pu is distributed identically, and thus satisfies the same
bounds, as fi. More concretely, we apply the analysis to /i, which is possible
because it is symmetric. We can then use Lemma to conclude that the
probabilities of cutting a pair of vertices in p and fi are the same, since
these probabilities are symmetric, in the sense that

Pr(f(s) # f(t)] = Pr[f(s) = LA f(t) = 0] + Pr[f(s) = O A f(t) = 1].

Therefore, the bounds on the probabilities of cutting a pair in £ apply also
to p, and thus our results apply obtaining a solution directly from pu.

We now proceed as follows: first, we describe the construction of the
graph H, and then we proceed to analyze the values of maximum flow and
minimum cut. We will only analyze the flow and cut for ¢ = 0, that is,
(s0,t1)-flow and (sg,t1)-cut. The other case is analogous.

Construction of Graph H: By Lemma we can assume that the
distributions {xr}, are symmetric in the labels {0,1}. In particular, this
gives us that Pr[f(v) = 1] = Pr[f(v) = 0] = 1/2 for any vertex v.

The rounding can be modeled by a simple Markov process. Denote
by Iy, ..., I, the sets that are conditioned on in I; = B,,NB,,,,
for i € {1,...,¢ — 1}; we refer to these sets as conditioning sets.

For the initial and final sets of the rounding procedure we are only
interested in s and t, so take Iy = {s}, I, = {t}. Now we are ready to
describe our graph H:
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e Vertices: The vertices of H are arranged into disjoint layers Ly, . .., Ly
with L; = F[I;]. Observe that |L;| = 2/%il. The vertices of H represent
the intermediate states the algorithm might reach.

e Edges: For each i, there is a directed edge from every vertex in L; to
every vertex in L;,;. The weight of an edge (f;, fi+1) where f; € L,
fiz1 € L1, is equal to the probability of the joint event, that is we
set wH(fza fi-i—l) - Pr[.ﬂh = fz A f|Ii+1 = fi-‘rl]'

We remark that the weight is 0 whenever f; and f;; are contradictory,
and that probabilities are well defined, as [; U I,;1 C B;,1.

Observe that the weight of an edge is the probability that both of its
endpoints are reached by the algorithm, and hence the probability that the
algorithm transitions along that edge.

Observation 5.2. Let Z = J, I;. The distribution Alz can be viewed as the
following random walk in H: Pick a random vertex in Lo and start taking
a random walk where each edge is taken with probability proportional to its
weight. Formally, once a node f; is reached, choose the next node f;11 with

probability wy (fi, fiv1)/ Prfln, = fil.

At this point, we rename A := A|7. Notice that the layer Ly contains
two vertices corresponding to the assignment f(s) = 0 and f(s) = 1, respec-
tively. We denote them by Lo = {so,s1}. Similarly, L, = {to,t:}. Notice
further that Prpo4[f(s) = 0, f(t) = 1] is exactly the probability that the
random walk starts at sg € Lo and ends at t; € L.

Maximum (sg,t;)-Flow: We are now ready to show that the value of the
maximum (sg, t)-flow is at least Pry.,[f(s) =0, f(t) = 1].
We define the flow g: E(H) — R>q as

g(fi, fix1) = Pr [f(s)=0,f(t)=1,f

fN#Bvi+1u{s,t}

I, — flaf

Iiyn — fi+1]

for i € {1, . ,6 — 1}, fl € L; and fi+1 S Li+1-
We remark that ¢ is an sg-t;-flow, that is, it satisfies flow conservation
at all vertices in H except sp,t;, and the capacities of the graph H are

respected, that is, g(e) < wy(e) for all e € E(H). The value of g is given
by:

> glsof)= >, . Pr [f(s)=0,f(t) =1,fl;, = 7]

(s0,f*)€% (s0) freF(n] FotBy sty

= Pr[f(s)=0,f01)=1].

ToobBy, Ugs,t}

This concludes the proof of Point [2] of Lemma [5.4]
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A Potential Function: Before we show a cut with the desired capacity,
we need to introduce some notation. For i = 0,..., ¢, let X; be a random
variable indicating the vertex in L; visited by the random walk (i.e., picked
by the algorithm. We denote by X = XX ... X, the path taken in the
random walk process. We can interchangeably view distribution A as either
the distribution that samples an assignment f:Z — {0,1} or one that
samples a (random walk) path X.
We define, for every layer L; and every vertex v € L;,
1

[X0230|Xi:1}]——.

Av) : 5

= Pr
X~A
Intuitively, this function captures the extent to which v has information
about the initial state of the Markov process. On the one hand, if A(v) is
equal to 0, v knows essentially nothing about X, the choice of v does not
imply anything about Xy. On the other hand, if A(v) is far from 0, then we
can glean some information about X, from v being visited; in particular, if
the probability that s and ¢ are cut is low, we must have A(t;) ~ —1/2.
To track how A changes from layer to layer, we use the potential func-
tion ¢: {0,...,¢} — Rsq, which we define as:

P(i) := Varxa[A(X;)] .

The following argument by Chlamtac et al. bounds the change in poten-
tial in terms of the probability that Xy = sg and X, = t;.

Corollary 5.1 (From |97, Lemma 5.2|). Without loss of generality, we can
assume that ¢(0) — ¢(f) < 2Prx.a[Xo = so A Xy = t4].

Proof. Suppose that Prx.4[Xo = so A Xy = t1] > i. Then we already have
that algcut(s,¢) > 1 lpcut(s,t) and thus do not need any further analysis.
Otherwise, we observe that Ly and L, only contain two nodes each. We can
therefore compute the variances explicitly:

:——At2

LA

1

< e — .

<2 pr Xy — 50 X = 1 -

Minimum (sg,t;)-cut: We are now ready to analyze the value of mini-
mum (Sp,t)-cut in H. It suffices to give a lower bound on ¢(0) — ¢(¢) by
Corollary The following lemma from Chlamta¢ et al. [97] is necessary
to control the change of ¢ when moving between layers.
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Lemma 5.6 (|97, Lemma 5.2|). For all 0 <l < ly < { we have

o(h) —oll) = >

uELll ,’UELl2

Pr (X, = un X, = v](Au) - A(v))*.

With Lemma [5.6 it is possible to prove the following lemma which is
shown implicitly by Chlamta¢ et al. [97]. We provide a full proof for com-
pleteness.

Lemma 5.7 (Analogous to [97, Lemma 5.4|). Let C be the set of edges
(fis fix1) in E(H) such that |A(f;) — A(fix1)| > p, for some threshold p > 0.
Then 3 ec wr(e) < (6(0) — o(0)) - 1/p7.

Proof. Tt holds that

downle)= ) ST wulfi finn)

ecC 1€0,....,0—1 fi€L;,fi+1€Li4+1
[A(fi)=A(fix1)|Zp

Z wi (fi, fir) (A(fi) — A(fi+1))2
1€0,...,0—1 fi€L;,fit1€L;41
[A(fs)—A(fiv1)|2p

<= 3 (66) - 4i+1)

=
(]

where the second inequality is an application of Lemma ]

We can apply Lemma in the following fashion. Suppose A(t;) > 0.
In that case we have Pr[Xy, = so | X, = t1] > 1/2, so s and t are cut
with probability at least %Ipcut(s, t). This error is already small enough,
so assume A(t;) < 0. Then A(sg) — A(t1) > 1/2. Since every path from s
to t; has exactly ¢ edges, any such path must contain an edge (f;, f;) with
A(fi)—A(f;) > 1/(2¢). Cutting all such edges therefore separates sy and t;.
Hence, by applying Lemma [5.7] the minimum sy-t;-cut has size at most

O ((0) — ¢(£)) < O(*) Pr[Xy = so A Xy = t]
= O() Pr[f(s) =0 A f(t) =1].

This concludes the proof of Point [1| of Lemma We see that the
cutting probability predicted by the distributions is realised by the rounded
solution f, up to a factor Q(1/¢?).

The analysis of this section gives an alternative to the one given by
Chlamtac et al.. Their constant of approximation depends on the size of
the layers (i.e., the width of the bags of the tree decomposition) of H rather
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than the number of layers (i.e., the length of the path on which the analysis
is performed). While the layer sizes depend only on k, the dependence
is exponential. The number of layers meanwhile is a priori log(n), which
would give a worse approximation guarantee. However, we will show how
to modify a tree decomposition to ensure that all paths used in the analysis
are short so that H has few layers.

5.3 Combinatorially Shallow Tree Decomposi-
tions

In this section, we show how to construct tree decompositions with low com-
binatorial diameter, thus achieving the approximation results stated in The-
orem [5.I] We start by restricting our consideration to decompositions that
are shallow in the traditional sense. For a given graph GG with treewidth k&,
we consider a tree decomposition (7, B) with diameter d = O(logn) and
width O(k) [99, 98|. Fix some root r in V(7).

Our goal is now to modify (7,85) such that every node has a combi-
natorially short path to r. This is a necessary requirement, but perhaps
surprisingly it is not sufficient. The combinatorial lengths of paths do not
necessarily induce a metricﬂ on V(T), and therefore bounding the length
to r does not on its own suffice to bound the combinatorial diameter. In-
stead, for any pair s,t € V(7), we will bound the combinatorial length
from s and ¢ to their lowest common ancestor, which is sufficient to bound
the combinatorial length of 7.

We will not show explicitly that the modified structures are in fact tree
decompositions. However, the following lemma can be used to verify this
fact for all of our constructions.

Lemma 5.8. Let (T,{B;}icv(r)) be a tree decomposition of a graph G,
rooted at r. Then (T,{B;}icv(r)) is also a tree decomposition of G if
B, CB/C B U B]’D(i) for all bags B;.

Proof. Fixsome s € V(G). We need to show that 7/ := {i € V(T) | s € B.}
is connected. As Ty := {i € V(T)|s € B;} is connected and 75 C T/, it
suffices to show that any i € 7, is connected to 75 in 7;. We do this by
induction over the distance of ¢ to the root.

For i = r we have B, = B,, so either ¢ € 7] or ¢ € T;. Otherwise,
consider some ¢ € T/, so s € B; U B;,;(i)' Then we either have s € B;, in

3Consider bags {ab}, {abc}, {acd}, {ade}, {aef},{afg},{a} occuring in that order
as a path. The whole path can be reduced to just the endpoints. The subpath
{ab}, {abc}, {acd}, {ade},{aef},{afg} is irreducible. Thus the distance from {ab} to
{afg} is larger than the sum of the distances from {ab} to {a} and {afg} to {a}.
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(b)

Figure 5.3: Illustration of a path from the root to some node s. The square
nodes are the synchronization nodes. The bridge from y to its synchro-
nization ancestor is marked in bold in Figure [5.3al The dotted nodes in
Figure mark those nodes which can be removed when simplifying the
z-s-path in 7.

which case we are done, or s € B;(i). But this gives p(i) € T/, and p(i) is
closer to r than i. Thus we can assume that p(i) is connected to 7, and
hence i is also connected to T via p(7). O

We introduce three objects, which we will call bridges, highways, and
super-highways, and show that they can be used to prove the three parts of
Theorem [(.11

5.3.1 Bridges

Fix a parameter A € {1,...,d}. Define ¢: V(T) — Ny to be the level of a
node in 7T, that is, £(i) is the number of edges on 7;.,.

Definition 5.6. We call a node i € V(7)) a synchronization node if its level
is a multiple of A. Define also the synchronization ancestor o(v) of any
node v to be the first node on the path from v to r that is a synchronization
node, excluding v itself.

We can construct a tree decomposition (7',B" = {B;}icv(1)) by tak-
ing 7" = T and setting B, = B(T;0(:)) for each node i € V(T), that is, the
new bag is obtained by combining all the bags from v up to its synchroniza-
tion ancestor. This increases the width of the decomposition by a factor
of at most A. We may view this path connecting v to the synchronization
point as a bridge crossing over all intermediate nodes in one step.

Lemma 5.9. [t holds that (T',B’) has combinatorial diameter O(d/\).

Proof. Fix any two nodes s,t € V(7") and take = to be their lowest com-
mon ancestor in 7. Then the combinatorial length of 7/, is at most the

S
sum of the combinatorial lengths of 7/, and 7,,,,.We remark that triangle
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Figure 5.4: The bold nodes in Figure mark the bridge and highway
from y to r. The dotted nodes in Figure illustrate the redundant nodes
during the two simplification rounds for the z-s-path, leaving a path of
length 2.

inequality holds in this case, because z is on the path from s to ¢. Thus, it
suffices to show that the combinatorial length of 7/, is O(d/\). The result

follows analogously for 7/,.,.

Using the rules of Definition [5.3] we can bypass any node that is nei-
ther a synchronization node nor s or x. To do this, iteratively pick any
such node v with neighbors v and w, where u is the neighbour closer to
s. The order in which these nodes v are bypassed does not matter. Be-
cause no synchronization nodes are ever bypassed, v must be somewhere
on the subpath from v to the first synchronization node below v. Then we
have o(v) = o(u), giving B, C B;, and in particular B N B), C B, so that
v can be bypassed.

Therefore, the path {v € T/, ,|v = sVv = Vv is a synchronization node}
is a simplification of 7/,,. Since there are at most d/A synchronization
nodes on any upward path, the lemma follows. O

This lemma, in conjunction with Theorem [5.2| and the fact that (77, B')
can be computed in polynomial time from (7, ), yields:

Corollary 5.2. For every \, there is an algorithm that computes an O((d/\)?)-
approximation for SPARSEST CUT instances where G has treewidth at most k,
in time 200k . nOM)

Setting A = [d/k] results in an O(k?)-approzimation in time 2F - n®W),
while setting A = d gives an O(1)-approzimation in time nO®),
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5.3.2 Highways

The idea of extending bags towards the root can be exploited further by
adding the vertices in a synchronization bag to all of its descendants. We
may regard this as giving each node a bridge to the next synchronization
node, as well as a highway along the synchronization nodes towards the
root. This idea leads to the following construction.

Let (77,{B;}icv(77)) be a modified tree decomposition with 7/ = T as
before, and

B, := B{w € Tyosr | W € Tosso(w) V w is a synchronization node}).

for each v € V(7).

The size of these bags is at most (k + 1)(A + d/A), which for A = d/k is
in O(d + k%) C O(logn + k?).

Notice that the bag B, is now contained in any bag B, so we have some
hope that the combinatorial diameter of (77, {B;}icv (7)) is low. Indeed this
1s true.

Lemma 5.10. It holds that T' has combinatorial diameter at most 3.

Proof. As before, we split any s-t-path at x, the lowest common ancestor of s
and ¢, and consider only the s-z-path. Every non-synchronization node v
on Ty, has a node below it which is either a synchronization node or s.
The bag of that node is a superset of B!, so all non-synchronization nodes
except s and x can be bypassed. Call that reduced path P.

Consider the neighbor of s in P, which we denote v, and assume that v is
not the neighbor of x in P. Then v must be a synchronization node, and its
next node in P is o(v). Now, the intersection B, N B, contains exactly all
of the bags of synchronization nodes in 75(v)r, and thus, B} N BZ;(U) C B..
This implies that v can be bypassed, and by repeating this process, we can
bypass every synchronization node except for the neighbor of z.

This gives a possible simplification of T, as the path (s, o, x, 04, 1),
where the o, and o, are the synchronization nodes below x on the paths
to s and t, respectively. There is a further reduction of the whole path,
since B, is precisely B;, N B, . This allows us to remove x as well, giving
a simplification of length 3. O]

Using the fact that d € O(logn), and setting A = d/k gives a fixed-
parameter algorithm that yields a constant-factor approximation:

Corollary 5.3. There exists an algorithm that in time 2°%°) . n@M) com-
putes a factor-O(1) approximation for SPARSEST CUT instances where G
has treewidth at most k.
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Figure 5.5: Illustration of an upward path with nodes of layer —1 as circles,
nodes of layer 0 as diamonds, and nodes of layer 1 as squares. The root is at
some unspecified maximum layer. The bold nodes inFigure mark the
super-highway from s to r. Figure illustrates the simplification rounds
for the x-s-path, removing all nodes of some layer in each round, except x,
s, and possibly one node close to x.

5.3.3 Super-Highways

We can think of the previous construction as having two layers, bridges
to synchronization nodes and highways along synchronization nodes to the
root. The highways need to cover many synchronization nodes, leading
to large bags in 7'. To improve on this we introduce a network ofsuper-
highways of different layers, where each layer covers fewer, more spaced-out
synchronization nodes on a root-leaf path. When we connect a node to the
root we can then move up the tree layer by layer with increasing speed,
decreasing the size of bags in 7'. Each added layer is paid for by the need
for an additional node in path simplifications for moving between layers,
giving a trade-off between run time and approximation guarantee.

Let ¢ € Ny be a parameter representing the number of layers. For a
node v € T, we define the layer w(v) of v as

7(v) == max{—1,max{j € {0,...,¢ — 1} | £(v) =0 mod k/9d/k}}.

By this definition, all synchronization nodes are assigned to some layer of
non-negative index, and all other nodes are on layer —1. We now get a new
tree decomposition (77, {B;}icv(77)) by constructing bags

B, = B{w € Tyw)er | m(w) = max{7(u) | u € Tyw)ew}} U{v})

for each v € V(7). Informally, we start at some node v and move towards r
by first taking all nodes of layer —1 until we hit a node of layer 0, then
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taking only nodes of layer 0 until we hit layer 1, and so on. The nodes at
higher layers are spaced further apart. Thus this process “speeds up” thereby
generating smaller bags. To be precise, there are ¢ layers and at most &'/
nodes of any one layer in a bag, so (77, B') has width O(d + gk'*1/9).

We now show that (77, {B;}icv (7)) has combinatorial diameter depend-
ing only on gq.

Lemma 5.11. It holds that (T",{B;}icv (7)) has combinatorial diameter at
most 2q + 1.

Proof. As before, we only show that any upward path from s to x has
combinatorial length at most g4+1. We need to perform a round of reductions
for every layer, with the goal of leaving only s, z, as well as the first node of
at least that layer below z. For layer —1, this holds with the same argument
as before.

We can now proceed by induction, fixing some layer ¢ and assuming
that the s-z-path P has been reduced to contain only s, then nodes of
layers > 1, followed by a sequence (0;_1, 04—, ..., 09, x), where each node o;
is in layer j. Here, we assume w.l.o.g. that = is at layer —1. Now consider
any node v of layer i, except the one closest to x. Because its neighbors
also have level at least i (or are s), the intersection of their bags can be
represented as the union of bags of 7 whose layer is at least 7. Let w be
the predecessor of v on s-z-path P. The set B), is constructed from some
upward path starting at w, containing only nodes of non-decreasing layer.
This upward path hits layer ¢ between w and v, but not layer i 4+ 1 since a
node of layer ¢ + 1 would be on P between w and v. So then B covers all
nodes of layer at least ¢ that B covers, and therefore v can be bypassed,
concluding the inductive step.

The simplification of 7s.,, this produces is a path (s,04-1,...,00,),
where w(0;) = i. If we add the same simplification for 7., we get a
simplification for 7, that takes the form (s, 04_1,...,00,7,00,...,00_4,1).

As before x can be bypassed since its bag is the intersection of the bags of oy
and (. Thus any s-t-path in 7" has combinatorial length at most 2¢+1. [

This implies the existence of the following family of algorithms.

Corollary 5.4. There exists an algorithm that, for any q € Ny, computes a
O(q*)-approzimation for SPARSEST CUT on graphs of treewidth k running
in time (’)(2qk1+1/q) -nPW  In particular, taking ¢ = logk will give us a
O(log? k)-approzimation in time 2°k108k) . nO1)

5.3.4 Recovering the Algorithm of CMV

We will also briefly turn to the results of Cohen-Addad et al. [96] to demon-
strate how they may be represented under our view point. Construction of
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their paper can be considered as giving tree decompositions of particularly
low combinatorial diameter 1.

Theorem 5.3 (adapted from [96|). For every graph G with treewidth k there
exists a tree decomposition of width k2°*) +O(logn) that has combinatorial
diameter at most 1.

Proof. Start with a binary tree decomposition (7, B) of G with width &,
set A = k, and assign levels and synchronization nodes as in Section [5.3.1]
For each synchronization node v we define a new bag B as

B,=B,u |J B.
zeV(T),o(z)=v

That is, we take the content of all bags in the subtree below v, stopping at
the next layer of synchronization nodes. These bags B’ then have size at
most k2F.

Now create a new tree decomposition 7’ by taking as V(7”) all synchro-
nisation nodes from 7, and use as their bags the corresponding B’. The
new decomposition still is rooted at r. Two nodes v,w in 7' are adjacent
if and only if o(v) = w or o(w) = v. We further expand the bags B’ by
setting, for each v € V(T7),

"= B U UB

UET o

Observe that for some v in V(7") with parent w, we have B, N B, = B,.
So this construction simply adds the content of all bag intersections on the
path from v to the root of the tree. Since there are at most O(logn/k) such
intersections on the path, the bags all have size O(k2* + logn).

As in Section [5.3] we now show that any upward path P from s to x
has combinatorial length at most 1, giving A(7’,B') < 2. Consider any
node v € V(P), not s or x, with neighbors v and w where u is a descendent
of v and w an ancestor. From construction of the B’ we get

B,nB,c |J B.C |J B.CB,.

€T sr €T eor

So v can be bypassed, and consequentially the path s,z is a simplification

of P. O

The analysis of the approximation error in Lemma 2.4 of [85] can be used
to show that SC-ROUND yields a 2-approximation on tree decomposition of
combinatorial diameter 1. With Theorem [5.3] this gives a 2 approximation
for SPARSEST CUT on graphs of treewidth & in time 2+2°" . n0@),
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5.4 Extension to Graph-Constrained Max-Cut

The entirety of the previous analysis can in fact be extended to capture a
much wider class of problems. We can observe that in the analysis of the
CKR algorithm the capacity edges only make a very cursory appearance
where it is noted that any such edge {s,t} is cut with probability exactly
Ipcut(s,¢) (see Lemma [5.1)). A particular consequence of this fact is that
edges with Ipcut(s,t) = 1 are definitely cut, edges with Ipcut(s,t) = 0 are
definitely not cut.

Since these probabilities are obtained from the variables of some LP we
can directly manipulate them, making discrete demands on them. In fact
the analysis of Lemma [5.1] does not only extend to the edges of G, but to the
distribution of cuts over every bag of the tree decomposition. Because of
this we can, informally speaking, enforce any property on the cut that can
be checked by only looking at the bags of a tree decomposition individually.
For example, the property of being an independent set in some graph G can
be checked in such a way, thus this observation would immediately give us
a 2-approximation for MAX-CUT where one side of the cut is additionally
required to be an independent set.

This line of reasoning gives rise to an 2-approximation algorithm of
Shen et al. [102] for Graph-Constrained Maz-Cut (GCMC). In this problem
we are given an undirected graph G and costs c : (V(QG)) — R, , alongside
a class Cg C 2@ of “feasible cuts”. The goal is then to compute some
cut €' C Cg such that }° o0 c(v,w) is maximal. In this context spars-
est cut can be reinterpreted as solving the case where Cq is the set of all
cuts in GG that have some fixed capacity, subject to which we then want to
maximize the demand we cut.

For these types of problems to make sense Cg can not just be a list of cuts,
otherwise brute force enumeration of Cgs solves the problem in polynomial
time. Instead we are interested in the case where Cq is implicitly defined
as some property of C' relative to G, for example being an independent set
in G. Concretely, Shen et al. give a formalism where Cg should be described
as the accepted solutions of some dynamic program on a tree decomposition

of GH

4We make some slight changes to their presentation, largely because they treat the
treewidth as a true constant. They only desire XP run times, so this is immaterial for
them. Since we are interested in achieving
FPT run times here we maintain a more detailed distinction. It is quickly checked that
the definition given here agrees with the one given in [102].
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So let (7,B) be a width-k tree decomposition of G with bags {B:}:
where we assume 7 to be binary and rooted at r without loss of generality.
Then a Dynamic Program (DP) on T is specified as:

e For each node t € T a state space ¥;.
e For each node ¢t € T and o € ¥, a local solution B,, C B,.

e For each node t € T with children x,y and state o € ¥; a collection
Fio C Xy x X, of feasible child-state combinations.

e For every pair of feasible child states (o,, o) € F;,, we are guaranteed
consistency of local solutions as B, ,, N B, = B,,, N B, as well as
Byo, N By = By o, N B,,.

The ¥; here are supposed to represent the entries of the DP-table at a
node, corresponding to some local way B;, of partitioning the bag. The
side constraint on this specification is of course that we should be able to
resolve the feasibility of such a DP in
FPT time, parameterized on the treewidth. Thus all state spaces should
have size g(k) for some computable g, and every state of a bag should cor-
respond uniquely to some way of partitioning that bag. Thus the following
additional demand is made:

e There exists a computable function g such that |oy] < g(k) for all
t € T. Notice that this also bounds the size of the F ;.

A solution S to such a DP is quite simply a choice of state o; for each t € T,
such that for a node ¢ with children z,y we have (0,,0,) C F;,. Such a
solution S then corresponds to a cut C' by choosing C' = |J,,cs B0, (for
brevity we will also call C' a solution to the DP. We then mean that there
exists a collection of consistent states that would yield this cut.). With this
in hand we can then define the class Cq of feasible cuts for some graph as
the set of cuts corresponding to some solution of a fixed DP.

It should be clear that such a DP can be solved naively in polynomial
time O(maxye7 |X¢|® - ) by computing for each bag a set of possible states
that can be extended downwards, starting from the leaves. Here polynomial
means polynomial in the size of G and the DP state spaces. The overhead
of |¥¢|? originates from checking the consistency of between parent and child
states according to the F,.

This specification of a DP over a tree decomposition is probably familiar
to most researchers in parameterized algorithms, and programs like it are
a common starting point for the study of structurally parameterized algo-
rithms on graphs [5]. This is perhaps not surprising as this formalism is very
powerful. Koutecky et al. [103] were able to extend the work of Shen et al.
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by proving that one can alternatively assume that Cg is given by some for-
mula in Monadic Second-Order Logic (MSO) in one free variable since all
such Cg can be captured by a DP as specified. Although the state spaces
generated by this reduction are possibly extremely large their size is still
some computable function of the treewidth of the original graph as per the
famous work of Bruno Courcelle |104] showing (among other things) that
every property definable in MSO can be tested in

FPT time on graphs of bounded treewidth, parameterized against the
treewidth and the length of the MSO formula. Thus through this line of
work one gets 2-approximation algorithm in XP time for GCMC for every
constraint that is expressible in MSO [102, [103].

For our purposes we will not engage with the MSO side of this analysis,
since it is anyways captured by the dynamic program. However it is useful
to keep this mind to understand the expressive power of such DPs. We
now show that we can use our techniques to capture the dynamic program
itself and thus can obtain our variety of trade-offs between run time and
approximation quality. Most of these are not particularly relevant since the
run time cost of embedding the DP is so high as to mostly dominate the
parameterized component of the run time in any event. However employing
the construction of Cohen-Addad et al. [96] we will be able to obtain a 2-
approximation in
FPT time, thus answering the open question remaining from Koutecky et
al. [103] of whether this is possible.

Theorem 5.4. For any formula ¢ in MSO there is a 1/2-approzimation
algorithm for GCMC running in time g(k, ) -poly(n), where the constraint
15 specified by p, k is the treewidth of the input graph, and g s some universal
computable function.

Theorem 5.5. For any graph constraint specified by a fized dynamic pro-
gram there exists a 1/2-approximation algorithm for GCMC running in
time g(k,max |%;]) - poly(n), where k is the treewidth of the input graph
and g is some universal computable function.

Our argument is basically that such a DP can also be solved “in-line”
when computing the distributions used by the CKR algorithm, meaning
that we can make the additional demand that rounding these distributions
always returns a solution to the DP. We will do this by embedding the DP
states directly into the tree decomposition itself, at the cost of increasing
the width considerably. This is largely for ease of presentation, specific
DPs could be represented much more concisely. However since Theorem
will anyways need DPs essentially derived from Courcelle’s theorem [104]
which are inherently expensive to solve we will forego a detailed analysis of
the run time dependence vis-a-vis the treewidth and content ourselves with
obtaining FPT time.
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So let (G, ¢,Cq) be some instance of GCMC where Cg is specified by some
DP and a width-k tree decomposition T of G is given. We assume 7T to be
binary, to have depth O(n), and to be rooted at r. We now transfer the DP
to the tree decomposition in the following way: For every node t € T and
for every state o € ¥; we create a new vertex of v, in G and add it to B, as
well as to the parent bag By ;. Call the resulting tree decomposition (77, B’)
and its bags B;, where B, = B, UX, U, UX, for a node ¢ with children z
and y. This new tree decomposition has width g(k) for some computable
function g depending only on the DP.

We now compute the distributions necessary for the CKR algorithm
on this new tree decomposition under the following additional constraint:
Let f be a Bj-assignment. We say that such an assignment is feasible
with respect to the DP if f assigns 1 to exactly one state o, € ¥; as well
as to two states o,,0, for the children of ¢. Further these states must
fulfill (0,,0,) € Fiy,. Finally the assignment must choose the correct local
solution in By, so f~H(1) N B, = By,,.

This now allows us to collect the set of infeasible assignments F;,; and
compute a collection of distributions {xy} for the CKR algorithm fulfilling

Prif'=J1=0Vf € Fuy. (5.1)

Since the distributions are computed from some Sherali-Adams LP in
which these probabilities are concrete variables this is easily enforced. It is
then a direct consequence of Lemma that any assignment rounded by
the CKR will assign to every bag of the tree decomposition exactly one of
its states, that states are consistent between parent and child nodes, and
that the assignment to the vertices of a bag agrees with that foreseen by
the associated state. Thus any assignment rounded by the algorithm is a
solution to the DP.

It is also clear that the analysis of the rounding error on the edges
not contained in some bag is untouched by this modification since it does
not actually modify anything, so we still get an approximation guarantee
of A(T")?, with a special case of A(T",B') = 1 where we would get a 2-
approximation.

However adding the states to all bags will definitely increase the combi-
natorial diameter to be the “normal” diameter. Hence we may only apply
the restructuring arguments from Section after the fact. This is not
prohibitive with respect to embedding the DP, as every bag of the original
tree decomposition will still be fully contained in some bag of the restruc-
tured decomposition. So property can still be maintained by direct
manipulation of the variable of the LP used for computing pu.

Employing specifically the construction of Cohen-Addad et al. [96] (The-
orem to restructure the tree decomposition we thus get the following
process:
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1. Start with a graph G with a binary tree decomposition 7 of depth
O(logn).

2. Add to every bag the associated DP states of the node and its children.
This increases the width of the decomposition to w(7) + 3max |3|.

3. Reconfigure T as in Theorem obtaining a new tree decomposition
of width at most O((w(T) + max |%,])20@ (T +max[Ed) 4 1og p).

4. Compute distributions {u} as for the CKR algorithm, with the ad-
ditional property [5.1] enforced.

5. Perform the rounding of the CKR algorithm.

This procedure provides the guarantees promised in Theorem and
thus through the argumentation of Koutecky et al. [103| also those of The-
orem [5.4]

5.5 Conclusion & Open Problems

Our work is an attempt to simultaneously obtain the best run time and
approximation factor for SPARSEST CUT in the low-treewidth regime. We
introduce a new measure of tree decomposition called combinatorial diam-
eter and show various constructions with different tradeoffs between w(7T, B)
and A(T, B). We leave the question of getting 2-approximation in 20*).n©()
time as the main open problem. One way to design such an algorithm would
be to show the existence of a tree decomposition with w(7, B) = O(log n+k)
and A(T,B) = 1.

Another interesting question is to focus on polynomial-time algorithms
and optimize the approximation factor with respect to treewidth. In partic-
ular, is there an logo(l) k approximation in polynomial time? This question
is open even for the uniform SPARSEST CUT (unit demand for every vertex
pair), for which a fixed-parameter algorithm |[105] but no polynomial-time
algorithm is known.

A broader direction would be to improve our understanding of LP-
rounding algorithms on the lift-and-project convex programs in general.
For instance, can we prove a similar trade-off result for other combina-
torial optimization problems in this setting? A good candidate is the

GROUP STEINER TREE problem, for which a factor-O(log® n) approxima-
tion in time n®*) is known (and the algorithm there is “the same” algorithm
as used for finding sparsest cuts). Is it possible here to improve to a factor-
(’)(log2 n) approximation in time 2°®) . n®MW? In particular the question of
interest here is to what extent we can extend the analysis of the probability
of cutting an edge of the demand graph to larger structures such as the
terminal sets of the GROUP STEINER TREE problem.
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