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Computational micromechanics of
matrix-inclusion composites

Konrad Schneider

Abstract

This thesis is concerned with aspects of the computational retrievement of macroscopic mate-
rial responses and investigations of the microscopic deformation behavior of random matrix-
inclusion composites. To this end, the focus lies on the representative volume element (RVE)
approach in the scope of finite element analyses and its applicability and integration into
engineering practice.
The artificial random generation of the microstructural geometry, in a periodic and non-

periodic manner, is established by studying and enhancing existing methods such as the
random sequential adsorption method or collective rearrangement methods for cubic RVEs.
Based on distance computations between two inclusions, the non-overlap requirement, which
is characteristic for matrix-inclusion composites, is ensured for ellipsoidal, capsular, cylindrical
and convex polyhedral inclusion shapes.
To comply with the state-of-the-art approach that utilizes fully periodic RVEs featuring a

periodic topology, a periodic discretization and periodic boundary conditions (PBC), a new
algorithm that automatically generates periodic meshes is developed. The algorithm system-
atically combines various meshing tools in an efficient and robust way. Special emphasis is
placed on the discretization procedure to maintain a high quality mesh with as few elements
as possible, thus, manageable for computer simulations applicable to high volume concen-
trations, high number of inclusions and complex inclusion geometries. Examples elucidate
the ability of the proposed approach to efficiently generate large RVEs with a high number of
anisotropic inclusions but still maintaining a high quality mesh and a low number of elements.
Since the generation of such a state-of-the-art RVE can significantly reduce the overall effi-

ciency in multiscale finite element simulations, a benchmark study that investigates possible
relaxations to this cumbersome task is performed. In particular, the RVE size, periodic and
non-periodic RVE topologies, different discretization variants and various types of bound-
ary conditions that either require periodicity or do not require periodicity of the underlying
discretization are benchmarked. Approximate periodic boundary conditions are discussed in
detail. The benchmark study proves that a fully periodic topology and mesh discretization
with periodic boundary conditions is not necessary in order to identify effective macroscopic
material parameters for technologically relevant composites.
Eventually, the gathered methodologies are applied to model a modern high-tech polymer

nanocomposite. By utilizing a sophisticated material model for the polymeric matrix, the
entropic and energetic deformation regime can be represented in a physically meaningful way.
Furthermore, the explicit consideration of the matrix-inclusion interface failure via a cohesive
zone model accounts for the non-negligible surface effects. Comparisons with experiments
underline the predictive character of the modeling approach and allow for investigations of
local deformation mechanisms.
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1. Matrix-inclusion composites in the
context of modern computational
mechanics

The constant drive for progress and improvement of humanity steadily requires to spawn
innovations, ideas and improvements from vague sketches on the drawing table up to the
establishment in our everyday life. In that sense, the field of material science represents one
fundamental basis that shaped civilizations up to the today’s high technological standards.
The development of new materials over the course of history can be seen as one of the most
influential ingredients in modern human evolution. Already in the prehistory, technological
leadership of tribes, nations or societies can be closely related to available materials and
the knowledge of processing them. The ability of crafting tools, developing machinery or
advance weaponry enabled humans to adopt to environmental circumstances, to increase
productivity or to excel competitors. As depicted in Fig. 1.1, the relevance of different
materials varied over time. This variation and its paramountcy to shape the individual eras

Figure 1.1.: Variation of the relative importance of materials in the course of history.
Reprinted from [8] with permission from ROYAL SOCIETY.

is reflected in their naming. In the prehistorical Stone-Age the usage of materials was
restricted to naturally occurring goods such as rocks, feathers, shells, animal skin and clay.
Then, the ability to smelt and cast metals, and therefore directly manipulate the material’s
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composition, heralded the Metal-Age that lasted up to the early modern period (mid 20th

century). Developing new alloys was driven by the constant drive to increase material’s
stiffness, strength and environmental resistance. However, the demands and requirements of
increasingly more powerful machines in combination with the urge to increase their efficiency
shifted the search to lighter but equally stiff, strong and resistant materials. Therefore, the
leadership of metals weakened and alternative materials have been becoming more and more
important in the modern industrial age.
One of the most successful and still promising material classes are composites, see the

historical review article of Herakovich [97]. As the word composite implies, these materials
are purposely or naturally composed of two or more continuum mechanically distinguishable
constituents (exept of metallic alloys). The properties of the single constituents are beneficially
combined to enhance the overall composite characteristics. Due to their outstanding specific
stiffness and specific strength, see e.g. [9], composites represent one of the most important
ingredients of our high-tech world today. Furthermore, these materials can show superior
impact-resistance, corrosion-resistance, thermal stability and can be more appropriate for
structures that rely on a lightweight design.

Figure 1.2.: Different examples of matrix-inclusion composites: macroscopical (industrial) ap-
plication and micrographs of the microstructure: (a) concrete utilized in bridgesa,
(b) glass fiber reinforced composites utilized in surfboardsb, (c) polymer blends
utilized in climbing helmetsc and (d) polymer nanocomposite with possible future
applications in phone coversd.

a Micrograph image taken from [158] with permission to reprint from McGraw Hill Education. Bridge picture
taken from www.heidelbergcement.de with permission to reprint HeidelbergCement AG.

b Micrograph image taken from [195] with permission to reprint from Elsevier. Windsurfboard image taken
from https://www.fanatic.com with permission to reprint from Boards & More GmbH.

c Micrograph image taken from [243] with permission to reprint from Elsevier. Climbing helmet picture
taken from https://www.skylotec.com with permission to reprint from Skylotec GmbH.

dMicrograph picture taken form [36] with permission to reprint from Elsevier. Smart phone picture taken
from www.pixapay.com.

Composite materials occur in various forms in nature and industry, see [14]. Besides the

www.heidelbergcement.de
https://www.fanatic.com
https://www.skylotec.com
www.pixapay.com
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ongoing success of long fiber reinforced materials, bicontinuous materials, agglomerates or
fabrics, matrix-inclusion composites are of particular importance when it comes to the manu-
facturing of components of complex shapes (e.g. injection molding or additive manufacturing)
and a high production volume. Distinctively differing from their related material classes in
terms of micromechanical topology, matrix-inclusion composites are defined by their character-
istic micromechanical morphology which is dominated by isolated, non-overlapping particles
of arbitrary shape, embedded in a topologically interconnected matrix. Fig. 1.2 exemplarily
shows an extract of the bandwidth of various forms of matrix-inclusion composites, which
demonstrates their diversity and broad applicability as well as their already occurring inte-
gration in todays life.
Concrete, depicted in Fig. 1.2 (a), is characterized by polyhedral aggregates that are

blended into a cement matrix. Due to its low production costs, convenient formability and
high compressive strength, concrete is heavily utilized in civil engineering and, therefore, is the
most widely used composite today. Particle or fiber reinforced composites, see Fig. 1.2 (b),
combine very stiff and strong but brittle reinforcements, such as glass fibers or carbon fibers,
with the ductile and more compliant properties of the matrix material to form a lightweight
but still stiff and strong material that shows a reasonable ductility. By contrast, polymer
blends, exemplarily depicted in Fig. 1.2 (c), possess softer inclusions. These are meant to
increase the fracture toughness of the neat matrix material, predestinating the composite
material for impact critical applications. In polymer nanocomposites, shown in Fig. 1.2
(d), the large inclusion surface area, emanating from the nano-sized nature of the particles, is
used to retrieve beneficial mechanical properties. Associated surface effects entail outstanding
stiffnesses, hardness and strength that outperform classic fiber reinforced materials.
Due to the diverse, frequent and indispensable occurrences of matrix-inclusions composites

in industrial and personal applications today, they are highly relevant and it is of paramount
importance to get a deep understanding of these materials.

1.1. Challenges in computational modeling of matrix-inclusion
composites

Although the individual micromechanical deformation mechanisms can differ significantly, in-
fluences of the micromechanical morphology in terms of particle shapes, particle distributions
or inclusion volume fractions is common to all matrix-inclusion composites. This allows to
capture a variety of heterogeneous materials by standard simulation methods such as finite
element analysis (FEA). FEA represents a valuable tool to grasp, explain and describe the
micromechanical deformation behavior of composites and establish a link to macroscopic or
effective material properties such as stiffness or strength. To this end, numerical simulations
that are considering the microstructural nature of materials became indispensable for dimen-
sioning machinery and components, investigating the mechanical behavior of composites in
scenarios not accessible by experiments and analyze new material compositions to obtain
so-called taylor-made materials. However, it still remains a major challenge to incorporate
such methods from computational micromechanics into the practice of engineering because
it remains controversial how to account for all relevant micromechanical features in the most
efficient way.
In that sense, the state of the art is to only consider a small, but representative part of

the microstructure, namely a representative volume element (RVE), featuring all relevant
characteristics of the microstructure [28, 73, 122, 203, 222, 251]. Such an RVE should be of
sufficiently large size to capture enough microstructural information while being significantly
smaller than the macroscopic structure to hardly influence macroscopic gradients, see [28].
The formulation of a microscopical boundary value problem and the application of periodic
boundary conditions (PBC) additionally requires the RVE to be periodic in its discretization,
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see [28, 87, 130, 165, 229].1 The major challenges here are associated with the microstructure
generation, discretization and the model setup procedure, and hence are related to the pre-
processing in the context of FEA.
First, when dealing with randomized matrix-inclusion composites, a realistic representa-

tion of the random nature of particle shapes, distributions and arrangements in an RVE is
very difficult, see [14]. The major challenge lies in achieving a high inclusion volume fraction
while maintaining randomness and ensuring non-overlapping inclusions. Problems such as
the attainment of jamming limits, pair-wise non-overlapping checks between inclusions that
quickly evolve to a combinatorial exploding amount and the management of anisotropic in-
clusions need to be coped with. Only few authors employ large RVEs with more than 100
inclusions, see e.g. [45]. Furthermore, these RVEs often do not show periodic topologies nor
are they generated by exact distance computations (typically approximative intersection test
are conducted), and hence give only low to moderate inclusion volume fractions.
Secondly, the discretization of the RVE is an important step for subsequent simulations

but non-trivial, especially if a periodic mesh topology is required for the application of PBC.
Although there exist some software packages for a periodic mesh generation, e.g., Netgen
[204] or commercial meshing packages, e.g., Ansys which allow mesh copying and constrained
meshing, there is no straightforward way of generating such meshes reliably in an automated
manner. Numerous methods are limited to very simple inclusion geometries, such as spheres.
Unstable Boolean operations are a frequent obstacle. On the other hand, the mesh size can
easily increase to a level too large for efficient simulations.
These examples highlight the problems and obstacles of a seamless integration of state

of the art computational micromechanics into the engineering practices. Hence, there are
demands for new ways to generate randomized matrix-inclusion RVEs featuring a periodic
mesh topology that can be integrated easily in the engineering work flow.
On the other hand, the relevance of fully periodic computational models in the engineering

practice might be questioned after all. Their construction can be very time consuming, even
impossible to accomplish for certain microstructures. Therefore, many researchers introduced
simplifications and approximations resulting in an inferior convergence of the effective mate-
rial parameters obtained by computational homogenization. These simplifications affect the
size of the RVE [45, 79], the periodicity of the RVE topology, the discretization in terms of
voxelization [80, 120] instead of geometrically more exact tetrahedralization or the application
of alternative boundary conditions such as kinematic uniform boundary conditions (KUBC),
static uniform boundary conditions (SUBC) [112] or approximate PBC (APBC) [123, 251].
However, the impact of such simplifications is not fully understood. In general, the process
of modeling advanced materials in engineering practice involves many assumptions, approx-
imations and inaccuracies and the degree of diminishment of releasing the state-of-the-art
approach might be in the order of these uncertainties.

1.2. Structure of the thesis

This thesis is concerned with the challenges illustrated in the previous section. The underlying
hypothesis assumes a fully periodic RVE as ideal. The tremendous efforts necessary to setup
a computational model in that sense will be illustrated. Furthermore, possibilities of relaxing
these strict requirements will be highlighted, their effects investigated and recommendations
that represent viable alternatives entailing reduced computational costs and ease modeling
complications within a justifiable diminishment of accuracy will be given.
To this end, Ch. 2 introduces the micromechanical boundary value problem of micro-

mechancis in the light of continuum mechanics. While covering the necessary notation and
fundamental continuum mechanical equations in terms of kinematics and kinetics, the chapter

1The topology does not necessarily need to be periodic too. However, most of the authors also chose a
periodic RVE topology when applying PBC.
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focuses on the macrohomogeneity condition which forms the basis of subsequent micromechan-
ical analyses. An overview of the nature of the effects and typical problems in the description
of micromechanics is given and related to the state-of-the-art approach which utilizes repre-
sentative volume elements (RVEs). Important experimental findings and established concepts
from mechanical modeling are examined in detail. A critical analysis of existing approaches
leads to the logical consequence of a computational micromechanics approach to model modern
heterogeneous materials and address the problem of homogenization and localization. To this
end, various micromechanical boundary conditions and their implications to the engineering
practice are highlighted.
With the general micromechanical problem and resulting requirements to the RVE at hand,

Ch. 3 focuses on the for this thesis mainly relevant matrix-inclusion composites. By review-
ing experimental findings requirements to realistically model randomized RVEs are given.
A classification of typical procedures to obtain the microstructural information allows the
identification of approaches suitable for the engineering practice. To this end, artificially
generated particle arrangements, in a periodic and non-periodic manner, are pursued. The
standard random sequential adsorption scheme featuring geometric primitives such as sphere,
ellipsoid, capsule, cylinder and convex polyhedra is examined. In particular, distance compu-
tations for each of the geometric primitives are formulated. The generation of high inclusion
volume fraction RVEs is demonstrated via collective rearrangement methods. The chapter
concludes by evaluating the randomness of the generated RVEs via orientation distributions
and micromechanical descriptors.
Ch. 4 pursues the next logical step in the micromechanical modeling procedure that is the

discretization. After a brief review of existing meshing strategies, a new meshing algorithm
capable of generating a fully periodic mesh is introduced. The master-slave approach and the
subsequent hierarchical discretization process is explained in detail. An analysis of the mesh
quality together with a comparison to existing meshing softwares underlines the strength of
the suggested algorithm.
Ch. 5 gives a detailed description of the algorithmic implementation of the most widely

used micromechanical boundary conditions, namely: kinematic uniform boundary condi-
tions (KUBC), periodic boundary conditions (PBC) and static uniform boundary conditions
(SUBC). Furthermore, a highly feasible method of applying approximate periodic boundary
conditions (APBC) is introduced and verified.
Ch. 6 compares various model setup strategies for the micromechanical boundary value

problem by means of a benchmark study. By taking the fully periodic RVE featuring a
periodic topology, mesh and PBC as a reference, the effect of relaxations to these conditions are
highlighted. In particular, variations of the RVE size, RVE topology, RVE discretization and
micromechanical boundary conditions are compared in the light of matrix-inclusion composites
with different phase contrast for linear and non-linear material behavior of the constituents.
A statistical evaluation of the findings supports a model setup which is a simpler alternative
compared to the cumbersome state of the art approach and therefore appropriate in the
engineering practice.
In Ch. 7, the gathered methodologies are applied to model a modern high-tech polymer

nanocomposite. Via a brief literature review of recent contributions, the dominating microme-
chanical deformation mechanisms are identified. By utilizing a sophisticated material model
for the polymeric matrix, the entropic and energetic deformation regime can be represented in
a physically meaningful way. Furthermore, the explicit consideration of the matrix-inclusion
interface failure via a cohesive zone model accounts for the non-negligible surface effects.
Comparisons with experiments underline the accuracy of the modeling approach and allow
for precise investigations of local deformation patterns.
Eventually, Ch. 8 summarizes the findings of this thesis and gives a brief outlook on possible

future applications.





2. Continuum Mechanics

This chapter briefly introduces the theoretical concepts of nonlinear continuum mechanics in
the light of solid mechanics to the extend necessary for this thesis. The field of continuum me-
chanics is well documented. More recent works are [44, 84, 103, 247] to name only a few. The
basic concept of continuum mechanics manifests in a model description which is completely
detached from the discrete nature of matter. In particular, depending on the length scale an
atomic or molecular structure or the material’s microstructure is not explicitly considered. In-
stead, an approximative smearing process is conducted. That process allows a spatially smooth
and continuous description of bodies in the form of continuous fields and properties. With
such an interpretation the powerful mathematical tools of differential geometry are applied
to derive analytically exact kinematic relations. Kinetic relations are introduced to provide
the causal link between loads and stresses. Furthermore, continuous generalizations of the
empirical laws of nature in terms of partial differential equations such as: balance of mass,
balance of linear momentum, balance of angular momentum, balance of energy and balance of
entropy, are introduced. These balance laws induce the initial and boundary value problem of
the investigated body. The kinematic relations are then set into relation with kinetic quantities
by constitutive relations to fulfill the continuum mechanical closing problem (i.e. too many
unknowns / not enough equations). Finally, this chapter lays special emphasis on the aspect
on micromechanics in the light of computational homogenization.

2.1. Notation

Herein all continuum mechanical descriptions are restricted to Cartesian coordinate systems
with orthonormal base vectors ~ei or ~eK with i,K ∈ {1, 2, 3} in the euclidean space R3. If
not stated otherwise, the Einstein summation convention, which takes the sum over all
indices that appear twice in a term, applies. Tensors, understood as physical quantities with
directional references, are utilized in various forms:

0th order Tensor: α = α

1st order Tensor: ~a = ai~ei

2nd order Tensor: a = aij~ei ⊗ ~ej

3rd order Tensor: ~e 3 = eijk~ei ⊗ ~ej ⊗ ~ek

4th order Tensor: c = cijkl~ei ⊗ ~ej ⊗ ~ek ⊗ ~el
. . .

(2.1)

with the tensor product operator ⊗. A single contraction is introduced via the · operator and
entails ~a ·~b = aibi for first order tensors and A ·B = AikBkj~ei ⊗ ~ej for second order tensors
Double contractions are referenced by the : operator and result in A : B = AijBij for second
order tensors or c : A = cijklAkl~ei ⊗ ~ej . Additionally to the tensor product the box operator
is introduced via A�B : C = A ·C ·B. For second order tensors the transpose of a tensor is
introduced via AT = (Aij~ei ⊗ ~ej)T = Aij~ej⊗~ei. For fourth order tensors three transpositions
are possible: the left subtransposition cTL = (cijkl~ei ⊗ ~ej ⊗ ~ek ⊗ ~el)TL = cijkl ~ej ⊗ ~ei ⊗ ~ek ⊗
~el, the right subtransposition cTR = (cijkl~ei ⊗ ~ej ⊗ ~ek ⊗ ~el)TR = cijkl~ei ⊗ ~ej ⊗ ~el ⊗ ~ek and
the major transposition cTH = (cijkl~ei ⊗ ~ej ⊗ ~ek ⊗ ~el)TH = cijkl ~ek ⊗ ~el ⊗ ~ei ⊗ ~ej . With the
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transpose operators tensors are decomposable into their symmetric part Asym = 1
2

[
A+AT]

and antisymmetric part Aasym = 1
2

[
A−AT]. For fourth order tensors csymR = 1

2

[
c+ cTR

]
,

csymL = 1
2

[
c+ cTL

]
and csymH = 1

2

[
c+ cTH

]
their antisymmetric counterparts are casymR =

1
2

[
c− cTR

]
, casymL = 1

2

[
c− cTL

]
and casymH = 1

2

[
c− cTH

]
. The three invariants of a tensor

A are denoted by IA = A : 1, IIA = 1
2

[
[A : 1]2 − 1 : A2

]
and IIIA = det(A) with 1 being

the identity tensor. Deviatoric operator (. . . )′ of a second order tensor A is defined by

A′ = A− IA
3
1 . (2.2)

For completeness the gradient operator w.r.t. a spatial position ~x is denoted by ~∇(. . . ) =
∂(... )
∂~x = ∂(... )

∂xi
⊗ ~ei = (. . . ),i ⊗ ~ei and the divergence operator via ~∇ · (. . . ) = ∂(... )

∂xi
· ~ei. Coun-

terparts w.r.t. to a referential position ~X are similarly denoted by ~∇X .

2.2. Kinematics

The field of kinematics denotes the general geometrical description of a body’s motion re-
gardless of its cause. A material body B is defined as a compact set of material particles. ∂B
denotes the set of material particles on the body’s boundary. The assignment of all positions
of these material particles in the physical space B → R3 at time t is called configuration.
Now, motion is understood as a continuous sequence of different configurations. Typically,
one distinguishes two configurations: the initial or reference configuration B0 at time t0 = 0
and the current configuration of the body Bt at time t.2 The motion function then describes
this motion via the mapping

~ϕ :

{
R3 → R3

~X → ~x = ~ϕ( ~X, t)
(2.3)

with the position ~x in the current configuration and ~X in the initial configuration. A depen-
dency of functions of ~X is also referenced as material description and favorably utilized in solid
mechanics. To describe a compatible deformation, ~ϕ must be bijective. The displacement field
is the difference between current and refference configuration

~u( ~X, t) = ~x( ~X, t)− ~X . (2.4)

With the material time derivative ˙(. . . ) = ∂(... )
∂t

∣∣∣
~X=const.

the motion’s velocity is introduced
by

~v( ~X, t) = ~̇u( ~X, t) =
∂~u( ~X, t)

∂t
. (2.5)

The deformation gradient

F = ~∇X(~x) =
∂~x

∂ ~X
= ~∇X(~u) + 1 with J = det(F ) > 0 (2.6)

is a crucial deformation measure. It maps differential line elements d ~X from the reference con-
figuration into the current configuration d~x. To eliminate rotational contributions from F , the
symmetric left and right stretch tensors U and v are introduced via the polar decomposition

F = R ·U = v ·R . (2.7)

2Taking into account only two configurations is the most simple and for this thesis sufficient case. For complex
materials so-called intermediate configurations are introduced to consider plasticity, thermal effects etc..
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R ∈ SO(3) denotes a rotational tensor. In the following the right and left Cauchy-Green
stretch tensors C and b

C = FT · F and b = F · FT (2.8)

are of importance. With these stretch tensors the Seth-Hill-family, cf. [99, 208], of strain
measures is introduced by

E(m) =
1

m
[Um − 1] and e(m) =

1

m
[1− vm] . (2.9)

For m→ 0 the strains of Eq. (2.9) become logarithmic (or Hencky) strains through

EH = ln (U) and eH = ln (v) . (2.10)

In the case of infinitesimal small displacement gradients |~∇X(~u)| � 1, the referential and
current configurations fall together and linearizations are permissible. The strain tensors
then transform to the infinitesimal strain tensor

ε =
1

2

[
~∇(~u) + ~∇(~u)T

]
. (2.11)

Besides the state formulations, relying solely on stretches and strains, an alternative for-
mulation via the velocity gradient l = ~∇(~v) is possible via

Ḟ = l · F . (2.12)

Contributions of angular velocities are separated from deformation velocities via a split into
the symmetric deformation velocity tensor d and the antisymmetric material spin tensor w
by

d = lsym =
1

2

[
l+ lT

]
and w = lasym =

1

2

[
l− lT

]
. (2.13)

2.3. Kinetics and balance principles

The field of kinetics introduces physical quantities that cause the body’s motion by internal
and external loadings. All kinds of loadings from all fields of physics are conceivable, e.g.
mechanical, thermal, chemical, electrical etc.. In this work, solely mechanical loadings in
the scope of a Cauchy-continuum (neglecting volume moment densities) assumption are
considered, which implies loads being forces and tractions only. Therefore, a body might be
loaded in form of point, line or surface distributed forces that induce internal forces. To cope
with these internal forces the concept of free body diagrams reveals forces ∆~F connected with
surface area elements ∆a in any cut surface, e.g. in the current configuration Bt. The traction
vector ~t is then defined as

~t = lim
∆a→0

∆~F

∆a
. (2.14)

Cauchy’s fundamental theorem states that ~t depends only linearly on the normal vector ~n
of the cut surface through

~t = σT · ~n , 3 (2.15)

which introduces the Cauchy-stress tensor σ, defined in the current configuration. σ acts
as a stress measure and relates to stress measures defined in other configurations via

σ =
1

J
τ =

1

J
F · P =

1

J
F · S · FT . (2.16)

3The transposition (. . . )T is due to the interpretation of the indices of σ, with the first index referencing the
surface and the second index referring to the force.



10 2. Continuum Mechanics

Here τ denotes the Kirchhoff stress tensor, P the 1st Piola-Kirchhoff stress tensor (1.
PK) and S the 2nd Piola-Kirchhoff stress tensor (2. PK). In the case of infinitesimal
displacement gradients, all stress tensors coincide:

σ ≈ τ ≈ P ≈ T . (2.17)

In the following, the mechanical balance laws that originate from empirical principles are
given. All balance laws must be satisfied for the body at all times. They are presented in
their local form as typically utilized in solid mechanics (i.e. material description) w.r.t. the
current configuration.

Balance of mass

The mass balance states, that in a closed system the mass of a body remains constant. The
local form, also known as continuity equation, in material descriptions is given by the equation

%̇0 = ˙(%J) = 0 (2.18)

with the density of the material body in the reference configuration %0 and the density of
the material body in the current configuration %. The overall statements comes down to the
trivial fact that the density of the reference configuration does not change over time.

Balance of linear momentum

The balance of linear momentum is the central balance relation for isothermal solid mechanics,
as it acts as the defining field equation of the majority of problems. It states that the change of
linear momentum (%~v) over time equals all forces acting on the body, also known as Newton’s
second law of motion. The local form is given by

%~̇v = ~∇ · σT + %~f (2.19)

with the specific body force ~f . For quasi-static problems the inertia term %~̇v gets irrelevant
and Eq.(2.19) becomes the describing field equation. This is a system of partial differential
equations. Associated boundary conditions are formulated via

~u( ~X)− ~u0( ~X) = 0 ∀ ~X ∈ ∂BD0
~t( ~X)− ~t0( ~X) = 0 ∀ ~X ∈ ∂BN0

∀ t ∈ [t0, tE ] (2.20)

with ~u0 being the prescribed displacements on the Dirichlet boundary ∂BD0 and ~t0 the
prescribed tractions on the Neumann boundary ∂BN0 with ∂B = ∂BD ∪∂BN . Eq. (2.19) and
Eq. (2.20) together with the initial conditions

~u( ~X, t0) = ~u0

~v( ~X, t0) = ~v0

(2.21)

form the initial and boundary value problem of solid mechanics, where ~v0 are the initially
prescribed velocities.

Balance of angular momentum

The balance of angular momentum states that the change over time of the moment of mo-
mentum (~x× %~v) equals the sum of all moments and all moments of all forces acting on the
body w.r.t. an arbitrary but fixed point. This balance principle was introduced by Euler
and is given in its local form by

σ = σT , (2.22)

which states the symmetry of the Cauchy stress tensor.
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Balance of energy

The balance of energy is also known as the first law of thermodynamics. It equals the change
over time of the total energy (internal energy (%u) and kinetic energy (1

2%~v · ~v)) to the flux
and supply of heat and power. The typical local form is given by

%u̇ = −~∇ · ~q + σT : d+ %r (2.23)

with the specific internal energy u, the heat flux vector ~q and the specific heat supply r.
σT : d is known as stress power.

Balance of entropy

To handle the second law of thermodynamics in the scope of continuum mechanics, the balance
of entropy s in its local form is introduced via

%ṡ = −~∇ · ~h+ %zs + %ps . (2.24)

Here, ~h denotes the flux of entropy, zs the supply of entropy and ps the entropy production.
The requirement ps ≥ 0 then constitutes the second law of thermodynamics. For the practical
evaluation of Eq.(2.24), typically the constitutive assumptions w.r.t. ~h = ~q

T and zs = r
T are

made, while introducing the absolute temperature T > 0. Employing these assumptions
together with Eq.(2.23) yields the Clausius-Duhem- inequality

% [ṡT − u̇] + σT : d︸ ︷︷ ︸
Dloc

−~q · ~∇ (ln(T ))︸ ︷︷ ︸
Dcon

≥ 0. (2.25)

The total dissipation assembles by the local dissipation Dloc and the conductive dissipation
Dcon. Satisfying Eq.(2.25) might be cumbersome and the weaker requirement of Dloc ≥ 0 and
Dcon ≥ 0 is often postulated.4 In purely mechanical problems (isothermal) Dcon is immaterial
and only the Clausius-Planck- inequality

% [ṡT − u̇] + σT : d ≥ 0 (2.26)

must hold. A further alteration of Eq.(2.26) by multiplying J and introducing the free energy
ψ = u− sT via the Legendre-transformation gives the final form

τT : d− %0[ψ̇ + sṪ ]
isothermal

= τT : d− %0ψ̇ ≥ 0 . (2.27)

2.4. Constitutive theory of damage and failure mechanics

The unknown field variables and introduced relations in the previous sections are not sufficient
to solve the initial and boundary value problem of solid mechanics. In particular the number
of unknown field variables (kinematics and kinetics) does not match the number of given
balance relations. This problem is addressed as the continuum mechanical closing problem.
Additional equations need to be formulated: the constitutive relations or material laws. These
equations relate kinematical to kinetic quantities. They account for the individual properties
of the materials a continuum might consist of. In isothermal solid mechanical problems the
displacement field ~u is chosen as the primal field variable all other fields depend on.
With regard to a systematic classification and verification of material laws, so called princi-

ples of material theory have been introduced in the course of the last century. These principles
are deduced to ensure physical plausibility. Some of the more prominent candidates are

4Dcon = −~q · ~∇ (ln(T )) ≥ 0 in combination with the constitutive assumption ~q = −κ ·∇(T ), where κ denotes
the positive tensor of heat conductivity, is also known as Fouriers law.
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1. the principle of determinism,

2. the principle of local action,

3. the principle of material objectivity,

4. the principle of thermodynamical admissibility,

5. the principle of equipresence.

The practical formulation of a constitutive law might be conducted in the form of functionals.
These functionals can be written explicitly in the form of integrals over the course of the entire
deformation or implicitly via differential equations, also called evolution equations. The latter
approach is also known as the theory of internal variables which experienced tremendous
success in the past decades. The internal variables can generally be denoted as a tensor of
order n via ~αni . The stress-deformation relation can then be given as

τ (F , ~αni ) = τ (b, ~αni ) . (2.28)

Of particular importance is the fulfillment of the fourth principle in terms of equation Eq.
(2.27) which becomes

[τ − 2
∂%0ψ(b, ~αni )

∂b
· b] : d−

∑
i

∂%0ψ(b, ~αni )

∂~αni
� ~̇αni ≥ 0 . (2.29)

Here � denotes the to ~αni appropriate contraction. Since d directly derives from the primal
variable of the field equations, any value is adjustable, such that the first term in (2.29) must
vanish and the hyperelastic stress deformation relation becomes

τ = 2
∂%0ψ(b)

∂b
· b . (2.30)

The local dissipation further reduces to

Dloc = −
∑
i

∂%0ψ(b, ~αni )

∂~αni
� ~̇αni ≥ 0 (2.31)

where ~̇αni are often interpreted as thermodynamical fluxes which the thermodynamical driving
forces ∂%0ψ(b,~αni )

∂~αni
are energy conjugated to. Thermodynamically consistent modeling is ensured

by choosing an appropriate free energy function and driving forces.

Hyperelasticity

Elastic materials are defined via their vanishing local dissipation Dloc. Every stress state of
the material is a one-to-one mapping from the deformation state. Specifying the free energy
ψ ensures this condition. For isotropic materials ψ must only depend on the invariants of
b namely Ib, IIb, IIIb. For a further simplification in the formulation of ψ the split of the
deformation gradient into its isochoric part F̄ and volumetric part F vol is introduced by

F = F vol · F̄ = J1/31 · J−1/3F . (2.32)

Consequently the isochoric Cauchy-Green stretch tensor is given by b̄ = J−2/3b. This
decoupling allows to better distinguish the contributions of the free energy. By assuming an
additive split into isochoric and volumetric parts, the free energy becomes

%0ψ = %0ψ
iso(Ib̄, IIb̄) + %0ψ

vol(J) . (2.33)
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For simplicity often no dependence on the second invariant IIb̄ is assumed and then the stress
deformation relation reads

τ = 2
∂%0ψ

∂Ib̄
· b̄′ + ∂%0ψ

∂J
J1 (2.34)

with the deviatoric part of the isochoric left Cauchy-Green tensor b̄′ = J−2/3b′. In Eq.
(2.34), the pressure p(J) = ∂%0ψ

∂J and the tangent shear modulus µ(b) = 2
[
∂%0ψ
∂Ib̄

]
can be

identified.5 In the case of incompressible materials (J = 1) the volumetric distribution of the
free energy takes the form

%0ψ
vol = p(J − 1) (2.35)

with the undetermined pressure p which can be interpreted as a Lagrange multiplier. For
small deformations, the stress deformation relation linearizes to the general form of Hookes
law

τ ≈ σ = C : ε (2.36)

with the elasticity tensor C. C incorporates 81 unknown tensor coordinates which can be
reduced to two independent material parameters for isotropic materials. The stiffness tensor
then reads

C = K01⊗ 1 + 2µ0

[
1
s − 1

3
1⊗ 1

]
(2.37)

with the initial bulk modulus K0 and the initial shear modulus µ0 and the forth oder sym-
metric identity tensor 1s = 1

2

[
1�1 + (1�1)TL

]
.

2.5. Computational homogenization and localization

The methods to describe materials, which are presented in the previous section, can be cat-
egorized as general heuristic approaches. In particular the majority of established material
laws is heuristically based on observations of the macroscopical material behavior such as elas-
ticity e.g. Hookes law Eq. (2.36), plastic yielding, viscous behavior or failure, without any
attempts of considering the microstructural nature of materials. More sophisticated models
motivate the stress-deformation relation by microscopical considerations, e.g. for polymeric
materials considering entropic effects of molecular chain behavior, see the review [26], crys-
tal plasticity models including slip-systems connected to atomic structures, see the review
[190] or damage models smearing out microvoid formations, see the review [22]. However,
these approaches are often only justified in the case of a homogeneous or single-phased ma-
terial. In reality, almost all materials exhibit some inhomogeneities at a certain length scale.
Inhomogeneities are understood as distinguishable material phases that classify the material
as heterogeneous. Prominent examples are composites6, wood, concrete, solid foams, soils or
polycrystals to name only a few. It is well accepted in the literature that the microscopic mor-
phology, that is, the geometric arrangement of distinguishable phases, constitutes the most
influential factor for the macroscopic material behavior [28, 105]. The main goal of microme-
chanical considerations is connecting the different length scales in both directions. Individual
constituents are treated as a continuum since the microscopic length scale is assumed to be
much larger then the molecular dimensions.
On the one hand, it is of major importance to understand the macroscopical material be-

havior such as effective material properties, anisotropies etc. based on the microstructural
information. This process will be addressed as homogenization or upscaling. The material,
which is inhomogeneous on a lower length scale, is described as homogeneous on a larger

5The reader is referred to Appendix A.1 for a detailed derivation of the deformation tangent shear modulus.
6A composite is a man-made material manufactured from two or more constituent materials with significantly
different physical or chemical properties. The combination of the raw constituents forms a material with
characteristics different from the individual components.
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length scale, and one can establish a relationship between the microstructure and the effec-
tive mechanical properties on the macroscale (where the material appears homogeneous). In
contrast, the so-called localizing or downscaling is understood as the examination of micro-
scopic consequences such as stress distributions, damage initiations and deformation patterns
due to macroscopical loading states. Emerging local fields at the length scale of the inhomo-
geneities are of interest to understand the material’s distinctive behavior on the microscopical
level.
Either way, the crucial link between the micro- and macroscale is a proper description of

the geometric morphology of the phase arrangements on the microscale in combination with
a meaningful continuum mechanical transition between the length scales. Fig. 2.1 illustrates
this process by introducing macroscopical quantities denoted by M(. . . ). The microstructural

Figure 2.1.: Homogenization and localization in computational micromechanics with characg-
teristic length scales: macroscopic dimension ML, characteristic dimension of mi-
crostructural entities L and characteristic dimension of a representative volume
element (RVE) l. Either MF or MP act as the macroscopical input to the mi-
croscopical analysis. Output are MP or MF in a homogeniation analysis or the
distribution of field variables for localization purposes.

description is realized via introducing an representative volume element (RVE). Following
this concept, the following questions arise: How to establish a continuum mechanically sound
connection between the micro- and macroscale? What properties are required to yield an
RVE? How is an RVE defined? The state of the art to answer these question will be given in
the following.
In the last decades, many researchers contributed to the field of micromechanics which led

to a considerable amount of review papers [73, 78, 104, 105, 127, 145, 165, 172, 193, 203] or
textbooks [2, 16, 28, 31, 62, 70, 72, 85, 170, 222, 224, 229] and references therein. The research
area of micromechancis might be divided into classical analytical methods and computational
approaches.
In the early stages of micromechanics as a research area, with the absence of today’s compu-
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tational resources, analytical methods were developed, especially for linear elasticity. Results
of these considerations give an effective elasticity tensor CM . Well-established examples
are the Voigt and Reuss bounds associated with infinitesimal deformations or their finite
deformation equivalents, the Taylor and Sachs bounds. These approaches neglect any ge-
ometrical information by assuming uniform (stress or strain) fields on the microscale and
only depend on the volume fraction as the geometric parameter on the micro level. So-called
bounds of second order, are suggested by Hashin-Shtrikman. These bounds are typically
very wide and give only rough estimates.
More involved approaches consider geometric properties of the microstructure. The most

famous approach is the dilute defect distribution. Assuming non-interacting behavior of
the inhomogeneities in form of an infinite dilute distribution of inclusions, so-called single
inclusion problems are formulated. The inclusions, as an approximative representation of the
microstructure, are embedded in an infinite matrix and the microscopic fields are analyzed.
Results of this method rely on the Eshelby-solution of ellipsoidal inclusions. More advanced
methods attempt to consider interactions between the inhomogeneities. Famous examples are
the Mori-Tanaka method, the (generalized) self-consistent scheme, the differential method
or Lielens method. However, these methods are only coarse approximations due to the use
of simplified geometries and constitutive behaviors, which are necessary for the analytical
solutions. As soon as the situation becomes nonlinear (geometrically / physically) or the
morphology of the microstructure is rather complex, these methods only give poor results.
To overcome this limitation, modern computational micromechanics, relies on much more

detailed representations of the material microstructure. The basic idea is describing the
entire material’s small length scale morphology by only a finite region, containing sufficient
microstructural information, namely the RVE. It is worth noticing that there are several
specifications in the literature on the definition of this region or its existence, see [79]. This
ambiguity results from the requirement of the sufficiency of information.

Clearly, in the situation of a periodic arrangement of microstructural entities a repeating
unit cell (UC) exists and therefore the RVE is well defined as stated in [171]. Materials
of such structure are also known as periodic media. However, the majority of engineering
materials is non-periodic. Typical phase arrangements of heterogeneous media show very
complex morphologies. Ideally, a mathematically infinite set of microstructural entities is
necessary to capture all information, which results in the sample volume to be infinitely large.
Assumptions and approximations are necessary to proceed with a finite sized region.
A fundamental assumption and necessary condition for the existence of an RVE is the

ergodicity and statistically homogeneity of the heterogeneous media, see [171]. In particular,
this statement allows to extract RVEs at different positions of the material, while maintaining
similar morphologies in a statistical sense and equal averaged macroscopic properties, which is
indispensable for a statistically valid macroscopic response. For the first time Hill suggests
in [98] that an RVE should be typical for the whole mixture on average and contains a
sufficient number of entities for the apparent overall moduli. These overall moduli are required
to be independent of surface values of tractions and displacements on the RVEs boundary
i.e. from the microscopical boundary conditions in general. In particular, the fluctuation of
these tractions and displacements about a mean should become insignificant within a short
distance of the surface compared to the RVEs dimension. The surface layer contribution to any
average needs to be negligible, which is accomplished by a large enough sample. Similarly, the
authors in [234] require the RVE to contain statistically enough mechanisms of deformation
processes. In addition, an increase of the RVE size should not alter the material’s response.
In [48], the RVE is linked to the smallest material volume element of the composite for which
the usual spatially constant overall macroscopic modulus is a sufficiently accurate model.
Furthermore, the RVE needs to be small enough to still be regarded as a material point in a
continuum mechanical description on the macroscale and does not disguise any macroscopic
heterogeneities, see [57, 238]. Gitman et al. summarize in [79] that the RVE should include
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information of the microstructure but simultaneously be sufficiently smaller than dominating
macroscopic dimensions. Hence, the opposing requirements of the adverse positions of an
RVE being small enough regarding the macroscopic setting and large enough w.r.t. the
microstructural features follows. The associated principle is known as the separation of scales

ML� l� L , (2.38)

which was first suggested by Hashin in [92]. As depicted in Fig. 2.1, Eq. (2.38) relates the
characteristic length of the macroscopic setting ML to the dimension of the RVE l and the
characteristic dimension of the material’s microstructure L. Finally, the conclusion, a sample
of a material must be large enough to reflect statistical fluctuations on the level of observation,
see [254], is drawn. This raises the key questions on how to properly choose ML, l and L or
what is the minimum size of an RVE and how to determine the RVE?
As a non-dimensional microstructural control parameter

δ =
l

L
(2.39)

is introduced (ideally δ → ∞.). The ratio δ is assessable via experiments using stereological
and image analyzing techniques such as digital image correlation or X-ray tomography to cap-
ture geometrical dispersions. Statistical investigations then lead to quantitative statements.
In [189], the authors considered the material class of asphalt concrete, which they regard as
a particle matrix composite. The comparison of global properties w.r.t. the specimen size
reveals an RVE length of l = 150 mm and an aggregate size of L = 25 mm or smaller, which
gives δ = 6.00. In [209], the authors investigate ceramic matrix composites with reinforc-
ing fibers. Experimental findings in combination with numerical simulations of statistically
similar RVEs result in an approximative RVE length scale of d = 100µm and a fiber di-
ameter of 14µm leading to δ = 7.14. While the previous contributions considered isotropic
distributions of the inhomogeneities, in [227] unidirectional carbon fiber reinforced compos-
ites with a high fiber volume and anisotropic fiber distributions are analyzed and compared
to their isotropic counterparts. Congruously, different RVE sizes are necessary due to the
anisotropy. While the averaged fiber diameter as the characteristic micro length scale is given
with l = 8µm, they report a minimum RVE size of liso = 473µm for an anisotropic fiber ar-
rangement and liso = 130µm for an isotropic fiber arrangement, which leads to δaniso = 59.13
and δiso = 16.25. In [144], the author analyzes a matrix inclusion composite with granular
aggregates (PBS 9501, a highly explosive simulant material). With an average grain sizes of
L = 100µm the RVE size reveals to be l = 1.5 mm which gives δ = 15. A polycrystalline low
carbon steel with an average grain size of 20µm is considered in [186]. The authors report
a minimum RVE length of l = 177µm which agrees with numerically computed values and
corresponds to δ = 8.85. [129] analyzes orthogonal plain woven composites. Experimental
full-field deformation measurements reveal an RVE length of ten times the fiber tow widths,
which gives δ = 10.
Thus, experimentally, a strong dependence of δ ∈ [6..60] on various characteristics of the

composite such as the geometry of inhomogeneities, the phase contrast and material classes is
observed. The quantitative determination of δ via experiments is possible but very resource
consuming.
On the other hand, far more contributions exist in the field of computationally determining

the RVE size, see the review section of [193]. Numerical simulations allow to investigate
a much richer selection of criteria to quantify and qualify an RVE at much smaller costs.
For linear properties, the highly cited contributions [87, 120] need to be highlighted. These
studies report that a relatively small number of inhomogeneities is required to form an RVE.
Furthermore, quantities such as the physical properties, the contrast of properties, the volume
fractions of components, the relative precision for the estimation of the effective property and
the number of realizations of the RVE are identified as additional triggering parameters. For
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non-linear material behavior, the contribution [178] indicates an increased RVE size w.r.t. to
linear material behavior. [126] shows that more ensembles are possible as a remedy to utilize
smaller RVEs and, thus, a decreased δ. It it worth mentioning that the existence of an RVE
in the case of localization phenomena might not be ensured [79, 165].
In summary, it can be concluded that for non-localizing material behavior of microstructural

materials truly RVEs exists. Estimating the size of an RVE, quantified by δ, however is a
delicate task.

2.5.1. Micro-macro-link

Assuming a proper RVE is found, the continuum mechanical link between the length scales
must be established. In particular, the continuum mechanical boundary value problem of the
microscale (similar to Sec. 2.2-2.4) needs to be formulated.
On the microscale, all kinematic, kinetic and balance relations as given in the previous

sections hold and are properly defined. In the framework of solid mechanics, it proves conve-
nient to conduct the averaging process in the initial configuration of the RVE since the initial
setting is known a priori. In particular, the balance equations are formulated in terms of P
and F . Assuming, the RVE is in a state of quasi-static equilibrium with zero volume forces
(~f = ~0) such that the material form of Eq. (2.19) becomes

~0 = ~∇X · PT . (2.40)

Eq. (2.40) is the central field equation for the microscale. Solely, the boundary conditions
remain ambiguous. Likewise, on the macroscale, where continuum mechanical quantities are
referenced via M(. . . ), the same relations must hold. Here, boundary conditions are given by
the specific macro-problem. The key idea for linking both scales manifests in the application
of spatial averaging. Spatial averages of quantities defined at RVE level are linked to their
macroscopic counter parts. For an arbitrary field variable Mφ on the macroscopic scale, the
relation to its microscale counterpart φ is defined via

Mφ = lim
VRVE→∞

1

VRVE

∫
B0

φ( ~X)dV0 ≈
1

VRVE

∫
B0

φ( ~X)dV0 (2.41)

with the volume of the RVE VRVE and the set of all material points of the RVE B0. In
particular the relation

VRVE =

∫
B0

dV0 (2.42)

holds. Eq. (2.41) implicitly makes use of the ergodic hypothesis that states the equality of
spatial averages and ensemble averages, see [229] for a detailed discussion. The averaging idea
is also based on the fact that gradients on the macro field are not noticeable or applicable
to the lower length scale. The macroscopic gradients appear locally constant and are seen
by the RVE as uniform fields or far fields, which motivates the omission of body forces ~f in
Eq. (2.40). This approach is also known as first order theory.7 In particular, the connection
between both deformation gradients is defined by

MF =
1

VRVE

∫
B0

F dV0 =
1

VRVE

∫
∂B0

~x⊗ ~N dA0 .
8 (2.43)

Applying the divergence theorem, volume integrals are transformed into surface integrals with
the RVEs boundary’s normal vector in the reference configuration ~N and the differential area
element of the reference configuration dA0. As stated in [131], the averaging concept does not
uniquely define the macro-variables by the micro variables. Exemplarily, the definition of the

7Extensions in form of second-order schemes are given in [131].
8A detailed derivation of the transition from volume to surface integrals is given in Appendix A.3.
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determinant of the deformation gradient is not straightforward. This is due to the disparity
of the average integral and the determinant operation as shown in the following relation

det(MF ) = det

(
1

VRVE

∫
B0

F dV0

)
6= 1

VRVE

∫
B0

det(F ) dV0 . (2.44)

Therefore, the definition of the determinant is arbitrarily introduced through9

MJ =
1

VRVE

∫
B0

J dV0 =
1

VRVE

∫
B
dv =

vRVE
VRVE

(2.45)

with vRVE being the RVE volume in the current configuration. This approximation assumes
MJ ≈ det(MF ) which is valid for moderate volume changes ( MJ < 1.5 ). The macroscopic
1. PK stress, defined via the volume average of the microscopic 1. PK stress tensor for the
quasi-static case, computes to

MP =
1

VRVE

∫
B0

P dV0 =
1

VRVE

∫
∂B0

~X ⊗ ~p dA0 .
10 (2.46)

Here ~p is the stress vector referred to an infinitesimal surface element of the reference con-
figuration and the corresponding force acting on the current configuration.11 Similar to the
determinant of the deformation gradient, the Cauchy stress tensor can be defined in two
ways via the direct volume average or Eq. (2.16), that is

Mσ∗ =
1

vRVE

∫
B
σdv =

1

vRVE

∫
∂B

1

2

[
~t⊗ ~x+ ~x⊗ ~t

]
da 6= 1

MJ
MF · MP . (2.47)

The Cauchy stress tensor is then again not uniquely defined due to the multiplicative char-
acter of its definition in terms of P and F . To circumvent a cumbersome evaluation of volume
or surface integrals,

Mσ =
1
MJ

MF · MP (2.48)

is taken as the definition of Mσ.12

Besides kinematic and kinetic quantities, the balance laws must be linked between the
micro- and macroscale. It is straightforward to establish this connection for the balance of
mass, the balance of linear momentum, the balance of angular momentum and the entropy
balance by usage of Eq. (2.41). However, the energy balance incorporates scalar products be-
tween thermodynamical conjugated quantities, namely the stress power PT : Ḟ . Because the
power contributions in the energy balance should be deducible from these power conjugated
kinematic and kinetic quantities, there is no natural need to define the stress power by some
averaging definition. However, a correct mapping between the micro- and the macroscale
should hold. This results in the requirement of the equality of the stress power deduced by
the macroscopic quantities and the stress power calculated by its microscopically averaged
counterparts via

MPT : MḞ =
1

VRVE

∫
B0

PT : Ḟ dV0 . (2.49)

9Eq. (2.45) naturally relates to the well known continuum mechanical relation between infinitesimal volume
elements of the reference and current configuration dv = JdV .

10A detailed derivation of the transition from volume to surface integrals is given in Appendix A.3.
11 The surface integral form is conceived by applying Gauss integral theorem and respecting the quasi-static

balance of linear momentum ~∇X · PT = ~0 with vanishing body forces ~f = ~0. The traction vector ~p relates
to ~t via ~tda = ~pdA0.

12 The contribution [132] points out that the choice of deformation and stress measures and their relation to
the microscopic quantities is arbitrary to a certain extend. Typically the macroscopic key quantities (MP
and MF ) are derived from the volume averages over the RVE in the reference configuration due to the
convenience of computations.
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Eq. (2.49) is known as the macro-homogeneity condition or Hill-Mandel condition [98].
It represents the central relation in isothermal micromechanics and acts as an additional
equation, which must be satisfied.13 In practice, Eq. (2.49) dictates the boundary conditions
on the microscale, which have yet to be formulated. Fig. 2.1 illustrates the micro-to-macro
link by the input and output labeled arrows.
However, the form of Eq. (2.49) is of no practical use. Therefore, the stress and deformation

fields are rewritten via their fluctuations, denoted by (̃. . . ), to

P = MP + P̃ and Ḟ = MḞ +
˙̃
F . (2.50)

These fluctuations, vary around the constant mean (macroscopic) values. Insertion into Eq.
(2.49) and rearranging yields

0 =
1

VRVE

∫
B0

P̃
T

:
.
F̃ dV0 =

1

VRVE

∫
B0

[
P − MP

]T
:
[
Ḟ − MḞ

]
dV0 . (2.51)

The stress power of the fluctuation fields must vanish.
A simple solution to Eq. (2.51) outlines the approach of setting one of the bracket terms

to zero. The prescription of a constant 1. PK stress tensor (Sachs condition) or a constant
material time derivative of the deformation gradient (Taylor condition) via

P = MP ∀ ~X ∈ B0 or Ḟ = MḞ ∀ ~X ∈ B0
14 (2.52)

yields two conditions. Both conditions do not require a solution of the boundary value problem
on the microscale. For the Taylor a homogeneous deformation is assumed such that a volume
averaged evaluation of the constitutive relations of the constituents is done. Similarly, the
Sachs condition requires the volume averaged evaluation of the inverse constitutive relations.
Congruously, these conditions represent very strong restrictions and are known to form upper
and lower bounds for the composite’s stiffness and compliance in a finite strain formulation.
Transforming the volume integrals of Eq. (2.51) to surface integrals and respecting Eq.

(2.40) results in

0 =
1

VRVE

∫
∂B0

[
~p− MPT · ~N

]
·
[
~v − MḞ · ~X

]
dA0. (2.53)

Eq. (2.53) is a requirement for the boundary values of ~p or ~v on the boundary of the RVE.
Thus, the restrictions of Eq. (2.52) are relaxed. Again, the bracket terms are set to zero to
receive two opposing conditions. Firstly, the condition

~p = MPT · ~N ∀ ~X ∈ ∂B0 (2.54)

is known as static uniform boundary conditions (SUBC) or Neumann boundary conditions.
Only the stress vectors are prescribed on the RVEs boundary. Obviously, a potential rigid
body motion must be prevented additionally to yield a well posed boundary value problem.
Contrary, setting the right bracket term in Eq. (2.53) to zero, restricts the material velocity
by

~v = MḞ · ~X ∀ ~X ∈ ∂B0 . (2.55)

This condition goes along with the prescription of the boundary motion through

~x = MF · ~X ∀ ~X ∈ ∂B0 , (2.56)
13If thermal behavior is to be considered, an additional macrohomogeneity conditions needs to be fulfilled.

By requiring MDcond = −MQ ·M~∇X(T ) = 1
VRVE

∫
B0
− ~Q · ~∇X(T )dV0 = 1

VRVE

∫
B0
DconddV0, which claims the

equality of the conductive dissipation computed via averaging on the micro or directly with the macroscale
quantities. Here ~Q represents the Lagrangian heat flux vector.

14Since the time derivative of the deformation gradient is constant, it is possible to write F = 1+ tMḞ which
implies ~x = ~X + t

.
MF · ~X = MF · ~X, with MF = tMḞ .
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assuming a vanishing initial rigid body motion.15 The boundary conditions of Eq. (2.56)
are referred to as kinematic uniform boundary conditions (KUBC) or Dirichlet boundary
conditions. Again two opposing cases are introduced by the KUBC or SUBC, which result in
upper and lower bounds of the composite’s stiffness and compliance.
The third and most sophisticated method accounting for Eq. (2.49) is the application of

so-called periodic boundary conditions (PBC). This form can be regarded as a combination
of the conditions (2.54) and (2.56) and is state of the art.16 The key idea is to combine
both bracket terms of the integrand in Eq. (2.53) such that the surface integral vanishes.
Therefore, the boundary of the RVE is split into two associated parts by

∂B0 = ∂B+
0 ∪ ∂B−0 (2.57)

as depicted in Fig. 2.2. Every point ~X+ ∈ ∂B+
0 with the normal vector ~N+ possess a

Figure 2.2.: Different RVE forms featuring a periodic surface split for the application of PBC:
(a) cuboidal RVE inherited from periodic media and (b) spherical RVE.

correlated point ~X− ∈ ∂B−0 with a normal vector ~N−. For the normal vectors, the condition

~N+ = − ~N− ∀ ~X+ ∈ ∂B+
0 and ∀ ~X− ∈ ∂B−0 (2.58)

must hold. The RVE boundary then reveals a periodic surface topology. Additionally, a
fluctuation field ~̃u of the displacement field ~u( ~X) is introduced via

~x = MF · ~X + ~̃u( ~X) and ~v = MḞ · ~X + ~̇̃u( ~X) . (2.59)

15Since ~v = MḞ · ~X holds, a time integration results in ~x = tMḞ · ~X + ~c0 with the constant integration vector
~c0 that is linked to an initial rigid body motion.

16Due to the combination of KUBC and SUBC some authors refer to PBC as mixed boundary conditions, see
[80].
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The constraint

~̃u+ = ~̃u( ~X+) = ~̃u( ~X−) = ~̃u− ∀ ~X+ ∈ ∂B+
0 and ∀ ~X− ∈ ∂B−0 (2.60)

ensures the periodicity of the displacement field. The separation of the RVE’s boundary does
not alter the average relation between F M and F since

1

VRVE

∫
B0

F dV0 =
1

VRVE

∫
B0

MF + ~∇X(~̃u) dV0

= MF
1

V0

∫
B0

1 dV0 +

∫
B0

∂~̃w

∂ ~X
dV0 = MF +

∫
∂B0

~̃w ⊗ ~N dA0

= MF +
1

VRVE

[∫
∂B+

0

~̃u+ ⊗ ~N+ dA0 +

∫
∂B−0

~̃u− ⊗ ~N− dA0

]

= MF +
1

VRVE

[∫
∂B+

0

~̃u+ ⊗ ~N+ − ~̃u+ ⊗ ~N+ dA0

]
︸ ︷︷ ︸

=0

= MF .

Here, the boundary integral of Eq. (2.43) if beneficially divided into its two opposing parts
employing Eq. (2.58). The KUBC, defined in Eq. (2.56), are henceforth fulfilled in an average
sense, since the boundary contributions of the displacement fluctuations to the deformation
gradient vanish only in an integral manner. Therefore, the constraint Eq. (2.56) is relaxed.
Employing the same procedure to Eq. (2.53) yields

0 =
1

VRVE

∫
∂B0

[~p− MPT · ~N ] · [~̇u− MF · ~X] dA0 =
1

VRVE

∫
∂B0

[~p− MPT · ~N ] · ~̇̃u dA0

=
1

VRVE

[∫
∂B+

0

[~p + − MPT · ~N+] · ~̇̃u + dA0 +

∫
∂B−0

[~p − − MPT · ~N−] · ~̇̃u − dA0

]

=
1

VRVE

∫
∂B+

0

[~p + − MPT · ~N+] · ~̇̃u + + [~p + + MPT ~N+] · ~̇̃u +dA0

=
1

VRVE

∫
∂B+

0

[~p + + ~p −] · ~̇̃u +dA0 .

(2.61)

Eq. (2.61) is only fulfilled for antiperiodic traction vectors

~p+( ~X+) = −~p−( ~X−) ∀ ~X+ ∈ ∂B+
0 and ∀ ~X− ∈ ∂B−0 . (2.62)

The set of Eq. (2.58), (2.60) and (2.62) forms the definition of the PBC. A combination of the
requirements (2.60) and (2.62) might appear somewhat contradictory, since it is not possible
to prescribe Dirichlet and Neumann boundary conditions at the same set of boundary
points. However, due to the kinematic constraints, namely the enforced periodic fluctuations
of the boundary displacement, antiperiodic traction naturally result, see [81]. The reason for
this circumstance lies in the fact that constraints do not contribute to the internal power.
Contributions from coupled material points on the RVEs boundary to the internal power read

PP = ~v+ · ~p+ + ~v− · ~p− =
[
MḞ · ~X+ + ~̇̃u+

]
· ~p+ +

[
MḞ · ~X− + ~̇̃u−

]
· ~p−

=
[
MḞ · ~X+

]
· ~p+ +

[
MḞ · ~X−

]
· ~p−︸ ︷︷ ︸

pexternal

+ ~̇̃u+ ·
[
~p+ + ~p−

]︸ ︷︷ ︸
pconstraint

!
=0

= MḞ ·
[
~X + − ~X −

]
· ~p+ .

(2.63)
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Eq. (2.62) is the only choice that ensures a vanishing pconstraint.17 PBC are known to give in-
termediate results w.r.t. the stiffness and compliance compared to the KUBC and SUBC. This
fact entails a quicker convergence to the composite’s macroscopic by means of an increasing
RVE size for PBC, and hence typically qualifying PBC over the other alternatives.
Tab. 2.1 summarizes all requirements for a continuum mechanical sound link between the

micro- and macroscale. Fig. 2.3 illustrates these conditions for a two-dimensional RVE with

Table 2.1.: Micromechanical settings to fulfill the macro-homogeneity condition Eq. (2.49).

conditions requirements

Sachs P ( ~X) = MP ∀ ~X ∈ B0

Taylor F ( ~X) = MF ∀ ~X ∈ B0

KUBC ~x( ~X) = MF · ~X ∀ ~X ∈ ∂B0

SUBC ~p( ~X) = MPT · ~N( ~X) ∀ ~X ∈ ∂B0

PBC

~x = MF · ~X + ~̃u( ~X)

∀ ~X+ ∈ ∂B+
0 and ∀ ~X− ∈ ∂B−0

~̃u+( ~X+) = ~̃u−( ~X−)

~N +( ~X+) = − ~N −( ~X−)

~p+( ~X+) = −~p−( ~X−)

a soft inclusion and a stiff matrix under shear loading (simple shear or applied shear trac-
tions) for all variants. The Taylor conditions results in a homogeneous deformation state
where every material point experience the same deformation gradient. KUBC result in flat
boundary deformations, PBC show a flat boundary deformation superimposed with periodic
displacement fluctuations and SUBC show constant tractions at the boundary which result
in a non-periodic deformation pattern of the RVE. The Sachs condition results in a non-
admissible deformation state with constant stress over the entire domain. All cases comply
with the macro-homogeneity condition (2.49) such that microscopic boundary value problem
with its kernel, namely the balance of linear momentum Eq. (2.40), is fulfilled. Inputs from
the macroscopic scale which are FM or PM yield their energetically conjugated counterparts
by solving this microscopic boundary value problem. To utilize this information, typically two
variants can be found in the literature. Firstly, the RVE might be subjected to specific macro-
scopic loading cases (uniaxial tension, shear loading etc.). In homogenization, the computed
response is interpreted to identify and calibrate macroscopical continuum mechanical mate-
rial laws, e.g. the stiffness tensor of an elastic constitutive relation. Otherwise, in the case
of localization, prominent deformation mechanisms and modes are investigated to get more
17Furthermore, the quasi-static balance of linear and angular momentum are fulfilled via

~0 =

∫
∂Bt

~tda
~tda=~pdA0=

∫
∂B0

~pdA0 =

∫
∂B+

0

~p+dA0 +

∫
∂B−

0

~p−dA0

A+
0 =A−

0=

∫
∂B+

0

~p+ + ~p−dA0
~p+=−~p−

= ~0

(2.64)

and
~0 =

∫
∂Bt

~x× ~tda =

∫
∂B0

~x× ~pdA0 =

∫
∂B0

1

2
[~x× ~p+ ~x× ~p] dA0

=
1

2

[∫
∂B+

0

~x× ~p+dA0 −
∫
∂B−

0

~p− × ~xdA0

]

=
1

2

[∫
∂B+

0

~x× ~p+dA0 −
∫
∂B+

0

~x× ~p+dA0

]
~p+=~p−

= ~0 .

(2.65)
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Figure 2.3.: Different conditions to fulfill the macro-homogeneity condition on the example
of an RVE with a soft inclusion and a stiff matrix subjected to macroscopically
applied simple shear or shear tractions: (a) Taylor conditions, (b) KUBC, (c)
PBC, (d) SUBC and (e) Sachs conditions. Contour plots of the von Mises
equivalent stress are shown.

insight in the material’s micromechanics. These approaches are very effective and often only
require a manageable amount of simulations. On the other hand, it is possible to couple the
micro- and macroscale directly, see [61, 75, 132, 226]. The constitutive law (2.28) is replaced
by the solution of the microscopic boundary value problem. If the FEM is applied to solve
the macroscopic and microscopic boundary value problem, this scheme is referred to as FE2.
The drawback of this approach is its extreme computational costs since every constitutive law
evaluation requires the solution of an entire FE problem.
Up to this point, the actual RVE shape has not be specified. In fact, the entire procedure is

completely independent of a specific choice of shape. The solution of the microscopic boundary
value problem might be seen as a "black box" with its inputs (MF or MP ) and outputs (MP
or MF ). The only requirement lies in the realizability of the various settings of Tab. 2.1.
In this sense, the most restrictive fact manifests in the requirement of periodic topologies
for the application of PBC. As reported in [80–82], the most beneficial shape turns out to
be a spherical RVE for two reasons, see Fig 2.2 (b). Firstly, the dependence on the specific
choice of boundary conditions is weakened due to the smallest possible surface-to-volume ratio
that is provided by a sphere. In particular, the surface integral evaluation in terms of Eq.
(2.53) encompasses the largest possible volume. Furthermore, these kinds of RVEs circumvent
a material-independent anisotropy like cubical RVEs in combination with PBC. However,
spherical RVEs are rarely utilized. A major drawback is a required periodic discretization
in the case of PBC. Furthermore, spherical RVEs do not allow further interpretations of the
micro-to-macro link since a kinematical admissibility is not given. Most noticeably, spheres
are not space filling.
By contrast, cuboidal RVEs are arrangeable in a space filling way, especially under the

assumption of periodic media, see Fig 2.2 (a). In a small vicinity around a macroscopical
point, RVEs are repeated to form the continuum. It is also possible to associate different
macroscopic points with different morphologies representing a locally periodic microstructure.
Since the model setup utilizing cuboidal RVEs is more seamlessly integrable in the engineering
practice, this kind of RVE is dominating the field of computational micromechanics.





3. Microstructure Generation of matrix
inclusion composites18

This chapter reviews and substantiates generation methods of RVEs featuring a matrix-
inclusion microstructure. After reviewing the literature and state of the art approaches,
standard methods are introduced, namely the random sequential adsorption procedure (RSA),
molecular dynamic (MD) inspired methods and collective rearrangement methods, which are
categorisable as geometrical or artificial RVE generation approaches. These methods gener-
ate so-called randomized microstructures, while special emphasis is layed on a periodic and
non-periodic generation of randomized microstructural geometry information. All approaches
are elaborated for convex inclusions such as spheres, ellipsoids, capsules and cylinders. The
crux is represented by distance computations between these geometric primitives. Finally, a
statistical quantification of the generated microstructures in terms of orientation distributions
and two-point correlation functions is conducted.

The most basic and fundamental characteristic of matrix-inclusion composites relates to
the microscopic phase topology. Matrix-inclusion materials define themselves via inclusions,
particles, short fibers, voids or aggregates that are distinctively distinguishable from the sur-
rounding matrix material. The matrix embeds these particles in a topologically intercon-
nected manner, whereas the particles are separated. Therefore, solely considering the particle
arrangement suffices to describe the entire microstructural geometry information. In [28],
Böhm refers to such kind of materials as solid suspensions. They can be found in typical
composite materials, porous materials and in closed-cell foams. Typically, the inclusions
are meant to improve mechanical properties such as the specific strength in lightweight con-
struction (e.g. short fiber reinforced materials) or fracture toughness (e.g. polymer blends).
Additionally, unwanted inclusions like cavities or defects are possible.19 These might emerge
from the manufacturing processes (e.g. injection molding or sintered metals). Materials with
distinctive inclusion shapes may exhibit overlapping inclusions, e.g. void coalescence. In that
sense, Stoyan suggests in [220] that matrix-inclusion material systems can be divided into

1. systems with isolates particles, which are not in contact and

2. systems with packed particles that are in contact.

In this respect, the particle arrangements are also referred to as packings or particle packings.
In the following, only isolated non-overlapping particles are considered, since particles in
contact might entail degenerated volumes with infinitely sharp angles (e.g. two spheres in
contact).20 This kind of particle arrangements are also known as hard-core arrangements or
non-overlapping inclusions.
A very basic parameter to characterize the particles of matrix-inclusion composites con-

stitutes the aspect ratio α. This aspect ratio is defined via the ratio of the largest over the
smallest inclusion dimension (e.g. the length over the diameter of a cylinder). Experimental
18This chapter is based on the publication "Automatic three-dimensional geometry and mesh generation of

periodic representative volume elements of" [199] and "Generation of 3D representative volume elements
for heterogeneous materials: A review" [14].

19The case of cavities is also referred to as porous material. However, the consideration of these materials in
the scope of matrix-inclusion composites is straightforward.

20Degenerated volumes often lead to unfavorable discretizations or make it even impossible to conduct a
meaningful discretization.
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observations indicate various geometries of inclusions from aspect ratios around unity up to
several orders of magnitude. In [14], the authors refer to fibers with α > 100 as long fibers.
Long fibers will not be considered in the following.
An essential but difficult task is the generation of microstructural geometry information,

which can be used for building an RVE and discretizing it to obtain a computational model.
Ideally, the geometrical information is present in terms of position, orientation and shape of
every single inclusion of the microstructure. This information may be given in the form of
statistical distributions and microstructural descriptors of all kinds, see [229]. An important
and very accessible quantity in this regard is the inclusion volume fraction vf , which is known
to be most influential to the effective (elastic) material behavior. Artificial methods that
generate matrix-inclusion composites are often benchmarked against the attainable maximum
vf .
The most natural approach to gain microstructural geometry information are experimental

investigations. These indicate various forms and geometric formations of particles, depend-
ing on the specific composite. Since matrix-inclusion composites are made of very different
materials, ranging from rather soft polymers to hard crystalline ceramics, it is highly com-
plex to find appropriate techniques for investigating the individual composites. Basically, two
methods can be found in the literature: destructive and non-destructive methods. In either
way, imaging techniques must be employed to collect and process the raw data. Typically,
the data is then utilized to completely reconstruct the microstructure or to extract statisti-
cal and stereological information such as particle size distributions, orientation distributions,
covariance or pair correlation functions etc., see [171, 229].
The most widely applied destructive experimental approaches are cutting and mechanical

serial sectioning methods, see the review [236]. In principle, many slices or layers are removed
from the material. The generated surfaces of each individual layer are further investigated
via imaging techniques. Distinguishable phases need to be present for the data collection,
which often requires a surface treatment. Many sequential layers then yield the targeted
three-dimensional data. A crucial limitation is that the employed cutting technology and
imaging methods must be applicable to all constituents of the composite.
The cutting techniques are dividable into traditional macroscopic cutting of slices in the

range of µm up to mm. The simplest way of visually investigating the surfaces is based on
optical microscopy, which allows large specimen sizes, a fast data collection and is applicable
to almost all materials. Exemplarily, in [34, 218] or [118] the authors employed a serial
sectioning three-dimensional reconstruction method to a metal matrix composite with an
aluminum matrix and silicon carbid (SiC) particles with a particle size in the range of several
µm. The surface treatment is conducted by a combination of grinding and polishing.
If the chemical structure of the matrix and particles is very similar or the atomic number

differs between the constituents only a little (e.g. co-polymers), the contrast visible with
optical microscopy might not be sufficient. Furthermore, optical microscopy has a lower
bound to the resolution not allowing the investigation of microstructured materials on the
nanoscale. In such cases microtome or ultramicrotome cutting, ion milling or consecutive
polishing steps prove to offer viable remedies, see [253].
Atomic-force microscopy is a sophisticated method to investigate nanostructured surfaces,

see [50]. This method scans the specimen’s surface with a very sub-micron sized tip of only a
few nanometers in size. Images with resolutions of fractions of a nanometer are feasible. Ex-
emplarily, [54] investigates biopolymeric and polymeric materials of several nm. Alternatively,
[210, 233] employed scanning electron microscopy to conduct the imaging.
If the material removal is unfeasible, non-destructive methods characterize the microstruc-

ture by tomography via transmissive radiation, such as X-rays or electrons. By collecting a
series of two-dimensional projection images of the microstructures under a variety of angles
(tilt series), which are then further processed in reconstruction software, the three-dimensional
information of the composites microstructure is obtained. The number of projections in the
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tilt series and the range of the tilt angles dictates the resolution. Ideally, projections over a
range of 360◦ would be used. The contrast in the projections results from different degrees
of X-ray absorption in different material regions. Most commonly, the X-ray tomography,
also known as µCT, is employed to metal matrix composites [154], ceramic composites [107],
fiber-reinforced materials [55, 133] or woven-fibrous materials [152]. Typically, specimen sizes
are in the range of some µm. For nanostructured materials, synchrotron X-ray sources em-
ploying parallel beams allow finer resolutions down to the range of some nm. But again,
materials with a hardly distinguishable chemical structure are difficult to characterize, since
the contrast of the projections is governed to the atomic numbers.
An alternative, is electron tomography, which is based on scanning transmission electron

microscopy, see [156]. These methods are often used for biological materials and polymers and
rely on the interaction between electrons and matter, which are more intensive than X-rays
and matter. Resolutions lay in the range of several 100 nm to 1 nm.

Generally speaking, experimental acquisition of microstructural geometry information to
generate RVEs is very labor intensive and costly due to the complex experimental setups.
Furthermore, all methods require non-trivial post-processing procedures to identify different
constituents and transfer the information in a manageable way. These facts cause experimental
methods to be not feasible in the engineering practice and alternatives are necessary. A viable
solution are computer-aided simulation methods generating inclusions located in a bounded
region of three-dimensional space, namely the RVE. One class of methods is the physics-based
microstructure generation approaches.
These approaches simulate real physical processes, which are causative for the final mi-

crostructure. Typical for matrix-inclusion microstructures are so-called bulk or mixing pro-
cesses that occur during the manufacturing process. However, these processes are very com-
plex and labor intensive, such that the simulation time and expenses outrange the gains of
finding the desired particle distribution. Therefore, many methods exist that are inspired
by the actual physical processes like shakedown, motion of particles, growth simulations or
molecular dynamics, but do not exactly model the underlying physical problem.
A prominent simulation method in this regard is the discrete element method, which con-

siders particle movement and interaction, also known as granular flow, see the fundamental
work [42]. The core of this method is an explicit calculation scheme for multibody dynam-
ics (rigid bodies). The contact between the particles acts as the fundamental interaction
mechanism. Incorporation of gravity establishes a physics-based densification of the particles,
which finally leads to the desired microstructure. If all particles are put into a container
before the simulation starts, this method is referred to as sedimentation algorithm or me-
chanical contraction algorithm, see [220]. The densified particles in the container then form
the desired RVE. Alternatively, drop-and-roll approaches place particles randomly one by one
into a container with gravity present, see [239]. In contrast to sedimentation algorithms,
the drop-and-roll approaches are capable of generating RVEs closer to true packings with
inclusion volume fractions up to 58% for monodisperse spheres. However, weak anisotropies
are always present due to the stacking direction (parallel to the direction of gravity). Since
particles are in contact at the final stage, a shrinkage is necessary to yield an isolated matrix-
inclusion microstructure. Typically, this approaches is realized with spheres or capsules as the
interactions modeling (bouncing) is straightforward, see [244]. In [67, 68], the authors utilize
cylinders, which results in a much higher effort.
Another method of generating the microstructural geometry information based on a physical

phenomenon, namely growth, is suggested in [17, 59, 140]. Based on the advancing front
approach, an initial configuration of three particles forms a front. New particles of different
size are randomly attached to enlarge the front until the desired region, i.e. the RVE, is
filled. In addition to these packing algorithms, rheological models often are utilized for fiber
reinforced composites. The combination of mold filling flow simulations with hydrodynamic
models of the fiber movement yields distinctive fiber distributions. These fiber distributions
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are comparable to the ones gained from common processing techniques such as injection
molding. In such particle-based simulations, fibers are represented by chains of spheres [198]
or rods [248] and interactions between fibers as well as fibers and the fluid matrix are modeled.
However, the most widely employed classes of methods to generate microstructural geometry

information are geometrical methods. Such kind of algorithms operate completely detached
from any physical processes, and, hence artificially generate the microstructural geometry
information. Only the imitation of an artificial particle setting as closely related as possible
to the real microstructure is of importance. With a distinctly reduced effort, these methods
are meant to be more accessible than the afore mentioned.
The artificial generation of particle systems has a long history with countless scientific con-

tributions. Crucial to this approach are the mathematical sound description of the employed
primitive shapes. Manipulation of these geometric objects in connection with numerical tools
for the RVE generation, requires the utilization of computational geometry and can get quite
involved. However, all generation methods require a control mechanism to avoid overlapping
which necessitates a geometric parameterization of the bodies. Typically, inclusions are ap-
proximated via convex bodies namely spheres, ellipsoids, capsules, cylinders or polyhedra,
due to their operational ease. Every shape is characterized by its center point ~xc and shape
specific parameters defining their dimensions. For anisotropic bodies, the orientation is de-
scribed via the normalized direction vector ~d and an angle of rotation γ around this vector.
The discussed shapes are then parameterizable through:

sphere: S(~xc, r) : { [~x− ~xc] · [~x− ~xc]− r2 ≤}
ellipsoid: E(~xc, ~d, γ, a, b, c) : { ~x ·A · ~x+~b · ~x+ c ≤ 0}21

cylinder: C(~xc, ~d, r, l) : { [~x− ~xc]T ·
[
1− ~d⊗ ~d

]
· [~x− ~xc]− r2 ≤ 0

∩ [~x− ~xc] · ~d−
l

2
≤ 0 ∩ − [~x− ~xc] · ~d−

l

2
≤ 0}

capsule: Ca(~xc, ~d, r, l) : { [~x− ~xc]T ·
[
1− ~d⊗ ~d

]
· [~x− ~xc]− r2 ≤ 0

∩ [~x− ~xc] · ~d−
l

2
≤ 0 ∩ − [~x− ~xc] · ~d−

l

2
≤ 0

∪
[
~x− ~xc +

l

2
~d

]T [
~x− ~xc +

l

2
~d

]
− r2 ≤ 0

∪
[
~x− ~xc −

l

2
~d

]T [
~x− ~xc −

l

2
~d

]
− r2 ≤ 0}

polyhedra: P(~ni, di) : {
m⋂
i

~x · ~ni − di ≤ 0}.

(3.1)

All the geometric primitives and the interpretation of the individual parameters are depicted
in Fig. 3.1. By varying inclusion specific parameters, stochastic distributions can be utilized
w.r.t. position, orientation and individual shape parameters in a random manner to mimic
experimental findings. The shapes then need to be put in a containing region to form an
RVE.
As stated in Sec. 2.5.1, different RVE forms are possible. Fig. 3.2 depicts the chosen

form in this work, which is also the most widely employed approach, namely a cubical RVE
with dimensions lx, ly and lz. One corner of the RVE is located at the origin of the global
coordinate system with edges aligned parallel to the coordinate axes as shown in Fig. 3.2.
The faces of the RVE are interpreted as subsets of planes Pi. These planes are described by

21Ellipsoids are described by the parameters A = QT · Ã · Q,~b = −2A · ~xc, c = ~xc · A · ~xc − 1, Ã =
diag

(
1/a2, 1/b2, 1/c2

)
and the rotation matrix (here given by Rodrigues’ rotation formula) Q = ~d ⊗ ~d +

cos(γ)
(
1− ~d⊗ ~d

)
− sin(γ)~ε 3 · ~d, see also Sec. 3.1.2..
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Figure 3.1.: Geometric primitives: (a) sphere, (b) ellipsoid, (c) capsule, (d) cylinder and (e)
convex polyhedra. Spheres are isotropic and are only described via their center ~xc
and radius r. Capsules and cylinders are transversal-isotropic bodies and require
the orientation ~d to be specified. Ellipsoids are anisotropic, which necessitates the
consideration of the rotation angle γ as a third orientation parameter. For ellip-
soids the three half-axis are described via the three parameters a, b, c. Capsules
and cylinders are defined by two parameters, namely the radius r and length l.
Finally convex polyhedra are described by the intersection of n half-spaces where
each half-space is defined by the unit normal vector ~ni and the distance to the
coordinate system origin di (3n parameter).

Figure 3.2.: Description of the cube: (a) normal vectors ~n defining faces Pi and the dimensions
lx, ly and lz (see Eq. (3.3)) , (b) edges Li (see Eq. (3.5)) and (c) corners Ci (see
Eq. (3.6)). Figure reprinted from [199] with permission from Elsevier.

the Hessian normal form
Pi= {~x ∈ R3 | ~x · ~np + d = 0}, (3.2)

with the outward normal vector ~np and the signed distance of the plane from the origin d.
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With this description, the six faces of the cube are defined by

Px0= {~nx0 = [−1, 0, 0]T; d = 0}, Px1= {~nx1 = [1, 0, 0]T; d = −lx},
Py0= {~ny0 = [ 0,−1, 0]T; d = 0}, Py1= {~ny1 = [0, 1, 0]T; d = −ly},
Pz0= {~nz0 = [ 0, 0,−1]T; d = 0}, Pz1= {~nz1 = [0, 0, 1]T; d = −lz} .

(3.3)

The edges of the cube are defined by subsets of lines Li

Li= {~l + λ~nL |λ ∈ R}, (3.4)

where ~l is a point on the line and ~nL its unit direction vector. These 12 subsets are defined
via the intersection of two planes as

Ly0z0 = {Py0 ∧ Pz0}, Ly0z1= {Py0 ∧ Pz1},
Ly1z1 = {Py1 ∧ Pz1}, Ly1z0= {Py1 ∧ Pz0}

}
with ~nL = [1, 0, 0]T,

Lx0z0 = {Px0 ∧ Pz0}, Lx0z1= {Px0 ∧ Pz1},
Lx1z1 = {Px1 ∧ Pz1}, Lx1z0= {Px1 ∧ Pz0}

}
with ~nL = [0, 1, 0]T,

Lx0y0 = {Px0 ∧ Py0}, Lx0y1= {Px0 ∧ Py1},
Lx1y1 = {Px1 ∧ Py1}, Lx1y0= {Px1 ∧ Py0}

}
with ~nL = [0, 0, 1]T.

(3.5)

The eight corners Ci of the cube are described as the intersection of three planes by

Cx0y0z0 = {Px0 ∧ Py0 ∧ Pz0}, Cx0y1z0 = {Px0 ∧ Py1 ∧ Pz0},
Cx1y1z0 = {Px1 ∧ Py1 ∧ Pz0}, Cx1y0z0 = {Px1 ∧ Py0 ∧ Pz0},
Cx0y0z1 = {Px0 ∧ Py0 ∧ Pz1}, Cx0y1z1 = {Px0 ∧ Py1 ∧ Pz1},
Cx1y1z1 = {Px1 ∧ Py1 ∧ Pz1}, Cx1y0z1 = {Px1 ∧ Py0 ∧ Pz1} .

(3.6)

Various methods exist to artificially generate particle systems embedded in cubical RVEs
defined by Eq. (3.2)-(3.6). The main objective is to mimic statistical information from
experiments such as location and orientation distributions of particles. As stated above, the
most crucial parameter in this regard is the inclusion volume fraction vf . It may be very
difficult to meet the high inclusion volume fractions of real microstructures. This is due to
the non-overlapping constraint, which is usually satisfied via pairwise checks of the inclusions
in the geometry generation process. These tests are either distance calculations, intersection
tests or contact algorithms closely related to computational geometry, see [53, 202].
The simplest geometric inclusion form is a sphere. For spheres, the non-overlapping check

reduces to distance calculations between their centers ~xc. Arrangement of spheres, or their
two-dimensional counterpart, namely disks, have a wide field of application. For regular
arrangements of mono-sized disks, Gauß proved that the highest possible inclusion volume
fraction of vf = π/2

√
3 ≈ 0.91 results from a hexagonal positioning of the discs centers (each

disc is surrounded by 6 other discs) [40]. The three-dimensional counterpart, incorporating
spheres, is known as the Kepler-conjecture from 1611, which suspects that the maximum
possible inclusion volume fraction needs to be a cubic closed packing arrangement (i.e. face-
centered cubic structure) or the hexagonally closed-packed structure. As late as in 1998,
Hales and Ferguson verified Keplers conjecture in [89] and proved that the maximal
attainable inclusion volume fraction is vf = π/

√
18 ≈ 0.74. However, for real microstructures

a random particle arrangement is more meaningful and the highest possible inclusion volume
fraction for the regular arrangement acts as a reference value. In this regard, a random
arrangement of particles is referred to as a state of particles, where no structure or pattern
is recognizable. In contrast to the previous situation the random closed packing problem of
spheres is not well defined, see [230]. Therefore, various generation algorithms can be found
in the literature. Several authors report an asymptotic value of vf ≈ 0.85% [46, 148] for disks
and vf ≈ 0.64 for spheres [21, 111]. For the highest attainable inclusion volume fraction,
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the particles are in a seized state, also known as jamming limit. No further movement or
repositioning without overlapping is possible anymore. In contrast, arbitrarily large inclusion
volume fractions are attainable for spheres of different size.
If shapes more complicated than spheres are considered or high inclusion volume fractions

are required, microstructure generation algorithms quickly become very complex [220]. In
the following, some of the most widely utilized approaches are presented. Only monodisperse
particles are considered, although the presented algorithms are not limited to that constraint.
Besides non-periodical RVEs, special emphasis is layed on a randomized periodic microstruc-
ture generation, which proves beneficial for a direct application of PBC, see Sec. 2.5. The
artificial random microstructures are then interpretable as statistical realizations of stochastic
identically distributed processes. All considerations are based on the assumption of statisti-
cally homogeneous microstructures that is, properties of the microstructure are not dependent
on the position in the macroscopic body.22 In particular, the generation process should not
depend on the local position in order to make the RVE truly representative, see [229]. For sta-
tistically homogeneous microstructures, it is common to assume ergodicity. Ergodicity states
the equivalence of ensemble averaging (averaging over all realizations of microstructures) and
volume averaging w.r.t. an infinite volume of one particular microstructure.23

3.1. Random sequential adsorption methods

The random sequential adsorption method (RSA) is the most intuitive and most widely used
algorithm to generate non-overlapping matrix-inclusion RVEs and was introduced by Widom
[242] for spherical particles. Alg. 1 depicts a four step scheme of the RSA. Core is the

Algorithm 1: Random sequential absorption process.
1 while stop criterion not met (e.g. inclusion volume fraction vf) do
2 randomly place inclusion i
3 if admissibility check==FALSE then
4 reject inclusion i
5 end
6 end

approval based sequential and random placement of inclusions into the RVE. Before a new
inclusion is approved, it has to fulfill the admissibility requirements e.g. non-overlapping.
The to-be-placed inclusion has to be checked versus all already accepted inclusions not to
intersect or violate a distance larger than a specified threshold. The consideration of addi-
tional constraints, such as a minimal distance of the inclusion w.r.t. the RVE boundary or
the avoidance of the RVE boundary penetration at all is straightforward. Statistical distri-
butions of inclusion centers (e.g. to mimic cluster effects), orientation distributions, shape
variations or periodic positioning of particles resulting in periodic RVE topologies are realiz-
able via an adjustment of the placement procedure. A stopping criteria such as reaching the
desired inclusion volume fraction vf or the attainment of the systems jamming limit such that
further placing attempts fail, see [220], stops the algorithm Although the algorithm possesses
a tremendous simplicity, its implementation can get very tricky due to a precise formulation
and computation of the admissibility checks.
The simplicity of the algorithm additionally comes with the drawback that RSA methods

are only capable of generating packings with low to moderate inclusion volume fractions.

22In contrast, graded microstructures with, for example, directionally increasing pores are per se not statisti-
cally homogeneous. Another counterexample are clustered particle arrangements.

23In practice, this infinite volume average is conducted by either assuming a periodic RVE or approximating
the infinite volume average by a finite one.
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When reaching the jamming limit, the number of rejections increases dramatically. Conse-
quently, generating high inclusion volume fractions gets very time consuming or may be even
impossible. Feder et al. [58] numerically demonstrate an asymptotical jamming limit of
vf = 54.7% for two-dimensional disks, see also [100, 188]. For three-dimensional spherical
inclusions, Cooper [41] reports a maximal attainable limit of vf = 38.5% incorporating a
total of 9 · 106 placement attempts.
If non-spherical inclusions are considered, this effect aggravates even more. Originating from

the anisotropic nature, maximal attainable inclusion volume fractions drastically decrease
with an increasing particle aspect ratio α. Inclusions with high aspect ratios and isotropic
orientation distributions, very quickly lead to increasingly high number of placement attempts.
Experiments, computer simulations and theoretical arguments [180] indicate that the inclusion
volume fraction tends towards zero for long straight fibers. Exemplarily, for fibers with an
aspect ratio of α = 20 these models predict a maximum inclusion volume fraction of 20% [56],
30% [176] or 27% [244]. Nardin [164] introduced an approximative asymptotic scaling law

v∞f =
c̄

α
(3.7)

with the constant c̄ ∈ [4, 5.6], see also [244]. In fact, Eq. (3.7) reveals to be independent of the
actual anisotropic inclusion shape. Exemplarily, fibers with an aspect ratio of α = 100 would
result in a maximum attainable inclusion volume fraction of vf = 5.6% for an optimistic value
of c̄ = 5.6.
Despite theses limitations RSA methods are popular due to their operational ease. They are

applied to various shapes in micromechanical investigations by utilizing mostly statistically
uniform distributions for particle positions and orientations. For moderate aspect ratios in
the range of α ∈ [1, 10], typical inclusion volume fractions in the range of 10% to some 20%
are observable. In [29] and [30] Böhm et al. investigate metal-matrix composites. Periodic
RVEs with 20 spheres or 15 randomly oriented ellipsoids of revolution or cylinders either with
an aspect ratio of α = 5 are utilized. They reach inclusion volume fractions of vf = 20% for
spheres and vf = 15% for ellipsoids or cylinders. The non-overlapping constraint is governed
by a minimum distance of 0.0075 times the RVE edge length. However, the authors give very
little detail on the employed algorithm to compute theses distances. Stroeven et al. [221]
use an RSA approach to generate RVEs with multidisperse spheres in combination with a
densification approach to reach inclusion volume fractions up to 70%. These high inclusion
volume fractions are reached due to the varying sphere radii. In their method, the inclusions
are not allowed to penetrate the RVE boundary. In the same manner, the contribution [235]
presents inclusions in the form of cylinders and spheres that do not penetrate the RVE’s
boundary. With an aspect ratio of up to α = 7 and 50 inclusions, volume fractions up to
30% are reached. Again, no details are given concerning the non-overlapping checks w.r.t.
the cylinders. Kari et al. [122] utilize RSA approaches to generate periodic RVEs with an
inclusion volume fraction of 60% incorporating multidisperse spheres and short chopped fibers
approximated by cylinders with an aspect ratio of α = 5. Inclusion volume fraction of 25%
are reached, see [121]. All RVEs show a moderate amount of inclusions. In particular, the
RVE with cylinders feature a low number of inclusions. The non-overlapping check is realized
via distance computation between the axis of the cylinders while treating the cylinders as
infinite lines or line segments. The authors also reach higher inclusion volume fractions
for multidisperse aligned cylinders by successively adding cylinders of equal radii until the
jamming limit is reached. Their algorithm proceeds by inserting cylinders with the next lower
radius. Here, inclusions do not intersect with the RVEs corners or edges, probably for a
more stable subsequent discretization which is necessary for computational modeling. The
contributions [174] and [173] present periodic RVEs with 70 cylindrical inclusions featuring
an aspect ratio of α = 10 and an inclusion volume fraction of 13.5%. The non-overlapping
check is realized by intersection test via projections onto linear subsets reducing the problem
to line intersections. For convex bodies, like cylinders, it is then sufficient to conduct the
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intersection test on these subsets. Based on the investigated fiber reinforced composite, only
in plane orientation distributions are considered. To reach higher volume fractions up to
35.1%, the authors introduce modifications that feature fiber bending. Galli et al. [69] apply
the RSA method to a cubic RVE which is discretized by an unstructured tetrahedral mesh.
Sequentially, random vertices from the mesh are chosen as nucleation points for connecting
four points to tetrahedra which are taken as particles. Thereby, rejections may occur in the
case of overlapping. Eventually, inclusion volume fraction up to 25% are reached. Contrary to
the hitherto mentioned contributions featuring small to moderate RVE sizes, Dirrenberger
et al. [45] introduce gigantic RVEs with up to 800 cylindrical fibers. The cylinders are modeled
as infinitely long. Therefore the RVEs end up to be non-periodic and only an approximate
inclusion volume fraction of up to 15% is reached. However, due to the finite length of the
RVE and the cylinders radius, the inclusions possess finite aspect ratios. Reasoned by the
infinite nature of the inclusions, non-overlapping checks reduce to infinite line distances. In
[163], RVEs with a large number of cylindrical inclusions of different aspect ratios and a
seemingly low inclusion volume fraction are presented. Unfortunately, the authors give little
detail on the implementation. Tian et al. [228] approximate cylinders by capsules and employ
corresponding distance computations for capsules. Via a growth inspired procedure, where
fibers grow from zero length capsules until the non-overlap criteria is reached, volume fractions
of 22.5% are achievable. Salnikov et al. [194] combined 30 spheres and 30 cylinders with an
aspect ratio of α = 5 to generate RVEs featuring inclusion volume fractions of 20%. Again no
distance calculations but intersection tests between the inclusions are conducted to perform
the non-overlap checks.
Reviewing all these contributions reveals the following discrepancies:

• If non-spherical particles are considered, often no distance computations but intersection
test are conducted to perform the non-overlap check. This approach is prone to generate
infinitely small distances between inclusions and thus may result in degenerated volumes.
Furthermore, detailed descriptions of distance computations between the inclusions are
missing.

• For non-periodic RVEs with inclusions penetrating the RVE boundary, it is unclear
how the inclusion volume fractions inside the RVE are obtained. These partial volumes
are essential to enter the RVE generation procedure to match a given inclusion volume
fraction.

• Only vague elaborations on non-periodic RVEs, periodic RVEs and RVEs featuring
inclusions that are penetrating the RVE boundary, are given. Especially, the avoidance
of intersections between inclusions and the RVE boundary can deteriorate a desired
statistical distribution of particles.

These ambiguities motivate a proper description of the placement procedure and non-overlap
checks, which will follow in the subsequent sections. All presented approaches are implemented
using the interpreted programming language Python (https://www.python.org/).

3.1.1. Placement procedure

The placement procedure can be interpreted as a stochastical process to achieve a random
RVE. The essence of randomly placing inclusions inside the RVE, described via Eq. (3.2) -
(3.6), lies in utilizing statistical distributions for defining parameters of the inclusions. Ran-
dom positions and orientations are generated, thus, leading to six stochastic parameters in
the most general case: three coordinates of the inclusion center ~xc, two angles describing
inclusion’s orientation vector ~d(ϕ, θ) and a rotation angle γ around ~d. Four random gen-
erator functions R(Ω),V(Ω),W(Ω), T (Ω), with Ω ∈ [0, 1] being the probability space, can
be arbitrarily chosen to match experimental findings. They are employed to the stochastic

https://www.python.org/
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parameters via
~xc ∝ [lxR(Ω), lyR(Ω), lzR(Ω)] ,

ϕ ∝ 2π V(Ω)− π ,
θ ∝ πW(Ω) ,

γ ∝ 2π T (Ω) .

(3.8)

The orientation vector ~d is given by

~d = [sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)]T (3.9)

where ϕ and θ are the azimuth angle and polar angle in a spherical coordinate system. In
the following, only generator functions that produce uniform distributions will be considered.
This results in R(Ω) = V(Ω) = T (Ω) = U(Ω) with U(Ω) being the random uniform generator
function. To achieve a truly uniform orientation distribution, the polar angle θ must be chosen
according to

θ ∝ arccos(2U(Ω)− 1) .24 (3.10)

Fig. 3.3 depicts this random placing exemplarily for an ellipsoid of revolution. Starting
from the template inclusion, placed and oriented in the tilde-coordinate system where the
orientation vector ~d is aligned with ~ez̃, the placement into the RVE is divided into a rotation
and a translation.25 For the rotation operation it proves convenient to generate the proper
orthogonal rotation matrix Q ∈ SO(3) using Rodrigues’ rotation formula

R(β,~v ) = ~v ⊗ ~v + cos(β)[1− ~v ⊗ ~v]− sin(β)~ε 3 · ~v with ||~v||2 = 1 (3.11)

that rotates any vector by an angle β around the vector ~v. Here, ~ε 3 denotes the Ricci tensor
that is defined by

εijk =


1 if i, j, k = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}
−1 if i, j, k = {(2, 1, 3), (1, 3, 2), (3, 2, 1)}
0 else

. (3.12)

Transversely isotropic shapes, like ellipsoids of revolution, cylinders or capsules, require a Q
only defined by the orientation vector ~d via

Qtrans(~d) = R(π,~v) = 2~v ⊗ ~v − 1 with ~v =
~d+ ~ez̃

||~d+ ~ez̃||2
. (3.13)

Then, Q transforms the orientation vector in the tilde coordinate system to the desired
orientation via

~d = Qtrans · ~e3̃ . (3.14)

If the inclusions of consideration are fully anisotropic, a subsequent rotation around ~d must
follow and Q is given by

Q = R(γ, ~d ) ·Qtrans(~d) , (3.15)

which is a sequence of rotations that first generate the orientation ~d and then rotate the
shape around that ~d by a given angle γ. In the following, only transversely isotropic shapes
are considered and Q = Qtrans(~d). Eventually, the rotated inclusion is translated inside the
RVE to its final center ~xc.
24The infinitessimal surface element in spherical coordinates is defined by dA = sin(θ)dθdϕ = −d(cos(θ))dϕ.

A uniform distribution of orientations is analog to a uniform size of infinitessimal surface elements over the
unit sphere. To obtain this uniform size, a proper angle distribution needs to be given. Since d(cos(θ)) and
dϕ are linear in the formular for dA, ϕ ∝ U(Ω) and cos(θ) ∝ U(Ω) must hold for utilizing uniform sized
infinitessimal surface elements. With the adjustment to the entire range of ϕ ∈ [−π, π] and arccos(θ) ∈
[−1, 1], the formula (3.10) is received.

25This placement directly relates to rigid body kinematics in the scope of continuum mechanics with U = 1.
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Figure 3.3.: Randomized placement procedure of an inclusion (exemplarily demonstrated with
an ellipsoid of revolution) into a periodic or non-periodic setting. Starting from
the template state of the inclusion described in the local tilde-coordinate system,
the inclusion is voxelized for the non-periodic case. By utilizing random positions
and orientations, the inclusion is put in the RVE described in the global coordinate
system. For the periodic case, intersections with the RVE boundary faces require
periodic continuations. For the non-periodic case, the voxelized image of the
inclusions allows a simple approximation of the inner volume of the inclusion.
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If the goal is to generate periodic RVEs, periodic counterparts of the inclusion are necessary.
An intersection with one of the RVE’s boundary faces requires adequate periodic continua-
tions. The intersection information is collected by computing the sign based distances between
an inclusion I and the RVE faces. The distance computation between RVE faces and the
inclusion is conducted by solving the constraint optimization problem

min
~x∈R3

~x · ~np + d s.t. ~x ∈ I . (3.16)

Here, the objective function represents the Hessian normal form of the planes Pi : {~x ∈
R3|~xT· ~np + d = 0}, corresponding to the definition of the RVE faces, see Fig. 3.2 and
Eq. (3.3). Computing all stationary points of Eq. (3.16) and their corresponding objective
function values gives the distances. If the distances possess different signs, the inclusion
intersects the RVE face and periodic copies translated to opposing faces need to be generated.
In the example of Fig. 3.3, two RVE boundary face intersections occur such that three

additional copies are necessary. If multiple plane intersections are simultaneously present,
multiple copies of the inclusions are required to establish periodicity. In particular, edge
intersections require three copies and corner intersections require seven copies of the inclusion.
It proves convenient to divide the inclusion into master and slave inclusions for a later periodic
discretization. Master inclusions intersect with at least one of the faces Px0 ,Py0 and Py0 or
do not intersect with the RVE boundary at all (inclusion completely inside the RVE). After
a successful placement the complete inclusion volume adds to the inclusion volume fraction
of the entire RVE.
Contrary, only the intersection volume between the inclusion and the RVE must be con-

sidered for the non-periodic case. An analytic computation of intersection volumes between
cubes and convex bodies is a non-trivial task and requires numerical strategies even for spheres,
see [115]. Therefore, a voxelized inclusion is generated in its template version, see Fig. 3.3
(coarse voxelization with 1000 voxels). This voxel arrangement is then transformed analog to
the inclusion itself. Counting the voxel centers inside the RVE and multiplying this number
with the voxel volume gives an approximation of the intersection volume that adds to the
inclusion volume fraction of the entire RVE. For all considered microstructures in this work
nvoxel = 106 voxels show acceptable accuracy.

3.1.2. Distance computation of convex geometric primitives

The core part of every RSA method is the admissibility constraint, which typically reveals
to be the non-overlap check between particles. Categorizable as a pure geometric problem,
methods closely connected to computational geometry or computer graphics are used here,
see [53, 202]. Since the generated RVEs are intended to be discretized in the scope of com-
putational simulations, degenerated volumes with infinitely sharp corners must be avoided to
decrease or even prevent degenerated elements and, thus, guarantee a high discretization qual-
ity. Enforcing a large enough threshold distance between inclusions can ensure this request
such that very small and badly shaped volumes are almost completely avoidable. Therefore,
distance calculations instead of much simpler intersection tests are considered in the following.
The distance computation between two arbitrary objects is a delicate task and plays an

important role in many applications such as robotics, computer aided design or computer aided
modeling and computer graphics. Within the scope of distance computations, it suffices to
describe objects via their bounding surfaces. The distance computations between two objects
I0 and I1 reveals to be a constraint optimization problem which reads

min
~x∈R3,~y∈R3

||~x− ~y||2 =
√

[~x− ~y] · [~x− ~y] s.t. ~x ∈ I0 , ~y ∈ I1 . (3.17)

The optimal values ~x∗ and ~y∗ solve problem (3.17) and denote the locations of the two points
of minimal distance between the two objects. To circumvent the root in the objective function
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and associated difficulties concerning the continuity, it is beneficial to optimize the square of
the distance, yielding identical optimal values. Unfortunately, problem (3.17) generally reveals
to be a non-convex optimization problem, which can be solved analytically only for special
cases (e.g. spheres or capsules). Therefore, numerical techniques must be used. For arbitrary
shapes, the bounding surfaces can be described via implicit functions or discretized surfaces
[35, 217]. As stated in [139], already the distance computation between quadratic surfaces is
in general a difficult task since roots of high degree polynomials must be found. The authors
suggest a generic algorithm incorporating the idea of decomposing the inclusion boundaries in
multiple simpler surfaces resulting in pairwise distance computations between these smaller
surfaces. However, those general methods entail much effort and are not feasible to be used in
RSA approaches where a large amount of distance computations needs to be conducted. For
an efficient RSA distance computations must be computationally very fast. For the convex
geometric primitives of Fig. 3.1, efficient iterative schemes exist.
Furthermore, the admissibility check of the RSA must be extended to distance computa-

tions between inclusion and RVE boundaries, namely faces and corners, to circumvent the
formation of degenerated volumes and ensure a subsequent high discretization quality. With
these distance computations, problematic clearances or intersections between inclusions and
the RVE boundary can be reduced or even circumvented. To this end, the extremal points of
the underlying distance problem, namely face-inclusion distance and point-inclusion distance,
are computed. Unfortunately, distance computations w.r.t. the RVE edges are not reason-
able since an RVE edge penetrating an inclusion need not necessarily lead to a degenerated
volume although the RVE edge inclusion distance is zero. However, sharp angles between
RVE edges and inclusion boundaries might occur and can not be circumvented. To minimize
the restrictions on the randomness of the placement procedure, and, hence facilitating the
representativeness of the generated microstructure, no threshold distance between inclusions
and edges is set.
The general problem of distance calculations w.r.t. faces and corners is realized by sub-

stituting I1 in problem (3.17) by either a planar surface that holds an RVE face or by a
point representing an RVE corner. This leads to the following three checks constituting the
admissibility inspection that needs to be done for every placed inclusion against a threshold
distance dmin > 0:

(a) inclusion-inclusion distance computation,

(b) inclusion-face distance computation,

(c) inclusion-corner distance computation.

For spheres, the cases (a) and (c) simplify to distance computations between points and (b)
reduces to the distance computation between a point and a plane. In the following these three
distance computation will be presented for ellipsoids, capsules and cylinders.

Ellipsoids

Ellipsoids can be regarded as scaled spheres and show a smooth surface. As depicted in Fig.
3.1, the half axes a, b and c act as the shape defining parameters. A mathematically sound
description of an arbitrary placed ellipsoid is established via an implicit function of the form

E :
{
~x ·A · ~x+~b · ~x+ c ≤ 0

}
(3.18)

where the positive definite matrix A, the vector ~b and scalar c are given via

A = QT · Ã ·Q , ~b = −2A · ~xc , c = ~xc ·A · ~xc − 1 , Ã = diag
(

1

a
,
1

b
,
1

c

)
. (3.19)
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The ellipsoid’s center ~xc and the rotation tensor Q arise from the random placement proce-
dure.26

Lin et al. [143] suggest a numerically efficient iterative algorithm for solving the ellipsoid-
ellipsoid distance problem. Fig. 3.4 (a) illustrates the fundamental idea of their method.
Initially, spheres are inserted into E0 and E1 such that they are inside their corresponding

Figure 3.4.: Schematic two-dimensional representation of distance computation d between an
ellipsoid E0 and: (a) a point (e.g. a corner inside or outside of E0), (b) a plane
P0 and (c) an ellipsoid E1. Figure adopted from [199] with permission to reprint
from Elsevier.

ellipsoid and tangential to the respective boundaries. The sphere radii choice of r = 1√
A:A

and the initial sphere position at the ellipsoids centers ensures these conditions. The iterative
process starts by computing the connecting line between both sphere centers and its pene-
tration points of E0 and E1. Inserting the line equation ~x = ~c0 + t[~c1 − ~c0] with the sphere
centers ~c0 and ~c1 into the equal sign version of Eq. (3.18) for both ellipsoids results in a
quadratic equation for t, which determines the penetration points. For numerical stability,
the quadratic equation is solved in accordance to the solution method given in [184]. The
penetration points act as the new tangential location for the spheres inside the ellipsoids. By
using the ellipsoids gradients at the penetration points (which are parallel to the ellipsoids
normal vector ~n), the new sphere centers are computed. The entire process is repeated until
the direction of the connection line ~c1−~c0 is parallel with ~n at the actual penetration points.
The resulting connection line between the penetration points then represents the shortest
connection path between the two ellipsoids with its magnitude being the desired distance.
This intuitive method has an excellent convergence behavior and is straightforward to im-

plement. For the utilized ellipsoids with an aspect ratio of α = [5..10], typically 20 iterations
are necessary for the algorithm to successfully terminate. As proven in [143], convergence to
the unique solution of the problem is guaranteed after a finite number of iterations.
Distances to the RVE faces are computed by substituting the inclusion I by the ellipsoid
E in (3.16) such that the problem

min
~x∈R3

~x · ~n+ d s.t. ~x ·A · ~x+~b · ~x+ c = 0 (3.20)

results. The analytical solution to the problem (3.20) is obtained by the Lagrange multiplier
method with the two Lagrange multipliers

λ̃0,1 = ±
√

~n ·A · ~n
~b ·A−1 ·~b− 4c

= ±
√
~n ·A · ~n

2
(3.21)

26In the tilde coordinate system, see Fig. 3.3, ~b vanishes, c = 1 and A becomes Ã.
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and the two optimal values

~x∗0,1 = −1

2
A−1 ·

[
~b+

1

λ̃0,1

~n

]
. (3.22)

SinceA is positive definite and ||~n||2 6= ~0 by definition, there are always two distinct solutions,
see Fig. 3.4 (b). The two extremal distances denoted by d and d1 with |d| < |d1| are
determined with ~x∗0 and ~x∗1.

For the ellipsoid-corner distance calculation, a modification of the ellipsoid-ellipsoid distance
algorithm reveals practical. Instead of changing the position of both spheres, only one sphere
evolves whereas the center of the other sphere coincides with the considered corner throughout
the iteration process, see Fig. 3.4 (c). However, a distinction between the two cases of the
corner being inside or outside the ellipsoid is necessary. If the corner lies inside the ellipsoid,
the advancing sphere is positioned outside the ellipsoid. The space surrounding the sphere
is non-convex (complement of three-dimensional space and ellipsoid) and, thus, convergence
problems possibly occur. Therefore, we compute the penetration points of the line defined by
the ellipsoid midpoint and the corner. The penetration point with the shortest distance to the
corner then acts as the initial guess, which always results in a convergence of the algorithm.
Resulting exemplary periodic and non-periodic RVEs are shown in Fig. 3.16 (i) and Fig.

3.17 (i).

Capsules

Capsules can be regarded as cylinders with hemispheric caps and posses a smooth surface,
see Fig. 3.1 (c). Often they are utilized as an approximation to cylinders, since analytic
expressions for the capsule-capsule distance problem exist, see [52, 149, 202]. For cylinders
with high aspect ratios, capsules are suited very well as a substitute, since the error made
by the extra caps becomes negligible. The radius r and length l act as the shape defining
parameters and, thus, capsules reveal transversely isotropic shape properties. A practical
description of capsules is given by a line segment with starting point ~P and end point ~E, also
referred to as on-points.27 All points having a distance smaller than r from this line segment
define the capsule.
The randomized placement parameters ~xc and ~d are related to the on-points via

~d =
~E − ~P

|| ~E − ~P ||2
and

1

2
[~P + ~E] = ~xc . (3.23)

Two line segments Li with i ∈ {0, 1} are described through

L0(λ0) :
{
~xL = ~P0 + λ0~s0, λ0 ∈ [0, 1]

}
with ~s0 =

[
~E0 − ~P0

]
L1(λ1) :

{
~xL = ~P1 + λ1~s1, λ1 ∈ [0, 1]

}
with ~s1 =

[
~E1 − ~P1

] (3.24)

with the line vector ~si and the line parameter λi. ~xL represents any point on the line Li.
Analogously to ellipsoids, a substitution of the inclusions Ii in the squared version of Eq.
(3.17) by the line segments Li results in

min
λ0∈R,λ1∈R

d2(λ0, λ1) = min
λ0∈R,λ1∈R

∣∣∣∣∣∣~P0 + λ0~s0 −
[
~P1 + λ1~s1

] ∣∣∣∣∣∣2
2

s.t. λ0, λ1 ∈ [0, 1] . (3.25)

Evaluating the necessary condition of the unconstrained version of problem (3.25) leads to[
∂d2(λ0,λ1)

∂λ0
∂d2(λ0,λ1)

∂λ1

]
=

[
2∂L1(λ0)

∂λ1
[L0(λ0)− L1(λ1)]

−2∂L2(λ1)
∂λ2

[L0(λ0)− L1(λ1)]

]
!

= ~0 , (3.26)

27A line segment is always a subset of an infinite line. Points that are a subset of the infinite line but not of
the line segment are referred to as off-points. Contrary, on-points are points that are a subset of the line
segment.
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which is a linear system of equations in λ0 and λ1. It gives the optimal points of the distance
problem between two infinite lines. Since the resulting pair (λ0, λ1) must be evaluated in the
scope of a case distinction to respect the constraints, the λ0 − λ1−plane is separated in nine
regions, see Fig. 3.5 (a). These nine regions represent the nine possible relative positions

Figure 3.5.: Distance computations between two line segments: (a) partition of the λ1 − λ1-
plane into nine regions with the admissible blue region and (b) corresponding
scenarios of relative positions between the line segments.

of the line segments and are illustrated in Fig. 3.5 (b). The blue colored sector of Fig. 3.5
(a) represents the admissible range of λ0 and λ1. If λ0, λ1 ∈ [0, 1], Eq. (3.26) can be solved
directly. For all other cases, depending on whether λi < 0 or 1 < λi, the λi have to be set to
0 or 1. This procedure represents the evaluation of the Karush-Kuhn-Tucker conditions
of the underlying constrained optimization problem.28 The optimal points ~x∗i are determined
by inserting the computed λi into Eq. (3.24). Eventually, the capsule distance is by

d = ||~x∗0 − ~x∗1||2 − 2r . (3.27)

For completeness, the special case of the two line segments being parallel needs to be
considered. If

~s0 ‖ ~s1 , (3.28)

the coefficient matrix in Eq. (3.26) becomes singular.29 Therefore, the point-line segment
distance is evaluated for the two on-points of one line segment w.r.t. the other line segment.
Fig. (3.6) shows the three cases that need to be considered. The minimum distance of all
three cases then gives the desired distance. Similarly to problem (3.25), the point-line segment
distance is a constrained optimization problem with only λ1 ∈ [0, 1]. The distance between
the capsules is then computed utilizing Eq. (3.27).
For the plane-line segment distance, only the distances between the on-points and the

investigated plane is computed. This operation breaks down to obtaining the signed point-
plane distance. If the signs of these distances are different, surely an intersection occurs.
28The Lagrangian multipliers do not play an important role in this problem and are not necessary to be

computed.
29Eberly [52] mentions robustness issues of the presented algorithm. This stability problem emanates from

deciding whether two line segments are truly parallel or not. The determinant of the coefficient matrix of
Eq. (3.26) or the norm of the cross product between the vectors [ ~E0− ~P0] and [ ~E0− ~P0] is checked against
a numerical threshold. Due to rounding errors and subtractive cancellation, which are unavoidable in finite
precision computations, wrong results may occur. However, in the scope of the randomized orientation
generation no problems were experienced here. If necessary, the suggested, but far more involved, algorithm
in [52] should be used.
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Figure 3.6.: Three potential cases for the distance computation between a point and a line
segment: (a) the projection of ~P1 or ~E1 onto the line lie on the line segment, (b)
and (c) the projection of ~P1 or ~E1 onto the line do not lie on the line segment

Otherwise the minimal absolute value and the radius are used to compute the minimum
distance between the capsule and the plane.
For checking distances between the RVE corners and line segments, a point-line segment

problem analogously to the already described procedure of the preceding paragraphs is uti-
lized.
Resulting exemplarily periodic and non-periodic RVEs are shown in Fig. 3.16 (ii) and Fig.

3.17 (ii).

Cylinders

Contrary to capsules or ellipsoids, distance computations between cylinders are far more
complicated. The increased complexity emanates from the non-smooth character of cylinders.
Cylinders exhibit a discontinuity at the joining of the cylindrical shell and the circular top
and bottom disks.
Due to its complexity, the early works of Ketchel and Larochelle [124, 125] only

consider cylinder collision and intersection, which they employ to trajectory planning of in-
dustrial robots. Their approach is based on line geometric considerations, since a cylinder
always carries a line segment to which an infinite line is associated. They inspect the infinite
line-infinite line problem w.r.t. the optimal points, which could either lie on or off the cylinder
line segments. The normal between the two infinite lines then determines various collisions
possibilities. Eventually, seven possible collision cases need to be captured in a hierarchical
manner, which leads to a heavily branching algorithm. Unfortunately, their approach does
not cover the scenarios of interpenetrating cylinders, as well as one cylinder being completely
inside another. Eberly [51] reports a separating axis approach to determine if two cylinders
intersect. Core of the algorithm is a cylinder axes projection onto a line or plane where the
projections of two cylinders do not intersect. Unfortunately, the algorithm lacks of a contact
criterion encompassing all surface combinations and is not capable of handling a cylinder shell-
cylinder edge contact. In [128], the authors fixed that issue by employing explicit formulations
for every contact scenario between the different cylinder boundary elements, such as top and
bottom edges, top and bottom faces and the cylindrical surfaces. Similar to Ketchel and
Larochelle, they end up with seven contact cases. In [37] the authors suggest an improved
analytical methodology for collision detection by the use of dual number algebra. By taking
advantage of the axisymmetric properties of cylinders, they show that five separate contact
cases arranged in a logical sequence suffice to solve the collision problem.
As suggested by the mentioned contributions, it makes sense to divide the cylinder C in its

geometric primitives. Fig. 3.7 depicts this decomposition into an infinite cylinder around the
line segment L with its on-points ~P and ~E and two disks DE and DP at the cylinder’s top
and bottom. Here, a disk D is defined by

~xD = ~C+ r̃ [~u cos(ϕ) + ~v sin(ϕ)] with r̃ ∈ [0, r] , ϕ ∈ [0, 2π) , ~n·~u = 0 and ~n·~v = 0 (3.29)

where r̃ and ϕ are the polar control variables, ~C is the center, ~n the unit normal vector, r the
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Figure 3.7.: Decomposition of a cylinder in its geometric primitives.

radius and ~xD any point on the disk. A disk assembles via a plane P with its normal vector
~n and scalar d and a circle Ci. Circles are given by Eq. (3.29) with the constant radius r̃ = r.

Naturally, the mentioned approaches for collision testing between cylinders can be extended
to distance computations by exploiting all cases of the relative positions of two cylinders, see
Fig. 3.8.
Biermann et al. [23] use a divide and conquer strategy that successively walks through

distance checks between all the geometric primitives of cylinders to find the appropriate
distance problem that defines the relevant relative position case between the two cylinders.
The distance computation between a pair of cylinders is split into the computation of the
proximity of various pairs: one between cylindrical surfaces (infinite lines), eight between
circles and disks, four between circles and line segments and four between pairs of circles.
Some of the combinations are logically redundant, which diminishes the algorithms efficiency.
Within all these distance computations, the line-circle and circle-circle problems represent
the bottleneck of the algorithm, since these computations are the most involved ones. They
require the computation of the roots of a fourth order univariate polynomial and an eighth
order univariate polynomial conducted via the iterative method suggested in [240].
A more efficient approach of distance computations between cylinders is suggested by

Agarwal et al. [3] and Srivatsan et al. [219]. The distance computation between geometric
primitives are reduced to a minimum by an intelligent branching strategy and utilizing the
axis-symmetric shape properties of cylinders. A heavy use of symbolic precomputations en-
ables the formulation of very general analytical expressions that assist to solve the non-trivial
cases of disk-line, disk-circle and circle-circle distance problems. They result in expressions
for polynomial coefficients for the fourth and eighth order polynomials. However, these poly-
nomial coefficients grow dramatically with the polynomial order. To capture the coefficients
for the eighths order polynomial, a file of 740 kB in size is necessary. Hence, the approach
becomes less efficient and prone for errors associated with finite precision computations.30

Therefore, an algorithm inspired by the contributions [3, 219] combined with the branching
ideas of [23, 124, 125] is presented in the following. The focus is layed on utilizing simple geo-
metric routines, lacking of generality but providing computational efficiency and operational

30For computations in the field of computational geometry, numerical robustness and stability is of paramount
importance. Often, case distinction based on precomputations, e.g. parallel or non-parallel, need to be
carried out. If numerical unstable algorithms are utilized, wrong results are likely to occur.
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Figure 3.8.: All cases of relative positions of two cylinders for distance computation: (a) infi-
nite cylinder-infinite cylinder on-on-case, (b) circle-cylinder on-case, (c.1) circle-
circle on-case, (c.2) circle-circle off-case, (d) disk-circle on-case, (f) intersection
case and (g) one cylinder inside the other. For all scenarios, the optimal points of
the underlying distance problem are depicted via ~x∗0 and ~x∗1. The location of the
points ~Q0 and ~Q1, which are the optimal points of the infinite line-infinite line
distance problem, determine between on-on, on- or off-case.
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ease. The combination of the former approaches from the literature results in an moderate
branching covering all special cases, which makes the algorithm very robust and simultane-
ously very efficient. A flowchart of the algorithm is shown in Fig. 3.9. Input are the two

Figure 3.9.: Flowchart of the distance computation between the cylinder C0 with the on-points
~P0, ~E0 and radius r0 and the cylinder C1 with the on-points ~P1, ~E1 and radius r1.
The cylinders carry the line segments L0 with the line vector ~s0 = ~E0− ~P0 and L1

with the line vector ~s1 = ~E1− ~P1. The algorithm branches into two cases, namely
parallel and non-parallel. For the parallel case, a distinction between intersecting
projected line segments and non-intersecting projected line segments is necessary.
This distinction is evaluated via point-line distances and the projection points
~P0L1

and ~E0L1
, which are the points ~P0 and ~E0 projected onto line L1. The non-

parallel scenario branches into three different cases based on the computation of
the optimal point of the distance problem between the infinite lines carrying L0

and L1: on-on-case, on-case and off-case. These cases refer to the optimal points
~Q0 and ~Q1 which can lie on the line segments or not. The algorithm requires the
non-trivial distance computations disk-point and disk-cylinder, which involves the
circle-line and circle-circle distance.

cylinders C0 and C1 that carry the line segments L0 and L1. Output is the distance d between
the two cylinders and the optimal points ~x∗0 and ~x∗1 on the cylinder boundaries, see Fig. 3.8.

First, the algorithm checks in a numerically stable way, circumventing numeric cancellation,
if the two cylinders are parallel or non-parallel, see [119]. To this end, the angle θ between
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the line vectors ~s0 and ~s1 is analyzed via∣∣∣∣ ||~s0||2 · ~s1 − ||~s1||2 · ~s0

||~s0||2 · ~s1 + ||~s1||2 · ~s0

∣∣∣∣ = tan

(
θ

2

)
< 0 . (3.30)

The parallel case is very similar to the scenario of parallel capsules, depicted in Fig. 3.6. The
computation of the optimal points ~P0L1

and ~E0L1
of the point-line distances between ~P0 and

~E0 and L1 results in a further case distinction. If one of the projected points lies on the line
segment, the distance computation is straight-forward. Alternatively, the projected points can
be off the line segment L1 in direction of ~P1 or ~E1. This case leads to a disk-point distance
calculation between the disk around ~P1 or ~E1 and the corresponding extremal points on the
cylinder C0. These extremal points on C0 are determined by the fact that for parallel cylinders,
the two line segments L0 and L1 lie in the same plane. Likewise, the extremal points have
to lie in this very plane. Eventually, the analytical solution of a point-disk distance problem
remains.
This point-disk distance problem between a point ~P and a disk D : {~C,~n, r} is shown in

Fig. 3.10. Two cases need to be distinguished. First, the projection ~PP with

~PP = ~P − ~n · [~P − ~C]~n (3.31)

of ~P onto the disk’s plane is computed. If the projection ~PP lies inside the disk, the optimal

Figure 3.10.: Distance computation between a point ~P , the disk D: (a) the projection ~PP lies
within the disk such that d = 0 and (b) d > 0.

point ~x∗ = ~PP and d = 0. If ~PP 6∈ D, a circle-point distance problem needs to be solved.
Then, ~x∗ = r ~w with ~w =

~PP− ~C
||~PP− ~C||2

, see Fig. 3.10 (b).
For non-parallel cylinders the distance computation is much more difficult due to the in-

creased number of possible relative cylinder positions resulting in a more complex branching
of the algorithm. Basis of the first branching is the solution of the infinite line-infinite line
distance problem with the optimal points ~Q0 and ~Q1 and the distance d. These points can
either lie on or off the associated line segments, which indicates branching.
Fig. 3.8 (a) depicts the on-on-case. ~Q0 and ~Q1 lie within both cylinders and the cylinder-

cylinder distance computation is given by the infinite line-infinite line solution.
If only one optimal point of the infinite line-infinite line problem is inside a cylinder, three

relative positions are possible, see Fig. 3.8 (b), (c.1) and (d). For generalization purposes, the
geometric data is swapped such that ~Q0 lies always in cylinder C0 and ~Q1 lies always outside
of cylinder C1 in direction of ~s1 (outside the disk DE1 around ~E1). Then, all cases are covered
by the distance computation between the cylinder C0 and the disk DE1 . The flowchart of the
solution to this cylinder-disk distance problem is depicted in Fig. 3.11.
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Figure 3.11.: Flowchart of the solution to the cylinder-disk distance problem with the cylinder
C and the disk D.

First, a disk-line distance problem is solved to yield the optimal point ~x∗D on the disk D
and the optimal point ~x∗L on the line L and the distance d. To this end, two cases need to
be distinguished. On the one hand, the line could penetrate the disk such that ~x∗D = ~x∗L and
d = 0, which is verified by a plane-line intersection test. On the other hand, the line may
not intersect with the disk. Here, only the disk’s boundary in form of a circle needs to be
considered and a reduction to a circle-line distance problem follows. By replacing I0 = Ci
and I1 = L in the squared version of Eq. (3.17) by means of Eq. (3.29) with r̃ = r and Eq.
(3.24) with λ ∈ R, the objective (squared distance) function becomes

d2 = [~C + r[~u cos(θ) + ~v sin(θ)]− ~xL]2

= [~C − ~xL + r ~w]2

= [~C − ~xL]2 + r2 − 2r[~xL − ~C] · ~w
(3.32)

with ~xL = ~P + λ~s and the unit circle vector ~w = ~u cos(θ) + ~v sin(θ). Eq. (3.32) needs to be
minimized w.r.t. λ and θ. Considering the situation depicted in Fig. 3.10 (b) with ~P = ~xL,
~w can be expressed via

~w =
~xLP − ~C

||~xLP − ~C||2
, (3.33)

with ~xLP being the projection of ~xL onto the disk plane, and, hence eliminating the depen-
dency of d on θ. Substituting ~xLP = ~xL − ~n · [~xL − ~C]~n in Eq. (3.32) results in

d2 = [~C − ~xL]2 + r2 − 2r[~xL − ~C] · ~w

= [~C − ~xL]2 + r2 − 2r
[~xL − ~C]2 − [~n · [~xL − ~C]]2√

[~xL − ~C]2 − 2[~n · [~xL − ~C]]2 + [~n · [~xL − ~C]]2

= [~C − ~xL]2 + r2 − 2r

√
[~xL − ~C]2 − 2[~n · [~xL − ~C]]2 + [~n · [~xL − ~C]]2 .

(3.34)
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With the abbreviations

a6 = ~s · ~s ,
a5 = 2[~P − ~C] · ~s ,
a4 = [~P − ~C] · [~P − ~C] + r2 ,

a3 = −2r ,

a2 = [~s− [~n · ~s]~n] · [~s− [~n · ~s]~n] ,

a1 = 2[~s− [~n · ~s]~n] · [~P − ~C − [~n · [~P − ~C]]~n] ,

a0 = [~P − ~C − [~n · [~P − ~C]]~n] · [~P − ~C − [~n · [~P − ~C]]~n]

(3.35)

the final form of the squared distance function is given by

d2(λ) = a6λ
2 + a5λ+ a4 + a3

√
a2λ2 + a1λ+ a0 . (3.36)

Eq. (3.36) solely depends on the line parameter λ and needs to be minimized, such that the
necessary condition

0
!

=
∂d2(λ)

∂λ
= 2a6λ+ a5 +

1

2

a3[2a2λ+ a1]√
a2λ2 + a1λ+ a0

(3.37)

holds. By multiplication with the denominator and utilizing the third binomial formula Eq.
(3.37) is recast into a fourth order polynomial. The analytic solution, see [114], eventually
brings ~x∗L and ~x∗D.
If ~x∗L ∈ L, the scenario depicted in Fig. 3.8 (b) is present (the optimal point ~x∗0 lies on the

cylindrical surface of C0). Alternatively, ~x∗L can be located outside of L. With regard to the
original cylinder-cylinder distance problem, the optimal points must lie on the disks of the
two cylinders, see Fig. 3.8 (c.1), (c.2) and (d).
For ~x∗L /∈ L a disk-disk distance problem needs to solved. The position of ~x∗L w.r.t. the on-

points ~P and ~E of the cylinder C determines the disks. For a disk-disk distance problem, one
of the optimal points is always located on one of the disk’s boundary. Therefore, it suffices
to consider two disk-circle problems only. Fig. 3.12 depicts the flowchart of the solution
algorithm of such a disk-circle distance problem. First, the optimal points of the circle-plane

Figure 3.12.: Flowchart of the solution of the disk-circle distance problem with the disk D
and the circle Ci.

distance problem are obtained. Again, two cases need to be distinguished, see Fig. 3.13. On
the one hand, the circle can penetrate the plane, see Fig. 3.13 (a). In this case, the optimal
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Figure 3.13.: Circle-plane extremal point computation: (a) circle-plane intersection (b) no
circle-plane intersection.

points are the penetration points. They are computed by inserting Eq. (3.29) with r̃ = r into
the plane equation by

0 = ~n0 · [~C1 − ~C0] + r [~n0 · ~u cos(θ) + ~n0 · ~v sin(θ)] . (3.38)

Substituting sin θ =
2 tan( θ

2
)

1+tan2( θ
2

)
, cos θ =

1−tan2( θ
2

)

1+tan2( θ
2

)
and multiplication with the denominator

results in a quadratic polynomial for tan( θ2), which can be solved analytically. If the two
penetration points ~x∗P0

∈ D or ~x∗P1
∈ D, the disk-circle distance d = 0. Alternatively, the

circle does not penetrate the disk and a circle-circle distance problem must be solved. Similarly
to the circle-line distance problem one could insert the two circle equations (3.29) into Eq.
(3.17), see [3, 23]. This would lead to an eight order polynomial, which is typically solved
numerically by polynomial-root-finding algorithms. However, Almohamad et al. [5] suggest
an iterative algorithm with linear convergence properties which will be used here. Fig. 3.14
illustrates the iteration procedure w.r.t. the two circles Ci0 and Ci1. The core of the algorithm

Figure 3.14.: Iterative scheme to compute the optimal points of the circle-circle distance
problem.

is a repeatedly executed circle-point distance computation. Iteration starts with a random
point ~x∗n=0 ∈ Ci0. Next, the optimal point ~x∗n=1 of the circle-point distance problem with the
circle Ci0 and the point ~x∗n=0 is computed. Vice versa, the optimal point ~x∗n=2 of the circle-
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point distance problem with the circle Ci1 and the point ~x∗n=1 is obtained. The algorithm
proceeds until the difference of the iterated distances |dn − dn−1| becomes smaller than a
threshold. Very fast convergence is observable for circles far away from each other. Contrary,
for circles close to each other, many iterations are necessary to yield the final distance.31

Since only two circle-point computations are necessary per iteration, this algorithms shows
a high computational effectiveness and robustness, while simultaneously being very easy to
implement. In contrast to the solution of the analytically exact eight order polynomial,
with the evaluation of the coefficients being the bottle neck of the algorithm in [3], the
presented algorithms proves advantageous. In fact, the solution of an eight order polynomial
is ultimately retrieved iteratively as well.
The remaining third case of the cylinder-cylinder distance problem represents the off-case.

The reference points ~Q0 and ~Q1 lie both outside the two cylinders, see Fig. 3.8 (c.2), so
that, similarly to the on-case, disk-cylinder problems need to be solved. However, mutual
cases between the disks DE0 and DE1 and the other cylinder have to be considered, since it is
not clear which disk-cylinder combination defines the overall distance between the cylinders.
With the help of the detailed cylinder-disk algorithm, the two distances of both possibilities
are compared to eventually give the final result. Exemplarily, Fig. 3.8 (c.2) depicts a case
that is ultimately defined by a circle-circle distance problem. Due to the utilization of two
cylinder-disk distance computations, the off-branch is computationally most expensive.
Finally, the case of one cylinder being completely inside the other, see Fig. 3.8 (f), is

checked by examining if one of the optimal points ~x∗0 or ~x∗1 is inside the other cylinder. The
case of one cylinder penetrating the other is naturally considered in the described routines.
In the case of Fig. 3.8 (e), the line segment L1 penetrates the disk DE0 , and hence d = 0.
The performance of the suggested cylinder-cylinder distance algorithm is evaluated by re-

peatedly generating two random cylinders

Ci : {r, ~d, l} r ∈ (0..0.1] l ∈ (0..1] (3.39)

which randomly placed in a unit cube for 106 times. Fig. 3.15 depicts the frequencies of
iterations for all conducted circle-circle tests, which is the bottleneck of the algorithm and
dominates its numerical effectiveness. Mean and median iteration numbers are very small
such that an overall numeric efficiency can be assessed, although very high iteration numbers
may occur. However, these high iteration cases occur very seldom and fade in regard to the
gross of distance computations. The percentage distribution of the different cases indicates
the absence of the parallel case. To further verify the algorithm’s favorability, Tab. 3.1.2
shows the normalized mean time of the results given in [3] in comparison with the suggested
modified algorithm here. The different cases for 105 randomized trials per case are listed.
Since the on-on-case represents the most simple one, all times are normalized to that case.

Table 3.1.: Comparison of cylinder distance algorithms w.r.t. the required normalized mean
time per cylinder-cylinder case.

Case Alg. of [3] Alg. of Fig. 3.9
on-on-case 1.00 1.00
on-case (disk-line) 6.25 2.44
on-case (disk-disk) 72.60 16.00
off-case 96.37 23.10

It is observable that the suggested algorithm brings a speed up of roughly factor four that
can be tracked to the efficient iterative procedures employed within the circle-circle distance
problem.

31Here, two circles being close to each other means ||
~C0−~C1||2
2(r0+r1)

< 1.
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Figure 3.15.: Frequencies of iterations for the circle-circle test for 105 random placements of
random cylinders into the unit cells.

Similar to capsules and ellipsoids, the prevention of degenerated volumes in the RVE gen-
eration process requires cylinder-plane distances. These are obtained by solving disk-plane
distance problems. Computing two extremal points for each of the two disks of the cylin-
der gives four candidates. Comparing four plane-point distances eventually gives the desired
minimal distance.
Finally, cylinder-point distances result from solving line segment-point distance problems

between a cylinder’s line segment and an RVE corner. If the projection of the corner onto the
line lies within the line segment, the required distance computation is straightforward. If the
line projection of the corner lies outside the line segment, a disk-point distance computation
is necessary.
Resulting exemplarily periodic and non-periodic RVEs featuring cylindrical inclusions are

shown in Fig. 3.16 (ii) and Fig. 3.17 (ii).

3.1.3. Example microstructures

Fig. 3.16 and Fig. 3.17 depict a variety of periodic and non-periodic randomized RVEs
featuring 10, 50 and 150 ellipsoidal, cylindrical and capsular inclusions all generated with
the described algorithms. The RVEs possess an inclusion volume fraction of vf = 20%. A
clearance distance of dmin = 0.001 is chosen between inclusions as well as between inclusions
and RVE faces and between inclusions and corners. It impedes the generation of high inclusion
volume fractions and can be interpreted as an extra layer around every inclusions entailing
a virtual inclusion volume fraction. For demonstration purposes, the clearance distance is
set as an absolute value which implies an increase of the virtual inclusion volume fraction
for an increasing inclusion count. More sophisticated choice of dmin are correlated to the
inclusion dimensions. However, the absolute value option ensures a clearance more accessible
for subsequent discretizations. The inclusion’s aspect ratios vary from α = 5 for ellipsoids
over α = 10 for cylinders to α = 20 for capsules. An increasing inclusion number entails
a drastic increase in placement attempts. For non-periodic RVEs an increased number of
inclusions is necessary to match the desired inclusion volume fraction. As can be seen by
the naked eye, RVEs with a small number of inclusions but a high aspect ratio, cf. Fig.
3.16 and Fig. 3.17, exhibit more aligned inclusions. Here, long inclusions that have been
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Figure 3.16.: Randomized periodic RVEs generated with the RSA method with (a) 10, (b)
50 and (c) 150 inclusions of different types: (i) ellipsoids of revolution with an
aspect ratio of α = 5 and vf = 0.2, (ii) cylinders with an aspect ratio of α = 10
and vf = 0.2 and (iii) capsules with an aspect ratio α = 20 and vf = 0.2. The
periodically continued parts of inclusions intersecting the RVE boundary possess
identical colors.
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Figure 3.17.: Randomized non-periodic RVEs generated with the RSA method with (a) 10, (b)
50 and (c) 150 intended inclusions of different types: (i) ellipsoids of revolution
with an aspect ratio of α = 5 and vf = 0.2, (ii) cylinders with an aspect ratio of
α = 10 and vf = 0.2 and (iii) capsules with an aspect ratio α = 20 and vf = 0.2.
Since no periodic continuations of inclusions intersecting the RVE boundary
exist, the intended inclusion numbers correlate to the periodic versions of the
RVE.
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placed already tend to block available positions for the upcoming to-be-placed inclusions.
As a result, the randomized nature of the generated microstructures fades and the intended
random distributions, especially w.r.t. orientations, is hard to achieve. However, with such a
small amount of inclusions, it is difficult to identify a certain statistical distribution anyway.
Larger RVEs with higher inclusion numbers appear qualitatively more random. A quantitative
study of the RVE’s randomness follows in Sec. 3.4.

3.2. Collective rearrangement methods

The drawback of RSA algorithms lies in the low to moderate achievable inclusion volume frac-
tion. It is not possible to generate dense particle arrangements up to the theoretical jamming
limit. To this end, collective rearrangement methods represent a powerful remedy to this
problem. Typically, these approaches are utilized in combination with RSA or sedimentation
methods that generate an initial configuration. Thereafter, a better (i.e. denser) packing
is achieved by repositioning or shrinking some or all particles. This densification processes
is inspired by modifications of the original RSA approach, Monte Carlo methods, molecular
dynamics or artificial repositioning schemes driven by heuristics. The differentiation between
the various methods is not sharp and one particular algorithm may not be clearly categoriz-
able. However, the benefits of denser particle arrangements come along with more involved
and more complex algorithms and higher computational costs. Furthermore, it is noticeable
that a certain bias w.r.t. the employed algorithm is always present and a ideally random
microstructure is not attainable [230].
Most intuitively are modifications to RSA algorithms that incorporate modifications of the

rejection decision or subsequent modifications of a RSA based initial configuration. Jullien
[117] et al. generate a two-dimensional setting of randomized disks. Their algorithm firstly
drops particles sequentially onto a plane by utilizing a random initial trajectory. If a collision
with already placed particles occurs, the path of steepest decent is followed until the plane is
reached. Inclusion volume fractions up to vf = 61% are achievable. Zhou et al. [255] describe
an altered placement scheme for line segments mimicking cylindrical fibers. By a complicated
algorithm, randomly placed line segments are repositioned, based on distances and directions
to other already placed line segments. Here, the reduced space, diminished by already placed
inclusion, is taken into account for the generation of new fibers. Bailakanavar et al. [11]
go one step further by changing the inclusion shape. First cylinders are randomly placed one
after another. If a newly placed cylinder intersects with already placed inclusions, intersection
points are determined, and the to-be-placed cylinder is bent around the obstacular cylinders.
Schneider [201] combines a RSA process with a migration and reposition of fibers. Fed by
a given orientation distribution, the fibers are iteratively moved. This movement is driven
by the iterative solution of a minimization problem in terms of the steepest gradient. Large
aspect rations as well as high volume fractions up to 50% are achieved. However, the ran-
domness of the generated RVEs is deteriorated since large regions of similarly oriented fibers
emanate. Similarly, Pathan et al. [177] employ an iterative method to solve a constrained
optimization problem for reaching an inclusion volume fraction of vf = 80% for unidirectional
cylinders (arrangement of two-dimensional disks on a plane) and for spheres up to 40%. The
contribution [187] describes the generation of RVEs with polydisperse spheres that are placed
in an descending order, starting with the largest radii. To achieve denser arrangements, the
particles are slightly translated towards their nearest neighbor.
Reviewing these modified RSA approaches reveals that denser particle arrangements based

on modified RSA methods are traded against the randomness of the arrangement. A vi-
able alternative are Monte Carlo methods. These methods are interpretable as a repeated
squashing and shaking of particles within the RVE. Densities close to the jamming limit are
attainable. Gusev et al. [88] generate periodic RVEs of polydisperse unidirectional fibers
(two-dimensional disk arrangement). Starting from multiple initial configurations with regu-
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larly arranged disks of different radii successive Monte Carlo steps are conducted to match the
intended radii distribution. One Monte Carlo step alters the coordinates of randomly selected
fibers and shrinks the initial box size. New configurations are only accepted if no overlaps be-
tween fibers are detected. Eventually, inclusion volume fractions of 54% are achieved. He et
al. [95] start from a random, multidisperse and overlapping sphere arrangement. By repeating
many Monte Carlo steps, overlapping particles are rearranged via a relaxation procedure that
is comparable to a "vibration" process. Han et al. [90] apply gravitational forces and contact
interactions to an initial arrangement of monodisperse spheres in enclosing shapes like boxes
or cylinders. A combination of global compression, random (local) compression as well as
shaking further densifies the microstructure to inclusion volume fractions of up to 52%. Yu
et al. [250] suggest a compacting algorithm applicable to ellipsoids. First, the ellipsoids are
put layer wise into a box followed by compression and selection process, which is not detailed
in depth. More recent contributions are addressed to fiber reinforced RVEs modeled by cylin-
ders. Starting with experimental data as input of a fibrous microstructure, Gaiselmann et
al. [68] compress the fibrous network of cylinders. The cylinders are modeled as concatenated
spheres that also allows bending of the fibers. Harper et al. [91] and Islam et al. [110]
used FE-simulations to conduct the compression to achieve inclusion volume fractions of up
to 50%. Contrary to the mentioned shapes, Sheng et al. [211] modeled concrete-like par-
ticle reinforced composites with polyhedral inclusions. The RVEs are generated by free fall
acceleration simulations incorporating gravity and contact in the scope of FE-simulations.
In contrast to the modified RSA algorithms, Monte Carlo methods are more powerful

resulting in increased inclusion volume fraction while maintaining randomness. However,
due to the immense number of Monte Carlo steps or complex compression simulations the
computational effectiveness is questionable.
Therefore, here the choice for generating RVEs featuring moderate inclusion volume frac-

tions falls on molecular dynamics inspired methods. In contrast to the aforementioned ap-
proaches, inclusions are treated as physical bodies inside the RVE. Each inclusion possesses
a velocity, an inertia and interacts with other inclusions based on physical phenomena (e.g.
conservation of momentum). The particles move and change until the desired configuration
is attained. Two approaches are reported in the literature, denoted as "time driven" and
"event driven". The "time driven" approach explicitly solves the equation of motion by some
time integration scheme, see the fundamental work of Alder et al. [4]. All parameters of all
particles (coordinates, velocities, angular velocities, sizes...) are updated at each time step,
independent of whether or not particles interact with each other.
Contrary, "event driven" algorithms neglect the dynamics of the system. They focus on

the computation of the particle arrangement whenever an event occurs. Typically, events
are defined by collisions between two particles or the collision of a particle and the RVE
boundary. Only in the case of an event, all parameters are updated. The updates are repeated
until particle arrange into the desired configuration. The crux of "event driven" simulations
is to find an efficient way to compute the events. If such a scheme exists, "event driven"
approaches outreach the "time driven" methods by far in computational efficiency. For two-
dimensional disks, Lubachevsky and Stillinger [148] published their famous algorithm
that is straightforward to be extended to spheres. This algorithm will be presented in the
following and is adopted from Ghossein et al. [76, 77], who implemented the Lubachevsky-
Stillinger-algorithm for spheres and ellipsoids. For monodisperse spheres, the algorithm
is capable of producing RVEs with an inclusion volume fractions up to the jamming limit of
vf = 65% while maintaining randomness.
Initially the intended number of spheres is generated by assigning a normalized mass of

m = 1, random positions, random velocities and zero radii as well as a growth rate, e.g.
gfact = 0.1. The key idea of the algorithm is to let the particles grow by the growth rate and
simultaneously move while interacting with each other and the RVE boundary. The growing
particles entail an increasing inclusion volume fraction up to the desired value. Collision
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times are computed repeatedly for all particles. Due to the isotropic nature of spheres, these
computations are straightforward. Analogously, interaction times between all particles and
the RVE boundary are obtained. Then the global minimum time is the event time which
is utilized to move all particles and update positions and radii. If the event time is due to
particle collision, the velocities of the according (two) particles need to be updated as well.
Here, the conversation of momentum defines the new velocities. If the event time is due to a
particle interacting with the RVE boundary, two scenarios are possible. On the one hand, a
particle may intersect with the RVE boundary. In that case, periodic copies of the particle
are distributed around the RVE boundaries, similar to the placement procedure described in
Sec. 3.1.1. On the other hand, a particle which already intersects with the RVE boundary
may exit the RVE boundary. By deleting all periodic particle only a single particle inside the
RVE remains. Computing the current inclusion volume fraction determines if the algorithm
terminates or not. After termination the radii of all particles are shrunk such that the required
inclusion volume fraction is received. Therefore, a small gap between the particles is always
current. However, this gap can be infinitely small.
The growing radii entails the (pseudo) kinetic energy in the system to continuously increase.

This entails a dramatically decreasing time increment down to the computer precision entailing
a stagnation of the algorithm. Francqueville et al. [43] suggest a remedy to this problem
by uniformly decreasing the particle velocities after a given number of events. Furthermore,
it is worth noticing that the randomness of the entire microstructure heavily depends on
the randomness of the particles’ initial positions and velocities. The initial positions can be
computed by a standard random number generator. However, the initial velocity of every
particle ~v need to be assigned according to a Maxwell-Boltzmann distribution to ensure
randomness, see [43]. The distribution is given by

f(~v) =

[
m

2πkBT

] 3
2

exp

(
−m ~v · ~v

2kBT

)
(3.40)

with the normalized mass m = 1 kg, the Boltzmann constant kB and the (artificial) temper-
ature T . Fig. 3.18 depicts corresponding periodic RVEs generated with the Lubachevsky-
Stillinger-algorithm for different inclusion volume fractions and an artificial temperature
of T = 100.1K.

Figure 3.18.: Randomized periodic microstructures with 100 spherical particles generated by
the Lubachevsky-Stillinger-algorithm with an inclusion volume fraction of
(a) 20%, (b) 40% and (c) 60%.

In [77], the authors give an extension to ellipsoids. In [194], a combination of spheres and
cylinders is suggested. Both approaches result in RVEs with a maximal inclusion volume
fraction of up to 40% while maintaining an aspect ratio of roughly α = 3. Since the in-
volved shapes are not isotropic anymore, rotations and therefore the conservation of angular
momentum needs to be additionally considered.
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If inclusion volume fractions larger than the jamming limit in combination with a certain
randomness are required, only few methods for disks and spheres are reported in the literature.
Since jamming limits are exceeded, at least short range patterns are unavoidable, and, hence
the randomness fades. Mościński et al. [162] employed a force bias algorithm to generate
particle arrangements with vf = 67%. Starting with a random, overlapping sphere arrange-
ment artificial forces are introduced that rearrange all particles. The forces are intelligently
chosen and act only on overlapping particles such that the overlaps decrease. Maggi et al.
[153] suggest complex modifications to the original Lubachevsky-Stillinger-algorithm to
inclusion volume fractions up to vf = 70%. However, these approaches are quite involved in
terms of implementation and consumption of computational resources while the outcome in
terms of a fading randomness might not be worth the effort.
Catalanotti [33] suggests a more accessible approach for spherical particles. Due to its

operational ease, this algorithm is chosen for the generation of dense RVEs with inclusion
volume fractions up to the theoretical limit. Contrary to afore mentioned approaches, the
algorithm starts with a regular face-centered cubic (FCC) arrangement of the particles. The
unit cell of an FCC structure consists of four spheres. In Fig. 3.19 (a) the spheres of the unit
cell are colored yellow. These four spheres possess the centers

~xc0 =

0
0
0

 , ~xc1 =

1
0
1

√2rdens , ~xc2 =

0
1
1

√2rdens , ~xc3 =

1
1
2

√2rdens . (3.41)

Here, rdens denotes the sphere radius associated with the densest packing and is defined
through

rdens =
1

2
√

2M
.32 (3.42)

Due to the initial FCC-arrangement, the number of inclusions is given via nincl = 4M3 with
M ∈ N. M represents the amount of repeating FCC unit cells in all three space directions.
In Fig. 3.19 M = 2 for demonstration purposes which results in an RVE with 32 inclusions.
To account for periodicity, periodic copies of the initial particles need to be generated. In

Figure 3.19.: Periodic RVE generation algorithm of [33] with 32 spherical particles and an in-
clusion volume fraction of vf = 20%: (a) initializing FCC structure by repeating
the FCC unit cell of four spheres (yellow) M = 2 times along the three coor-
dinate axis directions; (b) shrinking the spheres such that the desired inclusion
volume fraction is reached and (c) randomly translating every inclusion 50 times
to yield the final randomized RVE.

the next step, all particles are shrunk to match the desired inclusion volume fraction, see
Fig. 3.19 (b). Eventually, all particles are repeatedly, sequentially, randomly rearranged by a

32Here, the RVE edge dimensions are of unit length such that lx = ly = lz = 1.
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random translation in a random direction ~nL. However, the translation must not violate the
non-overlapping constraint. Therefore, a maximal translative distance ρ (contact distance)
between the to-be-rearranged particle with center ~xcm and all other particles with centers ~xci
is computed. In [33], the author employs an iterative procedure to prevent a collision. Here,
this is substituted by the analytical computation of ρ which enhances the algorithm, see Fig.
3.20.

Figure 3.20.: Analytical computation of the contact distance between two spheres in transla-
tive direction ~nL.

To check if the two spheres touch, the square of the distance d between the line ~x =
~xcm + λ~nL and ~xci is computed via

d2
L = |~w×~nL|2 = sin2(α)~w · ~w = [~w− ~w ·~nL ~nL] · [~w− ~w ·~nL ~nL] with ~w = ~xci−~xcm . (3.43)

For a potential contact
d2
L ≤ 4r2 (3.44)

must be fulfilled. If Eq. (3.44) is true, one has to check if the sphere with index i intersects
with the translative corridor defined by ~nL via

~w · ~nL = dS ≥ 0 . (3.45)

If the conditions (3.44) and (3.45) are fulfilled, ρ evaluates to

ρ = dS −∆ = ~w · ~nL −
√

4r2 − d2
L . (3.46)

Fig. 3.21 exemplarily depicts periodic RVEs with 108 inclusions and various inclusion vol-
ume fractions. Clearly visible is the lacking randomness for all variants. Due to the translation
of spheres with the consideration of potential contact interactions to other spheres, particles
may not get past each other, and, hence the initial FCC pattern is conserved. Nevertheless, a
certain kind of randomness distinguishing the generated microstructures from a perfect FCC
is present, and, hence justifying the algorithm’s relevance for high inclusion volume fractions.
Beneficial to this algorithm is its feature to always succed with the desired volume fraction.
Catalanotti [33] numerically shows that rearranging each particle 20 times suffices to yield
a satisfactory grade of randomness, at least for low inclusion volume fractions. A minimum
clearance distance dmin is straightforward to incorporate by increasing the radius of the sphere
with the center ~xci by dmin.
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Figure 3.21.: Periodic RVEs with 108 spherical inclusions generated by the collective rear-
rangement algorithm suggested in [33]: (a) vf = 50%, (b) vf = 60% and (c)
vf = 70%.

3.3. Miscellaneous approaches: convex polyhedra

For completeness, a short review of random matrix-inclusion composites with convex poly-
hedra is given in the following. Convex polyhedra can be described in two ways: via their
vertices or via the intersection of halfspaces, see Eq. (3.1) and Fig. 3.1.33 Distance com-
putations between two convex polyhedral break down to point-plane distance computations
between the vertices and the polyhedra defining halfspaces. The generation of each individual
polyhedron is possible by randomly locating the vertices in a predefined space and computing
the convex hull. Software packages like QHull [13] offer a fast and robust way of conducting
these computations.
However, more common approaches to generate polyhedral inclusions rely on shrinking

Voronoi tesselations, see [65, 205]. Voronoi-tessellations have a wide range of applica-
tions originating from computational geometry. A good overviews are given by Aurenham-
mer [10], Preparata [183] or Okabe et al. [169]. Mathematically speaking, a Voronoi-
tessellation is a partitioning of a plane of arbitrary dimension n into convex, polygonal regions
based on distance to points.34 The generation points are often called germs, seeds or nucle-
ation points and are specified before the generation process starts. They are combined in the
set

G = {~xg1 , ..., ~xgm} ~xgi ∈ Rn. (3.47)

Every point in space ~x ∈ Rn is associated with the nearest germ to which it has the minimal
distance. All points within one Voronoi-region or Voronoi-cells are closer to the associ-
ated germ than to any other germ. Analogously to the convex polyhedra, a description of
Voronoi-cell via the vertices or by the intersection of halfspaces is possible.35 Because of its
convexity and space filling properties, Voronoi-tessellations are suitable to mimic polycrys-
tals. Computationally advantageous are the facts that Voronoi-tessellations are analytically
well-defined, a generation process will always terminate and very stable and fast software
packages are available. Some of the most popular ones are QHull from Barber et al. [13],
voro++ by Rycroft et al. [192] or Neper by Quey et al. [185].
Voronoi-cells’ shape is governed by the germ positions. A Poisson-Voronoi-tessellation

is defined by random uniformly generated germs. However, these unconstrained germ lo-
33 Due to the convex nature of halfspaces and the fact that intersections of convex regions also result in convex

regions, halfspaces state a viable alternative for the description of convex polyhedra.
34For the generation of RVEs only n = {2, 3} is of interest.
35Dual to a Voronoi-tessellation is the Delaunay-triangulation. The edges of the triangulation define the

normals of the halfspaces that form the Voronoi-cells.
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cations often result in degenerated Voronoi-cells with extreme aspect ratios not suitable
for micromechanical investigations. A remedy is the hardcore Voronoi-tessellation. Germs
are generated via the random placement of non-overlapping spheres [66, 185] where as the
germs coincide with the sphere centers. Any of the afore mentioned algorithm can be used to
generated the sphere arrangement featuring a periodic or non-periodic setting. Fig. 3.22 (a)
exemplarily depicts a hardcore Voronoi-tessellation with 100 germs and therefore 100 convex
polyhedral Voronoi-cells inside a cuboidal RVE with n = 3. The resulting Voronoi-cells

Figure 3.22.: Generation of a periodic RVE with 100 convex polyhedra inclusions based on
Voronoi-tessellation: (a) initial hardcore Voronoi-diagram and (b) eroded
microstructure.

are regular with no extreme or degenerated grains. Another widely used approach is the cen-
troidal Voronoi-tessellation. Here, the centers and geometrical midpoints (center of mass) of
the Voronoi-cells must coincide, see [49]. To this end, either regular germ patterns (honey-
comb) or iterative algorithms are utilized. The iterations often start with randomly placed
germs and successively repositioning the germs to the midpoints of the successively computed
Voronoi-cells. The resulting tesselations possess more regular Voronoi-cells compared to
the hardcore tessellation. The most involved germ generation method is the Laguerre-
Voronoi-tessellation [101, 109]. Here different radii and weights are assigned to each germ
allowing a lot of possibility to mimic experimental findings. Therefore, the information of
assigning different weights and radii to the germs can be fed by experimental measurements.
The key idea to generate a matrix-inclusion microstructure from a Voronoi-tessellation

is suggested by Fritzen et al. [65]. By isotropically shrinking all Voronoi-cells simultane-
ously, an interconnecting matrix phase emerges. Fig. 3.22 (b) depicts the eroded Voronoi-
tessellation. Due to the space filling property of Voronoi-tesselations and the isotropic
shrinking, arbitrary inclusion volume fractions are possible. This fact makes the Voronoi
based generation approach very valuable for microstructures with an extremely high inclusion
volume fraction.

3.4. Statistics of microstructures

It is important to evaluate the generated microstructures in terms of their randomness to get
meaningful statements concerning the representativeness of the microstructures and benefits
or limits of the employed microstructure generation algorithm.
To this end, statistical distributions associated with the actual geometric shape can be

inspected to quantify the microstructures. Exemplarily, Fig. 3.23 and Fig. 3.24 depict
the amplitude normalized orientation distributions in terms of cos(θ) with the polar angle
θ and the azimuthal angle ϕ of all microstructures of Fig. 3.16 and Fig. 3.17. Since the
generation algorithms are fed with statistically uniform distributions, ideally these uniform
distributions should be recovered. Comparing periodic against non-periodic RVEs, it is clearly
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Figure 3.23.: Orientation distributions normalized to the maximum amplitude of the periodic

RVEs of Fig. 3.23: (i) ellipsoidal inclusions; (ii) cylindrical inclusions; (iii)
capsular inclusions; (a) 10 inclusions; (b) 50 inclusions and (c) 150 inclusions.
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Figure 3.24.: Orientation distributions normalized to the maximum amplitude of the periodic

RVEs of Fig. 3.24: (i) ellipsoidal inclusions; (ii) cylindrical inclusions; (iii)
capsular inclusions; (a) 10 intended inclusions; (b) 50 intended inclusions and
(c) 150 intended inclusions.
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visible that non-periodic RVEs show a broader and more uniform spread of orientations w.r.t.
all investigated aspect ratios and inclusion shapes. Causative for this fact are the more
restrictive generation criteria for periodic RVEs. The periodicity constraint requires periodic
continuations of inclusions intersecting with the RVE boundary. The total occupied space
for a single inclusion is then associated with one orientation. For the non-periodic case, such
effects are not observable since multiple inclusions with multiple orientations can occupy the
same amount of space and hence resulting in a broader variety of orientations. Especially for
low inclusion numbers and high particle aspect ratios (e.g. capsules with α = 20), the number
of inclusions intersecting the RVE’s boundary is significantly increased and the uniformity of
the orientation distributions increases with the aspect ratio. This is not true for periodic
RVEs. For both RVE variants the uniformity of orientation distributions increases with an
increasing inclusion number such that differences in the orientation distributions between
periodic and non-periodic variants fade. Overall, the periodic RVE with 10 capsules featuring
an aspect ratio of α = 10, see Fig. 3.23 (iii)(a), represents the worst RVE in terms of
uniformness of the orientation distributions. Due to the high aspect ratio and the periodicity
constraint, the randomness of all inclusions is dominated by the inclusion placed first. The
visual inspection of all inclusions having similar orientations is confirmed by the diagram of
Fig. 3.23 (iii)(a). Nevertheless, the orientation distributions of RVEs featuring 50 inclusions
or more show acceptable spreads.
Another approach to abstractly describe random media can be done by the use of so-called

microstructural descriptors or microstructural correlation functions, see [229]. These descrip-
tors are detached from specific information of the inclusion itself. Important representatives
are

• n-point probability functions,

• surface correlation functions,

• lineal-path function,

• chord-length density function,

• pore-size functions,

• percolation and cluster functions,

• nearest-neighbor functions.

One of the most popular descriptors, which will be solely considered in the following, is the
n-point probability function. To this end, the indicator function of the phase i is introduced
via

I(i)( ~X) =

{
1 if ~X ∈ B(i)

0

0 else
(3.48)

to fully describe the microstructure incorporating the entire geometrical information. The
indicator function has the idempotent properties

I(i)( ~X)I(i)( ~X) = I(i)( ~X) and I(i)( ~X)I(j)( ~X) = 0 with i 6= j . (3.49)

In the case of matrix-inclusion composites with only two constituents,

I(1)( ~X) + I(2)( ~X) = 1 (3.50)

must hold such that it suffices to consider the indicator function of only one phase. With the
ergodicity assumption, the n-point correlation function of phase i is defined via

S(i)
n (~rj) = lim

V0→∞

1

V0

∫
B0

n∏
j=0

I(i)( ~X + ~rj)dV (3.51)
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whereby ~rj depicts a position vector. S(i)
n is a measure of the probability of finding the same

phase i at n points that are apart by ~rj with j ∈ 1, 2, ... at a random point ~X and at all
points ~X + ~rj . Due to the assumed statistically homogeneity, S(i)

n (~rj) must be independent
of ~r1 which is beneficially chosen with ~r1 = ~0.36 Of particular importance is the two-point-
correlation function or auto-correlation function since results are visualizable by an affordable
effort. For the two-point-correlation function Eq. (3.51) becomes

S
(1)
2 (~r) = lim

V0→∞

1

V0

∫
B0

I(1)( ~X)I1( ~X + ~r)dV. (3.52)

S
(1)
2 solely depends on the position vector ~r. When exploring the limiting cases of ~r = ~0, the

two-point correlation functions reduces to

S
(1)
2 (~0) = lim

V0→∞

1

V0

∫
B0

I(i)( ~X)I(i)( ~X)dV = lim
V0→∞

1

V0

∫
B0

I(i)( ~X)dV = vif (3.53)

which is the volume fraction of phase i.
In practice, the generated microstructures are not infinite nor could the infinite limit w.r.t.

the microstructure’s volume be evaluated. However, in the case of periodic media Eq. (3.52)
becomes

S2(~r) =
1

VRVE

∫
B0

I( ~X)I( ~X + ~r)dV (3.54)

exactly for the inclusion phase. However, a precise definition of the indicator function has
yet not been given. Evaluating Eq. (3.54) analytically is only possible in very special cases,
e.g. spherical particles, see [64]. Therefore, the microstructure is transformed into a binarized
voxel representation in terms of a regular grid of dimension N ×N ×N . Fig. 3.25 (a) depicts
such a binarization of the microstructure of Fig. 3.18 (b) with N = 101. Only grid points

Figure 3.25.: Generation of the two-point correlation function from the microstructure of Fig.
3.18 (b): (a) binarized microstructure; (b) slice plot of the two-point correlation
function.

inside particles are assigned with the value one to give a discretized version of the particle
indicator function. The underlying field of dimension N × N × N is then subjected to a
discrete Fourier-transformation. In the Fourier-space, the power spectrum is calculated.
The inverse discrete Fourier-transformation eventually yields the discrete version of S2(~r),

36If the microstructure is isotropic, the directional properties of ~rj drops and it suffices to the solely consider
the distances rj .
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which is shown in Fig. 3.25 (b) in an interpolated manner for slices equivalent to the coordinate
system planes.37 Additionally to the colored slice plots, black circles indicate multiples of the
characteristic microstructural length, namely the diameter of the spherical particles in the
case of Fig. 3.25. If no long order ranges are present, the two-point correlation function
decays to the value v2

f . A statistically isotropic microstructure shows an S2 with spherical
symmetry. Since this decay from vf to v2

f occurs relatively fast, the representation of Fig.
3.25 (b) is not practical for the evaluation of the microstructural randomness. It is more
meaningful to utilize a reduced color scale centered around the asymptotic value v2

f , see [43].
Since the decay range is given by [vf ..v

2
f ] and S2 rapidly decays, it is practical to normalize

the contour plot colors to 10% of that decay range.
To evaluate the randomness of the RSA method of the previous sections, Fig. 3.26 depicts

the two-point correlation functions for all microstructures of Fig. 3.16. Clearly visible are the
slowly decaying S2 values for small RVEs (10 inclusions). In that sense, RVE (i)(a) shows
very poor random properties. This is due to the relatively large characteristic microstructural
length (only one black circle is visible in the plot) and the present periodicity which results
in a long range order. For RVEs with elongated particles, see Fig. 3.26 (ii)(a) and (iii)(a),
significant anisotropic patterns are visible. These results correlate well with the findings from
the orientation distributions. However, for larger RVEs no long range patterns or dominating
anisotropies are observable anymore.
Fig. 3.27 depicts the two-point correlation functions of the RVEs of Fig. 3.18 generated

with the Lubachevsky-Stillinger algorithm. The characteristic spherical symmetric drop
of S2 in the region of r < |~r|2 < 2r is clearly visible. This drop can be related to the
non-overlapping constraint of the particles. Reviewing the three RVEs of different inclusion
volume fraction, it is noticeable that the randomness decreases with an increasing inclusion
volume fraction. However, this effect correlates with difference of only some percent in the S2

values, and, hence a good randomness can be assessed.
Finally, Fig. 3.28 depicts the two-point correlation functions of RVEs of Fig. 3.21 generated

with the method suggested by Catalanotti. The FCC pattern inherited from initial par-
ticle arrangement dominates the plots. Hence, the generated RVEs show long range ordered
particles. However, small differences in the patterns that indicate a certain kind of random-
ness, are observable. Smaller inclusion volume fractions lead to a slightly larger drop of S2

between the peaks. Therefore, again the randomness decreases with an increasing inclusion
volume fraction.

37 Appendix A.2 presents a derivation of the interrelation between Fourier transforms and the two-point
correlation function.
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Figure 3.26.: Two-point correlation functions of the periodic RVEs of Fig. 3.23 with an in-
clusion volume fraction of vf = 0.2: (i) ellipsoidal inclusions; (ii) cylindrical
inclusions; (iii) capsular inclusions; (a) 10 inclusions; (b) 50 inclusions and (c)
150 inclusions.
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Figure 3.27.: Two-point correlation functions of the periodic RVEs of Fig. 3.18 with 100
spherical inclusions and inclusion volume fractions of: (a) 20%, (b) 40% and (c)
60%.

Figure 3.28.: Two-point correlation functions of the periodic RVEs of Fig. 3.21 with 108
spherical inclusions and inclusion volume fractions of: (a) 50%, (b) 60% and (c)
70%.



4. Microstructure Meshing38

This chapter covers the coherently next step in reaching the ultimate goal of solving the mi-
croscopic boundary value problem, namely discretizing the RVEs generated in Ch. 3. With
the FEM as the solution strategy of choice in mind, special emphasis is layed on generating
a periodic mesh topology for the direct application of periodic boundary conditions. To this
end, a new meshing algorithm is introduced. Via a hierarchical meshing procedure utilizing
constrained line splittings, constrained two-dimensional triangulations and constrained three-
dimensional tetrahedralizations, fully periodic and high-quality meshes are generated. Available
meshing tools are combined in a highly automizable manner. The focus on maintaining a man-
ageable amount of elements takes limited computational resources into account. Capabilities
of the proposed approach are quantitatively compared to existing strategies to demonstrate its
beneficial properties.

To solve the microstructural boundary value problem, emerging from Eq. (2.40), typically
approximative solution techniques are utilized. Accordingly, the continuous problem is re-
placed by a solvable discrete problem. As the solution method of choice, this work focuses on
the FEM which requires a discretization of the underlying microstructural information.The
idea is to construct a mesh of the computational domain that replaces the continuous regions
by finite regions, namely finite elements (FE). This procedure outlines a major part in the
so-called preprocessing procedure to set up a simulation. Constructing a veritable discretiza-
tion featuring a high element quality can be very cumbersome and often takes a fair amount
of time and manual work. Methods of generating FE meshes are summarized in the excellent
review of Ho-Le [102] or can be found in the textbooks of Frey [63] or Lo [146].
Generally, FE meshes are categorizable into two types: structured meshes and unstructured

meshes. Structured meshes are generated over smooth regular domains that can be mapped to
cartesian regions based on some deterministic procedures. For these meshes, elements exhibit
beneficial properties in terms of quality and size, such that the amount of elements needed to
discretize, stays in a manageable range. Contrary, unstructured meshes are geometrically more
flexible such that it is possible to discretize complex, irregular domains such as randomized
matrix-inclusion composites.
For unstructured meshes two major generation methods exist: the advancing front approach

and Delaunay triangulations. The advancing front method starts by distributing seeding
points on the domain’s boundary. Starting from this discretized boundary successive layers
of elements that form new closed boundaries are generated. The procedure terminates when
the entire domain is filled with elements. A mesh smoothing concludes the advancing front
approach. On the other hand, a Delaunay triangulation starts from a given point cloud
where all points lie either inside the domain or on the domain’s boundary. Next, a Delaunay
triangulation of the point cloud is formed. By successively inserting more points and refining
the triangulation in combination with smoothening and swapping operations, the final mesh
is conceived. While the advancing front approach is more straightforward to implement,
multiple solutions in terms of final discretizations exist. Furthermore, the algorithm can be
unstable and mesh islands are more likely to occur. Contrary, a Delaunay triangulation
only possesses one optimal solution which is computed.
If the considered domains show badly shaped or degenerated geometric features, the amount

38This chapter is based on the publication "Automatic three-dimensional geometry and mesh generation of
periodic representative volume elements for matrix-inclusion composites" [199].
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of distorted, bad quality elements increases. Additionally, elements can become arbitrarily
small in size or extremely large in number. Due to the diversity of the to-be discretized
regions, automatization is only rarely possible making mesh generation a delicate research
topic. Baker [12] stresses this problem in trying to find the answer to the question: "Is
mesh generation an art or science?" He concludes:"Some of the advances [in mesh genera-
tion] were based on a sound theoretical understanding; many others were heuristic in nature,
guided by an intuitive feel for what seemed like the right approach.". This statement expresses
the difficulty of generating a good FE mesh, qualifying mesh generation as a highly non-trivial
task. Although there are systematic optimization procedures that try to improve the mesh
quality in a deterministic manner, in some cases a proper solution of how to discretize a do-
main may not exist. The freedom of choosing element types, using different number and sizes
of elements, utilizing various node seeding strategies at the boundary or in the domain etc.
makes it difficult to put mesh generation in a deterministic and theoretical sound framework.
Boundary and internal constraints or optimal mesh quality requirements further entail addi-
tional difficulties in a theoretical closed form approach to the meshing problem. Most often,
the experience of the engineer plays a crucial role for success or failure.
However, automatization is an essential requirement especially within the scope of seeking

statistical statements of randomized microstructures which requires many RVEs to be dis-
cretized. It is highly unfeasible to manually adjust every discretization. In the following,
an algorithm is presented that solves these issues. A meshing procedure for matrix-inclusion
RVEs featuring a high capability of automatization is suggested.
In context of computational micromechanics PBCs are favorable. However, they inevitably

require a periodic mesh topology. Nodes on opposing RVE faces must possess the exact same
coordinates w.r.t. the underlying in-plane positions such that node pairs for applying PBC
are present. It is obvious that the requirement of a periodic mesh represents a very strong
and cumbersome constraint within the mesh generation algorithm which is the first premiss
of the proposed method.
Typically, FE meshes consist of hexahedral elements (most likely in structured meshes)

or tetrahedral elements.39 Due to the complexity of the matrix-inclusion RVEs, hexahedral
elements are only applicable for simple grid based (voxelized) meshes. By dividing the cubic
RVE into a regular grid consisting of repeating hexaedra of equal size and assigning their
midpoints to the different constituents the discretization is generated. Fig. 4.1 exemplarily
shows three RVEs featuring ellipsoidal inclusion with 125000 hexahedral elements (50 elements
per edge). No geometric representations of the inclusions in the sense of a computer model
are necessary. It suffices to implement a routine that determines whether a voxel midpoint is
inside or outside of an inclusion, see Eq. (3.1). The grid structure of the mesh intrinsically
exhibits a periodic mesh topology, allowing the direct application of PBC. However, the major
drawback of this approach lies in the poor approximation of the RVE’s geometric features.
Staircaselike element arrangements introduce artificial sharp transitions resulting in, at least
locally, unphysical gradients of field variables. Tiny regions of inclusions intersecting with the
RVE boundary may not be covered at all.
A veritable alternative to hexahedral elements are the geometrically more versatile tetra-

hedral elements in combination with an unstructured meshing approach. To this end, a
geometric representation of matrix and inclusion domains needs to be provided. By the use of
constructive solid geometry which utilizes boolean operations on geometric primitives, namely
the cubic RVE and the inclusions, a computer model of the complex microstructural geome-
try is established. These procedures are closely connected to computer aided design (CAD)
methods which are integrated in almost all commercial and non-commercial preprocessors or
full FE software packages such as Abaqus, Ansys, Comsol, Hypermesh, Gmesh, Net-

39Besides these dominating element types, there are other element variants like wedge elements, pyramid
elements etc. or special purpose elements such as cohesive elements, crack tip elements etc. which are
adapted to the actual problem under consideration.
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Figure 4.1.: Voxel discretization with 125000 hexahedral elements (50 elements per edge) of
the three RVEs from Fig. 3.16 (i) (a) - (c).

gen etc.. The majority of available software packages represents the geometric domains by
a combination of some interpolative functions such as splines. However, due to the arbitrary
positions of the inclusions in combination with the vast amount of particles, unstable behav-
ior in the generation process of most software packages is likely. Very tiny regions or small
angles between surfaces, emanating from intersections of inclusions with the RVE boundary
lead to unstable boolean operations which are likely to fail in the process of constructing the
geometry and, thus, are an inevitable obstacle.
Additionally, only very few software packages provide the feature of a periodic mesh gener-

ation. Böhm et al. [29, 30] and Brassart et al. [27] investigate random RVEs with different
types of inclusions using Netgen, which is a non-commerical software written by Schöberl
[204]. Netgen innately offers the possibility to generate a periodic mesh topology. However,
all authors report that for a small number of inclusions very large number of elements are
generated (e.g. 15 inclusions yield 100000 elements). The mesh size seems to increase easily,
resulting in finite element models too large for efficient simulations. To circumvent this prob-
lem Pierard et al. [181] solely considered aligned ellipsoids of revolution with aspect ratios
smaller than three. In fact, they report that "serious difficulties were found to discretize mi-
crostructures with ellipsoids with an aspect ratio larger than 3". Besides the direct imposition
of a periodic mesh, some software packages allow mesh copying and constrained meshing which
represents a viable possibility to produce a periodic mesh manually. In that sense, Berger
et al. [19] used Ansys to periodically mesh RVEs with cylinders. However, their inclusions
do not intersect the RVE edges or corners, which indicates problematic issues. To circumvent
the cumbersome mesh constraining and copying, Trias et al. [231, 232] embed the RVE into
a larger cubic domain with no inclusions intersecting its boundary. A straightforward struc-
tured boundary mesh then ensures the required mesh periodicity. However, this approach has
major drawbacks concerning the maximum attainable inclusion volume fraction and restricts
the microstructural morphology itself. Generally speaking, there is no straightforward way of
generating periodic meshes by utilizing a single software package.
The recent work of Dirrenberger et al. [45] shows an approach featuring a large number

of inclusions with infinite length. A combination of multiple software packages is applied
to circumvent the drawback of using boolean operations. However, neither the generated
microstructure nor the mesh feature a periodic topology. In this regard, the publication of
Sohn et al. [216] reveals the most promising approach. By successively treating each inclu-
sion individually a periodic mesh is obtained. Hereby, the individual treatment encompasses a
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partitioning of the inclusions by the RVE boundary and a subsequent individual mesh gener-
ation. However, their method is restricted to spherical inclusions and requires the utilization
of polyhedral finite elements, which requires non-standard software.

4.1. Periodic meshing of matrix-inclusion RVEs

The examples of the former section highlight the demand for a proper method to generate
discretizations of randomized matrix-inclusion RVEs in a periodic manner. Additionally,
discretizations featuring a high element element shape factor quality and a manageable amount
of elements is of major importance. To address the demand for a meshing method that
provides such features, in the following a new and comprehensive algorithm for discretizing
RVEs of matrix-inclusion composites is proposed.
Fig. 4.2 depicts the flow chart of the proposed algorithm. With the findings of Ch. 3 as an

input to the algorithm, the core is to process the inclusions successively. One by one, surface
meshes of each individual inclusion are generated. Respecting potential intersections between
inclusions and the RVE boundary, surface meshes of the inclusions are split and distributed
(translated) around the RVE to ensure periodicity. A hierarchical meshing procedure, similar
to the method suggested by Fritzen et al. [66], is pursued. Within this process, master
edge meshes and master face meshes are generated and copied. They serve as constraints
for the triangulations (master face meshes) and final tetrahedralization (volume mesh). By
utilizing individual source meshes emanating from the individual inclusions, mesh periodicity
is intrinsically incorporated. The algorithm is implemented using Python (https://www.
python.org/), allowing a straightforward incorporation of third party libraries via scripts,
which ensures a high efficiency. Throughout the whole algorithm, mesh information is split
into the geometric information of nodal positions and topology information in terms of element
connectivity tables which significantly increasing numerical stability.40

A detailed description of the new meshing algorithm, based on the exemplary periodic
RVE of Fig. 3.3, is given in the following. The RVE features one ellipsoidal inclusion with its
three periodic copies. Key feature of the entire meshing procedure is a division of geometric
objects into master and slave objects. This classification, which is reasoned by the periodicity
requirement, allows the identification of periodic counterparts. Px0 , Py0 and Pz0 are master
faces and Lx0y0 , Ly0z0 and Lx0z0 are master edges of the RVE. Accordingly, master inclusions
are the inclusions that show the highest number of intersections with master entities (master
edges or master faces) of the RVE or do not intersect with the RVE boundary at all. In that
sense, Fig. 4.3 (a) depicts the detected master inclusion of the example RVE. Its center
is located at ~xc = [0, 0.5, 0]T such that intersections with Px0 , Pz0 and Lx0z0 are present.
This qualifies the inclusion as a master inclusion. The three slave inclusion possess centers
~xci = ~xc + ~vi for i ∈ {1, 2, 3} with the shift vectors

~v1 = [lx 0 0]T, ~v2 = [0 0 lz]
T, ~v3 = [lx 0 lz]

T (4.1)

w.r.t. the master inclusion center.
Next, the master inclusion is split by the master faces which yields a quadripartite ellipsoid,

see Fig. 4.3 (b). All four pieces are partial volumes of the combined set of master and slave
inclusions inside the RVE. The resulting periodic boundary mesh of the RVE mandatorily
requires a compatibility of the mesh’s leading edges. Due to the partitioning of the inclusion,
nodes are generated at geometric intersections. Accordingly, Fig. 4.3 (c) shows the resulting
unstructured surface triangulation with nodes and leading mesh edges on the master faces
Px0 and Pz0 emanating from the fragmented structure of the partitioned master inclusion.

40Queries and manipulations on the geometric data are critical in terms of the finite precisions of a computer.
By splitting the mesh information those operations are reduced to a minimum.

7For demonstration purpose the three periodic copies are not displayed.

https://www.python.org/
https://www.python.org/
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Fig 3.3

Fig 4.3
Fig 4.4

Fig 4.5

Fig 4.6
(a), (b)

Fig 4.6
(c)

Fig 4.7

Figure 4.2.: Automatic generation of a high quality periodic mesh with a small number of
elements. Figure adopted from [199] with permisson from Elsevier.

Additionally, the triangulation must feature planar mesh sections within the master faces and
nodes at the penetration points of the inclusion-master edge Lx0z0 intersection, cf. Fig. 4.5.
The generation of such a partition and a subsequent triangulation is not a trivial task.

Intersection curves and intersection areas of the inclusion-master plane overlap can only be
expressed analytically for simple geometries (e.g. spheres or polyhedra).8 Therefore, third
party meshing software is utilized.
By means of boolean operations in the scope of constructive solid geometry, the partition-

ing is realized and followed by a preferably homogeneous surface triangulation. However,

8Even for a simple geometry like a spheroid the intersection edges and intersection surface w.r.t. planes are
complex and must be computed numerically [204].
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Figure 4.3.: Procedure of placement and meshing of the master inclusion: a) random place-
ment of the master inclusion, b) partitioning by boolean operations and c) result-
ing surface mesh.7 Figure reproduced from [199] with permission to reprint from
Elsevier.

the partitioning produces small volumes or sharp angles for some cases. These unwanted
features emanate from unfavorable relative positions between inclusion and RVE boundary.
Degenerated surface meshes which are highly inhomogeneous, possess self-intersections or are
non-waterproof (open faces) can result, depending on the chosen software and underlying
meshing algorithm. To capture possible errors, a mesh integrity check follows each surface
triangulation. The flowchart of this integrity check is shown in Fig. 4.4. Multiple tests are

Figure 4.4.: Flowchart of the algorithm to ensure mesh integrity. Figure reproduce from [199]
with permission to reprint from Elsevier.

sequentially conducted. First, the mesh inhomogeneity is checked by a heuristic threshold of
the ratio of the maximum to minimum element area of the surfaces mesh. By utilizing the
non-commercial software TetGen [214, 215] self-intersection tests (options -d) and open face
checks (option -V) are conducted. Only if all the three checks evaluate negative, the mesh is
accepted. If one of the requirements is violated, the inclusion is partitioned and meshed by
Netgen [204]. It is found that Netgen provides the most robust mesh generator.9 How-
ever, due to the employed advancing front algorithm, generated meshes are very dense and
therefore, under the viewpoint of obtaining a manageable amount of elements, Netgen is
not the first choice. Commercial software like Comsol or Abaqus represents the geometry
in a different way which is more prone to the above described errors. These errors result
from degenerated partitions that produce very small volumes or sharp angles, resulting in
nodes treated as coincident due to the finite precision of computers. On the other hand, these
software packages employ more sophisticated meshing methodologies resulting in meshes that
are more homogeneous, show higher element quality and keep the amount of elements man-
ageable, and, hence qualifying them as first choice. Hence, first a commercial software, e.g.

9Netgen uses an implicit function representation of geometric primitives resulting in accurate and robust
boolean operations.
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Comsol, is used to create a reasonably dense mesh and Netgen is used to ensure mesh
quality in case that TetGen reveals substantial deficiencies of the mesh.
If the master inclusion lies completely inside the RVE, no partitioning is required. Instead,

a template surface mesh of the inclusion that is initially generated once, is copied and lo-
cated according to the geometric information of the master inclusion similar to the placement
procedure of Sec. 3.1.1.
In conclusion, it can be noted that master inclusions exclusively act as the source for the

further meshing process. Here, and in the following the term mesh set is understood as a subset
of a once generated mesh, consisting of nodes and elements. In that sense, slave inclusions
are only considered via their shift vectors for the mesh set distribution in the next step. The
exclusiveness of the master inclusions, meaning only one inclusion of the master-slave group
is meshed, represents the key component to a periodic mesh topology.
Next, the surface mesh is split into planar and spatial mesh sets, see Fig. 4.5 (a), and

distributed across the RVE, see Fig. 4.5 (b) and (c). The resulting four planar mesh sets

Figure 4.5.: Splitting and distribution process of partitioned master inclusion surface mesh:
(a) split surface mesh, (b) partitioned master face mesh and (c) distribute interior
surface mesh. Fig. reproduced from [199] with permission from Elsevier.

lie within the master faces and the resulting four spatial mesh sets lie within the octants of
the cartesian coordinate system. Vital to this step is the differentiation between spatial and
planar parts of the non-manifold surface mesh. To identify the planar triangle elements on
the master planes computational operations on the geometric information of the nodes are
necessary. A numerical tolerance δN is utilized to decide whether or not nodes and accordingly
elements are located on the faces. Every master plane and, accordingly, every planar mesh set
is assigned to a positive and a negative region, according to the octants of cartesian coordinate
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systems. Hence, the four mesh sets consisting of nodes and elements

Px0P+
y0
P+
z0 : | ~nodei · ~nx0 | ≤ δN ∧ ~nodei · ~ny0 ≤ δN ∧ ~nodei · ~nz0 ≤ δN ,

Px0P−y0
P−z0 : | ~nodei · ~nx0 | ≤ δN ∧ ~nodei · ~ny0 ≥ δN ∧ ~nodei · ~nz0 ≥ δN ,

Pz0P+
x0
P+
z0 : | ~nodei · ~nz0 | ≤ δN ∧ ~nodei · ~nx0 ≤ δN ∧ ~nodei · ~ny0 ≤ δN ,

Pz0P−x0
P−y0

: | ~nodei · ~nz0 | ≤ δN ∧ ~nodei · ~nx0 ≥ δN ∧ ~nodei · ~ny0 ≥ δN

(4.2)

are present in the elaborated example. Here, ~nodei is a node of a mesh set with i ∈ {1.. nnodes}
where nnodes represents the total number of nodes of the same mesh set. Choosing the right
δN is challenging due to the finite precision in computers. For the purpose of this work,
δN = 10−9 was found to be an adequate choice.
Since periodicity of the mesh topology is the ultimate objective, surface triangulations of

opposing RVE faces must coincide. Therefore, the element sets Px0P+
y0
P+
z0 , Px0P−y0

P−z0 , Pz0P+
x0
P+
z0

and Pz0P−x0
P−y0

impose constraints on the later generated master face meshes and are translated
accordingly, see Fig. 4.5 (b). Analogously to the slave inclusions and their shift vectors of
Eq. (4.1), the appropriate regions of spatial mesh sets are translatively distributed across the
RVE, see Fig. 4.5 (c). These spatial mesh sets are going to contribute to the interior of the
global surface mesh in a later step.
Prior to the hierarchical meshing procedure, the algorithm transforms all planar element

sets on all master faces into a line mesh of the exterior edges, see Fig. 4.6 (a).10 The

Figure 4.6.: Meshing of master edges and faces: (a) finding master inclusion-master edge
intersection points and generating master face line mesh, (b) mesh master edges
and copy them around master faces and (c) mesh master faces. The meshing
process is triggered by a maximum line length l̂ and a maximum element area â.
Fig. reproduced from [199] with permission from Elsevier.

resulting two-dimensional skeleton line mesh on the individual master faces is inherited from
the inclusions and, thus, conforms with the spatial triangulation shown in Fig. 4.5 (c).
Congruently, intersection points between the inclusions and the master edges are incorporated
into the master edge mesh. An identification of these points is followed by an approach similar
to Eq. (4.2) via a threshold δN through

Lx0y0 : | ~nodei · ~nx0 | ≤ δN ∧ | ~nodei · ~ny0 | ≤ δN ,

Ly0z0 : | ~nodei · ~ny0 | ≤ δN ∧ | ~nodei · ~nz0 | ≤ δN ,

Lx0z0 : | ~nodei · ~nx0 | ≤ δN ∧ | ~nodei · ~nz0 | ≤ δN .

(4.3)

In the example RVE, the master edge Lx0z0 (red) is divided into three partitions by the
inclusion.

10This operation is conducted by working on the element connectivity information.
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The hitherto described subprocess is repeated for all inclusions.
Next, the hierarchical meshing procedure starts by dividing all master edges via a line

splitting algorithm which splits all line segments on the master edges with a length larger
than a predefined maximum length l̂. These line segments originate from potential inclusion
intersections. To obtain the desired periodic mesh, opposite edges of master faces must have
identical discretizations. Therefore, the generated line meshes of the master edges Lx0y0

(blue), Ly0z0 (yellow) and Lx0z0 (red) are copied (two copies per edge) to the slave edges on
the master faces, see Fig. 4.6 (b).
The subsequent meshing of all master faces requires a fully enclosing line mesh (waterproof)

that originates from the described inclusion-master face intersections and the edges of the mas-
ter faces. This is certainly not the case, since line meshes have been copied without altering the
element connectivity information and duplicated nodes at corners and inclusion-master edge
intersections are present. All duplicate nodes of the entire line mesh (the combination of skele-
ton line meshes of the inclusions and master edge meshes) must be merged by joining all nodal
pairs that possess a distance smaller than δN . Finding all these pairs in a numerically stable
and efficient way is a non-trivial task and belongs to the research branch of nearest-neighbor-
lookup algorithms. Here, incorporating a k-d tree via the scipy.spatial.cKDTree class
from the scipy library [116], proved to be a very robust and fast method to conduct these
point queries.11 Identification, removal and reindexing of the nodes and their corresponding
element connectivity entries, eventually results in the desired enclosing, waterproof line mesh
which serves as input for the master face triangulations.
Crucial to this master face triangulation is the retention of enclosing line meshes. This

requirement demands the utilization of so-called constrained triangulations where the input
line mesh is not altered. The very robust and fast Triangle library from Shewchuk [213]
offers such capabilities in form of constrained Delaunay triangulations. To receive high
quality triangulations, the triangulation process is separated into two stages. First, a coarse
constrained triangulation is executed (Triangle option -pYYVa). The resulting mesh serves
as input for the second triangulation which then gives a high quality mesh (Triangle option
-pqrjYYVa). By defining a maximum triangle area â, it is possible to control the mesh size
and promote a homogeneous mesh. Fig. 4.6 (c) depicts the resulting discretized master faces
of the example microstructure.
The final step of the algorithm of Fig. 4.2 encompasses the three-dimensional mesh gen-

eration. To this end, meshed master faces are copied to their opposing counterparts Px1 , Py1

and Pz1 . Fig. 4.7 (a) depicts a corresponding exploded view. In addition, the stored interior
surface triangles of the inclusions, see Fig. 4.5 (c), are added to the process. Together, the
sets of meshed master faces and spatially triangulated inclusions act as input to the final
three-dimensional tetrahedralization. Again, duplicated nodes are merged via a k-d tree rou-
tine, resulting in a waterproof surface mesh, cf. Fig. 4.7 (b). This surface mesh exhibits a
periodic mesh topology which need not be altered in the following. Therefore, in analogy to
the two-dimensional constrained meshing procedure, a constrained Delaunay tetrahedral-
ization is conducted utilizing the very robust and fast software TetGen [214, 215]. Similar to
the two-dimensional triangulation, the three-dimensional tetrahedralization is separated into
two stages to yield better results, see [66].12 Fixing all bounding triangles during the meshing
process via a constrained tetrahedralization eventually results in the desired mesh periodicity,
cf. Fig. 4.7 (c). The mesh density can be specified via the maximum element volume v̂.
Based on the cavities, formed by the inclusion in the initial surfaces triangulation, element
sets are automatically generated by TetGen. This way further post-processing is not needed
and an assignment of the element sets to the inclusions is straightforward.
Depending on the considered problem, it is necessary to adjust the element size to yield

11The cKDTree.query_pairs function is used for the pair search. k-d tree lookups show a complexity of
O(n logn) in contrast to the brute force approach with a complexity of O(n2).

12The corresponding TetGen options are -pYQA and -pqYQArao2.
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Figure 4.7.: Merging surface meshes and generating three-dimensional constrained tetrahe-
dralization: (a) assembly and merge of master faces and interior mesh, (b) closed
(waterproof) three-dimensional surface mesh and (c) final three-dimensional
tetrahedral mesh as well as a cut through the unit cell. Volume meshing is
controlled by specifying a maximum element volume v̂. Fig. reproduced from
[199] with permission from Elsevier.

a coarse or fine discretization. To this end, a sound relationship between the maximum line
element length l̂, the maximum triangle element area â and the maximum tetrahedral element
volume v̂ and the intended total number of elements nel based on the edge length, area and
volume of equilateral triangles and tetrahedrons is suggested by Fritzen [66] via

v̂ =
VRVE
nel

, l̂ = 3

√
12√

2
v̂ , â =

√
3

4
l̂ 2 (4.4)

to form homogeneous meshes. However, in some cases it may be of importance to refine the
discretization in regions where high stress or strain gradients would be anticipated, e.g. at
interfaces of inclusions. By utilizing a finer surface triangulation of the inclusion surfaces,
the algorithm allows to realize this refinement. In particular, only the maximum triangle
element area of every inclusion surface mesh needs to be altered. The subsequent constrained
Delaunay tetrahedralization via TetGen is altered by a larger intended tetrahedron volume.
This assures a smooth transition from fine surface meshes to coarser mesh regions of the bulk
volume. Exemplarily, Fig. 4.8 depicts an RVE with a mesh refinement around the inclusion.
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Figure 4.8.: Periodic RVE with 50 ellipsoidal inclusion featuring a refined mesh around the
inclusion surfaces.

4.2. Examples and comparison

This section examines the effectiveness and applicability of the proposed meshing algorithm.
Du to the limited capabilities of computers, the total number of elements cannot be arbi-
trarily large. Contrary, a fine discretization captures the geometry more precisely and highly
distorted elements, which may lead to error-prone numerical simulations, can be avioded.
Therefore, the trade-off between quality demands and computation time is always difficult.
From that perspective, it is of major importance quantify the mesh quality. Among many ele-
ment quality criteria and the general uncertainty of the most meaningful one [212], the shape
factor η = v/vopt, relating the element volume v to the optimal volume vopt of an equilateral
tetrahedron with the same circumradius, is used to evaluate discretizations.
In the following, example meshes generated via Netgen, a software library which is capable

of producing periodic meshes automatically and, therefore, considered state of the art, and the
proposed algorithm are analyzed and compared. All meshes are created under the premises
of achieving a small amount of elements but maintaining a high overall mesh quality. To
this end, the mesh is considered to be sufficiently good if an average element shape factor of
η & 0.5 is maintained.

4.2.1. Mesh generation with the Netgen software library

Fig. 4.9 shows discretizations of the three example microstructures from Fig. 3.16 (i) meshed
with Netgen. To obtain as few elements as possible, the mesh granularity option in Netgen
is chosen to be very coarse or coarse, depending which meshing process finished suc-
cessfully. Additionally, mesh statistics featuring frequency distributions of the element shape
factor η as well as the average element shape factor η are presented. All discretizations show
an excellent average element shape factor. However, this factor, as a global measure on its
own, is not sufficient for mesh validation, since already few badly shaped elements may ruin a
proper finite element simulation in terms of ill-conditioned stiffness matrices or a very small
required time increment. Due to inclusion-RVE intersections and their periodic continuations,
unwanted volumetric shapes are unavoidable and thus, poorly shaped elements almost always
occur. From the element shape factor frequency distributions of the different meshes it is
deducible that the finer meshes lead to a decrease of the number of poor elements.

4.2.2. Mesh generation with the proposed algorithm

Fig. 4.10 depicts discretizations and mesh statistics of the three example microstructures from
Fig. 3.16 (i) generated with the algorithm developed for this dissertation. Excellent average
element shape factors are observed in combination with an increase in high quality elements
for finer meshes. Additional distance queries and thresholds between inclusions and the RVE
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Figure 4.9.: Three example meshes of the microstructures from Fig. 3.16 (a) generated with
Netgen, featuring an inclusion volume fraction of approximately 20% together
with mesh statistics featuring the average element shape factor η: (a) 10 inclu-
sions with 144214 elements (b) 50 inclusions with 1966106 elements and (c) 150
inclusions with 7314188 elements. The periodically continued parts of inclusions
intersecting the RVE boundary exhibit identical colors. Fig. reproduced from
[199] with permission from Elsevier.

boundary, as described in Sec. 3, support the formation of good-natured to be discretized
volumes leading to a superb mesh quality.

4.2.3. Comparison

RVEs generated with Netgen show noticeable mesh refinements at the inclusion interfaces.
However, it is not possible to generate homogeneous meshes with Netgen if anisotropic
inclusions are present. It is suspected that this is due to the utilized advancing front meshing
algorithm and its implementation concerning the rules of insertion of new triangles on regions
of the ellipsoid surfaces that show increased curvatures, cf. [204]. RVEs generated with the
above proposed algorithm reveal a more homogeneous element size distribution. Analyzing
the presented discretizations in terms of mesh statistics, no significant differences between
both approaches are observed. As depicted in Tab. 4.1, the average element shape factors
and relative frequencies of η ≤ 10−4, as a quantitative measure of poor elements, are of similar
size. The proposed algorithm reveals a slight benefit regarding microstructure approximation

Table 4.1.: Comparison of the approach developed herein to Netgen for example microstruc-
tures with different number of inclusions and an inclusion volume fraction of
vf = 0.2.
10 inclusions (Fig. 3.16 (a)(a)) 50 inclusions (Fig. 3.16 (a)(b)) 150 inclusions (Fig. 3.16 (a)(c))
η η ≤E-4 nel vf η η ≤E-4 nel vf η η ≤E-4 nel vf

this work 0.53 2E-2 % 42211 0.192 0.50 2E-3 % 199955 0.192 0.52 0 % 732992 0.193
Netgen 0.49 4E-2 % 144214 0.198 0.59 2E-4 % 1966106 0.199 0.50 4E-4 % 7314188 0.199
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Figure 4.10.: Three example meshes generated with the algorithm depicted in Fig. 4.2. The
underlying microstructures are taken from Fig. 3.16 (a) and possess an inclusion
volume fraction of approximately 20% together. Additionally, the corresponding
mesh statistics featuring the average element shape factor η are shown: (a) 10
inclusions with 42211 elements (b) 50 inclusions with 199955 elements and (c)
150 inclusions with 732992 elements. The periodically continued parts of inclu-
sions intersecting the RVE boundary exhibit identical colors. Fig. reproduced
from [199] with permission from Elsevier.

for sample (a) and (c) of Fig. 3.16 (i). However, the significant improvement concerns the total
number of elements nel. Already a visual inspection shows an increased amount of elements
resulting in a very dense mesh of the Netgen discretizations. Theses meshes have a very
limited applicability w.r.t. finite element simulations in terms of a manageable computation
time due to their enormous size. If many inclusions are needed in an RVE, it is almost
impossible to conduct simulations with such a mesh. In contrast, the new meshing method
reduces the total number of elements by a factor of up to 10, while still maintaining excellent
mesh quality.
Another aspect worth mentioning concerns the approximate geometric representation of the

microstructure through the mesh. Due to the curved nature of the inclusions, their boundaries
cannot be described by tetrahedrons exactly. Additionally, the convexity of the considered
inclusions always implicates a discretization featuring a reduced volume w.r.t. the intended
one. As shown in Tab. 4.1, the actual volume fractions are slightly smaller than vf = 20%
for both approaches. Due to the larger number of elements of the Netgen meshes, the
inclusion volume fractions are closer to the intended ones. However, a minor adjustment in
the described approach of Sec. 3, which is increasing the volume fraction vf in accordance to
the assumed lost amount due to meshing, resolves this problem.





5. Implementation of micromechanical
boundary conditions13

This chapter focuses on the practical implementation of the microstructural boundary con-
ditions introduced in Sec. 2.5.1. Besides the classical kinematic uniform boundary condi-
tions (KUBC), static uniform boundary conditions (SUBC) and periodic boundary conditions
(PBC), new approximate periodic boundary conditions (APBC) are suggested. The latter ap-
proach is an efficient way to apply periodic displacements and anti-periodic tractions on the
boundary in an average sense, and, hence gives an alternative to relax the strong periodicity
requirement. The feasibility and effectiveness of the proposed APBC is demonstrated on the
example of a periodic microstructure featuring one inclusion.

With the microstructural information in form of an RVE (see Ch. 3) and a proper dis-
cretization (see Ch. 4) at hand, the next logical step to receive a micromechanical simulation
model is the application of micromechanical boundary conditions (see Tab. 2.1). Beside the
microstructural geometry and constitutive laws of the matrix and inclusions, the microme-
chanical boundary conditions are the governing factor of the gained results.
The Taylor- and Sachs-variants are trivial in the sense that no BVP needs to be solved.

For Taylor conditions, the deformation gradient F = MF ∀ ~X ∈ B0 is prescribed in the
entire domain. For a matrix-inclusion composite with only one inclusion constituent, denoted
by the index (1), the desired averaged 1. PK stress becomes

MP =
1

VRVE

∫
B0

P
(MF ) dV0 = vfP

(1)
(MF )+ [1− vf ]P (2)

(MF ) . (5.1)

Here P (1)
(MF ) represents the constitutive law of the matrix and P (2)

(MF ) represents the
constitutive law of the inclusion. Contrary, the Sachs condition requires the inverse form of
the material law, due to the prescribed stress P = MP ∀ ~X ∈ B0. The desired macroscopic
deformation gradient then becomes

MF =
1

VRVE

∫
B0

F
(MP ) dV0 = vfF

(1)
(MP )+ [1− vf ]F (2)

(MP ) . (5.2)

However, these two conditions are of no practical relevance. On the one hand, for non-linear,
path dependent material laws it is not clear on which deformation path the final deformation
state is reached. On the other hand, Eq. (5.2) requires inverse constitutive relations obtainable
for very simple material laws only.
Therefore, the focus is put on KUBC, SUBC and PBC. In the framework of a deformation-

driven FE formulation, typically only the first and last variants are utilized. These Dirichlet
boundary conditions are directly applied to degrees of freedom of boundary nodes of the FE
mesh by prescribing displacements ~u. Nevertheless, FE codes offer the possibility to apply
traction boundary conditions, also known as Neumann boundary conditions, in form of
nodal forces. Since pure Neumann problems cannot be solved due to the absence of a unique
solution, a minimum set of Dirichlet boundary conditions is necessary to prevent rigid

13This chapter is based on the publications: "FULLY PERIODIC RVES FOR TECHNOLOGICAL RELE-
VANT COMPOSITES: NOT WORTH THE EFFORT!" [200] and "Automatic generation and discretiza-
tion of fully periodic representative volume elements of plain woven composites" [113].
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body motions and a related singular tangential stiffness matrix.14 Due to the deformation-
driven character of the utilized FE formulation, these kind of analysis often entail additional
iterations or unstable solution processes. Therefore, pure Neumann boundary conditions are
only of subordinate relevance.
To demonstrate the practical implementation of the mentioned boundary conditions, Fig. 5

depicts an RVE with annotated RVE entities for referencing nodal sets to which the boundary
conditions are applied. To prevent rigid body translations, the RVE is clamped at the corner

Cx0y0z0 .15 Furthermore, so-called reference nodes Rx, Ry and Rz are introduced. These
nodes extend the global system of equations with additional translational degrees of freedom.
By formulating kinematic constraints and the prescription of displacements or forces to the
reference nodes eases the practical implementation of the boundary conditions.

5.1. Kinematic uniform boundary conditions (KUBC)

KUBC are defined by Eq. (2.56). The macroscopic deformation gradient MF is input and MP
output of the analysis. Rewriting Eq. (2.4) allows a formulation in terms of displacements by

~u = MH · ~X ∀ ~X ∈ ∂B0 , (5.3)

with the macroscopic displacement gradient MH = MF − 1. The RVE’s nodal displacements
at the boundary are prescribed such that the discretized version of Eq. (5.3) becomes

~u b = MH · ~Xb b = 1, . . . , nb . (5.4)

Here, ~Xb denotes the nodal locations on the RVE boundary with prescribed nodal displace-
ments ~ub. The KUBC entail flat surfaces of the RVE justifying their name. These flat surfaces
lead to compatible deformation modes in the sense that it is possible to tile space with the
deformed RVEs. Rigid body rotations are intrinsically prevented by the clamped boundary.
Often, micromechanical simulations are intended to be compared with experiments. In

this regard, uniaxial tensile or compressive loadings are of particular importance. They are
characterized by a macroscopically one dimensional stress state. In a deformation-driven FE
14Superpositioned rigid body motions entail an infinite number of solutions to a pure Neumann problem. In

this context, Javili et al. [112] introduce the term semi-Dirichlet boundary conditions.
15The prevention of rigid body motions in a deformation-driven FE formulation is crucial to circumvent

singular stiffness matrices.
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context, typically one of the macroscopic stretches Mλ1,
Mλ2 or Mλ3 of MH is prescribed and,

therefore, acts as the cause of such a stress state. As a consequence, not all nodal displacements
on the RVE boundary can be prescribed a priori. The remaining tensor coordinates of the
macroscopic displacement gradient are a result of the simulation. For anisotropic materials,
they are non-zero. To ensure the required flatness of the RVE faces, the reference points are
used. The applied placement boundary conditions then read

u
Px0
1 = 0 , u

Px1
1 = uRx1 =

[Mλ1 − 1
]
||∆ ~Xx||2

u
Py0
2 = 0 , u

Py1
2 = u

Ry
2 =

[Mλ2 − 1
]
||∆ ~Xy||2

u
Pz0
3 = 0 , u

Pz1
3 = uRz3 =

[Mλ3 − 1
]
||∆ ~Xz||2

(5.5)

with ∆ ~Xx = ~X Px1− ~X Px0 , ∆ ~Xy = ~X Py1− ~X Py0 and ∆ ~Xz = ~X Pz1− ~X Pz0 . These constraint
equations between nodal degrees of freedom of RVE faces Px1 ,Py1 and Pz1 and corresponding
reference nodes must be included in a simulation. Due to the zero displacement prescription
of all nodes on the faces Px0 ,Py0 and Pz0 , rigid body rotations are prevented such that the
simulation setup is sound. The KUBC do not require any specific mesh topology, revealing
them as operationally efficient to implement.
Solving the microstructural BVP yields the 1. PK stresses P ( ~X) ∀ ~X ∈ B0. The desired

macroscopic 1. PK stresses MP is computed by volume averaging or a surface averaging. In
the scope of FE simulations, the continuous forms of these averages are discretized to

MP ≈ 1

VRVE

nel∑
i=0

P i V
el

0i ≈
1

VRVE

nb∑
i=0

~Xi ⊗ ~Fi .
16 (5.6)

Here, V el
0i

denotes the volume and P i the 1. PK stress of element i. ~Fi represents the nodal
force of node i in the current configuration. The discrete version of the surface integral is
of particular interest, since its evaluation is much more efficient. No retrievement of element
volumes or stresses at integration point level is necessary. Instead, only nodal information is
required.

5.2. Static uniform boundary conditions (SUBC)

SUBC represent the counterpart to KUBC and are defined in Eq. (2.54). Input is the macro-
scopic 1. PK stress MP that defines the (to be prescribed) stress vectors ~p on the RVE
boundary. Typically, FE packages offer the possibility to apply stress vector boundary condi-
tions by means of distributed loads.17 These tractions need to be modeled as so-called dead
loads since ~p should not change in the course of deformation. As already mentioned, difficul-
ties concerning the uniqueness of the solution emerge from the pure Neumann nature of the
problem. By pinning the corner Cx0y0z0 , rigid body translations are prevented. Additionally,
potential rotations of the RVE need to be suppressed to circumvent a singular tangential
stiffness matrix of the FE system. The restriction of the following nodal degrees of freedom

u
Cx0y1z0
3 = 0 , u

Cx0y0z1
1 = 0 , u

Cx1y0z0
2 = 0 . (5.7)

reveals a possibility for linearized kinematics. They prevent rotations of the RVE around
the x-axis, y-axis and z-axis. However, this choice is not unique and other corners or nodes
could be constrained instead. Ideally, these boundary conditions should not invoke any re-
action forces that alter the given boundary traction ~p. This holds true in the small strain
regime, since no distinction between the reference and current configuration is made. For
large deformations, the situation is more complicated. Depending on the prescribed stress
16See App. A.3 for a detailed derivation.
17In Abaqus the option DLOAD is used.
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vectors, non-zero displacement prescriptions of the corners might be necessary to accommo-
date a freely deforming RVE. To this end, Javili et al. [112, 193] suggest a procedure that
iteratively adjusts the displacement prescriptions of Eq. (5.7) such that possible reaction
forces vanish by augmenting the global system of equations. Due to the resulting mix of
Dirichlet and Neumann boundary conditions, they introduce the term semi-Dirichlet
boundary conditions. However, the method diminishes the practical relevance in the scope of
commercial FE solvers since the global solution procedure must be modified. A viable alter-
native is given by substituting the prescribed zero displacement pinnings with linear elastic
springs via

F
Cx0y1z0
3 = Cu

Cx0y1z0
3 , F

Cx0y0z1
1 = Cu

Cx0y0z1
1 and F

Cx1y0z0
2 = Cu

Cx1y0z0
2 . (5.8)

Here, C denotes the spring stiffness. To guarantee that C is not significantly altering the
solution process

C

li
� ||C||2 (5.9)

must hold. Here, C denotes the tangential stiffness of the FE system and li the corresponding
edge length of the RVE.18 Similar to KUBC, SUBC do not have any requirements on the
mesh.
The resulting macroscopic deformation gradient MF , which is the output of a SUBC anal-

ysis, computes via volume averages or surface averages in a discretized way to

MF ≈ 1

VRVE

nel∑
i=0

F i V
el

0i ≈
1

VRVE

nb∑
i=0

[
~u i + ~Xi

]
⊗ ~NiA

el
0i
19 (5.10)

where F i is the deformation gradient in element i. Since the element surface areas Ael
0 i are

required for evaluating the surface integral in its discrete version, the direct volume integral
proves convenient.

5.3. Periodic boundary conditions (PBC)

PBC are an intermediate alternative to KUBC and SUBC. Contrary to KUBC, kinematic
relations between boundary nodes are formulated instead of completely prescribing their dis-
placement or loading. Starting with Eq. (2.59), the goal is to eliminate the displacement
fluctuation ~̃u. To this end, the difference of displacements of opposing RVE boundary sec-
tions (~u+ and ~u−), corresponding to the subdivision of the RVE boundary into ∂B+

0 and ∂B−0 ,
see Eq. (2.57), yields

~u+ − ~u− = MH ·
[
~X+ − ~X−

]
. (5.11)

Eq. (5.11) represents the kinematic constraints between the nodal degrees of freedom of
opposing RVE faces. Unfortunately, every nodal pair is required to possess the exact same
planar position on the RVE faces. This fact entails the difficult demand of a periodic mesh
topology addressed in the former chapter. For a better understanding, Tab. 5.1 lists the
assignment of related positive and negative RVE boundaries with respect to the RVE faces.
Since three opposing RVE faces are present, three variants of Eq. (5.11) exist. These variants
are imposed via the three reference nodes Rx, Ry and Rz. To this end, the right hand side of

18Unfortunately, C cannot be chosen arbitrary small due to a resulting bad conditioned tangential stiffness
matrix.

19See App. A.3 for a detailed derivation.
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Table 5.1.: Assignment of the RVE faces w.r.t. the division of the RVE boundary according
to Eq. (2.57).

∂B0 x-direction y-direction z-direction

− Px0 Py0 Pz0
+ Px1 Py1 Pz1

Eq. (5.11), which is known, is given in terms of ~uRx , ~uRy and ~uRz via

x− direction: ∆ ~Xx =
[
~X + − ~X −

]
= [lx 0 0]T , ~uRx = MH ·∆ ~Xx

y − direction: ∆ ~Xy =
[
~X + − ~X −

]
= [0 ly 0]T , ~uRy = MH ·∆ ~Xy

z − direction: ∆ ~Xz =
[
~X + − ~X −

]
= [0 0 lz]

T , ~uRz = MH ·∆ ~Xz .

(5.12)

Then, the formulation of kinematic constraints ensuring Eq. (5.12) is given by

~uPx1 − ~uPx0 = ~uRx , ~uPy1 − ~uPy0 = ~uRy and ~uPz1 − ~uPz0 = ~uRz . (5.13)

Every equation in (5.13) condenses one set of nodal degrees of freedom. In analogy to the
mesh generation procedure, degrees of freedom on the master faces remain in the set of
unknowns. To prevent overconstraining, the nodal degrees of freedom on the edges need to
be excluded from Eq. (5.13). For demonstrating this over-constraining, the situation of edges
in z-direction (Lx0y0 ,Lx1y0 ,Lx1y1 ,Lx0y1) is elaborated in the following.
The nodal degrees of freedom on these edges need to simultaneously fulfill all possible

versions of Eq. (5.11) featuring the x-direction and y-direction, such that

~uLx1y0 − ~uLx0y0 = ~uRx

~uLx1y1 − ~uLx0y1 = ~uRx

~uLx0y1 − ~uLx0y0 = ~uRy

~uLx1y1 − ~uLx1y0 = ~uRy

(5.14)

must hold. The system of equations (5.14) can be cast into
1 0 0 −1
0 1 −1 −1
0 0 1 −1
−1 1 0 0



~uLx1y0

~uLx1y1

~uLx0y1

~uLx0y0

 =


~uRx

~uRx

~uRy

~uRy

 . (5.15)

The coefficient matrix in Eq. (5.15) has rank= 3, and, hence possess rank deficiency. This rank
deficiency indicates the overconstraining nature of the edge constraints. Therefore, one set of
master degrees of freedom needs to remain in the set of unknowns on each edge. Accordingly,
the master edge degrees of freedom ~uLx0y0 are chosen to remain in the simulation, such that
the kinematic constraints for the edges in z-direction become

~uLx1y0 − ~uLx0y0 = ~uRx

~uLx0y1 − ~uLx0y0 = ~uRy

~uLx1y1 − ~uLx0y0 = ~uRx + ~uRy

. (5.16)

Similarly, relations of the remaining edges transform into

x− direction y − direction

~uLy1z0 − ~uLy0z0 = ~uRy ~uLx1z0 − ~uLx0z0 =~uRx

~uLy0z1 − ~uLy0z0 = ~uRz ~uLx0z1 − ~uLx0z0 =~uRz

~uLy1z1 − ~uLy0z0 = ~uRy + ~uRz ~uLx1z1 − ~uLx0y0 =~uRx + ~uRz

. (5.17)
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The master degrees of freedom sets are chosen to be ~uLy0z0 and ~uLx0z0 . However, overcon-
straining for RVE corners must be prevented as well. Therefore, corners are excluded in Eq.
(5.16) and (5.17). They are treated by exploiting Eq. (5.11) for every single corner in all
three coordinate directions via

−1 1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 0 0 1 −1
0 0 0 0 −1 1 0 0
−1 0 0 1 0 0 0 0
0 −1 1 0 0 0 0 0
0 0 0 0 0 −1 1 0
0 0 0 0 −1 0 0 1
−1 0 0 0 1 0 0 0
0 −1 0 0 0 1 0 0
0 0 −1 0 0 0 1 0
0 0 0 −1 0 0 0 1





~uCx0y0z0

~uCx1y0z0

~uCx1y1z0

~uCx0y1z0

~uCx0y0z1

~uCx1y0z1

~uCx1y1z1

~uCx0y1z1


=



~uRx

~uRx

~uRx

~uRx

~uRy

~uRy

~uRy

~uRy

~uRz

~uRz

~uRz

~uRz



. (5.18)

Eq. (5.18) incorporates three conditions for all eight corners, leading to 12 unique equations.
Again, the coefficient matrix possesses rank deficiency in having rank = 7. Therefore, only
seven displacements can be eliminated from the global system of equations and ~uCx0y0z0 is
chosen as the remaining master corner. Combining the equations of (5.18) eventually yields
the desired relationship between all slave corner nodal degrees of freedom and the master
nodal degrees of freedom by

~uCx1y0z0 − ~uCx0y0z0 = ~uRx

~uCx0y1z0 − ~uCx0y0z0 = ~uRy

~uCx0y0z1 − ~uCx0y0z0 = ~uRz

~uCx1y1z0 − ~uCx0y0z0 = ~uRx + ~uRy

~uCx0y1z1 − ~uCx0y0z0 = ~uRy + ~uRz

~uCx1y0z1 − ~uCx0y0z0 = ~uRx + ~uRz

~uCx1y1z1 − ~uCx0y0z0 = ~uRx + ~uRy + ~uRz

. (5.19)

To prevent rigid body translations, the displacement of the corner Cx0y0z0 is pinned via

~uCx0y0z0 = ~0 . (5.20)

By prescribing the remaining three displacements of the reference nodes ~uRx , ~uRy and ~uRz ,
the macroscopic deformation gradient, which is input to the analysis, reveals

MF =
1

||∆ ~Xx||2

[
~uRx + ∆ ~Xx

]
⊗ ~Nx1

+
1

||∆ ~Xy||2

[
~uRy + ∆ ~Xy

]
⊗ ~Ny1

+
1

||∆ ~Xz||2

[
~uRz + ∆ ~Xz

]
⊗ ~N z1

(5.21)

with ~Nx1 = [1 , 0 , 0]T, ~Ny1 = [0 , 1 , 0]T and ~N z1 = [0 , 0 , 1]T.20

Similar to the KUBC, uniaxial tensile tests might be of particular importance to compare
micromechanical simulations with experiments. Again, an anisotropic material results in a
fully occupied matrix of tensor components of the displacement gradient MH whereas only
20See App. A.3 for a detailed derivation.
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one stretch is prescribed and the remaining tensor coordinates are outcome of the simulation.
However, PBC are capable of incorporating the full anisotropic behavior. For demonstra-
tion purposes, uniaxial tension in x-direction is considered in the following. This tension is
accommodated by prescribing

uRx1 =
[Mλ1 − 1

]
||∆ ~Xx||2 . (5.22)

To prevent rigid body rotations, ensuring a non-singular tangential stiffness matrix of the
discretized system, semi-Dirichlet boundary conditions need to be applied via augmenting
the global system of equations or introducing negligible spring stiffnesses attached to the ref-
erence nodes. An important, frequently utilized assumption is a macroscopically orthotropic
material. In that scenario, normal and shear components of the deformation decouple such
that the macroscopic displacement gradient under uniaxial loading in the principal directions
of the material simplifies to

MH =

Mλ1 − 1 0 0
0 Mλ2 − 1 0
0 0 Mλ3 − 1

 . (5.23)

Rigid body rotation about the z-axis, x-axis and y-axis are prevented by the constraints

uRx2 = 0 , u
Ry
3 = 0 and uRz1 = 0 . (5.24)

The macroscopic 1. PK stress computes in analogy to Eq. (5.6). However, further sim-
plifications are possible. As proven in App. A.3, a sum overall all reaction forces ~F i at
the boundary nodes i reduces to the external forces ~FRx , ~FRx and ~FRx acting solely at the
reference nodes and the macroscopic 1. PK is given by

MP =
1

VRVE

[
∆ ~Xx ⊗ ~FRx ⊗+∆ ~Xy ⊗ ~FRy + ∆ ~Xz ⊗ ~FRz

]
. (5.25)

5.4. Approximate periodic boundary conditions (APBC)

The implementation of PBC, as described in the previous section, coercively requires a periodic
mesh topology with node couples that show identical in-plane positions on opposing RVE faces.
For a non-periodic mesh topology, it is not straightforward to apply PBC. The application of
approximative periodic boundary conditions (APBC) represents a remedy. To this end, the
enforcement of periodic displacement fluctuations on every point of opposing boundaries is
substituted through the imposition of periodicity in an averaged sense. Hence, the dependence
on matching meshes is circumvented.
Larsson et al. [137] employ a mixed FE-formulation with an independent discretiza-

tion of displacements inside the RVE and tractions on the boundary of the RVE by means
of Lagrange multipliers. A parameterized transition between the exact PBC and SUBC
eventually leads to weakly imposed boundary conditions independent of the mesh topology.
Nguyen et al. [166] pursue a different approach. They introduce polynomial interpolations
to describe displacements on the RVE boundaries. The nodal degrees of freedom act as ful-
crums to these interpolation functions. Eventually, the periodicity is enforced by formulating
constraints between the interpolation functions of opposing sides not requiring any matching
nodal pairs. However, the drawback of these two approaches lies in the fact that a seamless
integration into commercial software is hardly possible.
A more practical approach represents the so-called mesh tieing. In general, commercial

FE software packages offer possibilities to couple meshed surfaces, independent of their dis-
cretization granularity. Yuan et al. [251] orKassem [123] pursue this approach and formulate
APBC by using the tieing capabilities in Abaqus.21 A similar, more manual approach, is
21In Abaqus, coupling of meshed surfaces is conveniently established by utilizing the *TIE keyword.
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suggested by Wippler et al. [246]. All of these approaches share the strategy of a node-wise
coupling. Nodes from the designated master surface are projected onto the slave surface.
These projections lie either on a corner, on an edge or inside an element face of the slave
surface. By means of element shape functions, the deformation of the projected point is in-
terpolated. Eventually, displacement constraints are formulated between the deformation of
the projected node and its parent node to facilitate PBC. This form of coupling is also known
as node-to-surface coupling or node-to-surface tieing. The major drawback, however, is a dis-
tinctive sensitivity to mesh density differences of master and slave surfaces. It is advised that
master faces should always posses a finer mesh then corresponding slave surfaces, see [1, 251].
Furthermore, unwanted, artificial stress noise is observable in a node-to-surface coupling.
A better alternative is a surface-to-surface tieing. To this end, a more involved formulation,

based on contact mechanics, is established to realize the coupling between surfaces by the
costs of increased computational costs. However, this effort results in a significantly increased
insensitivity w.r.t. varying surface mesh granularities as well as more accurate and smoother
stress outputs. Therefore, the surface-to-surface approach justifies its choice over a node-to-
surface approach. The following incorporation and algorithm implementation of a surface-
to-surface tieing as well as a quantitative and qualitative comparison to the fully periodic
reference solution represents a new contribution of this thesis.
For illustrating the practical implementation Fig. 5.1 depicts a non-periodic two-dimensi-

onal RVE. First, master faces Px0 (red nodes) and Py0 (green nodes) are introduced. These

Figure 5.1.: Sketch of approximate PBC using surface-to-surface constraints.

faces are copied and, for demonstration purposes, translated to their opposing counterparts,
namely Px1 (orange nodes) and Py1 (blue nodes). The required constraints for PBC are then
formulated between the degrees of freedom of the reference points (Rx and Ry), the copied
slave faces and their parent master faces. Therefore, this approach solely uses nodal pairs
with identical in-plane coordinates which are outlined by the red and violet area in Fig. 5.1.
The actual RVE boundaries Px1 and Py1 are coupled to the copied faces via the described
surface-to-surface coupling. This ensures an identical deformation of both surfaces. In the
coupling procedure, Px1 and Py1 act as slave surfaces implying the condensation of degrees
of freedom associated with theses surfaces.
To circumvent overconstraining for corners (black nodes) and edges (for three-dimensional

RVEs), they must be excluded in the coupling process and individually constrained. In
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the three-dimensional case, three master edges (Lx0y0 , Ly0z0 , Lx0z0) have to be introduced.
These edges are copied and coupled to each slave edge individually (analog to the mentioned
surfaces).22 Since edges are one-dimensional, coupling solely relies on the nodes.23 Eventually,
the macroscopic deformation gradient is applied via reference points, see Sec. 5.3. Fig. 5.2
exemplarily depicts a three-dimensional non-periodic model subjected to uniaxial loading.

Figure 5.2.: Model setup of a three-dimensional non-periodic RVE employing the described
methodology to setup APBC: (a) virgin mesh; (b) mesh tieing with copied master
faces Px0 ,P y0 and P z0 and (c) subjected tensile loading.

In the following, the APBC are validated w.r.t. their effectiveness and feasibility in the
engineering practice. Inspired by the work of Miehe [160], three different RVEs representing
the same material with a periodic inclusion arrangement but a non-periodic mesh topology,
are investigated. Additionally, the fully periodic case is taken as a reference. Fig. 5.3 shows
the geometric setup of the discretized RVEs: (a) fully periodic case with one inclusion at the
RVE’s center; (b) non-periodic mesh with one inclusion at the RVE’s center; (c) non-periodic
mesh with one eighth of the inclusion at each RVE corner and (d) non-periodic mesh with
one inclusion close to the P x0 side of the RVE. Due to the assumed periodic arrangement
of the inclusions, all RVEs represent the same microstructure. The microstructural control
parameter δ (see. Sec. 2.5), which is defined by the ratio of the RVE edge length lx = ly = lz =
1 and the length of the ellipsoid of revolution 2c, is taken as δ = 1.79. The inclusion volume
fraction of the single inclusion then computes to vf = 0.4%. The fully periodic reference
setup is generated by the method described in Ch. 4. By utilizing an unstructured meshing
technique for the remaining RVEs (b)-(d), non-periodic mesh topologies, predestinated for
APBC, result. All RVEs feature approximately 25000 quadratic tetrahedral elements. A
comparison of all three microstructures to the reference simulation, which ideally should yield
the same effective material parameters, allows an evaluation of the capabilities of APBC.
To this end, the isotropic linear elastic material law of Eq. (2.37) is utilized for both

constituents. For a profound investigation, the two opposing cases of a high and a low phase
contrast ξ are considered. ξ denotes the ratio of material parameters of the constituents. In
particular, a low phase contrast implies very soft inclusion that form voids in the limit case
of ξ → 0. The inverse scenario, with ξ →∞ denotes a very stiff inclusion which tend towards
rigidity for the limit case. Tab. 5.3 lists the chosen material parameters, which relate to the
example materials elaborated in Ch. 6.
To compute the effective Young’s moduli ME11 and the effective shear moduli MG12, the

RVEs are subjected to tensile and shear loadings in a small strain regime. Resulting macro-
scopic stress tensors are then directly utilized to compute the desired material parameters.24

22A master edge possesses three slave edges, and thus, three copies are necessary.
23In Abaqus, edge-coupling is realized by node-based surfaces tieing.
24In the small strain regime ME11 = Mσ11/

Mε11 and MG12 = Mσ12/[2
Mε12] holds.
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Figure 5.3.: Geometric setup and von Mises stress distributions σeq for tensile and shear
loadings for a phase contrast of ξ = 1

100 (soft inclusion): (a) fully periodic RVE
with inclusion at the center; (b) APBC setup with inclusion at the RVE center;
(b) APBC setup with the inclusion at the RVE corners and (d) APBC setup with
the inclusion close to the boundary face Px0 .

All results are listed in Tab. 5.3.
Inspecting the discretization of the RVEs, it is of paramount importance to consider the

resulting inclusion volume fractions. They are an influencing factor of first order regarding
effective material parameters. Due to the meshing procedure, the true inclusion volume
fraction varies from the intended one. This is reflected in the listed vf values of Tab. 5.3, which
are lower than the intended 0.4%. However, identical inclusion volume fractions are present
such that macroscopic material parameters of the different model setups can be compared
without losing generality.
This comparison reveals minor differences up to approximately 5% for all variants. These

differences reflect the approximative character of APBC. It can be noticed that APBC tend to
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Table 5.2.: Material properties for the RVE constituents.

EMatrix GMatrix EInclusion GInclusion ξ

3800 1300 38 13 1
100

3800 1300 38000 13000 100

Table 5.3.: Macroscopic material parameters for different single inclusion RVEs in a PBC and
APBC setup.

phase contrast ratio

effective inclusion positions / mesh setup

periodic non-periodic

material parameters center center corner side

ξ = 1/100
ME11 [MPa] 3765.76 3783.91 3776.37 3784.63

MG12 [MPa] 1290.83 1296.30 1294.24 1296.65

ξ = 100
ME11 [MPa] 3848.72 3866.48 3864.15 3868.43

MG12 [MPa] 1311.26 1316.83 1317.07 1317.11

vf in [%] 0.395 0.395 0.395 0.395

give stiffer results than PBC. This fact is due to the increased constraints which are induced
by the mesh tieing. Every node on a slave face is linked to multiple nodes on the copied
master face. This increases the restrictions on the nodes’ motion and subsequently the overall
stiffness. In contrast, every node couple of the fully periodic model setup is connected to one
reference point only, and, hence allowing a more flexible motion. However, the differences
in the effective material parameters are negligible from an engineering point of view making
APBC a viable alternative for homogenization.
To investigate the quality of the local character of the gained solution, Fig. 5.3 exemplarily

depicts contour plots of the von Mises stress distribution σeq for tensile and shear loadings
for a phase contrast of ξ = 1/100 (soft inclusion). The stress distribution in the bulk region
of the RVE reveals very similar patterns for all variants, which indicates the conformity of
the simulations. However, some artificial stress peaks are observable for the APBC in the
proximity of the RVE edges. These stress noises are due to the non-conformity of the meshes
and the unavoidable node-to-node coupling of the RVE edges. The stress increases are another
cause of the slightly increased overall stiffness of the APBC RVEs. Nevertheless, influences
on the macroscopic properties are negligible demonstrating the highly effective applicability
of APBC.





6. Model setups of matrix-inclusion
composites and their influences25

In this chapter, various possibilities of setting up RVEs for computational micromechanical
purposes under the light of the previous chapters are elaborated. The state-of-the-art, but
cumbersome, approach to utilize a fully periodic model featuring a periodic microstructural
geometry and a periodic mesh topology in combination with a high quality discretization with a
large number of inclusions, is questioned. To this end, multiple methodologies of setting up FE
models for homogenization purposes that extenuate these difficulties, are examined. Introduced
approximations compare to the fully periodic reference solution which is obtainable by the
methodologies introduced in the previous chapters. By means of a benchmark study featuring
linear and non-linear material behavior for the matrix and inclusions with different phase
contrasts, the most influential factors and viable approximations are highlighted. Eventually,
the chapter concludes in giving guidelines to micromechanical model setups.

Setting up RVEs in computational micromechancis featuring a fully periodic geometry
and a fully periodic mesh topology in combination with a high quality discretization is a
cumbersome task and can significantly reduce the overall working efficiency. In the opinion
of many researchers, a favorable FE model incorporates periodic RVEs with a large number
of inhomogeneities as well as high quality discretizations suitable for the direct application of
PBC [28–30, 79, 80, 87, 160, 179, 252]. By showing moderate boundary influences, PBC give
a good compromise between the stiffer KUBC and the more compliant SUBC responses [94,
108, 120, 226]. Additionally, faster convergence towards the effective material parameters is
observable when enlarging the RVE, qualifying PBC as state of the art. However, tremendous
efforts are necessary to gather microstructural information and transfer it to a discretized
model in that sense.
Generally, micromechanical analyses in engineering entail many approximations and un-

certainties, e.g. material parameters, inclusion shapes etc.. In an efficient and meaningful
model setup, all these inaccuracies should stay in the same order of influence. Therefore, it is
questionable if it is worth to tolerate the accompanying labor of a fully periodic model setup
for an engineering approach. To this end, various possibilities of relaxing the described strict
requirements exist. Fig. 6.1 illustrates the here considered options.
First to mention is the RVE size, which is adjusted via the microstructural control parameter

δ, see Eq. (2.39). The RVE size has a direct impact on all aspects of the model setup.
Larger RVEs entail a computationally more challenging generation process of microstructural
information [45]. The amount of inclusions also correlates to the discretization fineness, which
is necessary to accurately resolve the microstructural geometry, and, hence correlates to the
FE degree of freedom and therewith to the overall computational effort. Additionally, larger
RVEs feature an enlarged boundary surface which increases the costs of setting up any kind
of boundary conditions. However, the main advantage lies in the increased accuracy. Ideally,
an RVE should be chosen infinitely large to yield the exact effective material response. In
this regard, an increasing RVE size results in a vanishing surface-to-volume ratio such that
boundary influences diminish. In practice, however, the computed results converge after a
certain size is reached. Experimental findings, see Sec. 2.5, suggest to choose δ ∈ [5..60]
depending on the considered material. Unfortunately, δ = 5 in combination with an inclusion
25This chapter is based on the publication: "FULLY PERIODIC RVES FOR TECHNOLOGICAL RELE-

VANT COMPOSITES: NOT WORTH THE EFFORT!" [200]
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Figure 6.1.: Possibilities to relax the state-of-the-art model setup in computational microme-
chanics: reduction of the RVE size, detachment from periodicity in terms of
microstructural morphology and discretization and application of APBC.

volume fraction of vf = 20% is already a high value, resulting in RVEs with over 100 inclusions
for ellipsoids of revolution with an aspect ratio of α = 5, cf. Ch. 3. A remedy is given by
the application of the ergodic hypothesis which assumes that averaging over many small
samples (RVEs) gives the same result as averaging over one large sample. Unfortunately, the
boundary influences on the macroscopic results reveal to be systematic errors. These errors
are systematically larger for smaller RVEs then they are for larger ones, and hence qualifying
the ergodic assumption as incorrect [83]. However, in the engineering practice, the introduced
error is often tolerated and traded against reduced computational costs. The computational
effort correlates with the degree of freedom n of the underlying FE system and numerical cost
for many small RVEs is proportional to the amount of considered realizations. On the other
hand, the direct (Cholesky decomposition) solution effort in linear FE problem correlates
with O(n3). Therefore, solving many microscopical BVP of small RVEs results in drastically
reduced numerical expenses.
Another aspect concerns the microstructural topology, which ideally should be periodic. As

elaborated in Ch. 3, this demand harshly restricts the generation of random microstructures,
especially if high inclusion volume fractions are to be considered. In particular, the utilization
of specific particle distributions can become cumbersome or even impossible to match for small
RVEs. A withdrawal from periodicity is a simple solution to that dilemma, but with far-
reaching consequences. On the one hand, requirements to the discretization drop. However,
a non-periodic discretization does not allows to apply PBC, and hence violates the state-of-
the-art approach.
The utilization of high quality meshes is also a vital factor to achieve trustworthy results.

As demonstrated in Ch. 4, their (periodic) generation can become a very cumbersome and
resource consuming task [30, 66, 199]. Discretizing geometrically complex microstructures
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(e.g., curved geometric features) is typically realized by employing tetrahedralizations. If
inclusions in large quantity and of complex shape are to be considered, mesh automatization
is hardly possible. Often manual adjustments that result in an increased modeling effort are
necessary. The situation gets even worse if microstructural data is gained by experiments
involving measurement noise causing tetrahedral meshing approaches to fails. The utilization
of voxel discretizations resulting in regular grid-like meshes [80, 120] states a viable solution.
Regular voxel meshes naturally feature a periodic mesh topology, allowing a straightforward
application of PBC. However, the imprecise resolution of geometric features can deteriorate
the simulations.
The last considered influence is related to the boundary conditions. As already stated, PBC

always require a periodic mesh. As an alternative approach, APBC, KUBC or SUBC loosen
this requirement, but result in overly stiff or underly compliant macroscopic responses.
The four detailed simplifications undoubtedly affect the overall results. However, from

an engineering point of view, it is of paramount importance to quantify these influences
for weighting advantages of more precise results against disadvantages of increased modeling
efforts. To this end, a benchmark study that quantitatively compares alternative model setups
with the fully periodic reference setup is presented in the following.

6.1. Benchmarking alternative model setups

All investigated RVEs are unit cubes and feature a target inclusion volume fraction of vf =
20% with equally shaped, non-overlapping ellipsoids of revolution with an aspect ratio of
α = 5. Real materials that can be described by such a microstructural geometry are, e.g., so-
called short fiber reinforced composites. They typically exist in two oppositional forms with
very low phase contrasts ξ representing materials with soft inclusions and a stiffer matrix and
very high phase contrasts ξ representing materials with stiff inclusions and a softer matrix.
The phase contrast ξ is given by the ratio of the material properties of the constituents, e.g.
the Young’s or shear modulus, via

ξE =
EInclusion

EMatrix
or ξG =

GInclusion

GMatrix
. (6.1)

An example of the first material class are so-called rubber toughened polymers such as
Acrylonitrile-Butadien-Styrene (ABS) [147, 159]. These materials feature soft rubbery in-
clusions that are intended to increase the fracture toughness of the thermoplastic Styrene-
Acrylonitrile matrix material. In contrast, the glass-fibers or carbon-fibers in fiber reinforced
composites are meant to improve the overall material stiffness, see [39, 175]. The stiffer in-
clusions serve as load-bearing components whose overall integrity is ensured by the matrix.
To this end, Tab. 6.1 lists model material parameters of the linear elastic isotropic material
behavior which is assumed for both constituents. It is worth noticing that there is a large dis-

Table 6.1.: Material properties for the RVE constituents.

EMatrix in [MPa] GMatrix in [MPa] EInclusion in [MPa] GInclusion in [MPa] ξ

3800 1300 38 13 1/100

3800 1300 380000 130000 100

crepancy between the absolute difference of matrix and inclusion material parameters for both
phase contrast variants: ξ = 1/100 correlates to |EMatrix −EInclusion| = |GMatrix −GInclusion| =
3762MPa and ξ = 100 correlates to |EMatrix−EInclusion| = |GMatrix−GInclusion| = 376200MPa.
Additionally, plasticity based on the standard von Mises yield criterion is considered for the
matrix material. A yield stress of σy = 60MPa and a linear, isotropic hardening coefficient
of 35MPa are utilized to represent the deformation behavior of the matrix, cf. [207].
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All RVEs are generated by the RSA method of Sec. 3.1 in a periodic and non-periodic
way. The RVE size is varied by utilizing three different target inclusion numbers: 10, 50 and
100 inclusions. Here, the term target inclusion numbers refers to a periodic RVE that always
exhibits the intended inclusion volume fraction. Non-periodic RVEs only approximately match
the intended inclusion volume fraction due to the a priori unknown volumetric contributions
of inclusions intersecting the RVE. Unfortunately, these contributions cannot be computed
analytically which causes the approximative character. The actual microstructure generation
process for the non-periodic case is terminated if the inclusion volume fraction deviates less
than 1% from target volume fraction. Therefore, the inclusion volume fraction for non-periodic
cases are only approximate and typically exhibit an increased inclusion number. The inclusion
sizes and the microstructural control parameter δ depend on the RVE dimension, the intended
inclusion number, the inclusion aspect ratio and the intended inclusion volume fraction. Tab.
6.2 lists the resulting δ.

Table 6.2.: RVE sizes

target inclusion number 10 50 100

δ 2.04 3.57 4.35

All RVEs are discretized by means of quadratic tetrahedral elements and voxel discretiza-
tions in a periodic or non-periodic way. In this context, tetrahedral elements are geometrically
more versatile providing higher geometric accuracy. However, it is known that tetrahedral
elements typically exhibit increased computational costs compared to hexahedral elements
when aiming at the same accuracy, see [18, 32].
In total the described variants lead to five possible discretizations for one RVE size. Fig.

6.2 depicts these five variants on basis of a periodic and a non-periodic example RVE with
δ = 2.04. Additionally, the utilized microscopical boundary conditions are listed. Each RVE is
subjected to KUBC, SUBC and PBC or APBC, depending on the underlying mesh topology.
Discretizations are chosen such that the FE models exhibit a minimum element number of
nel = 105, see Eq. (4.4), allowing for a sufficient resolution of geometric features. However,
due to the nature of the unstructured meshing process, it is impossible to determine the
exact amount of elements a priori. In particular, slightly finer discretizations are generated in
correspondence with sharper geometric features (increased curvatures) which occur for smaller
inclusions. To ensure comparability, the meshes need to be isotropic in terms of the utilized
element sizes to the greatest possible extent. All tetrahedral meshes are of high quality with
an average element shape factor of η ≥ 0.5 to ensure reliable results.
Another indispensable feature of discretizing is the deviation of the actual inclusion volume

fractions from the intended one. Due to the meshing effect, i.e., tetrahedralized convex bodies
always give smaller discretized volumes, all tetrahedralizations result in slightly decreased
inclusion volume fractions. To this end, Fig. 6.3 shows the averaged inclusion volume fractions
of all discretized variants. Voxel meshes naturally reach the intended inclusion volume fraction
of 20% more precisely. This behavior is related to the staircaselike discretization of the
inclusions. Alternately, too much or too little volume is assigned to the inclusion constituent
and positive and negative effects cancel out. The highest deviation from the intended inclusion
volume fraction occurs for RVEs featuring a non-periodic topology in combination with a non-
periodic tetrahedralization. They are in the range of 1%. Since the inclusion volume fraction is
an influencing factor of first order, it is crucial to minimize these effects for comparability in the
envisaged benchmark study. To this end, all inclusions of the voxelized RVEs are isotropically
shrinked to match the inclusion volume fraction of their tetrahedralized counterparts. As
confirmed by Fig. 6.4, occurring differences between tetrahedralized and voxelized RVEs are
eliminated eventually.
For each RVE, 20 randomized realizations are subjected to uniaxial tension and simple shear
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Figure 6.3.: Actual inclusion volume fractions of the discretized RVEs. Abbreviations:
P - periodic topology; NP - non-periodic topology; PMESH - periodic tetra mesh;
VOXEL - voxel mesh; NPMESH - non-periodic tetra mesh.
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Figure 6.4.: Actual inclusion volume fractions of the discretized RVEs with adjusted inclusion
size for the voxelized discretizations. Abbreviations: P - periodic topology; NP
- non-periodic topology; PMESH - periodic tetra mesh; VOXEL - voxel mesh;
NPMESH - non-periodic tetra mesh.

in the small strain context. A statistical study is given to support the results and extenuate
atrifacts due to the randomness of the RVE generation process. Eventually, macroscopic
Young’s moduli ME and shear moduli MG serve as criterion for the comparison of the
simulations. All results are normalized to the numerical reference solution obtained by the
fully periodic case (periodic topology, periodic mesh and PBC) with 100 inclusions. To this
end, a total of 3600 simulations are conducted for this study.26

263 RVE sizes times 2 periodic and 3 non-periodic topologies and discretizations times 3 types of boundary
conditions times 2 loading cases times 2 phase contrasts times 20 realizations result in 3600 simulations.
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6.1.1. Results and Discussion

As a first step, the fully periodic reference solution is examined to verify its referential char-
acter. To this end, Tab. 6.3 documents the gained averaged macroscopic Young’s and shear
moduli, their 95% confidence intervals and the analytical Voigt and Reuss bounds.

Table 6.3.: Averaged effective material parameters of the reference solution and Voigt and
Reuss bounds.

δ 2.04 3.57 4.35 Voigt Reuss

ξ = 1/100

ME11 [MPa] 2563.3± 35.9 2539.9± 12.9 2559.1± 8.6 3047.6 182.7

MG12 [MPa] 900.8± 5.4 903.2± 2.2 908.3± 1.6 1042.6 62.5

ξ = 100
ME11 [MPa] 7118.5± 289.3 6900.9± 104.1 7028.1± 72.1 79040.0 4738.2

MG12 [MPa] 2335.2± 64.6 2349.1± 30.8 2405.3± 23.7 27040.0 1620.9

All computed macroscopic moduli lie within their bounds. The averaged moduli associated
with one phase contrast vary only in the range of a few percent. Confidence intervals of all
considered setups quickly decrease when enlarging the RVE size. Due to the large absolute
difference for the matrix and inclusion material parameters of setups with ξ = 100, the largest
confidence intervals ranging from 4% to 1%, can be found for the Young’s modulus. These
small deviations and the quick descent of the confidence intervals qualifies the fully periodic
RVEs with 100 inclusions as a converged solution. Notably, variants featuring a high phase
contrast show increased fluctuations of the moduli and increased confidence intervals. This
effect can be addressed to the large absolute difference of the material parameters between
the two constituents.
To evaluate the non-linear material behavior, Fig. 6.5 shows the macroscopic stress-strain

path of, respectively, one realization of the fully periodic setup. The two load cases of all three
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Figure 6.5.: Macroscopic stress-strain path of one reference solution RVE featuring 100 in-
clusions, a periodic topology, a periodic discretization and PBC for tensile and
simple shear loading. For PBC or APBC the approriate boundary conditions
are applied where possible. In the case of a periodic mesh PBC and APBC give
identical results.
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considered RVE sizes are shown. The course of deformation of the composite commences
with the linear-elastic regime. At a strain of approximately 1% a transfer into the plastic
deformation regime follows. The final stage with Mε11 = 0.05 or Mγ12 = 2Mε12 = 0.1 shows a
pronounced plastic deformation. Due to the utilized von Mises plasticity that relies on the
shape modification hypothesis, tensile loadings are capable to withstand higher macroscopic
stresses than shear loadings. However, for both loading cases, the sets of stress-strain paths
linked to one phase contrasts show only minor spreads w.r.t. varying RVE sizes. Consequently,
the largest RVE in the fully periodic setup is considered converged.
Fig. 6.6 summarizes the results of all considered model setups by showing the normalized

elastic and plastic responses. Detailed results are given in Appendix A.4.
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Figure 6.6.: To the periodic reference solution normalized effective Young’s and shear mod-
uli and to the periodic reference solution normalized macroscopic stress responses
(tensile Mσ11, shear Mσ12) at Mε11 = 0.05 and Mε12 = 0.05 where a pronounced
plastic deformation is present for all model variants, RVE sizes and phase con-
trasts. For PBC or APBC the approriate boundary conditions are applied where
possible. In the case of a periodic mesh PBC and APBC give identical results.
Abbreviations: P - periodic topology; NP - non-periodic topology; PMESH -
periodic tetra mesh; VOXEL - voxel mesh; NPMESH - non-periodic tetra mesh.

Influences of topology

The effective macroscopic responses are seemingly largely independent of the chosen combi-
nations of periodic and non-periodic topologies respectively meshes. Fig. 6.6 clearly demon-
strates that. W.r.t. the results, the RVE setups can be divided into two main classes w.r.t. the
employed discretization technique: tetrahedral meshes and voxel meshes. For both cases the
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three or respectively two combinations predict a very similar material behavior: the markers in
each group indicate the same normalized response, independent of the topology combination.
Fig. 6.7 exemplarily shows contour plots of the von Mises stress of a non-periodic RVE real-
ization subjected to APBC and discretized with tetrahedral elements at Mε11 = Mε12 = 0.05.
Occurring artificial stress peaks and dips are highlighted. These stress disturbances are as-

Figure 6.7.: Contour plots of the von Mises stress of a non-periodic RVE realization with
δ = 3.57 and applied APBC at Mε11 = Mε12 = 0.05. Artificial stress peaks due
to the non-periodicity in combination with the enforced APBC are highlighted.

sociated with the enforced kinematic compatibility on the one hand and the non-periodic
morphology on the other hand. Inclusions intersecting the RVE boundary are missing their
periodic counter parts, and hence introduce stress noises on the opposing boundary. How-
ever, these stress artifacts on the RVE boundary, induced by the non-periodicity, entail minor
effects only. They do not dominate the visible stress contours, and thus are not influencing
the overall macroscopic response in a significant way.
Deviations from the reference solution in the macroscopic responses of non-periodic RVEs

can be addressed to the varying actual inclusion volume fractions. The effect is pronouncedly
observable for ξ = 1/100 due to the increased absolute difference between the matrix and
inclusion material parameters. However, it is not addressable to topological influences but
rather to the microstructure generation process.
All this is true for the elastic as well as the plastic material behavior, tensile respectively

shear loading, both stiffness ratios, all three RVE sizes and the various applied boundary
conditions. The effort of the RVE construction strongly differs between the analyzed com-
binations whereas simulation times are in similar ranges. Consequently, the high effort of
constructing a fully periodic RVE, with a periodic topology as well as a periodic mesh, does
not pay off and simpler approaches should be used.
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Influence of the discretization

Voxelized meshes show positive or negative deviations from the reference solution depending
on the phase contrast. In particular, for model setups with a high phase contrast (ξ = 100),
the voxelized RVEs give a stiffer macroscopic response compared to their tetrahedralized
counterparts, while the opposite is true for model setups featuring ξ = 1/100. To this end,
Fig. 6.8 depicts the obtained results in the light of the different phase contrasts. Due to the
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Figure 6.8.: Normalized responses - effective Young’s and shear moduli and macroscopic
stress responses (tensile Mσ11, shear Mσ12) at a state of deformation (Mε11 =
Mε12 = 0.05) featuring a pronounced plastic deformation for all model variants
- for all model variants in the light of different phase contrasts ξ. For PBC or
APBC the approriate boundary conditions are applied where possible. In the
case of a periodic mesh PBC and APBC give identical results. Abbreviations: P
- periodic topology; NP - non-periodic topology; PMESH - periodic tetra mesh;
VOXEL - voxel mesh; NPMESH - non-periodic tetra mesh.

high absolute difference of the material parameters for ξ = 100 the shortcoming of the voxel
RVEs are more pronounced. Fig. 6.9 exemplarily depicts contour plots of the von Mises
stress of one fully periodic RVE with δ = 3.57 discretized with tetrahedral and hexahedral
elements for the two considered loading cases. The inclusions of the voxelized RVEs show
higher stresses, and hence explaining the stiffer macroscopic response. These increased stresses
emanate from the introduced stress concentration of the staircase like character of the grid-like
mesh, and hence the stress artifacts can be addressed to the poorly approximated geometry.
Increasing the RVE size while keeping the discretization fineness constant amplifies this effect.
Furthermore, the linear character of the hexahedral elements does not allow to resolve stress
gradients as precisely as the tetrahedral counterpart. All this leads to deviations of up to 25%
for tensile loadings, which may not be acceptable.
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Figure 6.9.: Contour plots of the von Mises stress of a fully periodic RVE realization with
δ = 3.57 and applied PBC at Mε11 = Mε12 = 0.005 discretized by a periodic
tetrahedralization and a regular voxelization for a phase contrast of ξ = 1/100.

However, a low phase contrast results in minor deviations in the range of a few percent, cf.
App. A.4. Therefore, the employed meshing technique has to be chosen carefully depending
on the phase contrast.

Influence of boundary conditions

W.r.t. elastic and plastic material behavior, topology combinations, RVE size and load cases,
the obtained differences are negligible. However, w.r.t. the phase contrast ξ, the choice of
boundary conditions may influence the results’ quality to a large extent. In case of a low
phase contrast ξ = 1/100 (stiff matrix and soft inclusions), KUBC and PBC predict very
similar effective properties. Contrary, SUBC reveal large discrepancies of 22.7% up to 55.3%
for elastic material behavior respectively 18.0% up to 40.4% for von Mises plasticity, and
hence are unacceptable.
If the composite under consideration possesses a high phase contrast, the situation drasti-

cally changes. In this case, the SUBC performance enhances and results are within the range
of PBC. Now, KUBC clearly overestimate the effective material properties to an unaccept-
able degree. In particular, these boundary conditions overestimate the reference solution by
several hundred percent in the case of simple shear loadings due to the high restriction of
the system’s degree of freedom. The more relaxed setting of tensile loadings mitigate this
behavior, probably to an acceptable extend for tetrahedral discretizations.

Conclusion

As discussed above, a fully periodic topology-mesh-RVE might not be worth the construction
effort and thus non-periodic counterparts are strongly recommended. In this case, truly PBC
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have to be substituted by APBC. Advantageously, they are easily set up and their performance
is by no means inferior to the truly PBC. Disadvantageously, they necessitate slightly longer
computational times.
As reported in the literature, KUBC are a more problematic choice in homogenization

leading to overly stiff responses whereas SUBC show a softer response. The benchmark study
shows that KUBC and SUBC are very sensitive w.r.t. the phase contrast. Special caution is
necessary with combinations of KUBC and voxelized RVEs. However, depending on the phase
contrast, actual differences to PBC might be in the range of tolerable approximations. If the
FE model is set up for one particular material or for a set of materials with similar phase
contrasts, either all high or all low, a short investigation of the different uniform boundary
conditions might be well worth the effort to circumvent the fully periodic setup. If the model
is set up for materials with a strong deviation in the phase contrasts, one needs to invest
the effort of setting up PBC or APBC in order to obtain meaningful numerical results for all
simulations. In particular the presented APBC ease the model generation effort.



7. Application to nanoparticulate
composites

The conglomerate of the introduced methodologies of the previous chapters is applied to a
nanoparticulate composite consisting of ultra-stiff ceramic nanoparticles embedded in a poly-
meric matrix. The aim is to calibrate the model setup against experimental data and investi-
gate the complex deformation mechanisms which are not accessible via experiments. Physically
meaningful material models are utilized for the inclusions and the matrix. Special emphasis is
placed on the polymeric matrix material model to capture the full deformation from the initial
entropic-elasticity up to the transition into the energy-elastic limit. Failure is modeled by a
matrix-inclusion-interface debonding in the form of cohesive damage, justified by the high sur-
face to volume ratio of the particles in the compound. In contrast to previous chapters, strong
emphasis is layed on the local behavior of the composite to gain new insights of the interplay
between the constituents. Eventually, simulations of experimental unfeasible load cases give a
deeper insight of the composites micromechanics.

The typical struggle in materials design to manufacture macroscopic materials of high
strength and stiffness in combination with a high fracture toughness shows promising ad-
vance by utilizing nanocomposites. These composites are a relatively new class of materials
[15, 25, 106, 237, 245]. Naturally occurring nanocomposites are shells, teeth or bones. They
show superior mechanical properties, such as extreme stiffness to density ratios, very high
material strength and a very high fracture toughness. Gao et al. [71] relate these properties
to a combination of various micromechanical mechanisms operating on different length scales.
Exemplarily, the micromechanical hierarchy of a tooth can be divided into three scales: (1)
nanofibers, (2) rods that consist of many nanofibers and (3) decussating bundles of rods that
form the tooth [197]. Besides the overall composite character, the most important feature is
known to be the smallest length scale: the nanoscale. Nanoscaled objects are assumed to be
almost free of any defects or cracks, and, hence flawless and extremely resilient. Load bearing
is solely maintained by interatomic covalent bonds entailing an exceptional macroscopic stiff-
nesses [9]. However, the pure (particulate) materials are typically very brittle. Their inherent
fracture energy is by several orders of magnitude lower than the fracture energy of the fully
heterogeneous material. Only in the composite arrangement fracture toughness increases to
an acceptable level for engineering applications.27

For the already mentioned natural materials the nanoscaled objects are outlined in the
following. Teeth are build out of needle-like crystals that posses a thickness of 15-20 nm and
are embedded in a softer matrix material. Bones show mineral crystal like platelets of a few nm
thickness inside a soft collagen matrix. Nacre is formed by a brick and mortar like structure
with layers that are a few hundred nanometers in thickness. For all these composites, the
macroscopic loading is accommodated by complex load transferring mechanisms over several
hierarchy levels. Due to the nanoscaled nature of these elementary building components,
artificial reproduction of an entire multiscale composite of this kind is extremely difficult and
up to date an unsolved problem.
Nevertheless, many efforts have been made to mimic these materials which will be discussed

in the following. Here, the key idea is not to reproduce the entire micromechanical hierarchy,
but to solely consider the lowest scale by utilizing nanometer-sized inclusions. Although, only
27Monolithic CaCo3, which forms the basis of nacre, possess a fracture energy 3000 times less then nacre

itself, cf. [71].
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one length scale is considered, these synthesized nanoparticulate composites already show
promising properties, similar to the mechanical behavior of their natural role models. The
dominating effect in composites of that type is an extremely high ratio of inclusion surface area
to inclusion volume. Due to the large inclusion surface area, high loads can be transfered. Gao
et. al [71] conclude that this load transfer must be sustained by large tensile stress bearing
inclusions. Due to the flawless nature of the inclusions, tensile stresses are supported by
strong covalent or ionic bonds of the particulate material. The load transfer between particles
is sustained by the matrix material. Since the much softer matrix is not capable of resisting
high tensile loads, the deformation behavior must be shear dominated. To this end, the matrix
must tolerate a high shear deformation without fracture. Due to the high inclusion surface
area, the load transfer between the inclusions and the matrix is smooth. Stress concentrations
are kept at a level, tolerable for the matrix material. For maintaining the composite’s overall
stiffness must the matrix material ideally show isochoric characteristics.
A promising class of nanoparticulate materials in that sense are polymeric nanocomposites

(PNCs), see Vaia et. al [237] or Winey et. al [245]. Distinctive to this material class
is the polymeric matrix in which the nanosized fillers are embedded. Polymers consist of
macromolecules that are linked together to form a three-dimensional network of connected
polymer chains. These links are entanglements of the chains or covalent or ionic bonds. The
polymeric deformation behavior is initially dominated by the resistence of undulated polymer
chains against straightening also known as entropic-elasticity. In their bulky appearance
low (E = 0.1 − 10MPa for rubber) to moderate (E = 1000 − 3000MPa for polycarbonate)
Young’s moduli and a low (σy = 5−10MPa) to moderate tensile strength (σy ≈ 55−70MPa),
depending on the grade of cross-linking, is observable. To fulfill the requirements of a high
shear resistance, the polymers in nanocomposites must be highly cross-linked. An additional
fact that enhances mechanical properties of the matrix material, in a way suitable for their
application in nanocomposites, is a largely reduced molecular weight. The reduced molecular
weight emanates from the confined absolute space between the nanoparticles. Since nanofillers
show dimensions of only a few nm, the gaps between particles are in the same order of
magnitude. Therefore, the characteristic length of the interspaces between the particles, to
be filled with polymer chains, is very small. It is assumed that the polymeric network in a
nanocomposite possesses much shorter polymer chains, and hence a to the bulky equivalent
decreased mesh size is present [182]. Another problem concerns a mechanically sound adhesive
bond between the nanoparticles and the matrix. Fortunately, polymers offer the possibility to
be combined with various kinds of chemical structures that can be utilized to form adhesive
bonds (i.e. functional end-groups that form covalent bonds, ionic bonds, hydrogen bonds)
[138]. In combination with their good processability, polymers qualify as an excellent matrix
material in nanocomposites.
However, the manufacturing of a mechanically stable PNC, ready for engineering applica-

tions, still remains a major challenge. The most straightforward way of manufacturing this
kind of composite is accomplished by a layer by layer strategy with clay platelet-like inclu-
sions. These platelet-like inclusions possess extreme aspect ratios of α ≈ 50− 1000 [241], and
smoothly transfer tensile loads to the matrix. Tang et. al [225] manufacture such PNCs by
forming alternating layers of montmorillonite clay platelets and polyelectrolytes. The speci-
mens show a promising Young’s modulus of 11GPa. However, only very thin composite lay-
ers of a few µm in thickness can be produced with the suggested method. Liaqat et. al [142]
introduce a multilayered nanocomposite consisting of TiO2 platelets with 3-hydroxytyramine
substituted polymers in-between. The composite shows a Young’s modulus of 17.5GPa.
Here, the authors identify a strong adhesion between the polymers and the nanofillers as a
key feature for the composite’s integrity. Similarly, Podsiadlo et. al [182] manufacture a
PNC film. They utilize a polyvinyl alcohol polymer and montmorillonite clays. Different
manufacturing processes lead to an outstanding Young’s modulus of up to 106GPa.
However, the disadvantage of the mentioned approaches are the very thin resulting spec-
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imens. Additionally, due to the layered structure, an intrinsic anisotropy is introduced into
the material. All specified macroscopic material parameters and benefits of the composite
are restricted to this thin layer which results in only a minor importance for engineering
applications.
A more recent strategy that circumvents these difficulties represents the utilization of spher-

ical nanoinclusions. Due to the isotropic inclusions which are uniformly distributed in the
matrix, the composite does not have a predominant direction. Cho et. al [38] show that,
although the load bearing mechanisms of spherical inclusions are different to composites with
nanoplatelets, it is possible to enhance the mechanical properties of composites by utilizing
nanoscaled particles of aspect ratios α ≈ 1. To this end, the authors embed glass bead particles
and aluminum dioxide particles of varying diameters from 0.5mm to 15 nm in vinyl ester. By
utilizing an inclusion volume fraction of vf = 3%, they report an increasing Young’s modulus
with decreasing particle size for the nanometer range. In particular, the composite’s Young’s
modulus shows an increase of 15% w.r.t. the stiffness of the vinyl ester (Evinyl ester = 3.5GPa).
The manufactured specimens are in the dimension of several mm. However, due to difficulties
in the preparation process that lead to cluster formation of the particles, a decrease of the ten-
sile strength is reported. Furthermore, the effects of the nanofillers to the overall mechanical
properties are insignificantly small due to the low inclusion volume fraction.
The more recent work of Georgopanos et al. [74] overcomes these difficulties. As can

be seen in Fig. 7.2 (a), the authors are able to produce a PNC in the dimensions of a few
mm with much a higher inclusion volume fraction of vf = 60% by employing a sophisticated
manufacturing process. The composite consists of ceramic iron oxide particles embedded in
a polybutadien (rubbery) matrix. Microcompression and microbending tests yield Young’s
moduli in the range of 12 − 20GPa. If the typical Young’s modulus of rubber (Erub =
0.3MPa) is taken as reference, the nanofillers lead to an enormous increase of the Young’s
modulus by a factor of 66 · 103 w.r.t. the matrix stiffness underlining the promising potential
of this particular PNC.
However, the large scatter in the obtained stress-strain curves raise unanswered questions.

Experimentally, the composite is only subjected to compressive and bending loadings, leaving
the tensile behavior unknown. Furthermore, it is unclear what kind of microscopic deforma-
tion mechanisms involving the interplay between the matrix and the inclusions lead to the
macroscopic behavior. In the following, these questions are investigated by continuum me-
chanics based micromechanical simulations, demonstrating thereby the application potential
of the methods developed in the previous sections of this thesis. However, it has to be stated
that the following considerations are very close to the limit of continuum mechanics due to
the nanoscaled nature of the composite’s microstructure. Continuum mechanics, being a phe-
nomenological field theory, is based on smearing out the discrete nature of matter which only
makes sense if the number of discrete entities is large enough. However, continuum mechanics
often is a useful tool to yield acceptable qualitative statements even in these limits. Following
several continuum mechanical based works listed in the review article of Bernardo et al.
[20], it is assumed here that the micromechanical mechanisms are still possible to be described
via such an approach.

7.1. Model setup

Fig. 7.1 depicts the microstructure of the examined PNC composite on the nanoscale. The
stiff ceramic inclusions consist of iron oxide Fe3O4. As reported in [74], the particles’ radius
and the composite’s inclusion volume fraction are given by

dincl = 11 nm and vf = 60% . (7.1)

The micrograph of Fig. 7.2 reveals an amorphous arrangement of monodispersed particles. All
particles are surrounded by the polymeric matrix. Since the inclusion volume fraction is near
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Figure 7.1.: Microstructure of the nanoparticulate composite.

the random jamming limit, a perfect FCC arrangement of the particles can help to estimate
the average particle distance as 0.8 nm. The largest gap between particles in an idealized FCC
arrangement is 17.9 nm. These values give an estimation of the confined space to be filled with
the polymeric matrix. The polymeric chains of the matrix are attached to all particles via
their functionalized end-groups. These functionalized end-groups are of particular importance
since they form the link between the polymeric matrix and the ceramic inclusions. To this end,
the mechanically sound bonding is established by covalent bonds between the carbon atoms
of the end-groups and oxygen atoms of the ceramic inclusions. Georgopanos et al. [74] use
the industrially widely applied polymer polybutadien, also known as rubber, for the matrix
material. Its monomeric building unit is 1-3-butadiene. This monomeric unit is repeated n̄
times to form a polymer chain. Each monomer holds a double bond between two carbon
atoms in its non-cross-linked state. The cross-linking takes place through pressurizing the
specimens at a certain temperature. The temperature in combination with the pressure
breaks the double bonds apart and covalent bonds to neighboring chains are formed. Because
of the applied temperature, pressure and ample cross-linking agents in combination with the
confined available space, the polybutadien is highly cross-linked. Due to the covalent nature
of the cross-links, the polymer gains its final characteristics, making it suitable for the stable
formation of the PNC.
The micromechanical geometry is a key factor for the pursued simulations. Bernardo et

al. [20] give a comprehensive summary of advancements in the recent years on that topic for
PNCs. By far the most widely utilized RVEs are repeating unit cells incorporating only a
small amount of inclusions that make statistical statements impossible. The highest consid-
ered inclusion volume fractions are approximately vf = 20%. Some contributions consider
randomized RVEs generated with RSA algorithms which are not applicable to the PNC of
interest. Furthermore, Bernardo et al. [20] report only few studies incorporating the ma-
trix, the particles and the interfacial regions. However, they conclude the indispensability to
model the matrix-particle interface for realistic results. These facts motivate the setup of a
randomized RVE explicitly incorporating the matrix, the particle and the interfacial region.
According to experimental micrographs depicted in Fig. 3 (a), the Lubachevsky-Still-

inger-algorithm, see Sec. 3.2, is chosen for RVE generation. Every RVE holds 25, 50 or 100
inclusions. To get a statistical statement, 10 realization are generated per RVE setting. Fig.
7.2 (b) exemplarily depicts an example RVE with 25 inclusions. Exploiting Eq. (2.39), this
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Figure 7.2.: Modeling approach: experimental micrographs (a), RVE (b), periodic FE dis-
cretization featuring 157051 linear tetrahedral elements (c). Experimental images
taken from [47] and [74].

gives the following microstructural control parameters
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with the inclusion radius rincl, the volume of a single inclusion vincl and the total number of
inclusions nincl. All RVEs are periodically discretized by approximately 1.5 · 105, 2.8 · 105 or
3.5 · 105 linear tetrahedral elements depending on the number of inclusions nincl, see Fig. 7.2
(c). To account for interfacial effects, the mesh is densified at the particle shells, resulting in an
inhomogeneous discretization. In particular, all particles are meshed such that each surface
shell possesses at least 1000 triangles. Cohesive behavior between the inclusion and the
particles is taken into account by utilizing zero thickness cohesive interfaces. The automatic
insertion of zero thickness cohesive interfaces into an existing mesh is not a trivial task. An
algorithm that automatically conducts this task is developed in App. A.6. All RVEs are
subjected to compressive and tensile loadings in the scope of PBC. The commercial finite
element software Abaqus is used to conduct all simulations.

7.2. Material modeling

The experimental findings of the compression tests in [74] show macroscopic strains up to 6%
accompanied by macroscopic stresses of 300 − 900MPa. Due to the extremely high stiffness
ratio of the inclusions w.r.t. the matrix material in combination with the high inclusion volume
fraction, it is assumed that the gross of the macroscopic deformation must be maintained
by locally large deformations of the matrix, which motivates a finite deformation setting.
However, the stiff inclusions are sufficiently describable by the linear-elastic limit case of any
non-linear constitutive law. Hyperelasticity is assumed for either material, see Eq. (2.33).
To that end, Abaqus offers the UHYPER subroutine interface, to formulate user defined
materials. If the dependence of the free energy %0ψ on the second invariant is omitted and an
additive split into an isochoric and volumetric part is assumed, the following quantities must
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be specified in the subroutine:

%0ψ(Ib̄, J),
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7.2.1. Nanoparticles

The Neo-Hookean form of the specific free energy is chosen to describe the deformation
behavior of the nanoparticles via
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J

]
,

∂2%0ψ

∂J2
=
K incl

0

2

[
1 +

1

J2

]
,

∂3%0ψ

∂J3
= −K

incl
0

J3
.

(7.5)

µincl0 represents the initial shear modulus andK incl
0 the initial bulk modulus. Since experiments

of iron-oxide in the nanoscaled state are not available in the literature, the linear-elastic
material parameters of its bulky state are taken and listed in Tab. 7.1. The utilization

Table 7.1.: Material parameters for the inclusion material taken from Georgopanos et. al
[74].

Eincl in [MPa] νincl µincl0 in [GPa] K incl
0 in [GPa]

163 0.3 62.7 135.8

of the Neo-Hookean form is motivated by the extreme phase contrast between particles
and matrix. In the composite deformation, the particles can be regarded as almost rigid.
Therefore, only the linear-elastic deformation behavior in form of the small-strain limit of any
non-linear material law, is of importance.

7.2.2. Polymeric matrix

Structural (statistical) constitutive formulations of polymeric materials often focus on the of
deformation of a single polymer chain. The approach is based on the assumption that the free
energy incorporates the change in configurational entropy of monomeric building units of the
polymer chain during deformation, see Fig. 7.3 (a) andRubinstein [191]. The simplest model
to describe these configurations in a statistical manner is the freely-jointed chain model. It is
assumed that a polymer chain consists of rigid subunits that are joined by perfectly flexible
hinges making them orientationally independent from each other, see Fig. 7.3 (b). Due to the
nature of the atomic bonds between monomers, which entail bond angles and certain bond
stiffnesses, the segment length LK of these subunits is larger than a monomeric building unit.
Therefore, a chain is constructible of NK effective repeating units each of length LK . Here,
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Figure 7.3.: Modeling of polymer chains: (a) original chain, (b) freely jointed chain model and
(c) extension of Mao et al. [155].

LK is the Kuhn length and gives a measure of the statistical segment length. The contour
length rmax of the entire chain is then given by

rmax = NKLK . (7.6)

For polybutadien Rubinstein et al. [191] or Fetters et al. [60] report a Kuhn length
of LK ∈ [0.83 nm..0.96 nm]. Considering the confined available space between the particles,
this gives a NK in the range from 1 to 18. Typically, NK is much larger to allow statistical
derivations of the free energy. In the following, it is assumed that NK is still large enough to
fulfill the requirements of statistical considerations.
To establish a relation between the chain force F and the end-to-end distance r, a free

energy ψch must be formulated. The desired relation between the chain force F and the
end-to-end distance r is then given by

F (r) =
∂ψch(r)

∂r
. (7.7)

Various suggestions on how to choose ψch exist in the literature [191]. These models may rely
on the mentioned freely-jointed chain model in combination with Gaussian or non-Gaussian
statistics [135] or extend to the consideration of bond stiffnesses and valence angles. In the
present study, it is of particular importance to model the chain-behavior up to the limit
of a fully stretched chain. Due to the rigidity of the Kuhn segments, a pronounced chain
stretching must go along with a progressive stiffening. A sophisticated model, especially
suitable for highly stretched and stiff polymers, is the Worm-Like-Chain (WLC). This model
can be understood as an extension to the freely-jointed chain model incorporating the bond
stiffness between segments. A widely used interpolative approximation to the WLC model is
the suggestion by Marko et al. [157] via

ψch =
kBTrmax

4LP

[
2λ2

r −
1

1− λr
− λr

]
+ ψch0 and

F =
∂ψch

∂r
=
kBT

4LP

[
4λr +

1

[1− λr]2
− 1

]
.

(7.8)

Here the relative chain stretch λr = r
rmax

, the Boltzmann constant kB, the absolute temper-
ature T , the persistence length LP and initial energy ψch0 are introduced. ψch0 is a constant
to ensure ψch(λr = 0) = 0. LP is a length over which tangent vectors of the chain become
decorrelated.28 For an ideal chain (non-interacting segments) the persistence length is half
the Kuhn length such that

Lp =
1

2
LK . (7.9)

28The persistence length is often used to describe semi-flexible polymers and incorporates rotational-isomeric-
states, stiffnesses of the links, helicity as well as the fact that real chains can never fold back onto itself.
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Eq. (7.8) shows a distinctive singularity as λr → 1, which reflects the limited extensibility of
the chain. With the help of statistical arguments it can be shown (random walk statistics) that
the undeformed root-mean-square end-to-end distance r0 of a freely jointed chain evaluates
to

r0 =
rmax√
NK

. (7.10)

Then the relative chain stretch λr is expressible via

λr =
r

rmax
=

r

r0

1√
NK

=
λch
λL

. (7.11)

For the sake of simplicity, the limit stretch λL =
√
NK is introduced in the former equation.

λch denotes the overall chain stretch and relates the actual end-to-end distance r to the
root-mean-square end-to-end distance of the undeformed chain.
It is important to point out that only for λr = 0 Eq. (7.8) gives a vanishing chain force.

However, Ogden et al. [168] state that λr ∈ [1/
√
NK ..1]. This restriction leads to a non-

vanishing chain force in the initial state, where the end-to-end distance takes the length of the
undeformed root-mean-square r0. These two viewpoints are somewhat contradictory and state
a conceptual problem. On the one hand, F (λr = 0) = 0 goes along with a mathematical sound
formulation that gives zero forces for zero deformation. From an engineering perspective, this
is the desired behavior. On the other hand, the non-vanishing initial force in the initial state
for F (λr = 1/

√
NK) 6= 0 is explainable by the random motion of the chain segments due to

an associated thermal energy fluctuation of the polymer chain at finite temperatures. From
a statistical physics point of view, the latter argument is more appealing. Only for very
large NK the initial force approaches zero and both viewpoints merge. This fact eases the
discrepancy and makes the introduced error of a non-vanishing but small initial chain force
acceptable.
Up to this point, only entropic contributions are considered. However, if the chain is

highly stretched up to its contour length Rmax, energetic contributions emanating form bond
deformations dominate the mechanical chain response, see Lake et al. [136]. To incorporate
an energy-elastic part into the free energy, Mao et al. [155] suggest to introduce flexible
Kuhn segments. Fig. 7.3 (c) depicts this idea. The rigid links are substituted by spring-like
elements. The length of every segment in the deformed state follows the kinematic relation

lK = λbLK . (7.12)

Here, LK denotes the initial length of the Kuhn segment, lK denotes the current length of
the Kuhn segment and λb represents the bond stretch. This assumption assumes that all
segments stretch in the same manner, resulting in a single λb valid for all chain segments. To
this end, the limit stretch λL in Eq. (7.11) is substituted by λLλb such that

λr =
λch
λLλb

. (7.13)

Consequently, the locking chain stretch changes in the course of deformation. The energetic
contribution of a single Kuhn segment is then chosen to depend quadratically on the loga-
rithmic bond strain εb = ln(λb) via

ψen
K =

1

2
Ebchε

2
b =

1

2
Ebch ln(λb)

2 . (7.14)

Here, Ebch is a material parameter of dimension energy that represents the stiffness of the
bonds. With LP = 1

2LK = 1
2
rmax
NK

the free energy of the entire chain is given by

ψch = ψen
ch + ψent

ch = λ2
L

1

2
Ebch ln(λb)

2 +
kBT

2
λ2
L

[
2λ2

r −
1

1− λr
− λr

]
+ ψch0 . (7.15)
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Utilizing the principle of minimum energy, to ensures extremality of the free energy, gives the
implicit equation

∂ψch

∂λb
= 0 (7.16)

to determine the internal variable λb.
To embed the described single chain model in a continuum mechanical framework, a tran-

sition from the single chain deformation to a continuous deformation must be established.
Advanced methods assume the existence of representative network structures [26]. Fig. 7.4
(a) depicts the network structure of one of the most successful models in the initial state, the
eight-chain Arruda-Boyce-model [6]. Corners of an infinitesimal volume element with edge

Figure 7.4.: Eight chain Arruda-Boyce model [6]: Deformation from the initial state of an
infinitesimal volume element (a) to the deformed state (b).

length dl are connected by eight chains of length
√

3
2 dl. All chains link together at the cube

center. In the deformed state, see Fig. 7.4 (b), all chains stretch to a length of
√
λ̄2

1+λ̄2
2+λ̄2

3

2 dl,
where λ̄1, λ̄2 and λ̄3 are the principle stretches of the isochoric deformation gradient. Then,
the chain stretch is

λch =

√
λ̄2

1+λ̄2
2+λ̄2

3

2 dl
√

3
2 dl

=

√
λ̄2

1 + λ̄2
2 + λ̄2

3

3
=

√
Ib̄
3
. (7.17)

As a first step towards the continuum mechanical formulation of the free energy, λch is
substituted in Eq. (7.13). In addition, the free energy ψch of a single chain has to be
transfered to an energy density by a multiplication with the amount of polymer chains per
reference volume Nch. The free energy density then reads

%0ψ = Nchψch = λ2
L

1

2
NchE

b
ch ln(λb)

2 +Nch
kBT

2
λ2
L

[
2λ2

r −
1

1− λr
− λr

]
+ %0ψ0 . (7.18)

ψ0 is a constant to ensure a vanishing free energy in the undeformed state. An extension with
a standard volumetric free energy contribution that accounts for volume changes of the bulk
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material, brings

%0ψ =
1

2
Ebλ2

L

[
ln(λb)

2 − ln(λinib )2
]

+ µλ2
L

[
B(λr)−B(λinir )

]
+
KMatrix

0

2

[
J2 − 1

2
− ln(J)

]
,

B(λr) =2λ2
r −

1

1− λr
− λr and

λr =
λch
λLλb

.

(7.19)

Here, the abbreviation µ = Nch
kBT

2 , Eb = NchEb and the function B(λr) are introduced for
convenience.29 %0ψ0 is replaced by terms involving the initial bond stretch λinib and the initial
relative stretch λinir = 1

λLλ
ini
b

to ensure vanishing free energy density at the undeformed initial
state. These quantities must be computed a priori.
To obtain the required derivatives of Eq. (7.3) the solution of Eq. (7.16) and computation

of λinib is necessary. Following the detailed derivations of App. A.5 brings

∂%0ψ

∂Ib̄
=
µ

6
λ2
Lλ
−2
ch λrB

′(λr)

∂2%0ψ

∂I2
b̄

=
1

2

[
µ

3
λ2
L

[
B′(λr) + λrB

′′(λr)
] ∂λr
∂λch

− 2

3
µλ2

Lλ
−3
ch λrB

′(λr)

]
1

6

1

λch

∂%0ψ

∂J
=
KMatrix

0

2

[
J − 1

J

]
∂2%0ψ

∂J2
=
KMatrix

0

2

[
1 +

1

J2

]
∂3%0ψ

∂J3
= −K

Matrix
0

J3

(7.20)

with
B′(λr) = 4λr +

1

[1− λr]2
− 1 and B′′(λr) = 4 +

2

[1− λr]3
. (7.21)

µ and the term ∂λr
∂λch

are numerically computed in the course of the non-linear equation solution
process.

Material parameters

To complete the formulation of the matrix material the material parameters µMatrix
0 , KMatrix

0 ,
NK and Eb must be specified. Retrieving these parameters is not a trivial task since the
matrix material experiences a condition not comparable to its bulky state. The confined,
nanometer scaled space between the nanofillers results in an entropic parameter NK which
differs from its macroscopic version. It is unclear how strong the chains are linked, whether
or not chain entanglements are comparable to the ones found in the microstructure when the
material is produced at macroscopic quantities or if chain segments can still be treated as
ideal (no interaction phenomena between the segments). At the moment, no experimental
findings are available that offer material data of polybutadiene in a such nanoscale condition.
However, the monomeric building units are identical for a nanoscaled material sample or
the bulk material. Therefore, it is reasonable to assume that the deformation mechanisms

29 The free energy density of Eq. (7.19) can be written in a more general form by using the function B(λr).
If B(λr) = 3λ2

r − 3, the free energy simplifies to the Neo-Hookean form. For B(λr) = λrβ + ln
(

β
sinh(β)

)
the free energy density turns into the suggestion of Kuhn et al. [135]. Here, β = L−1 (λr) denotes the
inverse Langevin function with L(λr) = coth(λr)− λ−1

r .
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are similar for both material states allowing their derivation from the ones associated with
macroscopic rubber specimens.
Initially, most engineering materials deform in a linear-elastic way. This deformation be-

havior is characterizable via linear elastic material parameters. For industrial rubber, the
initial shear modulus is reported as µMatrix

0 = 0.3MPa, see [7, 86].
The entropic chain entanglement is characterized via NK . Boyce et al. [26] or Kroon

[134] give valuable insights in the interpretation and adaptation of this parameter in the light
of macroscopic experiments.30 However, this value cannot be taken directly for the nanoscaled
matrix material. As reported by Georgopanos et al. [74], the utilized polybutadien shows
a tremendous reduction in the molecular weight and a reduced density compared to its bulky
counterpart. This goes along with much shorter effective polymer chains and, hence, a reduced
mesh size of the polymeric network. Therefore, the effective chain length Leff must be retrieved
by microscopic considerations.
In a polymeric network Leff is understood as the free contour length between two entan-

glement or cross-link points of the polymer chains. This length is available for entropic
straightening and identical to rmax such that

Leff = NKLK . (7.22)

To estimate Leff the eight-chain Arruda-Boyce network structure of Fig. 7.4 is assumed.
Then, the polymer density %PB can be computed via the mass mRVE of the cubical network
structure RVE and the cubical volume VRVE of a network structure RVE by

%PB =
mRVE

VRVE
=

8LAB%L
L3
cube

=
3
√

3%L
L2
AB

(7.23)

where %L is the length-related mass of the polymer chain, LAB is the effective contour length
of the eight-chain Arruda-Boyce network structure model and Lcube the edge length of the
cubical network structure RVE. %L is given by

%L =
mmono

Lmono
(7.24)

with the mass of a monomeric unit mmono and the length of a monomeric unit Lmono. Lech-
ner et al. [138] report the formula

Headgroup– (CH2 –CH––CH–CH2)n̄ –Headgroup

as the basic structure of polybutadien. Therefore, a monomer consists of one carbon double
bond of length Ldouble and three carbon single bonds of length Lsingle such that Lmono =
3Lsingle +Ldouble = 0.59 nm, see [93]. With the mass of a carbon atom mC and the mass of a
hydrogen atommH the monomeric mass evaluates tommono = 4mC+6mH = 8.98·10−23 g and
subsequently %L = 1.51 · 10−13 g/m. With the polymer density %PB = 9 · 105 g/m2, taken from
Georgopanos et al. [74], and LK ≈ 0.9 nm, LBC can be computed. However, the actual
effective length Leff is assumed to be related to LBC via a fitting parameter c to account for
approximative shortcomings of the eight-chain Arruda-Boyce network structure. These
shortcomings are non-ideal chain entanglements and cross-linking points or to few assumed
chains per network structure RVE. Here, c is chosen to be 0.97 and NK = 1.01 after extensive
numerical efforts.
The bond-stiffness parameter of the network is defined by Eb = NchE

b
ch, whereas Ebch

is related to the bond energy of the chain segments. Mao et al. [155] report a value of

30 It has to be mentioned that the free energy derived by Kuhn et al. [135] is utilized here. However, their
free energy form is very similar to the WLC since a singularity for λr → 1 is present. This allows drawing
analogies between both model variants. They report NK = 26.5 for industrial rubber which is retrieved
vie curve fitting from macroscopic experiments.
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Ebch = 60 eV for a C-C bond at T = 300K, gained by ab-initio simulations. Via

Eb

µ
=
NchE

b
ch

NchkbT
2

(7.25)

they compute values in the range of Eb = 500MPa for a given µ. However, µ corresponds
to the macroscopical initial shear modulus in their consideration, which is far too large for
rubbery materials. This makes the interpretation of Ebch and its associated conclusions ques-
tionable. In this work, Eb is considered a fitting parameter and chosen as Eb = 1000MPa
after several comparative computational simulations.
The remaining material parameter KMatrix

0 denotes the bulk modulus. Typically, polymeric
materials are modeled as incompressible, since the resistance to volumetric deformations is
much higher then to shear deformations. Nevertheless, a finite KMatrix

0 is considered here,
because the polymer matrix is deformed above the entropic limit. Energy elastic materials, e.g.
metals, are known to posses a bulk modulus in the range of their shear response. Therefore,

KMatrix
0 = 10Eb = 10000MPa (7.26)

is assumed.
For completeness Tab. 7.2 summarizes all material parameters for the polymer matrix.

Fig. 7.5 depicts the stress-strain relation of uniaxial tension. Clearly visible is the non-linear,

Table 7.2.: Material parameters for the matrix material.

µmatrix
0 in [MPa] Kmatrix

0 in [MPa] NK = λ2
L Eb in [MPa]

0.3 10000 1.01 1000

0.0 0.2 0.4 0.6 0.8 1.0
εH

0

100

200

300

400

σ
1
1

in
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P
a]

Figure 7.5.: Stress-strain curve of the matrix-material model.

entropic deformation in the beginning which smoothly transfers to a linear response relatable
to the energy-elastic regime.
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7.2.3. Matrix-inclusion-interface

Following the arguments of Dreyer et al. [47], carboxylate bonds between the nanoparticles
and the matrix are weaker then the covalent C-C bonds in the polymer chain and failure
occurs at the matrix-inclusion interface much more likely. Hence, this debonding dominates
the composite’s failure.
A general way of describing the interaction between the matrix interface and the inclusion

interface is the formulation of a cohesive zone model in form of a traction separation law, see
e.g. the summarizing article of Scheider [196]. This law establishes a relationship between
the surface traction ~t in the interface and the interface separation ~δ. The simplest form is
given by

~̄t = K · ~δ
[t̄n t̄s t̄t]

T = diag(Kn,Ks,Kt) · [δn δs δt]T
(7.27)

with the elastic normal traction t̄n, the first and second elastic shear tractions t̄s and t̄t as
well as the respective normal and shear separations δn, δs and δt. Here, (. . . ) denotes elastic
predictions computed by the elastic traction-separation behavior for the current separations
without damage. K is the uncoupled, elastic stiffness tensor including the normal and tan-
gential stiffnesses Kn,Ks and Kt. In the following, isotropic cohesive behavior is assumed
such that Kn = Ks = Kt = Kcoh. Inspired by continuum damage models, a damage variable
D ∈ [0..1] is introduced to model degradation. In particular, D is utilized to describe the
degradation of the cohesive stiffness. To this end, the tractions are substituted by

tn =

{
[1−D]t̄n t̄n ≥ 0

t̄n else
,

ts = [1−D]t̄s ,
tt = [1−D]t̄t .

(7.28)

The altered normal traction tn is formulated in a way such that degradation does not occur
for compressive loadings. Damage initiates if the maximum traction ratio reaches a value of
one. This criteria is modeled via

1 ≥ max

(
< tn >

tmax
n

,
ts
tmax
s

,
tt
tmax
t

)
(7.29)

with the maximum normal and maximum shear tractions tmax
n , tmax

s and tmax
t . Here, < · · · >

denotes the Macaulay brackets. Due to the assumed isotropy

tmax
n = tmax

s = tmax
t (7.30)

must hold. Damage evolution is described via the effective traction tm =
√
< tn >2 +t2s + t2t

and the effective separation δm =
√
< δn >2 +δ2

s + δ2
t to establish a multilinear mean traction-

separation course, as depicted in Fig. 7.6. This functional course is specified by the maximum
mean separation tmax

m , the critical mean separation δcm, the reduced maximum mean separation
αtmax
m and a corresponding mean separation δf1

m and δf2
m . δcm is defined through the linear-

elastic limit and computes to

δcm =
tmax
m

Kcoh
(7.31)

utilizing the maximum mean traction tmax
m . The first descending branch relates to the separa-

tion energy Γc. Γc represents the amount of dissipated energy after failure and is interpretable
as the triangle between the points (0, 0), (δcm, t

max
m ) and (δfm, 0). To ensure numerical stability

in form of a non-vanishing traction, a change in the degradation slope is introduced at δf1
m ,

which corresponds to a traction level αtmax
m . The final separation δf2

m specifies the point of total
fracture where D = 1 and the present traction vanishes. For max

(
<tn>
tmax
n

, ts
tmax
s

, tt
tmax
t

)
= 1, the
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Figure 7.6.: Employed multilinear traction-separation law.

evolution of the damage variable in dependence of the mean separation can be given explicitly
by

D =


δfm[δm−δcm]

δm[δfm−δcm]
δm ≤ δf1

m

δm[δfm−δcm][δ
f2
m −δ

f1
m ]−δcm[δfm−δ

f1
m ][δ

f2
m −δm]

δm[δfm−δcm][δ
f2
m −δ

f1
m ]

else
(7.32)

with δfm = Γc
2tmax
m

, δcm = tmax
m
K , δf2

m = βδf1
m and δf1

m = δfm − α[δfm − δcm]. Due to the simplicity
of the model, no evolution equations needs to be numerically integrated. In all simulations
α = 1

100 to reduce the remaining traction after the gross of damage. Furthermore, β = 1000
to ensure a numerically stable degradation to the fully separated state.
The described cohesive zone model is implemented via a surface based cohesive formulation

within the simulation software package Abaqus. In comparison to more versatile cohesive
elements, cohesive surfaces show increased numerical stability. Here, the traction separation
law is evaluated in an integral manner. Furthermore, it has to be mentioned that a degrading
material response is very likely to suffer from convergence difficulties due to a decreasing
material stiffness. Emerging singular stiffness matrices in the context of FE simulations is
a common problem. To ensure numerical stability, viscous regularization techniques can be
beneficially employed [150]. Here, an artificial damping is introduced by replacing D with a
viscous damage Dv that is defined by

Ḋv =
1

η
[D −Dv] (7.33)

with the damping factor or stabilization variable η. Eq. (7.33) is a generalization of the
well-known Duvaut–Lions viscoplasticity regularization. The introduced damping provokes
more compliant regions that show an increased damage evolution in terms of a locally higher
strain rate or damage rate to behave much stiffer. A quality criterion for negligible artificial
effects is a negligible viscous damage energy in comparison to the internal energy of the model.
Throughout all simulations the choice of η = 10−3 s proved useful.

Material parameters

The cohesive interface introduces a specific length scale in the modeling process that enters
via the critical separation δcm. In contrast to the other employed lengths (RVE edge length,
characteristic inclusion dimension), δcm is not a relative quantity. Therefore all parameters of
the cohesive zone model must comply with the employed units of the model, namely: [MPa]
for stresses and [LU] for length. Here, one LU is the edge length of the RVE.
To specify the critical separation, it is constructive to investigate covalent atomic bonds.

Typical, length of covalent atomic bonds lie in the range of Å [93]. Here, it is assumed that
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the critical separation is 1/10 of the bond length or 1/100 of the particle diameter such that

δcm =
1

1000
dincl = 0.011nm = 0.011 · 10−6 mm . (7.34)

This value correlates with the one in Bocko et al. [24].
The separation energies Γ0 of the considered nanoparticulate materials are not available

from experiments. However, [96] Heckel et al. conduct density functional theory simulations
for nanoparticulate materials with similar constituents (they investigate a titanium oxide -
carboxyl bond). They report separation energies in the range of Γ0 = 50meV

Å2
to Γ0 = 200meV

Å2

which roughly relates to Γ0 = 1.6 J
m2 . This separation energy applies to a cohesive surface

which is perfectly covered by bonded carboxyl groups. Such a perfect coverage is not realistic
since the manufacturing process will never be ideal. Dreyer et al. [47] report that the area
density of the polymeric material on the particle surface is reduced due to desorption. In
accordance with their results, Γ0 is reduced by the factor 1/10 such that

Γ0 = 0.16
J
m2

= 1.6 · 10−4MPamm (7.35)

is taken here.
No experimental data is available for the maximum traction. According to Ma et al. [151],

tmax is in the range of some 100 MPa. Supported by numerical simulations and a comparison
with the experimental results (see. Fig. 7.7)

tmax
n = tmax

s = tmax
t = 500MPa (7.36)

is chosen here.
Eventually, the cohesive stiffnesses Kcoh is given by

Kcoh =
tmax

δmc
= 4.5454 · 1010 MPa

mm
.31 (7.37)

Eventually, all length dependent quantities need to be adjusted to the considered RVE size
to comply with the RVE dimensions (edge length of 1 LU). To this end, the relation

1LU =
dincl

2

[
3

4

1

π

vf
nincl

]− 1
3

(7.38)

must hold and Tab. 7.3 summarizes the resulting material parameters

Table 7.3.: Utilized material parameters for the cohesive zone model.

nincl 25 50 100

tmax
n = tmax

s = tmax
t in [MPa] 500 500 500

δcm in [LU]·10−4 3.25 2.58 2.05

LU in [mm]·10−5 3.07 3.87 4.87

Γ0 in [MPa]·[LU] 5.21 4.13 3.28

Kcoh in [MPa]·[LU] ·106 1.39 1.76 2.22

30Due to the relatively small critical separation Kcoh evaluates very stiff. This high stiffness proves convenient
since the overall model stiffness is not influenced significantly.



120 7. Application to nanoparticulate composites

7.3. Results and discussion

7.3.1. Uniaxial compression

Fig. 7.7 depicts the experimental data adopted from Georgopanos et al. [74] together
with the numerically obtained macroscopic stress-strain behavior for uniaxial compression.
First to notice is the relatively wide spread of the experimental curves. The determined
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Figure 7.7.: Experimentally and numerically obtained macroscopic stress-strain curves for
uniaxial compression. The solid lines represent mean values and shaded areas
represent the standard deviation. The experimental data is adopted form Geor-
gopanos et al. [74].

Young’s modulus varies from 9.1GPa to 23.7GPa. Analogous, the total strength of the
composite varies in the from 270MPa to 850MPa at maximal strains from 3% to 5.5%.
Characteristic to the stress-strain curves is a linear regime in the beginning of the deformation
up to ε = 2%. Thereafter follows a smooth transition into the non-linear stress-strain regime
which is assumed to be accompanied by interface degradation. Total failure occurs very
sudden.
With regard to the computationally determined curves, a qualitatively good agreement with

the experiments can be observed. Tab. 7.4 lists the averaged macroscopic initial Young’s
moduli and their standard deviations w.r.t. the different RVE sizes. They are well within

Table 7.4.: Macroscopic initial Young’s moduli and standard deviation for compression.

nincl 25 50 100

ME11 in [GPa] 15.43± 0.33 13.98± 0.65 15.14± 0.78

the range of the experimentally determined ones. In accordance with the data from Geor-
gopanos et al. [74], stress degradation initiates at roughly |Mε11| ≈ 2%. All RVE variants
exhibit a stress maximum from 340MPa to 380MPa at a macroscopic strain of |Mε11| ≈ 3.6%.
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Since no failure mechanisms are considered for the matrix material, no total failure of the en-
tire RVE is observable. In accordance to the experiments only macroscopic strains up to 6%
are considered. It can be stated that the RVE setting and employed material parameters
are able to match the experiments to a satisfactory extend. Minor differences between the
mean responses w.r.t. the different RVE sizes are observable. However, the standard devia-
tion increases with the utilized number of inclusions per RVE. This effect is explainable by
the increased randomness of the particle arrangement for increasing RVE sizes. Depending
on the individual distances and relative particle positions damage initiates and evolves more
differently.
To study the local behavior, Fig. 7.8 depicts contour plots of the von Mises stress σeq,

the bond strain εb = ln(λb) and the interface damage D of one example realization per
investigated RVE size in the deformed state at |Mε11| = 6%. Due to the high stiffness of the
nanoparticles, the highest stresses are observable at material points of the inclusions. However,
more important for the composites strength are the stresses the polymer has to withstand.
Here, peaks occur in the vicinity of particles that are closest together. These stresses reach
values up to 400MPa to 500MPa independent of the RVE size and are correlated to the
maximum traction tmax.
The deformation behavior under tension is characterized by the formation of debonded

particles that show cavities lateral to the loading direction. These cavities emerge in a dis-
tributed manner depending on the interplay of locally different distances between particles
and their relative arrangement. The contour plots of the bond strain εb reveals shear bands
that are inclined by approximately 45° w.r.t. the loading direction. Within these shear bands
maximum bond strains up to 30% are observable. The shear bands provoke the particles to
slide off each other which in turn accommodates the macroscopic compression. Inspecting
the interface damage confirms the shear dominated local deformation behavior. The gross of
interface damage can be identified along the former mentioned shear bands. The peculiarity
of the shear deformation mode increases with the RVE size.
The shown results have been obtained by fitting the parameters tmax

n , δcm, Eb and Nk. In
the future these parameters should be computed via further simulations such as ab initio,
density functional theory simulations or molecular dynamics such that a more sound coupling
between microscopic phenomena to the continuum mechanical material laws is established.

7.3.2. Uniaxial tension

Fig.7.9 depicts the macroscopic-strain curves for uniaxial tension. The linear elastic response
transitions to a non-linear stress-strain course at Mε11 ≈ 1%. For Mε11 ≈ 3% the composite’s
strength is reached. Maximal bearable macroscopic tensile stresses range from 200MPa to
230MPa. Analogous to the compressive loading cases, no total failure of the RVE is observable
since no damage in the interconnected matrix is considered. Tab. 7.5 lists the averaged initial
Young’s moduli and their standard deviations. In comparison to the moduli obtained from

Table 7.5.: Macroscopic initial Young’s moduli and standard deviation for uniaxial tension.

nincl 25 50 100

ME11 in [GPa] 13.64± 0.21 12.44± 0.58 13.53± 0.55

the compression test a slight stiffness decrease of approximately 1.5GPa can be determined,
whereas standard deviation broaden for increased RVE sizes.
To study the local behavior under tensile loading Fig. 7.10 depicts contour plots of the von

Mises stress σeq, the bond strain εb = ln(λb) and the interface damage D of one example
realization per investigated RVE size in the deformed state at Mε11 = 6%. Again, the maxi-
mum stresses arise in material points of the nanoparticles. Similarly to compression, stresses
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Figure 7.8.: Different contour plots for one RVE realization per RVE size subjected to com-
pressive loading at a macroscopic strain of Mε = 6%: (a) von Mises stress σeq,
(b) bond strain εb = ln(λb) and (c) cohesive damage D on cohesive surfaces.

in the matrix reach their maximum in the vicinity of two adjacent particles. These stresses
range from 400MPa to 500MPa. However, the stress maxima in the matrix are locally more
concentrated in comparison to compression. The RVE size is not influencing maximal stresses
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Figure 7.9.: Macroscopic stress-strain curves for uniaxial tension. The solid lines represent
mean values and shaded areas represent the standard deviation.

in a significant way.
The deformation patterns are dominated by debonded particles with cavities in the loading

direction. Depending on the RVE size, locally distributed maxima of bond strains up to
20% are observable in the vicinity of adjacent particles. The strain pattern between these
particles can also be identified as shear bands. However, for small RVEs with nincl = 25, the
localized shear strains occur only between adjacent particle pairs. Such pairs are distributed
over the RVE. Larger RVEs entail a pronounced linkage of these particle strain pairs up to
a continuously evolving failure path. This path is inclined by 45° to the loading directions
and eventually separates the RVE (see Fig. 7.10 (b) nincl = 100). The interface damage
distribution also reflects this behavior. For smaller RVEs interface damage is distributed
more uniformly over the RVE whereas the large RVEs show a clear concentration of interface
damage along the failure path.

7.3.3. Discussion

In summary, it can be stated that the presented model is capable of qualitatively representing
the experimental findings related to composites consisting of a polymer matrix and ceramic
nanoparticles, cf. [74]. Different deformation mechanisms can be identified by the simulations
for tensile and compressive loadings. As a result, a slight tension-compression asymmetry of
the initial Young’s modulus can be confirmed by the simulations, cf. [74]. A pile-up effect
such that the stiff nanoparticles support each other bear the applied load results in stiffer
response under uniaxial compression. In combination with the shear dominated material
behavior of the polymeric matrix, the pile up effect leads to a tendency for the nanoparticles
to slide off each other. Due to the deformation of particles towards each other and a resulting
interface debonding lateral to the loading direction, the composite shows a higher material
strength under compression. For tension the particles do not support each other and scattered
debonding takes place in a much earlier stage of macroscopic deformation. Therefore, the total
strength decreases.
Another finding of the simulations is the necessity for relatively large RVEs. Although the
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Figure 7.10.: Different contour plots for one RVE realization per RVE size subjected to tensile
loading at a macroscopic strain of Mε = 6%: (a) von Mises stress σeq, (b) bond
strain εb = ln(λb) and (c) cohesive damage D on cohesive surfaces.

linear-elastic material behavior is captured equally well by either RVE size, this is not the
case for the interface failure patterns. Here, the localized failure patterns observable for the
RVEs with nincl = 100 are much more realistic. The formation of a single connecting path of
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debonded particle pairs can be interpreted as a macroscopic crack. This effect is amplified in
the tensile loading scenario. Furthermore, it is observable that the increased randomness of
the nanoparticle arrangement for large RVEs correlates with a broader deviation of the macro-
scopic stress-strain behavior. This increased randomness might be interpretable as imperfect
particle rearrangements that trigger damage initiation. Nanoparticles that possess distances
smaller than the idealized FCC arrangement are more exposed to stress concentrations and
interface debonding initiates in an earlier stage of the macroscopic deformation. However, the
larger scatter of the experimental results cannot be reproduced by the simulations. Probably
more profound imperfections exist in the real material. Nanoparticles may be partly or totally
detached from the matrix material, and, hence possess an imperfect bonding.





8. Summary and outlook

8.1. Conclusion

This thesis studies the computational modeling of randomized matrix-inclusions composites
using representative volume elements, shows ways to improve the integration into engineering
practice of this approach and eventually applies these methods to a polymer nanocomposite.
Here, the goal is to study and predict the macroscopic and microscopic mechanical deformation
behavior of the composite, that is, homogenization and localization. All developed methods
are highly automizable and can be seamlessly integrated into engineering practice.
The well-known controversy in the preprocessing of FE analysis to fulfill the desired con-

ditions of a fully periodic state-of-the-art RVE and simultaneously generate random RVEs
with a large number of complex (non-spherical) inclusions with acceptable effort, is tackled.
As a first step in the preprocessing, random placement procedures for ellipsoids, cylinders,
capsules, spheres and convex polyhedra are recapitulated. Here, the focus lies on the non-
trivial distance computation between the inclusion to ensure non-overlapping in a periodic
and non-periodic RVE setting. Suggested improvements to existing algorithms allow the fast
and reliable generation of microstructures featuring more than 100 inclusions, aspect ratios
up to α = 20 and inclusion volume fractions of up to vf = 20% by means of RSA algorithms.
The attainable inclusion volume fractions are limited due to the simplistic nature of RSA pro-
cedures. Extensions are highlighted by molecular dynamics inspired generation methods or
collective rearrangement methods. Comparing all generation methods via statistical proper-
ties of the RVEs such as orientation distributions and two-point correlation functions identifies
weaknesses and strengths of the employed methods.
The second stage in preprocessing is discretizing. Often identified as the bottle neck in set-

ting up an analysis, periodic meshing represents a major obstacle. This work proposes an algo-
rithm that is capable of automatically meshing three-dimensional, random, non-overlapping
matrix-inclusion RVEs by means of tetrahedral elements. The ensured periodicity of the
discretization allows a direct application of PBC. Key feature of the meshing process is a
hierarchical discretization approach starting from points, over line meshes and face meshes to
the final tetrahedralization. By differentiating between master and slave inclusions in combi-
nation with a successive processing of the geometric data, the algorithm proves very effective
and stable. Due its generality, modifications to all types of inclusions without any restrictions
are straightforward. The proposed algorithm is efficient, robust and automized. It produces
high quality meshes while keeping the total number of elements significantly lower then com-
parable softwares like Netgen, and hence, at a manageable minimum under computational
viewpoints.
The gained fully periodic RVEs comply with the state-of-the-art approach and act as a

reference solution for the subsequently conducted benchmark study. This benchmark study
quantitatively evaluates the questions: how important is the utilization of the cumbersome
state-of-the-art approach and what kind of inaccuracies entail from relaxations of that model
setup. A comparison of RVEs with different stiffness ratios of matrix and inclusions, non-
periodic and periodic microstructural topologies, periodic and non-periodic tetrahedral meshes
as well as structured voxel discretizations, KUBC and SUBC, APBC and PBC offers precise
insights in the mechanisms of computational micromechancis. Thereby also an improved way
of imposing APBC to non-periodic meshes in a practicable way, introduced. Exemplarily,
the gained RVEs are subjected to macroscopic uniaxial tensile and simple shear loadings em-
ploying linear elastic and non-linear elastic-plastic material behavior. Confirming the effects
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documented in the literature, it is found that KUBC are a potentially problematic choice
in homogenization leading to overly stiff responses whereas SUBC show a softer response.
KUBC and SUBC may, however, be simple and viable alternatives for specific phase contrast
between the matrix and the inclusions. On the one hand KUBC show superior performance
at low stiffness ratios, whereas SUBC are more suitable for high stiffness ratios. The nov-
elty of the results unfolds in the analysis of the behavior of non-periodic and periodic RVEs.
It reveals that no significant differences are observable between both variants such that the
benefit of applying a periodic topology is highly questionable. Finally, it is found that APBC
represent a veritable way of applying PBC to non-periodic RVEs in a fashion very accessible
to engineering practice.
Eventually, applicability of the methods is demonstrated in the analysis of a novel polymer

nanocomposites consisting of randomly distributed monodispersed, spherical, ceramic iron
oxide particles which are embedded in a polybutadiene matrix. To represent the superior
properties of this composite, such as a high stiffness and a high strength in combination
with a low weight, emanating from the microstructure, a sophisticated model is developed. In
particular, the material model suggested in [155, 223] is adopted to capture the entropy-elastic
and energy-elastic deformation regime of the polymer. Detailed numerical analyses of the
employed material model allows a fast and stable solution of the arising non-linear equations.
Furthermore, the incorporation of the particle-matrix interface failure via a cohesive damage
model reveals as a necessary condition to match experimental results of compression tests. By
using physically meaningful material parameters, which are calibrated against experimental
findings of compression tests, the local behavior is analyzed. It is found that the macroscopic
deformation behavior results from the formation of local shear bands between a single layer
of inclusions whereas debonding occurs equally likely in the entire RVE. These characteristic
deformation patterns reveal valuable insights in the composite’s micromechanics.

8.2. Outlook

The numerical investigation of matrix-inclusion composites is a vital element of modern engi-
neering. Due to the constant development of new material classes, with polymer nanocompos-
ites as one of the more recent examples, there is a pressing need to understand the microme-
chanical behavior of these materials. To this end, the generation of RVEs and subsequent
micromechanical analyses are an important component.
In order to analyze more realistic microstructures, it is possible to extend the generation

methods introduced in Ch. 3 to arbitrary non-convex inclusions and feed the RSA approaches
by random distributions gained from experimental data. However, the distance or contact
computation of arbitrary shapes requires a discretization of the particles and/or complex
contact simulations [249], which are not yet suitable to be seamlessly incorporated in the
engineering practice. One of the major challenges remains the truly random generation of
RVEs in combination with a high inclusion volume fraction. To this end, the proven methods
need to be extended by more versatile shapes than spheres. Exemplarily, Gohessein et
al. [77] alter the original Lubachevsky-Stillinger-algorithm by utilizing ellipsoids. The
developed methods of this thesis to compute distances between cylinders is a viable option to
be likewisely utilized in the Lubachevsky-Stillinger-algorithm for the generation of high
inclusion volume fraction RVEs with cylindrical inclusions.
To further increase the feasibility of randomized RVEs in the scope of FE analyses, (peri-

odic) mesh generation of non-convex shapes needs to be considered as well. Although, very
recent contributions, see e.g. [141], offer ways of generating conforming and non-conforming
meshes of arbitrary shapes in an automated manner, the problem of an excessive number of
elements remains. The application of the Alg. 4.2 to non-convex particle shapes should be
straightforward and represents a remedy to the inconveniently large mesh sizes of [141]. In
addition it is worth mentioning that a parallelized implementation of the hierarchical meshing
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procedure is straightforward and capable of generating a considerable speed-up in the case of
very large RVEs with more than 100 inclusions.
Such large RVEs might be an unavoidable choice for the investigated polymer nanocom-

posite of Ch. 7. As an extension to the current state of modeling, the incorporation of
imperfections seems to be a necessary condition to capture the large spread of the experi-
mentally documented deformation behavior. Assuming scattered non-perfect particles, with
already debonded interfaces, could explain the diverse stiffnesses and material strengths ob-
served in microcompression and microbending tests. To this end, RVEs with a large number
of inclusions are required. A promising option to capture non-ideal characteristics of the mi-
crostructure seems the removal of individual particles, while keeping the total, experimentally
verified, inclusions volume fraction constant. Subsequent statistical analyses over a variety of
RVEs should then represent a good tool to evaluate and explain the large spread. Considering
continuum damage for the polymeric matrix can be beneficial to describe the entire degra-
dation of the composite up to total failure. Existing, physically motivated damage models
for polymeric materials, see e.g. [223], promise to give valuable insights into the formation of
local failure and deformation patterns. To further understand the micromechanical character-
istics of these polymer nanocomposite, it is worth investigating the interplay of the competing
mechanisms of debonding and continuum damage.
In conclusion, it can be stated that the provided methods and models form a sophisticated

base to investigate matrix inclusion composites in a systematic and automated manner, com-
plying with and extending the state of the art. In particular, the investigation of one of the
most promising material classes of the presence, PNCs, shows high relevance and can act as a
starting point to further understand, improve and optimize this composite on a microscopic
level.





A. Appendix

A.1. Linearization of hyperelasticity

Isotropic hyperelastic material models are formulated by postulating the free energy density
%0ψ via the three tensor invariants of the right or left Cauchy-Green stretch tensors C or b.
For a sophisticated material law, the stress-strain relation must coincide with the linear-elastic
Hooke’s law σ = C : ε in the limit of infinitesimal kinematics. To this end, a derivation of
this limit case for identifying initial material parameters, accessible via experiments, is given
in the following. Assuming

%0ψ = %0ψ
iso(Ib̄) + %0ψ

vol(J) (A.1)

leads to

σ = 2J−1∂%0ψ
iso(Ib̄)

∂Ib̄
b̄′ +

∂%0ψ

∂J
1 . (A.2)

%0ψ is a non-linear function and therefore entails a non-linear stress-deformation behavior.
Consequences are deformation dependent tangent bulk and shear moduli, c.f. [161, 206].
To encircle consistency and a relation of the utilized (non-linear) material parameters with
the linear-elastic ones follows by inspecting the linearized version of Eq. (A.2). A linear
Taylor-series expansion of Eq. (A.2) at the initial configuration F = 1 results in

σ = σ
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b=1
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b=1
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The infinitesimal strain tensor ε relates to b via

b = 1 + ~∇(~u) + ~∇(~u)T + ~∇(~u) · ~∇(~u)T = 1 + 2ε+ ~∇(~u) · ~∇(~u)T . (A.4)

The derivative in Eq. (A.3) computes to

∂σ

∂b
=
∂2%0ψ

∂J2

J

2
1⊗ b−1

+ 4J−1∂%0ψ

∂Ib̄

[
1
S − 1

3
1⊗ 1

] [
J−2/3

1
S − 1

3
b̄⊗ b−1

]
+ 4J−1∂

2%0ψ

∂I2
b̄

b̄′ ⊗ [J−2/31− 1

3
Ib̄b
−1]

− 2J−1∂%0ψ

∂Ib̄
b̄′ ⊗ b−1

(A.5)
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For the initial configuration, which is chosen to be stress free,

σ
∣∣
b=1

= 0 (A.7)

must hold. Furthermore, the first order term in Eq. (A.3) becomes
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since b̄′ = 0, J = 1 and b̄ = 1 such that the elastic material law reads
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Comparison with the elasticity tensor for isotropic materials C = K01⊗1+2µ0

[
1S − 1

31⊗ 1
]

brings the desired initial (for F = 1) or tangent moduli
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A specific choice of the free energy may then be calibrated against these initial moduli which
are often measured in experiments.

A.2. Computation of the two-point correlation function by
Fourier transforms

The two-point correlation function of phase i for statistically homogeneous media under the
assumption of ergodicity is given by

S
(i)
2 (~r ) = lim

B0→∞

1

V0

∫
B0

I(i)( ~X)I(i)( ~X + ~r)dV. (A.11)

Eq. (A.11) is quite similar to a convolutional integral, except for the sign of the second indi-
cator function. The convolution theorem states that the Fourier transform of a convolution
of two functions is the pointwise product of their Fourier transforms. Inspired by this fact,
a derivation of the relation between the Fourier transforms of the indicator function and
the two-point correlation function is given in the following. To assign integration variables to
their associated infinitesimal volume elements, the following indexed notation is utilized:

~X, ~Y, ~Z,~r, ~ω → dVX , dVY , dVZ , dVr, dVω . (A.12)

The Fourier transform of a function h( ~X) and its inverse transformation are given via
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∫
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~XdVX and

h( ~X) = F−1(H)( ~X) = lim
Bω→∞
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~XdVω

(A.13)

where Bω is the domain in the Fourier space. Since the indicator function I(i) is a real
valued function, Eq. (A.11) is expressible via I(i) and its complex conjugated version I(i)∗

such that
S

(i)
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1
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The variable substitution ~X = ~Y − ~r and dVX = dVY yields
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which is subjected to a Fourier transform such that
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Substituting ~r = ~Z + ~Y and dVr = dVZ followed by a rearrangement of the integrals leads to
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The first term in Eq. (A.17) can be simplified by the substitution ~X = ~−Z and dVX = −dVZ
such that
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Due to the fact that the integration limits must also be subjected to this variable change and
the relation
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the negative sign in dVX = −dVZ cancels out by transforming back the integration limits.
For complex conjugated numbers a∗b = (ab∗)∗ and (eiϕ)∗ = e−iϕ must hold. Therefore, the
final form of the Fourier transform of the two-point correlation function is given by
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The Fourier transform of the two-point correlation function can be computed by the point-
wise product of the Fourier transform of the indicator function and its complex conjugate
version. This product is also called power spectral density. The inverse Fourier transfor-
mation gives the requried two-point correlation function via
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If the indicator function is periodic, e.g. in the case of a periodic RVE, it is sufficient to
conduct the integrals over this periodic region only such that

S
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holds.

A.3. Kinematic and kinetic conclusions from averaging volume
integrals over the RVE domain

In micromechanics it is often beneficial to substitute a volume integral over the entire RVE
domain B0 by a surface integral over the entire RVE boundary ∂B0. The macroscopic defor-
mation gradient MF is defined via

MF =
1

VRVE

∫
B0

F dV0 =
1

VRVE

∫
B0

~∇X(~x) dV0 . (A.23)
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By employing Gauß’s integral theorem, the gradient operator is eliminated such that
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~x⊗ ~N dA0 . (A.24)

Similarly, the macroscopic 1. PK stress defined by

MP =
1
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∫
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P dV0 (A.25)

can be evaluated in terms of a surface integral. To this end, the following manipulations are
conducted:
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VRVE

∫
B0

[
PT · ~∇X( ~X)

]T
dV0

=
1

VRVE

∫
B0

[
−~∇X · PT ⊗ ~X + ~∇X ·

[
PT ⊗ ~X

]]T
dV0 .

(A.26)

Since the microscopic balance of momentum ~∇X · PT = ~0 holds, the integral theorem of
Gauß is applicable and

MP =
1

VRVE

∫
∂B0

~X ⊗ P T · ~N dA0 =
1

VRVE

∫
∂B0

~X ⊗ ~p dA0 . (A.27)

In FE simulations, the continuous integrals need to be substituted by sums of discrete nodal
or element related values. For the macroscopic deformation gradient, this yields

MF =
1

VRVE

∫
B0

F dV0 =
1

VRVE

∫
∂B0

~x⊗ ~N dA0

=
1

VRVE

∞∑
i

lim
∆V0i→0

F ∆V el
0i =

1

VRVE

∞∑
i

lim
∆A0i→0

[
~u i + ~Xi

]
⊗ ~Ni ∆A0i

≈ 1

VRVE

nel∑
i

F i V
el

0i ≈ 1

VRVE

nb∑
i

[
~u i + ~Xi

]
⊗ ~NiA

el
0i

(A.28)

with the intial volume V el
0i

of element i, the element surface Ael
0i
associated to node i at the RVE

boundary and the total amount of elements nel. The volume integral can be evaluated directly
conducting a sum over all elements. Contrary, the surface integral requires a summation over
all nb nodes on the boundary whereas associated element surface areas Ael

0i
can be cumbersome

to obtain.
Similarly, the macroscopic 1. PK stress can be evaluated via

MP =
1

VRVE

∫
B0

P dV0 =
1

VRVE

∫
∂B0

~X ⊗ ~p dA0

=
1

VRVE

∞∑
i

lim
∆V0i→0

P ∆V0i =
1

VRVE

∞∑
i

lim
∆A0i→0

~Xi ⊗ ~p i ∆A0i

≈ 1

VRVE

nel∑
i

P i V
el
0i

=
1

VRVE

∞∑
i

~Xi ⊗ lim
∆A0i→0

∆~F i

∆A0i

∆A0i ≈
1

VRVE

nb∑
i

~Xi ⊗ ~Fi

(A.29)

with ~F i being the nodal force of node i at position ~Xi on the RVE boundary. Here, the surface
integral formulation is of particular advantage since solely a summation of the outer product
of nodal coordinates and nodal forces is required. These quantities are a direct outcome of
the simulation.
However, for PBC the sum over all boundary nodes can be further simplified by taking

advantage of the kinematic constraints and associated constraint forces. For demonstration
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Figure A.1.: Free body diagram of a two-dimensional square-shaped RVE and the reference
nodes Rx and Ry. All constraint forces and external forces are visible.

purposes, the two-dimensional case is elaborated in the following. Fig. A.1 depicts a schematic
representation of a free body diagram of a square RVE and the reference nodes Rx and Ry.
The forces ~FRx and ~FRy are reaction forces emerging from prescribed displacements ~uRx and
~uRy at the reference nodes to accommodate MF . The remaining forces are correlated to the
kinematic constraints, described in the following.
In analogy to the three-dimensional case, see Sec. 5.3, kinematic constraints are formulated

for nodes on the RVE boundary. These constraint and correlated constraint forces are listed
in the following:

~uPx1 − ~uPx0 = ~uRx ↔ ~F
Px1
i , ~F

Px0
i , ~FPxi (A.30a)

~uPy1 − ~uPy0 = ~uRy ↔ ~F
Py1
j , ~F

Py0
j , ~F

Py
j (A.30b)

~uLx1y0 − ~uLx0y0 = ~uRx ↔ ~F
Lx1y0
x , ~F

Lx0y0
x , ~F

Lx1y0
Rx

(A.30c)

~uLx0y1 − ~uLx0y0 = ~uRy ↔ ~F
Lx0y1
y , ~F

Lx0y0
y , ~F

Lx0y1
Ry

(A.30d)

~uLx1y1 − ~uLx0y0 = ~uRx + ~uRy ↔ ~F
Lx1y1
xy , ~F

Lx0y0
xy , ~F

Lx1y1
Rx

, ~F
Lx1y1
Ry

(A.30e)

Every kinematical quantity ~u in Eq. (A.30) entails a corresponding reaction force, acting at
the position of the constraining degree of freedom, namely somewhere on the RVE boundary
or the two referential nodes.
To simplify Eq. (A.28), the summation over all boundary nodes is divided in a sum over
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opposing boundaries such that

MF =
1

VRVE

[ nxb∑
i

[
~u
Px1
i + ~Xx1

i

]
⊗ ~Nx1

i Ael
0i +

nxb∑
i

[
~u
Px0
i + ~Xx0

i

]
⊗ ~Nx0

i Ael
0i

+

nyb∑
j

[
~u
Py1
i + ~Xy1

i

]
⊗ ~Ny1

i A
el
0i +

nyb∑
j

[
~u
Py0
i + ~Xy0

i

]
⊗ ~Ny0

i A
el
0i

] (A.31)

holds. Since the corner nodes have a vanishing associated boundary surface, terms including
corners do not appear in (A.31). By means of of the kinematic constraints (A.30a) and
(A.30b) and the anti-periodicity conditions of opposing normal vectors, see Eq. (2.58), a
further simplification yields

MF =
1

VRVE

[ nxb∑
i

[
~u
Px1
i − ~uPx0

i + ~Xx1
i − ~Xx0

i

]
⊗ ~Nx1

i Ael
0i

+

nyb∑
j

[
~u
Py1
i − ~uPy0i + ~Xy1

j − ~Xy0
j

]
⊗ ~Ny1

j A
el
0i

]

=
1

VRVE

[ nxb∑
i

Ael
0i

[
~uRx + ∆ ~Xx

]
⊗ ~Nx1 +

nyb∑
j

Ael
0j

[
~uRy + ∆ ~Xy

]
⊗ ~Ny1

]
.

(A.32)

Here, the relations ∆ ~Xx = ~Xx1
i − ~Xx0

i and ∆ ~Xy = ~Xy1
i − ~X

y0
i are introduced. Since the normal

vector ~N is constant on each side of the RVE, the normal vector of the Px1-side is given by
~Nx1 = ~Nx1

i = − ~Nx0
i and the normal vector of the P y1-side is given by ~Ny1 = ~Ny1

i = − ~Ny0
j .

Furthermore, the summation over all elements surfaces Ael
0 are expressible via

nxb∑
i

Ael
0i = ||∆ ~Xy||2 and

nyb∑
j

Ael
0j = ||∆ ~Xx||2 . (A.33)

With VRVE = ||∆ ~Xx||2||∆ ~Xy||2, Eq. (A.32) eventually reduces and the macroscopic defor-
mation gradient is given by

MF =
1

||∆ ~Xx||2
[~uRx + ∆ ~Xx]⊗ ~Nx1 +

1

||∆ ~Xy||2
[~uRy + ∆ ~Xy]⊗ ~Ny1 (A.34)

which is straightforward to extend to the three-dimensional case for a cuboidal RVE:

MF =
1

||∆ ~Xx||2

[
~uRx + ∆ ~Xx

]
⊗ ~Nx1

+
1

||∆ ~Xy||2

[
~uRy + ∆ ~Xy

]
⊗ ~Ny1

+
1

||∆ ~Xz||2

[
~uRz + ∆ ~Xz

]
⊗ ~N z1

. (A.35)

The situation turns out to be more difficult for the macroscopic 1. PK stress. To simplify
its definition, given in Eq. (A.29), the constraint forces need to be investigated. Therefore,
the equilibrium of forces at the reference points is considered via

~0 =

nxb∑
i

~FPxi + ~F
Lx1y0
Rx

+ ~F
Lx1y1
Rx

+ ~FRx

~0 =

nyb∑
j

~F
Py
i + ~F

Lx0y1
Ry

+ ~F
Lx1y1
Ry

+ ~FRy

. (A.36)
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In addition to the equilibrium equations, the principle of virtual work must be satisfied. The
principle of virtual work states that a group of forces, correlated to one kinematic constraint,
is not contributing to the external work and therefore entails a vanishing virtual work con-
tribution δW = 0.32 This principle is used to establish a relation between the reaction forces
and corresponding virtual displacements δ~u that are compatible with the constraints. Exem-
plarily, an observation of the kinematic constraint (A.30a), which links nodes on the faces Px1

and Px0 , brings
δWi = 0 = ~F

Px1
i · δ~uPx1

i + ~F
Px0
i · δ~uPx0

i + ~FPxi · δ~uRxi (A.37)

for the ith node. The variation of (A.30a)

δ~uPx1 − δ~uPx0 = δ~uRx (A.38)

allows the substitution of δ~uPx1
i in Eq. (A.37), which yields

δWi = 0 =
[
~F
Px1
i + ~F

Px0
i

]
· δ~uPx0 +

[
~F
Px1
i + ~FPxi

]
· δ~uRxi . (A.39)

Since the non-vanishing variations δ~uPx0 and δ~uRxi are independent of each other,

~F
Px1
i = −~F Px0

i = −~FPxi (A.40)

must hold. An analogous treatment of the remaining constraints in (A.30) yields

~F
Py1
j =−~FPy0j =− ~F

Py
j

~F
Lx1y0
x =−~FLx0y0

x =− ~F
Lx1y0
Rx

~F
Lx0y1
y =−~FLx0y0

y =− ~F
Lx0y1
Ry

~F
Lx1y1
xy =−~FLx0y0

xy =− ~F
Lx1y1
Rx

= −~FLx1y1
Ry

. (A.41)

The Eq. (A.40) and (A.41) are the desired relations between the constraint forces. It is worth
noticing that the anti-periodic traction constraint (2.62) is exactly recovered in its discrete
version. Utilizing the relations between the constraint forces allows a further simplification of
(A.29).
First, the summation over all boundary nodes nb is split up into a sum over nxb point pairs

of the opposing RVE faces Px1 and Px0 and nyb point pairs of the opposing RVE faces Py1

and Py0 as well as the corner nodes such that

MP =
1

VRVE

nb∑
k

~Xk ⊗ ~Fk

=
1

VRVE

[ nxb∑
i

~Xx1
i ⊗ ~F

Px1
i +

nxb∑
k

~Xx0
i ⊗ ~F

Px0
i

+

nyb∑
j

~Xy1
j ⊗ ~F

Py1
j +

nyb∑
j

~Xy0
j ⊗ ~F

Py0
j

+ ~Xx1y0 ⊗ ~F
Lx1y0
x + ~Xx0y1 ⊗ ~F

Lx0y1
y + ~Xx1y1 ⊗ ~F

Lx1y1
xy

+ ~Xx0y0 ⊗
[
~F
Lx0y1
x + ~F

Lx1y0
x + ~F

Lx0y0
xy

] ]
.

(A.42)

32A more geometrical interpretation of the principle of virtual work is given by the fact that the constraint
forces need to be perpendicular to the hypersurface defined through the constraints. This requirement is
equivalent to the condition that a supervector, containing all constraint forces, is parallel to the gradient
of the constraint.
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Here ~Xx0
i and ~Xx1

i correspond to points on the RVE faces Px0 and Px1 , ~X
y0
j and ~Xy1

j corre-
spond to points on the RVE faces Py0 and Py1 and ~Xx0y0 , ~Xx1y0 , ~Xx0y1 and ~Xx1y1 correspond
to the RVE corner positions. Substituting all occurring forces in Eq. (A.42) by the constraint
forces acting at the reference nodes and respecting the relation ~Xx1y1 = ~Xx1y0 + ~Xx0y1 yields

MP =
1

VRVE

[
−

nx
b∑
i

[
~Xx1
i − ~Xx0

i

]
⊗ ~FPx

i −
[
~Xx1y0 − ~Xx0y0

]
⊗ ~F

Lx1y0

Rx
−
[
~Xx1y0 − ~Xx0y0

]
⊗ ~F

Lx1y1

Rx

−
ny
b∑
i

[
~Xy1

i − ~Xy0

i

]
⊗ ~F

Py

i −
[
~Xx0y1 − ~Xx0y0

]
⊗ ~F

Lx0y1

Ry
−
[
~Xx0y1 − ~Xx0y0

]
⊗ ~F

Lx1y1

Ry

]
.

Since
∆ ~Xx = ~Xx1

i − ~Xx0
i = ~Xx1y0 − ~Xx0y0

∆ ~Xy = ~Xy1
i − ~Xy0

i = ~Xx0y1 − ~Xx0y0
, (A.43)

a further simplification results in

MP =
1

VRVE

[
−∆ ~Xx ⊗

[ nxb∑
i

~FPxi + ~F
Lx1y0
Rx

+ ~F
Lx1y1
Rx

]

−∆ ~Xy ⊗
[ nyb∑

i

~F
Py
i + ~F

Lx0y1
Ry

+ ~F
Lx1y1
Ry

]]
.

(A.44)

With the force equilibrium (A.36), the bracket terms in (A.44) are substituted by the reaction
forces of the reference points such that

MP =
1

VRVE

[
∆ ~Xx ⊗ ~FRx + ∆ ~Xy ⊗ ~FRy

]
. (A.45)

Eventually, the sum over all boundary points of the RVE is reduced to the sum over the
reference points. An extension to the three-dimensional case is straightforward, leading to

MP =
1

VRVE

[
∆ ~Xx ⊗ ~FRx + ∆ ~Xy ⊗ ~FRy + ∆ ~Xz ⊗ ~FRz

]
. (A.46)

A.4. Diagrams of the Benchmark study

This section lists the detailed results of the benchmark study of Ch. 6. All diagrams feature
the averaged normalized macroscopic entities, whereas the normalization is conducted w.r.t.
the largest considered RVE in a fully periodic model setup. Besides the averaged values,
confidence intervals are shown in terms of gray error bars.
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Figure A.2.: Normalized responses - macroscopic Young’s and shear moduli for a phase con-
trast of ξ = 1/100.
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Figure A.3.: Normalized responses - macroscopic Young’s and shear moduli for a phase con-
trast of ξ = 100.
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Figure A.4.: Normalized responses - macroscopic tensile and shear responses for a phase
contrast of ξ = 1/100 at a state of deformation with a pronounced plastic
deformation.
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Figure A.5.: Normalized responses - macroscopic tensile and shear responses for a phase con-
trast of ξ = 100 at a state of deformation with a pronounced plastic deformation.
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A.5. Numerical treatment of the polymeric matrix material law

Computing the quantities of Eq. (7.3) for the material law introduced in 7.2.2 requires the
solution of the implicit Eq. (7.16) at any given deformation state characterized by Ib̄ and J .
To this end, the internal variable λb is obtained by finding the roots of the residuum

r(λb) =
∂%0ψ

∂λb
= Ebλ2

L

ln(λb)

λb
− µλ2

LB
′(λr)

λr
λb

!
= 0 (A.47)

with
B′(λr) = 4λr +

1

[1− λr]2
− 1 . (A.48)

Applying standard numerical techniques to solve the non-linear Eq. (A.47) is not straightfor-
ward since numerical difficulties arise for λr → 1. In this region B′(λr) exhibits a singularity.
For more clarity, Fig. A.6 exemplarily depicts the residuum for Ib̄ = 3.3 (λch = 1.0488 based
on Eq. (7.17)).33 Three roots exist of which only the largest one, with λ∗b = 1.0445 (red

Figure A.6.: Residuum r(λb) to compute the bond stretch λb.

circle), complies with the physical meaningful restriction λr < 1. The remaining roots (blue
circles) generate unphysical results with λr > 1. Numerical solution techniques of non-linear
equations, like the Newton-Raphson procedure, heavily depend on the initial values and
only give one root. If the initial values are not chosen close enough to the desired solution,
either an unphysical root is found or the algorithm diverges.
To overcome this difficulty, Eq. (A.47) is multiplied with λb

λ2
L
and the unknown variable λb

is substituted by λr via Eq. (7.13). The new residuum r1 then reads

r1(λr) = Eb
[
ln

(
λch
λL

)
− ln (λr)

]
− µB′(λr)λr . (A.49)

Fig. A.7 shows the graph of r1. It is observable that r1 appears quite similar to r. Three roots
exist and an approximately linear functional form at locations in sufficient distance from the
singularity is observable. Due to the linear-like behavior gradient based methods converge to
wrong solutions (λr = 1.0436) easily if the initial values are not close enough to the physical

33The later motivated material parameters of the examined PNC, listed in Tab. 7.2, are chosen here.
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Figure A.7.: Different derived residua of Eq. (A.47) with the desired solution marked by a
red circle.

meaningful solution. Therefore, r1 proves equally unsuitable for the application of numerical
root finding techniques. A further enhancement is achieved by multiplying Eq. (A.49) with
1 − λr or [1 − λr]2 to weaken or remove the singularity. The resulting residua r2 and r3 are
given by

r2 =

[
Eb
[
ln

(
λch
λL

)
− ln (λr)

]
− µB′(λr)λr

]
[1− λr] (A.50)

and

r3 =

[
Eb
[
ln

(
λch
λL

)
− ln (λr)

]
− µB′(λr)λr

]
[1− λr]2 (A.51)

= Eb(1− λr)2 ln

(
λch
λL

)
− Eb(1− λr)2 ln (λr)− 4λ2

rµ

(
λ2
r −

9

4
λr +

3

2

)
. (A.52)

As can be seen in Fig. A.7, the singularity is completely removed for r3. Unfortunately, r3

is not very well suited for finding the desired λ∗r either. Causative for this circumstance is a
second (unphysical) root very close to λ∗r . Due to the finite precision of computers, it is likely
that the iteration process of a Newton-Raphson scheme converges to a λr > 1. However,
r3 shows similarity to a quartic function and is used to compute initial guesses. By utilizing
the Taylor series expansion of the logarithm

ln (λr) ≈ λr − 1− 1

2
(λr − 1)2 , (A.53)
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which is valid for λr → 1, Eq. (A.52) becomes

qr3(λr) =

(
1

2
E − 4µ

)
λ4
r

+ (−3E + 9µ)λ3
r

+

(
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This is a quartic polynomial approximation to Eq. (A.52). The closed form formula [114]
gives all roots of qr3(λr). Eventually, the initial guess λν0

r is taken as the smallest value of
the roots of qr3(λr). With λν0

r at hand, a Newton-Raphson scheme, applied to r2, quickly
converges to the desired λ∗r . The Jacobian is given by

∂r2

∂λr
=[1− λr]

[
−E

b

λr
− µ

[
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Here,

B′′(λr) = 4 +
2

[1− λr]3
(A.56)

denotes the second derivative of B(λr). Due to the superb initial guess, the desired λ∗r (red
circle in Fig. A.7) often requires only two iterations.
As mentioned earlier, the undeformed initial state (Ib̄ = 3, λch = 1) goes along with

a non-vanishing, thermally induced force. Consequently, the initial bond stretch λinib 6= 1
respectively λinir 6= 1 must be determined a priori. Additionally, the initial shear modulus
µMatrix

0 , accessible via experiments, does not coincide with the introduced µ of Eq. (7.19).
Contrary to Mao et al. [155], who chose µ = µ0, here µ is determined a priori as well. This
allows to operate with a meaningful material parameter in terms of µMatrix

0 . With the relation
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the root of the residuum vector function

r̄
(
x̄ = [µ, λr]
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0

∂%0ψ
∂λb

[1− λr]

 =

µ3λ−2
ch λ

2
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 = 0 (A.58)

must be obtained numerically. The first row of the residuum vector r̄ corresponds to the
definition of the initial shear modulus derived in App. A.1. For a Newton-Raphson scheme,
the Jacobian matrix, which reads

J =
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 , (A.59)
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is required to iterate for µ and λinir . Again, the initial guess essentially influences the conver-
gence behavior of the iterative scheme. Since, initially the chain network is only deformed
mildly, it is reasonable to assume λν0

b = 1. This assumption justifies the initial values

µν0 =
µMatrix

0
1
3λ

2
chλ
−2
L B′(λr)λr

and λν0
r =

1

λL
, (A.60)

whereas µν0 is derived from Eq. (A.57) and Eq. (A.10). Due to the good initial guess, only
few iterations are necessary to obtain µ, λinir or respectively λinib .34

With the model parameters µ, λinib and λinir determined and a robust solution procedure for
the internal variable λb at hand, the derivatives of Eq. (7.3) can be computed. As already
derived in Eq. (A.57)

∂%0ψ

∂Ib̄
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µ

6
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2

(A.61)

with µT being the tangent shear modulus. The determination of second derivative ∂2%0ψ
∂I2
b̄

is
more involved due to the dependency of λr on λch and subsequently Ib̄. In general
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holds. However, ∂λr
∂λch

can only be obtained by exploiting the residuum r1(λch, λr) defined in
Eq. (A.49). For any iterated λr, r1 = 0 holds, which makes the application of the implicit
function theorem possible. In particular, the total derivative of r1 can be written as

dr1(λr, λch) =
∂r1

∂λr
dλr +

∂r1

∂λch
dλch = 0 (A.63)

which in turn leads to the desired expression

∂λr
∂λch

= −
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To evaluate Eq. (A.64), the derivatives of the residuum r1
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are necessary and Eq. (A.62) is fully determined.35

A.6. Insertion of cohesive interfaces

To consider cohesive material behavior in a FE analysis, it is necessary to insert zero thick-
ness cohesive interfaces like cohesive elements or cohesive surfaces along material interfaces.
Different materials are typically referenced by different element sets and form the basis of
the following algorithm. Fig. A.8 depicts the basic steps of the insertion procedure. A FE
discretization featuring two elements of which one element belongs to element set 0 and one

34For the later motivated material parameters, listed in Tab. 7.2, µ = 3.066 · 10−5 MPa , λini
r =

0.9942 and λini
b = 1.0001.

35The term of Eq. (A.62) is also referred to as algorithmic tangent.
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Figure A.8.: Principle of cohesive interfaces insertion on the example of a two element dis-
cretization: (a) original mesh with element sets and element node connectivity
information, (b) identification of boundary objects (nodes and element faces) be-
tween element sets and (c) insertion of cohesive interfaces by duplicating bound-
ary nodes, introducing cohesive features and reconnecting the original elements.

element to element set 1 is considered. The material interface is formed by the element faces
between node 2 and 4. First, the material interfaces are detected by identifying nodes and
elements that form these interfaces. Next, the mesh is separated at the material interfaces by
duplicating the interfacing nodes and reconnecting the involved nodes to the elements of the
different sets. The parent nodes and the duplicated nodes are eventually utilized to form the
cohesive interface.36

Nguyen [167] introduced an algorithm to execute the described procedure. The suggested
algorithm solely relies on the information of interface-nodes. These nodes are attained by
searching the element array for interface connectivities. Nodes which are connected to two
different element sets and at the same time belong to one element are duplicated. There-
after, the algorithm reconnects elements to the new nodes and inserts cohesive interfaces.
Unfortunately, this algorithm has three drawbacks.
First, the original algorithm does not cover the correct insertion of cohesive interfaces

for points, where three or more material interfaces connect, see Fig. A.9 (a). Although a
workaround is proposed in [167], the described solution requires the generation of an array that
contains the information of the neighbors of all elements. The subsequent modification of the
connectivities of the cohesive interface features results in a very complex and computationally
expensive overall procedure. Secondly, thin material layers, consisting only of one element in
thickness direction, will lead to erroneous results. Since no look-up of whether the element
boundary is also a material interface or not is done, cohesive features might be wrongly
inserted. In the example of Fig. A.9 (b), a cohesive feature would be wrongly inserted
between the nodes 1 and 2 by Nguyens algorithm. A final point of criticism is the fact
that cohesive features are inserted without any distinction of the material interfaces. If, for
example, a model with three material sets, 0, 1 and 2, is considered, the algorithm allows the
definition of only one cohesive property.
These circumstances motivate the development of a new strategy to automatically insert

zero thickness cohesive features. Fig. A.10 depicts the flowchart of the suggested algorithm.
Input is the initial mesh with the nds array that contains the nodal coordinates [nix, n

i
y, . . . ]

of node i, the element connectivity array ele that contains the node identification numbers
36For demonstration purposes the cohesive interfaces are displayed with a finite thickness δ.
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Figure A.9.: Special test cases for the cohesive feature insertion algorithm: (a) multi-material
set points and (b) one element layers of material sets.

Fig. A.11

Fig. A.12 (a)

Fig. A.12 (b)

Figure A.10.: Flowchart of the algorithm to automatically insert cohesive features between
element sets.

(ids) [e j1 , e
j
2 , e

j
3 , . . . ] of element j and the ele_sets array that contains element ids of the

different element sets.
The entire procedure is demonstrated on basis of an example highlighted in Fig. A.11 (a). In

the first step, nodes on the interfaces are duplicated and element faces are obtained. Key fea-
ture of the nodes duplication is the two-dimensional integer array renumber_table. Its rows
correlate to the element sets and its columns correlate to the node ids of the mesh. Initially
this array is filled with the value -1. By looping over all element sets, the renumber_table is
filled row-wise by positive integers in ascending order. Each integer corresponds to the newly
assigned node ids of the current element set. It is evident that columns in the fully processed
renumber_table that possess more than one non -1 entry, indicate nodes that need to be
duplicated, see Fig. A.11 (b). Therefore a new_nds array containing the initial nodes and
the newly duplicated nodes is generated. Additionally, the element connectivity array needs
renumbering in accordance to the new node counting, which results to the new_ele array.
As shown in Fig. A.11 (c), the new mesh is split apart at the cohesive interfaces.37

Simultaneously, the algorithm retrieves the relevant element faces, at which cohesive inter-
faces are to be inserted. In the example of Fig. A.11 (a) no cohesive features need to be

37 It is worth noticing that the separation of nodes makes it possible to correlate each node to a single element
set. In that sense, nodes that share the same coordinates in a zero thickness cohesive interface setting can
be clearly distinguished. This fact is particularly useful when applying PBC where nodal pairs on the RVE
boundary need to searched based on their coordinates.
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Figure A.11.: Insertion of cohesive features: (a) initial mesh with 5 elements, 6 nodes and 3
different element sets, (b) generation of the renumber_table array and (c)
duplicated, renumbered nodes and reconnected elements with cohesive pairs.

inserted between the element face formed by node 0 and 5 as well as the element face formed
by node 3 and 5 of the initial mesh. To eliminate these element faces the unsorted_faces
array is generated by use of the mapping from the element connectivity to the element faces,
see Fig. A.12 (a). The first column of unsorted_faces represents the element set, the

Figure A.12.: Finding element faces (a) and subsequent generation of cohesive pairs (b).

face is connected to. The remaining columns refer to the node ids located at the vertices
of the element boundaries (in 2D the boundaries are lines resulting in two node ids per ele-
ment face). A row-wise sorting of the node ids transforms the unsorted_faces into the
sorted_faces. By applying a row-wise unification that is deleting all multiple occurring
rows, element set internal element faces are deleted. The key idea is to include the first column
of sorted_faces in the unification operation. This prevents the deletion of element faces
that later form the cohesive interfaces.
Fig. A.12 (b) outlines the final procedure of the algorithm, which is the generation of

cohesive pairs. Indicated by the dashed box, only the node ids in sorted_faces are con-
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sidered. The set information of the first column are kept but excluded for the subsequent
array manipulations. Based on the unique row ids of the dashed box, corresponding rows of
sorted_faces are removed to form the coh_pairs array. This operation eliminates all
boundary element faces such that solely element faces connected to cohesive interfaces are
kept. A column wise sorting based on the node id containing columns (column 2 and 3) yields
a sorted coh_pairs array. This sorting entails that cohesive pairs attached to two differ-
ent set occur successively. This can be seen by the rows that contain identical node ids but
different element set ids. Since the element set information is still current, a renumbering of
the node ids based on the renumber_table array is straightforward. With the information
of the cohesive pairs the coh_interfaces array is formed. Every element of this array
consists of the nodes ids [c k1 , c

k
2 , c

k
3 , c

k
4 , . . . ] of the cohesive interface k. To refer to the newly

generated cohesive interfaces the ele_sets array is extended to new_ele_sets including
the newly generated cohesive interfaces. Fig. A.11 (c) depicts the final result. It is noticeable
that the algorithm introduces a hole at the junction point of the material sets (node 5 of the
initial mesh). This violation of the mesh’s compactness is unavoidable and a side effect of the
fact that cohesive features are attached to faces and not vertices.
The presented algorithm is extremely fast and efficient due to the excessive use of array

slicing and indexing. Only small loops over all element sets are necessary in the generation of
the renumber_table. The utilization of sophisticated search functions benefits the overall
computational costs.38 All special test cases are intrinsically considered.

38In particular the Python library numpy with its functions unique,lexsort and where is used in the
algorithm.
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