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Abstract

For the ship stability estimation and ship design, it is helpful to know the probability of the roll amplitude exceeding a cer-
tain threshold. Therefore, it is necessary to obtain the probability density function of the roll amplitude. In this study, first,
we derive the moment values of roll amplitude by combining the moment equations and the linearity of expectation. With
this, we propose a method to estimate the probability density function of the roll amplitude by using the obtained moment
values. The results of our proposed method are compared to those obtained from Monte Carlo simulations. When the higher-
order cumulant neglect closure method is used, the moment values resulting from the moment equations are close to the
results of corresponding Monte Carlo simulations. In addition, our proposed method for deriving the probability density
function of the roll amplitude is validated by comparison with Monte Carlo simulation results. In conclusion, we can state
that the proposed methods for deriving the moments and the probability density function of the roll amplitude are available

for practical use cases.
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1 Introduction

Parametric rolling is a known phenomenon of roll motion
which is induced by a time-varying restoring arm. In par-
ticular, this phenomenon tends to occur when the natural
roll frequency is about twice the encounter wave frequency.
In October 1998, a C11 class post-Panamax container ship
encountered a violent storm in the North Pacific Ocean.
According to a report [1], a heel angle of 35° to 40° occurred
in head seas, and one-third of the approximately 1300 con-
tainers on deck were lost to the ocean and another one-third
were damaged. In another incident, an accident of a car and
truck carrier vessel occurred due to violent roll motion in
rough head seas while the ship was traveling in the Atlantic
Ocean in February 2003 [2, 3]. As a consequence, the Inter-
national Maritime Organization developed and circulated
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an interim guideline on second-generation intact stability
criteria for five dangerous phenomena including parametric
rolling [4]. Later, the explanatory notes were finalized in
2022 [5].

For ship stability estimation and ship design, it is useful
to consider the roll amplitude rather than an instantaneous
value such as the roll angle. Hashimoto and Umeda [6] and
Sakai et al. [7] applied the averaging method and analyti-
cally obtained the roll amplitude. Also, Maki et al. [8] ana-
lyzed the method by combining deterministic and stochas-
tic approaches. For the estimation, it is desirable to have a
method that analytically derives the probability exceeding
a certain threshold. Much research has been conducted on
the derivation of the probability density function (PDF) of
the roll amplitude by using the stochastic approach. Ariar-
atnam and Tam [9], and Roberts [10] applied the stochastic
averaging method to the one-degree-of-freedom stochas-
tic oscillator with linear restoring, which can be used as
a model of roll motion. They derived stochastic differen-
tial equations (SDE) of the roll amplitude and phase based
on the limit theorem proposed by Stratonovich [11] and
Khasminskii [12]. In this method, a colored noise random
process is considered. However, this stochastic averaging
method separates the damping and restoring components
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to SDEs of amplitude and phase, respectively. Thereby, the
PDF of the roll amplitude obtained by this method reflects
the characteristic of the damping component only. In order
to overcome this limitation, Roberts [13, 14] and Roberts
and Spanos [15] used the energy envelope methodology. To
predict the ship motion with respect to parametric rolling
in irregular quartering waves, Dostal et al. [16] established
the energy-based stochastic averaging method. Moreover,
Maruyama et al. [17] proposed an improvement of this
method.

Moreover, a method to derive the PDF of the roll angle
was proposed in a previous paper [18]. In that paper, the
moment values obtained by solving moment equations were
used and the coefficients included in the PDF were opti-
mized. However, the method for deriving the PDF of the
roll amplitude was not investigated. Therefore the purpose of
this paper is to derive the PDF of the roll amplitude. First, a
linear filter is required to model the wave elevation. In order
to achieve this, the results obtained from the calculations
for the 2nd-, 4th-, and 6th-order linear filters are compared
and discussed. Second, corresponding moment equations
for the linear filter SDE are derived. Then, by applying the
cumulant neglect closure method, the moment values of the
roll angle and rate are determined. With this, a method to
derive the moment values of the roll amplitude from the
moment values of instantaneous roll angle and rate is pro-
posed. Finally, the process of deriving the PDF of the roll
amplitude is examined.

2 Subject ship

The subject ship in this study is a post-Panamax container
ship of the C11 class [19]. The body plan and the princi-
pal particulars of this ship are shown in Fig. 1 and Table 1,
respectively. The restoring arm is calculated based on the
Froude—Krylov hypothesis [20]. The o in Fig. 2 shows the GZ
curve in calm water. In this study, the actual GZ is approxi-
mated by a 9th-order polynomial. This approximated curve

Table 1 Principal particulars of the subject ship at full scale

Items Cl1
Length: L, 262.0m
Breadth: B 40.0m
Depth: D 24.45m
Draught: d 11.5m
Block coefficient: C 0.562
Metacentric height: GM 1.965m
Natural roll period: T;, 25.1s
Bilge keel length ratio: Ly /L, 0.292
Bilge keel breadth ratio: By /B 0.0100
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Fig. 1 Body plan (C11)

is plotted as the red solid line in Fig. 2. When the crest or
trough of a regular wave with a wavelength-to-ship length
ratio of 1.0 is located at amidships, the results denoted by
the triangle or the cross markers in Fig. 2 are obtained by
means of hydrostatic calculations. Hereby the wave steep-
ness is 0.04. As shown in Fig. 2, the C11 container ship has
a close to linear GZ curve up to a roll angle of approximately
40 degrees.

The non-memory transformation represented in Fig. 3 can
be applied to generate the GM variation. This transformation
links the GM variation AGM and the wave elevation at amid-
ships. As mentioned earlier, the restoring arm is calculated
by using the hydrodynamic theory [20]. In this study, the
restoring arm is obtained for a two degrees heeling of the ship
heeling in a regular wave with a wavelength-to-ship length
ratio of 1.0. Additionally, the GM for each wave elevation is
calculated with the wave crest or trough located at amidships.
Thereby, the relationship shown in Fig. 3 is obtained. The
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Fig.2 GZ curve in still water (C11)
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Fig.3 Relationship between AGM and wave elevation amidships,
subject ship: C11

wave elevation is positive when the wave trough is located
at amidships and is negative when the wave crest is located
at amidships. In this study, the actual data plotted as the gray
solid line in Fig. 3 is approximated by a 12th-order polyno-
mial. The red dashed line in Fig. 3 indicates this approximated
curve, which fits the actual data well.

Ikeda’s simplified method [21] is used to estimate the roll
damping coefficients. As a result, the damping coefficients are
p, = 3.64 x 10~ rad/s and f, = 4.25s/rad.

3 Linear filter

When ocean waves are modeled by real noise, the forcing due
to waves is not white noise but colored noise. In our study, a
linear filter is used to generate colored noise from white noise.
Spanos [22, 23], Flower and Vijeh [24, 25], and Thampi and
Niedzwecki [26] applied a linear filter to the wave spectrum
and showed that it can be approximated by an Autoregressive
Moving Averaging (ARMA) spectrum. Recently, Maruyama
et al. [18] reported that the time series of effective wave eleva-
tion can be modeled by applying a 6th-order linear filter to the
effective wave spectrum.

By using a higher-order linear filter, the number of param-
eters in the linear filter increase. Thereby, compared to a lower-
order linear filter, a better approximation can be obtained. In
this study, the 2nd, 4th, and 6th-order linear filters are com-
pared. First, the ordinary differential equations of the 2nd, 4th,
and 6th-order linear filters are represented as Eqgs. (1) to (3).
The notation for differentiation is represented by Lagrange’s
notation.

2nd: ¥ +a X, +ayx, = M/ (WY (M

. (€] " 7 ' _ "
dth: x7 +apx)” +ax] +ax| +ayx = rv=z(w'y @

. ©) ) 4) "
6th: X ax]” +apx 4 agx|

— F\/;{W/}m )

12 /
+ ax + asx; + AX

3)
Here, W denotes the standard Wiener process. The spectra
corresponding to Egs. (1) to (3) are represented by Eqgs. (4)
to (6).
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In this study, the ITTC spectrum is utilized as the ocean
wave spectrum, which is given by:

173H?
_ 1/3 691
Sy(w) = T exp (— > @)

44
o1 Iy w

Here, T, and H, ;; are the mean wave period and the signifi-
cant wave height, respectively. By applying the concept of
Grim’s effective wave [27] to irregular waves, the elevation
of the effective wave at amidships is obtained. The reason
for using the effective wave is that a regular wave with a
wavelength-to-ship length ratio of 1.0 is considered for the
calculation of the restoring arm in the non-memory trans-
formation. The transfer function of the effective wave H ;can

be represented as shown in the following equation [28].

H (o, y) = H, (@, ) + il (o, 1)

( w’L : <w2L >
——cos ysin | —— cos y
28

H, (o, x) = 3
s <a)2L > ®)
e — | ——cosy

¥ 2g

Hgs(w, =0

Here, o denotes the wave frequency, y denotes the ship’s
heading angle with respect to the propagating direction of
the wave, g denotes the gravitational acceleration, and L
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Table 2 Coefficients of 2nd-, 4th-, and 6th-order ARMA spectra ,b
Coefficient S, S, Se :';; E E
o
@, 0.121 0.255 0.395 S0tk . ]
a 0.250 0.512 0.787 Vo]
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4 ’ 0'0224 wave elevation [m]
a - - .
a - - 0.0128 . . . .
r 0277 0.0613 0.0153 Fig.5 Comparison of PDFs of effective wave elevation among

denotes the ship length. In the results of this study, the head
seas condition (y = 180 deg) is considered. With the use
of the above transfer function, the spectrum of the effective
wave is obtained as follows:

2
Sel@) = |H @) 'S, (@) ©)

Next, the coefficients «, and I of Egs. (4) to (6) are deter-
mined such that their ARMA spectrum agrees with the
effective wave spectrum. Here, the global optimization
scheme CMA-ES [29] is used. The mean squared error,
which is denoted by Eq. (10) is used as the objective func-
tion. Here, n denotes the total number of data points, §
denotes an observed value, and y denotes a true value. This
true value is given by Eq. (7).

I=1 % 65-3) (10)

Moreover, the stability criterion of the system proposed by
Maruyama et al. [18] is used as the constraint condition.
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numerical simulation by the superposition methodology: Superposi-
tion, the results obtained by solving the SDE: SZ,S 4,56, sea state with
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Fig.6 Comparison between the 4th-order ARMA spectrum: §,, and
the spectrum analysis result of the time series obtained by solving the

SDE: Sqp,., sea state with Ty, = 9.99s and H, 3 =5.0m

In Fig. 4 and Table 2, we can see the calculation results
of three linear filters. Adjusting the range of parameter
exploration in CMA-ES, the 4th-order ARMA spectrum



Journal of Marine Science and Technology (2024) 29:641-655

645

Table 3 Statistical properties of the effective wave elevation PDF

Superposition S, S, S
Mean —1.54x 107 274x107 990x 1076 2.97x 1073
Variance  0.792 1.00 0.818 0.796
Skewness 2.32 x 10~ 9.57x 107 -3.27x 107 5.28x 1073
Kurtosis ~ 3.00 3.00 2.99 2.99

is improved compared to the results shown in Maruyama
et al. [18]. As shown in Figs. 5 and 6 and Table 3, although
the 4th-order ARMA spectrum is less accurate than that of
the 6th-order, the 4th-order ARMA spectrum can represent
the effective wave elevation adequately. However, it can be
observed from Fig. 4 that if the higher-order linear filter is
used, the higher-order ARMA spectrum agrees well with
the effective wave spectrum. To reduce the computational
complexity in deriving the moment equations, the 4th-
order linear filter is used in this study.

4 Moment equations

The equation for parametric rolling in longitudinal waves is
given by Eq. (11).

5
b+ B+ B + @) D vy d"T HFAYS=0 (1)
n=1

where

w(z) 12
FA,) = ou D p,AL (12)
n=1

Here, ¢ and A, denote the roll angle and the effective wave
elevation, respectively. The parameter ), denotes the natural
roll frequency. Moreover, f, is the linear and g, is the cubic
damping coefficient divided by I _, where [ _is the moment
of inertia in roll (including the corresponding added moment
of inertia), 7; (i=1,3,5,7,9) is the coefficient of the i-th
component of the polynomial fitted GZ curve in Fig. 2, and
P, (n=1,2,...,12)is the coefficient of the n-th component
of the fitted polynomial for the relationship between AGM
and wave elevation at amidships in Fig. 3. F(A ) denotes

the parametric excitation process. As shown in Eq. (11), this
equation is represented using the polynomial fitting.

To derive the moment equations, the system of ship
motion needs to be represented by an SDE [30]. The result-
ing system can be expressed by means of the 6th-order It6
SDE like Eq. (13). This consists of a 2nd-order SDE for the
ship motion derived from Eq. (11) and a 4th-order SDE for
the effective wave elevation derived from Eq. (2).

(dX, =X, dr

dX, = { - G(X,.X,) - F(X;) X, }dt

dX, = (X, —a, X, )d
< (13)
dX, = (X, — o, X, )dt + T'\/z dW(1)
dX; = (X6 - X, )dt
dX6 = —a4X3dt
where
5
GX,.X,)) =B, X, + B, X; + o] Z Voot X! (14)

n=1

Here, X . and X3 denote the roll angle, the roll rate, and
the effective wave elevation, respectively. When an ordinary
differential equation driven by Gaussian noise is transformed
to an Itd SDE, the Wong-Zakai correction term has to be
considered in general [31]. In this study, this correction term
is zero because the diffusion coefficient, which is the coef-
ficient of the driving noise, is not explicitly dependent on
the dependent variable.

From Eq. (13), the moment equation for this system is
represented as Eq. (15). Using Eq. (15), the six 1st-order,
21 2nd-order, 56 3rd-order, and 126 4th-order moment
equations can be derived. Higher-order moment equa-
tions can also be derived, such as 252 5th-order and 462
6th-order moment equations, and so on. This means that
an arbitrary desired number of moment equations can be
generated. In general, when the system is a nonlinear sys-
tem, moment equations of a specific order will contain
moments of even higher order. Therefore, to form a closed
set of moment equations, higher-order moments must be
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truncated. To solve this problem, the cumulant neglect clo-
sure method [32] [33] [34] is used in this study. Thereby,
higher-order moments can be expressed by lower-order
moments. As a result, the moment equations are in a
closed form, and the moment values can be computed.

6
dr lHX,?]
k=1

=C [E[X xS “Xcﬂxc“xc‘xc]
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5 PDF of roll amplitude

The moment values can be obtained from the moment
equations. However, the PDF cannot be directly obtained
from the moment equations. Therefore, the derivation of
the roll amplitude PDF needs further investigation. By
solving the moment equations, the moment of instanta-
neous values, such as the roll angle, roll rate, etc., can
be obtained. However, the moment value of an envelope,
such as the roll amplitude, cannot be directly obtained.
For this, the method for deriving the moment values of the
roll amplitude from the moment of instantaneous values
is investigated. First, the fundamental solution of the roll
angle X, is defined as Eq. (16).

@ Springer

X, = Acos (wyyfrys +0) (16)

Based on the Pythagorean trigonometric identity, the follow-
ing relational expression can be derived.

2

X+ i A? a7
01

Next, applying the linearity of expectation, 2nd-, 4th-, and

6th-order moments of the roll amplitude can be represented

as Eqgs. (18) to (20).

2

X
—22 ]:[E[Xf]Jr -
@0ty @y7y

E[A?] :[Elez+ E[X;] «18)

(19)
2 1
=E[X*] + =—E[X*X?]| + E[x*
3]+ 2 B[] + ]
) 3
E[A°] =E (Xf+w22y )
0’1
=E[X}] +—=— [E[x4x2] (20)
071
1
+ E[X1X5 ] + —E[X3]
wérf oy

Here, E[ -] denotes the expected value operator. These
equations use two variables, such as roll angle and roll
rate. Therefore, the moment values of these variables are
required. For these moment values obtained by solving the
moment equations, using the 2nd-order cumulant neglect
closure method yields the 1st and 2nd-order moment values,
and using the 3rd-order cumulant neglect closure method
yields the Ist-, 2nd-, and 3rd-order moment values. Simi-
larly, using the 4th-order cumulant neglect closure method
yields the 1st-, 2nd-, 3rd-, and 4th-order moment values.
Moreover, by applying the cumulant neglect closure method,
the 4th- and higher-order moments included in Egs. (19) and
(20) can be obtained. Therefore, using Eqgs. (18) to (20), the
2nd-, 4th-, and 6th-order moment values of the roll ampli-
tude can be calculated. In other words, using our proposed
method, the even-order moment values of the roll amplitude
can be derived.

The PDF of the roll amplitude is calculated based on the
resulting moment values. It has been pointed out that it is
difficult to express the PDF of the roll amplitude of paramet-
ric rolling in terms of Rayleigh distribution [35]. To solve
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the problem, a non-Gaussian PDF shape is defined as Eq.
(21). This PDF shape is based on the PDF [36] obtained
using the stochastic averaging method presented by Roberts
[10]. In order to improve the fitting accuracy, the cubic term
in the exponential function (d3A3) is added as a new term in
this study.

PA) = A_i exp {—(d,A +d,A? + d,A%) )} @1)

Here, {A|0 < A < 00}, and C denotes a normalization con-
stant. To determine the coefficients dl,dz,d3,d4 of Eq.
(21), the moment values of the roll amplitude are used as
a constraint condition. As mentioned above, the even-order
moment values of the roll amplitude can be derived from
Egs. (18) to (20). However, the odd-order moment values
are not easily derived. The following approach is carried
out to overcome this problem. If the PDF is symmetric, the
odd-order moment values are all zero. However, the roll
amplitude is a positive value. In other words, if the PDF in
Eq. (21) is used, this approach cannot be applied. To use this
approach, a new PDF such as Eq. (22) is defined based on
the PDF of the roll amplitude expressed in Eq. (21).

P(A) =

c’ - -2 -3
A exp {~(¢A]+ @A+ i)} 2

Here, {A| — 00 < A < 0} and C’ denotes the normalization
constant, whereby C = 2C" holds. The function of Eq. (22)
is an even function. Thus, all odd-order moment values are
equal to zero. Thereby, the problem of deriving the odd-
order moment values is overcome. In other words, using
our proposed PDF of Eq. (22) and the even-order moment
values of the roll amplitude, the coefficients d1 , d2, d3, d ,can
be determined. In addition, the objective function of Eq. (23)
is defined as

6
J(d,.d,.dy.d,) = Z L (23)
i=1
where
+0o0 . _ B .
J. = / A"P(A)dA — E[A'] (24)

Here, ll. are weights and ll. =1(=1,2,..,6). In this study,
moments up to the sixth-order are used for the determination
of the coefficients (Appendix 2). In Eq. (24), the even-order

Table 4 Initial values for the calculation of the moment equations

E[X?|and E[X?]  E[X}]and E[X;] otherwise
2nd-order 0.01 — 0.01
3rd-order 0.01 — 0
4th-order 0.01 0.0001 0

s | s | s | s | s
0 100 200 300 400 500
time [s]

Fig. 7 Displacement of [E[Xlz] obtained by computing the moment
equations. Here, the 2nd-, 3rd-, and 4th-order cumulant neglect clo-
sure methods are used. The red dotted line shows the MCS result in
Table 5

moment values of A are derived from Egs. (18) to (20). On
the other hand, the odd-order moment values of A are all
Zero.

6 Calculation results

In this study, the subject ship is the C11 container vessel.
The corresponding calculation results are compared for
the Froude number Fn = 0.00 in head seas. Note that the
choice of this Froude number leads to severe parametric
rolling conditions. The MCS result is obtained by solving
the SDE (Eq. (13)). In this numerical calculation, the Euler-
Maruyama method [37] is used. The time step is 0.001 s,
and the initial condition is set to a roll angle of 5 deg and a
roll rate of O deg/s. The number of realizations is 1000 and
each numerical simulation time is 1 h. Thereby, the PDF
of the roll amplitude, which is plotted with o in Fig. 8, is
obtained. In this figure, the vertical axis of the left panel has
a linear scale, while the vertical axis of the right panel has
a logarithmic scale. From this PDF, the even-order moment
values of roll amplitude are derived in Table 6. Moreover,
the even-order moment values of the roll angle, roll rate, and
effective wave elevation are obtained in Table 5.
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Tabl(:: 5 Moment values MCS Moment eq. (2nd) Moment eq. (3rd) Moment eq. (4th)
obtained from the MCS and by
solving the moment equations, [y2) 4.57x 102 3.64x 1072 3.71x 1072 4.15% 102
with Fn = 0.00
E[x{] 5.84x 107 3.98x 107 4.13x 1073 5441073
[E[Xg] 2.93x 1073 2.37x 1073 2.41x 1073 2.65x 1073
E[x!] 242% 107 1.68 x 107 1.74 % 107 2.11x 107
[E[X%] 0.818 0.815 0.815 0.815
E [Xg] 2.00 1.99 1.99 1.99
Table 6 Moment Vglues of the MCS Moment eq. (2nd) Moment eq. (3rd) Moment eq. (4th)
roll amplitude obtained from the
?gg)s af_“}il be using Bas (19t gl 9.17x 102 7.43% 1072 7.56 x 102 8.40 % 1072
, with Fn = 0.
[E[A“] 1.57 x 1072 1.10x 1072 1.14 x 1072 1.45%x 1072
E[A°] 3.75%x 1073 246 x 1073 2.59%x 1073 3.87x 1073
‘ roT T o mMcs 10! TS oS
8Ptfmfzeg (in:') 44444444444 Optimized (2nd)
ptimized (3rd) - -~ Optimized (3rd)

Optimized (4th)
Optimized (MCS)

60

roll amplitude [deg]

Fig.8 Comparison of the PDFs of the roll amplitude among the MCS
with Fn =0.00

Next, the moment values are computed by using the
moment equations (Eq. (15)) and the cumulant neglect clo-
sure method. The moment equations of Eq. (15) are ordinary
differential equations. In this study, these moment equations
are calculated in an unsteady state (%E[-] # 0). For this, the
4th-order Runge—Kutta method is used, where the time step
is set to 1 s. As the time step becomes smaller, the amount
of data increases. As a result, the calculation time increases.
On the other hand, if the time step is too large, it may not
be possible to obtain a solution due to numerical problems.
This was already proposed by Maruyama et al. [18]. The
used initial condition are shown in Table 4.
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result and the optimized results by using the moment values ( Table 6 ),

As an example, the time series of the displacement of
E [Xlz] which is obtained by solving the moment equations
numerically, is shown in Fig. 7.

This figure shows the plots for the calculation results of
the 2nd, 3rd, and 4th-order moment equations (gray, blue,
and green lines, respectively). Furthermore, the red dashed
line denotes the moment value obtained from the MCS
result.

In Fig. 7, it can be clearly observed that the numeri-
cal solution of the moment equations up to 2nd-order
are oscillatory in the steady state. On the other hand, the
numerical solution of the 3rd- and 4th-order moment equa-
tions are non-oscillatory in the steady state. The moment
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values obtained from moment equations are derived by
averaging the displacements in the steady state and are
shown in Table 5. The 4th-order moment values of X, X,
and X, with respect to “Moment eq.(2nd)” and “Moment
eq.(3rd)” of Table 5 are computed by using the 2nd- and
3rd-order cumulant neglect closure method, respectively.
On the other hand, the 4th-order moment values with
respect to “Moment eq.(4th)” of Table 5 can be directly
obtained from the moment equations. It can be seen from
Fig. 7 and Table 5 that when higher-order moment equa-
tions are used, the resulting moment values approach the
results from numerical simulations more closely.

The moment values of the roll amplitude are shown in
Table 6. These moment values can be obtained by substi-
tuting the moment values of Table 5 in Egs. (18) to (20).
From the used moment equations, the result of “Moment
eq.(4th)” is closest to the MCS result. In other words, when
the moment values of the roll amplitude are computed using
the higher-order moment equations, the resulting moment
values are closer to the MCS result.

The PDF of the roll amplitude is derived based on the
moment values of the roll amplitude in Table 6 and Egs.
(21) to (23). The result of the roll amplitude PDF is shown
in Fig. 8. Here, o denotes the MCS result. Furthermore, this
figure shows the results obtained by applying the moment
values of “Moment eq.(2nd)”, “Moment eq.(3rd)”, “Moment
eq.(4th)”, “MCS” in Table 6 to Eq. (24) (black dotted, green
dashed, blue dashed-dotted, red solid lines, respectively). It
can be clearly observed that the PDF of “Optimized (4th)”
is closer to the MCS result than the PDFs of “Optimized
(2nd)” and “Optimized (3rd).” However, this PDF does not
agree with the MCS result. The reason for this discrepancy
is that the moment values of “Moment eq.(4th)” in Table 6
do not agree with the moment values of the MCS result.
To determine other causes, the appropriateness of the PDF
shape proposed in Eq. (21) is examined by using the moment
values of “MCS” from Table 6 in Eq. (24). As shown in
Fig. 8, the PDF of “Optimized (MCS)” overlaps with the
MCS result. Therefore, it is clear that using the appropriate
moment values in the objective function and applying our
proposed PDF, the PDF of the roll amplitude, which agrees
with the MCS result, can be derived.

7 Conclusions

It has been shown that an effective wave can be generated
even when a 4th-order linear filter is used. However, the 6th-
order ARMA spectrum is in better agreement with the theo-
retical spectrum than the 2nd and 4th-order ARMA spec-
trum. In addition, the modeling of waves with a 6th-order

linear filter is more accurate than with a 2nd and 4th-order
linear filter.

In this study, the moment equations have been derived
from a 6th-order SDE. In the calculation, the moment values
of the roll angle, roll rate, and effective wave elevation are
obtained by applying the cumulant neglect closure method.
The moment values obtained by applying the 2nd-, 3rd-,
and 4th-order cumulant neglect closure methods have been
compared and it can be observed that the resulting moment
values are close to the MCS result when the higher-order
cumulant neglect closure method is applied.

Furthermore, we proposed a method for deriving the
moment values of the roll amplitude by combining the
linearity of expectation and the moment values related to
the roll angle and roll rate. The results showed that the
even-order moment values of the roll amplitude can be
obtained by our proposed method. Additionally, a method
was proposed for deriving the PDF of the roll amplitude by
using the moment values of the roll amplitude and our pro-
posed PDF. It was shown that the PDF of the roll ampli-
tude agrees well with the MCS result if the appropriate
moment values are used. It is to be noted that the method
for deriving the moment values of the roll amplitude and
our proposed PDF were both reasonable.

This study showed that the PDF of the roll amplitude
can be obtained using the moment equation. In future, the
applicability of our proposed method will be analysed by
changing the calculation conditions, such as subject ships,
sea conditions, and ship speed. Other PDF shapes should
also be investigated.

Appendix 1

In general, the position where the white noise is added in
the linear filter is set as Eqgs. (1) to (3). The expression of
the numerator in the ARMA spectrum is different depend-
ing on the added position of the white noise; however,
the added position of the white noise has no effect on the
expression of the denominator. In this appendix, we inves-
tigate how the added position of the white noise affects
fitting the ARMA spectrum to the theoretical spectrum,
generating the time series, and the PDF.

The relationship between the added position of the
white noise and the output is computed based on the 6th-
order linear filter. First, the ordinary differential equation
of the 6th-order linear filter is represented as Eq. (25),
with the notation for differentiation being represented by
Lagrange’s notation.
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Next, the Laplace transform of Eq. (26) yields Eq. (27).
(s6 + ssal + s40¢2 + s3a3 + s2a4 + sag + o )Xl (s)
=I's"\/zU(s) ,5)

Here, U(s) and X, (s) denote the Laplace transform of the
input and the output, respectively. The transfer function can

be derived as Eq. (28).

27
(n=0,... @7)

I"s”\/;

6 5 4 3 2
O+ 5 a1+s a2+s a3+s a4+sa5+a6

)

H(s) = 28)

Furthermore, using s = iw, the 6th-order ARMA spectrum
can be obtained as Eq. (29).

Se(w) =
F2w2n
2
6 4 2 5 3
(—a) +a2w -, +(x6) +(a1w — 0, +(x5w)

(n=0,...,5)

29)

Figure 9 shows the ARMA spectrum for each added posi-
tion of the noise. Using the obtained coefficients a, I' and
numerically solving the SDE corresponding to Eq. (25), the
time series of wave elevation can be obtained. Figure 11 is

@ Springer

Fig.9 Comparison of spectra among n=0,...,5 and ITTC spec-
trum, sea state with 7, =9.99 s and H1/3 =50m

shown as an example. In this calculation, the same input data
are used for all added positions of the noise. Furthermore, as
shown in Fig. 10, the PDFs of wave elevation are obtained
from the obtained time series. It can be seen that the result
for n = 5 has a slight discrepancy compared to the other
results when the wave elevation is small. Figure 11 shows
that the time series of n = 5 is noisier than other time series.
We assume that this is because of the white noise added to
the hierarchy of output. However, the obtained PDFs of the
wave elevation are equal, and there is no excessive discrep-
ancy among these PDFs, irrespective of where the noise is
added or not.

The time series of the wave elevation obtained by using
the same input data is shown in Fig. 11. The lower panel in
Fig. 11 is the extended figure of the upper panel in Fig. 11.
As shown in the lower panel, a phase difference occurs for
each added position of noise. This phase difference is dis-
cussed based on the Bode plot shown in Fig. 13. This Bode
plot is generated using the transfer function represented by
Eq. (28). The red line in Eq. (28) denotes the peak value w,
of the ITTC spectrum. This value is derived from Eq. (30).
Thereby, when T01 1$9.99 s, w, = 0.485.
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Fig. 11 Comparison of time series of wave elevation amongn =0, ...,5
o =4 /0.8 B, 30) Table 7. The‘ peak. period obFalnf':d from w, = 9.485 1s' 12.9s.
P Based on this period, the third line of Table 7 is obtained by
where converting the phase difference to time difference. Thereby,
by shifting the time series in Fig. 11 to just these time dif-
_ 691 : ferences, the corrected time series shown in Fig. 12 is
W Tgl G obtained. Compared to the original time series, the corrected

The phase of each added position of the noise in w, is
shown in the first line of Table 7. In addition, the phase dif-
ference with respect to n = 5 is shown in the second line of

time series all overlap. As mentioned above, the original
time series is generated by using the same white noise data.
Thereby, the time series of the output has almost the same
period and wave amplitude.

@ Springer



652 Journal of Marine Science and Technology (2024) 29:641-655
1
n=0
E |
§ ‘ \f‘
‘§ [
K3} 1l N
o
o
3
S

2000

A ““" '\K"\
L uhA\nWy T
A “@d\ f\(

wave elevation [m]

Fig. 12 Comparison of time series of wave elevation amongn =0, ...

102 107! 10° 10!
Fig. 13 Bode plot

In the resulting time series, the differences in smoothness
and the phase difference occur depending on the position

1400

, 5 after correcting the phase

of the white noise. However, no matter where the noise is
added, we can see that the time series is not very incorrect.
Therefore, white noise can be added to any hierarchy. When
the white noise is added to the middle hierarchy such as
n =2 or 3, the fitting of the ARMA spectrum to the ITTC
spectrum and the modeling of the time series are satisfied
overall. Therefore, the white noise should be added ton = 2
or 3 unless there is a specific reason not to do so.

Appendix 2

The objective function, which is used to determine the coef-
ficients d|,d,, d,,d, included in Egs. (21) and (22), is dis-
cussed here. In thls objective function, the moment values
are used as the constraint conditions. We need to investigate
the maximum order up to which the moment values need to
be used. When the PDF is derived, the statistical indices,
such as mean, variance, skewness, and kurtosis, should be
considered. Therefore, the minimum requirement is to use
up to 4th-order moment values. In this study, the four types
of n =4,6,8,10in Eq. (32) are set and the calculation result
is considered. Using the equation

Table7 Phaseofn=0,...,5

! & n=>5 n=4 n=3 n=72 n=1 n=0
atw,, phase and time difference
with respect to phase of n = 5 Phase [deg] —208 —262 =310 —4.19 -67.6 —139
Phase difference [deg] 0.00 —-54.5 —-102 203 140 68.4
Time difference [s] 0.00 —-1.96 -3.68 7.31 5.03 2.46
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Fig. 14 Comparison of several optimized PDFs by using Eq. (22) and
the MCS result, with C11 and Fn = 0.00

J(dy.dy,dy.d,) = Z L (32)
i=1

the values n = 4, 6, 8, 10 are selected in this study.

In this equation, /, are weights and J, is represented by Eq.
(24), and the moment values used as the constraint condi-
tions apply the values of “MCS” in Table 6. In addition, the
[, values are all set to 1.

The optimized PDFs represented by Eq. (22) are shown
in Fig. 14. Also, based on the resulting coefficients, the PDF
of the roll amplitude represented by Eq. (21) is shown in
Fig. 15. From Figs. 14 and Fig. 15, it is clear that the result
for n = 4 is not appropriate. The moment values obtained

O MCS —-=-= Optimized (n = 8)
---- Optimized (n=4)  ------ Optimized (n = 10)
———  Optimized (n = 6)
T —T T
= z
& E
0 20 40 60
roll amplitude [deg]
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roll amplitude [deg]

Fig. 15 Comparison of several optimized PDFs by using Eq. (21) and
the MCS result, with C11 and Fn = 0.00

Table 8 Comparison of moment values obtained from several opti-
mized PDFs and the MCS result

MCS n=4 n==6 n=2_8 n=10
[E[XQ] 9.17x 1072 9.17x 1072 9.17 x 1072 9.17 X 1072 9.17 x 1072
E X4] 1.57% 1072 1.57 x 1072 1.57 x 1072 1.57 x 1072 1.57 x 1072
[E[X"] 3.75% 1073 3.80x 1073 3.75 x 1073 3.75 x 103 3.76 x 1073

E[X*] 1.13x107 1.16x 107 1.12x 107 1.12x 107 1.13x 1073
E[X'0] 4.10x 107 4.22x 107 3.94 x 107 3.94 x 10~ 4.03 x 10*

Table 9 Evaluation of Mean squared error

the optimized PDFs with

n=4,6,8,10 as shown in n=4 4.93 x 1073

Fig. 14
n= 8.55x 107
n= 8.10 x 1074
n=10 147 x 1073

@ Springer



654

Journal of Marine Science and Technology (2024) 29:641-655

from the optimized PDF are shown in Table 8. In addition,
based on the MCS result and the optimized PDF, the esti-
mation results obtained by using the mean squared error are
shown in Table 9. Here, the MCS result represents the true
value, and the optimized PDF the measured value. Consid-
ering the results of Fig. 14 and Tables 8 and 9, n = 6 is the
appropriate value for deriving the PDF of roll amplitude.
Therefore, n = 6 is used in this study.
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