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HAMBURG UNIVERSITY OF TECHNOLOGY 
 

Abstract 
Defect Localization and Modulation Indices Separation in Aluminum 

Structures using Vibro-Acoustic Modulation 

 

 

by Mohammad Bazrafkan 

 

This study addresses two significant and interconnected challenges: (1) enhancing the 

mathematical description of the Vibro-Acoustic Modulation (VAM) response in order to 

separate modulation indices (MIs), and (2) developing a robust, baseline-free, and 

experimentally validated method for the localization of real cracks in plate-like aluminum 

structures. By combining theoretical formulations, simulation models, and experimental 

validation, this dissertation advances understanding and practical application of VAM 

techniques for damage detection and localization. 

In the first part of the study, the limitations of conventional methods for MI estimation, 

such as Hilbert Transform (HT) and Sweeping Phase Homodyne Separation (SPHS), are 

examined in the context of real-world applications where the presence of a Non-Modulated 

Carrier (NMC) signal and environmental noise can significantly affect measurement accuracy. 

To overcome these limitations, an analytical framework is proposed that models nonlinear 

signal interaction using multiple modulation types. The amplitude-frequency-phase 

modulation (AFPM) model is being introduced and analyzed for the first time in this 

dissertation. The AFPM model theoretically shows that the phase shifts of different frequency 

components in the VAM response change with variations in MIs. Furthermore, the relative 

sensitivity analysis of phase shifts and the damage modulation index (DMI) theoretically 

indicates that phase shifts are more sensitive to changes in MIs than the DMI. Despite the 

potential for early damage detection via phase shifts, small amplitude or phase changes can 

be masked by noise or measurement errors.        

Subsequently, MI separation algorithms based on the ratios of the amplitudes and powers 

of the first and second sidebands are introduced and validated via numerical simulations in 

MATLAB. Experimental validation is conducted using aluminum specimens under controlled 

fatigue loading, with piezoelectric actuators and sensors to measure system response. The 

experimental results also revealed changes in the phase shifts of the frequency components, 

as predicted by the AFPM model. Additionally, comparing the slopes of changes in the DMI 

and phase shift curves shows that at some frequencies, the phase shift curve reveals changes 

earlier than the DMI curve. The findings demonstrate that incorporating phase variation 

analysis can enhance sensitivity to structural changes, often revealing variations more 

prominently than an amplitude-based approach alone. 

The second part of the thesis addresses the challenge of crack localization. Traditional 

localization methods often rely on baseline signals (especially in Lamb wave localization) and 

dense sensor arrays, which limit practical deployment (dense sensor arrays require complex 
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hardware). In contrast, this work presents a novel short-time VAM-based localization 

algorithm that does not require a baseline measurement, enabling localization with the 

minimum number of required receivers. Theoretically, at least three receivers are required for 

signal source localization.  

The method utilizes the simultaneous excitation of a continuous, low-frequency (LF) S0-

mode Lamb wave and a tone-burst, high-frequency (HF) A0-mode Lamb wave. The 

interaction of these two signals at the defect site generates modulation sidebands. The first 

upper sideband, at ω + Ω, is used for crack localization due to its higher amplitude than the 

other sideband frequencies. The sideband signal is then extracted using Short-Time Fourier 

Transform (STFT) and mapped spatially through a Delay-and-Sum (DAS) damage imaging 

method. 

The experimental setup for localization consists of aluminum plates with fatigue-induced 

cracks, piezoelectric actuators for high- and low-frequency excitation, and four piezoelectric 

sensors as receivers. Experimental results demonstrate that the nonlinear sideband generated 

by the crack exhibits directional scattering, behaving as a new wave source. This property 

allows localization of the crack, even when it is positioned outside the sensor array, by 

tracking the time-domain evolution of the sideband amplitude. The influence of tone burst 

duration is also investigated, revealing that durations as short as 50 µs are sufficient for 

accurate localization. Longer durations may enhance image intensity but may reduce spatial 

resolution by identifying a wider area as the likely location of the defect due to increased 

signal overlap. Importantly, the method proves effective regardless of whether the sensor 

arrangement is symmetric or asymmetric, thereby increasing its practical applicability. The 

proposed method is demonstrated to produce highly accurate and repeatable localization 

results across various sensor configurations and signal durations. These results confirm the 

possibility of baseline-free defect localization using minimal sensors in real-world conditions. 
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Chapter 1 

 

1Introduction and literature review 

 

1.1 Problem Statement 
Vibro-Acoustic Modulation (VAM) has evolved into a powerful and effective technique in 

nondestructive evaluation (NDE), particularly for detecting and characterizing defects in 

metallic structures [1, 2]. Traditional ultrasonic methods rely on linear wave propagation; 

however, once a crack or other nonlinearity is introduced, new phenomena such as wave 

modulation, higher harmonic generation, and sidebands become detectable [1, 3]. In the 

context of metal-based components widely used in civil infrastructure, early detection and 

accurate localization of cracks and other defects are crucial to ensure structural integrity and 

enhance long-term performance [4, 5]. Consequently, methods that are robust, economical, 

and capable of enhancing component lifetime while quickly evaluating their condition and 

reducing resource consumption and test time are needed.  

A key advantage of VAM lies in its ability to exploit both high-frequency (HF) and low-

frequency (LF) excitations. A defect induces modulation effects that are absent or negligible 

in pristine materials [1, 3, 6]. The HF signal is modulated by the LF signal, which can be 

detected through signal processing techniques such as the Fast Fourier Transform (FFT) or 

time-frequency analysis, including the short-time Fourier transform (STFT) [7, 8]. These 

modulated features, especially sidebands around the carrier frequency, offer highly sensitive 

indicators of structural nonlinearity. However, capturing subtle variations and isolating the 

modulation index (MI) from measurement noise remains challenging, especially in complex 

geometries or in weakly coupled systems [9]. 

In defect detection, some researchers have focused on establishing relationships between 

modulation parameters and defect size [2, 10]. One area of active investigation involves 

defining dimensionless parameters linking crack growth to sample lifetime, enabling 

prognostic estimation of structural health [11]. Building on foundational work by Donskoy et 

al. [1, 3] and further developed by researchers like Klepka and Staszewski [2, 9], modern 

approaches are advancing models that account for amplitude, frequency, and phase 

modulation simultaneously. By modeling these combined modulation effects, researchers aim 

for more precise parameter estimation to quantify crack size and growth rates [12, 13]. 

Despite progress in detection, defect localization remains critical for practical application. 

Guided wave methods, particularly Lamb waves, have been integrated with the VAM 

technique to improve localization capabilities [4, 5, 14]. Lamb waves can propagate over long 

distances in plate-like structures with relatively low attenuation, but their multimodal nature 

(An and Sn modes) introduces complexity in signal interpretation [4, 14]. Methods such as 

Delay-and-Sum (DAS) damage imaging have been adapted for use with VAM, providing a 

method to reconstruct spatial maps of nonlinear sources [15, 16]. By analyzing arrival times 

and amplitudes of modulated components across multiple sensors, DAS algorithms can 
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pinpoint defect locations with high accuracy1. For a baseline-required method, environmental 

changes, boundary conditions, and material variability can mask or mimic defect signatures, 

thereby complicating the reliable detection of defects [8, 10]. A baseline-free method is highly 

desirable for in situ monitoring, where recalibration is impractical.  

Sensor arrangement remains a practical consideration for real-world applications. 

Industries often seek to minimize added weight and complexity. Strategies involving 

multifunctional sensors or minimal sensor arrays can lower costs and structural modifications 

while maintaining diagnostic capability [9, 17].  

In summary, this thesis addresses the development and validation of advanced Vibro-

Acoustic Modulation (VAM) techniques for detecting and localizing defects in aluminum 

structures. The research aims to: 

 

• Enhance existing modulated signal models to incorporate simultaneous 

amplitude, frequency, and phase modulation. 

• Develop algorithms for separating modulation indices and signal phase shifts. 

• Investigate the capability of these parameters in the early-stage damage detection. 

• Integrate advanced guided wave techniques (Lamb waves) and the DAS damage 

imaging method for baseline-free, high-accuracy defect localization, using the 

short-time VAM technique. 

• Demonstrate practical solutions using minimal sensor arrays as well as different 

sensor arrangements suitable for field applications. 

• Experimental validation of algorithms using non-complex structures.      

 

Through these objectives, this thesis aims to close existing gaps in NDE and structural 

health monitoring, delivering practical tools for industries that rely on the integrity of metallic 

structures. Expected outcomes include an experimentally validated modeling framework and 

localization techniques suitable for real-world applications. 

 

1.2 Motivation 
Ensuring the integrity and safety of structures remains a vital concern in modern engineering, 

particularly in sectors where failure can result in severe economic losses or risk to human life, 

such as aerospace, civil infrastructure, and energy systems [18, 19]. Structural health 

monitoring (SHM) has therefore become an essential discipline, providing methods for 

detecting damage before it progresses to a critical state. However, conventional SHM 

techniques, including linear ultrasonic inspection and vibration analysis, often need baseline 

measurements and struggle to identify early-stage or nonlinear defects [1, 20]. 

Vibro-acoustic modulation (VAM) offers a compelling alternative due to its ability to 

exploit the nonlinear response of damaged materials. This technique involves the interaction 

between a low-frequency vibration and a high-frequency ultrasonic wave, generating 

modulation sidebands that act as sensitive indicators of contact-type or closed cracks [1, 21]. 

Unlike purely linear methods, VAM does not always require a reference state, making it more 

practical in field conditions where baseline data may be unavailable or unreliable. Recent 

 
1 See subsection 1.3.2 
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experimental research has demonstrated the feasibility of combining VAM with guided 

waves for enhanced detection and localization performance [22-24]. 

Despite its promise, VAM still faces important limitations. Accurately quantifying crack 

severity from modulation indices remains challenging—even robust baseline-free methods 

depend on modeling power-law behaviors in damage evolution [24]. Moreover, 

distinguishing damage-induced nonlinearity from effects like sensor placement and modal 

shape requires sophisticated signal separation techniques [25]. While localization in complex 

geometries has been demonstrated via simulations, performance depends heavily on precise 

geometry modeling and crack characterization. The method's sensitivity to contact and 

fatigue cracks, especially in steel structures, underscores its potential, but also highlights the 

need for improved processing methods to isolate defect signals accurately [26]. 

This research is motivated by the potential of the VAM technique to enhance structural 

integrity assessment significantly. This research is focused on two major topics: (1) enhancing 

the Modulation Index (MI) separation using models that can simultaneously describe 

amplitude, frequency, and phase modulation, mathematically and experimentally. (2) 

developing a novel approach for defect localization using the VAM technique. These 

methodologies are validated experimentally using aluminum specimens, bridging the gap 

between theoretical developments and practical applications. 

 

1.3 Literature review 

1.3.1 Vibro-Acoustic Modulation and MI Separation 
Donskoy et al. [1] discussed the nonlinear interaction between ultrasonic waves and low-

frequency vibrations at contact interfaces containing defects, such as cracks and delamination, 

using the VAM technique. By modulating an HF ultrasonic wave with LF vibrations, defect-

induced signals can be distinguished from linear acoustic reflections, allowing more sensitive 

detection. The authors highlight the challenge of differentiating integrity-reducing flaws from 

other inhomogeneities using linear acoustics. Their work demonstrates how observing 

sideband spectral components enhances defect identification and may provide insights into 

defect size and bonding strength. 

Zaitsev et al. [27] introduced a nonlinear-modulation acoustic technique for crack 

detection based on cross-modulation between a pump and a probe signal. Their results 

showed that higher harmonics generation methods are affected by initial nonlinear 

distortions, and the need for intensive pump action complicates the practical application. The 

authors proposed a flexible approach to utilize sample resonance frequencies for enhancing 

small crack detection, which is also unaffected by initial nonlinear distortions in the 

electronics. 

Duffour et al. [28] examine the effectiveness of VAM for crack detection in metals, focusing 

on the amplitude modulation of ultrasonic waves (HF signal) by LF vibrations. The authors 

investigated the relationship between crack size and modulation strength, noting that the 

correlation is poor due to the sensitivity of the technique to initial crack states and setup 

conditions. They identified several areas for further refinement of the VAM technique. 

Enhancing sensitivity by understanding the influence of crack morphology and initial crack 

openness on modulation strength. Additionally, improving robustness by determining the 
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minimum LF strain necessary for reliable crack detection under varying industrial conditions 

is suggested. Moreover, the authors highlighted the importance of identifying optimal 

ultrasonic frequencies to maximize sensitivity, as significant variability in sideband 

amplitudes was observed across frequencies.  

Zaitsev et al. [29] addressed the physical factors governing the minimal detectable crack 

size and compared nonlinear modulation techniques with linear frequency-shift approaches. 

Results showed that while nonlinearity can significantly increase sensitivity, intrinsic atomic 

nonlinearities in intact materials impose fundamental limits on detection. The authors suggest 

exploring higher-order nonlinear effects to enhance detection. 

In another work, Donskoy [30] emphasized that linear methods often miss subtle damage 

in structures. Nonlinear methods, including harmonic distortion and modulation techniques, 

exploit stress-strain nonlinearities that become more pronounced in the vicinity of defects 

such as cracks or delamination. The challenge lies in differentiating incipient damage from 

inherent material features and establishing reliable references for background nonlinearity. 

However, the high sensitivity to flaws with nonlinear properties makes these methods 

promising for long-term structural health monitoring. 

Aymerich and Staszewski [31] explored cross-modulation vibro-acoustic techniques for 

detecting impact damage in composite laminates. A slow, amplitude-modulated pumping 

wave is paired with a constant-amplitude probing wave, producing modulation effects that 

indicate the presence of damage. The study demonstrated how sidebands in the power 

spectrum of the probing wave correlate with the severity of barely visible impact damage. 

Despite boundary condition challenges, the authors validate the flexibility and effectiveness 

of the technique for early-stage damage detection. 

In 2010, Hu et al. [32] investigated nonlinear VAM for crack detection using piezoceramic 

transducers, focusing on separating amplitude and frequency modulations via the Hilbert-

Huang transform (HHT). Their findings show that amplitude modulation correlates more 

reliably with crack severity than frequency modulation, underscoring the limitations of 

relying solely on frequency analysis. The authors provided a clear indication of damage 

progression by isolating the amplitude component. 

Klepka et al. have conducted significant research on employing nonlinear acoustics for 

damage detection, particularly focusing on fatigue cracks in aluminum plates and impact-

induced defects in composite materials. In 2011 [2], they investigated the role of low-

frequency vibration modes in enhancing modulation intensity. Their results highlighted that 

energy dissipation is the primary contributor to nonlinear modulations rather than the 

traditional crack opening-closing mechanism. This fact helps the detection of early-stage 

cracks, even when strain fields are relatively weak. In subsequent research [33], they extended 

their work to composite materials, targeting barely visible impact damage using nonlinear 

VAM. By combining LF modal excitations with HF ultrasonic waves, their method produced 

prominent modulation sidebands in damaged areas, revealing hidden structural defects. This 

study highlighted the importance of understanding acoustic interactions with defects and 

emphasized the potential of VAM for effective early-stage damage identification in 

composites. Later in 2013 [34], they investigated the effect of different LF excitations on the 

VAM response. The study introduced broadband and aperiodic LF excitations, eliminating 

the need for preliminary modal testing typically required in traditional VAM techniques. 
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Specifically, they proposed chirp signals combined with wavelet-based filtering to effectively 

isolate modulation sidebands without performing initial modal analyses. They demonstrated 

the critical impact of carefully selecting vibration modes and ultrasonic excitation frequencies 

to detect barely visible impact damage in laminated composites in 2014 [35]. Results showed 

that modulation intensities were significantly increased by focusing on out-of-plane motions 

and leveraging local defect resonance frequencies. 

Hong Su et al. [36] introduced a nonlinear acoustic modulation technique for crack 

detection using cross-modulation between the HP pump and LF probe signals. The method 

enhances detection sensitivity by exploiting sample resonances, showing superior sensitivity 

to small cracks and reduced susceptibility to electronic distortions.  

The necessary conditions (NCs) for generating nonlinear ultrasonic modulation are 

investigated by Lim et al. in 2017 [37]. The results revealed that: (1) the localized nonlinearity 

requires a crack perturbation at the anti-nodes position for both high and low frequency 

excitations. (2) Transient wave inputs prove more effective than stationary vibrations, 

especially when the crack location is unknown. However, distinguishing between distributed 

nonlinearity and localized sources remains challenging, prompting exploration of various 

frequency combinations to avoid spurious modulation from intrinsic material features. 

An algorithm for separating amplitude and frequency modulations in steel components 

during fatigue damage progression was proposed by Donskoy et al. [38, 39] in 2019. Early 

micro-crack stages exhibit mostly frequency modulation, while amplitude modulation 

becomes pronounced during the formation of macro-cracks. This research offers a potential 

method for early crack detection and life prediction. 

Klepka et al. [40] examined nonlinear modulation effects in vibro-acoustic tests for 

detecting contact-type damage. They identified that modulation patterns, notably amplitude 

and frequency modulations, depend heavily on excitation amplitudes and interactions 

between low- and high-frequency signals with damaged surfaces.  

In 2020, Opperman et al. [41] employed mathematical approaches to explain amplitude 

and phase modulation, utilizing a short-time Fourier transform (STFT) in their research to 

estimate amplitude and phase modulation separately. They noted that their results could not 

confirm whether either AM or PM/FM is a reliable index for revealing a defect. 

The interaction of an ultrasound signal and two types of cracks, an inner and a surface 

defect, with different lengths, widths, angles, and numbers of defects, was investigated 

numerically by Zhan et al. [42] in different scenarios in 2021. The simulation results show that 

the nonlinear phenomenon strongly depends on the length and width of cracks. The second 

and third-order harmonics increase exponentially as the length of both cracks increases; 

however, they decrease with increasing crack width. With respect to the angle between the 

crack direction and the propagation path, the study indicates that the nonlinearity decreases 

with increasing angle.  

 

1.3.2 Defect localization  
Michaels et al. [43, 44] investigated the efficacy of four damage localization methods: (1) Time-

of-Arrival (TOA), (2) Time-Difference-of-Arrival (TDOA), (3) Energy Arrival, and (4) 

Reconstruction Algorithm for the Probabilistic Inspection of Damage (RAPID) using sparse 

ultrasonic sensor arrays for structural health monitoring. These methods rely on differenced 
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signals, calculated by comparing signals from damaged and undamaged (baseline) structures, 

to detect and localize damage. Results showed that the TOA method demonstrated the best 

balance of localization accuracy and signal-to-noise ratio, while the TDOA method was the 

most robust to group velocity errors. The Energy Arrival and RAPID methods, though strong 

in signal-to-mean-noise ratios, exhibited reduced performance in other areas, particularly 

under non-ideal conditions. The RAPID method, designed for larger transducer arrays, was 

notably less effective with fewer sensors. The discussion emphasizes that TOA offers the most 

reliable performance under both ideal and non-ideal conditions, while the TDOA method is 

more tolerant of parameter deviations.  

The localization of defects using a single wave excitation (Lamb wave) has been 

investigated by researchers. A tone burst at a specific central frequency is excited by an 

actuator, and the responses are measured simultaneously at the receivers. By comparing the 

responses before (baseline) and after the damage, the location of the defect can be calculated 

using a damage image method, as explained in subsection 2.5.1 [43-62]. These methods 

require a baseline measurement for damage localization. Despite the baseline measurement 

requirement for traditional lamb wave localization, some researchers have suggested signal 

compensation techniques that can be applied after the response measurement to localize 

damage using a one-time measurement [63-68].    

Li et al. [69] investigated the localization of a 15 mm crack using an arrangement of twelve 

piezoelectric sensors, including six senders (actuators) and six receivers, attached along both 

sides of a rectangular plate. A LF continuous signal and an HF tone burst signal with a length 

of 600 µs were excited by one sender. The six receivers on the opposite side measured the 

signal simultaneously. The Short-Time Fourier Transform (STFT) with a window length of 

600 µs was used to evaluate the measured signal. The signal amplitude at the sideband 

frequency is higher when the defect is positioned along the path between the sender and 

receiver. A probability damage imaging method was used for localization in this test. Defect 

localization was possible with acceptable accuracy. However, successful measurement 

requires an array of sensors, and further, the defect was positioned within the array of 

piezoelectric sensors.  

Pieczonka et al. [70] used harmonic and sideband image mapping by applying the VAM 

technique. Low and high-frequency signals were excited by two different piezoelectric 

sensors, and a laser vibrometer measured the system response. Three methods, (1) the 

vibrothermography, (2) the higher harmonics imaging, and (3) the sideband imaging method, 

were used for defect localization within a comparative study. In the vibrothermography 

method, a tone burst signal was excited by a piezoelectric sensor, and a thermographic camera 

measured the surface temperature of the plate. The surface temperature distribution indicated 

the areas where energy is converted to heat. The area adjacent to the crack revealed a higher 

temperature than remote locations on the plate. In the higher harmonics imaging method, a 

single frequency signal was excited by a piezoelectric sensor, and the amplitude of the 

measured signal at the first harmonic was used for localization. For the sideband imaging 

method, low- and high-frequency signals were excited by piezoelectric sensors. The sideband 

density, defined as the mean value of the first sideband amplitude, was used for damage 

imaging. The study concluded that the sideband imaging method produces more accurate 

results than the higher harmonics imaging method.  
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Xiao et al. [71] addressed the critical limitation of the VAM in localizing micro-cracks, 

despite its high sensitivity to these defects compared to linear acoustic methods. The authors 

proposed a novel combination of VAM with the Time Reversal (TR) technique. Theoretical 

studies using finite element (FE) simulations and experimental validation on an aluminum 

plate demonstrated that time-reversed nonlinear signals successfully focused around the 

crack, allowing for its localization and characterization. 

The capability of the Lamb wave mixing method for localizing the defect was investigated 

by Aslam et al. [72] by evaluating the higher harmonics generated by a defect in a thin plate 

numerically and experimentally. Two signals at different frequencies were excited with a time 

delay, such that the two signals arrived at the defect simultaneously, and the Lamb wave 

mixing took place at the defect zone. The results showed that the higher harmonics and 

sideband frequency amplitudes were pronounced in the defect zone. However, in order to 

find the location of the defect in a plate-like component, this approach needs to be repeated 

for any potential defect zone in a checkerboard pattern.  

 Karve and Mahadevan [73] used VAM and a binary damage index for damage 

localization in a numerical concrete model. Low- and high-frequency signals were excited on 

the top side of the model, and signals were measured by sensors that were placed on the 

bottom side of the model. The sum of the first sideband amplitude was used as a damage 

index for localization. The simulation results showed that the sensor's proximity to the 

damage matters for defect localization. The sensor closer to the damage indicated a higher 

damage index value than the sensor further away from the damage location. The damage 

index was evaluated for all sensors in the damage localization process.  

At another work, Aslam et al. [74] numerically investigated a new A0/S0 mode signal 

generated by a defect. Two signals at different frequencies were excited to study the Lamb 

wave mixing. A time delay between the signals controlled the Lamb mixing zone. A damage 

index (DI) was used to compare the results. The results showed that the DI increases and 

decreases with increased crack length and width, respectively. 

The Lamb wave frequency-mixing method for localizing a crack in a thin plate using a 2D 

Finite Element model (2000 mm x 2 mm) was introduced by Wang et al. [75] An A0-mode LF 

and an S0-mode HF tone burst signal were excited by two piezoelectric sensors on the same 

side of the sample. A new A0-mode was generated by the defect when both tone bursts arrive 

at the same time at the location of the defect. This simultaneous arrival at the defect location 

was controlled by a time delay of one of the signals. The newly generated A0-mode signal at 

frequency 𝜔-Ω propagated in the opposite direction and was measured by the receivers. The 

generated A0-mode at 𝜔-Ω was extracted from the measured signal by using the Pulse Inverse 

Technique and a bandpass filter. The time of flight of this extracted signal revealed the defect 

location within a numerical assessment.   

Miele et al. [76] employed machine learning (ML) methods for localization using the VAM 

technique, using a FE model. Two neural networks, a regression model to estimate damage 

depth, and a classifier for detecting crack presence, achieve around 60–64% accuracy.  
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1.4 Thesis structure 
In this chapter, several published articles related to defect detection using the VAM technique 

and defect localization using the Lamb waves and the VAM technique are reviewed. The 

following points can be highlighted as key aspects regarding MI separation in this section:  

 

• The published results demonstrated the capability of the VAM technique in 

detecting small-sized defects (on the millimeter scale). 

• The amplitude and frequency modulation indices can serve as indicators of crack 

growth in the SUT; however, the precise relationship between these parameters 

and the crack still requires further investigation. 

• Despite the introduction and application of various techniques for separating MIs 

in the response signal, a detailed mathematical analysis of different modulation 

models is still required to overcome computational limitations, such as the 

potential occurrence of the nonmodulated carrier in the measured response. 

 

The following points can be highlighted as key aspects regarding localization in this 

section: 

 

• The first sideband is of particular interest because (1) it shows the nonlinear 

behavior of a crack, and (2) its amplitude is larger than that of higher-order 

sidebands.  

• The applied HF signal duration appears to be an important parameter for 

avoiding signal overlap. However, the effect of signal duration on covering the 

information about the defect location still requires further investigation.  

• The review of the literature demonstrates extensive results regarding the 

application of the VAM technique for defect localization. However, most of these 

results have been derived from numerical simulations. There is a clear need for 

the development of algorithms capable of identifying real defect locations on a 

plate under practical conditions, accounting for factors such as the nonlinear 

effects of measurement devices and noise. 

• The possibility of defect localization using the minimum number of sensors, 

particularly in cases where the defect is located outside the sensor arrangement, 

needs more investigation. 

  

In this dissertation, efforts have been made to build upon the findings of previous 

researchers and to address the identified shortcomings, aiming to advance the possibility of 

defect localization with minimal measurements and maximum accuracy using the VAM 

technique. Furthermore, as a second focus of this dissertation, an attempt has been made to 

examine existing models for the MI separation from both mathematical and signal processing 

perspectives, exploring the potential for early defect detection through variable separation. In 

the following chapter, the fundamental concepts utilized in this research are briefly 

introduced and discussed.  
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Chapter 2 begins with a brief introduction to Lamb waves and the VAM method. In the 

remainder of this chapter, various categorized signal models are introduced, and their 

differences in phase shift are examined with respect to changes in modulation indices. The 

mathematical description presented in this chapter will be used in the subsequent chapter to 

separate modulation indices. Additionally, the fundamental principles of localization using 

Lamb waves are introduced. 

Chapter 3 introduces the methodology employed in this study. As the first study, the MIs 

separation methods employed by various researchers are first introduced, along with a 

discussion of their potential limitations. Subsequently, new approaches have been proposed 

to mitigate these shortcomings and enhance the separation of MIs. Additionally, a combined 

modulation model is introduced, which can explain the change in phase shift of sidebands 

resulting from changes in MIs. Furthermore, the sensitivity analysis of the phase shifts and 

damage modulation index is mathematically discussed in this chapter. Defect localization 

using the VAM technique is introduced in this chapter as the second main topic investigated 

in this dissertation. This chapter explains how the combination of conventional Lamb wave-

based defect detection methods with the VAM theory, which involves generating a 

modulated signal by a nonlinear source, can assist in defect localization. 

The algorithms introduced in this study have been experimentally evaluated, and their 

results are presented in Chapter 4. In the MI separation section, the results obtained from the 

AFM model are compared with those from the SPHS method. Subsequently, to facilitate the 

application of the newly proposed AFPM model, its validity is assessed by examining the 

phase shift variations of the signal at the first sideband frequencies, ω ±  Ω. Finally, the results 

of MI separation using this approach are presented. In the defect localization section, the 

detection of a crack in the test specimen is investigated under conditions where the HF signal 

is excited as a tone burst. It is experimentally demonstrated that the presence of a nonlinear 

source, here a real crack, can modulate the signal that passes through it, while leaving 

unaffected the portions that do not propagate through the crack. The frequency component 

generated by the crack propagates independently at a different speed. Furthermore, the 

effects of varying signal lengths and different sensor configurations are examined under 

various conditions. 

Finally, Chapter 5 discusses research summary, outcomes, and some additional possible 

areas for further investigation.   
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Chapter 2 

 

2Theoretical Background  

 
This chapter provides a comprehensive theoretical foundation for understanding and 

employing Lamb waves and vibro-acoustic modulation (VAM) techniques in structural health 

monitoring (SHM) and nondestructive testing (NDT). Initially, the principles and 

mathematical frameworks underpinning Lamb wave propagation in thin plate-like structures 

are discussed. Emphasis is placed on symmetric and antisymmetric modes, and the 

significance of dispersion curves, along with their dependence on material properties, plate 

thickness, and frequency, is explained. 

Subsequently, the chapter explores the nonlinear ultrasonic methodology of vibro-

acoustic modulation, detailing its unique advantages in defect detection. The roles and 

interactions of low-frequency (LF) and high-frequency (HF) signals, as well as the types of 

excitation, are also discussed in the following sections.   

For a clear understanding of modulation models, different combinations of modulation, 

such as amplitude, frequency, and phase, for a single tone signal, are mathematically 

introduced. The separation of modulation indices is discussed at the end of this section.  

At the end of the chapter, the theory of defect localization using Lamb waves is presented, 

with a focus on the Delay-and-Sum (DAS) damage imaging method. The theoretical 

framework and application of the DAS algorithm for accurately locating structural defects 

through wave propagation analysis are discussed. This foundational knowledge sets the stage 

for the subsequent experimental validation and application of these theoretical insights in 

practical scenarios, which are represented in the following chapters. 

 

2.1 Lamb Waves and Their Role in NDT 
Lamb waves were first theoretically described by Horace Lamb in 1917 [77]. They are a subset 

of guided waves in thin plate-like structures whose thickness is comparable to the acoustic 

wavelength. When an elastic wave propagates in a plate of finite thickness, the mechanical 

energy remains guided between the two free boundaries of the plate [78]. Since then, these 

waves have been widely applied in structural health monitoring, non-destructive testing, and 

other fields where thin-walled components, such as aircraft fuselages, pipelines, or plate-like 

structures, are examined [78]. 

Lamb waves have gained popularity in NDT due to their ability to travel long distances 

along thin structures, efficiently covering large areas [77, 79, 80]. In contrast to bulk waves, 

whose energy radiates throughout the entire volume, Lamb waves remain guided within the 

plate [77, 78]. They are easily affected by changes in thickness, material properties, and 

boundary conditions [78, 81, 82]. Choosing the proper mode and frequency can help detect 

specific types of damage more effectively, even with many wave modes (A and S) [78, 80, 83].   
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2.1.1 Symmetric and Antisymmetric Modes 
In an isotropic plate of thickness 2ℎ, the displacement field 𝑢(𝑥, 𝑦, 𝑧, 𝑡) must satisfy both scalar 

(longitudinal), 𝜙(𝑥, 𝑦, 𝑧, 𝑡), and vector (shear), 𝜓(𝑥, 𝑦, 𝑧, 𝑡), wave equations that are represented 

in Equation 2.1, where 𝑐𝐿 and 𝑐𝑇 represent the longitudinal and shear wave velocities. 𝑐𝐿 and 

𝑐𝑇 are material-related parameters, which are described in Equation 2.2, where 𝐸, 𝜈 and 𝜌 

denote the Young's Modulus, Density, and Poisson's ratio of the material [78].  

 

 

𝛻2𝜙 −
1

𝑐𝐿
2

𝜕2𝜙

𝜕𝑡2
= 0 (a) 

 
𝛻2𝜓 −

1

𝑐𝑇
2

𝜕2𝜓

𝜕𝑡2
= 0 (b) 

𝑢 = 𝛻𝜙 + 𝛻 × 𝜓 (c) (2.1) 

 

𝑐𝐿 = √
𝐸(1 − 𝜈)

𝜌(1 + 𝜈)(1 − 2𝜈)
 (a) 

 

𝑐𝑇 = √
𝐸

2𝜌(1 + 𝜈)
 (b)  (2.2) 

 

For Lamb waves,  the top and bottom surfaces 𝑧 = ±ℎ, are traction-free, as Equation 2.3 

represents, where 𝜎 denotes the stress tensor. Applying these boundary conditions to the 

above equations leads us to the Rayleigh–Lamb frequency equations for symmetric (S mode) 

and antisymmetric (A mode) modes, which are illustrated in Equation 2.4. In this equation ℎ, 

𝑘, 𝜔, and 𝑐𝑃 are the half value of the plate thickness, wavenumber, wave circular frequency, 

and phase velocity, respectively [78]. 

 

 

𝜎𝑧𝑧 = 0, 𝜎𝑥𝑧 = 0  at  𝑧 = ±ℎ  (2.3) 

 

tan(𝑞ℎ)

tan(𝑝ℎ)
= −

4𝑘2𝑝𝑞

(𝑘2 − 𝑞2)2
 Symmetric modes (S modes) 

 (2.4) 
tan(𝑞ℎ)

tan(𝑝ℎ)
= −

(𝑘2 − 𝑞2)2

4𝑘2𝑝𝑞
 Antisymmetric modes (A modes) 

𝑤ℎ𝑒𝑟𝑒:    𝑝 = √
𝜔2

𝑐𝐿
2

− 𝑘2  ,   𝑞 = √
𝜔2

𝑐𝑇
2

− 𝑘2   
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2.1.2 Dispersion Curve 
The phase and group velocity values can be numerically calculated using Equation 2.4 by the 

following steps [78]:  

• Calculate the value of 𝑐𝐿 and 𝑐𝑇 (The material parameters are considered known) 

using Equation 2.2. 

• Select a frequency (𝑓) and calculate the 𝜔 = 2𝜋𝑓. 

• Solve Equation 2.4 numerically to find the values of 𝑘 , for A and S modes.  

• Calculate the value of phase velocity (𝑐𝑝) and group velocity (𝑐𝑔) using Equation 

2.5 

𝑐𝑝 =
𝜔

𝑘
 (a)  

𝑐𝑔 =
𝑑𝜔

𝑑𝑘
 (b)  (2.5) 

 

Figure 2.1 shows an example of MATLAB-simulated dispersion curves for an aluminum 

plate (AlMg3) with parameters listed in Table 2.1. As the results show, it is evident that phase 

velocity (𝑐𝑃) and group velocity (𝑐𝑔) are frequency-thickness-dependent , which means each 

frequency propagates with a different velocity. It is noticeable that the difference in 

propagation speed for frequencies has been used in the defect localization algorithm (see 

subsection 3.2.6).   

 

Name Sym Simulated Value 

Young's Modulus  𝐸 7 × 1010
𝑁

𝑚2
 

Density  𝜌 2700 
𝑘𝑔

𝑚3
 

Material Thickness 2ℎ 2 𝑚𝑚 

Poisson's Ratio  𝜈 0.33 

Table 2.1:The parameter values of Aluminum (AlMg3)1 used for the dispersion curve simulation 
using MATLAB 

2.1.3 Interaction with Defects 
The Lamb waves that interact with defects such as cracks, voids, and delaminations can be 

categorized into the following points: 

 
1 https://www.makeitfrom.com/material-properties/5754-AlMg3-3.3535-A95754-Aluminum 
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Figure 2.1: The phase and group velocity of An and Sn modes (n = 0, 1, …,5) simulated by MATLAB1 

for an Aluminum (AlMg3) with the parameters listed in Table 2.1. 

 

• Reflection and Mode Conversion: 

When a Lamb wave meets a defect, part of the wave is typically reflected to the receiver. 

Depending on the defect location, mode conversion can occur. In this situation, an S mode 

becomes an A mode or vice versa; sometimes, a new mode will be generated and 

propagated through the material [75, 78, 84-86].  

 

 

 
1 Using a ‘MathWorks’ function: 

https://www.mathworks.com/matlabcentral/fileexchange/73050-lamb-wave-dispersion-curve 
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• Scattering: 

When the defect size is on the order of the signal wavelength, the signal is scattered by 

the defect and can be measured by receivers. Research results confirm that the amplitude, 

direction, and mode content of scattered waves vary with the defect's geometry relative 

to the Lamb wave's wavelength [78, 81, 84, 87-89].  

 

• Resonance Effects: 

Defects such as delaminations and disbonds can behave as localized resonators, 

particularly when their dimensions match specific fractions of the Lamb wave 

wavelength. This resonant behavior can trap or reflect specific frequency components, 

resulting in notable modifications in the amplitude and phase of the transmitted or 

scattered wave [82, 90, 91].   

 

• Amplitude and Phase Changes: 

As Lamb waves propagate through a structure, defects such as cracks can reduce the 

amplitude of the transmitted wave and introduce a phase delay. These changes depend 

on the size and location of the defect [81, 84, 90-92]. 

 

2.2 An Introduction to Vibro-Acoustic Modulation 
Vibro-acoustic modulation (VAM) is a powerful nonlinear ultrasonic method widely 

employed for detecting structural defects. This technique uses the nonlinear elastic properties 

of damaged materials by exciting two waves, low-frequency (LF) and high-frequency (HF) 

signals, known as pumping and probing waves, respectively [1, 2]. The interaction of these 

waves at a defect location generates individual modulation signatures that help as sensitive 

indicators of structural integrity [1, 24, 93]. This section explains the theoretical background, 

frequency selection, excitation types, and the roles of LF and HF waves in defect detection and 

localization. 

 

2.2.1 Theoretical Background of VAM 
Vibro-Acoustic Modulation (VAM), first introduced by Donskoy and Sutin in 1998, is a 

nonlinear ultrasonic technique used in NDE and SHM to detect and characterize damage in a 

wide range of materials and structural components [94]. Unlike conventional (linear) 

ultrasonic methods, which rely primarily on amplitude attenuation, phase shifts, or Time-Of-

Flight (TOF) changes, VAM uses the interaction between two excitations with low and high 

frequencies [11, 94, 95]. In this method, two signals at low (Ω) and high (ω) frequencies, which 

are called 𝑋Ω and 𝑋𝜔 as represented in Equation 2.6, are simultaneously excited to a structure 

under test (SUT). At the same time, another sensor (or sensors) measures a response signal, 

which is called 𝑌𝑖 = 𝐹(𝑋𝜔 , 𝑋Ω), where 𝑖 represents the sensor's number. 𝐴 and 𝜃 in Equation 

2.6 represent the signal's amplitude and initial phase shift, respectively. Furthermore, the 

function 𝐹(𝑋𝜔 , 𝑋Ω) describe the behavior of SUT against 𝑋Ω and 𝑋𝜔. 
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LF signal: 𝑋Ω(𝑡)  ≡ 𝑋Ω(𝐴Ω , Ω)  = 𝐴Ω𝐶𝑜𝑠(Ω𝑡 + 𝜃Ω) , Ω = 2π𝑓Ω (a) 

 (2.6) 

HF signal: 𝑋𝜔(𝑡) ≡  𝑋𝜔(𝐴𝜔, 𝜔) = 𝐴𝜔𝐶𝑜𝑠(𝜔𝑡 + 𝜃𝜔), 𝜔 = 2π𝑓𝜔 (b) 

Measured signal: 𝑌 = 𝐹(𝑋𝜔 , 𝑋Ω) (c) 

 

Figure 2.2a illustrates the fundamentals of the VAM method. The behavior of the SUT can 

be described in two different situations: 

 

• A defect-free structure:  

When the structure is perfectly elastic and defect-free, its stress-strain relationship is well-

approximated by a linear Hookean law 𝜎(𝜀) =  𝐸 𝜀, where 𝜎, 𝜀, and 𝐸 represent stress, 

strain, and Young's Modulus, respectively. Under this condition 𝑋Ω and 𝑋𝜔 do not 

significantly interact, and no sidebands are generated [1, 94]. Therefore, the frequency 

response of the measured signal reveals only frequency components at ω and Ω, as shown 

in Figure 2.2b.    

 

• A structure with a defect: 

A local defect, such as a crack, introduces a localized nonlinear stress-strain behavior. A 

simple nonlinear stress-strain can be written using a polynomial expansion, which is 

shown in Equation 2.7, where 𝛼 and 𝛽 are higher-order nonlinear coefficients related to 

microstructural or contact-type nonlinearity. Under this condition, the high-order 

polynomial terms in the nonlinear stress-strain expansion generate higher harmonics of 

𝑋Ω and 𝑋𝜔 and the sidebands at ω ± 𝑛Ω [1, 37, 94, 96]. Therefore, the frequency response 

of the measured signal reveals frequency components not only at ω and Ω, but higher 

harmonics of ω and Ω as well as ω ± 𝑛Ω, as shown in Figure 2.2c. 

   𝜎(𝜀) =  𝐸 𝜀 +  𝛼 𝜀2 +  𝛽 𝜀3 + ⋯  (2.7) 

 

 

 
Figure 2.2: The fundamentals of the Vibro-Acoustic Modulation method – a test setup (a), the 

frequency component of the response, when SUT has no defect (b), and when SUT has a 

defect (c) 
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2.2.2 Frequency Selection in VAM 
Research results show that VAM is a frequency-dependent method [25]. As shown before, the 

generation of sidebands depends on how low and high-frequency signals interact with the 

structure's dynamics and the damage. Therefore, choosing the appropriate low and high 

frequencies is crucial for maximizing VAM sensitivity and accuracy [25]. Some of the key 

considerations for frequency selection are the following: 

 

• Excitation of damage-sensitive modes 

Experimental results have shown that LF signals play a key role in modulation strength 

[2, 25, 97]. Selecting a low frequency close to a structure's resonant modes enhances the 

opening-closing behavior of cracks (also known as "breathing"), making the nonlinear 

modulation effect stronger and easier to detect. Furthermore, the modulation can be 

measured strongly when a sideband frequency matches the structure's resonance [2, 97, 

98]. Selecting a high range of frequencies for the HF signal provides a smaller wavelength, 

which means better spatial resolution (A wave with a smaller wavelength oscillates more 

rapidly in space and can interact with smaller defects) [78, 82, 99].  

 

• Avoiding interference or insensitivity due to modal nodes 

When the mode shape of the selected frequencies exhibits minimal vibration or a node at 

the defect location, the nonlinear interaction between frequencies is significantly reduced, 

and the defect becomes extremely difficult to identify or even undetectable [37]. 

 

• Separation of frequency bands 

The low and high frequencies must be chosen to avoid the frequency overlapping between 

the primary frequencies, their harmonics, and their sidebands for better separation and 

filter design in the frequency domain [98, 99].  

 

• The frequency range of sensors 

Each sensor has an optimal frequency range, known as the eigenfrequency range, which 

provides accurate and reliable measurements. In the case of using sensors as an actuator 

or receiver, the low and high frequencies must be chosen to ensure better excitation and 

measurement, considering the frequencies of the generated sideband.     

 

2.2.3 Types of Excitations in VAM 
Various excitation methods can be employed in VAM, each with its advantages and suitable 

applications. The classical approach utilizes a continuous single-tone sinusoidal waveform for 

low- and high-frequency signals. Alternatively, other methods use at least one signal as a 

short-time waveform (tone burst).  

 

• Continuous waveforms excitation 

The most widely used form of VAM is to excite both signals as single-tone continuous 

sinusoidal waveforms to reach a steady-state condition [1-3, 8, 11, 38-41, 93, 96]. Since a 

single-tone waveform has a narrow band frequency spectrum, this excitation method 



18             Chapter 2. Theoretical Background 

 

generates a sharp and clear frequency analysis of the measured signal in the frequency 

domain.  

 

• Short-time waveforms (tone burst) excitation 

In this method, one of the low or high-frequency signals excites as a short-time signal 

(tone burst), while the other excites continuously. The frequency analysis of the measured 

signal is more advanced in this method because a tone burst signal has a wide-band 

frequency spectrum, and the energy of the excited signal is less than that of a continuous 

waveform. Also, this method requires measuring devices with a higher sampling 

frequency. Despite its challenges, this method is used in defect localization problems [63, 

68-72, 74, 75].  

 

2.3 Modulation Indices in VAM  
As discussed in subsection 2.2.1, a source of nonlinearity modulates the high-frequency signal 

by the low-frequency signal, generating sidebands. The easiest way to mathematically 

visualize the modulation is to consider a single-tone HF signal (carrier) modulated 

(amplitude, phase, or frequency) by a single-tone LF signal. 

A modulation index (MI) in VAM is a quantitative parameter that measures the intensity 

or degree of interaction between two signals of different frequencies within a material. 

Generally, two main types of modulation are employed: amplitude modulation (AM) and 

frequency modulation (FM) [32, 38-40]. Recently, studies have also begun exploring phase 

modulation (PM) as an additional indicator of nonlinearity [41]. A brief definition of different 

modulation types is given below, where the HF signal (carrier) and LF signal are defined in 

Equation 2.6.  

Since the experimental results confirm the existence of two different modulation types, 

amplitude and frequency modulation, exist in the VAM-measured response [32, 38-40], 

combining different modulation types is described below to show the relationship between 

the modulation indices and the sideband’s parameters (amplitude and phase shift) for the 

separation.    

 

2.3.1 Amplitude Modulation (AM) model 
In this modulation, the amplitude of the HF signal (known also as a carrier) changes based on 

the LF signal (known as a modulating signal or the data). The amplitude modulation index, 

AMI (𝑚𝑎 or 𝜇𝑎), which is calculated using Equation 2.8, quantifies the amount of modulation. 

The frequency spectrum of the modulated signal always consists of only two symmetric 

sidebands, as illustrated in Figure 2.3a [100, 101]. Table 2.2 represents the amplitude and phase 

shift of the amplitude-modulated signal components after replacing 𝑋Ω(𝑡), defined in 

Equation 2.6, into the Equation 2.8.  

  

 

𝐴𝜔(1 + 2𝑚𝑎𝑔(𝑡)) 𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝜔) 𝑚𝑎 =
𝐴+1 + 𝐴−1

2𝐴0
 (2.8) 
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Frequency (rad) Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔 𝜃0 = 𝜙𝜔 

𝜔 + Ω 𝐴+1 = 𝑚𝑎𝐴𝜔𝐴Ω 𝜃+1 = 𝜙𝜔 + 𝜙Ω 

𝜔 − Ω 𝐴−1 = 𝑚𝑎𝐴𝜔𝐴Ω 𝜃−1 = 𝜙𝜔 − 𝜙Ω 

Table 2.2: The amplitude and phase shift of different signal components in an amplitude-modulated 
signal when HF and LF signals are single-tone waveforms 

 

2.3.2 Frequency Modulation (FM) model 
In this modulation, the frequency of the HF signal changes based on the LF signal. The 

frequency modulation index, FMI (𝑚𝑓 or 𝜇𝑓), which is calculated using Equation 2.9, 

quantifies the amount of modulation, where ∆𝑓 represents the frequency deviation in the 

measured signal. This modulated signal theoretically has infinite sidebands in the frequency 

domain, as represented in Figure 2.3b [100, 101]. Table 2.3 represents the amplitude and phase 

shift of the frequency-modulated signal components after replacing 𝑋Ω(𝑡), defined in 

Equation 2.6, into the Equation 2.9. 

    

𝐴𝜔 𝑐𝑜𝑠 (𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓  ∫ 𝑔(𝑡)𝑑𝑡) 𝑚𝑓 =
𝑓𝑀𝑎𝑥 − 𝑓𝑀𝑖𝑛

2𝑓𝑐
=

∆𝑓

2𝑓𝑐
 (2.9) 

 

Frequency (rad) Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔𝐽0(2𝑚𝑓𝐴Ω) 𝜃0 = 𝜙𝜔 

𝜔 + Ω 𝐴+1 = 𝐴𝜔𝐽1(2𝑚𝑓𝐴Ω) 𝜃+1 = 𝜙𝜔 + 𝜙Ω 

𝜔 − Ω 𝐴−1 = −𝐴𝜔𝐽1(2𝑚𝑓𝐴Ω) 𝜃−1 = 𝜙𝜔 − 𝜙Ω 

𝜔 + 𝑛Ω 𝐴+𝑛 = 𝐴𝜔𝐽𝑛(2𝑚𝑓𝐴Ω) 𝜃+𝑛 = 𝜙𝜔 + 𝑛𝜙Ω 

𝜔 − 𝑛Ω 𝐴−𝑛 = 𝐴𝜔(−1)𝑛𝐽𝑛(2𝑚𝑓𝐴Ω) 𝜃−𝑛 = 𝜙𝜔 − 𝑛𝜙Ω 

Table 2.3: Amplitudes and phase shifts for different signal components in a frequency-modulated 

signal when HF and LF signals are single-tone waveforms. 𝐽𝑛(𝑥) represents the Bessel 

function of the first kind, which is defined by Equation 2.10. 

 

𝐽𝑛(𝑥) =
𝑥𝑛

2𝑛𝑛!
∑

(−1)𝑘𝑥2𝑘

𝑘! 22𝑘 ∏ (𝑛 + 𝑗)𝑘
𝑗=1

∞

𝑘=0

 (2.10) 

 

2.3.3 Phase Modulation (PM) model 
In this modulation, the phase of the HF signal changes based on the LF signal. The phase 

modulation index, PMI (𝑚𝑝 or 𝜇𝑝), which is calculated using Equation 2.11, quantifies the 

amount of modulation. Like the FM, this modulated signal has infinite sidebands in the 

frequency domain, as represented in Figure 2.3c [100, 101]. Table 2.4 represents the amplitude 



20             Chapter 2. Theoretical Background 

 

and phase shift of the phase-modulated signal components after replacing 𝑋Ω(𝑡), defined in 

Equation 2.6, into the Equation 2.11. 

 

𝐴𝜔 𝑐𝑜𝑠 (𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑝 𝑔(𝑡)) 𝑚𝑝 =
𝜙𝑀𝑎𝑥 − 𝜙𝑀𝑖𝑛

2
=

∆𝜙

2
 (2.11) 

 

Frequency (rad) Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔𝐽0(2𝑚𝑝𝐴Ω) 𝜃0 = 𝜙𝜔 

𝜔 + Ω 𝐴+1 = 𝐴𝜔𝐽1(2𝑚𝑝𝐴Ω) 𝜃+1 = 𝜙𝜔 + 𝜙Ω +
𝜋

2
 

𝜔 − Ω 𝐴−1 = 𝐴𝜔𝐽1(2𝑚𝑝𝐴Ω) 𝜃−1 = 𝜙𝜔 − 𝜙Ω +
𝜋

2
 

𝜔 + 2Ω 𝐴+2 = 𝐴𝜔𝐽2(2𝑚𝑝𝐴Ω) 𝜃+2 = 𝜙𝜔 + 2𝜙Ω − 𝜋 

𝜔 − 2Ω 𝐴−2 = 𝐴𝜔𝐽2(2𝑚𝑝𝐴Ω) 𝜃−2 = 𝜙𝜔 − 2𝜙Ω − 𝜋 

𝜔 ± (2𝑛 + 1)Ω 𝐴±(2𝑛+1) = 𝐴𝜔𝐽2𝑛+1(2𝑚𝑝𝐴Ω) 𝜃±(2𝑛+1) = 𝜙𝜔 ± (2𝑛 + 1)𝜙Ω − 𝑡𝑎𝑛−1 (
(−1)𝑛+1𝐽2𝑛+1(2𝑚𝑝𝐴Ω)

0
) 

𝜔 ± 2𝑛Ω 𝐴±2𝑛 = 𝐴𝜔𝐽2𝑛(2𝑚𝑝𝐴Ω) 𝜃±2𝑛 = 𝜙𝜔 ± 2𝑛𝜙Ω − 𝑡𝑎𝑛−1 (
0

(−1)𝑛𝐽2𝑛(2𝑚𝑝𝐴Ω)
) 

Table 2.4: Amplitudes and phase shifts for different signal components in a phase-modulated signal 

when HF and LF signals are single-tone waveforms 

 

Mathematically, for single-tone waveforms, the phase and frequency modulations can be 

converted to each other with a change in the LF signal's phase shift, as represented in Equation 

2.12.    

 

𝐹𝑀 ∶  𝐴𝜔 𝑐𝑜𝑠 (2𝜋𝑓𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓  ∫ 𝑔(𝑡)𝑑𝑡) 

 

= 𝐴𝜔 cos(𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓𝐴Ω sin(Ω𝑡 + 𝜙Ω)) 

= 𝐴𝜔 cos(𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓𝐴Ω sin(Ω𝑡 + 𝜙Ω)) 

= 𝐴𝜔 cos (𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓𝐴Ω cos (Ω𝑡 + 𝜙Ω −
𝜋

2
)) ≡ 𝑃𝑀 (2.12) 

 

 

(a) An amplitude-modulated 

(AM) signal: only two sidebands 

appear in the frequency domain, 

and there is no change in the 

phase shift of the signals (see 

Table 2.2) 
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(b) a frequency-modulated (FM) 

signal: the number of  sidebands 

that appear in the frequency 

domain is theoretically infinite, 

and there are changes (0 or 𝜋) in 

the phase shift of the signals (see 

Table 2.3) 

 

 (c) a phase-modulated (PM) 

signal: the number of  sidebands 

that appear in the frequency 

domain is theoretically infinite, 

and there are changes (0, ±
𝜋

2
, or 

𝜋) in the phase shift of the signals 

(see Table 2.4) 

Figure 2.3: The FFT spectrum of three different modulated signals simulated by MATLAB, 

where the carrier is 𝐴𝜔𝐶𝑜𝑠(2𝜋𝜔𝑡), and the LF signal is 𝐴Ω𝐶𝑜𝑠(2𝜋Ω𝑡) 

 

2.3.4 Amplitude-frequency modulation (AFM) model 
In this modulation, both the amplitude and frequency of the HF signal change based on the 

LF signal, which is illustrated in Equation 2.13, where 𝑚𝑎 and 𝑚𝑓 quantify the amount of 

amplitude and frequency modulations, respectively. The number of sidebands in this model 

is also theoretically infinite, which is shown in Figure 2.4 [1, 2, 93, 94, 96, 100, 101]. Table 2.5 

represents the amplitude and phase shift of the amplitude-frequency modulated signal 

components after replacing 𝑋Ω(𝑡), defined in Equation 2.6, into the Equation 2.13. As evident 

in Table 2.5, the phase shifts of the signal components remain unchanged despite changes in 

the modulation indices (see Figure 2.4b).  

𝐴𝜔(1 + 2𝑚𝑎𝑔(𝑡)) 𝑐𝑜𝑠 (𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑓  ∫ 𝑔(𝑡)𝑑𝑡) (2.13) 

 

 

Frequency 

(rad) 
Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔𝐽0(2𝑚𝑓𝐴Ω) 𝜃0 = 𝜙𝜔 

𝜔 + Ω 𝐴+1 = 𝐴𝜔 (𝐽1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽0(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽2(2𝑚𝑓𝐴Ω)) 𝜃+1 = 𝜙𝜔 + 𝜙Ω 

𝜔 − Ω 𝐴−1 = 𝐴𝜔 (−𝐽1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽0(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽2(2𝑚𝑓𝐴Ω)) 𝜃−1 = 𝜙𝜔 − 𝜙Ω 

𝜔 + 2Ω 𝐴+2 = 𝐴𝜔 (𝐽2(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽3(2𝑚𝑓𝐴Ω)) 𝜃+2 = 𝜙𝜔 + 2𝜙Ω 
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𝜔 − 2Ω 𝐴−2 = 𝐴𝜔 (𝐽2(2𝑚𝑓𝐴Ω) − 𝑚𝑎𝐴Ω𝐽1(2𝑚𝑓𝐴Ω) − 𝑚𝑎𝐴Ω𝐽3(2𝑚𝑓𝐴Ω)) 𝜃−2 = 𝜙𝜔 − 2𝜙Ω 

𝜔 + 𝑛Ω 𝐴+𝑛 = 𝐴𝜔 (𝐽𝑛(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽𝑛−1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽𝑛+1(2𝑚𝑓𝐴Ω)) 𝜃+𝑛 = 𝜙𝜔 + 𝑛𝜙Ω 

𝜔 − 𝑛Ω 𝐴+𝑛 = (−1)𝑛𝐴𝜔 (𝐽𝑛(2𝑚𝑓𝐴Ω) − 𝑚𝑎𝐴Ω𝐽𝑛−1(2𝑚𝑓𝐴Ω) − 𝑚𝑎𝐴Ω𝐽𝑛+1(2𝑚𝑓𝐴Ω)) 𝜃−𝑛 = 𝜙𝜔 − 𝑛𝜙Ω 

Table 2.5: The amplitude and phase shift for different signal components in an amplitude-frequency 

modulated (AFM) signal when HF and LF signals are single-tone waveforms 

 

 

(a) an amplitude-

frequency modulated 

(AFM) signal: the 

number of  sidebands 

that appear in the 

frequency domain is 

theoretically infinite, 

and there are changes 

(0 or 𝜋) in the phase 

shift of the signals 

(see Table 2.5) 

 

(b) The phase shift of 

the signal 

components remains 

unchanged despite 

changes in the 

modulation indices 

(see Table 2.5) 

Figure 2.4: The FFT spectrum of a simulated Amplitude-Frequency Modulated signal using 

MATLAB 

 

2.3.5 Amplitude-Phase Modulation (APM) model 
In this modulation, both the amplitude and phase of the HF signal change based on the LF 

signal, which is illustrated in Equation 2.14, where 𝑚𝑎 and 𝑚𝑝 quantify the amount of 

amplitude and phase modulations, respectively. The number of sidebands in this model is 

also theoretically infinite, as shown in Figure 2.5. It is noticeable that due to the similarity of 

phase modulation to frequency modulation (see Equation 2.12), the mathematical description 

of this model is not directly presented in reference books; however, it can be calculated using 

some mathematical relations. Table 2.6 represents the amplitude and phase shift of the 

amplitude-phase modulated signal components after replacing 𝑋Ω(𝑡), defined in Equation 2.6, 

into equation 2.14. As evident in Table 2.6, the phase shifts of the signal components change 
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with changes in the modulation indices (see Figure 2.5b-c) and the amplitude of the 

corresponding sidebands (|𝐴±n|) are symmetric in this model.  

 

𝐴𝜔(1 + 2𝑚𝑎𝑔(𝑡)) 𝑐𝑜𝑠 (𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑝 𝑔(𝑡)) (2.14) 

 

 

(a) an amplitude-

phase modulated 

(APM) signal: the 

number of  

sidebands that 

appear in the 

frequency domain is 

theoretically infinite, 

and the phase shift 

of the signals 

changes based on 

Table 2.6 

 

(b) phase shifts of 

the signal 

components vary 

with the change in 

the modulation 

indices (see Table 

2.6) 

 

(c) A 3D plot of the 

phase shift of the 

primary frequency 

component, 𝜃0 , when 

𝑚𝑎 and 𝑚𝑝 vary from 

0 to 0.5  (see Table 2.6) 

Figure 2.5: The FFT spectrum of a simulated Amplitude-Frequency Modulated signal using 

MATLAB.  
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Frequency (rad) Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔√𝐽0
2(𝜏) + (−2𝑚𝑎𝐴Ω𝐽1(𝜏))

2
 𝜃0 = 𝜙𝜔 − 𝑡𝑎𝑛−1 (

−2𝑚𝑎𝐴Ω𝐽1(𝜏)

𝐽0(𝜏)
) 

𝜔 + Ω 𝐴+1 = 𝐴𝜔√(𝑚𝑎𝐴Ω𝐽0(𝜏) − 𝑚𝑎𝐴Ω𝐽2(𝜏))
2

+ (−𝐽1(𝜏))
2
 𝜃+1 = 𝜙𝜔 + 𝜙𝛺 − 𝑡𝑎𝑛−1 (

−𝐽1(𝜏)

𝑚𝑎𝐴Ω𝐽0(𝜏) − 𝑚𝑎𝐴Ω𝐽2(𝜏)
) 

𝜔 − Ω 𝐴−1 = 𝐴𝜔√(𝑚𝑎𝐴Ω𝐽0(𝜏) − 𝑚𝑎𝐴Ω𝐽2(𝜏))
2

+ (−𝐽1(𝜏))
2
 𝜃−1 = 𝜙𝜔 − 𝜙𝛺 − 𝑡𝑎𝑛−1 (

−𝐽1(𝜏)

𝑚𝑎𝐴Ω𝐽0(𝜏) − 𝑚𝑎𝐴Ω𝐽2(𝜏)
) 

𝜔 + 2Ω 𝐴+2 = 𝐴𝜔√(−𝐽2(𝜏))
2

+ (−𝑚𝑎𝐴Ω𝐽1(𝜏) + 𝑚𝑎𝐴Ω𝐽3(𝜏))
2
 𝜃+2 = 𝜙𝜔 + 2𝜙𝛺 − 𝑡𝑎𝑛−1 (

−𝑚𝑎𝐴Ω𝐽1(𝜏) + 𝑚𝑎𝐴Ω𝐽3(𝜏)

−𝐽2(𝜏)
) 

𝜔 − 2Ω 𝐴−2 = 𝐴𝜔√(−𝐽2(𝜏))
2

+ (−𝑚𝑎𝐴Ω𝐽1(𝜏) + 𝑚𝑎𝐴Ω𝐽3(𝜏))
2
 𝜃−2 = 𝜙𝜔 − 2𝜙𝛺 − 𝑡𝑎𝑛−1 (

−𝑚𝑎𝐴Ω𝐽1(𝜏) + 𝑚𝑎𝐴Ω𝐽3(𝜏)

−𝐽2(𝜏)
) 

𝜔 ± (2𝑛 + 1)Ω 𝐴±(2𝑛+1) = 𝐴𝜔√((−1)𝑛𝑚𝑎𝐴Ω𝐽2𝑛(𝜏) + (−1)𝑛+1𝑚𝑎𝐴Ω𝐽2𝑛+2(𝜏))
2

+ ((−1)𝑛+1𝐽2𝑛+1(𝜏))
2
 𝜃+𝑛 = 𝜙𝜔 ± (2𝑛 + 1)𝜙𝛺 − 𝑡𝑎𝑛−1 (

(−1)𝑛+1𝐽2𝑛+1(𝜏)

(−1)𝑛𝑚𝑎𝐴Ω𝐽2𝑛(𝜏) + (−1)𝑛+1𝑚𝑎𝐴Ω𝐽2𝑛+2(𝜏)
) 

𝜔 ± 2𝑛Ω 𝐴2𝑛 = 𝐴𝜔√((−1)𝑛𝐽2𝑛(𝜏))
2

+ ((−1)𝑛𝑚𝑎𝐴Ω𝐽2𝑛(𝜏) + (−1)𝑛+1𝑚𝑎𝐴Ω𝐽2𝑛+2(𝜏))
2
 𝜃+𝑛 = 𝜙𝜔 ± 2𝑛𝜃 − 𝑡𝑎𝑛−1 (

(−1)𝑛𝑚𝑎𝐴Ω𝐽2𝑛(𝜏) + (−1)𝑛+1𝑚𝑎𝐴Ω𝐽2𝑛+2(𝜏)

(−1)𝑛𝐽2𝑛(𝜏)
) 

𝜏 = 2𝑚𝑝𝐴Ω 

 

Table 2.6: The amplitude and phase shift for different signal components in an amplitude-phase-modulated signal when HF and LF signals are single-tone 

waveforms, where 𝜏 = 2𝑚𝑝𝐴Ω 
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2.3.6 Amplitude-Frequency-Phase Modulation (AFPM) 
model 
The mathematical description of this model is not presented in reference books and is 

represented for the first time in this dissertation. In this model, the amplitude, frequency, 

and phase of the HF signal change based on the LF signal, which is illustrated in Equation 

2.15, where 𝑚𝑎 , 𝑚𝑓, and 𝑚𝑝 , like the other models, they quantify the amplitude, frequency, 

and phase modulations, respectively. This model can be converted to an Amplitude-Phase 

modulated signal with a new modulation index by using some trigonometric identities 

illustrated in Equation 2.16. The number of sidebands in this model is also theoretically 

infinite, as shown in Figure 2.6.  Table 2.7 represents the amplitude and phase shift of the 

amplitude-frequency-phase modulated signal components after replacing 𝑋Ω(𝑡), defined in 

Equation 2.6, into Equation 2.15. It is noticeable, that an AFPM model behaves like an AFM 

or APM model when 𝑚𝑝 = 0 or 𝑚𝑓 = 0 , respectively. 

As evident in Table 2.7, the phase shifts and the amplitude of the signal components vary 

with the change in the modulation indices (see Figure 2.6b,d), and the amplitude of the 

corresponding sidebands (|𝐴±n|) are not symmetric in this model.  

 

𝐴𝜔(1 + 2𝑚𝑎𝑔(𝑡)) 𝑐𝑜𝑠 (2𝜋𝑓𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑝 𝑔(𝑡) + 2𝑚𝑓  ∫ 𝑔(𝑡)𝑑𝑡) (2.15) 

 

 

(a) An amplitude-frequency-

phase modulated (AFPM) 

signal: the number of  

sidebands that appear in the 

frequency domain is 

theoretically infinite, and the 

phase shift of the signals 

changes based on Table 2.7 

 

(b) phase shifts of the signal 

components vary with the 

change in the modulation 

indices (see Table 2.7) 
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(c) amplitudes and phase 

shifts are different, when 

𝑚𝑎2
= 𝑚𝑎1

 

𝑚𝑓2
= 𝑚𝑝1

 

𝑚𝑝2
= 𝑚𝑓1

 

 

 

(d) a 3D plot of the phase shift 

of the primary frequency 

component, 𝜃0 , when 𝑚𝑎 =

0.3 and 𝑚𝑓 and 𝑚𝑝 vary from 

0 to 0.5  (see Table 2.7) 

Figure 2.6: The FFT spectrum of a simulated Amplitude-Frequency-Phase Modulated signal using 

MATLAB  

 

2.3.7 Modulation Indices and Defect Sensitivity 
Higher modulation indices typically signify stronger nonlinear interactions, often indicating 

significant structural defects. Precise quantification of these indices can greatly enhance early-

stage defect detection and severity assessment [32, 38-40]. Recently, many researchers have 

studied the relationship between modulation indices and the presence of defects. Their results 

experimentally confirmed that modulation indices, such as AMI and FMI, are highly sensitive 

to the size and location of defects [32, 38-40]. However, it is noticeable that a defect may 

produce significantly different modulation indices depending on the following 

circumstances: 

 

• Effect of Orientation 

Orientation refers to the angle between the defect and the incident wavefronts. Numerical 

simulations [102] have shown that when a defect is well-aligned, such that the induced 

dynamic stresses are perpendicular to the crack face, the opening-closing action is 

maximized, resulting in strong nonlinear behavior and significant modulation indices. In 

contrast, when the crack is oriented more parallel to the induced dynamic stresses, the 

modulation effect weakens significantly [102-104]. 
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𝐴𝜔(1 + 2𝑚𝑎𝐴Ω 𝑐𝑜𝑠(Ω𝑡 + 𝜙
Ω

)) 𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝜔 + 2𝑚𝑝 𝐴Ω 𝑐𝑜𝑠(Ω𝑡 + 𝜙
Ω

) + 2𝑚𝑓 𝐴Ω 𝑠𝑖𝑛(Ω𝑡 + 𝜙
Ω

)) 
 

𝐴𝜔(1 + 2𝑚𝑎𝐴Ω 𝑐𝑜𝑠(Ω𝑡 + 𝜙
Ω

)) 𝑐𝑜𝑠 (𝜔𝑡 + 𝜙𝜔 + 2𝐴Ω√𝑚𝑓
2 + 𝑚𝑝

2  𝑐𝑜𝑠 (Ω𝑡 + 𝜙
Ω

− 𝑡𝑎𝑛−1 (
𝑚𝑓

𝑚𝑝
) )  ) (2.16) 

 

 

Frequency (rad) Amplitude Phase shift  

𝜔 𝐴0 = 𝐴𝜔√(𝑎0)2 + (𝑏0)2 𝜃0 = 𝜙𝜔 − 𝑡𝑎𝑛−1 (
𝑏0

𝑎0

) 
𝑎0 = 𝐽0(𝑧) 

𝑏0 = −2𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

𝜔 + Ω 𝐴+1 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃+1 = 𝜙𝜔 + 𝜙Ω − 𝑡𝑎𝑛−1 (
𝑏+1

𝑎+1

) 
𝑎+1 = 𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) 

𝑏+1 = −𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

𝜔 − Ω 𝐴−1 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃−1 = 𝜙𝜔 − 𝜙Ω − 𝑡𝑎𝑛−1 (
𝑏−1

𝑎−1

) 
𝑎−1 = 𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) 

𝑏−1 = 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

𝜔 + 2Ω 𝐴+2 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃+2 = 𝜙𝜔 + 2𝜙Ω − 𝑡𝑎𝑛−1 (
𝑏+2

𝑎+2

) 
𝑎+2 = −𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) − 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑠𝑖𝑛(3𝛽) 

𝑏+2 = −𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑐𝑜𝑠(3𝛽) 

𝜔 − 2Ω 𝐴−2 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃−2 = 𝜙𝜔 − 2𝜙Ω − 𝑡𝑎𝑛−1 (
𝑏−2

𝑎−2

) 
𝑎−2 = −𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑠𝑖𝑛(3𝛽) 

𝑏−2 = 𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑐𝑜𝑠(3𝛽) 

 

Table 2.7: The amplitude and phase shift for different signal components in an amplitude-frequency-phase-modulated (AFPM) signal when HF and LF 

signals are single-tone waveforms, where 𝑧 = 2𝐴Ω√𝑚𝑓
2 + 𝑚𝑝

2 and 𝛽 = 𝑡𝑎𝑛−1 (
𝑚𝑓

𝑚𝑝
) 
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• Effect of Preload 

Preload refers to static compression, clamping, or residual stress applied to the structure 

or the defect. Preloading can partially or fully close a defect, reducing or eliminating the 

breathing motion responsible for modulation. Conversely, the defect behaves as a 

nonlinear contact interface when the preload condition favors a partially open crack with 

free surfaces. Research results confirmed that the modulation indices change dramatically 

when artificial preloads control defect opening, even more than when the defect size is 

changed [1, 2, 94, 102-105].  

 

• Effect of Environmental Conditions 

Environmental conditions refer to the structure's temperature and boundary conditions. 

Temperature changes can affect the material's expansion or contraction, changing the 

contact stiffness or slightly changing the cracks' breathing condition [45, 46, 106].   

 

• Excitation Amplitude  

The amplitude of the LF excitation determines how much the crack opens and closes 

during each cycle, which affects the modulation indices during the test [1, 2, 94]. 

 

• Material nonlinearities unrelated to defects 

Some other sources of nonlinearities, such as intrinsic material nonlinearities, 

microstructural features, residual stresses, and friction at joints or interfaces, can produce 

false-positive indications. This situation requires baseline characterization, advanced 

signal processing techniques, and exciting HF and LF signals at specific modes [37, 39]. 

 

2.3.8 Modulation Indices and Defect Detection 
Researchers have suggested different parameters to quantify the effect of a defect on the 

system response. The most popular parameter quantifying modulation is the Damage 

Modulation Index1 (DMI), defined by Donskoy [94] and given in Equation 2.17, where 

𝐴±1,0 represent the amplitude of sidebands and the primary frequency defined before [24, 

94, 96, 107]. A Damage Index (DI), which is given in Equation 2.18, represents a 

quantitative parameter used to indicate the presence of a defect in a SUT. The relationship 

between the DMI and the modulated signal parameters is discussed in subsection 3.1.1.  

 

𝐷𝑀𝐼 =  
𝐴+1 + 𝐴−1

2𝐴0
 (2.17) 

𝐷𝐼 =  
𝐷𝑀𝐼𝑑𝑒𝑓𝑒𝑐𝑡

𝐷𝑀𝐼𝑛𝑜 𝑑𝑒𝑓𝑒𝑐𝑡
 

 

𝐷𝐼𝑑𝐵 =  (𝐷𝑀𝐼𝑑𝑒𝑓𝑒𝑐𝑡)
𝑑𝐵

− (𝐷𝑀𝐼𝑛𝑜 𝑑𝑒𝑓𝑒𝑐𝑡)
𝑑𝐵

 (2.18) 

 
1 This parameter initially called Modulation Index (MI) by Donskoy, but will be called the Damage Modulation Index (DMI), 
to avoid overlapping with the signal modulation Index   
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2.4 Separation of Signal Modulation Indices 
As explained in subsection 2.2.1, a source of the nonlinearity on the SUT, such as a crack, 

modulates the excited signals (HF and LF) and generates sidebands. The DMI can potentially 

reveal the effect of defect growth in the measured signal [24, 94, 96, 107]. Separating signal 

modulation indices in VAM can characterize and monitor structural defects [32, 38-40]. One 

of the traditional methods for estimating the modulation indices is the Hilbert Transform 

(HT).  

The Hilbert transform is a linear operator1 to construct the analytic signal, 𝑧(𝑡), from a real 

signal, 𝑥(𝑡), using Equation 2.19, where 𝑝. 𝑣. denotes the Cauchy principal value of the 

integral. The amplitude and phase modulation indices can be calculated using the analytic 

signal's instantaneous amplitude (IA) and phase (IP) or frequency (IF), which is illustrated in 

Equation 2.20. While the HT is a linear operator, the IA and IP computations are inherently 

nonlinear, as represented in Equation 2.21 [108].  

 

𝐻𝑇{𝑥(𝑡)} = 𝑥(𝑡) =
1

𝜋
 𝑝. 𝑣. ∫

𝑥(𝜏)

𝑡 − 𝜏
𝑑𝜏

+∞

−∞

  

𝑧(𝑡) = 𝑥(𝑡) + 𝑗𝑥(𝑡) (2.19) 

 

𝑧(𝑡) = 𝐴(𝑡)𝑒𝑗𝜙(𝑡)  

 𝐼𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 (𝐼𝐴): 𝐴(𝑡) = |𝑧(𝑡)| = √𝑥2(𝑡) + 𝑥2(𝑡) (a) 

𝐼𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑃ℎ𝑎𝑠𝑒 (𝐼𝑃): 𝜙(𝑡) = ∡𝑧(𝑡) = 𝑡𝑎𝑛−1 (
𝑥(𝑡)

𝑥(𝑡)
) (b) 

𝐼𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 (𝐼𝐹): 𝑓(𝑡) =  
1

2𝜋

𝑑

𝑑𝑡
𝜙(𝑡) (c) (2.20) 

 

𝑧(𝑡) = 𝑧1(𝑡) + 𝑧2(𝑡)  
 

|𝑧(𝑡)| = |𝑧1(𝑡) + 𝑧2(𝑡)| ≠ |𝑧1(𝑡)| + |𝑧2(𝑡)| (a) 

∡𝑧(𝑡) = 𝑡𝑎𝑛−1 (
𝑖𝑚𝑎𝑔{𝑧1(𝑡) + 𝑧2(𝑡)}

𝑟𝑒𝑎𝑙{𝑧1(𝑡) + 𝑧2(𝑡)}
) ≠ ∡𝑧1(𝑡) + ∡𝑧2(𝑡) (b) (2.21) 

 

Hu et al. [32] used the Hilbert-Huang Transform2 (HHT) [109] to investigate the amplitude 

and frequency modulation indices in the VAM method. Their results showed that the 

amplitude modulation index increased with the crack length, while the frequency modulation 

index decreased with the crack length [32]. Klepka et al. [40] also used the HT to 

experimentally investigate modulation types in the VAM response, as represented in Figure 

2.7. 

 

 
1 𝐻𝑇{𝑎. 𝑥(𝑡) + 𝑏. 𝑦(𝑡)} = 𝑎. 𝐻𝑇{𝑥(𝑡)} + 𝑏. 𝐻𝑇{𝑦(𝑡)} 
2 HHT was introduced by Norden E. Huang and his team in 1998  and consists of two main steps: decomposing Empirical 

Mode Decomposition (EMD) to decompose a signal into Intrinsic Mode Functions (IMFs), and then using the HT to obtain IA 
and IF for each IMFs  
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Figure 2.7: The flowchart of the 

MI separation algorithm using 

the HT [40] 

 
  

Donskoy and Ramezani [39] suggested an algorithm to separate amplitude and frequency 

modulation indices in VAM in 2018. They introduced a Non-Modulated Carrier (NMC), an 

HF wave part that did not pass through defects and remained non-modulated. The amplitude 

and phase shift of the NMC are changed due to the wave propagation. Since the modulated 

signal and NMC have the same primary (carrier) frequency, which is 𝜔, the summation of 

these signals contaminates the amplitude and the phase shift of the measured signal at the 

frequency 𝜔. Also, as mentioned in Equation 2.19, HT estimates wrong values for modulation 

indices in the case of the summation of signals. Therefore, they suggested a time-domain 

algorithm, the Sweeping-Phase Homodyne Separation (SPHS), to separate the amplitude and 

frequency modulation indices using the first sidebands (left and right) to avoid using the 

contaminated carrier frequency, as illustrated in Figure 2.8 [39]. Appendix A illustrates the 

relationship between the SPHS outputs and the parameters of a modulated signal. Despite the 

disadvantage of the HT in the presence of an NMC, this method is still used to separate the 

modulation indices [32, 40].   

 
Figure 2.8: The flowchart of the MI separation algorithm using the SPHS 

algorithm [39] 

 

The results published by Donskoy and Ramezani showed that the SPHS algorithm can 

successfully separate the amplitude and frequency modulation indices in the presence of an 

NMC. Their experimental results revealed that the frequency modulation index (FMI) was 

larger than the amplitude modulation index (AMI) at the earlier stage of the defect. Then, 

AMI became larger than FMI at the end of a fatigue damage evolution [39].  

Original Signal

Band-pass filtration

Hilbert Transform

Envelope calculation

Envelope spectrum

Amplitude demodulation

Frequency spectrum
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In 2020, Opperman et al. [41] used both mathematical methods and a short-time Fourier 

transform (STFT) to estimate amplitude and phase modulation separately. They noted that 

their results did not confirm that either AM or PM/FM is a reliable index for detecting a 

defect. Therefore, he suggested that considering both parameters in a combined index 

significantly improved results. 

Despite significant advancements in modulation indices (MIs) and damage detection 

techniques, the relationship between MIs and damage progression remains unclear and 

requires further mathematical clarification. Notably, this relationship highly depends on the 

chosen signal model and its parameters. In this study, we aimed to mathematically enhance 

existing separation algorithms and to propose a comprehensive model that integrates 

amplitude, frequency, and phase modulation simultaneously. 

 

2.5 Defect Localization 
Defect localization is a crucial field in SHM, aiming to identify and precisely locate structural 

defects. Lamb wave-based methods have garnered significant attention due to their 

sensitivity to minor defects, their potential for early detection, and their ability to efficiently 

examine large areas in thin structures such as plates and shells [4, 14, 81]. 

An actuator, such as a piezoelectric or a shaker, or a combination of piezoelectric sensors, 

applies a single tone burst Lamb wave1 at a specific frequency, and the signal is measured 

simultaneously using one or more receivers. A defect localization algorithm tracks the 

reflection part of the propagation signal from a defect and locates the source of the reflection 

using a damage imaging method [42-70]. This research aims not to identify or compare all 

damage imaging methods, so the following subsection explains only the Delay and Sum 

(DAS) damage imaging method used in this research.    

 

2.5.1 Delay and Sum Damage Imaging Method  
Delay-and-Sum (DAS) is a well-established imaging algorithm that has been modified by 

Michaels [43, 44] and used extensively in structural health monitoring (SHM) for the 

localization and visualization of damage in structures [43, 44, 110, 111]. DAS uses differences 

in arrival times of elastic or ultrasonic waves, typically Lamb waves, captured by sensor arrays 

mounted on structural surfaces. When an ultrasonic wave interacts with damage, such as 

cracks, scattered wave components propagate toward sensor arrays [81]. DAS involves 

shifting sensor signals by calculated time delays corresponding to the wave propagation 

distances from assumed damage locations. These adjusted signals are then summed 

coherently across the sensor array. Areas with actual defects exhibit constructive interference, 

resulting in pronounced amplitude peaks on generated damage maps, clearly indicating 

defect positions [43, 44].  

Imagine  that a lamb wave tone burst was excited by a piezoelectric sensor, which is called 

a sender or actuator, at coordinates (𝑥𝑠 , 𝑦𝑠), and propagates radially within the 2D-plate 

sample with the group velocity 𝑐𝑔, as illustrated in Figure 2.9a. The signal reaches a defect 

located at the coordinates (𝑥𝐷 , 𝑦𝐷) after time 𝑡𝑠𝐷, as assessed by Equation 2.22a. The signal 

will be scattered by the defect and propagate radially with the same group velocity, as shown 

 
1 See subsection 2.3.2 
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in Figure 2.9b. This scattered signal reaches the first receiver located at the coordinates 

(𝑥𝑟1 , 𝑦𝑟1) after a time interval 𝑡𝐷𝑟1, assessed in Equation 2.22b. The total time interval 𝑡𝑠𝐷𝑟1 

during which the signal propagates along the path from the sender (or actuator) to the defect, 

and the receiver is provided by Equation 2.22c and illustrated in Figure 2.9c. 

The locus of all potential points with the coordinates (𝑥 , 𝑦) that have the same time 

interval, 𝑡𝑠𝐷𝑟1, or spatial distance from the sender and the first receiver, are points that lie on 

an ellipse with the (𝑥𝑠 , 𝑦𝑠) and (𝑥𝑟1 , 𝑦𝑟1) as its foci, as represented in Equation 2.22d and 

Figure 2.9d. The location of a defect will be detected using a minimum of three pairs of the 

sender-receiver [110], as shown in Figure 2.10.  

𝑡𝑠𝐷 =
𝑑𝑠𝐷

𝑐𝑔

=
√(𝑥𝑆 − 𝑥𝐷)2 + (𝑦𝑆 − 𝑦𝐷)2

𝑐𝑔

 (a) 

 

𝑡𝐷𝑟1 =
𝑑𝐷𝑟1

𝑐𝑔

=
√(𝑥𝐷 − 𝑥𝑟1)2 + (𝑦𝐷 − 𝑦𝑟1)2

𝑐𝑔

 (b) 

𝑡𝑠𝐷𝑟1 =
𝑑𝑠𝐷 + 𝑑𝐷𝑟1

𝑐𝑔

=
√(𝑥𝑆 − 𝑥𝐷)2 + (𝑦𝑆 − 𝑦𝐷)2 + √(𝑥𝐷 − 𝑥𝑟1)2 + (𝑦𝐷 − 𝑦𝑟1)2

𝑐𝑔

 (c) 

𝑡𝑠𝐷𝑟1 =
𝑑𝑠𝑥 + 𝑑𝑥𝑟1

𝑐𝑔

=
√(𝑥𝑆 − 𝑥)2 + (𝑦𝑆 − 𝑦)2 + √(𝑥 − 𝑥𝑟1)2 + (𝑦 − 𝑦𝑟1)2

𝑐𝑔

 (d)  (2.22) 

 

 

  
(a) (b) 

  
(c) (d) 

Figure 2.9: Visualization of the time interval between source, defect, and receiver; (a) from the 

source to the defect after 𝑡𝑠𝐷; (b) from the defect to the receiver after 𝑡𝐷𝑟1; (c) from the 

source to the receiver after 𝑡𝑠𝐷𝑟1; (d) the locus of all potential points with the 

coordinates (𝑥 , 𝑦) that have the same time interval equal to 𝑡𝑠𝐷𝑟1  
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Figure 2.10: Localizing a defect using three pairs of sender-receiver 

 

 

2.5.2 Boundary Reflected Signal  
When a tone burst signal is excited through a piezoelectric sensor on a sample, the elastic 

wave propagates radially and is eventually reflected by boundaries. Therefore, receivers sense 

not only the first-arrived signal but also several reflected signals caused by the boundaries. 

Typically, the first arrived signal is used for localization. One method to avoid the unwanted 

reflected part is to multiply the measured signal by a boundary coefficient, 𝑧(𝑡), when the 

reflected signals do not overlap with the first-arrived signal1. 

The time required, 𝑡𝑖𝑗, for the first reflected signal by the jth edge to reach a receiver can be 

calculated easily by assuming a mirror sender (actuator) at the jth edge, as illustrated in Figure 

2.11 and Equation 2.23, where 𝑖 and 𝑗 referring to the receiver number and the edge number, 

respectively [52].  

𝑡𝑖𝑗 =  
𝐷𝑖𝑗

𝑐𝑔
 (2.23) 

 

 

Figure 2.11: The path, 𝐷1𝑗 , that the first reflected signal 

from the jth edge reaches the first receiver. 

𝑠′
𝑗 represents the mirror sender at the jth 

edge [52] 

 

After calculating the 𝑡𝑖𝑗 for 𝑖𝑡ℎreceiver and all edges, the measured signal by the 𝑖𝑡ℎ receiver 

multiplies by a boundary coefficient, 𝑧(𝑡). The boundary coefficient can be defined in different 

ways. Equations 2.24 and 2.25 represent two different boundary coefficients that can be used 

 
1 First arrived signal and the reflected signal overlap when both sender and receiver are too close to an edge, or when the tone 

burst signal is too wide in the time domain 
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to reduce the effect of the reflected signal from boundaries where 𝑡𝑘𝑚 = 𝑚𝑖𝑛{𝑡𝑘𝑗} and 𝑡𝑘𝑗 is 

the time the wave propagates from the actuator, being reflected at the jth edge, and arriving at 

the 𝑘𝑡ℎ receiver [52]. In Equation 2.25, 𝛼 = 1~4 is the wave reflection strength coefficient, and 

a and b refer to the side lengths [52]. It is worth mentioning that the boundary coefficient 

represented in Equation 2.24 has bigger side lobes in the frequency domain because of the 

sudden jump in the time domain, and changes the frequency representation of the measured 

signal after multiplication1. Figure 2.12 shows a sample of the boundary coefficient in the time 

domain. The localization algorithm provided in this study is introduced in the next chapter.  

 

𝑧𝑘(𝑡) = {
1 𝑡 ≤ 𝑡𝑘𝑚

0 𝑡 > 𝑡𝑘𝑚
 (2.24) 

𝑧𝑘(𝑡) = {
1 𝑡 ≤ 𝑡𝑘𝑚

𝑒
− 

𝛼𝑡

𝑡𝑘𝑗−𝑡𝑘𝑚
 + 

𝛼𝑡𝑘𝑚
𝑡0−𝑡𝑘𝑚 𝑡𝑘𝑚 < 𝑡 < 𝑡0

      ,      𝑡0 =
𝑎+𝑏

𝑐𝑔
 (2.25) 

 

  
(a) (b) 

Figure 2.12: A sample of the boundary coefficient, simulated in MATLAB; (a) function represented 

in Equation 2.24; (b) function represented in Equation 2.25 

 

2.6 Chapter Summary 
In this chapter, in addition to an overview of fundamental concepts relevant to defect 

detection and localization using the vibro-asoustic modulation, various combined modulation 

models are introduced mathematically to facilitate a better understanding of modulation 

index separation. The points discussed in this chapter can be categorized as follows: 

• Different modulation models are described mathematically and numerically to 

illustrate the influence of the modulation indices (MIs) on amplitude and phase 

shift at different frequencies.  

• An AFPM model is described mathematically in this chapter for the first time.  

• A change in signal phase shifts due to MI variation is predicted in the AFPM 

model. The following chapter introduces the phase shift extraction method, 

theoretically, and the experimental results will be represented in Chapter 4.  

• A general damage localization technique using a DAS damage imaging method is 

introduced. 

 

 
1 ℱ{𝑥1(𝑡) × 𝑥2(𝑡)} = ℱ{𝑥1(𝑡)} ∗  ℱ{𝑥2(𝑡)} , where ∗ is the convolution operator 
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Chapter 3 

 

3Methodology  

 
This chapter presents the research goals and methodology. In the first part of the chapter, the 

problem of separating modulation indices will be addressed. To this end, the mathematical 

relationship between the parameters of the modulated signal (amplitudes and phase shifts) 

and the modulation indices will be examined. Then, an algorithm for accurately separating 

these indices will be introduced. The phase shifts of different sidebands for both AFM and 

AFPM models are explained and compared in this chapter. Furthermore, the relative 

sensitivity of the phase shifts and damaged modulation index is investigated theoretically and 

numerically. The required equations for the AFM and AFPM models are represented earlier 

in subsections 2.3.4 and 2.3.6, respectively.    

In the second part, a theoretical introduction to localization using the VAM technique is 

provided. First, the approach to both high- and low-frequency selection, as well as the 

correction of the boundary reflected signal, is explained. A brief introduction to the STFT 

algorithm for first-sideband extraction is forthcoming. Ultimately, the DAS damage imaging 

method based on the first sideband is discussed, and the flowchart of the localization 

algorithm is presented.     

 

3.1 Separation of Modulation Indices  
In this section, the MIs separation is addressed by introducing clearly defined mathematical 

relationships. The choice of modulation models is based on their ability to accurately describe 

the nonlinear interactions within the structure. As discussed, a combination of amplitude 

modulation with frequency or phase modulation was discovered in the VAM method [32, 39-

41]; therefore, the AFM model is selected due to its widespread use and simplicity. In contrast, 

the AFPM model is developed to overcome limitations observed experimentally in phase shift 

behaviors, providing a more accurate representation of real experimental conditions. 

 Therefore, a proper modulation model for VAM can be a combination of amplitude 

modulation with at least one of the frequency or phase modulation; other modulation models 

will not be discussed in this section.   

 

3.1.1 Damage MI1 and AFM2  
The relationship between the damage modulation index, defined in Equation 2.17, and the 

parameters of the modulated signal, listed in Table 2.5, is represented in Equation 3.1, where 

𝑔 = 2𝑚𝑓𝐴Ω.  

 

 
1 see subsection 2.3.8 
2 see subsection 2.3.4 
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𝐷𝑀𝐼 =  
𝐴+1 + 𝐴−1

2𝐴0
  

𝐷𝑀𝐼 = 𝐴𝜔

(𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔)) + (−𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔))

2𝐴𝜔𝐽0(𝑔)
  

𝐷𝑀𝐼 =  
2𝐴𝜔(𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔))

2𝐴𝜔𝐽0(𝑔)
  

𝐷𝑀𝐼 = 𝑚𝑎𝐴Ω (1 + 
𝐽2(2𝑚𝑓𝐴Ω)

𝐽0(2𝑚𝑓𝐴Ω)
) (3.1) 

 

The following inferences can be derived from Equation 3.1:  

• Equation 3.1 is not valid in the presence of an NMC1.  

• The DMI is equal to 𝑚𝑎𝐴Ω when  
𝐽2(2𝑚𝑓𝐴Ω)

𝐽0(2𝑚𝑓𝐴Ω)
≅ 0. This relationship reveals that the 

DMI mainly shows the behavior of the 𝑚𝑎𝐴Ω. 

• The DMI is related to the multiplication of the LF signal amplitude, 𝐴Ω, and the 

AM index, 𝑚𝑎. Therefore, DMI plots in dB for two test setups with different LF 

signal amplitudes will be almost parallel.  

 

3.1.2 MI Separation using Simplification in the AFM Model 
A method for MI separation that is used by some research teams is to substitute an 

approximation of the Bessel functions and simplify the equations, when the value of the 𝑚𝑓𝐴Ω 

is assumed to be very small [32, 39]. The approximated Bessel functions can be written as 

Equation 3.2, and the simplified amplitude of sidebands is listed in Table 3.1.     

𝐽0(2𝑚𝑓𝐴Ω) ≅ 1 (a)  

𝐽1(2𝑚𝑓𝐴Ω) ≅ 𝑚𝑓𝐴Ω (b)  

𝐽𝑛≥2(2𝑚𝑓𝐴Ω) ≅ 0 (c) (3.2) 

 

Frequency (rad) Amplitude Phase shift 

𝜔 𝐴0 = 𝐴𝜔 𝜃0 = 𝜙𝜔 

𝜔 + Ω 𝐴+1 = 𝐴𝜔𝐴Ω(𝑚𝑎 + 𝑚𝑓) 𝜃+1 = 𝜙𝜔 + 𝜙Ω 

𝜔 − Ω 𝐴−1 = 𝐴𝜔𝐴Ω(𝑚𝑎 − 𝑚𝑓) 𝜃−1 = 𝜙𝜔 − 𝜙Ω 

𝜔 + 2Ω 𝐴+2 = +𝐴𝜔𝐴Ω
2(𝑚𝑎𝑚𝑓) 𝜃+2 = 𝜙𝜔 + 2𝜙Ω 

𝜔 − 2Ω 𝐴−2 = −𝐴𝜔𝐴Ω
2(𝑚𝑎𝑚𝑓) 𝜃−2 = 𝜙𝜔 − 2𝜙Ω 

𝜔 ± 𝑛Ω 𝐴±𝑛≥3 = 0  

Table 3.1: The simplified amplitude for different signal components in the AFM model  

 

 
1 NMC changes the amplitude of the signal at the carrier frequency, and the final DMI is not calculated as represented in 
Equation 3.1 (see subsection 2.4) 
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The above approximation helps us to calculate the value of 𝑚𝑎 and 𝑚𝑓 using the SPHS1, 

which is given in Equation 3.3, or using the mathematical relationships represented in 

Equation 3.4.  

 𝑆𝑃𝐻𝑆𝑚𝑎𝑥 = 𝐴𝜔𝐴Ω𝐴𝑠𝑚𝑎  

𝑆𝑃𝐻𝑆𝑚𝑖𝑛 = 𝐴𝜔𝐴Ω𝐴𝑠𝑚𝑓 (3.3) 

𝐴+1 + 𝐴−1

2𝐴0
=

𝐴𝜔𝐴Ω(𝑚𝑎 + 𝑚𝑓) + 𝐴𝜔𝐴Ω(𝑚𝑎 − 𝑚𝑓)

2𝐴𝜔
= 𝐴Ω𝑚𝑎  

𝐴+1 − 𝐴−1

2𝐴0
=

𝐴𝜔𝐴Ω(𝑚𝑎 + 𝑚𝑓) − 𝐴𝜔𝐴Ω(𝑚𝑎 − 𝑚𝑓)

2𝐴𝜔
= 𝐴Ω𝑚𝑓 (3.4) 

 

Despite the simplicity of MI separation in this situation, this approximation can not 

describe the other sidebands correctly. As is evident, the second sideband is approximated to 

be symmetric, which is not the case experimentally. Furthermore, the third and further 

sidebands are supposed to be zero by this approximation; however, in practical tests, the 

amplitude of these sidebands is not zero, as shown in Figure 3.1.  

(a) 

 

(b) 

 
Figure 3.1: The FFT spectrum of an experimental result when 𝑓𝜔 = 200 𝑘𝐻𝑧 and 𝑓Ω = 10 𝐻𝑧; (a) 

broad view; (b) zoomed view  

 
1 See Appendix A 
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3.1.3 MI Separation Using Advanced Simplification  
As mentioned, the amplitude of the measured signal at frequency 𝜔, 𝐴0, can not be trusted 

when an NMC exists in the measured signal. A better approach is to develop an algorithm to 

avoid using the value of 𝐴0. Therefore, the first and second sidebands are used for the 

separation technique in this algorithm. The summation and subtraction of the first and second 

sidebands are given in Equations 3.5 to 3.8, where 𝑔 = 2𝑚𝑓𝐴Ω.  

 

 

 

|𝐴+1| + |𝐴−1| =  

𝐴𝜔|𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔)| + 𝐴𝜔|−𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔)|  

2𝐴𝜔 (𝑚𝑎𝐴Ω𝐽0(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽2(2𝑚𝑓𝐴Ω)) (3.5) 
  

|𝐴+1| − |𝐴−1| =  

𝐴𝜔|𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔)| − 𝐴𝜔|−𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔)|  

2𝐴𝜔𝐽1(2𝑚𝑓𝐴Ω) (3.6) 
  

|𝐴+2| + |𝐴−2| =  

𝐴𝜔|𝐽2(𝑔) + 𝑚𝑎𝐴Ω𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽3(𝑔)| + 𝐴𝜔|𝐽2(𝑔) − 𝑚𝑎𝐴Ω𝐽1(𝑔) − 𝑚𝑎𝐴Ω𝐽3(𝑔)|  

2𝐴𝜔𝐽2(2𝑚𝑓𝐴Ω) (3.7) 
  

|𝐴+2| − |𝐴−2| =  

𝐴𝜔|𝐽2(𝑔) + 𝑚𝑎𝐴Ω𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽3(𝑔)| − 𝐴𝜔|𝐽2(𝑔) − 𝑚𝑎𝐴Ω𝐽1(𝑔) − 𝑚𝑎𝐴Ω𝐽3(𝑔)|  

2𝐴𝜔 (𝑚𝑎𝐴Ω𝐽1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽3(2𝑚𝑓𝐴Ω)) (3.8) 

 

 

 

It needs to be mentioned that in the above equation, 𝐴−1and 𝐴−2 are assumed to be 

positive1. The sign of FFT-evaluated amplitudes is always positive, and the amplitude’s sign 

must be calculated using the phase shift of the frequency component. Notice the phase shifts 

of the HF and LF signals (𝜙𝜔 and 𝜙Ω) are also arbitrary. The summation of the first and second 

sideband phase shifts can delete the phase shift of the LF signal and reveal the sign of the left-

side sidebands, as given in Equations 3.9 and 3.10 (see Table 2.5 or 2.7). As is evident in 

Equations 3.9 and 3.10, the value of the phase shift is equal to 𝜋 when 𝜃−1 or 𝜃−2 has additional 

𝜋 phase shift because of the negativity, otherwise, the final value is 0. When the value of a left-

side sideband is negative, the value of the summation and subtraction must be switched in 

the above equations.      

 

 

 
1 𝐴−1 is negative, when 𝑚𝑎 < 𝑚𝑓  



MI Separation Using Advanced Simplification   39 

 

𝜃+1 + 𝜃−1 − 2𝜃0 =  

(𝜙𝜔 + 𝜙Ω) + (𝜙𝜔 − 𝜙Ω) − 2(𝜙𝜔) (3.9) 
  

𝜃+2 + 𝜃−2 − 2𝜃0 =  

(𝜙𝜔 + 2𝜙Ω) + (𝜙𝜔 − 2𝜙Ω) − 2(𝜙𝜔) (3.10) 

 

 

The goal of the MI separation is to evaluate the value of 𝑚𝑎, 𝑚𝑓 using the above equations. 

It is noticeable that the above equations clearly show that the output of the separation 

algorithm is the product of a modulation index (𝑚𝑎or 𝑚𝑓) and 𝐴Ω, rather than the index alone. 

Additionally, the amplitude of the HF signal, 𝐴𝜔, is an unknown variable. The ratio of the 

above equations can lead us to new relationships, which are 𝐴𝜔 independence. Different ratios 

of summations and subtractions of sideband amplitudes are given in Equations 3.11 - 16. The 

value of the 𝑚𝑎𝐴Ω and 𝑚𝑓𝐴Ω can be calculated using a combination of the two following ratios. 

 

 

𝐴𝑅12𝑃𝑃 ≡
|𝐴+1| + |𝐴−1|

|𝐴+2| + |𝐴−2|
= (3.11) 

2𝐴𝜔(𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔))

2𝐴𝜔𝐽2(𝑔)
  

𝑚𝑎𝐴Ω

𝐽0(2𝑚𝑓𝐴Ω) + 𝐽2(2𝑚𝑓𝐴Ω)

𝐽2(2𝑚𝑓𝐴Ω)
  

  

𝐴𝑅12𝑃𝑁 ≡
|𝐴+1| + |𝐴−1|

|𝐴+2| − |𝐴−2|
= (3.12) 

2𝐴𝜔(𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔))

2𝐴𝜔(𝑚𝑎𝐴Ω𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽3(𝑔))
  

𝐽0(2𝑚𝑓𝐴Ω) + 𝐽2(2𝑚𝑓𝐴Ω)

𝐽1(2𝑚𝑓𝐴Ω) + 𝐽3(2𝑚𝑓𝐴Ω)
  

  

𝐴𝑅12𝑁𝑃 ≡
|𝐴+1| − |𝐴−1|

|𝐴+2| + |𝐴−2|
= (3.13) 

2𝐴𝜔𝐽1(𝑔)

2𝐴𝜔𝐽2(𝑔)
  

𝐽1(2𝑚𝑓𝐴Ω)

𝐽2(2𝑚𝑓𝐴Ω)
  

  

𝐴𝑅12𝑁𝑁 ≡
|𝐴+1| − |𝐴−1|

|𝐴+2| − |𝐴−2|
= (3.14) 

2𝐴𝜔𝐽1(𝑔)

2𝐴𝜔(𝑚𝑎𝐴Ω𝐽1(𝑔) + 𝑚𝑎𝐴Ω𝐽3(𝑔))
  

1

𝑚𝑎𝐴Ω

𝐽1(2𝑚𝑓𝐴Ω)

𝐽1(2𝑚𝑓𝐴Ω) + 𝐽3(2𝑚𝑓𝐴Ω)
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𝐴𝑅11𝑃𝑁 ≡
|𝐴+1| + |𝐴−1|

|𝐴+1| − |𝐴−1|
= (3.15) 

2𝐴𝜔(𝑚𝑎𝐴Ω𝐽0(𝑔) + 𝑚𝑎𝐴Ω𝐽2(𝑔))

2𝐴𝜔𝐽1(𝑔)
  

𝑚𝑎𝐴Ω

𝐽0(2𝑚𝑓𝐴Ω) + 𝐽2(2𝑚𝑓𝐴Ω)

𝐽1(2𝑚𝑓𝐴Ω)
  

  

𝐴𝑅22𝑃𝑁 ≡
|𝐴+2| + |𝐴−2|

|𝐴+2| − |𝐴−2|
= (3.16) 

2𝐴𝜔𝐽2(2𝑚𝑓𝐴Ω)

2𝐴𝜔 (𝑚𝑎𝐴Ω𝐽1(2𝑚𝑓𝐴Ω) + 𝑚𝑎𝐴Ω𝐽3(2𝑚𝑓𝐴Ω))
  

1

𝑚𝑎𝐴Ω

𝐽2(2𝑚𝑓𝐴Ω)

𝐽1(2𝑚𝑓𝐴Ω) + 𝐽3(2𝑚𝑓𝐴Ω)
  

 

 

For the next step, a few terms of the Bessel function expansion are considered to 

approximate the function, while the remaining terms are neglected due to their diminishing 

magnitude1. The approximation of the Bessel functions is listed in Equation 3.17. Equations 

3.18 to 3.21 represent the results of substituting Equation 3.17 into Equations 3.5 to 3.8. The 

separation algorithm, as represented by the final equations, is illustrated in Figure 3.2.  

 

 

𝐽0(𝑔) = (1 −
𝑔2

4
) (a) 

 

𝐽1(𝑔) = (
𝑔

2
−

𝑔3

16
) (b)  

𝐽2(𝑔) = (
𝑔2

8
−

𝑔4

96
) (c)  

𝐽3(𝑔) = (
𝑔3

48
−

𝑔5

768
) (d) (3.17) 

 

 

𝐴1𝑃 = |𝐴+1| + |𝐴−1| = 2𝑚𝑎𝐴Ω − 𝑚𝑎𝐴Ω(𝑚𝑓𝐴Ω)
2

−
1

3
𝑚𝑎𝐴Ω(𝑚𝑓𝐴Ω)

4
 (3.18) 

𝐴1𝑁 = |𝐴+1| − |𝐴−1| = 2𝑚𝑓𝐴Ω − (𝑚𝑓𝐴Ω)
3
 (3.19) 

𝐴2𝑃 = |𝐴+2| + |𝐴−2| = (𝑚𝑓𝐴Ω)
2

−
1

3
(𝑚𝑓𝐴Ω)

4
 (3.20) 

𝐴2𝑁 = |𝐴+2| − |𝐴−2| = 2(𝑚𝑎𝐴Ω)(𝑚𝑓𝐴Ω) − 
2

3
𝑚𝑎𝐴Ω(𝑚𝑓𝐴Ω)

3
− 

1

12
𝑚𝑎𝐴Ω(𝑚𝑓𝐴Ω)

5
 (3.21) 

 

 
1 All terms including a 𝑔𝑚>5 assumed to be zero in 𝐽𝑛(𝑔)   
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Figure 3.2: The flowchart of the MI separation algorithm for the AFM model   

 

To assess the robustness and accuracy of the presented advanced simplification, the algorithm 

has been numerically simulated in MATLAB to confirm the MI separation. An AFM signal 

was generated in MATLAB using the parameters listed in Table 3.2. Results confirm that this 

algorithm can accurately separate MIs. This algorithm has been tested with 100 different 

parameter combinations, and the results are presented in Figure 3.3.  

 

 

 

Parameter Value 

𝐴𝜔  1 < 𝑟𝑎𝑛𝑑1 < 1.5 v 

𝐴Ω 1 v 

𝐴𝑁𝑀 0 < 𝑟𝑎𝑛𝑑 < 0.3 v 

𝑚𝑎 0 < 𝑟𝑎𝑛𝑑 < 0.2 
𝑚𝑓 0 < 𝑟𝑎𝑛𝑑 < 0.2 

𝑓𝜔 200 kHz 

𝑓Ω 500 Hz 

𝜙ω 0 < 𝑟𝑎𝑛𝑑 < 2𝜋 

𝜙Ω 0 < 𝑟𝑎𝑛𝑑 < 2𝜋 

Table 3.2: The value of parameters used in the MATLAB simulation of the MI separation algorithm 

for an AFM signal  

 

 

 
1 The rand here means that the value of that parameter is selected randomly 

Evaluate amplitudes and 

phase shifts using FFT  

Calculate 

 𝜑1 = 𝜃+1 + 𝜃−1 − 2𝜃0 

𝜑2 = 𝜃+2 + 𝜃−2 − 2𝜃0 

 

Calculate 

 𝐴1𝑃 = |𝐴+1| + |𝐴−1| 

𝐴1𝑁 = |𝐴+1| − |𝐴−1| 

𝐴2𝑃 = |𝐴+2| + |𝐴−2| 

𝐴2𝑁 = |𝐴+2| − |𝐴−2| 

 

If 𝜑1 = 𝜋 

Sweep the value of  

𝐴1𝑃 and 𝐴1𝑁 

 

If 𝜑2 = 𝜋 

Sweep the value of  

𝐴2𝑃 and 𝐴2𝑁 

 

Select a combination of two 

ratios defined in Equations 

3.11 to 3.16 

Solve equations and find 

the value of 𝑚𝑎𝐴Ω and 

𝑚𝑓𝐴Ω 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 3.3: Numerical results of the MI separation algorithm using MATLAB  for an AFM signal; 

(a,b) the actual, estimated value and the estimation error when the simulated MI are 

smaller than 0.05; (c,d) the actual, estimated value and the estimation error when the 

simulated MI are smaller than 0.2  
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3.1.4 MI Separation Using an Advanced Modulation Model 
Recent separation methods have focused on separating the amplitude and frequency 

modulation indices [32, 39, 40]. The introduction of the AFPM model is motivated by its ability 

to not only include all three kinds of modulation but also to predict the change in phase shift 

due to MI variation. The AFPM model incorporates amplitude, frequency, and phase 

modulations simultaneously, providing a richer theoretical framework that aligns closely 

with experimental data and offers enhanced accuracy in modulation index estimation. This 

subsection discusses theoretically a separation algorithm for an AFPM model, using the 

parameters listed in Table 2.7.  

 

 

3.1.4.1 The phase shifts in an AFM and AFPM model 
Apart from the complexity of the phase shifts illustrated in Tables 2.5 and  2.7, all signal 

components in the AFPM model have an additional phase shift related to the modulation 

indices. For a better observation, Table 3.3 illustrates the phase shifts for both AFM and AFPM.   

 

 

Frequency AFM model AFPM model 

𝜔 𝜙𝜔 𝜙𝜔 − 𝑡𝑎𝑛−1 (
−2𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝐽0(𝑧)
) 

𝜔 + Ω 𝜙𝜔 + 𝜙Ω 𝜙𝜔 + 𝜙Ω − 𝑡𝑎𝑛−1 (
−𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) 

𝜔 − Ω 𝜙𝜔 − 𝜙Ω 𝜙𝜔 − 𝜙Ω − 𝑡𝑎𝑛−1 (
𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) 

𝜔 + 2Ω 𝜙𝜔 + 2𝜙Ω 𝜙𝜔 + 2𝜙Ω − 𝑡𝑎𝑛−1 (
−𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑐𝑜𝑠(3𝛽)

−𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) − 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑠𝑖𝑛(3𝛽)
) 

𝜔 − 2Ω 𝜙𝜔 − 2𝜙Ω 𝜙𝜔 − 2𝜙Ω − 𝑡𝑎𝑛−1 (
𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑐𝑜𝑠(3𝛽)

−𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) + 𝑚𝑎𝐴Ω𝐽3(𝑧) 𝑠𝑖𝑛(3𝛽)
) 

𝑧 = 2𝐴Ω√𝑚𝑓
2 + 𝑚𝑝

2      𝑎𝑛𝑑        𝛽 = 𝑡𝑎𝑛−1 (
𝑚𝑓

𝑚𝑝

) 

Table 3.3: The phase shifts of different components for an AFM and AFPM model 

 

Regarding the relationships in Table 3.3, the phase shift of all components for AFM 

remains constant with changes in 𝑚𝑎 or 𝑚𝑓. However, all phase shifts in AFPM vary with 

changes in modulation indices. Figure 3.4 shows 3D plots of the phase shift of a MATLAB-

simulated signal at the primary frequency, 𝜙𝜔, for both AFM and AFPM models. Theoretically 

and numerically, the phase shifts in the AFM model do not change with a change in MIs (see 

Table 2.5); however, all phase shifts in the AFPM model change with a change in MIs. 

Accordingly, phase shift variations corresponding to modulation parameter changes can be 

employed to identify the AFPM model1.  

 

 
1 see subsection 4.2.2.1 
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(a) 

 

(b) 

 
Figure 3.4: The 3D plot of the phase shift at frequency 𝜔, where the initial phase shifts are set to 

𝜙𝜔, 𝜙Ω = 0; (a) an AFM simulated signal; (b) an AFPM simulated signal for a constant 

𝑚𝑎 = 0.02 

 

3.1.4.2 Relative Sensitivity of the DMI and Phase Shifts 
As discussed before, the AFPM model predicts that the phase shifts of different frequency 

components will change with changes in modulation indices. The sensitivity of phase shifts 

and DMI to changes in modulation index can be investigated by examining the relative 

sensitivities of both functions. The relative sensitivity of a function to its variable is given in 

Equation 3.22.   

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝑜𝑓 𝐹(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) 𝑡𝑜 𝑥𝑘  ≡ 𝑆𝑥𝑘
𝐹 =

𝜕𝐹

𝜕𝑥𝑘
 
𝑥𝑘

𝐹
 (3.22) 

 

Equations 3.23 and 3.24 represent the relationship between DMI and the summation of  

phase shifts of the first sidebands1, Φ, as functions of modulation indices for an AFPM model, 

where 𝐴+1, 𝐴−1, 𝐴0, 𝜃+1, 𝜃−1,  𝛽 and 𝑧 are represented in Table 2.7.  

  

 
1 See subsection 4.2.2.1 



MI Separation Using an Advanced Modulation Model   45 

 

𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =  
𝐴+1 + 𝐴−1

2𝐴0
  

𝐷𝑀𝐼 =  
√(𝑚𝑎𝐴Ω)2(𝐽0 − 𝐽2)2 cos2 𝛽 + (𝑚𝑎𝐴Ω(𝐽0 + 𝐽2) sin 𝛽 + 𝐽1)2 + √(𝑚𝑎𝐴Ω)2(𝐽0 − 𝐽2)2 cos2 𝛽 + (𝑚𝑎𝐴Ω(𝐽0 + 𝐽2) sin 𝛽 − 𝐽1)2

2 √𝐽0
2 + 4 (𝑚𝑎𝐴Ω)2  𝐽1

2 cos2 𝛽
 (3.23) 

Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =  𝜃+1 + 𝜃−1  

Φ =  − 𝑡𝑎𝑛−1 (
𝑏+1

𝑎+1

) − 𝑡𝑎𝑛−1 (
𝑏−1

𝑎−1

)  

Φ =  − 𝑡𝑎𝑛−1 (
−𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) − 𝑡𝑎𝑛−1 (

𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) (3.24) 

 

The RS of both DMI and Φ for each modulation index can be calculated using Equation 

3.22. Finally, the second norm of RS for each modulation index is calculated as the RS of DMI 

and Φ, as given in Equations 3.25 and 3.26. 

 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝑜𝑓 𝐷𝑀𝐼 = √(
𝜕𝐷𝑀𝐼

𝜕𝑚𝑎
 

𝑚𝑎

𝐷𝑀𝐼
)

2

+ (
𝜕𝐷𝑀𝐼

𝜕𝑚𝑓
 

𝑚𝑓

𝐷𝑀𝐼
)

2

+ (
𝜕𝐷𝑀𝐼

𝜕𝑚𝑝
 

𝑚𝑝

𝐷𝑀𝐼
)

2

 (3.25) 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝑜𝑓 Φ = √(
𝜕Φ

𝜕𝑚𝑎
 
𝑚𝑎

Φ
)

2

+ (
𝜕Φ

𝜕𝑚𝑓
 
𝑚𝑓

Φ
)

2

+ (
𝜕Φ

𝜕𝑚𝑝
 
𝑚𝑝

Φ
)

2

 (3.26) 

 

 

MATLAB was used to numerically evaluate and compare the relative sensitivities of the DMI 

and Φ with respect to variations in the variables. Note that each of the above RS depends on 

three variables 𝑚𝑎, 𝑚𝑓 and 𝑚𝑝. Therefore, a complete visualization would be four-

dimensional. To simplify plotting, the parameter 𝑚𝑎 is held fixed, and a three-dimensional 

surface is rendered over (𝑚𝑓 , 𝑚𝑝). At each simulation step, a value is assigned to 𝑚𝑎 and the 

RS is computed. This procedure is then repeated for multiple 𝑚𝑎 values. The ranges and 

magnitudes of the variable changes are represented in Table 3.4. 

 

 

Variable Min Step Max 

𝑚𝑎 1 × 10−6 1 × 10−5 1 × 10−3 

𝑚𝑝 1 × 10−6 1 × 10−5 1 × 10−3 

𝑚𝑓 1 × 10−6 1 × 10−5 1 × 10−3 

Table 3.4: The details of the variables used in the relative sensitivity calculation using MATLAB  

 

Figure 3.5 illustrates the 3D plot of the RS for both 𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) and Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝). As it 

is evident, the RS value of Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) is bigger than 𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝), which means that 

the Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) is more sensitive than 𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) when any of the modulation 

indices change.  
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The higher sensitivity of Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) compared with 𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) implies that 

variations in the modulation indices induce larger changes in Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝), which can be 

exploited for early defect detection. However, it should be emphasized that at the early stage 

of crack initiation, the variation in phase shift or amplitude of different frequency components 

is very small and may be masked by noise or measurement errors. Utilizing high-precision 

instrumentation in conjunction with robust noise-reduction techniques can enhance the 

reliability of the results.  

 

 

 

 
(a) 𝑚𝑎 = 1 × 10−6 

 
(b) 𝑚𝑎 = 5 × 10−4 
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(c) 𝑚𝑎 = 1 × 10−3 

Figure 3.5: The 3D plot of the relative sensitivity (RS) of 𝐷𝑀𝐼(𝑚𝑎, 𝑚𝑓, 𝑚𝑝) and Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) 

evaluated in MATLAB, when (a) 𝑚𝑎 = 1 × 10−6 , (b) 𝑚𝑎 = 5 × 10−4 and 

(c) 𝑚𝑎 = 1 × 10−3 

 

3.1.4.3 MI Separation using the AFPM model  
The DMI evaluated by the AFPM model is represented in Equation 3.23, where 𝐽𝑛 ≡ 𝐽𝑛(𝑧). As 

is obvious, this relationship is not as simple as the DMI represented in Equation 3.1 for the 

AFM model. 

As is evident in Table 2.7, the amplitude of different components is the root value of some 

terms. We know that the power of a sinusoidal waveform with the amplitude A is calculated 

using Equation 3.27. Thus, using the power of the signal instead of the amplitudes simplifies 

the root value in the mathematical relationships.    

𝑓(𝑡) = 𝐴𝑐𝑜𝑠(𝜔𝑡 + 𝜃)  

𝑃𝑜𝑤𝑒𝑟{𝑓(𝑡)}  =  
𝐴2

2
 (3.27) 

 

For the same reason mentioned in subsection 2.4, the first and second sidebands are 

utilized in the separation technique of this algorithm. The summation and subtraction of the 

power of the first and second sidebands are given in Equations 3.28 to 3.31.  

𝑃1𝑃 =
(𝐴+1)2 + (𝐴−1)2

2
=  

𝐴𝜔 ((𝑚𝑎𝐴Ω)2(𝐽0
2(𝑧) + 𝐽2

2(𝑧) − 2𝐽0(𝑧)𝐽2(𝑧) cos(2𝛽)) + 𝐽1
2(𝑧)) (3.28) 

  

𝑃1𝑁 =
(𝐴+1)2 − (𝐴−1)2

2
=  

𝐴𝜔(2𝑚𝑎𝐴Ω𝐽1(𝑧)(𝐽0(𝑧) + 𝐽2(𝑧)) sin(𝛽)) (3.29) 
  

𝑃2𝑃 =
(𝐴+2)2 + (𝐴−2)2

2
=  

𝐴𝜔 ((𝑚𝑎𝐴Ω)2(𝐽1
2(𝑧) + 𝐽3

2(𝑧) − 2𝐽1(𝑧)𝐽3(𝑧) cos(2𝛽)) + 𝐽2
2(𝑧)) (3.30) 
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𝑃2𝑁 =
(𝐴+2)2 − (𝐴−2)2

2
=  

𝐴𝜔(2𝑚𝑎𝐴Ω𝐽2(𝑧)(𝐽1(𝑧) + 𝐽3(𝑧)) sin(𝛽)) (3.31) 

 

The goal of the MI separation is to evaluate the value of 𝑚𝑎, 𝑚𝑓 and 𝑚𝑝 using the above 

equations. Like before1, the output of a separation algorithm is the multiplication of an MI 

(𝑚𝑎or 𝑚𝑓) by 𝐴Ω (𝑚𝑎𝐴Ω or 𝑚𝑓𝐴Ω), not a pure MI. Additionally, the amplitude of the HF signal, 

𝐴𝜔, is an unknown variable. The ratio of the above equations leads us to new relationships, 

which are 𝐴𝜔 independence. Different ratios of summations and subtractions of sideband 

power are presented in Equations 3.32 to 3.37. As is evident in the equations, the value of 𝑧 

can be calculated using 𝑃𝑅12𝑁𝑁 given in Equation 3.35, and 𝑚𝑎𝐴Ω and sin(𝛽) can be calculated 

using a combination of other two power ratios.   

 

𝑃𝑅12𝑃𝑃 ≡
(𝐴+1)2 + (𝐴−1)2

(𝐴+2)2 + (𝐴−2)2
= (3.32) 

(𝑚𝑎𝐴Ω)2(𝐽0
2(𝑧) + 𝐽2

2(𝑧) − 2𝐽0(𝑧)𝐽2(𝑧) cos(2𝛽)) + 𝐽1
2(𝑧)

(𝑚𝑎𝐴Ω)2(𝐽1
2(𝑧) + 𝐽3

2(𝑧) − 2𝐽1(𝑧)𝐽3(𝑧) cos(2𝛽)) + 𝐽2
2(𝑧)

  

  

𝑃𝑅12𝑃𝑁 ≡
(𝐴+1)2 + (𝐴−1)2

(𝐴+2)2 − (𝐴−2)2
= (3.33) 

(𝑚𝑎𝐴Ω)2(𝐽0
2(z) + 𝐽2

2(z) − 2𝐽0(z)𝐽2(z) cos(2𝛽)) + 𝐽1
2(z)

2𝑚𝑎𝐴Ω𝐽2(z)(𝐽1(z) + 𝐽3(z)) sin(𝛽)
  

  

𝑃𝑅12𝑁𝑃 ≡
(𝐴+1)2 − (𝐴−1)2

(𝐴+2)2 + (𝐴−2)2
= (3.34) 

2𝑚𝑎𝐴Ω𝐽1(z)(𝐽0(z) + 𝐽2(z)) sin(𝛽)

(𝑚𝑎𝐴Ω)2(𝐽1
2(z) + 𝐽3

2(z) − 2𝐽1(z)𝐽3(z) cos(2𝛽)) + 𝐽2
2(z)

  

  

𝑃𝑅12𝑁𝑁 ≡
(𝐴+1)2 − (𝐴−1)2

(𝐴+2)2 − (𝐴−2)2
= (3.35) 

𝐽1(z)(𝐽0(z) + 𝐽2(z))

𝐽2(z)(𝐽1(z) + 𝐽3(z))
  

  

𝑃𝑅11𝑃𝑁 ≡
(𝐴+1)2 + (𝐴−1)2

(𝐴+1)2 − (𝐴−1)2
= (3.36) 

(𝑚𝑎𝐴Ω)2(𝐽0
2(𝑧) + 𝐽2

2(𝑧) − 2𝐽0(𝑧)𝐽2(𝑧) cos(2𝛽)) + 𝐽1
2(𝑧)

2𝑚𝑎𝐴Ω𝐽1(𝑧)(𝐽0(𝑧) + 𝐽2(𝑧)) sin(𝛽)
  

  

𝑃𝑅22𝑃𝑁 ≡
(𝐴+2)2 + (𝐴−2)2

(𝐴+2)2 − (𝐴−2)2
= (3.37) 

(𝑚𝑎𝐴Ω)2(𝐽1
2(𝑧) + 𝐽3

2(𝑧) − 2𝐽1(𝑧)𝐽3(𝑧) cos(2𝛽)) + 𝐽2
2(𝑧)

2𝑚𝑎𝐴Ω𝐽2(𝑧)(𝐽1(𝑧) + 𝐽3(𝑧)) sin(𝛽)
  

 

 

 

For the next step, a few terms of the Bessel function expansion are considered to 

approximate the function, while the remaining terms are neglected due to their diminishing 

 
1 see subsection 2.3 
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magnitude1. The approximation of the Bessel functions is listed in Equation 3.17. The 

separation algorithm, as represented by the final equations, is illustrated in Figure 3.6.  

 

 

Figure 3.6: The flowchart of the separation algorithm for an AFPM model 

 

 

 

The algorithm has been numerically simulated in MATLAB to confirm the MI separation 

accuracy. An AFPM signal was generated in MATLAB using the parameters listed in Table 

3.5. This algorithm has been tested with 100 different parameter combinations, and the results 

are presented in Figure 3.7.  

 

 

 

 
1 All terms including a 𝑔𝑚>5 assumed to be zero in 𝐽𝑛(𝑔)   

Evaluate amplitudes 

and phase shifts 

using FFT  

𝑚𝑝𝐴Ω =
1

2
𝑧 𝑐𝑜𝑠(𝛽) 

𝑚𝑓𝐴Ω =
1

2
𝑧 𝑠𝑖𝑛(𝛽) 

 

Calculate the power of each 

sideband using  𝑃±𝑛 =
(𝐴±𝑛)

2

2
 

Substitute the value of z in 

Equations 2.53 to 2.58  

Solve equations and find the 

value of 𝑚𝑎𝐴Ω and 𝑠𝑖𝑛(𝛽) 

Use a LPF to reduce 

the noise level 

Calculate the summation and 

subtraction of the power of 

each sideband 

 𝑃1𝑃 = 𝑃+1 + 𝑃−1 
𝑃1𝑁 = 𝑃+1 − 𝑃−1 
𝑃2𝑃 = 𝑃+2 + 𝑃−2 
𝑃2𝑁 = 𝑃+2 + 𝑃−2 

Calculate the value of z 

using  
𝑃1𝑁

𝑃2𝑁
 

 

Select a combination of two 

power ratios defined in 

Equations 2.53 to 2.58 
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Parameter Value Parameter Value 

𝐴𝜔  1 < 𝑟𝑎𝑛𝑑 < 1.5 v 𝐴Ω 1 v 

𝐴𝑁𝑜𝑖𝑠𝑒 0.05 𝑣 𝐴𝑁𝑀 0 < 𝑟𝑎𝑛𝑑 < 0.3 v 

𝑓𝜔 200 kHz 𝑓Ω 500 Hz 

𝜙ω 0 < 𝑟𝑎𝑛𝑑 < 2𝜋 𝜙Ω 0 < 𝑟𝑎𝑛𝑑 < 2𝜋 

𝑚𝑎 0 < 𝑟𝑎𝑛𝑑 < 0.05 𝑚𝑓 0 < 𝑟𝑎𝑛𝑑 < 0.05 

𝑚𝑝 0 < 𝑟𝑎𝑛𝑑 < 0.05   

Table 3.5: The value of parameters used in the MATLAB simulation of the MI separation algorithm 

for an AFPM signal  

 

 

 

(a) 

 

(b) 
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(c) 

 
Figure 3.7: Numerical results of the MI separation algorithm using MATLAB for an AFPM signal; 

(a) the actual, estimated value, and the estimation error of 𝑚𝑎; (b) the actual, estimated 

value, and the estimation error of 𝑚𝑓; (c) the actual, estimated value, and the estimation 

error of 𝑚𝑝 

 

3.2 Defect Localization using the VAM Method  
The presented localization methodology integrates VAM theory with the Delay-and-Sum 

(DAS) damage imaging method. The motivation behind combining these approaches is their 

strengths: VAM detects nonlinearity caused by defects, whereas DAS provides a robust and 

visually intuitive localization framework.  

As mentioned in subsection 2.5, for a defect localization algorithm, a tone burst signal is 

excited by an actuator or a pair of actuators, and a pair of sensors (at least three) measure the 

signal at the same time. The location of the damage can be estimated using a damage imaging 

method. As mentioned in subsection 2.5.1, the DAS method uses the group velocity to 

estimate the defect location. Additionally, based on the Lamb wave theory, the group velocity 

is a frequency-dependent parameter (when the material thickness is constant). A limited 

number of cycles for a sinusoidal waveform exhibits a broad range of side lobes in the 

frequency domain, as illustrated in Figure 3.8. These side lobes propagate with different 

group velocities and contaminate the measured signal. Multiplying this signal by a window 

function, such as the Hanning1 or Hamming2 window, which is called windowing, 

significantly decreases the side lobes in the frequency domain, as shown in Figure 3.8c.  

  

 
1 𝑤(𝑡) = 0.5(1 − 𝑐𝑜𝑠(2𝜋𝑡)) 
2 𝑤(𝑡) = 0.54 −  0.46 𝑐𝑜𝑠(2𝜋𝑡) 
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(a) (b) 

 
(c) 

Figure 3.8: A pulse with a duration of 10.5 periods at 100 kHz simulated in MATLAB; (a) the original 

pulse and the Hanning window; (b) the tone burst signal (windowed pulse) after 

multiplying the pulse and the window; (c) the frequency spectrum of the original pulse 

(- -) and the final tone burst(-) in the frequency domain 

 

As introduced in subsection 2.2.1, the VAM method requires the excitation of an HF and 

an LF signal. Additionally, when the primary goal of using the VAM is localizing a defect, at 

least one of the HF or LF signals must be excited as a tone burst [69, 73]. In this research, the 

HF signal was chosen to excite as a tone burst based on the following perspectives: 

 

• As discussed earlier, a high amplitude of the LF signal causes a higher MI and a higher 

sideband amplitude, making the sidebands easier to detect. Therefore, the LF signal 

is continuously excited in the test sample to achieve a higher vibration amplitude.     

• The duration of a tone burst with the same number of signal cycles (periods) is shorter 

at a higher central frequency. This distinction helps differentiate between the first-

arrived wave package and the reflected signal from the edges.     

 

Figure 3.9 illustrates the general steps for defect localization using the VAM method in this 

research. Each step is explained below.   
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Figure 3.9: The general steps for localization using the 

VAM method 

 

3.2.1 Frequency selection, excitation, and measurement 
The frequency of the LF signal is selected to match the eigenfrequency of the piezoelectric 

sensor, thereby achieving a high vibration amplitude. Further, the LF signal is excited as an 

S0-mode Lamb wave to fulfill the necessary conditions mentioned in [37] using two 

piezoelectrics attached on both sides of a plate [37, 75], as illustrated in Figure 3.10a. The LF 

signal is excited continuously to ensure reaching a steady-state condition.   

 

  

(a) (b) 

LF and HF signals frequency selection 

and excitation 

 

Signal measurement at receivers 

Correction of the boundary reflected 

signals 

Sideband extraction 

DAS Damage imaging method 

Reduce the effect of other sources of 

nonlinearity 

𝑤𝑟𝑘
(𝑡) 

𝑉𝑟𝑘
(𝑡) 
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Figure 3.10: (a) Schematic sketch of exciting 

piezoelectric sensors (HF and LF signals) 

attached on both sides of a plate; (b) a sample 

of sensors attached on both sides of a narrow 

plate; (c) Receiver attached on one side of the 

plate  

(c)  

 

Additionally, an A0-mode tone burst is selected as the HF signal, based on the 

eigenfrequency ranges of the HF-exciting piezoelectric sensors. The HF signal is excited as a 

Hanning-windowed tone burst1 with a duration ranging from 50 µs to 150 µs using two 

piezoelectric sensors on both sides of the plate. The HF tone burst signal is synchronized to 

excite when the LF signal reaches the steady-state situation.  

As shown in Figure 2.10, a minimum of three receivers is required for defect localization. 

Thus, four receivers in different positions are attached to one side of the plate, as shown in 

Figure 3.10c, to measure the signal simultaneously and fulfill the localization requirement. 

The receivers are synchronized to start measuring the signal after the HF excitation. The 

process of exciting and measuring signals is repeated several times to attenuate the noise level, 

and the average of the measured signals is saved. The averaged measured signals at the 

receivers are called 𝑤𝑟𝑘
(𝑡), where 𝑟𝑘 refers to the 𝑘𝑡ℎ receiver.  

 

3.2.2 Correction of the boundary reflected signal  
As explained earlier2, the measured signals, 𝑤𝑟𝑘

(𝑡), include the reflected signal from 

boundaries. It is noticeable that the duration of the HF tone burst signal is chosen to avoid the 

overlap between the first-arrived signal and the reflections. Since the first-arrived signal is 

used for localization, the measured signal is multiplied by a boundary coefficient3, 𝑧𝑘(𝑡), to 

keep the first-arrived signal untouched, and reduce the effect of the boundary reflected signal, 

𝑉𝑟𝑘
(𝑡) = 𝑤𝑟𝑘

(𝑡) × 𝑧𝑘(𝑡).  

 

3.2.3 Sideband extraction 
The first right-sided sideband (known as the upper sideband) at frequency 𝜔 + Ω is chosen 

for the localization [69, 70] considering the following reasons:  

• Based on the VAM theory, a modulation appears in the frequency domain when a 

source of nonlinearity exists on a SUT.     

• The first sideband is larger than the other sidebands, theoretically, making it easier to 

detect. 

 
1 see Figure 3.7b  
2 see subsection 2.5.2 
3 Represented in Equations 2.24 and 2.25 
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The time history of the sideband at frequency 𝜔 + Ω is the key to the localization. Since 

the FFT returns only the frequency information of the signal and cannot distinguish between 

two signals with different time domain representations, as illustrated in Figure 3.11, a time-

frequency transformation is needed to extract the time history information of the sideband at 

𝜔 + Ω. Therefore, the Short-Time Fourier Transform (STFT) is used in this research to extract 

the time history of the sideband.  

  
(a) (b) 

  

(c) (d) 

Figure 3.11: The frequency spectrum of two different signals simulated in MATLAB using the FFT; 

(a) and (c) signals with the same frequency but different time domain representation;  

(b) and (d) both signals have the same frequency spectrum 

 

3.2.4 Short-Time Fourier Transform  
The STFT is a fundamental time-frequency analysis technique used to examine a signal's time 

and frequency content. The STFT segments the signal into short, overlapping time windows, 

and then the FFT is applied to each segment. Mathematically, the STFT of a signal 𝑥(𝑡) is 

defined in Equation 3.38, where 𝑤(t) represents a sliding window function [112, 113].  

𝑆𝑇𝐹𝑇𝑥(𝑡)(𝑡, 𝜔) = ∫ 𝑥(𝜏)𝑤(𝜏 − 𝑡)𝑒−𝑗𝜔𝜏𝑑𝜏
+∞

−∞

 (3.38) 

 

STFT is used when a time history of a signal at a specific frequency is needed. The output 

of the STFT is the signal's amplitude at different frequencies defined by a sampling frequency, 

𝑓𝑠  and the number of samples in the FFT, 𝑁𝐹𝐹𝑇. The Sideband Amplitude (SA) at frequency 

𝜔 + Ω evaluated by STFT for signal 𝑢(𝑡) is described by Equation 3.39. The normalized value 

of the SA for all receivers is used for the damage imaging step. The parameters of the STFT 

that are used in this study are as follows: 

• The sliding window function, 𝑤(t), is a hanning window.    

• The window length for each segment is selected to be equal to the duration of the HF tone 

burst signal. 
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• The overlapping number is selected to increase the time accuracy of the STFT output, 

which is set to 480ns.  

• The number of samples in the FFT, 𝑁𝐹𝐹𝑇, determine the frequency resolution, which is set 

to 500 Hz.  

 

𝑆𝐴𝜔+Ω
𝑢 (𝑡) =  𝑆𝑇𝐹𝑇𝑢(𝑡)(𝑡 , 𝜔 + Ω  )  (3.39) 

 

3.2.5 Reduce the effect of other sources of nonlinearity 
In order to cancel out the instrument-related nonlinearity, only the HF tone burst is excited by 

a piezoelectric sensor, and all receivers measure the signals simultaneously, resulting in the 

measured signal 𝑦𝑟k
(𝑡). Then, the same coefficient function, 𝑧𝑘(𝑡), is applied to the measured 

signal, called 𝑈𝑟k
(𝑡) = 𝑦𝑟k

(𝑡) ∙ 𝑧𝑘(𝑡). Finally, 𝑆𝐴𝜔+Ω

𝑈𝑟𝑘 (𝑡) is calculated using the STFT with the 

same parameters. The normalized SA of 𝑈𝑟𝑘(𝑡) is subtracted from the normalized SA of 𝑉𝑟𝑘(𝑡) 

is used as an input for the DAS imaging method for localization. This process is illustrated in 

Figure 3.13 as the HF measurement.  

 

3.2.6 DAS damage imaging method 
Finally, the Delay and Sum (DAS) damage imaging method, which is introduced in subsection 

2.5.1, uses the result of subtraction 𝑆𝐴𝜔+Ω

𝑈𝑟𝑘 (𝑡) from 𝑆𝐴𝜔+Ω

𝑉𝑟𝑘 (𝑡) to localize a defect. In the presence 

of the continuous LF signal, the HF tone burst that is excited by piezoelectric sensors at 

coordinates (𝑥𝑠 , 𝑦𝑠), propagates radially within the 2D-plate sample with the group velocity 

 𝑐𝑔𝜔
, as illustrated in Figure 3.12a. The HF signal reaches the damage location at coordinates 

(𝑥𝐷 , 𝑦𝐷) after time 𝑡𝑠𝐷, as assessed by Equation 3.36a. At the defect location, the sideband at 

frequency 𝜔 + Ω evolves due to the local defect. This sideband signal also propagates radially 

but with the group velocity 𝑐𝑔𝜔+Ω
, as shown in Figure 3.12b.  

This signal reaches the receiver located at coordinates (𝑥𝑟1 , 𝑦𝑟1) after a time interval 𝑡𝐷𝑟1, 

assessed in Equation 3.40b. The total time interval 𝑡𝑠𝐷𝑟1 during which the signal propagates 

along the path from the actuator to the defect at coordinates (𝑥𝐷 , 𝑦𝐷) and to the receiver is 

provided by Equation 3.40c and shown in Figure 3.12c.  

The locus of all potential points with the coordinates (𝑥 , 𝑦) that have the same time 

interval, 𝑡𝑠𝐷𝑟1, are points that lie on an ellipse with the (𝑥𝑠 , 𝑦𝑠) and (𝑥𝑟1 , 𝑦𝑟1) as its foci, as 

represented in Equation 3.40d and Figure 3.12d. Finally, the location of a defect will be 

detected using a minimum of three pairs of sender-receiver, as shown in Figure 2.8. 

 

𝑡𝑠𝐷 =
𝑑𝑠𝐷

𝑐𝑔𝜔

=
√(𝑥𝑆 − 𝑥𝐷)2 + (𝑦𝑆 − 𝑦𝐷)2

𝑐𝑔𝜔

 (a) 

 

𝑡𝐷𝑟1 =
𝑑𝐷𝑟1

𝑐𝑔𝜔+Ω

=
√(𝑥𝐷 − 𝑥𝑟1)2 + (𝑦𝐷 − 𝑦𝑟1)2

𝑐𝑔𝜔+Ω

 (b) 

𝑡𝑠𝐷𝑟1 =
𝑑𝑠𝐷

𝑐𝑔𝜔

+
𝑑𝐷𝑟1

𝑐𝑔𝜔+Ω

=
√(𝑥𝑆 − 𝑥𝐷)2 + (𝑦𝑆 − 𝑦𝐷)2

𝑐𝑔𝜔

+
√(𝑥𝐷 − 𝑥𝑟1)2 + (𝑦𝐷 − 𝑦𝑟1)2

𝑐𝑔𝜔+Ω

 (c) 

𝑡𝑠𝑋𝑟1 = 𝑡𝑠𝐷𝑟1 =
𝑑𝑠𝑥

𝑐𝑔𝜔

+
𝑑𝑥𝑟1

𝑐𝑔𝜔+Ω

=
√(𝑥𝑆 − 𝑥)2 + (𝑦𝑆 − 𝑦)2

𝑐𝑔𝜔

+
√(𝑥 − 𝑥𝑟1)2 + (𝑦 − 𝑦𝑟1)2

𝑐𝑔𝜔+Ω

 (d) (3.40) 
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(a) (b) 

  
(c) (d) 

Figure 3.12: Visualization of the time interval between source, defect, and receiver; (a) from the 

source to the defect after 𝑡𝑠𝐷; (b) from the defect to the receiver after 𝑡𝐷𝑟1; (c) from the 

source to the receiver after 𝑡𝑠𝐷𝑟1; (d) the locus of all potential points with the 

coordinates (𝑥 , 𝑦) that have the same time interval equal to 𝑡𝑠𝐷𝑟1  

 

 

3.2.7 The final flowchart of the localization algorithm 
Figure 3.13 represents the final flowchart of the localization algorithm using the VAM method. 

Since the DAS employs the group velocity for the damage imaging method, the group velocity 

at frequencies 𝜔 and 𝜔 + Ω is estimated experimentally to minimize calculation errors in defect 

localization. The localization algorithm has been experimentally tested, and the results are 

presented in subsection 4.3.6.   
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Figure 3.13: The flowchart of the localization using the VAM method 

 

3.3 Chapter Summary 
This chapter addresses two core aspects of the Vibro-Acoustic Modulation (VAM) 

methodology: (1) the separation of modulation indices (MI) and (2) defect localization using 

the VAM technique. 

Initially, the chapter explores methods for accurately separating modulation indices. It 

introduces mathematical models and algorithms, with a specific focus on amplitude-

frequency modulation (AFM) and amplitude-frequency-phase modulation (AFPM) models. 

It discusses challenges related to non-modulated carriers (NMCs) in measured signals, 
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highlighting that traditional methods, such as the Hilbert Transform (HT), are compromised 

in their presence. New algorithms, based on advanced mathematical simplifications, are 

developed to overcome these limitations and provide accurate separation of modulation 

indices, taking into account both amplitude and phase shifts. 

Subsequently, a novel approach for defect localization using the VAM method is 

presented in the chapter. It emphasizes the combination of traditional Lamb wave-based 

methods with VAM, involving nonlinear modulation signals generated by defects such as 

cracks. A specific focus is placed on frequency selection, signal excitation, and the significance 

of employing short-time Fourier transform (STFT) techniques to effectively extract and 

analyze sideband frequencies. The methodology also addresses issues such as reflections from 

boundaries, sensor placement, and the influence of nonlinearities from measurement 

equipment, proposing corrective techniques and strategies for clear defect identification and 

accurate localization.  
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Chapter 4 

 

4Experimental Results 

 
This chapter presents the experimental test results for the MI separation algorithm and 

damage localization method discussed in the previous chapter. The chapter begins with the 

introduction of experimental test setups for both MI separation and localization algorithms.  

Then, the results of MI separation algorithms, along with a comparison to the SPHS 

method, are presented. Furthermore, the algorithm employed to extract the phase shift of the 

first sideband and its results are discussed. 

In the defect-localization section, the integrity of defect detection is examined when a 

high-frequency signal is excited as a tone burst with varying durations. Afterward, the 

presence of the first sideband in the measured response is investigated when the HF signal 

passes through the defect compared with defect-free paths. Finally, the results obtained from 

the localization algorithm across various receiver configurations and different HF tone burst 

durations are presented. 

  

4.1 Test Setup 

4.1.1 Test Setup for the MI separation  
The suggested MI separation algorithms are experimentally studied using aluminum 

specimens with a thickness of 3 mm, as shown in Figure 4.1. Two piezoceramics (PI2551) with 

a diameter of 10 mm are attached to one side of the sample to excite the HF signal and measure 

the system response. The frequencies of the HF signal are selected at the beginning of the test 

using a linear frequency sweep2.  

The LF signal is applied using a tensile hydraulic machine3 at a frequency of 𝑓𝛺 = 10 𝐻𝑧 

and the amplitude of 1.5 kN (0 - 1.5 kN), as shown in Figure 4.2a. After measuring the VAM 

response for all selected frequencies, the amplitude of the LF is changed to 10 kN (0 - 10 kN) 

to induce fatigue in the SUT for a certain number of cycles, as shown in Figure 4.2b. The 

procedure repeats until the sample breaks.  

A National Instruments Multifunction I/O device, USB-6366, is used to send the signal 

into the actuator and measure the system response simultaneously, and a MATLAB script 

controls the process.  

 
1 see Table 4.1  
2 excite the HF signal without LF, and measure the response using the other piezoelectric (receiver) 
3 INSTRON 250 kN 
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(a) 

 

(b) 

 
Figure 4.1: A general setup for the MI separation algorithm; (a) schematic sketch of the test setup; 

(b) an experimental setup 

 

  
(a) (b) 

Figure 4.2: The LF load amplitude; (a) during the VAM measurement; (b) Fatigue load 

 

 

4.1.2 Test Setup for The Defect Localization  
To confirm the localization algorithm experimentally, a 700 mm x 1000 mm x 1.2 mm 

aluminum plate specimen (AlMg3) is used. A hole of 4.5 mm diameter is drilled through the 

plate at an arbitrary position that is sufficiently away from the edges. The hole has sharp 

notches on two opposite sides along the y-axis. Their notch angle is 55°, as shown in Figure 

4.3. A crack of length a = 30 mm has been produced growing out of the notch by applying 

cyclic loading along the short length of the metal plate. The aluminum plate is installed in a 

test rig that holds the plate specimen vertically using four spring connectors at the top and 

bottom sides, as shown in Figure 4.3a. Figure 4.3b shows close-up views of the notch, crack 

length, crack tip, and width.  

A signal generator (Agilent 33220A) continuously generates the LF signal at the selected 

frequency. The HF tone burst signal at 175 kHz with a duration of 50 to 150 µs is generated 

by another signal generator (Keysight 33600A). The HF tone burst signal is excited when the 

LF signal reaches the steady-state condition. The signals are amplified by two WMA-3201 

high-voltage amplifiers up to 75 volts (peak) and excited by two piezoelectric sensors (PI255). 

Piezoelectric actuators have diameters of 10 mm and 26 mm for HF and LF signals, 

respectively, which are attached on both sides of the plate, as shown in Figure 3.10a, to 

generate S0-mode LF and A0-mode HF signals, respectively. Four piezoelectric sensors PI255, 

with a diameter of 8 mm, are attached at different positions and used as receivers. 

 
1 https://www.falco-systems.com/High_voltage_amplifier_WMA-320.html 
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Simultaneously, signals at the receivers are averaged 150 times1 to reduce the noise level using 

a 4-channel RBT2004 digital oscilloscope. The NI device (USB-6366) synchronizes all 

equipment components, and a MATLAB script automates the process.   

 

 

Figure 4.3: (a) Plate specimen installed in test rig; (b, c) Close-up view of notch and crack 

(crack length a=30 mm) 

 

4.1.3 Actuators and receivers  
Disk-like piezoelectric sensors from the PI Ceramic company are used in this research to both 

excite and measure vibrations on a test specimen. Each piezoelectric element can be used as 

either an actuator or a sensor, and its eigenfrequency is based on the disk diameter listed in 

Table 4.1.    

 

 

Model number PRYY+0863 000050294 000030781 

diameter 10 mm 8 mm 26 mm 

thickness 1 mm 1 mm 1 mm 

eigenfrequency range 170 - 220 kHz 200 - 260 kHz 65 - 105 kHz 

Table 4.1: List of the disk-like piezoelectric sensors used in the experimental measurement   

 

 
1 The whole VAM measurement process was repeated 150 times  

(0,0) 

𝑥 

𝑦 
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4.2 Experimental Results of the MI Separation 
To apply the MI separation algorithm, a VAM response of a sample must be measured. The 

continuous VAM response measurement process is illustrated in Figure 4.4, where the linear 

sweep is explained as follows: 

 

• HF Linear sweep     

A single-tone HF signal at a specific frequency is generated in MATLAB and applied to 

the actuator on the sample using an NI device. The signal at the receiver is measured 

simultaneously. The amplitude of the measured signal, calculated by the FFT, is saved in 

a matrix. The process of sending and measuring the HF signal is repeated over a specific 

range of frequencies. A sample of the linear sweep result is shown in Figures 4.5a and b. 

A frequency or range of frequencies with high amplitudes, which is usually close to the 

sample's eigenfrequency, is selected at the receiver for the VAM measurement. The 

frequency selection can also be achieved using chirp excitation, as illustrated in Figure 

4.5c. As shown in Figure 4.5d, an eigenfrequency of the sample can also be detected using 

single-tone excitation (known as a linear sweep method). 

 

  

Figure 4.4: The VAM response measurement process 

 

 

 

 

  
(a) (b) 
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(c) (d) 

Figure 4.5: Frequency selection using the linear sweep; (a) linear sweep result for a test sample M6; 

(b) linear sweep result for a test sample M11; (c) FFT result of a chirp excitation for test 

sample MS5; (d) comparison between the chirp and single-tone excitation method results 

around an eigenfrequency at [60.8 - 60.9] kHz for the test sample MS5  

 

4.2.1 MIs separation using the advanced simplification for 
the AFM model  
The MI separation algorithm, using an AFM model introduced in subsection 3.1.3, has been 

experimentally tested. The MI separation algorithm is applied to the VAM response of several 

test setups listed in Table 4.2. Figure 4.6 illustrates some results of the MI separation and the 

SPHS results for the test setup M11 at different high frequencies. The low frequency for all 

results was 10 Hz, as explained in subsection 4.1.1.  

 

Test series 

Number of 

high 

frequencies 

Test series 

Number of 

high 

frequencies 

E03 10 M12 38 

E09 47 M13 41 

E13 50 M14 91 

M6 31 M15 40 

M7 35 M16 39 

M8 35 M18 68 

M11 56 M19 35 

Table 4.2: The number of individual high frequencies for different test setups 

 

 

  
(a) (b) 
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(c) (d) 

Figure 4.6: Results of the MI separation using the AFM model for test setup M11; (a) 𝜔 = 198.5 𝑘𝐻𝑧; 

(b) 𝜔 = 206.5 𝑘𝐻𝑧; (c) 𝜔 = 208.5 𝑘𝐻𝑧; (d) 𝜔 = 209.0 𝑘𝐻𝑧 

 

The following points can be stated based on the obtained results: 

• As is evident in Figure 4.6, the maximum values of the SPHS algorithm match the 𝑚𝑎 

calculated by the MI separation algorithm. However, the minimum values of the SPHS 

algorithm do not match the calculated 𝑚𝑓. 

 

• The calculated value of 𝑚𝑓 was bigger than 𝑚𝑎 during the life cycle for 597 out of 616 test 

results (96.92%). Results reveal that both modulation indices increase simultaneously.   

 

• For the remaining test results, in 8 results out of 616 (1.30%), the value of 𝑚𝑎 was bigger 

than 𝑚𝑓, and in 11 results (1.78%), one of the 𝑚𝑎 or 𝑚𝑓 was bigger than the other one at 

the beginning of the life cycle, and then they switched their position at the end. Some of 

the results are represented in Figure 4.7. 

 

  
(a) (b) 

  
(c) (d) 
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Figure 4.7: Experimental MI separation results for the AFM model for different test series. 

(a) M16 test series, 𝜔 = 215.0 𝑘𝐻𝑧; (b) M14 test series, 𝜔 = 203.5 𝑘𝐻𝑧; (c) M18 test 

series, 𝜔 = 229.0 𝑘𝐻𝑧; (d) M16 test series, 𝜔 = 212.0 𝑘𝐻𝑧 

4.2.2 MIs separation for the AFPM model  
To validate the applicability of the AFPM model experimentally, this section investigates 

whether the model can capture phase shift variations in the VAM response that are induced 

by changes in MIs. Unlike the AFM model, the AFPM model predicts that the phase shift of 

frequency components varies as a function of the modulation indices. Table 4.3 provides a 

direct comparison of the theoretical phase shifts predicted by both models. The following 

experimental procedure is designed specifically to isolate and evaluate these shifts, thus 

confirming the existence of phase-modulated components and the necessity of incorporating 

phase effects into MI separation. 

 

 

Frequency 
Phase shifts 

The AFM 
model 

The AFPM model 

𝜔 𝜙𝜔 
𝜃0 = 𝜙𝜔 − 𝑡𝑎𝑛−1 (

−2𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝐽0(𝑧)
) 

𝜃0 = 𝜙𝜔 + 𝜃𝑀𝑃0
 

𝜔 + Ω 𝜙𝜔 + 𝜙Ω 
𝜃+1 = 𝜙𝜔 + 𝜙Ω − 𝑡𝑎𝑛−1 (

−𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) 

𝜃+1 = 𝜙𝜔 + 𝜙Ω + 𝜃𝑀𝑃+1
 

𝜔 − Ω 𝜙𝜔 − 𝜙Ω 
𝜃−1 = 𝜙𝜔 − 𝜙Ω − 𝑡𝑎𝑛−1 (

𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) 

𝜃−1 = 𝜙𝜔 − 𝜙Ω + 𝜃𝑀𝑃−1
 

Table 4.3: The phase shifts for both AFM and AFPM models 

 

4.2.2.1 Angle modulation phase shift 
The first step in investigating whether the AFPM model matches a VAM response is to check 

the change in phase shifts. To investigate the phase shift of the VAM response, a test setup, 

represented in Figure 4.8, is prepared to measure the VAM response of a sample and the sent 

HF signal simultaneously. The phase shifts that are written in the figure are introduced in the 

following:   

• 𝜃𝜔 𝑟epresents the HF signal phase shift. The value of the 𝜃𝜔 is arbitrary.  

• 𝜃𝑝𝑧1−2 represents the signal phase shift change because of a piezoelectric. 
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(a) 

 

(b) 

 
Figure 4.8: The test setup for phase shifts measurement; (a) the VAM response setup; (b) the HF 

response setup 

 

• 𝜃𝑠𝑝 represents the signal phase shift change because of the sample, such as the propagation delay.   

• 𝜃𝑀𝑃 represents the signal phase shift change because of the modulation itself (see Table 4.3). 

• 𝜃𝛺 𝑟epresents the LF signal phase shift. The value of the 𝜃𝛺 is arbitrary.  

 

Due to the NMC, the phase shift of the first sideband was selected for investigation in this 

test setup. The value of 𝜃𝜔, 𝜃𝑝𝑧1−2 and 𝜃𝑠𝑝 are arbitrary and 𝜃𝑀𝑃 is the phase shift that is being 

calculated. Since the sent signal and response were measured simultaneously,  the value of 

𝜃𝜔 can be set to 0 by comparing the sent and measured responses, as represented in Figure 

4.9, or can be eliminated by subtracting the sent signal phase shift calculated by FFT from the 

measured response phase shift at the end of the phase calculation. Thus, the value of 𝜃𝜔 is 

assumed to be 0 in the subsequent calculation for the simplification. 

 
Figure 4.9: The value of 𝜃𝜔 can be set to 0 by comparing the sent and measured response 

Sample number 

Sample number 
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The phase shift of the VAM response signal at 𝜔 ± Ω using the phase shifts listed in Figure 

4.8a is given in Equation 4.1. Using the 𝜃+1 + 𝜃−1 helps us to delete the value 𝜃𝛺 of the 

equations, especially considering that the value of 𝜃𝛺 is unidentified, as represented in 

Equation 4.2.  
 

𝜃+1 = 𝜃𝜔 + 𝜃𝛺 + 𝜃𝑝𝑧1 + 𝜃𝑝𝑧2 + 𝜃𝑠𝑝+1
+ 𝜃𝑀𝑃+1 (a)  

𝜃−1 = 𝜃𝜔 − 𝜃𝛺 + 𝜃𝑝𝑧1 + 𝜃𝑝𝑧2 + 𝜃𝑠𝑝−1
+ 𝜃𝑀𝑃−1 (b) (4.1) 

 

𝜃+1 + 𝜃−1 = (𝜃𝜔 + 𝜃𝑝𝑧1 + 𝜃𝑝𝑧2 + 𝜃𝑠𝑝+1
) + (𝜃𝜔 + 𝜃𝑝𝑧1 + 𝜃𝑝𝑧2 + 𝜃𝑠𝑝−1

) + (𝜃𝑀𝑃+1 + 𝜃𝑀𝑃−1) (4.2) 

 

The phase shift of the HF response signal at 𝜔 using the phase shifts listed in Figure 4.8b is 

given in Equation 4.3. By comparing the last two equations, it is evident that the terms present 

in Equation 4.2 are essentially the same as the signal phase shift in Equation 4.3 but correspond 

to different frequencies.  

To compare the phase shift of an HF signal at sideband frequencies, a single-tone 

sinusoidal waveform at different frequencies was applied to a test sample, and the phase shift 

was calculated using the measured response at the receiver, as represented in Figure 4.8a. 

Figure 4.10 shows the measured HF response phase shifts at different frequencies. The 

frequency of the HF signal was selected equal to 𝜔 ± 𝑘Ω for 𝑘 = 0, 1, 2, ⋯ to compare the phase 

shift at different sidebands’ frequencies.   

𝜑4𝜔 = 𝜃𝜔 + 𝜃𝑝𝑧1 + 𝜃𝑝𝑧2 + 𝜃𝑠𝑝 (4.3) 

 
Figure 4.10: The HF response phase shift (𝜑4) at different frequencies,  𝜔 ± 𝑘 × 10 𝐻𝑧 for 

𝑘 = 0, 1, 2, ⋯ 

 

Results reveal that the phase shifts (𝜑4𝜔) at 𝜔 ± Ω and 𝜔 are almost equal with a perfect 

approximation. Considering this finding, Equation 4.2 can be written as Equation 4.4. Finally, 

the value of the 𝜃𝑀𝑃+1 + 𝜃𝑀𝑃−1 , which is called angle modulation phase shift (𝜃𝐴𝑛𝑔𝑀), can be 

calculated using Equation 4.5. Figure 4.11 illustrates the results of the 𝜃𝐴𝑛𝑔𝑀 calculated at 

different frequencies.  
 

𝜃+1 + 𝜃−1 = (𝜑4𝜔) + (𝜑4𝜔) + (𝜃𝑀𝑃+1 + 𝜃𝑀𝑃−1) (4.4) 

𝜃𝐴𝑛𝑔𝑀 = (𝜃𝑀𝑃+1 + 𝜃𝑀𝑃−1) = (𝜃+1 + 𝜃−1) − 2𝜑4𝜔 (4.5) 
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(a) (b) 

  
(c) (d) 

Figure 4.11: Results of the calculated 𝜃𝐴𝑛𝑔𝑀 using Equation 4.5; (a) M6 test series, 𝜔 = 201.0 𝑘𝐻𝑧; (b) 

M6 test series, 𝜔 = 206.0 𝑘𝐻𝑧; (c) M14 test series, 𝜔 = 175.0 𝑘𝐻𝑧; (d) M14 test series, 𝜔 =

197.0 𝑘𝐻𝑧 

 

As evident in Figure 4.11, 𝜃𝐴𝑛𝑔𝑀 changes through the life cycle and reveals that phase shift 

changes with MIs. As noted earlier, the AFM model fails to explain the phase shift variations 

corresponding to changes in the MI. In contrast, the AFPM model successfully predicts these 

variations, which are also evident in experimental observations.  

Figures 4.11 and 4.12 demonstrate that the angle-modulation phase shift, 𝜃𝐴𝑛𝑔𝑀, evolves 

consistently as the crack grows, confirming that phase information is fundamentally linked to 

the MIs, as predicted by the AFPM model. The measured 𝜃𝐴𝑛𝑔𝑀 provides direct experimental 

evidence that phase (PM) and frequency (FM) contributions coexist with amplitude 

modulation in the VAM response. 

 
 

(a) (b) 
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(c) (d) 

  
(e) (f) 

 

Figure 4.12: Comparison between the MI and 
𝜃𝐴𝑛𝑔𝑀; (a) M6 test series, 𝜔 = 201.0 𝑘𝐻𝑧; (b) M6 
test series, 𝜔 = 206.0 𝑘𝐻𝑧; (c) M14 test series, 
𝜔 = 175.0 𝑘𝐻𝑧; (d) M14 test series, 𝜔 =
197.0 𝑘𝐻𝑧; (e) M14 test series, 𝜔 = 194.0 𝑘𝐻𝑧; (f) 
M14 test series, 𝜔 = 230.0 𝑘𝐻𝑧; (g) M14 test 
series, 𝜔 = 231.0 𝑘𝐻𝑧 

(g) 

 

Since specimens M6 and M14 failed after around 36,500 and 31,200 cycles, respectively, 

the relative lifetime of each specimen, expressed as a percentage of the total number of cycles 

at which measurements were performed, is shown in Table 4.4. 

 

M06 

Cycle 0 1500 3000 4500 6000 7500 9000 10500 12000 
% 0 4% 8% 12% 16% 21% 25% 29% 33% 

Cycle 13500 15000 16500 18000 19500 21000 22500 24000 25500 
% 37% 41% 45% 49% 53% 58% 62% 66% 70% 

Cycle 27000 28500 30000 31500 33000 34500 36000   
% 74% 78% 82% 86% 90% 95% 99%   

M14 

Cycle 1500 4000 7000 10000 13000 15000 17000 19000 21000 
% 5% 13% 22% 32% 42% 48% 54% 61% 67% 

Cycle 22000 23000 24000 25000 26000 27000 28000 29000 29250 
% 70% 74% 77% 80% 83% 86% 90% 93% 94% 

Cycle 29750 30000 30500 31000      
% 95% 96% 98% 99%      

Table 4.4: The details of the measured cycles for the M6 and M14 test setups 

 

A direct comparison between the two curves is not feasible because their ranges of 

variation are not consistent. To eliminate this dimensional inconsistency and enable 

meaningful comparison, the data of both curves are normalized using Equation 4.6, where 𝑥 

is either 𝜃𝐴𝑛𝑔𝑀 or DMI. Under the assumption that data (𝜃𝐴𝑛𝑔𝑀, DMI) at each frequency are 

independent of those at other frequencies, the minimum and maximum values for each 

frequency are used to normalize the data at that frequency. 

 

𝑥𝑁𝑜𝑟𝑚 =
𝑥 − 𝑚𝑖𝑛(𝑥)

𝑚𝑎𝑥(𝑥) − 𝑚𝑖𝑛(𝑥)
 (4.6) 

 

After data normalization, the rate of change (slope) between successive points was 

calculated using three different approaches: 
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1. Direct method: based on the normalized data 

2. Mean–mean method: slope between the mean of several consecutive points and the 

mean of the preceding points. 

3. Point–mean method: slope between each point and the mean of its preceding points 

 

The slope variations of 𝜃𝐴𝑛𝑔𝑀 and DMI curves were compared across different frequencies 

and across all three calculation approaches for both the M6 and M14 test setups, as illustrated 

in Tables 4.5 and 4.6.  

 

Lifetime 
First method Second method Third method 

N % N % N % 

60% to 70% 7 22.58 % 16 51.61 % 28 90.32 % 

70% to 80% 9 29.03 % 13 41.94 % 28 90.32 % 

80% to 90% 6 19.35 % 8 25.81 % 24 77.42 % 

60% to 75% 5 16.13 % 15 48.39 % 28 90.32 % 

75% to 90% 3 9.68 % 4 12.9 % 24 77.42 % 

60% to 80% 5 16.13 % 13 41.94 % 28 90.32 % 

80% to 95% 4 12.9 % 1 6.45 % 15 48.39 % 

Table 4.5: The number of frequencies1 in M6 where the slope of variation in 𝜃𝐴𝑛𝑔𝑀  is bigger than 

DMI. 

 

Lifetime 
First method Second method Third method 

N % N % N % 

60% to 70% 21 23.08 % 19 20.88 % 40 43.96 % 

70% to 80% 22 24.18 % 21 23.08 % 47 51.65 % 

80% to 90% 20 21.98 % 25 27.47 % 37 40.66 % 

60% to 75% 19 19.78 % 14 15.38 % 40 43.96 % 

75% to 90% 16 17.58 % 19 20.88 % 34 37.36 % 

60% to 80% 12 13.19 % 11 12.09 % 38 41.76 % 

80% to 95% 10 10.99 % 18 19.78 % 26 28.57 % 

Table 4.6: The number of frequencies in M14 where the slope of variation in 𝜃𝐴𝑛𝑔𝑀  is bigger than 

DMI. 

 

The following conclusions can be drawn based on the results presented in Tables 4.5 and 

4.6: 

• The above results clearly demonstrate that, at specific frequencies, the 𝜃𝐴𝑛𝑔𝑀 curve is 

capable of revealing larger variations than the MDI curve at earlier stages. 

• It is worth noting that, as with the DMI curve, which at specific frequencies does not 

adequately reveal the nonlinearity of the specimen, the phase curve may also fail to reflect 

variations in response parameters, despite its theoretical higher sensitivity. 

• These results should not be interpreted as evidence of the overall superiority of phase 

over the DMI. As illustrated in Figure 4.12 and summarized in Tables 4.5 and 4.6, the DMI 

 
1 The total nomber of frequancis for each test setup is listed in Table 4.2 
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curve exhibits greater variations at specific frequencies. Nevertheless, the findings 

demonstrate that incorporating phase variation analysis can enhance the sensitivity to 

structural changes, often revealing variations more prominently than the amplitude-

based approach. 

 

4.2.2.2 MIs Separation using the AFPM model  
Experimental results of the MI separation algorithm using an AFPM model introduced in 

subsection 3.1.4.2 are represented in this subsection. The MI separation algorithm is also 

applied to the VAM response of several test setups listed in Table 4.2. Figure 4.13 illustrates 

some results of the MI separation for the test setup M11 at different high frequencies. It is 

worth noting that the MI separation equations for this model are highly nonlinear (Equations 

3.28-3.33); both MATLAB and Maple were used to solve the equations.  

 

  
(a) (b) 

  

(c) (d) 

Figure 4.13: Results of the MI separation using the AFPM model for test setup M11; 

(a) 𝜔 = 198.5 𝑘𝐻𝑧; (b) 𝜔 = 206.5 𝑘𝐻𝑧; (c) 𝜔 = 208.5 𝑘𝐻𝑧; (d) 𝜔 = 209.0 𝑘𝐻𝑧 

 

The following points can be stated based on the obtained results for the AFPM model: 

 

• Results confirm that, similar to the results for the AFM model, the calculated value of the 

angle modulation index, √𝑚𝑓
2 + 𝑚𝑝

2 was bigger than 𝑚𝑎 during the life cycle for all 616 

out of 616 test results.  

 

• The values of MIs calculated for the AFPM and AFM models differ due to the differences 

in the equations describing the amplitudes in both models.    
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4.3 Experimental Results of the Defect Localization 
The primary objective of this study was to evaluate the effectiveness of the VAM method in 

localizing a defect within a structure. As mentioned in subsection 3.2.3, the first sideband at 

frequency 𝜔 + 𝛺 was selected for this purpose. Also, in order to simplify the extraction of this 

frequency from others in the VAM response, the LF excitation was applied via piezoelectric 

transducers, enabling access to a broader operational bandwidth. The subsequent sections 

present a step-by-step experimental validation procedure for applying the VAM method in 

defect localization. 

 

4.3.1 Integrity of the defect detection  
The reliable defect identification integrity using VAM while the LF signal is transmitted 

within the kHz range was tested at the first step using the test setup introduced in subsection 

4.1.2 and Figure 4.3. In this test, the LF and HF signals were excited continuously to ensure 

they reached the steady-state condition, and then the response was measured at the receivers. 

Figure 4.14 shows the measured velocity of a continuous LF signal at 89.5 kHz via a laser 

Doppler vibrometer (LDV)1 in the time domain. The figure shows that the LF signal reaches 

the steady-state condition after 70 ms. Therefore, measurement after 200 ms guarantees that 

signals have already reached their steady-state condition. The process of measuring the 

response was repeated three times to measure the HF response, LF response, and VAM 

response. 

The FFT results of the responses at two different frequencies are illustrated in Figures 4.14 

and 4.15. It is worth noting that the zero-padding technique was employed to enhance the 

FFT resolution in Figure 4.16. As evident in Figures 4.15c and 4.16d, only the VAM response 

contains the sideband signal at 𝜔 + Ω. Results reveal that the defect was detectable when both 

HF and LF signals were excited by piezoelectric actuators.    

 

 

Figure 4.14: The continuous LF signal reaches the steady-state condition after 80 ms  

 

 
1 Psv-500, Polytec 
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(a) 

  
(b) (c) 

Figure 4.15: The FFT results of steady-state responses for 𝜔 = 225 𝑘𝐻𝑧 and Ω = 207 𝑘𝐻𝑧; (a) broad 

range view; (b & c) zoomed ranged view; 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 =  12 𝑚𝑠 , 𝐹𝑠 = 10.87 𝑀𝐻𝑧    

 

4.3.2 HF and LF signals' amplitude and VAM response  
In order to examine the influence of the amplitudes of the HF and LF excitations on the 

sideband amplitude (SA), an experimental test was carried out, as shown in Figure 4.17. The 

LF and HF signals are generated numerically in MATLAB and sent to the NI device (USB 

6366). The two output channels of the NI are amplified by two amplifiers (x50) before being 

applied to the piezoelectric sensors on the sample. The system response is measured using the 

RBT2004 digital oscilloscope. The VAM response measurements are repeated for different LF 

and HF signal amplitudes. 

Figure 4.18a represents the amplitude of the VAM response at Ω, 𝜔, and 𝜔 + Ω, when the 

HF signal amplitude was fixed to 1250 mV, and the LF signal amplitude changed between 10 

and 400 mV in MATLAB. Additionally, the results obtained when the LF amplitude was fixed 

and the HF signal amplitude was changed within the same range are presented in Figure 

4.18b. In both figures, the value of the normalized sideband amplitude is calculated using the 

relationship that is given in Equation 4.7, where 𝐴𝜔, 𝐴Ω, and 𝐴𝜔+Ω represent the HF, LF, and 

sideband amplitudes, respectively. The normalized sideband amplitudes in both scenarios are 

illustrated in Figure 4.18c for better comparison.  

 

𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝐴𝜔+𝛺 =
𝐴𝜔+𝛺

𝐴𝜔𝐴𝛺
 (4.7) 
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(a) (b) 

 

Figure 4.18: 

The amplitude of the VAM response signal; (a) 

𝐴𝜔 = 1250 𝑚𝑉 and 𝐴𝛺varies between 10 to 400 

mV; (b) 𝐴𝛺 = 1250 𝑚𝑉 and 𝐴𝜔varies between 

10 to 400 mV; (c) comparison between the 

normalized sideband amplitudes calculated in 

(a) and (b) 

(c) 

 

The following points can be stated based on the obtained results: 

 

• As shown in Figures 4.18a-b, the sideband amplitude varies parallel to the HF or LF 

amplitude change. These results confirm the mathematical description in the AFM and 

AFPM model1 that the sideband amplitude varies proportionally with the product of the 

LF and HF amplitudes. 

 

• In both figures, the normalized sideband amplitude remains constant, as expected, when 

one of the LF or HF signal amplitudes changes. Furthermore, Figure 4.18c shows that the 

normalized amplitudes in both scenarios are nearly equal, confirming that the modulation 

indices in both scenarios are the same, as expected.   

 

•  

 

 
1 see subsections 2.3.5 and 2.3.6  

 
Figure 4.17: Schematic sketch of the VAM response test setup 
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(a) 

   
(b) (c) (d) 

Figure 4.16: The FFT results of steady-state responses for 𝜔 = 180 𝑘𝐻𝑧 and Ω = 71.98 𝑘𝐻𝑧; (a) broad range view; (b) zoomed view at 𝜔; (c) zoomed view at 

Ω; (d) zoomed view at 𝜔 + Ω; 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 =  4.8 𝑚𝑠 , 𝐹𝑠 = 27.17 𝑀𝐻𝑧 
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4.3.3 Tone burst HF signal and VAM response  
As discussed in subsection 3.2, an HF tone burst is required for effective defect localization. 

In the next step, the influence of the time duration of the HF tone burst on the sideband 

amplitude is investigated. To this end, a continuous LF signal at 77 kHz was continuously 

excited in the test setup described in Figure 4.17. After 350 ms1, another pair of piezoelectric 

actuators excited a tone burst HF signal at a central frequency of 190 kHz with different 

durations, and the VAM response was measured simultaneously. Figure 4.19 shows some of 

the FFT results of the measured responses when the duration of the HF tone burst was 

changed from 50 to 600𝜇𝑠. The following considerations must be acknowledged when 

interpreting the above results: 
 

• As evident, the sideband at  𝜔 + Ω =  267 𝑘𝐻𝑧 is still detectable, while the HF signal was 

excited as a tone burst signal.   
 

• Theoretically, a tone burst signal with a shorter time domain duration has a broader 

bandwidth in the frequency domain, as evident in Figure 4.19d. Therefore, a shorter 

duration requires advanced signal processing and wise frequency selection to avoid 

masking the sideband frequency with other unwanted frequencies, such as harmonics. 
 

  
(a) (b) 

  
(c) (d) 

Figure 4.19: The FFT results of the VAM response for different time durations of tone burst HF when 

the LF signal was excited continuously; (a) 600𝜇𝑠 duration; (b) 400𝜇𝑠  duration; (c) 

200𝜇𝑠  duration; (d) 50𝜇𝑠  duration 

 

A different test has been made to investigate changes in the sideband amplitude when the 

HF excites as a tone burst. A continuous LF signal with a constant amplitude at 77 kHz was 

applied to the sample. At the same time, a tone burst HF signal with a duration of 300𝜇𝑠 at 

190 kHz central frequency was applied with another pair of actuators. The amplitude of the 

 
1 refering to Figure 4.14, this delay ensures reaching the steady-state condition for the LF signal 
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tone burst HF signal was varied from 800 to 1900 mV in the MATLAB script1, as illustrated in 

Figure 4.20. Results show that, like in the continuous excitation test2, the sideband amplitudes 

vary almost in parallel with the HF amplitudes. In contrast, the normalized sideband 

amplitudes calculated by Equation 4.6 remain almost constant.  

 

 
Figure 4.20: The amplitude of the VAM response signal at Ω, 𝜔, and 𝜔 + Ω, when 𝐴𝛺 was kept 

constant while 𝐴𝜔 was varied from 800 to 1900 mV; the normalized sideband 

amplitude is calculated using Equation 4.6 

 

The VAM method, when the HF signal is excited as a tone burst, is investigated in the previous 

subsections. In the subsequent subsections, this method is referred to as short-time VAM. The 

results confirmed that the short-time VAM can detect the defect even when the duration of 

the tone burst HF is 50𝜇𝑠 in length. However, the location of the defect remains unknown. The 

following subsections explain how a defect can be localized experimentally using the short-

time VAM method.  

 

4.3.4 Group velocity calculation  
As discussed in subsection 3.2.6, the group velocity of the lamb wave at frequencies 𝜔 and 

𝜔 + Ω are required for the DAS image method. In order to measure the group velocity at these 

frequencies, a tone burst signal with 50µs length is excited using piezoelectric actuators. 

Signals are measured using two receivers positioned at 200 mm and 400 mm, respectively, as 

shown in Figure 4.21a. Figure 4.21b shows an example of the measured signal at the actuator, 

receiver 1, and receiver 2 when the central frequency was 100 kHz. The group velocity of the 

signal is calculated using the time-of-flight (TOF) technique [37, 43, 44, 52, 114]. Figure 4.21c 

represents the experimentally measured frequency-dependent group velocity as well as the 

expected theoretical group velocity.  

 

 

 
1 See Figure 4.17 
2 see subsection 4.3.1 and Figures 4.15 and 4.16 
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(a) (b) 

 
(c) 

Figure 4.21: (a) Test setup for evaluating the group velocity; (b) The measured signal at the 

actuator, receiver 1, and 2 when the central frequency was 100 kHz; (c) Group velocity 

for different frequencies, theoretical (continuous line) and experimental results 

 

 

 

4.3.5 Role of a notch or a crack in scattering the signal  
Based on the wave propagation theories, when a wave propagates and encounters a crack or 

a notch along its path, it is scattered by the crack. In fact, the crack/notch functions as a 

secondary source that re-emits the signal [4, 78, 83]. 

A 700 mm x 1000 mm x 1.2 mm aluminum plate specimen (AlMg3) is used to investigate 

the signal scattering by a crack. A 200 mm long notch was introduced at the center of the 

upper edge of the specimen to ensure that the crack would be located in this region and to 

obstruct the direct propagation of the wave toward the opposite side, as shown in Figure 

4.22a. A crack of length 30 mm has been produced growing out of the notch by applying cyclic 

loading, as illustrated in Figure 4.22b. 
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(a) (b) 

Figure 4.22: Investigating the scattered signal from a crack/notch; (a) the test setup; (b) zoomed 

view of the crack (the green dot on the sample is the LDV laser point)   

 

A pair of actuators was placed on the right side of the notch, near the edge, in such a way 

that no direct path for signal propagation toward the left side of the notch existed (zone 1 in 

Figure 4.22a). A 75 µs length tone burst HF at a central frequency of 175 kHz was applied to 

the actuators with a delay of 2 ms1. Signals at different points were measured using the laser 

Doppler vibrometer. 

Figure 4.23 illustrates selected measuring points and the direct propagation path of the 

excited tone burst. It should be noted that the actuators are located outside the frame 

represented in the figure. The measured signals at the selected points in the time domain are 

plotted in Figure 4.24. The results indicate that, despite the absence of a direct propagation 

path for the excited tone burst to reach the third point, the signal arrived at P3 before P2 with 

a lower amplitude. Results confirm that the notch tip scatters a part of the tone burst, and the 

signal measured at P3 has already passed through the crack. The 2D visualization of the tone 

burst propagation using the measured voltages for the selected area around the crack at four 

different time durations after the excitation is represented in Figure 4.25.  

 

 
1. To scan all measuring points using the LDV, the situation for all points must be the same. A 2ms delay at the beginning 
guarantees that the vibration from the previous excitation completely vanishes after multiple reflections.     

30
 m

m
 

Zone 1 
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Figure 4.23: Location of selected measuring points and the direction of the tone burst propagation 

 

 
Figure 4.24: The measured voltage at the selected points using the LDV 

 

 

 

 
(a) 53.20 µs after the excitation  (b) 67.84 µs after the excitation 

P1 

P2 

P3 

91 mm 

7
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(c) 77.12 µs after the excitation (d) 96.48 µs after the excitation 

Figure 4.25: The 2D visualization of the scattered signal by the notch/crack at: (a) 53.20 µs, (b) 

67.84 µs, (c) 77.12 µs, and (d) 96.48 µs after the excitation  

 

Another test setup has been prepared and tested to continue investigating the scattered 

signal from the notch and tip of a crack using the arrival time. A 20 mm notch was made on 

the upper side of a plate-like aluminum sheet, and a crack of 145 mm length was generated 

extending from the notch by applying cyclic loading, as shown in Figure 4.26a. As can be 

observed in Figure 2.25b, the crack edges are not perfectly aligned, and a slight gap exists 

between them, particularly near the notch. A pair of actuators is positioned on the right side 

of the crack to excite a tone burst HF signal, and four piezoelectric sensors are positioned at 

different locations to measure the signal simultaneously, as shown in Figure 4.26b, where N 

and T represent the tip locations of the notch and the crack, respectively.  

  

(a) (b) 

Figure 4.26: The test setup for investigating the scattered signal using the arrival time. The distances 

are listed in Table 4.7. Three possible paths are considered for each pair of the actuator-

receiver 

A 
R1 

R2 

R3 

R4 

T 

N 145 mm 
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A 50 µs length tone burst HF at a central frequency of 150 kHz was applied to the actuators, 

and the signals were measured at the receivers simultaneously. To estimate the arrival time, 

the group velocity of the A0-mode lamb wave at 150 kHz is calculated as 2113 
𝑚

𝑠
 in the 

previous tests, as described in the previous subsection. The distances between the actuator, 

the notch tip (N), and the crack tip (T) to the receivers are listed in Table 4.7. The predicted 

arrival time for each possible path between the actuator and the receivers is calculated using 

Equation 4.8. Figure 4.27 illustrates the measured signal, the signal's envelope, and the 

predicted arrival times for all receivers. Parameters t1, t2 and t3 in the figures represent the 

predicted arrival time when the tone burst propagates along between the actuator to a receiver 

(A-R), the actuator to the crack tip and then to a receiver (A-T-R), and the actuator to the notch 

tip and then to a receiver (A-N-R), respectively, as plotted in Figure 4.26b.  

 

𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑡𝑖𝑚𝑒 =
𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑐𝑔
 (4.8) 

 

 A R1 R2 R3 R4 

Actuator (A)  52 62 77 78 

notch tip (N) 32.5 32.5 55 81 105 

crack tip (T) 58 58 32 30 38 

Table 4.7: The list of distances (in mm) between the actuator, the notch tip (N), and the crack tip (T) 

to the receivers 

 

  
(a) (b) 

  
(c) (d) 

Figure 4.27: The measured signal at receivers and predicted arrival times for different paths; 

(a) signal at receiver 1; (b) signal at receiver 2; (c) signal at receiver 3; (d) signal at receiver 4 

 

The measured signal illustrated in Figure 4.27a clearly shows that the approximate arrival 

time at receiver 1 is longer than the time required to propagate along the direct path between 

the actuator and the receiver (t1). This delay is attributed to the gap between the crack edges, 
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which causes the received signal to originate from the scattering of the signal at the crack tip. 

A similar effect is observed in the measured signal at receiver 2, as shown in Figure 2.26b. 

This behavior differs in the case of receiver 4. There is no obstruction along the direct path 

between the actuator and the receiver. Therefore, the signal arrival time at this receiver 

corresponds to the predicted time t1, as illustrated in Figure 4.27d. It is worth mentioning that 

the scattered signal by the notch edge and the crack tip explains the presence of signal peaks 

close to predicted arrival times in the measured signal at the receivers.  

 

4.3.6 Crack detection using STFT  
As confirmed in the previous subsections, the steady-state and short-time VAM methods can 

detect nonlinearity in a structure. However, localizing the source of the nonlinearity requires 

the time history of the sideband amplitude. Thus, the STFT is used to extract the time history 

at the required frequencies. A test setup was prepared to investigate the crack detection using 

the STFT.  

Three receivers are positioned at the selected distance of 190 mm around an HF actuator 

on the plate specimen, as shown in Figure 4.28. The direct path from the HF actuator to 

Receiver 1 crosses the crack at a 90° angle, while the direct path from the HF actuator to 

Receivers 2 and 3, respectively, does not cross the crack. Also, the position of the LF actuator 

is shown in the figure. In this test, theoretically, the crack is expected to affect the sideband 

amplitude received by Receiver 1 most prominently compared to the signals received by 

Receivers 2 and 3. 

In the first measurement, the LF actuators excite a 400 ms signal at 90 kHz, and after 250 

ms, the HF actuators excite a tone burst at a central frequency of 175 kHz and a duration of 

100 µs. The VAM response, 𝑉𝑟𝑘(𝑡), is measured by receivers simultaneously. In the next 

measurement, only HF was applied to the actuators, and the HF response, 𝑈𝑟𝑘(𝑡), measured 

by receivers. Figure 4.29 shows the measured VAM and HF responses at the receivers. 

 

 
Figure 4.28: Actuator and receiver arrangement adjacent to the crack; Signal sensitivity of the path 

crossing the defect vs not crossing the defect 
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(a) (b) 

 

Figure 4.29: 

The HF response (blue), 𝑈𝑟𝑘(𝑡), and the VAM 

response (red), 𝑉𝑟𝑘(𝑡), measured by Receivers 

1-3, shown in (a)-(c), respectively. 

(c) 

 

Figure 4.30a represents the HF response measured by Receiver 1, and Figure 4.30b shows 

the STFT result of the same signal, where white lines represent the high frequency, 

𝜔 = 175 𝑘𝐻𝑧, the low frequency, Ω = 90 𝑘𝐻𝑧, and the first sideband frequency at 𝜔 + Ω =

275 𝑘𝐻𝑧. As expected, the STFT plot reveals the highest level of energy at 175 kHz. The energy 

of the signal at 90 kHz and 275 kHz is almost zero. The normalized HF response in the time 

domain and the normalized STFT amplitude are illustrated in Figure 4.30c. A is evident in the 

figure, the peak of the STFT amplitude at 175 kHz matches the peak of the HF response at the 

corresponding receiver. 

 

 

(a) (b) 

 

Figure 4.30: 

HF response at receiver 1; (a) in the time domain; 

(b) STFT result of the response; (c) Normalized HF 

response and the STFT amplitude at 175 kHz 

 

(c) 
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The STFT results for the VAM response measured at receiver 1 are represented in Figure 

4.31, where Figure 4.31a shows the VAM response received at Receiver 1 in the time domain, 

and Figure 4.31b provides the STFT plot of the corresponding signal. As expected, the STFT 

plot reveals high energy at the sideband frequency as well as at frequencies ω and Ω. 

 

 

 

(a) (b) 

Figure 4.31: VAM response at receiver 1; (a) in the time domain; (b) STFT result of the response  

 

Figure 4.32a-c illustrates the STFT-evaluated amplitude of VAM response at 175 kHz, 

90 kHz, and 265 kHz for receivers, respectively. The signal has a constant amplitude at 

frequency 90 kHz due to the continuously-excited LF signal. Observing the curve 

progressions, it becomes evident that the sideband frequency at 265 kHz is highly sensitive to 

the nonlinear defect. However, since the amplitudes of the high- and low-frequency 

components affect the sideband amplitude, the sideband amplitude must be normalized for 

better comparison using Equation 4.6. The normalized STFT-evaluated amplitude at the 

sideband frequency is shown in Figure 4.32d.  

In VAM measurement, the signal along Path P1, as annotated in Figure 4.28, between the 

HF actuator and Receiver 1 through the crack delivers a sideband amplitude peak. Receiver 2 

receives a signal along the direct path with no change in sideband amplitude; however, there 

is a signal contribution along the indirect path that crosses the crack, resulting in a visible 

increase in sideband amplitude.  

 

 

  
(a) (b) 
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(c) (d) 

 

Figure 4.32: 

STFT- evaluated amplitude of the VAM 

response at receivers; (a) at 175 kHz; (b) at 

90 kHz; (c) at 265 kHz; (d) Normalized 

amplitude at 265 kHz; (e) direct and indirect 

propagation path for receiver 2 

(e) 

 

4.3.7 Crack Localization  
Previous test results revealed a crucial point essential for localization. A crack localization can 

be done considering the following facts.  

  

• A source of nonlinearity can be detected using the short-time VAM method, even in cases 

where the tone burst HF has a short duration.  

• A crack or a notch tip scattered the signal like a new source of excitation.  

• Since the crack modulates the HF signal and generates the sideband, tracking the scattered 

signal at the sideband frequency leads us to the source of the nonlinearity. 

 

The localization algorithm described in Figure 3.12 is represented in Figure 4.33a for easier 

reference to the experimental approaches1. A test setup is prepared to experimentally 

investigate the localization algorithm described in section 3.2. The test setup for localization 

is shown in Figure 4.33b. A 400 ms S0-mode signal at a low frequency of 69 kHz is excited by 

two piezoelectric sensors attached to opposite sides of the aluminum plate2. After a 350 ms 

time delay3, a tone burst HF signal at 175 kHz is excited by another set of sensors at a different 

location. The duration of the tone burst signal is varied from 50 µs to 150 µs. Simultaneously, 

the signals are averaged 150 times and saved at four receivers positioned in a symmetrical 

sensor arrangement, as shown in Figure 4.33. It is emphasized that the defect, which is a 

 
1 Figures 3.13 and 4.33 represent the localization algorithm described in Section 3.2 
2 See Figure 3.10a 
3 The delay is necessary to ensure reaching the steady-state condition for the LF excitation 



Crack Localization   89 

 

30 mm crack, is positioned outside the sensor arrangement. The position of the actuators, 

receivers, and the crack are listed in Table 4.8.  

 

 

 

(a) (b) 

Figure 4.33: (a) The flowchart of the localization using the VAM method introduced in section 3.2; (b) the 

localization test setup  

 

 𝑥  𝑦 

HF actuators 318 500 

LF Actuators 380 500 

Receiver 1 200 404 

Receiver 2 202 600 

Receiver 3 500 598 

Receiver 4 499 398 

The crack 250 245-313 

Table 4.8: The position of the actuators, receivers, and the crack on the plate for the symmetric 

arrangement of receivers 

 

For each potential crack coordinate of (𝑥, 𝑦), the estimated time between the actuators, the 

potential crack, and a receiver k, 𝑡𝑠𝑋𝑟𝑘 is calculated using Equation 3.36d1. The SA that is read 

out of 𝑎𝑘(𝑡) is assign to 𝑓𝑘(𝑥, 𝑦), which is given in Equation 4.9, where k refers to the receiver 

number. Repeating this procedure for all coordinates of the grid of the sample plate essentially 

gives the potential coordinates for the defect positioned on an ellipse. The ellipses assessed 

 
1 𝑡𝑠𝑋𝑟1 =

√(𝑥𝑆−𝑥)2+(𝑦𝑆−𝑦)2

𝑐𝑔𝜔

+
√(𝑥−𝑥𝑟1)2+(𝑦−𝑦𝑟1)2

𝑐𝑔𝜔+Ω
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for receivers R1-R4 are shown in Figure 4.34, respectively, when the duration of the tone burst 

HF  is selected to be 100 µs. The yellow ellipse marks the potential locations of the defect. 

 

𝑓𝑘(𝑥, 𝑦) = 𝑎𝑘(𝑡𝑠𝑋𝑟𝑘(𝑥, 𝑦)) (4.9) 

 

  
(a) (b) 

  
(c) (d) 

Figure 4.34: Damage imaging (DI) for each sender-receiver pair, when the duration of the tone burst 

was 100 µs: (a) DI for the S1-R1 pair; (b) DI for the S1-R2 pair; (c) DI for the S1-R3 pair; 

(d) DI for the S1-R4 pair. The red line indicates the position of the crack. Frequencies: LF: 

69 kHz; HF: 175 kHz. 

 

A single contour plot of the sideband amplitude 𝑓(𝑥, 𝑦) is created by overlaying the 

ellipses (Figures 4.34a-d), revealing the position of the defect on the plate. The final damage 

imaging is calculated by Equation 4.10 and visualized in Figure 4.35. The results demonstrate 

that the localization algorithm accurately locates the area of nonlinearity, very close to the 

actual crack, with a=30 mm. 

𝑓(𝑥, 𝑦) = ∏ 𝑓𝑘(𝑥, 𝑦)

4

𝑘=1

 (4.10) 

 

 

Figure 4.35: 

The final overlaying DI reveals 

the accurate location of the 

crack, where the duration of 

the tone burst HF is 100 µs. 

The red line indicates the 

position of the crack. 

Crack Crack 

Crack Crack 

Predicted crack location 

crack 
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4.3.7.1 Crack localization and the Tone Burst Duration 
The tone burst duration appears to be a crucial parameter in crack localization. A too-long 

tone burst duration essentially causes overlap of reflected signals, compromising the first-

arrived signal. In contrast, a too-short tone burst duration provides not enough energy input 

to make the nonlinearity recognizable. Hence, it is explored a) whether a longer signal 

duration improves the quality of localization results concerning SA magnitude, and, if this is 

the case, b) how short the tone burst duration can be selected.   

The test setup, as shown in Figure 4.33b, is used for the symmetric sensor arrangement. 

The tone burst durations are varied between 50 µs, 75 µs, 125 µs, and 150 µs. Figures 4.36a-d 

prove that a longer tone burst duration increases the SA magnitude, resulting in a more 

intense DAS marking. However, it is noted that the area of the defect mark increases with the 

duration of the tone burst. It is concluded that the benefits of longer tone burst durations are 

limited, and a tone burst duration of 50 µs already provides satisfying results. A shorter tone 

burst duration diminishes the outcome due to insufficient energy entry and does not yield 

acceptable results. 

 

  
(a)  (b) 

  
(c)  (d) 

Figure 4.36: Localization result for different tone burst durations and the symmetric arrangement of 

receivers; (a) 50 µs duration; (b) 75 µs duration; (c) 125 µs duration; (d) 150 µs duration 

- crack position indicated by red line - Frequencies: LF: 69 kHz and HF: 175 kHz. 

 

 

4.3.7.2 Nonsymmetric arrangement of sensors 
The same test setup, as represented in Figure 4.33b, is prepared with a nonsymmetric 

arrangement of the receivers. The position of the receivers in this test is listed in Table 4.9. The 

selected frequency for the LF signal in this test is 76.5 kHz. A tone burst HF signal at a central 

frequency of 175 kHz with durations of 100, 125, and 150 µs is applied after a delay of 350 µs. 

The results of the localization are illustrated in Figure 4.37. The test outcome clearly shows 

Crack 
Crack 

Crack 
Crack 

Predicted crack location 

Predicted crack location 

Predicted crack location Predicted crack location 
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that a symmetric arrangement of the receiver is not required and does not affect the 

measurement outcome.  

 

 𝑥 in mm 𝑦 in mm 

HF actuators 318 500 

LF Actuators 375 500 

Receiver 1 173 356 

Receiver 2 253 723 

Receiver 3 521 653 

Receiver 4 582 337 

The crack 250 245-313 

Table 4.9: The position of the actuators, receivers, and the crack on the plate for the nonsymmetric 

arrangement of receivers 

 

  
(a)  (b) 

 

Figure 4.37: 

Localization result for different tone burst 

durations and the nonsymmetric arrangement 

of receivers; (a) 100 µs duration; (b) 125 µs 

duration; (c) 150 µs duration - crack position 

indicated by red line 

Frequencies: LF: 76.5 kHz and HF: 175 kHz 

(c) 

 

4.3.7.3 Diamond-like arrangement of sensors 
The same test setup, as represented in Figure 4.33b, is prepared with a diamond-like 

arrangement of the receivers. The position of the receivers in this test is listed in Table 4.10. 

The selected frequency for the LF signal in this test is 77 kHz. A tone burst HF signal at a 

central frequency of 175 kHz with durations of 100, 125, and 150 µs is applied after a delay of 

350 µs. The results of the localization are illustrated in Figure 4.38. The localization results 

demonstrate that the crack location was accurately localized in this arrangement. The 

localization results for different kinds of receiver arrangements clearly demonstrate that the 

localization algorithm is independent of the receiver arrangement. Important factors in the 

localization process are the frequency of the LF signal and the duration of the tone burst HF 

signal.  

 

Crack Crack 

Predicted crack location Predicted crack location 

Crack 

Predicted crack location 
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 𝑥 in mm 𝑦 in mm 

HF actuators 318 500 

LF Actuators 380 500 

Receiver 1 350 398 

Receiver 2 202 500 

Receiver 3 350 600 

Receiver 4 500 498 

The crack 250 245-313 

Table 4.10: The position of the actuators, receivers, and the crack on the plate for the diamond-like 

arrangement of receivers 

 

  
(a)  (b) 

 

Figure 4.38: 

Localization result for different tone burst 

durations and the diamond-like arrangement 

of receivers; (a) 100 µs duration; (b) 125 µs 

duration; (c) 150 µs duration - crack position 

indicated by red line 

Frequencies: LF: 77 kHz and HF: 175 kHz 

(c) 

 

4.3.7.4 The Localization error 
The measurements reveal a difference between the actual crack location and the predicted 

crack location, which is defined as localization error. Equation 4.11 provides an assessment of 

the distance between the actual and predicted crack location using the coordinates of the 

predicted crack, (𝑥𝑝 , 𝑦𝑝), and the actual crack, (𝑥𝑐  , 𝑦𝑐). Table 4.11 lists the distances from the 

predicted crack locations to the crack tips as well as the center of the crack for the 

measurement scenarios shown in Figures 4.35, 4.36, 4.37, and 4.38. The last column of Table 

4.11 represents the localization error ratio in respect to the sample dimensions in [%], assessed 

by Equation 4.12, where 𝑋𝑚𝑎𝑥 and 𝑌𝑚𝑎𝑥 are the sample dimensions 700 mm and 1000 mm, 

respectively.   

 

𝐸𝑟𝑟𝐿𝑜𝑐 = √(𝑥𝑝 − 𝑥𝑐)
2

+ (𝑦𝑝 − 𝑦𝑐)
2
 (4.11) 

Crack 

Crack 

Predicted crack location 

Crack 

Predicted crack location Predicted crack location 
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𝐸𝑟𝑟𝐿𝑜𝑐% = √(
𝑥𝑝 − 𝑥𝑐

𝑋𝑚𝑎𝑥
)

2

+ (
𝑦𝑝 − 𝑦𝑐

𝑌𝑚𝑎𝑥
)

2

 ×  100 % (4.12) 

 

 

ω 

[kHz] 

Ω 

[kHz] 

Tone 

burst 

duration 

[µs] 

Localization error [mm] 
Localization 

error ratio [%] 

to the 

right crack 

tip 

to the 

center of 

the crack 

to the 

left of 

the crack 

tip 

Average Average 

175 

69 

50 41.05 43.01 49.65 44.57 6.12 

75 37.8 48.41 60.9 49.04 5.8 

100 11.18 14.14 26.93 17.42 2.05 

125 8.06 17.88 32.02 19.32 2.14 

150 17.00 2.00 13.00 10.67 1.07 

76.5 

100 16.28 12.65 22.47 17.13 2.12 

125 41.04 50.99 62.97 51.67 6.24 

150 29.93 34.06 45.22 35.40 4.45 

77 

100 94.15 67.18 49.73 70.35 8.63 

125 75.26 45.22 16.64 46.71 4.96 

150 112.54 90.43 77.47 93.48 12.18 

Table 4.11: The list of localization errors 

 

 

4.4 Chapter summary 
This chapter presented the experimental validation of the two principal contributions of this 

study: (1) the MI separation algorithm using the newly proposed model, and (2) the 

localization of real cracks in an aluminum plate using the short-time Vibro-Acoustic 

Modulation (VAM) method. 

For MI separation, the VAM response was analyzed using both the amplitude-frequency 

modulation (AFM) and the amplitude-frequency-phase modulation (AFPM) models. 

Experimental results demonstrated that the proposed separation algorithms accurately 

estimate the modulation indices, even in the presence of non-modulated carrier (NMC) 

components. The AFPM model, in particular, successfully captured phase shift variations in 

the VAM response that the AFM model could not explain, providing strong support for its 

theoretical formulation. Additionally, the comparison between the DMI and 𝜃𝐴𝑛𝑔𝑀 curves 

illustrates that the 𝜃𝐴𝑛𝑔𝑀 curve can reveal changes in MIs earlier than the DMI curve at some 

frequencies. However, these results should not be interpreted as evidence of the overall 

superiority of phase over the DMI. The findings demonstrate that combining phase and 

amplitude variation analysis can enhance the sensitivity to structural changes, often revealing 

variations more prominently than the amplitude-based approach alone. 



Crack Localization   95 

 

In the second part, the short-time VAM method was experimentally applied for defect 

localization. The method uses a continuous LF excitation and a tone-burst HF signal to isolate 

nonlinear sideband components generated by defects. The crack modulated the HF wave, and 

this modulated component was detectable using the Short-Time Fourier Transform (STFT). 

The Delay-and-Sum (DAS) imaging method was then applied to the extracted sideband 

amplitude to localize the crack. Results showed that even short-duration tone bursts (50 µs) 

yielded successful localization, and the method remained robust for both symmetric and 

nonsymmetric sensor configurations. Notably, cracks located outside the sensor arrangement 

could still be detected and localized with high accuracy. 
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Chapter 5 

 

5Summary and Outlook 

 
Two different topics were studied in this research: (1) the separation of modulation indices 

(MI), and (2) the localization of real cracks using the Vibro-Acoustic Modulation (VAM) 

method. After providing a literature review of the current state of research on both topics, this 

study introduces experimental studies on the MI separation and the localization of a real crack 

in a metal plate.  

 

5.1 Modulation Indices Separation  

5.1.1 The represented study  
The objective of this part of the study was to enhance the mathematical representation of the 

VAM response terms, commonly referred to as sidebands, using established modulation 

models. Two models were described and compared in this study: (1) the amplitude-frequency 

modulated (AFM) model, which researchers commonly use for the MI separation algorithms, 

and (2) the amplitude-frequency-phase modulated (AFPM) model, which is described for the 

first time in this study. In contrast with the AFM model, the AFPM model explains the phase-

shift variations corresponding to changes in the MIs, which are also evident in experimental 

observations. Furthermore, the sensitivity analysis of the damage modulation index (DMI) 

and phase shifts shows that the relative sensitivity of the phase shift is higher than that of the 

DMI.   

Considering a non-modulated carrier (NMC) in the measured response distorts and 

invalidates results obtained with fundamental approaches, such as the Hilbert Transform 

(HT). Therefore, the focus of this work was to enhance an MI separation algorithm in the 

presence of the NMC using the first and second sidebands. The results of the MI separation 

algorithm and phase shift extraction reveal the following interesting findings: 

 

• The experimental results show that the phase shift of the sedebands changes over lifetime, 

indicating that the phase shift of the frequency components varies with the changes in 

MIs. The phase shift change is predicted and described mathematically using the AFPM 

model. The AFM model, however, cannot describe changes in phase shifts.    

 

• The results clearly demonstrate that, at specific frequencies, the angle modulation phase 

shift (𝜃𝐴𝑛𝑔𝑀) is capable of revealing larger variations than the MDI at earlier stages. The 

findings demonstrate that combining phase and amplitude variation analysis can 

enhance sensitivity to structural changes.  

 



98             Chapter 5. Summary and Outlook 

 

 

• The proposed separation algorithms for both AFM and AFPM models can accurately 

estimate the MIs, theoretically, despite the existence of the NMC in the measured 

response.  

• By using the ratio of the sideband amplitudes or powers, the proposed MI separation 

algorithms are independent of the HF signal amplitude. However, the estimated MIs are 

dependent on LF amplitude. In fact, all separation algorithms estimate the product of the 

LF amplitude and MIs.  

 

• The MI separation results of the AFM model do not confirm that, when either 𝑚𝑎 or 𝑚𝑓 is 

smaller than the other at the beginning of the crack growth, and becomes larger at the final 

phase of crack growth. However, the results revealed that both 𝑚𝑎 and 𝑚𝑓 are increased 

simultaneously, with varying amounts of the increase. 

 

• Despite the accuracy of the represented MI separation algorithms in estimating the MIs, 

the values of the MIs are sensitive to the response measurement due to their small 

magnitude. Therefore, a high level of noise in an experimental measurement can 

contaminate the estimated MIs.  

 

5.1.2 Directions for future studies  
The following directions are suggested for further research regarding the MI separation 

algorithm: 

 

• MI separation using AI 

Design and train an Artificial Neural Network (ANN), or any other deep learning method, 

using the simulation results, and use it to estimate the MIs in the experimental 

measurement. 

 

• MI separation using statistical tools 

Since the measured signal can be compromised by noise or other sources of uncertainty, 

a combination of mathematical and statistical tools can be used to estimate the range of 

the MIs, rather than their specific values. 

 

 

5.2 Defect localization using the short-time VAM  

5.2.1 The represented study  
The goal of this part of the study was to develop a method for crack localization using the 

VAM method. The defect localization algorithm addresses the following existing challenges 

in defect localization:  

• Since an adjacent piezoelectric sensor might compromise the direct signal, the number of 

receivers is minimized, and a narrow grid of piezoelectric sensors is avoided.  

• The capability of the algorithm to localize a defect positioned outside of the arrangement 

of receiving piezoelectric sensors. 
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• Assessment of other sources of nonlinearity, such as nonlinear signal contributions from 

measuring equipment, to enable the measurement of pure defect-related signals.  

• Consideration of reflected signals compromising the direct signal.  

• The effect of tone burst signal duration on the accuracy of the defect localization. 

• The dependence of defect localization outcome on the symmetric or nonsymmetric 

arrangement of receivers. 

• The independence of the defect localization method from a baseline measurement makes 

it attractive for practical use. 

 

To achieve these goals, the proposed defect localization algorithm combines VAM 

detection theory and traditional damage imaging. Tracking the signal at sideband frequency 

ω+Ω, hence, focusing on nonlinear signals, is used for localization using four receivers at 

arbitrary positions on an aluminum plate in an experimental setup. A S0-mode LF and an A0-

mode HF signal are excited simultaneously as a continuous and a tone burst signal, 

respectively. This method is referred to as the short-time VAM method in this research. A 

Short-Time Fourier Transform (STFT) is applied to received signals, and the amplitude at ω+Ω 

is used for localization. The Delay and Sum (DAS) damage imaging method is used to 

graphically display the location of cracks. The following interesting aspects influenced the 

progress of the localization algorithm: 

 

• Comparison of the direct signal passing through a real crack and not passing through a 

real crack confirms that the presence of a crack has a significant influence on generating a 

signal at the sideband frequency ω + Ω.  

 

• The tip of the crack or the notch scattered the tone burst signal in all directions, causing it 

to act like a new source of excitation. The scattered signal was illustrated visually using 

the Laser Doppler Vibrometer (LDV-Psv-500, Polytec). 

 

• Since the crack generates the signal at the sideband frequency ω + Ω, the scattered signal 

contains the sideband. Tracking the scattered signal reveals the location of the 

nonlinearity, in this case, a crack. The sideband generated by the crack is detectable on 

either a direct or an indirect path, with a time delay related to the distance between the 

defect and the receiver.  

 

• The results of the localization algorithm indicate that the real crack is localized with high 

accuracy when the duration of the HF tone burst is at least 50 µs in the selected 

experimental setup. A shorter tone burst duration would prevent localization due to 

insufficient energy input, while a longer tone burst duration would negatively affect 

defect localization resolution.  

 

• The results of the localization algorithm indicate that any arrangement of piezoelectric 

sensors within the maximum limits yields the same quality of defect localization, and 
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neither a symmetric nor a nonsymmetric arrangement of sensors provides an advantage 

in terms of signal quality. 

 

• The algorithm introduced allows defect location when the defect is positioned outside the 

arrangement of sensors. 

5.2.2 Direction for future studies  
The following topics are suggested for further research regarding the defect localization 

algorithm: 

 

• The possibility of exciting a soliton wave in metal 

Localizing the faraway cracks is a big challenge for engineers, since the tone burst signal 

loses energy during propagation. The possibility of sending a specific type of waveform 

over a longer distance is an interesting research topic. This type of waveform exists in 

certain materials, such as water, known as the soliton wave, which can travel over 

extremely long distances without losing energy. The existence of a soliton wave depends 

on nonlinear terms in the wave equation in the propagating material. In metals, however, 

the wave equation is not inherently nonlinear, and a nonlinear term must be explicitly 

added to the equations. 

 

• Smart Defect Detection 

In real-world conditions, the dimensions of a monitored structure may be so large that 

even the deployment of multiple parallel defect localization systems cannot fully cover 

the entire structure. As a proposed approach, inspection can be limited to regions where 

the probability of crack presence is higher. In this case, by focusing the high-frequency 

signal on these areas, the presence and strength of sideband components in the reflected 

signal can be analyzed, taking into account the propagation speed of the signals within 

the structure. 
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Appendix A 

 

6The SPHS algorithm  
 

The Sweeping-Phase Homodyne Separation (SPHS) algorithm [38, 39] is a developed In-

phase/Quadrature Homodyne Separation (IQHS) algorithm [38, 39] to calculate the 

amplitude and phase modulation indices when the measured signal has an arbitrary phase 

shift, as illustrated in Figure A.1. Additionally, this algorithm can separate the modulation 

indices in the presence of the non-modulated carrier in the measured system response. 

 

 

Figure A.1: The SPHS algorithm 

 

Assume that the measured response signal, 𝑦(𝑡), can be expanded as Equation A.1, where 

𝐴𝑘 and 𝐴𝑛𝑚 represent the amplitude of sidebands and the non-modulated signal part, 

respectively. The output of every SPHS step is described below:    

 

𝑦(𝑡) = 𝐴0 𝑐𝑜𝑠(𝜔𝑐𝑡 + 𝜙𝑐 − 𝜙0) a 

(A.1) 

+𝐴+1 𝑐𝑜𝑠 ((𝜔𝑐 + 𝜔𝑑)𝑡 + 𝜙𝑐 + 𝜙𝑑 − 𝜙𝑀+1
) b 

+𝐴−1 𝑐𝑜𝑠 ((𝜔𝑐 − 𝜔𝑑)𝑡 + 𝜙𝑐 − 𝜙𝑑 − 𝜙𝑀−1
) c 

+𝑜𝑡ℎ𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 (𝐿𝐹 𝑎𝑛𝑑 𝐻𝐹 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑠, 𝑜𝑡ℎ𝑒𝑟 𝑠𝑖𝑑𝑒𝑏𝑎𝑛𝑑𝑠) d 

+𝐴𝑛𝑚 𝑐𝑜𝑠(𝜔𝑐𝑡 + 𝜙𝑛𝑚) e 
 

• Step 1: Multiply the measured signal by 𝐴𝑠 𝑐𝑜𝑠(𝜔𝑐𝑡 + 𝜙𝑠) 

𝑦1(𝑡) = 𝐴𝑠 cos(𝜔𝑐𝑡 + 𝜙𝑠) ∙ 𝑦(𝑡) 

= 𝐴𝑠𝐴0 (
1

2
𝑐𝑜𝑠(2𝜔𝑐𝑡 + 𝜙𝑠 + 𝜙𝑐 − 𝜙0) +

1

2
𝑐𝑜𝑠(𝜙𝑐 − 𝜙0 − 𝜙𝑠)) 

+𝐴𝑠𝐴+1 (
1

2
𝑐𝑜𝑠[(2𝜔𝑐 + 𝜔𝑑)𝑡 + 𝜙𝑐 + 𝜙𝑠 + 𝜙𝑑 − 𝜙𝑀+1

] +
1

2
𝑐𝑜𝑠(𝜔𝑑𝑡 + 𝜙𝑐 + 𝜙𝑑 − 𝜙𝑀+1

− 𝜙𝑠)) 
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+𝐴𝑠𝐴−1 (
1

2
𝑐𝑜𝑠[(2𝜔𝑐 − 𝜔𝑑)𝑡 + 𝜙𝑐 + 𝜙𝑠 − 𝜙𝑑 − 𝜙𝑀−1

] +
1

2
𝑐𝑜𝑠(𝜔𝑑𝑡 − 𝜙𝑐 + 𝜙𝑑 + 𝜙𝑀−1

+ 𝜙𝑠)) 

+𝑂𝑡ℎ𝑒𝑟 𝑇𝑒𝑟𝑚𝑠 𝑤𝑖𝑡ℎ 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑖𝑒𝑠 (2𝜔𝑐 ± 𝑘𝜔𝑑  , 𝑘𝜔𝑑)  
 

• Step 2: Filtering the signal using a low-pass filter with 𝜔𝑑 cutoff frequency  

𝑦2 = 𝐿𝑃𝐹𝜔𝑑
{𝑦1} 

=
1

2
𝐴𝑠𝐴0 cos(𝜙𝑐 − 𝜙0 − 𝜙𝑠 − 𝜙𝐿𝑃𝐹) 

+
1

2
𝐴𝑠𝐴+1 cos(𝜔𝑑𝑡 + 𝜙𝑐 + 𝜙𝑑 − 𝜙𝑀+1

− 𝜙𝑠 − 𝜙𝐿𝑃𝐹) 

+
1

2
𝐴𝑠𝐴−1 cos(𝜔𝑑𝑡 − 𝜙𝑐 + 𝜙𝑑 + 𝜙𝑀−1

+ 𝜙𝑠 − 𝜙𝐿𝑃𝐹) 

 

• Step 3: Detrending the signal (delete the DC value of the signal)  

𝑦3 = 𝐷𝑒𝑡𝑟𝑒𝑛𝑑{𝑦2} 

=
1

2
𝐴𝑠𝐴+1 cos(𝜔𝑑𝑡 + 𝜙𝑐 + 𝜙𝑑 − 𝜙𝑀+1

− 𝜙𝑠 − 𝜙𝐿𝑃𝐹) 

+
1

2
𝐴𝑠𝐴−1 cos(𝜔𝑑𝑡 − 𝜙𝑐 + 𝜙𝑑 + 𝜙𝑀−1

+ 𝜙𝑠 − 𝜙𝐿𝑃𝐹) 

 

• Step 4: Calculate the square value of the signal  

𝑦4 = 𝑦3
2 

= (
1

2
𝐴𝑠𝐴+1)

2

(
1

2
+

1

2
𝑐𝑜𝑠(2𝜔𝑑𝑡 + 2𝜙𝑐 + 2𝜙𝑑 − 2𝜙𝑀+1

− 2𝜙𝑠 − 2𝜙𝐿𝑃𝐹)) 

+ (
1

2
𝐴𝑠𝐴−1)

2

(
1

2
+

1

2
𝑐𝑜𝑠(2𝜔𝑑𝑡 − 2𝜙𝑐 − 2𝜙𝑑 + 2𝜙𝑀−1

+ 2𝜙𝑠 − 2𝜙𝐿𝑃𝐹)) 

+2 (
1

2
𝐴𝑠𝐴+1) (

1

2
𝐴𝑠𝐴−1) (

1

2
𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1

− 𝜙𝑀−1
)) 

+2 (
1

2
𝐴𝑠𝐴+1) (

1

2
𝐴𝑠𝐴−1) (

1

2
𝑐𝑜𝑠(2𝜔𝑑𝑡 + 2𝜙𝑑 − 𝜙𝑀+1

+ 𝜙𝑀−1
− 2𝜙𝐿𝑃𝐹)) 

 

• Step 5: Calculate the DC value of the signal  

𝑦5 = 𝐷𝐶{𝑦4} 

=
1

2
𝐴𝑠

2 (
1

2
𝐴+1)

2

 

+
1

2
𝐴𝑠

2 (
1

2
𝐴−1)

2

 

+2
1

2
𝐴𝑠

2 (
1

2
𝐴+1) (

1

2
𝐴−1) 𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1

− 𝜙𝑀−1
) 

 

• Step 6: Multiply the signal by 2  

𝑦6 = 2𝑦5 

= 𝐴𝑠
2 (

1

2
𝐴+1)

2
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+𝐴𝑠
2 (

1

2
𝐴−1)

2

 

+2𝐴𝑠
2 (

1

2
𝐴+1) (

1

2
𝐴−1) 𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1

− 𝜙𝑀−1
) 

 

• Step 7: Calculate the root value  

𝑦7 = √𝑦6 

= 𝐴𝑠
√(

1

2
𝐴+1)

2

+ (
1

2
𝐴−1)

2

+ 2 (
1

2
𝐴+1) (

1

2
𝐴−1) 𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1

− 𝜙𝑀−1
) (A.2) 

 

To evaluate the maximum and minimum values of the final output of the SPHS, as 

presented in Equation A.2, the following two general cases can be considered: 

 

• 𝑤ℎ𝑒𝑛 𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1
− 𝜙𝑀−1

) = 1 

𝑆𝑃𝐻𝑆𝑚𝑎𝑥 = 𝐴𝑠
√(

1

2
𝐴+1)

2

+ (
1

2
𝐴−1)

2

+ 2 (
1

2
𝐴+1) (

1

2
𝐴−1) 

𝑆𝑃𝐻𝑆𝑚𝑎𝑥 = 𝐴𝑠
√(

1

2
𝐴+1 +

1

2
𝐴−1)

2

 

𝑆𝑃𝐻𝑆𝑚𝑎𝑥 = 𝐴𝑠

|𝐴+1 + 𝐴−1|

2
 (A.3) 

𝜙𝑠𝑚𝑎𝑥
= 𝜙𝑐 −

𝜙𝑀+1
+ 𝜙𝑀−1

2
 (A.4) 

 

• 𝑤ℎ𝑒𝑛 𝑐𝑜𝑠(2𝜙𝑐 − 2𝜙𝑠 − 𝜙𝑀+1
− 𝜙𝑀−1

) = −1 

𝑆𝑃𝐻𝑆𝑚𝑖𝑛 = 𝐴𝑠
√(

1

2
𝐴+1)

2

+ (
1

2
𝐴−1)

2

− 2 (
1

2
𝐴+1) (

1

2
𝐴−1) 

𝑆𝑃𝐻𝑆𝑚𝑖𝑛 = 𝐴𝑠
√(

1

2
𝐴+1 −

1

2
𝐴−1)

2

 

𝑆𝑃𝐻𝑆𝑚𝑖𝑛 = 𝐴𝑠

|𝐴+1 − 𝐴−1|

2
 (A.5) 

𝜙𝑠𝑚𝑖𝑛
= −

𝜋

2
+ 𝜙𝑐 −

𝜙𝑀+1
+ 𝜙𝑀−1

2
 (A.6) 

 

As evident in the above equations (A.3 and A.5), the maximum and minimum of the SPHS 

output correspond to the sum and difference of the first sideband amplitudes, respectively, 

which can be calculated more quickly using the FFT.   
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7The Retavie Sensitivity of DMI and Phase 

Shifts  
 

The mathematical equations for the relative sensitivity analysis of the Damage Modulation 

Index (DMI), 𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝), and the summation of the first sideband phase shifts, 

Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) in detail are represented here. All required equations for the relative sensitivity 

previously introduced in Table 2.7 are recalled in Table B.1 for better readability. For 

simplicity, the value of the initial phase shifts of the HF signal, 𝜙𝜔, and the LF signal, 𝜙Ω, 

assumed to be zero in the following relations.    

 

𝐴0 = 𝐴𝜔√(𝑎0)2 + (𝑏0)2 𝜃0 = − 𝑡𝑎𝑛−1 (
𝑏0

𝑎0

) 
𝑎0 = 𝐽0(𝑧) 

𝑏0 = −2𝑚𝑎𝐴Ω𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

𝐴+1 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃+1 = − 𝑡𝑎𝑛−1 (
𝑏+1

𝑎+1

) 
𝑎+1 = 𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) 

𝑏+1 = −𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

𝐴−1 = 𝐴𝜔√(𝑎+1)2 + (𝑏+1)2 𝜃−1 = − 𝑡𝑎𝑛−1 (
𝑏−1

𝑎−1

) 
𝑎−1 = 𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽) 

𝑏−1 = 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽) 

Table B.1: The amplitude and phase shift of the signal at frequencies 𝜔 and 𝜔 ± Ω  in an AFPM model 

from Table 2.7,  where 𝑧 = 2𝐴Ω√𝑚𝑓
2 + 𝑚𝑝

2 and 𝛽 = 𝑡𝑎𝑛−1 (
𝑚𝑓

𝑚𝑝
). 𝜙𝜔 and 𝜙Ω set to zero for 

simplicity.  

 

B.1 Relative sensitivity of the DMI  
The Damage Modulation Index (DMI), introduced in Equation 2.17, is recalled in Equation 

B.1. Equation B.2 is obtained by substituting the amplitudes listed in Table B.1 into Equation 

B.1.   The relative sensitivity of DMI to each MI is given in Equations B.3 to B.5. Furthermore, 

the total relative sensitivity of the DMI to MIs is given in Equation B.6. It is noticeable that the 

full expression of Equations B.4 and B.5 is not shown here, due to the large number of 

mathematical terms.    

𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =  
𝐴+1 + 𝐴−1

2𝐴0
 (B.1) 

𝐷𝑀𝐼(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =
√(𝑚𝑎𝐴Ω)2(𝐽0 − 𝐽2)2 cos2 𝛽 + (𝑚𝑎𝐴Ω(𝐽0 + 𝐽2) sin 𝛽 + 𝐽1)2

2 √𝐽0
2 + 4 (𝑚𝑎𝐴Ω)2 𝐽1

2 cos2 𝛽
   

+
√(𝑚𝑎𝐴Ω)2(𝐽0 − 𝐽2)2 cos2 𝛽 + (𝑚𝑎𝐴Ω(𝐽0 + 𝐽2) sin 𝛽 − 𝐽1)2

2 √𝐽0
2 + 4 (𝑚𝑎𝐴Ω)2 𝐽1

2 cos2 𝛽
 (B.2) 
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𝑆𝑚𝑎
𝐷𝑀𝐼 =

𝜕𝐷𝑀𝐼

𝜕𝑚𝑎
 

𝑚𝑎

𝐷𝑀𝐼
=

𝐹1(𝑚𝑎, 𝑚𝑓 , 𝑚𝑝)

𝐺1(𝑚𝑎, 𝑚𝑓 , 𝑚𝑝)
=

𝐹11 × 𝐹12 + 𝐹13 × 𝐹14

𝐺11 × 𝐺12 × 𝐺13 × (𝐺11 + 𝐺12)
 (B.3) 

𝐹11(𝑚𝑎, 𝑚𝑓 , 𝑚𝑝) = −2𝑚𝑎𝐽
0

3𝐽
2
𝑐𝑜𝑠(2𝛽) − 4𝑚𝑎

2𝐽
1

3(𝐽
0

+ 𝐽
2
)𝑠𝑖𝑛(𝛽)𝑐𝑜𝑠2(𝛽) 

−4𝑚𝑎𝐽1
4𝑐𝑜𝑠2(𝛽) + 𝐽0

2𝐽1(𝐽0 + 𝐽2)𝑠𝑖𝑛(𝛽) + 𝑚𝑎𝐽0
2(𝐽0

2 + 𝐽2
2) 

 

𝐹12(𝑚𝑎, 𝑚𝑓 , 𝑚𝑝) = √−2𝑚𝑎
2𝐽
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B.2 Relative sensitivity of the Phase Shifts  
The summation of the first sideband phase shifts, Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝), introduced in Equation 

3.24, is recalled in Equation B.7. Equation B.8 is obtained by substituting the phase shifts listed 

in Table B.1 into Equation B.7. The relative sensitivity of Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) to each MI is given in 

Equations B.9 to B.11. Furthermore, the total relative sensitivity of the Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) to MIs 

is given in Equation B.12. It is noticeable that the full expression of Equations B.10 and B.11 is 

also not shown here, due to the large number of mathematical terms.    

 

Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =  𝜃+1 + 𝜃−1 = − 𝑡𝑎𝑛−1 (
𝑏+1

𝑎+1

) − 𝑡𝑎𝑛−1 (
𝑏−1

𝑎−1

) (B.7) 

Φ(𝑚𝑎 , 𝑚𝑓 , 𝑚𝑝) =  − 𝑡𝑎𝑛−1 (
−𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) + 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
)  

− 𝑡𝑎𝑛−1 (
𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑠𝑖𝑛(2𝛽) − 𝐽1(𝑧) 𝑐𝑜𝑠(𝛽)

𝑚𝑎𝐴Ω𝐽0(𝑧) − 𝑚𝑎𝐴Ω𝐽2(𝑧) 𝑐𝑜𝑠(2𝛽) − 𝐽1(𝑧) 𝑠𝑖𝑛(𝛽)
) (B.8) 
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