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Abstract

Let £2 be an open subset of R? and E a complete complex locally convex Hausdorff space.
The purpose of this paper is to find conditions on certain weighted Fréchet spaces £V (£2)
of smooth functions and on the space E to ensure that the vector-valued Cauchy—Riemann
operator 3 : EV(£2, E) — EV(£2, E) is surjective. This is done via splitting theory and
positive results can be interpreted as parameter dependence of solutions of the Cauchy—
Riemann operator.
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1 Introduction

Let E be a linear space of functions on a set U and P(d): F(£2) — F(£2) be a linear
partial differential operator with constant coefficients which acts continuously on a locally
convex Hausdorff space of (generalized) differentiable scalar-valued functions F(£2) on an
open set 2 C R". We call the elements of U parameters and say that a family (f))xey in
F(£2) depends on a parameter w.r.t. E if the map A — f; (x) is an element of E for every
x € §£2. The question of parameter dependence is whether for every family ( f))icv in F(£2)
depending on a parameter w.r.t. E there is a family (¢, )cp in F(£§2) with the same kind of
parameter dependence which solves the partial differential equation

P@)uy = fo, rAeU.

In particular, it is the question of C*-smooth (holomorphic, distributional, etc.) parameter
dependence if E is the space C¥(U) of k-times continuously partially differentiable functions
on an open set U C R? (the space O(U) of holomorphic functions on an open set U C C,
the space of distributions D(V)’ on an open set V C R? where U = D(V), etc.).
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The question of parameter dependence has been subject of extensive research varying
in the choice of the spaces E, F(§2) and the properties of the partial differential operator
P(0), e.g. being (hypo)elliptic, parabolic or hyperbolic. Even partial differential differential
operators P, (d) where the coefficients also depend ck([o, 1])-smoothly [49], C°°-smoothly
[61], holomorphically [50,61] or differentiable resp. real analytic [13] on the parameter A
were considered. The case that the coefficients of the partial differential differential operator
P(x, 9) are non-constant functions in x € §2 was treated for F(§2) = </ (R"), the space of
real analytic functions on R”, as well [3].

The answer to the question of C*-smooth (holomorphic, distributional, etc.) parameter
dependence is obviously affirmative if P (d) has alinear continuous right inverse. The problem
to determine those P (d) which have such a right inverse was posed by Schwartz in the early
1950s (see [21, p. 680]). In the case that F(£2) is the space of C°°-smooth functions or
distributions on an open set £2 C R" the problem was solved in [51,52] and in the case of
ultradifferentiable functions or ultradistributions in [53] by means of Phragmén-Lindelof type
conditions. The case that F(£2) is a weighted space of C°>°-smooth functions on 2 = R” orits
dual was handled in [40], even for some P (x, d) with smooth coefficients, the case of tempered
distributions in [38] and of Fourier (ultra-)hyperfunctions in [44,45]. For Hormander’s spaces
Bﬁff( (£2) as F(£2) the problem was studied in [25].

The necessary condition of surjectivity of the partial differential operator P (d) was stud-
ied in many papers, e.g. in [1,23,28,48,67] on C*°-smooth functions and distributions, in
[9,26,43] on real analytic functions, in [8,14] on Gevrey classes, in [10,12,41,42,55] on
ultradifferentiable functions of Roumieu type, in [22] on ultradistributions of Beurling type,
in [7,11] on ultradifferentiable functions and ultradistributions and in [47] on the multiplier
space Oyy.

However, if P(3): C*°(£2) — C*(£2), 2 C R" open, is elliptic, then P (9) has a linear
rightinverse (by means of a Hamel basis of C°°(§2)) and it has a continuous right inverse due to
Michael’s selection theorem [56, Theorem 3.2”, p. 367] and [29, Satz 9.28, p. 217], but P (9)
has no linear continuous right inverse if n > 2 by a result of Grothendieck [62, Theorem C.1,
p. 109]. Nevertheless, the question of parameter dependence w.r.t. E has a positive answer
for several locally convex Hausdorff spaces E due to tensor product techniques. In this case
the question of parameter dependence obviously has a positive answer if the topology of E
is stronger than the topology of pointwise convergence on U and

P()E:C®(R,E) > C®(£2,E)

is surjective where C*®°(£2, E) is the space of C°°-smooth E-valued functions on §2 and
P(3)E the version of P () for E-valued functions. From Grothendieck’s classical theory of
tensor products [24] and the surjectivity of P (d) it follows that P (d) E isalso surjective if E is
a Fréchet space. In general, Grothendieck’s theory of tensor products can be applied if P ()
is surjective and F(£2) a nuclear Fréchet space. However, the surjectivity of P)E, n>2,
can even be extended beyond the class of Fréchet spaces E due to the splitting theory of Vogt
for Fréchet spaces [64,65] and of Bonet and Domariski for PLS-spaces [4,6] if, in addition,
ker P (0) has the property (§2) and E is the dual of a Fréchet space with the property (DN)
or an ultrabornological PLS-space with the property (P A). The splitting theory of Bonet
and Domanski can also be applied if F(£2) is a non-Fréchet PLS-space and for PLH-spaces
F(82),e.g. Dy2 and Bé‘jﬁ(!)) which are non-PLS-spaces, the splitting theory of Dierolf and
Sieg [15,16] is available. For applications we refer the reader to the already mentioned papers
[4,6,15,16,64,65] as well as [5,18] where F(§2) is the space of ultradistributions of Beurling
type or of ultradifferentiable functions of Roumieu type and E, amongst others, the space
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of real analytic functions and to [30] where F(£2) is the space of C°°-smooth functions or
distributions.

Notably, the preceding results imply that the inhomogeneous Cauchy—Riemann equation
with a right-hand side f € £(2,E) := C®(£2, E), where 2 C R? is open and E a
locally convex Hausdorff space over C whose topology is induced by a system of seminorms
(Pa)acat, given by

350 = 1/2)0F + iy =1 )

has a solution u € £(£2, E) if E is a Fréchet space or E := Fé where F is a Fréchet
space satisfying the condition (DN) or if E is an ultrabornological PLS-space having the
property (P A). Among these spaces E are several spaces of distributions like D(V)', the
space of tempered distributions, the space of ultradistributions of Beurling type etc. In the
present paper we study this problem under the constraint that the right-hand side f fulfils
additional growth conditions given by an increasing family of positive continuous functions
V 1= (V;)neN on an increasing sequence of open subsets (§2,,)nen of 2 with 2 = (U, oy $2n,
namely,
[flama = sup  pa(@)F F))vax) < 00
xef2,
BENG, |B1=m

foreveryn € N, m € Ng and « € 2. Let us call the space of such functions EV($2, E). Our
interest is in conditions on V and (£2,,),cn such that there is a solution u € £V(S2, E) of (1),
i.e. we search for conditions that guarantee the surjectivity of

3 eV, E) - VR, E).

Using Grothendieck’s theory of tensor products, this was already done in [33] in the case
that E is a Fréchet space. In the present paper we want to extend this result beyond the class
of Fréchet spaces E. Concerning the sequence (£2,),cN, We concentrate on the case that it
is a sequence of strips along the real axis, i.e. £2, := {z € C | |Im(z)| < n}. The case that
this sequence has holes along the real axis is treated in [35].

Let us briefly outline the content of our paper. In Sect. 2 we summarise the necessary
definitions and preliminaries which are needed in the subsequent sections. In Sect. 3 we recall
the definitions of the topological invariants (£2), (DN) and (P A) and provide some examples
of spaces E having these invariants. Then we prove our main result on the surjectivity of
Cauchy—Riemann operator on £V(§2, E) which depends on these invariants (see Theorem
5). To apply our main result, the kernel ker 3 needs to have (£2) and in Sect. 4 we provide
sufficient conditions on the weights and the sequence (£2,,),en Which guarantee (£2) (see
Theorem 10 and Corollary 13). We close this section with a special case of our main theorem
where (£2,,),¢en is a sequence of strips along the real axis (see Corollary 17) and for example
v (2) := exp(ay|Re(z)|7) for some 0 < y < 1 and a, 0 (see Corollary 18).

2 Notation and preliminaries

The notation and preliminaries are essentially the same as in [33,36, Sect. 2]. We define the
distance of two subsets My, M; C R*> w.r.t. anorm | - || on R? via

infyemy, yemy IIx — yIl, Mo, My # 9,

dH'”M,M —
(Mo, M1) 00, Moy =0or M| =0.
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Moreover, we denote by || - ||oo the sup-norm, by | - | the Euclidean norm on R?, by B, (x) :=
{w e R2 | lw — x| < r} the Euclidean ball around x € R? with radius r > 0 and identify
R? and C as (normed) vector spaces. We denote the complement of a subset M C R? by
MC = R>\M, the closure of M by M and the boundary of M by M. For a function
f:M — Cand K C M we denote by fix the restriction of f to K and by

I fllk := sup [ f(x)
K

xXe

the sup-norm on K. By L'(£2) we denote the space of (equivalence classes of) C-valued
Lebesgue integrable functions on a measurable set 2  R? and by L7(£2), g € N, the space
of functions f such that f9 € LY(2). If (ap)nen is a strictly increasing real sequence, we
write a, /" Oresp.a, /' ocoifa, < Oforalln € Nand lim,_, a, = Oresp. a, > 0 for all
n € Nand lim,,_ o a, = 00.

By E we always denote a non-trivial locally convex Hausdorff space over the field C
equipped with a directed fundamental system of seminorms (pg)geg(. If E = C, then we
set (pa)ac2u := {| - |}. Further, we denote by L(F, E) the space of continuous linear maps
from a locally convex Hausdorff space F to E and sometimes write (T, f) :=T(f), f € F,
for T € L(F, E).If E = C, we write F/ := L(F, C) for the dual space of F.If F and E
are (linearly topologically) isomorphic, we write ' = E. We denote by L;(F, E) the space
L(F, E) equipped with the locally convex topology of uniform convergence on the finite
subsets of F if t = o, on the precompact subsets of F if 1 = y, on the absolutely convex,
compact subsets of F' if # = « and on the bounded subsets of F if t = b.

The so-called e-product of Schwartz is defined by

FeE = L,(F.,E) 2)

where L(F], E) is equipped with the topology of uniform convergence on equicontinuous
subsets of F’. This definition of the e-product coincides with the original one by Schwartz
[59, Chap. I, Sect. 1, Définition, p. 18].

We recall the following well-known definitions concerning continuous partial differen-
tiability of vector-valued functions (c.f. [34, p. 237]). A function f: 2 — E on an open
set 2 C R? to E is called continuously partially differentiable (f is C!) if for the n-th unit
vector e, € R? the limit

[+ hep) — f(x)
h

@Efx) = @)Ffx) = lim

heR, 0

exists in E for every x € £2 and (3)E f is continuous on §2 ((3)E f is ¢0) for every
n € {1, 2}. For k € N a function f is said to be k-times continuously partially differentiable
(fisCkyif fisC' and all its first partial derivatives are Ck~!. A function f is called infinitely
continuously partially differentiable ( f is C*) if f is C* for every k € N. The linear space
of all functions f: 2 — E which are C* is denoted by C*(£2, E). Let f € C*(£2, E).
For B = (B,) € N3 we set (3#)E f := fif B, = 0, and

@P)E o= @mE - @mE
By -times

if B, # 0 as well as

OPYE = @PHE@P)E £
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Due to the vector-valued version of Schwarz’ theorem (3#)F £ is independent of the order of
the partial derivatives on the right-hand side, we call | 8| := B1+ B2 the order of differentiation
and write 9# f == (3#)C f.

A function f: £2 — E on an open set 2 C C to E is called holomorphic if the limit

a\* o Jo+h) = f(zo)
<£> f(zo) = lim

— h
heCh20

exists in E for every zg € £2 and the space of such functions is denoted by O(S2, E). The
exact definition of the spaces from the introduction is as follows.

Definition 1 [34, Definition 3.2, p. 238] Let 2 C R? be open and (£2,),eN a family of
non-empty open sets such that £2, C 2,41 and 2 = [J,cy 2. Let V 1= (vy)nen be a
countable family of positive continuous functions v, : £ — (0, co) such that v, < v,4 for
all n € N. We call V a directed family of continuous weights on §2 and set forn € N

(a)
Evp(20,E) = {f €C®(20, E) IVa €A, meNJ: | fluma < 0}

and
EV(R2,E) == {f €C¥(R2,E) |[VneN: fig, € Evy(2u, E)}
where
Flmec= - sup Pa((0P)F £ () v ().
BENG. |B1<m
(b)
£, 5(2u, E) i= {f € Ev(2, E)| f e kerﬁE]
and
EV5(R,E) = {f € EV(R,E) | f ekerd ).
©
OV (20, E) = {f € OS24, E) [V ot €A+ | flug < 00}
and
OV(R2.E) i={f € O(2.E) |YneN: fig € Ovy(2. E))
where

|f|n,a = sup po(f(x)v,(x).

xX€ENR,

The subscript « in the notation of the seminorms is omitted in the C-valued case. The
letter E is omitted in the case E = C as well, e.g. we write v, (£2;,) = Ev,(£2,, C) and
EV(2) =&V(2,0).
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A projective limit F' of a sequence of locally convex Hausdorff spaces (F},),en is called
weakly reduced if for every n € N there is m € N such that 7, (F) is dense in F,, w.r.t.
the topology of F;, where ,,: F — F, is the canonical projection. The spaces FV(£2, E),
F =&, O, are projective limits, namely, we have

FV(82, E) = lim Fv, (82, E)
neN

where the spectral maps are given by the restrictions

Tt For(§2k, E) = Fva (82,4, E), [+ f\.Q,,: k>n.

3 Main result

In this section we prove our main result that the surjectivity of the vector-valued Cauchy—
Riemann operator on £V(§2, E) is inherited from the surjectivity on £V(£2) if the kernel
EV75(82) in the scalar-valued case has (£2), and E := F, b’ where F is a Fréchet space satisfying
the condition (DN) or E is an ultrabornological PLS-space having the property (PA).
Therefore we recall the definitions of the topological invariants (§2), (DN) and (P A) and
give some examples.

A Fréchet space F with an increasing fundamental system of seminorms (|||-|ll;)ken sat-
isfies (£2) if

1
VpeNIqgeNVkeNIneN, C>0Vr>0: U, CCr'Uy+-U, 3)
r

where Uy := {x € F | |Ixlllx < 1} (see [54, Chap. 29, Definition, p. 367]).
A Fréchet space (F, (||I-lllx)xen) satisfies (DN) by [54, Chap. 29, Definition, p. 359] if

dpeNVkeNIneN C>0VxefF: |||x|||,% < Cllixll p -

A PLS-space is a projective limit X = lim Xy, where the Xy given by inductive limits
NeN
Xy = li_I‘I)l(XNyn, Il v.,,) are DES-spaces (which are also called LS-spaces), and it satisfies

neN
(PA)if

VNEIMVKEanVn>03k,C,r0>0Vr>r0Vx/€X;\,:
1
| +=Ix'llly)

Kk r
where |||-||I* denotes the dual norm of |||-||| and i,{,”, i§ the linking maps (see [6, Sect. 4, Eq.
(24), p. 577)).
Due to [63, 1.4 Lemma, p. 110] and [6, Proposition 4.2, p. 577] we have the following
relation between the properties (DN) and (P A).

/K *
SC(r” Hx oiy

r M
X OlN

M.m

Remark 2 Let F be a Fréchet-Schwartz space. Then F satisfies (DN) if and only if the
DFS-space E := F, satisfies (P A).

Let us summarise some examples of ultrabornological PLS-spaces satisfying (P A) and

spaces of the form E := F; where F is a Fréchet space satisfying (DN). The majority of
them is already contained in [6], [19] and [64].
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Example 3 (a) The following spaces are ultrabornological PLS-spaces with property (P A)
and also strong duals of a Fréchet space satisfying (DN):

— the strong dual of a power series space of inifinite type Ao (a)),,
— the strong dual of any space of holomorphic functions O(U);, where U is a Stein manifold
with the strong Liouville property (for instance, for U = C%),
— the space of germs of holomorphic functions O(K) where K is a completely pluripolar
compact subset of a Stein manifold (for instance K consists of one point),
— the space of tempered distributions S(R) ,, and the space of Fourier ultra-hyperfunctions
P, (with the strong topology),
— the weighted distribution spaces (K{pM}); of Gelfand and Shilov if the weight M
satisfies
sup M(x +y) < C inf M(x+y), xeR?,
lyl<1 lyl=1
— D(K)j, for any compact set K C R with non-empty interior,
- Coo(ﬁ);) for any non-empty open bounded set U C R? with C!-boundary.

(b) The following spaces are ultrabornological PLS-spaces with property (P A):

— an arbitrary Fréchet-Schwartz space,

— a PLS-type power series space A, (o, ) whenever s = oo or A, («, B) is a Fréchet
space,

— the spaces of distributions D(U );) and ultradistributions of Beurling type Dy, (U );7 for
any open set U C RY,

— the kernel of any linear partial differential operator with constant coefficients in D(U)j,
orin D, (U );) when U c R is open and convex,

— the space L, (X, Y) where X has (DN), Y has (£2) and both are nuclear Fréchet spaces.
In particular, Ly, (Ao (), Axo(B)) if both spaces are nuclear.

(c) The following spaces are strong duals of a Fréchet space satisfying (DN):

— the strong dual F é of any Banach space F,
— the strong dual A (A);J of the Kothe space 22(A) with a Kothe matrix A = (@j k) keNy
satisfying

dpeNgVkeNyIneNy,C>0: ajz-’kaaj,paj,n.

Proof The statement for the spaces in (a) and (b) follows from [19, Corollary 4.8, p. 1116],
[54, Proposition 31.12, p. 401], [54, Proposition 31.16, p. 402] and Remark 2. The first part of
statement (c) is obvious since Banach spaces clearly satisfy the property (DN). The second
part on the Kothe space 22(A) follows from [29, Satz 12.11 a), p- 305]. O

Since we will use the e-product £V (§2)¢ E to pass the surjectivity from 9 to 5E, we remark
the following which is not hard to prove (see [31, Sect. 39]).

Proposition 4 (a) Let X be a semi-reflexive locally convex Hausdorff space and Y a Fréchet
space. Then Ly(X}, Y}) = Ly(Y, (X})}) via taking adjoints.

(b) Let X be a Montel space and E a locally convex Hausdorff space. Then Ly(X), E) =
XeE where the topological isomorphism is the identity map.

Theorem 5 Let EV(§2) be a Schwartz space and EV3(82) a nuclear subspace satisfying
property (2). Assume that the scalar-valued operator 3: EV(2) — EV(82) is surjective.
Moreover, if
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(a) E := Fé where F is a Fréchet space over C satisfying (DN), or
(b) E is an ultrabornological PLS-space over C satisfying (P A),

then
3. eV, E) - EV(R. E)
is surjective.

Proof Throughout this proof we use the notation X" := (X))}, for alocally convex Hausdorff
space X. In both cases, (a) and (b), the space E is a complete locally convex Hausdorff space.
The space £V(2) is a Fréchet space by [34, Proposition 3.7, p. 240] and so its closed subspace
EV5(82) as well. Further, £V(§2) is a Schwartz space and £V7($2) nuclear, thus both spaces
are reflexive. As the Fréchet-Schwartz space £V (£2) is a Montel space,

S: EV(2)eE — EV(R2, E), u+— [z+— u(d,)],

is a topological isomorphism by [36, 3.21 Example b), p. 14] where §; is the point-evaluation
at z € £2. We denote by J: E — E’* the canonical injection in the algebraic dual E™* of
the topological dual E’ and for f € EV(82, E) we set

R’f; EV(R2) — E™*, y+—> [e’ — y(e o f)].

Thenthe map f +— J'o R;c is the inverse of S by [36, 3.17 Theorem, p. 12]. The sequence

0— &EV4(82) BN EV(£2) —5> EV(2) — 0, “)

where i means the inclusion, is a topologically exact sequence of Fréchet spaces because 9
is surjective by assumption. Let us denote by Jo: EV5(£2) — SVg(.Q)” and J;: EV(2) —
EV(£2)" the canonical embeddings which are topological isomorphisms since £V5(§2) and
EV(£2) are reflexive. Then the exactness of (4) implies that

0 EVs(2)" % EV@) B EV(R) -0, )

where ig := JooioJO_1 and 3, := Jiodo Jl_l,is an exact topological sequence. Topological
as the (strong) bidual of a Fréchet space is again a Fréchet space by [54, Corollary 25.10, p.
298].

(a) Let E := F; where F is a Fréchet space with (DN). Then Ext!(F, EV7(2)") =0
by [65, 5.1 Theorem, p. 186] since £V5(£2) satisfies (£2) and therefore 5V5(.Q)” as well.
Combined with the exactness of (5) this implies that the sequence

0 — L(F,&v5(£2)") 5 L(F,EV(2)") i L(F,&V(2)") = 0

is exact by [57, Proposition 2.1, p. 13-14] where i (B) := ip o B and 9, (D) := 9; o D for
B e L(F,&EV5(£2)") and D € L(F, EV(£2)"). In particular, we obtain that

31 L(F,EV(2)") — L(F,&V(2)") ©)

is surjective. Via E = F and Proposition4 (X = £V(£2) andY = F) we have the topological
isomorphism

Yi=S80'(): LIF,EV(2)") = EV(R, E), ¥(u) = (So'())w) = [z~ "u(s)],
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and the inverse
Y =S NN = o STHN ="(T " oRY), [eV@, E).
Let g € EV(£2, E). Then w_l(g) € L(F, EV(£2)”) and by the surjectivity of (6) there is

u e L(F,&EV(£2)") such that 5Tu =¥ 1(g). So we get ¥ (u) € EV(£2, E). Next, we show

that 5E1p(u) =gisvalid. Letx € F,z € 2and h € R, h # 0, and ¢; denote the kth unit
vector in R2. From

(5z+hek - 82)(f) _ f(z + hey) — f@
h

9%k
h h:)O /@

for every f € EV(£2) it follows that W converges to §; o 3% in EV(£2)... Since the

. . Sz ther —52
Fréchet—Schwartz space £V(£2) is in particular a Montel space, we deduce that ~—

converges to §, o 9% in EV(.Q);, = E'V(.Q);j by the Banach—Steinhaus theorem. Let B C F
be bounded. Asu € L(EV(£2)},, F}), there are a bounded set By C £V(£2) and C > 0 such
that

p ot
sup|( M(‘sz+h€k) ll(az))(x) —tu((Sz ank)(x)|

h

X€B

— sup|u(ZHE 7% 5 o gey )] < € sup |(ZHAT% L5 0 9%) ()] — o,
x€B h feBy h h—0

yielding to (Bek)E(t/f(u))(z) ="u(§, o 3%). This implies 5E(1/f(u))(z) ="u(s; o 9). So for
all x € F and z € §2 we have

W)@ ) ="u; 09)(x) = u(x)(S; 03) = (8; 09, J; (w(x)))
= (8., 9J7 (x))) = ([J1 08 0 T (u(x)), 82) = (31 0 u)(x), 8:)
= (@0 (x).8:) =¥~ (X)) ="(T " o RH(x)(52)
= (T "o RDG)() = T (T (@) = g(2)(x).

Thus 5E(1//(u))(z) = g(z) for every z € £2, which proves the surjectivity.

(b) Let E be an ultrabornological PLS-space satisfying (P A). Since the nuclear Fréchet
space EV5(£2) is also a Schwartz space, its strong dual £V5(£2)), is a DFS-space. By [6,
Theorem 4.1, p. 577] we obtain Ext},LS(SV5(Q);,, E) = 0 as the bidual EV7(£2)" satisfies
(£2), E is a PLS-space satisfying (P A) and condition (c) in the theorem is fulfilled because
EV5(£2)), is the strong dual of a nuclear Fréchet space. Moreover, we have Proj! E = Odueto
[66, Corollary 3.3.10, p. 46] because E is an ultrabornological PLS-space. Then the exactness
of the sequence (5), [6, Theorem 3.4, p. 567] and [6, Lemma 3.3, p. 567] (in the lemma the
same condition (c) as in [6, Theorem 4.1, p. 577] is fulfilled and we choose H = SVg(.Q)”
and F = G = £V(£2)”), imply that the sequence

iz 3
0 — L(E}, EV5(2)") > L(E}, EV(2)") = L(E;, EV(2)") — 0

*
1

is exact. The maps i; and 5? are defined like in part (a). Especially, we get that
31: L(E,, EV(2)") — L(E}, EV(22)") (7

is surjective.
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By [19, Remark 4.4, p. 1114] we have L, (EV(£2),, E") = L,(E}, £V(£2)") via taking
adjoints since EV(£2), being a Fréchet—Schwartz space, is a PLS-space and hence its strong
dual an LFS-space, which is regular by [66, Corollary 6.7, 10. < 11., p. 114], and E is an
ultrabornological PLS-space, in particular, reflexive by [17, Theorem 3.2, p. 58]. In addition,
the map

T: LM(S’V(.Q)E,, E") — Lb(SV(.Q)/b, E),
defined by T (u)(y) := T~ (u(y)) foru € L(EV(£2)),, E")and y € EV(£2)',is atopological

isomorphism because E is reflexive. Due to Proposition 4 (b) we obtain the topological
isomorphism
V=SS0 ol(): Ly(E), EV(R2)") — EV(R2, E),
Y =[SeT o'W = [z T (u@))].
with the inverse given by
Y =G0 o T =T eToS ) ="(ToT o Ry ="(R))
for f € EV(£2, E).
Let g € EV(82, E). Then ' (g) € L(Ej, £V(£2)") and by the surjectivity of (7) there
exists u € L(E}, EV(£2)") such that 5Tu = ¥ (g). So we have ¥ (u) € EV(£2, E). The
last step is to show that 5E1/f(u) = g. Like in part (a) we gain for every z € §2

35 W)@ =T (u. 0 )
and for every x € E’

U8, 0 9)(x) = u(x)(8; 09) = @) (x)E:) =¥~ (@) =" (R (x)(5)
=08:(x0g) = x(g(2)) = T(g(2))(x).

Thus we have 'u(8, 0 ) = J(g(z)) and therefore 3t (Yw)(z) =gz)forallze 2. 0O

By Remark 2 case (a) is included in case (b) if F' is a Fréchet—Schwartz space. Therefore
(a) is only interesting for Fréchet spaces F which are not Schwartz spaces. In the next more
technical section we will present sufficient conditions for EV5(£2) to have (§2) as well as
concrete examples of such spaces.

4 (Q) for O)V-spaces on strips and applications of the main result

In this section we give some sufficient conditions such that the assumptions of our main
result Theorem 5 are fulfilled. The outline is as follows. First, we show that OV (£2) and
EV7(82) coincide topologically under mild assumptions on the weights V and the sequence
of sets (£2,,). These mild conditions also imply that £V (2) is nuclear, in particular Schwartz,
and thus its subspace £V3(£2) = OV(£2) too. Second, we reduce the problem whether the
projective limit OV (£2) has (£2) to the problem whether it is weakly reduced in the case that
the £2,, are strips along the real axis and the weights have a certain structure. Third, we use
a similar result for £V5(§2) which was obtained in [33] to prove the weak reducibility of
OV(£2). For corresponding results in the case that £2, = §2 for all n € N see [20, Theorem
3, p. 56], [39, 1.3 Lemma, p. 418] and [58, Theorem 1, p. 145]. We close this section with
some examples of our main result. Let us start with the sufficient conditions, guaranteeing
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that the projective limit £V(£2) is nuclear (if ¢ = 1). They also allow to switch from sup- to
weighted L7-seminorms which is important for the proof of surjectivity of the scalar-valued
9-operator given in [33], using Hérmander’s L2-machinery (if ¢ = 2).

Condition (PN) ([33, 3.3 Condition, p. 7]) Let V := (v;),eN be a directed family of con-
tinuous weights on an open set £2 C R? and (£2,)nen 2 family of non-empty open sets
such that 22, C 2,41 and 2 = |,y §2s. For every k € N let there be pr € R such that
0 < pr < dlle({x}, 382441) for all x € §2; and let there be ¢ € N such that for anyn € N
there is ¥, € L9(82¢), ¥, > 0,and N > J;(n) > n and C;(n) > 0 such that for any x € §2:

(PN.1) SUD g2 jfnzpy Vn (X + &) < CL) N cp2 < Vi (X + &)
(PN.2)7 v, (x) < Ca(n) Y (X) 5 ny (x)

Example 6 Let 2 := R? and £2,, := {x = (x;) € R? ||x2| < n}. Let0 < y < 1 and (ay)nen
be strictly increasing such that @, > 0 foralln € Nora, < 0 for all n € N. The family
V = (Vp)nenN of positive continuous functions on §2 given by

vyt 2 = (0,00), vy(x) = emHil”
fulfils v, < v,4 alln € Nand (PN) for every g € N with v, (x) := (1 + |x|>) 72, x € R?,

for every n € N.

The space OV(C) with this kind of weights consists of functions which are entire and
exponentially growing (a, < 0) resp. decreasing (a, > 0) with order y on strips along the
real axis. This example of weights and many more are included in [33, 3.7 Example, p. 9].
We restrict to this particular weights because we use it in an example for our main result.

Proposition7 Let V := (v,)ueN be a directed family of continuous weights on an open
set 2 C R? and (2,)nen a family of non-empty open sets such that §2, C 2p41 and
2 = U,en 20 If (PN.1) is fulfilled, then

(a) foreveryn € Nand m € Ny there is C > 0 such that
| flam = Clf lanmys | € Ovagyny(8220,(m))-
(b) EV7(82) = OV(82) as Fréchet spaces.
Proof (a)Letn € Nandm € Ny. We note that £2,,+1 C 227,y and 8% f (x) = i#2 £ 18D (x),

X € £227,(n), holds for all B = (B1, B2) € N% and f € Ovyj, (n)(£224,(n)) Where FUPD is the
| B|th complex derivative of f. Then we obtain via (P N.1) and Cauchy’s inequality

181!

[ flom = sup 3P F(0)va(x) < sup 5 max £l )
XeR, XENR, " reR?
BENG. 1BI=m BENZ, |B<m ¢ =x|=pn
181!
<Cr o osup —m max [f(©)vnm©)
(PN.1) xe2y Al rer?
BENG, 1B1<m £ —x|=pn
18! 18!
<Ci sup =g sup [f(Ohsm@) =Cr sup =gl flhnm-

BeNZ. 1Bl<m Pn §E€2u+1 BeNZ, |Bl<m Pn

(b) The space £V5($2) is a Fréchet space since it is a closed subspace of the Fréchet space
EV(£2) by [34, Proposition 3.7, p. 240]. From part (a) and | f|, = | f|n,0 for all n € N and
f € EV7(£2) follows the statement. O
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Let us come to the second part. Using special weight functions, strips along the real axis
as §2, and a decomposition theorem of Langenbruch, we will see that answering the question
whether OV (£2) satisfies the property (§2) of Vogt boils down to answering whether the
projective limit OV(§2) is weakly reduced. The special weights we want to consider are
generated by a function p with the following properties.

Definition 8 (strong weight generator) A continuous function p: C — [0, c0) is called a
weight generator if u(z) = p(JRe(z)|) for all z € C, the restriction pjj0,00) is strictly
increasing,

o In(1 4+ |x))
= =
xeR M(X)

and
Ar>1,C>0vVxe0,00): ux+1)<TI'px)+C.
If 1 is a weight generator which fulfils the stronger condition
Ar>1VneN3IC>0Vxe[0,00): ux+n) <Iukx)+C,
then p is called a strong weight generator.

Weight generators are introduced in [46, Definition 2.1, p. 225] and strong weight gen-
erators in [60, Definition 2.2.2, p. 43] where they are simply called weight functions resp.
strong weight functions. For a weight generator i we define the space

He(S0) = {f € OS) | I f Iz 1= sup | f(2)[e™P < o0}

z€S8;

fort > 0 and r € R with the strip S; :={z € C | |Im(2)| < t}.

Theorem 9 [46, Theorem 2.2, p. 225] UL et w be aweight generator. There aref, K1, K2 > 0
such that for any 79 < t < 13 there is Co = Co(sign(t)) such that for any 0 < 2ty <t <

tr < T with
. T —Co1o
ty) < mm[K], K> 7]
7 — Co1p

there is C1 > 1 such that for any r > 0 and any f € H;(S;) with || f|z.; < 1 the following

holds: there are f> € O(Sy,) and fy € O(Sy)) such that f = fo + f2 on Sy, and

-G
“fO“Co‘L’o,t() < C]E " and ||f2”1’2,t2 =< e

where

r— 1 —C
G =K, min[l, 7~0, ﬂ].

2t 7 — Coto

To apply this theorem, we have to know the constants involved. In the following the
notation of [46] is used and it is referred to the corresponding positions resp. conditions for
these constants. We have

~ 1
t =
41In(I")

LA superfluous constant depending on sign(zg) is omitted.
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by [46, Lemma 2.4, (2.15), p. 228] with I" from Definition 8 such that I" > e!'/4. The choice
I > e!/* comes from wanting 7 < 1in [46, Lemma 2.4, p- 228]. By [46, Corollary 2.6, p.
230-231] we have

64cosh(1) 2
41" B3 cos(1/2) r<>1 ,1t <0,

0= 1 _  cos(l/2)
4I'B3 — 64cosh(1)I?

<1 ,7t>0,

where B3 := 10602‘()?}}(21)) I" by [46, Lemma 2.4, p. 228-229].% To get the constants K and K>,

we have to analyze the conditions for #y in the proof of [46, Theorem 2.2, p. 225]. By the
assumptions on 7, T and 7, and the choice of Cy we obtain

n—Corg>1p—Cot >0 —17>0 (8)
and

T —Cotg>1—Cot =1(1 —Cp) > 0. )
By choosing D > 0 in the proof of [46, Theorem 2.2, (2.22), p. 232-233] as D :=

_C .
%, the estimate
T — Co1g . 1 1\ t—Cpro . 1 1 \t—Coro
= = mm(—N, —,\)7 < mm(—N, —,\)7
(1o — Co19)21 2" 2I'/ o — Coto (8), (9) 2 2I'’/ p — Cot

holds where Iy := max(f' f) with F I > 1 from the proof. With 6 > - ’0 (p. 232) we
get on p. 233, below (2.24), due to the condition #y < Tp := rmn(2 i Blt)
0 1 1 —C 1 t—t —C
min(f, D, 1) > mln( )min(@, ;Oto, 1) > — min(—NO, Tioto, 1)
2 220y ) — CoTo 21y 2t 1 — Coro
1 1 . (t—1t T—Corp
m1n< N) m1n< —, ,1)
20y 4a’Bit 2t 1 — Coro

. 1 1 . t—1t T—Corp
=m1n(—,7) mln( _—, ——, ) =G
21 2cosh(1)In(I) 2t 1 —Coro
=:K

where a := In(I") (in the middle of p. 231) and B; := 2 cosh(1) by the proof of [46, Lemma
2.3, p. 226-227]. The assumptions 27y < t and 75 < K in Theorem 9 guarantee that the

condition fy < Ty is satisfied. Looking at the condition typ < 71 := % (p. 232), we
derive

T 1 T — C()‘L’() 1 T — Co1o
1 = -
/2I0a?B \ T2 — Coro 2/cosh(DIyIn(I") | =2 — Coto

=K

For the subsequent theorem we merge and modify the proofs of [60, Satz 2.2.3, p. 44] 3
(a, = n,n € N, and u a strong weight generator) and [32, 5.20 Theorem, p. 84] (@, = —1/n,
n e N, and u = | Re(+)|).

2 An error in part b) of this lemma, p. 229, is corrected here such that the term cos(1/2) =
minIy\SIN:l/(ZCU cos(C1y) appears.

3 The proof of [60, Satz 2.2.3, p. 44] relies on [60, Satz 2.2.1, p. 43] which is an announced version (without
a proof) of our result Corollary 13 on weak reducibility.
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Theorem 10 Let p be a strong weight generator, a, /' 0 or a, /' 00, V := (exp(anit))neN
and 2, := S, for all n € N. If OV(C) is weakly reduced, then OV (C) satisfies (§2).

Proof Since OV(C) is weakly reduced, for every n € N there exists m, € N such that
1, (OV(C)) is dense in Ovy,, (£2,,) w.r.t. the topology of Ov,(£2,) where

7y OV(C) = Ov,(82,), mu(f) i= f|9n’

is the canonical projection. Let p, k € N. As (a,,)nen i8 strictly increasing and lim,,—, oo @, =
0 or lim,—, », a, = 00, we may choose ¢ € N such that amp/Co < ag and 2m;, < gq. To use
the decomposition from Theorem 9, we need a linear transformation between strips to get
the decomposition on the desired strip S, ,. We choose I" > e'/*and T € R such that

1

0<T<
4max(q + 1, my) In(I")

(10)

which also fulfils

1 ] ] aq - am
T < — min[ —, , P .
~m, (21"0 2cosh(1) In(I") " 24/cosh(1) Iy In(I") \/max(aqﬂ, amy) — amp>

(11)
Let
a
70 1= ﬂ, T 1= ay, 7 := max(ag+1, amy ),
Co
to:=m,T, t:=qT, ty ;=max(q + 1, my)T.

By the choice of ¢ we have

Aam ),

Co

0 = <ag =7t < max(ag+1, am,) = 2.

By the choice of g and (10) we get

=1.

1
0<2ty=2m,T <qT =t <max(q + 1, m)T =t < 2in(l)

Further, we deduce from (11) that

. T — Co1p
t0=mpT§m1n[K1,K2 7]
7 — Co1o

Letr > Oand f € OV(C) such that [ f|; = || fllq,.q < 1. We set f: Sqr — C, f(z) =
f(z/T), and define

HT(S) = {g € O(S) | Igl7; := sup |g(2)]e""@ < oo}

z€S8;

where [t := u(-/T). We note that for 7 := [1/T7, where [-] is the ceiling function, there is
C > O such that forall x > 0

=5 a3 [ H]) = +7) 2 () e rin
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because u is a strong weight generator. We conclude that & is also a weight generator with
the same I" as ¢ which is independent of 7. Moreover, from

1717, = sup |F(@)Ie“ @ = sup | f(2)]e“ @ = |f], < 1

€847 ZE€S,

it follows by Theorem 9 that there are f; IS O(S,j), j €10, 2}, such that

f@ = fo)+ @), z€ Sy, (12)

and

- o > T ,
Cie ™ > 1 folgm = sup | fo(T2) e TD = sup | fo(2)le™ @ = folm,,
070,10 P
ZES,O/T =-_'wf0(z) ZES,,,I,

13)

where fy € (’)(Smp), as well as

¢ > ”J?i”;tz = sup |J§(TZ) |612M(Tz) > sup |f2(z)|ea’"k“<1) = F2lmy (14)
2€8, 1 W 2€8my,

where fo € O(S,/r) C O(Sw,) and the inclusion is justified by the identity theorem.
Furthermore, for z € S;);7 = S » the equation

f2) = f(T2) 5 Fo(T2) + f2(T2) = fo2) + fo(2)

holds, thus f = fo+ f2 on S, By virtue of the weak reducibility of OV (C) and the choice
of m, my the following is valid:

Ve>03fo, heOV©): () Ifo— folp <e and (i) |fo— falk <e. (15)

Now, we have to consider two cases. Let ¢ := C1e~". For k < p we get via (15) (i) that
f=Jfo+ (f2+ fo— fo) on Sy, so

h+fo—fo=f—fo=:F, onSu, (16)

where the function f, € OV(C) ar/l\d thus is a holomorphic extension of the left-hand side
on C. Hence we clearly have f = fy + f, and

[folp < 1fo— folp + 1 folp (155)‘

@)

e+ 1folp <&+ 1folm, < 2C1e7C" = Cre™ " (17)
(13)

as well as

Falk <1Fa— ol +1ak < 1fo=Jolp+1flm < e+1flm
(16), k<p (15)@

)(@)

<Cire 9 e < (Cy+ e =: Cxe. (18)
(%)

Analogously, for k > p we obtain via (15) (ii) that f = ]‘E + (fo+ fo — ﬁ) on Sy, so
fo+rh—h=f—FH=TFy onSn, (19)
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where the function f, € OV(C) and thui is a holomorphic extension of the left-hand side
on C. Hence we clearly have f = f + f2 and

Folp = 1f = Alp 5 Mo+ - Blp <1f2= Blp+ 1ol N Pl + 1 folm,
>p
<e+|folm, < 2C1e”% = Cre™ " (20)
(15)(ii) (13)
as well as

1Bl <1 = e+ 1hk < &+1falm : Cle G 4¢ <Cye’. (1)

5)(ii)

Next, we set n := [1/G] and C := C3e™(€2D/C Let7 > 0. For ¥ > 1 there is r > 0 such
that

eGr
eGr—ln(Cz) —

7:
C

and we have by (17) and (18) fork < p

o< Cre 0" = i 3 < Cre’ =C eéln(Cz)eé(Gr—ln(Cz)) — C?é < CF"
[folp < C2 = [f2lk < C3 3 = ,
7>
as well as by (20) and (21) fork > p
_ 1 ~ —n
|folp = =2 |fale = CT".
For 0 < 7 < 1 we have, since g > p,
1
|f|p§|f|q§l<§~
Thus our statement is proved. O

Let us remark that the choice of the sequence (ay,),cN in the preceding theorem does not
really matter.

Remark 11 Let u: C — [0, co) be continuous, a, /" 0ora, / 0o,V = (exp(anit))neN
and £2, := S, foralln € N. Set V_ := (exp((—1/n)u))nen and V4 = (exp(nit))neN-
Then

oy =z0ov_(C), ifa, /0, and OV(C) = 0OV(C), ifa, / oo,

which is easily seen. Thus one may choose the most suitable sequence (a,),en for one’s
purpose without changing the space.

Let us turn to the third part. The following quite technical conditions guarantee a kind of
weak reducibility of the projective limit £V(§2) and in combination with (P N.1) the weak
reducibility of OV (£2) too.

Condition (WR) LetV := (v,),en be a directed family of continuous weights on an open set
2 c R?and (£2,)pen a family of non-empty open sets such that £2,, # R2, 2, C 241 for
alln € N, d, ¢ :=dl'(£2,,082) > 0foralln, k € N,k > n,and 2 = J,,cr 20

(WR.1) For every n € N let there be g, € O(C) with g,(0) = 1and N > I;(n) > n such
that

(a) foreverye > Othereisacompactset K C £2, with v, (x) < evy my(x) forallx € £2,\K.
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(b) there is an open set X,(,) C RZ\EM,,) such that there are R,,, 7, € Rwith0 < 2R, <
d"‘(X,z(,,), 2nm) i=dx,Lmand R, <r, <dx pm—Rnaswellas A2 (-, n): X+
Bg,(0) — (0, 00), Aa(, ”)\XIZ(n) locally bounded, satisfying

max{|g, ()i, () | ¢ € R%, [¢ = (2 = X)| =1y} < Aa(x,n)

for all z € -le(n) and x € Xpm + BR,, 0).
(c) for every compact set K C R? there is A3(n, K) > 0 with

|gn(x y)|Un(x)
lx —

(WR.2) Let (WR.1a) be fulfilled. Forevery n € Nlettherebe N 5 I4(n) > nand A4(n) > 0
such that

———dy < A3(n, K), x € £2,.

dy < As(n), x € 2,

/ 181400 (x — Y)vp(x)
iy Ix — ylve(y)

for (k, p) = (I4(n), n) and (k, p) = (L14(n), Ii4(n)) where I14(n) := I (I4(n)).
(WR.3) Let (WR.1a), (WR.1b) and (W R.2) be fulfilled. For every n € N, every closed
subset M C £2,, and every component N of M€ we have

—C
NN, #0 = NNXpm #9

where ]214(1’1) = 12(114(1’1)), fulﬁl]ing ]214(11) > ]14(1’1 + ]).

(WR) is [33, 4.2 Condition, p. 10] combined with the assumption I>14(n) > I14(n + 1),
n € N. We will see that £2, := {z € C | |Im(z)| < n} and v,(z) := exp(a,|Re(z)|") for
some(0 <y < landa, / Oora, / oo fulfil the conditions above with g, (z) := exp(—zz).

Theorem 12 [33, 4.3 Theorem, p. 10] Let n € N. Then T EV ). 72 hiam))) is
dense in n114(”),n(5\)1]4(")’5(9114("))) w.rt. (| - [nm)men, if (WR) is fulfilled.

As a consequence of this theorem, whose proof does not need the assumption I514(n) >
I14(n + 1), we obtain that the projective limit OV(§2) is weakly reduced, which is a gener-
alisation of [32, 5.6 Corollary, p. 69] and [32, 5.11 Corollary, p. 75].

Corollary 13 OV(£2) is weakly reduced if (W R) and (P N .1) are satisfied.

Proof Letn € N. We show that 7, (OV(£2)) is dense in T2, 114(,1),,1(01)2]' Lia(n) (9211 1]4(,,)))
w.r.t. | - |, where J1114(n) := J1({14(n)) and

Tn: OV(§2) — Ovy(82,), ma(f) = fl-Qn'

We omit the restriction maps in our proof. Due to Proposition 7 (a) the restrictions to £27,, ()
of functions from OV, 1,,n) (§224,1,4(n)) are elements of 51)114(") 5(821,m))- Let e > 0 and
Jo € Ovay, 14n) (8220, 114(n))- For every j € N there exists

W) fj €&Vt j—1).5(2nism+j-1) With
W) fi12) s € EVNa+, 7 2 1a0+)) © OV ) 21y n+))

such that

&
Lfj = fimtlngjmr = 1fj = fimtltj—10 < 577 (22)
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by Theorem 12 and the condition I214(k) > I14(k + 1) for all k € N from (W R). Therefore
we obtain for every k € N

k k k
lfe = fola =D fi = Fical, D1 = Fimtla £ D 1F5 = Fimtlnrio
= p

j=1 j=1

<Y a=sl-x) <5 (23)

Now, let eg > 0 and/ € N. We choose [y € N, [y > [, such that ﬂ;sﬁ < &o. Similarly, we get
forall p >k > 1y

p p
o =Sl < fp = fichy = | D2 fi = fimtly = D0 [f5 = fi-1ly

j=k+1 j=k+1
P p
e e, 1 1 5 £
< i— fie i1 < —— = (- =)< 05 < — <¢p.
, <k;,_1'2 Lfj = fi=1ln+; 1(23)_2 YES 2(2k 2p) 2kl = Slg+1 =0
0=k=J=L 111 =k+1
<ntj-1/ 4

Hence ( fi)k>n, is a Cauchy sequence in the Banach space Ovy,, (n4n¢) (§21,4(n+ny)) for every
no € Ny and thus has a limit F,,;, € Ovy,,(n+4ng) (82114 (n+ne))- These limits coincide on their
common domain because for every ny, n, € Ng with I14(n +n1) < I1a(n +ns)ande; > 0
there exists N € N such that for all k > N

|F}’l1 - Fn2|114(n+n1) =< |E11 - fk|114(n+n1) + |fk - Fn2|114(n+n1)

€1 €1
< | Fuy, = felnhsany) + 1k = Fuplhgng) < > + 5 =

We deduce that the glued limit function f given by f := F,, on $2;,,(1+4n,) for all ng €
Np is well-defined and we have f € ﬂnoeNo OV (ntng) (2114 (ntng)) = OV(82) since
I14(n 4+ ng) > n + ng. By the definition of f there exists N € N such that for every k > N

& &

&
_ < — — = - = 5;t5=
|f fOln < |f fk'n + |fk f0|n n§[1;n+0) ) + |fk fOln (2_3) ) + 2 g,

which proves our statement. O
Combining Theorem 10 and Corollary 13, we obtain the following corollary.

Corollary 14 Let a,, / O or a, / oo, V := (exp(ani))neN and 2, := S, for alln € N
where

w: C — [0,00), u(z) :=|Re(@)|,
for some 0 < y < 1. Then OV(C) satisfies ($2).

Proof We only need to check that the conditions of Theorem 10 are fulfilled. Obvi-
ously, u(z) = wn(|Re(z)|) for all z € C, p is strictly increasing on [0, c0) and

In(1+[x]) _ .
) = 0. The observation

limy 00, xeR
wx+n) —pux)=x+nlY — x| <|lx+n-n|Y =n", neN, x €0,00),

implies that p is a strong weight generator with any I” > 1 and C := n? by Definition 8.
Let us turn to the conditions (WR) and (PN.1) which we need for the weak reducibility
of OV(C) by Corollary 13. Condition (P N.1) is fulfilled by Example 6. If a,, < 0 for all
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n € N, then (WR) is fulfilled by [33, 4.10 Example a), p. 22] where we used ji(z) := |z|”
instead of 1, which does not make a difference since

[Re(2)[” < [z|” < [Re(@)" +n", z €2y =S5,.

Ifa, > Oforalln € N, we only have to modify [33, 4.10 Example a), p. 22] a bit. We choose
Ij(n) :=2n for j € {1, 2, 4} and define the open set X, ;) := Efn. Then we have

hiyn)y=8n>4n+4=ILH4n+1), neN.

Furthermore, we have d, y = |n — k| for all n, k € N.

(WR.1a) and (W R.3): Verbatim as in [33, 4.10 Example a), p. 22].

(WR.1b): We have dx ;, = 2n. We choose g,: C — C, g,(2) = exp(—zz), as well
asr, = 1/(4n) and R, := 1/(6n) forn € N. Let z = z1 +iz22 € 2p,m) = S2, and
x € Xpm) +Bg,(0). For ¢ = ¢1 + it € Cwith [¢ — (z — x)| = r, we have

2 2 2
|g,,(§)|e“2”“(2) — o~ Re(@?) yam|Re(@))” < e bt efan(I+1z1])
< (|22l xa)? Faz (It ]) =161 +a2ulc1]

< el +2ntlxa])? +az (I4+ra+Hai ) —1*+ant

sup e
teR

— e(rn+2n+|xz\)2+a2n(1+rn+lxlD+a%,,/4 =: As(x, n)

and observe that A, (-, n) is continuous and thus locally bounded on X, ().

(WR.1c): Let K C Cbe compact and x = x| + ixy € £2,. Then there is b > 0 such that
|y|] < bforall y = y; +iy> € K and from polar coordinates and Fubini’s theorem it follows
that

1gn(x — ) d

—————dy
k |1x—=yl

e~ Re(@=»?)

< sup eI Rew) / e~y

wek K lx — yl

[ —

=:C
—Re((x—1)?) —Re((x=»)?)

<c1(/ ¢ e—azn\Re(y>|dy+/ ¢ prelReOgy)
- By X — I K\Bi(x) [x—l

2 1 e—r2 cos(2¢) R ) R
< Ci( / / ————— e i es@lgrdg 4 / ¢~ Re(=3)) p—auRe() gy
o Jo r K\B) (x)

b
Scl(zne1+a2ne—a2n|xl\ +/ e(Xz—yz)zdyZ/ e—(X1—y1)2+aanX1—y1\dyle—aznlm)
—b R

2 2
< C1(2re' e 4 2peln+D) /e—yl+azn\y1|dyl)e—azn\x1|
R

=C1(27‘[€1+02" +2be(|X2\+b)ze“%n/4/ e—(lm\—azn/Q)zdyl)e—aznlxll
R

o0
=C (2nel+azn +4be(lle+b)zea§”/4/ e—ylzdyl)e—azn\ml
—ax /2

<C; (27tel+“2" + 4\/;lye("+b)2""‘%n/4)6_”2’1 kil
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We conclude that (W R.1¢) holds since

e_QZn‘Xllean‘Re(x)ly < e(an_a2n)|xl‘+an < e .

(WR.2):Let p,k € Nwith p < k.Forallx =x;+ix; € 2pandy = y| +iy2 € 2p,n)
we note that

ap|Re()|” — ar|Re(y)|” < aglxi — y1l” < ar(1+ |x1 — y1])

because (a,),eN is non-negative and increasing and 0 < y < 1. Like before we deduce that

/ lgn(x — y)|vp(x)dy
914(,1) |)C - )’|Vk(y)

—Re((x—y)?) —Re((x—y)?)
_ / ¢ ea,;lRe(x)ly—akIRe(y)Ide < / ¢ eaklRe(x)—Re(y)\ydy
22, |x_y| N 225 |X_Y|

2 1 e—r2 cos(2¢) y ) y
< / / 7 rdrdg + / ¢~ Re(x=)?) x| Re(r)—Re)I” g ,
o Jo r 222\B1 (x)

2n
< 277 el Tak +€ak/ e(Xz*yz)zdyZ/ e*(X1*}'1)2+ak\x1*y1\dyl
—2n R

< delte +8ﬁneak+(m|+2n)2+a§/4

2,2
< 2meltanam 4 Sﬁneall4(n)+(114(n)+2n) +ap /4

for (k, p) = (I14(n), n) and (k, p) = (114(n), I14(n)) as (a,)neN is non-negative and increas-
ing. O

We close this section with a special case of our main result on the surjectivity of the
Cauchy-Riemann operator on EV(£2, E). We recall the corresponding result for E = C
which we will need for the application of our main result. It is a consequence of the approxi-
mation Theorem 12 in combination with Hormander’s solution of the 3-problem in weighted
L?-spaces [27, Theorem 4.4.2, p. 94] and the Mittag—Leffler procedure.

Theorem 15 [33, 4.8 Theorem, p. 20] Let (PN) with ¥,(z) := (1 + |z1*)72, z € 2, and
(WR) be fulfilled and — In v, be subharmonic on S2 for every n € N. Then

3: EV(R) = EV(R2)
is surjective.

A consequence of this theorem is the following corollary.

Corollary 16 [33, 4.10 Example a), p. 22] Let (an)neN be strictly increasing, a, < 0 for all
neN V:=(explai))nen and §2, := {z € C | |Im(z)| < n} for all n € N where

w: C— [0,00), u(z) :=|Re(@)|,
for some 0 < y < 1. Then
3: EV(C) — EV(C)

is surjective.
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The restriction to negative a,, comes from the condition that — In v, should be subhar-
monic. We note that the E-valued versions of Theorem 15 and Corollary 16 where E is
a Fréchet space over C hold as well by the classical theory of tensor products for nuclear
Fréchet spaces (see [33, 4.9 Corollary, p. 21]). Now, we use the results obtained so far to
obtain a special case of our main result.

Corollary 17 Let . be a subharmonic strong weight generator and V = (exp(anit))neN
with a, 7 0. Let (PN) with ,(z) := (1 + 2|72, z € C, and (WR) with £, = {z €
C | |Im(z)| < n} forall n € N be fulfilled. If

(a) E := F; where F is a Fréchet space over C satisfying (DN), or
(b) E is an ultrabornological PLS-space over C satisfying (P A),

then
37 EV(C. E) > £V(C. E)
is surjective.

Proof The space £V(C) is nuclear, in particular Schwartz, by [37, Theorem 3.1, p. 188], [37,
Remark 2.7, p. 178-179] and [37, Remark 2.3 (b), p. 177] because (PN .1) and (PN .2)! from
(PN) are fulfilled. Hence the subspace £V5(C) = OV(C) is nuclear by Proposition 7 (b)
as well. Further, OV(C) is weakly reduced by Corollary 13 due to (W R) and thus satisfies
(£2) by Theorem 10. Therefore, the assertion is a consequence of the surjectivity of 9 in the
C-valued case by Theorem 15 and our main result Theorem 5. O

Corollary 17 generalises a part of [32, 5.24 Theorem, p. 95] (K = @) which is the case
y = 1 of the next corollary.

Corollary 18 Let a, / 0,V := (exp(anit))neN and 2, := {z € C | |Im(z)| < n} for all
n € N where

n: C—1[0,00), u(z) :=|Re(@)]",
forsome 0 <y < 1.If

(a) E := Fl; where F is a Fréchet space over C satisfying (DN), or
(b) E is an ultrabornological PLS-space over C satisfying (P A),

then
3% ev(C, E) = £V(C, E)

is surjective.

Proof Follows from Corollary 17, (the proof of) Corollary 14 and Example 6. m}
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