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ABSTRACT

Population balance equations are widely used to study the evolution of aerosols, colloids, liquid–liquid dispersion, raindrop fragmentation,
and pharmaceutical granulation. However, these equations are difficult to solve due to the complexity of the kernel structures and initial
conditions. The hyperbolic fragmentation equation, in particular, is further complicated by the inclusion of double integrals. These challenges
hinder the analytical solutions of number density functions for basic kernel classes with exponential initial distributions. To address these
issues, this study introduces a new approach combining the projected differential transform method with Laplace transform and Pad�e
approximants to solve the hyperbolic fragmentation equation. This method aims to provide accurate and efficient explicit solutions to this
challenging problem. The approach’s applicability is demonstrated through rigorous mathematical derivation and convergence analysis using
the Banach contraction principle. Additionally, several numerical examples illustrate the accuracy and robustness of this new method. For the
first time, new analytical solutions for number density functions are presented for various fragmentation kernels with gamma and other
initial distributions. This method significantly enhances solution quality over extended periods using fewer terms in the truncated series. The
solutions are compared and verified against the finite volume method and the homotopy perturbation method, showing that the coupled
approach not only estimates number density functions accurately but also captures integral moments with high precision. This research
advances computational methods for particle breakage phenomena, offering potential applications in various industrial processes and
scientific disciplines.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0225671

I. INTRODUCTION

Particle breakage (or fragmentation), a ubiquitous phenomenon
in various fields, encompasses the fragmentation of particles into
smaller fragments due to mechanical, chemical, or thermal actions.
These particles can be solid granules, liquid droplets, or air bubbles.1–3

Understanding particle breakage mechanisms and predicting particle
size distributions are crucial in numerous applications across various

industries and disciplines.4 In mineral processing, particle breakage is
pivotal in processes such as grinding, crushing, and milling, where ores
are fragmented to liberate valuable minerals from gangue material.5–7

The efficiency of mineral extraction and subsequent separation pro-
cesses, such as flotation, heavily relies on the particle size distribution
of the ore feed. Similarly, in pharmaceutical manufacturing, the parti-
cle size distribution significantly impacts the performance of drug
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formulations. Comminution of active pharmaceutical ingredients is
essential to achieve the desired particle size for effective drug deliv-
ery.8–10 Moreover, particle breakage is relevant in various other indus-
trial processes, including fluidized-bed combustion,11,12 foods and
beverages,13 and liquid droplet dispersion.14 Achieving the desired par-
ticle size distribution is critical for product performance and
manufacturing ability across these industries.

Therefore, researchers have shown significant interest in explor-
ing various models related to the particle breakage process. Breakage
represents the reverse process of aggregation, wherein two or more
particles are generated from the disintegration of a larger particle.
Breakage categorized under population balance equations (PBEs) pro-
vide a robust mathematical framework for describing the evolution of
particle size distributions in systems undergoing fragmentation. These
equations are derived based on the fundamental principles of conserv-
ing the total mass of the system. While multiple breakage events can
occur in real-world scenarios, focusing on modeling breakage in indus-
trial processes offers numerous advantages, including process optimi-
zation, product quality control, efficient resource utilization, and the
design and maintenance of equipment. The PBE for tracking the tem-
poral evolution of the number density function gð�; tÞ varied due to
the fragmentation process is provided as follows:15

@gð�; tÞ
@t

¼
ð1
0
Bð�; yÞ gð� þ y; tÞ dy � 1

2

ð�
0
Bð� � y; yÞ gð�; tÞ dy;

(1)

with the initial number density function

gð�; 0Þ ¼ g0ð�Þ � 0 for all � > 0: (2)

The PBE (1) balances the temporal rate of change in the number den-
sity distribution by accounting for the subtraction of the frequency of
breakage events of particles with size � from the accumulation rate of
particles with size � due to the breakage of larger particles. The func-
tion Bð�; yÞ, known as the binary fragmentation kernel, quantifies the
rate at which particles with size ð� þ yÞ split into two progeny particles
with sizes � and y. It is important to note that, by assumption, the
binary fragmentation kernel Bð�; yÞ is considered a non-negative sym-
metric function of its arguments and equals zero if either � or y is zero.

The breakage PBE (1) contains two integral terms on the number
density function, rendering it challenging to solve and obtain accurate
results for physically relevant breakage kernels. Furthermore, the con-
servation of mass (or volume) is a fundamental property of particle
breakage processes. Consequently, many researchers opt for an alter-
native conservative form of the PBE (1). This alternative formulation
not only preserves the volume conservation property but also contains
only one integral term on the number density function,16

@�gð�; tÞ
@t

¼ @

@�

ð�
0

ð1
��y

y Bðy; zÞ gðy þ z; tÞ dz dy
 !

: (3)

This study focuses on the development of a new hybrid semi-
analytical technique capable of accurately solving the breakage PBE (3)
over larger time domains corresponding to a wide range of fragmenta-
tion kernels and initial conditions.

For a better understanding of the process within a dynamical sys-
tem, additional information regarding essential properties, such as the

total volume and total number of particles, is imperative. These prop-
erties, referred to as integral moments, are obtained through the fol-
lowing expression:

llðtÞ ¼
ð1
0

�l gð�; tÞ d� for l ¼ 0; 1; 2;…: (4)

These integral moments play a crucial role and are of practical interest
in capturing various properties such as the total volume and total
number of particles in the system.17–20 For example, the zeroth order
moment l0 determines the total number of particles, while the first
order moment l1 represents their total volume in the system. Volume
conservation is expressed by the following condition:ð1

0
� gð�; tÞ d� ¼

ð1
0
� gð�; 0Þ d�; (5)

which states that the volume of the population at any time t is equal to
that at time t¼ 0. It is worth noting that the hyperbolic fragmentation
PBE (3) is primarily expressed in the volume conservative form, ensur-
ing highly accurate time evolution of particle mass.

A. Literature review andmotivation

The complex structure and diverse applications, including
breakup in bubble columns and depolymerization, of the hyperbolic
Eq. (3), have motivated numerous researchers to investigate this PBE.
The complexity of Eq. (3) is contingent upon the fragmentation kernel
and the presence of double dependent integrals, with analytical solu-
tions available only for certain cases.15,21 To address this challenge, var-
ious numerical approaches have been explored, such as methods of
moments,22,23 sectional discretizations,24–30 and population dynamics
algorithms.31–34 Additionally, analytical35–38 and semi-analytical
approaches39–43 have been employed to solve different models of the
PBE. Despite the wealth of research, analytical solutions for Eq. (3) are
primarily established for simple structured kernels with exponential and
Dirac delta initial distributions. More recently, Kushwah and Saha15

demonstrated the application of the homotopy perturbation method to
Eq. (3), obtaining series solutions for various fragmentation kernels with
initial distributions e�� and e��=�. However, it is noteworthy that the
solution accuracy of this method is constrained to short time intervals
and exhibits peculiar behavior over longer intervals.

On the other hand, in recent decades, considerable interest has
emerged in solving various linear and nonlinear problems using the
differential transform method (DTM). Zhou44 introduced the differen-
tial transform method in 1986 and applied it to solve nonlinear prob-
lems in electrical circuits. A significant advantage of this approach is
its direct applicability to nonlinear problems without the need for dis-
cretization, linearization, or perturbation. As a semi-analytical method,
the DTM uniquely formulates Taylor series solutions, iteratively gener-
ating them unlike the ordinary high-order Taylor series method that
involves symbolic computation. This feature minimizes computational
work compared to the computationally intensive Taylor series method.
DTM has proven to be a simple and effective approach for solving a
variety of problems, including two-point boundary-value problems,45

nonlinear biochemical reaction models,46 differential-algebraic equa-
tions,47 and Schr€odinger equations,48 among others.

Furthermore, researchers have enhanced the DTM for solving
fractional differential and integrodifferential equations.49–51 Jang52
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noted that the ordinary differential transform method consumes sig-
nificant computational time when addressing multidimensional prob-
lems. To overcome this challenge, Jang proposed the modified DTM,
known as the projected differential transform method (PDTM), for
solving both linear and nonlinear multidimensional problems. In a
recent study by Akinfe and Loyinmi,53 PDTM with Elzaki transform
was employed to solve the renowned Schr€odinger equation prevalent
in field theory, waves, and quantum physics.

The major challenge associated with DTM and its modifications
lies in obtaining inaccurate approximate solutions over larger intervals.
To overcome this issue, some researchers have combined Pad�e approx-
imants and Laplace transformation with PDTM to extend the series
solutions of PDTM over larger intervals.54,55 This modification of
PDTM has demonstrated increased efficiency in various applica-
tions.56,57 This motivates the application of the coupled PDTM and
Pad�e approximant to address the hyperbolic breakage PBE (3). In the
majority of cases examined in this study, we derive explicit or closed-
form solutions for number density functions using Laplace transfor-
mation with PDTM. Nonetheless, in certain instances, capturing
closed-form solutions proves exceedingly challenging due to the com-
plex nature of the breakage kernel. Hence, we delve into the implemen-
tation of Pad�e approximants on the series solutions estimated through
Laplace transformation with PDTM, as detailed in Sec. IVB.

The remaining content of the paper is structured as follows.
Section IIA provides the basic definition and properties of the pro-
jected differential transform method. In Sec. II, we present the mathe-
matical derivation and convergence analysis of the Laplace projected
differential transform method applied to the hyperbolic fragmentation
equation. Section III introduces the fundamental concepts of Pad�e
approximants. We present numerical examples and comparisons with
the homotopy perturbation method (HPM) in Sec. IV. Finally, Sec. V
of the paper is use to conclude and summarize the outcomes of current
study.

II. LAPLACE TRANSFORMATION WITH PDTM FOR
HYPERBOLIC FRAGMENTATION EQUATION

Before deriving the mathematical expression of the PDTM using
the Laplace transform, let us first present the basic definition and some
important properties of the PDTM.

A. Definitions and basics properties

Definition 1. Let gðy1; y2;…; ynÞ 2 Rn, then its projected differ-
ential transform with respect to yn at yn0 is defined as

Gðy1; y2;…; yn�1; jÞ ¼ 1
j!

@ j

@yjn
gðy1; y2;…; ynÞ

" #
yn¼yn0

; (6)

while the inverse PDT of Eq. (6) with respect to yn at yn0 is given by

gðy1; y2;…; ynÞ ¼
X1
j¼0

Gðy1; y2;…; yn�1; jÞðyn � yn0Þj: (7)

It can be seen that (7) represents the Taylor series of gðy1; y2;…; ynÞ at
yn ¼ yn0, combining (6) and (7), the function gðy1; y2;…; ynÞ can be
expressed as

gðy1;y2;…;ynÞ¼
X1
j¼0

1
j!

@ j

@yjn
gðy1;y2;…;ynÞ

" #
yn¼yn0

ðyn�yn0Þj: (8)

Some basic properties obtained by the above-mentioned defini-
tion are given below. Let f ðy1; y2;…; ynÞ; gðy1; y2;…; ynÞ, and
hðy1; y2;…; ynÞ be functions in Rn and Fðy1; y2;…; yn�1; jÞ
Gðy1; y2;…; yn�1; jÞ; Hðy1; y2;…; yn�1; jÞ are transformed functions
of f, g, and h, respectively.

1. If f ðy1; y2;…; ynÞ ¼ a gðy1; y2;…; ynÞ þ b hðy1; y2;…; ynÞ, then
Fðy1;y2;…;yn�1;jÞ¼aGðy1;y2;…; yn�1;jÞþbHðy1;y2;…;yn�1;jÞ,
where a and b are any two real constants.

2. If f ðy1; y2;…; ynÞ ¼ g1ðy1; y2;…; ynÞ g2ðy1; y2;…; ynÞ… gnðy1; y2;
…;ynÞ, then Fðy1;y2;…;yn�1;jÞ¼

Pj
jn�1¼0

Pjn�1
jn�2¼0 …

Pj2
j1¼0G1ðy1;

y2;…; yn�1; j1ÞG2ðy1; y2;…; yn�1; j2 � j1Þ…Gnðy1; y2;…; yn�1; jn
� jn�1Þ:

3. If f ðy1; y2;…; ynÞ ¼ @ngðy1 ;y2 ;…;ynÞ
@ynn

, then Fðy1; y2;…; yn�1; jÞ
¼ jþn

j! Gðy1; y2;…; yn�1; jþ nÞ:

B. Mathematical formulation of the proposed
approach

In this subsection, the PDTM with Laplace transformation
(LPDTM) is employed on a classical hyperbolic fragmentation Eq. (3)
that involves double integral term and establish the convergence analy-
sis using the Banach contraction principle. On applying the Laplace
transform (LT) of Eq. (3) and using the properties of LT, we get

L gð�; tÞ½ � ¼ g0ð�Þ
s

þ 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞgðyþ z; tÞdz dy
 !" #

;

(9)

where L represents the Laplace transform operator. Using the inverse
Laplace transformation to Eq. (9) leads to

gð�; tÞ ¼ gð�; 0Þ

þ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞgðy þ z; tÞ dz dy
 !" #( )

:

(10)

According to the PDTM, solution gð�; tÞ can be written in the series
form as

gð�; tÞ ¼
X1
k¼0

gkð�; tÞ: (11)

The iterative algorithm to calculate the components g0ks, after putting
(11) in Eq. (10) and comparing the coefficients, is given as

gkþ1ð�; tÞ ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞgkðyþ z; tÞdz dy
 !" #( )

;

(12)

with g0ð�; tÞ ¼ gð�; 0Þ: After determining the solution components
gkð�; tÞ, the n-terms series solution is given by

Wnð�; tÞ ¼
Xn
k¼0

gkð�; tÞ: (13)
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C. Convergence analysis

Next, we discuss the convergence analysis of the proposed
method for solving the hyperbolic fragmentation PBE (3). To facilitate
this discussion, let

B ¼ fg : 0;1Þ � 0;T½ � ! 0;1Þ : g is continuousg½�
(14)

be a Banach space (see A for proof) with the following norm as

jjgjjB ¼ sup
t2 0;T½ �

ð1
0
ð1þ �Þjgj d� < 1: (15)

Theorem 2.1. Assume that

Sk ¼ g1 þ g2 þ � � � þ gk (16)

is a sequence with S0 ¼ 0 and satisfying the following relation:

Skþ1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðSk þ g0Þ dz dy
 !" #( )

;

k ¼ 0; 1; 2;…; (17)

then, determining the above-mentioned sequence Sk is equivalent to
the kth-order series solution of Eq. (3) using LPDTM.

Proof. To prove this theorem, we will use the strong induction
theorem. First, we will validate the result for k¼ 0, 1. Later, it will be
considered that the hypothesis holds for k and thus will be proved for
kþ 1.

For k ¼ 0; Eq. (17) becomes

S1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS0 þ g0Þ dz dy
 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðg0Þ dz dy
 !" #( )

:

From Eq. (16), S1 ¼ g1: Therefore,

g1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðg0Þ dz dy
 !" #( )

; (18)

which is equivalent to g1 derived using the LPDTM (12). For k¼ 1,
Eq. (17) becomes

S2 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS1 þ g0Þ dz dy
 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðg1 þ g0Þ dz dy
 !" #( )

¼ g1 þ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS1Þ dz dy
 !" #( )

;

and from Eq. (16), S2 ¼ g1 þ g2. Therefore,

g2 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS1Þ dz dy
 !" #( )

; (19)

which is again the same as g2 derived from the LPDTM (12).
Moreover, it is assumed that

gnþ1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðgnÞ dz dy
 !" #( )

;

n ¼ 1; 2;…; k� 1: (20)

Consider

Skþ1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðSk þ g0Þ dz dy
 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞ
Xk
n¼0

gk

 !
dz dy

 !" #( )

¼
Xk
n¼1

þ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðgkÞ dz dy
 !" #( )

:

From Eq. (16), we obtain

gkþ1 ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðgkÞ dz dy
 !" #( )

; (21)

which is the same as the iterative scheme (12) obtained from the
LPDTM. �

Next, we will show that Sk is a Cauchy sequence in Banach space
B and hence converges.

Theorem 2.2. If k 2 ½0; 1� such that jjgkjjB � kjjgk�1jjB for all
k 2 N, then the series

P1
k¼1 gk converges to some S 2 B, where gk are

obtained by iterative scheme (12) and S satisfies

S ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS þ g0Þ dz dy
 !" #( )

: (22)

Proof. Let there exists k 2 ½0; 1Þ such that jjgkjjB � kjjgk�1jjB;
for all k 2 N; then

jjSkþ1 � SkjjB ¼ jjgkþ1jjB � kjjgkjjB � … � kkþ1jjg0jjB: (23)

Now for any k; l 2 N; with k � l; we have

jjSk � SljjB
¼ jjðSk � Sk�1 þ Sk�1 � Sk�2 þ � � � þ Slþ1 � SlÞjjB
� jjSk � Sk�1jjB þ jjSk�1 � Sk�2jjB þ � � � þ jjSlþ1 � SljjB
� ðklþ1 þ � � � þ kk þ � � �Þjjg0jjB
� klþ1ð1þ kþ k2 þ � � � þ kk þ � � �Þjjg0jjB

� klþ1

1� k
jjg0jjB:

Therefore, limk;l!1 jjSk � SljjB ¼ 0: Thus, Sk is Cauchy in B and
hence converges. Therefore, there exists S 2 B such that
limk!1 Sk ¼

P1
k¼1 gk ¼ S: Now
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S ¼ lim
k!1

Skþ1

¼ L�1 lim
k!1

1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðSk þ g0Þ dz dy
 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞ lim
k!1

Xk
i¼0

gi

 !
dz dy

 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞ
X1
i¼0

gi

 !
dz dy

 !" #( )

¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS þ g0Þ dz dy
 !" #( )

:

Lemma 2.1. Equation (22) is equivalent to the hyperbolic fragmen-
tation Eq. (3).

Proof. From Eq. (22), we have

S ¼ L�1 1
s
L 1

�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS þ g0Þ dz dy
 !" #( )

: (24)

Using the property of Laplace transformation,

S ¼
ðt
0

1
�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS þ g0Þð�; sÞ dz dy
 !

ds;

@S
@t

¼ 1
�

@

@�

ð�
0

ð1
��y

yBðy; zÞðS þ g0Þð�; tÞ dz dy
 !

:

(25)

Let g ¼ S þ g0 ¼
P1

k¼0 gk; Eq. (22) gives Eq. (3). Therefore, the solu-
tion of Eq. (22) is same as the solution of Eq. (3). �

III. THE PAD�E APPROXIMANTS

In this section, we discuss how to construct the Pad�e approxim-
ant of the series solution derived from the LPDTM. Let the truncated
series solution (13) can be written as

Wkð�; tÞ ¼
Xrþs¼k

l¼0

plð�Þtl: (26)

Then, the ½r; s� order Pad�e approximant (see Refs. 58 and 59) of
series solution Wkð�; tÞ is defined by the ratio of two polynomials of
degree r and s, respectively, that is,

Wkð�; tÞ ’ r; s½ �Wk
¼ a0ð�Þ þ a1ð�Þt þ � � � þ arð�Þtr

1þ c1ð�Þt þ � � � þ csð�Þts ¼ Að�; tÞ
Cð�; tÞ :

(27)

Here, the normalization condition is used, i.e., Cð�; 0Þ ¼ 1, and it
is ensured that there are no common factors between Að�; tÞ and
Cð�; tÞ: This means that c0ð�Þ ¼ 1 and Wkð�; tÞ equals the ½r; s�
approximant through r þ sþ 1 terms. The unknown coefficients a0rs
and c0ss of the polynomials Að�; tÞ and Cð�; tÞ are determined by the
coefficients of the function Wkð�; tÞ. Therefore, Eqs. (26) and (27)
yield

a0 þ a1t þ � � � þ art
r ¼ ð1þ c1t þ � � � þ cst

sÞ
� ðp0 þ p1t þ � � � þ prþst

rþsÞ: (28)

From Eq. (28), we obtain the following system of equations:

prþ1 þ prc1 þ � � � þ pp�sþ1cs ¼ 0;

prþ2 þ prþ1c1 þ � � � þ pp�sþ2cs ¼ 0;

..

.

prþb þ prþb�1c1 þ � � � þ prcs ¼ 0;

(29)

p0 ¼ a0;

p1 þ p0c1 ¼ a1;

p2 þ p1c1 þ p0c2 ¼ a2;

..

.

pr þ pr�1c1 þ � � � þ p0cr ¼ ar :

(30)

Thus, the coefficients ofAð�; tÞ and Bð�; tÞ are evaluated by solving the
system of equations defined in Eqs. (29) and (30). The primary advantage
of constructing ½r; s� Pad�e approximants is that it simply requires alge-
braic operations, with each choice of r and s yielding an approximant.
However, the key challenge lies in identifying the order of the Pad�e
approximant that leads to the best approximation. This necessitates the
use of criteria dependent on the behavior of the solution. We select the
smallest order, ½r; s�, which matches the exact solution very accurately. In
cases where an exact solution is unavailable, we compare the behavior of
the Pad�e approximant with the available finite volume scheme (FVM)60

solution to determine the order that yields a better approximation. It is
noteworthy that the pade inbuilt command in MATLAB is utilized for
finding the approximant. All simulations are conducted on an Intel Core
i3-6006U CPU operating at 2.00GHz with 4.00 GB of RAM using
MATLAB R2019a software.

IV. NUMERICAL RESULTS

In this section, five test cases are considered, encompassing various
combinations of fragmentation kernels and initial conditions, to illus-
trate the applicability of coupled approach based on the Laplace
projected differential transform and Pad�e approximant (LPDTM-PA).
It is noteworthy that, owing to the availability of analytical (exact) solu-
tions21 for the first two problems, the verification of the proposed
method is conducted in terms of number density and its integral
moments. Additionally, we have determined the errors in the number
density function for these kernels. The quantitative relative error is esti-
mated using the following expression:

Error ¼
���� gð�; tÞ � gappð�; tÞ

gð�; tÞ
����; (31)

where gð�; tÞ represents the exact solution and gappð�; tÞ denotes the
approximate solution obtained from LPDTM-PA. However, no analyti-
cal solutions are available for any type of kernels with the gamma distri-
bution. Therefore, to assess the accuracy of the proposed approach,
new closed form series solutions are obtained and validation is done
against the existing finite volume scheme (FVM).60 Note that, through-
out all computations, � and t are treated as dimensionless parameters
and can be obtained by dividing with � ¼ 1 and t¼ 1, respectively.

A. Verification with existing analytical solutions

In this subsection, the solutions for the number density gð�; tÞ
with fragmentation kernels Bð�; yÞ ¼ 2, and Bð�; yÞ ¼ 2ð� þ yÞ cor-
responding to an exponential initial distribution gð�; 0Þ ¼ e�� are
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derived and compared against the exact solutions. Moreover, the accu-
racy is also tested against the recently developed homotopy perturba-
tion method (HPM).15

1. Bðm;yÞ52 with an initial distribution gðm;0Þ5 e2m

The analytical solution for this case with an exponential initial con-
dition gð�; 0Þ ¼ e�� is established by Ziff andMcGrady21 as follows:

gð�; tÞ ¼ e�ð1þtÞ�ð1þ tÞ2: (32)

Using the recursive scheme (12), we obtain

g0ð�; tÞ ¼ e��;

g1ð�; tÞ ¼ e��ð� � 2Þ t;
g2ð�; tÞ ¼

e�� �2 � 4 � þ 2ð Þ t2
2

;

g3ð�; tÞ ¼ � � e�� �2 � 6 � þ 6ð Þ t3
6

;

..

.

gkð�; tÞ ¼
ð�1Þktk�k�2e��ð�2 � 2k� þ kðk� 1ÞÞ

k!
:

Therefore, the truncated series solution (TSS) consisting of n terms
can be obtained as follows:

Wnð�; tÞ ¼
Xn
k¼0

ð�1Þktk�k�2e��ð�2 � 2k� þ kðk� 1ÞÞ
k!

: (33)

By letting n ! 1 in Eq. (33), we can obtain the closed-form solution
as provided in Ref. 21,

gð�; tÞ ¼
X1
k¼0

ð�1Þktk�k�2e��ð�2 � 2k� þ kðk� 1ÞÞ
k!

! e�ð1þtÞ�ð1þ tÞ2: (34)

One can observe that the LPDTM exhibits a tendency to effectively cap-
ture the closed-form solution for the breakage kernel Bð�; yÞ ¼ 2, cor-
responding to an exponential initial distribution. In numerous instances
involving complex structured breakage kernels, finding closed or explicit
solutions proves challenging. However, the series solutions derived in
such scenarios offer accurate solutions within the small time domain.
However, the accuracy can be improved for the long time by using the
notion of Pad�e approximant as discussed in Sec. III. To assess the effec-
tiveness of Pad�e approximants with the LPDTM solution, we consider
the 12-term series solution, which is given as follows:

W12ð�;tÞ¼ e��þ t2 e�� �2�4�þ2ð Þ
2

� te�� ��2ð Þ

þ t4�2 e�� �2�8�þ12ð Þ
24

� t5�3 e�� �2�10�þ20ð Þ
120

þ t6�4 e�� �2�12�þ30ð Þ
720

� t7�5 e�� �2�14�þ42ð Þ
5040

þ t8�6 e�� �2�16�þ56ð Þ
40320

� t9�7 e�� �2�18�þ72ð Þ
362880

þ t10�8 e�� �2�20�þ90ð Þ
3628800

� t11�9 e�� �2�22�þ110ð Þ
39916800

þ t12�10 e�� �2�24�þ132ð Þ
479001600

� t3�e�� �2�6�þ6ð Þ
6

:

(35)

The above-mentioned series solution exhibits a limited region of
convergence with respect to time variable t. It is evident that solution
(35) can be expressed in the form (26). Therefore, we approximate
(35) using an ½6; 6� order Pad�e approximant to broaden the conver-
gence domain and the solutions are demonstrated by Fig. 1. The result-
ing approximation is plotted in Fig. 1(a) at t¼ 4. We observe that the
number density function and its moments (l0 and l1) obtained using
LPDTM-PA closely match with the exact solution [refer to Fig. 1(b)].
However, both LPDTM and HPM method show large deviation and

FIG. 1. Comparison of series solutions of number density function and moments for Bð�; yÞ ¼ 2 with IC gð�; 0Þ ¼ e�� : (a) number density function and (b) normalized moments.
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capture solutions only for a short time frame. Furthermore, we analyze
the impact of different order Pad�e approximants on the series solution
(35), and the relative errors of HPM and LPDTM-PA are listed in
Table I. As expected, the error decreases for both methods as the num-
ber of terms in the series solution increases. However, LPDTM-PA
outperforms HPM significantly.

2. Bðm; yÞ52ðm1yÞ with an initial distribution gðm;0Þ5 e2m

For this case also, the exact solution provided by Ziff and
McGrady21 is given as follows:

gð�; tÞ ¼
X1
k¼0

ð�1Þktk�2k�2e��ð�2 � 2k� � 2kÞ
k!

! e�ð1þt�Þ�ð1þ 2t þ 2t�Þ: (36)

Using the expression of LPDTM (12), one can get

g0ð�; tÞ ¼ e��;

g1ð�; tÞ ¼ e�� ��2 þ 2 � þ 2ð Þt;

g2ð�; tÞ ¼ � �2 e�� ��2 þ 4 � þ 4ð Þt2
2

;

g3ð�; tÞ ¼
�4 e�� ��2 þ 6 � þ 6ð Þt3

6
;

..

.

gkð�; tÞ ¼
ð�1Þktk�2k�2e��ð�2 � 2k� � 2kÞ

k!
:

Hence, the TSS consisting of n terms is given by

Wnð�; tÞ ¼
Xn
k¼0

ð�1Þktk�2k�2e��ð�2 � 2k� � 2kÞ
k!

: (37)

Taking the limit as n ! 1 allows us to obtain the closed-form
solution,

gð�; tÞ ¼
X1
k¼0

ð�1Þktk�2k�2e��ð�2 � 2k� � 2kÞ
k!

! e�ð1þt�Þ�ð1þ 2t þ 2t�Þ: (38)

Once again, the new approach demonstrates a tendency to capture the
closed-form solution for breakage kernel Bð�; yÞ ¼ 2ð� þ yÞ associ-
ated with an exponential initial distribution. Similar to the previous
case above, the effect of Pad�e approximant is studied on the 12-term
TSS, which is given by

W12ð�; tÞ

¼ e�� þ t e�� ��2 þ 2�þ 2ð Þ � �2 t2 e�� ��2 þ 4�þ 4ð Þ
2

þ �4 t3 e�� ��2 þ 6�þ 6ð Þ
6

� �6 t4 e�� ��2 þ 8�þ 8ð Þ
24

þ �8 t5 e�� ��2 þ 10�þ 10ð Þ
120

� �10 t6 e�� ��2 þ 12�þ 12ð Þ
720

þ �12 t7 e�� ��2 þ 14�þ 14ð Þ
5040

� �14 t8 e�� ��2 þ 16�þ 16ð Þ
40320

þ �16 t9 e�� ��2 þ 18�þ 18ð Þ
362880

� �18 t10 e�� ��2 þ 20�þ 20ð Þ
3628800

þ �20 t11 e�� ��2 þ 22�þ 22ð Þ
39916800

� �22 t12 e�� ��2 þ 24�þ 24ð Þ
479001600

:

(39)

Similar to the previous case, the 12-term TSS (39) is approxi-
mated using an ½6; 6� order Pad�e approximant and plotted in Fig. 2 at
time t¼ 1.5. The number density function estimated by LPDTM-PA
exhibits a good match with the exact solution, whereas significant devi-
ations are shown by the LPDTM and HPM [see Fig. 2(a)]. In addition,
from Fig. 2(b), it is evident that the first-two moments show good
agreement with the exact moments. Moreover, the convergence behav-
ior of the number density function with different order Pad�e approx-
imants is analyzed by estimating the relative errors against the HPM in
Table II. It shows that LPDTM-PA approximates the number density
function with lesser errors than HPM.

B. Newly derived closed form and series solutions

In this subsection, the new closed form and series solutions are
derived for the breakage kernels Bð�; yÞ ¼ 2; 2ð� þ yÞ and 2ffiffiffiffiffiffi

�þy
p with

Gamma initial distributions of the forms 4� e�2� and � e��: It is worth
mentioning that no exact solutions are available in the literature for
these initial distributions. Therefore, the FVM will be used to assess
the accuracy of the new solutions.

1. Bðm; yÞ52 with an initial distribution gðm;0Þ54me22m

In this case, the fragmentation kernel Bð�; yÞ ¼ 2 is considered
with a gamma initial distribution, that is, gð�; 0Þ ¼ 4�e�2� . Due to the
non-availability of the exact solution, the validation of the results is
accomplished by comparing the number density function and its first-
two moments against the FVM results. Using the expression of
LPDTM (12), the components of the series are obtained as

g0ð�; tÞ ¼ 4 � e�2�;

g1ð�; tÞ ¼ 2 e�2� �2 �2 þ 2 � þ 1ð Þt;
g2ð�; tÞ ¼ �e�2� �2 �3 þ 4 �2 þ � � 1ð Þt2;

g3ð�; tÞ ¼ � � e�2� 2 �3 � 6 �2 þ 3ð Þt3
3

;

..

.

gkð�; tÞ ¼
4ð�1Þktk�k�2e�2�

k!
ð�3 � k�2 þ kðk� 3Þ

4
� þ kðk� 1Þ

4
Þ:

Hence, the TSS consisting of n terms is expressed as

TABLE I. Relative errors in the number density function obtained using Bð�; yÞ ¼ 2
with gð�; 0Þ ¼ e�� .

k Pad�e Order HPM LPDTM-PA

6 [3,3] 3:1125� 10�2 4:9372� 10�4

8 [4,4] 1:3279� 10�2 2:3171� 10�5

10 [5,5] 5:1683� 10�3 1:0803� 10�6

12 [6,6] 1:7320� 10�3 4:9113� 10�8
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Wnð�; tÞ ¼
Xn
k¼0

4ð�1Þktk�k�2e�2�

k!
ð�3 � k�2 þ kðk� 3Þ

4
�

þ kðk� 1Þ
4

Þ: (40)

By letting n ! 1 in Eq. (40), we can attain the closed-form solu-
tion, which is provided as follows:

gð�; tÞ ¼
X1
k¼0

4ð�1Þktk�k�2e�2�

k!
�3 � k�2 þ kðk� 3Þ

4
�þ kðk� 1Þ

4

� �

! e�ð2þtÞ�ð2þ tÞðtþ 2�þ t�Þ:
(41)

It is evident that the LPDTM tends to capture the closed-form solu-
tion of the number density function for the breakage kernel Bð�; yÞ ¼ 2
corresponding to the gamma initial distribution. However, to validate
this result, the number density function and its integral moments are
compared with FVM60 results in Fig. 3. Figure 3(a) illustrates that the
solutions initially deviate. This discrepancy arises because the FVM
requires a large number of cells to accurately capture the number density
function. As depicted in Fig. 3(b), increasing the number of cells notably
enhances the quality of the solutions but at a computational cost.
Moreover, the zeroth and first order moments show high accuracy and
match well with the FVM as shown in Figs. 3(c) and 3(d), respectively.

2. Bðm;yÞ52ðm1yÞ with an initial distribution gðm;0Þ54me22m

For this case also, the analytical solution of the number density
function is not available in the literature. The series component from
Eq. (12) is obtained as

g0ð�; tÞ ¼ 4 � e�2�;

g1ð�; tÞ ¼ 2 e�2� �2 �3 þ 2 �2 þ 2 � þ 1ð Þt;
g2ð�; tÞ ¼ �2 �2 e�2� ��3 þ 2 �2 þ 2 � þ 1ð Þt2;
g3ð�; tÞ ¼

�4 e�2� �2 �3 þ 6 �2 þ 6 � þ 3ð Þt3
3

;

..

.

gkð�; tÞ ¼
4ð�1Þktk�2k�2e�2�

k!
�3 � k�2 � k� � k

2

� �
:

Therefore, the TSS consisting of n terms is expressed as

Wnð�; tÞ ¼
Xn
k¼0

4ð�1Þktk�2k�2e�2�

k!
�3 � k�2 � k� � k

2

� �
: (42)

As n ! 1, the closed-form solution is obtained as follows:

gð�; tÞ ¼
X1
k¼0

4ð�1Þktk�2k�2e�2�

k!
�3 � k�2 � k� � k

2

� �

! 2e�ð2þt�Þ�ð2þ tÞðt þ 2� þ 2t� þ 2t�2Þ: (43)

Analogous to previous cases, the proposed approach obtained the
new closed-form solution, which is not available in the literature. The
comparison of different results obtained using the proposed approach
against the FVM is shown in Fig. 4. As shown in Figs. 4(a) and 4(b),
the results obtained for the number density functions using the cou-
pled LPDTM approach overlap with the FVM solutions. In addition,
the integral zeroth and first order moments estimated from the num-
ber density functions are shown in Figs. 4(c) and 4(d).

FIG. 2. Comparison of number density function and moments for Bð�; yÞ ¼ 2ð� þ yÞ with IC gð�; 0Þ ¼ e�� : (a) number density function and (b) normalized moments.

TABLE II. Relative errors in the number density function obtained using Bð�; yÞ ¼ 2
ð� þ yÞ with gð�; 0Þ ¼ e�� .

k Pade Order HPM LPDTM-PA

6 [3,3] 8:6251� 10�3 4:5065� 10�5

8 [4,4] 2:9284� 10�3 2:2103� 10�6

10 [5,5] 7:6830� 10�4 9:9206� 10�8

12 [6,6] 1:5409� 10�4 3:8716� 10�9
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3. Bðm; yÞ5 2ffiffi
m

p
1y with an initial distribution gðm;0Þ54me22m

For showing the applicability of the proposed approach, a more
complex fragmentation kernel Bð�; yÞ ¼ 2ffiffiffiffiffiffi

�þy
p is considered

corresponding to a gamma distribution gð�; 0Þ ¼ 4�e�2� . By follow-
ing the same procedure, we calculated few components of the series
solution given by

g0ð�; tÞ ¼ 4�e�2�;

g1ð�; tÞ ¼
t

ffiffiffiffiffi
2p

p
� erfc

ffiffiffi
2

p ffiffiffi
�

p� �
þ 4e�2��3=2 � 4e�2��5=2

� �
�

;

g2ð�; tÞ ¼ �5

ffiffiffi
p
2

r
t2
ffiffiffi
�

p
erfc

ffiffiffi
2

p ffiffiffi
�

p� �
þ 2t2e�2��2 þ 3t2e�2� � 4t2e�2��;

g3ð�; tÞ ¼ 5

ffiffiffi
p
2

r
t3� erfc

ffiffiffi
2

p ffiffiffi
�

p� �
þ 3
4

ffiffiffi
p
2

r
t3 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
þ 2t3e�2��3=2 � 2

3
t3e�2��5=2 � 7

2
t3e�2� ffiffiffi

�
p

;

and so on. Here, erfc(�) defines the complementary error function for
� � 0: It can be seen that the complexity of the series solutions is quite
higher compared to previous cases. So finding the closed-form solution

for this case is not possible. Hence, the quality of the solution is
assessed by implementing the Pad�e approximant on the TSS. The TSS
using eight components is obtained as

FIG. 3. Comparison of number density functions and moments for Bð�; yÞ ¼ 2 with gð�; 0Þ ¼ 4�e�2� : (a) number density function with 50 cells, (b) number density function
with 100 cells, (c) normalized zeroth moments with 50 cells, and (d) normalized first moment with 50 cells.
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W8ð�; tÞ ¼ � 1
72

e�2�t7�3=2 � 19
24

e�2�t5�3=2 þ 2e�2�t3�3=2 � 7
32

ffiffiffi
p
2

r
t6 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
�3=2 � 35

12

ffiffiffi
p
2

r
t4 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
�3=2 � 19

360
e�2�t7�5=2

þ 1
6
e�2�t5�5=2 � 2

3
e�2�t3�5=2 � 9

640

ffiffiffi
p
2

r
t8 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
�5=2 � 7

20

ffiffiffi
p
2

r
t6 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
�5=2 þ 1

180
e�2�t7�7=2 � 1

30
e�2�t5�7=2

� 11
672

ffiffiffi
p
2

r
t8 erfc

ffiffiffi
2

p ffiffiffi
�

p� �
�7=2 � e�2�t7�9=2

1260
þ e�2�t8�5

10 080
þ 1
180

e�2�t6�4 � e�2�t8�4

1260
þ 29e�2�t8�3

2880
� 1
30

e�2�t6�3 þ 1
6
e�2�t4�3

þ 1
12

t7 erfc
ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
�3 þ 1

288
e�2�t8�2 þ 11

48
e�2�t6�2 � 2

3
e�2�t4�2 þ 2e�2�t2�2 þ 1

16
t7 erfc

ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
�2

þ 7
6
t5 erfc

ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
�2 þ 4e�2�� þ 1

24
e�2�t6� þ 49

24
e�2�t4� � 4e�2�t2� þ 9

16
t5 erfc

ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
�

þ 5t3 erfc
ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
� þ 1

12
e�2�t4 þ 3e�2�t2 � 15

16

ffiffiffi
p
2

r
t4
ffiffiffi
�

p
erfc

ffiffiffi
2

p ffiffiffi
�

p� �
� 5

ffiffiffi
p
2

r
t2
ffiffiffi
�

p
erfc

ffiffiffi
2

p ffiffiffi
�

p� �

þ 3
4
t3 erfc

ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffi
p
2

r
� 1
12

e�2�t5
ffiffiffi
�

p � 7
2
e�2�t3

ffiffiffi
�

p þ t 4e�2��3=2 � 4e�2��5=2 þ erfc
ffiffiffi
2

p ffiffiffi
�

p� � ffiffiffiffiffi
2p
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FIG. 4. Comparison of number density functions and moments for Bð�; yÞ ¼ 2ð� þ yÞ with gð�; 0Þ ¼ 4�e�2� : (a) number density function with 50 cells, (b) number density
function with 100 cells, (c) normalized zeroth moment with 50 cells, and (d) normalized first moment with 50 cells.
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The above-mentioned series solution of the number density func-
tions captures well by both LPDTM and LPDTM-PA as shown in
Fig. 5(a). LPDTM captures zeroth moment with high accuracy and
matches well with the FVM results as shown in Fig. 5(b); however, its
first order moment shows deviation from the FVM solutions as shown
in Fig. 5(c), that is, the total volume in the system is lost. The conserva-
tion of the total volume is the most important criteria for any numeri-
cal and analytical methods. Therefore, in order to achieve this, an ½4; 4�
order Pad�e approximant is employed on the truncated series solution
(44) with respect to variable t. It can be observed from Fig. 5 that the
coupled LPDTM and Pad�e approximant approach not only predicts
the number density function accurately but also integral zeroth and
first moments with high precision and overlaps with the FVM results.

4. Bðm;yÞ52 with an initial distribution gðm;0Þ5 me2m

Next, the fragmentation kernel Bð�; yÞ ¼ 2 is considered with an
initial distribution gð�; 0Þ ¼ �e��: For this case also, the analytical

solution of the number density function is not available in the litera-
ture. Using the expression of LPDTM (12), the components of the
series are obtained as

g0ð�; tÞ ¼ �e��;

g1ð�; tÞ ¼ e�� ��2 þ 2 � þ 2ð Þ t;

g2ð�; tÞ ¼ � e�� ��3 þ 4 �2 þ 2 � � 4ð Þ t2
2

;

g3ð�; tÞ ¼ � � e�� �3 � 6 �2 þ 12ð Þ t3
6

;

..

.

gkð�; tÞ ¼
4ð�1Þktk�k�2e��

k!
ð�3 � 2k�2 þ kðk� 3Þ� þ 2kðk� 1ÞÞ:

Similarly, as above, the TSS using n terms is given by

FIG. 5. Comparison of number density function and moments for Bð�; yÞ ¼ 2ffiffiffiffiffiffi
�þy

p with gð�; 0Þ ¼ 4�e�2� : (a) number density function, (b) normalized zeroth moment, and (c)
normalized first moment.
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Wnð�; tÞ ¼ 4ð�1Þktk�k�2e��

k!
ð�3 � 2k�2 þ kðk� 3Þ� þ 2kðk� 1ÞÞ:

(45)

As n ! 1, the closed-form solution is obtained as follows:

gð�; tÞ ¼
X1
k¼0

4ð�1Þktk�k�2e��

k!
ð�3 � 2k�2 þ kðk� 3Þ� þ 2kðk� 1ÞÞ

! e�ð1þtÞ�ð2þ tÞð2t þ 2t2 þ � þ 2t� þ t2�Þ: (46)

Once again, it is demonstrated that the proposed approach has
obtained a new closed-form solution that does not exist in the litera-
ture. Figure 6 shows the comparison of the series solutions of the num-
ber density function and integral moments obtained using the
LPDTMwith the FVM results. The number density function estimated
by the proposed method is matching well with FVM (with various
numbers of cell) as depicted in Figs. 6(a) and 6(b). In addition, the
zeroth and first order moments predicted very well by the proposed
method [refer to Figs. 6(c) and 6(d)].

V. CONCLUDING REMARKS AND FUTURE PROSPECT

In this study, an efficient semi-analytical coupled approach based
on the Laplace projected differential transform and Pad�e approximant
for approximating the hyperbolic fragmentation equation has been
presented. The mathematical derivation of the method has been sup-
ported by conducting a rigorous convergence analysis employing the
concept of Banach contraction principle. Most importantly, the new
approach obtained the closed-form solutions of the number density
corresponding to different breakage kernels and initial conditions. In
cases where closed-form solutions were not obtained, it has been dem-
onstrated that the utilization of the Pad�e approximant significantly
enhances the accuracy of the obtained truncated series solution. This
coupled approach offered numerous benefits, notably capturing accu-
rate results over an extended time domain while requiring only a few
number of series terms. This is particularly beneficial given the chal-
lenges posed by the presence of dependent double integrals and com-
plex kernels within the fragmentation equation. For the complex
structured kernel discussed in Sec. IVB3, obtaining explicit solutions

FIG. 6. Comparison of number density functions and moments for Bð�; yÞ ¼ 2 with gð�; 0Þ ¼ �e�� : (a) number density function with 50 cells, (b) number density function
with 100 cells, (c) normalized zeroth moment with 50 cells, and (d) normalized first moment with 50 cells.
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for the number density functions is challenging due to the presence of
error functions within the series terms. Through comparative analysis
of relative errors in the number density functions, it has been demon-
strated that the coupled approach outperforms the existing homotopy
perturbation method.15 Based on the findings of this study, it can be
concluded that the proposed method represents a robust and generic
approach for solving the classical hyperbolic fragmentation population
balance equation.

In future, due to high efficiency and accuracy, the current
approach will be extended to solve a nonlinear collisional fragmenta-
tion equation.61,62 In addition, the proposed approach will also be
extended to approximate multidimensional fragmentation and aggre-
gation equations.28,63,64
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APPENDIX: BANACH SPACE

Theorem A.1. The space B along with the norm jjgjjB is a
Banach space.

Proof. To demonstrate that B is a Banach space, we must show
that every Cauchy sequence in B converges to an element within B.

Let gk be a Cauchy sequence in B. By the definition of B, we
have that ð1þ �Þgk :¼ wk is a Cauchy sequence in L1ð0;1Þ, but
L1ð0;1Þ is a Banach space; therefore,

wk ! w in L1ð0;1Þ: (A1)

Now, define g :¼ ð1þ �Þ�1w and we show that g is in L1ð0;1Þ. As
w 2 L1ð0;1Þ, we have

jjgjjB ¼ sup
t2 0;T½ �

ð1
0
ð1þ �Þjgj d�

¼ sup
t2 0;T½ �

ð1
0
ð1þ �Þð1þ �Þ�1jwj d� < 1: (A2)

By using
Ð jabj � jjajj1jjbjjL1 , we haveð1

0
jgj d� ¼

ð1
0
ð1þ �Þ�1jwj d� � jjð1þ vÞ�1jj1jjwjjL1 < 1:

(A3)

Thus, we have g 2 B: Now,

jjgk � gjjB ¼ sup
t2 0;T½ �

ð1
0
ð1þ �Þjgk � gj d�

¼ sup
t2 0;T½ �

ð1
0
jwk � wj d� ! 0 as k ! 1: (A4)

Hence, every Cauchy sequence in B converges to an element in B.
�
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