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Abstract

We derive necessary and sufficient criteria for the uniqueness and existence of solutions of
the abstract Cauchy problem in locally convex Hausdorff spaces. Our approach is based on
a suitable notion of an asymptotic Laplace transform and extends results of Langenbruch
beyond the class of Fréchet spaces.
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1 Introduction

We study the abstract Cauchy problem in locally convex Hausdorff spaces in the present
paper. This is an initial value problem of the form

x'(t) = Ax(t), t>0,
x(0) =x0 € E,

where A: D(A) C E — E is a sequentially closed linear operator and E a sequentially
complete locally convex Hausdorff space over C.

One of the approaches to tackle the abstract Cauchy problem is the theory of Cop-
semigroups. The classical theory of Cp-semigroups on Banach spaces (see e.g. [14] and
the references therein) has already been extended in several ways. Beyond the realm of
Banach spaces it was extended to equicontinuous Co-semigroups on locally convex Haus-
dorff spaces in [1, 26, 65, Chap. IX], quasi-equicontinuous Cp-semigroups in [1, 3, 8, 20,
52-54], locally equicontinuous Co-semigroups in [9, 32, 57], sequentially (locally) equicon-
tinuous Cop-semigroups in [16] and smooth semigroups on convenient algebras in [61].
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Besides the extension of the theory of Cp-semigroups to locally convex Hausdorff
spaces the continuity assumptions were weakened as well. Bi-continuous semigroups were
introduced in [40, 41], (locally equi-)tight bi-continuous semigroups in [15], integrable semi-
groups considered in [43], integrated semigroups in [63, 64], distribution semigroups on
Banach spaces in [7, 25, 42, 45, 51] and even on locally convex Hausdorff spaces in [58, 59],
and (Fourier) hyperfunction semigroups for Banach spaces in [55, 56] (and [18, 19]). We
note that most of the classical bi-continuous semigroups are actually quasi-equicontinuous
Co-semigroups with respect to the mixed topology and even quasi-equitight by [33, Theorem
7.4, p. 180] and [39, 3.17 Theorem, p. 13, Section 4].

Apart from the theory of semigroups some of the classical methods for initial value
problems were transferred to the setting in locally convex Hausdorftf spaces in [46] and the
references therein.

A common problem in the mentioned approaches to the abstract Cauchy problem is
the development of a suitable notion of a Laplace transform for vector-valued generalised
functions. In [4, 5, 47] an appropriate (asymptotic) Laplace transform was developed for
Banach-valued locally integrable functions and applied to abstract Cauchy problems, and
in [27-31] under minimal regularity assumptions for Banach-valued hyperfunctions as well
as in [44] for Fréchet-valued hyperfunctions. This was extended in [38] beyond the class
of Fréchet spaces to a large variety of locally convex Hausdorff spaces containing common
spaces of distributions.

We use the asymptotic Laplace transform from [38] to study the abstract Cauchy problem
for vector-valued hyperfunctions. After recalling the necessary notions and results from [38]
in Sect. 2, we characterise the uniqueness of the solutions of the abstract Cauchy problem
in Sect. 3, in particular, we derive necessary and sufficient conditions in Theorem 3.2. We
use these conditions to phrase sufficient conditions for the uniqueness of solutions in terms
of asymptotic left resolvents in Theorems 3.3 and 3.4, generalising corresponding results
from [44] (for general notions of resolvents in locally convex Hausdorff spaces see [2] and
[12]). In Sect. 4, we turn to the solvability of the abstract Cauchy problem for vector-valued
hyperfunctions and present necessary and sufficient conditions for the solvability in Theorem
4.3. Here we use the Laplace transform for vector-valued Laplace hyperfunctions from [11]
in combination with the asymptotic Laplace transform for vector-valued hyperfunctions from
[38]. In Theorem 4.4, we give a sufficient condition for the solvability of the abstract Cauchy
problem in terms of asymptotic right resolvents. Our results on the solvability extend the
ones from [44].

2 Notation and preliminaries

We use essentially the same notation and preliminaries as in [38, Section 2]. In the following
E is always a locally convex Hausdorff space over C equipped with a directed system of
seminorms (py)ge, in short, E is a C-IcHs. If E is a normed space, we often write || - || g for
the norm on E. We denote by L(F, E) the space of continuous linear maps from a C-IcHs
F to E, write L(F) := L(F, F), sometimes use the notion (T, f) := T(f), f € F, for
T € L(F, E) and the symbol T" for the dual map of T. If E = C, we write F' := L(F, C)
for the dual space of F'. We denote by L, (F, E) the space L(F, E) equipped with the locally
convex topology of uniform convergence on the bounded subsets of F.

We denote by O(£2, E) the space of E-valued holomorphic functions on an open set 2 C
C and by C*°(2, E) the space of E-valued infinitely continuously partially differentiable
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functions on an open set @ C R?> = C. We denote by 3# f the partial derivative of f €
C*®(R2, E) for a multiindex S € N(z). We denote by Cre~o := {z € C | Re(z) > 0} the right
halfplane, by R := R U {00} the two-point compactification of R and set C := R + iR.
We define the distance of z € Cto aset M C C w.r.t. the Euclidean norm | - | viad(z, M) :=
infyep |z—w|if M # 0, and d(z, M) := oo if M = . For a compact set K C Randc > 0
we define the sets

Ui(K):={zeCld(z, KNC) < ¢}

@, K CR,
1V/e, oo[+i] — ¢, cl, ek, —o¢K,
] = o0, =l/c[+i] — ¢, cl, o ¢K, —o0oek,

(= oo, =1/c[U]l/e,00[) +i] —c,c[, o0€ K, —00 €K,
and forn e N

$u(K) == (C\ Ua(K)) N {z € C | [ Im()] < ).

Definition 2.1 [34, 3.2 Definition, p. 12-13] Let E be a C-lcHs and K C R compact.

(a) The space of vector-valued slowly increasing infinitely continuously partially differen-
tiable functions outside K is defined as

EXP(C\K,E) = {f €C®(C\K,E)VneN,meNy,a € U: I fllymarx < oo}

where

_1
Wfllymax = sup  pa@” f(z))enIRE@L
z€85,(K)
BENG.|B1<m

(b) The space of vector-valued slowly increasing holomorphic functions outside K is defined
as

OP(C\ K, E) := {feO((C\K,E) IVneN, ae: I fllnax <oo}

where

_1
N fllyox = sup pa(f(z))e nRL
2€8,(K)

Furthermore, we set
bvg (E) := O*P(C\ K, E)]O%P(C, E).

We note that S (R) = f and |||f|||1’m,a,@ =—00= |||f|||1’a_@ forany f: C\R — E,m €

No and o € 2. Other common symbols for the spaces €7 (C\ K, E) resp. O*P(C\ K, E)
are E(C\ K, E) resp. O(C\ K, E) (see [22, 1.2 Definition, p. 5]).

Definition 2.2 [34, p. 55] A C-IcHs E is called admissible, if the Cauchy—Riemann operator

3: EYP(C\ K, E) = E“P(C\ K, E)
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is surjective for any compact set K C R. E is called strictly admissible if E is admissible
and if, in addition,

3:C®(Q,E) —> C®(Q, E)
is surjective for any open set Q2 C C.

If E is strictly admissible and sequentially complete, then the sheaf of E-valued Fourier
hyperfunctions is flabby and can be represented by boundary values of exponentially slowly
increasing holomorphic functions (see [35, Theorem 5.9, p. 33]). In particular, its subsheaf
of E-valued hyperfunctions is flabby under this condition as well. Moreover, we may regard
buk (E) as the space of E-valued Fourier hyperfunctions with support in K C R under this
condition by [35, 5.11 Lemma, p. 44].

Theorem 2.3 [34, 5.25 Theorem, p. 98] If

(a) E is a C-Fréchet space, or if

(b) E := F} where F is a C-Fréchet space satisfying (DN), or if
(c) E is a complex ultrabornological PLS-space satisfying (P A),

then E is strictly admissible.

The definitions of the topological invariants (DN) and (P A) are given in [50, Chap. 29,
Definition, p. 359] and [6, Section 4, Eq. (24), p. 577], respectively. Besides every C-Fréchet
space, the theorem above covers the space £ = S (]Rd); of tempered distributions, the space
D(V)}, of distributions and the space D, (V) of ultradistributions of Beurling type and
many more spaces given in [6], [10, Corollary 4.8, p. 1116], [35, Example 4.4, p. 14—15] and
[62].

Definition 2.4 [38, 7.1 Definition, p. 106] Let E be a C-IcHs and a € {0, oco}. We define the
space

LO,00)(E) := {f € O(Cres0, E) [VkeN, a € A: || fllk,ala,00] < OO}

where
_1
I £ ke 0.00] = SUPp  palf(z))e kF!
Re(z)z%
resp.

1,
I fllkaioo) = SUp  pa(f(z))e FIEIHARG),

Re(2)>1

We omit the index « of the seminorms if E is a normed space, and write LO[4,00] =
LO[4,50](C).

Let E be a sequentially complete C-IcHs, K := [0, oo] or K := {00} and equip bvg (E)
with its usual quotient topology, which is Hausdorff locally convex by [37, Remark 14, p
22]. By [38, Theorem 7.2 (ii), p. 106] the Laplace transform

£: bk (E) > LOK(E)LUFD@) i= | Floe <z,

YK

where yk is the path along the boundary of Ui/ (K) with clockwise orientation (see Fig.
1), does not depend on the choice of ¢ > 0 and is a topological isomorphism.
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Fig.1 Path Y[0,00] with ¢ > 0 Im( 2)

(cf. [38, Figure 1.2, p. 62]) V0,01

—C

C
< Re(2)
—C

Let E be an admissible C-1cHs. Then the canonical (restriction) map
Ri0,001: O“P(C\ [0, 00], E)/O“P(C \ {00}, E) — B([0, oo, E), [F]+> [F],
is a linear isomorphism by [38, Theorem 5.1, p. 96] where
B([0, oo[, E) := O(C\ [0, 0o[, E)/O(C, E)

is the space of hyperfunctions with values in E and support in [0, co[. The combination of
both results leads to the following theorem.

Theorem 2.5 [38,7.4 Theorem, p. 106] Let E be an admissible sequentially complete C-IcHs.
Then the asymptotic Laplace transform

LB B([0, o0, E) = LO0,00)(E)/LOoc) (E), LE(f) :=[(£ 0 Riglae) (],

is a linear isomorphism.

3 Uniqueness of solutions of the ACP

In this section, we apply our results on the asymptotic Laplace transform of hyperfunctions
with support in [0, oo[ to the abstract Cauchy problem for hyperfunctions with values in
an admissible (sequentially) complete C-lcHs. We start with a generalisation of an abstract
Cauchy problem for hyperfunctions given in [44, p. 60-61]. Let (E, (py)aec2t) be a sequen-
tially complete C-IcHs. We call

x'(t) = Ax(t), t>0, x(0)=xp€kE, )]
an abstract Cauchy problem (ACP) where
A: F:=DA) CE—E

is a sequentially closed linear operator with domain F' := D(A). Then F is a sequentially
complete C-IcHs when equipped with the graph topology 74 given by the seminorms (pg, 4 1=
Do + Pa(A))gest, and A: Fy := (F, t4) — E is continuous.

Remark 3.1 (a) If E is a C-Fréchet space and A and F are as above, then Fy = (F, 74) is
also a Fréchet space and thus (strictly) admissibile by Theorem 2.3.

(b) If E is a (strictly) admissible space, F = E and A: F — E continuous, then Fy = E
as locally convex spaces and so F, is (strictly) admissible.

An F-valued hyperfunction [u] € B([0, oo[, F4) is called a solution of the ACP (1) (in
the sense of hyperfunctions) if

d
E[M] — Alul = xo ® do (@)
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;iz] is the Dirac hyperfunction (see [38, 4.11 Example, p. 96]),

X0 ® 80 == x080. 4 [u] := [Lu] and Afu] := [z Au(z)].

We say that the ACP (1) has the uniqueness property (in the sense of hyperfunctions) if
[u] = 0 is the only solution of (2) for xg = 0. Our next theorem generalises [44, Theorem
7.1, p. 61] and we note that its proof essentially remains the same.

where §p = [z > —5

Theorem 3.2 Let E be an admissible sequentially complete C-IcHs and A: F := D(A) C
E — E a sequentially closed linear operator with admissible Fx = (F, t4). Then the
Jfollowing statements are equivalent:

(a) The ACP (1) has the uniqueness property (in the sense of hyperfunctions).

(b) Ifh € LO0,001(Fa) and (z — A)h € LOoo)(E), then h € LO{x0)(Fa).

(©) If h € LO,x0)(Fa) and (z — A)h € LO{oo)(E), then {h(t)e™ | t > ¢} is weakly
bounded in F4 for any n € N and any (some) ¢ > 0.

Proof (a) => (b): Due to Theorem 2.5 there is [u] € B([0, oo[, F4) suchthat [h] = £B([u]) €
LO[0,001(Fa)/LO 00y (Fa). By [38, 7.10 Proposition, p. 108] and our assumption we have

d
B <E[u] - A[u]) = (z = AL () = (z = A)h] = 0.

From Theorem 2.5 and (a) we deduce that [u] = 0, which implies [2#] = O and thus & €
LO 0} (Fa).

(b) = (c): This follows from & € LO(x)(Fa) by (b) and the definition of the space
LOo0)(Fa).

(¢c) = (a): Let [u] € B([0, oo[, F4) such that %[u] — A[u] = 0. Then [h] := LB([u])
satisfies

d
0=/rB (E[u] — A[u]> = (z — A)[h]

and thus (z — A)h € LO{)(E). Next, we show that y o h € LOj) for any y € F/g by the
Phragmén—Lindeldf theorem. Let k € Nand set § := {z € C | — § < arg(z) < T} and
So :={z € C| Re(z) > %, Im(z) > 0}. We define the homeomorphism 6: § — Sy by

LT
0(z) := €' ¥z + } and the function
Fy: S — C, Fo(z) :==(yo h)(e(z))e(k'i‘lp)G(Z).
Using y o h € LO|p, 0], We have for every z € S that

< |(y 0 h)(0(2)) e FIP@ I+ DI RO )]

1 e 1
<1y 0 Ak 0.001e® T PO < 221y 0 Bl 10,001 ® TR

If arg(z) = —%, then 0(z) = |z| + % and by part (c) there is ¢ > 0 such that with g; :=
max(0, € — %) we get
[Fo(2)|

= (v o (O]
< max |(yem@w)l+  sup (o) (@w)]e!™ = Cp < o0
ry

arg(w)=— a_rg(w):—%
lwi=ex lw|>ex
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where we use the continuity of y o 4 0 6 as well. If arg(z) = %, then 6(z) = i|z| + % and we
get

IFo@)] = |(y 0 )@@ 19 < T |(y 0 ) (@(2))]e~H0@)

1+
<e Elyohlo,e0 =: C1 < 00.
Due to the Phragmén—Lindelof theorem [60, Theorem 3.4, p. 124] (applied to F(z) =
mﬂ) (z)) we obtain
|Fo(z)| < max(Co, C1) =: Ca, z €8,
and hence
[(y o h)(6(2))| < Cze_k Re(G(z))+%lm(9(z)) < Cze—kIRe(e(z))H%IG(z)\’ ze E’
which implies
sup |(y o h) (@)l FEIHHIRG < €5 < oo,
Z€§0
Similarly, we get
Hzl+k| Re(2)]

sup [(y o h)(z)|e”

ZGE]

< o0

— — . TT
for S :={z € C| Re(z) > 1. Im(z) < 0} by choosing 0;: S — Sy, 01(z) :=e¢ ' 42+ 7,
and

F1:S— C, Fi(z) = (y 0 h) (@1 (2))e* DN

We conclude that y o h € LO{«). The weak-strong principle [36, 3.20 Corollary c¢), p. 14]
yields h € LOx)(Fa) since Fy = (F, t4) is sequentially complete and £O{«c) a nuclear
Fréchet space by [38, 7.3 Proposition, p. 106]. Hence [u] = 0 by Theorem 2.5. O

Now, we generalise Langenbruch’s sufficient criterion [44, Theorem 7.2, p. 62] for the
uniqueness property, which itself is a generalisation of Lyubich’s uniqueness theorem [49,
Theorem 9.2, p. 40]. For this purpose we adapt the notion of an asymptotic left resolvent given
by Langenbruch [44, p. 62] (for general notions of resolvents in locally convex spaces see [2]
and [12]). Let A: F := D(A) C E — E be a sequentially closed linear operator. We denote
by Ey := (E/ker pa)Aand Fy = (F/ker pq, A)Athe canonical local Banach spaces for py
resp. Pa.a and by ||x +-ker pyllg 1= po(x),x € E,resp. |[x +ker pylla.a := Pa,a(x),x € F,
the norms on E/ker py resp. F/ker py 4, which we extend to norms on the local Banach
spaces with the same symbol. Further, we denote by K(f :Fg = Fy,x = x +ker pg.a,
the corresponding spectral map of F4 for o € 2. A set of operators (Ry (¢, A))ye2r 1 an
asymptotic left resolvent if for all o € 2 there is 7, > 0 such that R, (¢, A) € L(E, Fy) for
all t > t, and the continuous linear map Sy (¢): F4 — F, given by

Su(t) := Ro(t, A)(t — A) — kL, 1> 14, 3)
fulfils
VneNIBe tgn>1ty, C1,C2 >0Vt > tgp, X EF:
ISa(®xlla < C1ppax) and IS Ly Fy < Cre™ @)

where Sg (t): Fg — Fy is the continuous linear extension of the map F/ker pg a4 — Fy,
x +ker pg a = Su(t)x.
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Theorem 3.3 Let E be an admissible sequentially complete C-IcHs and A: F := D(A) C
E — E a sequentially closed linear operator with admissible Fyx = (F, t4). The ACP (1)
has the uniqueness property (in the sense of hyperfunctions) if there is an asymptotic left
resolvent (Ry(t, A))qen Such that

VaelAdy e, keN, C3,C4 >0Vt >ty,, xe E:

IRe (2, A)xlla < C3py(x) and |[RY(t, O)lL(E, R, < Cae (&)

where R} (t, A): E, — Fy is the continuous linear extension of the map E/ker p, — Fy,
x +ker p, = Rgy(t, A)x.

Proof Let h € LO[0,00](Fa), v := (2 — A)h € LOjx0)(E), @ € A and m € N. Then there
are y € A and k € N, and for any n € N, n > m, there is 8 € 2 such that

llcs (h ()l 4 % [Ra(t, A)v()lla,a + 1S (D) e,
(&)}
< IR (t, AlL(E, .oy Py @) + S5O L(p. F Pp.aRT))

< C4e p, (v(1)) + Cre ™" pp a(h(1))
.5

forall t > 14 ,. It follows that

IcE (R (@) |, ae™ < Cap, @)e*T™ + Capg a(h(1))e™ ™!
< Capy (0(t))e Tt HEmEDE L 0 () e it
< CalVlkgm1,y, {00} + C2lhlm, (8, 4),[0,00]

for all ¢ > ¢4 ,, which implies for ¢ > 0
sup [licy (h(1) ]|, ae™
t>¢
<e™er  max IcE (@) e, a + Calvlktm1,y, (00} + C2llm, (8. 4.10.00]
min(e,ty,n) <t <t

< o0

where we use the continuity of || - [|o, 4 © /cof oh as well. Thus {A(¢)e™ | t > &} is bounded
in F4 and we apply Theorem 3.2 (c). O

Langenbruch also formulated a sufficient criterion [44, Theorem 7.3, p. 62] for the unique-
ness property by means of an asymptotic existence assumption for the dual operator, which
we improve next.

Theorem 3.4 Let E be an admissible sequentially complete C-IcHs and A: F := D(A) C
E — E a sequentially closed linear operator with admissible Fp = (F, t4). Then the ACP
(1) has the uniqueness property (in the sense of hyperfunctions) if for any y € F} and any
n € Ntherearek € N, o € ), Cy > 0and ty, > 0 such that for any t > t, , there are
Vy.u(t) € E', sy0(t) € F)y, such that forallt > t, , and x € E, z € F it holds that

(t =AYy () =y +5y0(0), [Fya®), x)] < Cipa(x)et,
|<sy,n(t)a )| < Ci1(pa(2) + pa(AZ))e_m~
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Proof Let h € LOjp,001(Fa) and v := (z — A)h € LO{o0)(E). Due to our assumption we
have forany y € F) andn € N

(v, h(@) = ((t = AYTy (1), h (1)) = (53,0 (1), B(D)) = (Fy n (1), V(1)) = (57,0 (1), h(1))

fort >ty ,, implying

(v, h())| < C1pa ()" + C1(pa(h(1)) + po(Ah(1)))e ™.
Let m € N and choose n € N with n > m. Then we get
[{y, h(D)|e™ < C1pa®)e*™" + C1 po a(h(1))e™ ™"
< Cipa(u(e)e” Tt HEE L0y b (h(1))e !
< C1llk4m+1,0.f00) + C1lhlm, @, A),[0,00]

fort >ty ,, which yields for e > 0

sup | (y, 7(1))|e™"

t>¢

<" max [y, A(O) + C1Iv]ktm+1,a,{c0) T C1lhlm, (@,4),[0,00] < OO
min(e,ty n) <t <tyn

where we use the continuity of y o & as well. Therefore {i(t)e™ | t > &} is weakly bounded
in F4 for any m € N and we apply Theorem 3.2 (c). O

As an application of Theorem 3.4 we consider the uniqueness of the ACP in the setting
where E := F = S(N);) with the nuclear Fréchet space

s(N) :={x e CV |V p e N: x|}V := sup|x;|i” < oo}
ieN

of rapidly decreasing sequences and A: F — E is a continuous linear operator. Since s(N) is
reflexive, we have (s (N);})’b = s(N) and A' € L(s(N)) for the dual map by [50, Proposition
23.30 (b), p. 274]. Due to [50, Exercises 4, p. 377] the map A® is given by an infinite matrix
Al = (a,'j)iijN e CNN guch that

VoeR3IseR, C>0Vi,jeN: |g] <Cj5i™°

because s(N) coincides with the power series space Ao ((In(j)) jen). We also consider the
ACP in the classical sense in our next theorem, i.e. the problem

X' (1) = Ax(1), >0, x(0)=xpesN), ©)
where x € €1 ([0, co[, s(N)}).

Theorem 3.5 Ler A € L(s(N)}) and A" the infinite matrix that represents A* € L(s(N)). Let
(AY = (ai(Jl.)),-,jeN € (CNXNfor alll € N. Consider the following statements:

@VpeNIgeN C>0VIli jeN: |af|<cCljair
(b) The ACP (1) has the uniqueness property (in the sense of hyperfunctions).
(c) The ACP (6) has the uniqueness property (in the classical sense).

We have the chain of implications (a) = (b) = (c).
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Proof (a) = (b): We will use Theorem 3.4. The complete space £ := F := s(N);, is
admissible by Theorem 2.3 (c) and [10, Corollary 4.8, p. 1116]. Since A € L(s (N)Z) and
s(N) is reflexive, we have (s(N);)4 = s(N), and s(N) = (s(N)})),. Let y = (¥))jeN €
(s(N),);, = s(N) and set

YO =Y (AY T =y +Z Zaf,”y, 1 e s(N)

1=0 ieN

for m € Ny and ¢ > 0. We claim that (Y(t)(m))m.d\;0 converges in s(N) if ¢ is big enough.
We note that for any m,n € N,m > n, and i, k € N it holds

m o0 m o0
oD agyir zP<ZZ|a(”||yj|z v ZZ e
I=n j=1 I=n j=1

I=n j=1
00 m (o) m C 1
=Y 4yl Y < i sup R Y (7)
j=1 I=n j= reN I=n
2 m
T N) — C\!
=N Y (). ™
I=n

which implies that (Y(t)(m))meN0 is a Cauchy sequence in s(N) if # > C. Hence the limit

o0 o0 o0
. Jy 1A .
Y@ = lim Yo" =3 @Yyt =30 S ey |
=0 =0 \j=1 ieN

exists in the complete space s(N) if ¢+ > C. Furthermore, we have

(t — A[)Y(l)(m) — tY(t)(m) _ AtY(t)(m) — Z(At)lyt—l _ Z(At)l+1yt—l—l
=0 =i

=y— (At)m+1yt_m_l

as well as

3

|((At)m+1y)i|t—m—1l-p§Z| (m+l)||y |t m—1 - p<ZCWl+1] i ply |t m—1 - iP
j=1 j=1

L| |s(N)<£)m+1
6 Vlar2\7

[\

=<
for allm € Ng and ¢ > 0, yielding that
(t—AY () = lim (¢t — AHY ()™ =y — lim QYY" yr "1 =y
m— 00 m— 00
in s(N) if 7 > C. The topology of s(N); is induced by the seminorms

p(x) := sup [x(w)|, x € s,

weB
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for bounded sets B C s(N). We remark that

2 o0

o T s —1 g (C)

YRS = sup ¥ (@ili? < supr~ yli? + =1y Y (<)
ieN (7)zeN ' 6 7+2 Z t

SO S0 SO _. g
241 =€) _2C|y| +12c'y|q+2 S

N‘ﬁ

=ty +Z |y|

ift >2C. Thus Y(r) € {fw € s(N) |V p e N: [w[s" < K,} = Byift > 2C, and By is
a bounded set in s(N). So for x € s(N)" we have

(Y (@), x)| = [x(Y (@) < sup [x(w)| = ppy(x)
we B

if 1 > 2C. Hence we may apply Theorem 3.4 with 7, , := 2C, ¥y, := Y, sy, := 0 for
neNaswellask :=Cy :=1and o := By.

(b) = (c): Let x € C1([0, oo, s(N)Z) be a solution of the ACP (6) for xg := 0. Then x
defines a hyperfunction [u] in B([0, oo[, s(N)},) (for instance by [10, Theorem 6.9, p. 1125]
as in [24, Theorem 1.3.10, p. 25] and [24, Theorem 1.3.13 b), p. 31]) which solves (2) for
xo = 0. Thus [u] = 0 by the uniqueness property in the sense of hyperfunctions, implying
x =0on [0, ool. ]

4 Solvability of the ACP

Let us turn to the question of existence of a solution of the ACP (1). Following [44, p. 64], this
boils down to solving the equation (A — A)S(A) = xg only approximately near the half-circle
Soo 1= {00€i? | |g| < %} at oo, and the approximate solution is needed only in the local
Banach spaces of F4 = (F, t4). The precise characterisation of existence of a solution given
in Theorem 4.3 below uses the Laplace transform of E-valued Laplace hyperfunctions from
[11]. We recall what is needed. Let

H = h_r)n(](ln HK,k)
KeN keN

be the inductive limit of the projective limit lim Hg i where

keN
Hi g :={f € OQx) | IfI% 4 = sup |f(2)]e" R < o0}
z€eQK
and
1
Q= [zeClImE| < e(Z) + *}

(see Fig.2).By[11, Definition 2.3, p. 133] an E-valued Laplace hyperfunction (in the sense
of Domariski and Langenbruch) is a continuous linear operator 7: H — E for complete
E. Its Laplace transform .Z(T') is not a single holomorphic function but a compatible fam-
ily of holomorphic functions, a so-called spectral-valued holomorphic function, for whose
definition we need to direct the index set 2 of the seminorms of E first.

Let E be acomplete C-IcHs with a directed system of seminorms (py )yes(,1.€. fore, g € 2A
there are y € 2 and C; > 0 such that max(py, pg) < C1p,. We writea < B fora, g € 2
if there is C; > O such py < C2pg. Then < is a preorder on 2l and (2, <) a directed set due
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Fig.2 Qg forK e N Im(z)
x| .- Qk
i Re(2)
+ b
-% ~.
Fig.3 'y for0 < ¢ < % and Im(\)

r > 0 (cf. [38, Figure 1.11, p.
111))

to the system of seminorms being directed. Furthermore, for «, 8 € 2l with @ <  we denote
by Ko/? : Eg — E, the linking maps of the local Banach spaces, which are the continuous
linear extensions of the maps E/ker p, — E/ker pg, x + ker p, — x + ker pg, and
by k£ E — Ey, x > x + ker pg, the spectral maps. With these definitions £ becomes a
projective limit of its local Banach spaces E,i.e. E = lim_ 49 Eq (see [23, p. 151-152]).

Let £ := (Ey)aec, and G := (Gy)yen be a directed family of non-empty domains in
C, i.e. they are open and connected sets and Gg C G for @ < g (see [11, p. 131]). By
[11, Definition 2.1, p. 132] a family S := (Sy)we2 is called a spectral-valued (or E-valued)
holomorphic function (denoted by S: G — &) if

(1) Sy: G4 — E, is holomorphic for all @ € 2, and
(i) (compatibility) Vor, f € A, & < B: kf 0 Sp = Su(G,-

For0 < ¢ < %andriOweset

Try:=1{pe | p=r, |¥| <o)
An open set U C C is called postsectorial (see [47, p. 37], [48, p. 150]) if

V0<(p<%5|r>0: T, CU

(see Fig. 3). Further, we define the set Hex,(E) of all £-valued holomorphic functions
S: G — £ where G consists of postsectorial domains and

Ve, KeN,0<gp<Z3r>0:T,,CGgand sup ||Sa()n)||ae_%Re()‘) <00
XS

(see [11, Definition 2.6, p. 134]). Considering the elements of Hexp(E) as germs near S,
we note that Hexp () is a vector space canonically.
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Fig.4 Vg for K. ke N Im(\)
K Pt Vi k
= Re( )
kTS~ k+l
-K T

Theorem 4.1 [11, Theorem 2.4, p. 134, Corollary 3.5, p. 145] Let E be a complete C-IlcHs
which is the projective limit of a spectrum of Banach spaces € := (Eq)get. Then the Laplace
transform £ : L(H, E) — Hexp(E) is a linear bijection such that 3(% T)=x2(T).

Remark 4.2 The definition of Hex,(€) in [11, Definition 2.6, p. 134] is actually phrased with
a family G of conoidal sets. An open set G C C is called conoidal if for every K € N there
is k € N such that
Im(A
Vi i i= [Ae(C| Re(1) >k+y} cG
(see [11, Definition 2.7, p. 134] and Fig. 4). We note that an open set G C C is conoidal if
and only if G is postsectorial.

Proof First, we observe that Vg ; = k-+T"0 (k) with(K) := arctan(K) forevery K, k € N.
Let G be conoidal and 0 < ¢ < 7. We choose K € N such that ¢(K) > ¢. Then there are
keNandr > 0withI', , Ck+ T k)= Vi x C G because G is conoidal.

Let G be postsectorial and K € N. Then 0 < ¢(K) < % and there is r > 0 such that

Iy ok) C G. We choose k € N with k > r and get Vg =k +T'o,pk) C Iy px) CG. O

Let E be as above and A: F := D(A) C E — E a closed linear operator. We equip F'
with the graph topology t4, which makes it a complete space. We denote by Kf t Fg— Fy
for o, B € 2 with @ < f the linking maps of its local Banach spaces. Then F4 = (F, t4)
is a projective limit of its local Banach spaces Fy. By the definition of the graph topology
the map A: F4 — E is continuous and for any o € 2 there are B € 2 and C; > 0 such
that py (Ax) < Cipga(x) forall x € F (e.g. any B € 2 with « < B). This defines a
continuous linear operator Ag: Fg — E, as the extension of the continuous linear map
F/ker pg o — E/ker py, x +ker pg o — Ax +ker p, (well-defined because ker pg 4 C
ker py o A). Moreover, we call Io’? : Fg — E4 the continuous linear extension of the map
F/ker pg o — E/Kker py, x +ker pg o4 — x + ker py, for o < B (well-defined because
a < B implies ker pg 4 C ker py).

Theorem 4.3 Let E be an admissible complete C-IcHs with local Banach spaces £ :=
(Eg)aet, let At F := D(A) C E — E be a closed linear operator and Fy = (F, 14)
admissible with local Banach spaces F := (Fy)qeu. For xo € E the following are equiva-
lent:

(a) The ACP (1) has a solution (in the sense of hyperfunctions).
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(b) There is a spectral-valued holomorphic function S := (Sq)aet € Hexp(F) such that for
any a € A thereis B € U, o < B, such that

s G — Ey, sE) = P — ABYSg(0) — kE(x0), )
is well-defined and

. 1
VjeN,0<g<Z3r>0:T,, CGgand sup [sf(1)]qe’ X7

rely g

< OQ.
(C))

Proof (a) = (b): Let [u] € B([0, o[, F4) be a solution of (2) and [h] = £B([u]) €
LO0,00](Fa)/LO{o0) (Fa). It follows that

(. — A)[h] = LB (xo ® 80) = [x0]

in LO[0,001(E)/LOxc)(E). We set Gy := Cres0 and S, = K(f o h for @ € 2. Then there
is f € LO|x0}(E) such that with B = «
kE(x0) + 52 (1) = (W& — A% S, (M) = (W& — AL (h()))
= (MY — A%)(h() +ker py.a) = M(X) — Ah(L) + ker pg
= (A — A)h(A) + ker py = x0 + f (1) + ker py = K, (x0) + (1)

and thus s$ (L) = f(A) for A € Go. Let j e Nand 0 < ¢ < % We note that I, , C G, for
any r > 0 and with k € N such that % <rand k > j we obtain

JRe()=51Im()| _ (f(k))ej\Re(/\)I—}I/\|+§\Re(/\)\

sup lsy (M) [loe Sup  Pa
relry Re()= 1}
1 .
< sup Pa(f(k))e_-mmﬂﬁl)‘Re('\)‘
Re(V)= ¢
< [ flk+1,0.{c0}-

(b) = (a): First, we observe that for o, § € 2 with o < S the map sf: Gg — Eg4is
well-defined by our considerations above this theorem. In addition, sf,} is holomorphic on Gg

because If and Ag are linear and continuous and Sg holomorphic by (i). We observe that for
A € Gg there is (h,(A))nen in F such that Sg(A) = limy, o (h,; (1) + ker pg 4) in Fg and

sE () + kg (x0) = (M = ADSp() = lim ((h = Ay () +ker pa).  (10)

Now, we want to construct an £-valued holomorphic function 5 on a suitable family G of
B

postsectorial domains using our maps s, . For o € 2 we set
My = {B €| a < Band (9) is satisfied} and Go:= | J Gp.
BeM.

The sets éa C C are non-empty by assumption as well as open, connected and postsectorial
as they are unions of such sets. Next, we show that M, C M, fora,y € A withy < a,
which then implies éa - 51/ and means that G := (éa)aegl is directed. Let 8 € M. Then
y < B and it holds by (10) that
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ey (55 () + iy (10) = K (55 (3) + kg (¥0)) = lim_ &3 (. — A)h (1) + ker pa)

= lim ((h = Aha(3) +ker py) = s () + &/ (x0)

and thus K}‘f (so‘? ) = sﬁ (A) for A € Gg. We deduce that there is C; > 0 such that
||s5(k)||y < C; ||s5(k)||a for any A € Gpg from the continuity of /c]‘j‘: Ey — E,. There-
fore sf satisfies the estimate (9) with o replaced by y, which means that 8 € M,,.

Now, let 1, B2 € My. Then ¥ # (Gg, N Gg,) C Gy as a < By, B2 and G is directed
and consists of postsectorial sets. For A € Gg, N Gg, there are (h; ,(1))neN in F such that
Sp; (A) = lim, 00 (h; n(A) + Ker pg. ) in Fg; and

S8 ) + e (x0) = Tim (= )i (R + ker p)
by (10) for i = 1, 2. Due to the compatibility (ii) for S we get
Sa®) = (kf 0 Sp)(3) = lim (hin(3) + ker po,s)
(i) n—00

for i = 1,2, which yields lim,— oo (h1,,(A) — h2, 5 (X) + ker py. 4) = 0 in Fy and thus in
(F/ker pq,a) as well. It follows that lim, oo (h1,,(X) — h2,, (X)) € ker py 4 and so

s§' () =52 0) = (= A)(lim (h1n (1) = ha,n (1)) + ker po = ker pa.

implying sBr = 5B on Gpg, N Gg,. Therefore the map g : Gy — Eq given by 5, = sb
on Gg for B € M, is well-defined and holomorphic on Go. This gives us (i) for 5 :=
(a)aent: G — E.

Let us turn to the compatibility condition (ii) for 5. Let o, y € 2 with @ < y. Then for
any B € M, C M, and A € Gg we have by (10)

(6 05)() = (& 0 s[)(h) = lim &}/ (G = A (3) = xo + ker py)
= lim (0. — A)ha(h) = x0 +ker pa) = 55 (1) =52 ()

and we conclude that 5 fulfils (ii) and is an £-valued holomorphic function.
Llete e A, K e Nand 0 < ¢ < % and choose B € M,,. Due to (9) for j = 2 there is
r > OsuchthatI', , C Gg C G4 . We observe that for A € T, , it holds that Re(A) > 0 and

L Rer) < Lm0 — 2 Im(y) < 2809
——Re —[Im(A)] — =|Im —_—
K -2 2 - 2

1
Re(d) — 7 Im@)]
=<2Re(}) — %I Im()],

which implies
~ _ 1 _1
sup S llae” ® P < sup |58 (1) [l ge?REP 72D < oo,
r€ly o X<

We conclude that 5 € Hexp(E).
BZ Theorem 4.1 and the definition of 5 in collnection with (8) there are T € L(H, Fy)
and T € L(H, E) such that Z(T) = S and Z(T) =5 as well as

(%—A)T:x()@&)—i-f (11
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where & is the Dirac distribution, i.e. §o(f) := f(0), and (xo ® 80)(f) := x0.f(0) for
f € H.Asin[44, Theorem 7.6, p. 65] we translate this equation from Laplace hyperfunctions

2
to hyperfunctions using the functions f)(¢) := %etf; for A ¢ [0, oo[. Since fj € H (for

every A ¢ [0, oo[ there is K € N such that A ¢ Qk), the functions
ur: C\ [0, 00[— Fa, ur(A) :=(T, f3),

and analogously u5: C \ [0, oco[— E are defined. The difference quotients of f, w.r.t. A
converge in H, which yields that #7 is holomorphic and

d d d d
—ur() = (1. ) = (T. =2 f) = (7. ). »eC\10.00.
Hence we get for A € C \ [0, oo

d d ~ 1 2
(5 —A)ur =((5; - AT £2) 5, @80+ T i) =505t S +ur()

= —x0 fo(A) +uz(d) = (x0 ® (= fo))(A) + uzd).

Since [— fo] = —3d0 in B([0, oo[) by [38, 4.11 Example, p. 96], we only need to show that
ug € O(C, E) because then —[u7] € B([0, oo[, F4) is a solution of the ACP (1). Now, we
repeat the argument from [44, Theorem 7.6, p. 65]. For j € Nand R € L(H, E) we set
(t_jR, f) :=(R, f(-+ j)) for f € H. Then

L(t_jR) = e 1O 2(R) (12)
by the definition of the Laplace transform . in [11, p. 133—134]. It follows from (9) that

USRS Hexp(€) and thus there exists fj € L(H, E) such that .,f(fj) = /05 by Theorem
4.1, implying

LTy 5, eIV 2(T) =5 =2(T)

and therefore 7_; T] =T by Theorem 4.1 again. We deduce for any j € N that
up() = (115, fr) = (T, fi- + D)) =T}, fimj)
is holomorphic for A ¢ [, oo[ because TJ € L(H, E), which proves our statement. O

Our next goal is to generalise Langenbruch’s sufficient criterion [44, Theorem 7.7, p. 66]
for the solvability of the ACP (1), which is done by using a suitable notion of an asymptotic
right resolvent. Let E be a complete C-IcHs and A: F := D(A) C E — E aclosed linear
operator. If E is bornological, i.e.

E = hﬂ)l Ex
#eBE

where B% is the system of bounded closed absolutely convex subsets of E and Egz :=
span(Z) equipped with the gauge norm induced by 2 € B, then the topological identities

Ly(E,E) = lim L(Eg,Ey) and Ly(E, Fy) = lim L(Eg, Fy)
(B,0)eBE XU (B,0)eBE XU

hold by [11, p. 136—137]. This means that the local Banach spacesof L, (E, E)and Ly (E, Fy)
are the spaces L(Ex, E,) and L(E g, Fy) equipped with the operator norm, respectively.
We set € := BE x 2. A spectral-valued holomorphic operator function

R:= Ry o) ,a)ec: G = (G o)t )¢ = L(E, Fa) := (L(Ew, Fo)) (o ,a)ec
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is called an asymptotic right resolvent if R € Hexp(L(E, F4)) and if there is a spectral-valued
holomorphic function

= (T o)t e G i= (éma)(,p/,a)ez — L(E) := (L(Ey, Eg)) (o ,a)ce
such that for any (7, a) € Cthereis (%, B) € €, (#, a) < (4, B), such that
O = ADRp p0) =k o, +Tra), 1€GzpNGya, (13)
and forany j € Nandany 0 < ¢ < % thereisr > Owith T, , C (G g N 5;,3,0,) and

. 1
sup 178,001k, Ee’ P77 < oo, (14)

A€l o

Theorem 4.4 Let E be an admissible complete bornological C-IcHs and A: F := D(A) C
E — E aclosed linear operator and Fy = (F, t4) admissible. The ACP (1) has a solution
(in the sense of hyperfunctions) for any xo € E if A admits an asymptotic right resolvent.

Proof In order to apply Theorem 4.3 we have to construct a suitable spectral-valued holo-
morphic function S := (Sg)eent € Hexp(F). For xg € E we choose & € BE such that
xo € o/. For o € A we set

My = {(2,B) € €| (,a) < (B, B), (13) and (14) are satisfied}
and
Go= |J GusnGaa.
(#B.B)eMy

The sets G, C C are non-empty by assumption as well as open, connected and postsectorial
as they are unions of such sets. Next, we show that M, C M, fora,y € A withy < a,
which then implies G, C G, and means that Gy := (G )qen is directed. Let (%, B) € M.
Then (&7, y) < (4, B) and we note that

K o(f) =Ko f (15)

forall f € L(E, Ey) where KZ : L(Ew, Ey) — L(Ez, E,) is the linking map of
the local Banach spaces. It holds by (13) and the compatibility condmon (ii) for 7 that

WP = AD)Ryp p () = k§ LIE — ADRp 50 = k3 (< |5, + Tp.a (1))

_ E o ’ — E y
=y 5, 50 Taa(®) s s T Tz, (16)

forall A € Gyp N Gyq. Since (Gup N Gua) C (GupN Gyy), the identity
theorem implies that (16) holds on the connected set Gz, N Gy , as well. Moreover, from
the inclusion (G, g N G%) ) C(GgpgNn G;q y)and Ty, (A) = (K o Tp o)1) for all
A€ G,g;,o, it follows that (14) holds with « replaced by y too. Hence (%, B) € M,,, implying
My C M,.

Now, let (%1, B1), (%2, B2) € My. Then B # (Gg, 5 N Gz,.8) C Gy and the
compatibility (ii) for R yields

i Bi.Bi
e 0 Rapy 0, x0) = (75" 0 Rigy ) (1), x0) = Ry oG (x0)

forall A € Gy, g and i = 1,2 where K‘;j : L(Eg,, Fg;) = L(E., Fy) is the linking
map of the local Banach spaces. This implies (Kf oRz, g (A), x0) = (/coﬂ3 o R, p,(X), x0)
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forall A € Gz, g, N G(@z,jz. Therefore the map S, : G, — Fy given by Sy (A) := <K£ o

Ry g(A), x0) on Gz g N Gy o for (B, B) € M, is well-defined and holomorphic on G.
This gives us (i) for S := (Sy)ge2: Go — F.

Let us turn to the compatibility condition (ii) for S. Let o, y € 2 with « < y. Then for
any (#,B) e M, C Myand 1 € Gz g N 5{@,0, we have

() ©8y)(0) = (k) okl o Rep g(1), x0) = (kF 0 Rz p(1), x0) = Su(R).

We derive that S fulfils (ii) and is an F-valued holomorphic function.
Since R € Hexp(L(E, Fa)), for (%, B) € My andany K € Nandany 0 < ¢ < % there
isr > OsuchthatI', , C Gz g and

_1
sup |Rz (MW L(E, . Fpe” RV

35S

< OQ.

The set Gz,p N é,@,a is postsectorial and so there is t > r with I'; y C 'y yand I'; , C
(GzpNn G % .«). We remark that the continuity of Kf implies that there is C; > 0 such that

I1Se Ml = (kB o Rp g(M), x0)lle < C1llR%,5(M)x0llp,
< CillRz8MLES . Fp)lXollE,

forallA € Gz g N 5%,“. It follows that

+ Re(n)

_1 _
sup [[SaM)llwe™ X REP < Cylixolle, sup Rz pMWLiey, Fpe <0

S XS

and we conclude that S € Hexp(F).
We define sg: Gg — E, for g with (%, B) € M, by (8) as before and note that for
(%1,7) € Mg C Mg
B = Ol = ADSp() — ki (x0) = WL — AD)icf Rz, ()xo — kel (x0)

= (Y — AD)Rz, , (Mxo — kF (x0) 5 kE(x0) + Tz, .0 (W)x0 — kF (x0)

=Tz, «(M)xo

forall A € (G, NGz,.p) C G,y NGz .0). As (B1,y) € Mg, forany j € Nand
any 0 < ¢ < 5 thereis r > O with ', y C (G,,, N Gz, p) and

JRe)=F1Im()] _

sup Tz, pMILE,, . Epe 0. a7

a3

From the compatibility condition (ii) of 7 we deduce that
B,
sEO) =Ty a(xo = (15 0 Tip, p) (1), x0)

forall A € G%hyﬂa%ﬁ Wherek‘gf’f : L(Eg,, Eg) — L(E,, Ey) is the linking map
of the local Banach spaces. The continuity of the linking map implies that there is C; > 0
such that

B,
Is£ 00 e = (k52 0 Tig, p) (). x0) 1 < Call T, p (W01
< QT2 gMILES, EpllxollEy

foralll € Gz, , N 5,@1 .- In combination with (17) we get (9). Applying Theorem 4.3,

we obtain our statement. O
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We illustrate Theorem 4.3 by an application to the one-dimensional heat equation in the
space of tempered distributions. Let S(R) be the Schwartz space, i.e.

SMR):={f eC®R) |VneNy: [fIT® < o0}
where

FIE® = sup  [FM I+ x )2
xeR
meNg,m<n

Further, we equip the space C*° (R) with its usual topology of uniform convergence of partial
derivatives up to any order on compact subsets of R.

Theorem 4.5 Ler xg € C°(R). Then the ACP
x'(t) = Ax(), t>0, x(0)=xo,

has a solution x € B([0, oo[, S (R)Z) in the sense of hyperfunctions.

Proof We set f: Creso x R — C, f(A,s) = ﬁe‘ﬁ‘s‘, where /- is the principal

square root, i.e. =4/ |A|(cos(%m) +i sin(%m)) with the principal argument arg(A) €
(—%, %) for A € Cre=o. Then f(A,-) is continuous and thus Borel-measurable for all

A € Cre=o and
-8
ds =—, (18)
/ |?»|

drgu)
—+/IA] cos( sl gg <

e
2J/1A1 - ZJIT

which means that f(,-) € L'(R, C) for all A € Cgeo. Therefore the distributional
convolution f (A, +) * xg € S(R)' for all A € Cre=g by [17, Theorem 7.1.15, p. 166] where

/ f Oy )Ids =
R

(FOh ) % x0s) o= (f (k) Fo # ) = ff(x )0 % V) (s)ds
and

(Xo * Y)(s) := (x0, ¥ (s +)), s €R,
for ¢y € S(R). The map » — (f (X, ") * xg, ¥) is holomorphic for all ¥ € S(R) by
differentiation under the integral w.r.t. the parameter A due to (18) and [13, 5.8 Satz, p.
148-149] with the majorant g (s) = 5je—e e VEB o % ¥)(5)], s € R, where C =

mincg |A| for any compact disc K C Cgrexo. As S(R) is reflexive and S(R)b complete,
this means that A — f (X, -) * xo is weakly holomorpic and thus holomorphic, i.e. (A
fx, ) *xxp) € O(Cre>0, S(]R);)), by [21, 16.7.2 Theorem, p. 362-363]. Since xy € C*°(R)’,
there are Cp > 0 and n € Ny such that for all A € Cre~ and ¢ € S(R) we have

[(f () *x0, V)| =

/l;f()u $)(Xo * V) (s)ds

V2 Co
< ~Zsup|(Fo * ¥)(s)| < sup sup Y (s + y)]
|)“| seR |}‘| seR ye[—n,n]

m<n
\/> 0 n \/§C0
sup [ " (5)[(1 + 1512 = T2y S0,

T e |A]
m=n

@ Springer



155  Page 20 of 23 K. Kruse

implying for every bounded set 8 C S(R) that

V2Co V2CoC
sup [(f(x, ) *x0, ¥)| = sup [y [S® = Y=0mh
vep Al yep [A]

with €y, g 1= supy,¢g |1//|n8 < 00. We deduce that for all bounded sets 8 C S(R), K € N,

T

0 <¢ < Fandany r > litholds that I'; , C CRrex0 and

_ 1
sup sup |[(f (%, -) % xo, ¥) e K ReH < sup sup [(f(x, ) % x0, ¥)||A]
A€l Yep rely p Yep

<V2CoCpp < . (19)
Furthermore, we have
(A =AY, ) *x0) = (A — A) f(A, ")) * x0 = 85=0 * X0 = X0 (20)

forall A € Creo (cf. [31, p. 249-251]). The complete space E := F := S(]R);) is admissible
by [35, Example 4.4, p. 14-15], A: E — F continuous, in particular F = Fx, and xo €
C*®(R)" C S(R) as linear spaces. Setting Sg (1) := KﬂE (f(x, ) xxp) for L € Gg := Cre>o
and

sBoy = P — APYSs(00) — kE (x0) 5 0, reGg,

for bounded sets o, 8 C S(R) with « C B, we conclude the existence of a solution x €
B(0, oo, S (R);j) in the sense of hyperfunctions from Theorem 4.3 and (19). ]
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