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1,7 € {1,...,n} where n is the order of A.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

E-mail address: florian.buenger@tuhh.de.

https://doi.org/10.1016/j.1aa.2026.02.004

0024-3795/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.laa.2026.02.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2026.02.004&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:florian.buenger@tuhh.de
https://doi.org/10.1016/j.laa.2026.02.004
http://creativecommons.org/licenses/by/4.0/

174 F. Binger / Linear Algebra and its Applications 737 (2026) 173-192
1. Introduction

In 1966, Sinkhorn [11] constructively proved that for every entrywise positive square
matrix A there is a unique diagonal matrix D with positive diagonal such that DAD is
stochastic, i.e., all row-sums of DAD are equal to 1. Also in 1966, Brualdi, Parter, and
Schneider [1] proved the same for an even larger class of entrywise nonnegative square
matrices. From these articles, a rich amount of research on diagonal scalings originated.
We refer to the research article [7] of Johnson and Reams and the survey article [9] of Idel
for more background information on this topic. Recently, Sinkhorn’s DAD scaling also
emerged in physical chemistry and chemical engineering applications, appearing in the
so-called self-consistency equation in conductor-like screening models (COSMO), see [2]
and the references therein. These applications caused this research.

For m,n € N := {1,2,...}, the sets of real, entrywise nonnegative, and entrywise
positive m-by-n matrices are denoted by R™*™ RZ*" and RZ", respectively. If n = 1,
then R™, RY,, and RY, denote the correspondir;g sets of column vectors of length m.
The n-by-n iZlentity matrix is denoted by I, or just I if the dimension n is clear from the
context. A matrix A € R™*™ is called scalable if there is a diagonal matrix D = diag(x)
with entrywise positive diagonal vector € RZ such that all row sums of DAD are
equal to 1. In this case, D is called a scaling for A. For entrywise nonnegative A, this
means that DAD is stochastic. Denoting the all-ones column vector of length n by
1 = 1,, we have DAD1 = 1. Another equivalent formulation is Az = xz~! whereby
x=l = (z7t, . 2N T s the entrywise inverse of . Tt is convenient to identify the
diagonal matrix D with its diagonal vector x, wherefore we also say that z is a scaling
for A. For a better distinction, we also call x a Sinkhorn vector of A. The set of all
Sinkhorn vectors of A is denoted by X(A). Furthermore, we say that A € R™*™ is
uniquely scalable if A has exactly one Sinkhorn vector. For column vectors u € R™ and
v € R, their stacking is denoted by [u;v] := (u',v")T € R™*™™. For a,b,c,d € N,
X € R**t and Y € R*?, the Kronecker product of X and Y is as usual defined by
X®Y = (X;,;Y) € R@IxCd 1f g = ¢ and b = d, then the Hadamard (or entrywise)
product of X and Y is defined by X oY = (X ;Y; ;) € R**? and, if all entries of Y are
nonzero, then X/Y := (X;;/Y; ;) € R**® denotes the entrywise quotient of X and Y.

Our main results are:

Theorem 1. Suppose A € R™ "™ has a scaling D = diag(z) such that —1 is not an
eigenvalue of DAD. Then, there are open neighborhoods % of A and ¥V C RY, of z,
and a unique real analytic function & : %4 — ¥V such that:

(a) &(B) is a Sinkhorn vector of B for all B € % .

(b) Ify € ¥ is a Sinkhorn vector of some B € %, then y = &(B).

(¢c) Forall Be %,y :=¢&(B), and E := diag(y), the matrix I + EBE is regular, and
the Jacobian matriz of & at B can be written as J¢(B) = —E(I + EBE)"Y(E®y").
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Theorem 2. Let .¥ be the set of uniquely scalable nonnegative n-by-n matrices and let
A € RLT" be scalable.

(a) s(A) := dimker(I + DAD) is independent of a chosen scaling D for A and called
Sinkhorn index of A. If s(A) > 0, then it is the geometric as well as the algebraic
multiplicity of the eigenvalue —1 of DAD.

(b) Ae.Z if and only if s(A) = 0.

(c) 7 is relatively open in RLG".

(d) The function x : & — RZ, mapping A € & to its unique Sinkhorn vector x = x(A)
is real analytic. In particular, the Jacobian matriz of x at A can be written as
Jo(A) = —=D(I + DAD)"Y(D ® z(A)") with D := diag(z(A)). Moreover, it holds
that < —ga?z; <0 foralli,j e {1,...,n}.

dx;
OAM-

Theorem 3. Let A be the set of multiply scalable nonnegative n-by-n matrices and let
A € RLG"™ be scalable.

(a) A e N if and only if s(A) > 0.
(b) If A € A, then s := s(A) > 0 is mazimum subject to existence of a permutation
matriz P such that

0 B;
C: 0
PTAP = (1)
0 Bs
Cs 0
* ok ok % x Z

where B; € RIZ™, C; € RLF™, (g %) is monempty and irreducible for
i=1,...,s, andZGRixoe, {>0.

For every such representation (1) and every scaling D = diag(z) for A, there are
open neighborhoods % C R of 1, and ¥ C RY, of x such that

ViU =V, t=(t,...,ts) = DP [tilp it Lyt Lt 1,05 C(0)] (2)

is an injective, real analytic parametrization of X(A) NV = (%) with v(1;) = z.
If £ =0, {(t) in (2) vanishes and we can take % = R%, and ¥ = RZ%, so that
X(A) = y(RY,). Otherwise, ( : % — W is a uniquely determined real analytic
function with ((15) = 1, where # C ]Rio is an open neighborhood of 1,.

(¢) If A€ N, then A has infinitely many scalings.

(d) If Ae A and if Z in (1) is empty, then DAD = DAD for all scalings D and D
for A.

Before we proceed, some remarks are in order. First, Theorem 1 is proved by using
the analytic implicit function theorem. Theorem 1 says that for a scalable matrix A and
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one of its possibly many scalings x, all matrices B close to A are scalable as well and
have scalings £(B) close to x, provided that I + DAD is regular where D = diag(x).
Moreover, this correspondence B +— £(B) is, in the vicinity of A, a uniquely determined
real analytic function w.r.t. the entries of B. In this spirit, the derivatives of £ at A can
be considered as the derivatives of the specific Sinkhorn vector x of A. Determining the
greatest possible domain % of £ seems to be a difficult task beyond reach. However,
using a recent general result by Jindal, Chatterjee, and Banavar [6] on estimating the
size of the domain of an implicitly given function, a radius of a ball in % centered at A
can be quantified, see Remark 4.

Second, Theorem 2 and Theorem 3 restrict to nonnegative scalable matrices. In par-
ticular, it turns out that such matrices are either uniquely scalable or possess infinitely
many scalings. Thus, there are no nonnegative matrices having multiple but only finitely
many scalings. For arbitrary scalable matrices, this does not hold true. For example,
Johnson and Reams [7, pp. 129-130] construct symmetric 3-by-3 matrices with some
negative entries which have multiple but finitely many scalings.

Third, the distinction between unique and nonunique scalability of nonnegative ma-
trices is decided by whether or not I + DAD is regular for some scaling D for A. In the
regular case, D is indeed the only scaling for A. The difficult parts of Theorem 2 are
(a) and (b). Items (c) and (d) mainly follow from Theorem 1. However, some caution in
the interpretation of analyticity in boundary points of the domain . of the function x
in (d) is necessary. These boundary points are exactly those A € . which have some
zero entries. By (c), there is an open neighborhood % of A such that  NRY;" C ..
In the first place, = is only defined on this relatively open neighborhood of A. But, by
Theorem 1, % can be chosen such that = uniquely extends to a real analytic function &
on all of % . Analyticity of x in boundary points is meant this way.

Fourth, the final assertion aiﬂ”j", < 0 in Theorem 2 (d) means that the ith component
]

z; of the Sinkhorn vector x of A is a decreasing function w.r.t. each entry A; ;.

Fifth, in Theorem 3 (b) the representation (1) is unique up to permutation of the
0 B;
C; 0
the lower right diagonal block Z. This follows from basic facts on the normal form of

reducible matrices, see [4], Ch. XIII, § 4.
Sixth, without going into details, Theorem 3 (b) can be phrased such that the set

irreducible blocks ( ), permutation within these blocks, and permutation within

X(A) of all Sinkhorn vectors of A € .4 is an s-dimensional analytic submanifold of RZ
where s is the Sinkhorn index of A, i.e., the dimension of the eigenspace corresponding
to the eigenvalue —1 of DAD for an arbitrary scaling D for A. The inverse of the
parameterization vy defined in (2), namely v~ : X(A)NY — %, can be taken as a chart
at a point z € X(A4).

The article is organized as follows. The next and main section contains the proofs
of the theorems. In this regard, several additional results are stated which may be of
particular interest on their own. In Section 3 we derive, in addition to the formula for
the Jacobian matrix J;(A) in Theorem 2 (d), a compact, index-free formula for the
Hessian matrix H,(A) of the Sinkhorn vector z w.r.t. the matrix entries of A. A short
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MATLAB program computing J,.(A) and H,(A) efficiently is provided in Listing 1. This
is finally used in Listing 2 to calculate a second-order Taylor expansion of the Sinkhorn
vector z around A.

2. Proofs

Let g : R™*" — R", M — (g1(M),...,g.(M))" be a continuously differentiable
function. Then, for A € R™*™, the Jacobian matrix of g evaluated at A is denoted by

dg ( Jg; > ’
Y9 a) = A e R™™
3M( ) aMk,K( ) 1<i.k,0<n

To avoid three-dimensional tensors, 88—1\94(/1) is regarded as an n-by-n? matrix. This is

done by flattening pair indices (k, £) to singleton indices j := (k — 1)n + £

9g ) 9gi
— = . (3)
<3M i,(k—1)n+£ My, ¢

Proof of Theorem 1. The function

n
fiR™® X R® 5 R, (M,v) = vo (Mv) = 1= [v; Yy M, v;—1

i=1 1<i<n
is real analytic, hence infinitely often differentiable. For i,k,¢ € {1,...,n}, we have
8%1 ; (N,w) = §; ypwsw,  and gf; (N,w) = 6i kg (Nw); +wi Nk

whereby ¢ is the Kronecker delta function on N, i.e., §;; =1if¢ =jand §;; =0if i # j
for i, 7 € N. Hence, the Jacobian matrices g—l\]:[ and % of f w.r.t. M and v evaluated at
(N, w) read

af o af't s T

8M <N7 U}) T <8Mk7g (N) w)) L <i ke t<n - dlag(w) @ w (4)
of o (0 . |

%(N, w) = <8vk (N, w))1<i,k<n = diag(Nw) + diag(w)N. (5)

Here, the flattening (3) is used in (4). For N := A and w := z, using Az = 271,

equation (5) becomes

%(A,x) — D'+ DA=(I+DAD)D" . (6)
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By assumption, —1 is not an eigenvalue of DAD. Thus, I + DAD is invertible and
%(A, x) is invertible too. Hence, as f is analytic, the analytic implicit function theorem
[3, Sec. X.2] supplies open neighborhoods % of A, ¥ C RZ of x € R%, and a uniquely
determined real analytic function £ :  — ¥ such that {(A) = z and f(B,£(B)) =0
for all B € . Moreover, if B € % and y € ¥ fulfill f(B,y) = 0, then y = &(B).
Note that 0 = f(B,&(B)) = &(B) o (B¢(B)) —1 and {(B) € ¥ C R, for B € % imply
B&(B) = [€(B)] 7! so that £(B) is a Sinkhorn vector of B. Furthermore, for y := &(B)
and E := diag(y), the implicit function theorem also supplies that the Jacobian of & at
B reads

e(B) = (B = - | 3 o

_ -1 T
= 90 5 (B,y)=—-E(I+ FEBE)" (E®y ).

(B,y)

In particular, I + EBFE is regular. 0O

As stated in the introduction, we will now apply a general result by Jindal, Chatterjee,
and Banavar [6, Th. 3.3] on the size of the domain of an implicitly given function in
order to quantify a radius of a ball centered at A that is contained in the domain %
of the function £ in Theorem 1. Although this finding will not be used later on, we
considered such a quantitative statement as possibly helpful in view of applications.
Recall the mazimum norm |||l = maxi<;<n |z;| of a vector € R™ and its induced
matrix norm || X||e = maxi<i<m Z;L:l | X, ;| of a matrix X € R™*”. We choose the
maximum norm for ease of presentation. Other vector norms and induced matrix norms
can be considered likewise. For r > 0, let B(x,r) := {y € R" | ||z — y|]lo < r} and
B(X,r):={Y e R™*" | | X — Y|l < r} denote the open balls around x and A with
radius 7 w.r.t. the maximum norm.

Remark 4. Using the notation of Theorem 1, for given Ry, Ry > 0, define the constants
R1 ‘= Q(Hx”oo + RQ), Rg = 2(”14.“00 +R1), )\1 = ||{E||go, and )\2 = ||D(I+ DAD)il‘loo
Then, for all 0 < r; < Ry and 0 < ro < Ry satisfying

1 r 1
K1T1T2 + —ngg <2 riA1 and KTy 4 Korg < — (7)
2 Ao Ao

the sets % and ¥ in Theorem 1 can be chosen such that
B(A,m) CU and E(B(A,r)) C Bx,r2) NRY, C ¥ .

Proof. By (4), we have %(N, w)(N) = diag(w)Nw for N € R™*"™ and hence

) ] ] i
s H—fm,x) = sup {|[diag(z)Ne, | N € R™", [ N]joo =1}

oM
< |ldiag(@)ll l2lloo = [l 1% = A1 - (8)

o0
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By (6), we also have

Ly H % 4.2 B

4 — DU + DAD) oo = o ©)

oo

Differentiating (4) and (5) yields the second-order derivatives

f _, y

52 =" 3Mide (N, w)(N,w) = (diag(Nw) + diag(w)N)w ,
%(N7 w)(w, w) = (diag(Nw) + diag(w)N)w

with @, @ € R"™. This implies the following bounds on the corresponding operator norms:

32
Ky, := sup{ 8]\4f2 (N, w)H | (N,w) € B(A, Ry) % :@(ZE7R2)} =
Ky9:= Sup{ 8M(91} H (N,w) € B(A, Ry) x %(m,Rg)}
< 2flwlloe < 2(|[2]loc + R2) = £1 (10)
0 f
Ky 5 :=sup w(N,w) | (N,w) € B(A,Ry) x B(z,Rs)
< 2||Nloo < 2([[Alloo + R1) = k2 - (11)

Inserting (8), (9), (10), (11) into both inequalities in (7) implies

1 1 T 1
—KllT%+K12T1T2+—K22T§<—2—T1L1 and K127’1+K227’2<—.
2 ) ) 2 k) L2 y ) L2

These are inequalities (3.1a) and (3.1b) in Theorem 3.3 of [6], yielding the assertion. O

The following lemmas prepare Theorem 2 and Theorem 3. Recall that an n-by-n
matrix A is reducible if there is a permutation matrix P such that PT AP = (I 0“:*’“)
for somer € {1,...,n—1}. If Ais not reducible, then A is called irreducible. In particular,
all 1-by-1 matrices are irreducible.

Lemma 5. Let A € RYS" be irreducible and suppose || A« is an eigenvalue of A, then
Al = ||Alleol, i.e., all row sums of A are equal and the all-ones vector is the Perron
vector of A with Perron root ||A|oo-

Proof. By Gershgorin’s theorem [5, Th. 6.1.1], || 4|l is contained in some Gershgorin
disc of A. Clearly, ||Al|~ cannot lie in the interior of any such disc wherefore it must
necessarily lie on the boundary of the union of all Gershgorin discs. Since A is irre-
ducible, Tausky’s theorem [5, Th. 6.2.26] yields that || A| o lies on the boundary of every
Gershgorin disc. Hence, >37_) A; j = [|A]j for i =1,...,n, ie, Al = |A]x1. O
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Matrices X,Y € R™ ™ are called permutationally similar if Y = PTXP for some
permutation matrix P.

Lemma 6. Let A € REF™ with [|[All < 1.

(a) If A is stochastic and permutationally similar to

A= (8 5) (12)

where the diagonal blocks are square and nonempty, then A has an eigenvalue —1.

(b) If A is irreducible and has an eigenvalue —1, then A is stochastic and permutation-
ally similar to an A as in (12) and —1 is an algebraically simple eigenvalue.

(¢) If A is irreducible, then —1 is an eigenvalue of A if and only if A is stochastic and
permutationally similar to a matriz A as in (12). In this case, —1 is an algebraically
simple eigenvalue.

(d) If A is irreducible, stochastic, and has form (12), then X(A) = {[t1n;t "1, | t > 0}
where m and £ are the orders of the zero diagonal blocks of A. In particular, we have
DAD = DAD for all scalings D, D for A.

Proof. The assertion is trivial for n = 1. Thus, we can assume n > 2.
(a). Suppose that A is stochastic and permutationally similar to a matrix A as in (12).
Let m € {1,...,n — 1} such that B is an m-by-(n —m) and C an (n — m)-by-m block.

Since all row sums of B and C are equal to 1, the column vector x := [1,,; —1,_,] fulfills
Ar = [-Bl,—m;Cl,] = [—1m; 1h—m] = —2 so that —1 is an eigenvalue of A and hence
of A.

(b). Suppose that A is irreducible and has an eigenvalue —1. Since the spectral radius
p(A) fulfills p(A) < ||A]|eo for any square matrix A, we have 1 < p(A) < [[4||o < 1
so that p(A) = ||A|lec = 1. Hence, ||A| o is the Perron root of A and Lemma 5 yields
Al =1, i.e., A is stochastic. Frobenius’ theorem [5, Cor. 8.4.6] says that if A has k
distinct eigenvalues of maximum modulus p(A) = 1, then these are the kth roots of
unity e2*V-13/k j =0, ... k—1, and all these eigenvalues are algebraically simple. The
number k is the index of imprimitivity of A. Since —1 is one of those eigenvalues, k must
be even. By [10, Th. 1], A is permutationally similar to a matrix as in (12).

(¢). This follows from (a) and (b).

(d). For t > 0, set @y := [t1,,;t~*1,] and D, := diag(z;). Then,

0 tBt~!

Since A is stochastic, D; is a scaling for A so that xz; € X(A). For the converse inclusion,
let z € X(A). We must show that = z; for some ¢ > 0. This follows along the lines
of the proof of [1, Lem. 8.1] which we adapt to our needs. Set u := (1,...,,,)" and
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v = (Tpmy1,---,Tn) | so that = [u;v]. Since z is a Sinkhorn vector of A, it holds that
1, = x o Az = [u;v] o [Bv; Cu] = [u o Bv;v o Cul. Hence, uo Bv =1, and vo Cu = 1,.
Set o := max{uy,...,Un}, B := min{vy,..., v}, A4 = {i € {1,...,m} | v; = a},
L ={je{l,....0} | v; =B}, a:=|A|, and b := |.Z|. Then, for i € .# and j € &,

we have

14 J4 4
1=(uoBv)i=u;» Bipvg=ay Bijvp >aBY Bir=ap, (13)
k=1 k=1 k=1
1= (’U o C’u)j =vj Z C’j,kuk = BZ C’j,kuk S ﬁOé Z Oj,k = ﬂa. (14)
k=1 k=1 k=1

Thus, af = 1 and equality holds in (13) and (14). Therefore,

Bk =0 forall (i,k) e 4 x ({1,...,0}\.Y), (15)
Cijr=0 forall(j,k) e Z x ({1,...,m}\A). (16)

Take a permutation matrix P of order m that moves the indices of .#Z to the front of
(1,...,m), and likewise take a permutation matrix @ of order ¢ that moves the entries
of Z to the front of (1,...,£). For example, choose P and @ such that the entries of Pu
are descending and the entries of Qu are ascending. By (15) and (16), it follows that

PBQ' = (f 2) for an |.#|-by-|-Z| matrix E,
T_(G O )
QCerP =, | for an |-Z|-by-|.#| matrix G.

Hence,

PBCPT_(PBQT)(QC’PT)_(EG 0) and

* *

* *

QCBQT = (QCPT)(PBQT) = (GE 0) -

By [10, Th. 2 and its corollary], irreducibility of A implies irreducibility of BC and C'B.
Hence, PBCPT = EG and QCBQ" = GE so that |.#| = m and |.Z| = £. This means
u=al,, andv=pB1,s0that x =z, fort :=a=3"1. O

Brualdi, Parter, and Schneider [1, Lem. 8.1] proved':

! Note that in [1] the notation S > 0 means S > 0 and S # 0.
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Lemma 7 (Brualdi, Parter, Schneider). Let S € REG" be stochastic. Suppose there is a
diagonal matriz D # I with positive diagonal entries for which DSD is again stochastic.

0B O
Then S is permutationally similar to a matriz of the form (C 00 ) where the diagonal
*x *x Z

blocks are square and the first and second diagonal block are nonempty.

The next Lemma 8, (a) < (b), shows that Lemma 7 is indeed an equivalence. The
essential new contribution of Lemma 8 is part (d). There, not just the structure of the
upper left block (g ]g ) is refined but, what is more crucial, existence of infinitely many
distinct scalings D # I is proven and a one-to-one parameterization of all these scalings
in a neighborhood of the identity is given. The tool of choice for proving that is again
the implicit function theorem.

Lemma 8. Let S € RLS"™ be stochastic and s := dimker(I+S). The following statements
are equivalent.

(a) S has a scaling D # I.

- 0 B
(b) S is permutationally similar to a matriz of the form S := (C 0 where the

0

z

diagonal blocks are square and the first and second zero diagonal block are nonempty.
(c) S has an eigenvalue —1, i.e., s > 0.

(d) s> 0 and there is a permutation matriz P such that

0 B;
Cl 0
PSP = (17)
0 Bsg
Cs 0
* % * * x 7

Ci 0
i=1,...,8, and Z € Réxoe is either empty or does not have an eigenvalue —1.
For every such representation (17) the following holds true. If Z is empty, then
X(S) ={Px | t € REy} where

where B; € RUZ™, C; € RUS™, (O B") is monempty and irreducible for

Ty = [t11m,; tl_llm; . ;tsl,,bs;tgll,bs]. (18)

Otherwise, there are open neighborhoods % C R, of 1,, & CRY, of 1,,, # C ]Rio
of 1¢, and a uniquely determined real analytic function ( : % — W with ((15) = 1,
such that X(S)N& = {Play;((t)] | t € U }.

(e) S has infinitely many scalings D and, for all of them, —1 is an eigenvalue of DSD
with algebraic and geometric multiplicity s > 0.

Proof. (a) = (b) is Brualdi, Parter, and Schneider’s Lemma 7.
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(b) = (c¢). Lemma 6 (a) applied to the upper left block (g ]g) of S yields that —1 is an
eigenvalue of S and hence of S.
(c) = (d). Suppose S has an eigenvalue —1. Choose a permutation matrix P such that

S; 0 0
PTsp=| « 0

* xS,

(19)

where the diagonal blocks Si,...,S,., r € N, are square, nonempty, and irreducible.
Since S is stochastic, we have ||S;||cc < 1 for all 4 € {1,...,r}. By assumption, at least
one block S; has an eigenvalue —1. Let § € {1,...,r} be the number of such blocks.
By Lemma 6 (c), all these blocks have —1 as a simple eigenvalue, are stochastic, and

are permutationally similar to (CO %’) for some B; € Rgg)x"" and C; € Rgioxm"'. In
particular, all star entries in (19) to the left of these S; are zero. Therefore, P can be
chosen such that PTSP has the form (17) with § instead of s. But then § is necessarily
the algebraic as well as the geometric multiplicity of PTSP and hence of S so that § = s.

Now, suppose that a representation (17) is given and set S:=PTSP.If Z is empty,

N

then Lemma 6 (d) implies that X(S) = {a; | t € R%,} with z; as in (18). Thus,

A

X(S) = PX(S) = {Px | t € Ry} If Z is not empty, then it does not have —1 as an
cigenvalue. Set m := n—f and write (17) as 5 = 59 ) with X € RZ;™ and Y € REY™.
Similar but slightly different to the proof of Theorem 1, we will now exploit the implicit
function theorem. Consider the function

f:R™ xR R (u,v) —»vo(Yu+ Zv)—1,.

Since § is stochastic, all row sums of (Y, 2) € ]R{QB" are equal to 1 so that f(1,,,1,) =0.
Clearly, f is real analytic. Its derivative w.r.t. the second variable v evaluated at (1,,,1,)
readily computes as

of

(A, 1) =1+ 7 .
8v( ¢) ¢+

By assumption, Iy + Z is regular as —1 is not an eigenvalue of Z. The analytic implicit
function theorem [3, Sec. X.2] supplies an open neighborhood .# C RY, of 1,,, an
open neighborhood # C Rio of 1, and a uniquely determined real analytic function
g: M — W such that g(1,,,) = 1, and for all (z,2) € 4 x # it holds that

0=f(z,z) =z0(Yax+2Z2)—1, & z=gx). (20)

The function x : R$, — R, t — x; with z; as defined in (18) is real analytic and
in particular continuous. Therefore and since x(1;) = 1,,, the preimage % := x (4
is an open neighborhood of 1, in R%,. Thus, the concatenation of g and x, namely
C:%U =W, t— g(x(t)), is a well-defined, real analytic function and fulfills (1) = 1.
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Now, f(z,((t)) = f(xr,g(x:)) = 0 means Y, + Z((t) = ((¢)~!. By Lemma 6 (d), also
Xx; = z; ! holds so that

Sl ()] = [Xa Yay + Z¢(1)] = a7 5¢(8) "] = [ C(8)] " for all ¢ € 2.

Thus, [z ¢(t)] € X(8) N & for all t € % where & := {[z;2] | (z,2) € A4 x #'} C R,
is an open neighborhood of 1,. On the other hand, if [z;2] € X(S) N & with = € .#
and z € ¥, then [Xa; Yz + Zz2] = Slz; 2] = [2;2]7F = [z~ 27] yields Xz = 2~ and
Yo+ Zz = z71'. Hence, 0 = z0 (Yz + Z2) — 1, = f(z,z) and (20) imply z = g(z).
Lemma 6 (d) gives x = z; for some ¢ € RS, wherefore t € x ™' (.#) = % . Thus, z = ((t)
and [2;2] € {[z;C(t)] | t € %}. We conclude X(5) N & = {[z;¢(t)] | t € %}. Since
Pl1,=1,,8:= P& C R%, remains an open neighborhood of 1,, and

X(S)N& =P(X(S)NE) = {Plas; ()] | t e %},

(d) = (e). Since xz; # xp for t #t/, see (18), it follows by (d) that X(S) is infinite in any
case, i.e., S has infinitely many scalings. This proves the first part of (e). For the second
part, let P be a permutation matrix such that (17) holds true. By Lemma 6 (c), all
diagonal blocks (Cffi %’i ) in (17) have a simple eigenvalue —1. Since the lower right diag-
onal block Z in (17) is either empty or does not have —1 as an eigenvalue, the algebraic
multiplicity of —1 as an eigenvalue of S equals its geometric multiplicity s. Now, let D
be a scaling for S and set S:=PTSPand D := PTDP. Then, S := PTDSDP = DSD
and D is a scaling for S. Therefore, Lemma 6 (d) implies

0 B
cCy 0
S = for some Z € RE'.
0 B, B
c. 0
* x  x *x *x Z

Hence, —1 is an eigenvalue of S and 5 := dimker(I + S) = dimker(I + DSD) > s > 0.
Now, applying (¢) = (d) to DSD instead of S and interchanging the roles of DSD and
S yields that s is also the algebraic multiplicity of —1 as an eigenvalue of DSD and s > s
so that s = s, finishing the proof of (e). Finally, (¢) = (a) is clear. O

Proof of Theorem 2. (a). If A has two distinct scalings D, D, then D:=DD! #1isa
scaling for S := DAD and Lemma 8 (a) = (e) implies

dimker(I + DAD) = dimker(I + S) = dimker(I + DSD) = dimker(I + DAD).
Thus, s(A) := dimker(I + DAD) is independent of a chosen scaling D for A. If s(A) > 0,

then —1 is an eigenvalue of S = DAD and Lemma 8 (c) = (e) implies that s(A) is its
geometric and algebraic multiplicity.
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(b) is a reformulation of Lemma 8 = (a) < — (¢) with S := DAD, D a scaling for A,
where — means logical negation.

(c) and (d). Let A € . and let D be its scaling. By (b), I + DAD is regular. By
Theorem 1, there is an open neighborhood % of A such that all B € % are scalable as
well and posses a scaling F such that I + EBE is regular. Thus, if B € % NRLy", then
(b) yields that B is uniquely scalable, i.e., B € .. Hence, Z NRY;" C &7 which shows
that .7 is relatively open in RZj". This proves (c). The function z in (d) coincides on
% NRYG™ with the uniquely determined real analytic function & of Theorem 1. This
proves the first part of (d) except for the final sentence. For that, consider the matrix
S := (I + DAD) which is stochastic and regular. Since DAD is stochastic, S is also
row diagonally dominant which means that S;; > >-.,; S; ; for all i € {1,...,n}. Now,
by [8, Corollary 6], it holds that [S _1]“. > 1 for all 7. Thus, we conclude

89:1- B T
0Ai; [o(A)ii-yn+s = = [DU + DAD) (D @x )], ).
1 -1 T 1 1 1 9
= 75 [DS (D X x )} i,(ifl)n+j = 752177; [S ]i’ixixj S 75%% . O

Proof of Theorem 3. (a) is clear by Theorem 2 (b).

(b). Suppose A € A". Then, s := s(A) > 0 by (a). Let r € Ny := N U {0} be max-
imum subject to existence of a permutation matrix P such that (1) holds true with r
instead of s. Furthermore, let D = diag(z) be a scaling for A and set S := DAD. Write
PTDP = diag(E1, I, ..., E,, F,,G) for diagonal matrices E; of order m;, F; of order
ng, t=1,...,7, and G of order ¢. Then,

0 B
Ci 0
P'SP = (P"DP)(P"AP)(P"DP) = (21)
0 B,
C. 0
* * * * * Z

where B; = E;B;F;, C; = F;C;E;, ((2 %) is nonempty and still irreducible for

i=1,...,r, and 7 = GZG. If 7 is nonempty, then it cannot have an eigenvalue —1

because otherwise Lemma 6 (c¢) would imply that 7 is permutationally similar to a ma-

0 Bry1 0

trix of the form <(;T+1 0 0) whereby the upper left block (C‘O B,,(»)ﬂ) is square,
r+1

nonempty, stochasticj and* ir;educible. The star entries in (21) to the left of the rows
of this irreducible stochastic block are necessarily zero as PTSP is stochastic. Trans-
forming back, this would contradict the maximality of r. Using Lemma 6 (c) again, we
derive r = s so that (21) is a representation as stated in (17). We can now use the
notation from Lemma 8 (d) and extend it by setting & := R2; and % := R% if £ = 0.

Then, ¥ := D& C RZ, is an open neighborhood of # whether £ = 0 or not and, since
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X(A) = DX(S), we conclude X(A)NY = D(X(S)N&) = {DP[x,;((t)] | t € %} whereby
¢(t) disappears if | = 0. Then, the function v(¢) = DP[xy;((t)] defined in (2) has the
stated properties.

(c). If A € A, then (b) implies that X(A) N ¥ = (%) is infinite because % is infinite
and ~ is injective.

(d). If A € A has empty Z in (1) and scalings D, D, then D := PTDD~'P with P
from (1) is a scaling for S := PTDADP which has the form (17) with empty Z. By
Lemma 6 (d), we have S = DSD which implies DAD = DAD. O

We close this section by comparing Theorem 3 (a) to Theorem 2 of Johnson and
Reams in [7] which reads:

Theorem 9 (Johnson and Reams). Let A € R™*™. If A has two or more distinct scal-
ings then A is positively diagonally congruent to a matriz that has both 1 and —1 as
eigenvalues.

Theorem 9 says that for multiply scalable, real A there is a diagonal matrix D with
positive diagonal entries such that +1 are eigenvalues of DAD. The proof is a short
matrix vector calculation. It takes two distinct scalings X and Y for A and shows that
D := (XY)'/2 fulfills the assertion. Note that D is in general not a scaling for A. For
nonnegative, multiply scalable A, more can be said. By Theorem 3 (a), +1 are already
eigenvalues of DAD for every scaling D for A, and, by definition of scalings, the all-ones
vector 1 is an eigenvector corresponding to the eigenvalue 1. Thus, both of the above
scalings X, Y already fulfill the assertion of Theorem 9 so that the stated construction
of D is not necessary. Theorem 9 is solely used to prove Corollary 3 in [7] which reads:

Corollary 10 (Johnson and Reams). If A € R™*™ is

(a) positive definite, or

(b) positive semidefinite and scalable, or

(¢) A is primitive (this includes the case of A having all positive entries), or
)

(d) A has nonnegative entries, is scalable, irreducible, and has the property that there
does not exist a permutation matriz P so that

0 B
T _
PAPT = ( BT 0) , (22)

then A has a unique scaling.

We are mainly interested in the nonnegative case (d). It seems that A is tacitly
assumed to be symmetric in (d) because otherwise there would be counterexamples.
Assuming that, the fact that the set of matrices % described by (d) is indeed a subset
of .# already follows as a special case from Bruladi, Parter, and Schneider’s Lemma 7.
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This is seen as follows. In order to derive a contradiction, suppose that there isan A € Z
which has two distinct scalings E, F. Set S := FAE and D := E~'F. Then, S and D
fulfill the assumptions of Lemma 7. Thus, there is a permutation matrix P such that

0 B0
PSPT = (C 0 0) where the diagonal blocks are square and the first and second zero

* ok ok

diagonal block are nonempty. Since A is irreducible, so is S wherefore the star entries

disappear. Hence, PSPT = (g ]g). Since A and S are symmetric, we have C = BT and

(0 B _ 0 X
PAP" = (PEPT) 1<BT 0)(PEPT) = (XT 0)

for an according X. This contradicts (22).
3. Second-order derivatives of the Sinkhorn vector

Let A = (a;;) € R™™ be scalable and let D = diag(x) be a scaling for A. We
assume that I + DAD is regular. Then, by Theorem 1, the correspondence between
matrices in a neighborhood of A and their Sinkhorn vectors in a neighborhood of x is
a well-defined analytic function w.r.t. matrix entries and we have already computed its
Jacobian matrix. In what follows, we will also provide a compact index-free formula for
the Hessian matrix. This is done by implicit differentiation. Abbreviate

ox; 2 0%x; 4
J = (8Z S Rnxn and H = # S Rnxn .
Akt /) 1<i ke 0<n Ok, e90r.s J 1< k0,7, s<n

The Jacobian .J is regarded as an n-by-n? and the Hessian H as an n-by-n* matrix. As
in (3), this is done by flattening pairs (k, £) to singletons j := (k—1)n+/¢, and quadruples
(k,l,r,8) to j:i=(r—1)n3+(s—1)n?>+ (k- 1)n+ £

or 0%x;
Ji (— = and  H; (r—1)n34(s— _ =
i,(k—1)n+2¢ 3%,5 i,(r—1)n3+(s—1)n?2+(k—1)n+¢ aak,éaar,s
n
Since (zoAz); = Y a; jxiz; = 1fori=1,...,n, implicit differentiation w.r.t. aj ¢ gives
=1

0 < 0r; — " ox
DG = Y ) ai,jﬁka +oiprpre=0.  (23)
j= / = ’

In matrix notation, using Ax = 2=, this becomes

(D' 4+ DA)J=-Dez' =C. (24)
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The matrix
B:=D'4+DA=(I+DAD)D} (25)

is invertible as I + DAD is so that we obtain once again the formula for the Jacobian
matrix J = B7!C stated in Theorem 2 (d). An inversion of B is not carried out in
practice but, for instance, LU or QR factorization is used instead to solve such a ma-
trix equation. The function deriv in Listing 1 uses MATLAB’s fast built-in function
linsolve for that. Differentiating (23) a second time w.r.t. a, s gives

n

n

82 Z (9 xT; + 8%1 ij
- a; T, = a; ;T i
Oa, sO0ay = Jhity 3& Oap 4 E : JLj ;:1 ]3ar,s

day. s day s
ox, Oy
61'7“ a_  +s r)] =Y. 2
*%, (8ak’gx * aak’gx ) 0 ( 6)

For p,g € N and X € RP*9, the row- and columnwise flattenings of X to column vectors
of length pq are denoted by

X

’ PaQ)

rvec(X) == (X115, X1,gy- - Xp1s---
evee(X) i= (X1 1,y Xptsee oy Xigr oo Xpg) |

s

With this notation, (26) can be expressed in index-free form by

(D! + DAYH = —{(112 ©J)o(AT®1%)
+(Je1)o.eAN+A0L,0xT)o(J®1),)
+ (1) ® D®1,))diag(cvec(1, @ J)) + ([, @z ®1,):)0 (1. ®J)
+ (D ® 1% )diag(cvec(1] ® JT))} = 7. (27)

This linear system is uniquely solvable for H, namely H = B~!Z with B as in (25).
The function deriv in Listing 1 computes the Jacobian J and the Hessian H of the
Sinkhorn vector z w.r.t. the matrix entries of A according to equations (24) and (27).
Input arguments are the matrix A and the Sinkhorn vector = which must be computed
a priori. Output arguments are J and H. Let us remark that we checked J and H for
safety also numerically against results obtained by finite difference quotients.
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1| function [J,H] = deriv(A,x)

2|ln = size(A,1); D = diag(x); D_inv = diag(1l./x); B = D_inv + DxA;

3|C = —kron(D,x’); J = linsolve(B,C); % solve matrix equation BX = C

1|1 = eye(n); e = ones(1l,n); ee = ones(1,n"2); eee = ones(1,n"3); Y = AxJ;
5|/ Z1 = kron(ee,J).xkron(Y,ee); Z2 = kron(J,ee).xkron(ee,Y);

6|23 = kron(ee,kron(I,x’)).xkron(J,ee);

7|24 = kron(ee,kron(D,e)).*reshape(kron(e’,J) ,1,[]);

8| 25 = kron(kron(I,x’) ,ee).xkron(ee,J);

9|26 = kron (D, eee).xreshape(kron(e,J’) ,1,[]); Z = —(Z14+Z2+Z34Z4+7Z5+76) ;
10|H = linsolve (B,Z); % solve matrix equation BX = Z

Listing 1: First- and second-order derivatives of the Sinkhorn vector w.r.t. matrix entries.

For A € . with Sinkhorn vector z(A) and Jacobian and Hessian matrices J, H
computed by the function deriv, a second-order Taylor expansion of z around A reads

w(A+ )~ a(A) + If + SH(T S f) (28)

where E € R™*" is a small perturbation and f := rvec(FE) is its rowwise flattening.

Alternatively, we can evaluate (28) as follows without computing the matrices J and
H explicitly, which is more efficient for large dimensions and small numbers of evalua-
tion points. For a diagonal matrix D € R™*" z € R™ U,V € R"*" Y, Z € R"X”Q,
u :=rvec(U), and v := rvec(V), it holds that

(D®2")yu = DUx (29)

[(Y®122)0(1T2®Z)] (u®v)=YuoZv (30)

[(1,. ® D ®1, )diag(cvec(l, ® Y))] (u®v) = DVYu (31)
(D& 1)s)diag(cvec(1, ® YT))] (u®wv)=DUYv . (32)

Taking z := x(A) and D := diag(z), it follows from (24) and (29) that

Ju=—D(I + DAD) 'DUzx . (33)
Thus, for U := E and u := f, the first-order deviation in (28) can be computed as

Jf =-D(I+DAD) 'DEx . (34)

Also, (27), (30), (31), (32) imply that the Hessian H : R xn* 5 R™, (U, V)= H(u®v),
interpreted as a bilinear map, can be evaluated as

H(U,V)=—D(I + DAD) [(AJu + Ux) o Jv + (AJv + V) o Ju + DV Ju + DU Jv]

with Ju and Jv evaluated according to (33). Hence, for U =V := E, u = v := f, and
Jf from (34), the second-order deviation in (28) can be calculated as

H(f® f)=—-D(+DAD) *[(AJf + Ex)o Jf + DEJf] . (35)
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1ln = 5; % dimension, matrix order

2|A = 10*xrand(n); % create a random positive n—by-n test matrix A
3|E = (le—2)*rand(n); % create a random, small perturbution matrix E
4| x = sinkhorn (A); % compute Sinkhorn vector x of A

5|y = sinkhorn(A+E); % compute Sinkhorn vector y of A+E

6| [J,H] = deriv (A, x)7 % compute Jacobian J and Hessian H of x at A
7Mf=E; f=f(:); % rowwise flattening of E

8|g = kron(f,f);

9lp = x + JIxf; % first —order Taylor expansion of x around A
10lqg = p + 0 5xHxg; % second—order Taylor expansion of x around A
11| remainder__1st_order_expansion = norm(y—p, 'inf’)

12 % approximation error first—order Taylor expansion
13| remainder_ 2nd_order__expansion = norm(y—q, "inf ")

14 % approximation error second—order Taylor expansion

16|% alternative computation
17|M = eye(n)+4x.*xA. xx’
Jf

18 = —x.xlinsolve (M,x.*Exx) ;

19| Hg = —2%x.*x linsolve (M, (Ax Jf+Exx) .x Jf4+x.*ExJf) ;

20lp_ = x 4+ Jf;

21lq = p_ + 0.5xHg;

22| remainder__1st_order__expansion_2 = norm(y—p_, 'inf’)

23 % approximation error first —order Taylor expansion
24| remainder_ 2nd__order__expansion_2 = norm(y—q_, 'inf’)

25 % approximation error second—order Taylor expansion
26

27| function [x,k] = sinkhorn(A)

28| maxiter = 1000; % maximum number of iterations

29| tol = le—15; % tolarence, termination condition

30|n = size(A,1); % dimension, matrix order

31|x = omnes(n,1); % initialize x—values with all—ones vector

32|y = (Axx).”—1; % initialize y—values

33k = 0; % initialize iteration counter

34|t = tol 4+ 1;

35| while t > tol &'& k < maxiter

36 x_ = (Axy).” % new x—values

37 vy = (Axx_ ) 1, % new y—values

38 tx = norm((x—=x_)./x, ’inf’); % max norm of relative x—iterate deviation
39 ty = norm ((y—y_)./y, inf’); % max norm of relative y—iterate deviation
40 t = max(tx,ty) % overall max norm

41 X = X_; % update old x—values for next loop

42 Yy =y _; % update old y—values for next loop

43 k = k+1; % increment iteration counter

44| end

45|x = sqrt (y(1)/x(1))=*x; % final result

16| end

Listing 2: Second-order Taylor expansion of the Sinkhorn vector.

For practitioners, Listing 2 states an executable, ready-to-use MATLAB script which
exemplary computes a second-order Taylor expansion.

For n = 5, it creates a random positive A and a positive perturbation E. Then, the
Sinkhorn vectors = of A and y of A 4+ E are computed in lines 4 and 5 using a simple
iteration proposed by Sinkhorn [11], which is implemented in the function sinkhorn in
lines 27 to 46. Afterwards, first- and second-order Taylor expansions p and g of x around
A are computed according to (28) in lines 9 and 10. Finally, the maximum norm of the
first- and second-order approximation errors y — p and y — ¢ are displayed, see lines 11
and 13. The alternative computation of the Taylor expansion according to (34) and (35)
is given in lines 17 to 24.
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4. Conclusions

We considered Sinkhorn-type positive diagonal congruence DAD of a real n-by-n
matrix A by a diagonal matrix D = diag(z) having an entrywise positive diagonal
vector x such that all row sums of DAD are equal to 1. For entrywise nonnegative A,
this means that DAD is a stochastic matrix. If, for given A, such a D exists, then A
is called scalable and D a scaling for A. We investigated uniqueness and differentiable
dependence of D with respect to A.

On the one hand, we proved that a scalable entrywise nonnegative A has a unique
scaling D if and only if it has a scaling D such that —1 is not an eigenvalue of DAD,
see Theorem 2 (a), (b). On the other hand, we proved that A has more than one scaling
if and only if it has infinitely many scalings, see Theorem 3 (c¢). Thus, there are no
entrywise nonnegative matrices having multiple but only finitely many scalings. This
result essentially relies on the nonnegativity of A. For arbitrary matrices, this does not
hold true. More precisely, Theorem 3 (b) even shows that each scaling D for A possesses
infinitely many other scalings D for A in its neighborhood, and a parameterization of
these scalings is stated in (2).

Furthermore, if an arbitrary real square matrix A has a scaling D such that —1 is not
an eigenvalue of DAD, then, in a neighborhood of the pair (A, D), the correspondence
between matrices and scalings is a well-defined real analytic function, see Theorem 1.

In particular, we stated compact, index-free formulas for the first- and second-order
derivatives of the diagonal vector x of D, which we call a Sinkhorn vector of A, with re-
spect to the entries of A. Based on that, a second-order Taylor expansion of the Sinkhorn
vector can conveniently be computed, see Section 3.

Declaration of competing interest
There is no competing interest.
Acknowledgements

I thank the referees for their helpful comments and suggestions which improved the
quality of the article.

Data availability

No data was used for the research described in the article.



192 F. Binger / Linear Algebra and its Applications 737 (2026) 173-192

References

[1] R.A. Brualdi, S.V. Parter, H. Schneider, The diagonal equivalence of a nonnegative matrix to a
stochastic matrix, J. Math. Anal. Appl. 16 (1) (1966) 31-50, https://doi.org/10.1016,/0022-247X(66)
90184-3.

[2] F. Biinger, R. de P. Soares, On Sinkhorn’s DAD theorem and the self-consistency equation in
COSMO-based activity coefficient models, Linear Multilinear Algebra 73 (17) (2025) 3791-3808,
https://doi.org/10.1080/03081087.2025.2558608.

[3] J. Dieudonné, Foundations of Modern Analysis, Academic Press, 1969.

[4] F.R. Gantmacher, The Theory of Matrices, vol. II, Chelsea Publishing, 2000.

[5] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, 2020.

[6] A. Jindal, D. Chatterjee, R. Banavar, Estimates of the size of the domain of the implicit function
theorem: a mapping degree-based approach, Math. Control Signals Syst. 36 (2024) 139-175, https://
doi.org/10.1007/s00498-023-00370-5.

[7] C.R. Johnson, R. Reams, Scaling of symmetric matrices by positive diagonal congruence, Linear
Multilinear Algebra 57 (2) (2009) 123-140, https://doi.org/10.1080,/03081080600872327.

[8] C.R. Johnson, C. Marijudn, M. Pisonero, I.M. Spitkovsky, Diagonal entries of inverses of diagonally
dominant matrices, Linear Algebra Appl. 692 (2024) 84-90, https://doi.org/10.1016/j.1aa.2024.04.
005.

[9] M. Idel, A review of matrix scaling and Sinkhorn’s normal form for matrices and positive maps,
arXiv, https://doi.org/10.48550/arXiv.1609.06349, 2016.

[10] H. Minc, The structure of irreducible matrices, Linear Multilinear Algebra 2 (1) (1974) 85-90,
https://doi.org/10.1080,/03081087408817044.

[11] R. Sinkhorn, A relationship between arbitrary positive matrices and stochastic matrices, Can. J.
Math. 18 (1966) 303-306, https://doi.org/10.4153/CIM-1966-033-9.


https://doi.org/10.1016/0022-247X(66)90184-3
https://doi.org/10.1016/0022-247X(66)90184-3
https://doi.org/10.1080/03081087.2025.2558608
http://refhub.elsevier.com/S0024-3795(26)00056-X/bib350BFCB1E3CFB28DDFF48CE525D4F139s1
http://refhub.elsevier.com/S0024-3795(26)00056-X/bib64F3BD1741AB8D6BA545A1AE09BB8728s1
http://refhub.elsevier.com/S0024-3795(26)00056-X/bib5FB7535CC0CF49BAD4E4742E159C6689s1
https://doi.org/10.1007/s00498-023-00370-5
https://doi.org/10.1007/s00498-023-00370-5
https://doi.org/10.1080/03081080600872327
https://doi.org/10.1016/j.laa.2024.04.005
https://doi.org/10.1016/j.laa.2024.04.005
https://doi.org/10.48550/arXiv.1609.06349
https://doi.org/10.1080/03081087408817044
https://doi.org/10.4153/CJM-1966-033-9

	On uniqueness, analyticity, and first- and second-order derivatives of Sinkhorn-type DAD scalings
	1 Introduction
	2 Proofs
	3 Second-order derivatives of the Sinkhorn vector
	4 Conclusions
	Declaration of competing interest
	Acknowledgements
	Data availability
	References


