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ABSTRACT
As part of their seminal 1958 analysis of nonuniform solutions, Cahn and Hilliard [J. Chem. Phys. 28, 258–267 (1958)] identified the Laplacian 

of the composition field as the key contribution to the excess free energy in solids with a conserved network of discrete atomic sites. Integration 

by parts converted to the now familiar gradient-square form underlying phase-field simulations and studies of critical-point wetting. The 

residuum from the integration by parts has since been ignored. Here, we examine its implications using critical-point wetting at the surface 

of an Ising-type solid solution for a representative case. As a benchmark, atomistic Monte Carlo simulation shows a continuous increase in 

wetting-layer thickness up to the bulk critical temperature. In contrast, the classical gradient-square continuum model predicts a first-order 

wetting transition. A more realistic Laplacian-based continuum formulation does not readily admit physically meaningful minimization by 

standard variational methods. As a discrete approach, a plane-by-plane model with an excess energy based on a second-difference (curvature) 

operator yields solutions consistent with the benchmark. Summation by parts transforms this operator into a first-difference- (gradient-
) square form, and neglect of the residual term again leads to an incorrect first-order transition. Thus, the choice between curvature and 

gradient-square formulations alters the predicted character—first-order transition or continuous evolution in layer thickness—of the wetting, 

underscoring the fundamental importance of this choice.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0340000

I. INTRODUCTION AND MOTIVATION

In the search for equilibrium configurations of solutions of two 

elements, it is often favorable to work with a continuum descrip-
tion of the free energy which approximates the energetics of discrete 

atomic matter. A seminal work by Cahn and Hilliard 

1 established 

gradient energy terms as a quintessential element in continuum 

approaches to alloy thermodynamics. Gradient energy is relevant 

to a wide range of problems in condensed matter science, and 

it forms the basis for phase-field approaches to equilibration and 

microstructure evolution. 

2–4

Continuum models approximate the true free-energy value, 

˜ F ,
of matter with a discrete atomic structure, by a quantity F derived 

from integrals of energy density functions Ψ (per volume) and ψ 

(per area) over the volume, V, and over the surface, S. A funda-
mental task is to identify the functions or functionals Ψ and ψ
that let F̃ ≡ F . By analyzing the free energy functional in terms

of a series expansion, Cahn and Hilliard 

1 found that the leading 

composition-gradient terms in Ψ are proportional to the gradient 

square and to the second derivative of the solute fraction, x, that is 

Ψ = Ψ 0 
(x) + κ 1 

(x)Δx + κ 2 
(x) (∇x) 

2 . They pointed out that this can 

be simplified to a gradient-square description, since integration by 

parts transforms 

1

F = ∫
V

(Ψ 0 
+ κ 1 

Δx + κ 2 
(∇x) 

2
) dv + ∫

S

ψ da, (1)

to

F = ∫
V

(Ψ 0 
+ κ (∇x) 

2
) dv + ∫

S

(ψ + κ 1 
(∇x) ⋅ n) da, (2)

with κ = κ 2 
− dκ 1 

/dx and n the outer surface normal.
Cahn and Hilliard also inspected the atomic-scale origin of the 

gradient energy, analyzing a network solid with a conserved array
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of sites and with the energy in near-neighbor bonds. When the 

sites were embedded in a nonuniform composition field, they found 

bond-counting to imply an excess energy that scales with the second 

derivative and not with the gradient or its square. 

1 This observation 

implies κ 2 
= 0, and it identifies κ 1 

(x) or (after partial integration) 

κ = −dκ 1 
/dx as the pertinent coefficients.

Equation (2), with the gradient-square free energy in the bulk, 

has been the basis of the vast majority of work building on Ref. 1. The 

surface residuum term κ 1 
(∇x) ⋅ n, which is part of this picture, has 

been consistently ignored. As pointed out in Ref. 1, the residuum 

is indeed without consequence for composition profiles within the 

bulk. Yet phenomena at surfaces or interfaces may be affected, and 

this is the subject of the present work.
A prototypical application of gradient thermodynamics to sur-

faces is critical-point wetting in solutions with a miscibility gap. 

Another seminal paper by Cahn 

5 concludes that any two-phase sys-
tem in contact with a third phase will—below its bulk consolute 

critical temperature, T C 
—undergo a wetting transition, where one 

of the two phases of the system completely wets the third phase. 

This notion—which may be transferred to related scenarios such as 

pre-melting or disorder wetting at surfaces or grain boundaries—has 

been confirmed by many follow-up theory studies. 

6–10 

Critical-point wetting was originally suggested as a first-order 

transition, 

5 and this is supported by phase-field simulation that rests 

upon the Cahn–Hilliard theory. 

11–14 Fluid solutions provide ample 

experimental evidence for the first-order character, 

7,8,10,15 including 

specifically direct observation of the discontinuity in the wetting-
layer thickness 

16,17 as well as metastability or hysteresis. 

18–20 Wetting 

layers and wetting transitions have also been predicted and observed 

in solid solutions. 

8 Nb–H provides an early experimental example of 

a solid-state wetting layer. 

21 Disorder wetting at anti-phase bound-
aries in superlattices, such as Cu 3 

Au, Pt 3 
Co, and Cu 3 

Pd, exemplifies 

first-order wetting transitions. 

22

Closer inspection reveals that the character of the wetting tran-
sition depends sensibly on the nature of the interactions. In addition 

to discontinuous (first-order) transitions, theory points to gradual 

(second order 

7 or “critical” 

6,9,10 ) transitions. This latter scenario 

has been observed in experiment with organic fluid mixtures. 

17,23,24 

While the wetting temperature is typically predicted distinctly below
the bulk T C 

, Ising 

25 as well as phase-field 

13,26 models can suggest a
continuous increase of the wetting layer thickness with divergence 

only at T C 
(“continuous wetting” 

27 ). This was observed for dis-
order wetting at the outer surface of Cu 3Au. 

28,29 The suppression
(“nonwetting gap” in a finite interval of the wall-fluid interaction 

strength) of a wetting transition proper, in favor of continuous 

wetting, has also been argued to result when short- and long-
range forces act simultaneously within the bulk and at the surface, 

respectively. 

27,30,31

Wetting at planar solid interfaces can be studied in (crystal-
lattice) plane-by-plane models with 1D gradients and mean-field
expressions for the free energy of each plane. 

25,32–37 Such models
often suggest a series of layering transitions. 

25,32–35

Numerical approaches to atomic-scale models for wetting in
solids include on-lattice 

38–43 and off-lattice 

44 Monte Carlo simula-
tions. Some studies support the continuous thickening of the wetting 

layer and the divergence at the bulk T C 
, 

39,40 while others demon-
strate a pre-wetting line and, hence, a first-order wetting transition
below T C. 

42 A dedicated comparison finds qualitative differences

between the predictions of Monte Carlo and phase-field approaches 

for nominally the same scenario. 

44

Wetting-related transitions in solids are sensitive to the sys-
tem size. 

41,45,46 Energy storage materials, such as Li compounds 

and metal hydrides, in the form of small particles or thin films
transform discontinuously when wetting layers from opposing sur-
faces impinge. 

43,47,48 This is analogous to capillary condensation 

49 of 

vapor in small pores and not the signature of a critical-point wetting 

transition proper.
Atomistic models naturally include a consistent representation 

of the gradient energy in discrete matter. The natural, second-
difference (curvature) base for the gradient energy is also allowed for
in some of the plane-by-plane models, 

32–34,37 which are informed by
atomic-scale bond counting. Yet plane-by-plane model studies have 

also been based on a first-difference (gradient-) square energy, 

35,36 

and the gradient square is inherent to phase field models. 

11,13,14,50

These gradient-square approaches invariably neglect the residuum 

term, κ 1 
(∇x) ⋅ n, of Eq. (2). In fact, none of the studies cited above 

addresses the term or inspects its ramifications.
Here, we provide the missing inspection of the residuum. We 

examine a particularly simple (minimal) example that embodies the 

most basic physics of critical-point wetting in solid solutions, namely 

a crystal with an Ising-type, nearest-neighbor bond-counting Hamil-
tonian, a repulsive unlike-neighbor interaction, and a composition-
dependent surface energy. We use an atomistic simulation as the 

benchmark for a comparative discussion that explores continuum as 

well as discrete plane-by-plane approaches, each based alternatively 

on the classic gradient-square or on the Laplacian (gradient-square 

with residuum) of the concentration field.
Critical-point wetting provides an exemplary signature of the 

interactions at the crystal surface and is here studied in that sense. 

An in-depth examination of wetting is not the purpose of the present 

work.

II. ENERGY AND ITS REPRESENTATIONS
We consider a crystalline binary solution with conserved arrays 

of bulk and surface sites and with a composition-independent lat-
tice parameter. The energies of the pure species in their crystalline 

bulk states are defined as zero, and the energy in the bulk solution 

is taken to arise exclusively from bonds between unlike atomic near-
est neighbors, of fixed bond energy ϵ. We are interested in solutions 

with a miscibility gap, which emerges when ϵ > 0.
A linear variation of the surface excess free energy with the 

composition is implemented by a broken-bond energy, sϵ, for one 

species only, here the solute. When the dimensionless segregation-
strength parameter s is zero, pure solute and pure solvent have the 

same surface excess free energy, γ, whereas s < 0 promotes wetting 

of the surface of the dilute phase by the concentrated one.
The energy or enthalpy, H, is here given by

H = ϵB unlike 

+ sϵB broken 

, (3)

with B unlike 

and B broken 

the numbers of unlike-neighbor bonds in the 

bulk and of superficial broken bonds originating in a solute atom, 

respectively. For use with phenomenological equations of state, as in 

Secs. IV and V below, we introduce the unlike-neighbor interaction 

energy parameter for the bulk,
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ω = Z 0 
ϵ, (4)

where Z 0 represents the bulk crystal lattice site coordination
number.

For the Ising model of Eq. (3), the bulk alloy phase diagram
depends on the crystallography but has otherwise no free parameters 

when specified in terms of x and of a reduced temperature variable, 

τ, that is scaled to the miscibility gap critical temperature (see, e.g., 

Ref. 51),

τ =
T

TC
. (5)

In addition to the surface crystallographic orientation, superficial 

phenomena in the finite-size model’s τ–x domain depend on s as 

the only adjustable parameter.
As a toy geometry, we consider a laterally extended, planar 

slab of material, bounded by free surfaces and allowing for one-
dimensional composition gradients normal to the surface. In the 

parameter region under study, the slab is thicker than the com-
bined widths of the near-surface gradients. This precludes capillary 

condensation.
We explore equilibrium states of semi-grand-canonical systems 

within three separate approaches. As a benchmark and the closest 

approximation to the equilibrium states of the model, we start out 

by considering the atom-by-atom representation. Here, equilibrium 

states are characterized by time-averages over instantaneous con-
figurations generated by converged atomistic semi-grand-canonical 

Metropolis Monte Carlo (gcMMC) simulation on a rigid lattice. 

Next, we discuss the continuum representation, as it has been intro-
duced in Eqs. (1) and (2) above. We point out that this represen-
tation may not have stable and energy-minimizing solutions when 

the gradient energy derives from the Laplacian. Stable solutions 

are obtained by the plane-by-plane representation, which consid-
ers a stack of discrete crystal planes, of quasi macroscopic lateral 

extension and with individual regular-solution-type equations of 

state. Contrary to the atomistic model, this implementation ignores 

(in-plane) chemical short-range order. Yet, it affords a traceable dis-
cussion of the surface boundary conditions and a simple numerical 

analysis of the equilibrium states.

III. ATOM-BY-ATOM REPRESENTATION
A. Procedures

The atomistic simulation implements the energy of Eq. (3) in 

the on-lattice gcMMC scheme described in detail in Ref. 43. In 

brief, the elementary event is swapping the occupancy of a randomly 

selected site between the two possible values, 0 or 1 for matrix-
or solute-occupied, with the probability p. When the swap changes 

the system’s energy by Δ H and its net number of solute atoms by 

δ N (= ±1), and when the reservoir is at chemical potential m 

R (see 

also Sec. V C below), then p is taken as

p =Min[1, exp(−
ΔH − δN mR

kBT
)], (6)

where k B 
and T represent Boltzmann’s constant and temperature, 

respectively.
The simulation explored a 3D, fcc crystal slab, with nearest-

neighbor coordination number Z 0 
= 12, {111}-type free surfaces

and periodic boundary conditions acting in the plane. The slab con-
tained J = 201 crystal planes parallel to the surface, with M = 40 320
lattice sites in each plane and hence a total of M tot 

= 8.1 × 10 

6 sites
in the slab.

The net solute fraction, x tot 
= N tot 

/M tot 
with N tot 

the total 

amount of solute, was evaluated every 50 × M tot 
successful swap 

events, and a state of equilibrium identified when the change in 

x tot 
between two successive evaluations was <10 

−4 . The mean com-
position in each crystal plane was then computed every M tot 

/4
successful swap events. This was repeated for 200 times successively, 

and the equilibrated composition profile calculated by averaging, for 

each crystal plane, the 200 successive composition values. Crystal 

planes around the central one and with sufficiently small compo-
sition variation relative to their neighboring plane, Δx < 10−3 , were
identified as “near-center planes.” The bulk solute fraction, x blk 

, was
computed as the average composition in that set of planes.

B. Surface characteristics
We quantify the composition field near the surface by three 

surface-specific parameters, namely (1) the outermost-plane solute 

fraction x 1 
, (2) the specific excess Γ of solute, and (3) a wetting layer 

thickness t.
Γ is defined as

Γ =
N tot −Mtot xblk

M
, (7)

and is specified in units of dense-packed solute monolayers (ML). 

The wetting layer at the surface of a dilute solution may be 

thought of as a region of the concentrated phase of thickness t, sepa-
rated from the dilute phase by an internal interface; t was estimated 

as

t =
Γ

Δxgap
, (8)

where Δx gap 
refers to the width of the miscibility gap at the 

temperature in question.

C. Results
The atomistic simulation explored composition profiles at the 

surface of the bulk terminal dilute solution, at chemical poten-
tial m 

R 

= 0. Gray circles in Fig. 1(a) display the bulk alloy phase 

diagram, as implied by bulk gcMMC simulations with 3D peri-
odic boundary conditions in Ref. 43. At 2k B 

T C 
/ω ∼ 0.83, the bulk 

critical temperature is compatible with values obtained by cluster 

expansion, 0.83 ± 0.01. 

52 Data for x blk 

from the present simulation 

(colored symbols) agree well with the results of Ref. 43.
Exemplary composition profiles, here for segregation strength 

parameter s = −2/3, in Fig. 1(b), confirm the superficial solute 

enrichment expected for s < 0. Beyond τ = 0.8, a layer of the con-
centrated phase emerges. As the temperature increases further, 

that layer thickens continuously and its solute fraction decreases, 

in agreement with the narrowing of the bulk miscibility gap. In 

Fig. 1(c), the rendering of a snapshot of the equilibrated simulation 

box exemplifies the atomic-scale solute distribution.
Figure 2 shows additional composition profiles, at different 

values of τ and s. The layer thickness as well as the outermost-
plane composition values vary continuously with the temperature,
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FIG. 1. Atomistic simulation–bulk alloy phase diagram and exemplary near-surface composition profiles. (a) Bulk phase diagrams showing temperature, T , normalized to
solute–solute interaction energy parameter ω, vs bulk solute fraction, x blk 

, at two-phase coexistence. Gray dots: data from Monte Carlo simulation, in Ref. 43, with 3D
periodic boundary conditions; gray line: smooth interpolation as guide to the eye. Right ordinate: dimensionless temperature parameter τ. Data for x blk 

(τ) from present 

work is superimposed as colored symbols. Graph serves as legend for symbol shapes and colors in (b) and in Fig. 2 below. (b) Planewise mean solute fraction x vs crystal 

lattice plane index j, on logarithmic scale, for τ values in panel (a). Lines: guides to the eye. (c) Rendering of snapshot from equilibrated configuration, here for τ = 0.92. 

Gray: solvent atoms; orange: solute atoms. All data in this figure are for chemical potential m = 0 and segregation strength s = −2/3.

FIG. 2. Composition profiles from atomistic simulation at m = 0. (a)–(h) Planewise mean solute fraction x (symbols) vs crystal lattice plane index j, on logarithmic scale, for 

different values of segregation strength, s, as indicated in the graphics box headers. Scan at different reduced temperature τ; see Fig. 1(a) for legend. Lines: guides to the 

eye.

irrespective of the value of s. The graphs of Γ(τ) in Fig. 3(a) con-
firm this continuous increase. For the strongest segregation under 

study, s = −1, much of the increase is at very low reduced tempera-
ture, τ < 0.4. That temperature regime has not been explored in our 

study, since wetting transitions are typically observed quite close to 

T C 
. We also note that substantially more negative s would simply fix 

the outermost plane composition at x 1 
≈ 1. For the model at hand, 

that “solute-saturated surface” scenario has been studied in Ref. 43. 

The results provided no evidence for a first-order wetting transition.

In Fig. 3(b), the graphs of x 1 
(τ) further illustrate the contin-

uous evolution of the composition with temperature. The evolu-
tion of t, plotted vs 1 − τ in Fig. 3(c), is also continuous at all s. 

For benchmark, the figure also shows the temperature-dependent 

Cahn–Hilliard interface width t CH 
(see Appendix A), for the case 

of exclusively nearest-neighbor interaction. That latter parameter 

refers to the width of an internal anti-phase boundary, not a wet-
ting layer. It serves here as a convenient reference, also illustrating 

the square-root variation of the interface width in the Cahn–Hilliard

J. Chem. Phys. 165, 034706 (2026); doi: 10.1063/5.0340000 165, 034706-4
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FIG. 3. Temperature scans from atomistic simulation at m = 0. (a) Specific excess, Γ, of solute; (b) outermost-plane solute fraction x 1 

, (c) effective wetting layer thickness, t. 

All parameters plotted vs the reduced temperature τ or vs 1 − τ. Note logarithmic axis scaling for Γ, t, and 1 − τ. See legend for values of segregation-strength parameter 

s. Note continuous variation of all graphs with temperature, indicating the absence of a first-order wetting transition. Thick gray line in (b) bulk binodal, for reference. Thick 

red line in (c) Cahn–Hilliard interface width (not a wetting layer width) as benchmark for layer thickness t.

theory. It is seen, that the effective wetting layer thickness in the
approach to criticality behaves similarly to t CH 

, with an apparent
temperature exponent near 1/2. Yet, t emerges as about twice larger
than t CH 

.
In Fig. 3(a), one notes a small excess of solute even when s = 0. 

This may be understood as consequence of the lesser coordination 

number at the surface, which brings a reduced effective solute–solute 

interaction energy (Ref. 7, Sec. III.B.1). At any given temperature, 

the weaker interaction leads to an effectively narrowed miscibility 

gap at the surface, hence local compositions that are closer to 1/2 

than the bulk.
In summary, the results of our atomistic simulation of the FCC 

Ising model with a {111} surface suggest not a first-order wetting 

transition but rather a continuous evolution of the near-surface 

composition with the temperature, with a divergence of the wet-
ting layer thickness in the approach to the bulk critical point. Our 

observation is consistent with previous Monte Carlo simulations of 

an Ising Hamiltonian as in Eq. (18), in which no first-order wetting 

transition was found. 

53,54

IV. CONTINUUM REPRESENTATION
A. Semi-infinite slab with unidirectional gradient

To inspect the continuum approximation to a system with the 

energy of Eq. (3) at finite temperature, consider Eq. (1) for the slab 

with area A, normal position coordinate z, and a unidirectional 

composition gradient, x = x(z). If we take the slab thickness as L, 

then, 

1

F
A
= ψ(x0) + ψ(xL) +

L

∫

0

Ψ(x, x′, x′′) dz, (9)

with

Ψ(x, x 

′, x 

′′ 

) = Ψ 0 
(x) + κ 1 

(x)x 

′′
+ κ 2x 

′2 , (10)

where x 0 
and x L 

represent the superficial limiting values of the solute 

fractions and where 

55

κ1 = κ0(
1
2
− x), κ2 = κ0, κ0 = ρωλ2, (11)

with ρ the site density (sites per volume) and λ an effective 

interaction distance. Integration by parts here leads to

F
A
=

L

∫

0

(Ψ0(x) + κ0 x′2) dz + ψ(x0) − κ1(x0) x′0

+ ψ(x L 
) + κ 1 

(x L) x 

′
L. (12)

Equations (9) and (12) are the 1D equivalents of Eqs. (1) and (2) 

and will be inspected in Sec. IV B below and in Appendix C. Note
that these equations adopt the widely accepted 

5–7,9,12,14,46 notion that
the surface free energy density in continuum approaches to wet-
ting is a function of the surface limiting value of the solute fraction, 

ψ = ψ(x S 

).
It is well established that the standard gradient-square scenario, 

Eq. (9) with vanishing curvature coefficient κ 1 
and with short-range 

interactions that result in a predominantly linear ψ(x S 

), features a
first-order wetting transition. 

5–7,9,15 As pointed out in Sec. III, the
first-order transition is not confirmed by the Ising model. In view 

of the established 

1 relevance of κ 1, the discrepancy is not surprising, 

and it incites exploration of the continuum representation with gra-
dient energy from the curvature (coefficient κ 1) as opposed to the 

gradient-square (coefficient κ 2 
). Yet, as we shall now expose, retain-

ing the κ 1 
(x)x 

′′ term in the continuum representation introduces 

a fundamental issue, which sheds doubt on the existence of stable 

free-energy minima for the curvature-based form of Eq. (9).

B. A trial function and the stability of solutions
While the bulk free energy term in Eq. (12) might suggest a 

classic problem of variational calculus, the appearance of the first 

derivatives in the boundary terms is not standard. Indeed, mini-
mizing the free energy of Eq. (12) with respect to the composition 

profile is not a well-formed problem of variational calculus. To illus-
trate that issue, we find it instructive to consider the gradient energy 

only. Motivated by the considerations above, we tentatively take
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that energy to arise exclusively from the curvature-dependent term, 

which scales with κ 1 
(x), in Eq. (9). The gradient part of the free 

energy in Eq. (9) then takes the form

F grd

A
= κ0

L

∫

0

(
1
2
− x)x′′dz. (13)

Let us further simplify the problem by considering a semi-
infinite slab (L → ∞) and evaluate Eq. (13) using the following trial 

function for x(z):

x = x∞(1 − exp−
z
Λ
). (14)

This function gives x 0 
= 0 at the surface, and it approaches the bulk

equilibrium composition, x ∞ 
, in a gradient layer of width Λ. The

energy is readily evaluated as

F grd

A
= −

κ0

2Λ
x∞(1 − x∞). (15)

With 0 < x < 1, with A and Λ > 0 by definition, and with κ 0 
> 0 for

systems with a miscibility gap, F 

grd is here always negative. Thus,
the gradient energy of Eq. (15) diverges to −∞ as the near-surface 

gradient becomes ever steeper, Λ → 0. As all other energy contri-
butions (specifically from Ψ 0 

and from ψ) will always be finite, one
can find concentration profiles for which the free energy F 

grd of the
toy problem assumes arbitrarily large negative values. These profiles 

may not satisfy the Euler equation, Eq. (C3) in Appendix C, yet they 

are energetically more favorable than all finite-energy solutions of 

that equation. Such solutions will then, at best, be metastable states, 

but they do not identify true free energy minima.
There appear to be two fundamental issues here, one related 

to the mathematics of curvature-based free energy expressions such 

as Eqs. (9) or (12), and a second related to the physical meaning of 

infinitely steep gradients when discussed in the context of a discrete 

crystal lattice.
The first fundamental issue is that the x 

′
0, x 

′ 

L terms of the
residuum in Eq. (12) lead to a set of boundary conditions for 

the variational problem that cannot be satisfied with the avail-
able constants of integration. In other words, the problem is 

over-constrained. This is exposed in detail in Appendix C.
The second fundamental issue concerns length scales. The dis-

crete, atomic nature of matter imposes a lower limit on the spatial 

dimensions of variations. In contrast, the continuum theory allows 

for gradients at the surface in dimensions smaller than the inter-
atomic spacing. Those gradients have no physical significance. Yet 

they are naturally permitted in the continuum theory, and—as just 

discussed—they can bring very large variations in the energy. 

Numerical implementations of the continuum theory, for 

instance in phase-field simulation, do embody an underlying dis-
crete length-scale in the form of the grid of materials points on which 

the simulation is performed; with 0 < x < 1 they can then only repre-
sent maximum gradients in the order of the inverse grid spacing. For 

the curvature-energy problem, the instability against maximizing 

the gradient at the surface then implies that the energy of solutions 

will be sensitive to the grid spacing. That is again not satisfactory, 

because the spacing is an internal parameter of the implementation, 

not related to the physics of the problem.

Discrete plane-by-plane models avoid the above problem, 

though at the cost of restriction to one-dimensional gradients. Here, 

the discretization reflects the distance between crystallographic 

planes and, thereby, the physical scale of the discreteness of matter. 

The discrete representation will be considered in Sec. V below.

C. Surface free energy density function
The form of the surface free energy density function requires 

inspection. The physics of the interactions at the surface might war-
rant generalizing from ψ = ψ(x S 

) to ψ = ψ(x S, x 

′
S, ...). One might 

then further envisage the special case where the x 

′ 

S 

-dependent con-
tributions to ψ emerge such that they precisely cancel the residuum 

terms in Eq. (12). This would revert the variational problem to its 

standard form, which can be solved by classic approaches. 

Appendix D derives ψ for the bond-counting Hamiltonian of 

Eq. (3), assuming regular solution behavior and dense-packed crys-
tal planes, with interplanar spacing d ip 

, parallel to the surface. When
allowing for a linear composition gradient, ignoring higher-order 

derivatives, the result [see Eqs. (D4) and (D5)] is

ψ ∝ s (xS ±
dip

2
x′S) − xS(1 − xS) −

d2
ip

4
(x′S)

2. (16)

With respect to the dependency of ψ on xS 

, one notes that the lin-
ear term is parameterized by the segregation strength s, consistent 

with a linear composition-dependence of the surface free energy. 

This dependency is on top of an inherent, parabolic one that reflects 

the reduced coordination number at the surface, as addressed in 

Sec. III C. The terms linear and parabolic in x S 

are consistent with 

assumptions in continuum approaches to wetting. 

5–7

Remarkably, Eq. (16) indeed suggests a dependency of ψ also on 

x′ 

S 

. Yet, the linearly x 

′ 

S 

-dependent term in ψ scales with the surface-
related parameter s and so will not generally cancel the residuum 

term, which is governed by independent, bulk-related parameters.
The (x′ 

S 

) 

2 -dependent term is negative valued, reflecting the energy
gain when bonds are cut in a region of steep gradient and, hence, 

large gradient-square energy in the initial bulk state. Being nega-
tive, this term on its own will not counteract large gradients near 

surfaces.
As is apparent in Appendix D, the x 

′ 

S 

-dependent terms in 

Eq. (16) serve to extrapolate from the composition at the dividing 

surface of the continuum model to that in the nearest plane of the 

physical crystal. Thereby, the gradient terms here relate to features 

of the continuum model at a scale smaller than the interatomic spac-
ing. This suggests caution in interpreting the consequences of those 

terms for the behavior of real crystals.

V. PLANE-BY-PLANE REPRESENTATION
A. Net energy

Our plane-by-plane representation, analogous to Refs. 33 and 

34, describes the crystal as a sequence of J lattice planes, labeled 

j = 1 . . . J, denoting by x j 
the average solute fraction in plane j, and 

allowing for gradients in x exclusively in the direction normal to the 

planes. Furthermore, we take each plane as a regular solution, with 

solute randomly distributed over the sites in the plane.
We take M sites per plane, with M sufficiently large that signif-

icant boundary effects arise only from the free surfaces beyond j = 1
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and j = J, and not from the edges of the planes. The total amount of 

solute is here

N tot 
= M 

J

∑ 

j=1
x j. (17)

Counting bonds, one readily finds that the net energy of Eq. (3) is 

here

H = MZ 0 
ϵ 

J−1

∑ 

j=2
x j 
(1 − x j)

+ MZ � 
ϵ 

J−1

∑ 

j=2
(

1
2
− x j 
)(x j+1 

− 2x j 
+ x j−1)

+ MZ ∥ 

ϵ [x 1 
(1 − x 1 

) + x J 
(1 − x J 

)] 

+
1
2

MZ � 
ϵ [x 1 
(1 − x 2 

) + (1 − x 1 
)x 2]

+
1
2

MZ � 
ϵ [x J 
(1 − x J−1 

) + (1 − x J 
)x J−1] + MZ � 

s ϵ [x 1 
+ x J 
].

(18) 

In this expression, the first line gives H for the uniform bulk, the
second line is the correction accounting for composition gradients, 

and the remaining lines account for the bonding in the surface layers 

at j = 1 and J.
Equation (18) assumes nearest-neighbor bonds that extend 

exclusively into the immediately neighboring planes, as, for instance, 

in {111} or {100} planes of fcc lattices. The in-plane and (one-
sided-) out-of-plane coordination numbers are denoted by Z ∥ 

and 

Z � 
, respectively (e.g., Z ∥ 

= 6 and Z � 
= 3 for {111} planes in fcc). For 

a concise notation, we introduce

ζ = Z � 
/Z 0 

, (19)

as an out-of-plane coordination parameter.
We find it useful to explicitly separate out various contributions 

to Eq. (18) and to express the result as

H = H loc 

+ Hgrd 

+ Hsrf , (20)

the sum of local bulk, gradient, and surface terms.
We denote the energy of a crystal plane j by H j. The per-plane 

energy in a region of the bulk with a uniform local environment is

Hloc 

j 

= Mω x j 
(1 − x j 

), (21)

and the contributions of this form to the net free energy sum up to

H loc 

= 

J

∑ 

j=1
Hloc

j . (22)

In the spirit of Eq. (20), the extra energy due to nonuniform
composition may be specified as an excess, Hgrd

j 

, over Hloc
j at the local

x j. With Eq. (18), we find

Hgrd
j = −ζM ω (xj −

1
2
) δ2xj , j = 2.. J − 1, (23)

with δ a difference operator. Specifically, the first forward difference 

and the second difference operators are

δx j 
= x j+1 

− xj 
, (24) 

and

δ 

2 x j 
= x j+1 

− 2x j 
+ x j−1 

= δx j 
− δx j−1 

= δ(δx) j−1 
, (25)

respectively. The dependence of the bulk gradient energy term, 

Eq. (23), on the second difference operator is a central observation 

here and is consistent with the discussion of the gradient energy of 

network solids in Ref. 1.
For the planes at the two free surfaces, Eqs. (18) and (20) imply

Hsrf
=M ζ ω[s x1 − x1(1 − x1) − δx1(x1 −

1
2
)]

+ M ζ ω[s x J 
− x J 
(1 − x J 

) + δx J−1(x J 
−

1
2
)]. (26)

The dependency of this expression on the surface layer solute frac-
tions x 1 

, x L 
reflects analogous terms in Eq. (16) for the surface

excess free energy in the continuum representation. This concerns 

specifically the s-dependent linear term and the parabolic term 

accounting for the reduced coordination number. Furthermore, 

Eq. (26) includes difference terms that favor superficial solute deple-
tion (δx 1 

< 0) in dilute solutions (1/2 − x > 0) and enrichment in 

concentrated ones.

B. Summation by parts
Next, we use summation by parts to present the gradient energy 

contribution in the bulk as an expression involving the first instead 

of the second difference operator. In its natural, second-difference 

representation and according to Eqs. (18) and (23), the gradient 

contribution to H is

Hgrd
2nd = −Mζ ω

J−1

∑
j=2
(xj −

1
2
) δ2xj. (27)

As is shown in Appendix B, we have

Hgrd
2nd = Hgrd

1st + H 

res
1st, (28)

with the bulk first-difference-square term,

Hgrd
1st = Mζ ω 

J−2

∑ 

j=1
(δx j) 

2, (29)

and the residuum term,

Hres
1st =Mζ ω [(x1 −

1
2
)δx1 − (xJ−1 −

1
2
)δxJ−1]. (30)

Equations (27)–(30) provide two separate representations of the 

identical contribution to the net energy.
Whereas the natural expression for the gradient energy, Hgrd

2nd
in Eq. (27), depends on a sum over second difference operators, the 

new, equivalent expression involves the sum over the squares of the 

first difference operators, Eq. (29), supplemented by the residuum, 

Eq. (30), that depends on the composition and on its first differ-
ences at or near the free surfaces. This is the discrete equivalent to 

the integration by parts in Ref. 1.
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C. Entropy and grand canonical potential
Our notion of entropy, S, is restricted to the ideal entropy of 

mixing. For the regular solution, it is

S = 

J

∑ 

j=1
S j , (31)

with

S j 
= −M R[x j 

ln x j 
+ (1 − x j) ln (1 − x j 

)]. (32)

The latter expression holds for all planes, including those at the 

surfaces, and it is insensitive to gradients.
We allow for the system to exchange matter with an external 

reservoir at fixed chemical potentials for the components and a fixed 

number of sites. At equilibrium, the system then minimizes a semi-
grand canonical potential,

O = H − T S − m N tot 
, (33)

at m = m 

R . For the special case of a uniform (x j 
≡ x), substitutional 

solution with a conserved network of sites, m denotes the diffu-
sion potential (difference of the chemical potentials, solvent minus 

solute); for a uniform interstitial solution, m is the chemical potential 

of the solute. In each case, m obeys

m =
1

Mtot
d(H loc

− TS)
dx

, (34)

in the uniform system.
As our study aims to compare the impact of different assump-

tions on the gradient energy, we evaluate three specific expressions 

for O, namely,

O 2nd 

= H loc 

+ Hgrd
2nd + Hsrf 

− T S − m N tot 
, (35)

O 1st 
= H loc 

+ Hgrd
1st + H 

res
1st + Hsrf 

− T S − m N tot 
, (36)

O nrs 
= H loc 

+ Hgrd
1st + Hsrf 

− T S − m N tot 
. (37)

While Eqs. (35) and (36) are equivalent, Eq. (37) differs because it 

misses the residuum term.
In terms of the respective O, the surface excess free energy, γ, 

(per surface atom) is obtained as

γ =
1
M
(O − Oref

), (38)

where O 

ref refers to the uniform bulk (no free surfaces) equilibrated 

with the reservoir.

D. Properties of uniform mixtures
When ω is positive valued, the interacting regular solution has 

a miscibility gap at the critical temperature T C 
= ω/(2R). In view of 

Eq. (5), the uniform regular solution has closed-form equations for 

the reduced binodal and spinodal temperatures,

τbin
= (4x − 2)(ln

x
1 − x

)
−1

, (39)

and

τ 

spi 

= 4x(1 − x), (40)

respectively. The diffusion potential m takes the values

mspi
(τ) = ±ω(

√
1 − τ − τ arctanh

√
1 − τ), (41)

at the spinodals. 

43

E. Numerical procedure
We have inspected equilibrium composition profiles for slabs 

comprising J = 200 planes, bounded by free surfaces. Composi-
tion profiles were enforced symmetric to a central mirror plane. 

Control scenarios with J = 400 planes provided indistinguishable 

results. We again studied {111}-planes of an fcc lattice, where 

ζ = 1/4.
The numerical approach searched for local minima of the 

potentials of Eqs. (35)–(37), with—in view of the symmetry—J/2 

discrete solute fractions x j 
as free parameters. Fixed values were 

assumed for the environmental parameters τ and m 

R , and for the 

segregation strength parameter s. The homogeneous dilute bulk 

alloy, equilibrated at the acting value of m 

R and at the lowest τ, pro-
vided the first starting configuration. Temperature scans then used 

the equilibrated state at the previous temperature as the starting con-
figuration. In this way, the temperature was scanned first upward 

and then back downward.
The atomistic simulation of Sec. III had explored the wetting 

behavior by scanning the temperature at chemical potential m 

R 

= 0, 

moving the system along the binodal. In the plane-by-plane rep-
resentation, this approach did not reliably converge to meaningful 

configurations of local minimum energy, specifically at low τ and 

high s. The problem was traced back to the degeneracy of the ener-
gies of the coexisting phases. This results in only very small driving

FIG. 4. Binodals and bulk composition values with a chemical potential offset. 

Alloy phase diagrams showing the binodals for the regular solution in the plane-
by-plane model [dark yellow line, Eq (39)] and for Monte Carlo simulation results 

of the atomistic model (gray line; adopted from Fig. 1). Temperature, T , normal-
ized to solute–solute interaction energy parameter ω, vs bulk solute fraction x blk 

.
Symbols: bulk composition values obtained for the respective model and chemical-
potential shift parameter o = 0.03. Composition shifts relative to the binodals are 

imperceptible on the scale of the figure.
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forces for displacing the internal interface after temperature change. 

That is problematic since the discreteness of the set of atomic planes 

implies a modulation, on the scale of the interplanar spacing, of the 

interfacial energy as the function of an effective interface position 

relative to the planes (see Fig. 2 in Ref. 56). Since the model has no 

thermal activation, the result can be erratic jumps in the interface 

position and, hence, in the wetting layer thickness. These jumps are 

an artifact of combining quasi-macroscopic free energy expressions 

within the planes with a discrete atomic-scale spacing. They have no 

equivalent in the more realistic results of our atomic-scale model. 

For robust results, we have shifted the system state into the stable, 

dilute single-phase region of the alloy phase diagram at slightly neg-
ative chemical potentials. 

57 The degeneracy is then lifted, in other 

words, the driving force toward a uniform dilute phase in the bulk 

no longer vanishes.
A natural scale for the chemical potential shift is provided by 

m 

spi , Eq. (41). We have shifted m away from its zero value at the 

binodal by a fraction, o, of the spinodal value, that is, to

m 

R 

(τ) = −o m 

spi 

(τ). (42)

The o-value used below, 0.03, leaves the equilibrium bulk compo-
sition quite close to the terminal solubility. Atomistic simulation 

results with o = 0.03 are presented for comparison.

F. Composition profiles
We started out by inspecting the impact of the chemical poten-

tial offset on the bulk solute fraction x blk 

. With o = 0.03, the x blk in
the plane-by-plane model was found to differ by not more than 1.5 

× 10 

−3 from the respective binodal value. The shifts are impercepti-
ble on the scale of the phase diagrams, as shown in Fig. 4.

In Fig. 4, one notes different critical temperatures between the 

atomistic and plane-by-plane models. This reflects that the atom-
istic model accounts for atomic short-range order, whereas the 

interacting regular solution model does not.
Next, we explored the distinction between near-surface com-

position profiles obtained for the plane-by-plane model with the 

exact expressions for O, Eqs. (35) or (36), and with the approxi-
mate expression, Eq. (37), that ignores the residuum of Eq. (30). 

Figure 5 shows the comparison for two exemplary values of the 

segregation strength. For s = −2/3, the exact solution [Fig. 5(a)] 

has the compositions in all planes, including the outermost one, to 

vary continuously with τ. At low temperature, solute enrichment 

is confined to the outermost plane, indicating a surface segrega-
tion layer but no wetting. Upon increasing τ, the solute-enriched 

region thickens and thus continuously evolves into a wetting layer. 

This is qualitatively consistent with the findings from the atom-
istic model (Fig. 2), supporting the absence of a first-order wetting 

transition.

FIG. 5. Near-surface composition pro-
files in the plane-by-plane model: com-
paring exact, second-difference based 

solution to first-difference-square one 

ignoring the residuum. Solute fraction x 

vs layer index j, on logarithmic scale, 

as the temperature moves upward in 21 

equidistant steps between τ = 0.3 (blue 

disks at bottom) to 0.98 (yellow disks 

near top). Top row, (a) and (b) segrega-
tion strength parameter s = −2/3. Bot-
tom row, (c) and (d) s = −1. Left column: 

numerical solution of the exact prob-
lem in its second-difference formula-
tion, Eq. (35). Right column: approxi-
mate solution, Eq. (37), based on the 

first-difference-square description and 

ignoring the residuum. In top row, note 

continuous evolution of composition pro-
file in panel (a) but jump, suggestive of 

first-order wetting transition, in panel (b). 

For discussion of bottom row, see the 

main text. All results are for chemical-
potential offset parameter o = 0.03.
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As compared to the exact solution, the approximate one 

[Fig. 5(b)] shows a qualitatively different behavior. For τ > 0.875, 

the sign of the gradient between first and second crystal plane is 

inverted. Even more remarkably, the near-surface composition pro-
file here exhibits a jump, from localized enrichment in the outermost 

layer to a several-layer-thick region of the concentrated phase. This 

is the characteristic of a first-order wetting transition. Yet, compar-
ison with the atomistic model and with the exact solution of the 

plane-by-plane model qualifies this transition as an artifact of the 

approximation.
The panels in the bottom row of Fig. 5 explore a somewhat 

stronger segregation strength, s = −1. Here, the exact solution is also 

discontinuous. At around τ = 0.45, the outermost-plane solute frac-
tion jumps to values characteristic of the concentrated phase. The 

jump is again confined to the outermost plane. A second transition, 

near τ = 0.62, has the subsurface layer also jump to the composition 

of the concentrated phase. The transitions remain confined to the 

two outermost planes, while the underlying bulk retains the com-
position of the dilute phase. Thereby, they appear as the signatures 

of localized surface phase transitions, in other words, they suggest 

complexions 

58,59 rather than wetting transitions. Yet, here again, the 

features of the plane-by-plane model have no equivalent in the atom-
istic simulation results, thus the complexions must be rejected as 

artifacts.

G. Temperature-dependent characteristics
We now consider the temperature dependence of surface char-

acteristics, starting out with the specific surface free energy γ. First, 

we have carefully verified that the two nominally equivalent expres-
sions, Eqs. (35) or (36), for the exact free energy of the plane-
by-plane model indeed provide identical numerical results. This is 

demonstrated by the superimposed results for γ(τ) (blue and orange 

disks) in Figs. 6(a) and 6(b). Further examples can be found in 

Figs. 6(c) and 6(d) and in Fig. 7 below.
Panels (a) and (b) in Fig. 6 show γ(τ) for the example of 

s = −2/3. Data for the approximate solution of Eq. (37) are superim-
posed to the exact solution. The approximate γ differs by exhibiting, 

at all nonzero s, temperature intervals with two separate branches. 

This feature of the approximate solution confirms its first-order wet-
ting transition, consistent with what is implied by the composition 

profiles of Figs. 5(b) and 5(d). Here again, the approximate result is 

not supported by the exact solution, which exhibits a single branch 

of γ(τ). This confirms that the wetting transition of the approximate 

solution is an artifact.
Panels (c) and (d) in Fig. 6 compare temperature-dependent 

surface tensions for the exact and approximate solutions, respec-
tively, with different segregation strength parameter values. For all 

nonzero s, the graphs of the approximate γ exhibit intervals with 

two branches, consistent with what was just discussed. An inter-
esting observation, in Fig. 6(c), is the branching also in the exact 

solution, here for s ≤ −0.9. This connects to our discussion of the 

jumps in the outermost two planes, see Fig. 5 above, which we had 

qualified as artifacts. Our discussion in Sec. V E links the artifact to 

the plane-by-plane model’s combination of the atomic-scale, out-of-
plane discreteness with a quasi-macroscopic free energy expression 

within each plane.

FIG. 6. Temperature variation of specific surface excess free energy γ in the 

plane-by-plane model. (a) Overview showing superposition of γ, normalized to 

solute–solute interaction parameter ω, vs dimensionless temperature variable τ, 

for up- and then down scans in τ. Bold blue and narrow yellow disks: exact, 

second-difference based solutions as represented by Eqs. (35) and (36), respec-
tively. Note excellent mutual agreement. Red symbols: approximate solution of 

Eq. (37), based on the first-difference square and ignoring the residuum; note 

large and qualitative deviation from the exact solution. Segregation strength para-
meter s = −2/3. (b) Detail from (a), showing crossing of two γ(τ) branches of the 

approximate solution, suggestive of a first-order transition, which has no equiva-
lent in the exact solution. (c) γ(τ) of the exact solution, for different s (see legend). 

Colored symbols and black lines represent Eqs. (35) and (36), respectively. Note 

continuous graphs (except for branching at the two highest s values), suggesting 

absence of surface phase transition. (d) As in panel (c), but for approximate solu-
tion, Eq. (37). Note two intersecting branches at all nonzero s values. All results 

are for chemical-potential offset parameter o = 0.03.

Figure 7 compares the results of the plane-by-plane repre-
sentation (exact or approximate) among themselves and with the 

benchmark computation for the atomistic representation. Here 

again, all panels use a chemical-potential offset parameter o = 0.03. 

Panels (a)–(c) of Fig. 7 show the results of our benchmark, the 

atomistic model, here with the chemical-potential offset. Compar-
ison to the results for m = 0, without offset, in Fig. 3 reveals that 

the increase of Γ with τ is now more gradual. That being said, the 

present atomistic results are qualitatively consistent with all con-
clusions from the m = 0 scenario. This suggests that meaningful 

conclusions can be obtained by discussing the plane-by-plane model 

results obtained with the chemical potential offset.
Panels (d)–(f) of Fig. 7 show results for the exact solution 

of the plane-by-plane model. The graphs agree qualitatively with 

those of the atomistic model, except that the wetting layer near 

T C 
is here thinner and that complexions appear at s = −0.9 and

−1. The complexions emerge not as singular observations, but 

instead humps in the graphs of all three quantities appear already 

at weaker segregation strength. The remaining aspects of the two 

approaches, atomistic and (exact) plane-by-plane, are remarkably 

consistent. Most importantly, the exact solution of the plane-by-
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FIG. 7. Temperature variation of interfacial parameters for systems with the bulk composition near the dilute binodal—comparing different approaches. Graphs show specific 

excess, Γ, of solute, first-plane solute fraction x 1 

, and effective wetting layer thickness, t, plotted vs the reduced temperature τ or vs 1 − τ. Note logarithmic axis scaling for 

Γ, t, and 1 − τ. All results are for chemical-potential offset parameter o = 0.03. Top row, (a)–(c) atomistic simulation. Center row, (d)–(f) plane-by-plane model exact solution 

(symbols: second-difference representation; lines: first-difference-square representation including the residuum). Bottom row, (g)–(j) plane-by-plane model approximate 

solution, ignoring the residuum. See the legend for values of segregation-strength parameter s. Note first-order wetting transitions to several-plane-thick surface phase 

in approximate description, vs gradual thickening or single-plane jump in exact description. Thick red line: Cahn–Hilliard interface width t CH 

(not a wetting layer width) as 

benchmark for layer thickness t.

plane model correctly reproduces the continuous variation of the 

wetting-layer thickness upon the approach to the bulk critical tem-
perature. Thereby, this model correctly transports the absence of 

a first-order wetting transition. The previously published second-
difference studies 

32 indeed find no first-order wetting transition for 

{111} free surfaces, in agreement with our results, whereas previ-
ously published first-difference-square studies do find the first order 

transition—again in agreement with our results. 

35,36

Note that Fig. 7(d) confirms the small excess of solute even 

when the segregation strength is zero, as observed in our atomistic

model and discussed there (see Sec. III C) as an effect of the parabolic 

part of ψ(x S) in Eq. (16).
Panels (g)–(j) present the analogous results for the approximate 

solution of the plane-by-plane model, ignoring the Cahn–Hilliard 

residuum. These results do suggest first-order wetting transitions, as 

evidenced by discontinuous jumps from t ≲ 1 layer to t ≫ 1 layer at 

well-defined temperatures. The transitions are seen to move closer 

to the bulk critical temperature as the segregation strength decreases. 

At first sight, that result is reasonable, since a smaller perturbation at 

the surface will only become relevant closer to criticality. Yet, in view
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of the smooth t(τ) of the exact solution, and recalling our previous 

discussion, the prediction of a transition must again be discarded as 

an artifact from the omission of the residuum.

VI. DISCUSSION AND CONCLUSIONS
Our analysis explores the distinction between gradient-square-

based and Laplacian-based excess energy terms near surfaces of 

nonuniform solid solutions, as it emerges from the 1958 analysis by 

Cahn and Hilliard. As a toy problem for illustration, we consider 

equilibrium states of the fcc Ising model with {111} surfaces and 

a composition-dependent surface energy. Three approaches to the 

free-energy minimization for that model are compared, namely (i) 

atomistic Metropolis Monte Carlo simulation, (ii) a regular solution 

plane-by-plane model, and (iii) a continuum representation.
The atomistic approach works with a rigid lattice, and 

the plane-by-plane as well as continuum representations ignore 

pressure-dependent contributions to the chemical potential. This 

approximation is appropriate for equilibrium states on an extended 

coherent lattice, provided that the interaction parameters ϵ and ω are 

identified with the “chemical” contribution to the interaction energy, 

ignoring the misfit strain energy contribution. 

43,48,60

The atomistic simulation is set up to provide an exact (except 

for numerical error) solution of temperature-dependent mean com-
position profiles in the scenario at hand. The simulation finds 

continuous wetting, that is, a wetting layer thickness that increases 

continuously with temperature, diverging as the bulk critical tem-
perature is approached along the binodal. A first-order wetting 

transition can be excluded.
In coarse-grained representations derived from the Ising 

model, unidirectional gradients in the solute fraction affect the 

energy through the second derivative or the second-difference oper-
ator. We argue that the Cahn–Hilliard continuum model, when 

accounting for the second derivative or, equivalently, when includ-
ing the residuum, has no stable and physically meaningful solutions 

for scenarios including free surfaces. At the heart of the issue is the 

failure of the continuum representation to account for the restric-
tions, as they are imposed by the discrete nature of atomic matter, 

on the magnitude of composition gradients.
The plane-by-plane model accounts for the discrete atomic 

structure in the direction of a 1D gradient normal to the surface. 

When adopting the second-difference-based formulation, the model 

qualitatively reproduces the findings from the atomistic simulation, 

and specifically continuous wetting rather than a first-order wetting 

transition.
As an exception to the above statement, the plane-by-plane 

model suggests, for large segregation strength, transitions confined 

to the two outermost crystal planes near the surface—in other words, 

complexions. The complexions are not confirmed by the atomistic 

model. They may be explained as artifacts from the combination of 

a quasi-macroscopic free energy expression within each plane with a 

discrete, atomic scale stacking sequence along the normal. 

Summation by parts supplies a formulation of the plane-
by-plane model that works with the first-difference square and 

that provides identical results. Remarkably, a first-order wetting 

transition does appear when, in an approximate version of that 

model, the residuum from the summation by parts is omitted. 

This demonstrates that the distinction between curvature-derived 

vs gradient-square-derived energy expressions entails qualitatively

different predictions on the wetting behavior. In view of their 

disagreement with the atomistic results, the predictions from the 

approximate version of the plane-by-plane model must be rated as 

incorrect.
One might speculate whether the instability of the curvature-

based continuum model can be removed when the continuum 

treatment of the bulk is supplemented with a surface term that 

accounts for the discrete atomic nature of the outermost plane at the 

surface. This might be implemented by a local composition jump 

at the surface as an extra parameter, similar to local displacement 

jumps in the continuum theory of surface mechanics. 

61 Yet, testing 

this hypothesis by finding and validating a consistent and convincing 

implementation is beyond the scope of the present work.
It is well established that critical-point wetting phenomena 

depend sensitively on the nature of the molecular interactions. 

From a wide range of possible scenarios, our study focuses on the 

Ising model as a convenient framework to examine the distinc-
tion between gradient-square and Laplacian-based excess energy 

terms in solid solutions. We emphasize that fluid mixtures exhibit 

fundamentally different behavior. Unlike network solids, fluids are 

characterized by molecular rearrangements and continuously evolv-
ing local environments, allowing them to explore configuration 

space in closer agreement with continuum descriptions. Accord-
ingly, continuum approaches—as pioneered by 

5 —are well known 

to achieve excellent agreement with experiments on critical-point 

wetting in fluids.
In contrast to fluids, continuum approaches can be problematic 

for the free-energy minimization near surfaces of solids. When the 

concentration field is known, the free energy is here governed by the 

Laplacian, rather than the gradient square. 

1 However, a Laplacian-
based free-energy functional that includes a free surface does not 

readily admit meaningful energy minimization by standard varia-
tional methods for finding unknown concentration fields. Discrete 

approaches, such as numerical analysis of plane-by-plane models, do 

yield energy-minimizing concentration profiles in qualitative agree-
ment with atomistic simulation. Yet these methods are typically 

restricted to unidirectional gradients, and they rely on simplified 

equations of state, such as the regular solution model. Ultimately, the 

choice between Laplacian and gradient-square formulations alters 

the predicted order of the phase transformation, underscoring the 

fundamental importance of this distinction.
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APPENDIX A: CAHN–HILLIARD INTERFACE WIDTH 

The main text refers to the Cahn–Hilliard interface width, t CH 
, 

as a benchmark for the wetting layer thickness. Cahn and Hilliard 

1 

introduce an effective interaction distance λ and find

λ =
r0
√

3
, (A1)

for the nearest-neighbor interaction scenarios that are of inter-
est in the present work. Here, r 0 

refers to the atomic nearest-
neighbor spacing. In terms of that parameter, they find the antiphase 

boundary width as

tCH = 2λ
√

1
1 − τ

, (A2)

asymptotically in the approach to the critical point.
Consistent with the numerical examples studied here, we may 

refer to the interplanar spacing by d and assume dense-packed
{111}-planes in a phase-centered cubic lattice, where r 0 

= 

√ 

3/2 d 

and, hence,

λ = d/
√

2. (A3)

In our dimensionless scenario with d = 1, we then have λ = 1/ 

√ 

2 

and, consequently,

tCH =

√
2

1 − τ
. (A4)

That equation is plotted as a benchmark line in our graphics showing 

the wetting-layer width vs 1 − τ.

APPENDIX B: SUMMATION BY PARTS

The summation by parts acts on the gradient energy term in 

second-difference representation, Eq. (27). For conciseness of nota-
tion, we introduce the composition parameter ξ = x − 1/2, in terms 

of which that equation reads

Hgrd 

= −Mζ ω 

J−1

∑ 

j=2
ξ j 
δ 

2 ξ j. (B1)

In view of the definitions of the difference operators, the sum can be 

transformed by the following sequence of steps:

J−1

∑ 

j=2
ξ j 
δ 

2 ξ j 
= 

J−1

∑ 

j=2
ξ j 
δ(δξ) j−1

= 

J−1

∑ 

j=2
(ξ j 
− ξ j−1 

) δ(δξ) j−1 
+ 

J−1

∑ 

j=2
ξ j−1 

δ(δξ) j−1

= 

J−1

∑ 

j=2
δξ j−1 

δ(δξ) j−1 
+ 

J−1

∑ 

j=2
ξ j−1 

δ(δξ) j−1

= 

J−2

∑ 

j=1
δξ j 

δ(δξ) j 
+ 

J−2

∑ 

j=1
ξ j 
δ(δξ) j. (B2)

At this point, we take recourse to Abel’s summation-by-parts 

formula (Ref. 62, Sec. 2.4.2), in its form

n

∑ 

k=m
b k 

δx k 

+ 

n

∑ 

m
x k+1 

δb k 

= b n+1 
x n+1 
− bmxm 

. (B3)

This here implies

J−2

∑ 

j=1
ξ j 
δ(δξ) j 

= − 

J−2

∑ 

j=1
δξ j+1δξ j 

+ ξ J−1 
δξ J−1 

− ξ 1 
δξ 1. (B4)

Using that result for replacing the second term on the right in the 

last line of Eq. (B2), the sequence of manipulations there may be 

continued as

J−1

∑ 

j=2
ξ j 
δ 

2 ξ j 
= 

J−2

∑ 

j=1
δξ j 

δ(δξ) j 
− 

J−2

∑ 

j=1
δξ j+1δξ j 

+ ξ J−1 
δξ J−1 

− ξ 1 
δξ1

= 

J−2

∑ 

j=1
δξ j 
(δξ j+1 − δξ j 

) − 

J−2

∑ 

j=1
δξ j+1δξ j 

+ ξ J−1 
δξ J−1 

− ξ 1 
δξ1

= − 

J−2

∑ 

j=1
(δξ j) 

2 

+ ξ J−1 
δξ J−1 

− ξ 1 
δξ 1. (B5)

The last equation in Eq. (B5) completes the partial summa-
tion. Converting back from ξ to x as the composition parameter and 

summarizing, we see that

−Mζ ω
J−1

∑
j=2
(xj −

1
2
) δ2xj

= Mζ ω 

⎡ 

⎢
⎢ 

⎢
⎢
⎣ 

J−2

∑ 

j=1
(δx j) 

2 

+ (x 1 
−

1
2
)δx 1 

− (x J−1 
−

1
2
)δx J−1 

⎤
⎥
⎥ 

⎥
⎥
⎦

,

(B6)

which summarizes Eqs. (27)–(30) of the main text.

APPENDIX C: BOUNDARY CONDITIONS

Consider the free energy F of Eq. (12) in the main text. The 

condition of minimum F can be written as
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0 =
δF
A
=

L

∫

0

(Ψ′0(x)δx + 2κ 0 
x 

′ δx 

′ 

) dx + (ψ 

′
0 

− κ 

′ 

1 

x 

′ 

0)δx 0

+ (ψ 

′
L 

+ κ 

′
1 

x 

′ 

L 

)δx L 
− κ 1 
(x 0 
)δx′ 

0 

+ κ 1 
(x L 
)δx 

′
L. (C1)

Partial integration gives

0 =

L

∫ 

0

(Ψ 

′
0(x) − 2κ 0 

x 

′′ 

)δx dx + (ψ′ 

0 

− (κ′ 

1 

+ 2κ 0 
)x 

′
0)δx 0

+ (ψ′ 

L 

+ (κ′ 

1 

+ 2κ 0 
)x′ 

L 

)δx L 
− κ 1 
(x 0 
)δx′ 

0 

+ κ 1 
(x L 
)δx 

′
L. (C2)

By considering only variations for which δx as well as δx 

′ vanish at 

the surface, one obtains the Euler equation,

Ψ 

′
0(x) = 2κ 0x 

′′ , (C3)

which, upon first integration, gives 

5

Ψ 0 
(x) = κ 0x 

′2 

+ η, (C4)

with η an integration constant.
The standard approach toward minimizing F of Eq. (12) is 

to consider next variations for which δx but not δx 

′ vanish at 

the boundaries, and finally general variations. This supplies four 

boundary conditions,

0 = ψ 

′ 

0 

− (κ′ 

1 

+ 2κ 0 
)x 

′
0, (C5)

0 = ψ 

′ 

L 

+ (κ′ 

1 

+ 2κ 0 
)x′L, (C6)

0 = κ 1 
(x 0 
), (C7)

0 = κ 1 
(x L 
). (C8)

It is readily seen that the set of equations, Eq. (C3) with 

Eqs. (C5)–(C8), does not represent a well-formed variational prob-
lem: the two constants of integration which can be specified for the 

second order differential equation, Eq. (C3), do not generally allow 

to satisfy all four boundary conditions, Eqs. (C5)–(C8). This agrees 

with the observation that–in view of Eq. (11)(1)–Ψ of Eq. (10) in the 

main text does not generally satisfy the appropriate version of the 

Legendre condition of variational calculus,

∂2Ψ
∂x′′2

> 0. (C9)

APPENDIX D: SURFACE FREE ENERGY DENSITY 

FUNCTION IN THE PRESENCE OF A LINEAR 

COMPOSITION GRADIENT

We are interested in how the surface free energy density at 

a planar crystal surface is affected by a composition gradient x S 
′. 

To this end, we consider an extended crystal, formed by a stack 

of lattice planes indexed j and with mean solute fractions x j, that 

form an arbitrary, but fixed 1D composition profile. A continuous 

function x(z) interpolates the composition variation in the crystal,

which we take to be bounded by outer surfaces at z = −L to L. 

Assuming uniform composition near those surfaces, and ignoring 

their surface free energy densities for conciseness, the continuum 

representation of Sec. IV A yields the free energy of the initial, 

extended crystal as

F
A
=

+L

∫

−L

(Ψ0(x) + κ1 x′′) dz

= 

+L

∫ 

−L

(Ψ 0 
(x) + κ 0 

(x 

′ 

)
2
) dz. (D1)

Now let the crystal be bisected at an arbitrary internal posi-
tion with a composition gradient, far from the outer surfaces. The 

bisection between lattice planes indexed j 

− and j 

+ generates two 

half-crystals with two new surfaces. The dividing surface of the con-
tinuum description is naturally located halfway between the two 

surface lattice planes; see illustration in Fig. 8.
Within a regular solution model with the Hamiltonian of 

Eq. (3), the physical process of bisection changes the free energy 

(exclusively) by breaking all bonds that cross the surface. In view 

of Eq. (3), this extra energy is

δF = ϵ(δB unlike 

+ s δB broken 

). (D2)

Denoting the mean solute fractions of the surface lattice planes by
x 

− and x+ , one readily finds the loss of unlike neighbor bonds as
δB unlike 

= −ρ S 

Z � 
A(x 

− 

(1 − x 

+ 

) + x 

+ 

(1 − x 

− 

)) and the gain in bro-
ken bonds as δB broken 

= +ρ S 

Z � 
A(x 

− 

+ x 

+ 

), with ρ S 

the area density
of sites in a lattice plane.

δ F/A can be identified with the sum of the surface free energy 

densities, ψ 

− and ψ 

+ , of the two newly created surfaces. Expressing

FIG. 8. Composition variation near a surface generated by bisecting an extended 

crystal with a 1D composition profile. Solute fraction x vs crystal lattice plane index 

j (top axis and circles) in the discrete representation and vs the continuous posi-
tion coordinates z (bottom axis and red line) in the continuum representation. A 

surface is generated by bisecting between the two neighboring lattice planes j 

− 

and j 

+ (which then form the surface atomic planes), with the continuum-model’s
dividing surface located halfway in-between, at z = zS 

. Symbols denote the fol-
lowing: x 

− and x+ , solute fractions in the surface atomic planes; δx S 

, composition
jump across the dividing surface; xS 

, surface solute fraction in the continuum
representation; d ip 

, interplanar spacing.
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the ψ by the parameters of the continuum model requires that x 

− and
x 

+ be replaced with the solute fraction, xS 

, at the dividing surface
and with the composition gradient, x′ 

S 

, there. As illustrated in Fig. 8, 

this is achieved by substituting

x− → xS −
1
2
δxS, x+ → xS +

1
2
δxS, (D3)

where δx S 

denotes the composition jump between the two surface 

planes. In a small-gradient approximation, δx S 

may be expressed 

in terms of the continuum representation’s composition gradient, 

x′ 

S 

, at the dividing surface and of the interplanar spacing, d ip 
,

through δx S 

= d ip 
x 

′ 

S 

. With the substitution and the approximation,
the surface free energy densities emerge as

ψ− = ρSζω(s (xS −
dip

2
x′S) − xS(1 − xS) −

d2
ip

4
(x′S)

2
), (D4)

and

ψ+ = ρSζω(s (xS +
dip

2
x′S) − xS(1 − xS) −

d2
ip

4
(x′S)

2
). (D5)

It is seen that the surface free energy functions are of the form 

ψ = ψ(x S 

, x 

′ 

S 

).
In view of Eqs. (12) and (D1), the free energy of a crystal—here 

for the example of the right-hand-side crystal, labeled “+”, and again 

ignoring the surface free energy density at the z = L surface —with a 

composition gradient at one of its surfaces is obtained as

F
A
=

L

∫
zS

(Ψ0(x) + κ1 x′′) dz + ψ+(xS, x′S)

= 

L

∫ 

z S

(Ψ 0 
(x) + κ 0 

(x 

′ 

)
2
) dz − κ 1 

(x S 

)x′S 

+ ψ 

+ 

(x S, x 

′ 

S 

). (D6)

In Eq. (D6), the coefficients determining κ 1 
[Eq. (11)] and ψ 

+ 

[Eq. (D5)] are such that the dependencies on the surface gradient 

terms will, as a rule, not mutually cancel.
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