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Abstract
Cables are slender structural elements, that are found inmany engineering struc-
tures and are exposed to large displacements while experiencing small or large
local strains during their installation or in dynamic environments. To address the
complexity of their inner structure, an effective material model with anisotropic
properties in the elastic and elastoplastic domain is utilized, allowing for a sim-
plified representation that overcomes numerical challenges associated with a
fully resolved model. This article focuses on enhancing the representation of
local discontinuities arising from the plastic front using hp-refinement. The
described workflow is applied to a perforated plate benchmark example and a
cable subjected to torsion. Results indicate that the hp-refinement achieves a fast
convergence and on average uses fewer degrees of freedom to achieve similar
accuracy as compared to pure ℎ-refinement or pure 𝑝-refinement.

1 INTRODUCTION

Cables are slender structural elements, that are commonly found in engineering structures. They servemultiple purposes,
such as being used as components in bridges, ski lifts, and tensile structures, as well as functioning as electrical conductors
or signal transmitters. As a result, there is awide range of layouts anduse cases, ranging from small cables serving as simple
copper wires to large compositions like undersea cables that enable the creation of theWorldWideWeb or offshore power
lines transmitting renewable energy.
Typically, the cross-section of a cable contains various materials, including rubber for insulation and protective jackets,

conductivemetals like copper, and sometimeswoven fibers to provide electrical shielding or enhance structural durability.
Dealing with the different materials and accounting for interactions between the inner parts, which occur through fric-
tional contact, poses numerical challenges and requires significant computational resources. To reduce computational
costs, a simplified approach is pursued, that represents the cable as a single material model incorporating anisotropic
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TABLE 1 Hyperelastic material parameters.

𝛼1 = −𝛼4 − 𝛼7 − 𝛼8 − 2𝛼10 𝛼5 =
1

4
(
1−𝜈13𝜈31

𝑚
𝐸2 − 8𝛼11) 𝛼9 = 𝐸3

𝜈23+𝜈13𝜈21

4𝑚

𝛼2 = −𝛼5 − 𝛼7 − 𝛼9 − 2𝛼11 𝛼6 =
1

4
(
1−𝜈12𝜈21

𝑚
𝐸3 − 8𝛼12) 𝛼10 =

1

4
(𝐺12 + 𝐺13 − 𝐺23)

𝛼3 = −𝛼6 − 𝛼8 − 𝛼9 − 2𝛼12 𝛼7 = 𝐸2
𝜈12+𝜈13𝜈32

4𝑚
𝛼11 =

1

4
(𝐺12 − 𝐺13 + 𝐺23)

𝛼4 =
1

4
(
1−𝜈23𝜈32

𝑚
𝐸1 − 8𝛼10) 𝛼8 = 𝐸3

𝜈13+𝜈12𝜈23

4𝑚
𝛼12 =

1

4
(−𝐺12 + 𝐺13 + 𝐺23)

properties in the hyperelastic and elastoplastic regimes [1], without explicitly considering the geometric details of the
inner structure.
This framework focuses on the simulation of cables that experience large displacements coupled with either small or

large local strains. Large local strains can arise through contact with other objects, for instance, during the installation
of a cable when it is pulled over edges or when a robotic arm operates. To accurately capture the curved geometry
while maintaining computational efficiency, anisotropic solid elements with high-order hierarchic shape functions
[2] are employed within the nonlinear finite element framework. By utilizing quasi-regional mapping techniques, the
curved geometry can be effectively represented using only a small number of elements. However, when incorporating
anisotropic behavior, careful attention must be given to the mapping function to prevent the introduction of artificial
strains [3]. This work focuses on improving the simulation of local phenomena like plasticity or contact using hp-
refinement [4]. To this end the general workflow and the necessary steps are described, which then result in a study
of a perforated plate benchmark example and a brief demonstration simulation of a torsion test of a cable in three
dimensions.

2 THEORY

Considering the occurrence of large local strains during loading, it becomes necessary to account for nonlinearities in the
finite elementmethod (FEM). These nonlinearities encompass geometric aspects due to large displacements andmaterial
nonlinearities due to large strains. Therefore, we propose an anisotropic material model [1, 5] based on a strain energy
density function. According to ref. [5], we utilize the orthotropic material model that relies on three directions 𝒗𝑖 in the
reference configuration, which define structural tensors𝑴𝑖 = 𝒗𝑖 ⊗ 𝒗𝑖 for 𝑖 = 1, 2, 3, where⊗ denotes the dyadic product.
These structural tensors, in conjunction with the elastic right Cauchy-Green tensor 𝑪e = 𝑭Te 𝑭e, are used to compute the
invariants

𝐽𝑖 = tr[𝑴𝑖𝑪e], for 𝑖 = 1, 2, 3, (1)

𝐽𝑖+3 = tr[𝑴𝑖𝑪
2
e ], for 𝑖 = 1, 2, 3. (2)

The strain energy density function can then be defined as

Ψe =

3∑
𝑖=1

[
𝛼𝑖𝐽𝑖 +

𝛼𝑖+3
2

𝐽2
𝑖
+ 𝛼𝑖+9𝐽𝑖+3

]
+ 𝛼9𝐽1𝐽2 + 𝛼8𝐽1𝐽3 + 𝛼9𝐽2𝐽3, (3)

where 𝛼𝑖 for 𝑖 = 1,⋯, 12 are the material parameters, see Table 1. The material parameters that have to be specified are
the Young’s moduli 𝐸𝑖 , Poisson’s ratios 𝜈ij, and shear moduli𝐺ij for all three directions. The auxiliary parameter𝑚 is given
by 𝑚 = 1 − 𝜈12𝜈21 − 𝜈23𝜈32 − 𝜈13𝜈31 − 2𝜈12𝜈23𝜈31 and the Poisson’s ratios are related through the Young’s moduli by the
relation 𝜈ij

𝐸𝑖
=

𝜈ji

𝐸𝑗
.

In order to reduce the total number of nine independent material parameters plus three orthogonal directions the
assumption of transverse isotropy is incorporated. This assumption can be justified by the approximate isotropy, that the
analyzed cable specimens exhibit within the cross section.
This assumption can be incorporated in the given material model by setting the quantities 𝐸2 = 𝐸3, 𝐺12 = 𝐺13, 𝐺23 =
𝐸2

2(1+𝜈23)
, 𝜈13 = 𝜈12 and leaves five independent material parameters. Further, the relation 𝑴1 +𝑴2 +𝑴3 = 𝑰 can be

exploited to reduce the number of directions 𝒗𝑖 , that have to be defined in the hyperelastic domain.
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To this end the strain energy density function in Equation (3) can be reformulated. This is presented here in three steps:
Step 1, based on the reduction to transverse isotropy the equation 𝛼2 = 𝛼3 unfolds and 𝛼′1 = 𝛼1 − 𝛼2 can be introduced.

Combining this with the invariants 𝐽𝑖 , 𝑖 = 1, 2, 3 it can be rearranged to

𝛼1𝐽1 + 𝛼2𝐽2 + 𝛼3𝐽3 = tr((𝛼1𝑴1 + 𝛼2𝑴2 + 𝛼3𝑴3)𝑪e),

= 𝛼2tr(𝑪e) + 𝛼′
1
𝐽1. (4)

Step 2, the equation 𝛼11 = 𝛼12 can be used and an auxiliary variable 𝛼′10 = 𝛼10 − 𝛼11 is introduced. Combining them with
the invariants 𝐽𝑖 , 𝑖 = 4, 5, 6, a split into an isotropic and an enhanced part is possible

𝛼10𝐽4 + 𝛼11𝐽5 + 𝛼12𝐽6 = tr((𝛼10𝑴1 + 𝛼11𝑴2 + 𝛼12𝑴3)𝑪
2
e ),

= 𝛼11tr(𝑪
2
e ) + 𝛼′

10
𝐽4. (5)

Step 3 is similar to the above steps, the equations 𝛼5 = 𝛼6 and 𝛼7 = 𝛼8 are directly given. Taking a closer look at 𝛼5 and 𝛼9
it becomes clear, that they are equal as well (𝑚 = 1 − 2𝜈12𝜈21 − 𝜈2

23
− 2𝜈12𝜈23𝜈21):

𝛼5 =
1 − 𝜈13𝜈31

4𝑚
𝐸2 − 8𝛼11 =

1 − 𝜈12𝜈21
4𝑚

𝐸2 −
𝐸2

(1 + 𝜈23)
=
1 − 𝜈12𝜈21 − 1 + 𝜈23 + 2𝜈12𝜈21

4(1 + 𝜈23)(1 − 𝜈23 − 2𝜈12𝜈21)
𝐸2,

=
𝜈23 + 𝜈12𝜈21

4𝑚
𝐸2 = 𝛼9. (6)

In this way some auxiliary variables 𝛼′7 = 𝛼7 − 𝛼5 and 𝛼′4 = 𝛼4 − 𝛼5 can be defined to split the remaining invariants in an
isotropic and enhanced part:

𝛼𝑖+3
2

𝐽2
𝑖
+ 𝛼7𝐽1𝐽2 + 𝛼8𝐽1𝐽3 + 𝛼9𝐽2𝐽3 =

𝐽1
2
(𝛼5(𝐽1 + 𝐽2 + 𝐽3) + 𝛼′7(𝐽2 + 𝐽3) + 𝛼′

4
𝐽1)

+
𝐽2
2
(𝛼5(𝐽1 + 𝐽2 + 𝐽3) + 𝛼′7𝐽1) +

𝐽3
2
(𝛼5(𝐽1 + 𝐽2 + 𝐽3) + 𝛼′7𝐽1)

=
𝛼5
2
tr(𝑪e)

2
+ 𝛼′7(tr(𝑪e) − 𝐽1)𝐽1 +

𝛼′
4

2
𝐽2
1

(7)

This leads to the modified strain energy density function𝑊e = 𝑊e,iso +𝑊e,tr

𝑊e,iso = 𝛼2tr(𝑪e) +
𝛼5
2
tr(𝑪e)

2
+ 𝛼11tr(𝑪

2
e ) (8)

𝑊e,tr = 𝛼′
1
𝐽1 + 𝛼′7tr(𝑪e)𝐽1 +

(
𝛼′
4

2
− 𝛼′7

)
𝐽2
1
+ 𝛼′

10
𝐽4 (9)

If the material parameters for Ψe are chosen to be transversely isotropic, the equation Ψe = 𝑊e holds and both strain
energy density functions are equivalent. For pure transverse isotropy five material parameters and only the direction 𝒗1
of the fiber has to be defined. Further, the isotropic part can be replaced more easily by another isotropic strain energy
density function as also shown in ref.[6].
Considering not only the elastic regime, the elastoplastic equations are based on the multiplicative split of the

deformation gradient 𝑭 = 𝑭e𝑭p and are anisotropic with respect to their yield criterion. Based on the stress

𝚵 = 2𝜌0𝑪𝑭
−1
p

𝜕Ψe
𝜕𝑪e

𝑭−Tp , (10)

the stress invariants are defined as

𝐼𝑖 = tr[𝑴𝑖dev𝚵], for 𝑖 = 1, 2, 3, (11)

𝐼𝑖+3 = tr[𝑴𝑖(dev𝚵)
2
], for 𝑖 = 1, 2, 3. (12)
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TABLE 2 Elasto-plastic material parameters.

𝛽1 =
1

0𝜎2
11

− 𝛽7 𝛽4 = −(
1

0𝜎2
11

+
1

0𝜎2
22

−
1

0𝜎2
33

) 𝛽7 =
1

2
(

1

0𝜎2
12

+
1

0𝜎2
13

−
1

0𝜎2
23

)

𝛽2 =
1

0𝜎2
22

− 𝛽8 𝛽5 = −(
1

0𝜎2
11

−
1

0𝜎2
22

+
1

0𝜎2
33

) 𝛽8 =
1

2
(

1

0𝜎2
12

−
1

0𝜎2
13

+
1

0𝜎2
23

)

𝛽3 =
1

0𝜎2
33

− 𝛽9 𝛽6 = −(−
1

0𝜎2
11

+
1

0𝜎2
22

+
1

0𝜎2
33

) 𝛽9 =
1

2
(−

1

0𝜎2
12

+
1

0𝜎2
13

+
1

0𝜎2
23

)

The stress invariants are then used to compute an equivalent stress

𝜒 =

3∑
𝑖=1

[
𝛽𝑖𝐼

2
𝑖
+ 𝛽𝑖+6𝐼𝑖+3 +

1

2

3∑
𝑗=1

𝛽𝑖+𝑗+1𝐼𝑖𝐼𝑗

]
, for𝑖 ≠ 𝑗, (13)

that is used to determine the yield criterion

Φ =

√
2

3

(
0𝜎11

√
𝜒 − (0𝜎11 − 𝑌)

)
. (14)

Herein, thematerial parameters 𝛽𝑖 , 𝑖 = 1, .., 9 are based on the yield stresses 0𝜎ij, see Table 2. Assuming transverse isotropy

as well for the yield surfaces the following equations hold: 0𝜎12 = 0𝜎13, 0𝜎22 = 0𝜎33, 0𝜎23 =
0𝜎22√
3
.

The nonlinear but isotropic hardening law is described as follows

𝑌(𝑍) = −HZ − (𝜎∞ − 0𝜎11)(1 − 𝑒−𝜂𝑍), (15)

where 𝜎∞ represents a saturation stress,𝐻 the linear hardening and 𝜂 is the exponential hardening parameter, controlling
the rate of the exponential hardening. A more detailed description of the model is presented in refs. [1, 3, 5, 7].

2.1 𝒉𝒑-adaptivity

The main advantages of high-order finite elements are the accurate description of curved geometries and a higher accu-
racy compared to pure ℎ-refinement. Onemajor error contributor in high-order elements can be related to discontinuities,
that are present within an element and thus cannot be represented by continuous shape functions. The interface between
the elastic and the elastoplastic material (further called the plastic front) is an example, where an internal disconti-
nuity is present, that usually does not adhere to element boundaries. This yields in a reduced accuracy within a cut
high-order element.
There are different methods to overcome this problem, as re-meshing, rp-refinement [8] or hp-refinement [9], which

are all based on the idea to resolve the plastic front through an element edge or face. All of the abovemethods require, that
the history data related to the plastic strains has to be transferred. During a change of the discretization the integration
points usually have to be redistributed and an interpolation of the history data to the new integration points is necessary.
A schematic workflow for nonlinear finite elements is shown in Figure 1. At the end of each load step (Figure 2A), the

plastic front is detected by inspecting the properties of the integration points. After the positions have been determined the
hp-refinement refines the mesh in a ℎ- or hp-manner towards the plastic front to better resolve the arising discontinuity
(Figure 2B). Depending on the number of subdivisions and the desired accuracy a gradedmesh with reduced ansatz order
can be chosen, to increase the efficiency of the overall computation.With the refinedmesh the values of the new degrees of
freedom are determined using a 𝐿2-projection. Additionally new integration points are introduced and the history values
are interpolated (Figure 2C). Finally the load step is repeated with the new discretization.
This process can be repeated several times but it is usually desired to be done only once or twice to prevent exhaustive

additional computational resources. Refining towards the integration points on both sides of the plastic front, mean-
ing adjacent elastic and elastoplastic integration points (marked in green in Figure 2B), increases the number of refined
elements but reduces the probability of a second loop repeating the same load step once more.
As soon as a set of refined elements is completely plastified, hence they are not intersected by the plastic front, the

elements will be coarsened up to their initial size. The workflow guarantees, that for the first refinement, there is no
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HILDEBRANDT-RAJ et al. 5 of 8

F IGURE 1 Schematic flow chart for the process of the adaptive refinement towards the plastic front.

(A) (B) (C)

F IGURE 2 Schematic refinement procedure with a refinement depth of 2: (A) converged state with plastic front shown in red, (B)
refined mesh with integration points involved in transition from elasticity to plasticity are marked in green, (C) refined mesh with new
integration points.

history to be interpolated, as the refinement is conducted together with the progression of the plastic front. Thus, the
interpolation of the history is only relevant for coarsening and for the refinement of already plastified elements. The latter
one is important, when different loading directions are applied and multiple plastic fronts arise, or when the presented
error estimation is combined with other error estimators.
Within this publication only bi-linear and tri-linear interpolation based on ref. [9] is considered. The interpolation is

conducted within the local coordinate system of the element.

3 RESULTS

To test the refinement algorithm the perforated plate example based on Stein et al. [10] is analyzed. The boundary condi-
tions and simulation parameters can be found in Figure 4. For this purpose the simulation parameters are chosen to be
𝑞1 = 450 MPa, 𝐿 = 100 mm, 𝑅 = 10 mm and the material parameters for finite 𝐽2-plasticity are 𝐸 = 206.9 GPa, 𝜈 = 0.29,
𝜎y = 450 MPa, 𝜎𝑖𝑛𝑓 = 750 MPa,𝐻 = 129 MPa, 𝜂 = 16.93.
In Figure 4 the results of the perforated plate simulation for all five load steps from left to the right are shown. The

adaptive refinement starts from the bottom corner at the inner circle and spreads together with the plastic front towards
the upper left corner. In the first four load steps the mesh is only refined and no coarsening is present. With the fifth and
last load step some of the elements within the plastic zone are also coarsened. In load step 4 and 5 are also some elements
present, that are refined but do not exhibit the plastic front. This is a result of the broader range of refinement areas to
prevent multiple re-computations of the same load step.
In Figure 5A comparison between different refinement strategies is shown for the final load step. For all simulations

within the graph the trunk space [2] was used for the high-order shape functions. The black dashed line shows ℎ-
refinement using an ansatz order of 𝑝 = 2, starting with 16 elements and increasing up to 10752 elements. In comparison
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6 of 8

F IGURE 3 Simulation setup for the perforated plate (left) and the torsion test for a cable (right).

F IGURE 4 Simulation of the perforated plate in five load steps showing the equivalent plastic strain in green and the elements
containing the plastic front in red.

F IGURE 5 Convergence of the relative error of the strain energy and the stress 𝜎yy at point 𝑃2 for the final load step.

the 𝑝-refinement is plotted as the blue dashed line having a constant number of 84 elements with increasing order 𝑝.
Finally the dark red, red, and magenta line represent hp-refinement with four elements at the beginning as shown in
Figure 4. The curve represents an increasing ansatz order 𝑝 of the base mesh and the different colors correspond to the
refinement depth 𝑟 = 3, 4, 5 respectively. In addition to the adaptive ℎ-refinement, the ansatz order is reduced by up to
two orders (𝑝 − 2) but always has a minimum of order 𝑝 = 2 at the finest level (except if the base mesh is of order 𝑝 = 1).
In Figure 5 the hp-refinement is located on the lower left side of the ℎ-refinement and 𝑝-refinement, which indicates

better convergence for the hp-refinement. The result for the stress 𝜎yy at point 𝑃2 (see Figure 3) is similar, with the remark,
that there is a drop of convergence visible for 𝑟 = 4, 5. This drop of convergence is related to a coarsening at the corner of
point𝑃2, that reduces to a refinement depth of 𝑟 = 3 at this corner due to fully plastified elements. This drop of convergence
can be overcome by applying additional error indicators, that capture these error sources as well. As a final remark, the
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HILDEBRANDT-RAJ et al. 7 of 8

F IGURE 6 Simulation of the cable under torsion using the hp-refinement and only a single element along the axis.

computation of the number of degrees of freedom for hp-refinement is not straight forward, as the number of degrees of
freedoms changes throughout the computation. For the convergence plots the number of degrees of freedomwas averaged
over the load steps as the previous load steps are relevant for the final results and influence the overall computational
cost. This decreases the number of degrees of freedom in the convergence plot in comparison to the number of degrees of
freedom used in the final load step, as can be deducted from the number of elements visible in Figure 4.
However, this demonstrates, that the hp-refinement is a valid option to adaptively resolve and capture the plas-

tic front to a certain extent and overcomes the reduced convergence properties for higher order shape functions in
elastoplastic simulations.
To demonstrate, that the method is also working in three dimensions, the torsion test shown in Figure 3 on the right-

hand side is also conducted using the hp-refinement. Therefore, the material parameters 𝐸1 = 1000 MPa, 𝐸2 = 600 MPa,
𝐺12 = 194.2 MPa, 𝜈12 = 𝜈22 = 0.4, 0𝜎11 = 0𝜎22 = 0.784 MPa, 0𝜎12 = 1.0 MPa, 0𝜎inf = 1.5 MPa, 𝐻 = 65.31 MPa, and 𝜂 =
893.6 based on ref. [7] are used for the material model presented in Section 2. The cable has a length of 𝐿x = 90.54 mm, a
diameter 𝑑 = 8.45 mm and a maximum torsional displacement of 80◦ is applied.
In Figure 6 the final displacement of the cable is shown.A very coarse basemesh of five elements in the cross section and

1 element in axial direction was used with an ansatz order of 𝑝 = 4 and amaximum refinement depth of 𝑟 = 1, that refines
towards the plastic front. Figure 6 shows, that the mesh is refined at the center and the inner element is split into eight
sub-elements. This reflects the pure torsion that is applied, as the stress has its peak at the outer radius and reduces
down to zero at the center. This leads to a plastic front that starts from the outside and progresses towards the center,
while - in theory - never reaching it. This last example is only a demonstration of the application of hp-refinement to a
three-dimensional cable. The goal is to use this method in combination with local contact of the cables and is subject to
ongoing research.

4 CONCLUSION

In this article the application of hp-refinement to elastoplastic problems was presented showing the general workflow
and basic idea. The method was then applied to two elastoplastic problems, the perforated plate and a simulation of
an elastoplastic cable subjected to torsion. While the simulated torsion test of the cable is mainly a demonstration, that
the method is also applicable to three-dimensional problems and reflects the physical expectation of the progression of
the plastic front, the perforated plate compares the convergence properties with standard high-order refinementmethods.
With the remark of how tomeasure the number of degrees of freedom for an adaptivemesh, the convergence graphs show,
that the solution converges fast and in average uses a lower number of degrees of freedom to achieve similar accuracy as
compared to pure ℎ-refinement or pure 𝑝-refinement.
To this end this is a promising result, that requires further research with respect to the data transfer of the plastic history

variables, that have to be transferred between the changing integration points during the adaptive refinement. In this work
only the bi-/tri-linear interpolation has been used, which also showed good results for the presented problem.
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